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Abstract

In this thesis we study the two-dimensional multiphase Muskat problem which describes the
dynamics in a three fluids system located in a vertical porous medium under the effect of gravity.
This topic is of great interest in many applications, but also from a mathematical point of view.

In the first part of the thesis we consider the multiphase Muskat problem with equal viscosities.
As a first result, we prove that the velocity field in each fluid phase is explicitly identified in terms
of contour integrals described by the functions that parameterize the interfaces between the fluids.
Based on this feature, we express the classical formulation of the multiphase Muskat problem
as a nonlinear and nonlocal evolution equation for the pair of functions that parameterize the
free interfaces. After showing that this problem is parabolic in the regime where the fluids are
arranged vertically according to their density, with the fluids possessing larger densities located
below, we then establish the local well-posedness of the problem together with two parabolic
smoothing properties. Moreover, for solutions which are not global, but bounded in the phase
spaces, we exclude the occurrence of squirt singularities, that is the fluid interfaces cannot touch
along a curve segment when time elapses.

In the second part of the thesis we establish the first local well-posedness result for the
multiphase Muskat problem with general viscosities. Employing underlying Rellich identities in
the regime where the viscosities are ordered and a Neumann series argument when the fluids are
not ordered according to their viscosities, we show again that the velocity is given by contour
integrals which involve the pair of functions that parameterize the free interfaces. As a new
feature these integrals comprise a density function which depends nonlocally on this pair. This
enables us to formulate the problem as a nonlinear and nonlocal evolution problem for the
functions that parameterize the fluid interfaces, which is of parabolic type in the regime where
the classical Rayleigh—Taylor condition is satisfied at each interface. This aspect is the main
ingredient in the proof of the local well-posedness result, and we establish parabolic smoothing
properties for the solutions to the problem also in this setting.

Zusammenfassung

In dieser Arbeit studieren wir das zweidimensionale, mehrphasige Muskat Problem, welches
die Dynamik eines Systems, das aus drei Fluiden besteht, in einem vertikalen porésen Medium
unter dem Einfluss von Gravitation beschreibt. Dieses Thema ist in vielen Anwendungen, aber
auch aus mathematischer Sicht von groflem Interesse.

Im ersten Teil der Arbeit beschéftigen wir uns mit dem mehrphasigen Muskat Problem mit
gleichwertigen Viskositédten. Als erstes Ergebnis beweisen wir, dass das Geschwindigkeitsfeld
in jeder Fluidphase explizit mittels Konturintegralen, die durch die Funktionen beschrieben
werden, die die Oberflichen zwischen den Fluiden parametrisieren, gegeben ist. Basierend auf
dieser Eigenschaft driicken wir die klassische Formulierung des mehrphasigen Muskat Problems
als eine nicht-lineare und nicht-lokale Evolutionsgleichung fiir das Funktionenpaar, das die freien
Oberflachen parametrisiert, aus. Nachdem wir zeigen, dass das Problem in dem Fall, in dem die
Fluide vertikal geordnet sind nach deren Dichte, mit den Fluiden mit groflerer Dichte weiter
unten gelegen, parabolisch ist, beweisen wir die lokale Wohlgestelltheit des Problems zusammen
mit zwei parabolischen Glattungseffekten. Des Weiteren schlieen wir fiir Losungen, die nicht
global existieren, aber im Phasenraum beschrankt sind, das Auftreten von Squirt-Singularitaten



aus, das heifit die Fluidoberflichen kénnen sich nicht entlang eines Kurvenabschnittes beriihren.

Im zweiten Teil der Arbeit beweisen wir das erste lokale Wohlgestelltheitsresultat fiir das
mehrphasige Muskat Problem mit allgemeinen Viskositdten. Durch Ausnutzen von zugrundelie-
genden Rellich-Identitédten in dem Fall, in dem die Viskositdten geordnet sind, und mit Hilfe
eines Neumann-Reihen Arguments, in dem Fall, in dem die Fluide nicht nach deren Viskositéaten
geordnet sind, zeigen wir wieder, dass die Geschwindigkeit mittels Konturintegralen beschrieben
werden kann, welche das Funktionenpaar, das die freien Oberflichen parametrisiert, enthalten.
Eine neue Eigenschaft ist nun, dass diese Integrale eine Dichtefunktion, die nicht-lokal von diesem
Paar abhéngt, beinhaltet. Das ermoglicht uns das Problem als nicht-lineares und nicht-lokales
Evolutionsproblem fiir die Funktionen, die die Fluidoberflichen parametrisieren, zu reformulieren.
Dieses Evolutionsproblem ist parabolisch in der offenen Menge, welche durch die klassischen
Rayleigh—Taylor Bedingungen identifiziert ist. Diese Eigenschaft ist Hauptbestandteil des Bewei-
ses des lokalen Wohlgestelltheitsresultates, und wir beweisen auch in dieser Konfiguration fiir
die Losungen des Problems parabolische Glattungseffekte.
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1. Introduction

1.1. Flows in porous media

Porous media consist, for example, of sand stones which are sedimentary rocks composed of
sand-size grains of minerals, rocks, and organic material. These stones posses pores which are
typically filled with a fluid. Usually crude oil reserves are located in such porous media.

The interest in flows in porous media reaches widely from science to engineering technology.
Only to name a few applications, theory of such flows is used in petroleum extraction, in the
matter of COs-storage and micro-flows. A prominent example is the Hele-Shaw flow which
describes the dynamics in a system of one or more fluids located between two — mostly parallel
— transparent plates with very small distance in between, see [53, 54, 80]. This makes the
Hele-Shaw flow important for micro-flow applications, see [72, 82]. This flow has been named
after the English mechanical and automobile engineer Henry-Selby Hele-Shaw. A recent review
of analysis and numerics for one-phase Hele-Shaw models can be found in [67].

The still growing demand for gas and oil together with a decrease of new reservoirs discovered
leads inevitably to the necessity of enhanced petroleum extraction methods. Primary recovery
is mostly applied to newly exploited oil or gas fields as it is driven by natural mechanisms
and ordinary pumps. In this primary recovery phase, the pressure in the oil reservoirs is very
high and the oil can be extracted by the oil pumps (and extraction wells). On a second stage —
secondary recovery — after the underground pressure decreased such that the oil is no longer
naturally forced to the surface, one injects certain fluids in order to increase the pressure again
and arrange a flow upwards, which can have a major impact on the amount of production,
cf. [87]. Common methods in this phase are water injection, gas injection, and gas lift. Enhanced
— or tertiary — oil recovery then improves the flow by decreasing the viscosity of the oil by heating
it up, which recently receives some attention, see e.g. [34].

The methods of secondary oil and gas recovery, naturally lead to the topic of COs-storage,
cf. [5]. The idea is to use compressed CO2 in order to increase the pressure within the oil field.
The advantage is of course that one reduces the COs5 in the atmosphere provided the injected COq
stays in the depleted oil/gas reservoir for as long as possible. Work on the maximization of both,
the extracted petroleum and the stored COsq, can be found for example in [50, 55, 87], where
also the impact of this research field is shown even in highest political spheres.

From a mathematical point of view, the interest in flows in porous media dates back to the
19th century when the mathematical foundations for such models have been set by the French
engineer Henry Darcy, see [35]. He derived an empirical law, the so called Darcy’s law, which
is a linear relation that links the velocity of the fluid to the gradient of its pressure. Darcy’s
law is the main constitutive equation used to describe Hele-Shaw flows, cf. [13, 53, 54]. Many
experimental studies show, that such problems are modeled well with Darcy’s law, see e.g. [88].
Also mathematical research gives rise to consider Darcy’s law, since it arises as the result of a
homogenization process starting from many different initial situations. For example Tartar in [84]
has rigorously proved that the incompressible steady Stoke’s equations converge to a Darcy
law when the porous medium is homogenized. Ten years later, the article [58] considers more
generally the compressible Navier—Stokes equation in one dimension with statistical assumptions
on the porous medium, and the authors obtain after the homogenization again Darcy’s law.

In order to model the encroachment of water into a porous medium filled with oil, the American
engineer Morris Muskat had also used Darcy’s law to describe the dynamics in this two-phase
system, cf. [70]. The mathematical model, the so called Muskat problem, is the standard model
for two-phase fluid flows in porous media. The Muskat problem and its one-phase version,
the Hele-Shaw problem, have received much interest during the decades also in the field of
mathematics and are also currently the subject of many studies. Both mathematical models are
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moving boundary problems that describe the evolution of the fluid domains and of the velocity
and the pressure in each fluid phase. We will give some references in the following subsections.

Mathematical research on the classical two-phase Muskat problem

Despite the fact that the Muskat problem has been proposed already in 1934, the first local
well-posedness result has been established in 1996, see [90], in the case when the fluid phases
are both bounded and surface tension effects are not taken into account. Classical solutions for
the Hele-Shaw problem, which is even older, were proven — to our best knowledge first — in [44],
after weak solutions were shown to exist previously in [38].

In [90], but also in numerous studies thereafter, the well-posedness of the Muskat problem
is established under the assumption that the Rayleigh—Taylor condition is satisfied at the free
interface between the fluids. Introduced with the linear theory in [81], the Rayleigh—Taylor
condition is a sign restriction on the jump of the pressure gradient in normal direction at the
free interface, see Section 7.2. This intricate relation is equivalent, in the setting when the fluids
have equal viscosities and are arranged vertically, to the condition that the fluid located below
has a larger density. This is sometimes called in the literature the stable case, e.g. [22]. Since in
this thesis we neglect surface tension effects, the Rayleigh—Taylor condition will also play an
important role in our analysis. In the regime where the Rayleigh—Taylor condition is not satisfied
in the sense that it holds with the reverse inequality sign, physical experiments show that in this
unstable situation fingering patterns can occur, see e.g. [41, 73|, and the mathematical model is
ill-posed, see [33, 41, 61, 83].

Concerning well-posedness of the Muskat problem there are numerous studies which addressed
this issue in several physical scenarios and with various methods. In [90] the author uses
Newton’s method to construct local solutions, the analyses in [1, 23, 40-44, 59-62] are based
either on the abstract quasilinear parabolic theory presented in [8], see also [65], respectively [76],
or on the fully nonlinear parabolicity theory due to Lunardi, see [57]. The well-posedness results
in [2-4, 9, 10, 15, 24, 31-33, 46, 52, 71] are established by using the energy method, while the
authors of [83] employ methods from complex analysis and a version of the Cauchy-Kowalevsky
theorem. In the paper [12] the authors use a fixed point argument to construct local solutions
for bounded initial geometry which posses a sharp corner.

A further topic of interest is to identify the equilibria of the problem and to study their
stability properties, see [40, 41, 47, 62, 65, 76, 77]. At this point the authors take advantage
of the availability of principles of linearized stability corresponding to the parabolic theories
presented in [57], respectively [8, 65], and [76, 78, 79].

In the stable case discussed above, it is shown in the papers [17, 24-26, 36, 48, 60, 74, 83,
89] that for 'medium size’ initial data the solutions to the Muskat problem are global in time.
In this regime there are also studies which consider the singularity formation for non-global
solutions, e.g. [20-22, 27, 28, 30, 51, 83]. Quiet recently in [18, 19], by using the method
of convex integration, the authors have constructed in the unstable regime so called mixing
solutions which posses a diffuse interface region where the two fluids mix up and the density is
in this region no longer constant.

We also point out that the Muskat problem without surface tension effects is the singular
limit or the Muskat problem with surface tension when the surface tension coefficient vanishes.
This property has been rigorously established in the papers [9, 46].

The multiphase Muskat problem: State of the art

In this thesis we study the dynamics in a two-dimensional fluid system that consists of three
immiscible and incompressible fluids which are located in a homogeneous porous medium.
The mathematical model, the so called multiphase Muskat problem, uses Darcy’s law as the
main constitutive equation, and is presented in detail in Section 1.2 below. Despite the many
applications, see [5, 6, 14], this model has only been recently investigated from a mathematical
point of view and only in the very particular situation when the three fluids have equal viscosities.
More precisely, in [51], the authors considered the multiphase Muskat problem in R? in the stable
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regime where the fluids are ordered according to their densities, with the fluids possessing larger
densities located below, and formulated the model as an evolution problem for the functions
that parameterize the sharp interfaces that separate the fluid phases. By using energy estimates
they then show that the problem is locally well-posed in H*(R?) with k > 4.

A similar situation was considered in the papers [71, 75] in R?, but this research considers
one fluid phase as being air at uniform pressure. There are, to our best knowledge, no other
results on the well-posedness of the multiphase Muskat problem.

Concerning singularity formation for the multiphase Muskat problem, the authors of [51]
have shown that solutions which do not exist globally, but remain bounded in BUC***(R?),
with a € (0,1), do not form squirt singularities, that is the fluid interfaces cannot touch along a
curve segment when the time elapses. Furthermore, for non-global solutions in a two-dimensional
setting it is shown in [49] that uniform bounds on the curvature of the interfaces prevents also
the occurrence of splash singularities, that is single point collisions of the interface. The situation
is different in the framework of the one-phase Muskat problem where splash singularities are
one of the blow-up mechanisms, see [22, 30], while squirt singularities cannot occur [29, 30].

Goals

In view of the existing results on the multiphase Muskat problem, one of the main goals of this
thesis is to establish the first local well-posedness result for the multiphase Muskat problem
with general viscosities. We emphasize that, by a scaling invariance argument, one may identify
the Sobolev space H3/? (R)? as a critical space for this two-dimensional multiphase Muskat
problem, see Remark 2.2 and [1, 74]. Therefore, our goal is to establish the well-posedness
of the multiphase Muskat problem in all subcritical phase spaces H"(R)?, with r > 3/2. The
corresponding local well-posedness result is presented in Theorem 2.1 in the stable case when the
fluids have equal viscosities, and in Theorem 2.4 in the general case when no restrictions on the
viscosities are imposed. Moreover, we prove in Proposition 2.3 that also in the two-dimensional
setting solutions which are not global but bounded in the phase space cannot form squirt
singularities despite the fact that the interfaces intersect, at least at one point, in the limit
when the time elapses. In Theorem 2.1 and Theorem 2.4 we establish, additionally to the local
well-posedness result, two parabolic smoothing properties where we improve the regularity of
the solutions provided by the local well-posendess results. We will give a more detailed overview
of our results in Section 2.2.

1.2. The classical formulation of the multiphase Muskat
problem

We now present the classical formulation of the multidimensional Muskat problem which is
a model for the motion of three incompressible and immiscible fluids with positive constant
densities

p3 > P2 > pP1

in a vertical porous medium. In our setting the porous medium is homogeneous with permeability
constant k > 0, see [45] for descriptions of permeability, the flow is two-dimensional, and the
fluid phases cover the entire plane R?. Moreover, the fluids are assumed to be separated at each
time instant ¢ > 0 by sharp interfaces which are parameterized as graphs over the real line, that
is

e (t) ={(z,coc + f(t,2)) : z €R} and Tn(t) = {(x, h(t,z)) : z € R},

where ¢, is a fixed positive constant. We restrict our study to the nondegenerate situation
where the distance between the graphs F;‘” (t) and T'j,(¢) is positive during the flow. Moreover,
the fluids layers are arranged according to their density. More precisely, the fluid with density p;
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Qi (t
Fluid 1 vi(t) 0 D= (t)

Fluid 2

V2 (t) Fh(t)

Fluid 3

Q3(1)

Figure 1.1.: The geometrical configuration of the multiphase Muskat problem

is located at Q;(t) C R?, 1 <1i < 3, where
D (t) = {(z,y) €ER*: y > coo + [(t,2)},
Da(t) = {(z,y) €R®: h(t,x) <y < oo + f(t,2)},
Q3(t) = {(z,y) : y <h(t,2)},

see Figure 1.1.

Since the fluids are incompressible and the flow occurs at low Reynolds numbers, cf. [13], in
the fluid layers the motion is governed by the following equations

k

vi(t) = _E(vPi(t) +(0,pi9)), in Q(t), 1 <i<3, (1.1a)
divo;(t) =0

where p;, p;(t), and v;(t) :== (v} (t),v2(t)) is the viscosity, pressure, and velocity, respectively, of
the fluid located in Q;(¢). The positive constant g is the acceleration due to Earth’s gravity. The
equation (1.1a), is Darcy’s law which is, cf., e.g., [13], the standard model for flows in porous
media and it enjoys three important properties which we would like to point out. Firstly, an
increase of permeability or a decrease of viscosity leads to higher velocity amplitudes. Secondly,
the negative sign in front of the pressure gradient forces flow from regions with higher to regions
with lower pressure. Thirdly, the additive term —(0, kg(p;/p:)) describes the fact that, under
the influence of gravity, fluid particles move downwards. Moreover, the equation (1.1a), can be
derived from conservation of mass together with the assumption of constant density within each

fluid layer.

Since we neglect surface tension effects, the equations (1.1a) are supplemented by the following
(natural) boundary conditions
pi(t) = pia(t),
(vi@)|vi(t)) = (vipa () |vi (1))

where v;(t) is the unit normal at 9€;(t) N 0,41 (¢) pointing into Q;(t), cf. Figure 1.1, and (-|-)
denotes the Euclidean scalar product in R2.

} on 691(0 N 8Qi+1(t), = 1, 2, (11b)
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Additionally, the flow should satisfy the far-field boundary conditions

vi(t,x,y) =0 for |(z,y)| = 00, 1 <3 <3,
(1.1c)

f2(t,z) + h3(t,x) =0 for |z| — oo,

that is far away from the origin the flow is nearly stationary.
In addition, the normal velocity of the interfaces equals the normal component of the velocity
field at the free boundary, which is expressed by

Of(t) = (i(|(=0:f(t),1))  on I'=(1), }
Bih(t) = (ua()|(—9.h(t),1))  on Tu(t).

The equations (1.1a)-(1.1d) should hold for each ¢ > 0.
Finally, the interfaces are assumed to be known initially

(f,h)(0,-) = (fo, ho)- (1.1e)

We call the closed system (1.1) the multiphase Muskat problem.

(1.1d)

We conclude this section by defining what is meant by a solution to the multiphase Muskat
problem (1.1).

Definition 1.1. Let the initial data X = (fo, ho): R — R? be a continuously differentiable
function which vanishes at infinity and satisfies

inf(coo + fo — ho) > 0.

We call the tuple (v1,v2,vs,p1, 2, ps, X ), with X = (f, h), a classical solution to the multiphase
Muskat problem (1.1), if there exists T' € (0, 0o] such that

o pi(t,-) € BUC(Q4(t)) N C*(Qu(t)) for all t € [0,T), i =1,2,3,
o ;(t,-) € BUC(Q(t), R?) N CH(Q(t),R?) for all t € [0,T), i =1,2,3,
o fheCY[0,T)xR),
o inf(ceo + f(t,-) — h(t, ) >0, for all t € [0,T),
and (1.1) is satisfied pointwise for all time instants ¢ € [0, 7).

We point out that our well-posedness results stated in Section 2.2 provide solutions that enjoy
even better regularity properties than stated in this definition. In our analysis we prove that
at each time instant ¢ > 0, the velocities and the pressures are uniquely determined by X (¢).
Therefore, we shall also refer only to X as being the solution to (1.1).

1.3. Notation

We introduce in this section some notation which will be used throughout the thesis.

Given k,n € N and an open set Q@ C R", we denote by Ck(Q) the space consisting of
real- or complex-valued k-time continuously differentiable functions on Q, and UC*(Q) is the
subspace of Ck(Q) collecting functions with uniformly continuous derivatives up to order k.
Moreover, BUCk(Q) is the Banach space of functions with bounded and uniformly continuous
derivatives up to order k. Furthermore, given « € (0,1), we set

BUCk+a(Q) — {f c BUCk(Q) . [a/@f]a = sup ‘aﬁf(l') - 8ﬂf(3/)| < 00 V|ﬁ| — k}’ (1.2)
zty |z =yl
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which is, in the case of k = 0, called the Holder space with exponent «. Additionally, we set

C>(Q) =) c* (@) and BUC™(Q) == () BUC*(Q),
keN keN

and we define C{°(£2) to be the subset of C*°(£2) that contains only functions with compact

support.
Moreover, if I' C R? is a continuous curve, we define BUC(T") to be the space of bounded and
uniformly continuous functions mapping I' to R and

BUC*(T) := {¢ € BUC(D) : [fla = s W < oo}. (1.3)
e

Given T > 0 and a Banach space X, let B((0,7], X) denote the Banach space of all bounded

functions from (0, 7] into X. The Banach space C5((0,77], X) is then defined as

[[£%f(t) = s*f(s)llx

|t —s]*

Co((0.7).X) = {1 & BO.T1,X) : Ifllez = Il + sup <ool. (14)

Given Banach spaces X and Y, the set le(X ,Y) consists of all locally Lipschitz maps from X
to Y and the space C(X,Y) is defined as the set of all smooth mappings from X to Y.

The Banach space of all bounded, linear operators from X to Y is denoted by L(X,Y),
and Isom(X,Y) is the open subset of £(X,Y") that contains only invertible operators. Further-
more, we write A € L¥(X,Y) if A: X* Y is k-linear and bounded, whereas A € LE  (X,Y)

specifies that A € £LF(X,Y) is additionally symmetric.

Moreover, we adopt some notation from [7, Section 1.1.2] in order to describe that an operator
is the generator of an analytic semigroup. Let (Xo,|| - |lo) and (X1,] - 1) be Banach spaces,
where X; is densely embedded into Xy. If A € £(X1, X)) is the (infinitesimal) generator of an
analytic semigroup we write

—Ace€ H(Xl,Xo). (15)
In order to abbreviate formulas, we further introduce the following notation

Oz, f =f(x) = f(x — ),
0,5 X =Coo + f(x) — h(

01y X =h(x) — coo — f(
O, X =f(x) — h(z — 5),
SEI’S]X =h(x) — f(x — )

for all z,s € R and X = (f,h), where f,h: R — R.



2. Structure of the thesis and the main results

In order to give the reader a guideline for this thesis, we now include some remarks on its
structure, cf. Section 2.1, and formulate our main results, see Section 2.2, which will be proven
in the following Chapters 3-7.

2.1. Structure of the thesis

We now give an overview of this thesis. After emphasizing the importance of flows in porous
media, see Chapter 1, and especially of the multiphase Muskat problem, cf. Section 1.1, we
present the classical formulation of the multiphase Muskat problem as the system (1.1). The
main results of the thesis are collected below in Section 2.2, where we establish the local
well-posedness of the multiphase Muskat problem first in the particular case when the fluids
have equal viscosities, see Theorem 2.1, and, then in the general case when there is no restriction
on the viscosities, see Theorem 2.4. Moreover, in Proposition 2.3 we prove in the case when the
fluids have equal viscosities that squirt singularities cannot occur for solutions that are bounded
in the phase space and which are not global.

The remaining of the thesis is devoted to the proof of these results and is divided into two
parts. In Part I we establish our main results in the case of equal viscosities:

po=p = p2 = pz >0,

whereas in Part IT we consider the general case:

B, p2, i3 >0

and we prove Theorem 2.4.

In Part I we start the investigation of the multiphase Muskat problem with equal viscosities
in Chapter 3 by expressing the classical formulation (1.1) as a nonlinear, nonlocal, and strongly
coupled evolution problem of the form

dX(t)
dt
provided that the variable X (¢) :== (f(t), h(t)) belongs to

= (:[)(X(t))v t >0, X(Oa ) =Xo = (f0>h0)7 (21)

O, ={(f,h) € H"(R)? tinf(coo + f —h) > 0}, 7€ (3/2,2)

at each time instant ¢ > 0. The operator ® arises by the relations (1.1d). This reformulation is
achieved by identifying the velocity and pressure fields in terms of the functions f and h, cf.
Theorem 3.1 in Section 3.1, with the help of results from Appendix A. The coupling terms that
occur are of highest order, since the highest (first) spatial derivatives of f and h appear in the
same terms, which brings new difficulties compared to the two-phase problem.

Thereafter, in Chapter 4, we decompose the nonlocal operator ®(X) in terms of X and certain
(singular) integral operators for which we then establish several important mapping properties.
We conclude this chapter with Corollary 4.6 which provides the smoothness of ® as an operator
from O, to H"~1(R)2.

The analysis in Chapter 5 is devoted to the proofs of Theorem 2.1 and Proposition 2.3 which
are presented in Section 5.2 and Section 5.3, respectively. An important preliminary step is
provided in Section 5.1 where we prove that the Fréchet derivative ®(X) generates an analytic
semigroup in £(H"~1(R)?) for each X € O,.. This property identifies the Muskat problem (2.1)



2. Structure of the thesis and the main results

as a parabolic evolution problem and enables us to use abstract parabolic theory due to Lunardi,
see [57], in the proof of the main results.

In Part II we consider the general case when the assumption of equal viscosities is dropped.
The first main goal is to show that again the velocity and the pressure are identified at each
time instant ¢ by X (t), see Theorem 6.6 in Section 6.3.

In contrast to the analysis in Part I, in the case of general viscosities the velocity is expressed
again as a contour integral, but now this integral involves a density function w = (&1, w3), which
is determined as the solution to a linear equation, that comprises the adjoint of the double layer
potential operator for Laplace’s equation for the hypersurface F;"" UT,. The unique solvability
of this linear equation is studied in Section 6.2, see Theorem 6.4, where the open set U,., of all
pairs X € O, for which this equation is uniquely solvable, is characterized.

In Chapter 7 we first take advantage of Theorem 6.6 to reformulate in Section 6.3 the
multiphase Muskat problem (1.1) as a nonlinear and nonlocal equation of the same form as in
the previous case, cf. (2.1). Then, in Section 7.2 we establish the smoothness of ® as a mapping
from U, to H"~'(R)?, see Corollary 7.3. Furthermore, we show that the Rayleigh-Taylor
condition can be expressed in terms of ®(X) and we identify in Section 7.2 an open subset V,.
of U, which consists only of pairs for which the Rayleigh—Taylor conditions are satisfied. As
a second important result in Section 7.2, we prove in Theorem 7.4 that, for each X € V., the
Fréchet derivative 9®(X) generates an analytical semigroup in £(H"~*(R)?). This parabolicity
property, the smoothness result in Corollary 7.3, and the abstract parabolic theory presented
in [57] are the key ingredients in the proof of our main result Theorem 2.4, which we provide in
Section 7.3.

In Appendix A we extend the classical Plemelj formula and the Privalov theorem to the
setting of unbounded graphs, which is relevant for the analysis in Part I and Part II. Moreover,
in Appendix B we collect results for a particular family of singular integral operators that are
used to define the operator @, see (2.1). Finally, in Appendix C we recall some basic properties
of the Hilbert transform and of two different truncations of it.

2.2. Main results
We now present the main results of this thesis. As mentioned before, given r € (3/2,2) we define
O, ={X = (f,h) € H"(R)? : inf(coo + f — h) > 0}.

The first main result in Part I is formulated in Theorem 2.1 below, where we establish the
local well-posedness of the multiphase Muskat problem together with two parabolic smoothing
properties for the local solutions to (1.1). Furthermore, we describe the behavior of solutions,
which are not global, in the limit when the time variable approaches the maximal existence time.

Theorem 2.1. Let r € (3/2,2) and p1 = po = ps. Given Xg € O,., the multiphase Muskat
problem (1.1) possesses a unique mazimal solution X = X (-;Xo) such that

X €C([0,T),0,)nCY([0,TF), H" ' (R)?),

with Tt =TT (Xy) € (0,00] denoting the mazimal time of existence. Furthermore, the associated
velocities and pressures satisfy

o wi(t) € BUC(Q:(t)) NC™(Q4(t)), pi(t) € UCH(Q;(t)) N C(Q(t)) for 1 <i <3,
o [z vi(t,z,co0 + f(t )] € HTHR)? for 1 <i <2,
o [ vtz h(t,z)] € H 1 (R)? for2<i<3

for each 0 <t < TT.



2.2. Main results

Moreover, we have:

(i) The solution depends continuously on the initial data;
(ii) Given k € N, we have X € C*((0,T+) x R,R?) N C>®((0,T+), H*(R)?);
(iii) If Tt < oo, then

sup [ X(t)[lgrwy =00 or  liminfdist(T¢(¢),Ta(t)) = 0.
t€[0,T+) t—T+

With respect to the choice of the index r € (3/2,2) of the Sobolev spaces in Theorem 2.1 (and
also in Theorem 2.4 below) we add the following remark.

Remark 2.2. If X is a classical solution to (1.1), then, given A > 0, also
Xy (t,x) = A"EX (M, Ax), t>0, 2 €R,

is a solution to (1.1) (with initial datum A~'X,). This property identifies H3/2(R)? as a critical
space for the evolution problem (1.1). Therefore, our result in Theorem 2.1 (and in Theorem 2.4
below) covers all subcritical Ly (R)-based Sobolev spaces H” (R?) with r € (3/2,2).

The next proposition states, for bounded solutions which do not exist globally in time, that the
fluid interfaces intersect in at least one point along a sequence (t,)nen with limit 7. Moreover,
using the same strategy as in [27, 32|, we exclude in this case that the interfaces collapse along
a curve segment.

Proposition 2.3. Let X € C([0,T),0,)nC*([0,T+), H~*(R)) be a mazimal solution to (1.1)
with TT < oo and such that supeo r+) | X ()|[ar < 00. Then, there exists xo € R with the
property that

te[ior}qfw)(coc + f(t, o) — h(t,zg)) = 0. (2.2)

Moreover, for each xq satisfying (2.2) and for each § > 0, we have

inf sup Coo + f(t,x) — h(t,z)) > 0.
el TP (et f(0,2) = (4 2)

The results of Part I have recently been published in [16].

The main result of Part II, where we consider the case of different viscosities, is stated
in Theorem 2.4 below where we establish the first local well-posedness result in this general
situation and, besides, we provide the same parabolic smoothing properties as in the previous
case of equal viscosities. In Theorem 2.4 the open subset V, C U, is, as mentioned before in
Section 2.1, identified by the Rayleigh—Taylor condition and the unique solvability of the linear
equation for the density w, and is introduced in (7.10).

Theorem 2.4. Let r € (3/2,2). Given Xo € V,, the multiphase Muskat problem (1.1) possesses
a unique mazimal solution X = X (-;Xo) such that

X e C([0,77),v,) nCY([0,TF), H"~1(R)?),

where T =TT (Xy) € (0,00] denotes the mazimal time of existence, and the associated velocities
and pressures satisfy for each 0 <t < T+

o vi(t) € BUC(Q:(t)) N C™(Q4(t)), pi(t) € UCH(Q,(t)) N C(Qu(t)) for 1 <i < 3,
o [z vi(t,z,co0 + f(t )] € HHR)? for 1 <i <2,
o [ vtz h(t,x))] € H1(R)? for2 <i<3.

Moreover, we have:

(i) The solution depends continuously on the initial data;

(ii) Given k € N, we have X € C>((0,T%) x R,R?) N C®((0,TF), H*(R)?).






Part 1.

The multiphase Muskat problem
with equal viscosities
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In this first part of the thesis we restrict our attention to the particular case where the three
fluids have equal viscosity, which we denote by

po=p = pi2 = p3 > 0.
We prove in Chapter 3 that the velocity field
V= vl‘ﬂl + 02‘92 + 03‘93

can be expressed as the contour integral

_ 1 [(my) = (s,c0 + f(9))]
vi@y) = / () — (5,00 + ()]

1 [ (@) — (s,h(s)] "
/

L
5 wi(s)ds

™

|(z,y) — (s, h(s))]2 @s(s) ds, (z,y) e R*\ (DF= UTy),

where (a,b)’ := (—b,a) and the density & = (w;,&s) is given by
0= (O1f,0:1)
with

0, = kgm and 0, = kgw’
p1+ pe2 H2 + p3
see Theorem 3.1. This representation is then used in Section 3.2 to formulate the multiphase
Muskat problem as a parabolic evolution equation for the unknown X = (f, h) in the following
way

7 =o(X(t), t=>0, X(0,-) = Xo == (fo, ho)-
The nonlinear operator ® := (®1, ®3) is defined by

_ gl
£,

Py(X) = <U2\Fh | (1", 1)),

(I)l(X) = <’U1

where the traces of the velocity at the free boundaries are computed by making use of the results
presented in Appendix A.

In Chapter 4 we prove, together with results from Appendix B and Appendix C, that the
nonlinear and nonlocal operator ® depends smoothly on the variable X, cf. Corollary 4.6.

In Chapter 5 we provide the proofs of our main results in Theorem 2.1 and Proposition 2.3.
As a preliminary step we show in Theorem 5.10 that the Fréchet derivative of ® is the generator
of an analytic semigroup. This property identifies the multiphase Muskat problem as a parabolic
evolution problem and enables us to use abstract results due to A. Lunardi [57] in the proofs of
our main results.
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3. The contour integral formulation

A remarkable property of (1.1) is the fact that the partial differrential equations (1.1a)-(1.1c)
are linear with respect to the unknowns v; and p;, i = 1,2,3. This property enables us to
identify the velocity field in terms of the a priori unknown functions f and h by means of contour
integrals. Such an approach has been followed in the context of the Muskat problem at least at
formal level, already in the 1980’s, cf. [37], and it is also one of the main steps in our analysis.

For the clarity of the exposition we omit here the time dependence and write (-)" for
the z-derivative of functions that depend only on .

In Theorem 3.1 below we provide, under suitable regularity constraints, an explicit formula
for the velocity field in terms of the variable X = (f,h). Our approach generalizes the one
followed in [60] in the context of the two-phase Muskat problem and strongly relies on results
from Part III Appendices.

3.1. The fixed time problem

As a first step, we fix the interfaces in the full model (1.1), which means, that we fix geometry
and time. In advance, we can find explicit formulas for the velocity and pressure fields in terms
of the functions parameterizing the interfaces. Thus, we reduce the number of unknowns to
only X = (f, h). This also means that the so called fixed time problem, see (3.1), as a subsystem
of the full model (1.1), has a unique solution, if we consider X = (f, h) given. We present this
result in the following theorem.

Theorem 3.1. Let r € (3/2,2), coo >0, and f, h € H"(R) with inf(ce + f — h) > 0 be given.
Then the boundary value problem

v; = —E(Vpi +(0,pi9)) in Q4 1 <i <3,
divvizou in Q;, 1<i<3,
Di = Di+1 on 0Q; N0 11, 1=1, 2, (3.1)
(vilvi) = (vig1|vi) on 0Q; N 0N 1,1=1, 2,
vi(x,y) =0 for |(z,y)| = 00, 1 <i <3

has a unique solution® (vi,va,vs,p1, p2,p3) with
v; € BUC() NC®()  and  p; € UCHQ,) N C™(Qy), 1<i<3.

Moreover, setting v = v11lq, + v2lq, + v3lq,, it holds for z == (x,y) € R?\ (T, U ['%<) that

’UZ:% (Coo+f<5>_yax_s) /S S % (h(S)—y,x—s) /S S
R R e e ey ) A AC LAl v 3m e U CLE
(3.2)
with constants
0 = kgpl — P and Oy = k:gp2 — P (3.3)

2u 21

Proof. We devise the proof into two steps.

IThe pressures (p1, p2,p3) are unique up to the same additive constant.
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3. The contour integral formulation

Existence. Let v:R?\ (T, U %) — R? be given by (3.2) and set v; = v|q,, 1 <i < 3. In the
notation from Appendix III, see (A.4), it holds that

v(z) = 2000(f)[f')(z = (0,c0)) + 2020(R)[](2), 2 € R*\ (T} UTF).
Then v € C*°(R?\ (I', U I'}>)) and, according to Theorem A.6, we also have v; € BUC™%/2(q,)

for 1 < 4 < 3. Moreover, Lemma A.7 yields that (3.1), and (3.1); hold true. In view of
Lemma A.4 we further get

0 (T, co + f(2)) = %PV/ Mf’(x—s) ds—&—% Mh'(m—s) ds
R

™ s + (5[L,S]f) T JRr 52 + (5[.L,5]X)
sy e, s (.4

and

_6/xsX7s _6:65 h7
o1, h(z)) = @Awf/(x_s)ds+@:PV (S 8) g

™ s2 + ((5{9{775]){) R s2 4+ (5[x7s]h)2
L W(LK) .
_1)i+1 ) _
+ (=10, T (), i=2,3, (3.5)

where PV is the principal value, see A.2. The formulas (3.4) and (3.5) lead to

1 0, f’(x)(;[z s]erS /
—( —PV " f(x —s)ds
1+ f’(x)2< m r 5%+ (02,5 f)? e
% f/(fv)é[z,s]X + s
T Jr 52 + (J[w,s]X)Q

= (va(z, f(2) + co0) [ 1),

(i (2, f(2) + coo) | 1) =

b (z — s) ds)

and

!

(ot o) ) = (O [Eea Xt
2l T, x Vy) = —F/—— | — o oo r —S)as
? ? VI+h(z)2\N 7T Jr 52*(5@75])()2

SP) h/('r)6[w7s]h+3 ’

= (vs(x, h(z)) | v2),

which proves the validity of (3.1),.

We next define pressures p; : ; — R, 1 <4 < 3, via the formula

T Yy
pioy) == ( [ dend)ds+ [ Rwsds)—pgyte (30
where v; = (v},v?), ¢; € R are constants, and with
1
di=|flloe+ oo+l dai=Sleoot [+h),  dyi=—[lhllc — 1.
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3.1. The fixed time problem

Taking advantage of d,v* = 9,v% in R?\ (T, UI'%), cf. Lemma A.7, we deduce that p; € ()
by the computations

Y

(o) =~ & (e, @) | 0L o) + [ 0ok, 2o )i)
= — H ’U-l X 1¥4 ’ 'U-l x,Ss)das
= f(l@a@ + [ ol )
=~ Fol()

and

Opi(a,y) = 703 (@,y) = pig.

Indeed this shows also that (3.1), is satisfied and the regularity properties established for v;
now imply that p; € UCH(Q;) N C>®(Q;), 1 <i < 3.
Using (3.1); and (3.4)-(3.5), it follows that

(52 = P F(2) + €)= Bulpe = )5 S (0) ) + Byla = 1), £(2) + €)' (0)
(2 = 00) (@ £ (@) + ) | (1, £/ @) = (pz = p)gf (@)

f'(x) f'(x)? /
@1(1+f’( B + T+ f/(2)? )—(pz—m)gf ()

_ (fgel —(p2—p1)9)f'(x) =0.

B
k
B
k

Analogously one computes that

d

%(pg —p2)(@, h(z)) =

Hence, (p2 —p1)Ir
achieve that (3.1), are satisfied. Therewith we established the existence of at least a solution
o (3.1).

coo and (ps — p2)|r, are constants and thus, for a suitable choice of ¢;, we may

Uniqueness. In order to prove the uniqueness of a solution to (3.1) we first note, that given two
solutions (v;, p;), (Ui, 9i),1 = 1,2, 3, the difference (V; = v; —0;, P; '= p;—pi),1 = 1,2, 3 solves the
system (3.1) if we only neglect the Earth’s gravity g. It remains to show that the system (3.1)
has, when setting the gravity constant g equal to zero, only the trivial solutions defined
by V = (V' V?)=0and P = c € R. To begin, we note that (3.1), implies 9,V;'! — 9,V;* =0
in ©; for 1 <14 < 3. Moreover, combining (3.1); and (3.1), we get

Vi pee =VP pese =VPh, rees :‘/21“‘}00’
which implies V € BUC(R?). Stokes’ theorem then yields
oVt —0,V*=0  in D'(R?). (3.7)

We next set ¥ := 15~ -+ Yol o wglQ , where 9; : Q; — R are given by

vi(x,y) = /h(m) Vi(x,s)ds —/0 (V(s,h(s))|(=h'(5),1)) ds, 1=2, 3,

1 (z,y) = /y Vi(z,s)ds + oz, coo + f(2)).

ot f(z)
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3. The contour integral formulation

Using Lemma 3.2 below, we obtain that ¥ € C(R?), with Vi; = (=V2 V1) in D'(Q;), 1 <i < 3.
As a direct consequence we get ¢; € UCH(€);) for 1 <i < 3. Additionally, V¥ € D'(R?) belongs
to BUC(R?), hence ¥ € UC!(RR?). Therefore, given ¢ € Cg°(R?), we have

(AT, ) :/ VApdz = —/ (VO|V) dz :/ (V2 VY |Ve) dz = 8,V — 0,V2, ),
R2 R2 R2

and (3.7) then yields A¥ = 0 in D'(R?). Consequently, ¥ is the real part of a holomorphic
function u : C — C. Since «’ is holomorphic too and v’ = (8, ¥, —9,¥) = —(V?, V') is bounded,
cf. (3.1);, Liouville’s theorem yields u" = 0, hence V' = 0. Moreover, in view of (3.1),, we now
obtain that VP = 0 in R?, meaning that P is constant in R?. This completes our arguments. [

In order to prove uniquness of solutions to (3.1), we needed the following auxiliary lemma.
Lemma 3.2. We define v; : Q; — R by

Yi(w,y) = /h(z) Vi(z,s)ds —/O (VI(s, h(s))|(=1(s), 1)) ds,  i=2,3,

ey = | L Va8 ds (e e + 1(@),

wtf(z)

where V :=Vilq, + Valq, + Vslq,. Let V; € BUC(Q,;) N C™(Q), 1 <4 < 3, satisfy divV; =0
in €y, as well as

Vilva) =(Valva)  and  (Va[re) = (Vs|va). (3.8)
Then, U = 1 1g- + ol + Y3l € C(R?) and
Vi = (=V2 VY inD(), i =1,2,3.

Proof. Tt follows from (3.8) that ¥ € C(R?).
Step 1: We prove that

Vipo = (=V2, V') in D'(Q,).
To this end we first note that
Oytbs = Vo in Qy

in a classical sense, hence also in D’'(Q5).
We next show that

Opthy = =Vi  in D'(Qy).
The regularity of V5 does not allow to simply interchange differentiation and integration. Our
arguments are based to a large extend on the fact that div Vo = 0 in 5. To start, let ¢ € D(Qg)
and € > 0 such that
suppp C {(z,y) ER? : h(z) + £ <y < coo + f(2) — €} = Q.

Defining

Cootf(z)
o(z, s) = / oo, y)dy, (2,5) € D,
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3.1. The fixed time problem

we obtain ¢ € BUC™(Q3) and QS‘FCOO = 0. Furthermore,

(Oat2 | @) = /¢ﬁw®—ﬂ+&

where

Yy
/ ( Vi(z,s d8> Dup(x,y) d(z,y),
h(zx)

/ ([0 1(3), 1) ds ) Qup(o ) do ).

Concerning T, we have

coo+f(l)
T, = / Vi(z,s)0p0(x,y)ds | dy | dx

h(w) h(z
coo+f(fv coo-i-f(ﬂﬂ)

= / $)0go(x,y)dy | ds | dx
h(z

Coot ()
- /Q [ ttwdy) Vi s)dee.s)

_ 7/ (V10,0)(x, ) d(x, 5).
Qo

Using the fact that div V5 = 0 in Qs, we further compute

Ti== | 9:(6V!)(@,5) = 6l 8)0: V' (@,5) d(x, 5)

= ., D2 (dVY) (2, 8) + ¢(x,8)0,V?(x, s) d(z, 5)

= ., e (dV) (@, 8) + 05 (6V?) (2, 5) — VZ (2, 5)050(x, s) d(z, 5)

= —/ (V2p)(z,8) d(z, s) —/ div (¢V)(z, s) d(z, s).
Qa Q2

Again taking advantage of divVs = 0 in Qs and of the fact that ¢(x,ce + f(x))f'(x) = 0,
since supp ¢ is a compact subset of €25, Stoke’s theorem lead us to

/92 div (V) (z, s) d(x, s) = gl\"r% /Q; div (pV)(x, s) d(z, s)
= tim ( / (V) (&, e+ F(@) — &) | (—f'(2), 1)) da
- [(@V)(ahia) + o) | (- (), 1)) do)
R
_ / (V) (@, h(x)) | (' (z), 1)) d,
which gives

Ty =— /Q (V2p)(z,s)d(z,s) — /R<(¢V)(m7h(x)) | (=W (2),1)) da. (3.9)
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3. The contour integral formulation

Moreover, since supp ¢ is a compact subset of {29, Stokes’ theorem implies that
7= [ 0 (elw) [ (Vb)) [ (H(6),1) ds) day)
2 0
+ [ Wl h@) | (@), D)) da.)

2

:/R(/h:;rf(z) o(z,y) dy)(V(g;,h(x)) | (= (2),1)) da

:/R<(¢V)(%h($)) | (='(x), 1)) da.
Together with (3.9) it follows that

(Osth2 | ) = (=V? | @), v € D(Q),

hence indeed

Vipp = (V2 V) in D'(Q).

Step 2. Here we prove that
Vi = (=V2 V1Y) in D'().
Again noticing that 9,y = V! holds in a classical sense, and therefore also in D’(£), it remains

to show that
Oty = =V? in .

Let ¢ € D(Q;) be given. For ¢ > 0 and N € N we define

O = {(z,9) € R? : coo + f(z) <y < N},
QN = {(z,y) €R? i oo + flz) +e <y < N}.

In the following € and N are chosen such that supp ¢ C Qi’N. Then it holds

Onttn | ) = — / (2, )Onp(z,y) d(z, )

=— | 0,0z, ’ Vi(x,s)ds | d(z,
/Q{V o y></%+f(w) (,5) ) (2,9)

— [l + )0 ) dla)

=:T1 + 15,

e ([ e ([ ) )
([ v [ s )

= — 1$8 : x x,S
- Qf’v ( ’ )ax (/5 90( 7y)dy> d( ’ )

where
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3.1. The fixed time problem

Setting
N
o, 5) = / (e, y) dy,

we obtain that ¢ € BUC™ () and ¢(x, N) = 0 for all z € R. Hence, by taking advantage
of divV; = 0, it holds that

Ty =— o 0: (V1) (,5) = ((0:V)9)(w, 5) d(x, 5)

=— [ 0:(V')(x,5) + 0s(V?9)(w,5) — (V?0;0)(x, 5) d(x, 5)

oy

=— /QN (V2p)(x, s) + div (V) (x, s) d(z, ),
with

/Q SO s) o) =T [ i (VO)(0,9) )

= lim R<(V¢)(3§vcoo +f(@) +e) | (=f(x),1)) da

:/R<(V¢)(Ivcoo + (@) [ (=f(x),1)) da,

by Stoke’s Theorem. Thus,
1= [ (Vo)ws) ) = [ (Vo) + @) | (< (@) 1)) da.

Before further proceeding, let us first infer from a classical result, c.f. [11, Satz 6.24], that since
P2, Dytha, and 9y1he belong to BUC(f22), see Step 1, we know that ¢, € BUC'(Qy). Using the
fact that ¢ = 0 on QY we now obtain in view of Stoke’s theorem that

==, 0o (V2(x, Coo + f(@))p(7, 1)) = Ou(V2(x; coo + f(@))) (2, y) d(z, y)

=_ /QN(Vi/Jz(:v,coo + f(@) | (1, f(2))0yé(x,y) d(x, y)

1

= /QN <(7V227 ‘/21)(‘7:7600 + f(l’)) | (1, f/(x)»ay(b(x,y) d(fﬁ,y)

- / (Vi) (@ coe + £(2)) | (—F'(2), 1)) d.

In the last step we used the identity

1

1+ /22 ) ) =—(Va

pese |v1) = —<V1\F;OC | 11),

12 1
(V2o Vi on
see (3.8). Therefore,

Oty = —V?  in D'(),

and we obtain

Vi = (=V2 VY in D'(Q).
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3. The contour integral formulation

Step 3. As a last step we prove that
Vipz = (=V2 VY in D'(Q3).
Noticing that 913 = V1 in a classical sense, and thus also in D’(€3), it remains to prove that
Opth3 = —=V? in D'(Q3).
Therefore, let ¢ € D(Q3) be given and choose € > 0 as well as N € N such that the sets

QF = {(z,y) €R*: h(z) >y > —N},
Q5N = {(z,y) eR?: h(z) —e >y > —N}

satisfy supp o € Q5 © Q. Then

oas) = [ (o) dy, (ny) € QY

—N

fulfills ¢ € BUC™(Q4') and ¢|{y—_n} = 0. We now compute

(0:93 | @) = —/Q V3(2,y)Oep(z,y) d(z,y)

:_/ &ﬂso(%y)( y Vl(xvs)d‘S) d(z,y)
oy h(z)

+ [ cetan) ([ W) [0 1)ds) dto)
=T +3T2,

where, in view of div V3 = 0 in g3, it holds that

7 :/R (/h;) </N V(. $)0s0(z, y) dy> ds> do

= Vi(z,8)0.6(x,s)d(x, s)

oy
= o 0:(V(z,8)p(x,5)) — ¢z, 5)0,V(x,s)d(z, s)
= - Du(pVY) (2, 8) + 05(dV?) (2, 8) — VE(, 8)050(x, 5) d(z, 5)

= [ A V) s) - (o)) dlas)
Q
Moreover, Stoke’s theorem together with div V5 = 0 in Q3 implies that

div (¢V)(z, s) d(z, s) = lim div (¢V)(z, s) d(z, s)
Q3 =0 Jag

= lim [ {(@V) (o, h(x) —€) | (R (x), 1)

- / (V) (@, h(2)) | (~H'(2), 1)) da
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3.2. The abstract evolution problem

which gives

T =/R<(¢V>(x,h(ar)) | (—h’(x),1)>dx—/ (V2p)(x, s) d(z, 5). (3.10)

Q3

Concerning the remaining Term T, we use the fact that ¢ = 0 on 90 together with Stoke’s
theorem to obtain

1= [ o0 (wten) ([ Wsh) | (0010 ds) ) o)

3

- /QN (@, y)(V (@, h(x)) | (=h'(x), 1)) d(z,y)

3

- /QN 3y (D, y)(V (z, h(@)) | (=1 (2),1))) d(z,y)

== /R<(¢V)(w,h(x)) | (=1'(2), 1)) da.
Hence,
Ontp3 = =V in D'(Q3),
and we conclude that

Vipz = (V2 V1) in D'(Qy).

O
3.2. The abstract evolution problem
Theorem 3.1 motivates us to define the set
O, = {(f,h) € H"(R)? : inf(coo + f — h) > 0}, (3.11)

where co > 0 and r € (3/2,2) are fixed. If (f, h,v,p) is a solution to (1.1) such that (f(¢), h(t))

belongs to O, for all time instants ¢ in the definition interval of the solution, Theorem 3.1

identifies v(t) according to the formula (3.2). Recalling the equations (1.1d) for the motion of

the interfaces, we are now in a position to formulate the classical Muskat problem (1.1) as an

autonomous evolution problem with X = (f, h) € O, as the unknown, which has the form
dX(t)

The nonlinear operator ® = (®1,®5): O, — H"~}(R)? is defined by

| (=f. 1),

Ff°°

| (_h/7 1)>7

h

Dy (X) =(vy

3.13
(I)Q(X) Z:<’U2 ( )

where vy

Coo

and vy | are identified in (3.4) and (3.5). Using these explicit formulas for the
h
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3. The contour integral formulation

traces of the velocities, we arrive at the following expressions for the components of ®

(X)) =

Opy [ 0] e gy as
R

™ 52+ (5[z,s]f)2
N @ s+ f1(2)dp g X
T JR 8% + (6[x,a]X)2

(3.14)
h'(z — s) ds,

0, [ sthM(@), 4X |
(b X = —_— [ S — —_
2(X) /R 52+ (0f, 4 X)? Fle—s)ds

™ x,s]

(3.15)
(@) —+ h 51 s h
2P S (x) [ 7(]

— 7Y plr—s)ds.
T k. 52+ (Opah)? (@ —s)ds

We emphasize, that the problem is strongly coupled since the highest derivatives of f and h
appear in the same terms. Another observation is that some of the appearing integrals are
singular in the sense that the principal value is needed in order to have the integrals well-
defined. In order to establish our results announced in Theorem 2.1 and Proposition 2.3, we
prove in Chapter 4 and Chapter 5 that the nonlinear and nonlocal operator ® is well-defined,
smooth, and that its Fréchet derivative 0®(X) is, for each X € O, the generator of an analytic
semigroup in £(H"~1(R)?). With respect to the latter property, we mention that in this case we
regard O®(X) as an unbounded operator in H"~(R)? with definition domain H"(R)?. Having
established these fundamental properties, we can use abstract results on nonlinear, parabolic
equations from [57] to prove Theorem 2.1.
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4. Mapping properties

In order to establish the main goal of this chapter, the smoothness property
® c C*(0,, HH(R)?), (4.1)

see Corollary 4.6 below, we have a more abstract view on the integrals that define (3.14)
and (3.15). More precisely, we introduce five families of integral operators, see (4.2) and (4.4)
below, which are later used to decompose the operators ®; and ®5 in terms which involve
only these integral operators and the unknown X = (f,h), see (4.5) and (4.6). To begin,
given Lipschitz continuous maps i, ..., Um,v1,...,0,: R = R and w € Ly(R), we define the
operator B,, ,,, n,m € N by the formula

By (U1, .. um)[v1, ., 0, 0] (2) = —

71' R [T, [1 + (5[,075]1)@/5)2} s

Here we used the notation introduced in (1.6) and PV is the principal value taken at 0, see (A.2).
In order to keep formulas short, we further introduce

ds. (4.2)

B (W)[@] = Bnm(u, ..., u)u,... u,], (4.3)

where u: R — R is a Lipschitz continuous function, see also (B.16). These operators have
been introduced in [61] and [60] in the context of the two-phase Muskat problem. Important
properties for this family of singular integral operators have been also established in [1] and [64].
We collect these results in Appendix B. It is worth mentioning that these operators are singular
and that B?Lm = H, n,m € N, where H is the Hilbert transform, see Appendix C.

Moreover, corresponding to the coupling terms in the representations (4.5) and (4.6), we
introduce four more classes of integral operators. To this end we define the set

O :={(f,h) € WL(R)? : inf(ce + f — h) > 0}.

The former defined set O,, see (3.11), is obviously a subset of O, since H"(R) embeds continuously
into WL (R). Actually, since co, > 0, it holds that

O, =0nNH"(R).
Given 1 <m e Nand X; == (fi,h;) € O, 1 <i < m, we set

x—s)

Con(X1, .., X)) |w](z) = / T X ds,
C;n(Xlava)[a)Kx) = / H x_S) X)2] dsv
=1 [w s] (44)
_ _ Sw x—s)
D (Xy, ..., X)) [@](x) = / - O X ds,
D! (X1, .., Xo)[@](z) = / T sz — 5) 7] ds
=1 [w s|h

for w € Ly(R) and = € R, where we used again the notation introduced in (1.6). In view
of inf(coo + fi — hi) > 0 for 1 < i < m, these operators are no longer singular, see for example
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4. Mapping properties

the proof of Lemma 4.1.

We are now in a position to represent the evolution operator ®, see (3.13) - (3.15), in terms
of Bym, Cm, Cl,, Dy, and D), for suitable n, m € N. Given X = (f,h) € O,,, we have

@1 (X) =01 (By1(f) + f'BY () If] (4.5)
+ 02 ((coo + F)f CI(X)[ | = f'CL(X)[p] + Dy (X)[1]),

Dy(X) = O3 (Bj,(h) + W' B (h)) [W] (16)
+ 01 ((h —Coo)h01(X)[f'] WCUX)f ]+ Dy(X)[f),

where the constants ©1 and ©2 are defined in (3.3).

In order to prove similar results for the operators C,, C?., D, and D!, as the ones established
for the operators B,, », in Appendix B, we next investigate some mapping properties of them,
and in consequence show the smoothness property (4.1).

4.1. Mapping properties of the operators C,,,,C! ' D,,, D/

We now prove in Lemma 4.1 and Lemma 4.2 below that the operators C,,,C’., D,,, and D!,
are bounded operators in Lo(R) (with respect to the linear variable w) and moreover, they are
Lipschitz continuous with respect to the variables Xi,...,X,, € O. In Lemma 4.4 we prove
that in fact the operators map the domain Lo(R) continuously to H!(R) (again with a Lipschitz
continuous dependence of X, ..., X,, € O.) Finally, in Section 4.2 we integrate these operators
in a more general family of integral operators and then prove that

X En(X,...,X): O, — L(La(R), H*(R)) (4.7)

is a smooth map for all E,, € {Cy,,,C},,, Dy, D}, }, see Lemma 4.5.

Estimates in L,

The integral operators C,,, and C?, are now estimated, for given X = (f, h) € O, in the Ly-norm,
which gives a basis for further mapping properties.

Lemma 4.1. Given 1 <m €N and X; = (fi,hi) € O, 1 <i <m, we set

co = mln inf(coo + fi — hi)- (4.8)

1<i<m
Then, there exists a constant C that depends only on m, ¢y, and maxi<;<m ||h||cc such that
o (X1, X )l + 1Co (X, X) Bl < Cllala & € La(®).  (49)

Proof. We set
€o

0= ’
2(maxi<i<m [[hfloo +1)

Given z € R and |s| < §, it then holds that

min{[d, X, [0(, o Xil} > min{|fi(2) + coo = hi(@)], [fi(z = 8) + coo = hilx — 8)[}
— [hi(x) = hi(z — 5)|
> inf(coo + fi — hi) — 0|1 0o
> ¢p/2
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4.1. Mapping properties of the operators C,,,C! ., D,,, D},

for 1 < i < m. Therefore we get, by making use of Minkowski’s integral inequality, that

x—s) 2 1/2
1Cm (X1, X ||2ff /‘/ T 1 G X7 as| dx)
z— 5) 2 1/2
/ /‘HHS2 xs]X)]‘dx> -
2 2m/ i} [[w]|2
<(2 f@leds+ [ IZ2as
(Co> {Is|<3} {ls)>5} 57

< Cll@]f2-

The estimate concerning C/, can be obtained by similar arguments and (4.9) follows. O

m

Extending the results of Lemma 4.1 to the context of the operators D,, and D), with m > 2
is not difficult, but the case m = 1 is more subtle and requires a different strategy. When
considering D; and D}, we use the fact that the kernels behave for large s similarly as that of
the truncated Hilbert transform Hs : Lo(R) — Lo(R), with ¢ > 0, which is defined by

Hy[]() = 1/{| >5}W($S_S)ds, zeR,

see Appendis C. In this appendix we identify Hy as being a Fourier multiplier and we prove the
following bound on its Lo-norm:

1Hsll2(zom)) < 2, (4.10)

see Corollary C.5. The estimate (4.10) is an important argument in the proof of Lemma 4.2
below.

Lemma 4.2. Given 1 < m € N and X; = (fi,h;)) € O, 1 < i < m, let ¢¢ > 0 be the
constant defined in (4.8). Then, there exists a constant C that depends only on r, m, co,
and maxi<;<m || Xillwy such that

1D (X1, ..., X))@z + 1D, (X1, X))@z < Cll@ll2y @ € La(R). (4.11)

Proof. As in the proof of Lemma 4.1 let

€o

0= . 4.12
iz [Fl + 1) 2

Hence, for given z € R and |s| < §, it then again holds that
min{[0e, 9 Xil, 18 Xil} co/2 (4.13)

for1<i<m.
We start with the case, where m > 1. With the help of Minkowski’s integral inequality, it
follows that

Sw :r—s) 2 \1/2
1D (X1, -+, Xo)[@]l]2 = /)/ ds‘ dz
g (0,1 X:)?] )
_ 1/2
/ /‘ sw(z — s) ‘ d ) s
Hz 1 iES
2\ 2m 5
< 5(—) / o]l ds—|—/ ”;:;”21 ds
o {ls|<é} {Is|>6} §

< Cllwll2-
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4. Mapping properties

The analogous estimate of D/, may be concluded by similar arguments.
We now focus on the operator D;. Let therefore § be defined as in (4.12) (with m = 1) and
set

I(z,s) =

sw(x — s) _ (1 B (5[I,S]X1/S)2

w(z —s)
, , s ER, 0.
52 + (5[w,s]X1)2 1+ (5[1,8]X1/3)2) o i #

S

Thus, we have for x € R that

sw(z — s)
1Dy (X1)[@] ()] < ’/ ds
Hl 1 5[:16 s] X;)? ]
Sips1X1/5)% |o(x —
g/ |I(x,s)|ds+|H5[cD](x)|+/ Ote.1X1/5) 2‘“’("” 8)’ds.
{1s]<6} {1s|>63 1+ (0,51 X1/5) s
Since
|5[$7S]X1| >co/2 for |s| <6,
see (4.13), Minkowski’s integral inequality yields
1/ 862
H/ |1, s)|ds| g/ (/ |I(ac,s)|2dm> ds < ol
{ls|<s} 2 {ls|<é} */R
Moreover, taking into account that
|5[-,5]X1| < oo+ Hfl”oo + ||h1||ooa
Minkowski’s integral inequality leads to
(0.5 X1/5)>2 ‘@(- - H [w]|2
’ < (oo + fille + allc)? [ ds
H/{ s>ay 1+ (0,5 %1 /5)? 27 - RIEENER
< Cf@lle-
Recalling (4.10), we conclude that (4.11) is satisfied. O

We are now in a position to conclude from Lemma 4.1 and Lemma 4.2 that the opera-
tors Cyn, Cl., Dy, and D), are indeed Lipschitz continuous with respect to the nonlinear
arguments Xi,..., X,

Corollary 4.3. Given 1 < m € N, it holds that
Cim, Dy, C),, D), € C'~ (O™, L(Ly(R))). (4.14)

Proof. Let X; = (fi,hi), Xi = (fi,hi) € O, 1 <i < m, and @ € Ly(R). It then follows
with E,, € {Cpy, D} that

Em(X1,. ., Xp)[0] = Bm(X1, ..., Xn)[@]

:Z ( 2600 +f] +f])(f fj) m-‘rl(j\(ilv"'7Xjana"'aXm,)[u_}]

j=1

—(f; = ) B (X1, X5, X, X)) (B + By (4.15)
— eso + i+ 1) Br (K1 X5, X X (R — b))

b Bt (X1 X5 X, X)) (B2 — h%a]),
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4.1. Mapping properties of the operators C,,,C! ., D,,, D},

respectively, for E], € {C],, D;,}, that

B (X1,..., X))@ — B (X1,..., X)[@]
:Zm: ((E? BB (X X X X))
=1
g (hy —h)) B ( X1y X, Xy o X)) [(2e00 + f5 + )] (4.16)
= (hy + hy) By (X, X5, X X [(F = 7))
Bt (R Xy X, X200 + 5+ 1) = 1))
Applying the Lo-estimates (4.9) and (4.11), we obtain the Lipschitz continuity (4.14). O

Estimates in H'

In order to strengthen the results above, we improve the estimates on the operators Cy,, C,,, Dy,
and D/, and show, that they indeed map, for given X; € O,, 1 < i < m, the definition
domain Lo (R) into H(R).

Lemma 4.4. Given 1 <m e N, r € (3/2,2), and X; = (fi,h;) € O,, 1 <i <m, let co > 0 be
the constant defined in (4.8). Given E,, € {Cy,, Dp,}, there exists a positive constant C' that
depends only on v, m, co, and maxi<;<m | Xi| gr such that

[Em (X1, X)) @]l + [ E7 (X, X)) [@] [ < Cfl@ll2, @ € La(R). (4.17)
Moreover, Cy,, Dy, C! . DL€ CH (O, L(La(R), H'(R))).
Proof. Let 7¢ denote the right shift operator

Te = [gpl—)gp(-—ﬁ)}, ¢ eR.

We first assume w € C*°(R). Given 0 # ¢ € R, it holds that

1
E(Em(X1,~~7Xm)[@] —Te(Emn (X1, ..., Xim)[@]))
- w 77’5(.7}
= Bn(X1,. 0, X | ; ]
1
+ E(Em(Xh . ,Xm)[TE(I}] — (Em(TgXl, ey Tng)[Tg(I}]))
and the formula (4.15) leads us to
1
E(Em(Xh oy X)) [Te@] — (B (1e X1, .., 1e X)) [1e@]))
= ((2000 +7efj + fj)Tgfjg_ Ji B (te X, 1 X5, X, o Xin) [7ed]
j=1
— WEqu(Xl, ce ,)?j,Xﬁ PN ,Xm)[(Tghj + hj)Tg(IJ]
— (2o + Tefs + ) Buna (e X1, 7e X, X Xo) [@T@}

(rehy)? — b2

b Bt (re X, me X5 X Xo) [T%@D.
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4. Mapping properties

In view of Corollary 4.3 we can pass to the limit £ — 0 and conclude that

Ep(X1,..., X)) @] € HY(R),

with
(Ep(X1,. s X)) [@]) = B (X1, .0, X)) [@]
Qi ((coo + Fi) [iBmyr (X1, o, Xy X))
=1
g F Bt (X1, -, X, X;)[15]
— (Coo + [1) Emar (X1, - oo, Xon, X;) [R50
+ Byt (X, -, Xon, X5) [y W)
Except for the term E,,(X1,..., X )[@'], one can use a standard density argument to obtain

that the right-hand side is well-defined as long as w € Ly(R). Moreover, using integration by
parts, we can rewrite

w(x —s))
CmX,...,Xm / ds
(& H“s+6[“]X))

/ (x—s s+(5[lé]X) "(x—s))
Hzl

ds
+ (02,51 X)) (5% + (012,5)X;)?)

- _22( et (X1, - Xons X)[@) (2)
+ (COO + fj(x))cm+l(X17 R vaXj)[h;'@](x)

_ m+1(X1,...,Xm,Xj)[hjhgo’J](x)),

and respectively

Dy (X1, ., X))@' = Chy (Xl,..., [@]
/ (z = 8)(8 + (0,5 Xj) I (2 — 5))
H §[x s]X) )( (6[1,5]X])2)
=(1- 2m)C’m(X1, ey X)) W]

m

—2)" ((COO F ) D1 (X1, - X, X5) [H0) ()
D (Kue e X X)) ()
— (Coo + [7)*Crnir (X1, ., X, X;) 0] (2)
a1 (X1, X, X;) [R50 ()

+2(co0 + £)Cms1 (X1, Xon, X)) ()

ds

for x € R. Combining the last three identities with the Ls-estimates from Lemma 4.1 and
Lemma 4.2, we can use a standard density argument in order to deduce that (4.17) holds for E,,.
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4.2. Smoothness of ®

The claim for the operator E!, follows by similar arguments.
Finally, the Lipschitz continuity property is obtained from (4.17) together with (4.15)
and (4.16). O

4.2. Smoothness of ¢
The next main step on our way of establishing the smoothness of ®, see (4.1), is to show that
[X o En(X, ... 7X)} L 0, = L(Lo(R), H'(R)), m €N,

is smooth for F,, € {Cy,, C!., Dy, D}, cf. (4.7). To this end we integrate these operators in a
larger family of integral operators for which we prove that they are differentiable and the Fréchet

derivative is again an element of this family. In this way we establish the desired smoothness
property.

Givenn,m,pe N, m>1, X, € 0,, 1 <i<m+p, Y, € H(R)? 1 <i<n,we Ly(R),
and E € {C, D}, we use the notation from (1.6) to define

)

. 1 [ (@ —s)(T[r 1 0w Xo) TTimy 0w Vi
Covmo(X1s o Xomao) Vi, Yo, @) (2 ::7/ JHSHD i=1 0z Yi
’ 717( ! +I)[ ! ]( ) R H’L:l [82 + (5[179]X’L)2:|

s
_ S(D(x_s)(Hﬁier 16[x€]X1) anl S[Qf S]Y;
Domno(X1s oo Xoma o) [Yas o2 Yo, @ (2 ::f/ Llizm 1 Olz, i=1 Ol Tty
mp(X1 )Y (@) T JR Hi:l [32+(5[I,S]Xi)2]

C/ (Xh...,Xerp)[Yl,...,YmcD](x) = -

)

_ m n
1 / w(x — 5)(Hz‘:trf+1 5fm,s]Xi) [Timy 5[$»S]Yi d
R

P ™ Hgl [52 + ( fx,s]Xi)Q]
—/
1 [ s =) (TI0 00, g X) Ty O g Vi
Dl (X1, X p)[Ya, - Yo, 0 (2 ::—/ o = ——ds
n, L,p( 1 L+p)[ 1 s @] () T e Hi:1 [52—1—(5{1’5])(1')2]

for x € R. We note that the latter formulas extend our previous notation introduced in (4.4),
because, given F € {C, D, C’, D'} and m > 1, the following operators coincide

EO,m,O(Xh s 7Xm) = Em(le v 7Xm)~

Setting Y; = (u;, v;), for 1 < i < n, it holds, in view of the algebraic relation
esw= 5> [(I) (I %)
i=1 Sc{l,.,n} b jes jese
that

En,m,p(Xla o aXm+p)[Y17 s 75/n7(z’]

= > O TTw) Bomn(X, s Xoep) @ T vl

Sc{1,...,n} jeS jeSse

Bl mn(X1s s X ) [Ya, o, Yo, @]

— Z (_1)\5C|(Hvj)E{)ymyp(Xl,m,me){@Hua}v

Sc{l,...,n} Jjes jese

where for each S C {1,...,n} we set S¢:={1,...,n}\ S to be the complement of S.
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4. Mapping properties

Furthermore, letting X; = (f;,h;), m+1 < j < m+p, it holds that

E07m,p(X1a s 7Xm+p)[@]

= > O[T+ £)) Bn(Xi X @ T 1.

Sc{m+1,...,m+p} JjeS jES*®

E{),m,p(Xh ce 7Xm+17)[a)]

_ S (T = ew)) BXas o X @ TT 1]

Sc{m+1,....m+p} JjES jeSe

Recalling the H'-estimate (4.17), we deduce for E € {C, C’, D, D'}, that

n
||En,m,p(X1a s aXm+p)[Y17 s 7Yn7 ']”ﬁ(Lz(R),Hl(R)) < CH ||YiHH’“: (4~18)

i=1
with C is independent of Y;, 1 < i < n.

Finally, given E € {C, C', D, D'}, n,m,peN,m >1,Y; € H'(R)?>,1 <i <n,and X € O,,
we define

Ep (X)Y1,.. Vo] = Bymp(X, .., X)[Y1, ..., Ve, ] € L(L2(R), H' (R)).
The estimate (4.18) shows that
1 O0p = LI, (H"(R)?, L(La(R), H (R)))*.

In the next lemma we establish the Fréchet differentiability of E},

Lemma 4.5. Givenn, m, p € N, m > 1, and X € Oy, the operator Ey, , is differentiable in X
and its Fréchet derivative is given by

OE) (X)[YI[Y1,..., Y] =pERt (X)[Y1,..., Yy, Y] = 2mEME,  (X)V1,.... Y, Y]

m,p—1 m+1,p+1
(4.19)
forY, Yy,...,Y, € H (R)2. Consequently, for each n, m, p € N, m > 1, we have
p € CF(Or, L3 (H"(R)?, L(L2(R), H' (R)))). (4.20)

Proof. Setting

RX,Y)[Y1,..., Y] = Bl (X +Y)[Y1,....Y,] = B2 (X)[Vi, ..., Y]

En+1

(XY, Y Y 2mER, (X)L Y, Y,

m—+1,p+1

elementary algebraic manipulations lead us to the following identity

p—1 m—1m—
RX,Y)YVi,....,Ya] =Y (p—j— 1R, — ZRQJJFZ Z 2R3 1,
j=0 j=0 Jj=0 =

Hf n = 0 we identify £Z,,(H"(R)?, L(L2(R), H'(R))) with £(L2(R), H*(R)).
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4.2. Smoothness of ®

where

Rij=FnjompoX+Y, . X+Y, X4Y, . X+Y,X,... . X)[V1,...,Y,,Y,Y],
——

m J p—2—j
Roj=(1+20)EpsomiipX+Y,. . X+Y,X,... X, X,...,X)[V1,...,Y,,YV,Y]
—_— —
m—j Jj+1 P
Bzt (X +Y, X +Y, X, X, X, X)[Y1,...,Y,, VY, Y],
—_— ——
m—j Jj+1 p—1
Rg’j’l = 2En+2’m+2,p+2(X+Y,...,X+Y,X,...,X,X,...7X)[Y1,...,YrHYY,Y}
—_— —
m—j—I JHI+2 p+2

F Eniamiopit (X +Y, . X +Y,X, ... X, X,...,X)[V1,....Y,,,Y,Y,Y].
—— ——

m—j—1 142 p+1

Hence, for all Y sufficiently close to X in H"(R)?, it follows from Lemma 4.4, by arguing as in
the derivation of (4.18), that

IR Y)[Ya, - Yall ooy @) < CIY I3 [T 1Y lars
=1

and (4.19) follows.
Moreover, using (4.19) iteratively, we also obtain (4.20). O

In view of the smoothness results for the operators By, ,,, established in Appendis B, and for
the operators Cy,, Cl., Dy, and D), , we can now infer the following corollary, which establishes

m?

the main goal of this chapter.

Corollary 4.6. It holds that
€ C®(0,, H (R)?).

Proof. The claim follows, due to the embedding H!(R) — H"~!(R) and the algebra property
of H™"1(R), from the representations (4.5) and (4.6) of ®, together with the Lemma B.9 and
Lemma 4.5. O
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5. Proof of Theorem 2.1 and Proposition 2.3

In this chapter we establish the proofs of our main results, see Theorem 2.1 and Proposition 2.3,
for the multiphase Muskat problem with equal viscosities.

The first main goal of this chapter is to identify the Fréchet derivative 0®(X), X € O, of ®
and to prove that it generates an analytic semigroup in £L(H"~1(R)?), see Theorem 5.10. This
property identifies the multiphase Muskat problem as a parabolic evolution equation and, in
view of Corollary 4.6, we may use abstract results on parabolic evolution equations from [57]
when establishing Theorem 2.1. The proofs of Theorem 2.1 and Proposition 2.3 are presented in
Section 5.2 and Section 5.3, respectively.

5.1. The generator property

Establishing the parabolicity of (3.12) is the main goal of this section, which will be achieved
by showing the generator property

—0®(X) € H(H"(R)?, H" ' (R)?), X €O,. (5.1)

As shown in [7, Section 1.1.2], if (Xo,] - |lo) and (X1, || - ||1) are Banach spaces, where X7 is
densely embedded into Xy and for A € £(X1, Xo) there exist constants £ > 1 and w > 0 such
that

(i) w— A € Isom(X;,Xp), and
(i) |Al- lzllo + [|zllh < K||[(A = A)z|lo for all z € By and A € C with Re A > w,
then
—A € H(X1, Xo). (5.2)

In the context of the problem (3.12), we choose X; = H"(R)?, X, :== H"!(R)? with the cor-
responding Sobolev-norms. In order to establish (5.1), we represent the Fréchet derivative 9®(X)
as the matrix operator

05®1(X) On®1(X)

00(X) = <8f<1>2(X) 8h<1>2(X)> € L(H"(R)%, H™'(R)?).

We now recall a classical result on the generator property for 2 x 2-matrix operators, which can
be found in a slightly more precise version in [7, Theorem 1.1.6.1].

Theorem 5.1. Let (Xo, || - |lo) and (X1, - ||1) be Banach spaces, where X5 is densely embedded
into Xo. Let further A;; € L(X1,X0), 1 <4,j <2 satisfy

*Azz € %(XlaXO)v i = 152
Assume moreover that, for each v > 0, there exists K = K(v) > 0 such that
|A12z|lo < v|zl1 + Kljzllo  for all z € X;. (5.3)

Then the operator

_ (A A 2 32
A (A21 A22>€£(X1,X0),
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5. Proof of Theorem 2.1 and Proposition 2.3

satisfies
—A e H(XT, X3).

In order to show that the assumptions of Theorem 5.1 hold true in our setting, we recall some
results on the Fréchet derivatives of Cy,, Dy, C,, DL, see (4.19), and of B, ;,, see Lemma B.10.
Given Y = (u,v) € H"(R)? and & € H"~}(R), it holds that

832,1(.]0)[“’][@} = an,l(f)[f7 RS} fa u>@] - 2Bn+2,2(f> f)[f7 ) f,u,@], (54)
OEL(X)[Y] = —2B5 ,(X)[Y] = 253, (X)[v ] - 2uB3 ,(X), (5.5)
OB, (X)[Y] = —2B5 (X)[Y] = 2B, (X)[w] — 2vEz) (X) (5.6)

where E € {C, D} and n € N.
We first show that the off-diagonal entry 9, ®;(X) can be considered as a perturbation in the
sense of (5.3), see Lemma 5.2.

Lemma 5.2. Let X € O, and r € (3/2,2). Then, given v > 0, there exists a positive
constant K = K(v) such that

10481 (X) [l s < vllolla + Kol for allv € H'(R). (5.7)
Proof. From the representation (4.5) and the relation (5.5) we infer that
001 (X) 1] = ©s (¢ + )1 (CL O] +2C5, (X))
— [(CLX) [+ oh'] +2C3 1 (X)[vhh'])
+ D1(X)['] 4+ 2D3 , (X)[vh]), ve H'(R).
Recalling (4.18), we conclude that
1081 (X) [l e+ < 003 (X) 0]l < Cloln-

Let 7 € (r — 1,7) be given. Using complex interpolation theory, e.g. [86, Chapter 2.4], it holds
for 0 .=1—r+7€(0,1) that
H™(R) = [H"'(R),H"(R)],,

is the complex interpolation space between H"~}(R) and H"(R) for the parameter §. In
consequence, for given v > 0 and v € H"(R), it holds, thanks to Young’s inequality, that

v 0 cH 6/(1-0) 1=0
lullar <€ (Gglar)” ((S2) 7 ullars ) < vl + Kl 55

where K = K(v) > 0. Thus, (5.7) holds true. O

In view of Theorem 5.1 and Lemma 5.2, it remains to show that the diagonal entries 05 ®1(X)
and 0,P5(X) are generators of analytic semigroups, that is

—0;®1(X) € H(H"(R), H" 1 (R)), (5.9)
—0p®o(X) € H(HT(R), H""1(R)). (5.10)

We start with proving (5.9). In order to shorten formulas we introduce the linear operator

B(u) == By, (u) + v'B{ ;(u), € H"(R). (5.11)
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5.1. The generator property

Therefore, we conclude from (4.5) with the help of (5.4) and (5.5), that

0501 (0)[u] = 1 (Bo (D] = 2Baa(£. Nlfw. )+ Bua(If. F
+ Bl + Bua(Alu, ) = 2Bsa(f, I fru f1)
+ 02 (uf CLX) W] + (cou + N/ CLX)I] = 2eoe + F)'uCE 1 (X))
— W/ Cy(X)[hh] + 2uf'CY , (X)[hh] 2uD8’1(X)[h’])
= 01(B(f)[w'] + OB(f)[ullf') + a1 (X)u' + Tt 1[ul

for u € H™(R), where

a1(X) = O2((coe + FICL O[] = Co(X) () € H'(R)
and

Tiot1[u] 1= O3 (uf'Cy (X)) = 2w + £)FuC8, (X))

+20f'CS, (X)[u] — 2uD , (X)[M]).

Now we define a continuous path ¥y : [0,1] — L(H"(R), H"~!(R)) with starting point a Fourier
multiplier and endpoint 9y ®;(X) in the following way:

Uy (7)[u] = O1(B(rf)[u] + 7OB(f)[u][f]) + Tar(X)u' + 7Tiot,1[u] for 7 €[0,1].  (5.12)
Remark 5.3.
(i) Letting H denote the Hilbert transform, see Appendix C for more details, we have

d2 >1/2.

W1 (0) = ©,B(0) o (d/dx) = ©1H o (d/dz) = ©, ( -

(ii) Following Lemma C.6, we get that ¥;(0) is a Fourier multiplier with symbol

[ = ©4[¢]]-
(iii) It holds that Wy(1) = 9;®¢(X).
(iv) In view of (4.18), it holds that
| Tiot,1 [u] ]| -2 < C|lul|ge for all u € H"(R). (5.13)

The next step is to locally approximate the operator ¥y (7) uniformly in 7 by some Fourier
multipliers. First, we introduce some auxiliary tools. Given € € (0,1) and N = N(¢) € N, we
define a so-called e-localization family, that is a family

{m; + =N +1<j <N} CC®(R,[0,1]),
such that
e supp 7; is an interval of length ¢ for all |j| < N — 1, supp 7y C (—00,—1/¢] U [1/g, 00);
o my-m =0if [l =1 =2, max{|j], l[} <N —1Jor [[I[ <N =2, j=NJ;

N

N2 _ 1.
° Zj:fN%»l(ﬂ-j) =1;
o [(m)®)o <Ce™ forallkeN,—N+1<j<N.
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5. Proof of Theorem 2.1 and Proposition 2.3

To each finite e-localization family we associate a second family
G : —N+1<j<N}CCP¥R,I[0,1])
such that
e x5 =1onsupp 75, supp xy C [|z| > 1/e —¢];
e supp xj is an interval of length 3¢ and with the same midpoint as supp 75, [j| < N — 1.
A first observation on finite e-localization families is the following lemma.

Lemma 5.4. Given € € (0,1) and a finite e-localization family, the mapping

N
£ . T
[h > Zj:_N+1 |75k g |« HT(R) — [0, 00)

defines a norm equivalent to the standard norm on H"(R) for all r > 0.

Proof. Let
[r] =max{n e N:n <r}.

Then, since each a € CY(R) is a pointwise multiplier in H"(R), that is
lahlla < Clallgees[Bllar,  a € CVHH(R), b € H'(R),
cf. [86, Section 2.2.3], we have

N N
Y mhlla- <o > Infllcen | bl < Cllk| &,

j=—N+1 j=—N+1

where C' only depends on ¢, r, and N. Moreover,

N N N
e =1 > (W?)Qh’ <C Y Al - Imshlla- <€ Y Iwshlar,
j=—N+1 H" j=—N+1 j=—N+1
where again the constant C only depends on €, r, and N. O

We are now in a position to locally approximate the path U;.

Lemma 5.5. Let X € O, be fized and choose v’ € (3/2,r). Given v > 0, there exist € € (0,1),
a finite e-localization family {75 : —N +1 < j < N}, a positive constant K = K(¢, X), and
bounded operators A} € L(H"(R), H""'(R)), j € {-N+1,...,N}, 7 € [0,1], such that

17501 () [u] = Aj w5l s < vilm§ull e + K Jull g (5.14)
forall —-N+1<j <N, 7€]0,1], and u € H"(R). The operators Ajl-’,r are defined by

d2

d? \1/2
T )

1/2 . d ' . '
) +BT,1(1’j)%, ‘]‘ SN*I, AN,T = @1(,@

A}, = ara(a5)(
where x5 € supp 75, |j| < N — 1, and with functions a1, 71 given by

1 1— 12
S R

S 7 1 and  fr1 = 70187 (f)If] + Tay(X).

Proof. In the following constants denoted by C' do not depend on ¢, while K stands for constants
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5.1. The generator property

that depend on €. We first consider the case where |j| < N — 1. Recalling (5.12), it holds that

|75 Wy (7)[u] — A;T[T(]s'u]”]_]'r—l < @1||7T§IB%(Tf)[u’] — H[(wju)’]HH,,.,l
RECHN
L+ f2(a5)
—BL (N E Y|
+ |75 7ar (X)u" — Ta1 (X)(25) (75u)' || g

+ 175 Dot [l | -1,

+ 0,

rrsoB(Nullf) + 7 HI(w5 )

LM S.m

for w € H"(R). The estimate (5.13) leads us to
175 Dot 1 [ull| -1 < K|ul g

Furthermore, in view of Lemma B.13 and recalling the definition (5.11) of B(7f), we have

5B D'} = Hl(5) W < [ln5 B0 (1)) = ey T
/(r€Y)2
B - p i,
J
+ K ull
< go sl + Kllully

provided that ¢ is chosen sufficiently small. Moreover, Theorem B.7 implies that
H - 2BQ,2(f, f)[fa’LL?f/] + lel,l(f)[u7fl] - 2f/BB,2(f, f)[fa fvua f/]
= (= 2B o (D] + f'Boa(f)[u'] = 21 By (AW gyoos < Cllull gy
for all uw € H"(R). Thus, invoking again Lemma B.13, it holds that

G
T+ ()

(5

| rrsom(r) ) + H(m5u)] = 7B, ()F)(5) (5|

E, A ()
R e e s

+[(BLLN] = BLa (D 1@5) 50 || v

Hr—1

<2 Hrsu']

J

12( €
+ | Boatr) - T |
14 ( €
+ 2‘ 5 2 By (f)[u]) — MH[wju'] I S 7
J

< (BN = B (D5 (50|
+ g lnsullr + K

Hr—1

Hr'
for w € H"(R). Furthermore, using (B.18), together with the relation

Xms =5, ll<N-1,

15)
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5. Proof of Theorem 2.1 and Proposition 2.3

we conclude

(B (DIF1-BL L (O @5) w5l || s
= |Ix5 (B?1< )] = B (HU)@5) w5 || s
<CHXJ (B11( )T - B?,l(f)[ /](xj)H (|75’ || g
+c|<x]( BY (O = BEL(OF 1@ oo 750 |

co Imsullar + Kllull g

_6@

for ¢ > 0 sufficiently small and u € H"(R). Here we used that v/ € H"” ~'(R) is bounded
and BY | (7f)[rf'] € H'(R) — BUC"*/2(R). Following similar arguments we obtain, in view
of a;(X) € H*(R), that
Im5ray(X)u = 7ax (X)(25) (m5u) [ -1 < G (a1 (X) = ax (X)(25)) (w5 | -2
< ClIxG (aa(X) = ax (X) (@) lloo I 50| -1
+ Cllx5(ar(X) — ar(X) (@) 1 750 ||
ur + Kl|ul

v
< Zlimul e

which leads us to (5.14) for |j| < N — 1, 7 € [0,1], and all w € H"(R), provided that € > 0 is
sufficiently small.

Now we consider the second case, when j = N. We have
In Ui (r)[u] = Ay [rxulllge-r < ©1]|7% (B(rf)[u'] + 7OB(f)[ullf']) — Hl(75w) || o
+ lmyrar (X)) ge-r + |7y T To 1 [u] [ -1,
where, with the help of (5.13) we obtain
7T Tiot 1 [ulll rr—1 < Kllull g, u € H'(R).
Moreover, recalling (5.15), we have
|75 B(7£)[w+7OB(f)[ul[f']) — Hl(mxw)']|] ;s
< |78 Boa (rf)[w'] = Hlmjul|| oo + [ 7& 7" BY A () []]
+ 2|75 fBY o ()| or + H7TNUB (DI
+ ||7% f? Boa (f) ]|

for all u € H"(R). In virtue of Lemma B.14 we have
I BLA (T D yoes + 2|75 F B2 ()]
+ 2H7TNfIQB272(f

Hr—1

Hr—1
gr—1 T QHWNfIQBz,Q(f)[UI]H -

e T IIW?vf’QBm( Wl s

Mores < - Imsular + Kl

and Lemma B.15 yields

|5 Boa (e )l = Hims)| ImSuliae + K ull

12@

for all w € H"(R) and 7 € [0, 1], provided that ¢ is sufficiently small. Using the formula

€ g __ 15
XNTN = TN
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5.1. The generator property

and (B.18), we get for € > 0 sufficiently small that

mw B (1)1

S OB AN o s -

+C X BN gy 7500
14
120,
14
120,

Hr

< Iyt | g+ K Jull g

< Imivullar + Klfull g

since BY | (f)[f’] vanishes at infinity, see (A.19). Similar arguments show that
v
I Tar(X)u' | pm-s <5 llmiull e+ Kllul g
if ¢ is sufficiently small and the estimate (5.14) follows. O

In order to show (5.10), we follow the same approach and thus compute in view of (5.4)
and (5.5) that

O P2(X)[v] = 64 (Boyl(h)[v’] — 2Bs o(h, h)[h,v,h'] + v' By 1(h)[h, h']
+ 1/ (B1,1(h)[v, '] + By,1(h)[v, h'] — 2Bs o(h, h)[h, h,v, h’]))
+ 01 (0B LIS + (b = ooV CLHX)F] = 20 (h = caguCR (X)[f]
—VCHX)IF ] + 200 CFy (X)IF ] = 20051 (X))
= O2(B(R)[') + OB(W)[e] (1)) + az(X)v' + Tiova[v]
for v € H"(R), where
a2(X) = 01 ((h — cxe) O (X)[f] — CLX)[F1)) € H'(R)
and
Tiow,2 = O1 (0h CLX)[F] = 2(h = o) HvCE (X)[f]
+ 200 CE (X)[F 1] - 20D, (X))
Moreover, define the path Uy [0,1] — L(H"(R), H""*(R)) by
Uy (1) = O2(B(rh)[v'] + TOB(h) [v][1]) + Taz(X)v" + TTiot 2[v],
which enjoys similar properties than the path Wy, stated in the following Remark 5.6.
Remark 5.6.

(i) Letting H denote the Hilbert transform, see Appendix C for more details, we have

d2 )1/2.

U5(0) = ©2B(0) o (d/dz) = ©2H o (d/dx) = @2( -

(ii) Following Lemma C.6, we get that W5(0) is a Fourier multiplier with symbol
[€ = ©2[¢]].

(iii) It holds that Wy(1) = &), ®o(X).
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5. Proof of Theorem 2.1 and Proposition 2.3

(iv) In view of (4.18) it holds that

| Tios 2 [V]|| -2 < C|v]| g for all v € H"(R). (5.16)

On account of the proof of Lemma 5.5, it is not hard to infer the following result on Ws.

Lemma 5.7. Let X € O, be fized and choose v’ € (3/2,7). Given v > 0, there exist € € (0,1),
a finite e-localization family {75 : —N +1 < j < N}, a positive constant K = K(e, X), and
bounded operators A3 € L(H"(R), H""'(R)), j € {-N+1,...,N} and 7 € [0,1], such that

175 Wa(7)[o] — AS (750l a1 < vliSollar + Kol g (5.17)
forall —-N+1<j<N,7€l0,1], and v € H"(R). The operators A?,T are defined by
d2 \1/2 d d2 \1/2
2 ._ . 2
Aj,'r = 047,2(35?)( - @) + 57,2(»””?)%, lj| < N -1, AN,T = @2( - @) )

where 5 € supp 75, |j| < N — 1, and with functions a2, Br2 given by

1+ (1—71)h"?
Qr 2 = W@Q and BT72 = T@QB(l]J(h)[h,] + Tas (X)
Proof. The proof is identical to that of Lemma 5.5 and therefore we omit it. O

We now show that the Fourier multipliers Aiﬂ T7€[0,1], —-N+1<j<N,and k = 1,2,
identified in the Lemma 5.5 and Lemma 5.7 are generators of analytic semigroups in L(H"~*(R))
that is

—AY € H(H"(R), H ' (R)), (5.18)

cf. (5.2). Moreover, as shown in Lemma 5.8 below and the subsequent discussion, these operators
satisfy estimates, which are uniform with respect to 7 € [0,1], j € =N +1,...,N,and k =1, 2.

Lemma 5.8. Givenn € (0,1), a € [,1/n] and |B| < 1/n, there exists kg = ko(n) > 1 such that

the Fourier multiplier
2N\ d
Ay p=—a <—> + pB—,

dx? dx
satisfies
A= Aqp € Isom(H"(R), H" ' (R)), (5.19)
roll(A = A )@l r—1 = (Al |0l grr—1 + [[©0]| 2 (5.20)

for A € C with ReA > 1 and w € H"(R).

Proof. First we note that A, g is a Fourier multiplier with symbol

m(¢) = —al¢| +iB¢, (ER.
For A € C with Re A > 1, we define the operator R(\, A, 3) by the formula

1
A—m

F(R(A, Agp)@]) = Fo, @€ H H'R).
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5.1. The generator property

This operator belongs to L(H"~}(R), H"(R)) since

o PP
IR(A, Aa,p)5lI3 = /R(l R R oE ©

B Fa(Q)?
‘/(”'C') (ReX T alC)? + (mA— Ao %

1 e
= min{l, a}/ TRy PR de
n/R<1+|<| )Y Fo(Q) P dC

I /\

Ellﬁll?qr—l

for o € H™'(R) and A € C with Re X > 1, and is therefore the inverse of A — A, 5. This leads
us to (5.19). Moreover, another consequence of this estimate is the relation

IO = Aag) @l = 02|@ar, @€ B (R), A€ C, ReA > 1.
Furthermore, given A € C with ReA > 1 and ¢ € R, it holds in view of
(Im A)? < 2(Im X — 5¢)* +2(5¢)?
that

AP (Red?+ (ImAy?
A =m(Q)? ~ (ReA + al¢])? + (ImA — 5¢)?
(Re \)? . 2(Im A — 8¢)? + 2(5¢)?
~ (Red+al¢])?  (ReX + a|¢])? + (ImA — 5¢)?

(1mA — C)? e
S 2 R T Al + (= B2 T 2(Rer+ ald])?
- 3+2/12
2
<84

In virtue of this estimate we get
A - )20 = / MA MO+ ¢ Fa(Q) P de
3+ 20 [ A= m(Q PO+ 1) Fa(Q P &g
—(3+ %)II(A — Ao )@l

Therewith we established also (5.20) and the proof is complete. O

We point out that since X € O,, there exists a constant n = n(X) € (0,1) such that

1
and [|Brillec < — forall 7 €]0,1], k=1,2. (5.21)

n < Qr K <
n

=

In particular, the operators AJ ~»T€E[0,1],j=-N+1,...,N, k= 1,2, satisfy the proper-
ties (5.19) and (5.20) of Lemma 5.8.
We are now in a position to prove the generator properties for 9;®,(X) and for 0, P2 (X),

see Proposition (5.9). The proof relies to a large extend on the previous results established in
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5. Proof of Theorem 2.1 and Proposition 2.3

Lemma 5.5, Lemma 5.7, and Lemma 5.8.
Proposition 5.9. Given X € O, it holds that

—0;®1(X) € H(H"(R), H" 1 (R))
and

—0p®o(X) € H(H"(R), H"1(R)).

Proof. Let ko be the constant determined in Lemma 5.8 for n as identified in (5.21) and
define v := 1/2k¢. Choosing ' € (3/2,r), Lemma 5.5 ensures there exists a finite e-localization
family {75 : =N +1 < j < N}, for some ¢ > 0, and a constant K = K(e, X) satisfying

2k |75 W1 () [u] — Al

jorlmsulll e < w5l + 20 K[| grov

forall 7 € [0,1], j € {-N+1,...,N}, and v € H"(R). Moreover, the estimate (5.20) implies
that

2r0l| (X = Aj )[m5ulll - = 2N - w5 ull -y + 275l ae
forall je {-N+1,...,N},7€[0,1], ReA > 1, and u € H"(R). This leads to

2075 (A = Or () [u]ll -1 > 2k0]|(A = Aj ) [r5ul || gr
= 2rio||m5 W (1) [u] — A L [m5u] || o
> 2A[- (|75 ull e + (|75 ull g — 260K [|ul g
for all j € {-N +1,...,N}, 7 € [0,1], ReA > 1, and v € H"(R). Summing up over

all indices j € {—=N +1,...,N}, Lemma 5.4 and (5.8) (with 7 = ') imply there exist con-
stants kK = k(X) > 1 and w = w(X) > 1 such that

A=W ()l e = A lull g + [l a2 (5.22)
for all 7 € [0,1], ReA > w, and u € H"(R).
We note that by (5.19) and Remark 5.3 it holds that
d2 1/2
(W=U1(7)) |r=0 =w + 61 (_d2> € Isom(H"(R), H"*(R)). (5.23)
x

In view of (5.22) and (5.23), the method of continuity, see e.g. [7, Theorem 1.1.1.1}, yields
w—0;®1(X) € Isom(H"(R), H~*(R)). (5.24)
The properties (5.22) (with 7 = 1) and (5.24) lead to —9;®; € H(H"(R), H""!(R)).

The second claim concerning 9y, ®5(X) follows, due to Lemma 5.7 and Lemma 5.8 with k = 2,
by arguing along the same lines. O

We can finally prove (5.1).
Theorem 5.10. Let X € O,.. Then,

—0®(X) € H(H"(R)?, H""1(R)?).

Proof. The claim follows from Theorem 5.1, Lemma 5.2, and Proposition 5.9. L]

5.2. The well-posedness result

In view of Chapter 4, we know that ® is mapping the set O, smoothly to H"~1(R)?2, see (4.1).
Moreover, we have shown that, given X € O, the operator 9®(X) is the generator of an analytic
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5.2. The well-posedness result

semigroup, see (5.1). These two properties will be the main ingredients when we establish
the well-posedness of the multiphase Muskat problem (1.1) with the help of abstract theory
from [57].

Proof of Theorem 2.1. The properties (4.1) and (5.1) enable us to use the abstract parabolic
theory from [57, Chapter 8] in the context of the evolution problem (1.1). More precisely,
given Xy € O,, [57, Theorem 8.1.1] implies there exists a time T' > 0 and a solution X = X (-; X)
to (1.1) such that

X € C([0,T),0,) N CH([0,T], H"(R)*) N C3((0, 7], H"(R)?)

for some o € (0,1), see. (1.4) for the definition of CS(0,T], H"(R)?). Since ® is independent of
time, this property holds for all a € (0,1). Moreover, this solution is unique within

U cao, 11, 5 (R)*) nC((0,T],0,) N CH([0, T, H™ ' (R)?).
a€e(0,1)

In order to prove that the solution is unique within C([0,77],0,) N C*([0,T], H"~*(R)?), as
we claimed in Theorem 2.1, we assume by contradiction that there exist two different solu-
tions X; : [0,T] = O,, with i« = 1, 2, to (1.1) corresponding to the same initial data, that
is
Xl(O) = XQ(O) and Xl(t) 7é Xg(t) forall t € (O,T]

Let ' € (3/2,r) be arbitrary and set a :=r — 1’ € (0,1). The mean value theorem together
with the inequality ||al| g < |la]|%.—1 el ;% @ € HT(R), see (5.8), yields the existence of a
constant C' > 0 such that

1X:(t) = Xi(s)ll g < 11X (t) = Xi(8) |G - 1K (8) = Xi(s) [

o ma H dX; [t — s] "
- X —
H 0,7 Il dt llgr—1

<Clt—sl*, s tel0,T],i=1,2,

< <2 max || X;|
(0,77

which means
X; € C*([0,T], H" (R)?) < C2((0,T), H" (R)?). (5.25)

The abstract result [57, Theorem 8.1.1] applied again in the context of (1.1) with r replaced by
r’ ensures that X; = X5 in [0, 7], which contradicts our assumption. Arguing as in [57, Section
8.2], this unique solution can be extended up to a maximal existence time T+ = T (X).

In order to conclude (i), we make use of [57, Proposition 8.2.3], which ensures the continuous
dependence of the solution on the initial data.

We next prove (ii) with a parameter trick successfully applied also to other problems, cf.,
e.g. [43, 60]. Let A = (A1, \2) € (0,00) x R and X = X (-, Xy) be a maximal solution to (3.12).
We then set

XA(t,x) = X()\lt,$+/\2t), reRte [O,T_,_’,\),

where Ty » :== T /A\1. Now we note that X, € C([0,T¢.),O,) N CH([0, T, »), H" "1 (R)?) is a
solution to

X
%:xp(x,x), 150, X(0) = Xo,

where U: O, x (0,00) x R — H"1(R) is defined by

WX, A) = A B(X) + AQ%. (5.26)
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In virtue of (4.1), it holds that ¥ € C*(O, x (0,0) x R, H'"}(R)?). Given X, € O,
and A € (0,00) x R, the partial derivative of ¥ with respect to X is given by

d
aX\I/(Xo, )\) = >\18<I>(X0) + )\2%

Since the operator d/dx corresponds to a diagonal 2 x 2-matrix whose non-trivial entries are
Fourier multipliers with symbol [¢ — i(], we obtain, by arguing as in the proof of Proposition 5.9,
that

—0x¥(Xo,\) € H(H"(R)*, H"1(R)?)

for all (Xo,A) € O, x (0,00) x R. According to [57, Theorem 8.1.1] and arguing as in the first
part of the proof, for each (Xp,\) € O, x (0,00) x R there is a unique maximal solution X to
(5.26) with

X = X(; Xo,)\) € C([0,T4),0,) N CH[0,T), H1(R)?),

where Ty = T (Xo, \) is the maximal existence time. Using [57, Corollary 8.3.8], we conclude
that the set

Q= {(t Xo0,A\) : (X0,A) € O, x (0,00) x R,0 <t < T4 (Xo,A\)}
is open and
[(thOa A) = X(t)XOa)\)] € COO(Q, OT)

By uniqueness of the solution to (5.26), we have

T (Xo,\) = T*ifo) and X (t, X, \) = Xx(t), t€[0,T(X0)/\).

Given 0 < tg < T+ (Xp), we may choose d > 0 such that for all A within the disc Ds((1,0)) it
holds that 0 < tg < T4 (X0, A), and thus

[\ = Xa(to)] € C(D5((1,0)), H' (R)?).
Using that dy, X (to) = t00.X (A1to, - + Aatp) we obtain
[\ = 0. X (Aito, - + Xato)] : Ds((1,0)) — H"(R)?
is smooth and thus
[\ = X (Arto, - + Aato) = Xa(to)] : Ds((1,0)) — H"TH(R)?
is smooth, too. In conclusion we get that
[t = X(t)] € C®((tg — 8,t0 +0), H"TH(R)?).
Iterating these arguments leads to

[t — X(t)] € C((0, T (Xo)), H¥(R)?)  for all k € N.

Given zg € R, the mapping [Y +— Y (z0)] : H"(R)? — R is linear, hence
[/\ — X()\lto,l‘o + )\gto)] : D(;((l, 0)) — R?

is smooth. Moreover, the mapping ¢ : D.((t9,z0)) = Ds((1,0)) with

t x—xg
t = —,
o(t, ) (to W )
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5.3. Excluding squirt singularities

is well-defined and, for € > 0 sufficiently small, is smooth too. Composed with the previous
function, this shows that

[(t,) = X(t,2)] - Do((to, 70)) — R?
is smooth.

To prove (iii) we assume there exists a maximal solution X = X (-; Xo) to (1.1) with 7" < oo
and such that

sup || X(&)||gr < oo and lim inf dist(T'$ (¢), n(t)) = co > 0.
te[0,T+) t—=Ty

Arguing as above, we deduce for some fixed v’ € (3/2,r), that X : [0,7F) — O, is Holder
continuous, see (5.25). Applying [57, Theorem 8.1.1] to (1.1) (with r replaced by '), we may
extend the solution X to an interval [0,7") with 7" < T” and such that

X € C([0,T"),0,) N CH[0,T"), H ~H(R)?).

Moreover, the parabolic smoothing property established at (ii) (with r replaced by r’) implies
that X € C'((0,7"), H"(R)?), which contradicts the maximality property of X. This completes
the proof. O

5.3. Excluding squirt singularities

The next result shows, for bounded solutions with 7" < oo, that the fluid interfaces intersect in
at least one point along a sequence ¢, — T*. Moreover, using the same strategy as in [27, 32],
we exclude for such solutions that the two fluid interfaces collapse along a curve segment.

Proof of Proposition 2.3. Let M > 0 be chosen such that || X (¢)||g- < M for all times ¢ € [0,T7).
In view of (1.1d) and Lemma A.5, we deduce from this uniform bound that there exists a
constant C' > 0 such that

<
dt oo

<C1+M*Y, telo,TH).

Therefore the derivative of the operator X2 :== (f2,h?) € C}([0,T1), Ly(R)?), as well as the
operator X2 : [0,7) — H"(R)? are bounded. Since for fixed 7’ € (3/2,7) it holds that

1_ ’ ’
lall g < llalls™ " lalt" o€ H'(R),

we conclude

’

IX2(t) = X2(3)| o < IX2() = X2(s) 57777+ X2 (0) = X2(5) 31"

r'/r 1—7"/r
< (2 sup XQHT> ( sup \t—s|)
[0,7%) [0,7+)

<Clt—s|"" s tel0,TY),

2

dt

2

and thus )
X% e BUCY"/"([0,T%), 0,).

Hence, there exists X, € H™ (R)? such that X2(t) — X, = (fs, hs) in H” (R)? for t — TF.
Taking advantage of the property

lim inf dist (I (¢), T'n(t)) = 0,

t—T+
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which holds due to Theorem 2.1 (iii), there exists a sequence in time (,)nen with £, /' TF and
a sequence in space (zn)neny C R such that

Coo + ftn, Zn) — h(tn,zn) — 0 for n — oo. (5.27)

The next step is to show that (z,)nen is bounded. To this end, we use the H” (R)2-convergence
of X2(t) — X, and the fact that

X, € HT/(]R)2 c{(f,h) € C(R)?: f(x),h(x) — 0 for || — oo}
to conclude, that there exists ng € N such that
|f (tny )| + |A(tn, ®)] < co/2  Tforall n>mng, |z| > ne.

This property yields, with the help of (5.27), that (z,,),en is indeed bounded.

After passing to a subsequence, we note that xz,, — zy for n — oo in R. Since X, is continuous
and X?2(t,) converges to X, in H" (R)? we obtain

X (tnszn) = (V fel@o), vV (0)).

The relation (5.27) now yields

Coo + V/Filwo) = V(o).
Finally, the convergence X?2(t,,r9) — X.(zo) and the latter identity show that
Coo + f(tnva) - h(tnaxO) — O,

and the desired claim
liminf (coo + f(t,20) — h(t,20)) =0
t—T+

follows at once.

In order to prove the second claim we argue by contradiction and assume there exists g € R
and § > 0 such that
liminf  sup (coo + f(t,2) — h(t,z)) = 0.
=TT {|a—wo| <5}

By invariance of (1.1) under horizontal translations, we assume without loss of generality
that o = 0. This ensures the existence of a sequence (t,)neny with ¢, ST+ for n — oo such
that

Coo + ftn) — h(ta) = 0 in Loo([—4,d]). (5.28)

Recalling Lemma A.5, we find a positive constant ¢; = ¢1(M) such that va(t) = (vi(t),v3(t))
satisfies

sup  lv2(t) |l Lo (2(0)) < - (5.29)
te[0,T+)

Given t € (Tt —d/cy, TT), we set
R() =6+ e1(t — TH).

Then R is a positive, smooth, and increasing function with R(t) — ¢ for ¢ — TF. Furthermore,
we define the differentiable function

R(t)
S(t) = [ o TG =Rz, e (T e, T,
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Note that S(t) is the surface area between ' (¢) and I'(¢) and the vertical lines {x = £R(t)}.
Let ng € N be fixed such that ¢, > T+ — §/c; for all n > ng. On the one hand, S(t,) > 0 for
all n > ng. Moreover, (5.28) implies that

S(t,) =0 for n — oo.
On the other hand, given ¢t € (Tt — §/c1, T"), we compute

S'(t) = [coo + f(t, R(t)) — h(t, R(t))] B'(t)
+ [eoo + f(E, = R(1)) = h(t, —R(t))| R'(t)

R(t)
+ / O f(t,x) — O:h(t, z) du.

—R(t)
Furthermore, Stokes’ theorem and divvs(t) = 0 in Q2(t) lead to

R(t) R(t)
| o —onteoyde = [ |05 el |00 0) do

—R(?) —R(?)

R(t)
= [ K ) alry | )t 2) do
—R(t)

Coo+f(t,—R(t)) L
- / Wbt~ R(),y) dy
h(t,—R(t))

coot+f(t,R(1)) 1
- / Ug (th(t)vy) dy
h(t,R(t))

We conclude that

Coo+f(t,R(t)) , L Cootf(t,—R(1)) L
S'() = / (R (1) — v (t, R(1), ) dy + / (R (1) + vb(t, ~R(t), ) dy,
h(t,R(t)) h(t,—R(t))

and further

R'(t) Fuy(t, £R(t),y) > 1 — sup  [va(t)l| L. (a(e)) = O-
te0,T+)

Consequently, S(tn) > S(tn,) > 0 for all n > ng, which contradicts S(t,) — 0 for n — oc.
Hence, our assumption was false and the proof is complete. O
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Part 1I.

The multiphase Muskat problem
with general viscosities

o1






In this second part of the thesis we consider the multiphase Muskat problem (1.1) with general
viscosities p1, 2, pus € R. We prove in Section 6.3 that the velocity field

v =w1lg, +v2|a, + v3|a,

can be expressed as the contour integral

A (G X ()]
v@mﬂéK%w_@%+ﬂwplud
1 [(wy) = (s, h(s)]

” AK%@*@MﬂP

e
where (a,b)* = (—b,a). The densities are no longer defined explicitly in terms of f and h, but
solve the equation

wo(s) ds, (z,y) € R*\ (ch‘x’ ulh),

(1 - A AX))@) = OX'

where A(X), defined in (6.2) below, is the adjoint of the double layer potential for Laplace’s
equation corresponding to the hypersurface I‘;‘x’ Uy,

1.:/11—#2 a2._,U2—M3

A, = diag (a},a? with a, : \ = ,
. 8 (@) N R B o+ ps

and

pP1 — P2 o ,:kgm—/)s

O = diag (0,0 with O, :=k , : .
8(91,02) ! ng"‘,UQ 2 M2 + s

We consider the invertibility of the operator 1 — A,A(X) in Section 6.1 and Section 6.2.
Thereafter, we are in a position to establish the validity of the above formula for the velocity.
In Chapter 7, we then reformulate the multiphase Muskat problem with general viscosities as a
nonlinear evolution problem,

dX (1)
dt

—O(X(t), t>0,  X(0)=Xo,

see Section 7.1, and prove that ® is a smooth operator whose Fréchet derivative generates an
analytic semigroup, see Section 7.2, provided that the Rayleigh-Taylor conditions are satisfied
at each interface, cf. (7.8). Then, using abstract parabolic semigroup theory, we establish the
proof of Theorem 2.4, which provides the well-posedness of the Muskat problem with general
viscosities, see Section 7.3.
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6. The fixed time problem

In this chapter, we establish the solvability of the fixed time problem (1.1a)—(1.1c), where
the time variable ¢ is fixed and the function X = X(¢) = (f(¢), h(t)), which parameterizes
the interfaces between the fluids, is given, see Theorem 6.6. As a first step, we introduce in
Section 6.1 some integral operators for which we establish several important properties. In
Section 6.2, we then investigate the invertibility of the operator 1 — 4,A(X), see Theorem 6.4,
which is the crucial step in the proof of Theorem 6.6.

6.1. Some integral operators

In the study of the multiphase Muskat problem with general viscosities we are confronted
with certain integral operators, which we now introduce and represent in terms of the integral
operators studied in Chapter 4 and Appendix B.

Given u € WL (R) and

X =(f,h) € O={(f,h) € WL(R)? : inf(ce, + f — h) > 0},

we define the following operators

Au)[@](z) :% % /R S;/f)(gi;;)}“w(x s) ds,

Bfel(o) = 1PV [ o as

SOl = ¢ [ T - g s

S0l =+ [ h(f)(;[‘s[]x}f ol s)ds, o
Tl = ¢ [ et - s

T OOl = 1 [ et s

where z € R, PV is, as usual, the principal value and the notation of (1.6) is used. We enclose
some remarks on the operators A and B.

Remark 6.1.

o The operators A(u) and B(u) have been introduced in [61] in the study of the two-phase
Muskat problem.

o It holds that A(0) = 0 and B(0) = H, where H denotes the Hilbert transform, see
Appendix C.

Furthermore, we define for given X € O the linear operators

AX) = (Au(X), A2(X))  and  B(X) = (Bu(X), B2(X)),
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6. The fixed time problem

where

for & := (w1, ws) € L2(R)?, or equivalently

AX) = Al S and  B(X):= B(f) T(X) . (6.2)
S'(X) AR 7'(X) B(h)

The aforementioned operators can be represented as combinations of operators of types
discussed in Chapter 4 and Appendix B, which allows us to conclude several important properties.

Lemma 6.2. It holds that

[u— Aw)], [u— B(u)] € C'7 (WL (R), L(L2(R))), (6.3)
S, 8. T, T' e C* (0, L(Ly(R))),
(X AX)], [X — B(X)] € C' (O, L(L2(R)?)),

and, given X € O, = ONH"(R)%, r € (3/2,2), we further have

S(X), S"(X), T(X), T"(X) € L(L2(R), H*(R)), (6.6)
A(X), B(X) € L(Ly(R)?) N L(H™ 1 (R)?).

Moreover, if u € BUCH(R), we have
A — A(u) € Isom(L2(R)), AER, A >1, (6.8)
and, if additionally uw € H"(R), r > 3/2, it holds that
A(u), B(u) € L(H™1(R)), (6.9)
A — A(u) € Isom(H"1(R)), AER, A >1. (6.10)
Proof. The properties (6.3) and (6.9) follow by the representations
A(u) = u' By (u) — By,1(u)[u, -] and B(u) = Bo,1(u) + v By 1(u)[u, ], (6.11)

together with the results of Theorem B.3 and Theorem B.5. Moreover, Corollary 4.3, Lemma 4.4,
and the identities

S(X) = f'Di(X) = (coo + [)C1(X) + C1(X)[R]

S'(X) = h'Dy(X) + (coo — M)C1(X) + CLUX)[f], (6.12)
T(X) = D1(X) + (coo + [) f'CL(X) = f'CL(X)[R],

T'(X) = D1(X) = (coo — R)P'C1(X) = W CUX)[[]

imply (6.4) and (6.6).

Using the now proven results (6.3), (6.4), (6.6), and (6.9), we conclude in view of the definitions
of A and B, see (6.2), that (6.5) and (6.7) hold true.

The property (6.8) is proven in [61, Theorem 3.5, whereas (6.10) is established in [1, Theo-
rem 5]. O
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6.2. The unique solvability of equation (6.13)

6.2. The unique solvability of equation (6.13)
In this section we investigate the unique solvability of the equation
(1-A4,A(X))w] =6X". (6.13)

This property is established in Theorem 6.4 below. In the analysis we need to differentiate
between the case when the viscosities are ordered, that is

(p2 — pa)(ps — p2) >0

as in this case we can use some underlying Rellich identities in the proof, and the case when the
viscosities satisfy the inequality

(p2 — pa)(p3 — p2) <0,

when a Neumann series argument is employed.

Given X € O,,r € (3/2,2), and A := diag(a1,a2) € R*? with max{|a1], |a2|} < 1, an
essential point in our analysis is to study the invertibility of the bounded operator 1 — AA(X)
in the Banach algebra £(H"~1(R)?), see Theorem 6.4. We thus consider a slightly more general
version of (6.13), that is

(1 - AAX))[@] = F, (6.14)

or equivalently the linear system

w1 — a1A1(X)[<D] = F,
(I)Q — GQAQ(X)[(D] = FQ.
We look for a solution @ = (w1,w2) € H" 1(R)?to a given right-hand side F = (Fy, Fy) €
Hr_l(R)Q.
We include some remarks on the operators A(X) and A(f), X = (f,h) € O, and we discuss
an example, where, in a limiting case, the equation (6.14) is not solvable (not even in La(R)).

Remark 6.3.

(i) The operator A(f) is the adjoint of the double layer potential for Laplace’s equation
associated to the hypersurface I'? and the operator A(X) is its generalization to the
hypersurface ' UT'),. As already mentioned, A — A(f) (and A — A(X), cf. Corollary 6.5
below) is an Lo-isomorphism for all A € R with |A\| > 1. This property is essential in the
study of the two-phase Muskat problem, see [31, 61, 62].

In the multiphase setting we need to address the invertibility of the operator 1 — AA(X)
where A := diag (a1, az2) € R?*? satisfies max{|ai|, |a2|} < 1, see Theorem 6.4. This is a
major deviation from the two-phase setting considered in [31, 61, 62] because herein we
consider the operator A(X) multiplied by a matrix which has in general different entries
(with possibly opposite sign). However, on the base of the Rellich identities (6.26) it is
possible to show that 1 — AA(X) is an isomorphism whenever its entries have the same
sign. If ajay < 0, we can invert this operator only under a smallness assumption on
the W1 —norm of X, and it is not clear to us whether this smallness assumption can be
dropped (as shown in (ii), 1 — AA(X) is not invertible if A := diag(1,—1) and X = 0).

(ii) Let A == diag(1,—1). Then 1 — A.A(0) is not invertible in £(La(R)?) (or L(H"~1(R)?)).

Proof of Remark 6.5 (ii). Let F = (F1,0) € H"*(R)? be chosen such that FF; € C(R) is a
function, which is constant 1 on the interval [—1,1] (where F denotes the Fourier transform).
If @ == (w1,02) € L2(R)? satisfies (1 — AA(0))[@] = F, we arrive in virtue of A(0) = 0 and

S(0)@;] = =S (0)[@i] = —p x@;, i=1,2, (6.15)
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6. The fixed time problem

where

s €R, (6.16)

at the system

Combining these equations we get
(I)l —gD*(p*(I}l :F17
where we can apply the Fourier transform on both sides and the convolution theorem to obtain

FE

T T (e

We are now focusing on Fy. Therefore we set
Y(s) =e =l seR.

Then v belongs to Lo(R) and it holds that

V2rFp(¢) = / e~ (coelslFisC) gg

R
0 00
_ / e3(en—iC) g 4 / o s(eati) g
—o0 0
1
Coo — ZC Coo T ZC
COO
=2a e 2mp(C), (E€R,
which gives
2m(Fip)? = 4.
Observing that
1— 2
|1§|(<) — 2¢  for [¢| = 0,
we conclude that Fw, is not square-integrable in a neighborhood of 0 and does therefore not
belong to Ly(R). Thus, 1 — AA(0) is not surjective, and this proves the claim. O

In Theorem 6.4 below we characterize, in dependence of A, the set of pairs X € O, for
which (6.14) is uniquely solvable.

Theorem 6.4. Let 1 € (3/2,2) and A := diag (a1, az) € R**? with max{|a1|, |az|} < 1 be given.
Then, U, == U N H"(R)?, where

U:={X=(fh) € BUC*(R)? : inf(coo + f —h) >0 and 1 — Tx(X) € Isom(Ly(R))}

and

Ta(X) = ajaz(1 — a1 A(f)) 71 S(X)(1 — agA(h)) 1S (X),
is a nonempty open subset of O, and 1 — AA(X) € Isom(H"~Y(R)?) for all X € U,..
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Moreover, it holds that:
(a) If aras > 0, then U, = O,;
(b) If a1as < 0, there exists a constant o = o(A) > 0 such that

{(X €O, : | Xllwy, <o} CU,.

In particular, U, is an unbounded subset of H"(R)?.
Proof. Let X = (f,h) € O, be given. We first note that the invertibility of the opera-
tor 1 — AA(X) in L(H"1(R)?) is equivalent to the unique solvability of the system

(6.17)

w1 — a1 A1 (f)[@1] — a1 S(X)[we] = F1,
(IJQ - CLQS/(X)[(Dl] - GQAQ(h)[CDQ] = F2

in H'~Y(R)? for each F = (Fy,Fy) € H""Y(R)?, see (6.2) and (6.14). Since 1 — ajA(f)
and 1 — asA(h) are invertible in L(H"~(R)), cf. (6.10), we are able to compute

Wy =(1 — agAy(h)) " (Fy + a8’ (X)[w1])
and thus
(1= a1 A1 (f))[@1] = a1a28(X)(1 — azha(h)) 15" (X)[w1]
= F; +a18(X)(1 — axAx(h)) " [F].
We conclude that the system (6.17) is equivalent to the following equation for w; in H"~}(R):
(1= Ta(X))[@0r] = (1 = a1 A(f) THE + a1 S(X)(1 — az(h)) " [E]]. (6.18)

Hence, if X € U,, then (6.18) has a unique solution w; € Lo(R). Additionally it follows
from (6.6), (6.9), (6.10) and (6.18) that &; € H™~1(R). Hence, 1 — AA(X) € Isom(H"~1(R)?)
for all X € U,.

From (6.3), (6.4), (6.8), and the smoothness of the mapping

[Ta +— T3'] : Isom(Lg(R)) — Isom(La(R)),
we obtain that
[X = Tu(X)] € C'({X € C'(R)? : inf(coo + f — h) > 0}, L(L2(R))). (6.19)

Therefore U, is an open subset of O,..
In order to show that U, is not empty, we observe that

TA(O) = a1a25(0)5l(0).

Recalling that —S(0) = S’(0) and S’(0)[w2] = ¢ * ws, see (6.15) and (6.16), we deduce in view
of ol = 1, that

15(0)[@2]l|2 = [157(0)[@2]]]2
= || * Wall2
< lellilloz|l2

= [|lwz]]2.
Therewith we get that

1TA(0)] £(La(r)) < laraz| < 1.
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6. The fixed time problem

Hence, 1—T4(0) is invertible as the inverse is given through the Neumann series of T4 (0) and thus
0 € U,. Recalling (6.19), we may find o = o(A) > 0 such that {X € O, : | X||w1 <o} CU,.

It remains to show that if ajas > 0, we have that U, = O,.. If ajas = 0, then Ty4(X) =0
and therefore O, = U,.. The proof in the case ajay > 0 is more involved. The crucial step
is to establish that 1 — AA(X) € Isom(Lz2(R)?) for all X € O,. To this end we consider the
unbounded operator 1 — AA(X) € L(Lo(R)?), where A is viewed now as a parameter matrix,
and prove the existence of a constant C' = C(||X’||s) > 0 such that

(1 — AAX)[@]]l2 = Cm(A)|@]]s  for all @ € La(R)?, (6.20)
where
m(A) == min {H“l 1-a lar|(1 = ay), |as|(1 + ag)} > 0.
lai| 7~ az]

We note that for |ai|, |az| small enough to ensure that || AA(X)| z(L,®)2) <1, it holds that the
operator 1 — AA(X) € L£L(L2(R)?) is invertible by using again a Neumann series argument. The
method of continuity, cf. [7, Proposition 1.1.1.1], together with the estimate (6.20) then implies
that 1 — AA(X) € Isom(Ly(R)?), provided for all A = diag (a1, as) with max{|a;|,|as|} < 1.
If F € H!(R)? additionally, we may use the fact that

S(X)[@a], §"(X)[wn] € H™(R),
see (6.6), to conclude from (6.17), in view of (6.10), that
0= (1-AAX))"'[F] € H 1 (R)%
This shows that indeed 1— AA(X) € Isom(H"~1(R)?) for all X € O,., which implies that U, = O,..

We now proceed with the proof of (6.20). Given X = (f,h) € Ci°(R)? with coo + f > h
and @ == (w1, w2) € CF(R)?, let v := (v1,v2) be given by (see equation (A.4))

v(2) = 2v(f)[@1](z = (0, c0)) + 20(h)[w2](2)
= 1(/R ( (coo+f(8)_y7$_8) 2(1}1(8)(184—/ (h<s) _y’m_s)))ng(s)dS)

Q z—5)%+ (Y — coo — f(5)) R (2 —58)%+(y —h(s

for z = (x,y) € R?\ (I'?> NTx). We next infer from the results in Appendix A, in particular
from Theorem A.6, that

V; = ’U|Qi S BUC(QZ) n COO(QZ)7 1<1<3,

and that
1 (_6[7 S]fvs) _ 1 (_5[35 s]Xa 5) _
vi(2, oo + f(x :fPV/’iw T—3S ds—i—f/’—w T —s)ds
( ( )) T R 52 + (6[z,s]f)2 1( ) T JR 52 + (5[z,s]X)2 2( )
iajl(]w f/) -
+(=1) 15 /7 (z), i=12, (6.21)
and
1 (_6fz S]X7 S) 1 (_5[1 5]h78)
. e R L By — iy o) — AT g —
vi(z, h(z)) - /R o (5€I’S]X)2w1(m s)ds + - A% e (5[m7s]h)2w2(a: s)ds
— li
by @2 oy g (6.22)

1+h?

for € R. In consequence, the normal and tangential traces of v are related to the operators A(X)
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6.2. The unique solvability of equation (6.13)

and B(X) defined in (6.2), since
(2) = (vi(@,co0 + f(2)) | (L, f(2))) + (=
A2 (X)[@] () = (vil, h(x)) | (L, () + (=1)'@a(2), i=2,3,

and
Bi(X)[@](z) = (vi(z, oo + f(2)) | (=f'(2),1)) i=1,2,
By (X) @] () = (vi(z, h(@)) | (=1'(2),1)) i=2,3.

From (A.17) we know that
3_»51)11 + @,U? =0= 83,11} — 8,73117;2 inQ;, 1<i<3.
Thus, we can conclude
. 20} v? 1 2 1 2 1 2
div |, ovo “ F 1ve ) dz =2 | v;(0pv] — Oy ) + Vi (Opv; + Oyvy)dz =0 (6.23)
Q; (vi ) - (Ui ) Q;

for i = 1,2,3. We now choose a family (¢,)nen € C(R?) with the properties that ¢ =1
on B, (0) and ¢ = 0 in R? \ B,,11(0), while sup,, || V¢n|e < 0o. Here B, (0) is the ball centered
in 0 with radius n. Using Lemma 6.2 together with the representations (6.24) and (6.25),
equation (6.23), Lebesgue’s dominated convergence, and Stokes’ theorem, we obtain

/rf <((v§)220%v(%v%)2) V1> doy = /Fh <<(U%)220%U(§U%)2> z/2> doy
e </ (g2l aone [ o (i far) ) d‘”)

((v%)gvévgvb?» *

Because of Lemma A.8, we further have

L (el (a2 e )

n—oo

= lim <V<pn
Q2

1
<c — dz
Qan{n<|z|<n+1} |Z‘

n+1 1
SC’/ —dr
n r

:C‘ln(n—’—l>7 n €N,
n

which provides, on account of the above computation, the relation
l/2> dO’g =0.

/pf <<<>2—<>) > do / <(<>2—<>)

Analogously we get
21} v
; U1

/F
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6. The fixed time problem

We further compute
20} v7 , _ 11,2
(o) lee ) = (2 e,
1
- 1+f/2

2\ 2 1\ 2
L+ ODE —GDE, )

(281 ()] (A1 ()] + (~1)'n) (6.24)
+ B (X)[E]2 — (A (X)[@] + (~1)'01)?).

where 7 = 1,2 and analogously for i = 2,3 that

<(<v$>22v3032v3>2> I,

(—H/, 1)> = - jha (20 B2(30) ] (Ax (X)[5] + (~1)" )

+ Ba(X)[E)? — (A2(X)[@] + (—1)1)?).
(6.25)

Hence, we arrive at the following system of Rellich identities

0= [ 157 (A 0@ - 80 = 2B (X)) (A () 0] = 1) = Bu(X) 6l do, - (6.260)
R

1+ f/2
1
0= | T (A)E] +@1)* = 2f B () @] (A1 (X)[@] + &) = Bu(X)[)”
/R 1 J; : ( ) (6.26b)
T (Ae(X)[8) = @2)? — 20 Ba(X) @) (Ao (X)) — ) — Bo(X)[6 )
0= /R %(h,)? ((AQ(X)[CD] + @a)? — 20 B (X)) ] (A2(X) [@] + w2) — BQ(X)[LDP) da. (6.26¢)

Using the algebraic identity

~ — w; — aiAi w 2 a; )w; (Ww; — aiAi w a; 2@1,2
A E] @) = ¢ la])* = 21 £ 0 (0la]) + (1 +a)’a?

which holds for ¢ = 1,2, the system (6.26) is equivalent to

0 :/ 1 [(@1 — a1 A (X)[@])* = 2(1 — a)ws (@1 — a1 Ay (X)[@]) + (1 — a1)?@F

R 1+ f72 af (6.272)
= 2f'B1(X) @] (A1 (X)[@] — @1) — Bl(X)[@]Q} dz,
0 —/ 1 [(5’1 — a1 A (X)[@])? — 2(1 + ar)wr (@1 — a1 A (X)[@]) + (1 + a1)?0f
SR aj
— 2B (X) @] (A1 (X) @] + @1) — Bl(X)[@]Z]
_ 1 |:(L:12 — ag.AQ(X)[(IJ])Q — 2(1 — CLQ)(:}Q((DQ — CLQ.AQ(X)[@]) + (1 — ag)QJJ%
14 K2 a%
— 20 By (X)) (s (X) ] — @2) — Ba( X)) d,
(6.27b)
:/ 1 {(5’2 —ay — A (X)[@])? = 2(1 + az)ws(@s — az Az (X)[@]) + (1 + a2)?w3
LT
— 20 By (X)[)(A2(X)[] + &2) — Ba(X) [ dv
(6.27¢)
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6.2. The unique solvability of equation (6.13)

We next multiply the first equation (6.27a) by (14 a1), the second equation (6.27b) by —(1—a4),
and the third identity (6.27¢) by —(1 —a1)(1 —a2)/(1 + az), and then sum up the resulting
identities to arrive, after multiplying by sign(a;) = sign(as), at

/ 1 [(@1 - al A (X)[w])? n 2sign(a1)
rl+ f? |a1[(1 - a1) l1—a

1 (@2 — asA2(X)[@])? . 2sign(as) ,, o )
+/Rl+h'2[ eyt T MBI — ada(X)[e)] do

1 1—|—a1,2 |a1| 19
= X
/R1+ff2{ ] 1T T g o ) J do

1 (l-az 5  |ag 2
X .
+/Rl+h’2[ o] w2+1+a282( )[@]) }dx

BUX) @)@ — a1 Ay (X)[@]) | de

(6.28)

Using Young’s inequality, we get

sign(ay) ,, = ~ ? B 0
21g—i(a1)f B (X)[@](@n — a1A1<X>[w1>‘ = (1—251>|a1|<w1 - e A (X)[@])?
+ 2(1|a_1|al)Bl(X)[a’]2
and
sign(a ?
21g+7222)h'82(X)[@](@2 + az Az (X)[w])| < (1—|—2Z2)|a2|(w2 — a2 Ax(X)[w])?
\a2| _
+ MBQ(X)[W]Zy

which enables us to conclude from (6.28) there exists a constant ¢ = ¢(||X"||) such that

|ai |

lor — a1 Au(X)[@]]13 | [[@ — agAa(X)[@][I3 1 4ar, o
>C w13+ s——1Bu(X) @
ol —an) Rt > o (S + 5 s B ()l
1_a2 - 112 |a2| _1112
— X
o 19213 + g gy 1B )(=l13)
14ar,_ o 1—az,_ 9
> _ - e )
> el + = J2113)

The desired estimate (6.20) follows now by using a standard density argument in view of (6.5). O

We now conclude this section with a result on the resolvent of A(X).

Corollary 6.5. Let r € (3/2,2) and X € O, be given. Then
A — A(X) € Isom(Ly(R)?) NIsom(H""H(R)?)  for all A\ € R\ (—1,1).

Proof. If || > 1, then the claim follows from Theorem 6.4 (by choosing a; = az = 1/X). It
remains to establish the result for A € {£1}. To this end we infer from (6.26), by using Young’s
and Holder’s inequalities, there exists a constant C' = C'(||X’||oo) > 1 such that

O™l — A (X)[@]ll2 < 1B1(X)[@][l2 < Cllar — Ay (X)[@] 2,

C™H|w2 + A2 (X)[@]ll2 < [Bo(X)[@]l2 < Cllaz + Az (X) @] 2,

C7H (lor + AL (X)[@ll2 + 1B2(X)[@]ll2) < [l — A2(X)[@]]l2 + 1B (X)[@]]l2,
oz — A (X)[@][l2 + 1B (X) [@]ll2 < C (@1 + A1 (X)[@]]]2 + [[B2(X) [@]]]2)-
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6. The fixed time problem

Combining these relations, we get
[@]l2 < flor — AL (X)@]]l2 + [l&r + AL (X)[@] |2 + [[02 — A2(X)[@]]|2 + |02 + A2 (X)[@][|2
< C(IBuX)[@]ll2 + llor + A (X)[@] |2 + oz — A2 (X)[@] |2 + [ B2(X)[@]]2)
< Cmin{|wz — A2(X)[@]]l2 + [B1(X)[@] |2, lor + A1 (X)[@]]|2 + |B2(X) [@][|2}
< C(flor £ A (X)[@]l2 + w2 £ A2 (X)[@]]12).-

The latter estimates together with (6.20), the continuity property (6.5), the method of continuity
[7, Proposition I.1.1.1], and the arguments in the proof of Theorem 6.4 show that the claim
indeed holds also for A € {+1}. O

6.3. Unique solvability of the fixed time problem

In this section we establish the unique solvability of the system (6.29) when assuming X € U,,
where U, is the open subset of H"(R) found in Theorem 6.4 for the choice A :=A,. This
shows, in particular, that for classical solutions to (1.1) (in the sense of Definition 1.1), the free
interfaces identify at each time instant the velocities and the pressures.

Theorem 6.6. Let r € (3/2,2), ¢oo > 0, and X = (f,h) € U, where U, is the open subset
of H"(R)? found in Theorem 6.4 for the choice

1. H1— p2 az.iuzfﬂs

A= A, = diag (a},d? with a, = , = .
! g(” “) g+ o B pe + ps

Then the boundary value problem

v; = —i(Vpi +(0,pi9)) inQ;, 1<i<3,
divvizOMZ inQ, 1<i<3,
Di = Pit+1 on 0; N0y, i=1, 2, (6.29)
(vilvi) = (viy1|vi) on 0Q; N1, i =1, 2,
vi(z,y) =0 for |(z,y)] = 00, 1 <i <3

has a unique solution® (v1, v, v, p1,p2,p3) with the properties that
o v; € BUC(Q;) NC™(Q), pi € UCH(Q;) NC®(Q;) for1<i <3,
o [z vi(x,c0 + f(x))] € HYR) for 1 <i <2,
o [z vi(x,h(z))] € HYR) for2 <i<3.
Moreover, setting v = v11lq, + v2lq, + v3lq,, it holds for z :== (x,y) € R?\ (I UTh) that

U(z)zl/R( (oo 1+ 1(5) ~4,2 — 5) le(s)ds—&-l/R( (hs) —y.@ — 5) swa(s) ds,

™ Jr (2= 5)? + (Y = Coo = f(s)) T Jr (#—5)% 4+ (y — h(s))
(6.30)
where @ = ((1,w2) € H"1(R)? denotes the unique solution to the equation
(1-A4,AX))w] =0X', (6.31)
cf. (6.13). The matriz © = diag (01, O3) is defined by
0 = kgm, O = RQM~ (6.32)

1The pressures p1, p2, p3 are unique only up to the same additive constant.
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6.3. Unique solvability of the fixed time problem

Proof. We divide the proof into two steps of proving existence and uniqueness of a solution.

Existence. To each pair & = (@1,@2) € H" }(R)? we associate the velocity v = v(X)[w]
which is defined by (6.30) in R?\ (I'f* UT')). The results of Lemma A.4 and Lemma A.6 imply

that v; € BUCT_3/2(Ql-) NC>(£;) for 1 < i < 3 as well as

v (2, coo + f)) = 71_PV/R(6[%’5]]078)2(.01@s) ds + l/ M(Dg(x —s)ds

52 + (6[m,s]f) T Jr 52 + (5[1,5]X)2

swi(L, f .

+(-1) %i f,g) (x), i=1,2, (6.33)

and
1 (_5fm S]Xu S) 1 (—5{:C S]h,s)
. —— ) o1 (x — op SR o (e —
vil@, h(x)) ™ /R 52 + (5fz,s]X)2WI (37 s)ds + ™ v R 82+ (5[%5]]1)2‘*}2(37 8) s

o @a(1, 1 _

+(-1) H%(w), i=2,3. (6.34)

As a direct consequence of the relations (6.33) and (6.34) we obtain that (6.29), holds true. We
further infer from Lemma 4.4 and Theorem B.5 that

o [z vi(x,co + f(z))] € HTHR)? for 1 <i <2,

o [z vi(x,h(z))] € HH(R)? for 2 < i < 3,
because we can represent the traces of the velocities on the interfaces as follows

~Bu(lf@)(@) - O3, (X)) + (-1) ()
w1 f’ 7
I
(0@ (@) — Bra(Wlhasl(@) + () e (a)
v, h(z)) = LR g s,

zmxmmm+&AW@mww4wyf%@>

Ui('r7 Coo t+ f(.lf)) =
Bo(f)[@1)(@) + D1(X)[@2](x) + (—1)°

Moreover, Lemma A.7 implies that (6.29), and (6.29), are satisfied and that
Oyt =9,0* I R*\ (T, UTE). (6.35)

Corresponding to v, we now define pressures p; : 2; — R, 1 < ¢ < 3, by the formula

Y

(z) = —H xv-s-s '(s))) ds vi(z,s)ds) — p; ci .
p) =5 [ walde)ds+ [ desds) para (630)

i(x)

for z = (x,y) € Q;, with v; = (v},v?), constants ¢; € R, and

1
di=||flloc + oo+ 1, dai=gleoo+ fh),  dsi= —|he — 1.

Using (6.35), we deduce that p; € C'(€;) and that (6.29), is satisfied. The regularity properties
established for v; together with (6.29), show that

pi € UCHQ,) N C™(), 1<i<3.

We point out that all equations constituting (6.29), except for (6.29),, are valid for any choice
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6. The fixed time problem

of @. We now prove that the dynamic boundary condition (6.29), identifies & as the unique
solution to (6.13). To this end we take advantage of (6.29), and (6.33)-(6.34) and compute that

2 ((p2 = P oo (@) = (91— p2)af (@) + {222 et F )]0, 5/ 0)
= (o1 — p2)of" (@) = 20 o) + 2 4, () ) 0)
(05— p2) (. b)) = (o2 — p)gl’ () + (221 ] 1, (e

= (p2 — o)l (2) — P2 E2 0 ) + B2 00 4o () )0

for x € R. Hence, (p2 — p1) reee and (ps — p2)|r, are constant functions if and only if @ is the

unique solution to (6.13). In this case we may choose the constants ¢;, 1 <4 < 3, to achieve
that (6.29), is satisfied. Therewith, we have proven that there exists at least one solution
to (6.29).

Uniqueness. In order to establish the uniqueness of the solution, let (v1,v2,vs, D1, D2, P3) be a
further solution to (6.29) with the required regularity properties and set

V= 51 ].Ql —+ ”JQ ]_Q2 —+ 531523.

The main step is to show that the function w = (w1, ws) € H™"1(R)? given by

(02 = 01)(, coo + f(2))|(L, f' (@),
(6.37)

<(53 - 52)(337 h(.%‘))|(17 h/(x))v

N = DN =

is the unique solution to (6.31) and that v = v, where v = v[w] is defined in (6.30).

To start, we infer from (6.33) and (6.34) that the relations (6.37) remain valid if we replace ©
by v. This, together with (6.29),, implies that the global field V' := (V!,V?) := & — v belongs
to BUC(R?) N C>(;), 1 <i < 3. Let ¥ := V1lg- + Yolg + slg, where ¢ : € — R are
given by

Y

Yi(x,y) = Vi(z,s)ds — /I<V(s, h(s))|(=h'(s),1)) ds, 1=2, 3,
h(z) 0

y

o) = [ Va8 dst vao e + ),
Cootf ()

In view of Lemma 3.2, we have ¥ € C(R?) and Vi; = (—V2, V1) in D'(Q;). This implies

that 1; € UC'(Q;), and the (distributional) gradient V¥ = (—=V?2 V') belongs to BUC(R?)2.

In virtue of the latter property we obtain for given ¢ € CJ°(R?), that

@) == [ (VUITe az = [ (V2 V)Tphdz = @,V — 0.

Moreover, in virtue of (6.29),, we have 9,V — 9,V? = 0 in D'(Q;) for 1 < i < 3, and
taking advantage of V € BUC(R?) we deduce that 9,V! — 8,V? = 0 in D'(R?). Altogether
we conclude that AV = 0 in D’(R?). Consequently, ¥ is the real part of a holomorphic
function u : C — C. Since v’ is also holomorphic and v’ = (8, ¥, —9,¥) = —(V?2, V1) is bounded,
cf. (6.29)5, Liouville’s theorem yields v’ = 0, and therefore V' = 0. Hence, v = v[w], and,
as shown in the first part of the proof, w has to solve (6.13). Finally, we note that (6.29),
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6.3. Unique solvability of the fixed time problem

and (6.29), imply that
P = (p1 — p1)lg; + (p2 — P2)1g; + (b3 — P3)1g;

satisfies VP = 0 in R?, meaning that P is constant in R?. This completes the proof. O
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7. Proof of Theorem 2.4

In this chapter we establish the well-posedness of the multiphase Muskat problem with general
viscosities. In order to do so, we first use the representation formula for the velocity derived
in Theorem 6.6 to represent the multiphase Muskat problem as an evolution problem for the
pair X = (f,h), see equation (7.1). Thereafter, we investigate the nonlinearity ® for which
we prove that it depends smoothly on X and that its Fréchet derivative generates an analytic
semigroup, under the assumption that the Rayleigh—Taylor condition holds at each interface,
see Section 7.2. The proof of the well-posedness result Theorem 2.4 is postponed at the end of
the chapter, and uses, besides those two important features of ®, abstract parabolic theory as
presented in [57].

7.1. The contour integral formulation

Let r € (3/2,2) be fixed and let U, be the open subset of O, identified in Theorem 6.4. In view
of Theorem 6.4 we conclude that if X (¢) = (f(t), h(t)) belongs to U, at each time instant ¢ > 0,
then the velocity v(t) is identified according to the formulas (6.30) and (6.31). Recalling (1.1d),
the multiphase Muskat problem (1.1) can now be recast as a nonlinear and nonlocal evolution
problem with nonlinearities expressed in terms of contour integrals

P —axw), 120, X0) =X, @)

where ® == (&1, ®5): U, C H"(R)> — H"1(R)? is given by
D(X) =B(X)|w]. (7.2)

Here, B(X) is the integral operator introduced in (6.2) and @ = (w1, w2) € H""1(R)? is the
unique solution to the equation

(1 - A AX))w] = 6X,

see (6.13), found in Theorem 6.4 (for the choice A = A,,). Below we prove that the operator ®
is smooth

® € C™°(U,, H 1 (R)?), (7.3)

cf. Corollary 7.3. Furthermore, we show in Theorem 7.4 that its Fréchet derivative 0®(X)
generates an analytic semigroup in £L(H"~1(R)?), that is

—0®(X) € H(H"(R)?, H "1 (R)?). (7.4)
As stated in Theorem 7.4, we establish this property for X belonging to the open subset V,

of U, defined in (7.10) below, that consists of the pairs X € U, for which the Rayleigh-Taylor
conditions, see (7.8), are satisfied.

7.2. Smoothness and the generator property

In this section we follow two main goals, namely to establish the smoothness of the operator ®
and to show that the Fréchet derivative ®(X) generates an analytic semigroup in L(H"~!(R)?)
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at any given point X € V,. Here we consider the set V,., which is the open subset of U,., that
consists of all pairs fulfilling the Rayleigh—Taylor conditions, see (7.8).

Smoothness of ®

In order to establish the smoothness of @, see (7.3), we make use of results from Chapter 4 and
Appendix B. We start with showing that the operators A and B, defined in (6.2), are smooth
mappings from O, to L(H"~}(R)?).

Lemma 7.1. Given r € (3/2,2), it holds that
(X = AX)], [X — B(X)] € C®(O,, LH'(R)?)). (7.5)

Proof. We recall that for X € O, the operators A(X) = (A1(X), A2(X)) and B(X) =
(B1(X), B2(X)) are given by

AL (X)[@] = A(f)[@n] + 5(X) @], Az (X)[w](z) = S"(X)[@1] + A(h)[@2],
By (X)[w] = B(f)[wr] + T(X)[we], By(X)[@)(z) = T'(X) @] + B(h)[@2]
for 0 = (w1,w2) € H™L(R), cf. (6.2). Moreover, given u € H"~}(R), we infer from (6.1) that
A(u) =u'Bo1(u) — B1a(u)[u,)] and B(u) = Bo1(u) + v By 1(u)[u, ], (7.6)

and Lemma B.9 together with the algebra property of H"!(R) implies that

[u = A(u)], [u~ B(u)] € C¥(H"(R), L(H"(R))). (7.7)
Furthermore, recalling (6.12), the smoothness result established in Lemma 4.5, (7.7), the
embedding H'(R) — H"~!(R), and the algebra property of H"~1(R) lead us to (7.5). O

We next introduce the solution operator corresponding to the equation (6.13).
Lemma 7.2. Givenr € (3/2,2) and X € U, let
O(X)=0(1-A,AX)) X' e HYR)?
denote the unique solution to (6.13) found in Theorem 6.4. It then holds
w € C®U,, H 1 (R)?).
Proof. The claim follows from Theorem 6.4 and Lemma 7.1, by using the smoothness of the

mapping
{T - T‘l} : Tsom(H'(R)?) — Isom(H"~}(R)?).

We are now in a position to conclude our first main result of this section.
Corollary 7.3. Given r € (3/2,2), we have
® € C™°(U,, H(R)?).

Proof. In view of the definition of ®, see (7.2), the smoothness of ® follows from the same property
of the operator B(X), cf. Lemma 7.1, and of the mapping w introduced in Lemma 7.2. O
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The Rayleigh—Taylor conditions

The Rayleigh-Taylor condition, see e.g. [81, 85], is a sign restriction on the jump of the pressure
gradients in normal direction at each interface and it reads

Ov, (P2 —p1) <0 on ',
(7.8)
81/2(193 _p2) <0 on I‘h~

Assuming that X = (f, h) € U,., we can express the Rayleigh-Taylor condition thanks to Darcy’s
law, cf. (1.1a),, and Theorem 6.6 as follows

O1+a,®(X) <0 and Oy +aPy(X) <O, (7.9)
where © = diag (01, ©3) is the diagonal matrix defined in (6.32). Let
Ve ={X €l : O1+a,,®:1(X) <0 and O3 + a,P2(X) < 0}. (7.10)
Since ©; < 0, 4 = 1, 2, and ®(0) = @w(0) = 0, it follows by using the smoothness of ®, see
Corollary 7.3, that V), is a nonempty open subset of U,.. It is worth mentioning that if A, =0,
which means that the viscosities are equal, then it holds that

V. =U, = O,.

Hence, in this particular case, we are in the general setting considered in Part 1.

The generator property

The next goal is to show that the evolution problem (7.1) is of parabolic type in V., in the
sense that O®(X) generates an analytic semigroup in £(H"~(R)?) for each X € V., as the next
result states.

Theorem 7.4. Given r € (3/2,2) and X € V,, we have
—0®(X) € H(H™(R)?, H" 1 (R)?).

Proof. The claim follows from Theorem 5.1, Lemma 7.5, and Theorem 7.6 below. O

In order to established the results used in the proof of Theorem 7.4, we fix r € (3/2,2)
and X = (f,h) € V,, and set

W = (@1,@2) = (;)(X), (711)
see Lemma 7.2. The Fréchet derivative 0®(X) can be represented as a matrix operator

05®1(X) On®1(X)

00(X) = <8f<I>Q(X) 8h<1>2(X)> € L(H"(R)%, H™'(R)?).

Our strategy is analogous to the one followed in Part I, that is, we make use of Theorem 5.1 and
of the fact that the diagonal entries 0y ®1(X) and 0,2 (X) are generators of analytic semigroups
in L(H"~1(R)), see Theorem 7.6, whereas the off-diagonal entry 9,®;(X) is a perturbation, cf.
Lemma 7.5 below.

Lemma 7.5. Let X € U, and r € (3/2,2). Then, given v > 0, there exists a positive
constant K = K(v) > 0 such that

|0, @1 (X)) [V]|| =1 < v||v|lgr + K||v||gr-1 for allv e H"(R). (7.12)
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Proof. We start by fixing ' € (3/2, 7). Recalling (6.2), we then compute
On®1(X)[v] = OnB1(X)[v][@] + B(f)[0nior (X)[v]] + T'(X)[0ni02(X)[v]] (7.13)
for v € H(R), where, in view of (6.12),, we have
OnB1(X)[v][&0] = On D1 (X)[v][&2] + (oo + f) ' OnCL(X) [v][62] 714
= ['OnC1(X)[v][hive] — f'C1(X)[vive]
for all v € H™(R). Moreover, differentiation of (6.13) leads to
05(X)[Y] — AL DAX)[Y][@(X)] — AL AX)[0@(X)[Y]] = 0Y', Y € H'(R)?,
and thus
(1 - A, AX))OS(X)[Y]] = A DAX)[Y]@(X)] + OY, Y € H"(R)2. (7.15)
Using (6.2) and (6.12), it holds that

OnS(X)[][@z] = f'0n D1(X)[v][w2] + C1(X)[vive]
+ OnC1(X)[v][hd2] = (Coo + f)OCL(X)[v][w2]
for v € H"(R). From (7.15) we then conclude
(1 = @, A())[0ren (X)[v]] = a, (S(X)[On@2(X) [0]] + f'0n D1 (X)[v][@2] + C1(X)[vin] (716)
+ OpC1(X)[v][h2] — (coo + f)OnC1(X)[v][@2]).

Before proceeding with the estimates, we recall from Lemma 4.5 (with r = ) that
OnEL(X) € L(H" (R), L(Ly(R), H'(R))) for E € {C,C', D, D'}. (7.17)
Moreover, Lemma 7.2 (with » = 7’) implies that the Fréchet derivative 0w (X) satisfies
0o(X) e L(H™ (R, H" "1 (R)?). (7.18)
Using (7.17) and Lemma 4.5, we infer from (7.14) that
104 By ()0l s < CCIORD (X)) @a] L1 + 190Cr () o] @]l
+ 100 CL(X) [v] [P || 1 + [|CL(X) [v@a] | 1) (7.19)
< ol gor-
Additionally, (6.12),, Lemma 4.5, and (7.18) lead to
1T (X) [Op2 (X)[v]][[ -1 < CIDL(X)[Onw2 (X) V][ 1 + [|C1(X) [Onioz (X) V][ 1
+ [ CL(X)[hOn@2 (X)) [0]] | 111)
< Cl|On@2(X) 0] . (7.20)
< Clona(X) o]l -+
< Cllll g

Arguing similarly as above, it also holds that the right hand-side of (7.16) can be estimated by
the same quantity
11 = @, ACF)) Bror (X) W)l -2 < Cllv]l -
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The isomorphism property (6.10) (with v = f and A =1/ a}t) yields

[[Oncr (X)[v]]

et < Clloll o
Combining this property with (6.9), we obtain
IB(f)[Onwr (X) V]l -1 < CllOnan (X)[v]l| -1 < Clloll - (7.21)
Gathering (7.13) and (7.19)-(7.21), we conclude that
10n®1 (X)) [V]|| z7r—2 < C||v|| g for all v € H"(R).

The inequality (5.8) (where 7 = r’) implies now the desired estimate (7.12). O

The estimate (7.12) is the first ingredient in the proof of Theorem 7.4. We prove below
that the diagonal entries of 9®(X) are both analytic generators. As the next result shows, the
generator property for 9y ®;(X) is established when merely assuming that the Rayleigh-Taylor
condition is satisfied at the interface F;"O, respectively the generation property for 95, ®2(X) uses
only the Rayleigh—Taylor condition on I'y,.

Theorem 7.6.

(i) Assume that ©1 + a,®1(X) < 0. Then —0;®1(X) € H(H"(R), H""'(R)).

(ii) Assume that Oy + a2 ®o(X) < 0. Then —0,P2(X) € H(H"(R), H"'(R)).

The proof of Theorem 7.6 is postponed to the end of the section as it requires some preparation.
To start, we differentiate (7.2) with respect to f to arrive, in view of (6.2), at the formula

O 1 (X)[u] = 5By (X)[u][w] + B(f)[Opwr (X)[ul] + T(X)[0pw2(X)[u]] (7.22)
for uw € H"(R), where, on account of (6.12),, we have
0y B1(X)[u][w] = OB(S)[ul[@1] + a1,1(X)u’ + Tigy 4 [ul, (7.23)
with
a1,1(X) = (coo + [)C1(X)[w2] — C1(X)[his) € H'(R),
Tieg 1 [u] = 05 D1 (X)[ul[@2] + (coo + )0 Cr(X) ] [@2] + uf'CrL(X)[@2] — 07 CL(X)[u] [hivn].
The term T;, ;[u] is a sum of lower order terms since (7.17) and Lemma 4.5 imply
[ Tioe 1 ulll -1 < Cllull v (7.24)

for all u € H"(R). We next differentiate the first component of (6.13) with respect to f, cf. (7.15)
to obtain, with the help of (6.12),, that

(1 = a, A5 (X)[u]] = O1u” + ay (OA(f)[u][01] + az,1 (X)u' + Tige 4 [u]), (7.25)
where
az,1(X) = Di(X)[wo] € H'(R),
Tigga[u] = S(X)[0p@2(H)lul] + f' 0y D1 (X)[u][@2] — (coo + )y C1(X)[u][@e]
— uC (X)[wa] + 05 C1(X) [u][hiva).
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Also Tl%tl[u] is a sum of lower order terms since (6.6), (7.17), (7.18), and Lemma 4.5 combined
yield

1T a[ulll =1 < Cllull e (7.26)

for all u € H"(R).
We now consider the continuous path ¥y: [0,1] — L(H"(R), H"~}(R)) defined by

Uy (1) = 70 By (X)[u] [0] + B(7f) [wi (7)[u]] + 7T (X)[9 w2 (X)[u]] (7.27)
where wy: [0,1] — L(H"(R), H"~!(R)) is a continuous path given by

(1- a;A(Tf))[wl(T)[u}] =0u + a}t (TOA(f)[W][w01] + Taz,1 (X)u’
(7.28)
+ 1T 1 [u] + (1 = 7)u/ @1 (X)).

With respect to the definitions (7.27) and (7.28) we include the following remarks.
Remark 7.7.
(i) If 7 =1, then wi(1) = 0pw1(X) and ¥y (1) = 95 P1(X).

(ii) Letting H denote the Hilbert transform, we have

w1(0> = (61 +at¢>1(X))% and \Dl(O) = H[wl(O)]

It is worthwhile to point out that the term (1 — 7)a}u'®1(X) in the definition (7.28) is a
term introduced artificially and is very important for the following facts. When 7 = 0, we
obtain due to this term a negative coefficient function — which is exactly the function from
the Rayleigh-Taylor condition on I‘ji"" — for the differential operator wy(0). This aspect is
important when establishing the invertibility of A\ — 0;®(X) for sufficiently large A, see
the proof of Theorem 7.6 below. Besides, below we localize the operator ¥y (7) and show
that it can locally approximated by certain Fourier multipliers, see Theorem 7.8. Thanks
to this artificial term the Fourier multipliers have a coefficient which is the product of
a positive function with the function from the Rayleigh—Taylor condition on Ffﬁ" (both
frozen at a certain point), see (7.30)-(7.31) below. These features enable us to show that
the Fourier multipliers are generators of analytic semigroups and that they satisfy certain
uniform estimates similar to those in Section 5.1, see Lemma 5.8.

(iii) The properties (6.10) and (7.7) (both with r = r’) together with (7.26) and (7.28) imply
that there exists a constant C' > 0 such that

lwr (P[]l g2 < Cllullgrer,  we H(R), 7 € [0,1]. (7.29)

As a further step we locally approximate in Theorem 7.8 below the operator ¥4 (7), 7 € [0,1],
by certain Fourier multipliers A},T. To this end we associate with each given e € (0,1), a positive
integer N = N(¢) and a finite e-localization family

{W]‘E-:—N-l-lﬁjSN},

cf. Section 5.1.
The Fourier multipliers A}

;.- mentioned above are defined by

1 g,1 e d2 1/2 c d X
Ajﬂ— = Aj,T = aT’l(xj)(_W) +ﬁ7—,1($j)%, |_]| SN—I,

d2 >1/2’

e (7.30)

A}Vﬁ = A;’,; =0 ( -
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7.2. Smoothness and the generator property

where

1 —
Ta,W

14+ (Q=7)f
qrl o —m ———————5 Tjn.

= (7.31)

(©1+a,®1(X)),  Br1=7B) (f)o1] +Ta11(X) +

The next results provides an estimate for the localization error and is the main step in the
proof of Theorem 7.6 (i). Here we closely follow the proof of Lemma 5.5 and Lemma 5.7, and
we benefit from the fact that the operator B(f) and its Fréchet derivative have been already
localized there.

Theorem 7.8. Let v > 0 be given and fix v € (3/2,r). Then, there exist € € (0,1) and a
positive constant K = K () such that

7502 ()] — AL [rulllrs < vlimsulle + Klul g (7.32)
forall —-N+1<j<N,7€[0,1], and u € H"(R).

Proof. Let € € (0,1) be given. Let further {nf : —N +1 < j < N} be a finite e-localization
family and {X? : =N +1 < j < N} asecond family with the following properties:

e ;€ C®R,[0,1]) and x5 =1 onsupp 7;, =N +1 < j < N;
e supp Xj is an interval of length 3¢, |j| < N — 1, and supp xy C {|z| > 1/e —¢}.

We denote by C' a constant that does not depend on &, while the constant K may depend on €.
The proof is divided in four main steps.

Step 1: The term 0B (X)[u][w]. Similarly to the proof of Lemma 5.5, we obtain that

‘ W (25) ' (25)

mEOB(f)[ul[@1] + H{(m5u)] = BY 1 (f) @] (25) (w5 w)’

1 12 (€ r—
+ /) e (7.33)
v
< Vsl + Kl
for all |j| < N —1and u € H"(R), and
_ v
7% OBl (@]l < Jllmiullmr + Kl (7.34)

for all w € H"(R), provided that ¢ is sufficiently small.
Moreover, thanks to a;;(X) € BUCY2(R), the estimate (B.18) together with the iden-

tity x575 =75, =N +1 < j < N yields that

175 @11 (X)u' —ar,1 (X)(@5) (m5u) |- < (135 (a1,1(X) — a1,1(X)(@5)) (w50) || g1 + K [Jul] -1
< ClIx5 (a1 (X) = 12 (X)(@5)) oo |75l 27 + Kl | 100

< gllmullar + Kllul g, il <N =1,

SN

(7.35)
if e is sufficiently small. By taking into account that a; 1(X) vanishes at infinity, one obtains
Isyar s GO llzes < Iivara (X)(m5eu) s + Kl s

< Clixvar 1 (X)llsolmyull e + Kllull g (7.36)

< gllmyul e + Kl g

R

for all u € H"(R).
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Recalling (7.24), we have
175 T 1 [l =1 < K[l e (7.37)

forall u € H"(R) and —N + 1 < j < N, and therewith we have localized all three summands in
the formula (7.23) for 0B (X)[u][®].

Step 2: The term T'(X)[07w2(X)[u]]. Combining (6.6) and (7.18), we have

1757 (X) [0y w2 (X)) [ul] |-+ <K T(X)[0 w2 (X)[ul]l[ -

<K |95 (X)[u]]|2
™ (7.38)
<K |92 (X)[u]l| g
<K|[ull
for all u € H"(R), e € (0,1), and —N +1 < j < N.
Step 3: The term B(7 f)[w1(7)[u]]. We divide this step into two substeps.
Step 3a. We prove that there exists a positive constant Cy such that
75w (7)[ull| -1 < Collmullar + Kllul| g (7.39)

foralle € (0,1), - N+1<j <N, 7€][0,1], and v € H"(R). To this end we multiply (7.28)
by 75 and arrive at

(1 = a, A(rf))[m5wi(7)[ul] = O175u’ + ap, (75 A (T f) [wi (7)[ul] — A(rf) [75w () [u]])
+ allﬂrj (T&A(f) [u][@1] + Taz,1 (X)u' (7.40)
+ 7T [u] + (1= 7)u' @1 (X)).

Taking (6.10) and (7.7) into account, it remains to show that the H"~!-norm of the right side
of (7.40) may be estimated by the right side of (7.39). To start, we infer from Lemma B.12 and
(7.29) that

175 AT ) wi (T)[u]] = Al ) [m5wn (D) [l -2 < Kljwy()[ulllz < Kjul| g (7.41)

foralle € (0,1), —-N+1<j <N, 7€]0,1], and v € H"(R). Furthermore, taking into account
that az 1(X) € HY(R) and ®;(X) € H""(R), we have

||®17r§»u’ + atﬁj(TaQJ(X)u’ + (1 —7)u/'®1(X))| grr—1 SCHTI‘;U’HH'r'fl (7.42)
<Clmjull e + KJull g .
Recalling (7.26), we get
175 T 1 [l | =1 < K [l o (7.43)
and it remains to estimate the term 570A(f)[u][w1]. Due to (5.4) and (6.11) , it holds that
OA(f)[ul[wr] = u'Bo,i (f)[@1] — 2f Bao(f, f)[f, u, 1]
= Br1(f)[u, 1] + 2Bs2(f, f, fru,@01], we H'(R).

Invoking Theorem B.7, we deduce that

OA(f)[u][@1] = u' Boa (@] + w1 (= 2" BY o (f)[w'] = By 1 ()] + 2B (/) [w']) + Tidg 1 [ul,
(7.44)
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where

ﬂit,l[u] = 2fIBQ,2<f7 f)[.f? uva}l] - Bl,l(f)[uvajl] + 2B3,2(fa f)[fv f7 uva}l]
— w1 (= 2f' Bl o(Nw'] = By 1 ()] +2B3 5 (f)[u'])

satisfies
[ Tige. 1 [ulll e <Ol g (7.45)
Since for n, m € N we have
175 By o (D) [ =1 < 1By (N[5 Y 1+ 175 By ()] = B () 50 -1
< Ollm5u/ | -2 + K[u']]2
< Ollmjullar + Kllul g
cf. Theorem B.5 and Lemma B.12, we conclude that
|75 TOA(f)[u] (1]l -1 < Cllm5ullr + Kl|ul| g (7.46)
Gathering (7.40)-(7.46), it now follows from (6.10) and (7.7) that (7.39) indeed holds true.

Step 3b. Let Cy be the constant from (7.39). In view of (6.11), (7.29), and Lemma B.13
(when [j| < N —1), Lemma B.14 and Lemma B.15 (when j = N), respectively, we have for
sufficiently small e that

[75B(r ) [wi (7)[wl] = H 5w () [u]]]| - Srallﬂiwl(ﬂ[uﬂlmfl + Kwi (1) [l | -

14
<Elimsullar + Kl g
(7.47)

forall —-N+1<j<N,7€][0,1], and u € H"(R). We further define
oy =071+ TCI,}LCLQJ(X) +(1- T)a};I)l(X) + TaiBoJ(f)[a)ﬂ, T €[0,1].

We prove below that if ¢ is sufficiently small, then

|t ()] = e @) Hl50)) ~ 1 ey

14
S Sl + Kl (7.49)

for all |j| < N —1, 7 €10,1], and u € H"(R), respectively that
v
[H [y wn (7)[u]] = O1H [(myw) W < Zlmiull e + Kllul g (7.49)

for all 7 € [0,1] and u € H"(R). Indeed, due to H? = —idyr—1(r) and || H | zgr—1r)) = 1, we
get

[t o3 et o) - T ],
< [rsun(rled = ety + Ty s,

for |j| < N — 1, respectively

[H [mywi (T)[ul] = ©1H[(wyw) |l -1 < 7w (7)[u] = O1(xxw) | -
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In order to estimate the right-hand sides of the latter two estimates let first |j| < N — 1.
Multiplying the equation (7.28) by 75, we arrive at
1

Ta, w1 (xj)

1+ f2(5)

€

mswi (7)[u] — or(25)(m5u) + H[(m5u)'] = Ty + To + T3 + Ty,

where
T ::7r§(®1 + Taia2,1(X) + (1= 7)a,® (X))

— (01 + 7alaz,1(X) + (1 — 7)al,®1(X))(z5)(r5u),
Ty =ra, (ﬂ?ﬁA(f)[u] [@1] = BO A (£len] (@) (x5u) +

Ts =0, w5 A7 f)[wi (T)[u]],

Ty ::Taiﬂjﬂ%m [w].

Since ag1(X), ®1(X) € BUC"~*/2(R), the arguments used to derive (7.35) together with (7.26)
yield

14
[Tallzr=1 + 1 Tall -1 < 5 llm5ul

Furthermore, recalling (7.44) and (7.45), the arguments used to derive (7.35) and repeated use
of Lemma B.13 lead to

Hr A+ Kl|u g

1%
T2l < 5 llm5ullar + Kllull g

Finally, combining (6.11), Lemma B.13, (7.29), and (7.39) we get

1Tl < lab|74" B (r)ln (7)) - %H[wiwm){um .
+lal| BS 1 () lwn ()] - %H[ﬁwl(ﬂ[uﬂﬂml

v
< plmsullar + Kljul g
provided that ¢ is sufficiently small. Hence, we establish (7.48).

Let now j = N. Multiplying the equation (7.28) by 75, we arrive at
nywy (7)[u] — ©1(ryw) =T1 + To + T + Ty,
where
Ty = ny (01 + 7a,,a2,1(X) + (1 — 7)a, @1 (X))u' — O1(7ju),
Ty i= ra, my OA(f)[ull@1] + ap, mS A ) w1 (7)[ul] + 7a, 7 Ty 1 [u]-
Since both ag,1(X) and ®1(X) vanish at infinity, we obtain
v g
1 Tallerr— < glmiullar + Kllull g

by arguing as in the derivation of (7.36). Furthermore, the relations (6.11), (7.26), (7.39), (7.44),
(7.45), the fact that Bo 1(f)[w1] belongs to H"~!(R) and vanishes at infinity, Lemma B.14, and
Lemma B.15 lead us to y

T2l < glimiullar + Kllull g
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provided that ¢ is sufficiently small. This proves (7.49).
Combining (7.47) and (7.48), we conclude that if € is sufficiently small, then

for all |[j| < N—1,7 € [0,1], and u € H"(R). If j = N, we conclude from (7.47) and (7.49)
that, if € is sufficiently small, then

mB(7 f) w1 (7)[ul] — - (25) H[(75u)'] -

124
< Zlmsull s+ Kllull g

(7.50)

v
e BT )l (7)[wl] = O1H [(myw) War—s < Slmvull e + Kllul g (7.51)
for all 7 € [0,1] and u € H"(R).

Step 4. The desired claim (7.32) follows, in the case j = N, directly from (7.34), (7.36), (7.37),
(7.38), and (7.51). If |j| < N — 1, we infer from (7.33), (7.35), (7.37), (7.38), and (7.50) that
the claim (7.32) holds true, but for the coefficient function . ; defined in (7.31) we obtain the
formula

TW1 f/
L+ f

However, recalling the definition (7.11) of @, the definitions of a; 1 (X), ¢ = 1, 2, the definition (7.2)
of ®1(X), and the formulas (6.2), (6.11), and (6.12), we derive the following relations

w1 =O1f 4+ a,(f'Boa(f)lwr] — BY 1 (f)[@r] + faz(X) — a11(X)),
®1(X) = By, (f)[@1] + B (H)lwr] + flar1(X) + az,1(X).

a1 =01 — + Taba271(X) +(1- T)aifI)l(X) + TU,}LBgJ(f)[(:}l], T €[0,1].

Replacing @, in the second term of the formula for o, ; by the expression found above, we get
that -1 can be indeed expressed as in (7.31), by using the identity for ®;(X). This completes
the proof. O

Theorem 7.8 is the essential step in the proof of Theorem 7.6 (i). With respect to Theo-
rem 7.6 (ii), we provide in Theorem 7.10 below a similar approximation result. To start, we
differentiate (7.2) with respect to h to arrive, in view of (6.2), at the formula

Op®a(X)[v] = OpB2(X)[v][@] + B(h)[0nwa (X)[v]] + T"(X) [Onir (X) [v]] (7.52)
for v € H"(R), where, taking (6.12), into account, we have
OnBa(X)[v][w] = OB(h)[v][wa] + a1,2(X )0 + Tigy 5 [v], (7.53)
with
a1,2(X) = —(coo = N)C1(X)[@1] = CL(X)[fn] € H'(R),
Tio 2[v] = O DUX) V] [@1] = (oo — M)RORLCT(X) V] [n] + 0B/ CF (X)[@1] — B OnC1(X)[v][f0n]-
The term T} ,[v] is a sum of lower order terms since (7.17) and Lemma 4.5 imply
1 Tiee o[Vl 1 < Cllv]| - (7.54)

We next differentiate the second component of (6.13) with respect to h, cf. (7.15) to obtain, in
view of (6.12),, that

(1- aiA(h))[@hng (X)[v]] = O20" + ai (aA(h)[v] [Wa] + az2(X)v" + Tﬁ)t,z[v]), (7.55)
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7. Pr

oof of Theorem 2.4

where

az,2(X) = Di(X)[o1] € H'(R),
Tios o[v] == 5" (X)[Onior (R)[v]] + B 0, DY (X)[v][@1] + (coo — h)ORLCT(X)[0][w1]
— 00} (X)[@01] + OnCL(X)[v][fwr]-

Also T2, 5[v] is a sum of lower order terms since (6.6), (7.17), (7.18), and Lemma 4.5 combined

yield

We

where

175 2[0]l =1 < Cllvll o (7.56)
now consider the continuous path Wy: [0,1] — L(H"(R), H"~!(R)) defined by
Uy (1) == 70 B2(X)[v][@] + B(Th)[wa(7)[v]] + 7T (X)[Onw1 (X)[v]] (7.57)
we: [0,1] — L(H"(R), H"~1(R)) is the continuous path given by
(1- aiA(Th))[wQ(T)[’U]] = 090" + ai (TOA(R)[v][w2] + Taz2(X )

(7.58)
+ 7T o [0] + (1 — )0/ @5(X)).

With respect to the definitions (7.57) and (7.58) we include the following remarks.

Remark 7.9.

(1)
(i)

(iii)

If 7 =1, then we(1) = Opw2(X) and Pa(1) = 9,P2(X).

Letting H denote the Hilbert transform, we have

w2(0) = (O + ai(bg(X))% and  Wy(0) = Hws(0)].

It is worthwhile to point out that the term (1 — 7)a2v'®;(X) in the definition (7.58) is a
term introduced artificially and is very important for the following facts. When 7 = 0, we
obtain due to this term a negative coefficient function — which is exactly the function from
the Rayleigh—Taylor condition on I';, — for the differential operator wy(0). This aspect
is important when establishing the invertibility of A — 9, ®2(X) for sufficiently large A,
see the proof of Theorem 7.6. Besides, we localize the operator Uo(7) and show that it
can locally approximated by certain Fourier multipliers, see Theorem 7.10 below. Thanks
to this artificial term the Fourier multipliers have a coefficient which is the product of
a positive function with the function from the Rayleigh-Taylor condition on T, (both
frozen at a certain point), see (7.60)-(7.61) below. These features enable us to show that
the Fourier multipliers are generators of analytic semigroups and that they satisfy certain
uniform estimates, see Lemma 5.8 and (7.63) below.

The properties (6.9) and (7.7) (both with r = r’) together with (7.56) and (7.58) imply
that there exists a constant C' > 0 such that

lwa (D))l -2 < Clloll g, ve B (R), 7 €0,1]. (7.59)

As a further step we locally approximate in Theorem 7.10 below the operator Wy (7), 7 € [0, 1],
by certain Fourier multipliers A2 _, which are defined by
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2 . 2 € € .
Aj,‘r .7 A;ﬂ' .7 aT*Q(xj)( - de) +ﬂ772<xj)dx? |j| S N — 17
d? >1/2

3 (7.60)

A?VJ = Ai}i = @2( -



7.2. Smoothness and the generator property

where

14+ (1 -7)n”

Ta? s
o = ©
T,2 * 1 n h'2

W. (7.61)

(2 +a,®y(X)),  Bra=7B} ()] +Ta12(X) +

The next results provides an estimate for the localization error and is the main step in the proof
of Theorem 7.6 (ii).

Theorem 7.10. Let v > 0 be given and fiz v’ € (3/2,7). Then, there exist € € (0,1) and a
positive constant K = K () such that

175 s () [v] — AF

(w50l =1 < vll5oll e + Kol g (7.62)
forall—-N+1<j<N,7€]0,1], and v € H"(R).
Proof. The proof follows by arguing along the same lines as in the proof of Theorem 7.8. [

We now consider the Fourier multipliers defined in (7.30) and (7.60) more closely. The
Rayleigh—Taylor conditions, see (7.9), together with the fact that f/, b’ ®;(X), @i, a14(X),
and BY | (f)[@;] all belong to H"~(R) implies there exists 1 € (0,1) such that the coefficient
functions a; and 8, ; of the Fourier multipliers, cf. (7.31) and (7.61), satisfy

1 1
N< —or; < p and  [|Brillco < p for all 7 € [0,1],i =1, 2. (7.63)
Consequently, Lemma 5.8 together with our previous results enable us to obtain the desired
generator property for 9y ®1(X) and 05, P2(X).

Proof of Theorem 7.6. (i) Let ko be the constant determined in Lemma 5.8 where 7 is identified
in (7.63) and define v :=1/2k. Choosing ' € (3/2,r), Theorem 7.8 ensures there exist a
finite e-localization family {75 : =N +1 < j < N}, with ¢ € (0,1), and a constant K = K(e, X)
satisfying

2k0 |75 01 (T)[u] — A [m5ulllar—1 < | m5ullae + 260 K ||ul g

forall 7 €[0,1],j € {-N+1,...,N}, and uw € H"(R). Moreover, the estimate (5.20) implies
that

2h0ll (X = Aj )[m5ulll -1 = 2N - w5l -y + 275l
forall je {—-N+1,...,N}, 7 €[0,1], ReA > 1, and uw € H"(R). This leads to
2r0||75 (A — U1 (7)) [ull[ -1 2 2r0[|(A — A ) [m5u] | o1

— 260|750 (7)[u] — A] [m5ul|| g
= 2{A[- (|75 ull e + (|75 ull g — 260K |ul
for all j € {-N +1,...,N}, 7 € [0,1], ReA > 1, and v € H"(R). Summing up over

all indices j € {—=N +1,..., N}, Lemma 5.4 and (5.8) (with 7 = ') imply there exist con-
stants kK = K(X) > 1 and w = w(X) > 1 such that

Al = W)l = (AL lull s + lullzr (7.64)

for all 7 € [0,1], ReA > w, and u € H"(R).

The Rayleigh—-Taylor condition (7.9) for the interface F;"", see Remark 7.7, ensures that the
function ©1 + a}fI’l(X) is negative and ®2(X) € H" }(R). In view of [1, Proposition 1], we
may therefore choose w sufficiently large to ensure that

(W — U1 (7)) |y—0=w — H|(O1 + aL@l(X))% € Tsom(H"(R), H"~'(R)). (7.65)
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7. Proof of Theorem 2.4

Thanks to (7.64) and (7.65), the method of continuity, see e.g. [7, Theorem 1.1.1.1], yields
w—0;®1(X) € Isom(H"(R), H~*(R)). (7.66)

The properties (7.64) (with 7 = 1) and (7.66) lead to —9;®1 € H(H"(R), H""'(R)), cf. (5.2).
(ii) The generator property for 95, ®2(X) follows, due to Theorem 7.10, (7.9), and Remark 7.9,
by using similar arguments and therefore we omit its proof. O

7.3. The well-posedness result

We finally come to the proof of our main result which, on account of the abstract parabolic
theory presented in [57, Chapter 8], is now obtained as a consequence of the smoothness property
established in Corollary 7.3 and of the fact that the evolution problem (7.1) is parabolic in V,,
cf. Theorem 7.4.

Proof of Theorem 2.4. Corollary 7.3 and Theorem 7.4 ensure that the assumptions of [57,
Theorem 8.1.1] are all satisfied in the context of the evolution problem (7.1). Applying this
theorem, we find for each X € V,, a local solution X (-; Xy) to (7.1) such that

X € C([0,T], V) nC([0,T], HH(R?*) N C5((0, T], H"(R)?),
where T' > 0 and « € (0,1) is fixed (but arbitrary).This solution is unique within the set

U <50, 1), H™(R)?) n C([0,T],V,) N C([0,T], H " (R)?).
B€(0,1)

As stated in Theorem 2.4, the uniqueness holds true in C([0,T],V,) N C*([0,T], H"~1(R)?).
Indeed, let X € C([0,T],V,) N C'([0,T], H"~*(R)?) be a solution to (7.1), let ' € (3/2,7) be
fixed, and set o :=7r — 7’ € (0,1). It then holds

1X(t1) = X (t2) |l e < X (11) = X ()G [1X (81) = X (E2)[1}7% < Clts — 1], 11, t2 € [0, 71,

which shows in particular that X € C%((0,T], H" (R)?). Applying the uniqueness statement
of [57, Theorem 8.1.1] in the context of (7.1) with ® € C°°(V,., H" ~1(R)?), now implies the
desired uniqueness assertion. This unique solution can be extended up to a maximal existence
time T7(Xp), see [57, Section 8.2]. Moreover, it follows from Theorem 6.6 that the velocities
and the pressures enjoy all the properties mentioned in Theorem 2.4.

(i) The continuous dependence of the solution on the initial data follows from [57, Proposi-
tion 8.2.3].

(ii) The parabolic smoothing properties follow by using the parameter trick also applied in
the proof of Theorem 2.1. The details are identical to those in the proof of Theorem 2.1 and
therefore we omit them.

O
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A. An extension of Privalov's Theorem

In this chapter we first present two classical results of complex analysis, which we then extend
to our setting. Classically, the theorem of Plemelj considers the smooth boundary of a bounded
domain in the plane and describes the values of a function, defined on the interior and exterior
of this boundary as a Cauchy-type integral, when it is extended to the boundary. Moreover,
according to Privalov’s theorem, this extension has even better regularity than only continuity
provided that the original function fulfills an additional regularity assumption.

After recalling these results in Section A.1 we then extend them in Section A.2 to the setting
of an unbounded graph with bounded slope that separates R? in two regions.

A.1. Classical results of Plemelj and Privalov

We first recall the classical result of Plemelj, see e.g. [56]. Let therefore 24 denote a bounded Cl-
domain in the complex plane with boundary I', which is a closed, positively oriented, and
continuously differentiable Jordan-curve with parametrization by arc length ~. Let further _
be the exterior domain Q_ = C\ Q, see Figure A.1.

[
' Q_

Figure A.1.: Notation

Given a continuous function ¢: I' — C, classical results show that the mapping ®: C\T' — C
defined by

() = - [ #19

= 2mi r¢—=z

dg, (A1)

is analytic in C \ T'. Under some additional assumptions on ¢, one can extend the map ® up
to I'. To this end we first introduce some notation: Let (p € I' be fixed and n > 0. Set I';, to be
the part of I', which is within the ball of radius 7 around (p, see Figure A.1. Given a function 1
which is integrable on I' \ I';, for all ) small enough, the Cauchy principal value is defined by

PV /F SO d=tm [ $(0) de, (A.2)

n—0 r-r,
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A. An extension of Privalov’'s Theorem

if the limit exists. Furthermore, given an integrable function ¥: I' — C, we define
| )
[ v iac= [ waen el ds

Theorem A.1 below presents the Plemelj’s formula which gives the values of

lim  ®(z2),
Q41352z—Co

where (y € I" by means of a principal value integral.

Theorem A.1 (Plemelj’s formula). Assume there exists a € (0,1) such that ¢ € BUC*(T),
see (1.3). Then, given (o € T', it holds

. 1 4] 1
Qj:lalgl—)CO ®(z) = 5tV -G d¢ + §¢(Co)~ (A3)

Remark A.2. When T is only piecewise C' and continuous, the statement (A.3) is still true
if I' is C' in a neighborhood of (.

Under the assumptions of Theorem A.1, the function ® is not only uniformly continuous
on {21 but it is also Holder-continuous with the same exponent as ¢. This is also a classical
result known as Privalov’s Theorem, which can be found for example in [56].

Theorem A.3 (Privalov’s Theorem). Assume there exists a € (0,1) such that ¢ € BUC*(T).
Then, the function ® defined in (A.1) belongs to BUC*(Q2y) and BUC*(Q2_).

A.2. An extension to unbounded graphs

In the following we want to extend these results, cf. Theorem A.1 and Theorem A.3, to the
setting of unbounded domains, which have boundaries parameterized as graphs. Here we consider
a more general situation than in Part I and Part II, as the function f, which describes the
(graph) boundary of the domains can actually be unbounded. In order to do so, let p € (1, 00)
and o € (0,1), as well as w € BUC*(R) N L,(R) and a differentiable function f: R — R
with f* € BUC*(R) be fixed. We study the function

vi=v(f)[@]: R*\T; — R?

given by the formula

vley) = u(DBle) = 5 [ T ds, (A4)

where

'y = {(z, f(z)): z € R}

Defining the function
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A.2. An extension to unbounded graphs

we find for z = (z,y) € R?\ I'y, in view of (A.1), that

1 x—s+ily— f(s))

U5 s i s
1 w(s) 1—if'(s) if'(s)) ds
Sl Eere ey e n AR (4.5)

1 () . . .
_2m/rf§zd<_'q)()‘

Since f’ and @ both belong to BUC*(R), it holds that ¢ € BUC*(I'y). Moreover, the func-
tion @: C\I'y — C defined in (A.5) is holomorphic. As a consequence, v is smooth in C\ I'y.

Figure A.2.: The setting in Lemma A.4

Lemma A.4. Let
Qp = {(z,y) € R® : +(y - f(x)) > 0}.

The restrictions vy = v|q, : Qr — R? of the function v defined in (A.4) extend continuously up
to I'y and, given x € R, we have

1 (f(s) = f(2), z = s)
vi(w, f(z)) = PV/]R (x—5)2+ (f(z) — f(s))?

2m
Proof. Let (o = (zo, f(x0)) € I'y be fixed. First, we focus on the limit

1o(1, 1)
21+ f

5(s) ds ().  (A.6)

li .
o M vy (2)

In order to make use of Plemelj’s formula, see (A.3), we choose a suitable curve I', such
that ¢o € T and I is as in Remark A.2, i.e. a positively oriented, piecewise C'-Jordan-curve, in
the following way. We consider

Ty = {(z, f(x)) : |z — zo] < 1}.

Let further
D =1+ 2| |l +max{f(zo — 1), f(zo + 1)}

and set I'; C © to be the polygonal path defined by the segments

[(‘TO + 1? f(lL’o + 1))3 (‘TO + l,D)]a
[(zo +1,D), (xo — 1, D)],
and [(xg — 1, D), (o — 1, f(xo — 1))],

see Figure A.2, oriented counterclockwise. We define the curve I' := I'g + I'1, which is closed,
piecewise C!, and oriented counterclockwise.
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A. An extension of Privalov’'s Theorem

Additionally, we define ¢: I' — R by

Sp(f) ) SEFOa
N P+ ) §:(x0+1,y),f(a:0—|—l)§y§D,
Ple) = (L+zo —x)p— + (1+ 2 — o)+

9 ) gi(l‘,D), |$7:C0|§15
o , = (20— 1,y), flxo—1) <y <D,

where 1 = @(zo £ 1, f(xo £ 1)).
The function ¢ is obviously continuous and

[Plloe < llelloe < ll|oo- (A7)
In fact, it is not difficult to prove that ¢ € BUC*(T") and
[Zla < 2[l¢lloo + [#a (A.8)
holds. Besides, we obtain by the definition that
T < 7(L+[1flloo)- (A.9)

For z € C\T'y we then have

:% Ty C*Z

¢(¢) 2(¢) e(¢)
271'2 (/C—Z a6~ FIC— dCJr/Ff FOC dC)

Furthermore, taking the limit Q4 > z — (p, we get with the help of Lebesgue’s dominated
convergence and the fact that (;, = I'y that

[ 60 o [ B g [ Dy [ HO g

Q43256 C—z r, (—=z ;-To ¢ —Co r, ¢ —¢Co

Remark A.2 further implies that

¢(¢)
Q+9z—)co 271'2 C_ z TMPV . C_ Co dC + 5 (<0)

which in conclusion leads us to
. L @(¢) ?(¢) ©(¢)
mBE@QW)—2m<PVA< G Yo mel) - A¥<—@d<+z;roc—@d§

1 ©(¢) ¢(¢)
T 2mi (PV/FO ¢—<o de /rf 1y ¢ —Co dC) QO(CO)

Lev [ A ey Lo,

2w r, ¢ —Co

This convergence implies that vy can indeed be extended continuously in (y and the value of
the extension in ¢y is given by formula (A.6).
Arguing similarly we obtain the claim also for v_. O

We next prove that v, defined in (A.4), can be bounded in R?\ I'y by a constant depending
explicitly on the norms of f and @.
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A.2. An extension to unbounded graphs

Lemma A.5. There exists a constant C, which is independent of f and w, such that

0]l < C(I&]lp + [I@]lBUce) (1 + 1 [[BUcs)?. (A.10)
Proof. We divide the proof in three steps.

Step 1. In this step we provide bounds for the restrictions of vy to I'y. Given = € R, it follows
from (A.6) and Holder’s inequality, after a change of variables, that

el e '<‘PV/Rs? oo 2pe ]+ |1

‘/1 52 4 z_xS)—sf )’(j;)z(@(x—s)—@(af))ds)
+ ||0‘0||<>0’PV/11 Sz(f(xis) —J@)s)

+ (f(z) = fz = 9))?
w(x —s)
+/{|S>1}’ §

with

=~ 3) (@).5) —s)—w(x))ds
‘/1 52 ,1;—5 (S))Q(W(l' ) ())d )
— b (fa—s) = f@)s)
I = ‘PV/_1 32+(f(x)*f(xfs))2d .

The term I; can be estimated as follows

[t AU —s) — 1))
I < Wf"/_1 2+ (f(x) = f(z = 5))

518 ds

o ]
SM/ O f(ar—s))\ds

/ Is|*~1 ds < Clo
Concerning I, we have
z),s) (fx+s)— f(z),—s)
b= / \32 —97 T2+ @) —fa+9)

</ { 2|f(ﬂf*8)*2f( )+ flz+5)|
T Jo L2+ (f@) = [z = 9)*)(s* + (f(z) - fz +9))?)

(fx—s) = f@)(f(@) = flx+5)* + (flz+5) = f@)(f(x) = flz = 5))
(s + (f(2) = f(z = ))*)(s* + (f(2) — [z +9))?)

L sl @) = fla+9)* — (f(z) = fle = 5)|
(s + (f(x) — f(z—=9))?)(s* + (f(z) = f(z +9))?)

<3/ Iic @)+ S =9l

/||a1ds
Clf

ds

+

ds

<
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A. An extension of Privalov’'s Theorem

To obtain the second last inequality we have used the mean value theorem to estimate

[f(z+ ) = 2f (@) + f(a = )| < s|f(2) = f(21)] < [flasT,

where x1, 22 € R satisfy x — s < 21 < z < 2 < © + s. Gathering these estimates we conclude
that

o<Ir, | < €@l + 1@llzues) (1 + [1£ lIsuc). (A11)

Step 2. Given z = (z,y) € R?, we set d(z) := dist (z,'y). We next prove that

sup [ (2)] < Cllwflp- (A12)
{1/4<d(2)}

Indeed, if 1/4 < d(z), then v/s2 + (y — f(z — s))2 > max{1/4, |s|} for all s € R and together
with Holder’s inequality we conclude from (A.4) that

(Fz—5)— y.9)]
e o

< [, sy P 9l

5l0(@ —5)|ds

§4/ |@(w—s)|ds+/ ‘M’dSSCH@Hp.
{lsl<1} {Is|>1} §
Step 3. In this final step we prove that
sup |ve(2)] < C(I@llp + [@llBuce) (1 + [ |Bucs)*. (A.13)

{0<d(z)<1/4}

We first consider the case when z € Q. We associate to z a point zr = (o, f(zo)) € I'y such
that
d(z) = |z — zr| € (0,1/4).

Let I' = Ty + I'; and ¢ be as defined in the proof of Lemma A.4 (with zr instead of (p).
Recalling (A.11), Theorem A.1, and (A.5), we have

[v4(2)] < Joi(2) = vi(z0)] + |vg(zr)]

1
< ‘27”/1;10 g_zdﬁ——PV/ ﬁ— dg—fﬁp(ZF) +|v+(zr)|

27

ST+ T+ T3 + C([|@ll, + l@llBuce) (1 + (| f lBUce),

where
_ e »©)
Tl._ /Ff—ro(g_z E_Zr)d§7
_ o) @)
Tp = /F1 (ffz_g—zlﬂ)dg)7
| e .1 i
T3 = omi )tz d¢ PV/g_ p 2<p(zr).
We have
min{|{ — z|, | —zr|} > [€ —2r| —1/4 > 3/4, £ €Ty, (A.14)
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A.2. An extension to unbounded graphs

and (A.7) together with (A.9) yields

B Gt N
T, < ||<P||oo/Fl (€ — 2)(€ — 2p)] *
< 2flloelTy| - |2 — 2

< C[@lloe (1 + 1 1lo0)-

Moreover, since min{|{ — z|, |{ — 2p|} > max{3/4, |s — x¢|/2} for all £ = (s, f(s)) € 'y — T,
Holder’s inequality together with the estimate |p(€) < |w(s)| for € € T'y leads us to

[p(©)]
I;—To € — 2[|§ — 2r|

ool
{lxo—s|>1} maX{3/2 |l‘0 - S|}

1/p’
SfIIWHpZ—ZFI /Wd>

< Cllwllp,

Ty < |z —zp|

|d¢]|

8
< zlz—ar|

where p’ € (1,00) is the adjoint exponent to p, that is p~* +p’71 =1.

In order to estimate T3 we first note that

1
2i Ff—z

d¢ =1 and 2m 5— ZF = 5 (A.15)

The first relation follows from Cauchy’s integral formula. The second identity is a direct
consequence of Plemelj’s formula, c¢f. Theorem A.1. Using (A.15), we get

_ |1 [ @(8) —blar) ¢(ar) 1
7’27772/1“ E—=2 de+ 27Ti /Fg—zdg

1/F95(§)_§5(ZF) d¢ — 27m PV/Ei p” 5_7%0(/211)‘

271 E—z2r
L [ e© =), L[ @)—elr)
_’%/F E—=z2 dg_%/r‘ &—2r dE‘
S T3a +T3b7
where
Z—Zr ) Z—Zr )(0(§) — ¢(ar))
_‘/F S dg‘ and Ty, _‘/ Ty |

The estimates (A.7), (A.9), and (A.14) lead us to

32 _
Tsa < 51z = zrlllelloo il < Clllloo (14 1./ lloo)-
In order to estimate T3, we note that for given £ = (s, f(s)) € Iy it holds

o > mi _ o = — |y —
€ Zl_lglelplﬁ z| =d(2) = |z — 2],
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A. An extension of Privalov’'s Theorem

and therefore

|z — 2r| [€ — 2r|*
T <ol [, S e T €

< (1+||f’Hoo)[<P]a/ (s, £(5)) = 2r|* " ds

{lzo—s|<1}

< (14 1 llo0) el /{ s

< CAA+ £ o) [#la-
Observing now, by an elementary computation, that

[Pla < Cll@llBuce (1 + [If lBuce),

the latter arguments show that (A.13) holds for z € Q4. Arguing along the same lines it is easy to
see that (A.13) is satisfied also for z € Q_. The claim (A.10) follows now from (A.11)-(A.13). O

We now extend Privalov’s theorem A.3 to the setting considered herein, where the contour
integral in (A.1) is defined over an unbounded graph in the plane.

Theorem A.6. The restrictions vy = v|q, of the function v defined in (A.4) satisfy
vl € BUCH ().

Proof. We first establish the Holder continuity of vi =: (v}, v}). We devise the proof in three
main steps.

Step 1. Let z, 2’ € Q satisfy |z — 2’| > 1/8. Then, according to Lemma A.4 and Lemma A.5,
we have
V4 (2) = 04 (2)] < 2[v]loc < 16]|v]|oc |2 — 2| < Clz = 2|7

Step 2. Given z € R?, we set again d(z) = dist (z,I'y) and let the point 2r € I's be defined by
the relation d(z) = |z — zr|. Assume now that z, 2’ € Q4 are chosen such that |z — 2’| < 1/8.
Then, letting

S, ={(1—-t)z+tz : t€[0,1]}

denote the direct line that connects z and 2’, there exists at least a point ¢ € S, such that
d(Z) = |Z - ZF‘ = dist (822’7 Ff)~
We distinguish two cases.

Step 2a. If |z — 2’| < |¢ — (p|, then S,., C Q. Then we have

o) =il = o)~ 0@l = | [ v Qad =] [ (g [ A hede) ac

where ® is the holomorphic function defined in (A.5). Given ¢ € S/, using Cauchy’s integral
theorem, we get

1 1
d¢ = 1i d
/Ff (C—¢)? - ”LH;O I'yNB,(0) (¢ —¢)? <

. 1 1 1
S </Ffmn<o> o7t /r C-o7 " /r =k df)

1
=— | —d
"l—?go | (C - 5)2 <

)
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A.2. An extension to unbounded graphs

where T',, = 9B,,(0) N Q_ is the part of the circle with radius n around the origin within Q_
oriented negatively. Then, for n sufficiently large we have | — &| < n/2 for all £ € T, and
therefore

1 1
——d ——d
/1“n C—ep 5‘ S/rn c—ep ¢

4 4m
<mn— = —.
n n

Consequently, we obtain

1
/pf C_op =0

Therewith we get

@ —ol=| [ (55 ) Wdf) |

() — ¢(Cr)
/Ff ’ (§ - ?)2 df‘

. . |§_CF|Q
Sl lola o [l

Recalling the definition of {r, we have | — (r| < |€ = (| + | —¢r| < 2/ — (| for all € S,/

and £ € Ty, hence [£ — (p|+[( — (r| < 3|¢ —¢|. Noticing also that |z — 2’| < [ — (| for ¢ € S..,
we obtain in view of these inequalities

-Gl £ Gl
= |d d.
/rf E= e §'§9/Ff TE—crrlc = “

§9/ (1€ = ol + 1¢ — )2 |de]
Ly

<l|z—2'| sup
CES. .1

<91+ 1 lo) / (Is] + I¢ = co)®~2 ds
R
< Clc— G|t < O — o,

and therefore
[ug(2) = vy ()] < Clz = 2|

Step 2b. We now consider the second case when |z — 2’| > | — (p|. Since { € S, we have

] =

max{|z — Cpl|, |2 = Cp[} < max{]z — (|, | = (|} + ¢ = (pl 22 = 2| <
Assuming there exits a constant C' > 0 such that
vy (2) —vi(20)| < Clz — 20|* Vzo €Ty and 2z € Q4 with |z — 29| < 1/4, (A.16)
we then have
[v4+(2) =04 ()] < v+ (2) =04 (Cp)| + v+ (2) = v (Cp)| < C (|2 = Cpl™ +[2" = Cpl¥) < Cle 2|7,
and the claim then follows.

Step 3. It remains to establish (A.16). Let zp € I'y and z € §Q satisfy |z — 29| < 1/4, and
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A. An extension of Privalov’'s Theorem

let ' =Ty +I'; and ¢ be as defined in the proof of Lemma A.4. Recalling Theorem A.1, it
follows similarly as in Step 3 of the proof of Lem