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High harmonic generation (HHG) is a versatile technique for probing ultrafast electron dynamics. While
HHG is sensitive to the electronic properties of the target, HHG also depends on the waveform of the laser
pulse. As is well known, (peak) positions, ω, in the high-harmonic spectrum can shift when the carrier envelope
phase (CEP), ϕ is varied. We derive formulæ describing the corresponding parametric dependencies of CEP
shifts; in particular, we have a transparent result for the (peak) shift, dω/dϕ=−2 f̄′ω/ω0, where ω0 describes
the fundamental frequency and f̄′ characterizes the chirp of the driving laser pulse. We compare the analytical
formula to full-fledged numerical simulations finding only 17 % average relative absolute deviation in dω/dϕ.
Our analytical result is fully consistent with experimental observations.

I. INTRODUCTION

High harmonic generation (HHG) is a unique fingerprint of
ultrafast electron dynamics in solids: [1–27] It is generated
when atomically strong electric fields drive charge currents
that in turn emit electromagnetic radiation. In solids, such
currents are understood as interband transitions and (semiclas-
sical) intraband currents. The emitted light supports frequen-
cies much higher than those of the driving field, see also Fig. 1
as an illustration. Since high harmonics are sensing acceler-
ation processes of the charge carriers, HHG can be used for
monitoring dynamical processes. The information thus incor-
porated allows to reconstruct band structures; [14, 15] it re-
flects dynamical Bloch oscillations [3, 6, 28] and Berry phase
effects. [18–22, 29–36]

In the past, HHG has been analyzed to study charge car-
rier dynamics in dielectrics [2, 6, 11, 13] and semiconduc-
tors. [3–5] Fresh applications to three-dimensional topologi-
cal insulators and their gapless surface states have been pub-
lished recently. [10, 37] These surface states have been argued
to be an ideal platform for lightwave electronics. [10, 38] This
is because the suppression of backscattering due to the spin-
momentum locking makes it easier to facilitate quantum con-
trol for long times. [10, 38, 39]

An intriguing feature of topological surface states is the
effect of the carrier-envelope phase (CEP) [40–46] on the
high-harmonic spectrum: upon tuning the CEP, harmonic or-
ders shift continuously to non-integer multiples of the driv-
ing frequency ω0. [10] This is illustrated in Fig. 1, where
we display the HHG for a topological surface state; for
the two CEP-values shown, the peaks of orders 13-18 are
shifted against each other by ω0/2. Corresponding shifts have
been observed before in semiconductors [3, 23, 24] and di-
electrics [11, 13, 25, 26]; the particular aspect of topological
surfaces is that CEP shifts occur at relatively low harmonic
order [10].

In this work, we develop a minimal model of high harmonic
generation that explains the CEP shifts in analytical terms.
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The main result of our work is that under a tuning of the CEP
by dϕ, the frequency ω of high harmonics shifts by

dω = − 2
ω

ω0
f̄′ dϕ ; (1)

here, f̄′ characterizes the chirp of the driving laser pulse [60–
62]. Eq. (1) has been derived for generic two-band models of
non-interacting fermions. Remarkably, (1) only contains pa-
rameters of the driving laser pulse indicating its applicability
for a wide range of model Hamiltonians. We show that the
formula is in line with CEP shifts observed in Ref. 10 and
with an additional, extended set of simulations. Thus, the as-
sumptions underlying our minimal model are validated. Our
work thus is yet another stepping stone towards an improved
understanding of the fundamental mechanisms and parametric
dependencies governing HHG.
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FIG. 1: High-harmonic emission spectrum I(ω) as function of
the frequency ω computed from semiconductor Bloch equa-
tions (SBE), [16, 47–59] Eq. (5). For the SBE simulation,
we employ a two-band Hamiltonian [10] to model the topo-
logical surface state of Bi2Te3. As driving electric field E(t)
(inset), we use Eq. (4) with E0 = 3 MV/cm, ω0 = 2π · 25 THz,
fchirp =−1.25 THz, σ= 90 fs as used in simulations in Ref. 10.
We employ two different CEPs, ϕ= 0 (blue) and ϕ= π/2 (red).
The driving electric field E(t) is sketched in the inset.
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II. MATHEMATICAL DEFINITION OF CEP SHIFTS

For deriving parametric dependencies of CEP shifts in high
harmonics, we consider a CEP variation ϕ→ϕ+ dϕ in the
driving electric field, see inset of Fig. 1 as an illustration. A
formal definition of CEP shifts of high harmonics spectra I(ω)
embarks on the observation that for a given dϕ a correspond-
ing frequency shift ω→ω+ dω can be found that leaves the
emission unchanged, dI = 0. [63] We have

dI = (∂I/∂ω)ϕ dω+ (∂I/∂ϕ)ω dϕ , (2)

and the condition dI !
= 0 translates into the definition of the

frequency shift per CEP variation,

dω
dϕ
B − (∂I/∂ϕ)ω

(∂I/∂ω)ϕ
. (3)

In general, dω/dϕ is a function of ω and ϕ; dω/dϕ mathe-
matically describes the tilt angle of the equi-intensity lines in
the (ω, ϕ)-plane, which is observed in CEP-dependent high-
harmonic spectra; see Fig. 2 for an illustration.

By integrating Eq. (3) one can find the equi-intensity
line ω(ϕ) – for a fixed initial condition of integration,
e.g. ω̄Bω(ϕ= 0); we denote this by ωω̄(ϕ). Intuitively speak-
ing, ωω̄(ϕ) is the line in the map of I(ω, ϕ) that traces the equi-
intensity line crossing the point (ω̄, ϕ= 0).

III. CEP SHIFT FROM SBE SIMULATIONS

We start with numerical simulations of CEP shifts in high
harmonics to illustrate the phenomenon and to motivate the
minimal analytical model that we introduce later. For our the-
oretical analysis, we model the incoming laser pulse by the
time-dependent electric field aligned in x-direction

E(t) = x̂ E0 sin
(
ω0 (1 + fchirp t) t + ϕ

)
e−t2/σ2

, (4)

with the parameters field strength E0, (driving) frequency ω0,
chirp fchirp, CEP ϕ, and pulse duration σ. We employ the
two-band model for the topological surface state of Bi2Te3
used in Ref. [10]; it includes a Dirac cone at the Γ-point and
the hexagonal warping in the band structure of the topological
surface state. [64] Taking the pulse form and the model Hamil-
tonian as an input, we solve the semiconductor Bloch equa-
tions (SBE), [16, 47–59] yielding the time-dependent density
matrix ρ(t). From this we obtain the physical current den-
sity j(t) and the emission spectrum I(ω), [59]

j(t) B
−e
V

Tr(ρ(t)ṙ) , I(ω) =
ω2

3c2 |j(ω)|2 , (5)

where −e/V is the electron charge density, ṙ the velocity oper-
ator, c the speed of light and j(ω) the Fourier transform of j(t).
We checked the convergence of observables with numerical
parameters, see App. A.

The resulting high-harmonics spectrum I(ω) for pulse pa-
rameters adapted to experiment [10] is shown in Fig. 1, for a
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FIG. 2: (a) High-harmonics spectrum I(ω) computed from
SBE, Eq. (5) for 384 discrete CEPs ϕ∈ [0, 2π] with E(t) and
parameters as in Fig. 1. The heat map along the blue and red
horizontal line (CEP ϕ= 0 and ϕ= π/2) represents the emis-
sion spectra from Fig. 1. (b) Local extrema of I(ω) from (a).

sine-like pulse (ϕ= 0) and a cosine-like pulse (ϕ= π/2): Both
high-harmonics spectra are similar up to fifth harmonic order,
ν= 5, using a dimensionless frequency νBω/ω0. At higher
frequencies, 14. ν. 20, the two spectra differ in the sense
that the maximum of one coincides with the minimum of the
other. At even higher frequencies, 30. ν. 35, maxima of the
two spectra coincide and minima also coincide.

Similar to the experiment, [10] we continuously vary the
CEP from 0 to 2π, see Fig. 2 (a) and (b). We confirm the main
experimental findings, albeit here observed in a much larger
window, 5. ν. 35, instead of 12. ν. 21 in Ref. 10: The fre-
quency shift grows at increasing harmonic order, which even-
tually leads to a pattern of tilted lines with tilt angle grow-
ing from left to right in Fig. 2 (b). Indications of an increase
of the tilt-angle have been observed before in semiconductors
and dielectrics, but the patterns there are less pronounced and
systematical. [11] Presumably this is why a systematic the-
oretical understanding predicting parametric dependencies of
CEP shifts has not been worked out.
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IV. CEP SHIFTS FOR A SEMICLASSICAL MODEL –
ANALYTICAL FORMULA

The systematic growth of the tilt angle with the high-
harmonic order seen in Fig. 2 (b) suggests that there should
be a simple analytical formula characterizing parametric de-
pendencies. In this section such a formula is derived within a
minimal model.

We employ a semiclassical framework [65] neglecting
anomalous velocity contributions. [66] Within this model, the
electron velocity is given by

v(t) =
∂ε

~ ∂k

∣∣∣∣∣
k=k(t)

. (6)

k(t) is the excursion of the electron in reciprocal space. In
semiclassics, k(t) fully characterizes the dynamics of the elec-
tron and is given by the Bloch acceleration theorem [67]

k(t) = k0 +
1
~

t∫
−∞

F(t′) dt′ , (7)

where F is the acting force, F(t) =−eE(t), if only electric
fields are to be accounted for. In our simplified approach we
assume that the time dependence of j(t) is captured by v(t)
taken at a characteristic wavenumber k0. For the purpose of
calculating CEP shifts, prefactors - such as effective charge
densities - can be ignored since they cancel for CEP shifts in
Eq. (3).

We now analyze CEP shifts within the framework of model
(6) and (7). Since it is assumed j(t)∝ v(t), we have

I(ω)∝ω2|v(ω)|2 = |∂tv(ω)|2 (8)

from Eq. (5), where

∂tv(ω) B
∫

dt e−iωt ∂tv(t) =

∫
dt e−iωt ∂t

∂ε

~ ∂k

∣∣∣∣∣
k(t)

(9)

is the Fourier transform of the time-dependent acceleration.
If the k-derivative is analytic in the range of excursion of

k(t), we may simplify

∂tvi (ω) =
∑

j

∫
dt e−iωt ∂2ε

~ ∂ki∂kj

∣∣∣∣∣∣
k=k(t)

∂tkj (t)

= − e
~

∑
j

∫
dt e−iωt ∂2ε

~ ∂ki∂kj

∣∣∣∣∣∣
k=k(t)

Ej (t).

where we have ∂tkj (t) =−eEj (t)/~ in the absence of magnetic
fields. It is a necessary condition for the generation of high
harmonics that ∂2ε/(∂ki∂k j)|k=k(t) is time dependent. For the
special case of parabolic dispersions with isotropic effective
mass m we obtain

∂tv(ω) = − e
m

E(ω) .

The conclusion is that parabolic dispersions do not exhibit
HHG (within the validity of our minimal model) [68].

As a minimal model for Dirac fermions we consider a linear
dispersion

ε(k) = ~vF |k| . (10)

The velocity (6) for the linear dispersion is

v(t) = x̂ vF sgn(kx(t)) ; (11)

the velocity is a constant, vF, and it only changes its sign when
kx(t) crosses zero. Hence, the acceleration ∂tv(t) is a sequence
of δ-functions in time with a corresponding Fourier transform

∂tv(ω) =

Nz∑
m=1

vm exp(iωtm) , (12)

where vm = 2vF (−1)m+1 x̂ for the linear dispersion (10). The
summation is over the zeros tm of kx(t), which are readily ob-
tained from (7); Nz denotes the number of these zeros (see
App. B for a formal derivation.) The zeros tm will shift in the
presence of a CEP, tm(ϕ). Since we require a 2π-periodicity in
ϕ, we have tm(±2π) = tm±p(0), so after a full rotation a root m
shifts into root m± p, p being integer. [69]

Eq. (12) is expected to be applicable to broader classes of
band-structures, the main requirement is a sufficiently large
frequency ω. Indeed, high-harmonic radiation consistent
with (12) has been observed in experiments on semiconduc-
tors [4]. We show in detail that the following analysis also
applies to the general case, Eq. (12) in App. E.

The emission intensity (8) corresponding to (12) for the lin-
ear dispersion (10) with vm = 2vF (−1)m+1 x̂ reads

I(ω) ∝ |∂tv(ω)|2 ∝
Nz∑
`,m

(−1)`+meiωt`m(ϕ) , (13)

with t`m(ϕ)B t`(ϕ)− tm(ϕ). Then, Eq. (3) readily implies

dω
dϕ

= −ω I′t
It

(14)

where

It(ω, ϕ) B
Nz∑
`,m

(−1)`+meiωt`m(ϕ)t`m(ϕ) , (15)

I′t (ω, ϕ) B
Nz∑
`,m

(−1)`+meiωt`m(ϕ)∂ϕt`m(ϕ) . (16)

As an application, we consider the situation in which
the CEP ϕ induces a homogeneous shift of all roots:
tm(ϕ) = tm(0) +ϕ/ω0 and, in addition, an equidistant spacing
tm(π) = tm+1(0). Here implied is that t`m(ϕ) is independent
of ϕ and therefore I′t = 0. We conclude that a non-vanishing
CEP shift requires that the zeros of k(t) are not equidistantly
spaced. [70]

Non-equidistant roots of k(t) result from a time-dependent
carrier frequency, which is defined as (1+f(t))ω0 (”chirp” f(t)).
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In the App. C, we show that for small and slowly varying f(t),
Eq. (14) simplifies to

dω
dϕ

= −2
ω

ω0
f̄′ , (17)

where f̄′ is the average slope of f(t). Eq. (17) is our main
result; it implies that under generic conditions the tilt angle
dω/dϕ increases linearly in ω, and is independent of ϕ.

We now adress the shift of peak frequencies ωpeak in
the high-harmonics spectrum, when changing the CEP from
0 to 2π, ∆ωpeakB

∫ 2π
0 dϕ (dω/dϕ) along an equi-intensity

line ω(ϕ). In the regime |f̄′/ω0| � 1 we focus on, dω/dϕ is
only weakly dependent on the integration variable, because
the relative change of ω(ϕ) along the equi-potential line is
small: ∆ωpeak�ωpeak; we thus approximate on the rhs of (17)
ω(ϕ)≈ ω(ϕ= 0) =ωpeak, and arrive at the peak shift

∆ωpeak = − 4π
ωpeak

ω0
f̄′ . (18)

As an application of Eqs. (17) and (18), we consider an
archetypical electric-field pulse (4), implying f̄′ = fchirp, and
small filling, i.e., kF far away from all Brillouin zone bound-
aries, motivating a non-vanishing |k0|. kF. In this case the
number of roots of k(t), Nz, is bounded: at infinite times the
integral in (7) vanishes (since E(ω= 0) = 0) so that k(t) takes
a non-vanishing limiting value.

Eq. (17) takes a simple form; while the frequency ω and the
detuning per period f̄′/ω0 enter, other material or system pa-
rameters do not. The absence of vF follows from the fact that
the CEP is given as an intensity ratio, Eq. (3). Similarly, the
envelope parameter σ of the driving electric field (4) (parame-
terized via Nz) cancels since our approximations imply I′t ∝ It.

The linear dependency of dω on the chirp parameter f̄′ is ra-
tionalized as follows: By definition, the chirp accounts for the
non-linear spacing of the roots of k(t). Therefore, in the ab-
sence of chirp, the CEP translates all roots by the same amount
and therefore can be eliminated by a redefinition of the ori-
gin of time, t→ t− dϕ/ω0. Thus, at f̄′ = 0 the current and the
emission spectrum are both independent of ϕ resulting in the
absence of CEP shifts, dω= 0 (cf. App. D). At non-vanishing
chirp, corrections arise already at linear-order, dω∝ f̄′, reflect-
ing the fact that the tilt dω/dϕ can take either sign.

Finally, the proportionality dω∝ω/ω0 can be understood
by recalling that the electrons perform a number of ω/ω0 cy-
cles during a single fundamental period of E(t). They thus
can be expected to be more sensitive to a parametric change
in E(t), for example a change of f̄′, by a factor of ω/ω0.

V. COMPARISON OF THE ANALYTICAL FORMULA TO
SBE SIMULATIONS

We proceed with a comparison of the analytical for-
mulæ (17), (18) to SBE simulations. In Fig. 2 we display SBE
simulations of the CEP-dependent high-harmonic spectra. A
straight-line character of the extremal lines – and correspond-
ingly also the equi-intensity lines – is seen which is synony-
mous with a minor tilt-angle dependency on CEP ϕ; further

the tilt angle dω/dϕ increases with ω. Both observations are
fully consistent with our main result, Eq. (17).

With respect to the sign of the tilt, we further observe in
Fig. 2 that the extremal lines are tilted to the right (from
south west to north east) which implies a positive tilt angle,
dω/dϕ≥ 0. The positive sign of the tilt angle is consistent
with the analytical prediction (17): we evaluate for the pulse
(4) the chirp f̄′ = fchirp =−1.25 THz implying dω/dϕ≥ 0 (for
ω≥ 0).

The high-harmonic spectra reported in Fig. 2 have been
generated for a specific choice of the pulse parameters pulse
duration σ, frequency ω, chirp fchirp, field strength E0, and
the dephasing time T2 [59, 71]. We provide an extended set
of CEP-dependent high-harmonic spectra in App. H, Figs. 7 –
11, where we change the pulse parameters and we also use two
generic semiconductor Hamiltonians instead of the Dirac-type
band structure. In all spectra, we observe that the tilt angles
follow our analytical results (17) and (18). This finding is in
line with the derivation of (17) and (18), that holds indepen-
dently of a specific band structure or specific pulse shapes.

For a quantitative comparison, we focus on peak shifts
∆ωpeak. From the SBE simulations shown in Fig. 2 (b)
we extract peak shifts by tracing continuous maximum
lines (”percolating lines”) of the emission I(ω) connect-
ing the points in the parameter plane (ωSBE

peak, ϕ= 0) and
(ωSBE

peak + ∆ωSBE
peak, ϕ= 2π). We obtain pairs of (∆ωSBE

peak/ω
SBE
peak) as

(1.0/10.2), (1.6/19.7), (2.2/24.7). Based on equation (18) we
expect a ratio ∆ωpeak/ωpeak =−4πf̄′/ω0 = 0.1, in good quanti-
tative agreement with the extracted SBE data (simulation pa-
rameters: ω0 = 2π · 25 THz and f̄′ = fchirp =−1.25 THz). We
proceed and calculate the peak shifts ∆ωpeak for a collection
of chirps to test the limits of (18) in the plane spanned by
ωpeak and fchirp. Fig. 3 shows the (color-coded) analytical re-
sult (18). The color-filled circles superimposed to the colored,
analytical ”background” indicate the corresponding SBE re-
sults, ∆ωSBE

peak; the circle-colors follow the same scale abopted
also for the analytical data.

In Fig. 3, we observe that SBE peak shifts (circles) are in
good overall quantitative agreement with the analytical pre-
diction (background): the color of the circular discs matches
the background. (Averaging over the entire plane, we compute
a mean absolute deviation of only 0.21ω0.)

At weak chirp and small peak frequencies (low harmon-
ics), the SBE-simulations exhibit many vertical maximum-
intensity lines; the corresponding peak shifts vanish. These
vanishing peak shifts appear in a region in the phase dia-
gram Fig. 3, which reveals itself as the area that supports light
gray circles. The region has a characteristic boundary corre-
sponding to |∆ωpeak| ≤ 0.5ω0; it is indicated by dashed lines in
Fig. 3. Within this region, the relative discrepancy to our an-
alytical formula (18) is somewhat enhanced. Outside this re-
gion, we find the mean relative absolute deviation in the peak
shift to be only 17 % between SBE simulations and the ana-
lytical formula (18).
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FIG. 3: Quantitative comparison of the peak shifts as obtained from the analytical formula (18) (background, ∆ωpeak) and
from SBE simulations (color-filled circles, ∆ωSBE

peak) in the parameter plane (ωpeak, fchirp). ∆ωSBE
peak are obtained by tracing con-

tinuous maximum lines of the emission I(ω) as shown in Fig. 2 (b) from the initial point (ωSBE
peak, ϕ= 0) to the final point

(ωSBE
peak + ∆ωSBE

peak, ϕ= 2π). The dashed lines are guiding the eye; they indicate constant ∆ωpeak in the analytical formula. (For
the SBE simulations, we considered 29 chirps with 384 CEPs each resulting in 11136 SBE runs.)

VI. COMPARISON OF THE ANALYTICAL FORMULA TO
EXPERIMENTS

We compare our findings (17) and (18) to the experimental
high-harmonics spectra emitted from the topological surface
state of Bi2Te3 [10], reproduced in Fig. 4. This data displays
the characteristic stripe pattern that our theoretical analysis
predicts. Beyond this, there is also a qualitative agreement in
details; e.g., the increase of the tilt angle with growing har-
monic order predicted in (17) is also seen in Fig. 4.

For a quantitative analysis, we fit parabolæ

ω(ϕ) =ω0[α+ β(ϕ− ϕ̄) + γ(ϕ− ϕ̄)2] (19)

to discrete local maxima with fit parameters α, β, γ and fixed
ω0, ϕ̄, see Fig. 4 and caption. We find that the linear term β
(reported in Table I) is dominating the fit, in line with our an-
alytical result (17). From our quantitative analysis, we also
find that tilt angles tend to increase with the frequency, see
Table I. From 14th to 19th order we observe a ”locking”, i.e.,
the average tilt angle between 15th and 18th harmonic order
changes within 3 %, only (Table I). This locking is a mani-
festation of an equidistant placement of the maxima. They
reflect combined properties of pulse shape and band structure,
that are not captured in our simplified analytical model, but
prevail in SBE simulations. Hence, it is not surprising that
locking effects also appear in Fig. 2.

The linear coefficient β together with the analytical re-
sult (17) provides an estimate for the pulse-shape parameter,
2πf̄′/ω0 =−0.067 ± 0.001. The experimental pulse shape has
been reported in Ref. [10], so that f̄′ can be directly calculated
for the given pulse as 2πf̄′/ω0 ≈ − 0.037, see App. G; this is
half the fitted value. Given that the experimental pulse shape
is parametrically not even close to the regime of applicabil-
ity of the analytical formula (17) – the experimental curvature
f′′(t) is far from negligible, see App. G for a detailed analysis
– we find the semi-quantitative agreement encouraging.

So far, our focus has been on topological surface states
of 3D topological insulators. Ref. [10] reports harmonic
orders up to 13th emananating also from the semiconduct-
ing bulk of the topological insulator Bi2Te3. We now com-
pare our analytical results with this experiment. For the
pulse shape used in the bulk measurement, we evaluate a
tiny chirp 2πf̄′/ω0 ≈− 0.007 (cf. App. G). Inserting that
chirp into our CEP shift formula (17), we predict a slope
dω/dϕ= 0.11ω0/(2π) for ω= 8ω0. This shift is about 5%
of the shift for the topological surface state, which is quali-
tatively consistent with the experiment: indeed, a small, but
non-vanishing slopes can be identified close to the eighth har-
monic order [10].
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FIG. 4: CEP-dependency of the high-harmonics spectrum of
Bi2Te3; experimental data taken from Ref. [10]. We report lo-
cal maxima as colored dots. We form sets of local maxima,
as indicated by the various colors. For each set, we perform a
quadratic fit ω(ϕ) =ω0[α+ β(ϕ− ϕ̄) + γ(ϕ− ϕ̄)2] (dotted lines,
ϕ̄ is fixed as the average CEP of a line segment, fit parame-
ters α, β, γ are reported in Tables I,II).

TABLE I: Fit parameter β (tilt angle) of fits reported in Fig. 4,
as function of the average frequency ω̄ of the line segment.
We report the full set of fit parameters in App. F.

ω̄/ω0 13.4 13.5 13.6 14.8 15.3 15.8 17.0 17.5 18.1 20.1
2πβ 1.81 2.00 1.89 1.86 2.23 2.25 2.19 2.24 2.39 2.84

VII. CONCLUSION

We propose an analytical theory for the carrier envelope
phase (CEP) dependency of high-harmonic generation under
illumination of a material with strong laser pulses. The cen-
tral result is a simple analytical formula describing the shifts
of high-harmonic peaks under the change of the CEP. This
formula explains, e.g., why peak positions can occur at non-
integer harmonic orders. Further, it predicts that the shift ve-
locity is proportional to the peak frequency and the chirp of
the driving laser pulse. The comparison with a full-fledged
simulation based on the semiconductor-Bloch formalism es-
tablishes the quantitative accuracy of the analytical result in
a large parameter regime. Also the comparison to the experi-
ment [10] is surprisingly favorable given that the experimental
pulse shape is only marginally consistent with the conditions
of applicability of our formula.

Our theory provides the first understanding of the phe-
nomenon of CEP shifts in materials based on simple, ana-
lytically derived parametric dependencies. We conclude em-
phasizing the broad applicability of our result, the validity of
which we have demonstrated for a large parameter regime and
a wide range of material classes. Our work represents another
stepping stone towards understanding the microscopic mech-
anisms underlying high-harmonic generation in materials.

CODE AVAILABILITY

For all SBE simulations, we have used our program pack-
age CUED [59], that is freely available, https://github.
com/ccmt-regensburg/CUED.
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Appendix A: Computational details and convergence tests

As electric field, we use Eq. (4) throughout where the pa-
rameters E0 = 3 MV/cm, ω0 = 2π · 25 THz and σ= 90 fs were
fixed for the calculations in the main text. We align the electric
field along the Γ-M direction which we label as x-direction
in Eq. (4). We have used the two-band Dirac-like model
Hamiltonian for the topological surface states of Bi2Te3 from
Ref. [10] together with a hexagonal Brillouin zone with a size
that stems from a real space lattice constant a = 4.396 Å. As
in Ref. [10], we start from an equilibrium band occupation
that is given by a Fermi-Dirac distribution with a Fermi level
of 0.176 eV above the conduction band minimum and with a
temperature of 30 meV. We compute the time-dependent den-
sity matrix ρ(t) from SBE in the velocity gauge with a dephas-
ing time T2 = 10 fs which is an accepted simulation value [71].
For the time evolution in the SBE formalism, we employ an
adaptive algorithm [72] with a maximum time step of 0.1 fs
and with a time window of [−500 fs, 500 fs]. These settings
lead to intensity spectra that are converged with respect to
time discretization. The Fourier transform to frequency do-
main includes a Gaussian window function with full width at
half maximum of 2

√
ln 2 · 90 fs. In the SBE, dipoles are used

which are diverging for the Dirac-like two-band Hamiltonian
at the Γ-point [59, 73]. Thus, we carefully checked the con-
vergence of the k-point mesh, see Fig. 5. We observe excellent
agreement between the 900×90 and 1800×180 k-mesh. We
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conclude that the 900×90 mesh is sufficient to reach conver-
gence in the k-point mesh size and therefore, we have used a
900×90 mesh for all SBE calculations. In all figures, we have
varied the CEP from 0 to 2π, where we have used NCEP = 384
discrete CEPs in the [0, 2π] window thoughout.

Appendix B: Fourier transform of the time-dependent current

The time derivative of the current (11) is

∂tv(t) = − 2 x̂
evF

~
E(t) δ(kx(t)) , (B1)

where δ denotes the Dirac delta function. Then,

δ(kx(t)) =
∑

m

δ(t − tm(ϕ))∣∣∣∂tkx(t)|tm(ϕ)

∣∣∣ =
∑

m

δ(t − tm(ϕ))
e |E(tm(ϕ))| /~ . (B2)

Combining Eqs. (B1) and (B2), we arrive at Eq. (12),

v(ω) =
1
iω

∂tv(ω) =
2vF

iω
x̂
∑

m

(−1)m+1 exp[iωtm(ϕ)] . (B3)

The linear dispersion (10) of the model band structure is jus-
tified by the Dirac character of the surface conduction band
of Bi2Te3 close to the Γ-point [64]. For the other com-
monly adopted model band structure, a parabolic dispersion
ε(k) = ~2|k|2/(2m), no high-harmonic emission is observed
under driving by an electric field from Eq. (4). This is due
to the velocity v(t) = ~k(t)/m [Eq. (6)] oscillating solely with
the fundamental frequency ω0.

We also do not consider excitonic effects and other electron-
electron interaction during the non-equilibrium dynamics as
they are believed to have negligible contributions [10]. Also,
we omit bulk bands which have been shown to not contribute
to the high-harmonic emission for the pulse shape we consider
in this work [10].

0 5 10 15 20 25 30 35
Frequency ω/ω0

0

π

2

π

3π
2

2π

C
E

P
ϕ

Maxima of I(ω) for following k-point meshes
450×45 900×90 1800×180

FIG. 5: Maxima of I(ω) computed with parameters as
in Fig. 2 c for three different Monkhorst-Pack k-point
meshes [74] N1×N2 (450×45, 900×90, 1800×180), where
N1 is the number of k-points in Γ-M direction and N2 is the
number of k-points orthogonal to the Γ-M direction.

Appendix C: General discussion of CEP-shifts at weak chirp

We give more details on the discussion of the spacing of
roots in Sec. IV. The starting point is a homogeneous spac-
ing, t(0)

m (ϕ) = (mπ−ϕ)/ω0 of the zeros of (7), k(t(0)
m (ϕ)) = 0,

where ω0 is the fundamental frequency. We achieve a non-
uniform spacing by implementing a small rescaling of the
time, k(t)→k

(
t(1 + f(t)

)
, such that we have for the zeros tm(ϕ)

with non-uniform spacing

t(0)
m (ϕ) =

[
1 + f(tm(ϕ))

]
tm(ϕ) . (C1)

The chirp introduced in Sec. IV corresponds to a linear de-
pendency f(t) = fchirpt. We consider more general situations
subject to the condition that f(t) is slowly varying from one
zero to the next. Solving (C1) for tm we have

tm(ϕ) = t(0)
m (ϕ) − f(t(0)

m (ϕ)) t(0)
m (ϕ) + O(f2)

≈ t(0)
m (ϕ)

[
1 − f(t(0)

m (ϕ))
]

(C2)

where gradient terms have been neglected.
Further, after defining the equal spacing
(t(0)
`mB t(0)

`
(ϕ)− t(0)

m (ϕ) = π(`−m)/ω0 = t(0)
`−m(ϕ=0)), we de-

fine the non-uniform spacing t`m(ϕ)B t`(ϕ)− tm(ϕ)

t`m(ϕ) ≈ t(0)
`m −

[
t(0)
`

(ϕ) f(t(0)
`

(ϕ)) − t(0)
m (ϕ) f(t(0)

m (ϕ))
]

≈ t(0)
`m

[
1 − f(T (0)

`m (ϕ)) − T (0)
`m (ϕ) f′(T (0)

`m (ϕ))
]

(C3)

where T (0)
`m (ϕ)B (t(0)

`
(ϕ) + t(0)

m (ϕ))/2 = t(0)
(`+m)/2(ϕ) and terms in-

volving second derivatives have been dropped. Similarly, we
have

∂ϕt`m = 2t(0)
`m f

′(T (0)
`m )/ω0 (C4)

and Eqs. (15) and (16) are therefore to leading order in f

It(ω) =

Nz∑
`,m

(−1)`+meiωt(0)
`m t(0)

`m , (C5)

I′t (ω, ϕ) =
2
ω0

Nz∑
`,m

(−1)`+meiωt(0)
`m t(0)

`m f
′(T (0)

`m ) . (C6)

For the situation of an equidistant spacing, the double sum can
be reorganized as a sum over pairs. The first summation is
over pairs with the same distance, s = `−m, while the second
sum is over the different values M = (m + `)/2 that these pairs
will have

It(ω) =

Nz−1∑
s=−Nz+1

eiωt(0)
s t(0)

s

Nz−|s|/2∑
M=1+|s|/2

(−1)2M (C7)

I′t (ω, ϕ) =
2
ω0

Nz−1∑
s=−Nz+1

eiωt(0)
s t(0)

s

Nz−|s|/2∑
M=1+|s|/2

(−1)2M f′(t(0)
M (ϕ))

(C8)
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where we abbreviated t(0)
s B t(0)

s (ϕ=0) = πs/ω0. Using the re-
lation

Nz−|s|/2∑
M=1+|s|/2

(−1)2M = (−1)s(Nz − |s|) (C9)

we can simplify

It(ω) =
π

ω0

Nz−1∑
s=−Nz+1

eiπ(ω/ω0+1)s s (Nz − |s|) (C10)

I′t (ω, ϕ) =
2π
ω2

0

Nz−1∑
s=−Nz+1

eiπ(ω/ω0+1)s s (Nz − |s|) f̄′(s;ϕ) ; (C11)

in the last line we have introduced an average chirp

f̄′(s;ϕ) B
1

Nz − |s|
Nz−|s|/2∑

M=1+|s|/2
f′(t(0)

M (ϕ)) (C12)

motivated by the observation that a factor (−1)2M−|s| in the
M-summation can be replaced by unity. In the special sit-
uation where f̄′(s, ϕ) is independent of s and ϕ, we have
I′t /It = 2 f̄′/ω0; with Eq. (14), we obtain our main result (17)

dω
dϕ

= −2
ω

ω0
f̄′ . (C13)

In particular, when choosing a sinusoidal pulse (4), the ze-
ros of k(t) for k0 = 0 are obtained as

tm =
1
ω0

((m+
1
2

) π − ϕ) (1 − fchirp

ω0
((m+

1
2

) π − ϕ)) , (C14)

in the limit of small chirp (| fchirp|�ω0) and for small
|m|,m∈Z as it is applicable in case of a few-cycle
pulse E(t). When comparing to Eq. (C2), we ob-
tain t(0)

m (ϕ) = ((m + 1/2)π−ϕ)/ω0, f(t(0)
m (ϕ)) = fchirpt(0)

m (ϕ) and
f̄′ = fchirp.

Appendix D: High-harmonic frequencies for the 1D Dirac
dispersion

In this section, we analytically calculate the chirp-free high-
harmonic peak frequencies of our semiclassical model from
Sec. IV. Following App. C, we have at zero chirp (f(t) = 0)
an equidistant spacing of roots of the electron excursion k(t)
in the Brillouin zone, t`m = π(`−m)/ω0. Then, the emission
intensity I(ω) from Eq. (13) turns into

I(ω) ∝
Nz∑
`,m

(−1)`+mei(`−m)ω/ω0 . (D1)

Using the substitution s = `−m and M = (m + `)/2, we obtain
similarly to App. C the emission intensity

I(ω) ∝
(
2Nz +

ω0

π

∂

∂ω

) Nz−1∑
s=0

cos(πs(ω/ω0 + 1)) (D2)

which is independent of the CEP ϕ. In the limit Nz→∞,
the sum takes a non-zero value only for ω= (2k + 1)ω0, k ∈Z.
We recover that high-harmonic peaks appear at odd orders in
inversion-symmetric materials. ”Non-integer” HHG is there-
fore only present for non-vanishing chirp, f(t), 0, where peak
frequencies ω get shifted according to Eq. (18).

Appendix E: CEP shifts for generic band structures

We derive Eqs. (17) and (18) for a more generic situation,
where the current needs to fulfill

∂tv(ω) =

Nz∑
m=1

vm exp(iωtm(ϕ)) (E1)

for high-harmonic frequencies ω�ω0. The time points tm
are non-equidistant and are shifted by a linearized slope of
f(t) = fchirpt according to

tm(ϕ) = t(0)
m (ϕ)

[
1 − fchirpt(0)

m (ϕ)
]

(E2)

with equidistant t(0)
m (ϕ) = (mπ−ϕ)/ω0. Starting from our defi-

nition of CEP shifts (3), we calculate

(∂I/∂ω)ϕ = i
Nz∑
`,m

α`meiωt`m t`m (E3)

(∂I/∂ϕ)ω = iω
Nz∑
`,m

α`meiωt`m∂ϕt`m , (E4)

where we have defined α`mB v` · v∗m. The non-uniform time
spacings t`m = t`m(ϕ) = t`(ϕ) − tm(ϕ) can be computed as in
App. C.

In the spirit of App. C, we reorganize the sums from indices
`, m to s = `−m and M = (m + `)/2. By identifying αsM =α`m
and using Eq. (C4), we obtain in leading order in fchirp:

(∂I/∂ω)ϕ = i
Nz−1∑

s=1−Nz

t(0)
s eiωt(0)

s

Nz−|s|/2∑
M=1+|s|/2

αsM (E5)

(∂I/∂ϕ)ω = iω
Nz−1∑

s=1−Nz

t(0)
s eiωt(0)

s

Nz−|s|/2∑
M=1+|s|/2

αsM
2
ω0
f′(t(0)

M (ϕ)) ,

(E6)

where we use the equidistant spacing
t(0)
`m = t(0)

`
(ϕ)− t(0)

m (ϕ) = π(`−m)/ω0 from App. C.
Considering an electric field (4), we can simplify the ex-

pression f′(t(0)
M (ϕ)) = fchirp for all M. We insert Eq. (E5) and

(E6) into Eq. (3), arriving at our main result (17) in a slightly
modified form:

dω
dϕ

= − (∂I/∂ϕ)ω
(∂I/∂ω)ϕ

= − 2
ω

ω0
fchirp . (E7)
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TABLE II: Fit parameters α, β, γ of the fits ω(ϕ) =ω0[α+ β(ϕ− ϕ̄) + γ(ϕ− ϕ̄)2] reported in Fig. 4, as function of the average
frequency ω̄ of the line segment. We also report the average CEP ϕ̄ of the line segments.

ω̄/ω0 13.4 13.5 13.6 14.8 15.3 15.8 17.0 17.5 18.1 20.1

α – 0.02 0.01 0.00 – 0.01 – 0.01 – 0.01 – 0.03 – 0.04 0.00 – 0.01

2πβ 1.81 2.00 1.89 1.86 2.23 2.25 2.19 2.24 2.39 2.84

γ 0.02 – 0.02 0.01 0.02 0.00 0.00 0.00 0.02 – 0.01 0.03

ϕ̄/π 1.1 2.1 0.3 2.2 1.6 1.2 1.3 0.9 0.4 1.3

.
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FIG. 6: (a) and (b): Experimental pulse shapes from Ref. [10] that lead to HHG (a) from the topological surface state of Bi2Te3

and (b) from the bulk of Bi2Te3. (c) and (d): Time-local chirp f′(t(0)
M (ϕ=π/2)) evaluated from Eq. (C2) for the pulse shapes from

(a) and (b), respectively. At highest field, M = 0, we have (c) f′(t(0)
0 (ϕ=π/2)) =− 1.0 THz and (d) f′(t(0)

0 (ϕ=π/2)) =− 0.1 THz.

Appendix F: Parameters of the fits reported in Fig. 4

In Table II, we report the full set of fit parameters obtained
from the fitting in Fig. 4.

Appendix G: Evaluating the time-local chirp of experimental
electric field pulses

In this appendix, we evaluate the average chirp f̄′ [defini-
tion in Eq. (C12)] for two electric field pulses that have been
employed in the experiment by Schmid et al. [10] The exper-
imental electric field pulses are sketched in Fig. 6 (a) and (b),
where pulse (a) has been used for HHG from the topological
surface state of Bi2Te3 and pulse (b) for HHG from the bulk
of Bi2Te3 [10].

We evaluate the ”time-local chirp” f′(t(0)
M (ϕ)) which is

the key quantity in our analytical formulae (17) and (18).

f′(t(0)
M (ϕ)) follows from Eq. (C2), f′(t(0)

M (ϕ)) = 1− tm(ϕ)/t(0)
m (ϕ).

The results for f′(t(0)
M (ϕ)) for the pulses in (a) and (b) with CEP

ϕ= π/2 are sketched in Fig. 6 (c) and (d), respectively.

For the pulse from Fig. 6 (a), we observe that close to
M = 0, we have a constant time-local chirp f′ ≈−0.92 THz
(giving −2πf̄′/ω0 ≈ 0.037 with ω0 = 2π · 25 THz) while for
roots |M|> 1, the time-local chirp varies. Thus, higher-order
derivatives of f become important that are not included in the
analysis in App. C and in our analytical result (17).

For the pulse from Fig. 6 (b), we calculate an average time-
local chirp f̄′ = 0.29 THz (average taken in the time interval
[−40 fs, 50 fs]). With the frequency ω0 = 2π · 42 THz, we have
−2πf̄′/ω0 = 0.0069 for the pulse from Fig. 6 (b).

Please note, that, compared to the data in Ref. 10, we have
redefined the CEP, −ϕ→ϕ+ 2π, to match the definition in
Ref. [10] to the definition in our work.
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Appendix H: Verification of the analytical CEP-shift formula
for various pulse shapes and Hamiltonians

In the main text, we have reported high-harmonics spectra
for a time-dependent electric field E(t), Eq. (4), with ampli-
tude E0 = 3 MV/cm, frequency ω= 2π ·25 THz, and pulse du-
ration σ= 90 fs. We also kept the dephasing time T2 = 10 fs
and the Bi2Te3 surface-state Hamiltonian [10] unchanged in
all simulations in the main text. In the main text, we only var-
ied the CEP ϕ and the chirp fchirp. In this appendix, we show
high-harmonics spectra for more values of fchirp, σ, E0, ω, T2
and for additional Hamiltonians.

First, we show the extrema of the emission spectrum for
chirp fchirp =− 2.5 THz, fchirp = 0, and fchirp = 1.25 THz in
Fig. 7 (a) – (c). We observe that the tilt angle dϕ/dω for chirp
fchirp =− 2.5 THz [Fig. 7 (a)] is roughly doubled compared to
fchirp =− 1.25 THz (Fig. 2), fully in line with our analytical
formula (17). For a chirp fchirp = + 1.25 THz [Fig. 7 (c)], the
tilt angle dϕ/dω changes its sign, i.e. the extremal lines are
tilted to the left (from north west to sourth east), as predicted
by our analytical formula (17). For chirp fchirp = 0, our analyt-
ical formula (17) predicts a vanishing tilt angle dϕ/dω. This
prediction is in line with the simulation reported in Fig. 7 (b)
for fchirp = 0, where we observe a tilt angle dϕ/dω that is much
reduced compared to fchirp =− 2.5 THz and fchirp = 1.25 THz
[Fig. 7 (a) and (c)].

We next consider a short pulse with a duration σ= 50 fs
that has approximately only a single cycle σω/(2π) = 1.25
(with ω= 2π · 25 THz). Moreover, we choose a vanishing
chirp fchirp = 0, thus our analytical formula predicts a vanish-
ing tilt angle. We report the extrema of the emission spectrum
in Fig. 7 (d). For harmonics up to 20th order, we observe a
small tilt angle dω/dϕ, that increases with ω. We observe that
irregular patterns arise above 20th harmonic order with pos-
itive and negative tilts dω/dϕ. This pattern hints to another
mechanism underlying the CEP shifts which is not related to
the chirp of the pulse, that is zero. Such mechanisms have
already been suggested [11].

We continue to discuss the extrema in HHG for a short

pulse σ= 50 fs with chirp fchirp =±1.25 THz. The corre-
sponding extrema in the HHG spectra are shown in Fig. 8 (a)
and (b). We observe that, the tilt dω/dϕ is to the right for
fchirp =−1.25 THz in Fig. 8 (a), in line with the analytical for-
mula (17). In contract, no preferred tilt direction is observed
for fchirp = +1.25 THz in Fig. 8 (b), which is in contrast to our
analytical formula (17). We speculate that an additional mech-
anism for generating CEP shifts are present for such a short
pulse with only σω/(2π) = 1.25 cycles, limiting the predictive
accuracy of our analytical formula (17) to many-cycle pulses
with σω/(2π)� 1. For very long pulses with σ= 200 fs, we
find tilts dω/dϕ to the right for fchirp =−1.25 THz [Fig. 8 (c)]
and tilts to the left for fchirp = +1.25 THz [Fig. 8 (d)]

Furthermore, we report CEP-dependent high-harmonic
spectra I(ω) for other parameters in the SBE sim-
ulations: T2 ∈ {1 fs, 100 fs} in Fig. 9, field strength
E0 ∈ {0.1 MV/cm, 30 MV/cm} in Fig. 10, and in addition,
semiconducting Hamiltonians in Fig. 11. We observe in
Figs. 9 and 10 that the tilt angle dω/dϕ increases with increas-
ing harmonic order and that the tilt angle is reversed when
changing the sign of the chirp. Both observations are fully in
line with our analytical formula (17).

We calculate the high-harmonic spectrum from two semi-
conductor models in Fig. 11 (d)-(f) and (g)-(i), in comparison
to a model for the topological surface state, Fig. 11 (a)-(c).
The model underlying Fig. 11 (d)-(f) is the bulk semiconduc-
tor model for Bi2Te3 from Ref. [10]; the semiconductor model
underlying Fig. 11 (g)-(i) is one-dimensional and has constant
dipole and symmetric cosine-like bands. We choose a very
short dephasing time for the bulk systems, T2 = 1 fs, and very
short damping time of band occupations towards the ground
state, T1 = 10 fs. [75] For semiconductors, we choose the same
pulse shape as it has been used for modeling the semiconduct-
ing bulk of Bi2Te3 in Ref. [10]. For all three Hamiltonians,
we observe similar tilt angles, for negative chirp to the right
[Fig. 11 (a), (d), (g)], for positive chirp to the left [Fig. 11 (c),
(f), (i)], and for zero chirp almost no tilt [Fig. 11 (b), (e), (h)],
in line with our analytical formula (17).
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FIG. 7: Local extrema of I(ω) computed from SBEs for the Bi2Te3-surface-state Hamiltonian as in Fig. 2 (b) but with varying
pulse duration and with varying chirp in the driving electric field (4): (a) fchirp =−2.5 THz, σ= 90 fs, (b) fchirp = 0, σ= 90 fs, (c)
fchirp = 1.25 THz, σ= 90 fs, (d) fchirp = 0, σ= 50 fs,
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FIG. 8: Local extrema of I(ω) computed from SBEs for the Bi2Te3-surface-state Hamiltonian as in Fig. 2 (b) but with varying
pulse duration (a), (b) σ= 50 fs and (c), (d) σ= 200 fs (in Fig. 2 (b): σ= 90 fs). For (a) and (c), we choose the shape of E(t)
[Eq. (4)] as in Fig. 2 (b), in particular fchirp = −1.25 THz. For (b) and (d), we choose fchirp = 1.25 THz which leads to an inversion
of the tilt angle, fully in line with our analytical formula Eq. (17).
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dephasing time of (a), (b) T2 = 1 fs and (c), (d) T2 = 100 fs (dephasing time in Fig. 2 (b): T2 = 10 fs). For (a) and (c), we choose
the driving field E(t) [Eq. (4)] as in Fig. 2 (b), in particular fchirp = − 1.25 THz. For (b) and (d), we choose fchirp = 1.25 THz
which leads to an inversion of the tilt angle, fully in line with our analytical formula Eq. (17).
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FIG. 10: Local extrema of I(ω) computed from SBEs for the Bi2Te3-surface-state Hamiltonian as in Fig. 2 (b) but with varying
driving field amplitude (a), (b) E0 = 0.1 MV/cm and (c), (d) E0 = 30 MV/cm (in Fig. 2 (b): E0 = 3 MV/cm). For (a) and (c), we
choose the shape of E(t) [Eq. (4)] as in Fig. 2 (b), in particular fchirp = − 1.25 THz. For (b) and (d), we choose fchirp = 1.25 THz
which leads to an inversion of the tilt angle, fully in line with our analytical formula Eq. (17). We show extremal lines in (a) and
(b) only up to harmonic order ω/ω0 = 26 due to numerical noise present in higher harmonic orders.
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FIG. 11: Local extrema of I(ω) computed from SBE’s for the topological surface state (a,b,c) as in Fig. 2, the Bulk Hamiltonian
of Bi2Te3 (d,e,f) from Ref. [10] and a one dimensional model with constant dipole and symmetric cosine-like bands (g,h,i). For
the latter, we use a gap of 0.15 eV and a band width of 8.7 eV. The Brillouin zone has a size 2π/3Å and dipole is d = 3eÅ
(e: electric charge). We use three different chirp-frequency-ratios, (a,d,g) 2π fchirp/ω0 =−0.05, (b,e,h) fchirp/ω0 = 0 and (c,f,i)
2π fchirp/ω0 = +0.05. For (a) - (c), the driving pulse is parametrized from Eq. (4) with E0 = 3 MV/cm, ω0 = 2π · 25 THz and
σ= 90 fs, as already used in Fig. 2. For (d) - (i), the parameters are E0 = 3 MV/cm, ω0 = 2π · 40 THz and σ= 50 fs as in Ref. [10]
for simulating HHG from the semiconducting bulk of Bi2Te3. The respective electric fields for CEP ϕ= 0 are shown in the insets.
We employ a dephasing time T2 = 10 fs for the surface state model [(a - c)] and T2 = 1 fs in the bulk case [(d - i)] as in Ref. [10].
Additionally, the band occupations are damped towards the ground state with a damping time T1 = 10 fs [only for (d) - (i)] as in
Ref. [10].
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A. Scrinzi, T. W. Hänsch, and F. Krausz, Attosecond control
of electronic processes by intense light fields, Nature 421, 611
(2003).

[45] C. Manzoni, M. Först, H. Ehrke, and A. Cavalleri, Single-shot
detection and direct control of carrier phase drift of midinfrared
pulses, Opt. Lett. 35, 757 (2010).

[46] M. Meierhofer, S. Maier, D. Afanasiev, J. Freudenstein, C. P.
Schmid, and R. Huber, Interferometric carrier-envelope phase
stabilization for ultrashort pulses in the mid-infrared, arXiv
preprints, arXiv:2207.10073 (2022).

[47] S. Schmitt-Rink, D. S. Chemla, and H. Haug, Nonequilibrium
theory of the optical Stark effect and spectral hole burning in
semiconductors, Phys. Rev. B 37, 941 (1988).

[48] M. Lindberg and S. W. Koch, Effective Bloch equations for
semiconductors, Phys. Rev. B 38, 3342 (1988).

[49] C. Aversa and J. E. Sipe, Nonlinear optical susceptibilities of
semiconductors: Results with a length-gauge analysis, Phys.
Rev. B 52, 14636 (1995).
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