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1 Introduction

In view of future collider experiments, in which hadronic matter will be probed at un-

precedented kinematic regimes, there has been, in recent years, an ever growth of interest

in understanding the fundamental properties of hadrons, spin and mass, from their con-

stituents, quarks, and gluons [1–6, 9–13].

At high energy (Regge limit) scattering amplitudes are dominated by gluon dynamics,

in particular, the cross section of Deep Inelastic Scattering (DIS) processes, is dominated,

in the unpolarized case, by the gluon structure function. Within the Leading Log Ap-

proximation (LLA), the resummation of log of energy through BFKL [14, 15] formalism

predicts a steep rise of the DIS cross-section that has been observed experimentally at

HERA experiments [16, 17].

In perturbative quantum chromodynamics (pQCD) a standard technique to study

the asymptotic behavior of cross-sections is the operator product expansions (OPE). In

deep inelastic scattering (DIS), in the Bjorken limit, the T -product of two electromagnetic

currents is expanded in terms of coefficient functions, perturbatively calculable, and matrix

elements of non-local operators that encode the non perturbative information of the process.

Evolution equations of the non-local matrix elements with respect to the factorization scale

µf provide information on the scaling behavior of the parton distributions [18].

– 1 –



J
H
E
P
0
6
(
2
0
2
1
)
0
9
6

About twenty-five years ago, the high-energy Operator Product Expansion was in-

troduced for the first time as a method to study the asymptotic behavior of high-energy

structure functions from a gauge-invariant formalism [19]. Since then, the high-energy

OPE proved to be a successful method to systematically study high-energy scattering am-

plitudes [20–23]. Within the high-energy OPE the scattering amplitude is factorized in

rapidity space in coefficient functions (also called impact factors) and matrix elements of

Wilson lines. The evolution equation of Wilson lines with respect to the rapidity parameter

provides the energy dependence of the amplitude: each step in rapidity generates a new

Wilson line at a different point in impact parameter space thus obtaining the non-linear

Balitsky-JIMWLK evolution equation [19, 24–26] which in the dipole approximation takes

the form of the Balitsky-Kovchegov equation [27, 28] (see refs. [29, 30] for a review).

Contrary to the OPE in the Bjorken limit, in the high-energy OPE the coefficient

functions and the matrix elements both receive perturbative and non-perturbative contri-

butions. The latter, however, are screened by the saturation scale, which being much larger

than the scale of the confinement region, justifies the applicability of perturbative methods.

The unpolarized DIS structure functions at small-x are known at next-to-leading order

(NLO) [22, 23] (see also [32]) in αs and at next-leading-logarithmic accuracy [20, 31]. The

NLO pomeron intercept, through which the log of energy are resummed at next-to-leading

log approximation (NLL), has been calculated long ago [31] and later confirmed through the

linearizion of the NLO Balitsky-Kovchegov equation [20]. Moreover, the pomeron residue,

which is related to the impact factor is now available in an analytic form in coordinate

and momentum space at NLO [22, 23]. These two ingredients, the NLO pomeron intercept

and the NLO pomeron residue allow one to study the behavior of the small-x structure

function at NLO accuracy in αs and at NLL approximation. A first fit of the dipole model

to HERA data using the full NLO impact factor and Balitsky-Kovchegov evolution has

been performed in ref. [33].

Unlike the unpolarized one, the behavior of the polarized DIS structure functions at

small-x is not yet well understood. In the polarized case, the pomeron intercept receives

an extra complication due to the presence of double logarithm of energy αs ln2 x−1
B [36,

37]. Such double logarithms of energy are also present in the unpolarized quark structure

function [34, 35], although they are suppressed by one power of energy with respect to the

gluon one. In the polarized case, instead, quark structure functions are not suppressed

thus their behavior at small-xB is as relevant as the gluon structure functions.

What makes the study of polarized structure functions even more challenging is the fact

that, the double logarithm of energy, αs ln2 x−1
B , cannot be reached from the LO anomalous

dimension of twist two operators. Indeed, if on one side, the relation at the non-physical

point n = 1 (n being the moment index), between the BFKL and DGLAP was established

through the anomalous dimension of twist two operators [38, 39], on the other, such relation

cannot be easily obtained in the polarized case due to the presence of double log of energy

contributions which are absent in the LO [40] and NLO polarized splitting functions [41].

However, the double log of energy contribution, αs ln2 x−1
B , appears at there-loop polarized

splitting function [42–45] and the result is in agreement with the one originally found in

refs. [36, 37].

– 2 –



J
H
E
P
0
6
(
2
0
2
1
)
0
9
6

The plan is to bring the knowledge of the unpolarized and polarized small-x structure

function at the same level. To this end, first we need to extend the high-energy OPE of the

T -product of two-electromagnetic currents to include terms that are not symmetric in the

exchange of the two Lorentz indexes of the DIS hadronic tensor. Indeed, in the polarized

DIS both the leptonic tensor and the hadronic one have to be antisymmetric. To obtain

antisymmetric contributions in the high-energy OPE, it is necessary to relax the eikonal ap-

proximation and allow sub-eikonal terms to enter into the game. As we will show in the sub-

sequent sections, the OPE with sub-eikonal contributions will be given in terms of new op-

erators and the task will be to calculate their evolution equations. An important ingredient

to perform the high-energy OPE with sub-eikonal corrections is the quark and gluon propa-

gators with sub-eikonal corrections. In ref. [46] such corrections have been all calculated as

deviation from the shock-wave approximation: the corrections are suppressed by the large

Lorentz boost parameter. Corrections to the eikonal approximation can be also included

by assuming that the fields of the background shock-wave do not have the same transverse

momenta, rather they are ordered. In this case the sub-eikonal corrections are included as

light-cone expansion of the background shock-wave [47, 48]. However, these corrections will

be irrelevant for our analysis since here we are interested in small-x dynamics rather than

studying the overlapping kinematic regime where these corrections will play a central role.

In section 2 we will review the main idea behind the high-energy OPE in the un-

polarized case. We will derive the leading order (LO) impact factor and the associated

Wilson-line operators together with their evolution equations. This will serve as a smooth

transition to the OPE at sub-eikonal level in section 3 where we will give a new expression

(equivalent to the one obtained before in ref. [46]) of the quark propagator with sub-eikonal

corrections in the background of gluon fields, and will identify the relevant sub-eikonal cor-

rections which will be used, in section 4, to calculate the impact factors for polarized

and unpolarized structure functions. In section 5 we summarize the parametrization of

the matrix elements of operators found through the OPE, and identify 10 new distribution

functions. In section 6 we will derive the evolution equations for the operators associated to

the sub-eikonal impact factors using the propagators calculated in previous work, ref. [46].

In the same section we will calculate, for the first time, the quark-to-gluon propagator and

use it to calculate diagrams that have not been calculated before in the contest of spin at

small-x. Summary of the evolution equations for singlet and non-singlet case will be pre-

sented in section 7. In the last section we will summarize our findings and compare them

with other results that have been obtained in the same direction. We will argue that the

result we obtained although agree in some limiting case, they actually differ from the ones

calculated in refs. [5, 7, 8] because of the way the quark and gluon operators are treated

under one loop evolution.

2 Operator Product Expansion at high-energy

Before calculating the sub-eikonal corrections to the high-energy OPE for DIS, let us first

briefly review the high-energy OPE in the eikonal approximation.

– 3 –
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The inclusive differential DIS cross-section in the laboratory frame for detecting the

final lepton in the solid angle dΩ with final energy within [E′, E′ + dE′] is

d2σ

dΩ dE′ =
α2

Mq4

E′

E
LµνW µν . (2.1)

Here the hadronic target of mass M has momentum P µ = pµ
2 + M2

s
pµ

1 , and the virtual

photon has momentum qµ = pµ
1 − xBpµ

2 with pµ
1 , pµ

2 light-cone vectors such that pµ
1 p2µ = s

2

and xB = −q2

s
≪ 1. The leptonic tensor is denoted by Lµν and the hadronic one by W µν .

In strong and electromagnetic interactions parity is conserved, thus the hadronic tensor

can be expanded in terms of the unpolarized structure functions F1 and F2 and the polarized

structure functions g1 and g2

Wµν =

(

−gµν +
qµqν

q2

)

F1(x, Q2) +

(

Pµ − qµ
q · P

q2

) (

Pν − qν
q · P

q2

)

F2(x, Q2)

P · q

+i εµνλσ qλSσ M

P · q
g1(x, Q2) + i εµνλσqλ

(

Sσ − P σ q · S

q · P

)

M

P · q
g2(x, Q2) (2.2)

where Sµ is the spin of the target that satisfies S2 = −1 and S ·P = 0.

To extract the polarized structure functions g1 and g2, we need the antisymmetric part

of the leptonic tensor. This means that both the incoming lepton and the hadronic target

have to be polarized.

With the help of the optical theorem, the hadronic tensor is related to the imaginary

part of the Fourier transform of the T -product of two electromagnetic currents

Wµν =
1

π
ImTµν . (2.3)

where

Tµν = i

∫

d4x eiq·x〈P, S|T{jµ(x)jν(0)}|P, S〉 (2.4)

To study the polarized structure functions g1 and g2 at high-energy we need to extract the

antisymmetric part of the Tµν tensor. This is what we will do in the next section.

The T-product of two electromagnetic currents is considered in the background of

gluon field. As we will see later, in order to calculate sub-eikonal corrections it will be

necessary to consider the OPE in the background of gluons and quarks as well. However

for the moment we consider a background made only of gluons.

In the spectator frame the background field reduces to a shock wave (see appendix A

and [29] for review), and the virtual photon, which mediates the interactions between the

lepton and the nucleon (or nucleus) in DIS processes, splits into a quark anti-quark pair long

before the interaction with the target. In the eikonal approximation the propagation of the

quark anti-quark pair in the shock wave background, reduces to two infinite Wilson lines.

Although with less probability, the virtual photon may fluctuate in a quark, an anti-quark

and a gluon before interacting with the target. In this case, the number of Wilson lines

increases. Consequently, at high energy, the T-product of two electromagnetic currents is

– 4 –
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expanded in terms of infinite Wilson lines as

T{
¯̂
ψ(x)γµψ̂(x)

¯̂
ψ(y)γνψ̂(y)}

=

∫

d2z1d2z2 Iµν
LO(z1, z2, x, y)Tr{Ûη

z1
Û †η

z2
} (2.5)

+

∫

d2z1d2z2d2z3 Iµν
NLO(z1, z2, z3, x, y)[tr{Ûη

z1
Û †η

z3
}tr{Ûη

z3
Û †η

z2
} − Nctr{Ûη

z1
Û †η

z2
}] + · · ·

where with the symbol ˆ over the fields we indicate operators, Ux = Pexp{ig
∫

dx+A−(x+ +

x⊥)} is the Wilson line and A− is the background gluon field. The first term of expan-

sion (2.5), which is proportional to the LO impact factor ILO, corresponds to the probability

for the virtual photon, to split in a quark-anti-quark pair. The second term, proportional

to the NLO impact factor INLO, and which has been calculated in refs. [22, 23], corresponds

to the probability that the virtual photon has to split in a quark-anti-quark and a gluon

before scattering with the target. Here we use the light-cone variables x± = x0±x3√
2

. In

appendix A we provide further details on the notation used throughout this paper.

Let us see how to get expansion (2.5) in a bit more detail. We know that to get the

DIS cross-section we need to evaluate the T-product of two electromagnetic currents in the

nucleus or nucleon target state |P, S〉

〈P, S|T{
¯̂
ψ(x)γµψ̂(x)

¯̂
ψ(y)γνψ̂(y)}|P, S〉 (2.6)

Since we do not know exactly the proton or nucleus state in terms of quarks and gluons,

we are forced to make approximations which are suitable for the kinematic regime under

consideration. As anticipated before, at high-energy (Regge limit), the target state, made

by quarks and gluons, represents the background field which, in the conveniently chosen

spectator frame, shrinks into a shock wave. In first (eikonal) approximation the shock-wave

is made only by gluon field. In light of these considerations we have

〈P, S|T{
¯̂
ψ(x)γµψ̂(x)

¯̂
ψ(y)γνψ̂(y)}|P, S〉 → 〈T{ψ̄(x)γµψ(x)ψ̄(y)γνψ(y)}〉A (2.7)

where the subscript A indicates that the matrix element is evaluated in the background of

gluon field generated by the target. The transition from the l.h.s. to the r.h.s. of eq. (2.7)

is similar to the analysis that one performs in the usual local OPE in which one considers

the target in terms of its partonic content, quarks or gluons. In ref. [18] it was shown that

the local OPE can be reformulated in terms of non-local operators using the background

field method. It turns out that also at high-energy (Regge) limit it is more convenient

to perform the OPE analysis using the background field method [19]. Once the relevant

operators are obtained, and we will see they are infinite Wilson lines, they will be evaluated

in the target state again. We now perform functional integration over the spinor fields.

Considering only the fully connected diagrams, we have (see figure 1)

〈T{ψ̄(x)γµψ(x)ψ̄(y)γνψ(y)}〉A = tr

{

〈x|
1

/P + iǫ
|y〉γν〈y|

1

/P + iǫ
|x〉γµ

}

(2.8)

where P µ = pµ + gAµ and Aµ is the background gluon field. In eq. (2.8) we have used the

Schwinger notation for the quark propagator which in the eikonal approximation is

〈Tψ(x)ψ̄(y)〉
x+>0>y+

=

∫

d4zδ(z+)
/x − /z

2π2(x − z)4 /p2
Uz

/z − /y

2π2(y − z)4
(2.9)
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y x

z1

z2

Figure 1. Diagram for the LO impact factor in the eikonal approximation. As usual, we will

indicate in blue the quantum field and in red the classical background ones.

with xµγµ = /x. In figure 1 the blue lines represent the quark and anti-quark fields, while

the red band represents the background shock-wave field.

Using propagator (2.9) in eq. (2.8) arrive at

〈T{ψ̄(x)γµψ(x)ψ̄(y)γνψ(y)}〉A

x+>0>y+

= −
1

4 π6(x∗y∗)4

∫

d2z1d2z2〈Tr{U(z1⊥)U †(z2⊥)}〉A

×
tr{(/x − /z1)/p2

(/y − /z1)γν(/y − /z2)/p2
(/x − /z2)γµ}

[Z1 + iǫ]3[Z2 + iǫ]3
+ . . . (2.10)

where the . . . stand for higher order corrections in αs or sub-eikonal corrections. In

eq. (2.10) we defined

Zi ≡
(x − zi)

2
⊥

x∗
−

(y − zi)
2
⊥

y∗
−

4

s
(x• − y•) (2.11)

where we use the short-hand notation (see appendix A for further details on the notations

used through out the paper)

pµ
1 xµ = x• =

√

s

2
x− =

√

s

2
x+ , (2.12)

pµ
2 xµ = x∗ =

√

s

2
x+ =

√

s

2
x− . (2.13)

Using the identity

tr{(/x − /z1)/p2
(/y − /z1)γν(/y − /z2)/p2

(/x − /z2)γµ}

= 4x2
∗y2

∗
∂2

∂xµ∂yν

(

− Z1Z2 +
z2

12⊥
x∗y∗

(x − y)2
)

(2.14)

we define the LO impact factor as

Iµν
LO(z1⊥, z2⊥; x, y) ≡

1

π6(x∗y∗)2

(

Z1 + iǫ
)−3

(

Z2 + iǫ
)3

∂2

∂xµ∂yν

(

Z1Z2 −
z2

12⊥
x∗y∗

(x − y)2
)

(2.15)

and the high-energy OPE takes the form

T{
¯̂
ψ(x)γµψ̂(x)

¯̂
ψ(y)γνψ̂(y)} =

∫

dz1dz2 Iµν
LO(z1⊥, z2⊥; x, y)Tr{Û(z1⊥)Û †(z2⊥)}+. . . (2.16)

– 6 –
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d)c)

a) b)

z1

z2

Figure 2. Sample of diagrams (real ones) for the LO BK equation.

Eq. (2.16) tell us that in the high-energy limit the operators standing to the left of the

equation are approximated by the ones standing to the right.

The LO impact factor enjoys two nice properties: electromagnetic gauge invariance

∂

∂xµ
Iµν

LO(z1⊥, z2⊥; x, y) = 0 (2.17)

and Möbius SL(2, C) conformal invariance
∫

d2z1d2z2 Iµν
LO(z1⊥, z2⊥; x, y)

inv.
−→

∫

d2z1d2z2 Iµν
LO(z1⊥, z2⊥; x, y) (2.18)

where the symbol
inv.
−→ means that we perform the inversion transformation xµ

x2 to all coor-

dinates.

If we try to calculate one loop correction either to the coefficient function (the impact

factor) or to the matrix element of the Wilson-line operators, we will find divergences which

are identified by rapidity divergences as a remnant of the fact that the parameter we use to

discriminate between background (or classical) field from the quantum field is indeed the ra-

pidity. As explained in the Introduction, at high-energy fields are ordered in their rapidity.

The rapidity divergences we just mentioned represent the log of energy which are

usually resummed through an evolution equation. The easiest way to identify such log of

energy is to consider one loop correction to the matrix element of Wilson lines, rather then

to the coefficient function. In refs. [22, 23] a one loop correction to the coefficient function

(NLO impact factor) was calculated, and it was shown that the BK evolution equation can

also be obtained from the one loop correction to the coefficient function (impact factor).

One may observe the similarity with the non-local OPE where DGLAP evolution kernel

can be obtained either from the one loop evolution of the non-local operator or from the

NLO coefficient function [18].

The evolution of the Tr{Û(z⊥)Û †(z′
⊥)} with respect to rapidity is the BK equation.

The diagrams (except the virtual ones) contributing to the kernel of the evolution equation

are given in figure 2. The evolution equation is [19]

〈Tr{Uz1
U †

z2
}〉 =

αs

2π

∫

dα

α

∫

d2z
(z1 − z2)2

(z1 − z)2(z2 − z)2

×
[

Tr{Uz1
U †

z }Tr{UzU †
z2

} − NcTr{Uz1
U †

z2
}
]

. (2.19)

– 7 –
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The evolution equation is obtained in the background fileld method by integrating over

the infinitesimal step in rapidity where
∫ η1

η2

dα
α

→ ∆η. Taking derivative with respect to

rapidity we get the evolution equation

d

dη
Ûη

z1z2
=

αsNc

2π

∫

d2z
(z1 − z2)2

(z1 − z)2(z2 − z)2

[

Ûη
z1z + Ûη

zz2
− Ûη

z1z2
− Ûη

z1zÛη
zz2

]

. (2.20)

where we indicate the rapidity dependence of the operators by the subscript η and we

defined the operator

Û(x⊥, y⊥) = 1 −
1

Nc
Tr{Û(x⊥)Û †(y⊥)} . (2.21)

Equation (2.20) is the Balitsky evolution equation. The operator we started with,

Tr{Ûz1
Û †

z2
}, after one loop evolution became a sum of two operators. One is clearly the

same as the original one (before evolution), the other one, Tr{Ûz1
Û †

z }Tr{ÛzÛ †
z2

} is a new op-

erator. To solve the evolution equation one should, in principle, find the evolution equation

of the new operator as well. However, this will actually generate a further new operator.

This process generates a hierarchy of evolution equations known as Balitsky-hierarchy. It

is also known that the Balitsky-hierarchy is equivalent to the JIMWLK formalism [24–26]

and for this reason, in the literature, they are mentioned together as B-JIMWLK equation.

In the large Nc approximation, the matrix element of the new operator factorizes into a

product of operators equal to the one we started with, thus breaking the Balitsky-hierarchy

to the non-linear Balitsky-Kovchegov [19, 27, 28] equation

d

dη
〈Uη

z1z2
〉 =

αsNc

2π

∫

d2z(z1 − z2)2

(z1 − z)2(z2 − z)2

[

〈Uη
z1z〉 + 〈Uη

zz2
〉 − 〈Uη

z1z2
〉 − 〈Uη

z1z〉〈Uη
zz2

〉
]

. (2.22)

If sub-eikonal corrections are included, as we will see, we will obtain new evolution

equations which will generate different type of new operators.

3 Sub-eikonal corrections to the high-energy OPE

Now we are going to include the sub-eikonal corrections to the high-energy OPE. To this end

we need the quark propagator with sub-eikonal corrections which was calculated in ref. [46].

3.1 Quark propagator in the background of gluon

The quark propagator in the background of gluon field with sub-eikonal corrections was

calculated in ref. [46]. In appendix B, we provide a new derivation of the quark propagator

which confirms the one obtained in the previous publication [46]. In the same appendix,

we also put the result in a new form which facilitates the analysis of the matrix elements

with sub-eikonal corrections. The new form of the quark propagator in the background of

– 8 –
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gluon fields up to subeikonal terms is

〈x|
i

/̂P + iǫ
|y〉

=

[

∫ +∞

0

d−α

2α
θ(x∗ − y∗) −

∫ 0

−∞

d−α

2α
θ(y∗ − x∗)

]

e−iα(x•−y•) 1

αs

×〈x⊥| e−i
p̂2

⊥

αs
x∗

{

/̂p /p2
[x∗, y∗] /̂p + /̂p /p2

Ô1(p⊥; x∗, y∗) /̂p

+
i αs

2
ǫijγ5γiÔj(p⊥; x∗, y∗) −

1

2
/p2

[

p̂j , Ôj(p⊥; x∗, y∗)
]

−
i

2
ǫijγ5

/p2
{p̂i, Ôj(p⊥; x∗, y∗)}

+
i αs

2
ǫijγ5γj{pi, O•∗(x∗, y∗)} −

1

2
/p2

[p̂2
⊥, Ô•∗(x∗, y∗)]

}

ei
p̂2

⊥

αs
y∗ |y⊥〉 + O(λ−2) . (3.1)

where operators O1, Oj and O•∗ are defined in eqs. (B.13), (B.15), and (B.17). This is a

new expression (equivalent to the one obtained before in ref. [46]) of the quark propagator

with sub-eikonal corrections in the background of gluon fields.

As it is shown in appendix C, from all the terms present in the quark propagator (3.1),

the only one that contributes to the polarized g1 structure function is

〈T{ψ(x)ψ̄(y)}〉ψ,ψ̄

x∗>0>y∗

∋

∫ +∞

0

d−α

4sα3
e−iα(x•−y•)

∫

d2z〈x⊥|/p e−i
p̂2

⊥

αs
x∗ |z⊥〉

×ig

∫ +∞

−∞
d

2

s
z∗ /p2

[∞p1, z∗]z
1

2
σijFij(z∗, z⊥)[z∗, −∞p1]z〈z⊥|/p ei

p̂2

αs
y∗ |y⊥〉 (3.2)

where we used σij = i
2(γiγj − γjγi), and the ~-inspired notation d−nα = dnα

(2π)n , and we

defined the gauge link at fixed transverse position z⊥ as

Pexp

{

ig
2

s

∫ x∗

y∗

dz∗ A•(z∗, z⊥)

}

≡ [x∗p1 + z⊥, y∗p1 + z⊥] ≡ [x∗, y∗]z . (3.3)

We will work again in coordinate space so, performing the Fourier transform of (3.2),

we have

〈Tr{ψ(x)ψ̄(y)}〉ψ,ψ̄ (3.4)

x∗>0>y∗

∋ −
1

16π3x2∗y2∗

∫

d2z

[Z + iǫ]2

(

2

s
x∗/p1

+ /X⊥

)

1

s
/p2

γ5F(z⊥)

(

2

s
x∗/p1

+ /Y ⊥

)

with

Z ≡
(x − z)2

⊥
x∗

−
(y − z)2

⊥
y∗

−
4

s
(x• − y•) (3.5)

and where we have introduced the short-hand notation Xµ
⊥ = (x − z)µ

⊥ and similarly for

Y µ
⊥ and defined, for later convenience, the operator

F(z⊥) ≡ ig
s

2

∫ +∞

−∞
dz∗[∞p1, z∗]z ǫijFij

(

z∗, z1⊥
)

[z∗, −∞p1]z . (3.6)

– 9 –
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We use the symbol ∋ to indicate that we are considering only one of the possible terms

that make up the quark propagator. Moreover, the superscript x∗ > 0 > y∗ indicates that

we are considering only the contribution in which the quark goes through the shock-wave

from positive values of light-cone coordinate, x∗ > 0, to negative ones, y∗ < 0.

Throughout this paper we use the convention γ5 = iγ0γ1γ2γ3 = − i
4!ǫµνρσ and ǫ0123 =

1. The two dimensional antisymmetric tensor is p1µp2νǫµνij = s
2ǫij where, as usual, Latin

indexes take values 1, 2 and ǫ12 = −ǫ21 = 1.

3.2 Quark propagator in the background of quark fields

The quark propagator in the background of quark fields is [46]

〈T{ψ(x)ψ̄(y)}〉ψ,ψ̄

x∗>0>y∗

∋ g2
∫ +∞

0

d−α

2α

∫ +∞

−∞
dz∗

∫ z∗

−∞
dz′

∗e−iα(x•−y•)

×
1

α4s4
〈x⊥|e−i

p̂2
⊥

αs
x∗/p/p2/p [∞p1, z∗]γµtaψ(z∗)

(

δξ
µ −

p2µ

p∗
pξ

)

[z∗, z′
∗]ab

×

(

gξν −pξ
p2ν

p∗

)

ψ̄(z′
∗)tbγν [z′

∗,−∞p1]/p/p2/pei
p̂2

⊥

αs
y∗ |y⊥〉 (3.7)

Performing the Fourier transform we have

〈T{ψ(x)ψ̄(y)}〉ψ,ψ̄ (3.8)

x∗>0>y∗

∋ −
g2

16π3x2∗y2∗

∫ +∞

−∞
dz∗

∫ z∗

−∞
dz′

∗

∫

d2z

(Z2 + iǫ)2

(2

s
x∗/p1

+ /X⊥
)

×[∞p1, z∗]zta
(

γµ
⊥ψ(z∗, x⊥)[z∗, z′

∗]ab
z ψ̄(z′

∗, z⊥)γ⊥
µ

)

tb[z′
∗, −∞p1]z

(

2

s
y∗/p1

+ /Y ⊥

)

To highlight the structure of the propagator (3.8), let us define the following operator

Qαβ
ij (x⊥) (3.9)

≡ g2
∫ +∞

−∞
dz∗

∫ z∗

−∞
dz′

∗
(

[∞p1, z∗]xtaψα(z∗, x⊥)[z∗, z′
∗]ab

x ψ̄β(z′
∗, x⊥)tb[z′

∗, −∞p1]x
)

ij

where α, and β are spinor indexes, and i, j are color indexes in the fundamental represen-

tation. Thus, the quark propagator (3.8) becomes

〈T{ψ(x)ψ̄(y)}〉ψ,ψ̄ (3.10)

x∗>0>y∗

∋ −
1

16π3x2∗y2∗

∫

d2z

(Z + iǫ)2

(

2

s
x∗/p1

+ /X⊥

)

γµ
⊥Q(z⊥)γ⊥

µ

(

2

s
y∗/p1

+ /Y ⊥

)

.

3.3 Quark propagator relevant for polarized high-energy DIS

The quark propagator we need for polarized DIS at high-energy is the sum of the eikonal

propagator (2.9), the sub-eikonal correction due to the background of gluon field (3.4), and

the sub-eikonal correction due to the background made by quark fields eq. (3.10). Putting

– 10 –
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y x

Fi j

a) b)

y x

z2

z1

z2

z1

Figure 3. Diagram of the LO impact factor with quark-sub-eikonal correction.

all these contributions together we have

〈T{ψ(x)ψ̄(y)}〉A,ψ,ψ̄

x∗>0>y∗

∋ −
1

2π3x2∗y2∗

∫

d2z

(Z + iǫ)3

(

2

s
x∗/p1

+ /X⊥

)

×

{

i /p2
U(z⊥) +

Z

8

(

1

s
/p2

γ5F(z⊥) + γµ
⊥Q(z⊥)γ⊥

µ

)}(

2

s
y∗/p1

+ /Y ⊥

)

(3.11)

Propagator (3.11) will be used to calculate the impact factor in figure 3.

4 Operator Product Expansion with sub-eikonal terms

4.1 OPE with quark sub-eikonal terms

Now that we obtained the quark propagator with the necessary sub-eikonal corrections, we

are ready to extend the expansion of the T-product of two electromagnetic currents to the

polarized DIS case.

The diagram we need to calculate are given in figure 3. As before, we make functional

integration over the spinor field

〈T{jµ(x)jν(y)}〉A,ψ,ψ̄ = tr

{

〈x|
1

/P + iǫ
|y〉γν〈y|

1

/P + iǫ
|x〉γµ

}

(4.1)

where for each quark propagator in eq. (4.1) we should use eq. (3.11). We will consider

operators F(z⊥) and Q(z⊥) separately starting, in this section, with Q(z⊥).

The product of two quark propagators given in eq. (3.11) will result in four terms. The

first term is a product of two eikonal propagators which we considered in section 2. The sec-

ond and the third terms are obtained by the product of one eikonal term and one sub-eikonal

term; we will consider them in this section. The last term is the product of two sub-eikonal

terms, and since it will contribute as a sub-sub-eikonal correction it will be disregarded.

As it is illustrated in figure 3, if we do not want to exceed our precision, we need

a sub-eikonal correction to only one of the two interactions between the quark and the

– 11 –
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shock-wave target while keeping eikonal the other one. Diagram 3 a, is

〈T{jµ(x)jν(y)}〉Figure 3a

x∗>0>y∗

∋
i

32π6x4∗y4∗

∫

d2z1d2z2

[Z1 + iǫ]3[Z2 + iǫ]2
(4.2)

×

[

Tr tr{γµ /X2γρ
⊥Q(z2⊥)γ⊥

ρ /Y 2γν /Y 1 /p2
U †

z1
/X1}

−
(

Tr tr{γµ /X2γρ
⊥Q(z2⊥)γ⊥

ρ /Y 2γν /Y 1 /p2
U †

z1
/X1}

)†
]

where we used again the short-hand notation Xµ
i = 2

s
x∗pµ

1 + Xµ
i⊥ with Xµ

i⊥ = xµ
⊥ − zµ

i⊥
and i = 1, 2 and similarly for Yi. Moreover, we use tr for trace over spinor indexes while

Tr over color indexes (we refer the reader to appendix D for the details of the derivation

of eq. (4.2)).

Our task is now the evaluation of the double trace

i Tr tr{γµ /X2γρ
⊥Q(z2⊥)γ⊥

ρ /Y 2γν /Y 1 /p2
U †

z1
/X1} . (4.3)

After some lengthy algebra, and using the rescaling of the spinor field given in eq. (A.3),

one can show that the trace over the spinor indexes can be cast in the following form

i ψ̄(z′
∗, z2⊥)γ⊥

ρ Ŷ2γν Ŷ1/p2
X̂1γµX̂2γρ

⊥ψ(z∗, z2⊥)

=
8

s
ψ̄(z′

∗, z2⊥) i /p1
ψ(z∗, z2⊥)Iµν

1 (x∗, y∗; z1⊥, z2⊥)

−
8

s
ψ̄(z′

∗, z2⊥)γ5
/p1

ψ(z∗, z2⊥)Iµν
5 (x∗, y∗; z1⊥, z2⊥) + O(λ−1) (4.4)

where

Iµν
1 (x, y; z1, z2) =

1

2
x2

∗y2
∗

∂2

∂xµ∂yν

(

Z1Z2 − z2
12⊥

(x − y)2

x∗y∗

)

, (4.5)

with Zi defined in eq. (2.11), and

Iµν
5 (x, y; z1, z2) =

(

x∗∂µ
x − pµ

2

)(

y∗∂ν
y − pν

2

)[

(~Y1×~Y2)X1 ·X2 − ( ~X1× ~X2)Y1 ·Y2
]

, (4.6)

where we used the notation for vector product in two dimensions

~x × ~y = ǫijxiyj . (4.7)

The explicit expressions of Iµν
1 and Iµν

5 can be found in appendix E.

In result (4.4) we obtained two operators with definite parity. The symmetric tensor

Iµν
1 is proportional to the parity even operator ψ̄(z′

∗, z2⊥)/p1
ψ(z∗, z2⊥), while the operator

proportional to the antisymmetric tensor Iµν
5 is proportional to the parity odd operator

ψ̄(z′
∗, z2⊥)γ5/p1

ψ(z∗, z2⊥).

– 12 –
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Using result (4.4) in the eq. (4.2), we arrive at

〈T{jµ(x)jν(y)}〉A,ψ,ψ̄

x∗>0>y∗

∋
1

4π6s x4∗y4∗

∫

d2z1d2z2

[Z1 + iǫ]3[Z2 + iǫ]2
(4.8)

×

[

(

Tr{Q1z2
U †

z1
} + Tr{Q†

1z2
Uz1

}
)

Iµν
1 (x, y; z1, z2)

−
(

Tr{Q5z2
U †

z1
} + Tr{Q†

5z2
Uz1

}
)

Iµν
5 (x, y; z1, z2)

]

where we defined the operators Q1z and Q5z as

Q1(z⊥) ≡ g2
∫ +∞

−∞
dz∗

∫ z∗

−∞
dz′

∗[∞p1, z∗]ztatr{i /p1
ψ(z∗, z⊥)

×[z∗, z′
∗]ab

z ψ̄(z′
∗, z⊥)}tb[z′

∗, −∞p1]z , (4.9)

Q5(z⊥) ≡ g2
∫ +∞

−∞
dz∗

∫ z∗

−∞
dz′

∗[∞p1, z∗]ztatr{γ5
/p1

ψ(z∗, z⊥)

×[z∗, z′
∗]ab

z ψ̄(z′
∗, z⊥)}tb[z′

∗, −∞p1]z . (4.10)

To put result (4.8) in the same form as eq. (2.16), we define the quark-sub-eikonal

impact factors as

Iµν
1 (x, y; z1, z2) =

1

4π6x4∗y4∗

Iµν
1 (x, y; z1, z2)

[Z1 + iǫ]3[Z2 + iǫ]2
(4.11)

Iµν
5 (x, y; z1, z2) = −

1

4π6x4∗y4∗

Iµν
5 (x, y; z1, z2)

[Z1 + iǫ]3[Z2 + iǫ]2
(4.12)

thus the high-energy OPE with quark sub-eikonal contributions is

T{
¯̂
ψ(x)γµψ̂(x)

¯̂
ψ(y)γνψ̂(y)}

x∗>0>y∗

∋
1

s

∫

d2z1d2z2

[

(

Tr{Q̂1z2
Û †

z1
} + Tr{Q̂†

1z2
Ûz1

}
)

Iµν
1 (x, y; z1, z2)

+
(

Tr{Q̂5z2
Û †

z1
} + Tr{Q̂†

5z2
Ûz1

}
)

Iµν
5 (x, y; z1, z2)

]

(4.13)

We notice that the sub-eikonal quark contribution to the quark propagator, eq. (3.9), gave

rise to two different impact factors and to two different operators. The impact factor

(coefficient function) I1 which is associated to the operator Tr{Q̂1z2
Û †

z1
} + Tr{Q̂†

1z2
Ûz1

}

is a sub-eikonal correction to eikonal unpolarized case eq. (2.16) because it is symmetric

under the exchange µ ↔ ν, x ↔ y. Moreover, we notice that there is a relation between

the LO impact factor Iµν
LO and the impact factor Iµν

1 . Indeed, using definitions (2.15)

and (4.11) we can write

Iµν
1 =

Z2

8
Iµν

LO (4.14)

The impact factor I5 and its associated operator Tr{Q̂5z2
Û †

z1
} + Tr{Q̂†

5z2
Ûz1

}.
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Like the LO impact factor, one can check that the coefficients Iµν
1 , and Iµν

5 in eqs. (4.11)

and (4.12) satisfy the electromagnetic gauge invariance

∂x
µ

1

Z2
2 Z3

1 x4∗y4∗
Iµν

1 =
1

x5∗y4∗Z3
2 Z4

1

[

x∗Z1Z2∂x
µIµν

1 − Iµν
1

(

4Z1Z2p2µ

+3x∗Z2∂x
µZ1 + 2x∗Z1∂x

µZ2

)]

= 0 (4.15)

and

∂x
µ

1

Z2
2 Z3

1 x4∗y4∗
Iµν

5 =
1

x5∗y4∗Z3
2 Z4

1

[

x∗Z1Z2∂x
µIµν

5 − Iµν
5

(

4Z1Z2p2µ

+3x∗Z2∂x
µZ1 + 2x∗Z1∂x

µZ2

)]

= 0 . (4.16)

One may also easily check that impact factors (4.11) and (4.12) are Möbius SL(2, C) in-

variant.

Before proceeding with the calculation of the evolution equations, we observe that,

working out the color algebra we can rewrite operator Qαβ
ij defined in (3.9) as

Qαβ
ij (x⊥) = −g2

∫ +∞

−∞
dz∗

∫ z∗

−∞
dz′

∗

[

1

2
U ij

x ψ̄α(z′
∗, x⊥)[z′

∗, z∗]xψβ(z∗, x⊥) (4.17)

+
1

2Nc

(

[∞p1, z∗]xψβ(z∗, x⊥)ψ̄α(z′
∗, x⊥)[z′

∗, −∞]
)

ij

]

From (4.17), we see that in the large Nc limit, the Qαβ
ij operator reduces to the product

of an infinite Wilson line times the usual light-cone quark operator when multiplied by

/p1
=

√

s
2γ+ (recall that γ+ = γ− is what is call the good component) or to the parity odd

quark operator when multiplied by γ5/p1
.

We define the light-ray quark operators as

Q1x = −g2
∫ +∞

−∞
dz∗

∫ z∗

−∞
dz′

∗ ψ̄(z′
∗, x⊥) i /p1

[z′
∗, z∗]xψ(z∗, x⊥) , (4.18)

Q†
1x = g2

∫ +∞

−∞
dz∗

∫ z∗

−∞
dz′

∗ ψ̄(z∗, x⊥) i /p1
[z∗, z′

∗]xψ(z′
∗, x⊥) , (4.19)

Q5x ≡ −g2
∫ +∞

−∞
dz∗

∫ z∗

−∞
dz′

∗ ψ̄(z′
∗, x⊥) γ5

/p1
[z′

∗, z∗]xψ(z∗, x⊥) , (4.20)

Q†
5x ≡ g2

∫ +∞

−∞
dz∗

∫ z∗

−∞
dz′

∗ ψ̄(z∗, x⊥) γ5
/p1

[z∗, z′
∗]xψ(z′

∗, x⊥) , (4.21)

and

Q̃1ij(x⊥) ≡ g2
∫ +∞

−∞
dz∗

∫ z∗

−∞
dz′

∗
(

[∞p1, z∗]xtr{ψ(z∗,x⊥)ψ̄(z′
∗,x⊥) i/p1

}[z′
∗,−∞p1]

)

ij
, (4.22)

Q̃†
1ij(x⊥) ≡ −g2

∫ +∞

−∞
dz∗

∫ z∗

−∞
dz′

∗
(

[−∞p1, z′
∗]xtr{ψ(z′

∗,x⊥)ψ̄(z∗,x⊥) i/p1
}[z∗,∞p1]

)

ij
, (4.23)

Q̃5ij(x⊥) ≡ g2
∫ +∞

−∞
dz∗

∫ z∗

−∞
dz′

∗
(

[∞p1, z∗]xtr{ψ(z∗,x⊥)ψ̄(z′
∗,x⊥)γ5

/p1
}[z′

∗,−∞p1]
)

ij
, (4.24)

Q̃†
5ij(x⊥) ≡ g2

∫ +∞

−∞
dz∗

∫ z∗

−∞
dz′

∗
(

[−∞p1, z′
∗]xtr{ψ(z′

∗,x⊥)ψ̄(z∗,x⊥)γ5
/p1

}[z∗,∞p1]
)

ij
. (4.25)
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Figure 4. Figure a) represents the operators Tr{UxU†
y }Q1x, and Tr{UxU†

y }Q5x, while figure b)

represents operators Tr{Q̃1xU†
y }, and Tr{Q̃5xU†

y }.

where i, j are color indexes in the fundamental representation. So, we can rewrite the

operator Tr{Q̂1xÛ †
y}, and Tr{Q̂5xÛ †

y}, and their adjoint conjugated as

Tr{Q̂1xÛ †
y} =

1

2
Tr{Û †

y Ûx}Q̂1 x −
1

2Nc
Tr{Û †

y
ˆ̃Q1x} (4.26)

Tr{Q̂†
1xÛy} =

1

2
Tr{ÛyÛ †

x}Q̂†
1x −

1

2Nc
Tr{Ûy

ˆ̃Q†
1x} (4.27)

Tr{Q̂5xÛ †
y} =

1

2
Tr{Û †

y Ûx}Q̂5x −
1

2Nc
Tr{Û †

y
ˆ̃Q5x} (4.28)

Tr{Q̂†
5xÛy} =

1

2
Tr{ÛyÛ †

x}Q̂†
5x −

1

2Nc
Tr{Ûy

ˆ̃Q†
5x} (4.29)

Operators (4.26)–(4.29) are the new operators of which we will calculate the evolution

equations and in provide the parametrization through new distribution functions. They

are represented in figure 4.

The OPE (4.13) in terms of operators (4.26)–(4.29) is

T{
¯̂
ψ(x)γµψ̂(x)

¯̂
ψ(y)γνψ̂(y)}

x∗>0>y∗

∋
1

2s

∫

d2z1d2z2

[

Iµν
1 (x, y; z1, z2)

(

Tr{Û †
z1

Ûz2
}Q̂1z2

+ Tr{Ûz1
Û †

z2
}Q̂†

1z2

−
1

Nc
Tr{Û †

z1

ˆ̃Q1z2
} −

1

Nc
Tr{Ûz1

ˆ̃Q†
1z2

}

)

+Iµν
5 (x, y; z1, z2)

(

Tr{Û †
z1

Ûz2
}Q̂5z2

+ Tr{Ûz1
Û †

z2
}Q̂†

5z2

−
1

Nc
Tr{Û †

z1

ˆ̃Q5z2
} −

1

Nc
Tr{Ûz1

ˆ̃Q†
5z2

}

)]

(4.30)

4.2 OPE with gluon sub-eikonal terms

The contribution to the high-energy OPE of the T-product of two electromagnetic currents

due to sub-eikonal terms in the background of gluon fields, given in eq. (3.4), is obtained
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again by performing the spinor contractions (see figure 3b)

〈ψ̄(x)γµψ(x)ψ̄(y)γνψ(y)〉A

= tr

{

〈x|
1

/P + iǫ
|y〉γν〈y|

1

/P + iǫ
|x〉γµ

}

x∗>0>y∗

∋
g

64π6

∫

d2z1d2z2
[Z2 + iǫ]−2

[Z1 + iǫ]3
tr{ /X1/p2

/Y 1γν /Y 2/p2
σρσ

⊥ /X2γµ}

×

[

∫ +∞

−∞
dω∗Tr{[∞p1, ω∗]z2

F ⊥
ρσ[ω∗, −∞p1]z2

U †
z1

}

−

∫ +∞

−∞
dω∗Tr{Uz1

[−∞p1, ω∗]z2
F ⊥

ρσ[ω∗, ∞p1]z2
}

]

. (4.31)

After a lengthy algebra, the calculation of the gamma matrices in (4.31) gives

tr{ /X1/p2
/Y 1γν /Y 2/p2

σαβ
⊥ /X2γµ}

= 8iǫαβ
(

x∗∂µ
x − pµ

2

)(

y∗∂ν
y − pν

2

)[

( ~X1 × ~X2)Y1 · Y2 − (~Y1 × ~Y2)X1 · X2
]

≡ 8 i ǫαβ Iµν
F . (4.32)

So, it turns out that Iµν
F = −Iµν

5 . This should not be surprising because the two operators,

Q5x and Fx are both parity odd.

Using the operator Fz defined in eq. (3.6), eq. (4.31) becomes

〈ψ̄(x)γµψ(x)ψ̄(y)γνψ(y)〉A (4.33)

= tr

{

〈x|
1

/P + iǫ
|y〉γν〈y|

1

/P + iǫ
|x〉γµ

}

x∗>0>y∗

∋
1

4π6s x4∗y4∗

∫

d2z1d2z2
[Z2 + iǫ]−2

[Z1 + iǫ]3
Iµν

F (z1, z1; x, y)
[

Tr
{

U †
z1

Fz2

}

+ Tr
{

Uz1
F†

z2

}

]

.

and using the definition of Iµν
5 , (4.33) can be written as

T{
¯̂
ψ(x)γµψ(x)

¯̂
ψ(y)γνψ̂(y)} (4.34)

x∗>0>y∗

∋
1

s

∫

d2z1d2z2 Iµν
5 (z1⊥, z2⊥; x, y)

[

Tr
{

Û †
z1

F̂z2

}

+ Tr
{

Ûz1
F̂†

z2

}

]

therefore, the coefficient Iµν
5 is also the impact-factor associated to the operator

Tr
{

Û †
z1

F̂(z2⊥)
}

+ Tr
{

Ûz1
F̂†(z2⊥)

}

.

4.3 OPE with sub-eikonal corrections: flavor singlet

We can now add together the contributions of the quark, eq. (4.13), and gluon, eq. (4.34),

sub-eikonal corrections. We have

T{
¯̂
ψ(x)γµψ(x)

¯̂
ψ(y)γνψ̂(y)}

=

∫

dz1dz2 Iµν
LO(z1⊥, z2⊥; x, y)

[

Tr{Ûz1
Û †

z2
} +

Z2

8 s

(

Tr{Û †
z1

Q̂1z2
} + Tr{Ûz1

Q̂†
1z2

}
)

]

+
1

s

∫

d2z1d2z2 Iµν
5 (z1⊥, z2⊥; x, y)

[

Tr{
(

Q̂5z2
+ F̂z2

)

Û †
z1

} + Tr{
(

Q̂†
5z2

+ F̂†
z2

)

Ûz1
}

]

+O(αs) + O(λ−2) (4.35)
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The same expansion can be written in terms of the operators Q̂1(x⊥) and Q̂5(x⊥), ˆ̃Q1(x⊥)

and ˆ̃Q5(x⊥) and their adjoint conjugated as

T{
¯̂
ψ(x)γµψ(x)

¯̂
ψ(y)γνψ̂(y)}

=

∫

dz1dz2 Iµν
LO(z1⊥, z2⊥; x, y)

[

Tr{Û †
z1

Û †
z2

}

+
Z2

16 s

(

Tr{Û †
z1

Ûz2
}Q̂1z2

+ Tr{Ûz1
Û †

z2
}Q̂†

1z2
−

1

Nc
Tr{Û †

z1

ˆ̃Q1z2
} −

1

Nc
Tr{Ûz1

ˆ̃Q†
1z2

}

)]

+
1

s

∫

d2z1d2z2 Iµν
5 (z1⊥, z2⊥; x, y)

[

Tr{Û †
z1

Ûz2
}Q̂5z2

+ Tr{Ûz1
Û †

z2
}Q̂†

5z2

−
1

Nc
Tr{Û †

z1

( ˆ̃Q5z2
− 2NcF̂z2

)

} −
1

Nc
Tr{Ûz1

( ˆ̃Q†
5z2

− 2NcF̂
†
z2

)

}

]

+O(αs) + O(λ−2) (4.36)

Equations (4.36) and (4.35) are equivalent, and are the high-energy OPE with the sub-

eikonal corrections that come in with a 1
s

factor. In principle, if we consider the full

quark propagator in the background of gluon field, (3.1), there might be other sub-eikonal

contributions to the unpolarized and polarized high-energy OPE (see appendix C for more

details). In other words, if we use the full quark propagator (3.1), from diagram in figure 3b

we will get other terms besides the one we obtained using only the term proportional to

ǫijFij . However the new terms will not contribute to g1 structure function.

Considering that both Q̂5x and F̂x are parity odd operators and that their impact

factors results, which came from two independent and different calculations, are equal, we

may consider this as an indirect proof of the validity of the entire result.

At small-x, the unpolarized quark structure function is known to be energy suppressed

with respect to the gluon structure function. Indeed, this can be observed from our OPE

result (4.36), where the sub-eikonal impact factors Iµν
1 and Iµν

5 are proportional to 1
s
.

In the large Nc approximation we have

T{
¯̂
ψ(x)γµψ(x)

¯̂
ψ(y)γνψ̂(y)}

=

∫

dz1dz2

{

Iµν
LO(z1⊥, z2⊥; x, y)Tr{Ûz1

Û †
z2

}

+
1

2s
Iµν

1 (z1⊥, z2⊥; x, y)
(

Tr{Û †
z1

Ûz2
}Q̂1z2

+ Tr{Ûz1
Û †

z2
}Q̂†

1z2

)

+
1

2s
Iµν

5 (z1⊥, z2⊥; x, y)
(

Tr{Û †
z1

Ûz2
}Q̂5z2

+ Tr{Ûz1
Û †

z2
}Q̂†

5z2

+2Tr{U †
z1

Fz2
} + 2Tr{Uz1

F†
z2

}
)

}

+ O(αs) + O(λ−2) + O(1/Nc) , (4.37)

(recall that Iµν
1 = Z2

8 Iµν
LO).

4.4 OPE with sub-eikonal contributions: flavor non-singlet

In the flavor non-singlet case, the high-energy OPE will be the same as in (4.36) with the

exception that the operator F̂(x⊥) will be absent because it does not allow exchange of
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flavor with the target. So we have

T{
¯̂
ψ(x)γµψ(x)

¯̂
ψ(y)γνψ̂(y)}

=

∫

dz1dz2 Iµν
LO(z1⊥, z2⊥; x, y)

[

Tr{Ûz1
Û †

z2
} +

Z2

8 s

(

Tr{U †
z1

Q1z2
} + Tr{Uz1

Q†
1z2

}
)

]

+
1

s

∫

d2z1d2z2 Iµν
5 (z1⊥, z2⊥; x, y)

[

Tr{Q̂5z2
Û †

z1
} + Tr{Q̂†

5z2
Ûz1

}
]

+O(αs) + O(λ−2) (4.38)

As for the singlet case, the same expansion can be written in terms of the operators Q̂1(x⊥)

and Q̂5(x⊥), ˆ̃Q1(x⊥) and ˆ̃Q5(x⊥) and their adjoint conjugated as

T{
¯̂
ψ(x)γµψ(x)

¯̂
ψ(y)γνψ̂(y)}

=

∫

dz1dz2

{

Iµν
LO(z1⊥, z2⊥; x, y) +

Z2

16 s
Iµν

LO(z1⊥, z2⊥; x, y)

(

Tr{Û †
z1

Ûz2
}Q̂1z2

+Tr{Ûz1
Û †

z2
}Q̂†

1z2
−

1

Nc
Tr{Û †

z1

ˆ̃Q1z2
} −

1

Nc
Tr{Ûz1

ˆ̃Q†
1z2

}

)

+
1

s
Iµν

5 (z1⊥, z2⊥; x, y)

(

Tr{Û †
z1

Ûz2
}Q̂5z2

+ Tr{Ûz1
Û †

z2
}Q̂†

5z2

−
1

Nc
Tr{Û †

z1

ˆ̃Q5z2
} −

1

Nc
Tr{Ûz1

ˆ̃Q†
5z2

}

)

+ O(αs) + O(λ−2)

}

(4.39)

In the large Nc approximation we can simplify to

T{
¯̂
ψ(x)γµψ(x)

¯̂
ψ(y)γνψ̂(y)}

=

∫

dz1dz2

{

Iµν
LO(z1⊥, z2⊥; x, y)

+
Z2

16 s
Iµν

LO(z1⊥, z2⊥; x, y)
(

Tr{Û †
z1

Ûz2
}Q̂1z2

+ Tr{Ûz1
Û †

z2
}Q̂†

1z2

)

+
1

s
Iµν

5 (z1⊥, z2⊥; x, y)
(

Tr{Û †
z1

Ûz2
}Q̂5z2

+ Tr{Ûz1
Û †

z2
}Q̂†

5z2

)

+O(αs) + O(λ−2) + O(1/Nc)

}

(4.40)

We will find the evolution of these operators in the next sections.

5 Parametrization of the forward matrix elements

In this section we give an account of the operators that we have found and provide their

parametrization through new distribution functions (all of dimensions [M−2]).

We denote by Sµ
L the longitudinal spin of the hadronic target. In the DIS kinematics

we have MSµ
L ≃ λP µ so, we may write Sµ ≃ λ

M
P µ + Sµ

⊥ with helicity λ.

To consider forward matrix elements, we need to define the reduced matrix elements.

Consider an operator Ô(x⊥, y⊥), function of two transverse distances, which can be one of
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the dipole type of operators we are going to consider in this section. Then, we define the

reduced matrix elements as

〈P, S|Ô(k⊥)|P ′, S〉 = 2π
s

2
δ((P ′ − P )·p1)〈〈P, S|Ô(k⊥)|P, S〉〉 (5.1)

with P ′µ = P µ + β pµ
2 and

∫

d2∆ e−i(k,∆)⊥〈〈P, S|Ô(x⊥, y⊥)|P, S〉〉 = 〈〈P, S|Ô(k⊥)|P, S〉〉 (5.2)

where we defined ∆µ
⊥ ≡ (x−y)µ

⊥. The delta function δ((P ′ −P )·p1) takes into account that

forward matrix elements of dipole type operators contain unrestricted integration along p1.

Let us start considering the relevant matrix elements. Consider matrix element with

operator Q̂1(x⊥)

∫

d2∆ ei(∆,k)〈〈P, S|
[

Q1(x⊥)Tr{UxU †
y} + a.c.

]

|P, S〉〉

= −ig2
∫

d2∆ ei(∆,k)
∫ +∞

−∞
dz∗

∫ z∗

−∞
dz′

∗

×〈〈P, S|
[

ψ̄(z′
∗, x⊥)/p1

[z′
∗, z∗]xψ(z∗, x⊥)Tr{UxU †

y} + a.c
]

|P, S〉〉

=
s

2

(

q1(k2
⊥, x) +

~S × ~k

M
q1T (k2

⊥, x)

)

. (5.3)

with ǫijSikj = ~S ×~k. (recall z∗, z′
∗ are dimensionless) and a.c stands for adjoint conjugated.

Matrix element with operator ˆ̃Q1(x⊥)

∫

d2∆ ei(∆,k)〈〈P, S|
[

Tr{Q̃1(x⊥)U †
y} + a.c.

]

|P, S〉〉

= ig2
∫

d2∆ ei(∆,k)
∫ +∞

−∞
dz∗

∫ z∗

−∞
dz′

∗

×〈〈P, S|
[

Tr{[∞p1, z∗]xtr{ψ(z∗, x⊥)ψ̄(z′
∗, x⊥)/p1

}[z′
∗, −∞p1]U †

y} + a.c.
]

|P, S〉〉

=
s

2

(

q̃1(k2
⊥, x) +

~S × ~k

M
q̃1T (k2

⊥, x)

)

. (5.4)

Matrix element with operator Q̂5(x⊥)

∫

d2∆ ei(∆,k)〈〈P, S|
[

Q5(x⊥)Tr{UxU †
y} + a.c

]

|P, S〉〉

= −g2
∫

d2∆ ei(∆,k)
∫ +∞

−∞
dz∗

∫ z∗

−∞
dz′

∗

×〈〈P, S|
[

ψ̄(z′
∗, x⊥)γ5

/p1
[z′

∗, z∗]xψ(z∗, x⊥)Tr{UxU †
y} + a.c

]

|P, S〉〉

=
s

2

(

λq5L(k2
⊥, x) −

(S, k)⊥
M

q5T (k2
⊥, x)

)

. (5.5)
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Matrix element with operator ˆ̃Q5(x⊥)

∫

d2∆ ei(∆,k)〈〈P, S|
[

Tr{Q̃5(x⊥)U †
y} + a.c

]

|P, S〉〉

= g2
∫

d2∆ ei(∆,k)
∫ +∞

−∞
dz∗

∫ z∗

−∞
dz′

∗

×〈〈P, S|
[

Tr{[∞p1, z∗]xtr{ψ(z∗, x⊥)ψ̄(z′
∗, x⊥)γ5

/p1
}[z′

∗, −∞p1]U †
y} + a.c

]

|P, S〉〉

=
s

2

(

λq̃5L(k2
⊥, x) −

(S, k)⊥
M

q̃5T (k2
⊥, x)

)

. (5.6)

We can also parametrize the matrix elements with the operators Q1x and Q5x as

∫

d2∆ ei(∆,k)〈〈P, S|
[

Tr{Q1(x⊥)U †
y} + a.c

]

|P, S〉〉

=
s

2

(

Q1(k2
⊥, x) +

~S × ~k

M
Q1T (k2

⊥, x)

)

. (5.7)

and

∫

d2∆ ei(∆,k)〈〈P, S|Tr{Q5(x⊥)U †
y} + a.c|P, S〉〉

=
s

2

(

λQ5L(k2
⊥, x) +

(S, k)⊥
M

Q1T (k2
⊥, x)

)

. (5.8)

Using eqs. (4.26)–(4.29) we can find the following relations

2 Q1(k2
⊥, x) = q1(k2

⊥, x) −
1

Nc
q̃1(k2

⊥, x) , (5.9)

2 Q1T (k2
⊥, x) = q1T (k2

⊥, x) −
1

Nc
q̃1T (k2

⊥, x) , (5.10)

2 Q5L(k2
⊥, x) = q5L(k2

⊥, x) −
1

Nc
q̃5L(k2

⊥, x) , (5.11)

2 Q5T (k2
⊥, x) = q5T (k2

⊥, x) −
1

Nc
q̃5T (k2

⊥, x) . (5.12)

The matrix element with the ǫijFij(x∗, x⊥) term is

∫

d2∆ei(∆,k)⊥

∫ +∞

−∞
dz∗〈〈P, S|

[

Tr{[∞p1, z∗]x ig
s

2
ǫijFij(z∗, x⊥)[z∗, −∞p1]xU †

y} + a.c

]

|P, S〉〉

=
s

2

[

λ
k2

⊥
M2

GL(k2
⊥, x) +

(S, k)⊥
M

GT (k2
⊥, x)

]

, (5.13)

with helicity λ = ±1
2 . In (5.13), GL(k2

⊥, x) and GT (k2
⊥, x) are the polarized longitudinal

and transverse gluon distributions of dimension [M−2] (see appendix C for details). Note

that the parameterizations (5.3)–(5.13) are similar to the standard parameterizations for

TMD [51–53].
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z z
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Figure 5. Diagrams with Q̂1x and Q̂5x quantum.

6 Evolution equation of sub-eikonal corrections

In the eikonal approximation, which was presented in section 2, we first derived the LO

impact factor and its associated dipole operator Tr{U(x⊥)U †(y⊥)}, eq. (2.16), and then we

proceeded with the calculation of the evolution of the dipole operator thus obtaining the

BK equation. The plan is to repeat the same steps at sub-eikonal level. In the previous

sections we derived the sub-eikonal impact factors and their associated operators. Our task

is now the calculation of the evolution equations of these operators.

We use again the background field method. We have to separate fields in quantum

and classical and perform the functional integration over the quantum fields leaving un-

touched the classical one. As a result of this procedure we will obtain a relation between

the operator at the starting renormalization point η1 and the new operators at the end

renormalization point η2 convoluted with a coefficient, the evolution kernel, which is the re-

sult of the functional integration over the quantum fields living in the infinitesimal rapidity

interval η1 −η2 = ∆η. This is nothing but the application of the Wilsonian renormalization

group. Here the evolution parameter η is the rapidity of the fields which we use to dis-

criminate between classical and quantum fields. Indeed, at high energies, fields are ordered

in rapidity space therefore it is natural to use it as the evolution parameter and as factor-

ization parameter for scattering amplitudes. This logic is equal to the one adopted in the

Bjorken limit, where the fields are ordered according to their transverse momentum and the

factorization parameter µf discriminates between classical and quantum fields according

to their transverse momenta.

A feature of the BK equation (and of BFKL equation) is that it is free of ultra violet

(UV) and infra red (IR) divergences. Moreover, in the limit of vanishing dipole size unitarity

is restored. What we will observe in the evolution equations of sub-eikonal operators, is the

absence of this property which can be translated into a double log of energy contribution

of the type αs ln2 α1

α2
where α1 and α2 are the longitudinal momenta of the fields within

the infinitesimal step in rapidity where the quantum fields live.

To find evolution equation, the first step is to separate the gluon and the quark files

in quantum and classical: Aµ → Acl
µ + Aq

µ and ψ → ψcl + ψq. With this separation,

the operator, for example, Tr{Q̂1z2
Û †

z1
} will generate several terms which will turn into

Feynman diagrams through functional integration over the quantum fields. If the fields
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of the sub-eikonal corrections are classical, they will be in the shock-wave and we have

to use the eikonal quark and gluon propagators. If, instead, the fields of the sub-eikonal

operators are quantum, then they will be outside the shock-wave and will be functionally

integrated. In this case, the sub-eikonal correction will be provided by the quark and gluon

propagators with sub-eikonal corrections.

The relation we are looking for is of the type

Tr{Q̂1z2
Û †

z1
}η1 = ∆ηK ⊗ Ôη2 (6.1)

where Ôη2 is the, in principle yet unknown, operator which we will obtain after one loop

evolution. The new operator is convoluted with the kernel K which is the result of func-

tional integration. If one is able to solve the evolution equation, then we can convolute the

solution with the impact factor with suitable initial conditions. This procedure gives the

DIS structure functions and their behavior at high energy.

One of the operators we need to consider is

Tr{Q̂1xÛ †
y} =

1

2
Q̂1xTr{ÛxÛ †

y} −
1

2Nc
Tr{ ˆ̃QxÛ †

y} (6.2)

We will calculate the evolution of the l.h.s. in the appendix, while in the next section we will

consider separately the evolution of the two terms in the r.h.s. Similarly will be done for

the operator with Q̂5(x⊥). The reason we calculate the evolution equation of the r.h.s. for

the two terms will be clear when we consider diagrams with F̂(x⊥) quantum (see figures 9

and 10).

6.1 Diagrams with Q̂1x and Q̂5x quantum

As we explained in the previous section, we have to split all field in quantum and classical.

Here we consider the case in which the operators Q1x and Q5x are quantum. The diagrams

are give in figure 5. Let us consider operator Tr{U †
yUx}Q1x and diagram 5a where there

are quark fields in the background. First notice that

〈Tr{U †
yUx}Q1x〉Figure 5 = Tr{U †

yUx}〈Q1x〉Figure 5 (6.3)

So for the moment we will consider only Q1x.

As usual we indicate the quantum fields with the superscript q. We have

〈Q1x〉Figure 5a = g2
∫ +∞

−∞
dz∗

∫ z∗

−∞
dz′

∗
〈

tr{i /p1
ψq(z∗, x⊥)[z∗, z′

∗]†xψ̄q(z′
∗, x⊥)}

〉

(6.4)

We need the quark propagator in the background of quark filed given in eq. (3.8) and get

〈Q1x〉Figure 5a =
αs

4π2

∫ +∞

0

dα

α

∫

d2zg2
∫ +∞

−∞
dz1∗

∫ z1∗

−∞
dz2∗

×

[

1

2
Tr{U †

xUz}tr

{

i/p1

(/x−/z)⊥γµ
⊥

(x−z)2
⊥

ψ(z1∗,z⊥)[z1∗,z2∗]†zψ̄(z2∗,z⊥)
γµ

⊥(/z−/x)⊥
(x−z)2

⊥

}

−
1

2Nc
Tr

{

U †
x[∞p1,z1∗]ztr

{

i/p1

(/x−/z)⊥γµ
⊥

(x−z)2
⊥

ψ(z1∗,z⊥)ψ̄(z2∗,z⊥)

×
γµ

⊥(/z−/x)⊥
(x−z)2

⊥

}

[z2∗,−∞p2]z

}]

. (6.5)
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Now, use

tr{/p1
(/x − /z)⊥γµ

⊥ψ(z1∗)ψ̄(z2∗)γ⊥
µ (/z − /x)⊥} = 2(x − z)2

⊥tr{/p1
ψ(z1∗)ψ̄(z2∗)} (6.6)

and arrive at

〈Q1x〉Figure 5a =
αs

4π2

∫ +∞

0

dα

α

∫

d2z

(x − z)2
⊥

g2
∫ +∞

−∞
dz1∗

∫ z1∗

−∞
dz2∗

×

[

Tr{U †
xUz}tr{i /p1

ψ(z1∗, z⊥)[z1∗, z2∗]†zψ̄(z2∗, z⊥)}

−
1

Nc
Tr{U †

x[∞p1, z1∗]ztr{i /p1
ψ(z1∗, z⊥)ψ̄(z2∗, z⊥)}[z2∗, −∞p2]z}

]

(6.7)

Using the definition of operators Q̂1x and ˆ̃Q1x we obtain

〈Q1x〉Figure 5a =
αs

4π2

∫ +∞

0

dα

α

∫

d2z

(x − z)2
⊥

[

Tr{U †
xUz} Q1z −

1

Nc
Tr{U †

xQ̃1z}

]

(6.8)

The same diagram calculated for the polarized quark operator Q5x is

〈Q5x〉Figure 5a = g2
∫ +∞

−∞
dz∗

∫ z∗

−∞
dz′

∗〈tr{γ5
/p1

ψ(z∗, x⊥)[z∗, z′
∗]†xψ̄(z′

∗, x⊥)}〉

=
αs

4π2

∫ +∞

0

dα

α

∫

d2z

(x − z)2
⊥

[

Tr{U †
xUz} Q5z −

1

Nc
Tr{U †

xQ̃5z}

]

(6.9)

where this time we used

tr{γ5
/p1

(/x − /z)⊥γµ
⊥ψ(z1∗)ψ̄(z2∗)γ⊥

µ (/z − /x)⊥} = 2(x − z)2
⊥tr{γ5

/p1
ψ(z1∗)ψ̄(z2∗)} (6.10)

Now we consider diagram 5b and start again with Q1x. We have

〈Q1x〉Figure 5b = g2
∫ +∞

−∞
dz∗

∫ z∗

−∞
dz′

∗〈tr{i /p1
ψ(z∗, x⊥)[z∗, z′

∗]†xψ̄(z′
∗, x⊥)}〉 (6.11)

=
αs

2π2

∫ +∞

0

dα

α

∫

d2z Tr{U †
xFz}tr

{

i /p1

(/x − /z)⊥
(x − z)2

⊥
/p2

γ5 (/z − /x)⊥
(z − ω)2

⊥

}

= 0

where we used tr{/p1
(/x − /z)⊥/p2

γ5(/z − /x)⊥} = (x − z)2
⊥tr{/p1/p2

γ5} = 0. So, we see that

operators of different parity do not mix under evolution. For operator Q̂5x we have, instead

〈Q5x〉Figure 5b = g2
∫ +∞

−∞
dz∗

∫ z∗

−∞
dz′

∗〈tr{γ5
/p1

ψ(z∗, x⊥)[z∗, z′
∗]†xψ̄(z′

∗, x⊥)}〉

=
αs

2π2

∫ +∞

0

dα

α

∫

d2z

(x − z)2
⊥

Tr{U †
xFz} (6.12)

So, for diagrams in figure 5 we have

〈Tr{U †
yUx}Q1x〉Figure 5 =

αs

4π2

∫ +∞

0

dα

α

∫

d2z
Tr{U †

yUx}

(x − z)2
⊥

×

[

Tr{U †
xUz} Q1z −

1

Nc
Tr{U †

xQ̃1z}

]

(6.13)
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Figure 6. Diagrams with Q̃1x and Q̃5x quantum.

and

〈Tr{U †
yUx}Q5x〉Figure 5 =

αs

4π2

∫ +∞

0

dα

α

∫

d2z
Tr{U †

yUx}

(x − z)2
⊥

×

[

Tr{U †
xUz} Q5z −

1

Nc
Tr{U †

x

(

Q̃5z − 2NcFz

)

}

]

(6.14)

6.2 Diagrams with ˆ̃Q1x and ˆ̃Q5x quantum

The diagrams with operators ˆ̃Q1x and ˆ̃Q5x are shown in figure 6. Let us start with diagram

with quark in the background. The calculation is similar to the diagrams in the previous

section. We have

〈Tr{U †
yQ̃1x}〉Figure 6a = g2

∫ +∞

−∞
dz∗

∫ z∗

−∞
dz′

∗

×
〈

Tr{U †
y [∞p1, z∗]xtr{i /p1

ψ(z∗, x⊥)ψ̄(z′
∗, x⊥)}[z′

∗, −p1∞]x}
〉

= g2
∫ +∞

−∞
dz∗

∫ z∗

−∞
dz′

∗ Tr{U †
z tr{i /p1

〈

ψq(z∗, x⊥)ψ̄q(z′
∗, x⊥)

〉

}} (6.15)

Now, using quark propagator in the background eq. (3.10) and performing Dirac algebra

we get

〈Tr{U †
yQ̃1x}〉Figure 6a =

αs

4π2

∫ +∞

0

dα

α

∫

d2z

(x − z)2
⊥

[

Tr{U †
yUz}Q1z −

1

Nc
Tr{U †

yQ̃1z}

]

(6.16)

We se that after one loop we get mixing of operators Q1x and Q̃1x.

For operator Q̃5x we get the same result

〈Tr{U †
yQ̃5x}〉Figure 6a =

αs

4π2

∫ +∞

0

dα

α

∫

d2z

(x − z)2
⊥

[

Tr{U †
yUz}Q5z −

1

Nc
Tr{U †

yQ̃5z}

]

(6.17)

Next diagram is 6b. Starting with Q̃1x we have

〈Tr{U †
yQ̃1x}〉Figure 6b

= g2
∫ +∞

−∞
dz∗

∫ z∗

−∞
dz′

∗ 〈Tr{U †
z [∞p1, z∗]xtr{i /p1

ψ(z∗, x⊥)ψ̄(z′
∗, x⊥)}[z′

∗, −p1∞]x}〉

= g2
∫ +∞

−∞
dz∗

∫ z∗

−∞
dz′

∗ Tr{U †
ytr{i /p1

〈ψ(z∗, x⊥)ψ̄(z′
∗, x⊥)〉}}

=
αs

8π2

∫ +∞

0

dα

α

∫

d2z

(x − z)4
⊥

2

s
Tr{U †

yFz}tr{i /p1
(/x − /z)⊥/p2

γ5(/z − /x)⊥} = 0 (6.18)

– 24 –



J
H
E
P
0
6
(
2
0
2
1
)
0
9
6
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Figure 7. Diagrams with sub-eikonal operator in the shock-wave. The gray circle with a cross on

it represents the operator being treated as classical thus is situated in the red-band shock-wave.

As before, we get again no mixing between operators of different parity.

For operator Q̃5x we have

〈Tr{U †
yQ̃5x}〉Figure 6b = g2

∫ +∞

−∞
dz∗

∫ z∗

−∞
dz′

∗ Tr{U †
ytr{γ5

/p1
〈ψq(z∗, x⊥)ψ̄q(z′

∗, x⊥)〉}}

=
αs

8π2

∫ +∞

0

dα

α

∫

d2z
Tr{U †

yFz}

(x − z)4
⊥

2

s
tr{γ5

/p1
(/x − /z)⊥/p2

γ5(/z − /x)⊥}

=
αs

2π2

∫ +∞

0

dα

α

∫

d2z

(x − z)2
⊥

Tr{U †
yFz} (6.19)

We get, after one loop evolution, mixing between operator Q̃5x and Fx.

So, we conclude that

〈Tr{U †
yQ̃1x}〉Figure 6 =

αs

4π2

∫ +∞

0

dα

α

∫

d2z

(x − z)2
⊥

[

Tr{U †
yUz}Q1z −

1

Nc
Tr{U †

yQ̃1z}

]

(6.20)

and

〈Tr{U †
yQ̃5x}〉Figure 6 =

αs

4π2

∫ +∞

0

dα

α

∫

d2z

(x − z)2
⊥

×

[

Tr{U †
yUz}Q5z −

1

Nc
Tr{U †

y

(

Q̃5z − 2NcFz

)

}

]

(6.21)

6.3 BK-type diagrams

The diagrams in figure 7 and 8 are similar to the BK diagrams in figure 2 with the only

exception that in the shock-wave there is located a sub-eikonal correction that can be

either Q1, Q̃1, Q5, Q̃5 (and their adjoint conjugated) or ǫijFij (and in the appendix we will

consider also Q1, or Q5).

As we will shortly see, the diagrams with Q̃1x, Q̃1x (and their adjoint conjugated) and

Fx, are actually different then those with Q1x, and Q5x (and their adjoint conjugated). So,

we will calculate them separately.
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6.3.1 BK-type diagrams for Q1x and Q5x

The BK-type of diagram for evolution for Tr{U †
yUx}Q1x (or Tr{U †

yUx}Q5x) is

〈Q1xTr{UxU †
y}〉Figures 7+ 8 = Q1x〈Tr{UxU †

y}〉Figures 7+ 8

=
αs

2π2

∫ +∞

0

dα

α

∫

d2z
(x − y)2

⊥
(x − z)2

⊥(y − z)2
⊥

×
[

Tr{UxU †
z }Tr{UzU †

y} − NcTr{UxU †
y}

]

Q1x (6.22)

We get the same result if we replace Q1x with Q5x. In the liner regime, evolution equa-

tion (6.22) gives the resummation in the LLA for the light-cone quark operator. However,

in the double log of energy approximation, where αs ln2(1/xB) ∼ 1 and αs ln(1/xB) ≪ 1,

contribution to the evolution equation Q1x and Q5x coming from (6.22) can be neglected.

6.3.2 BK-type diagrams with Q̃1x, Q̃5x, Fx

Let us start with the real diagrams in figure 7 in which the quantum gluon (in blue) goes

through the shock-wave. The calculation is the same as the diagram for BK equation.

Considering, for example, operator Q̃1x, we have

〈Tr{Q̃1xU †
z }〉Figure 7a =

αs

π2

∫ +∞

0

dα

α

∫

d2z U ba
z Tr{Q̃1xtaU †

y tb}
(y − z, z − x)⊥

(y − z)2
⊥(z − x)2

⊥
(6.23)

In eq. (6.23) we notice the divergence in the longitudinal momentum component 1
α

. Sim-

ilarly to what we did for the evolution of the trace of two Wilson lines, we will regulate

this divergence with a rigid cut-off and performing the derivative with respect this rapidity

parameter we will obtain the evolution equation. The calculation of diagram in figure 7 is

performed by first splitting all the fields of the l.h.s. of eq. (6.23) in classical and quantum,

then considering only the terms in which operator Q̂αβ
ij is left classical, and contracting the

gluon quantum fields using the propagator in the background of a shock-wave given in eq.

The virtual diagram is given in figure (7b). Following similar procedure as for the real

ones we obtain

〈Tr{Q̃1xU †
y}〉Figure 7b = −

αs

π2

∫ +∞

0

dα

α

∫

d2z U ba
z Tr{Q̃1xtaU †

y tb}
(y − z, z − x)⊥

(x − z)2
⊥(y − z)2

⊥
(6.24)

Using the symmetry which relates the diagrams in figure 7 we can also obtain the result of

the last two i.e. diagrams in figure 7a and b. Summing all them up and working out the

color factor we have

〈Tr{Q̃1xU †
y}〉Figure 7 = 2〈Tr{Q̃1xU †

y}〉Figure 7a+b (6.25)

=
αs

2π2

∫ +∞

0

dα

α

∫

d2z
[

2 U ba
z − 2U ba

y

]

Tr{Q̃1xtaU †
y tb}

2(y − z, z − x)⊥
(y − z)2

⊥(z − x)2
⊥

=
αs

2π2

∫ +∞

0

dα

α

∫

d2z
2(y − z, z − x)⊥
(y − z)2

⊥(z − x)2
⊥

[

Tr{Q̃1xU †
z }Tr{UzU †

y} − NcTr{Q̃1xU †
y}

]

Let us consider self energy diagrams in figure 8. The result is

〈Tr{Q̃1x U †
y}〉Figure 8a+b+c =

αs

2π2

∫ +∞

0

dα

α

∫

d2z

(x − z)2

[

2 Uab
z − 2Uab

y

]

Tr{taQ̃1xtbU †
y} (6.26)
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b) c)

f )e)d)

a)

Figure 8. Self-energy diagrams with sub-eikonal correction inside and outside shock-wave.

and

〈Tr{Q̃1x U †
y}〉Figure 8d+e+f =

αs

2π2

∫ +∞

0

dα

α

∫

d2z
[

2 Uab
z − 2Uab

y

]

Tr{taQ̃1xtbU †
y}

1

(y − z)2

(6.27)

Adding up the results for diagrams in figure 7 and 8 we have

〈Tr{Q̃1x U †
y}〉Figure 7+ 8 =

αs

2π2

∫ +∞

0

dα

α

∫

d2z
(x−y)2

⊥
(x−z)2

⊥(y −z)2
⊥

[

2Uab
z −2Uab

y

]

Tr{taQ̃1xtbU †
y}

=
αs

2π2

∫ +∞

0

dα

α

∫

d2z
(x−y)2

⊥
(x−z)2

⊥(y −z)2
⊥

×
[

Tr{U †
z Q̃1x}Tr{U †

yUz}−NcTr{U †
yQ̃1x}

]

(6.28)

Replacing operator Q̂1x with Q1x, ˆ̃Q5x, and Fx in eq. (6.28), we get the respective results

for diagrams in figure 7 and 8.

What should be noted in eq. (6.28) is that the unitarity property for vanishing dipole

size is absent because in this limit the term Tr{U †
z Q̃1x}Tr{U †

yUz} does not reduce to

NcTr{U †
yQ̃1x} when z → x. This will be source of αs ln2 1

xB
contributions [5].

6.4 Evolution equation with ǫijFij quantum

In this section we consider the case in which the gluon operator F is quantum and, for this

reason, it will be integrated out via functional integration. The diagrams for this case are

shown in figure 9 and in figure 10.

In the Diagrams in figure 9 we take the gluon propagator with sub-eikonal correction

due to gluon field. Let us start with diagram in figure 9a. We have

〈Tr{g

∫ +∞

−∞
dx∗ [∞p1, x∗]x ǫijFij [x∗, −∞p1]xU †

y}〉Figure 9 a

= −ig2
∫ 0

−∞
dx∗

∫ +∞

0
d

2

s
y∗ Tr{UxtaU †

y tb}〈Ab
•(y∗, y⊥) ǫijF a

ij(x∗, x⊥)〉 (6.29)

From (6.29), we clearly see that Fij is now quantum and it will be integrated out. We will

perform the calculation in the axial gauge and will use the gluon propagator (B.19). For

the diagram under consideration the only terms that will survive the contraction of the
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d)c)

a) b)

Figure 9. Diagrams with Fij outside shock-wave. Here the gluon propagator, which represent the

quantum loop, has gluon sub-eikonal corrections. The gray circle with an x on it symbolizes the

Fij operator: it is quantum when it is on the Wilson-line and it is functionally integrated to create

the gluon propagator; it is classical when it is in the shock-wave red band.

Lorentz indexes are the ones given in G3, eq. (B.23), thus we have

〈Tr{g

∫ +∞

−∞
dx∗ [∞p1, x∗]x ǫijFij [x∗, −∞p1]xU †

y}〉Figure 9 a

= −ig2
∫ 0

−∞
dx∗

∫ +∞

0
d

2

s
y∗ Tr{UxtaU †

y tb}〈Ab
•(y∗, y⊥) ǫijF a

ij(x∗, x⊥)〉

=
ig2

s2
Tr{UxtaU †

y tb}

∫ +∞

0

d−α

α3

∫ 0

−∞
dx∗

∫ +∞

0
dy∗ ǫij(∂x

i gl
j − ∂x

j gl
i)〈y⊥|e−i

p̂2
⊥

αs
y∗

×g

∫ +∞

−∞
dz∗

[

(

[∞p1, z∗] i DkFkl[z∗, −∞p1]
)ba

−2g

∫ +∞

z∗

d
2

s
z′

∗
(

[∞p1, z′
∗]F i

•[z′
∗, z∗]Fij [z∗, −∞p1]

)ba
]

ei
p̂2

⊥

αs
x∗ |x⊥〉

= −
ig2

2π
Tr{UxtaU †

y tb}

∫ +∞

0

dα

α

∫

d2z ǫij(∂x
i gl

j − ∂x
j gl

i)

∫

d−2q1
ei(q1,y−z)

q2
1⊥

∫

d−2q2
ei(q2,z−x)

q2
2⊥

×g

∫ +∞

−∞
dz∗

[

(

[∞p1, z∗]z i DkFkl[z∗, −∞p1]z
)ba

−2g

∫ +∞

z∗

d
2

s
z′

∗
(

[∞p1, z′
∗]zF i

•[z′
∗, z∗]zFij [z∗, −∞p1]z

)ba
]

(6.30)

Now we consider diagram 9b. This time we need the sub-eikonal correction G4, eq. (B.24)

and obtain

〈Tr{g

∫ +∞

−∞
dx∗ [∞p1, x∗]x ǫijFij [x∗, −∞p1]xU †

y}〉Figure 9 b

= −ig2
∫ +∞

0
dx∗

∫ 0

−∞
d

2

s
y∗ Tr{taUxtbU †

y}〈F a
ij(x∗, x⊥)Ab

•(y∗, y⊥) ǫij〉

= −
ig2

2π
Tr{taUxtbU †

y}

∫ +∞

0

dα

α

∫

d2z ǫij(∂x
i gl

j − ∂x
j gl

i)

∫

d−2q1
ei(q1,x−z)

q2
1⊥

∫

d−2q2
ei(q2,z−y)

q2
2⊥

×g

∫ +∞

−∞
dz∗

[

(

[∞p1, z∗]z i DkFkl[z∗, −∞p1]z
)ab

− 2g

∫ +∞

z∗

d
2

s
z′

∗
(

[∞p1, z′
∗]zFij [z′

∗, z∗]zF i
•[z∗, −∞p1]z

)ab
]

(6.31)
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In summing diagrams 9a and 9b, we observe that the term with DkFkl doubles and

we may use the identity

2g

∫ +∞

−∞
dz∗

[

P̂ k,
(

[∞p1, z∗]z Fkl[z∗, −∞p1]z
)ba

]

= 2g

∫ +∞

−∞
dz∗ iDk

z

(

[∞p1, z∗]z Fkl[z∗, −∞p1]z
)ba

= 2g

∫ +∞

−∞
dz∗

[

(

[∞p1, z∗]z i DkFkl[z∗, −∞p1]z
)ba

−g

∫ +∞

z∗

d
2

s
z′

∗
(

[∞p1, z′
∗]zF i

•[z′
∗, z∗]zFij [z∗, −∞p1]z

)ba

−g

∫ +∞

z∗

d
2

s
z′

∗
(

[∞p1, z′
∗]zFij [z′

∗, z∗]zF i
•[z∗, −∞p1]z

)ba
]

(6.32)

where in the first step we substituted the covariant derivative acting on gauge links and

which is defined in eqs. (A.7) and (A.11). Furthermore, we observe that the operator

P i = pi + gAi can be traded with pi because, as usual in these cases, the transverse gauge

field is zero at the points outside the shock-wave.

So, using (6.32), the sum of diagrams 9a and 9b is

〈Tr{g

∫ +∞

−∞
dx∗ [∞p1, x∗]x ǫijFij [x∗, −∞p1]xU †

y}〉Figure 9 a+b

=
ig2

s2
Tr{UxtaU †

y tb}

∫ +∞

0

d−α

α3

∫ 0

−∞
dx∗

∫ +∞

0
du∗ ǫij(∂x

i gl
j − ∂x

j gl
i)〈z⊥|e−i

p̂2
⊥

αs
u∗

×2 g

∫ +∞

−∞
dz∗

[

P̂ k,
(

[∞p1, z∗] Fkl[z∗, −∞p1]
)ba]

ei
p̂2

⊥

αs
x∗ |ω⊥〉

= −
ig2

2π
Tr{UxtaU †

y tb}

∫ +∞

0

dα

α

∫

d2z ǫij(iq2 i gl
j − iq2 j gl

i)

×

∫

d−2q1
ei(q1,y−z)

q2
1⊥

∫

d−2q2
ei(q2,z−x)

q2
2⊥

(qk
1 − qk

2 )

×2g

∫ +∞

−∞
dz∗

(

[∞p1, z∗]z Fkl[z∗, −∞p1]z
)ba

. (6.33)

Performing the Fourier transform we arrive at

〈Tr{g

∫ +∞

−∞
dx∗ [∞p1, x∗]x ǫijFij(x∗, x⊥)[x∗, −∞p1]xU †

y}〉Figure 9 a+b

= −
g2

2π
Tr{UxtaU †

y tb}

∫ +∞

0

dα

α

∫

d2z 2g

∫ +∞

−∞
dz∗

(

[∞p1, z∗]z ǫijFij [z∗, −∞p1]z
)ba

×

[

i(y − z)i

2π(y − z)2

i(z − x)i

2π(z − x)2
−

∫

d−2q1
ei(q1,y−z)

q2
1⊥

δ(2)(z − x)

]

(6.34)

where we used ǫij
(

i q2i Fkj − i q2j Fki

)

(qk
1 − qk

2 ) = −i ǫijFij(q2, q1 − q2)⊥ .

At this point it should be clear why we performed all this massaging: the sum of

diagrams 9a and 9b gave back the same operator we started with, namely F(z⊥) but in

the adjoint representation.
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Let us consider the self energy diagrams in figure 9c and 9d. Integrating over the

quantum field we have

〈Tr{g

∫ +∞

−∞
dx∗ [∞p1, x∗]x ǫijFij [x∗, −∞p1]x U †

z }〉Figure 9 c+d (6.35)

= ig2 2

s

∫ 0

−∞
x∗

∫ +∞

0
dx′

∗ Tr{taUxtbU †
y} ǫij(∂ig

ν
j − ∂jg

ν
i )〈Aa

•(x′
∗, x⊥)Ab

ν(x∗, x⊥)〉

Repeating similar steps done for the real ones we arrive at

〈Tr{g

∫ +∞

−∞
dx∗ [∞p1, x∗]x ǫijFij [x∗, −∞p1]x U †

z }〉Figure 9 c+d

=
ig2

2π
Tr{taUxtbU †

y}

∫ +∞

0

dα

α
ǫij(iq2i gν

j − iq2j gν
i )

∫

d2z

∫

d−q1
ei(q1,x−z)

q2
1⊥

∫

d−2q2
ei(q2,z−x)

q2
2⊥

×2g

∫ +∞

−∞
dz∗

[

(

[∞p1, z∗]ziDiFij [z∗, −∞p1]z
)ab

−g
2

s

∫ +∞

z∗

dz′
∗

(

[∞p1, z′
∗]zF l

•[z′
∗, z∗]zFlm[z∗, −∞p1]z

)ab

−g
2

s

∫ +∞

z∗

dz′
∗

(

[∞p1, z′
∗]zFlm[z′

∗, z∗]zF l
•[z∗, −∞p1]z

)ab
]

(6.36)

and using again the identity (6.32) we obtain

〈Tr{g

∫ +∞

−∞
dx∗ [∞p1, x∗]x ǫijFij [x∗, −∞p1]x U †

y}〉Figure 9 c+d

= −
ig2

2π
Tr{UxtaU †

y tb}

∫ +∞

0

dα

α

∫

d2z 2g

∫ +∞

−∞
dz∗

(

[∞p1, z∗]z Fkl[z∗, −∞p1]z
)ba

×

∫

d−2q1
ei(q1,x−z)

q2
1⊥

∫

d−2q2
ei(q2,z−x)

q2
2⊥

ǫij (iq2 i gl
j − iq2 j gl

i)(q
k
1 − qk

2 ) . (6.37)

We can now perform the Fourier transform and add to it the result of the real diagrams

and arrive at

〈Tr{Fx U †
y}〉Figure 9 (6.38)

=
αs

π2

∫ +∞

0

dα

α

∫

d2z Tr{UxtaU †
y tb}Fba

z

×

(

(x − z, z − y)

(y − z)2
⊥(z − x)2

⊥
+

1

(x − z)2
⊥

+ 4π2
∫

d−2q1
ei(q1,y−z) − ei(q1,x−z)

q2
1⊥

δ(2)(z − x)

)

where we defined the adjoint representation operator

Fab(x⊥) = ig
s

2

∫ +∞

−∞
dz∗

(

[∞p1, z∗]x ǫijFij(z∗, x⊥)[z∗, −∞p1]x
)ab

. (6.39)

Taking into consideration also quarks in the external field we get diagrams represented

in figure 10. The gluon propagator with quarks in the external field given in eq. (B.25) has

been calculated in ref. [46].
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d)c)

a) b)

Figure 10. Diagrams with Fij outside shock-wave. Here the gluon propagator, which represent

the quantum loop, has quark sub-eikonal corrections.

We start with diagram in figure 10a and 10b

〈Tr{g

∫ +∞

−∞
dx∗ [∞p1, x∗]x ǫijFij [x∗, −∞p1]xU †

y}〉Figure 10 a+b

= −ig2
[

∫ 0

−∞
dx∗

∫ +∞

0
d

2

s
y∗ Tr{UxtaU †

y tb} +

∫ +∞

0
dx∗

∫ 0

−∞
d

2

s
y∗ Tr{taUxtbU †

y}

]

×〈Ab
•(y∗, y⊥) ǫijF a

ij(x∗, x⊥)〉 (6.40)

Using propagator (B.25) and performing simple spinor algebra we get the result for dia-

grams 10a and 10b

〈Tr{g

∫ +∞

−∞
dx∗ [∞p1, x∗]x ǫijFij(x∗, x⊥)[x∗, −∞p1]x U †

y}〉Figure 10 a+b

= 4
g2

s
Tr{UxtaU †

y tb}

∫ +∞

0

d−α

α

∫ +∞

−∞
dz1∗

∫ z1∗

−∞
dz2∗

∫

d2z

×g2

[

∫

d−2q1d−2q2

q2
1⊥q2

2⊥
ei(q1,y−z)+i(q2,z−x)ψ̄(z1∗, z⊥)

(

~q2×~q1 + i(q1, q2)γ5)

/p1

×[z1∗, ∞p1]z tbUz ta [−∞p1, z2∗]z ψ(z2∗, z⊥) + c.c.

]

. (6.41)
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Notice that we used the propagator (B.25) in the limit of x+ → +∞ and y+ → −∞ so

that the gauge link gets [x+, y+]z → U(z⊥). After Fourier transform we have

〈Tr{Fx U †
y}〉Figure 10 a+b

= −
αs

π2
Tr{UxtaU †

y tb}

∫ +∞

0

dα

α

∫

d2z

∫ +∞

−∞
dz1∗

∫ z1∗

−∞
dz2∗

×g2
[

ψ̄(z1∗, z⊥)

(

(~x − ~z)×(~z − ~y)

(x − z)2
⊥(y − z)2

⊥
+ i

(x − z, z − y)γ5

(x − z)2
⊥(y − z)2

⊥

)

i/p1

×[z1∗, ∞p1]z tbUz ta [−∞p1, z2∗]z ψ(z2∗, z⊥)

+ψ̄(z2∗, z⊥)

(

(~x − ~z)×(~z − ~y)

(x − z)2
⊥(y − z)2

⊥
+ i

(x − z, z − y)γ5

(x − z)2
⊥(y − z)2

⊥

)

i/p1

×[z2∗, −∞p1]z taU †
z tb [∞p1, z1∗]z ψ(z1∗, z⊥)

]

(6.42)

where we used again the two dimensional vector product as ~x × ~y = ǫijxiyj .

Let us consider self energy diagrams in figure 10c and 10d. Proceeding in a similar

way we obtain

〈Tr{g

∫ +∞

−∞
dx∗ [∞p1, x∗]x ǫijFij(x∗, x⊥)[x∗, −∞p1]x U †

y}〉Figure 10 c+d

= −
αs

π2

2

s
Tr{UxtaU †

y tb}

∫ +∞

0

dα

α

∫

d2z

(x − z)2
⊥

∫ +∞

−∞
dz1∗

∫ z1∗

−∞
dz2∗

×g2
[

ψ̄(z1∗, z⊥) i γ5
/p1

[z1∗, ∞p1]z tbUz ta [−∞p1, z2∗]z ψ(z2∗, z⊥)

+ψ̄(z2∗, z⊥) i γ5
/p1

[z2∗, −∞p1]z taU †
z tb [∞p1, z1∗]z ψ(z1∗, z⊥)

]

(6.43)

Let us define the following quark parity odd operators

Qab
5 (z⊥) (6.44)

≡ g2
∫ +∞

−∞
dz1∗

∫ z1∗

−∞
dz2∗ψ̄(z1∗, z⊥) γ5

/p1
[z1∗, ∞p1]z taUz tb [−∞p1, z2∗]z ψ(z2∗, z⊥) ,

Qab†
5(z⊥) (6.45)

≡ g2
∫ +∞

−∞
dz1∗

∫ z1∗

−∞
dz2∗ψ̄(z2∗, z⊥)γ5

/p1
[z2∗, −∞p1]z tbU †

z ta [∞p1, z1∗]z ψ(z1∗, z⊥) ,

and parity even operators

Qab
1 (z⊥) (6.46)

≡ g2
∫ +∞

−∞
dz1∗

∫ z1∗

−∞
dz2∗ψ̄(z1∗, z⊥) i/p1

[z1∗, ∞p1]z taUz tb [−∞p1, z2∗]z ψ(z2∗, z⊥) ,

Qab†
1(z⊥) (6.47)

≡ −g2
∫ +∞

−∞
dz1∗

∫ z1∗

−∞
dz2∗ψ̄(z2∗, z⊥) i /p1

[z2∗, −∞p1]z tbU †
z ta [∞p1, z1∗]z ψ(z1∗, z⊥) .
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As usual, we will use the short-hand notation Q1z = Q1(z⊥). Summing diagrams of

figure 10 and using definitions (6.44)–(6.47) we have

〈Tr{Fx U †
y}〉Figure 10 = −

αs

π2
Tr{UxtaU †

y tb}

∫ +∞

0

dα

α

∫

d2z

[

(~x−~z)×(~z −~y)

(x−z)2
⊥(y −z)2

⊥

(

Qba
1z −Qba

1z

†)

−

(

(x−z,z −y)

(x−z)2
⊥(y −z)2

⊥
+

1

(x−z)2
⊥

)

(

Qba
5z +Qba

5z

†)

]

(6.48)

The interesting thing to notice in result (6.48) is the appearance of operator Qab
1x which

although the operator itself is parity even it is multiplied by the (~x − ~z)×(~z − ~y) so parity

is preserved.

We can now sum up diagrams in figure 9 and 10 and obtain

〈Tr{Fx U †
y}〉Figures 9+ 10 (6.49)

= −
αs

π2
Tr{UxtaU †

y tb}

∫ +∞

0

dα

α

∫

d2z

{

(~x − ~z)×(~z − ~y)

(x − z)2
⊥(y − z)2

⊥

(

Qba
1z − Qba

1z

†)

−

(

(x − z, z − y)

(x − z)2
⊥(y − z)2

⊥
+

1

(x − z)2
⊥

)

(

Qba
5z + Qba

5z

†
+ Fba

z

)

−4π2
∫

d−2q1
ei(q1,y−z) − ei(q1,x−z)

q2
1⊥

δ(2)(z − x)Fba
z

}

.

The first thing to notice in eq. (6.49) is that diagrams 9 and 10 have generated, after

one loop evolution, operators Q̂ab
1 (x⊥), Q̂ab

5 (x⊥), and F̂ab(x⊥) which are not present in the

OPE (4.36). This means that, either we have to find the evolution of this new operators

or try to reduce them to the operators we started with i.e F̂(x⊥), Q̂1(x⊥) and Q̂5(x⊥).

Performing some color algebra we can reduce the r.h.s. of eq. (6.49) in the fundamental
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Figure 11. Diagrams for quark-to-gluon propagator.

representation

〈Tr{Fx U †
y}〉Figures 9+ 10

=
αs

2π2

∫ +∞

0

dα

α

∫

d2z

{

1

2

(~x−~z)×(~z −~y)

(x−z)2
⊥(y −z)2

⊥

[

Tr{U †
yQ̃1z}Tr{U †

z Ux}−Tr{UxQ̃†
1z}Tr{U †

yUz}

+
1

Nc

(

Tr{UxU †
yQ̃1zU †

z }+Tr{U †
yUxU †

z Q̃1z}−Tr{UxU †
yUzQ̃†

1z}−Tr{U †
yUxQ̃†

1zUz}
)

+
1

N2
c

Tr{U †
yUx}

(

Q†
1z −Q1z

)

]

−
1

2

[

(x−z,z −y)

(x−z)2
⊥(y −z)2

⊥
+

1

(x−z)2
⊥

]

×

[

Tr{U †
y

(

Q̃5z −2Fz

)

}Tr{U †
z Ux}+Tr{Ux

(

Q̃†
5z −2F†

z

)

}Tr{U †
yUz}

−
1

Nc

(

Tr{UxU †
yUzQ̃†

5z}+Tr{U †
yUxQ̃†

5zUz}+Tr{UxU †
yQ̃5zU †

z }+Tr{U †
yUxU †

z Q̃5z}
)

+
1

N2
c

Tr{U †
yUx}

(

Q5z +Q†
5z

)

]

+4π2
∫

d−2q1
ei(q1,y−z) −ei(q1,x−z)

q2
1⊥

δ(2)(z −x)

×
[

Tr{UxU †
z }Tr{U †

yFz}+Tr{U †
xUz}Tr{UxF†

z }
]

}

(6.50)

So, writing the evolution equation for Tr{Fx U †
y} in the fundamental representation, we

eliminated the operators F̂ab
x , Q̂ab

1x, Q̂ab
5x and their adjoint conjugated, in favor of operators

F̂x, Q̂1x, Q̂5x, ˆ̃Q1x, ˆ̃Q5x and their adjoint conjugated, defined in eqs. (4.18)–(4.25), that

are present in the OPE (4.36) and (4.39).

From eq. (6.50) it should be clear why we decided to calculate the diagrams using

operators Q̂1x, Q̂5x, ˆ̃Q1x, ˆ̃Q5x, instead of Q̂1x and Q̂5x.

6.5 Diagrams with quark-to-gluon propagator

The diagrams we have calculated until now were obtained using the quark and gluon

propagators originally calculated in reference [46] and summarized in appendix B.

In this section we are going to calculate the one-loop correction to the quark operators

Q̂1x, Q̂5x, ˆ̃Q1x, and ˆ̃Q5x defined in eqs. (4.18)-4.25 using the quark-to-gluon propagator

shown in figure 11.

6.5.1 Quark-to-gluon propagator

First, let us calculate the quark-to-gluon propagator. We have two contributions rep-

resented in diagrams in figure 11. As usual, the quantum fields are indicated with the
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superscript (or subscript) q while the classical ones are indicated with the superscript (or

subscript) cl although the superscript (or subscript) cl will be eventually dropped.

We need the following quark propagators in the eikonal approximation

〈ψ(x)ψ̄(y)〉

=

[
∫ +∞

0

d−α

2α
θ(x∗ − y∗) −

∫ 0

−∞

d−α

2α
θ(y∗ − x∗)

]

e−iα(x•−y•) 1

αs

×〈x⊥|e−i
p2

⊥

αs
x∗

(

[x∗, y∗]/p/p2/p − g

∫ x∗

y∗

d
2

s
ω∗[x∗, ω∗]Fi•[ω∗, y∗]γi

/p2/p
)

ei
p2

⊥

αs
y∗ |y⊥〉 (6.51)

and

〈ψ(x)ψ̄(y)〉

=

[
∫ +∞

0

d−α

2α
θ(x∗ − y∗) −

∫ 0

−∞

d−α

2α
θ(y∗ − x∗)

]

e−iα(x•−y•) 1

αs

×〈x⊥|e−i
p̂2

⊥

αs
x∗

(

/̂p/p2/̂p[x∗, y∗] − g

∫ x∗

y∗

d
2

s
ω∗/̂p/p2

γi[x∗, ω∗]Fi•[ω∗, y∗]

)

ei
p̂2

⊥

αs
y∗ |y⊥〉 . (6.52)

Notice that we are not using the usual eikonal quark propagator in the shock-wave which has

structure free propagator-shock-wave-free propagator as given in the eikonal term of quark

propagator in eq. (B.12). The transition from the eikonal propagators (6.51) and (6.52)

to the eikonal part of the quark propagator (B.12) is explained ino ref. [46]. Here we just

mention that with the help of eqs. (A.6), (A.7), and (A.11), we can show that the work

propagators (6.52), and (6.51) can easily be put in the usual form

〈x|
i

/P + iǫ
|y〉 =

1

s

[

∫ +∞

0

d−α

2α2
θ(x∗ − y∗) −

∫ 0

−∞

d−α

2α2
θ(y∗ − x∗)

]

e−iα(x•−y•)

×〈x⊥| e−i
p̂2

⊥

αs
x∗/p |z⊥〉/p2

Uz〈z⊥|/p ei
p̂2

⊥

αs
y∗ |y⊥〉 . (6.53)

However, as we will soon see, to calculate diagrams in figure 11 we will need the form of

the quark propagator given in (6.52), and (6.51).

We also need the eikonal gluon propagator in the axial gauge

〈Aa
µ(x)Ab

ν(y)〉A =

[

−

∫ +∞

0

d−α

2α
θ(x∗ − y∗) +

∫ 0

−∞

d−α

2α
θ(y∗ − x∗)

]

e−iα(x•−y•) (6.54)

×〈x⊥|e−i
p̂2

⊥

αs
x∗

(

δξ
µ −

2

s

p2µ

α
pξ

)

[x∗, y∗]

(

gξν −
2

s
pξ

p2ν

α

)

ei
p̂2

⊥

αs
y∗ |y⊥〉ab
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Using quark propagator (6.52) and gluon propagator (6.54), we can calculate the first

diagram for the quark-to-gluon propagator

〈Aa
µ(x)ψ̄(y)〉 = 〈Aq,a

µ (x)ψ̄q(y) ig

∫

d4zψ̄cl(z) /A
q
(z)ψq(z)〉

= ig

∫

d4z

[

−

∫ +∞

0

d−α

2α
θ(x∗ −z∗)+

∫ 0

−∞

d−α

2α
θ(z∗ −x∗)

]

e−iα(x•−z•)

×〈x⊥|e−i
p̂2

⊥

αs
x∗

(

δξ
µ −

p2µ

p∗
pξ

)

[x∗, z∗]

(

gξν −pξ
p2ν

p∗

)

ei
p̂2

⊥

αs
z∗ |z⊥〉abψ̄cl(z)tb

×

[
∫ +∞

0

d−α

2α
θ(z∗ −y∗)−

∫ 0

−∞

d−α

2α
θ(y∗ −z∗)

]

e−iα(z•−y•) 1

αs

×〈z⊥|e−i
p2

⊥

αs
z∗

(

/p/p2/p[z∗,y∗]−g

∫ z∗

y∗

d
2

s
ω∗/p/p2

γi[z∗,ω∗]Fi•[ω∗,y∗]

)

ei
p2

⊥

αs
y∗ |y⊥〉

= ig

∫ x∗

y∗

d
2

s
z∗

[

−

∫ +∞

0

d−α

4α2
θ(x∗ −y∗)+

∫ 0

−∞

d−α

4α2
θ(y∗ −x∗)

]

e−iα(x•−y•)
∫

d2z

×〈x⊥|e−i
p2

⊥

αs
x∗

(

g⊥
µν −

2

s

p⊥
ν p2µ

α

)

|z⊥〉[x∗, z∗]ab
z ψ̄cl(z∗, z⊥)tbγν

⊥[z∗,y∗]z

×〈z⊥|(α/p1
+/p⊥)ei

p2
⊥

αs
y∗ |y⊥〉+O(λ−2) (6.55)

where we used /p2
ψ = ψ̄/p2

= O(λ−2) and

(

δν
µ −

p2µpν

p∗

)

[x∗, z∗]abψ̄(z∗)γν =

(

gν
⊥µ −

p2µp⊥ν

p∗

)

[x∗, z∗]abψ̄(z∗)γν
⊥ + O(λ−2) (6.56)

and

(

δν
µ −

p2µpν

p∗

)

[x∗, z∗]ab

(

gξν − pξ
p2ν

p∗

)

ψ̄(z∗)γν

=

(

gν
⊥µ −

p2µp⊥ν

p∗

)

[x∗, z∗]abψ̄(z∗)γν
⊥ + O(λ−2) (6.57)

We remind the reader that the parameter λ is the large boost-parameter which discrim-

inates between the components of the fields (see appendix A for details and ref. [46]).

Similarly, we have

〈ψ(y)Aa
µ(x)〉 = 〈ψq(y)Aq,a

µ (x) ig

∫

d4z ψ̄q(z) /A
q
(z)ψcl(z)〉

= ig

∫ y∗

x∗

d
2

s
z∗

[

−

∫ +∞

0

d−α

4α2
θ(y∗ − x∗) +

∫ 0

−∞

d−α

4α2
θ(x∗ − y∗)

]

e−iα(y•−x•)

×

∫

d2z〈y⊥|e−i
p2

⊥

αs
y∗(α/p1

+ /p⊥)|z⊥〉[y∗, z∗]zγνtbψcl(z∗, z⊥)[z∗, x∗]ba
z

×〈z⊥|

(

g⊥
νµ −

2

s

p⊥
ν p2µ

α

)

ei
p2

⊥

αs
x∗ |x⊥〉 + O(λ−2) (6.58)
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6.5.2 Operators definition

Before we start the calculation of the diagrams we defined operators that will be useful for

the subsequent results. So, we define

X1(x⊥, y⊥) = −g2
∫ +∞

−∞
dz∗dω∗ψ̄(z∗, y⊥)[z∗, −∞p1]y i /p1

[∞p1, ω∗]xψ(ω∗, x⊥) , (6.59)

X †
1 (x⊥, y⊥) = g2

∫ +∞

−∞
dz∗dω∗ ψ̄(ω∗, x⊥)[ω∗, ∞p1]x i /p1

[−∞p1, z∗]yψ(z∗, y⊥) , (6.60)

X5(x⊥, y⊥) = −g2
∫ +∞

−∞
dz∗dω∗ψ̄(z∗, y⊥)[z∗, −∞p1]y γ5

/p1
[∞p1, ω∗]xψ(ω∗, x⊥) , (6.61)

X †
5 (x⊥, y⊥) = −g2

∫ +∞

−∞
dz∗dω∗ψ̄(ω∗, x⊥)[ω∗, ∞p1]x γ5

/p1
[−∞p1, z∗]yψ(z∗, y⊥) . (6.62)

Operators (6.59)–(6.62) are not related, to the author’s knowledge to any known Transverse

Momentum Distributions (TMD).

We also define

H+
1 (x⊥, y⊥) = −g2

∫ +∞

−∞
dz∗dω∗ ψ̄(ω∗, y⊥)[ω∗, ∞p1]y i/p1

[∞p1, z∗]xψ(z∗, x⊥) , (6.63)

H+
5 (x⊥, y⊥) = −g2

∫ +∞

−∞
dz∗dω∗ ψ̄(ω∗, y⊥)[ω∗, ∞p1]y γ5

/p1
[∞p1, z∗]xψ(z∗, x⊥) , (6.64)

H−
1 (x⊥, y⊥) = −g2

∫ +∞

−∞
dz∗dω∗ ψ̄(ω∗, y⊥)[ω∗, −∞p1]y i/p1

[−∞p1, z∗]xψ(z∗, x⊥) , (6.65)

H−
5 (x⊥, y⊥) = −g2

∫ +∞

−∞
dz∗dω∗ ψ̄(ω∗, y⊥)[ω∗, −∞p1]y γ5

/p1
[−∞p1, z∗]xψ(z∗, x⊥) , (6.66)

where the superscripts + and − remind that the semi-infinite Wilson lines point to +∞p1

and −∞p1 respectively. We will write subsequent results in terms of the above defined

operators.

6.5.3 Quark-to-gluon diagrams for Q̃1x and Q̃5x

Let us start with the calculation for operators Q̃1x and Q̃5x. Diagram 12a is

〈Tr{U †
yQ̃1x}〉Figure 12a

= g2
∫ +∞

−∞
dz∗

∫ z∗

−∞
dz′

∗ Tr
{

U †
y

×ig

∫ +∞

z∗

d
2

s
x∗ Aq

•(x∗, x⊥)[∞p1, z∗]xtr{ψcl(z∗, x⊥)ψ̄q(z′
∗, x⊥)i/p1

}[z′
∗, −∞p1]x

}

= −g4
∫ +∞

−∞
dz∗

∫ z∗

−∞
dz′

∗

∫ +∞

z∗

dx∗

∫ x∗

z′
∗

dω∗

∫ +∞

0

d−α

s2α3

×Tr
{

U †
y ta[∞p1, z∗]x tr{ψcl(z∗, x⊥)

×〈x⊥|e−i
p̂2

⊥

αs
x∗p⊥

ν [x∗, ω∗]abψ̄cl(ω∗)tbγν
⊥[ω∗, z′

∗](α/p1
+ /p⊥)ei

p̂2
⊥

αs
z′

∗ |x⊥〉 i/p1
}
}

(6.67)

where we used propagator (6.55) and used the fact that the classical shock-wave field has

line support only within the interval [−ǫ∗, ǫ∗] (with ǫ∗ > 0), and that, we are working in
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Figure 12. Quark-to-gluon diagrams for ˆ̃Q1(x⊥) and ˆ̃Q5(x⊥) operators.

a gauge in which the gauge link made of pure gauge can be set to 1. So, in the limit of

ǫ∗ → 0, the line support of the quantum fields, x∗ and z′
∗ (with the condition that x∗ ≥ z′

∗)

extend up to 0, and, on the other hand, the line support of the classical field can be extend

to infinity, i.e. we extend the limit of integration of ω+ to ] − ∞, ∞[ and the gauge link

becomes semi-infinite Wilson lines. Thus,

〈Tr{U †
yQ̃1x}〉Figure 12a = −g4

∫ +∞

−∞
dz∗dω∗

∫ 0

−∞
dz′

∗

∫ +∞

0
dx∗

∫ +∞

0

d−α

s2α3

∫

d2z

×Tr
{

U †
y ta[∞p1, z∗]x tr{ψcl(z∗, x⊥)

×〈x⊥|e−i
p̂2

⊥

αs
x∗p⊥

ν |z⊥〉[∞p1, ω∗]ab
z ψ̄cl(ω∗, z⊥)tbγν

⊥

×[ω∗, −∞p1]z〈z⊥|(α/p1
+ /p⊥)ei

p̂2
⊥

αs
z′

∗ |x⊥〉 i/p1
}
}

(6.68)

Next, we perform the integration over the light-cone coordinates z′+ and x+, and the

Fourier transform

〈Tr{U †
yQ̃1x}〉Figure 12a =

g4

4π2

∫ +∞

−∞
dz∗dω∗

∫ +∞

0

d−α

α

∫

d2z Tr

{

U †
y ta[∞p1, z∗]x (6.69)

×tr

{

ψcl(z∗, x⊥)[∞p1, ω∗]ab
z ψ̄cl(ω∗, z⊥)tb[ω∗, −∞p1]z

(/x − /z)⊥
(x − z)2

⊥

(/x − /z)⊥
(x − z)2

⊥
i/p1

}}

After color and Dirac algebra we arrive at

〈Tr{U †
yQ̃1x}〉Figure 12a =

αs

4π2

∫ +∞

0

dα

α

∫

d2z

(x − z)2
⊥

[

1

Nc
Tr

{

U †
yX1xz

}

− Tr
{

UzU †
y}H+

1xz

]

(6.70)
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From eq. (6.69), substituting i/p1
with γ5/p1

we get

〈Tr{U †
yQ̃5x}〉Figure 12a =

αs

4π2

∫ +∞

0

dα

α

∫

d2z

(x − z)2
⊥

[

1

Nc
Tr

{

U †
yX5xz

}

− Tr
{

UzU †
y}H+

5xz

]

(6.71)

Let us turn to diagram in figure 12b and perform similar steps as the ones we performed

for 12a

〈Tr{U †
yQ̃1x}〉Figure 12b (6.72)

= −ig3
∫ +∞

−∞
dz∗

∫ z∗

−∞
dz′

∗ Tr
{

U †
y

×
2

s

∫ +∞

0
dx∗A•(x∗, y⊥)[∞p1, z∗]xtr{i/p1

ψ(z∗, x⊥)ψ̄(z′
∗, x⊥)}[z′

∗, −∞p1]x
}

= g4
∫ +∞

−∞
dz∗

∫ z∗

−∞
dz′

∗

∫ +∞

0
dx∗

∫ +∞

z′
∗

dω∗

∫ +∞

0

d−α

s2α3
Tr

{

U †
y ta[∞p1, z∗]x

×tr
{

i/p1
ψ(z∗, x⊥)〈y⊥|e−i

p̂2
⊥

αs
x∗p⊥

ν [∞p1, ω∗]abψ̄(ω∗)tbγν
⊥[ω∗, −∞p1]/p⊥ei

p̂2
⊥

αs
z′

∗ |x⊥〉}
}

Now we perform the integration over the light-cone variable z′+ and x+ (taking into con-

sideration the observations done for diagram 12a) and get

〈Tr{U †
yQ̃1x}〉Figure 12b = −

αs

2π2

∫ +∞

0

d−α

α

∫ +∞

−∞
dz∗dω∗

∫

d2z
(y − z)i(x − z)j

(y − z)2
⊥(z − x)2

⊥
g2Tr

{

U †
y ta

×[∞p1, z∗]xtr{γiγji /p1
ψ(z∗, x⊥)ψ̄(ω∗, z⊥)}[ω∗, ∞p1]ztaUz

}

(6.73)

Performing color and Dirac algebra we obtain

〈Tr{U †
yQ̃1x}〉Figure 12b = −

αs

4π2

∫ +∞

0

d−α

α

∫

d2z (6.74)

×

{

(x − z, z − y)

(y − z)2
⊥(z − x)2

⊥

(

Tr{UzU †
y}H+

1xz −
1

Nc
Tr{U †

yX1xz}

)

−
(~x − ~z) × (~y − ~z)

(y − z)2
⊥(z − x)2

⊥

(

Tr{UzU †
y}H+

5xz −
1

Nc
Tr

{

U †
yX5xz

}

)

}

From (6.73), substituting i/p1
with γ5/p1

we have

〈Tr{U †
yQ̃5x}〉Figure 12b = −

αs

4π2

∫ +∞

0

d−α

α

∫

d2z (6.75)

×

{

(x − z, z − y)

(y − z)2
⊥(z − x)2

⊥

(

Tr{UzU †
y}H+

5xz −
1

Nc
Tr

{

U †
yX5xz

}

)

+
(~x − ~z) × (~y − ~z)

(y − z)2
⊥(z − x)2

⊥

(

Tr{UzU †
y}H+

1xz −
1

Nc
Tr

{

U †
yX1xz

}

)

}

.
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The calculation for diagrams 12c and 12d is the same as the previous two ones, so we may

write

〈Tr{U †
yQ̃1x}〉Figure 12c = ig3

∫ +∞

−∞
dz∗

∫ z∗

−∞
dz′

∗

∫ z′
∗

−∞
d

2

s
x∗Tr

{

U †
y [∞p1,z∗]x

×tr{ψ(z∗,x⊥)ψ̄(z′
∗,x⊥)i/p1

}[z′
∗,−∞p1]xA•(x∗,x⊥)

}

= −g4
∫ +∞

−∞
dz′

∗

∫ +∞

z′
∗

dz∗

∫ z′
∗

−∞
d

2

s
x∗

∫ z∗

x∗

d
2

s
ω∗

∫ +∞

0

d−α

4α3

∫

d2z

×Tr
{

U †
ytr{i/p1

〈x⊥|e−i
p̂2

⊥

αs
z∗(α/p1

+/p⊥)|z⊥〉[z∗,ω∗]γν
⊥tbψ(ω∗)[ω∗,x∗]ba

×〈z⊥|p⊥
ν ei

p̂2
⊥

αs
x∗ |x⊥〉ψ̄(z′

∗,x⊥)}[z′
∗,−∞p1]xta

}

= −
αs

4π2

∫ +∞

0

dα

α

∫

d2z

(x−z)2
⊥

[

Tr{U †
yUz}H−

1zx−
1

Nc
Tr{U †

yX1zx}

]

(6.76)

For Q̃5x we have

〈Tr{U †
yQ̃5x}〉Figure 12c = −

αs

4π2

∫ +∞

0

dα

α

∫

d2z

(x − z)2
⊥

[

Tr{U †
yUz}H−

5zx −
1

Nc
Tr{U †

yX5zx}

]

.

(6.77)

Finally, diagram 12d is

〈Tr{U †
yQ̃1x}〉Figure 12d = −

αs

4π2

∫ +∞

0

d−α

α

∫

d2z (6.78)

×

{

(x − z, z − y)

(y − z)2
⊥(z − x)2

⊥

(

Tr{UzU †
y}H−

1zx −
1

Nc
Tr

{

U †
yX1zx

}

)

+
(~x − ~z) × (~y − ~z)

(y − z)2
⊥(z − x)2

⊥

(

Tr{UzU †
y}H−

5zx −
1

Nc
Tr

{

U †
yX5zx

}

)

}

.

For Q̃5x we have

〈Tr{U †
yQ̃5x}〉Figure 12d = −

αs

4π2

∫ +∞

0

d−α

α

∫

d2z (6.79)

×

{

(x − z, z − y)

(y − z)2
⊥(z − x)2

⊥

(

Tr{UzU †
y}H−

5zx −
1

Nc
Tr

{

U †
yX5zx

}

)

−
(~x − ~z) × (~y − ~z)

(y − z)2
⊥(z − x)2

⊥

(

Tr{UzU †
y}H−

1zx −
1

Nc
Tr

{

U †
yX1zx

}

)

}

.
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We now may sum up diagrams in figure 12. Starting with Q̃1x, we sum

eqs. (6.70), (6.74), (6.76), and (6.78) we have

〈Tr{U †
yQ̃1x}〉Figure 12

= −
αs

4π2

∫ +∞

0

dα

α

∫

d2z

{

1

(x − z)2
⊥

[

Tr
{

UzU †
y}

(

H+
1xz + H−

1zx

)

−
1

Nc
Tr

{

U †
y

(

X1xz + X1zx

)}

]

+
(x − z, z − y)

(y − z)2
⊥(z − x)2

⊥

[

Tr{UzU †
y}

(

H+
1xz + H−

1zx

)

−
1

Nc
Tr

{

U †
y

(

X1xz + X1zx

)}

]

+
(~x − ~z) × (~y − ~z)

(y − z)2
⊥(z − x)2

⊥

[

Tr{UzU †
y}

(

H−
5zx − H+

5xz

)

+
1

Nc
Tr

{

U †
y

(

X5xz − X5zx

)}

]

}

. (6.80)

The sum of diagrams in figure 12 with Q̃5x is obtained summing

eqs. (6.71), (6.75), (6.77), and (6.79). So, we have

〈Tr{U †
yQ̃5x}〉Figure 12

= −
αs

4π2

∫ +∞

0

dα

α

∫

d2z

{

1

(x − z)2
⊥

[

Tr
{

UzU †
y}

(

H+
5xz + H−

5zx

)

−
1

Nc
Tr

{

U †
y

(

X5xz + X5zx

)}

]

+
(x − z, z − y)

(y − z)2
⊥(z − x)2

⊥

[

Tr{UzU †
y}

(

H+
5xz + H−

5zx

)

−
1

Nc
Tr

{

U †
y

(

X5xz + X5zx

)}

)]

+
(~x − ~z) × (~y − ~z)

(y − z)2
⊥(z − x)2

⊥

[

Tr{UzU †
y}

(

H+
1xz − H−

1zx

)

+
1

Nc
Tr

{

U †
y

(

X1zx − X1xz

)}

]

}

. (6.81)

6.5.4 Quark-to-gluon diagrams for Q̂1x and Q̂5x

Now we turn our attention to the diagrams with the quark-to-gluon propagator for opera-

tors Tr{ÛxÛ †
y}Q̂1x and Tr{ÛxÛ †

y}Q̂5x given in figure 13. Note that, these type of diagrams

will, after one loop, make the dipole operator Tr{ÛxÛ †
y} talk with operator Q̂1x (or Q̂5x).

Let us start with the calculation of the first diagram, 13a. The procedure is similar to

the one adopted in the previous section

〈Tr{UxU †
y}Q1x〉Figure 13a = ig3 2

s

∫ +∞

−∞
dz∗

∫ z∗

−∞
dz′

∗

∫ +∞

0
dx∗Tr{taUxU †

y} (6.82)

×Tr
{

[z′
∗, z∗]xtr{i/p1

ψcl(z∗, x⊥)
〈

Aq
•(x∗, x⊥)ψ̄q(z′

∗, x⊥)
〉

}
}

.

Using propagator (6.55) we have

〈Tr{UxU †
y}Q1x〉Figure 13a = −g4

∫ +∞

−∞
dz∗

∫ z∗

−∞
dz′

∗

∫ +∞

0
dx∗

∫ x∗

z′
∗

dω∗

∫ +∞

0

d−α

s2α3
Tr{taUxU †

y}

×

∫

d2zTr
{

[−∞p1, z∗]xtr{i/p1
ψ(z∗,x⊥)〈x⊥|e−i

p̂2
⊥

αs
x∗p⊥

ν |z⊥〉(6.83)

×[∞p1,ω∗]ab
z ψ̄(ω∗, z⊥)tbγν

⊥[ω∗,−∞p1]z〈z⊥|/p⊥ei
p̂2

⊥

αs
z′

∗ |x⊥〉}
}

.
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Figure 13. Quark-to-gluon diagrams for Q̂1(x⊥) and Q̂5(x⊥) operators.

Next step is again to recognize the range of the quantum and classical fields as we did for

diagram in figure 12. So, we have

〈Tr{UxU †
y}Q1x〉Figure 13a

= −
αs

2π2

∫ +∞

0

dα

α
g2

∫ +∞

−∞
dz∗dω∗

∫

d2z

(x − z)2
⊥

×Tr{taUxU †
y}Tr

{

[−∞p1, z∗]xtr{i/p1
ψ(z∗, x⊥)ψ̄(ω∗, z⊥)}[ω∗, ∞p1]ztaUz

}

= −
αs

2π2

∫ +∞

0

dα

α
g2

∫ +∞

−∞
dz∗dω∗

∫

d2z

(x − z)2
⊥

×
[1

2
Tr

{

UxU †
yUz[−∞p1, z∗]xtr{i/p1

ψ(z∗, x⊥)ψ̄(ω∗, z⊥)}[ω∗, ∞p1]z
}

−
1

2Nc
Tr{UxU †

y}Tr
{

[−∞p1, z∗]xtr{i/p1
ψ(z∗, x⊥)ψ̄(ω∗, z⊥)}[ω∗, −∞p1]z

}

]

. (6.84)

Using definition of operators (6.59)–(6.62) and (6.63)–(6.66) we arrive at

〈Tr{UxU †
y}Q1x〉Figure 13a =

αs

4π2

∫ +∞

0

dα

α

∫

d2z

(x − z)2
⊥

×

[

Tr
{

UxU †
yUzX †

1zx

}

+
1

Nc
Tr{UxU †

y}H−
1xz

]

. (6.85)

Substituting i/p1
with γ5/p1

we get

〈Tr{UxU †
y}Q5x〉Figure 13a = −

αs

4π2

∫ +∞

0

dα

α

∫

d2z

(x − z)2
⊥

×

[

Tr
{

UxU †
yUzX †

5zx

}

−
1

Nc
Tr{UxU †

y}H−
5xz

]

. (6.86)
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Similarly, for diagram 13b we have

〈Tr{UxU †
y}Q1x〉Figure 13b

= −ig3 2

s

∫ +∞

−∞
dz∗

∫ z∗

−∞
dz′

∗

∫ +∞

0
dx∗

×Tr{UxU †
y ta}Tr

{

[z′
∗, z∗]xtr{i/p1

ψcl(z∗, x⊥)
〈

Aq,a
• (x∗, y⊥)ψ̄q(z′

∗, x⊥)
〉

}
}

= g4
∫ +∞

−∞
dz∗

∫ z∗

−∞
dz′

∗

∫ +∞

0
dx∗

∫ x∗

z′
∗

dω∗

∫ +∞

0

d−α

s2α3
Tr{UxU †

y ta}

∫

d2z

×Tr
{

[z′
∗, z∗]xtr{i/p1

ψ(z∗, x⊥)〈y⊥|e−i
p̂2

⊥

αs
x∗pν

⊥|z⊥〉[x∗, ω∗]ab
z ψ̄(ω∗, z⊥)

×tbγ⊥
ν [ω∗, z′

∗]z〈z⊥|/p⊥ei
p̂2

⊥

αs
z′

∗ |x⊥〉}
}

. (6.87)

After Fourier transform and integration over the light-cone coordinates we have

〈Tr{UxU †
y}Q1x〉Figure 13b = −

αs

2π2
g2

∫ +∞

−∞
dz∗dω∗

∫ +∞

0

dα

α
Tr{UxU †

y ta}

∫

d2z

×Tr

{

[−∞p1, z∗]xtr

{

i/p1
ψ(z∗, x⊥)

(y − z)ν
⊥

(y − z)2
⊥

[∞p1, ω∗]ab
z ψ̄(ω∗, z⊥)

×tbγ⊥
ν [ω∗, −∞p1]z

(/x − /z)

(x − z)2
⊥

}}

. (6.88)

Performing color and Dirac algebra we obtain

〈Tr{UxU †
y}Q1x〉Figure 13b =

αs

4π2

∫ +∞

0

dα

α

∫

d2z (6.89)

×

{

(x − z, z − y)⊥
(y − z)2

⊥(x − z)2
⊥

(

Tr{UxU †
yUzX †

1zx} +
1

Nc
Tr{UxU †

y}H−
1xz

)

+
(~x − ~z) × (~y − ~z)

(y − z)2
⊥(x − z)2

⊥

(

Tr{UxU †
yUzX †

5zx} −
1

Nc
Tr{UxU †

y}H−
5xz

)

}

.

For Q5(x⊥) we have

〈Tr{UxU †
y}Q5x〉Figure 13b = −

αs

4π2

∫ +∞

0

dα

α

∫

d2z (6.90)

×

{

(x − z, z − y)⊥
(y − z)2

⊥(x − z)2
⊥

(

Tr{UxU †
yUzX †

5zx} −
1

Nc
Tr{UxU †

y}H−
5xz

)

−
(~x − ~z) × (~y − ~z)

(y − z)2
⊥(x − z)2

⊥

(

Tr{UxU †
yUzX †

1zx} +
1

Nc
Tr{UxU †

y}H−
1xz

)

}

.
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Diagram in figure 13c is

〈Tr{UxU †
z }Q1x〉Figure 13c (6.91)

= −g4
∫ +∞

−∞
dz′

∗dω∗

∫ +∞

z′
∗

dz∗

∫ 0

ω∗

dx∗

∫ +∞

0

d−α

α3s2
Tr{UxtaU †

y}

×

∫

d2z Tr
{

tr
{

i/p1
〈x⊥|e−i

p̂2
⊥

αs
z∗/p⊥|z⊥〉[∞p1, ω∗]zγν

⊥tbψ(ω∗, z⊥)[ω∗, x∗]ba
z

×〈z⊥|pν
⊥ ei

p̂2
⊥

αs
x∗ |x⊥〉ψ̄(z′

∗, x⊥)[z′
∗, ∞p1]x

}}

= −
αs

2π2

∫ +∞

0

dα

α
g2

∫ +∞

−∞
dz′

∗dω∗

∫

d2z

(x − z)2
⊥

Tr{U †
yUxta}

×Tr
{

ta[−∞p1, ω∗]ztr{i/p1
ψ(ω∗, z⊥)ψ̄(z′

∗, x⊥)}[z′
∗, ∞p1]xUz

}

=
αs

4π2

∫ +∞

0

dα

α

∫

d2z

(x − z)2
⊥

[

Tr
{

UzU †
yUxX †

1xz

}

+
1

Nc
Tr{U †

yUx}H+
1zx

]

.

For operator Q5x we have

〈Tr{UxU †
z }Q5x〉Figure 13c = −

αs

4π2

∫ +∞

0

dα

α

∫

d2z

(x − z)2
⊥

×

[

Tr
{

UzU †
yUxX †

5xz

}

−
1

Nc
Tr{U †

yUx}H+
5zx

]

. (6.92)

Last diagram of this set of diagrams is 13c. The steps we have to perform to calculate

this diagram are again the same as the ones performed above. We have

〈Tr{UxU †
y}Q1x〉Figure 13d

= g4
∫ +∞

−∞
dz′

∗

∫ z∗

−∞
dω∗

∫ +∞

z′
∗

dz∗

∫ 0

−∞
dx∗

∫ +∞

0

d−α

α3s2
Tr{UxtaU †

y}

×

∫

d2z Tr
{

[z′
∗, z∗]xtr{i/p1

〈x⊥|e−i
p̂2

⊥

αs
z∗/p⊥|z⊥〉[z∗, ω∗]zγν

⊥tbψ(ω∗, z⊥)[ω∗, x∗]ba
z

×〈z⊥|p⊥
ν ei

p̂2
⊥

αs
x∗ |y⊥〉ψ̄(z′

∗, x⊥)}
}

. (6.93)

Fourier transform and integration over the longitudinal coordinates give

〈Tr{UxU †
y}Q1x〉Figure 13d

=
αs

2π2

∫ +∞

0

dα

α
g2

∫ +∞

−∞
dz′

∗dω∗

∫

d2z
(x − z)i(z − y)j

(x − z)2
⊥(z − y)2

⊥
Tr{U †

yUxta}

×Tr
{

ta[−∞p1, ω∗]ztr{i/p1
γiγjψ(ω∗, z⊥)ψ̄(z′

∗, x⊥)}[z′
∗, ∞p1]xUz

}

. (6.94)

Color and Dirac algebra give

〈Tr{UxU †
y}Q1x〉Figure 13d

=
αs

4π2

∫ +∞

0

dα

α

∫

d2z

{

(x − z, z − y)⊥
(x − z)2

⊥(z − y)2
⊥

[

Tr
{

UzU †
yUxX †

1xz

}

+
1

Nc
Tr{U †

yUx}H+
1zx

]

−
(~x − ~z) × (~y − ~z)

(x − z)2
⊥(z − y)2

⊥

[

Tr
{

UzU †
yUxX †

5xz

}

−
1

Nc
Tr{U †

yUx}H+
5zx

]

}

. (6.95)
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With Q5x we have

〈Tr{UxU †
y}Q5x〉Figure 13d

= −
αs

4π2

∫ +∞

0

dα

α

∫

d2z

{

(x − z, z − y)⊥
(x − z)2

⊥(z − y)2
⊥

[

Tr
{

UzU †
yUxX †

5xz

}

−
1

Nc
Tr{U †

yUx}H+
5zx

]

+
(~x − ~z) × (~y − ~z)

(x − z)2
⊥(z − y)2

⊥

[

Tr
{

UzU †
yUxX †

1xz

}

+
1

Nc
Tr{U †

yUx}H+
1zx

]

}

. (6.96)

Let us sum up diagrams in figure 13. Summing (6.85), (6.89), (6.91), and (6.95) we

have

〈Tr{UxU †
y}Q1x〉Figure 13

=
αs

4π2

∫ +∞

0

dα

α

∫

d2z

{

1

(x − z)2
⊥

[

Tr
{

UxU †
yUzX †

1zx

}

+Tr{UzU †
yUxX †

1xz} +
1

Nc
Tr{UxU †

y}
(

H−
1xz + H+

1zx

)

]

+
(x − z, z − y)⊥

(y − z)2
⊥(x − z)2

⊥

×

[

Tr{UxU †
yUzX †

1zx} + Tr
{

UzU †
yUxX †

1xz

}

+
1

Nc
Tr{UxU †

y}
(

H−
1xz + H+

1zx

)

]

+
(~x − ~z) × (~y − ~z)

(y − z)2
⊥(x − z)2

⊥

[

Tr{UxU †
yUzX †

5zx} − Tr
{

UzU †
yUxX †

5xz

}

−
1

Nc
Tr{UxU †

y}
(

H−
5xz − H+

5zx

)

]

}

. (6.97)

Summing, instead, (6.86), (6.90), (6.92), and (6.96) we have

〈Tr{UxU †
y}Q5x〉Figure 13

= −
αs

4π2

∫ +∞

0

dα

α

∫

d2z

{

1

(x − z)2
⊥

[

Tr
{

UxU †
yUzX †

5zx

}

+Tr
{

UzU †
yUxX †

5xz

}

−
1

Nc
Tr{U †

yUx}
(

H−
5xz + H+

5zx

)

]

+
(x − z, z − y)⊥

(y − z)2
⊥(x − z)2

⊥

×

[

Tr{UxU †
yUzX †

5zx} + Tr
{

UzU †
yUxX †

5xz

}

−
1

Nc
Tr{UxU †

y}
(

H−
5xz + H+

5zx

)

]

+
(~x − ~z) × (~y − ~z)

(y − z)2
⊥(x − z)2

⊥

[

Tr{UzU †
yUxX †

1xz

}

− Tr{UxU †
yUzX †

1zx}

+
1

Nc
Tr{UxU †

y}
(

H+
1zx − H−

1xz

)

]

}

. (6.98)

7 Summary of evolution equations

In this section we summarize the evolution equations we have calculated. As already

discussed in the previous sections, the operators of which we want to find the evolution
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equations are the ones proportional to the impact factors. The operator proportional to

the impact factor Iµν
1 is

Tr{Q̂1xÛ †
y} =

1

2
Tr{Û †

y Ûx}Q̂1 x −
1

2Nc
Tr{Û †

y
ˆ̃Q1x} (7.1)

The operator proportional to the impact factor Iµν
5 is, for flavor singlet,

Tr{
(

Q̂5z2
+ F̂z2

)

Û †
z1

} + Tr{
(

Q̂5z2
+ F̂†

z2

)

Ûz1
}

= Tr{Û †
z1

Ûz2
}Q̂5z2

+ Tr{Ûz1
Ûz2

}Q̂†
5z2

−
1

Nc
Tr{Û †

z1

( ˆ̃Q5z2
− 2NcF̂z2

)

} −
1

Nc
Tr{Ûz1

( ˆ̃Q†
5z2

− 2NcF̂
†
z2

)

} (7.2)

and for flavor non-singlet case

Tr{Q̂5z2
Û †

z1
} + Tr{Q̂5z2

Ûz1
}

= Tr{Û †
z1

Ûz2
}Q̂5z2

+ Tr{Ûz1
Ûz2

}Q̂†
5z2

−
1

Nc
Tr{Û †

z1

ˆ̃Q5z2
} −

1

Nc
Tr{Ûz1

ˆ̃Q†
5z2

} (7.3)

The evolution equations that we are going to collect in this sections are not strictly

speaking evolution equations of the type d
dη

O = K ⊗ O like the BK equation (2.20). The

reason lies in the fact that there are divergences of the type d2z
(x−z)2

⊥

which are responsible

for the double log contributions peculiar of the polarized structure functions at small-xB

and of the unpolarized quark structure functions as well. In this work we limit ourself to

calculate all the diagrams at one loop level, and properly analyze the double log of energy

contributions in a separate publication. Actually, in appendix F , eq. (F.13), we obtain the

double log of energy evolution equation which agree with the one calculated in refs. [5, 7, 8],

but as we will argue in the conclusions, the evolution equations will differ when written in

terms of the operators Q5x and Q̃5x.

7.1 Q1x and Q̃1x operators

Here we collect the evolution equations for Q1x and Q̃1x.

Summing (6.13), (6.22), and (6.97) we have

〈Tr{U †
yUx}Q1x〉

=
αs

4π2

∫ +∞

0

dα

α

∫

d2z

{

Tr{U †
yUx}

(x − z)2
⊥

[

Tr{U †
xUz} Q1z −

1

Nc
Tr{U †

xQ̃1z}

]

+
2Q1x(x − y)2

⊥
(x − z)2

⊥(y − z)2
⊥

[

Tr{UxU †
z }Tr{UzU †

y} − NcTr{UxU †
y}

]

+
1

(x − z)2
⊥

[

Tr
{

UxU †
yUzX †

1zx

}

+ Tr{UzU †
yUxX †

1xz} +
1

Nc
Tr{UxU †

y}
(

H−
1xz + H+

1zx

)

]

+
(x − z, z − y)⊥

(y − z)2
⊥(x − z)2

⊥

[

Tr{UxU †
yUzX †

1zx} + Tr
{

UzU †
yUxX †

1xz

}

+
1

Nc
Tr{UxU †

y}
(

H−
1xz + H+

1zx

)

]

+
(~x − ~z) × (~y − ~z)

(y − z)2
⊥(x − z)2

⊥

[

Tr{UxU †
yUzX †

5zx}

−Tr
{

UzU †
yUxX †

5xz

}

−
1

Nc
Tr{UxU †

y}
(

H−
5xz − H+

5zx

)

]

}

. (7.4)
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Summing eqs. (6.20), (6.28), (6.80)

〈Tr{U †
yQ̃1x}〉

=
αs

4π2

∫ +∞

0

dα

α

∫

d2z

{

1

(x − z)2
⊥

[

Tr
{

UzU †
y}

(

Q1z − H+
1xz − H−

1zx

)

+
1

Nc
Tr

{

U †
y

(

X1xz + X1zx − Q̃1z

)}

]

−
(x − z, z − y)

(y − z)2
⊥(z − x)2

⊥

[

Tr{UzU †
y}

(

H+
1xz + H−

1zx

)

−
1

Nc
Tr

{

U †
y

(

X1xz + X1zx

)}

]

−
(~x − ~z) × (~y − ~z)

(y − z)2
⊥(z − x)2

⊥

[

Tr{UzU †
y}

(

H−
5zx − H+

5xz

)

+
1

Nc
Tr

{

U †
y

(

X5xz − X5zx

)}

]

+
2(x − y)2

⊥
(x − z)2

⊥(z − y)2
⊥

(

Tr{UzU †
y}Tr{U †

z Q̃1 x} − NcTr{U †
yQ̃1 x}

)

}

. (7.5)

For operator Q̂1(x⊥), instead, we have to sum (6.28) (with Q̃1(x⊥) replaced by

Q1(x⊥)), (F.8), and (F.22) and get

〈

Tr{Q1x U †
y}

〉

=
αs

2π2

∫ +∞

0

dα

α

∫

d2z

{

1

2

1

(x − z)2
⊥

(

Tr{U †
xQ1x}Tr{U †

yUx} −
1

Nc
Tr{Q1zU †

y}

)

+
(x − y)2

⊥
(x − z)2

⊥(y − z)2
⊥

(

Tr{U †
z Q1x}Tr{U †

yUz} − NcTr{U †
yQ1x}

)

−
1

4

[

(x − z, z − y)

(x − z)2
⊥(y − z)2

⊥
+

1

(x − z)2
⊥

][

Tr{UxU †
yUzX †

1zx} + Tr{UzU †
yUxX †

1zx}

+
1

Nc

(

Tr{U †
yUz}

(

H+
1xz + H−

1zx

)

+ Tr{U †
yUx}

(

H+
1zx + H−

1xz

)

)

−
1

N2
c

(

Tr{UzU †
yUxX †

1zx} + Tr{UxU †
yUzX †

1xz}
)

]

+
1

4

(~x − ~z) × (~y − ~z)

(x − z)2
⊥(y − z)2

⊥

[

Tr{UzU †
yUxX †

5xz} − Tr{UxU †
yUzX †

5zx}

+
1

Nc

(

Tr{U †
yUz}

(

H+
5xz − H−

5zx

)

+ Tr{U †
yUx}

(

H−
5xz − H+

5zx

)

)

+
1

N2
c

(

Tr{UzU †
yUxX †

5zx} − Tr{UxU †
yUzX †

5xz}
)

]

}

. (7.6)

7.2 Q5x, Q̃5x, and Fx operators: flavor singlet

Here we collect the evolution equations for operators Q5x, Q̃5x, and Fx in the flavor singlet

case.
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Summing (6.14), (6.22) (with Q1 replaced by Q5), and (6.98) we obtain

〈Tr{U †
yUx}Q5x〉

=
αs

4π2

∫ +∞

0

dα

α

∫

d2z

{

Tr{U †
yUx}

(x − z)2
⊥

[

Tr{U †
xUz} Q5z −

1

Nc
Tr{U †

x

(

Q̃5z − 2NcFz

)

}

]

+
2Q5x(x − y)2

⊥
(x − z)2

⊥(y − z)2
⊥

[

Tr{UxU †
z }Tr{UzU †

y} − NcTr{UxU †
y}

]

+
1

(x − z)2
⊥

[

Tr
{

UxU †
yUzX †

5zx

}

+ Tr
{

UzU †
yUxX †

5xz

}

−
1

Nc
Tr{U †

yUx}
(

H−
5xz + H+

5zx

)

]

+
(x − z, z − y)⊥

(y − z)2
⊥(x − z)2

⊥

[

Tr{UxU †
yUzX †

5zx} + Tr
{

UzU †
yUxX †

5xz

}

−
1

Nc
Tr{UxU †

y}
(

H−
5xz + H+

5zx

)

]

+
(~x − ~z) × (~y − ~z)

(y − z)2
⊥(x − z)2

⊥

[

Tr{UzU †
yUxX †

1xz

}

−Tr
{

Tr{UxU †
yUzX †

1zx} +
1

Nc
Tr{UxU †

y}
(

H+
1zx − H−

1xz

)

]

}

. (7.7)

The evolution equation for operator Tr{Û †
y

ˆ̃Q5x} is obtained summing eqs. (6.28) (with

Q̃1x replaced by Q̃5x), (6.21), and (6.81). Thus, we have

〈Tr{U †
yQ̃5x}〉

=
αs

4π2

∫ +∞

0

dα

α

∫

d2z

{

1

(x − z)2
⊥

[

Tr{U †
yUz}

(

Q5z − H+
5xz − H−

5zx

)

+
1

Nc
Tr{U †

y

(

X5xz + X5zx − Q̃5z + NcFz

)

}

]

−
(x − z, z − y)

(y − z)2
⊥(z − x)2

⊥

[

Tr{UzU †
y}

(

H+
5xz + H−

5zx

)

−
1

Nc
Tr

{

U †
y

(

X5xz + X5zx

)}

)]

−
(~x − ~z) × (~y − ~z)

(y − z)2
⊥(z − x)2

⊥

[

Tr{UzU †
y}

(

H+
1xz − H−

1zx

)

+
1

Nc
Tr

{

U †
y

(

X1zx − X1xz

)}

]

+
2(x − y)2

⊥
(x − z)2

⊥(z − y)2
⊥

(

Tr{UzU †
y}Tr{U †

z Q̃5x} − NcTr{U †
yQ̃5x}

)

}

(7.8)
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Evolution equation for operator F̂(z⊥) is the sum of eqs. (6.28) (with ˆ̃Q1x replaced by

F̂x), and (6.50)

〈Tr{Fx U †
y}〉

=
αs

4π2

∫ +∞

0

dα

α

∫

d2z

{

(~x − ~z)×(~z − ~y)

(x − z)2
⊥(y − z)2

⊥

[

Tr{U †
yQ̃1 z}Tr{U †

z Ux} − Tr{UxQ̃†
1 z}Tr{U †

yUz}

+
1

Nc

(

Tr{UxU †
yQ̃1zU †

z } + Tr{U †
yUxU †

z Q̃1z} − Tr{UxU †
yUzQ̃†

1z} − Tr{U †
yUxQ̃†

1zUz}
)

+
1

N2
c

Tr{U †
yUx}

(

Q†
1z − Q1z

)

]

+

(

(x − z, z − y)

(x − z)2
⊥(y − z)2

⊥
+

1

(x − z)2
⊥

)

×

[

Tr{U †
y

(

2Fz − Q̃5z

)

}Tr{U †
z Ux} + Tr{Ux

(

2F†
z − Q̃†

5z

)

}Tr{U †
yUz}

+
1

Nc

(

Tr{UxU †
yUzQ̃†

5z} + Tr{U †
yUxQ̃†

5zUz} + Tr{UxU †
yQ̃5zU †

z } + Tr{U †
yUxU †

z Q̃5z}
)

−
1

N2
c

Tr{U †
yUx}

(

Q5z + Q†
5z

)

]

+ 8π2
∫

d−2q1
ei(q1,y−z) − ei(q1,x−z)

q2
1⊥

δ(2)(z − x)

×
[

Tr{UxU †
z }Tr{U †

yFz} + Tr{U †
uUz}Tr{UxF†

z }
]

+
2(x − y)2

⊥
(x − z)2

⊥(z − y)2
⊥

(

Tr{UzU †
y}Tr{U †

z Fx} − NcTr{U †
yFx}

)

}

(7.9)

Evolution equation (7.9) should clarify why we needed evolution equa-

tions (7.4), (7.5), (7.7), and (7.8).

We can also write done the evolution equation for operator Tr{Q̂5xÛ †
y} summing

eqs. (6.28) (with ˆ̃Q1x replaced by Q̂5x), (F.6), and (F.30). We have

〈

Tr{Q5xU †
y}

〉

=
αs

2π2

∫ +∞

0

dα

α

∫

d2z

{

1

2

1

(x−z)2
⊥

[

Tr{U †
x

(

Q5z +Fz

)

}Tr{U †
yUx}−

1

Nc
Tr{

(

Q5z +Fz

)

U †
y}

]

+
(x−y)2

⊥
(x−z)2

⊥(y −z)2
⊥

[

Tr{Q5xU †
z }Tr{UzU †

y}−NcTr{U †
yQ5x}

]

+
1

4

[

(x−z,z −y)

(x−z)2
⊥(y −z)2

⊥
+

1

(x−z)2
⊥

][

Tr{UxU †
yUzX †

5zx}+Tr{UzU †
yUxX †

5xz}

−
1

Nc

(

Tr{U †
yUz}

(

H+
5xz +H−

5zx

)

+Tr{U †
yUx}

(

H−
5xz +H+

5zx

)

)

−
1

N2
c

(

Tr{UzU †
yUxX †

5zx}+Tr{UxU †
yUzX †

5xz}

]

+
1

4

(~x−~z)×(~y −~z)

(x−z)2
⊥(y −z)2

⊥

[

Tr{UzU †
yUxX †

1xz}−Tr{UxU †
yUzX †

1zx}

−
1

Nc

(

Tr{U †
yUz}

(

H+
1xz −H−

1zx

)

+Tr{U †
yUx}

(

H−
1xz −H+

1zx

)

)

+
1

N2
c

(

Tr{UzU †
yUxX †

1zx}−Tr{UxU †
yUzX †

1xz}
)

]

}

(7.10)

– 49 –



J
H
E
P
0
6
(
2
0
2
1
)
0
9
6

In eqs. (7.7), (7.8), (7.9), and (7.10) we have again mixing between odd operators

which carry the subscript 5, and even operators with subscript 1.

The evolution equation of operators in the adjoint representation Q̂1(x⊥)ab, Q̂5(x⊥)ab,

and F̂ba(x⊥) can be found in appendix F.3.

7.3 Q5x, Q̃5x, and Fx operators: flavor non-singlet

For flavor non-singlet case we do not have the operator F̂(x⊥) because it does not allow

flavor exchange. In this case the evolution equations, using results for the singlet case

(neglecting operator F(x⊥)), are

〈Tr{U †
yUx}Q5x〉

=
αs

4π2

∫ +∞

0

dα

α

∫

d2z

{

Tr{U †
yUx}

(x − z)2
⊥

[

Tr{U †
xUz} Q5z −

1

Nc
Tr{U †

xQ̃5z}

]

+
2Q5x(x − y)2

⊥
(x − z)2

⊥(y − z)2
⊥

[

Tr{UxU †
z }Tr{UzU †

y} − NcTr{UxU †
y}

]

+
1

(x − z)2
⊥

[

Tr
{

UxU †
yUzX †

5zx

}

+ Tr
{

UzU †
yUxX †

5xz

}

−
1

Nc
Tr{U †

yUx}
(

H−
5xz + H+

5zx

)

]

+
(x − z, z − y)⊥

(y − z)2
⊥(x − z)2

⊥

[

Tr{UxU †
yUzX †

5zx} + Tr
{

UzU †
yUxX †

5xz

}

−
1

Nc
Tr{UxU †

y}
(

H−
5xz + H+

5zx

)

]

+
(~x − ~z) × (~y − ~z)

(y − z)2
⊥(x − z)2

⊥

[

Tr{UzU †
yUxX †

1xz

}

−Tr
{

Tr{UxU †
yUzX †

1zx}+̃
1

Nc
Tr{UxU †

y}
(

H+
1zx − H−

1xz

)

]

}

. (7.11)

〈Tr{U †
yQ̃5x}〉

=
αs

4π2

∫ +∞

0

dα

α

∫

d2z

{

1

(x − z)2
⊥

[

Tr{U †
yUz}

(

Q5z − H+
5xz − H−

5zx

)

+
1

Nc
Tr{U †

y

(

X5xz + X5zx − Q̃5z

)

}

]

−
(x − z, z − y)

(y − z)2
⊥(z − x)2

⊥

[

Tr{UzU †
y}

(

H+
5xz + H−

5zx

)

−
1

Nc
Tr

{

U †
y

(

X5xz + X5zx

)}

)]

−
(~x − ~z) × (~y − ~z)

(y − z)2
⊥(z − x)2

⊥

[

Tr{UzU †
y}

(

H+
1xz − H−

1zx

)

+
1

Nc
Tr

{

U †
y

(

X1zx − X1xz

)}

]

+
2(x − y)2

⊥
(x − z)2

⊥(z − y)2
⊥

(

Tr{UzU †
y}Tr{U †

z Q̃5x} − NcTr{U †
yQ̃5x}

)

}

(7.12)

〈

Tr{Q5xU †
y}

〉

=
αs

2π2

∫ +∞

0

dα

α

∫

d2z

{

1

2

1

(x − z)2
⊥

[

Tr{U †
xQ5 z}Tr{U †

yUx} −
1

Nc
Tr{Q5 zU †

y}

]

+
(x − y)2

⊥
(x − z)2

⊥(y − z)2
⊥

[

Tr{U †
z Q5z}Tr{U †

yUz} − NcTr{U †
yQ5z}

]
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+
1

4

[

(x − z, z − y)

(x − z)2
⊥(y − z)2

⊥
+

1

(x − z)2
⊥

][

Tr{UxU †
yUzX †

5zx} + Tr{UzU †
yUxX †

5xz}

−
1

Nc

(

Tr{U †
yUz}

(

H+
5xz + H−

5zx

)

+ Tr{U †
yUx}

(

H−
5xz + H+

5zx

)

)

−
1

N2
c

(

Tr{UzU †
yUxX †

5zx} + Tr{UxU †
yUzX †

5xz}

]

+
1

4

(~x − ~z) × (~y − ~z)

(x − z)2
⊥(y − z)2

⊥

[

Tr{UzU †
yUxX †

1xz}

−Tr{UxU †
yUzX †

1zx} −
1

Nc

(

Tr{U †
yUz}

(

H+
1xz − H−

1zx

)

+ Tr{U †
yUx}

(

H−
1xz − H+

1zx

)

)

+
1

N2
c

(

Tr{UzU †
yUxX †

1zx} − Tr{UxU †
yUzX †

1xz}
)

]

}

(7.13)

In the flavor non-singlet case, because of the absence of mixing with operator F(x⊥) the

evolution equation for polarized structure functions is eq. (7.13). This might represent a

great simplification to find its solution.

8 Conclusions

We have extended the high-energy OPE of the T -product of two electromagnetic currents

at sub-eikonal level. The impact factors Iµν
1 and Iµν

5 , given in eqs. (4.11), and (4.12)

respectively, are part of the main results of this paper. They satisfy electromagnetic gauge

invariance and conformal SL(2, C) invariance.

We have identified several new distribution functions, summarized in section 5, which

came up from the parametrization of the matrix elements of the operators associated to

the impact factors Iµν
1 and Iµν

5 . In the appendix C we have identified further distribution

functions that, however, will not contribute to g1 structure functions.

We found that the polarized and unpolarized quark distribution functions as well as the

polarized gluon distributions are energy suppressed with respect to the unpolarized gluon

ones. Moreover we have observed that the polarized gluon distributions GL, and GT enter

on the same footing with the polarized distribution functions q5L, q5T , q̃5L, q̃5T , because

they are associated to the same impact factor Iµν
5 . We also showed that under one loop

evolution we have mixing also with the operators parametrized by the quark distribution

functions q1, q1T , q̃1, q̃1T .

We have also observed the evolution equations are not in a closed form; after one loop

we have generated new operators X̂1xy, X̂5xy, Ĥ+
1xy, Ĥ+

5xy, Ĥ−
1xy, Ĥ−

5xy.

In the evolution equations (see section 7), we have found also mixing between operators

of different parity, i.e. operators Q̂5x, ˆ̃Q5x, F̂x, X̂5xy, Ĥ+
5xy, and Ĥ−

5xy and operators Q̂1x,
ˆ̃Q1x, X̂1xy, Ĥ+

1xy, and Ĥ−
1xy. These are all new evolution equations that are presented here

for the first time. As already emphasized before, we are aware that the form of the evolution

equations summarized in section 7 are not written in the usual form d
dη

Oη = K ⊗ Oη. The

reason is that in all these equations there are contaminations of infrared divergences which

remind us the double log of energy nature of the small-x resummation of quark polarized

(and unpolarized) structure functions. We plan to disentangle the leading log from the

double log of energy and to put the evolution equations of section 7 in a conventional

form in future work where we will try to reproduce the result obtained in the double log

formalism [36, 37].
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We now compare our results with the ones obtained in recent literature [7, 8, 56–58].

Let us start with the ones obtained in refs. [7, 8]. In appendix F we have shown that,

in the double logarithm approximation, the evolution equation for the operator Tr{
(

Fx +

Q5x

)

U †
y}, eq. (F.13) (see also eq. (F.45) in the adjoint representation), does agree with the

one derived in refs. [7, 8] provided that we neglect the mixing with operator Q̂1x. However,

when we consider all diagrams we find some differences.

In refs. [7, 8] the evolution equations for the operators Q̂1x, Q̂5x, ˆ̃Q1x, ˆ̃Q5x were not

calculated. Only operator Q̂5x was considered. With equation (7.9), we have shown that

operator F̂x does mix with operators Q̂1x, Q̂5x, ˆ̃Q1x, ˆ̃Q5x, thus justifying the calculation

of their evolution equations.

Here, for the first time, we calculated all the diagrams required for the evolution of

the polarized (and unpolarized) structure functions including the quark-to-gluon prop-

agator in the fundamental (see figures 12 and 13) and in the adjoint representation (see

figure 15). The quark-to-gluon propagator diagrams have generated new operators, (6.59)–

(6.66), which will affect the spin dynamics at small-x.

In refs. [7, 8] the matrix element of operator Tr{F̂xÛ †
y} was associated only with the

longitudinal helicity distributions. The same conclusion was reached also in ref. [58]. In

section 5 (see also appendix C), however, it was shown that the matrix element of operator

Tr{F̂xÛ †
y} is, in general, parametrized with longitudinal and transverse distributions.

Sub-eikonal corrections in the framework of Color Glass Condensate (CGC) have been

considered also in refs. [56, 57]. At the moment the result in refs. [56, 57] is incomplete

because sub-eikonal corrections due to pure transverse components of the field strength

tensor, like Fij , have not been included. As we have seen, such corrections turned out to

be very important and central to the study of spin dynamics. Recently, the sub-eikonal

corrections to the quark propagator have been considered in ref. [58]. The authors have

reproduced the terms in operator Ô1 of eq. (B.13), but their result seem to be missing some

of the terms that are, instead, present in ref. [46] and that we presented here in eq. (3.1).

In ref. [9] the small-x behavior of the orbital angular momentum distributions was

found as a generalization of the double log of energy for g1 structure function originally

found in refs. [36, 37]. On the other hand, in ref. [54] the same calculation was carried on

in the frame work of saturation and Color Glass Condensate formalism. To our knowledge,

it is not known whether the two results are consistent. Our work, among other things,

set the foundation of the formalism that eventually will be able to reconcile the Double

Logarithm Asymptotics formalism with the non-linear Wilson-line formalism.

Concluding, we obtained novel evolution equations for polarized structure functions

(and unpolarized quark structure functions). New operators and new distribution functions

have appeared for the first time in small-x physics. First, we have the appearance of the

light-ray operators Q̂1x and Q̂5x multiplied by the usual dipole operator Tr{ÛxÛ †
y}; we have

the operators Tr{ ˆ̃Q1xU †
y}, and Tr{ ˆ̃Q5xU †

y}; the gluon helicity and transverse distribution

is obtained from Tr
{

U †
z1

Fz2

}

+ Tr
{

Uz1
F†

z2

}

; and finally we have also the TMDs operators

X̂1xy, X̂5xy, Ĥ+
1xy, Ĥ+

5xy, Ĥ−
1xy, Ĥ−

5xy.
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A Notation

The notations used throughout this paper are the same as the ones used in ref. [46].

Given two light-cone vectors pµ
1 and pµ

2 , with pµ
1 p2µ = s

2 , we can decompose any

coordinate as xµ = 2
s
x∗pµ

1 + 2
s
x•pµ

2 + xµ
⊥ with x∗ = xµpµ

2 =
√

s
2x+, x• = xµpµ

1 =
√

s
2x− and

x± = x0±x3√
2

. Our metric is (1, -1, -1, -1,). We use the notation xµ
⊥ = (0, x1, x2, 0) and xi =

(x1, x2) such that xixi = xµ
⊥x⊥

µ = −x2
⊥. So, Latin indexes assume values 1, 2, while Greek

indexes run from 0 to 3. We also use notation for scalar product (x, y)⊥ = x1y1 +x2y2. For

a vector in momentum space we have kµ = αpµ
1 +βpµ

2 +pµ
⊥ with α =

√

2
s
k+ and β =

√

2
s
k−.

Under a longitudinal boost, the components of the gauge fields gets rescaled by the

large boost parameter λ as follows

A•(x•, x∗, x⊥) → λ A•(λ−1x•, λ x∗, x⊥) ,

A∗(x•, x∗, x⊥) → λ−1A∗(λ−1x•, λ x∗, x⊥) , (A.1)

A⊥(x•, x∗, x⊥) → A⊥(λ−1x•, λ x∗, x⊥) .

while field strength tensor as

Fi•(x•, x∗, x⊥) → λ Fi•(λ−1x•, λ x∗, x⊥) ,

Fi∗(x•, x∗, x⊥) → λ−1Fi∗(λ−1x•, λ x∗, x⊥) ,

F•∗(x•, x∗, x⊥) → F•∗(λ−1x•, λ x∗, x⊥) ,

Fij(x•, x∗, x⊥) → Fij(λ−1x•, λ x∗, x⊥) . (A.2)

Under the same large longitudinal boost the spinor fields get rescaled as

ψ̄ta
/p1

ψ → λψ̄ta
/p1

ψ , ψ̄taγ⊥
ν ψ → ψ̄taγ⊥

ν ψ , ψ̄ta
/p2

ψ → λ−1ψ̄ta
/p2

ψ . (A.3)

In Schwinger representation, which will be frequently used throughout this paper, the

free scalar propagator can be written as

〈x|
i

p2 + iǫ
|y〉 = i

∫

d−4k
e−ik·(x−y)

k2 + iǫ
, (A.4)

with 〈k|x〉 = eix·k. In (A.4) we used the ~-inspired notation d−4k ≡ d4k
(2π)4 and δ−(4)(k) =

(2π)4δ(4)(k) so that,
∫

d−4k δ−(4)(k) = 1.

We define the gauge link at fixed transverse position as

[up1, vp1]z ≡ [up1 + z⊥, vp1 + z⊥] ≡ Pexp

{

ig

∫ u

v
dt A•(tp1 + z⊥)

}

. (A.5)
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The derivative of the gauge link with respect to the transverse position is

∂

∂zi
[up1, vp1]z = igAi(up1 + z⊥)[up1, vp1]z − ig[up1, vp1]zAi(vp1 + z⊥)

−ig

∫ u

v
ds [up1, sp1]zF•i(p1s + z⊥)[p1s, p1v]z , (A.6)

with index i = 1, 2. From (A.6) we may formally define the transverse covariant derivative

Di that acts on a non-local operator as

iDi [up1, vp1]z ≡ i
∂

∂zi
[up1, vp1]z + g

[

Ai(z⊥), [up1, vp1]z
]

= g

∫ u

v
ds [up1, sp1]zF•i(p1s + z⊥)[p1s, p1v]z , (A.7)

where we have used the implicit notation
[

Ai(z⊥), [up1, vp1]z
]

= Ai(z⊥ + up1)[up1, vp1]z −

[up1, vp1]z Ai(z⊥ + vp1).

Given a gauge link [x∗, y∗]z ≡ [2
s
x∗p1 + z⊥, 2

s
y∗p1 + z⊥], in Schwinger notation we have

〈x⊥|[x∗, y∗]|y⊥〉 = [x∗, y∗]x δ(2)(x − y) . (A.8)

The transverse momentum operator P̂i = p̂i + gÂi acts on the gauge link as

〈x⊥|P̂i[x∗, y∗]|y⊥〉 ≡ 〈x⊥|
(

p̂i + Âi(x∗)
)

[x∗, y∗]|y⊥〉

=

(

i
∂

∂xi
+ Ai(x∗, x⊥)

)

〈x⊥|[x∗, y∗]|y⊥〉 (A.9)

〈x⊥|[x∗, y∗]P̂i|y⊥〉 ≡ 〈x⊥|[x∗, y∗]
(

p̂i + Ai(y∗)
)

|y⊥〉

= 〈x⊥|[x∗, y∗]|y⊥〉

(

− i
∂

∂yi
+ Ai(y∗, y⊥)

)

. (A.10)

So, from (A.9), and (A.10), and using (A.7), and (A.8) we finally have

〈x⊥|
[

P̂i, [x∗, y∗]
]

|y⊥〉=〈x⊥|iDi[x∗, y∗]|y⊥〉=〈x⊥|g
2

s

∫ x∗

y∗

dω∗ [x∗, ω∗]F•i[ω∗, y∗]|y⊥〉 , (A.11)

where we used again the short-hand notation [x∗, ω∗]Fi•[ω∗, y∗] = [x∗, ω∗]Fi•(ω∗)[ω∗, y∗].

From (A.11) we observe that the covariant derivative iDi acts on the gauge link even

though the transverse coordinate has not been specified yet and, as matter of fact, it does

not have to in order to know how it acts on the gauge link. Throughout the paper we

will often use this property of the momentum operator P̂i and the covariant derivative iDi

without specifying the bra 〈x⊥| and the ket |y⊥〉.

B Quark and gluon propagators with sub-eikonal corrections

We want to extend the high-energy OPE to include sub-eikonal corrections in order to study

polarized structure function at small-x. The idea is to proceed in a similar way as we did

in the unpolarized case with the exception that now the quark propagator (and the gluon

one) has also sub-eikonal corrections. In reference [46] a complete analysis of the quark

and gluon propagator has been performed. All the sub-eikonal corrections (regardless of

the twist) that scale as 1
λ

with λ a large boost parameter, have been identified.

In what follow we will summarize the all the propagator with sub-eikonal corrections.
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B.1 Quark propagator in the background of gluon fields

In this sub-section we are going to derive the quark propagator in the gluon background

field. Here, however, we will perform a different expansion than the one we performed in

ref. [46], but that was only suggested in the appendix of the same reference.

If we define B1 = 4
s2 F•∗σ∗• + 1

2σijF ij , and O = {pµ
⊥, A⊥

µ } + {2
s
P•, A∗} − gA2

⊥, then the

quark propagator up to sub-eikonal corrections is

〈x| /P
i

P 2 + g
2Fµνσµν

|y〉

= i /D〈x|

[

i

p2 + 2gαA• + gO
−

i

p2 + 2gαA• + gO
ig

2

s
Fi•γi

/p2

1

p2 + 2gαA• + gO

−
i

p2 + 2gαA•
gB1

1

p2 + 2gαA•
+

i

p2 + 2gαA•
ig

2

s
Fi•γi

/p2

1

p2 + 2gαA•
gB1

1

p2 + 2gαA•

+
i

p2 + 2gαA•
gB1

1

p2 + 2gαA•
ig

2

s
Fi•γi

/p2

1

p2 + 2gαA•

]

|y〉 . (B.1)

Now we need the scalar propagator up to sub-eikonal corrections [46]

〈x|
i

P 2+iǫ
|y〉=〈x|

i

p2+2αgA•+gO+iǫ
|y〉

=

[

∫ +∞

0

d−α

2α
θ(x∗−y∗)−

∫ 0

−∞

d−α

2α
θ(y∗−x∗)

]

e−iα(x•−y•)

×〈x⊥|e−i
p̂2

⊥

αs
x∗

{

[x∗,y∗]+
ig

2α

[

2

s
x∗

(

{Pi,A
i(x∗)}−gAi(x∗)Ai(x∗)

)

[x∗,y∗]

−[x∗,y∗]
2

s
y∗

(

{Pi,A
i(y∗)}−gAi(y∗)Ai(y∗)

)

+

∫ x∗

y∗

d
2

s
ω∗

(

{

P i,[x∗,ω∗]
2

s
ω∗Fi•(ω∗)[ω∗,y∗]

}

+g

∫ x∗

ω∗

d
2

s
ω′

∗
2

s

(

ω∗−ω′
∗
)

[x∗,ω′
∗]F i

•[ω′
∗,ω∗]Fi• [ω∗,y∗]

)

]}

ei
p̂2

⊥

αs
y∗ |y⊥〉. (B.2)

Now we observe that

i /D

(

e−iα(x•−y•)〈x⊥| e−i
p̂2

⊥

αs
x∗ [x∗, y∗]|z⊥〉

)

=

(

i/∂
x

+ g
2

s
/p2

A•(x∗, x⊥) + g /A⊥(x∗, x⊥)

)

e−iα(x•−y•)〈x⊥| e−i
p̂2

⊥

αs
x∗ [x∗, y∗]|z⊥〉

= e−iα(x•−y•)〈x⊥| e−i
p̂2

⊥

αs
x∗

×

(

1

αs
/̂p/p2/̂p + i

2

s
/p2

Dx
• +

ix∗
αs

[

p̂2
⊥, g

2

s
/p2

A•(x∗)

]

+ g /A⊥(x∗)

)

[x∗, y∗]|z⊥〉 . (B.3)

Note that i[p2
⊥, gA•(x∗)] = g{pi, Fi•(x∗)+D•Ai(x∗)}. The field strength tensor Fi•(x∗) = 0

since x∗ is outside the shock-wave (x∗ and y∗ here are always point outside the shock-wave

which will be sent to +∞ and −∞ respectively). Similarly, we can set all the transverse

fields at the edges of the gauge-link (outside the shock-wave) to zero since they are pure
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gauge. Moreover, we make use of iD•[x∗, y∗]x = (i∂x
• + gA•(x∗))[x∗, y∗]x = 0. So, we may

reduce (B.3) to

(

i/∂
x

+ g
2

s
/p2

A•(x∗, x⊥) + g /A⊥(x∗, x⊥)

)

e−iα(x•−y•)〈x⊥| e−i
p̂2

⊥

αs
x∗ |z⊥〉

= e−iα(x•−y•)〈x⊥| e−i
p̂2

⊥

αs
x∗

1

αs
/p/p2/p[x∗, y∗]|z⊥〉 . (B.4)

We will also need the following two identities. Given two generic operators A1 and A2, we

have

〈x|
1

p2 + 2gαA• + iǫ
A1

1

p2 + 2gαA• + iǫ
|y〉

=

[

−

∫ +∞

0

d−α

4α2
θ(x∗ − y∗) +

∫ 0

−∞

d−α

4α2
θ(y∗ − x∗)

]

e−iα(x•−y•)

×

∫ x∗

y∗

d
2

s
z1∗〈x⊥|e−i

p̂2
⊥

αs
x∗ [x∗, z1∗]A1[z1∗, y∗]ei

p̂2
⊥

αs
y∗ |y⊥〉 (B.5)

and

〈x|
1

p2 + 2gαA• + iǫ
A1

1

p2 + 2gαA• + iǫ
A2

1

p2 + 2gαA• + iǫ
|y〉

=

[

i

∫ +∞

0

d−α

8α3
θ(x∗ − y∗) − i

∫ 0

−∞

d−α

8α3
θ(y∗ − x∗)

]

e−iα(x•−y•) (B.6)

×

∫ x∗

y∗

d
2

s
z2∗

∫ x∗

z2∗

d
2

s
z1∗ 〈x⊥|e−i

p̂2
⊥

αs
x∗ [x∗, z1∗]A1[z1∗, z2∗]A2[z2∗, y∗]ei

p̂2
⊥

αs
y∗ |y⊥〉

To obtain (B.5) and (B.6), one hae to insert a complite set of states between the operators

A1 and A2 and use the eikonal term of the scalar propagator in eq. (B.2). Another identities

that we are going to need is

iz∗
αs

[p2
⊥, Fj•] +

2

s
z∗

ig

2α

(

− {Pi, Ai} + gAiA
i
)

Fj• + Fj•
2

s
z∗

ig

2α

(

{Pi, Ai} − gAiA
i
)

= −
iz∗
αs

{

P i, iDiFj•
}

(B.7)

So, using eq. (B.2), and identities (B.3), (B.4), (B.5), (B.6), and (B.7), the first two terms

of expansion (B.1) become

i /D〈x|
i

p2 + 2gαA• + gO
−

i

p2 + 2gαA• + gO
ig

2

s
Fi•γi

/p2

1

p2 + 2gαA• + gO
|y〉 (B.8)

=

[

∫ +∞

0

d−α

2α
θ(x∗ − y∗) −

∫ 0

−∞

d−α

2α
θ(y∗ − x∗)

]

e−iα(x•−y•) 1

αs
〈x⊥| e−i

p̂2
⊥

αs
x∗/p/p2

[x∗, y∗]/p

+
ig

2α

∫ x∗

y∗

d
2

s
ω∗ /p/p2

(

2

s
ω∗

{

Pi, [x∗, ω∗]F i
•[ω∗, y∗]

}

+g

∫ x∗

ω∗

d
2

s
ω′

∗
2

s

(

ω∗ − ω′
∗
)

[x∗, ω′
∗]F i

•[ω′
∗, ω∗] Fi• [ω∗, y∗]

)

/p

}

ei
p̂2

⊥

αs
y∗ |y⊥〉
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Note that to get eq. (B.8) we have pushed the operator /̂p all the way to the right so to have

a /̂p to the left and another one to the right. This is the structure of the quark propagator in

the background of shock-wave: free propagator until the interaction with the scock-wave,

eikonal plus sub-eikonal interaction with the shock-wave, and again free propagation after

the shock-wave. Note also that, since the operator /̂p is outside the shock-wave i.e. is at

the point x∗, it can be promoted to /̂P because the gauge fields are pure gauge outside the

shock-wave (points x∗ and y∗). Then, to push the operator /̂P to the right we repeatedly use

〈x⊥|/p/p2
/P [x∗, y∗]|y⊥〉 = 〈x⊥|/p/p2

(

α/p1
+ /P ⊥

)

[x∗, y∗]|y⊥〉

= 〈x⊥|/p/p2

(

γi iDi[x∗, y∗] + [x∗, y∗](α/p1
+ /P ⊥

)

)

|y⊥〉 (B.9)

and the definition of Di eq. (A.7). Recall also that α = 2
s
p∗ = 2

s
i ∂

∂x•
, and it commutes

with all the fields because they do not depend on x•. In a very similar way, we have

i /D〈x|

[

−
i

p2 + 2gαA•
g

1

2
σijF ij 1

p2 + 2gαA•

+
i

p2 + 2gαA•
ig

2

s
Fi•γi

/p2

1

p2 + 2gαA•

1

2
σijF ij 1

p2 + 2gαA•

+
i

p2 + 2gαA•

1

2
σijF ij 1

p2 + 2gαA•
ig

2

s
Fi•γi

/p2

1

p2 + 2gαA•

]

|y〉

=

[

∫ +∞

0

d−α

2α
θ(x∗ − y∗) −

∫ 0

−∞

d−α

2α
θ(y∗ − x∗)

]

e−iα(x•−y•) 1

αs
〈x⊥| e−i

p̂2
⊥

αs
x∗

×

[

ig

2α

∫ x∗

y∗

d
2

s
z∗ /p/p2

(

[x∗, z∗]
1

2
Fijσij [z∗, y∗]/p +

{

pk, [x∗, z∗]iFkjγ
j [z∗, y∗]

}

+[x∗, z∗]iFkjγ
j(iDk[z∗, y∗]) − (iDk[x∗, z∗])iFkjγj [z∗, y∗]

)

]

ei
p̂2

⊥

αs
y∗ |y⊥〉 (B.10)

and

i /D〈x|

[

−
i

p2 + 2gαA•
g

4

s2
F•∗σ∗•

1

p2 + 2gαA•

+
i

p2 + 2gαA•
ig

2

s
Fi•γi

/p2

1

p2 + 2gαA•

4

s2
F•∗σ∗•

1

p2 + 2gαA•

+
i

p2 + 2gαA•

4

s2
F•∗σ∗•

1

p2 + 2gαA•
ig

2

s
Fi•γi

/p2

1

p2 + 2gαA•

]

|y〉

=

[

∫ +∞

0

d−α

2α
θ(x∗ − y∗) −

∫ 0

−∞

d−α

2α
θ(y∗ − x∗)

]

e−iα(x•−y•) 1

αs
〈x⊥| e−i

p̂2
⊥

αs
x∗

×

[

ig

2α

∫ x∗

y∗

d
2

s
z∗ /p/p2

(α/p1
− /p⊥)[x∗, z∗]i

2

s
F•∗[z∗, y∗] +

ig

2α

∫ x∗

y∗

d
2

s
z∗

×/p/p2

(

(i /D⊥[x∗, z∗])i
2

s
F•∗[z∗, y∗] − [x∗, z∗]i

2

s
F•∗(i /D⊥[z∗, y∗])

)]

ei
p̂2

⊥

αs
y∗ |y⊥〉 (B.11)

Summing the three terms (B.8), (B.10), and (B.11) and symmetrizing the propagator

by adding l.h.s. of eq. (B.1) with /P to the right, we arrive at the quark propagator with
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sub-eikonal corrections in the background of gluon fields [46]

〈x|
i

/̂P + iǫ
|y〉 =

[

∫ +∞

0

d−α

2α
θ(x∗ − y∗) −

∫ 0

−∞

d−α

2α
θ(y∗ − x∗)

]

e−iα(x•−y•) 1

αs
(B.12)

×〈x⊥| e−i
p̂2

⊥

αs
x∗

{

/̂p /p2
[x∗, y∗] /̂p + /̂p /p2

Ô1(p⊥; x∗, y∗) /̂p

+/̂p /p2

1

2
Ô2(p⊥; x∗, y∗) −

1

2
Ô2(x∗, y∗; p⊥) /p2 /̂p

}

ei
p̂2

⊥

αs
y∗ |y⊥〉 + O(λ−2) .

with

Ô1(x∗, y∗; p⊥) (B.13)

=
ig

2α

∫ x∗

y∗

d
2

s
ω∗

(

[x∗, ω∗]
1

2
σijFij [ω∗, y∗] +

{

p̂i, [x∗, ω∗]
2

s
ω∗ Fi•(ω∗) [ω∗, y∗]

}

+g

∫ x∗

ω∗

d
2

s
ω′

∗
2

s

(

ω∗ − ω′
∗
)

[x∗, ω′
∗]F i

•[ω′
∗, ω∗] Fi• [ω∗, y∗]

)

,

and

Ô2(p⊥; x∗, y∗) (B.14)

=
ig

2α

∫ x∗

y∗

d
2

s
ω∗

[

{

p̂k, [x∗, ω∗]iFkjγ
j [ω∗, y∗]

}

+ (α/p1
− /̂p⊥)[x∗, ω∗] i

2

s
F•∗[ω∗, y∗]

+

∫ x∗

ω∗

d
2

s
ω′

∗

(

[x∗, ω′
∗]gF k

•[ω′
∗, ω∗]iFkjγ

j [ω∗, y∗] − [x∗, ω′
∗]iFkjγ

j [ω′
∗, ω∗]gF k

•[ω∗, y∗]

+[x∗, ω′
∗]i

2

s
F•∗[ω′

∗, ω∗]γkgFk•[ω∗, y∗] − [x∗, ω′
∗]γkgFk•[ω′

∗, ω∗]i
2

s
F•∗[ω∗, y∗]

)]

.

where
{

p̂i, [x∗, ω∗]
}

= p̂i[x∗, ω∗] + [x∗, ω∗]p̂i.

The definition of operator Ô2 given here differs from the one given in the previous

work, ref. [46], because using the identity {γk, γiγj} = 2γkgij the term i
4

{

(i /D⊥Fij), γiγj
}

is identically zero.

Now let us define the operator Oj as follow

Ôj(p⊥; x∗, y∗) (B.15)

≡
ig

2α

∫ x∗

y∗

d
2

s
ω∗

[

{

p̂k, [x∗, ω∗]iFkj [ω∗, y∗]
}

+

∫ x∗

ω∗

d
2

s
ω′

∗

(

[x∗, ω′
∗]gF k

•[ω′
∗, ω∗]iFkj [ω∗, y∗] − [x∗, ω′

∗]iFkj [ω
′
∗, ω∗]gF k

•[ω∗, y∗]

+[x∗, ω′
∗]i

2

s
F•∗[ω′

∗, ω∗]gFj•[ω∗, y∗] − [x∗, ω′
∗]gFj•[ω′

∗, ω∗]i
2

s
F•∗[ω∗, y∗]

)]

.

and we can write

/̂p/p2
γjÔj − Ôjγj

/p2/̂p = i αsǫijγ5γiÔj − /p2

[

p̂j , Ôj

]

− iǫijγ5
/p2

{p̂i, Ôj} (B.16)

(recall /p/p2
= α/p1/p2

+ /p⊥/p2
).

– 58 –



J
H
E
P
0
6
(
2
0
2
1
)
0
9
6

Moreover, we may define1

Ô•∗(x∗, y∗) ≡
ig

2α

∫ x∗

y∗

d
2

s
ω∗[x∗, ω∗]i

2

s
F•∗[ω∗, y∗] (B.17)

so we may write

/̂p/p2
(α/p1

− /̂p⊥)Ô•∗ − Ô•∗(α/p1
− /̂p⊥)/p2/̂p = i αsγ5γjǫ

ij{pi, O•∗} − /p2
[p̂2

⊥, Ô•∗] (B.18)

Using the operators Oj(x∗, y∗) and O•∗(x∗, y∗) the quark propagator (B.12) becomes

eq. (3.1).

B.2 Gluon propagator in the background of gluon field

The gluon propagator with sub-eikonal corrections in the background of gluon fields is [46]

〈Aa
µ(x)Ab

ν(y)〉A

=

[

−

∫ +∞

0

d−α

2α
θ(x∗ − y∗) +

∫ 0

−∞

d−α

2α
θ(y∗ − x∗)

]

e−iα(x•−y•)〈x⊥|e−i
p̂2

⊥

αs
x∗

×

(

δξ
µ −

2

s

p2µpξ

α

)

Oα(x∗, y∗)

(

gξν −
2

s

pξ p2ν

α

)

ei
p̂2

⊥

αs
y∗ |y⊥〉ab + i〈x|

4

s2

p2µp2ν

α2
|y〉ab

+

[

−

∫ +∞

0

d−α

2α
θ(x∗ − y∗) +

∫ 0

−∞

d−α

2α
θ(y∗ − x∗)

]

e−iα(x•−y•)〈x⊥|e−i
p̂2

⊥

αs
x∗

×
[

G
ab
1µν(x∗, y∗; p⊥) + G

ab
2µν(x∗, y∗; p⊥) + G

ab
3µν(x∗, y∗; p⊥) + G

ab
4µν(x∗, y∗; p⊥)

]

×ei
p̂2

⊥

αs
y∗ |y⊥〉 + O(λ−2) , (B.19)

where we defined

Oα(x∗, y∗) ≡ [x∗, y∗] +
ig

2α

∫ x∗

y∗

d
2

s
ω∗

(

{

pi, [x∗, ω∗]
2

s
ω∗ Fi•(ω∗) [ω∗, y∗]

}

(B.20)

+g

∫ x∗

ω∗

d
2

s
ω′

∗
2

s

(

ω∗ − ω′
∗
)

[x∗, ω′
∗]F i

•[ω′
∗, ω∗] Fi• [ω∗, y∗]

)

.

1Note that the term of eq. (B.17), since fields do not depend on x•, may be analyzed similarly to the

term {P•, A∗} in appendix C of ref. [46]. The result is that it may be reduced to gauge dependent terms

A∗[x∗, y∗] − [x∗, y∗]A∗.
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and

G
ab
1µν(x∗, y∗; p⊥) = −

g p2µp2ν

s2α3

∫ x∗

y∗

d
2

s
ω∗

[

4pi[x∗, ω∗]Fij [ω∗, y∗]pj (B.21)

+ig

∫ x∗

ω′
∗

d
2

s
ω′

∗
2

s
(ω′

∗ − ω∗)[x∗, ω′
∗]iDiFi•[ω′

∗, ω∗]iDjFj•[ω∗, y∗]

]ab

,

G
ab
2µν(x∗, y∗; p⊥) = −

g

α
δi

µδj
ν

∫ x∗

y∗

d
2

s
ω∗

(

[x∗, ω∗]Fij [ω∗, y∗]
)ab

, (B.22)

G
ab
3µν(x∗, y∗; p⊥) =

g

α2s

(

δj
µp2ν + δj

νp2µ

)

∫ x∗

y∗

d
2

s
ω∗

(

[x∗, ω∗]iDiFij [ω∗, y∗]
)ab

, (B.23)

G
ab
4µν(x∗, y∗; p⊥) = −

2g2

α2s

∫ x∗

y∗

d
2

s
ω∗

∫ x∗

ω∗

d
2

s
ω′

∗
(

δj
νp2µ[x∗, ω′

∗]F i
•[ω′

∗, ω∗]Fij [ω∗, y∗] (B.24)

+δj
µp2ν [x∗, ω′

∗]Fij [ω′
∗, ω∗]F i

•[ω∗, y∗]
)ab

.

B.3 Gluon propagator in the background of quark field

The sub-eikonal corrections to the gluon propagator in the background of quark fields has

been calculated in ref. [46]

〈Aa
µ(x)Ab

ν(y)〉ψ,ψ̄

=

[

−

∫ +∞

0

d−α

2α
θ(x∗ − y∗) +

∫ 0

−∞

d−α

2α
θ(y∗ − x∗)

]

e−iα(x•−y•)

×g2
∫ x∗

y∗

d
2

s
z1∗

∫ z1∗

y∗

d
2

s
z2∗

1

4α

∫

d2z

[

〈x⊥| e−i
p̂2

⊥

αs
x∗

(

gξ
⊥µ −

s

2

p2µ

α
pξ

⊥

)

|z⊥〉ψ̄(z1∗, z⊥)

×γ⊥
ξ /p1

[z1∗, x∗]zta[x∗, y∗]ztb[y∗, z2∗]zγσ
⊥ψ(z2∗, z⊥)〈z⊥|

(

g⊥
σν − p⊥

σ

s

2

p2ν

α

)

ei
p̂2

⊥

αs
y∗ |y⊥〉

+ 〈y⊥| e−i
p̂2

⊥

αs
y∗

(

gξ
⊥ν −

s

2

p2ν

α
pξ

⊥

)

|z⊥〉ψ̄(z2∗, z⊥)γ⊥
ξ /p1

[z2∗, y∗]ztb[y∗, x∗]zta[x∗, z1∗]zγσ
⊥

×ψ(z1∗, z⊥)〈z⊥|

(

g⊥
σµ − p⊥

σ

s

2

p2µ

α

)

ei
p̂2

⊥

αs
x∗ |x⊥〉

]

+ O(λ−2) (B.25)

Note that the entire sub-eikonal correction is at the transverse position z⊥. Moreover, in

the shock-wave limit we are employing here, we have to send x∗ → +∞ and y∗ → −∞. In

this limit the gauge link [x∗, y∗]z becomes the usual infinite Wilson line U(z⊥).

C Evaluation of matrix elements

To understand which of the sub-eikonal term in the quark propagator (3.1) will contribute

to the polarized structure functions we have to consider forward matrix elements with the

sub-eikonal operators. In other words, we have to analyze the matrix element that will be

obtained using the quark propagator (3.1) to calculate diagram in figure 3 for the impact

factor.
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The polarization vector is a pseudo-vector which satisfy SµSµ = −1 and S·P = 0. Let

Sµ
L be the longitudinal component of the spin vector. In the DIS kinematics we have that

Sµ
L ≃ λ

M
P µ so, we may write Sµ ≃ λ

M
P µ + Sµ

⊥.

We chose the proton momentum to be mainly in pµ
2 direction: P µ = pµ

2 + M2

s
pµ

1 , and

the virtual photon has momentum qµ = pµ
1 − xBpµ

2 .

Helicity is defined as h = λ
~S· ~P

| ~P | ≃ λg3µSµ ≃ −λ
√

s
2M

with λ = ±1
2 .

The components of the hadronic tensor W µν , eq. (2.2), which are associated the po-

larized structure functions g1 and g2, are

W ⊥
µν = −g⊥

µνF1 + iǫ⊥
µνg1 (C.1)

gi
µW•i = i MxB ǫ⊥

µν Sν
⊥gT = −gi

νWi• (C.2)

gi
µW∗i = iǫ⊥

µνSν
⊥MgT = −gi

νWi∗ (C.3)

where gT = g1+g2 is the transverse polarized structure function. We see that the transverse

hadronic tensor is associated to the g1 structure function with longitudinal polarization,

while transverse polarized structure function gT is obviously associated to the transverse

spin Sµ
⊥.

To evaluate the matrix elements we will use spin vector Sµ, the target momentum P µ,

the direction of the Wilson line 2
s
pµ

1 and the transverse momentum kµ
⊥ conjugated to the

size of the dipole ∆µ
⊥ = (x − y)µ

⊥. Note also that all distribution functions that we are

going to introduce have dimensions [M−2].

C.1 Matrix element with Ô1 operator

Here we are going to evaluate the matrix element that would be generated using the

operator Ô1 defined in eq. (B.13). All matrix elements will be of dipole type with the

insertion of the sub-eikonal correction (see figure 3).

Let us consider the following matrix elements

∫

d2∆ei(∆,k)⊥

∫ +∞

−∞
dz∗〈〈P, S|

[

Tr{[∞p1, z∗]x igF ij(z∗, x⊥)[z∗, −∞p1]xU †
y} + a.c

]

|P, S〉〉

= a
4

s2
ǫ•∗αi(S∗P• − S•P∗)

k⊥
α kj

M5
+ b

4

s2
ǫ•∗αiS•

k⊥
α kj

M3
+ c

4

s2
ǫ•∗αiS⊥

α P•
kj

M3
+ d

kikj

M4

=
2

sM2
ǫkikj

(

a

M3
(S∗P• − S•P∗)kk +

b

M
S•kk +

c

M
SkP•

)

+ d
kikj

M4
. (C.4)

with a, b, c, d dimensionless coefficients. We now use P µ ≃ (P 0, 0, 0, P 3) =
√

s
2 (1, 0, 0, −1),

and S ·P = 0, and

S∗P• − S•P∗ =
s

2

(

S3P 0 − S0P 3)

=
s

2

M2S3

P 0
≃

s

2

λMP 3

P 0
= −

s

2
λM , (C.5)

S• ≃
1

M
λP• = λ

s

2M
, (C.6)
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where we also used MS3 ≃ λP 3. The matrix element (C.4) becomes
∫

d2∆ei(∆,k)⊥

∫ +∞

−∞
dz∗〈〈P, S|

[

Tr{[∞p1, z∗]x igF ij(z∗, x⊥)[z∗, −∞p1]xU †
y} + a.c.

]

|P, S〉〉

=
ǫkikj

M2

(

λGL(k2
⊥, x)kk + GT (k2

⊥, x)MSk

)

. (C.7)

where we have introduced the polarized longitudinal (helicity) distribution function

GL(k2
⊥, x), the transverse gluon distribution function GT (k2

⊥, x). As usual, Latin indexes

assume values 1, 2, while Greek ones run from 0 to 3, (x, y)⊥ = x1y1 + x2y2.

Let us consider the matrix element generated by the term ǫijFij in operator (B.13)

∫

d2∆ei(∆,k)⊥

∫ +∞

−∞
dz∗〈〈P, S|

[

Tr{[∞p1, z∗]x ig
s

2
ǫijFij(z∗, x⊥)[z∗, −∞p1]xU †

y} + a.c
]

|P, S〉〉

=
s

2

[

λ
k2

⊥
M2

GL(k2
⊥, x) +

(S, k)⊥
M

GT (k2
⊥, x)

]

(C.8)

So, the matrix element (C.8) will contribute to longitudinal polarized structure function,

g1, and to the transverse polarized structure function gT .

Consider
∫

d2∆ei(∆,k)⊥

∫ +∞

−∞
dω∗

∫ +∞

ω∗

dω′
∗

(

ω∗ − ω′
∗
)

×〈〈P, S|
[

Tr{[∞p1, ω′
∗]xF i

•[ω′
∗, ω∗]x Fi• [ω∗, −∞p1]xU †

y} + a.c
]

|P, S〉〉

=
s

2
Ĝ(k2

⊥, x) (C.9)

This matrix element will contribute to unpolarized structure function and Ĝ(k2
⊥, x) is an

unpolarized gluon distribution function.

Now we consider
∫

d2∆ei(∆,k)⊥

∫ +∞

−∞
dω∗ ω∗ ki〈〈P,S|

[

Tr{[∞p1,ω′
∗]xF i

•(ω∗,x⊥)[ω∗,−∞p1]xU †
y}+a.c.

]

|P,S〉〉

=
s

2
G−(k2

⊥,x)+
s

2

Ŝ ×~k

M
G−

T (k2
⊥,x) (C.10)

Also this matrix element will contribute to unpolarized structure function with and

G−(k2
⊥, x) is an unpolarized gluon distribution function (recall that F i• =

√

s
2F i−).

C.2 Matrix element with Ôj operator

Here we are going to evaluate the matrix element that would be generated using the

operator Ôj defined in eq. (B.15).

Let us consider the term 1
2/p2

[p̂j , Ôj ]. One of the matrix element that it will generate is

∫

d2∆ei(∆,k)⊥

∫ +∞

−∞
dω∗

∫ +∞

ω∗

dω′
∗

×kj〈〈P, S|
[

Tr{[∞p1, ω′
∗]xF k

•[ω′
∗, ω∗]xFkj [ω∗, −∞p1]xU †

y} + a.c.
]

|P, S〉〉

=
s

2
k2

⊥Ḡ(k2
⊥, x) +

s

2
M

(

~S × ~k
)

ḠT (k2
⊥, x) . (C.11)
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This matrix element will contribute to the unpolarized structure function with gluon

distribution Ḡ(k2
⊥, x) and to the transverse polarized structure function with transversely

polarized gluon distribution ḠT (k2
⊥, x).

We also have matrix element
∫

d2∆ei(∆,k)⊥

∫ +∞

−∞
dω∗

∫ +∞

ω∗

dω′
∗

×〈〈P, S|
[

Tr{[∞p1, ω′
∗]xF•∗[ω′

∗, ω∗]xFj•[ω∗, −∞p1]xU †
y} + a.c.

]

|P, S〉〉

=
s

2
kjĞ(k2

⊥, x) + λ
s

2
ǫijMSiĞL(k2

⊥, x) . (C.12)

This matrix element will contribute to unpolarized structure function with gluon distribu-

tion Ğ(k2
⊥, x) and to the transverse polarized structure function with transversely polarized

gluon distribution ĞT (k2
⊥, x).

C.3 Matrix element with Ô•∗ operator

Let us now consider the forward matrix element obtained with operator Ô•∗
∫

d2∆ ei(∆,k)〈〈P, S|
[

Tr{[∞p1, ω∗]xF•∗(ω∗, x⊥)[ω∗, −∞p1]xU †
y} + a.c.

]

|P, S〉〉

=
s

2
G̃(k2

⊥, x) +
s

2

~S × ~k

M
G̃T (k2

⊥, x) , (C.13)

where we recall that F•∗ = s
2F −+ = s

2F+−. From this matrix element we have extracted an

unpolarized gluon distribution G̃(k2
⊥, x), and a transversally polarized gluon distribution

function G̃T (k2
⊥, x). This matrix element will not contribute to g1, but to gT .

C.4 Quark propagator for g1 structure function

From the analysis just performed we may conclude that the gluon field sub-eikonal con-

tribution to the quark propagator that we have to use to calculate the impact factor for

polarized DIS and relevant for g1 structure function is

〈x|
i

/̂P + iǫ
|y〉 ∋

[

∫ +∞

0

d−α

2α
θ(x∗ − y∗) −

∫ 0

−∞

d−α

2α
θ(y∗ − x∗)

]

e−iα(x•−y•) 1

αs

×

∫

d2z〈x⊥| e−i
p̂2

⊥

αs
x∗/p|z⊥〉

×

{

/p2
[x∗, y∗]z +

ig

2α

∫ x∗

y∗

d
2

s
ω∗[x∗, ω∗]z

1

2
/p2

γ5ǫijFij [ω∗, y∗]z

}

×〈z⊥|/p ei
p̂2

⊥

αs
y∗ |y⊥〉 (C.14)

where the symbol ∋ in eq. (C.14) means that the terms in the right-hand-side (r.h.s.) are

only part of all the terms of the quark propagators; the terms we have left out will not

contribute to the calculation of the impact factor for polarized g1 structure function. It

should be stressed that here we are only concerned with the sub-eikonal correction with

only gluon background field. Propagator (C.14) will be used to calculate the impact factor

diagram in figure 1 b. To calculate the impact factor diagram in figure 1 b we need the

quark propagator with quarks in the background given in eq. (3.7).
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D Derivation of the OPE with quark-sub-eikonal corrections

Here we provide some calculation details of the derivation of the OPE with quark-sub-

eikonal corrections eq. (4.2). Let us consider the T -product of two electromagnetic currents

am perform the functional integration over the spinor fields. As usual, we start with the

case in which x+ > 0 > y+. Since the sub-eikonal correction can be included either in the

quark fermion line or in the anti-quark fermion line, at sub-eikonal level we have, without

exceeding our precision, two terms

〈T{ĵµ(x)ĵν(y)}〉A,ψ,ψ̄

x+>0>y+

= −tr{γµ〈ψ(x)ψ̄(y) 〉A,ψ,ψ̄γν〈ψ(y)ψ̄(x)〉A,ψ,ψ̄} (D.1)

Now we are concerned only with the contribution coming from quarks in the external field,

so using the quark propagator (3.8) we have

〈T{ĵµ(x)ĵν(y)}〉A,ψ,ψ̄

x+>0>y+

∋ −Tr tr

{

γµ −g2

16π3x2∗y2∗

∫ x∗

y∗

dz∗

∫ z∗

y∗

dz′
∗

∫

d2z2

×
/X2[x∗, z∗]z2

taγα
⊥ψ(z∗, z2⊥)[z∗, z′

∗]ab
z2

ψ̄(z′
∗, z2⊥)γ⊥

α tb[z′
∗, y∗]z2

/Y 2

(Z2 + iǫ)2

×γν i

2π3x2∗y2∗

∫

d2z1

/Y 1 /p2
[y∗, x∗]z1

/X1

(Z1 + iǫ)3

}

− Tr tr

{

γµ −i

2π3x2∗y2∗

×

∫

d2z1

/X1 /p2
[x∗, y∗]z1

/Y 1

(Z1 + iǫ)3 γν −g2

16π3x2∗y2∗

∫ y∗

x∗

dz′
∗

∫ z′
∗

x∗

dz∗

∫

d2z2
1

(Z2 + iǫ)2

× /Y 2[y∗, z′
∗]z2

taγα
⊥ψ(z′

∗, z2⊥)[z′
∗, z∗]ab

z2
ψ̄(z∗, z2⊥)γ⊥

α tb[z∗, x∗]z2
/X2

}

(D.2)

The two terms in (D.2) represent the sub-eikonal correction for quark and anti-quark

propagator. We can further simplify (D.2) by renaming dummy variables

〈T{ĵµ(x)ĵν(y)}〉A,ψ,ψ̄

x+>0>y+

∋
ig2

32π6x4∗y4∗

∫

d2z2d2z1 (Z2 + iǫ)−2 (Z1 + iǫ)−3

×

[

∫ x∗

y∗

dz∗

∫ z∗

y∗

dz′
∗Tr tr{γµ /X2[x∗, z∗]z2

taγα
⊥ψ(z∗, z2⊥)[z∗, z′

∗]ab
z2

ψ̄(z′
∗, z2⊥)

×γ⊥
α tb[z′

∗, y∗]z2
/Y 2γν /Y 1 /p2

[y∗, x∗]z1
/X1}

−

∫ y∗

x∗

dz∗

∫ z∗

x∗

dz′
∗Tr tr{γµ /X1/p2

[x∗, y∗]z1
/Y 1γν /Y 2[y∗, z∗]z2

taγα
⊥ψ(z∗, z2⊥)ψ̄(z′

∗, z2⊥)

×[z∗, z′
∗]ab

z2
γ⊥

α tb[z′
∗, x∗]z2

/X2}

]

(D.3)
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Observing that last line in (D.3) can be written as the adjoint conjugation of the second,

we have

〈T{ĵµ(x)ĵν(y)}〉A,ψ,ψ̄

x+>0>y+

∋
ig2

32π6x4∗y4∗

∫

d2ωd2z (Z2 + iǫ)−2 (Z1 + iǫ)−3

×

[

∫ x∗

y∗

dz∗

∫ z∗

y∗

dz′
∗Tr tr{γµ /X2[x∗, z∗]z2

taγα
⊥ψ(z∗, z2⊥)[z∗, z′

∗]ab
z2

ψ̄(z′
∗, z2⊥)

×γ⊥
α tb[z′

∗, y∗]z2
/Y 2γν /Y 1 /p2

[y∗, x∗]z1
/X1}

−

(
∫ x∗

y∗

dz∗

∫ z∗

y∗

dz′
∗Tr tr

{

γµ /X2[x∗, z∗]z2
taγα

⊥ψ(z∗, z2⊥)[z∗, z′
∗]ab

z2
ψ̄(z′

∗, z2⊥)

×γ⊥
α tb[z′

∗, y∗]z2
/Y 2γν /Y 1 /p2

[y∗, x∗]z1
/X1

}

)†]

. (D.4)

Now, using definition of operator Qαβ
ij in eq. (3.9) we finally get eq. (4.2)

〈T{jµ(x)jν(y)}〉A,ψ,ψ̄

x∗>0>y∗

∋
i

32π6x4∗y4∗

∫

d2z1d2z2

[Z1 + iǫ]3[Z2 + iǫ]2
(D.5)

×

[

Tr tr{γµ /X2γρ
⊥Q(z2⊥)γ⊥

ρ /Y 2γν /Y 1 /p2
U †

z1
/X1}

−
(

Tr tr{γµ /X2γρ
⊥Q(z2⊥)γ⊥

ρ /Y 2γν /Y 1 /p2
U †

z1
/X1}

)†
]

E Coefficients I
µν
1 and I

µν
5

Here we provide explicit expressions for the coefficients Iµν
1 and Iµν

5 . We remind that

Xµ
i = Xµ

i⊥ + 2
s
x∗pµ

1 and the same for y with i = 1, 2, Xµ
1⊥ = (x − z1)µ

⊥ and Xµ
2⊥ = (x − z2)µ

⊥
and similar expression with y.

Coefficient Iµν
1 is

Iµν
1 =

1

2

[

2x∗y∗
(

z2
12⊥gµν + zµ

12zν
12 − (X1 + X2)µ(Y1 + Y2)ν

)

−2pµ
2 pν

2

(

(X1 ·Y1)(X2 ·Y2) − (X1 ·Y2)(X2 ·Y1) + (Y1 ·Y2)(X1 ·X2)
)

−x∗pν
2

(

− (Y 2
1 − Y 2

2 )zµ
12⊥ + z2

12⊥(Y µ
1 + Y µ

2 ) − 2Y1 · Y2(Xµ
1 + Xµ

2 )
)

−y∗pµ
2

(

− (X2
1 − X2

2 )zν
12⊥ + z2

12⊥(Xν
1 + Xν

2 ) − 2X1 · X2(Y ν
1 + Y ν

2 )
)

]

=
1

2
x2

∗y2
∗

∂2

∂xµ∂yν

(

Z1Z2 − z2
12⊥

(x − y)2

x∗y∗

)

(E.1)

– 65 –



J
H
E
P
0
6
(
2
0
2
1
)
0
9
6

a) b)

z’
*

z
*

z’
*

z
*

y y

xx

z z

Figure 14. Diagrams with quantum quarks. Blue fermion lines are quantum fields, while red

fermion lines are classical fields. The gray circle with a cross on it represents here the ǫijFij

classical field.

Coefficient Iµν
5 is

Iµν
5 =

[

x∗y∗
(

Y1jX1k − Y2jX2k

)

(gµν
⊥ ǫjk + ǫµνgjk)

+pµ
2 pν

2

(

(Y1, Y2) ~X1 × ~X2 − (X1, X2)~Y1 × ~Y2

)

+x∗y∗
(

(Y ν
1⊥X2j − Y ν

2⊥X1j)ǫjµ − (Xµ
1⊥Y2j − Xµ

2⊥Y1j)ǫjν
)

−x∗ pν
2

(

(Y1, Y2)(X1k − X2k)ǫkµ + (~Y1 × ~Y2)(Xµ
1⊥ + Xµ

2⊥)
)

+y∗ pµ
2

(

(X1, X2)
(

Y1k − Y2k

)

ǫkν + ( ~X1 × ~X2)(Y ν
1⊥ + Y ν

2⊥)
)

+
4

s

[

x∗y2
∗ pν

1

(

X2j − X1j

)

ǫjµ − x2
∗y∗ pµ

1

(

Y2j − Y1j

)

ǫjν

+y2
∗ pν

1pµ
2

~X1 × ~X2 − x2
∗ pµ

1 pν
2

~Y1 × ~Y2

]

]

=
(

x∗∂µ
x − pµ

2

)(

y∗∂ν
y − pν

2

)[

(~Y1 × ~Y2)X1 · X2 − ( ~X1 × ~X2)Y1 · Y2
]

(E.2)

F Evolution equation for operators Q1x and Q5x

F.1 Diagrams with Q1x and Q5x quantum

It is convenient to calculate the evolution of the operator Qαβ
ij given in eq. (3.9). Using the

following relations

Q5(x⊥) = tr{γ5
/p1

Qx} (F.1)

Q1(x⊥) = tr{i /p1
Qx} (F.2)

we will obtain the evolution equations for Tr{Q1xU †
y} and Tr{Q5xU †

y}. We will use tr for

traces over Dirac matrices, Tr for traces over color matrices in the fundamental represen-

tation, and Tra for traces in the adjoint representation.

In this section, we will calculate the evolution of the operator Qαβ
ij as defined in

eq. (3.9). Let us start calculating diagram in figure 14a. Performing the contraction
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over the quark field we have

〈Tr{Qβα
x U †

y}〉Figure 14a = g2
∫ +∞

0
dz∗

∫ 0

−∞
dz′

∗ ta
ijUab

ω (tbU †
z )ki〈 ψβ

j (z∗, ω⊥)ψ̄α
k (z′

∗, ω⊥)〉 . (F.3)

To proceed with the calculation for diagram in figure 14a we need the quark propagator

with quark sub-eikonal correction (3.8), and obtain

〈Tr{Qβα
x U †

y}〉Figure 14a

= −αs

∫ +∞

0

dα

α

∫

d2zd−2q1d−2q2 ei(q1,x−z)+i(q2,z−x) Uab
x

(/q1⊥γ⊥
ρ )ββ′

q2
1⊥

×Tr{taQβ′α′

z tbU †
y}

(γρ
⊥/q2⊥)α′α

q2
2⊥

=
αs

4π2

∫ +∞

0

dα

α

∫

d2z Uab
x

[(/x − /z)⊥γ⊥
ρ ]ββ′

(x − z)2
⊥

Tr{taQβ′α′

z tbU †
y}

[γρ
⊥(/z − /x)⊥]α′α

(x − z)2
⊥

=
αs

4π2

∫ +∞

0

dα

α

∫

d2z
[(/x − /z)⊥γ⊥

ρ ]ββ′

(x − z)2
⊥

[

1

2
Tr{U †

yUx}Tr{U †
xQβ′α′

z }

−
1

2Nc
Tr{U †

yQβ′α′

z }

]

[γρ
⊥(/z − /x)⊥]α′α

(x − z)2
⊥

(F.4)

We perform same steps for diagram in figure 14b but this time we need the gluon sub-

eikonal contribution to the quark propagator. Thus, we have

〈Tr{Qβα
x U †

y}〉Figure 14b =
αs

4π2

∫ +∞

0

dα

α

∫

d2z
[(/x − /z)⊥γρ

⊥]ββ′

(z − x)2
⊥

1

2s
[/p2

γ5]β
′α′

×Tr{ta FztbU †
y}Uab

x

[γ⊥
ρ (/z − /x)⊥]α′α

(z − x)2
⊥

(F.5)

Contracting eqs. (F.4) and (F.5) with /p1
γ5 and summing them up we have

〈Tr{Q5 x U †
y}〉Figure 14 (F.6)

= 〈Tr{tr{γ5
/p1

Qx} U †
y}〉Figure 14

=
αs

4π2

∫ +∞

0

dα

α

∫

d2z tr

{

γ5
/p1

[(/x − /z)⊥γ⊥
ρ ]

(x − z)2
⊥

Uab
x

×Tr{ta

(

Qz +
1

2s
[/p2

γ5]Fz

)

tbU †
y}

[γρ
⊥(/z − /x)⊥]

(x − z)2
⊥

}

=
αs

2π2

∫ +∞

0

dα

α

∫

d2z
Uab

x

(x − z)2
⊥

Tr{ta
(

Q5z + Fz

)

tbU †
y}

=
αs

4π2

∫ +∞

0

dα

α

∫

d2z

(x − z)2
⊥

[

Tr{
(

Q5z + Fz

)

U †
x}Tr{U †

yUx} −
1

Nc
Tr{

(

Q5z + Fz

)

U †
y}

]
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While contracting eqs. (F.4) and (F.5) with i/p1
and again summing them up we obtain

〈Tr{Q1x U †
y}〉Figure 14 (F.7)

= 〈Tr{tr{i/p1
Qx} U †

y}〉Figure 14

=
αs

4π2

∫ +∞

0

dα

α

∫

d2z tr

{

i /p1

[(/x − /z)⊥γ⊥
ρ ]

(x − z)2
⊥

× Uab
x Tr{ta

(

Qz +
1

2s
[/p2

γ5]Fz

)

tbU †
y}

[γρ
⊥(/z − /x)⊥]

(x − z)2
⊥

}

Using tr{(/x − /z)⊥γ⊥
ρ /p2

σijγρ
⊥(/z − /x)⊥/p1

} = 0, we see that the term proportional to Fz

cancels, so we do not have mixing of operator of different parity. Thus, we arrive at

〈Tr{Q1x U †
y}〉Figure 14

=
αs

2π2

∫ +∞

0

dα

α

∫

d2z
Uab

x

(x − z)2
⊥

Tr{taQ1ztbU †
y}

=
αs

4π2

∫ +∞

0

dα

α

∫

d2z
1

(x − z)2
⊥

[

Tr{U †
xQ1z}Tr{U †

yUx} −
1

Nc
Tr{Q1zU †

y}

]

(F.8)

To arrive at results (F.6) and (F.8) we used identities

/p2
σij = ǫij

/p2
γ5 (F.9)

tr{(/x − /z)⊥γ⊥
ρ /p2

σijγρ
⊥(/z − /x)⊥γ5

/p1
} = 4 s ǫij (x − z)2

⊥ , (F.10)

tr{γ5
/p1

(/x − /z)⊥γ⊥
ρ ψ ψ̄ γρ

⊥(/z − /x)⊥} = 2(x − z)2
⊥ tr{γ5

/p1
ψψ̄} , (F.11)

tr{/p1
(/x − /z)⊥γ⊥

ρ ψ ψ̄ γρ
⊥(/z − /x)⊥} = 2(x − z)2

⊥ tr{/p1
ψψ̄} , (F.12)

The evolution equations (F.6) and (F.8) are not closed evolution equations because

after one loop evolution we have generated new operators. Consequently, to solve them

we should find the evolution equations of the operators generated after one loop, thus gen-

erating a hierarchy of evolution equations similar to the Balitsky-hierarchy equations for

dipoles. Alternatively, one can try to truncate the hierarchy of evolution equations employ-

ing some approximation. For example, it is known that in the large Nc limit the Balitsky-

hierarchy of evolution equations is truncated to the BK equation. In order to perform a sim-

ilar truncation in eqs. (F.6) and (F.8) it is probably convenient to work out the color algebra

and reduce all the operators in the fundamental representation, as it is done in eq. (6.50),

and only then one can try to find a way to linearize and solve the evolution equations.

It is interesting to notice that if we consider the evolution equation of the sum of

operator Q̂5x, eq. (7.10), of operator F̂x, eq. (6.49) and their adjoint conjugated we obtain

and neglecting the quark-to-gluon diagrams and consider only the terms contributing to
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c)

a) b)

d)

z’
*

z
* x

*

*

Figure 15. One loop correction diagrams to the operator Qαβ
ij defined in eq. (3.9) using the quark-

to-gluon propagator. Single dotted lines are Wilson-line in the fundamental representation, while

double dotted lines are Wilson-line in the adjoint representation.

the double logarithm, we have
〈

Tr{
(

Fx + Q5x

)

U †
y} + Tr{

(

F†
x + Q†

5x

)

Uy}
〉

Figures 9+ 10+ 14

=
αs

π2

∫ +∞

0

dα

α

∫

d2z

(x − z)2
⊥

{

Tr{UxtaU †
y tb}

(

Qba
5z + Qba

5z

†
+ Fba

z

)

+Tr{tbUytaU †
x}

(

Qba
5z

†
+ Qba

5z + Fba†
z

)

+
1

4

[

Tr{
(

Q5z + Fz

)

U †
x}Tr{U †

yUx} −
1

Nc
Tr{

(

Q5z + Fz

)

U †
y}

+Tr{
(

Q†
5z + F†

z

)

Ux}Tr{UyU †
x} −

1

Nc
Tr{

(

Q†
5z + F†

z

)

Uy}

]

}

. (F.13)

So, if we neglect the quark-to-gluon diagrams and the mixing with the operator Q1 as

is shown in eq. (6.49), then (F.13) does agree with the evolution equation calculated in

refs. [7, 8].

F.2 Diagrams quark-to-gluon for Q1x and Q5x

We calculate diagrams in figure 15 using again operator Qαβ
ij and then with the help of

relations (F.1) and (F.2), we will obtain the results for operators Q5x and Q1x respectively.

The first diagram we will calculate is in figure 15a

〈Tr{Qαβ
x U †

y}〉Figure 15a

=
〈

Tr
{

g2
∫ +∞

−∞
dz∗

∫ z∗

−∞
dz′

∗[∞p1, z∗]xtaψα(z∗, x⊥)[z∗, z′
∗]ab

x ψ̄β(z′
∗, x⊥)tb[z′

∗, −∞p1]xU †
y

}〉

= g2
∫ +∞

−∞
dz∗

∫ z∗

−∞
dz′

∗ig
2

s

∫ +∞

z∗

dξ∗
〈

Tr
{

[∞p1, ξ∗]xAq
•(ξ∗, x⊥)[ξ∗, z∗]xtaψα

cl(z∗, x⊥)

×[z∗, z′
∗]ab

x ψ̄β
q (z′

∗, x⊥)tb[z′
∗, −∞p1]xU †

y

}〉

(F.14)
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To proceed, we should remember that the shock-wave has support only within the infinites-

imal interval [−ǫ∗, ǫ∗] and that, in a particular gauge, we can set to 1 the gauge links made

of classical field with support outside the interval [−ǫ∗, ǫ∗]. Moreover, we can change the

extremes of integration of the longitudinal variable ξ+ from [z+, ∞] to [0, ∞] and those of

z′+ from [−∞, z+] to [−∞, 0] because the support of the quantum field gets up to zero.

Thus, using propagator in eq. (6.55) we have

〈Tr{Qαβ
x U †

y}〉Figure 15a

= g2
∫ +∞

−∞
dz∗

∫ z∗

−∞
dz′

∗ig
2

s

∫ +∞

z∗

dξ∗

×
〈

Tr
{

tc[∞p1, ξ∗]xtaψα
cl(z∗, x⊥)[z∗, z′

∗]ab
x 〈Aq,c

• (ξ∗, x⊥)ψ̄q,β(z′
∗, x⊥)〉tb[z′

∗, −∞p1]xU †
y

}〉

= −
g4

s2

∫ +∞

−∞
dz∗dω∗

∫ 0

−∞
dz′

∗

∫ +∞

0
dξ∗

∫ +∞

0

d−α

α3

∫

d2z 〈x⊥|e−i
p̂2

⊥

αs
ξ∗ p̂⊥

ν |z⊥〉

×Tr
{

tc[∞p1, z∗]xtaψα
cl(z∗, x⊥)[z∗, −∞p1]ab

x [∞p1, ω∗]cd
z ψ̄β′

cl (ω∗, z⊥)td[ω∗, −∞p1]ztbU †
y

×〈z⊥|
[

γν
⊥(α/p1

+ /p⊥)
]β′β

ei
p̂2

⊥

αs
z′

∗ |x⊥〉
}

= −
g4

s2

∫ +∞

−∞
dz∗dω∗

∫ 0

−∞
dz′

∗

∫ +∞

0
dξ∗

∫ +∞

0

d−α

α3

∫

d2z 〈x⊥|e−i
p̂2

⊥

αs
ξ∗ p̂⊥

ν |z⊥〉

×Tr
{

tcUztbU †
y tcUxtb[−∞p1, z∗]xψα

cl(z∗, x⊥)ψ̄β′

cl (ω∗, z⊥)[ω∗, ∞p1]z

×〈z⊥|
[

γν
⊥(α/p1

+ /p⊥)]β
′βei

p̂2
⊥

αs
z′

∗ |x⊥〉
}

(F.15)

Proceeding in the same way, with the exception that dξ∗ starts from 0 and not from

z∗, for diagram 15b we have

〈Tr{Qαβ
x U †

y}〉Figure 15b

=
〈

Tr
{

g2
∫ +∞

−∞
dz∗

∫ z∗

−∞
dz′

∗[∞p1, z∗]xtaψα(z∗, x⊥)[z∗, z′
∗]ab

x ψ̄β(z′
∗, x⊥)tb[z′

∗, −∞p1]xU †
y

}〉

=
g4

s2

∫ +∞

−∞
dz∗dω∗

∫ z∗

−∞
dz′

∗

∫ +∞

z∗

dξ∗

∫ +∞

0

d−α

α3

∫

d2z 〈y⊥|e−i
p̂2

⊥

αs
ξ∗ p̂⊥

ν |z⊥〉

×Tr
{

tc[∞p1, z∗]xtaψα
cl(z∗, x⊥)[z∗, −∞p1]ab

x [∞p1, ω∗]cd
z ψ̄β′

cl (ω∗, z⊥)td[ω∗, −∞p1]ztbU †
y

×〈z⊥|
[

γν
⊥(α/p1

+ /p⊥)
]β′β

ei
p̂2

⊥

αs
z′

∗ |x⊥〉
}

=
g4

s2

∫ +∞

−∞
dz∗dω∗

∫ z∗

−∞
dz′

∗

∫ +∞

z∗

dξ∗

∫ +∞

0

d−α

α3

∫

d2z 〈y⊥|e−i
p̂2

⊥

αs
ξ∗ p̂⊥

ν |z⊥〉

×Tr
{

tcUztbU †
y tcUxtb[−∞p1, z∗]xψα

cl(z∗, x⊥)ψ̄β′

cl (ω∗, z⊥)[ω∗, ∞p1]z

×〈z⊥|
[

γν
⊥(α/p1

+ /p⊥)
]β′β

ei
p̂2

⊥

αs
z′

∗ |x⊥〉
}

. (F.16)
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The second self diagram, figure 15c is also calculated in a similar way. We have

〈Tr{Qαβ
x U †

y}〉Figure 15c

=
〈

Tr

{

g2
∫ +∞

−∞
dz∗

∫ z∗

−∞
dz′

∗[∞p1, z∗]xtaψα(z∗, x⊥)[z∗, z′
∗]ab

x ψ̄β(z′
∗, x⊥)tb[z′

∗, −∞p1]xU †
y

}

〉

= Tr

{

g2
∫ +∞

−∞
dz∗

∫ z∗

−∞
dz′

∗ taψα
q (z∗, x⊥)[z∗, z′

∗]abψ̄β
cl(z

′
∗, x⊥)tb

×

(

ig
2

s

)
∫ z′

∗

−∞
dξ∗[z′

∗, ξ∗]xAq
•(ξ∗, x⊥)U †

y

}

(F.17)

Now we use propagator (6.58) and obtain

〈Tr{Qαβ
x U †

y}〉Figure 15c

= ig3 2

s

∫ +∞

−∞
dz′

∗

∫ +∞

z′
∗

dz∗

∫ z′
∗

−∞
dξ∗

×Tr{ta〈ψα
q (z∗, x⊥)Aq ,c

• (ξ∗, x⊥)〉[∞p1, z′
∗]ab

x ψ̄β
cl(z

′
∗, x⊥)tb[z′

∗, −∞p1]xtcU †
y}

= −
g4

s2

∫ +∞

−∞
dz′

∗dω∗

∫ +∞

0

d−α

α3

∫ +∞

0
dz∗

∫ 0

−∞
dξ∗

∫

d2z

×〈x⊥|e−i
p̂2

⊥

αs
z∗

[

(α/p1
+ /p⊥)γν

⊥
]αα′

|z⊥〉〈z⊥|p⊥
ν ei

p̂2
⊥

αs
ξ∗ |x⊥〉

×Tr{ta[∞p1, ω∗]ztdψα′

(ω∗, z⊥)[ω∗, −∞p1]dc
z [∞p1, z′

∗]ab
x ψ̄β(z′

∗, x⊥)tb[z′
∗, −∞p1]xtcU †

y}

= −
g4

s2

∫ +∞

−∞
dz′

∗dω∗

∫ +∞

0

d−α

α3

∫ +∞

0
dz∗

∫ 0

−∞
dξ∗

∫

d2z

×〈x⊥|e−i
p̂2

⊥

αs
z∗

[

(α/p1
+ /p⊥)γν

⊥
]αα′

|z⊥〉〈z⊥|p⊥
ν ei

p̂2
⊥

αs
ξ∗ |x⊥〉

×Tr{taUxtcU †
y taUztc[−∞p1, ω∗]zψα′

(ω∗, z⊥)ψ̄β(z′
∗, x⊥)[z′

∗, ∞p1]x} . (F.18)

Diagram in figure 15d is similar to 15c, so we have

〈Tr{Qαβ
x U †

y}〉Figure 15d

=
〈

Tr

{

g2
∫ +∞

−∞
dz∗

∫ z∗

−∞
dz′

∗[∞p1, z∗]xtaψα(z∗, x⊥)[z∗, z′
∗]ab

x ψ̄β(z′
∗, x⊥)tb[z′

∗, −∞p1]xU †
y

}

〉

=
g4

s2

∫ +∞

−∞
dz′

∗dω∗

∫ +∞

0

d−α

α3

∫ +∞

0
dz∗

∫ 0

−∞
dξ∗

∫

d2z

×〈x⊥|e−i
p̂2

⊥

αs
z∗

[

(α/p1
+ /p⊥)γν

⊥
]αα′

|z⊥〉〈z⊥|p⊥
ν ei

p̂2
⊥

αs
ξ∗ |y⊥〉

×Tr{taUxtcU †
y taUztc[−∞p1, ω∗]zψα′

(ω∗, z⊥)ψ̄β(z′
∗, x⊥)[z′

∗, ∞p1]x} . (F.19)

The contribution of diagrams in figure 15 to the evolution of operators Q1 and Q5

defined in eqs. (4.9) and (4.10) respectively, can be obtained by taking the Dirac trace of

the operator Qαβ
ij with i/p1

and γ5/p1
.
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F.2.1 Quark-to-gluon diagrams for Q1x

Summing eqs. (F.15) and (F.16) and taking trace with i/p1
we have

〈Tr{Q1xU †
y}〉Figure 15a+b

= 〈Tr tr{i/p1
QxU †

y}〉Figure 15a+b

=
g4

s2

∫ +∞

−∞
dz∗dω∗

∫ 0

−∞
dz′

∗

∫ +∞

0
dξ∗

∫ +∞

0

d−α

α3

∫

d2z

×
(

〈y⊥|e−i
p̂2

⊥

αs
ξ∗ p̂⊥

ν |z⊥〉 − 〈x⊥|e−i
p̂2

⊥

αs
ξ∗ p̂⊥

ν |z⊥〉
)

×Tr tr
{

tcUztbU †
y tcUxtb[−∞p1, z∗]x i/p1

ψα(z∗, x⊥)ψ̄β′

(ω∗, z⊥)[ω∗, ∞p1]z

×〈z⊥|γν
⊥(α/p1

+ /p⊥)ei
p̂2

⊥

αs
z′

∗ |x⊥〉
}

=
αs

2π2

∫ +∞

0

dα

α
g2

∫ +∞

−∞
dz∗dω∗

∫

d2z

×Tr tr

{

tcUztbU †
y tcUxtb[−∞p1, z∗]x i/p1

ψα(z∗, x⊥)ψ̄β′

(ω∗, z⊥)[ω∗, ∞p1]z

×

[

(x − z, z − y)

(x − z)2
⊥(y − z)2

⊥
+

1

(x − z)2
⊥

+ iγ5 (~x − ~z) × (~y − ~z)

(x − z)2
⊥(y − z)2

⊥

]}

(F.20)

where in the last step we have integrated over the longitudinal variables ξ+and z′+ and

performed the Fourier transform.

Summing up the next two diagrams, eqs. (F.18) and (F.19) we have

〈Tr{Q1xU †
y}〉Figure 15c+d

= 〈Tr tr{i/p1
QxU †

y}〉Figure 15c+d

=
g4

s2

∫ +∞

−∞
dz′

∗dω∗

∫ +∞

0

d−α

α3

∫ +∞

0
dz∗

∫ 0

−∞
dξ∗

∫

d2z

×tr
{

〈x⊥|e−i
p̂2

⊥

αs
z∗i/p1

[

(α/p1
+ /p⊥)γν

⊥
]

|z⊥〉
(

〈z⊥|p⊥
ν ei

p̂2
⊥

αs
ξ∗ |y⊥〉 − 〈z⊥|p⊥

ν ei
p̂2

⊥

αs
ξ∗ |x⊥〉

)

×Tr{taUxtcU †
y taUztc[−∞p1, ω∗]ψ(ω∗, z⊥)ψ̄(z′

∗, x⊥)[z′
∗, ∞p1]x}

}

=
αs

2π2

∫ +∞

0

dα

α
g2

∫ +∞

−∞
dz′

∗dω∗

∫

d2z

×tr

{[

(x − z, z − y)

(x − z)2
⊥(y − z)2

⊥
+

1

(x − z)2
⊥

− iγ5 (~x − ~z) × (~y − ~z)

(x − z)2
⊥(y − z)2

⊥

]

×Tr{taUxtcU †
y taUztc[−∞p1, ω∗]z i/p1

ψ(ω∗, z⊥)ψ̄(z′
∗, x⊥)[z′

∗, ∞p1]x}

}

. (F.21)
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We use definition of the operators (6.59) and (6.61), and the sum of eq. (F.20)

and (F.21) traced with i/p1
is

〈Tr{Q1xU †
y}〉Figure 15 (F.22)

= −
αs

2π2

∫ +∞

0

dα

α

∫

d2z

{

[

(x − z, z − y)

(x − z)2
⊥(y − z)2

⊥
+

1

(x − z)2
⊥

]

×
(

Tr{taUztbU †
y taUxtbX †

1zx} + Tr{taUxtbU †
y taUztbX †

1xz}
)

−
(~x − ~z) × (~y − ~z)

(x − z)2
⊥(y − z)2

⊥

(

Tr{taUxtbU †
y taUztbX †

5xz} − Tr{taUztbU †
y taUxtbX †

5zx}
)

}

The color trace in eq. (F.20) can be simplified. For example, we have

Tr{taUztbU †
y taUxtbX †

1zx}

=
1

4
Tr{UxU †

yUzX †
1zx} −

1

4Nc
Tr{U †

yUz}Tr{UxX †
1zx}

−
1

4Nc
Tr{U †

yUx}Tr{X †
1zxUz} −

1

4N2
c

Tr{UzU †
yUxX †

1zx} . (F.23)

Note also that the products like X †
1zxUz or UxX †

1zx may modify the operator X †
1zx to

Tr{X †
1zxUz} = −g2

∫ +∞

−∞
dz∗dω∗Tr{[−∞p1, z∗]xtr{i/p1

ψ(z∗, x⊥)ψ̄(ω∗, z⊥)}[ω∗, −∞p1]z}

= −H−
1 (x⊥, z⊥) (F.24)

and

Tr{UxX †
1zx} = −g2

∫ +∞

−∞
dz∗dω∗Tr{[∞p1, z∗]xtr{i/p1

ψ(z∗, x⊥)ψ̄(ω∗, z⊥)}[ω∗, ∞p1]z}

= −H+
1 (x⊥, z⊥) (F.25)

where we used definition of operators (6.65) and (6.63) respectively. It is also easy to find

the operators H−†
1xz = −Tr{U †

z X1zx} = −H−
1zx, and similarly, H+†

1xz = −H+
1zx. With X5xz,

instead, we have

Tr{X †
5zxUz} = g2

∫ +∞

−∞
dz∗dω∗Tr{[−∞p1, z∗]xtr{i/p1

ψ(z∗, x⊥)ψ̄(ω∗, z⊥)}[ω∗, −∞p1]z}

= H−
5 (x⊥, z⊥) (F.26)

and

Tr{UxX †
5zx} = g2

∫ +∞

−∞
dz∗dω∗Tr{[∞p1, z∗]xtr{i/p1

ψ(z∗, x⊥)ψ̄(ω∗, z⊥)}[ω∗, ∞p1]z}

= H+
5 (x⊥, z⊥) (F.27)

where we used definition of operators (6.66) and (6.64) respectively. We also have H−†
5xz =

Tr{X5zxU †
z } = H−

5zx and similarly we get H+†
5xz = H+

5zx

Evolution of operator Tr{Q̂1xÛ †
y}, when diagrams in figure 15 are taken into account,

introduces new operators, X1xy, X5xy, H−
1xy, H−

5xy, H+
1xy, H+

5xy, which have never been

considered before in the study of spin dynamics at small-x.

– 73 –



J
H
E
P
0
6
(
2
0
2
1
)
0
9
6

F.2.2 Quark-to-gluon diagrams for Q5x

Summing eqs. (F.15) and (F.16) and taking trace with γ5/p1
, we have

〈Tr{Q5xU †
y}〉Figure 15a+b

= 〈Trtr{γ5
/p1

QxU †
y}〉Figure 15a+b

=
g4

s2

∫ +∞

−∞
dz∗dω∗

∫ 0

−∞
dz′

∗

∫ +∞

0
dξ∗

∫ +∞

0

d−α

α3

∫

d2z

×
(

〈y⊥|e−i
p̂2

⊥

αs
ξ∗ p̂⊥

ν |z⊥〉 − 〈x⊥|e−i
p̂2

⊥

αs
ξ∗ p̂⊥

ν |z⊥〉
)

Tr tr
{

taUztbU †
y taUxtb

×[−∞p1, z∗]x γ5
/p1

ψcl(z∗, x⊥)ψ̄cl(ω∗, z⊥)[ω∗, ∞p1]z〈z⊥|γν
⊥(α/p1

+ /p⊥)ei
p̂2

⊥

αs
z′

∗ |x⊥〉
}

=
αs

2π2
g2

∫ +∞

−∞
dz∗dω∗

∫ +∞

0

d−α

α

∫

d2z

×Tr tr

{

taUztbU †
y taUxtb[−∞p1, z∗]xψcl(z∗, x⊥)ψ̄cl(ω∗, z⊥)[ω∗, ∞p1]z

×

[

γ5
/p1

(

(x − z, z − y)

(x − z)2
⊥(y − z)2

⊥
+

1

(x − z)2
⊥

)

+ i/p1

(~x − ~z) × (~y − ~z)

(x − z)2
⊥(y − z)2

⊥

]

}

(F.28)

Now we sum eqs. (F.18) and (F.19) and trace them with γ5/p1
we have

〈Tr{Q5xU †
y}〉Figure 15c+d

= 〈Tr tr{γ5
/p1

QxU †
y}〉Figure 15c+d

=
g4

s2

∫ +∞

−∞
dz′

∗dω∗

∫ +∞

0

d−α

α3

∫ +∞

0
dz∗

∫ 0

−∞
dξ∗

∫

d2z

×tr
{

〈x⊥|e−i
p̂2

⊥

αs
z∗γ5

/p1

[

(α/p1
+ /p⊥)γν

⊥
]

|z⊥〉
(

〈z⊥|p⊥
ν ei

p̂2
⊥

αs
ξ∗ |y⊥〉 − 〈z⊥|p⊥

ν ei
p̂2

⊥

αs
ξ∗ |x⊥〉

)

×Tr{taUxtbU †
y taUztb[−∞p1, ω∗]ψ(ω∗, z⊥)ψ̄(z′

∗, x⊥)[z′
∗, ∞p1]x}

}

=
αs

2π2

∫ +∞

0

dα

α
g2

∫ +∞

−∞
dz′

∗dω∗

∫

d2z

×tr

{[

γ5
/p1

(

(x − z, z − y)

(x − z)2
⊥(y − z)2

⊥
+

1

(x − z)2
⊥

)

− i/p1

(~x − ~z) × (~y − ~z)

(x − z)2
⊥(y − z)2

⊥

]

×Tr{taUxtbU †
y taUztb[−∞p1, ω∗]ψ(ω∗, z⊥)ψ̄(z′

∗, x⊥)[z′
∗, ∞p1]x}

}

. (F.29)

We can now sum eqs. (F.28) and (F.29) and obtain

〈Tr{Q5xU †
y}〉Figure 15 (F.30)

=
αs

2π2

∫ +∞

0

d−α

α

∫

d2z

{

[

(x − z, z − y)

(x − z)2
⊥(y − z)2

⊥
+

1

(x − z)2
⊥

]

×
(

Tr{taUztbU †
y taUxtbX †

5zx} + Tr{taUxtbU †
y taUztbX †

5xz}
)

+
(~x − ~z) × (~y − ~z)

(x − z)2
⊥(y − z)2

⊥

(

Tr{taUxtbU †
y taUztbX †

1xz} − Tr{taUztbU †
y taUxtbX †

1zx}
)

}

where we used the operators X1xy and X5xy defined in eqs. (6.59) and (6.61) respectively.
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a) b)

z’
*

z
*

z’
*

z
*

z

y y

z

x x

Figure 16. Diagrams for the quark operators in the adjoint representation eqs. (6.44)–(6.47).

Double dotted lines represent Wilson lines in the adjoint representation.

F.3 Evolution equation with operators in the adjoint representation

Let T a be the matrix in the adjoint representation, and Tra the trace in the adjoint repre-

sentation. From result (6.49) we can easily deduce

〈Tra{Fx U †
y}〉Figures 9+ 10

=
αs

π2
Tra{UxT aU †

yT b}

∫ +∞

0

dα

α

∫

d2z

×

{[

−
(~x − ~z)×(~z − ~y)

(x − z)2
⊥(y − z)2

⊥

(

Qba
1z − Qba

1z

†)

+

(

(x − z, z − y)

(x − z)2
⊥(y − z)2

⊥
+

1

(x − z)2
⊥

)

(

Qba
5z + Qba

5z

†
+ Fba

z

)

]

+4π2
∫

d−2q1
ei(q1,y−z) − ei(q1,x−z)

q2
1⊥

δ(2)(z − x)Fba
z

}

(F.31)

Let us consider the evolution of Qab
1xU ba

y and Qab
5xU ba

y starting with the diagrams with quark

in the background shock-wave given in figure 16a

〈Qab
5

†
(x⊥)〉Figure 16a

= 〈g2
∫ +∞

−∞
dz1∗

∫ z1∗

−∞
dz2∗ [−∞p1, z2∗]bc

x ψ̄(z2∗)γ5
/p1

tc[z2∗, z1∗]xtdψ(z1∗)[z1∗, ∞p1]da
x 〉

= −g2
∫ +∞

0
dz1∗

∫ 0

−∞
dz2∗(tbU †

xta)ijtr{γ5
/p1

〈

ψj(z1∗, x⊥)ψ̄i(z2∗, x⊥)
〉

} (F.32)

Using the quark propagator in the background of quark filed given in eq. (3.7) we obtain

〈Qab
5

†
(x⊥)〉Figure 16a

= −g4
∫ +∞

0
dz1∗

∫ 0

−∞
dz2∗

∫ +∞

0

d−α

2α3s2

∫ z1∗

z2∗

dz∗

∫ z1∗

z2∗

dz′
∗

∫

d2z (tbU †
xta)ij

×tr{γ5
/p1

〈x⊥|e−i
p2

⊥

αs
z1∗(α/p1

+ /p⊥)|z⊥〉[∞p1, z∗]zγµ
⊥tcψ(z∗, z⊥)[z∗, z′

∗]cd
z

×ψ̄(z′
∗, z⊥)tdγ⊥

µ [z′
∗, −∞p1]z〈z⊥|(α/p1

+ /p⊥)ei
p2

⊥

αs
z2∗ |x⊥〉}ji (F.33)
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The integration over the longitudinal directions z+
1 and z+

2 yields

〈Qab
5

†
(x⊥)〉Figure 16a (F.34)

= −g4
∫ +∞

0

d−α

2α3s2

∫

d2z

∫ z1∗

z2∗

dz∗

∫ z1∗

z2∗

dz′
∗(tbU †

xta)ijtr

{

γ5
/p1

〈x⊥|
−iαs /p⊥

p2
⊥

|z⊥〉

×[∞p1, z∗]zγµ
⊥tcψ(z∗)[z∗, z′

∗]cd
z ψ̄(z′

∗)tdγ⊥
µ [z′

∗, −∞p1]z〈z⊥|
−iαs /p⊥

p2
⊥

|x⊥〉

}

ji

We can now perform the Fourier transform in coordinate space and arrive at

〈Qab
5

†
(x⊥)〉Figure 16a

= g2
∫ +∞

0

d−α

2α

∫

d2z (tbU †
xta)ijtr

{

γ5
/p1

i(/x − /z)⊥
2π(x − z)2

⊥
g2

∫ +∞

−∞
dz∗

∫ z∗

−∞
dz′

∗

×[∞p1, z∗]zγµ
⊥tcψ(z∗)[z∗, z′

∗]cd
z ψ̄(z′

∗)tdγ⊥
µ [z′

∗, z∗]z
i(/z − /x)⊥

2π(x − z)2
⊥

}

ji

(F.35)

performing the trace over the Dirac gamma-matrices and using (/x−/z)⊥(/x−/z)⊥ = −(x−z)2
⊥

we obtain

〈Qab
5

†
(x⊥)〉Figure 16a

= −
g2

8π3

∫ +∞

0

dα

α

∫

d2z
1

(x − z)2
⊥

(tbU †
xta)ij g2

∫ +∞

−∞
dz∗

∫ z∗

−∞
dz′

∗

×([∞p1, z∗]ztctr{γ5
/p1

ψ(z∗)[z∗, z′
∗]cdψ̄(z′

∗)td[z′
∗, −∞p1]z})ji

= −
αs

2π2

∫ +∞

0

dα

α

∫

d2z
1

(x − z)2
⊥

(tbU †
xta)ij Q5 ji(z⊥) (F.36)

where in the last step we inserted the Q5x definition eq. (4.10). Until now the Wilson line

operator Uab
y was only a spectator, inserting it back we finally obtain

〈Uab
y Qab

5x

†
〉Figure 16a (F.37)

= −
αs

2π2

∫ +∞

0

dα

α

∫

d2z
1

(x − z)2
⊥

Uab
y Tr{tbU †

xtaQ5z}

= −
αs

2π2

∫ +∞

0

dα

α

∫

d2z
1

(x − z)2
⊥

1

2

[

Tr{UyU †
x}Tr{Q5 zU †

y} −
1

Nc
Tr{U †

xQ5 z}

]

Notice that on the l.h.s. of eq. (F.37) we have trace in the adjoint representation and

operator Qab defined in (6.45), while on the r.h.s. we have trace over the fundamental

representation with operator Q5x defined in eq. (4.10). Following similar steps, the result

of diagram in figure 16a for the Qab
1x

†
operator is

〈Qab
1x

†
〉Figure 16a

= 〈−g2
∫ +∞

−∞
dz1∗

∫ z1∗

−∞
dz2∗ [−∞p1, z2∗]bc

x ψ̄(z2∗)i/p1
tc[z2∗, z1∗]xtdψ(z1∗)[z1∗, ∞p1]da

x 〉

= g2
∫ +∞

0
dz1∗

∫ 0

−∞
dz2∗(tbU †

xta)ijtr{i/p1
〈ψj(z1∗, x⊥)ψ̄i(z2∗, x⊥)}〉

= −
αs

2π2

∫ +∞

0

dα

α

∫

d2z
1

(x − z)2
⊥

Tr{tbU †
xta Q1z} . (F.38)
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Thus we have

〈Uab
y Qab

1x

†
〉Figure 16a (F.39)

= −
αs

4π2

∫ +∞

0

dα

α

∫

d2z
1

(x − z)2
⊥

[

Tr{UyU †
x}Tr{Q1 zU †

y} −
1

Nc
Tr{U †

xQ1 z}

]

We now consider diagram in figure 16b which is the one with the gluon sub-eikonal correc-

tion ǫijFij in the quark propagator. Let us start again with operator Qab
5x

†

〈Qab
5x

†
〉Figure 16b (F.40)

= 〈g2
∫ +∞

−∞
dz1∗

∫ z1∗

−∞
dz2∗ [−∞p1, z2∗]bc

x ψ̄(z2∗)γ5
/p1

tc[z2∗, z1∗]xtdψ(z1∗)[z1∗, ∞p1]da
x 〉

= −g2
∫ +∞

0
dz1∗

∫ 0

−∞
dz2∗(tbU †

xta)ijtr{γ5
/p1

〈

ψj(z1∗, x⊥)ψ̄i(z2∗, x⊥)
〉

}

we now need quark propagator (3.2) and proceeding as before we integrate over the longi-

tudinal coordinates z1∗ and z2∗ and perform the Fourier transform we arrive at

〈Qab
5x

†
〉Figure 16b

= −g2(tbU †
xta)ij

∫ +∞

0
dz1∗

∫ 0

−∞
dz2∗ tr{γ5

/p1

∫ +∞

0

d−α

2α

1

αs
〈x⊥|e−i

p2
⊥

αs
z1∗(α/p1

+ /p⊥)|z⊥〉/p2
γ5

×
ig

4α

∫ +∞

−∞
d

2

s
z∗[∞p1, z∗]zǫijFij [z∗, −∞p1]z〈z⊥|(αp1 + /p⊥)ei

p2
⊥

αs
z2∗ |x⊥〉

=
g2

8π

∫ +∞

0

dα

α
tr

{

γ5
/p1

i(/x − /z)⊥
2π(x − z)2

⊥
/p2

γ5 i(/z − /x)⊥
2π(x − z)2

⊥

}

×ig

∫ +∞

−∞
dz∗([∞p1, z∗]zǫijFij [z∗, −∞p1]z)ij(tbU †

xta)ij

= −
αs

2π2

∫ +∞

0

dα

α

∫

d2z

(x − z)2
⊥

g

∫ +∞

−∞
dz∗([∞p1, z∗]zǫiji

s

2
Fij [z∗, −∞p1]z)ij(tbU †

xta)ij

= −
αs

2π2

∫ +∞

0

dα

α

∫

d2z

(x − z)2
⊥

Tr{FztbU †
xta} (F.41)

where we used tr{γ5/p2
(/x − /z)⊥/p2

γ5(/z − /x)⊥} = 2s(x − z)2
⊥ and definition of operator F̂x,

eq. (3.6).

Next, we consider Qab
1x

†
and proceed in the same way

〈Qab
1x

†
〉Figure 16b =

g2

8π

∫ +∞

0

dα

α
tr

{

i/p1

i(/x − /z)⊥
2π(x − z)2

⊥
/p2

γ5 i(/z − /x)⊥
2π(x − z)2

⊥

}

×ig

∫ +∞

−∞
dz∗([∞p1, z∗]zǫijFij [z∗, −∞p1]z)ij(tbU †

xta)ij = 0 (F.42)

where we used tr{i/p1
(/x − /z)⊥/p2

γ5(/z − /x)⊥} = 0, so we find that the quark operator Qab
1

does not mix with the gluon operator F under one loop evolution. We have obtained the

same result for the quark operator Q1 defined in (4.9).

Summing up diagrams in figure 16a and b for operator Qab
5x

†
, we have

〈Qab
5x

†
〉Figure 16 = −

αs

2π2

∫ +∞

0

dα

α

∫

d2z

(x − z)2
⊥

Tr{(Fz + Q5z)tbU †
xta} (F.43)
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from which we can easily deduce

〈Qab
5x〉Figure 16 = −

αs

2π2

∫ +∞

0

dα

α

∫

d2z

(x − z)2
⊥

Tr{(F†
z + Q†

5z)taUxtb} . (F.44)

The evolution of operator Tra{U †
yFx}, diagrams in figure 9 and figure 10 can be deduced

from Tr{U †
yFx}, by changing ta → T a and Tr → Tra in eq. (6.49).

We can conclude that the evolution of Tra{U †
y(Fx + Q5x)}, excluding the BK-type

diagrams, is

〈Tra{U †
y(Fx + Q5x)}〉Figures 9+ 10+ 16

= −
αs

2π2

∫ +∞

0

dα

α

∫

d2z

{

1

(x − z)2
⊥

Tr{(F†
z + Q†

5z)taUxtb}Uab
y

+2 Tra{UxT aU †
yT b}

[

(~x − ~z)×(~z − ~y)

(x − z)2
⊥(y − z)2

⊥

(

Qba
1z − Qba

1z

†)

−

(

(x − z, z − y)

(x − z)2
⊥(y − z)2

⊥
+

1

(x − z)2
⊥

)

(

Qba
5z + Qba

5z

†
+ Fba

z

)

−4π2
∫

d−2q1
ei(q1,y−z) − ei(q1,x−z)

q2
1⊥

δ(2)(z − x)Fba
z

]}

(F.45)

Note, that in the r.h.s. we have trace in the adjoint representation, while in the l.h.s. we

have trace in the fundamental representation in the first term, and trace in the adjoint

representation in the second term. In eq. (F.45) we have mixing with operator Q̂1(x⊥)

which may contribute to spin in the non forward case. Evolution equation (F.45) agrees

with the one calculated in refs. [7, 8] except for the mixing term proportional to Q̂1(x⊥).

However, when we perform the color algebra, the evolution equation (F.45) is entirely

written in terms of operators Q̂1(x⊥) Q̂5(x⊥), ˆ̃Q1(x⊥), and ˆ̃Q5(x⊥).
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