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In non-Hermitian random matrix theory there are three universality classes for local spectral correlations:
the Ginibre class and the nonstandard classes AI" and AII. We show that the continuum Dirac operator in
two-color QCD coupled to a chiral U(1) gauge field or an imaginary chiral chemical potential falls
in class AI' (AII") for fermions in pseudoreal (real) representations of SU(2). We introduce the
corresponding chiral random matrix theories and verify our predictions in lattice simulations with

staggered fermions, for which the correspondence between representation and universality class is

reversed. Specifically, we compute the complex eigenvalue spacing ratios introduced recently. We also

derive novel spectral sum rules.
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I. INTRODUCTION

The profound relationship between random matrix
theory (RMT) and natural sciences has been the subject
of research over decades [1,2]. The energy-level statistics of
quantum systems obeying RMT are considered to be a
signature of quantum chaos [3], and the three universality
classes of RMT (GOE/GUE/GSE) [4], called the Wigner-
Dyson (WD) classes, provide an exhaustive description of
energy-level repulsion in nonintegrable quantum sys-
tems [5]."

In the classification of Hermitian RMT [9,10] there are
seven non-WD symmetry classes. The three of them that
preserve chiral symmetry exactly describe the distribution
of near-zero eigenvalues of the Euclidean Dirac operator in
gauge theories with spontaneous chiral symmetry breaking
[11-14]. The characteristics of the seven non-WD classes
are manifest only in the vicinity of the spectral origin. In the
bulk of the spectrum, i.e., far away from both the origin and
the spectral edge, their level statistics reduce to those of the
WD classes since the chiral symmetry and the particle-hole
symmetry that ensure the global pairing A <> —4 of the

'RMT ensembles that interpolate between WD classes have
also been discussed [6-8]. It turns out that a constant nonzero
breaking of antiunitary symmetries of GOE and GSE always
leads to GUE statistics in the large matrix-size limit [6].
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spectrum have no effect on local correlations in the bulk.
Indeed, lattice simulations of QED and QCD have revealed
agreement between nonchiral RMT and the spectral sta-
tistics of the Dirac operator in the bulk [15,16]. It is
therefore necessary to distinguish “symmetry classes” from
“universality classes™ —the correct statement is that for
Hermitian RMT there are ten symmetry classes and three
universality classes in total.

Recent years have witnessed a surge of interest in non-
Hermitian quantum systems [21-23]. The symmetry clas-
sification of non-Hermitian RMT has been completed
[24,25]. There are 38 distinct symmetry classes.” Out of
the 38 classes, 22 possess chiral symmetry, and three of
those describe the spectral statistics of the Dirac operator
with baryon chemical potential, as reviewed in [28-30].
They are summarized below.

Class Matrix form Matrix elements
Chiral real Ginibre Real
Chiral complex Ginibre (O A) Complex

B 0

Chiral symplectic Ginibre Quaternion real

Despite the diversity of non-Hermitian RMT, only one
universality class has been known until recently: the
Ginibre universality class [31]. For real, complex and
quaternion Ginibre ensembles, the short-range eigenvalue

’In mathematics, the universality of RMT refers to the
invariance of the spectral statistics for general matrix potentials
[17-20].

Earlier classifications [26,27] contained 43 classes. The arXiv
version of [26] has been replaced with a corrected version that
contains 38 classes. Hence there is no contradiction between [24]
and [26].
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correlations are always determined by the Vandermonde
determinant [A({z;})[* = [T |z — 2;* (see [32] for a
summary of results). In [33,34], agreement was found
between the bulk spectral statistics of the Dirac operator
with baryon chemical potential and the Ginibre ensemble.

It has recently been pointed out [35,36] that there are in
fact three universality classes for local level statistics of
non-Hermitian RMT:

Class Matrix
Ginibre X

AF XT - X
Allf X" =o6,Xo0,

Here, the naming scheme of [36] was adopted, T denotes
transposition, and o, is the second Pauli matrix. These three
ensembles exhibit distinct nearest-neighbor eigenvalue
spacing distributions [35,36]. Complex symmetric random
matrices have received little attention from physicists for a
long time, with the exception of [37].

In view of the aforementioned developments it is natural
to ask the following questions. First, is there any applica-
tion of the 19 nonstandard non-Hermitian chiral RMT
classes to high-energy physics? Second, can the non-
Ginibre universal statistics be observed in the Dirac
spectrum? We answer both questions in the affirmative.
Our contributions in this paper are as follows. (1) We show
that Dirac operators in two-color QCD and adjoint QCD
coupled to a chiral U(1) gauge field (including an imagi-
nary chiral chemical potential as a special case) have
special transposition symmetries. (2) We introduce two
novel chiral RMTs that share the above symmetries.
(3) Through extensive lattice simulations with staggered
fermions and using the complex spacing ratio analysis
introduced in [38] we find strong numerical evidence that
spectral correlations of complex Dirac eigenvalues in these
theories match those of the non-Ginibre universality classes
of non-Hermitian RMT. (4) We highlight the physical
importance of the Dirac operator coupled to a constant
chiral gauge field.

Our findings are in stark contrast to the Dirac spectrum at
finite baryon chemical potential, which exhibits correla-
tions in the Ginibre class. This work provides a new point
of view on quantum chaos in gauge theories.

This paper is organized as follows. In Sec. II we derive
transposition properties of the continuum Dirac operator
with fermions in real and pseudoreal representations of
SU(2) in the presence of a chiral U(1) gauge field. In
Sec. III we present the non-Hermitian random matrix
ensembles corresponding to these symmetries and derive
an integral representation for the fermionic partition func-
tion. In Sec. IV we define the staggered lattice Dirac
operators to be used in the numerical simulations and derive
their transposition symmetries. We also derive novel
spectral sum rules for these operators. In Sec. V we present

our numerical results, which verify the correspondence
between university classes and fermion representations in
SU(2). We conclude in Sec. VI. Three Appendices are
provided for a discussion of constant chiral gauge fields
and for technical details.

II. PROPERTIES OF THE DIRAC OPERATOR IN
THE CONTINUUM

In the following, the Euclidean Dirac matrices are
denoted by y, (v =1, ...,4), and we have y5 = y1y27374.
The Dirac operator is denoted by D. The continuum Dirac
operator in the massless limit satisfies {D, ys} = 0, which
is known as chiral symmetry.

Let us first consider quarks in the fundamental repre-
sentation of the gauge group SU(2). The Euclidean Dirac
operator coupled to a chiral U(1) gauge field is given by

D = 71/(8v —iAjT, — inBI/)’ (1)
where AY and B, are the SU(2) and U(l) gauge fields,
respectively, and the 7, are the generators of SU(2), i.e., the
Pauli matrices acting in color space. The U(1) charge
assignment should be such that gauge anomalies are absent.
As is well known, in the absence of B,, D possesses the
antiunitary symmetry [39]

[iD, C1,K] = 0, (2)

where C = iy,y, is the charge conjugation matrix and K is
the complex conjugation operator. The coupling to B,
breaks this symmetry, but D retains the transposition
symmetry,

D' = Ct,DCr,. (3)

As Cr, is a symmetric unitary matrix, Theorem 3 in [40]
can be applied, and it follows that D = DT in a suitable
basis. It is straightforward to verify that the argument so far
holds for an arbitrary pseudoreal representation of the
gauge group.

Next, we turn to quarks in a real (e.g., adjoint) repre-
sentation of a non-Abelian compact gauge group. In the
absence of B,, D has the antiunitary symmetry [39]

[iD, CK] = 0. (4)

With the coupling to B,, the antiunitary symmetry is
broken, but D fulfills the transposition symmetry

DT =CDC. (5)

[In a real representation, the generators can always be
chosen to be antisymmetric, see, e.g., Eq. (5) of [41].]
Hua’s decomposition (Theorem 7 of [42]) implies that one
can find a unitary matrix U such that C = UX,UT with
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%) =0, @ 0y, (6)

where o, acts on the Dirac indices. Performing a similarity
transformation D — U*DUT and using C = —C* it follows
that D can be cast into a complex quaternion form satisfying
DT = X,DY,. The following table gives a summary.

Representation Symmetry of D
Pseudoreal {D,ys} =0and D" =D (7)
Real {D,ys} =0and D" = %,DY,

Note that, if there is nonzero baryon chemical potential,
the Dirac operator D(u) = D — uy, no longer satisfies (3)
since D(u)" = Cz,D(—)Cr,. In contrast, in the case of an
isospin chemical potential, D;(u) = D — uy,t; satisfies
Di(u)" = C1,t,D1 (1) Cr,t,, where the ¢, are the generators
of SU(2) flavor. Thus, by a rerun of the argument above,
Di(u)" = Z,D;(4)Z, in a suitable basis.

If we drop the spatial components of B, and make the
temporal component constant, the latter represents an
imaginary chiral chemical potential,

D =y,(0, — iAjz,) + psysys.  us € IR (8)
We comment on the physical implication of this term in
Appendix A. Recently [43] has investigated the effect of a
term analogous to (8) in the Nambu—Jona-Lasinio model to
formulate P7 -symmetric chiral symmetry breaking. We
note in passing that a real chiral chemical potential has
been extensively used in lattice simulations to create
chirality imbalance [44-46], see [47] for a review.

ITII. NONSTANDARD CHIRAL
RANDOM MATRIX THEORY

A. Definition of ensembles

On the basis of the transposition symmetries (7) we
propose that the spectral properties of these Dirac operators
are described by the following non-Hermitian random
matrices:

Representation Matrix form Matrix elements
Pseudoreal 0oV Complex
VT o0
Real 0 Vv Complex quaternion
(TQVTUZ 0

The matrix elements of V obey independent Gaussian
distributions with the same variance and mean zero. The
ensemble in the first row corresponds to class AI' with
sublattice symmetry S, (equivalent to class D with sub-
lattice symmetry S, ), and the ensemble in the second row to
class AII" with sublattice symmetry S_ (equivalent to class
C with sublattice symmetry S, ), respectively (Tables VII,

XII and XTII of [24]). Note that if V' is real or quaternion real,
these ensembles reduce to chiral GOE and chiral GSE,
respectively. Every eigenvalue of the ensemble in the second
row is doubly degenerate due to the non-Hermitian gener-
alization of Kramers’ theorem [24].

In Sec. V we perform extensive numerical analyses to
verify our proposal. In this paper, we focus on bulk
properties of the spectrum and leave the analysis of spectral
statistics near the origin to future work.

B. Fermionic partition function

The fermionic partition function, i.e., the average of the
product of characteristic polynomials, is of special interest
in RMT. The arguments for pseudoreal and real quarks can
be run in parallel, so we shall concentrate on pseudoreal
quarks in the following. At first sight it may seem natural to
consider the partition function

. m V
7= / dVe NTIVV! deth< - ), 9)
CNXN \% m

where N is the number of quark flavors of mass m, but this
Z is pathological as it vanishes in the chiral limit m — 0.
Instead we must consider K pairs of conjugate quarks [48],

Z |4
det ( ! )
VT w f

where w; and z; are masses. We consider even N. The
determinants may be expressed as a Grassmann integral,

2
. (10)

K
_ —NTrvVV?*
Zy = L _dve 1T

f=1

Zy / dVe NTVV! / d(u, @, d,d)
CNxN
a  \"/zp V Ugs
<ol (a) (0, ) C)
URy \% Wy urr
() G (@)l o
de VT W; de

After integrating out V we introduce auxiliary bosonic
fields

Cp ~ i dy, Cp ~ iigdp,
Dy ~dguy, Dg ~dyug (12)

to perform a Hubbard-Stratonovich transformation. The
Grassmann variables can then be integrated out trivially to
yield
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: Q w
Zg / dQe~NTrR qetN/2 ( T )
C2Kx2K w* Q

Q° z
x detN/2< ) 13
z¢ Qf (13)
where
C, -D3 0 —i
0 -—iz
zZ= 14
(iz 0 ) (14)

with z = diag(z;) and w = diag(wy). In the microscopic
large-N limit with W ~ z ~ 1/4/N, the integrand of (13) is
[e=T 22" det(QQT)|V. After a singular-value decomposition
the saddle point is given by Q = T,g. This implies
spontaneous symmetry breaking U(2K) x U(2K) —
U(2K)gipg [11]. The soft mode around the saddle point
may be parametrized as Q = U € U(2K). Then

U w vtz
Zg / dUdet"/? T
U(2K) w* U z U*

N .
oc/ dUexp[—Tr(UZ*UTZ—i—WU*W*U')]. (15)
U(2K) 2

This is the most generic result in the large-N micro-
scopic limit.
Let us consider the special case Yw, =V z, = 2/V/N.

0 Tx) we have

With the skew-symmetric matrix Z = (—ﬂx i

Zg / AU exp[APReTr(UTUTT).  (16)
U(2K)

This integral has been evaluated analytically in [49], which
enables us to obtain

ZKO<

155221([(] l)lz+j—2K—1 (2|/1| )]’ (17)

where Pf denotes the Pfaffian and [ is the modified Bessel
function of the first kind.

IV. LATTICE DIRAC OPERATORS

In this section we define the lattice Dirac operators that
will be used in the numerical simulations. To keep the
notation simple we will use the same symbol D as for the
continuum Dirac operator since confusion is unlikely to
arise. We work in four dimensions. All dimensionful
quantities are given in lattice units, i.e., we set the lattice
spacing a to 1.

A. Staggered Dirac operator with chiral U(1) field

The massless staggered Dirac operator coupled
to a lattice gauge field U,(x) is given by its matrix
elements

1 4
ny = z Z nu(x)[Uﬂ (x)5x+/4,y - Uu(y).réx,yﬂl]’ (18)
u=1

where u is a unit vector in one of the four dimensions and
the #,(x) are the usual staggered phases. We consider
SU(2) gauge fields but do not specify the representation for
the time being.

The continuum chiral symmetry is replaced by the
remnant chiral symmetry {D, ¢} = 0, where the operator
€ is given by its matrix elements ¢,, = &(x)d,, with

S(X) — (_1)x1+x2+X3+x4. (19)

Since D is anti-Hermitian its eigenvalues are purely
imaginary. It is straightforward to show that due to
{D, e} =0 the eigenvalues of D come in pairs £4 with
eigenvectors y and ey.

We now introduce a chiral U(1) gauge field

0,(x) = exp(ie(x)g, (x)). (20)

where ¢, (x) is a smooth real gauge field. The staggered
Dirac operator coupled to 6,(x) reads

4
D(O),, = 3> 1)U ()0, ()30
p=1

- Uﬂ(y)faﬂ (y)‘sx,yﬁu]' (21)

The U(1) gauge transformations of the fermions and the
gauge field are given by

x(x) = e Wy (x), (22a)
7(x) = px)etetet), (22b)
Pu(x) = @, (x) —alx) +alx+p),  (22¢)

where a(x) is an arbitrary gauge potential.

For 6,(x) # 1, D(0) is no longer anti-Hermitian so
that its eigenvalues move from the imaginary axis into
the complex plane. The remnant chiral symmetry
{D(0),e} =0 still holds, and therefore the complex
eigenvalues still come in pairs =4 with eigenvectors y
and ey.

We now consider the SU(2) gauge field in the funda-
mental and adjoint representation, denoted by U and U?,
respectively. The latter is obtained from the former by

014509-4



NEW UNIVERSALITY CLASSES OF THE NON-HERMITIAN ...

PHYS. REV. D 104, 014509 (2021)

Uy (%) = %Tr(ruU}f(x)r,,U}j(x)T). (23)

It is straightforward to check that U is real.

All statements made in this section so far hold for
both representations. The difference between the represen-
tations lies in the transposition symmetries. Using
the pseudoreality (UF)* = 7,U"z, it is straightforward to
show that

DF(0)T = —1,DF(0)7,. (24)

As a consequence, the eigenvalues of DF(6) are twofold
degenerate. We show this in Appendix B. Similarly,
for the adjoint representation we use (U”)* = U to show
that
DAO)T = —DA(0). (25)

We therefore expect D(6) in the fundamental or
adjoint representation of SU(2) to be in universality
class AII' or AI, respectively.' This expectation
will be confirmed numerically in Sec. V. We note
that the universality classes of the fundamental and
adjoint representation are interchanged for staggered
fermions compared to the continuum. This is a generic
phenomenon [50-52].

The eigenvalues of D(0) satisfy a sum rule that is very
useful as a check of the eigenvalues obtained numerically.
We show in Appendix C that

TrD(0)> = Y A2 =
=2

where the average is over all links of the lattice, V is the
lattice volume and N, is the dimension of the representa-
tion, ie., for gauge group SU(2) we have N, =2
(Nyp = 3) in the fundamental (adjoint) representation,
respectively.

—2N:ep V(03 (x)) (26)

Xpo

B. Staggered Dirac operator with
chiral chemical potential

To introduce the chiral potential x5 we follow Braguta
et al. [45] but slightly change their notation to conform with
our conventions. We write the staggered Dirac operator in
the presence of us in the form

1
S #sDs, (27)

D(ﬂs) )

*The minus signs in (24) and (25) compared to (7) correspond
to an additional factor of —1 in one of the off-diagonal blocks in
the table of Sec. Il A. This leads to a relative factor of i in the
eigenvalues, which has no effect on the bulk spectral correlations.

where D is the operator in (18) and D5 is given by its matrix
elements

(DS)xy = S(.X) [Dﬁ (x)6x+5,y + U(IS (y)éx.erﬁ] (28)

with s(x) = (=1)2, 6§ = (1,1,1,0) and

Ui(x)U;(x + D)Ur(x +1+ ).
i,j,k=perm(1,2,3)

(29)

In the continuum limit, the second term in (27) reduces to
the p5 term in (8) [45]. It is straightforward to show that D5
is anti-Hermitian and anticommutes with €. Thus, for y5 €
R the eigenvalues of D(us) are purely imaginary, while for

Hs & R they are generically complex. Furthermore, we still

have {D(us),e} =0, and thus the eigenvalues of D(us)
again come in pairs £4 with eigenvectors y and ey.
Equations (24) and (25) also hold with D(8) replaced by
D(us), and hence we expect the same correspondence
between representation and universality class. For SU(2)
fundamental every eigenvalue of D(us) is again twofold
degenerate, see Appendix B

The eigenvalues of D(us) also satisfy a useful sum rule.
We show in Appendix C that

LM, (0)

TrD(ﬂS)Z ==V 2Ivrep + )

where the average is over all sites of the lattice.

V. NUMERICAL RESULTS

The aim of this section is to test our proposal by
numerical simulations of the corresponding lattice quantum
field theories. As mentioned above, we use staggered
fermions. We work in the quenched approximation since
it is numerically cheap and sufficient for the point we are
making. The inclusion of dynamical fermions does not
change the universality class and therefore makes no
difference for the quantities we compute.

A. Overview of the simulations

Our simulations were done in the GPT framework [53],
which provides a convenient Python interface to the Grid
library [54]. We used the simple (unimproved) Wilson
plaquette action for the gauge fields. The SU(2) gauge field
in the fundamental representation was generated using the
Creutz-Kennedy-Pendleton heatbath algorithm [55,56].
The adjoint SU(2) field was obtained from the fundamental
field via (23). For the generation of the compact U(1)
field exp(ip,(x)) we used the Hattori-Nakajima heatbath
algorithm [57]. The coupling constants were chosen as
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TABLE I. Number of configurations for the cases simulated.
U(1) refers to the operator in (21), while the last two columns give
the value of us in (27).

u() ps =i ps = 2
SU(2) fundamental 271 415 415
SU(2) adjoint 267 267 266

ﬂSU(z) = 4/92 =2.0 and ﬁU(l) = 1/62 = 0.9, which in
both cases corresponds to the confined phase.

Numerically, the most expensive operation is the calcu-
lation of all eigenvalues of the Dirac operator, which scales
like O(V?). Fortunately, for the comparison of lattice data
and RMT predictions, a relatively small volume is suffi-
cient since the local spectral correlations have very small
finite-volume effects. We found that a lattice size of 8 x 16
already shows nearly perfect agreement with RMT and
therefore restrict ourselves to this lattice size. In this case
the eigenvalue calculation can be done on a single CPU in a
very short time, i.e., we do not need to employ high-
performance computing (HPC) resources. The number of
configurations for each case is given in Table I.

Scatter plots of the Dirac eigenvalues for a single
configuration are shown in Fig. 1 for the cases we
considered. The spectral correlations on the scale of the
mean level spacing are insensitive to the global features of
the spectrum. The main purpose of Fig. 1 is to demonstrate
that the distribution of the eigenvalues is smooth, i.e., there
are no clustering effects. Note that for a fixed lattice volume
the number of independent eigenvalues for the adjoint
representation is larger by a factor of 3 compared to the
fundamental representation since (i) the dimension of
the representation is larger by a factor of 3/2 and (ii) the
eigenvalues in the fundamental representation are twofold
degenerate.

Once the eigenvalues 4; have been obtained, we follow
[38] and compute the complex spacing ratios,

AN

S S 31
Lk /EjNN—ﬁk ( )

where AN and AMN are the nearest and next-to-
nearest neighbor of 4, in the complex plane. We used a
k-d tree algorithm to perform the nearest-neighbor
search. We included all eigenvalues in the computation of
the z;. This causes some boundary effects, see the discussion
in [38], but these effects are suppressed in large volumes.

Writing z = re®® we have r <1 by construction.” We
computed the distributions P(z), P(r) and P(0) as well as

We use the same symbol @ for the phase angle of r as for the
chiral U(1) field. Since the two quantities never appear in the
same section we hope that no confusion arises.

fundamental, U(1) adjoint, U(1)
1.5 1.5
104 1.0 4
0.5 0.5
< <
g 00 g 00
—0.5 —0.5 1
104 ~1.0 1
~15 —151 . . .
-1 0 1
Re A Re A
fundamental, p5 =@ adjoint, ps =1
2]
5]
1 14
=< =<
g 0 g 0
14 —17
—924
9
—-04 -0.2 0.0 0.2 0.4 —-0.2 0.0 0.2
Re A Re A
fundamental, 5 = 2i adjoint, p5 = 2i
1.5 21
1.0 4
1
0.5
~
g 00 g 0
—0.5
14
—1.0 1
~1.5 iy
—'1 (’) { 7(’).5 OTU 075
Re A Re A
FIG. 1. Scatter plots of the staggered Dirac eigenvalues for a

single configuration in SU(2) lattice gauge theory on an 8 x 16
lattice. Left: fermions in the fundamental representation of SU(2).
Right: fermions in the adjoint representation. In the top row, a
chiral U(1) field is included. In the other two rows, an imaginary
chiral potential ys is included.

moments of these distributions from the lattice data and
compared them with the corresponding RMT predictions.
To the best of our knowledge, analytical RMT results
for these quantities are not available yet. We therefore
generated the RMT predictions numerically by diagonal-
izing 300 random matrices of dimension 4000 for every
ensemble.

B. Results for SU(2) fundamental

Our numerical results for gauge group SU(2) and
fermions in the fundamental representation are summarized
in Figs. 2-5. Most of the details are given in the figure
captions, and therefore we only summarize our observa-
tions here. From the heatmap plots in Fig. 2 we cannot draw
unambiguous conclusions, but we already see that the
lattice data for P(z) look roughly equal for all three cases
and agree with the AII" class, while the AI" and Ginibre
classes look different. From Figs. 3 and 4 it becomes quite
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u(1) ATt

10F B 1.0}

0.5 0.5
w w
g 00 g 00
—0.5}F —0.5

—1.0F —1.0F

-1.0 0.5 0.0 0.5 1.0 -1.0  -0.5 0.0 0.5 1.0

Re z Re z
fs =i AITF

0.5F
N
g 00
—0.5F
-1.0
-1.0 -05 0.0 0.5 1.0 —-1.0 —-0.5 0.0 0.5 1.0
Re 2z Re 2
s =21 Ginibre
1.0} 1.0}
0.5 051
n n
g 00 g 00
—0.5F —0.5F
-1.0+ -1.0+
-1.0 -05 0.0 0.5 1.0 -1.0  -05 0.0 0.5 1.0
Re z Re z

FIG. 2. Heatmaps of P(z) for staggered SU(2) lattice data in
the fundamental representation with chiral U(1) field or
imaginary chiral chemical potential (left) and for three RMT
ensembles (right).

clear that the lattice data correspond to class AII'. An
interesting observation in Fig. 3 (and Fig. 7 below) is that
the curves for all three ensembles appear to intersect at the
same points. In the absence of analytical results we do not
know whether this is actually true, but perhaps this can be
shown in future work.

We also computed the Jensen-Shannon distance between
pairs of the two-dimensional distributions shown in Fig. 2,
comparing lattice results to RMT predictions as a function
of the number of bins. The results are displayed in Fig. 5.
The Jensen-Shannon distance is an information-theoretic
measure for how similar two probability distributions are.
The fact that the distance extrapolates to zero for RMT
class AII" strongly supports the agreement of the data with
that universality class.

C. Results for SU(2) adjoint

Our numerical results for gauge group SU(2) and
fermions in the adjoint representation are summarized in

Ginibre

P(r)

P(6)

0.15 0.020 T
— anf

0.015 1 Ginibre

0.010 4

0.005 4

0.000 4
—0.005 4
—~0.0104
—0.0151

0.0 0.2 0.4 0.6 0.8 1.0 -3 -2 -1 0 1 2 3

AP(r)
g
AP(9)

— 5=2i Ginibre

FIG. 3. Results for P(r) (left) and P(6) (right) from staggered
lattice data for SU(2) fundamental and from RMT obtained by
integrating the distributions P(z) in Fig. 2 over 6 and r,
respectively. The histograms have been plotted as lines for better
visibility (horizontal values correspond to bin centers). The four
curves for the AII" ensemble and the lattice data are essentially on
top of one another. In the bottom row we plot the same data as in
the top row, but relative to the Ginibre ensemble for better
visibility.
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FIG.4. Moments of P(z) for staggered SU(2) fundamental. The
red data points are lattice data, the blue lines RMT predictions.
Statistical errors are smaller than the symbols or the line thick-
ness. We interpret the small deviations of the data from the AII'
lines to be boundary effects, see the comment after Eq. (31).

Figs. 6-9. The conclusions are completely analogous to
those in Sec. V B, except that we now observe agreement
with RMT class AI'.

VI. CONCLUSIONS AND OUTLOOK

We have shown that the two nonstandard universality
classes AI" and AIT" of non-Hermitian RMT are realized in
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fundamental representation
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FIG. 5. Jensen-Shannon distance between the distributions
P(z) for SU(2) fundamental in Fig. 2, computed in polar
coordinates as a function of the number of bins for r and 4.
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FIG. 6. Same as Fig. 2 but for the adjoint representation.

the bulk spectral correlations of the Dirac operator in SU(2)
gauge theory coupled to a chiral U(1) gauge field or an
imaginary chiral chemical potential. In the continuum, we
find class AI" for pseudoreal representations of SU(2) and
class AII" for real representations. We have established the
corresponding chiral RMTs and verified our predictions in
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FIG. 7. Same as Fig. 3 but for the adjoint representation.
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FIG. 8. Same as Fig. 4 but for the adjoint representation.

adjoint representation
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FIG. 9. Same as Fig. 5 but for the adjoint representation.

lattice simulations, where the above correspondence
between representation and universality class is reversed
for the staggered Dirac operator. We have also derived
spectral sum rules that are very useful to check the
numerical eigenvalues.
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There are several avenues for future work. Analytically,
it would be interesting to study the integral representation
(15) in the general case of nonequal masses. Also, one
should try to derive the exact RMT result for the spectral
correlations, which we have generated numerically
so far. On the lattice side, one could study the bulk
spectral correlations in the deconfined phase, for
which the same universality classes are expected. One
could also focus on the local spectral correlations of the
near-zero eigenvalues, for which the chiral symmetry is
relevant.
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APPENDIX A: CONSTANT CHIRAL
GAUGE FIELDS

Spatially inhomogeneous bilinear condensates arise in
QCD and QCD-like theories under various conditions [58—
64]. To measure a modulated chiral condensate, one needs
to add a source term to the action,

Oy = [ dx{cos(2q-x) () + sin(2q - x) Wirsw)}

— [ axernasy) (A1)

which is the Fourier component of the chiral condensate
with a wave vector q. Its nonzero value signals spontaneous
breaking of chiral, translational and rotational symmetries.
The chiral limit is assumed here. By performing a space-
dependent chiral rotation y — e~759%y the exponential
factor in (A1) may be absorbed, while a new term arises in
the Lagrangian,

Dy = (D —iysriquw. (A2)
which has the same form as the chiral vector field B, in (1).
The accumulation of near-zero eigenvalues of the modified
Dirac operator D — iysy,q; is linked to the formation of
modulated condensates.

APPENDIX B: TWOFOLD DEGENERACY

It is well known [65] that the eigenvalues of the
staggered Dirac operator in the fundamental representation
of SU(2) are doubly degenerate since SU(2) is pseudoreal.
We briefly show that this is also true in the presence of the
chiral U(1) field 6,(x) and the chiral chemical potential
us € C, for which D is no longer anti-Hermitian.
Our arguments for this non-Hermitian Kramers degeneracy
closely parallel those in [24].

For greater generality we formally include both 6, (x)
and ps in the staggered operator. We first consider the
massless case and discuss the mass term at the end of this
section. We split the massless operator in the form

1 1
D = 2D, + 5 usDs,

> 5 (B1)

where D;/2 and Ds are given in Egs. (21) and (28),
respectively. Both operators satisfy (24), hence so
does D.

Now let |y) be a right eigenvector of D with eigenvalue A
and (¢| be the corresponding left eigenvector with the same
eigenvalue, i.e., we have

Dly) =Aly).  (¢ID={(pld.  (ply)=1. (B2)
Taking the transpose of the second equation and using (24)
we find D(7,]¢*)) = —A(z3]@*)). Using {D, e} =0 then
yields
D(eny|¢")) = Aena|g™)). (B3)
Hence 4 is doubly degenerate with eigenvectors |y) and
et,|p*), provided that these two vectors are linearly
independent. To show this we use (e7,)" = —er, and
obtain
(pleralg) = (plenale™)T = ~(gleralp™).  (B4)
i.e., we have (g@ler,|p*) = 0. Together with the third
equation in (B2) this implies that |y) and ez,|p*) are
biorthogonal and hence linearly independent.
Adding a mass term ml to D simply shifts all
eigenvalues by m, which preserves the twofold
degeneracy.

APPENDIX C: DERIVATION OF SPECTRAL
SUM RULES

In this section we give a brief derivation of the sum rules
for the squared staggered Dirac operator. Again, for greater
generality we include both the chiral U(1) field 6, (x) and
the chiral chemical potential 5 and now also a mass term in
the operator. The special cases considered in the main
text, i.e., the massless staggered operator with either a
chiral U(1) field or nonzero ps, are obtained from the
general sum rule (C6) by setting m = 0 and either ys =0
or 0,(x) = 1.

We split the massive operator D,, into three parts,

1 1
Dm =ml +§D1 +—/15D5,

; ()

where the unit matrix has dimension N,V and the
operators D;/2 and Ds are given in Egs. (21) and (28).
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We trivially have TrD; = 0 and TrDs5 = 0 because the
diagonal elements of these operators are zero. We also have

since after the summation over y we end up with Kronecker
deltas of the form 6, 5, which are always zero because
0 # j:,u Hence

TrD,Ds = ZTr(D1>xy<D5)yx
xy
= 1 1
;”ﬂ X) TV, ()0, ()8 TrD2, = m* Ny, V +ZTrD% +3 W2TrD:. (C3)
- U; (y)a,l«l (y)ax,yﬂt]
SOT5(9)8y5x + Us(x)8,045] =0 (C2) ' i
5 y+8,x 5 y.x+6 We now derive the last two terms. First,
|
TI’D% = Zﬂy (x)ﬂu(y)Tr[Uy (x)aﬂ (x)5x+y.y - U;(y)ey (Y)ax,erﬂHUb (y)ev(y)6y+v,x - UI (x)eu(x)éy,xﬂ/]
Xypuv
= Zn,, (=11, (x + WO () TrU,, (x) U (x) = m, (x = )02 (x = ) TrUj (x — ) U, (x — )]
= _8Nrepv<6z (X)>x”, (C4)

where we have used 77, (x)n, (x &= ) = 1 and the fact that U is unitary. In the last line, (---),,

links of the lattice. Furthermore,

TrD? = Zs
_ Zs

= 2V(TrUy(x)US(x)),,

where we have used s(x)s(x £8) = —1 and (- - -), denotes
an average over all sites of the lattice. Note that U(x) is not
unitary. From (C3) we obtain

®Here and below we assume that the lattice has more than two
sites in every direction because otherwise some Kronecker deltas
could be nonzero due to the toric nature of the lattice.

denotes an average over all

TI‘ Uﬁ( )6x+5,y + U:; (y)éx,er(?] [Uﬁ (y)5y+5,x + UZ; (x)‘sy,er{?]

s(x + &) TrUs(x)US(x) + s(x = 8)TrU}(x — ) Us(x — )]

[
DL =Y 2
=v[zvrep<m ~263(x)),) R (TED5( D).
(c6)

In our numerical simulations s is purely imaginary.
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