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Abstract

It is shown that the linearized fields of causal variational principles give rise to linear
bosonic quantum field theories. The properties of these field theories are studied and
compared with the axioms of local quantum physics. Distinguished quasi-free states
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1 Introduction

The theory of causal fermion systems is a novel approach to fundamental physics (see
the reviews [4, 10, 15], the textbook [17] or the website [23]). Recently, the connection
to quantum states has been established [5, 19]. Moreover, in [2] the Cauchy problem
for linearized fields has been studied in the more general setting of causal variational
principles with energy methods inspired by the theory of hyperbolic partial differential
equations. Based on these concepts and results, in the present paper we show that
causal variational principles give rise to a class of linear bosonic quantum field theories
generated by the linearized fields. We formulate these theories in the familiar language
of axiomatic quantum field theory in terms of an algebra of fields satisfying canonical
commutation relations. This makes it possible to verify whether and to specify in which
sense our quantum field theories satisfy the axioms of local quantum physics. We find
that the axiom of microlocality and the time slice axiom are violated in the strict sense.
But they still hold on macroscopic scales in the following sense. In order to formulate
the time slice property, instead of working with field operators on a Cauchy surface,
one must consider a Cauchy surface layer, which can be thought of as a Cauchy surface
times a small time interval. The axiom of microlocality holds in the sense that the field
operators commute if their supports can be separated by a suitable spacelike surface
layer (as shown in Fig. 2 on p. 18). It is one of the main objectives of this paper to
make these statements mathematically precise and to derive them from properties of
minimizing measures of causal variational principles. Moreover, based on the complex
structure on the linearized fields obtained in [19, Sect. 6.3], distinguished quasi-free
states are constructed.

In order to clarify our concepts, we note that the construction of the algebra and its
Fock representation can be understood as a “quantization” of a classical bosonic field
theory, with the classical bosonic fields given by the linearized fields of the causal
variational principle. On the other hand, as worked out in [5, 19], the bosonic field
algebra as well as a corresponding state also arise in the mathematical analysis of a
minimizing measure of an interacting causal variational principle. In this sense, the
interacting system does not need to be “quantized,” but instead the causal variational
principle already incorporates the full quantum dynamics. We also point out that here
we restrict attention to bosonic fields. Fermionic fields could be treated similarly
starting from the causal action principle for causal fermion systems, working with
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the dynamical wave equation derived in [21] and the fermionic algebra as well as the
distinguished state constructed in [5, Sects. 4.1 and 4.5].

The paper is organized as follows. After the necessary preliminaries (Sect. 2), the
classical theory of linearized fields is developed, and the properties of the resulting
classical dynamics are worked out (Sect. 3). We proceed by constructing the algebra
generated by these fields and study its properties in comparison with the axioms of
local quantum physics (Sect. 4). Finally, distinguished quasi-free states are constructed
(Sect. 4.3).

2 Preliminaries

This section provides the necessary background on causal variational principles and
the linearized field equations.

2.1 Causal variational principles in the non-compact setting

We consider causal variational principles in the non-compact setting as introduced in
[9, Sect. 2]. Thus we let F be a (possibly non-compact) smooth manifold of finite
dimension m > 1 and p a (positive) Borel measure on F. Moreover, we are given a
nonnegative function £ : ¥xJ — RS‘ (the Lagrangian) with the following properties:

(1) L is symmetric: L(x,y) = L(y,x) forall x,y € &F.
(i1) L is lower semi-continuous, i.e., for all sequences x, — x and y,» — v,

L(x,y) < liminf L(x,, y») .
n,n'—oo
The causal variational principle is to minimize the action

S(p) 2=/ d,O(X)f dp(y) L(x,y) 2.0
F F

under variations of the measure p, keeping the total volume p(F) fixed (volume
constraint). Here the notion causal in “causal variational principles” refers to the
fact that the Lagrangian induces on M a causal structure. Namely, two spacetime
points x,y € M are said to be timelike and spacelike separated if L(x,y) > 0
and L(x, y) = 0, respectively. For more details on this notion of causality, its connec-
tion to the causal structure in Minkowski space and to general relativity we refer to
[17, Chapter 1], [14] and [17, Sects. 4.9 and 5.4].

If the total volume p (&) is finite, one minimizes (2.1) within the class of all regular
Borel measures with the same total volume. If the total volume p (&) is infinite, how-
ever, it is not obvious how to implement the volume constraint, making it necessary
to proceed as follows. We need the following additional assumptions:

(iii) The measure p is locally finite (meaning that any x € JF has an open neighbor-
hood U with p(U) < 00).
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(iv) The function L(x, .) is p-integrable for all x € F, giving a lower semi-continuous
and bounded function on F.

Given a regular Borel measure p on &, we vary over all regular Borel measures p with
|p=p|@) <00 and  (5—p)(F) =0 22)

(where |.| denotes the total variation of a measure). For such variations, the difference
of the actions S(p) — S(p) is defined by

(S(ﬁ)—S(p))z/gd(ﬁ—p)(X)/gdp(y) L(x,y)
+/ dp(x)/ 4G — p)(3) Lix, y)
F F

+/ d(ﬁ—p)(X)/ d(p—p)(y) L(x,y).
F F

If this difference is nonnegative for all p, then p is said to be a minimizer. The existence
theory for such minimizers is developed in [12]. Moreover, in [9, Lemma 2.3] it is
shown that a minimizer satisfies the Euler—Lagrange (EL) equations which states that,
for a suitable value of the parameter s > 0, the lower semi-continuous function £ :
¥F— Ra' defined by

0x) = /(f Lx,y) dp(y) —s 23)

is minimal and vanishes on spacetime M := supp p,

Ly=infl=0. 2.4
F
For more details we refer to [9, Sect. 2].

2.2 The restricted Euler-Lagrange equations

EL Eq. (2.4) are nonlocal in the sense that they make a statement on £ even for
points x € 3 which are far away from spacetime M. It turns out that, for the appli-
cations we have in mind, it is preferable to evaluate the EL equations only locally
in a neighborhood of M. This leads to the restricted EL equations introduced in [9,
Sect. 4]. We here give a slightly less general version of these equations which is suffi-
cient for our purposes. In order to explain how the restricted EL equations come about,
we begin with the simplified situation that the function ¢ is smooth. In this case, the
minimality of ¢ implies that the derivative of ¢ vanishes on M, i.e.,

Ou=0 and Dey=0 2.5)
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(where D{(p) : T,F — Ris the derivative). In order to combine these two equations
in a compact form, it is convenient to consider a pair u := (a, u) consisting of a
real-valued function a on M and a vector field u on TF along M and to denote the
combination of multiplication and directional derivative by

Vil (x) = a(x) £(x) + (Dyt)(x) . (2.6)

Then Eq. (2.5) imply that V, £(x) vanishes for all x € M. The pair u = (a, u) is
referred to as a jet.

In the general lower-continuous setting, one must be careful because the directional
derivative D, £ in (2.6) need not exist. Our method for dealing with this problem is to
restrict attention to vector fields for which the directional derivative is well-defined.
Moreover, we must specify the regularity assumptions on a and u. To begin with, we
always assume that a and u are smooth in the sense that they have a smooth extension
to the manifold J. Thus the jet u should be an element of the jet space

J:={u=(a,u) witha € C*(M,R) andu € I'(M, TH)}, (2.7)

where C*°(M, R) and I'(M, TF) denote the space of real-valued functions and vector
fields on M, respectively, which admit smooth extensions to .

Clearly, the fact that a jet u is smooth does not imply that the functions £ or £
are differentiable in the direction of u. This must be ensured by additional conditions
which are satisfied by suitable subspaces of j, which we now introduce. First, we
let ' be formed by those vector fields for which the directional derivative of the
function £ exists,

MM, TF) = {u € (M, TF) | D,(x) exists forall x € M} .
This gives rise to the jet space
J=C®M, Ry " (M, TF) C J.
For the jets in 3", the combination of multiplication and directional derivative in (2.6)
is well-defined. Next, we choose a linear subspace J** C J*" with the properties that
its scalar and vector components are both vector spaces,
JU=C"(M, Ry < J",

and that the scalar component is nowhere trivial in the sense that

forall x € M thereisa € C*'(M, R) witha(x) # 0. (2.8)
Then the restricted EL equations read (for details see [9, (eq. (4.10)])

Vully =0  forallu e 3.
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For brevity, a solution of the restricted EL equations is also referred to as a critical
measure. We remark that, in the literature, the restricted EL equations are sometimes
also referred to as the weak EL equations. Here we prefer the notion “restricted” in
order to avoid confusion with weak solutions of these equations (as constructed in
[2]; see also Sect. 3.2). The purpose of introducing J*“* is that it gives the freedom
to restrict attention to the part of information in the EL equations which is relevant
for the application in mind. For example, if one is interested only in the macroscopic
dynamics, one can choose J*“* to be composed of jets pointing in directions where the
microscopic fluctuations of ¢ are disregarded.

We conclude this section by introducing a few other jet spaces and by specifying
differentiability conditions which will be needed later on. When taking higher deriva-
tives on J, we are facing the general difficulty that, from a differential geometric
perspective, one needs to introduce a connection on F. While this could be done, we
here use the simpler method that higher derivatives on J are defined as partial deriva-
tives carried out in distinguished charts. More precisely, around each point x € J we
select a distinguished chart and carry out derivatives as partial derivatives acting on
each tensor component in this chart. We remark that, in the setting of causal fermion
systems, an atlas of distinguished charts is provided by the so-called symmetric wave
charts (for details see [7, Sect. 6.1] or [20, Sect. 3]).

We now define the spaces J¢, where £ € N U {00} can be thought of as the order
of differentiability if the derivatives act simultaneously on both arguments of the
Lagrangian:

Definition 2.1 For any £ € Ny U {00}, the jet space 3¢ ¢ Jis defined as the vector
space of test jets with the following properties:

(i) Forall y € M and all x in an open neighborhood of M, directional derivatives

(Vl,m +V2,nl)"'(vl,n,, +V2,n,,)£(xvY) (2.9)
(computed component-wise in charts around x and y) exist forall p € {1, ..., ¢}
andall by,...,0, € 3t.

(i) The functions in (2.9) are p-integrable in the variable y, giving rise to locally
bounded functions in x. More precisely, these functions are in the space

Li)(?c(Mv LY(M.dp(y)); dp(x)) :

(iii) Integrating the expression (2.9) in y over M with respect to the measure p, the
resulting function (defined for all x in an open neighborhood of M) is continuously
differentiable in the direction of every jet u € J*.

Here and throughout this paper, we use the following conventions for partial derivatives
and jet derivatives:
» Partial and jet derivatives with an index i € {1, 2}, as for example in (2.9), only
act on the respective variable of the function L. This implies, for example, that the
derivatives commute,

VioViuL(x,y) = ViuVi e L(x,y).
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» The partial or jet derivatives which do not carry an index act as partial derivatives
on the corresponding argument of the Lagrangian. This implies, for example, that

VuLvl,n L(x,y)dp(y) =/§V1,uV1,n Lx,y)dp(y) .

We point out that, in contrast to the method and conventions used in [9], jets are never
differentiated.

We denote the ¢-times continuously differentiable test jets by 3 N 3¢. Moreover,
compactly supported jets are denoted by a subscript zero, for example

Jp" = {u e 3 | uhas compact support} . (2.10)
In order to make sure that surface layer integrals exist (see Sect. 3.1), one needs
differentiability conditions of a somewhat different types (for details see [8, Sect. 3.5]):

Definition 2.2 The jet space J* is surface layer regular if 3= C J2 and if for
allu,v € 3* and all p € {1, 2} the following conditions hold:

(i) The directional derivatives

—1
Vi (Vi + Va2,0)" " Lx,y) (2.11)

exist.
(i) The functions in (2.11) are p-integrable in the variable y, giving rise to locally
bounded functions in x. More precisely, these functions are in the space

Lig (L' (M. dp(»). dp()) .

(iii)) The u-derivative in (2.11) may be interchanged with the y-integration, i.e.,
fM Vi (Vi + Va0)? ™ L0 y) dp() = Vi /M (Vi + V2,0)" ' L@, 1) dp(y) -

The precise regularity assumptions needed for our applications will be specified below
whenever we need them.

2.3 The linearized field equations

EL Eq. (2.4) (and similarly restricted EL Eq. (2.5)) is anonlinear equation because they
involve the measure p in a twofold way: First, the measure comes up as the integration
measure in (2.3), and second, the function £ is evaluated on the support of this measure.
Following the common procedure in mathematics and physics, one can simplify the
problem by considering linear perturbations about a given solution. Demanding that
these linear perturbations preserve the EL equations give rise to the linearized field
equations. More precisely, in our context we consider families of measures which
satisfy the restricted EL equations. In order to obtain these families of solutions, we
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want to vary a given measure p (typically a minimizer or a solution of the restricted
EL equations) without changing its general structure. To this end, we multiply p by a
weight function and apply a diffeomorphism, i.e.,

p=Fufn). @.12)

where F € C®(M,J) and f € C®(M,R™) are smooth mappings (as defined
before (2.7)). A variation of p is described by a family ( f7, F;) with T € (-4, §)
and § > 0. Infinitesimally, the variation is again described by a jet

d
v=(b,v) = E(fr,F,)L:O. (2.13)

The property of the family of measures p, of the form (2.12) to be critical for a
family (f;, F;) for all T means infinitesimally in 7 that the jet v defined by (2.13)
satisfies the linearized field equations (for the derivation see [18, Sect. 3.3] and [9,
Sect. 4.2])

(u, Av)|py =0  forallu ey, (2.14)

where
(u, Av)(x) := Vu(/M (Vi + Vau)L(x, y) dp(y) — Va 5) . (2.15)

In order for the last expression to be well-defined, we always assume that v € J'. We
denote the vector space of all solutions of the linearized field equations by 3™ c J'.

2.4 The inhomogeneous linearized field equations

For the analysis of linearized field Eq. (2.14), it is preferable to allow for an inho-
mogeneity tv. One method is to regard the inhomogeneity as a vector in the dual
space of J*, making it possible to insert on the right-hand side of (2.14) the dual
pairing (u, to)|ss (for details see [2, Sect. 2.3]). For simplicity, we here avoid dual jets
and introduce instead a scalar product on the test jets, making it possible to identify
jets with dual jets. This procedure is of advantage also because the scalar product on
the jets will be needed later on for the construction of weak solutions.

Thus we choose a Riemannian metric g on the manifold &. We denote the subspace
spanned by the test jets at the point x € M by

Je={u@ ueI*}=RxTy C RxTF.
The Riemannian metric induces a metric on J, by
(0, B)x 1= b(x) b(x) + g (v(x), T(X)) . (2.16)
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We denote the corresponding norm by ||.||,. We point out that the choice of the Rie-
mannian metric is not canonical. The freedom in choosing the Riemannian metric can
be used in order to satisfy the hyperbolicity conditions needed for proving existence
of solutions (as explained after [2, Definition 3.3]). Since we will use these existence
results later on, we assume that the Riemannian metric in (2.16) has been chosen in
agreement with the hyperbolicity conditions.

Having a scalar product at our disposal, we can formulate the inhomogeneous
equations by modifying (2.14) to

(u, Av)(x) = (u,w), forallue J*andx e M (2.17)
with an inhomogeneity v € J*'. The linear functional u(x) — (u, Av)(x) on the

left-hand side of this equation uniquely determines a vector (Av)(x) € J, via the
relation

(u(x), (Av)(x))x = (u, Av)(x) forallu e J* (2.18)

(here we use the Fréchet—Riesz theorem in finite dimensions). Using this identification,
we can also formulate the inhomogeneous equations in the shorter form

Av =t onM. (2.19)

In order to ensure that the left side of this equation is well-defined, we always assume
(exactly as in (2.14)) that the jet v lies in J'. We also point out that, using that the
scalar components of the test jets is nowhere trivial (2.8), inhomogeneous Eq. (2.17)
implies that the scalar components in (2.19) on both sides coincide pointwise. The
same is true for the vector components, if one keeps in mind that, by definition (2.18),
the vector component of (Av)(x) always lies in I'y.

2.5 Linearized fields in a simple example and in the physical context

We now explain the concept of linearized fields and outline the connection to the
physical applications. We begin with a simple mathematical example first given in
[13, Sect. 5.2] (see also [6, Sect. 20.2]). We let F = R2 and choose the Lagrangian as

Lix,y:x',y) = % eI (1432 (1457), (2.20)

where (x, y), (x’, y') € F. Using Fourier transform in the first variable and a direct
estimate, one sees that the measure

dp =dx x4y (2.21)

(where §y is the Dirac measure) is the unique minimizer of the causal action prin-
ciple under variations of finite volume (2.2) (for details see [13, Lemma 5.2] or [6,
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Lemma 20.2.1]). This result can be understood directly from the fact that the func-
tion 1+ y? is minimal at y = 0, which leads the minimizing measure p to be supported
at y = 0. The Gaussian in the variable x, on the other hand, can be understood as a
repelling potential, giving rise to a uniform distribution of the form of the Lebesgue
measure dx.

The function £ in (2.3) is computed by

Z(x,y):/ E(x,y;x’,y’) dp(x’,y’)—ﬁ:l—i—yz—s.
F

Therefore, EL Eq. (2.4) are indeed satisfied for s = 1. Linearized fields describe
linear perturbations of the measure of the form (2.12). According to (2.13), they can
be described by a jet v, consisting of a scalar function b and a vector field v. In our
example,

JT =3 =C®R)®C® (R, Rz) , (2.22)

where C*° (R, R?) should be regarded as the space of two-dimensional vector fields
along the x-axis. For clarity, we point out that the vector field v does not need to be
tangential to M. Instead, if the second component of v is nonzero, the vector field v is
transversal to M. In this case, the first variation also describes an infinitesimal change
of the support of the measure. The linearized field Eq. (2.14) read

=0.
y=y'=0

(2.23)

Vu (/“X’ (V],n + Vz’u)e_(x_x/)z <l + y2) (1 + y/z) dx' — Vy ﬁ)

—00

This is an integral equation which tells us about the freedom in perturbing the
measure while preserving the EL equations.

The prime example of a causal variational principle is the causal action principle
for causal fermion systems. This physical example also serves as the motivation for
physical notions like “spacetime” or “fields.” In order to avoid excessive repetitions
with previous work, here we shall not enter the definition of the causal action principle
and its connection to causal variational principles, but refer instead to [21, Sect. 2] or
to the text books [6, 17]. Instead, we only make a few general remarks with should
convey the correct qualitative picture. In simple examples of causal fermion systems
describing a physical system in Minkowski space or in a globally hyperbolic manifold,
the set J is a manifold of very high dimension (possibly even infinite-dimensional),
whereas spacetime M is a four-dimensional manifold. This means that the support of
the measure p is highly singular, in the sense that it is supported on a subset of F of very
large co-dimension. The situation is a bit similar to that in example (2.21), except that
the number of transverse directions is not one, but very large. The linearized fields
describe infinitesimal changes of the measure in all these directions. More specifi-
cally, in a causal fermion system the set F consists of linear operators on a Hilbert
space (H, (.|.)5¢). In simple physical examples, one chooses H as a subspace of the
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Hilbert space of solutions of the Dirac equation in Minkowski space or in a globally
hyperbolic Lorentzian spacetime (for details see, for example, [6, Sect. 5.4] or [14,
Sect. 1]). To every point x € . of our classical spacetime, we associate a spacetime
point operator F(x) € J constructed as the local correlation operator of the Dirac
wave functions, i.e., it is defined by the relations

(U1 F@)@ac = =<y (x)|p(x)>,  forall ¥, ¢ € I,

where <.|.>, denotes the inner product on the Dirac spinors at x. Consequently, the
vector v(x) describing first variations of the operator F'(x) can be described by first
variations of the Dirac wave functions. Thus the vector field v of a jet v = (b, v) corre-
sponds to a first variation of all the Dirac wave functions of the system. Likewise, the
linearized field equations tell us which first variations of the wave functions preserve
the EL equations of the causal action principle. In order to describe first variations of
Dirac wave functions, it is most convenient to insert a bosonic potential B into the
Dirac equation,

(D—i—%—m)tﬁ:O.

First variations of the bosonic potential B give rise to first variations of the Dirac wave
functions, which in turn give rise to the vector field v of a corresponding jet v. Here
the potential B can be chosen as arbitrary operator acting on Dirac wave functions.
For example, it can be chosen to describe an electromagnetic or gravitational field. In
this formulation, it becomes clear that the linearized field equations are a very general
concept which allows to describe arbitrary physical fields of any spin.

3 The classical dynamics of linearized fields

In this section we recall a few properties of solutions of the linearized field equations.
We report on results first obtained in [2] combined with methods developed similarly
for the dynamical wave equation in [21]. Our presentation is less general than in [2].
Instead, we aim at presenting a setting which is convenient but nevertheless sufficiently
general for the applications in mind. The main simplification compared to [2] is that
we assume the existence of a global foliation by surface layers. But we show that
our results are independent of the choice of this foliation. In order to “localize” the
solutions, we impose suitable shielding conditions. These assumptions will be justified
in the forthcoming paper [11].

3.1 Global foliations and surface layers

The linearized field operator A in (2.15) is a nonlocal integral operator. In this
paper, we shall always make the simplifying assumption that the range of this integral
operator is finite in the following sense.
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Definition 3.1 The Lagrangian is said to have compact range on M if for any com-
pact K C M there are a compact K’ C M as well as open neighborhoods 2 > K
and Q" D K’ of F such that

L(x,y)=0 ifxeQandy ¢ Q.

For a variant of this definition and its usefulness we refer to [12].

Next, we shall assume that there is a global foliation. In analogy to foliations by
hypersurfaces of equal time in Lorentzian geometry, the idea is to cover spacetime by
a family of surface layer integrals parametrized by a variable ¢ which can again be
thought of as the time of a global observer.

Definition 3.2 A global foliation is a family

neC®Rx M,R) with 0<n<1

with the following properties:

(i) The function 6(¢, .) := 9;n(t, .) is nonnegative.
(i) The surface layers cover all of M in the sense that

M =|Jsupp 0. ). (3.1
teR

(iii) Separation property: Lets, s € Randlet K C M be open and relatively compact
with the property that 1(s1, .)|x = 1 and n(s2, .)|x = 0. Then

n(st, x) n(s2, x) = n(s2, x) forallx e M .

We also write (¢, x) as n;(x) and 0(¢, x) as 6;(x).

With this notion at our disposal, we can introduce time strips simply by restricting
the union in (3.1) to finite intervals,

Ll = U supp 8(r, .) .

rels,t]

Next, we introduce corresponding surface layer integrals. In order to have the
largest possible flexibility, we shall work with a subspace

Vi Atest
lS»ary C 1jes ,

which we can choose arbitrarily. Similar to (2.10), the space of jets in J** with compact
support are denoted by J,”. For any ¢ € I we introduce the two bilinear forms

t . vy v
) JOYXJ()W%R,
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(1)’ = /U dp(x) i (x) /U dp) (1= m) (V1410 = V2u V2 ) £, )
(3.2)

o' (L) x I~ R,

o' (u,v) = fU dp(x) mi(x) fU dp) (1= m) (V1uV20 = V1o Vau ) £ 5) |
3.3
referred to as the surface layer inner product and the symplectic form, respectively. In
order to ensure that the integrals are well-defined, we assume throughout this section
that J*“ is surface layer regular (see Definition 2.2). These surface layer integrals
are “softened versions” of the surface layer integrals introduced in [8]. In [16] it was
shown that for Dirac sea configurations in Minkowski space, the inner product (., .)’
is positive definite on the Dirac wave functions and on the Maxwell field tensor. With
this in mind, it is sensible to assume that (v, b)’ is positive. In a more quantitative
form, this will be the content of the hyperbolicity conditions.
In order to introduce the hyperbolicity conditions we need to introduce the following

bilinear operator A,, which appears in the second variation of the causal action (for
more details see [8, Sect. 3.2]),

Az 130" X Jp” = Lige (M, R),

Az[oy, 07] = / (Vior + V2,0,)(Vi,os + V2,0,) £(x, ¥) dp(y) — Vi, Vi, 5.
M

Then we have the following energy identity, which can be proved as in [2, Lemma
3.2].
Acvary

Lemma 3.3 (Energy identity) For all v € 3",

d
E(U’U)t =2/ (b, Av)dp; —2/ Az[n,u]dpt+s/ b2dpt
M M M

We now introduce a stronger and more quantitative version of positivity.

Definition 3.4 The global foliation in Definition 3.2 is said to fulfill the hyperbolicity
conditions if for every T > 0 there is a constant C > 0 such that

1
(0,0) = - /M (I0@I2 + [Aalo, ol] ) dpi (x)

forallz € [-T,T]and all v € J;,".

The hyperbolicity conditions imply that the surface layer inner product at time ¢ is a
scalar product. We denote the corresponding norm by

loll" == v/ (v, ).

The next result can be proved as [2, Proposition 3.5].
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Proposition 3.5 (Energy estimate) Let C be as in Definition 3.4. Then, choosing
T = 202C° (12 /2) =) (p _ gy
the following estimate holds on the time strip L := L%,
loll2) < TlAvl L2y forallv € Jy° with |of|* =0. (3.4

This result is the basis for the proof of existence of weak solutions on finite time strips,
as will be outlined in the next section.

3.2 Weak solutions of the Cauchy problem

We now turn attention to the Cauchy problem for the linearized field equations in a
given time strip L := L. It suffices to consider zero initial data at the initial time s,
because otherwise one can extend the initial data to a jet vy in the time strip and
consider the Cauchy problem for the difference v — vg (for details on this standard
procedure see, for example, [2, Sect. 3.5]). It remains to be specified what it should
mean for the solution to vanish at time s. The energy estimate (3.4) suggests that
one should demand that the surface layer norm ||v||* vanishes. For what follows, it is
preferable to work with the stronger condition that both surface layer integrals (3.2)
and (3.3) should vanish initially. Moreover, we demand that both v and Av vanish
pointwise in the past of the surface layer at time #y. We thus introduce the jet space

A~vary

3, = {U €Jy Inso=0=nsAv and (1, )’ =0 =10%(u, v) forallue‘i’g’y}.

(3.5)

A-vary

Then a jet v € J" is referred to as a strong solution of the Cauchy problem if

Av=winlL and vey . 3.6)

Yy

The energy estimate in Proposition 3.5 ensures that the strong solution is unique:
Proposition 3.6 The Cauchy problem (3.6) has at most one solution.

For the existence theory, we need to formulate the Cauchy problem in the weak
sense. Similar as in the theory of partial differential equations, the weak formulation
is obtained by multiplying with a test function and integrating by parts. In our context,
we work with the following L?-scalar product in the time strip L := LEL,

(,0) 2 = /M<u, o)x s, (0 dp (), LAL) = {o € Lie ) [ ol 21 < o0}

With 14,11 := Ny, — Ny The analog of “integration by parts” is provided by the
following lemma, which can be proved exactly as [2, Lemma 3.13].
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Acvary

Lemma 3.7 (Green’s formula) For any time strip L := L% and any u, v € Jo
(u, AU)LZ(L) = <Au, U>L2(L) — Gt(u, U) + Us(u, U) . (37)

Assume that we are given a strong solution v € J . Then the Green’s formula shows
~vary

that for any u € J,",
(u, m)LZ(L) = (u, AU)LZ(L) = <Au, U>L2(L) — O'l(u, U) + O'S(u, U) .

Using the last equation in (3.5), the symplectic form at time s vanishes. In order for

the boundary term at time ¢ to vanish, we choose the test jet u in the space ‘:jt defined
in analogy to (3.5) by

Ji={0edy 10 —nw=0=(1-n)Av and 38)
(u,0) =0=0'(u,v) forallue J3"}. '

We thus obtain the equation
(Au,U)LZ(L) = <u,m>L2(L) for allu € th. (39)

We take this equation as the definition of the weak solution of the Cauchy problem (for
a more detailed explanation see [2, Sect. 3.6]). Since only L?-products are involved,
one can allow for inhomogeneities and solutions which are merely square integrable.

Definition 3.8 Let v € L2(L). A jetv € L%(L) satisfying (3.9) is said to be a weak
solution of (3.6).

. . . =t
We now come to the existence proof of weak solutions. In preparation, on §J we
introduce the scalar product

«u, U» = (Au, AU)LZ(L) .

Note that (., .)) is bilinear and positive definite. The non-degeneracy is a direct conse-
quence of the energy estimate (3.4) (with the time direction reversed), which yields

=t
loliz2y < TlAvlIL2) = llvll forallv e J. (3.10)

Forming the completion, we obtain a real Hilbert space, which we denoted

by (ﬁl , (., .)) or,in order to clarify the dependence on the time strip, by (H(L), (., ) 1),
ie.,

H' =TH(L) := completion of (3’ (...))  with  {(u,0)) := (Au, Av) 5. (3.11)

Using again the energy estimate (3.10), this Hilbert space can be characterized as
follows: It is formed by all vectors V € L2(L) for which there is a sequence (V,),eN

in 3’ with V,, — V in L2(L) and the sequence AV, is Cauchy in L2(L). Denoting
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the limit of this Cauchy sequence by AV, we conclude that the operator A extends to

a unique bounded linear operator from H to L%(L).
In view of this result, the linear functional (tv, .) L2(L) extends to a bounded linear

functional on the Hilbert space H. Representing this functional with the help of the
Fréchet—Riesz theorem by a vector V of this Hilbert space gives the following result
(for more details see [2, Proof of Theorem 3.15]):

Theorem 3.9 Givento € L?(L), there exists a unique solution of (3.9) of the form v =
AV withV e H'.

Definition 3.10 We refer to the distinguished solution in Theorem 3.9 as the retarded
solution, denoted by

oN(L, ) := AV . (3.12)

Weak solutions of the Cauchy problem are in general not unique. This can be
understood immediately from the fact thatin (3.9) we test only with a specific subspace
of jets. More precisely, let v, b’ be two weak solutions. For clarity of our explanation,
we first consider the case that their difference v := v — v’ lies in in J,- Applying
Lemma 3.7 we obtain the homogeneous weak equation

(AB,w) 2, =0 forallued. (3.13)

If the set ?jt were dense in L? (L), we could apply the energy estimates (3.4) to conclude

/

Ao=0 = |bll2) <ClIABl 20, =0 = bv=0.

However, denseness of ﬁt isnota sensible assumption. This reflects our general concept
that, by choosing specific subspaces of JJ, we restrict attention to the part of information
of the EL equations which is relevant to the applications in mind. More generally,
dropping the simplifying assumption b —v’ € J,»aweak solution of (3.9) is determined

only up to vectors in the orthogonal complement of A((_]t),
vp—v e LX) N AGH*E.

The resulting freedom to modify a weak solution is irrelevant to us because it only
affects the information that we disregard.

3.3 Construction of global weak retarded solutions
In this section we want to apply the existence theory in time strips as outlined in the
previous section in order to construct global retarded weak solutions in LIZOC(M ) of

the equation

Av =1 forr e Li(M). (3.14)
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In order to make sense of this equation, let us test (3.14) with compactly supported
jets and then apply Lemma 3.7. This yields the weak equation

(Au, v) = (u,10) forallu e J;”. (3.15)

This equation is well-defined and leads us to the following definition.

Definition3.11 Let v € L3(M). A jet v € L (M) satisfying (3.15) is said to be a
global weak solution of (3.14).

Our next goal is to construct global retarded weak solutions. Roughly speaking,
we aim at constructing a global weak solution which vanishes in the past of the
inhomogeneity tv. Our strategy is to consider the weak retarded solution constructed
in Theorem 3.9 in time strips L’ and to take the limits # — oo and s — —o0. In order
to ensure that the limits exist, we need to make further assumptions on the foliations
and on the operator A.

Definition 3.12 A set U C M is said to be properly contained in a time strip L/,
denoted by U C L., if

(IT=n)lv=mluv=1.

We now introduce the so-called shielding condition. It can be understood as a

. . =l . =t . . . . .
generalization of the denseness of J in H to situations when various time strips are
involved.

Definition 3.13 Spacetime M is said to be shielded in the future with respect to a

given foliation (1;);er if for every LY there is _Lﬁ'l 3 L’ such that, for every L?z 5 Li‘l
the following implication holds for all V> € H(LZ) and Vy € H(LY):

(AV + (1 = 0y )AVY, Au) =0 forallueyd"

L2(LY))
= AV, +(1—n3)AV; =0 on Lj,.

This condition has the consequence that the weak solutions constructed in Theorem 3.9
can be extended consistently to global solutions. Moreover, the resulting global solu-
tions vanish in the past of the inhomogeneity. This is made precise in the following
theorem.

Theorem 3.14 Assume that spacetime M is shielded in the future with respect to a
foliation (n;):er. Then the following statements hold:

(i) Foranyw € L(z)(M) the following limit of retarded solutions (3.12) exists in the
topology of L: (M),

loc

— lim_ lim v (w0, L) =: 510 (3.16)

§——00 —+00
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(i) The jet SnAm is a global weak solution of (3.14), i.e.,

Avary

<S);\m, AU>L2(M) = _<m, u>L2(M) fOr allu e ‘JO .

(iii) The jet S,?m vanishes in the distant past in the sense that there exists t € R for
which the following implication holds:

n(x)=1 — o(x) =0 and (SnArn)(x) =0.

Proof We choose L’ so large that supp to & M, choose L§11 to be as in Definition 3.13

and let L% 3 L?l be arbitrary. Finally, let u € ‘:jtl - §t2. Then, using the notation of
Theorem 3.9 and the fact that (cf. (3.8))

(I =n)d=ns)=0-=n5), A—-n)w=r=(1—n),
Nuu=u=n,u, n,Au=Au=n,Au,

one readily finds that

<U (ngz’ m) , Au)Lz(Lzl) = <U (L?Z, rn) , Au)LZ(Ltz) = (1, u>L2(L?

5

It follows that

527 S1°

(0 (L2, ) — (1 —ng)o (LY, w), Au)u(L;lz) =0 forallueJ".

From Theorem (3.9) we know that every v(L,tw) can be written in in the
form v(L,w) = AV for suitable V € H(L). Therefore, the shielding condition
in Definition 3.13 yields

o (LE, w) — (1 —ns)0 (LY, 0) =0 onLf. (3.17)

8§27 s1°

This identity has two consequences. First, it follows that n(L?Z, o) = n(Lﬁ‘l, o)
on L!. Since s and ¢ are arbitrary, we conclude that for any compact K C M there are
sufficiently large a, b such that

v (L’;,m) ’K S (Lgé,m)\K foralla <aand b > b.
Hence, the limit (3.16) is well-defined. The second consequence of (3.17) is that
v (L2, w)=0 on f{ny =1}N{ns, =0).

From the arbitrariness of s, and r, we infer that also the limit function S,?m vanishes
in the region {n,;, = 1}.
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To summarize, the limit function SnAm defines a global weak solution of (3.14).
This follows directly from the fact that every v” (tv, L%) is a weak solution within the
corresponding time strip L%, and the fact that s and 7 can be chosen arbitrarily. O

We conclude this section by a refinement of condition (iii) in Theorem 3.14. We
begin with the following elementary observation.

Lemma 3.15 For every open and relatively compact subset W C M, there exists a
compact set K, (W) with the following property:

ns’ﬁ,,(W)EO - nsS,;\m=0f0rallmeL%(W).

Proof Let L 5 W be arbitrary and let Ly 5 L’ be as in Definition 3.13. We now
choose a sufficiently large compact set £, (W) D W so that

K :=int(&,(W)N{n, = 1) # 2.

Now, let 5o € R be such that ns2|ﬁn(W) = 0. By construction, we have n,, [k = 1
and 7y, |k = 0. Then, applying Definition 3.2 (iii) to the relatively compact open
set K, we infer that n5ns,, = ns,, and hence n,,(x) > 0 = n;(x) = 1. Now
letto € L%(M ) with supp tv C W. Then, from the proof of Theorem 3.14 we see that
the global solution S,;\m vanishes in the region {n,, = 1}. From the discussion above
we conclude that 7, S;'to = 0. ]

We point out that the above construction of the compact set £, (W) depends on the
chosen foliation. However, it only involves the “width” of the surface layers given by
the support of the functions 6;. In physical application, this “width” is of the order
of the Compton length. The set £, (W) can be thought of as a “neighborhood” of W
containing a boundary strip on the Compton scale. With this in mind, by restricting
attention to a subfamily of foliations if necessary, it is sensible to make the following
assumption:

Assumption 3.16 The compact set £, (W) can be chosen uniformly in the foliation 7.
For this reason, the lower index n will henceforth be omitted.

3.4 Independence of foliations and Green'’s operators

The global weak solutions constructed in Definition 3.14 depend on the choice of
foliation (n;);er. The goal of this section is to work out additional assumptions under
which the solutions become independent of this choice.

Recall from the definition of energy space (3.11) that for any vector V € H' there

is a sequence u, € ‘:jt and a jet AV € LZ(L) such that u,, — V and Au, — AV
in L2(L). Moreover, the following implications hold,

(AU AV) 2y =0 forallued = V=0 = AV=0. (3.18)
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In order to clarify the significance of these implications, we remark that the condition
on the very left combines two properties of the jet AV. On the one hand, restricting to
test functions u € \:jt which are supported in the interior of L and formally applying
the Green’s formula yields a condition on the interior values of AAV. On the other
hand, restricting to test functions which intersect the surface layer integral at initial
time yields a condition on the initial values of AV. These conditions taken together
imply that AV = 0. This is the content of the implications in (3.18).

Now let U, U; € LIZOC(M) and let u, € J," be such that u, — U and Au, — U
in leoc (M). The function U has the same structure as the function V above, except
that it is defined in all of spacetime M. One may then expect that a condition of the
form (Au, Uy) 2y = 0 for all u € J”, together with the property that U; vanishes
identically in the past of some 7, would imply U; = 0. However, this implication is not
straightforward, although it could be arranged to hold by introducing additional struc-
tures on spacetime (for example, with the methodology of cutoff operators introduced
in [21, Sect. 6.6] one obtains new conservation laws which can be used to achieve this;
for more details see [11]). For the purposes of this paper and for simplicity of pre-

sentation, it seems sensible to simply condense this implication into a new condition.

Definition 3.17 Spacetime M is said to fulfill the completeness condition (in the
future) if the following property holds:
LetU; € leoc(M )andletu, € J,” beaCauchy sequence in L%ZOC(M ) with the property

that Au,, — Uj in leoc(M)~ Then, for every two foliations ", 172 and 11, ) € R,

A~svary

(Au, Ur) 2y = 0 forall u e Jy

1 2 } — U; =0.
Uyr=0on {n, =1}Nn{n, =1}

We will now show how this completeness assumption can be used to construct
causal Green’s operators which are independent of the choice of the foliation. We
begin with the following preparatory observation. Bearing in mind the construction
of global solutions of Theorem 3.14 and applying a diagonal sequence argument to a
sequence of time strips exhausting spacetime, one readily verifies that

Asvary

For any v € L%(M) there is a sequence u, € J
Cauchy in Lj,,(M) and satisfies Au, — S)'w in L, (M) .

which is

We now consider the global weak solutions S{*tv and S7 v associated with two different
foliations n', n?, respectively. Let Uj := S{'tv — St € L (M). By definition of
global weak solutions, we know that

Asvary

(Ur, Au) 20y = (S'1v, Au) S, Au) =0 forallue J

L2(M) — < L2(M)

Moreover, from Theorem 3.14 (iii) there exist #; and f, such that U; = 0 on the
intersection {r, = 1} N {n}, = 1}. The completeness condition in Definition 3.17
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implies that Uy = 0, so that S{'tv = S§'to as desired. In summary, we have the
following result.

Proposition 3.18 The global weak solution of Theorem 3.14 does not depend on the
foliation. The index n will be dropped accordingly.

The global solution S,?m is said to be retarded in the sense that it vanishes in the
past of the inhomogeneity tv. In a similar way, reversing the direction of time (and
adjusting Definitions 3.13 and 3.17 accordingly), one can construct corresponding
advanced solutions S,Y to which vanish instead in the future of tv.

By restricting to arbitrary time strips and using Theorem 3.14 one sees that the
mappings S,;/ and S,f depend linearly on the inhomogeneity.

Definition 3.19 The retarded and advanced Green’s operators are defined, respec-
tively, as the linear mappings

SN LAM) — LE (M), SV i LI(M) — LE.(M)..
Their difference
G:=8"—S": Lj(M) — L} (M) (3.19)

is referred to as the causal fundamental solution.

By construction, the causal fundamental solution G maps compactly supported,
square-integrable jets to weak solutions of the homogeneous equation, i.e.,
A vary

(Go, Au)Lz(M) =0 forallue J,".

The goal of the next section is to give the following statement a precise mathematical
meaning: The action of the retarded and advanced Green’s operators is causal.

3.5 Causal structure of the linearized fields and of spacetime
So far we have worked under the assumption that a global foliation fulfilling the

hyperbolicity conditions of Definition 3.4 exists. Let ® denote the class of all such
global foliations. This allows us to introduce the following notion of causality.

Definition 3.20 Letx, y € M be two spacetime points. We say that:

(i) x chronologically precedes y and denote it by x < y, if
V(iier €© Vi eR: ni(x) <1 = n(y)=0.
(i) x causally precedes y, and denote it by x < y, if

V)ier €O YVEeR: n(x) =0 = n(y) < 1.

@ Springer



38 Page22o0f37 C. Dappiaggi et al.

Fig.1 Chronological and causal future cones

One immediately verifies that < induces a fransitive relation on M. This is, however,
in general not true for the causal relation <. On the other hand, while the relation <
is reflexive, the chronological relation < is not, i.e.,

x &Lx but x~<x. (3.20)

For each relation, we can now introduce a corresponding notion of future and past cone.
The two different future cones are depicted in Fig. 1, which also illustrates (3.20).

Definition 3.21 The future and past chronological cones are defined by
IYx):={yeM|x<y} and I"(x):={yeM|y<Lx}.
The future and past causal cones are defined by
JVx):={yeM|x=<y} and J x):={yeM]|y~<ux}.
The unions
Ix):=IY(x)UINx) and J(x):=JY(x)UJ" x)

are referred to as the chronological and causal cone of x, respectively.

It follows immediately from the definitions that

xelV(y) iff ye I"(x) and
xeJY(y iff ye J x).

Statement (3.20) can be rephrased in terms of future and past cones as follows,
xeJV(x) but x¢Iv(x)

(and similarly for the past cones). In a similar way, one can define future and past
cones generated by a compact subset K € M by

JY(K) = U JY @), JNK):= U JNx) and  J(K):=JY(K)UJ K).
xekK xekK
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J(K) J(K)

2.

Y S

Fig.2 Causally and strongly causally disconnected sets

Let B € M be another compact set. Then, it follows by direct inspection that
Bc M\ J(K) ifandonlyif K C M\ J(B). (3.21)

Condition (3.21) provides us with a sensible notion of causally disconnected compact
sets. By construction, this means in particular that for any x € K and y € B one
has x 4 y, i.e., there exists a foliation (1;),;cr and a time ¢ such that (see the left of
Fig. 2)

N (x) =0 and n:(y) = 1.

(The same is true if the roles of x and y are interchanged.) However, the cutoff
function n; depends on the points x and y. Moreover, the support of 6; may intersect
the sets K or B at other points than x or y (see again the left of Fig. 2). In general,
it is not clear whether such a separation can be carried out uniformly on K and B.
Moreover, having the canonical commutation relations in mind, we need to take into
consideration that the Green’s operators vanish in the past/future of the inhomogeneity
and are foliation independent.

Referring to Lemma 3.15 and Remark 3.16, we now give the following stronger
definition of causal disconnection (see the right of Fig. 2).

Definition 3.22 Two compact sets K, B € M are said to be strongly causally dis-
connected if they are causally disconnected and if there is (1;);cr € ® and r € R
such that

nilak)y =0 and nlay =1,

and similarly if the roles of K and B are exchanged. This is denoted by B L K.

The next result follows immediately by combining Definition 3.22 with Lemma 3.15
and Remark 3.16 (with obvious changes for the advanced Green’s operator).
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Proposition 3.23 Let u, v € L3 (M) be such that suppu L suppv. Then
SV suppo = St suppv = G U [suppr = 0.
In particular,
(u, $¥0) 2pgy = (W, 870) p24g) = (U, G O) 23y = 0.

Proposition 3.23 provides us with a precise mathematical formulation of the causality
condition anticipated at the end of Sect. 3.4. One could proceed further, for example,
by tentatively defining the strong causal cone generated by a compact K as

JS(K):zM\U{B@M|BJ_K}.

The support of the causal fundamental solution would then be contained in it. Namely,

Proposition 3.24 supp G v C Jg(supp o) for all o € L3(M).

Similar properties can be shown for the advanced and retarded Green’s operators.

Although these causal properties seem worth being analyzed in more depth, here
we will not proceed in this direction, because the content of Proposition 3.23 suffices
for the purposes of this paper.

3.6 Adjoint properties of the Green'’s operators

The goal of this section consists in proving that the advanced and retarded Green’s
operators restricted to a suitable scalar product space are the adjoints of each other.
To this aim, we need additional assumptions, which we now introduce. We say that
a jet in LIZOC(M ) is spatially compact if its restriction to any time strip has compact
support, no matter what foliation we refer to. This will henceforth be denoted by a
lower index “sc”. For example,

Je = {v € 3™ | v spatially compact} .

Definition 3.25 Spacetime M is said to be asymptotically partitioned if there is an
exhaustion by relatively compact sets B,, and a family of linear operators

P38 — 3y

A-vary

with the property that, for all v € Jsc,

(i) P,o =vin B, and P,v = 0 outside B, 4+1.
(i) [|Pyollx < |lv]ly and P,o — vin L (M).

loc
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As a direct consequence of point (ii), we see that

A-vary

Jp is dense in g’ with respect to the topology of LIZOC(M ).

In the example when J* is chosen as the space of all smooth functions on a manifold,

the mapping P, can be introduced as the multiplication with a bump function. In

our setting, however, the set J** will in general not be closed under multiplication by

smooth functions. This is why we need to impose this property as a separate condition.
We now introduce the following jet space,

(357)" = {o e L3y | 5V0, $"v e 3z} (3.22)

On this space, the Green’s operators are indeed adjoints of each other with respect to
the standard L?-scalar product:

Proposition 3.26 If spacetime M is asymptotically partitioned, then
4 vary |
($™u, U)L2(M) =(u, S U>L2(M) forallu,v e (35°)" .

Proof Letu, v € (J,")*. By definition, these jets are mapped by the Green’s operators
to elements of Js . We choose N so large that suppv C B, forall n > N. Then, using
the definition of global weak solution, we have

(T U)LZ(M) = (Py (S"u), t’)LZ(M) = (A (PyS™y), SVU)LZ(M) .
Using that the jet P,, S u is compactly supported and that the Lagrangian has compact
range, we can apply the Green’s formula (with vanishing boundary terms) to obtain

(S"u, v) (P, (S™u), A (SV))

L2(M) = LX(M) -

Taking the limit n — oo, using Definition 3.25 (ii) (choosing a subsequence if
necessary) and applying Lebesgue’s dominated convergence theorem, we obtain

(§"u, O)2m) = 8™y, A(SVU)>L2(M) = (A(S™w), SVU>L2(M),

where in the last step we again used the Green’s formula. Again applying Lebesgue’s
dominated convergence theorem gives

(A (S™) . §V0) 24y = Tim (A (™). B, (SV0))

n—o00 L2(M)
— i % _ \%
= ,}ggo (u, Pa (S U)>L2(M) =(u s t’>L2(M) .
Putting all together, we get the claim. O
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We next analyze the kernel of the Green’s operators. Note that the inhomogeneity v
in the global weak Eq. (3.15) can be changed arbitrarily by jets in the orthogonal com-
plement of the test space. More precisely, the right side of (3.15) vanishes identically
forany to € (J, “y)J- N L2 (M), where the symbol _L refers to the standard scalar product
of L?(M). This suggests that also the Green’s operators should vanish for such jets.
This is indeed the case, as shown in the next lemma.

A~-vary

Lemma 3.27 The Green’s operators vanish on the orthogonal complement of J,", i.e.,
@t N L3(M) C ker " Nker SV .

Proof We only prove the inclusion in ker S*; the argument for ker SV is analogous.
Letto € L%(M ) be orthogonal to all jets in J;;”. In view of the definition of $"tv as a
limit (see Theorem (3.14) (1)), it clearly suffices to show that the weak solution v (L o)
vanishes in sufficiently large time strips. To this end, we return to the existence proof

of Theorem 3.14. We choose L’ so large that supp v - LL. Then for any u € ,:Jt,

<m, u)LZ(Lg) == (m, u)LZ(M) = O .

Therefore, the linear functional (tv, . ) L2(L1) vanishes on a dense subset of the Hilbert

space ﬁ(Lg), implying that it is represented by the zero vector 0 = V € ﬁ(Lg). Asa
consequence, also the weak solution U(Lg, tv) = AV vanishes. |

Remark 3.28 The reason why the set (J,” yYn L(z)(M ) is non-trivial in general lies in
the fact that no denseness assumption of J*¥ in J** has been made.

As a consequence of the last lemma, the bilinear form in Proposition 3.26 is inde-
pendent of the representatives and extends to a bilinear form on the quotient space

5= 00"/ oyt

To see this, let u ~ 1’ and v ~ v’ be different representatives of two arbitrary equiva-
lence classes of J§j. Thanks to Lemma 3.27 we know that S"u = S"u and §¥v = §¥v’
Therefore, using Proposition 3.26,

= (s, t’)LZ(M) (W', $¥o)

= ("', v')

(™, t’)LZ‘(M)
— <u/’ SV /)

L2(M)

L2(M) = L2(M)

We conclude that the product (S™u, o) L2(M) is well-defined on 53, as it does not
depend on the chosen representatives. A similar argument applies to the advanced
Green’s operator. This result will be the starting point of next section.
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3.7 The symplectic form and the time slice property

Having the canonical commutation relations in mind, we now introduce the pre-
symplectic form G by

G : 35 x 353 ([ul, [0]) > (u, Go) 20 €R. (3.23)

Using (3.19) together with the adjoint properties of the Green’s operators in
Proposition 3.26, one sees that this functional is antisymmetric. Moreover, from Propo-
sition 3.23 one concludes that G vanishes on jets whose supports are strongly causally
disconnected. Thus

(1) G([ul, [v]) =0if suppu L suppv
(i) G([u], [o]D) = =G ([v], [uD.

The reason why G is only a pre-symplectic form is that it may be degenerate in the
sense that its kernel N defined by

N :={u]l €351 G(ul, .) =0}.

may be non-trivial. Therefore, in order to obtain a non-degenerate symplectic form,
we need to divide out the subspace N.

Definition 3.29 The space of classical fields is the pair (£(M), G), where
Ak
EM) =0 /{[u] |ue N}

and G : E(M) x E(M) — C is the symplectic form obtained from (3.23).

In the setting of hyperbolic PDEs in globally hyperbolic spacetimes, the time slice
property states that, given an open neighborhood of a Cauchy surface, every vector
in the symplectic space £(M) has a representative supported in this neighborhood.
We conclude this section by analyzing in which sense and under which assumptions
the time slice property holds for linearized fields in the setting of causal variational
principles.

Definition 3.30 Let L be a time strip in a given foliation (77;),;cr. A cutoff operator

A-vary A-vary

in L! is a linear operator 7 : Js¢' — Js¢ such that
ns(1=2)=0=(1—n)7.

Letv € (J;”)*. By definition, $”v and S u belong to Js¢’'. Moreover, from the support
properties of the Green’s operators we know that these two weak solutions are past
and future compact, respectively. From Definition 3.30, it follows that

7(8"0) € Jp¥ and (1 —7)(SVv) € Jy". (3.24)
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The proof of our time slice property (see Theorem 3.32) will require a few additional
assumptions on the space J*“”. Inspired by differential operators and smooth sections
on globally hyperbolic Lorentzian manifolds we impose the following conditions:

@ 3 NE =(0)
(b)) AGF™) C g™ and hence AJE) C I

N

(3.25)

where the last inclusion follows from the fact that the Lagrangian has compact range.
As a direct consequence, one has the following result.

Lemma3.31 Forevery v € (J,")* there exist E € (3gw)l N L%(M) such that
A(S™) = -0+ E=A(SY0) and A(Gv)=0.

In particula;; E = 0 whenever v € 3.

Proof Note that S"u € J** for every u € (J;")*, and hence AS"u is well-defined. In
particular, this jet belongs to J*¥ C L%OC(M ).
From the definition of global weak solution and the Green’s formula, we get

Avary

(ASAU, u)LZ(M) = <S/\U, Au>L2(M) = (U, u)LZ(M) for every u € ‘50 .

Thus, AS"v +v =: EN € (36‘“’")% Next, from the assumption of compact range and

the support property of the retarded Green’s operator we infer that E” must vanish

sufficiently far in the past of v. A similar argument applies to the advanced Green’s

operator, yielding an analogous jet EY € (36““)J- which vanishes sufficiently far in the
A vary

future of v. Now, note that Gv € Jy¢' and hence, using (b) in (3.25) and the definition
of weak global solution,

Juv 5 A(Gv) = EY — E" and (AGh, w2y =0 forallue 35",
where the last identity follows again from the Green’s formula. At this point, using (a)
in (3.25), we obtain EY — E" € Ji& N (JS"Y)J- = {0} and hence EY = E" =: E.
Because E” and EV vanishes in the past and the future of v, respectively, we conclude

that £ has compact support. The last statement is clear from (3.25). O

We are now ready to prove the time slice property. As an additional technical

A~svary

condition, we need to assume that the causal Green’s operators map 38‘”’ to Jse »
\V A . Avary Avar
§%, 87 1 3y = e -

In view of the definition of (J;*)* in (3.22), this condition can be written in the shorter
form

(©) Jp” C@H*. (3.26)
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We say that LL is A-contained in L}, if the width of L} \ L is larger than the
range of the operator A. More precisely, we demand that, for every u € 3",

Npu=0 = ngAu=0 and ({(-—nHu=0 = (1 —n;)Au=0
(3.27)

Theorem 3.32 (Time Slice Property) Assume that the conditions (a)—(c) in (3.25)
and (3.26) hold. Let Lo, L1 be time strips with respect to the same foliation such that

(1) Lo admits a cutoff operator 7,
(i) Lo is A-contained in L (see (3.27)).
Then for every [v] € E(M) there exists v’ ~ v with supp v’ & L.

Proof The following is an adaptation of the proof of [1, Chapter 3, Theorem 3.3.1].
Let v € (J;")*. From Lemma 3.31 we know that A(Gv) = 0. Hence A(7(Gv)) +
A((1 — 7)(Gv)) = 0. We introduce the jet u by (cf. (3.25))

u:i=A((l = 1)(Gv)) = —A((Gv)) € I .

Using that A has compact range, we infer that the left-hand side vanishes sufficiently
far in the past of L¢, while the right-hand side vanishes sufficiently far in the future

A-vary

of L¢. Moreover, it follows from (b) in (3.25) that u € J¢. . We thus conclude that u €

Jy~ - More precisely, from the definition of cutoff operator and assumption (ii) we

o
conclude that u is properly supported within L1, i.e., suppu C L;. Moreover, by
assumption, u € (J;”)*. It remains to show that u ~ v. From Lemma 3.31 and the
definition of u we obtain

u—v=—A(7(Gv)) +A(SV0) + E
= —A(F(S70)) + A (% (S"0)) + A (F (S70)) + A ((1-7) (ST0)) + E
=A(7(S"0)+(1-7)(SV0))+ E=Aw+ E
with E € (M"W)J- N L%(M), where v := 77(5§"v) + (1 — 7)(SVv) € J;", as follows
from (3.24). Let uy be the representative of an equivalence class of Jj. Then, by
definition of global weak solutions, we have

G([Aw], [u]) = (Aw, Gug) 24y = 0.

In other words, Ato € N. The claim follows from the definition of £(M). O

4 The algebra of fields

In this section we give an application of the results obtained in the previous sections.
More precisely, motivated by the so-called algebraic approach to quantum field theory
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[1], we show how to associate with the linearized fields individuated by a causal
variational principle a distinguished algebra of fields. This should play the role of the
building block for the quantization of the underlying system. Therefore, it must encode
information both on the dynamics and on the canonical commutation relations.

4.1 Construction of the algebra

The starting point of our construction is £(M), the collection of classical fields as per
Definition 3.29. We complexify

EM)C =M ®C

and form the corresponding universal tensor algebra

o0

T(M) =P (En®)*"

n=0

where we set (£(M)©)®0 .= C. Thisis a x-algebra if endowed with a x-structure out
of the natural extension of complex conjugation to the tensor product.

We observe that we have already encoded the information on the underlying dynam-
ics, because £(M) is built in terms of a quotient between 33 and the subspace N which
includes the kernel of the causal fundamental solution G := S* — §V. In order to cod-
ify the counterpart in this setting of the canonical commutation relation we proceed
as follows:

Definition 4.1 The algebra of fields is the x-algebra built as the quotient
AM) =T M) [7ppy,

where Z(M) is the x-ideal generated by elements of the form

[u] ® [b] — [0] ® [u] — iG([ul, [v]) I,
where I is the identity of 7 (M) and G as defined in (3.23).
The algebra of fields is also referred to as the algebra of observables.
4.2 Properties of the algebra
Definition 4.1 is clearly reminiscent of the usual construction of the algebra of fields
of a bosonic real scalar field theory, see [1]. We now show that many, but a priori
not all, of the standard properties hold in this setting. To this end, we show that the

properties of the classical dynamics of the linearized fields translate to corresponding
properties of the algebra.
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Proposition 4.2 (Causality) Let u, v € (J,")* whose supports are strongly causally
disconnected (see Definition 3.22),

suppu L suppbv.
Then the corresponding field operators commute,
[[ul, [v]] = 0.

Proof Since A(M) and in turn 7 (M) are generated by £(M)C, it suffices to work at the
level of generators. In particular, for any [u], [v] € E(M )C, the commutator is given
by [[u], [v]] = iG([u], [oDL. Yet, in view of (3.23), G([u], [v]) =0 if [u] L [v]. O

Proposition 4.3 (Time slice property) Referring to the assumptions of Theorem 3.32,
we assume that Jy° C (3" * and let Ly, L1 be time strips with respect to the same
foliation having the properties (i) and (ii) on page 23. Then the algebra of fields is

generated by jets which are properly contained in Ly (see Definition 3.12),
AM) = <{[n] with v € (3;™)* and suppo C L }) .

In other words, there exists a x-isomorphism between A(L1) and A(M).

Proof This is a direct consequence of Theorem 3.32 and of the properties of the
symplectic form G defined by (3.23). O

We finally remark that symmetries of the classical system as expressed in terms of
groups of symplectomorphisms acting on the linearized fields extend to *-automor-
phisms of the algebra of fields. These constructions are straightforward, and we omit
them here and refer instead to [1, Chapters 3 and 5].

4.3 Construction of distinguished quasi-free states

Following the standard rationale at the heart of the algebraic approach to quantum field
theory, in addition to individuating an algebra of fields, the quantization procedure is
complete only after one selects an algebraic state, namely in the case in hand a positive
and normalized linear functional

o : AM) — C suchthat w(I) =1 and w(a*a) >0Va € AM). (4.1)

The renown GNS theorem [1] entails that, to any given pair (A(M), w), one can
associate a unique (up to x-isomorphisms) triple (D,,, 7., 2,,). Here D, is a dense
subset of a Hilbert space, 7y, : A(M) — L(D,) a *-representation of the algebra
in terms of linear operators, while €2, is a unit norm, cyclic vector such that, for
any a € A(M), itholds w(a) = (Qqy, 7,(a)2,).
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Among the plethora of algebraic states a distinguished rdle is played by the
quasi-free/Gaussian ones. In order to characterize them, let us observe that a generic
element a € A(M )‘C can be decomposed as

a=a)l+a [ul+au]®uw]+---,

where ag, aj, - € C while [u], [u1],--- € EM)C. Hence, given any algebraic
state w, linearity entails that one can associate with it the so-called n-point functions:

op(wl. .. ) = o] @ @ [u,]), [wl...[u] € EMNHE.

The next definition follows [1, Def. 5.2.22 in Chapter 5] and [22].

Definition 4.4 Let w : A(M) — C be an algebraic state as per (4.1). We call it quasi-
free/Gaussian if the associated odd n-point functions are all vanishing, while the even
ones are such that

w2 ([w1].. . [uzn]) = Z w2 ([ue ], [Ue @) - .. 2 ([Us2u—1) ], Mo 2D,
oeP

where P denotes all possible permutations of the set {1, ..., 2n} into a collection of
elements {o(1),...,0(2n)} suchthato (2k — 1) < 6(2k) forallk =1, ..., n.

The net advantage of working with Gaussian states is that the associated GNS
representation yields a Hilbert space of Fock type, see [22], allowing thus a close
connection with the applications to high energy physics. Yet this does not suffice as one
can readily infer that several pathological situations can still occur. While in standard
quantum field theory this is resolved by introducing the notion of Hadamard states,
a counterpart of such concept in this setting is still beyond our grasp. Nonetheless
we can outline the construction of a distinguished algebraic quasi-free state making
use of a complex structure on the linearized fields as first obtained in [19, Sect. 6.3].
This complex structure gives rise to a splitting of the complexified solutions space
into two subspaces, referred to as the holomorphic and anti-holomorphic components.
Mimicking the procedure for the frequency splitting in linear quantum field theory
will give the desired quasi-free state.

Before beginning, we recall that in Sect. 3.1 we introduce two bilinear forms on the
linearized fields: the surface layer inner product (3.2) and the symplectic form (3.3).
The symplectic form is conserved in the sense that, if u and v are linearized solutions,
then o’ (u, v) is time independent. This conservation law is expressed by the Green’s
formula in Lemma 3.7. The surface layer inner product, on the other hand, in general
does not satisfy a general conservation law (for details see [8]). Moreover, in general
it depends on the choice of the foliation. Nevertheless, for a given foliation and at
any given time, the surface layer inner product can be used to endow the linearized
solutions with a complex structure. This also gives rise to a corresponding quasi-free
state, as we now work out.

We next introduce the complex structure following the procedure in [19, Sect. 6.3].
We first extend the surface layer inner product (3.2) to jets with spatially compact
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support,

() Je Xy - R
Similar as in the hyperbolicity conditions in Definition 3.4 we assume that the restric-
tion of this bilinear form to solutions of the linearized field equations is positive
semi-definite. Dividing out the null space and forming the completion, we obtain a
real Hilbert space denoted by h®. Next, we assume that o is a bounded bilinear func-
tional on this Hilbert space. Then we can represent it relative to the scalar product
by

ol(u,v) = @, Tv),

where T is a uniquely determined bounded operator on h¥. Since the symplectic form
is antisymmetric and the scalar product is symmetric, it is obvious that

T*=-T

(where the adjoint is taken with respect to the scalar product (., .)). Finally, we assume
that 7 is invertible. Then setting

Ji= (-T2 T (4.2)

defines a complex structure on the real Hilbert space h=¥.

We next complexify the vector space Ji. and denote its complexification by J C.we
also extend J to a complex-linear operator on J€. The fact that J* = —J and J2 = —1
implies that J has the eigenvalues +i. Consequently, JC splits into a direct sum
of the corresponding eigenspaces, which we refer to as the holomorphic and anti-
holomorphic subspaces, i.e.,

1~j(C — Shol @ 3ah with 3hol — Xhol 3(C . Sah = Xah 3@ i

where we set
hol _ 1 . a1 .
X =§(]1—IJ) and x =§(1+1J).

We also complexify the inner product (., .) and the symplectic form to sesquilinear
forms on J€ (i.e., anti-linear in the first and linear in the second argument). Moreover,
we introduce a positive semi-definite inner product (.|.) by

1
(.|.)=<.,(—72)2 .):0(.,].) - 3x3¢ 5.

This positive semi-definite inner product gives rise to a Hilbert space structure. In
order to work out the similarities and differences to quantum theory, it is best to form
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the Hilbert space as the completion of the holomorphic subspace, i.e.,
b= W(-\-) '

We denote the induced scalar product on f by (.|.). Then (b, (.|.)) is a complex Hilbert
space.

In order to define a quasi-free state, according to Definition 4.4 it suffices to specify
the two-point function w,. We define it by

w([ul, [v]) := ic’ (Gu, x"'Gv) . 4.3)

In order to show compatibility with the canonical commutation relations, we need
to get a connection between G and the symplectic form o’ defined by (3.3). We first
note that for the latter bilinear form to be well-defined, it suffices to assume that the
jets have spatially compact support. We thus obtain a bilinear form

ol(,) : J& x Jod = R

Proposition 4.5 For any jets u, v € (J5°)*,
G([ul, [v]) = o'(Gu, Gv),

where the last surface layer integral can be computed in any foliation (n;):cr at any
time t.

Proof We follow the method in [2, Proof of Proposition 5.10]. We let u, v € 3" *
~vary

be arbitrary representatives. Since Gu, Gv € Jg are linearized solutions, the Green’s
formula (3.7) implies that the symplectic form o’ is time independent. Choosing ¢
sufficiently large, the advanced Green’s operators applied to u and v vanish in the
surface layer at time . Therefore,

o'(Gu, Gv) = o' (5"u, $"v) .
Now we apply again the Green’s formula (3.7) in a time strip L = L%, where we

choose s so large that the jets S”u and S”v vanish in the surface layer at time s. We
thus obtain

O'I(S/\u, S/\U) = <S/\u, AS/\U>L2(L) — (AS/\U, SAU)LZ(L)
= —(SAU, U>L2(L) + (u, SAU)LZ(L)
= (u, (SA - SV)U>L2(L) = (u, GU)LZ(L) .

In the last integral, we can extend the integration range to all of M, giv-
ing G ([u], [v]). o
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Proposition 4.6 The two-point function (4.3) defines a quasi-free quantum state.

Proof Our task is to verify the positivity statement in (4.1) and the compatibility
with the canonical commutation relations. Before beginning, we point out that the
operator J maps the real Hilbert space § to itself. As a consequence, the same is true
for the operator J in (4.2). Therefore, foru, v € (J;,*)* and g, we can decompose (4.3)
into its real and imaginary parts,

ws ([ul, [v]) = io" (Gu, ol Gn) = %a' (Gu, (1 —iJ)Gv)
1
2

_ 1 t 2\ 2 i t

=30 (Gu, (—fr ) ffGn) + 30" (Gu. Gv)
1 1 i

= <Gu\ (-7)° Gn) +5 0" (Gu. Go) .

In particular, we conclude that the real part is positive semi-definite and that the
imaginary part satisfies the relation

1 1
Im @) ([u], [v]) = 3 o' (Gu, Gv) = 3 G([ul, [v]),

where in the last step we applied Proposition 4.5. Now the result follows from Propo-
sition 5.2.23 (b) in the textbook [1]. O

We conclude this paper with a discussion of the significance and uniqueness prop-
erties of the constructed quasi-free state. As already mentioned at the beginning of
this section, the surface layer inner product (3.2) in general does depend on ¢ and the
choice of the foliation. However, for non-interacting systems like the so-called linear
systems in Minkowski space as introduced in [19, Sect. 6.1], the surface layer inner
product is indeed conserved for linearized solutions. As a consequence, the quasi-free
state defined above becomes independent of time and of the choice of foliation. This
result is compatible with the fact that in Minkowski space, there is a unique vac-
uum state obtained by frequency splitting. Indeed, the explicit analysis in [16] shows
that for Dirac systems in Minkowski space, the complex structure defined by (4.2)
indeed gives back frequency splitting (in the sense that holomorphic jets have posi-
tive frequency, and anti-holomorphic jets have negative frequency). In this setting, the
quasi-free quantum field theories constructed in the present paper can be regarded as
quantum fields involving an ultraviolet regularization for the degrees of freedom as
described by the corresponding causal variational principle.

In nonlinear interacting systems or in systems not defined in Minkowski space, we
do not get one distinguished state, but instead a whole family of states parametrized
by time and the chosen foliation. In analogy to the class of Hadamard states, it can
be regarded as a family of physically sensible states. More precisely, taking into
account the ultraviolet regularization, our quasi-free states should be of the regu-
larized Hadamard form as introduced and analyzed in [3]. However, making this
connection precise, one would have to consider families of causal variational prin-
ciples parametrized by the regularization length ¢ > 0 and analyze the asymptotic
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behavior of the linearized solutions for small €. This analysis seems an interesting
project for the future.
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