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1 Introduction

Twist-three effects originate from the quantum-mechanical interference between a single
parton and a gluon-parton pair. Their investigation is exceptionally important for the
understanding of the nature of strong interactions, but it is also a very challenging task.
The main complication is that twist-three contributions are usually of subleading power in
the hard scale, and either contaminated by the leading-twist contributions or statistically
suppressed. Additionally, a typical twist-three observable is sensitive only to a certain
projection of the underlying quark-antiquark-gluon correlation function and a combination
of many observables is required to unravel its structure.

The structure function g2(x,Q2) of the polarized deep-inelastic lepton-nucleon scat-
tering (DIS) provided, historically, a paradigm case and the main motivation for studies
of twist-three effects. In this example, the QCD description of twist-three effects in the
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framework of collinear factorization or, equivalently, the operator product expansion (OPE)
was understood and worked out in some detail, see, e.g., [1–19]. The experimental mea-
surement of g2(x,Q2) is, however, very difficult. The existing data are scattered [20–25],
and the twist-three part of g2(x,Q2) can be extracted with large uncertainties only [26].
The first nontrivial moment of g2(x,Q2) that is related to the matrix element of the local
chiral-even twist-three operator of the lowest dimension, was estimated using QCD sum
rules [27, 28], models [29, 30], and in lattice QCD [31]. A comparison of the predictions
with the available data can be found in ref. [25]. In the future, high-precision measurements
of g2(x,Q2) are planned for the JLAB 12GeV upgrade [32] and later at the Electron-Ion
Collider (EIC) [33].

More recently, the interest in twist-three effects was fueled by studies of transverse mo-
mentum dependent (TMD) parton distributions. In this case, the twist-three distributions
arise in the collinear limit for many TMD distributions already at the leading power [34–37].
In particular, the single transverse spin asymmetry is sensitive to the Sivers function [38],
which matches the Qiu-Sterman function [39] in the collinear limit. The latter is a cer-
tain integral of the same quark-antiquark-gluon correlation function that contributes to
g2(x,Q2), see, e.g., [40–42]. In this way, one can extract twist-three distributions from
the transverse momentum dependence, which has been done recently for the Qiu-Sterman
function [43, 44].

Lattice QCD simulations have the potential to explore the plethora of twist-three
distributions more directly by the calculation of Euclidean correlation functions that are
specially tailored to the twist-three effects. The lattice calculations of the leading-twist
parton distributions (PDFs) have attracted a lot of attention, see [45, 46] for a review.
In this case, a convenient object is an equal-time correlation function of two quark (or
gluon) fields connected by the straight Wilson line, which can be factorized [47] in terms
of the corresponding PDF convoluted with a perturbatively calculable coefficient function.
The lattice “data” can be analyzed either directly in position space in terms of Ioffe-time
distributions [48], or Fourier-transformed to momentum space where they are referred to
as quasidistributions (qPDFs) [49] or pseudodistributions (pPDFs) [50].

In refs. [51, 52] the same approach was suggested to extract the twist-three PDF
gT (x) [53] from a lattice calculation of the correlation function

〈N(p)|q̄(z)γµγ5[z, 0]q(0)|N(p)〉 , (1.1)

where zµ is a space-like vector and [z, 0] is the Wilson line. We refer to this object as a
“quasidistribution” in a broad sense, to distinguish from the parton distributions defined
for the light-like separation z2 = 0. In this work, we derive the factorization formula for
the correlation function in (1.1) to twist-three accuracy at next-to-leading perturbative
order (NLO). The results are presented both in position space, as a factorization theo-
rem for Ioffe-time distributions, and in momentum space, for the axial-vector quasi- and
pseudodistributions.

Our main results can be summarized as follows:
• The factorization theorem to twist-three accuracy has a more complicated structure

as compared to the leading twist [47]. In particular the quasidistribution (1.1) cannot
be factorized in terms of the parton distribution gT (x) [53], as conjectured in [51, 52].
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• We have checked that the factorization scale dependence of the coefficient functions
in our expressions agrees with the known results on the renormalization of twist-three
operators, cf. [5, 7, 12, 41, 54].

• The simple LO relation between the twist-two contributions to the quasidistribu-
tions (1.1) with longitudinal and transverse projections of the vector index is vio-
lated at NLO. Hence the Wandzura-Wilczek relation is violated for quasidistribu-
tions. This is different from DIS, in which case the Wandzura-Wilczek relation for
twist-two contributions holds on the level of structure functions.

• In the limit of large number of colors, the logarithmic terms in the coefficient functions
are simplified [10, 18] and can be combined to express the result in terms of the quark-
antiquark transverse spin distribution gT (x). However, this simplification does not
occur for finite terms.

• We consider a short-distance expansion of (1.1) which may provide a method to
calculate the matrix element of the twist-three operator of the lowest dimension
avoiding a complicated procedure of nonperturbative renormalization in the presence
of power divergences, cf. [31].

The presentation is organized as follows. Section 2 and section 3 are introductory
and contain main definitions and notations. In section 4 we formulate the factorization
theorem and derive the NLO expressions at the operator level and for the position-space
(Ioffe-time) distributions. In section 5 the corresponding results are presented for the
qPDFs and pPDfs. The final section 6 contains a discussion and outlook. Technical details
are delegated to the appendices.

2 Definitions

In the present work we study the twist expansion of a product of quark and antiquark fields

Oγµγ5(z, 0) = T{q̄(z)γµγ5[z, 0]q(0)}, (2.1)

where zµ is a four-vector, q are quark fields, and [z, 0] is the straight Wilson line in the
fundamental representation of the gauge group

[z, 0] = P exp
(
ig

∫ 1

0
dσ zµAµ(σz)

)
. (2.2)

For space-like separations z2 < 0 which are relevant for lattice calculations, the time-
ordering in eq. (2.1) is redundant. The Dirac matrix γ5 is defined (in d = 4 dimensions) as

γ5 = iγ0γ1γ2γ3 = −i4! ε
µνρσγµγνγργσ, (2.3)

where ε is the Levi-Civita tensor with ε0123 = −ε0123 = 1. Flavor indices of the quark fields
are omitted for brevity.
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If not stated otherwise, we tacitly assume that the nonlocal operator (2.1) is renor-
malized,

Oγµγ5(z, 0) = ZOO
γµγ5

bare (z, 0) . (2.4)

The renormalization constant ZO in the MS scheme is known to three-loop accuracy [55, 56].
It is the same for all Dirac structures. Both sides of eq. (2.4) depend on the renormalization
scale µR. This dependence is not shown explicitly in what follows, unless it is important
for understanding.

In renormalization schemes with an explicit regularization scale, the Wilson line in
eq. (2.1) suffers from an additional linear ultraviolet divergence [57] which has to be re-
moved. This can be done by the renormalization of a residual mass term, similarly to the
heavy quark effective theory, or, alternatively, by forming a suitable ratio of matrix ele-
ments involving the same operator [58, 59]. This issue is well known and does not require
an extra elaboration.

In this work, we study only the forward matrix elements. Thus, the global position-
ing of the operator is unimportant, and only the distance z between the fields plays a
role. Without loss of generality, we can put the quark position at the origin. The nu-
cleon matrix element of the operator in eq. (2.1) can be parametrized in terms of three
invariant functions,

〈p, s|Oγµγ5(z, 0)|p, s〉 = 2
(
pµλzG1(p · z, z2) + sµTMGT (p · z, z2) (2.5)

+ zµ(p · z)− pµz2

(p · z)2 λzM
2G3(p · z, z2)

)
.

Here, M2 = p2 is the nucleon mass, sµ is the spin vector, (s · p) = 0, s2 = −1, and

λz = M
(s · z)
(p · z) . (2.6)

We refer the functions G as Ioffe-time quasidistributions (qITDs) [58, 60, 61], and the
variable

ζ = pz = (p · z), (2.7)

as the Ioffe time [60].
The subscript T indicates the projection onto the transverse plane, which is orthogonal

to zµ and pµ:

sµT = gµνT sν , (2.8)

with
gµνT = gµν − (zµpν + pµzν) pz

p2
z − z2p2 + pµpν

z2

p2
z − z2p2 + zµzν

p2

p2
z − z2p2 . (2.9)

The transverse projection of the metric tensor in four dimensions satisfies

pµg
µν
T = zµg

µν
T = 0 , gµνT g ρ

Tν = gµρT , gµTµ = 2. (2.10)
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For further use we also introduce the anti-symmetric tensor

εµνT = pαzβε
αβµν√

p2
z − z2p2 , (2.11)

such that

εµνT ε ρ
Tν = −gµρT , εµνT εTµν = 2 . (2.12)

If the four-vectors zµ and pµ are positioned in the (t, z)-plane, then ε12
T = −ε21

T = 1 (and
other components vanish). Let us note that the terms ∼ z2p2 can be omitted, since in the
following we study the limit z2p2/p2

z → 0. However, we keep these terms in (2.9) and (2.11)
to ensure exact orthogonality conditions.

The three qITDs G1, GT and G3 at small z2 can be matched to collinear PDFs. This
matching is studied in great detail for G1, where only the twist-two collinear PDF con-
tributes at accuracy O(z2). The corresponding coefficient function is known to two loops
(NNLO) [62–64]. The factorized expressions for GT and G3 are more complicated. At
the same power accuracy, they receive contributions from collinear PDFs of twists 2,3 and
twists 2,3,4, respectively. In this paper we derive the leading-power factorization theo-
rem for the qITD GT distribution to NLO (one-loop) accuracy. It incorporates twist-2
and twist-3 collinear distributions. Starting from this result, the coefficient functions for
qPDFs and pPDFs can be obtained by the appropriate Fourier transform. The necessary
definitions are given in the corresponding sections.

3 Light-ray operators

Operator product expansion (OPE) can be conveniently organized in terms of the gener-
ating functions of (renormalized) local operators [7, 65–69]

[
Oγµγ5(z, 0)

]µF =
[
q̄(z)γµγ5[z, 0]q(0)

]µF =
∞∑
k=0

1
k!z

µ1 . . . zµk
[
Oγ

µγ5
µ1...µk(0)

]µF
, (3.1)

where

Oγ
µγ5
µ1...µk(0) = q̄(0)

←
Dµ1 . . .

←
Dµk γ

µγ5q(0) . (3.2)

The superscript µF indicates the renormalization scale for the operator. In what follows, we
often suppress the scale dependence not to overload the notation. Importantly, the operator
Oγµγ5(z, 0) in eq. (3.1) and Oγµγ5(z, 0) in eq. (2.1) are different beyond the tree level.

Local operators on the r.h.s. of eq. (3.1) can be decomposed into a sum of contributions
with different geometric twist (dimension minus spin). In particular, the twist-two opera-
tors are obtained by symmetrization over all Lorentz indices and subtraction of traces. We
define the twist-two projection of the nonlocal operator (3.1) as the generating function for
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(renormalized) local twist-two operators

[
Oγµγ5(z, 0)

]
tw2

=
∞∑
k=0

1
k!z

µ1 . . . zµk
[
Oγ

µγ5
µ1...µk(0)

]
tw2

=
∞∑
k=0

1
k!(k + 1)!

∂

∂nµ

(
zρ

∂

∂nρ

)k
O
/nγ5
n...n(0)

=
∞∑
k=0

1
(k + 1)!

∂

∂nµ

(
zρ

∂

∂nρ

)k
O/nγ5(n, 0)

∣∣∣
n=0

, (3.3)

where nµ is an auxiliary light-like vector, n2 = 0, and O
/nγ5
n...n(0) = nµ1 . . . nµkO

/nγ5
µ1...µk(0).

Note that operator O/nγ5(n, 0) in the last line is a nonlocal operator defined as in eq. (3.1)
but at the light-like separation zµ → nµ between the fields — the light-ray operator. The
twist-two projection (3.3) of the nonlocal operator (3.1) satisfies the equations [68]

∂

∂zµ

[
Oγµγ5(z, 0)

]
tw2

= 0 , ∂

∂zρ

∂

∂zρ

[
Oγµγ5(z, 0)

]
tw2

= 0 , (3.4)

and can be written more explicitly in several different representations [7, 67–70]. Similarly,
it is possible to construct the projectors onto twist-three and higher-twists operators.

In this work we consider the transverse component OγµT γ
5(z, 0) = gµνT Oγνγ5(z, 0) and

neglect twist-four contributions. Hence, we can omit terms O(z2) corresponding to the
subtraction of traces. To this accuracy it is sufficient to use the following decomposition

Oγµγ5(z, 0) =
[
Oγµγ5(z, 0)

]
tw2

+
[
Oγµγ5(z, 0)

]
tw3

, (3.5)

where [68]

[
Oγµγ5(z, 0)

]
tw2

=
∫ 1

0
dα

∂

∂zµ
O/zγ5(αz, 0) , (3.6)

[
Oγµγ5(z, 0)

]
tw3

=
∫ 1

0
dα zρ

(
∂

∂zρ
Oγµγ5(αz, 0)− ∂

∂zµ
Oγργ5(αz, 0)

)
(3.7)

= −1
2

∫ 1

0
du

∫ u

0
dv
(
(u− v)Tµ−(uz, vz, 0)− vTµ+(uz, vz, 0)

)
.

Here and below we use the notation

Tµ+(az, bz, cz) = ig q̄(az) γρ/zγµγ5 Fρz(bz)q(cz) (3.8)

= −ig gµρT q̄(az)/z
(
Fρz(bz)γ5 + iF̃ρz(bz)

)
q(cz),

Tµ−(az, bz, cz) = ig q̄(az) γµ/zγργ5 Fρz(bz)q(cz) (3.9)

= −ig gµρT q̄(az)/z
(
Fρz(bz)γ5 − iF̃ρz(bz)

)
q(cz),

where g is the QCD coupling constant, Fµν is the gluon field-strength tensor, Fµz = Fµνz
ν ,

and F̃µν = 1
2εµναβF

αβ . The Wilson lines connecting the three fields in the quark-antiquark-
gluon operators (3.8), (3.9) are implied. Let us emphasize that eqs. (3.6) and (3.7) are exact
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operator identities for renormalized operators. We also note that the Tµ± operators involve
the QCD coupling, hence [Oγµγ5(z, 0)]tw3 vanishes in the free theory. So, the twist-three
effects arise due to quark-gluon interactions.

Nucleon matrix elements of the nonlocal operators (3.1), (3.8), (3.9) define parton
distributions. Neglecting terms O(z2)

〈p, s|O/zγ5(z, 0)|p, s〉 = 2λz(p · z)
∫ 1

−1
dx eix(p·z)∆q(x) ≡ 2λz ζ ∆̂q(ζ), (3.10)

〈p, s|OγµT γ
5(z, 0)|p, s〉 = 2sµTM

∫ 1

−1
dx eix(p·z)gT (x) ≡ 2sµTM ĝT (ζ). (3.11)

Here and in what follows, we use the “hat” notation for the PDFs in position space, dubbed
Ioffe-time distributions [60, 61]. The PDF ∆q(x) for x > 0 and x < 0 defines helicity
distribution of quarks and antiquarks (with the sign minus) in the nucleon, respectively.
The function gT (x) can be decomposed into twist-two and twist-three contributions (3.5).
Using (3.6) one obtains the twist-two part

ĝtw2T (ζ) =
∫ 1

0
dα ∆̂q(αζ),

gtw2T (x) = θ(x)
∫ 1

x

dy

y
∆q(y)− θ(−x)

∫ x

−1

dy

y
∆q(y) . (3.12)

This is the celebrated Wandzura-Wilczek relation [2].
For the twist-three part using eq. (3.7) we get

ĝtw3T (ζ) = ζ2
∫ 1

0
dα

∫ 1

α
dββ̄

(
Ŝ−(ζ, βζ, αζ) + Ŝ+(ᾱζ, β̄ζ, 0)

)
, (3.13)

where ᾱ = 1− α, etc., and Ŝ± are the twist-three quark-antiquark-gluon correlation func-
tions (in position space) defined as

〈p, s|Tµ+(az, bz, cz)|p, s〉 = 4sµT ζ
2M Ŝ+(aζ, bζ, cζ), (3.14)

〈p, s|Tµ−(az, bz, cz)|p, s〉 = −4sµT ζ
2M Ŝ−(aζ, bζ, cζ). (3.15)

The position-space PDFs Ŝ± are related to the PDFs in momentum fraction space by
the Fourier transformation

Ŝ±(ζ1, ζ2, ζ3) =
∫

[dx] e−i(ζ1x1+ζ2x2+ζ3x3)S±(x1, x2, x3), (3.16)

where ∫
[dx] =

∫ 1

−1
dx1dx2dx3 δ(x1 + x2 + x3) . (3.17)

The functions S± obey the symmetry relation [11, 18]

S±(x1, x2, x3) = S∓(−x3,−x2,−x1), (3.18)
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and similar for Ŝ±. It follows that Ŝ−(ζ, βζ, αζ) = Ŝ+(ᾱζ, β̄ζ, 0), and, therefore, the two
terms in (3.13) are equal to each other. Thus we write simply

ĝtw3T (ζ) = 2ζ2
∫ 1

0
dα

∫ 1

α
dβ β̄ Ŝ−(ζ, βζ, αζ) , (3.19)

and, going over to the momentum fraction representation, obtain

gtw3T (x) = 2
∫

[dx]
∫ 1

0
dα

(
δ(x+ αx1)

x1x3
+ δ(x+ x1 + αx2)

x2x3
+ δ(x+ x1)

x1x2

)
S−(x1, x2, x3).

(3.20)

In this expression one can get rid of two integrations using the delta-functions, but the
resulting expression is unwieldy due to a multitude of integration regions. For comparison,
the corresponding expression in position space (3.19) is rather compact. This situation is
rather general. For this reason, we carry out the major part of the calculations in position
space, and go over to momentum fractions only in the very end.

The relation x1 +x2 +x3 = 0 (3.17) implies that the twist-three PDFs are functions of
two variables. However, the three-variable notation used here is more convenient for many
reasons. First, it simplifies the symmetry relations (3.18). Second, twist-three correlation
functions have different parton interpretation in each kinematic domain xi ≶ 0 [71] and can
most naturally be presented using three-component barycentric coordinates, see [41, 42].

There is no single established notation for twist-three PDFs. Our definition is common
in the literature on the DIS structure function g2(x,Q2), e.g., [4, 18, 72]. In applications
to semi-inclusive reactions [36, 37, 40–42, 73], it is customary to use a different pair of
twist-three PDFs defined as

〈p, s|q̄(az) /z Fµz(bz)q(cz)|p, s〉 = 2εµνT sνζ
2M T̂ (aζ, bζ, cζ) , (3.21)

〈p, s|q̄(az) /zγ5 Fµz(bz)q(cz)|p, s〉 = −2isµT ζ
2M ∆T̂ (aζ, bζ, cζ) . (3.22)

The corresponding momentum fraction distributions T and ∆T (defined as in (3.16)) are
related to S± as

S±(x1, x2, x3) = 1
2 (−T (x1, x2, x3)±∆T (x1, x2, x3)) . (3.23)

The T and ∆T functions satisfy the following symmetry relations

T (x1, x2, x3) = T (−x3,−x2,−x1) , ∆T (x1, x2, x3) = −∆T (−x3,−x2,−x1) . (3.24)

A detailed comparison between different notations can be found in refs. [41, 42].
The correlation functions S± (or, equivalently, T and ∆T ) are scale-dependent. Their

evolution is autonomous, in the sense that it does not involve other distributions (apart
from the gluon twist-3 distribution in the singlet case, which we do not discuss in this
work). The evolution equation takes the form

dS±(x1, x2, x3;µF )
d lnµ2

F

=
∫

[dy]K±(x, y;αs(µF ))S±(y1, y2, y3;µF ), (3.25)
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where K is a kernel which, in general, depends on six variables x = {x1, x2, x3} and
y = {y1, y2, y3}. The leading-order (LO) expression for the kernelK can be found in [41, 54].
This expression is, again, relatively compact in position space but rather lengthy in terms
of the momentum fractions. For completeness we present the position-space kernel [41]
in appendix A. On the contrary, the evolution of the function gT is not autonomous,
since the projection of variables (x1,x2,x3) onto a single momentum fraction x is not an
eigentransformation of the evolution kernel (3.25), except for the large-Nc regime (and in
LO only), where the function gT obeys the DGLAP-type evolution equation [10, 18].

4 QCD factorization for quasidistributions

At tree level Oγµγ5(z, 0) = Oγµγ5(z, 0) and therefore

G1(ζ, z2) = ∆̂q(ζ;µF ) + . . . , (4.1)
GT (ζ, z2) = ĝT (ζ;µF ) + . . .

=
∫ 1

0
dα ∆̂q(αζ;µF ) + 2ζ2

∫ 1

0
dα

∫ 1

α
dββ̄ Ŝ−(ζ, βζ, αζ;µF ) + . . . , (4.2)

where the ellipses stand for higher-twist O(z2) corrections. Including higher-order per-
turbative corrections these expressions can be generalized to the following factorization
theorems:

G1(ζ, z2) =
∫ 1

0
dαC1(α, z2µ2

F ) ∆̂q(αζ;µF ) + . . . , (4.3)

GT (ζ, z2) =
∫ 1

0
dαCT (α, z2µ2

F ) ∆̂q(αζ;µF ) (4.4)

+ 2ζ2
∫ 1

0
dα

∫ 1

0
dβ C−(α, β, z2µ2

F )Ŝ−(ζ, βζ, αζ;µF ) + . . . ,

where the coefficient functions Ck are given by a series expansion in the QCD coupling

as = αs(µF )
4π . (4.5)

We write

Ci = C
(0)
i + asC

(1)
i + . . . (4.6)

with tree-level expressions

C
(0)
1 = δ(1− α) , C

(0)
T = 1 , C

(0)
− = β̄ . (4.7)

The validity of QCD factorization for qITDs G1, GT is a direct consequence of the existence
of the operator product expansion. The factorization theorems for quasidistributions in
momentum space are obtained by the Fourier transform of above expressions and do not
require any additional justification. The corresponding expressions for qPDFs and pPDFs
are derived in section 5.

– 9 –



J
H
E
P
0
5
(
2
0
2
1
)
0
8
6

The main purpose of this work is the calculation of coefficient functions Ck to one-loop
accuracy. The calculation of higher-twist contributions can be conveniently done using the
background field technique pioneered by Schwinger [74] and adapted to the applications
in nonabelian gauge theories in refs. [7, 42, 68, 75–79]. The basic idea is explained briefly
in what follows.1 Explicit examples of calculations using two different versions of this
approach are presented in the appendix C.

Thanks to the exact relations in (3.12), (3.13), the twist-two contribution to GT in
eq. (4.5) can be rewritten in terms of ĝtw2

T , and a part of twist-three contributions in terms
of the two-particle distribution ĝtw3

T :

GT (ζ, z2) =
∫ 1

0
dαCT (α, z2µ2

F ) ĝtw2
T (αζ;µF ) +

∫ 1

0
dαC2pt(α, z2µ2

F ) ĝtw3
T (αζ;µF )

+ 2ζ2
∫ 1

0
dα

∫ 1

0
dβC3pt(α, β, z2µ2

F )Ŝ−(ζ, βζ, αζ;µF ) , (4.8)

with C(0)
T = δ(1−α). One should have in mind that the separation of the two-particle and

three-particle contributions of twist three is not unique. We discuss this possibility and its
limitations in section 4.4.

4.1 Background field technique

The separation of coefficient functions and operator matrix elements in a certain amplitude
can be understood in the spirit of Wilson’s approach to the renormalization group as
integrating out the high-momentum degrees of freedom. We introduce the scale µ and
define “fast” and “slow” fields as modes with momenta p > µ and p < µ, respectively:

q(x)→ q(x, µ) + ψ(x, µ), Aν(x)→ Aν(x, µ) +Bν(x, µ), (4.9)

where ψ and B are the “fast”, and q and A are the “slow” components. For any gauge-
invariant operator O one can integrate over the “fast” fields giving rise to an effective
operator that only depends on “slow” degrees of freedom

Oeff(q, A) =
∫

[Dψ̄DψDB]O(q + ψ,A+B)eiS[q+ψ,A+B]−iS[q,A], (4.10)

where S is the QCD action. In this expression q and A can be considered as given fields
which satisfy classical QCD equations of motion (EOM). The background field tech-
nique [75, 76] is the method to evaluate such integrals paying due attention to gauge
invariance. The presence of background field modifies the structure of the gauge-fixing
term in the action. The analog of the conventional covariant gauge fixing condition for the
“fast” fields is [75, 76]

(∂µδAC + gfABCABµ )Bµ,C = Dµ[A]Bµ = 0, (4.11)

where Dµ[A] is the covariant derivative in the background field. The expression for the
action S[q + ψ,A+B]− S[q, A] in the background field gauge can be found in ref. [75].

1See also the book [80].
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The major advantage of the background field method in our context is that the func-
tional integral (4.10) is invariant under the local gauge transformations of “slow” (classical)
fields. This observation greatly simplifies the calculation as it implies that one can use any
suitable gauge for the background fields, and in particular a “physical” gauge where the
gluon field can be expressed directly in terms of the strength tensor.

There are several methods to evaluate functional integrals in background fields, which
have their advantages and drawbacks. We have performed the whole calculation using
two techniques. The first approach, hereafter referred to as method A, uses traditional
perturbation theory for the background field action [75] and axial gauge zµAµ(x) = 0 for
the classical field. The second approach, method B, uses the expressions for the light-
cone expansion of the quark and gluon propagators in the background field [7] and Fock-
Schwinger gauge xµAµ(x) = 0. Intermediate expressions in these two methods have a very
different structure. The final results are in agreement, which provides a strong check of
their correctness. For pedagogical purposes we present a detailed calculation of a certain
gauge-invariant subset of diagrams using both approaches in appendix C.

4.2 Renormalization factors and treatment of γ5

We use the dimensional regularization with d = 4− 2ε and (modified) minimal subtraction
scheme. Calculating the relevant Feynman diagrams in the presence of background fields
we obtain the expression for the bare qPDF operator (2.1) in terms of the bare light-ray
operators. The result has the following schematic structure

O/zγ
5

bare(z, 0) = Cbare
1 ⊗

[
O/zγ5

bare(z)
]tw2

+ . . . , (4.12)

Oγ
µ
T γ

5

bare (z, 0) = Cbare
T ⊗

[
OγµT γ

5

bare (z)
]tw2

+ Cbare
+ ⊗ Tµ+bare(z) + Cbare

− ⊗ Tµ−bare(z) + . . . ,

where the bare coefficient functions depend on ε and are singular at ε→ 0. The 1/ε terms
in the coefficient functions are due to ultraviolet (UV) and infrared (IR) singularities and
are removed by the renormalization procedure. In the present case, it is not necessary to
distinguish UV and IR poles during the calculation.

The UV singularity is removed by the (multiplicative) renormalization of the qPDF
operator, eq. (2.4). To one-loop accuracy [81]2

ZO = 1− as
3CF
ε
, (4.13)

where CF = (N2
c − 1)/2Nc is the quadratic Casimir operator in the fundamental repre-

sentation.
The IR singularities in the coefficient functions are removed by the renormalization of

light-ray operators. For twist-two [7]

O/zγ5(z) = Ztw2 ⊗O/zγ5

bare(z)

= O/zγ5

bare(z, 0) + 2asCF
ε

∫ 1

0
dα

1 + α2

1− α

(
O/zγ5

bare(ᾱz, 0)−O/zγ5

bare(z, 0)
)
. (4.14)

2The usual MS-scheme factor (eγE/(4π))ε is always implied.
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The coefficient of 1/ε in this expression is the renown DGLAP kernel in the position-space
representation. The renormalization factors of twist-3 operators Tµ± have similar structure.
The necessary expressions can be found in [41]. For readers’ convenience we collect them
in appendix A, see eq. (A.2).

Inserting 1l = Z−1
O ⊗ZO in between the coefficient functions and the operators in each

term in eq. (4.12), we take the limit ε→ 0 and obtain the final result

O/zγ5(z, 0;µR) = C1(µR, µF )⊗
[
O/zγ5(z;µF )

]tw2
+O(z2),

Oγ
µ
T γ

5(z, 0;µR) = CT (µR, µF )⊗
[
OγµT γ

5(z;µF )
]tw2

+ C+(µR, µF )⊗ Tµ+(z;µF ) + C−(µR, µF )⊗ Tµ−(z;µF ) +O(z2), (4.15)

where
Ci(µR, µF ) = lim

ε→0
ZO(µR)Ci ⊗ Z−1

i (µF ) . (4.16)

Here Zi stands for the renormalization kernel for the appropriate operator. This expression
involves two scales. The dependence on the renormalization scale µR is governed by the
anomalous dimension (4.13). The dependence on the factorization scale µF is canceled
between the coefficient functions and light-ray operators. In the following we set

µR = µF = µ . (4.17)

The final comment concerns the treatment of γ5. The usual MS scheme is defined in
such a way (see, e.g., [82–84]) that the renormalization of flavor-nonsinglet vector and axial-
vector operators is assumed to be the same. This is achieved by starting with a suitable γ5
definition in d = 4−2ε dimensions [85–87] aided by a finite renormalization that effectively
restores the anticommutation property {γµ, γ5} = 0. This procedure is mandatory for
flavor-singlet operators, but whether it has to be followed for flavor-nonsinglet operators
depends on the method how the calculation is done. In our case we can simply assume
{γ5, γµ} = 0 as γ5 does not appear in traces in which case using anticommutation property
leads to algebraic inconsistencies.

4.3 One-loop coefficient functions for light-ray operators

In this section we present the results for bare coefficient functions of twist-two and twist-
three operators. We have done the calculations using two versions of the background field
technique and got the same result, see appendix C for the details. Below we write the
results for the coefficient functions separating an overall factor

Cbare
i = C

(0)
i + asΓ(−ε)

(
−z2

4

)ε
C̃

(1)bare
i , i = 1, T,± (4.18)

We also omit the “bare” superscript in order not to overload the notation.
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Twist-two contributions:

C̃
(1)
1 ⊗

[
O/zγ5(z,0)

]
tw2

= 2CF
{∫ 1

0
dα

[2(1−ε)
1−2ε

α2ε−α
α

([
O/zγ5(ᾱz,0)

]
tw2
−
[
O/zγ5(z,0)

]
tw2

)

+(1−ε)(1−2ε)α
[
O/zγ5(ᾱz,0)

]
tw2

]
− 2(1−ε)

1−2ε
[
O/zγ5(z,0)

]
tw2

}
,

C̃
(1)
T ⊗

[
OγµT γ

5(z,0)
]
tw2

= C̃
(1)
1 ⊗

[
OγµT γ

5(z,0)
]
tw2

+4CF ε(1−ε)
∫ 1

0
dαα

[
OγµT γ

5(ᾱz,0)
]
tw2

.

(4.19)

Twist-three contributions:

C̃−⊗Tµ−(z, 0) + C̃+ ⊗ Tµ+(z, 0) =

= C̃
(1)
T ⊗

[
OγµT γ

5(z, 0)
]
tw3

+
∫ 1

0
dα

{∫ 1

α
dβ

[
Nc

2

(
β2ε − β
1− 2ε − αβ̄(1− ε)

)

+ 1
2Nc

α

2 (2− α+ αε)
][
Tµ−(z, βz, αz)− Tµ+(ᾱz, β̄z, 0)

]

+ 1
2Nc

∫ α

0
dβ

[
β

2 (2− β + βε)
[
Tµ−(ᾱz, β̄z, 0)− Tµ+(z, βz, αz)

]

+ β

2

(
2(α2ε − α)
(1− 2ε)α + β + (2− β)ε

)[
Tµ−(z, βz, αz)− Tµ+(ᾱz, β̄z, 0)

]]}
, (4.20)

where [OγµT γ
5(z, 0)]tw3 is given by eq. (3.7). Note that the contributions in the first two

and the last two lines in eq. (4.20) correspond to different ordering of the fields on the light
cone: in the first two lines the gluon field is in between the quark and the antiquark, and in
the last two lines the gluon is outside (to the left or to the right). The “wrongly ordered”
contributions are suppressed in the large-Nc limit.

Renormalized coefficient functions are obtained as explained above, applying the renor-
malization factors for the light-ray operators and the overall renormalization factor ZO for
the qPDF operator. The resulting expression is finite at ε→ 0, as it should. Cancellation
of the 1/ε poles provides one with a further check of the calculation.

4.4 qITDs at NLO

The qITDs are obtained by taking the matrix element of the OPE (4.15) such that the
structure of the expansion is essentially retained. In the following expressions

Lz = ln
(
−z2µ2

4 e−2γE

)
, (4.21)

and the plus-distribution is defined as usual,∫ 1

0
dα f(α)

(
g(α)

)
+ =

∫ 1

0
dα
(
f(α)− f(1)

)
g(α) . (4.22)
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We obtain

G1(ζ, z2;µ) = ∆̂q(ζ;µ) + as

∫ 1

0
dαC(1)

1 (α,Lz;µ) ∆̂q(αζ;µ) , (4.23)

where

C(1)
1 (α,Lz) = 2CF

[(
−Lz

1 + α2

1− α + 3− 8α+ 3α2 − 4 ln ᾱ
1− α

)
+

+ δ(ᾱ)
(3

2Lz + 7
2

)]
. (4.24)

This result is in agreement with earlier calculations [47, 59, 88]. Note, that the coefficient
function (4.24) is nothing but the renormalized C̃(1)

1 given in eq. (4.19).
The transverse qITD GT receives twist-two and twist-three contributions

GT = Gtw2T + Gtw3T , (4.25)

where the twist-two term is given in eq. (4.26) and the twist-three term is given in eq. (4.31).
First, we present the twist-two part, which reads

Gtw2T (ζ, z2;µ) = ĝtw2T (ζ;µ) + as

∫ 1

0
dαC(1)

T (α,Lz;µ) ĝtw2T (αζ;µ) , (4.26)

where

C(1)
T (α,Lz;µ) = 2CF

[(
−Lz

1+α2

1−α + 1−4α+α2−4ln ᾱ
1−α

)
+

+δ(ᾱ)
(3

2Lz+ 5
2

)]
, (4.27)

and we remind that (3.12)

ĝtw2T (ζ) =
∫ 1

0
dα ∆̂q(αζ). (4.28)

Importantly, C(1)
T (α,Lz) 6= C(1)

1 (α,Lz). As a consequence, the Wandzura-Wilczek relation
does not hold for quasidistributions,

Gtw2T (ζ, z2)−
∫ 1

0
dαG1(αζ, α2z2) =

= 8asCF
∫ 1

0
dα

(
Li2(ᾱ) + ln ᾱ lnα− ln2 α

4

)
∆̂q (αζ) +O(a2

s) . (4.29)

This is different from the “classical” Wandzura-Wilczek relation for polarized DIS [2], which
is exact at the level of structure functions, cf. [18].

The twist-three part deserves more attention. The first term in eq. (4.20) is written
in terms of the two-particle twist-three operator [OγµT γ

5(z, 0)]tw3 with the same coefficient
function as the twist-two contribution. If this “two-particle” term were the only one, the
qITD GT would be factorizable in terms of the “full” PDF ĝT (ζ) = ĝtw2T (ζ) + ĝtw3T (ζ), as
conjectured in refs. [51, 52]. To clarify the role of the remaining three-particle contributions
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it is instructive to consider the large-Nc limit such that the contributions in the last three
lines in (4.20)) can be dropped and the expressions become much simpler. We have

Gtw3T = ĝtw3T (ζ;µ) + as

∫ 1

0
dαC(1)

T (α,Lz;µ) ĝtw3T (αζ;µ)

+ 2asNcζ
2
∫ 1

0
dα

∫ 1

α
dβ
[
β̄
(
ᾱLz + 2 + α

)
+ 2 ln β

]
Ŝ−(ζ, βζ, αζ) +O(1/Nc)

= ĝtw3T (ζ;µ) + as

∫ 1

0
dα
[
C(1)
T (α,Lz;µ) +Nc

(
Lz (δ(ᾱ)− α) + α+ 2δ(ᾱ)

)]
ĝtw3T (αζ;µ)

+ 4asNcζ
2
∫ 1

0
dα

∫ 1

α
dβ ln β Ŝ−(ζ, βζ, αζ) +O(1/Nc). (4.30)

To simplify this expression we have used eq. (3.19) and the symmetry relation (3.18) which
equalizes the contribution of Tµ+ and Tµ−.

We see that the three-particle contributions involving the weight factor β̄ in the integral
over the gluon position can be rewritten in terms of the two-particle twist-three PDF
ĝtw3T (αζ;µ). However:

1. With this addition, the coefficient function of ĝtw3T (αζ;µ) becomes different from the
coefficient function of ĝtw2T (αζ;µ). This is already true for the logarithmic term ∼ Lz,
i.e. for the evolution kernel in the large-Nc limit [10, 18].3 The main effect to the LO
accuracy is the constant shift by Nc of the anomalous dimensions of the twist-three
operators as compared to the leading twist ones [10].

2. A genuine three-particle contribution involving ln β appears, see the last line of
eq. (4.30). It cannot be rewritten in terms of ĝtw3T (αζ;µ).

The 1/Nc corrections have a more complicated structure and do not allow a separation
of two-particle contributions in a natural way. Collecting all terms we obtain the NLO
expression for the twist-three part of the qITD GT (ζ, z2) (cf. (4.8))

Gtw3
T (ζ, z2) = ĝtw3

T (ζ;µ) + asC(1)
2pt ⊗ ĝ

tw3
T + 2ζ2asC(1)

3pt ⊗ Ŝ
− (4.31)

with

C(1)
2pt⊗ĝ

tw3
T =

∫ 1

0
dα
[
C(1)
T (α,Lz;µ)+Nc

(
Lz (δ(ᾱ)−α)+α+2δ(ᾱ)

)]
ĝtw3
T (αζ;µ) , (4.32)

C(1)
3pt⊗Ŝ

−=−LzPtw3⊗Ŝ−+
∫ 1

0
dα

{∫ 1

α
dβ

(
2Nc lnβ+ 1

Nc

α2

2

)
Ŝ−(ζ,βζ,αζ) (4.33)

+ 1
Nc

∫ α

0
dβ

[
β2

2 Ŝ−(ᾱζ, β̄ζ,0)−
(
β(2+β)

2 − 2β
α

(1+lnα)
)
Ŝ−(ζ,βζ,αζ)

]}
,

3Simplification of the twist-three LO evolution equation in the large-Nc limit is due to a “hidden”
symmetry of QCD known as complete integrability [89].
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where the logarithmic part is given by

Ptw3⊗Ŝ−= 1
Nc

∫ 1

0
dα

{∫ 1

α
dβ
α(α−2)

2 Ŝ−(ζ,βζ,αζ)

+
∫ α

0
dβ

[
β(β−2)

2 Ŝ−(ᾱζ, β̄ζ,0)+
(
β(2−β)

2 − β
α

)
Ŝ−(ζ,βζ,αζ)

]}
. (4.34)

5 Quasi- and pseudo-distributions

qPDFs and pPDFs [47, 49, 90] are defined as functions of the parton momentum fraction
so that their interpretation is more close to the traditional PDFs. There seems to be no
established notation in the literature for all their variants. Traditionally, the distributions
and structure functions related to axial-vector operators are denoted by the letter g with
various subscripts, cf. [3, 4, 53]. To follow this practice, on the one side, and to distinguish
various types of distributions, on the other side, we use different fonts: the qPDFs are
denoted by the typewriter font letter g, and pPDFs are denoted by the blackletter font g,
and similarly the corresponding coefficient functions.

Following [47, 49] we introduce qPDFs as Fourier transforms of the qITDs with respect
to the distance z. The orientation of the vector zµ is kept fixed. We define

g1(x, pv) = pv

∫
dz

2πe
−ixzpvG1(zpv, z2), (5.1)

gT (x, pv) = pv

∫
dz

2πe
−ixzpvGT (zpv, z2), (5.2)

where vµ = zµ/|z| is the unit vector along zµ, and pv = (p · v). In turn, pPDFs [50]
are defined as Fourier transforms of qITDs with respect to the momentum p keeping its
orientation fixed,

g1(x, z2) =
∫
dζ

2πe
−ixζG1(ζ, z2), (5.3)

gT (x, z2) =
∫
dζ

2πe
−ixζGT (ζ, z2). (5.4)

These distributions have different properties. In particular, pseudodistributions have a
natural “partonic” support |x| < 1 [90], whereas qPDFs have |x| <∞.

In this section, we present the NLO expressions for axial-vector pPDFs and qPDFs.
Going over from the qITDs (4.23), (4.31) to the pseudodistributions is relatively straight-
forward, since all Fourier integrals are reduced to Dirac delta-functions and are easily
taken. The derivation of qPDFs is less trivial due to Fourier transformation of logarithmic
contributions. These terms have “unnatural” support properties, which makes the direct
calculation cumbersome. To avoid this complication we use the identity

gi(x, pv) =
∫
dζ

2π

∫ 1

−1
dy ei(y−x)ζgi

(
y,
ζ2

p2
v

)
, i = 1, T , (5.5)

from which simple relations between the coefficient functions for qPDF and pPDFs can be
derived, see appendix B. Using (B.9) (B.10) we are able to obtain the NLO expressions for
qPDFs from the corresponding pPDFs with relatively little effort.
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5.1 pPDFs at NLO

Using eqs. (4.23), (4.31) and performing the Fourier transformation (5.3), (5.4) we obtain

g1(x, z2) = ∆q(x) + as

∫ 1

|x|

dα

α
C

(1)
1 (α,Lz)∆q

(
x

α

)
, (5.6)

gT (x, z2) = gT (x) + as

∫ 1

|x|

dα

α

(
CT (α,Lz)gtw2T

(
x

α

)
+ C

(1)
2pt(α,Lz)gtw3T

(
x

α

))
+ 2asC(1)

3pt ⊗ S
−, (5.7)

where

C
(1)
1 (α,Lz) = C(1)

1 (α,Lz) , eq. (4.24) ,

C
(1)
T (α,Lz) = C(1)

T (α,Lz) , eq. (4.27) ,

C
(1)
2pt(α,Lz) = C(1)

2pt(α,Lz) , eq. (4.32) , (5.8)

and

C
(1)
3pt ⊗ S

− = −LzPtw3 ⊗ S−

+
∫

[dx]
∫ 1

0
dα

{
−2Nc

1− α

(
δ(x+ αx1)

x1x3
+ δ(x− x3 − αx2)

x2x3
+ δ(x+ x1)

x1x2

)

+ 1
Nc

[
− 2

(1− α)+

δ(x+ αx1)
x1x2

+ 2(1 + ln ᾱ)
1− α

δ(x+ αx1)− δ(x+ x1 + ᾱx3)
x2

2

− ᾱ
(
δ(x− αx3)

x1x2
+ δ(x− αx2)

x2x3
− δ(x+ αx2)

x1x2
− δ(x+ αx1)

x1x2
+ δ(x+ αx1)

x1x3

)

−
(
δ(x− αx2)

x2x3
+ δ(x+ αx1)

x1x3
+ 2δ(x+ x1)

x1x2

)]}
S−(x1, x2, x3) , (5.9)

with the logarithmic part being

Ptw3 ⊗ S−= 1
Nc

∫
[dx]

∫ 1

0
dα

[
α

(
δ(x− αx3)

x1x2
+ δ(x− αx2)

x2x3
− δ(x+ αx2)

x1x2
− δ(x+ αx1)

x1x2

+ δ(x+ αx1)
x1x3

+ 2δ(x+ x1)
x1x2

)
+ δ(x+x1+ᾱx3)− δ(x+αx1)

(1− α)x2
2

]
S−(x1, x2, x3).

(5.10)

One can show that the integrands in these expressions are finite at xi → 0 and α → 1.
Moreover, the first and the second moments of (5.9) and (5.10) vanish. All expressions are
defined for −1 < x < 1.

5.2 qPDFs at NLO

The qPDFs can be most easily derived from the corresponding pPDFs (5.6), (5.7) applying
the double-Fourier transformation (5.5). This transformation is non-trivial only for the
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terms involving Lz (B.10), which are also the ones responsible for extending the support
property of qPDFs beyond the partonic region |x| < 1 to |x| <∞. In the expressions given
below we use the following notation:

(f(x))⊕ = f(x)− δ(x̄)
∫ ∞

1
f(x) dx, (5.11)

(f(x))	 = f(x)− δ(x)
∫ 0

−∞
f(x) dx. (5.12)

The first moment of both distributions is zero.
We obtain

g1(x, pv) = ∆q(x) + as

∫ 1

−1

dy

|y|
C(1)

1

(
x

y
,Lp

)
∆q(y) , (5.13)

gT (x, pv) = gT (x) + as

∫ 1

−1

dy

|y|

(
C(1)
T

(
x

y
,Lp

)
gtw2T (y) + C(1)

2pt

(
x

y
,Lp

)
gtw3T (y)

)
+ 2asC(1)

3pt ⊗ S
−, (5.14)

where

Lp = ln
(

µ2

4y2p2
v

)
, (5.15)

and the coefficient functions are given by

C(1)
1 (α,Lp) = 2CF δ(ᾱ)

(3
2Lp+ 7

2

)
(5.16)

+2CF



(
1+α2

1−α ln α

−ᾱ
+1− 3

2ᾱ

)
⊕
, α> 1(

1+α2

1−α [−Lp+ln(αᾱ)−1]+3−2α+ 3
2ᾱ

)
+
, 0<α< 1(

1+α2

1−α ln ᾱ

−α
−1+ 3

2ᾱ

)
	
, α< 0

C(1)
T (α,Lp) = 2CF δ(ᾱ)

(3
2Lp+ 5

2

)
(5.17)

+2CF



(
1+α2

1−α ln α

−ᾱ
+1− 3

2ᾱ

)
⊕
, α> 1(

1+α2

1−α [−Lp+ln(αᾱ)−1]+1+ 3
2ᾱ

)
+
, 0<α< 1(

1+α2

1−α ln ᾱ

−α
−1+ 3

2ᾱ

)
	
, α< 0

C(1)
2pt(α,Lp) = C(1)

T (α,Lp)+Nc

[
δ(ᾱ)

(1
2Lp+ 5

2

)
+θ(0<α<1)[α(1−Lp)]++r1(α)

]
, (5.18)

– 18 –



J
H
E
P
0
5
(
2
0
2
1
)
0
8
6

and

C(1)
3pt ⊗ S

− = θ(|x| < 1)
[
C

(1)
3pt ⊗ S

− (5.19)

− 1
Nc

Lp
∫

[dx]
(
δ(x−x3)− δ(x+x2)

x1x2
− δ(x+x1)− δ(x−x2)

x2x3

)
S−(x1, x2, x3)

]

+ 1
Nc

∫
[dx]

∫ ∞
−∞

dα

[
r1(α)

(
δ(x− αx3)

x1x2
+ δ(x− αx2)

x2x3
− δ(x+ αx2)

x1x2

− δ(x+ αx1)
x1x2

+ δ(x+ αx1)
x1x3

+ 2δ(x+ x1)
x1x2

)

+ r2(α)δ(x+ x1 + ᾱx3)− δ(x+ αx1)
x2

2

]
S−(x1, x2, x3) ,

where

r1(α) =



(
α ln α

−ᾱ
− 1 + 1

2ᾱ

)
⊕
, α > 1(

1− 2α+ α ln(αᾱ)− 1
2ᾱ

)
+
, 0 < α < 1(

α ln ᾱ

−α
+ 1− 1

2ᾱ

)
	
, α < 0

(5.20)

r2(α) =



(
ln α
−ᾱ

1− α

)
⊕
, α > 1(3 ln ᾱ+ lnα

1− α

)
+
, 0 < α < 1(

ln ᾱ
−α

1− α

)
	
, α < 0 .

(5.21)

Note that in the large-Nc limit the genuine three-particle contributions for qPDFs and
pPDFs are the same.

Our results for the coefficient functions C1 and CT coincide with known expres-
sions [47, 88]. The remaining expressions are new results. In general, the structure of
the three-particle contributions to qPDFs is rather unwieldy due to multitude of integra-
tion regions. For two-particle contributions, as well known, three domains x > 1, 0 < x < 1
and x < 0 are distinguished. For three-particle contributions one ends up with 30 domains
for the variables (x1, x2, x3). This structure is not explicit in eq. (5.19) but is revealed once
the integrations over the delta-functions are performed.

6 Discussion and outlook

We have formulated the factorization theorem for the space-like axial-vector correlation
function (2.1) in terms of parton distributions to twist-three accuracy and calculated the
corresponding coefficient functions to NLO accuracy. In this section we discuss the results
in connection with possible lattice calculations.
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Since the twist-two contributions to the “transverse” part of all versions of the quasi-
parton distributions are given by the helicity PDF ∆q(x, µ), the utility of the lattice ap-
proach crucially depends on the possibility to subtract (or at least minimize) such terms
and reveal the twist-three contributions of interest. It is well-known that this subtraction
can be implemented exactly for the correlation function of two vector currents by virtue of
the Wandzura-Wilczek relation. For the quasidistributions the cancellation is not complete,
as explicitly demonstrated by our calculation. We obtain

gT (x,pv)−
∫ 1

|x|

dy

y
g1(y,pv) = 8asCF

∫ 1

|x|

dy

y

(
Li2(ȳ)+ln ȳ lny− ln2 y

4

)
∆q
(
x

y

)
+twist three,

(6.1)

gT (x,z2)−
∫ 1

|x|

dy

y
g1(y,z2) = 4asCF

∫ 1

|x|

dy

y
(ȳ+lny)∆q

(
x

y

)
+twist three , (6.2)

for the qPDFs and pPDFs, respectively. The twist-two remainder on the r.h.s. of this
relation for the qPDF case is unfortunately rather large.

To illustrate this point, consider the first nontrivial moment of gT which can be accessed
by considering the small-distance expansion of the qITD. Using eqs. (4.29) and (4.31) one
obtains

GT (ζ, z2)−
∫ 1

0
dαG1(αζ, α2z2) = 4asCF a0 + iζ

5
2asCF a1 (6.3)

+ ζ2

3

{
d̃2 −

20
9 CFasa2 + asd̃2

[
Lz

(13
3 Nc −

4
3Nc

)
− 8CF

]}
+O(ζ3, z2) ,

where (we use the notations of ref. [25])

an =
∫ 1

−1
dxxn∆q(x) , d̃2 =

∫ 1

0
dxx2[3gT (x)−∆q(x)] =

∫
[dx]S−(x1, x2, x3) . (6.4)

For an estimate, we take a2 ' 0.05 for the u-quarks in the proton at µ2 = 4 GeV2 [91, 92].
Then (20/9)CFasa2 ∼ 3.6·10−3 which is of the same order as the expected size of the twist-
three matrix element |d̃2| ∼ (1÷5) · 10−3 [25, 29–31]. Reducing this “twist-two pollution”
can pose a serious problem for the qPDF approach in the studies of twist-three effects.4

As far as the twist-three contribution itself is concerned, constraining the quark-
antiquark-gluon correlation function in its full complexity from present-day lattice cal-
culations is probably unrealistic. Thus trying to reduce the nonperturbative input to a
function of one variable, gT (x), as attempted in [51, 52], is certainly logical. However, the
shortcomings of such a reduction have to be clearly understood. Any approximation of this
kind is theoretically self-consistent if and only if it is maintained at all scales, in other words
if gT (x) does not mix with the “genuine” three-particle contributions that are neglected.
This condition is, indeed, satisfied to LO accuracy in the large Nc limit [10, 18], which can
be sufficient at the current stage. This decoupling does not mean, however, that the coef-
ficient functions of gT (x) to logarithmic accuracy can be calculated from the two-particle

4The residual twist-two contribution for the combination GT (ζ, z2)−
∫ 1

0 dαG1(αζ, z2) is smaller, compare
eqs. (6.1) and (6.2). It is more difficult, however, to implement this subtraction in the lattice data.
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quark-antiquark matrix elements. The quark-antiquark-gluon matrix elements must be
considered and contribute to the splitting functions (and to finite terms). As the result,
the coefficient functions of the twist-two and twist-three contributions to gT (x) in the fac-
torization theorem for the qPDFs are different already in the large Nc limit, see (5.18).
This difference is missed in [51, 52]. Another issue is that at NLO finite corrections ∼ Nc

appear that cannot be reduced to gtw3
T . Whether such terms can be minimized in some

way, remains to be studied.
To conclude, we have presented the first NLO analysis of axial-vector quasidistribu-

tions of the nucleon to the twist-three accuracy. The same method can be extended in a
straightforward manner to chiral-odd twist-three quasidistributions that are of particular
interest, cf. [93]. We plan to consider them in a separate publication.
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A Evolution kernel for twist-3 distributions

The evolution equations for twist-three quark-antiquark-gluon distributions can be found
in refs. [41, 54]. For the readers’ convenience, we collect the relevant expressions in this
appendix.

The evolution equation for the function Ŝ− has the form

µ2 d

dµ2 Ŝ
−(z1, z2, z3) = −as[H⊗ Ŝ−](z1, z2, z3), (A.1)

where

[H⊗ Ŝ](z1, z2, z3) = Nc

∫ 1

0
dα

( 4
α
Ŝ(z1, z2, z3)− ᾱ

α
Ŝ(zα12, z2, z3)− ᾱ

α
Ŝ(z1, z2, z

α
32)

− ᾱ2

α
Ŝ(z1, z

α
21, z3)− ᾱ2

α
Ŝ(z1, z

α
23, z3)− 2

∫ ᾱ

0
dβ β̄Ŝ(z1, z

β
23, z

α
32)
)

+ 1
Nc

∫ 1

0
dα

( 2
α
Ŝ(z1, z2, z3)− ᾱ

α
Ŝ(zα13, z2, z3)− ᾱ

α
Ŝ(z1, z2, z

α
31)

+ ᾱ Ŝ(z2, z
α
12, z3)−

∫ ᾱ

0
dβ Ŝ(zα13, z2, z

β
31) + 2

∫ 1

ᾱ
dβ β̄ Ŝ(z1, z

β
23, z

α
32)
)

− 3CF Ŝ(z1, z2, z3). (A.2)

Here
ᾱ = 1− α, zαij = ziᾱ+ zjα. (A.3)

The evolution equation for Ŝ+ is obtained trivially, using the symmetry relation (3.18).
The corresponding expression for momentum space distributions is lengthy as the evolution
kernels in different sectors xi ≶ 0 are not the same. Explicit expression can be found in [54].
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The distribution ĝT is proportional to the integral (3.19). Application of the operator
H to this expression yields
∫ 1

0
dα

∫ 1

α
dβ β̄ [H⊗ Ŝ](ζ, βζ, αζ) =

∫ 1

0
dα

∫ 1

α
dβ

[
Ncβ̄(ln ᾱ− 2 lnα+ 1) (A.4)

− 1
Nc

(
αβ − α2

2 + β̄(2 lnα− ln ᾱ)
)
− 3CF β̄

]
Ŝ(ζ, βζ, αζ)

− 1
Nc

∫ 1

0
dα

∫ α

0
dβ

[(
β

α
− β(2− β)

2

)
Ŝ(ζ, βζ, αζ) + β

2− β
2 Ŝ(ᾱζ, β̄ζ, 0)

]
.

The ∼ Nc part of this expression that includes β̄f(α) in the integrand, can be rewritten
as a convolution of a two-particle kernel with ĝT with the proper rescaling of ζ. The 1/Nc

contributions cannot be simplified in this way and contribute to the “genuine” three-point
part, see section 4.4.

B Relation between the coefficient functions for qPDFs and pPDFs

The qPDF g(x, pv) is related to the pPDF g(x, z2) by the double Fourier transformation

g(x, pv) =
∫
dζ

2π

∫ 1

−1
dyei(y−x)ζg

(
y,
ζ2

p2
v

)
. (B.1)

The pPDF on the r.h.s. of this equation can usually be presented in the form of the Mellin
convolution

g(x, z2) =
∫ 1

−1
dy

∫ 1

0
dα δ(x− αy)C (α,Lz)Q(y) +O(z2), (B.2)

where Q(x) (with −1 < x < 1) is some parton distribution function. Applying the trans-
formation (B.1) to (B.2) one obtains

g(x, pv) =
∫ 1

−1
dy

∫ ∞
−∞

dαδ(x− αy)C (α,Lp)Q(y) +O(z2), (B.3)

where the coefficient function C(x,Lp) is related to C(α,Lz) as

C (x, lp) =
∫ 1

0
dα

∫
dζ

2πe
i(α−x)ζC (α,Lz) . (B.4)

In these formulas we denote

Lz = ln
(
−z2µ2

4e−2γE

)
, lp = ln

(
µ2

4p2
v

)
, Lp = ln

(
µ2

4|y|2p2
v

)
. (B.5)

Let us emphasize the factor |y| in the Lp that is present in the quasidistribution (B.3).
It appears due to the change of variables. Also we observe that the quasi-distribution is
nonvanishing for −∞ < x <∞.

The coefficient function C(α,Lz) depends on ζ only via the logarithms which appear
in increasing powers in higher orders of the perturbative expansion. The nontrivial part of
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the transformation (B.4) consists of the evaluation of the Fourier transform of lnn ζ. Using
that Lz = lp + ln(ζ2e2γE ) we write the coefficient function C as a series

C (α,Lz) =
∞∑
n=0

lnn(ζ2e2γE )Cn(α, lp). (B.6)

Here Cn is given by a perturbative series starting from ans . The coefficient function for the
qPDF is then

C (α, lp) =
∞∑
n=0

Cn(α, lp), (B.7)

where
Cn (x, lp) =

∫ 1

0
dαCn(α, lp)

∫
dζ

2πe
i(α−x)ζ lnn(ζ2e2γE ). (B.8)

The integral (B.8) can be evaluated explicitly for any given n. To this end one should
first move the integration contour over α to the complex plane, evaluate the integral over ζ,
and finally close the α-integration contour on the branch cuts of the integrand. The result
for arbitrary n is simple but lengthy. To the NLO accuracy we only need n = 0 and n = 1:

C0 (x,Lp) =
{

0, x > 1 or x < 0,
C0(x,Lp), 0 < x < 1. (B.9)

and

C1 (x,Lp) =



∫ 1

0
dy

C1(y,Lp)
y−x

, x> 1,

∫ x

0
dy

C1(y,Lp)−C1(x,Lp)
y−x

+
∫ 1

x
dy

C1(y,Lp)−C1(x,Lp)
x−y

− ln(xx̄)C1(x,Lp), 0<x< 1,∫ 1

0
dy

C1(y,Lp)
x−y

, x< 0.

(B.10)

Derivation of eq. (B.10) is straightforward under the assumption that the integrand
is regular for y ∈ [0, 1]. However, C(y) has a singularity at y → 1 in the form of plus
distributions. These singularities result in additional pole terms ∼ δ(x̄) that are easy to
miss in a direct evaluation. To bypass this complication, we have used that the first Mellin
moment of plus distributions vanishes and thus these additional contributions can be found
by enforcing vanishing of the first moment of C(x) by adding suitable ∼ δ(x̄) terms.

C Sample calculations

For pedagogical purposes we present in detail a part of the calculation. We used two
independent methods which we call Method A and Method B. Method A is based on explicit
expansion of the background field Lagrangian with subsequent evaluation of the diagrams.
Method B uses partially integrated action with the propagators in the background field.
Although both methods are based on the same concept, the actual calculation is rather
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Figure 1. Diagrams computed in this appendix. The external lines represent the background
fields. The crossed blobs connected by the dashed line represent the quasidistribution operator.

different and in particular the diagrammatic decomposition of the relevant contributions
is not the same, although there are correspondences between classes of diagrams. For
illustration, inMethod A andMethod B we also employ a different gauge fixing condition for
the background field, leading to essentially different algebra and intermediate expressions.
Naturally, the final results coincide.

In this appendix, we present the calculation of the subset of diagrams which involve
gluon exchange between the quark and the antiquark, see figure 1. This proves to be the
most cumbersome part. In what follows we calculate the relevant contributions using both
methods and find the same result.

C.1 Method A

Interaction with the background field is described by the action

iSint = ig

∫
ddx

[
q̄ /Bψ + ψ̄ /Bq + ψ̄ /Aψ + fABCv

µαβγAAµ (∂αBB
β )BC

γ + . . .
]
, (C.1)

where q and A are classical background fields, ψ and B are quantum fields, fABC are the
SU(Nc) structure constants, and

vµαβγ = 2gµβgαγ − gµαgβγ − 2gµγgαβ . (C.2)

The dots indicate terms that are not needed in the present computation.
Using this effective Lagrangian we derive the expressions for the diagrams shown in

figure 1,5

D(a) = (ig)2CF

∫
ddxddy q̄(x)γν /∆(x)γµTγ

5 /∆(z − y)γνq(y)∆g(x− y),

D(b) = (ig)3 iNc

2

∫
ddxddyddu q̄(u)γβ /∆(u)γµTγ

5 /∆(z − x)γγq(x) (C.3)

×
(
vναβγ∂α∆g(y − u)∆g(x− y) + vναγβ∆g(y − u)∂α∆g(x− y)

)
Aν(y),

D(c) = −(ig)3

2Nc

∫
ddxddyddu q̄(y)γρ /∆(y − x)γν /∆(x)γµγ5 /∆(z − u)γρq(u)Aν(x)∆g(u− y),

D(d) = −(ig)3

2Nc

∫
ddxddyddu q̄(y)γρ /∆(u)γµγ5 /∆(z − x)γν /∆(x− y)γρq(y)Aν(x)∆g(u− y),

5The same calculation can be done in momentum space, leading to identical results.
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where we have already done the color algebra, and

/∆(x) = Γ(2− ε)
2πd/2

i/x

(−x2 + i0)2−ε , ∆g(x) = Γ(1− ε)
4πd/2

−1
(−x2 + i0)1−ε (C.4)

are the quark and gluon propagators in position space (with d = 4−2ε) in Feynman gauge.
We use the axial gauge for the background gluon field

zµAµ(x) = 0. (C.5)

With this choice that there is no Wilson line, [z, 0] = 1l, and

Aµ(x) = −
∫ 0

−∞z0
dσ Fµz(x+ σz) . (C.6)

Note that here we use the retarded prescription to fix the residual gauge dependence,
Aµ(t → −∞) = 0. In the case of the advanced prescription, Aµ(t → +∞) = 0, the lower
limit of the integration would become +∞z0. In the following we tacitly assume z0 > 0.

The diagrams are to be evaluated in the limit z2 → 0 neglecting terms O(z2). A
similar computation is made in ref. [42] for a TMD operator which is different from the
present case only by zµ → zµT . A very detailed description of the calculation of the (analog
of) diagram D(d) can be found in appendix B of ref. [42]. Here we consider D(a), which is
algebraically simpler but incorporates all the same principal steps. In Method B, the same
contribution is given by a certain mixture of D(a) and D(b).

Thus we start with (cf. eq. (C.19))

D(a) = g2CF
Γ2(2− ε)Γ(1− ε)

16π3d/2

∫
ddxddy

q̄(x)γν/xγµTγ5(/z − /y)γνq(y)
[−x2]2−ε[−(z − y)2]2−ε[−(x− y)2]1−ε . (C.7)

The expansion of the integral in powers of z2 can be done with the following trick. We
join the denominators using auxiliary integrations with Feynman parameters, and perform
a shift of integration variables such that the denominator acquires the form A+z2B where
A does not depend on z. We obtain

D(a) = g2CF
Γ(5− 3ε)
16π3d/2

∫ 1

0
[dαdβdγ]α1−εβ1−εγ−ε

∫
ddxddy (C.8)

× q̄
(
x+ βγ

λ
z

) γν
(
/x+ βγ

λ /z
)
γµTγ

5
(
αγ
λ /z − /y

)
γν

[−β̄x2 − ᾱy2 + 2γ(xy)− αβγ
λ z2]5−3ε

q

(
y + αβ + βγ

λ
z

)
,

where λ = αβ + αγ + βγ and [dαdβdγ] = dαdβdγδ(α + β + γ − 1). Next, we expand the
quark fields at x, y → 0. The resulting integrals are of the form xµ1 . . . yµn/[A+ z2B]5−3ε

and can be easily taken.
To the required twist-three accuracy the diagram should be evaluated up to terms

∼ q̄∂q so that we need to expand the fields in eq. (C.8) to first order. Computing the
(tadpole) loop integrals one ends up with

D(a) = (1−ε)NCF
∫ 1

0
[dαdβdρ]q(ᾱz)

[
2γµT−ρ

(
γµT /z
−→
/∂ −
←−
/∂ /zγ

µ
T

)]
γ5q(βz)+O(z2) , (C.9)
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where

N = g2

16πd/2
Γ(−ε)(−z2µ2)ε. (C.10)

To present the expression (C.9) in this simple form we have used that zµT = 0 and
{γ5, γµ} = 0 to simplify the algebra, and also changed to the dual Feynman variables
(see eq. (B.8) in ref. [42]).

The expression in the parenthesis in (C.9) gives rise to a genuine twist-three contribu-
tion. It can be rewritten in terms of quark-antiquark-gluon operators using QCD equations
of motion. For example,

q(ᾱz)
←−
/∂ /zγ

µ
Tγ

5q(βz) = q(ᾱz)
(←−
/D − ig /A(ᾱz)

)
/zγ

µ
Tγ

5q(βz)

= ig

∫ ᾱ

−∞
dσ q(ᾱz)Fνz(σz)γν/zγµTγ

5q(βz)

=
∫ ᾱ

−∞
dσ Tµ+(ᾱz, σz, βz) +O(z2), (C.11)

where T is defined in eq. (3.8).
The remaining contributions in eq. (C.3) are computed in the same way. We obtain

D(a) = (1− ε)NCF
∫ 1

0
dα

{
2αOγ

µ
T γ

5(ᾱz, 0) (C.12)

+ αᾱ

[∫ α

−∞
dβ T−(z, βz, αz) +

∫ 1

−∞
dβ T+(z, βz, αz)

]}
,

D(b) = −(1− ε)Nc

2 N
∫ 1

0
dα

{∫ α

−∞
dβ αᾱ

(
T+(z, βz, ᾱz) + T−(z, βz, αz)

)
(C.13)

+
∫ 1

α
dβ αβ̄

(
T+(z, βz, ᾱz) + T−(z, βz, αz)

)}
,

D(c)+D(d) = N
2Nc

∫ 1

0
dα

{
−(1− ε)

∫ α

−∞
dβ αᾱ

(
T+(z, βz, αz) + T−(z, βz, αz)

)
(C.14)

+
∫ α

0
dβ

β

2
[
(2− β + βε)T+(z, βz, αz)− (β + ε(2− β))T−(z, βz, αz)

]
+
∫ α

0
dβ

β

2
[
(β + ε(2− β))T+(ᾱz, β̄z, 0)− (2− β + εβ)T−(ᾱz, β̄z, 0)

]
+
∫ 1

α
dβ

α

2
[
(α+ (2− α)ε)T+(z, βz, ᾱz)− (2− α+ εα)T−(z, βz, ᾱz)

]}
,

where we have made a total shift of the operator position and performed a series of changes
of variables to present the expression in a simpler form. Summing up everything, we observe
that the gauge-dependence due to the choice of the “retarded” integration limit −∞ cancels,

– 26 –



J
H
E
P
0
5
(
2
0
2
1
)
0
8
6

and the final result for this set of diagrams reads

D = (1− ε)NCF
∫ 1

0
dα 2αOγ

µ
T γ

5(ᾱz, 0)

+ N
∫ 1

0
dα

{
CF

∫ 1

α
dβ

α

2 (2− α+ αε)
(
T+(z, βz, αz)− T−(z, βz, αz)

)
− 1

2Nc

∫ α

0
dβ
β

2
[
(2− β + βε)T+(z, βz, αz)− (β + ε(2− β))T−(z, βz, αz)

]
− 1

2Nc

∫ α

0
dβ

β

2
[
(β + ε(2− β))T+(ᾱz, β̄z, 0)− (2− β + εβ)T−(ᾱz, β̄z, 0)

]
+ Nc

2

∫ 1

α
dβ

α

2
[(

(2β − α)(1− ε)− 2
)
T+(z, βz, ᾱz)

+
(
(2β − α)(1− ε) + 2ε

)
T−(z, βz, ᾱz)

]}
. (C.15)

This expression coincides with eq. (C.27) after appropriate change of variables. We have
checked that the same result is obtained using the advanced axial gauge. Altogether, these
different versions of the calculation provide an excessive check of the result.

C.2 Method B

In this appendix we explain the calculation of the same contribution, with a gluon exchange
between the quarks, using the technique of ref. [7]. In this case we have only one Feynman
diagram

D = = (ig)2
∫
ddy

∫
ddx q̄(x) /A(x)q(x)q̄(z)γµTγ5q(0)q̄(y) /A(y)q(y)

(C.16)
where the Wick contractions correspond to the quark and gluon propagators in the back-
ground field [7]

qa(x)q̄b(y) = i

2π d2
/∆Γ(d2)

[−∆2] d2
[x, y]ab

+ ig

16π d2
Γ(d2 − 1)
[−∆2] d2−1

∫ 1

0
du
[
ū /∆σF (ux+ ūy) + uσF (ux+ ūy) /∆

]
+ . . . (C.17)

where ∆ = x− y, σF = σαβFAαβt
A
ab, and

AAα (x)ABβ (y) = − 1
4π d2

gαβ
Γ(d2 − 1)
[−∆2] d2−1

[x, y]AB − i

8π d2
Γ(d2 − 2)
[−∆2] d2−2

∫ 1

0
du gFABαβ (ux+ ūy) + . . .

(C.18)

with FABµν = ifAEBFEµν . In both expressions, the ellipses stand for terms O([−∆2]3− d2 )
which do not contribute to our accuracy6 Note that the Wilson line in (C.18) is taken in
the adjoint representation. For clarity we use capital letters A,B, . . . for color octet indices.

6Strictly speaking, the gluon fields in (C.17), (C.18) have to be decorated with the Wilson lines,
F (ux+ ūy) 7→ [x, ux+ ūy]F (ux+ ūy)[ux+ ūy]. They can be dropped, however, to our accuracy.
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For bookkeeping purposes it is convenient to split the calculation in the contributions
with and without the background gluon field in the propagators, similarly to figure 1. The
contribution (a) is by far the most complicated one; let us consider it in some detail.

D(a) = g2

16π 3d
2

∫
ddy

∫
ddx

Γ(d2−1)
[−(x−y)2] d2−1

Γ(d2)
[−(x−z)2] d2

Γ(d2)
[−y2] d2

×q̄(x)γσ(/x−/z)[x,z]γµTγ5/y[0,y]γσtA[x,y]ABtBq(y)

= g2

16π 3d
2

∫
ddy

∫
ddx

∫ 1

0
duu

d
2−2ū

d
2−1 Γ(d−1)

[−y2−uūx2]d−1
Γ(d2)

[−(x−z)2] d2

×q̄(x)γσ(/x−/z)[x,z]γµTγ5(/y+u/x)[0,y+ux]γσtA[x,y+ux]ABtBq(y+ux) (C.19)

The basic idea is that the remaining (classical) fields in the integral can be expanded as

q(y + ux) = q(ux) + yξ∂ξq(ux) + . . . (C.20)

after which the x-integration becomes trivial, and it is easy to convince oneself that the
terms with more than one derivative produces corrections ∼ O(z2) and can be dropped.
Wilson lines also have to be expanded and to this end using Fock-Schwinger gauge for the
classical gluon field xξAξ(x) = 0, Aξ(0) = 0, proves to be very convenient. In this gauge
[0, y + ux] = 1l and

Aξ(x) =
∫ 1

0
dααxρFρξ(αx) (C.21)

so that

tA[x, y + ux]ABtB = CF + ig
Nc

2

∫ 1

0
dt (ūx− y)ξAξ(t̄(y + ux) + tx) + . . .

= CF + ig
Nc

2

∫ 1

0
dt

∫ 1

0
dααxξyηFηξ(α[t̄(y + ux) + tx]) + . . . (C.22)

Taking the x-integral, we repeat the same procedure to do the y-integration: combine the
remaining two propagators introducing another Feynman parameter, shift the integration
variable, and expand the classical fields along the z-direction (the antiquark field and the
[x, z] Wilson line). In this way one ends up with four terms:

1. a quark-antiquark contribution without derivatives on the fields,

2. a quark-antiquark contribution with one derivative, q̄(vz)
←
∂ q(uz) or q̄(vz)

→
∂ q(uz)

3. a gluon from the expansion of the Wilson line in the gluon propagator, (C.22),

4. a gluon from the expansion of the Wilson line in the quark propagator from z to x.

The last term can be handled by rewriting ∂ξ = Dξ + igAξ, using (C.21) and the operator
identity

∂ξ q̄(vz)[vz, uz]/zΓq(uz) = q̄(vz)
{ ←
Dξ −i

∫ v

u
dt gFzξ(tx)+

→
Dξ

}
Γq(uz) (C.23)
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so that neglecting total derivatives

q̄(vz)
[
/zγ

µ
T

←
/D
]
γ5q(uz) = i

∫ v

u
dt q̄(vz) /zγµT gFzξ(tz)γξγ5q(uz) ,

q̄(vz)
[ →
/D γµT /z

]
γ5q(uz) = i

∫ v

u
dt q̄(vz) gFzξ(tz)γξγµT /zγ5q(uz) . (C.24)

Here Fzξ = zηFηξ. In this way we obtain (d = 4− 2ε)

D(a1) = 2CFN(1− ε)
∫ 1

0
dv

∫ v

0
du q̄(vz)γµTγ5q(uz) ,

D(a2) = igCFN
∫ 1

0
dv

∫ v

0
du

∫ v

u
dt q̄(vz)

{[
ū+ εu

]
γργµT −

[
v + εv̄

]
γµTγ

ρ
}
Fzρ(tz)/zγ5q(uz)

− igCFN
∫ 1

0
dv

∫ v

0
du

∫ v

u
dt
t

v
q̄(vz)

{[
v̄ + εv

]
γργµT −

[
v + εv̄

]
γµTγρ

}
Fzρ(tz)/zγ5q(uz)

− igCFN
∫ 1

0
dv

∫ v

0
du

(1
v
− 1
u

)∫ u

0
dt t q̄(vz)

{
γργµT − εγ

µ
Tγρ

}
Fzρ(tz)/zγ5q(uz) ,

D(a3) = −igNc

2 N
∫ 1

0
dv

∫ v

0
du

∫ v

u
dt

(
1− t

v

)
q̄(vz)

[
γργµT − εγ

µ
Tγ

ρ]Fzρ(tz)/zγ5q(uz)

− igNc

2 N
∫ 1

0
dv

∫ v

0
du

∫ u

0
dt

(
t

u
− t

v

)
q̄(vz)

[
γργµT − εγ

µ
Tγ

ρ]Fzρ(tz)/zγ5q(uz) ,

D(a4) = ig
1

2Nc
N
∫ 1

0
dv

∫ v

0
du

∫ v

0
dt t q̄(vz)

[
γµTγ

ρ − εγργµT
]
Fzρ

(
tz
)
/zγ5q(uz)

− ig 1
2Nc

N
∫ 1

0
dv
v̄

v

∫ v

0
du

∫ v

0
dt t q̄(vz)

[
γργµT − εγ

µ
Tγ

ρ]Fzρ(tz)/zγ5q(uz)

+ ig
1

2Nc
N
∫ 1

0
dv

v

v̄

∫ v

0
du

∫ 1

v
dt t̄ q̄(vz)

[
γµTγ

ρ − εγργµT
]
Fzρ

(
tz
)
/zγ5q(uz)

− ig 1
2Nc

N
∫ 1

0
dv

∫ v

0
du

∫ 1

v
dt t̄ q̄(vz)

[
γργµT − εγ

µ
Tγ

ρ]Fzρ(tz)/zγ5q(uz) , (C.25)

where N is defined in eq. (C.10).
The remaining contributions (b)–(d) are much simpler; their calculation is straightfor-

ward. We obtain

D(b) = 0 ,

D(c) = −ig 1
2Nc

N
∫ 1

0
dv

∫ v

0
du

∫ u

0
dt

(
1− t

u

)
q̄(vz)

[
γργµT − εγ

µ
Tγ

ρ
]
Fzρ(tz)/zγ5q(uz)

D(d) = ig
1

2Nc
N
∫ 1

0
dv

∫ v

0
du

∫ 1

v
dt

(
1− t̄

v̄

)
q̄(vz)

[
γµTγ

ρ − εγργµT
]
Fzρ(tz)/zγ5q(uz) (C.26)
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Finally, summing up everything, we get

D= 2CFN(1−ε)
∫ 1

0
dv

∫ v

0
duq̄(vx)γµTγ5q(ux)

+ig
(
CF−

1
2Nc

)
N
∫ 1

0
dv

∫ v

0
du

∫ u

0
dt q̄(vx)

{
[t̄+εt]γργµT−[t+εt̄]γµTγ

ρ
}
Fxρ

(
tx
)
/xγ5q(ux)

+ig
(
CF−

1
2Nc

)
N
∫ 1

0
dv

∫ v

0
du

∫ 1

v
dt q̄(vx)

{
[t̄+εt]γργµT−[t+εt̄]γµTγ

ρ
}
Fxρ

(
tx
)
/xγ5q(ux)

+igCFN
∫ 1

0
dv

∫ v

0
du

∫ v

u
dt q̄(vx)

{[
ū+εu

]
γργµT−

[
v+εv̄

]
γµTγ

ρ
}
Fxρ(tx)/xγ5q(ux)

−igNc

2 N
∫ 1

0
dv

∫ v

0
du

∫ v

u
dt q̄(vx)

{
[t̄+εt]γργµT−[t+εt̄]γµTγ

ρ
}
Fxρ

(
tx
)
/xγ5q(ux) (C.27)

where in the first line one still needs to separate twist-two and twist-three contributions

q̄(vz)γµTγ5q(uz) = [q̄(vz)γµTγ5q(uz)]tw2 + [q̄(vz)γµTγ5q(uz)]tw3 (C.28)

as shown in eqs. (3.6), (3.7). The result in (C.27) coincides with eq. (C.15) after the
appropriate change of variables.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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