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Abstract  Relations between the Atiyah—Patodi—Singer rho invariant and signatures of links have been
known for a long time, but they were only partially investigated. In order to explore them further, we
develop a versatile cut-and-paste formula for the rho invariant, which allows us to manipulate manifolds
in a convenient way. With the help of this tool, we give a description of the multivariable signature of a
link L as the rho invariant of some closed three-manifold Y7, intrinsically associated with L. We study
then the rho invariant of the manifolds obtained by the Dehn surgery on L along integer and rational
framings. Inspired by the results of Casson and Gordon and Cimasoni and Florens, we give formulas
expressing this value as a sum of the multivariable signature of L and some easy-to-compute extra terms.
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1. Introduction

Given a closed, oriented manifold N of odd dimension, together with a representation
a: m (N) — U(n) for some n € N, we can consider the Atiyah—Patodi-Singer rho invari-
ant po(N). This is a real number defined as the difference between the eta invariant of
the twisted and the untwisted odd signature operator associated with any Riemannian
metric on N, and it turns out to be independent of the choice of the metric [1, 2]. The
rho invariant is thus defined as a spectral invariant, but it has the following fundamental
property that relates it to well-studied topological invariants: if N is the boundary of a
compact, oriented manifold M such that the representation o extends to (M), then it
can be computed as

Pa(N) = no(M) — o4(M), (L1)
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2 Enrico Toffoli

where o(M) denotes the ordinary signature of M, and o,(M) is the twisted signature
associated with the chosen extension a: w1 (M) — U(n).

In knot theory, rho invariants are used to give descriptions and generalizations of knot
and link signatures. One of the basic observations is that, if Sk is the closed manifold
obtained by 0-framed surgery on K and «: m1(Sk) — U(1) is the representation sending
the meridian of K to w € U(1), then

pa(SK) = =0k (W), (1.2)

where o is the Levine-Tristram signature function of K. Atiyah—Patodi-Singer rho
invariants associated with higher-dimensional non-abelian representations were used in
the knot theory by Levine [22, 23] and Friedl [16, 17] as obstructions to knot and link
concordance. Multivariable signatures of links, defined by Cimasoni and Florens [9] using
generalized Seifert surfaces, were given a description as twisted signatures of four mani-
folds and also employed as concordance invariants [9, 12, 13]. However, a description of
them as Atiyah—Patodi-Singer rho invariants was not investigated thoroughly. One of the
goals of this paper is to fill this gap.

Given the difficulty in computing rho invariants directly, it can be very useful to study
their behaviour under modifications of the original manifold. One possible way to simplify
manifolds is what we will call cut-and-paste through the rest of the paper. If a closed
(2k + 1)-dimensional manifold is split by a codimension-one closed manifold ¥ into a
union X7 Uy X5, we can often find a manifold X with 90Xy = —3 such that X; Uy Xg
and — Xy Uy Xo are “simpler” than X; Uy X5. Schematically, we write this modification
as

XiUs Xo ~ XiUs Xy U —XgUx Xo.
It is then useful to compare the rho invariant of X; Uy X5 with the sum of the rho

invariants of the two other manifolds. Recall that, when X; is any of the three manifolds
Xo, X1, or X, the subspace

Vi, = ker(Hy(3; C}) — Hp(X3;Cy)).

is Lagrangian in Hy(3;C!) with respect to the symplectic form given essentially by the
twisted intersection form (we will omit « from the notation when we are considering
the trivial one-dimensional representation). In particular, we can compute their Maslov
triple index T(V)%O, Vg V)‘?z), which is an integer-valued function defined on triples of
Lagrangian subspaces (see Definition 3.1). We prove the following cut-and-paste formula
for the Atiyah—Patodi-Singer rho invariant.

Theorem 3.9. Let X1, X5 and Xy be compact, oriented manifolds of dimension 2k + 1
with 0X1 = —0Xg = —0X2 =: %, and let a: 71 (X1 Uy Xo) — U(n) be a representation
that extends to m(Xy). Then, for every choice of such an extension, we have

Pa (X1 Usy Xo) = po (X1 Us; Xo) + pa(—Xo Us Xo) + C,

where
C= T(V)%Ov V)?lv V)?g) - nT(VXm VXl ) VXz)a

with the first Maslov triple index performed on Hj(0X;CI), and the second on
Hk(aXl,C)
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An analogous cut-and-paste formula for the untwisted eta invariant was proved by
Bunke [5, 2.5]. Formulas related to Theorem 3.9 were also discussed by Kirk and Lesch
in connection with their gluing formulas for eta invariants for manifolds with boundary
[21, Section 8.3]. In fact, our cut-and-paste formula can also be proved using their results
(see [28, Section 2.3.4]). Here, however, we give a simple proof which does not involve rho
invariants with manifolds with boundary, and it is based on Wall’s non-additivity for the
signature instead.

The second part of the paper is made up of applications of Theorem 3.9 in the context
of link theory, which help relate multivariable signatures to rho invariants. We consider
from now on only rho invariants of three-manifolds with one-dimensional representations
of the fundamental group. As such representations factor through the first homology in
a unique way, we can simply see them as representations of the first homology group.
We recall that a k-component link I = Ky U---U K}, is said to be n-coloured if it is
considered together with a surjective map c¢: {1, ..., k} — {1, ..., n}, which partitions
it naturally into n sublinks Lq, ..., L,. A component K; is then said to have colour ¢(7).
Given an n-coloured link L in S2, the Cimasoni-Florens signature is a function

or: T} — Z,

where T? := (S'\ {1})". If n =1, o1 coincides with the Levine-Tristram signature
function. Now, let X be the exterior of L, i.e. the complement of an open tubular
neighbourhood of L in $3. Then, X, is a compact, oriented three manifolds with bound-
ary, whose first homology group is a free abelian group generated by the meridians of L.
Observe that T? has a natural bijection with the set of representation Hy(Xp;Z™) — U(1)
that send the meridians of components of the same colour s to a same value w, € S*\ {1}
(we call these coloured representations): given an element w = (wi, ..., wy,) € T7, we
have an associated coloured representation « defined by sending the meridian of a com-
ponent K; to to we;). The following result, which can be seen as a generalization of
(1.2), expresses the multivariable signature of L as the rho invariant of a suitable closed
three-manifold Y7 which only depends on L. This manifold Yy, is built by gluing the
link exterior X together with a three-manifold with boundary obtained by plumbing
punctured disks in a way that is prescribed by the linking numbers of L. For a precise
definition of Y7, see Construction 4.17.

Proposition 4.18. Let L be an n-coloured link. Let w € T?, and let o: Hy(Xp;Z) —
U(1) be the associated coloured representation. Then, o can be extended to a represen-
tation of Hy(Yy;Z) and, for any choice of an extension, we have

pa (Y1) = —or(w).

The manifold Y7, has a very simple description in the case when L is colour-to-colour
algebraically split, i.e. when the total linking number 1k(Ls, L¢) is 0 for every pair of dis-
tinct colours s, t. Under this assumption, we prove two formulas relating the rho invariants
of the closed manifolds obtained by the Dehn surgery on L with the multivariable signa-
ture of L. Given a link L = K7 U --- U K}, with a rational framing r = (ry, ..., rg) € Q*,
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let A, be the rational matrix with coefficients

R P if i = j.

As A, is a symmetric matrix, we can compute its signature sign A,.. Let S (r) be the
closed three-manifold obtained by the Dehn surgery on L along the rational framing r.
We say that a representation «: Hi(Xp;Z) — U(1) is compatible with r, if it extends
to Hy(SL(r);Z). First, we focus on surgery along integral framings. In this context, a
fairly general formula was given by Cimasoni and Florens [9, Theorem 6.7], extending
to the multivariable setting a result of Casson and Gordon [7, Lemma 3.1] (see also [19,
Theorem 3.6]). These formulas only consider representations with a finite image and are
written in terms of the invariant o(N, «) of Casson and Gordon (see § 2.3). Rewritten in
terms of the rho invariant, the result of Cimasoni and Florens reads as follows.

Theorem 4.21 (Cimasoni—Florens). Let L be a k-coloured k-component link. Let
q € N a positive integer and let ny, ..., nx € {1, ..., p— 1} be integers, each of which
is coprime with q. Let w = (e2™™1/4 . *™"/9) ¢ T? and let a: H,(X1;Z) — U(1)

be the associated coloured representation. Let g be a compatible integral framing on L.
Then, we have

k
. 2
palSua) = =ou) + 3 Ay +signdy — 53 2(a = nomA

i<j

Theorem 4.21 applies to the signature associated with the maximal colouring, where
all distinct link components have different colours, but a formula for any colouring can be
easily deduced from it. However, there are some restrictions on the values of w that limit
its use. Under the assumption of L being colour-to-colour algebraically split, we prove
the following formula with no restrictions on the values of w.

Theorem 4.24. Let L be an n-coloured link which is colour-to-colour algebraically
split. Let w € T?, and let aw: H1(X;Z) — U(1) be the associated coloured representation.
Let g be a compatible integral framing on L. Then, we have

pa(SL(9)) = —oL(w) + signAy — 2 habs(1 - 0s),

s=1

where, for each colour s, the values hs and 64 are determined by

hs = Z Aij, 6, € (0,1) such that w, = >,
c(i)=c(j)=s

Theorem 4.24 is proved by first describing the multivariable signature as a rho invariant
using Proposition 4.18, and then applying the cut-and-paste formula (Theorem 3.9) to
modify Y7, into a disjoint union of Sy, (g) and lens spaces L(hg, 1), for which we can write
the rho invariant very explicitly. The proof is completed by a careful computation of the
Maslov triple index involved in the cut-and-paste formula.
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Suppose now that a stronger assumption on the linking numbers is satisfied, namely
that every link component K; has total linking number 0 with all sublinks L4 such that
s # c(i). We say in this case that L is component-to-colour algebraically split. Then,
as it is easy to verify, there is a particular integer framing f; (the Seifert framing)
which is compatible with all coloured representations Hi(Xr;Z) — U(1). An immediate
consequence of Theorem 4.24 is the following.

Corollary 4.28. Let L be an n-coloured link which is component-to-colour alge-
braically split. Let w € T?, and let a: H1(Xp;Z) — U(1) be the associated coloured
representation. Then, «a extends to Hy(Sr(fr);Z) and we have

Pa(SL(fL)) = —oL(w) +signAy, .

The analog to Corollary 4.28 for the onecoloured setting was used by Nagel and Powell
in studying concordance properties of the Levine-Tristram signature [25]. Besides being
a useful formula on its own, moreover, Corollary 4.28 is our starting point to prove a
result that takes into account (non-integral) rational framings. This is expressed by the
next and final result of this paper.

Theorem 4.31. Let L be an n-coloured, k-component link that is component-to-colour
algebraically split. Let w € T?, and let «: m(Xy) — U(1) be the associated coloured
representation. Let r be a compatible rational framing on L. Then, we have

E

pa(SL(r)) = —or(w) + signA, — Z(p(L(piv%)vwc(i)) + sgn(pi/qi)),

i=1

where p;, q; are coprime integers such that r; — f; = p;/q; (here, f; is the i-th coefficient
of the Seifert framing).

As in the proof Theorem 4.24, lens spaces arise from the cut-and-paste construction.
In this case, we do not spell out the values of their rho invariant in the statement of the
theorem, as this would make the formula more cumbersome. Note, however, that these
values can always be easily computed (see Proposition 2.10).

Observe that onecoloured links are a special case of component-to-colour algebraically
split links. In particular, Theorem 4.31 gives a new formula relating rho invariants with
the Levine—Tristram signature.

Remark. Whenever not stated otherwise, all manifolds are assumed to be smooth.

Outline of the paper

In §2, we review the basics about twisted signatures and Atiyah-Patodi-Singer rho
invariants. We illustrate then a formula for the rho invariant of a three-dimensional lens
space. In §3, we review the Maslov triple index of Lagrangian subspaces and Wall’s non-
additivity theorem for the signature. We prove then our cut-and-paste formula (Theorem
3.9). In §4, we develop the applications in the knot theory. We first prove the basic for-
mula relating rho invariants and multivariable signatures (Proposition 4.18), and then
use it to show results about integer (Theorem 4.24) and rational (Theorem 4.31) Dehn
surgery.
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2. Twisted signatures and rho invariants

In § 2.1, we review the definition of twisted homology and twisted signatures and set
notation for these. In § 2.2, we recall the basics about Atiyah-Patodi—Singer eta and rho
invariants. In § 2.3, we underline the relation between these invariants and an invariant
of Casson and Gordon. In § 2.4, we give a reinterpretation of a well-known computation
for the rho invariant of three-dimensional lens spaces.

2.1. Twisted intersection forms and signatures

Let M be a connected, compact, oriented manifold of dimension 2%k with a represen-
tation a: w1 (M) — U(n) for some n € N. Let 7 := 71 (M). Let M be the universal cover
of M, so that 7 acts on the left on C,.(M) by deck transformations, and on C" through

the representation a (we write C? for the left Z[r]-module coming from this action). We
consider the twisted homology groups

Hy(M;C) == Hy((C2)* @p) Cu(M)),
H'(M;Cg.) := H'(Homgz (C..(M),C)),

where the ¢ denotes the fact that we are turning the left Z[r]-module structure of C" into
a right one by means of the involution g — ¢g~! in 7. Relative homology and cohomology
groups are defined in a similar manner, as well as twisted homology groups with different
Z|r]-modules (see e.g [18, Definition A.2]).

Remark 2.1. If M = M; U---U My is a disjoint union of connected manifolds M,
we will make the abuse of notation of writing o: w1 (M) — U(n) to denote a collection of
representations o : m1(M;) — U(n). In this case, we define then

H;(M;C}) @HM Co).

We recall the following facts.

Fact 1. Given a subset N C M, there is a well-defined cup product [18, Lemma A.11]
U: HP(M, N;C?) x HY (M, N;CZ%) — HP*9(M, N;C!' @7 CL),
where @ denotes the complex-conjugate representation of «.
Fact 2. As the representation « is Hermitian, the standard Hermitian product of C"
gives rise to a well-defined map of Z[r]-modules C}} ®z CZ — C (where C is the Z[r]-

module associated with the trivial one-dimensional representation). This induces a group
homomorphism

HP*9(M, N;Cl, @7 C) — HP (M, N; C).
Composing the above map with the cup product of Fact 1, and observing that
H(M, N;CZ%) coincides with the complex-conjugate vector space H4(M, N;Cn), we
get a bilinear map

Uc: HP(M,N;C") x H1(M,N;C") — HPT4(M, N;C).
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Fact 3. There are twisted Poincaré duality isomorphisms [18, Theorem A.15]
PD: H?(M,0M;C) = Hap_,(M;CL).

Fact 4. Since the representation « is unitary, the evaluation map in twisted homology
gives rise to an isomorphism [11, Lemma 2.7]

eve: Hq(M; (CZ) — Homc(mv (C)

Using the first three facts, we define the twisted intersection form as the sesquilinear
form
I]O\t/[: Hk(M; (CZ) X Hk(M; (Cg) — (C,
given by

I§;(a,b) = (PD™"(a) Uc PD™'(b), [M])

(compare e.g. with [18, Section 13]). As for the ordinary intersection pairing, the proper-
ties of the cup product make the form 7§, Hermitian if k is even and skew-Hermitian if
k is odd. This leads to the following definition.

Definition 2.2. Let M be a compact oriented manifold of dimension 2k with a
representation «: m (M) — U(n). The signature of M twisted by « is the integer

(M) = s?gn({]‘@), if.k is. even,
sign(i I5;), if k is odd,
where sign denotes the signature of a Hermitian form.

Observe that the form If; can be defined alternatively using the sequence of maps

Hy(M;C2) 25 Hy (M, OM;C2) P2 H*(M; Cr) 2 Hom(H, (M; Cp), ©)

(see e.g. [12, Definition 2.7]), where evc is the map discussed in Fact 4. From this point of
view, we see that the radical of I§; coincides with the kernel of j,, as the two other maps
in the composition are isomorphisms. As a consequence, I§; is non-degenerate whenever
M is closed.

2.2. Basics on the rho invariant

Let N be a closed, oriented, Riemannian manifold of dimension 2k + 1, with a represen-
tation a: m (N) — U(n). Let E, — N be the associated flat vector bundle, and consider
the subspace

k
Q%(N, Eo) == P Q*(N,Ea)
q=0

of twisted differential forms of even degree (see [2, Section 2| for details). Let D%, be
the twisted odd signature operator, i.e. the first-order differential operator on Q¢ (N, E,)
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defined by
D% ¢ = (—1)""1 % (xd — dx)p, for ¢ € Q*(N,E,).

The operator DY, can be extended to a self-adjoint elliptic operator with discrete spectrum
and, by the results of Atiyah, Patodi, and Singer [3, Theorem 4.5], its eta function

n(s)= > senA|A
AESpec(Dyy)
A#£0
has a meromorphic extension which is holomorphic at s = 0, leading to the eta invariant

Na(N) :=n(0) € R.

We say that a compact Riemannian manifold M has metric of product form near the
boundary, if there exists a neighbourhood of 9M that is isometric to (—¢, 0] x OM with
the product metric. The main result about the eta invariant of the twisted signature
operator is the following [2, Theorem 2.2].

Theorem 2.3 (Atiyah—Patodi—Singer). Let M be an even-dimensional compact,
oriented manifold with OM = N, equipped with Riemannian metric of product form
near N, and let a: m (M) — U(n) be a representation. Then

7alM) =1 [ L(p) = nalN),
M
where L(p) is the Hirzebruch L-polynomial in the Pontryagin forms of M.

Note that both summands on the right-hand term depend on the Riemannian metric
on N. We shall not dwell upon the geometrical significance of the integral of the L-
polynomial, as it is going to get simplified soon.

Remark 2.4. The restriction of a: m (M) — U(n) to a representation of 71 (N) is
made by composing « with the natural map m (V) — 71 (M). If N is not connected,
a map 71(Ny) — 71 (M) for each connected component N; of N can be obtained by
choosing appropriate paths between base points. The restriction a: m1(N) — U(n) must
be interpreted as the collection of the representations m (N;) — U(n) for all connected
components N;. The invariant 1, (N) is defined in this case as the sum of the eta invariants
of the N;’s.

For the eta invariant associated with the untwisted odd signature operator Dy on
Qv (N, C), we use the notation n(N) :=n(Dy). Following Atiyah, Patodi, and Singer
[2], we are now going to define the rho invariant.

Definition 2.5. Let N be a closed, oriented manifold of odd dimension, and let
a: m(N) — U(n) be a representation. The Atiyah—Patodi-Singer rho invariant of N
associated with « is the real number

Pa(N) :=na(N) —nn(N),

where the eta invariants are computed for an arbitrary Riemannian metric on N.
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We shall see in a moment that the difference 1, (N) —nn(N) is independent of the
Riemannian metric, so that p,(N) is well defined. Moreover, p.(N) is 0 for trivial
representations 7, and it satisfies

pa(—N) = —pa(N). (2.1)
The main theorem about the rho invariant is the following.

Theorem 2.6 (Atiyah—Patodi—Singer). (i) po(NN) is independent of the Rie-
mannian metric on N.

(ii) If M is a compact, oriented manifold with OM = N and « extends to M, then
pa(N) = n (M) — oo (M).

Proof. Both statements are easy consequences of Theorem 2.3. See [2, Theorem 2.4].
O

We state one more well-known result that will turn useful later on.

Proposition 2.7. Let ¥ be a closed, oriented surface, and let 1: (X x S*) — U(1)
be a representation. Then py (X x S') = 0.

Proof. See e.g. [12, Lemma 4.2]. O

2.3. Rho invariants and Casson—Gordon invariants

We will now review the definition of an invariant of Casson and Gordon and relate it to
the Atiyah—Patodi—Singer rho invariant. Let N be a closed, oriented three manifolds, and
let «: Hy(N;Z) — U(1) be a representation. Assume that the image of « is finite. Using
a bordism argument, Casson and Gordon observe that there exists a compact, oriented
four-manifold W such that the boundary of W is the disjoint union of r copies of N for
some r € N (we will write 9W = rN) with a representation «': Hy(W;Z) — U(1) that
restrict to & on each boundary component [8, p. 183]. They define then an invariant as

o(N,a) = %@a,(W) —o(W)), (2.2)
By additivity of the signature and again some bordism theory, they show that the invari-
ant (N, «) is independent of the choice of W and of the extension ' [8, p. 183-184] (see
also [12, Corollary 2.11] for a more detailed version of their proof). Using the Atiyah—
Patodi-Singer index theorem, their invariant can be immediately reinterpreted as an
Atiyah—Patodi-Singer rho invariant. We state this explicitly for further reference, albeit
it is surely known to the experts.

Proposition 2.8. Let N be a closed, oriented three-manifold, and let «: Hy(N;Z) —
U(1) be a representation with finite image. Then, we have

o(N,a) = —pa(N).

https://doi.org/10.1017/50013091522000153 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091522000153

10 Enrico Toffoli

Proof. Let W be a compact, oriented four-manifold with OW = r N, with a represen-
tation o: Hy(W;Z) — U(1) that restricts to « as discussed above, so that o(N, «) is
described by (2.2). Using Theorem 2.6, on the other hand, we have

Tpa(N) = po(rN) = o(W) — oo (W).
Comparing this with (2.2), we obtain the desired statement. O

2.4. The rho invariant of lens spaces

Given coprime integers p and ¢, the three-dimensional lens space L(p, ¢) can be built
as the union of two solid tori Yi, Y5 along any orientation-reversing diffeomorphism
f:0Ys — 0Y; such that

Je(p2) = —qu1 +pAy,

where pq, po are the meridians, respectively, of Y7, Y, and \; is a longitude of Y;. This
construction is well defined for both positive and negative values of p and ¢. For positive
p it coincides, up to some explicit orientation-preserving diffeomorphism, with the classi-
cal definition of L(p, q) as a quotient of S (compare with [15, Lemma 91.3]). In general,
there are orientation-preserving diffeomorphisms

L(—-p,q) = L(p, —q) = —L(p, q).

In particular, for both positive and negative p, we have an identification of 71 (L(p, q))
with Z/p, and under this identification, the element [1] € Z/p corresponds to the generator
of ™1 (Yi)

Rho invariants of three-dimensional lens spaces can be computed explicitly. As every
representation a: Z/p — U(n) can be written as a direct sum of one-dimensional repre-
sentations, we shall focus on one-dimensional representations. Moreover, we shall exclude
the case p = 0, as L(0, 1) is diffeomorphic to S? x S! and its rho invariant is 0 for any
choice of a. We observe in this case that the representations a: Z/p — U(1) are in a
natural bijection with the set of [p|*" roots of unity: to each such root w, we associate the
representation a,, sending 1 to w.
|th

Notation 2.9. Given a |[p|*™ root of unity w, we write

p(L(p,q),w) := pa, (L(p,q))-

Formulas for the rho invariants of lens spaces were given since the original paper
of Atiyah, Patodi and Singer [2, Proposition 2.12]. Introducing the periodic sawtooth
function () : R — (=1, %) defined by

if z € R\ Z,
0, frez.

we give the following description.
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Proposition 2.10. Let p, ¢ be two coprime integers with p # 0, and let { = e>™#/P.
Then, for k € {0, 1, ..., |p| — 1}, we have

P2, ¢1) = 42 () -=(5):

Proof. We first suppose p, ¢ > 0. Set z := e2™"/? with n = ged(p, k), and set r :=
k/n. Then, we have (¥7 = 279, The representation sending 1 to w? has as its image the
set of m™ roots of unity, with m such that p = mn. In this setting, Casson and Gordon
[8, pp.187-188] proved that

o(L(p,q),a,) =4 (areaA (m", %) — intA (nr, %)) , (2.3)

where A(z, y) is the triangle with vertices (0, 0), (z, 0) and (z, y) and the number
int(A(z, y)) is given by counting:

e +1 for every point of Z? that lies in the interior of A(x, y);
e +1/2 for every point of Z? that lies in the interior of its edges;
e +1/4 for every point of Z? \ {(0, 0)} that coincides with one of the vertices.

Using Proposition 2.8 and the definition of r, we rewrite (2.3) as

k k
pL(p,q), M) = A(intA(k, =) — areal(k, —1)). (2.4)
p p
We will now express the right-hand term of (2.4) in a more explicit way. First of all, it is
k 2
clear that 4 area A(k, q) My, Moreover, we can count the lattice points inside the
triangle by following vertical lines {(z, y) |z = j}, for j =1, ..., k, and then summing
over j. We obtain
k—1 .
k 1 1 1k
s 2) 453 [2]) (3 11%)
P = 2 P 4 2Lp
k—1 . 1
=2-1+43 |Z]+2| 2]
— Lp p
J_
Taking the difference, we obtain thus
k
p(L(p,q), C*1) = k;2 Yok 1 +4Z quJ +2| qu (2.5)

j=1

Expanding the expression in the statement, it is now immediate to see that it coincides
with (2.5). As the sawtooth function ((-)) is odd, we see that both sides of the identity
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change sign when either p or ¢ is changed of sign. As a consequence, the result keeps
holding for non-positive choices of p and q. O

Corollary 2.11. Let n be any integer, and let w € U(1) be an |n|** root of unity.
Then, we have

p(L(n,1),w) = 2nd(1 — 0) — sgn(n),
where 6 € [0, 1) is such that w = 7%,

Proof. For n =0, we have p(L(n, 1), w) = 0 for all w € U(1) because L(0, 1) = 5% x
S', so that the result is trivially satisfied in this case. For n > 0, there has to be a
ke€{0, 1, ---n—1} such that § = k/n, with k € {0, 1, ---n — 1}. From (2.5), we easily
see that

2k?
p(L(n,1),w)=——+2k—1=2n0(1-0) — 1,
n

and the desired formula is satisfied in this case. For negative n, we obtain now from the
last equation that

p(L(n,1),w) = —p(L(—n,1),w) =2n0(1 — 0) + 1,
which leads to the general formula of the statement. O

Remark 2.12. Proposition 2.10 can be used to write rho invariants of lens spaces as
a difference of Dedekind-Rademacher sums. See [28, Theorem 3.3.27].

3. The cut-and-paste formula

In § 3.1, we recall the definition of the Maslov triple index of three Lagrangian subspaces
in a complex symplectic space. In § 3.3, we review a (non-)additivity theorem of Wall
for signatures of manifolds under some fairly general notion of gluing. In Section 3.4, we
prove the cut-and-paste formula for the Atiyah—Patodi-Singer rho invariants (Theorem
3.9), which is the main result of this section.

3.1. Complex symplectic spaces and the Maslov triple index

A complex symplectic space is a pair (H, w) such that H is a finite-dimensional complex
vector space, and w: H x H — C is a non-degenerate skew-Hermitian form, called the
symplectic form. We shall often omit w from the notation and simply call H a complex
symplectic space. We recall that a subspace L C H is Lagrangian if it coincides with its
orthogonal complement with respect to the symplectic form w. Let Lag(H) denote the
set of all Lagrangian subspaces of H. We are now going to define a function

7: Lag(H) x Lag(H) x Lag(H) — Z.

Given three Lagrangian subspaces L1, Lo, L3 € Lag(H), it is immediate to verify that
the sesquilinear form

leLngi (L1 +L2) ﬂL3 X (Ll +L2) ﬁLg — C
(a1 + ag,b1 + b2) — w(as, by)
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(with aq, by € Ly and ag, by € Lo) is well defined and Hermitian. In particular, we can
give the following definition.

Definition 3.1. The Maslov triple index of (L1, Lo, Ls3) is the integer
7(L1, Lo, L3) = signr, 1,1,

The Maslov triple index satisfies several elementary properties, among which are the
following two.

Proposition 3.2.
(i) Let Ly, Lo, L3 € Lag(H), and let a be a permutation of the set {1, 2, 3}. Then
T(La(l)a Loz(2)7 La(3)) = sgn(a) T(Lh L27 LS)

In particular, the Maslov triple index vanishes whenever two of the Lagrangians
coincide.

(ii) Let Ly, Lo, L3, Ly € Lag(H). Then, T satisfies the cocycle equation
7(L1, L2, L3) — 7(L1, Lo, Ly) + 7(L1, L3, Ly) — 7(L2, L3, Ls) = 0.

Proof. See e.g. [6, Section 8] for proofs in the real symplectic setting. These can be
transferred verbatim to the complex symplectic one. O

Example 3.3. Suppose that (H, w) is a complex symplectic space of dimension 2. Let
(1, A) be an ordered basis in which w is represented by the matrix ((1) Bl), i.e. such that

wp, ) =wAA) =0, wp,A)=-1
we shall call such pair a symplectic basis. Then, it is easy to verify that a one-dimensional

subspace is Lagrangian if and only if it is the span of some vector au + b with a, b € R.
We set in this case the notation

T(v1,v2,v3) 1= T(Spanc{v1 }, Spanc{va }, Spanc{vs}).
Using the definition of the Maslov triple index, we easily compute that
7(p, A\, ap + bA) = —sgn(abd).

3.2. Complex symplectic spaces and twisted homology

In the applications, complex symplectic spaces will arise from the following setting.
Let ¥ be a 2k-dimensional closed, oriented manifold, and let a: 71(X) — U(n) be a
representation. As we have seen, the twisted intersection form on H := Hy(3;C2) is
Hermitian if £ is even, and it is skew-Hermitian if k is odd. Moreover, it is non-degenerate
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because X is closed. We can thus always consider the non-degenerate, skew-Hermitian
form

Iy, if k is odd,
w:=
113, if k is even,

which makes the pair (H, w) a complex symplectic space. We introduce the following
notation.

Notation 3.4. Given a compact, connected (2k + 1)-dimensional manifold X with a
representation «: m (X) — U(n), we set

VR = ker(Hy(0X;CL) — Hi(X;C7)).
A well-known argument based on Poincaré duality shows that V¢ is a Lagrangian
subspace of Hy(0X;C!) with respect to w (compare with [14, Lemma 2.14] and [28,

Proposition 1.4.6]). We can thus give the following definition.

Definition 3.5. Let X be compact, connected manifold of dimension 2k + 1, and
let a: m1(X) — U(n) be a representation. We refer to V¢ as the canonical Lagrangian
associated with X and a.

3.3. Wall’s non-additivity of the signature

We shall now review a result of Wall. We start with some notation that will be useful
throughout the paper.

Notation 3.6. Given two topological spaces X, Y with a common subspace A, we set
XUpaY :=(XUY)/~,

where ~ is the relation that identifies every element in A C X with its copy in A C Y.
We say that X U, Y is obtained by gluing X and Y along A. If X and Y are manifolds
with 0X = 9Y, we also write X Uy Y to denote the gluing along their common boundary.

Suppose that M is a compact, oriented manifold of even dimension that is split as
M = My Ux, M>

along a properly embedded submanifold Xy of codimension 1, which is allowed to
have boundary ¥. Let X; :=0M; \ int(Xy) and X3 := 9M; \ int(Xp). As unoriented
manifolds, we have then Xy = 0X; = 0X, =X and

OM; = X, Us, Xo, OMy = XoUs Xo, OM = X; Us X,. (3.1)
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P

We pick on X the orientation coming from being a codimension 0 submanifold of
OM7, and we give ¥ the orientation coming from being the boundary of X;. Suppose now
that a: m (M) — U(n) is a representation. In our setting, ¥ is (up to orientation) the
common boundary of Xo, X; and Xp, so that the canonical Lagrangians V¢ , V¢ and
Vg, all live in the same space Hy(X; Cy). In particular, it makes sense to compute their
Maslov triple index. In fact, the following result holds.

Theorem 3.7 (Wall’s non-additivity). Let M be a closed, oriented, even-
dimensional manifold, and let o: m (M) — U(n) be a representation. Then, if M
decomposes as M = M, Ux, M2 as above, we have

0a(M) = 00 (M) + 00(M2) = 7(VZ, VX, VX, ).

Remark 3.8. Theorem 3.7 was originally proved by Wall for the untwisted signature
[30] (see also the paper of Py [27, (3.2)] for a more detailed proof), and it can be easily
checked that the result extends to twisted signatures. See [12-14] for further references
and uses of the twisted version of the theorem.

3.4. The cut-and-paste formula for the rho invariant

Suppose to have a closed, oriented (2k + 1)-dimensional manifold that is split by a
codimension-one closed manifold ¥, yielding a decomposition X; Uy Xo. Let Xy be a
compact, oriented manifold with Xy = —X. Then, we can replace X; Uy, Xo with the
disjoint union of X; Uy, Xy and — X Uy, Xo. We will call this manipulation cut-and-paste.
Schematically, we have

X1Us Xy ~ Xy Us Xg U —XgUsg Xo,

and pictorially we can represent the operation as in the next figure.
b b b

X4 X5 ~ Xy Xo —Xo Xo
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Suppose now that «: m(X; Ux X2) — U(n) is a representation. In particular, a is
defined on 7;(X;) and on 71(X). In order to have rho invariants of X; Uy X, and
— X Us X2 to be compared to p, (X7 Us X5), we need to extend « to the fundamental
groups of these manifolds. This is possible if and only if we can construct an exten-
sion of a from (%) to w1 (Xp): then, using Seifert—Van Kampen’s theorem, this will be
patched with a: 71(X1) — U(n) to produce representations m (X; Usg Xo) — U(n) and
71 (—Xo Us Xo) — U(n). For simplicity, we will use the same notation a for all of these
representations. Then, we want to compute the correction term C' in the formula

Pa(X1 Us; Xo) = pa(X1 Us Xo) + pa(—Xo Us X2) + C. (3.2)

Now, if X7 Uy Xy and — X Us; X2 bound manifolds W7 and W5 such that the represen-
tation extends, then Wall’s theorem, together with the Atiyah—Patodi-Singer signature
theorem, tells us how to compute the correction term. Namely, in that case, we have

C = T(V)((lo’ V)(gl, V)(;Z) — TLT(VXO, VX17VX2)' (33)

The content of the main result of this section is that the correction term C' of (3.2) is
always given by (3.3), no matter whether the manifolds W, and Wy exist. This should
be compared with an analogous result for the untwisted eta invariant [5, 2.5].

Theorem 3.9. Let X, X5 and Xy be compact, oriented manifolds of dimension 2k + 1
with 0X1 = —0Xg = —0X, =: %, and let a: m (X1 Uy X2) — U(n) be a representation
that extends to m(Xg). Then, for every choice of such an extension, we have

Pa (X1 Us Xo) = po (X7 Us, Xo) + po(—Xo Us Xo) + C,

where
C = T(V)(;O, V)(?l, V)%z) — 7’LT(VX07VX1, VX2),

with the first Maslov triple index performed on Hj(0X;CI'), and the second on
Hi(0X4;C).

Proof. Consider the oriented manifolds
M1 = [0, 1] X (Xl Us )(0)7 M2 = [0, 1] X (—XO Us XQ)
We glue then M; with My along {1} x X, obtaining a topological oriented manifold M

to which o extends.
b ) )

X1 Xo U —Xo Xo - X1 X

M, Mo M
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The boundary of M can be described topologically as
OM = (— (X1 Us Xo) U —(—Xo Us X2)) U (X7 Us Xo), (3.4)

and we can equip M with a smooth structure such that (3.4) is satisfied in the smooth
sense [29, 15.10.3]. Thanks to Theorem 2.6 (ii), we have then

Pa(OM) =no(M) —os(M). (3.5)
By (3.4), the left-hand term is given by
pa(aM) = _pa<X1 UZ Xo) - pa(_XO UZ Xg) + pa(Xl UZ X2> (36)

By Wall’s non-additivity (Theorem 3.7), we can compute the twisted and untwisted
signature of M as

U(M) = U(Ml) + U(MQ) - T(VX07 VX17VX2)a
0a(M) = 0a(My) + 0a(M2) = 7(VX,, VX, V,)-

The manifolds M; and M, are of the form [0, 1] x X, with X a closed manifold. In
particular, they admit an orientation-reversing self-diffeomorphism defined by

0,1] x X —[0,1] x X
(t,x) — (1 —t,x).

As orientation-reversing diffeomorphisms have the effect of changing sign to the signa-
ture, this shows that the ordinary signatures of M; and My vanish. Since the above
diffeomorphism is trivial on the fundamental group, the same argument can be applied
to the twisted signatures, which therefore also vanish. The computation of o(M) and
0o (M) is hence reduced to

o(M)=-1(Vx,, Vx,,Vx,), 0a(M)=—-7(Vg, Vg, Vx,) (3.7)
Substituting (3.6) and (3.7) into (3.5), we get the desired formula. O

Remark 3.10. An alternative approach to proving Theorem 3.9 would be by using
gluing formulas for rho invariants for manifolds with boundary, as defined by Kirk and
Lesch [20, 21] (the discussion in [21, Section 8.3] might be hinting in this direction).
This approach allows to prove the cut-and-paste formula at the level of eta invariants,
leading to a slightly stronger result, albeit at the cost of more sophisticated tools to be
introduced. See [28, Section 2.3.4] for details about this point of view.

4. Signatures of links and rho invariants

In § 4.1, we introduce rationally framed links and set up some notation and easy results. In
§ 4.2, we introduce the multivariable signatures of Cimasoni and Florens and recall a four-
dimensional description for them. In § 4.3, we prove Proposition 4.18, which reinterprets
the multivariable signature of a coloured link as the rho invariants of some closed three-
manifold associated with the link. In § 4.4, we prove Theorem 4.24, which is a formula
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relating the multivariable signature of a link with the rho invariant of the three manifolds
obtained by integer surgery on the link. In § 4.5, we prove Theorem 4.31, which under
some additional hypotheses does the same for rational surgery.

Remark 4.1. In this section, given a manifold X, we will only deal with one-
dimensional unitary representations of 7 (X). As U(1) is an abelian group, every repre-
sentation o': w1 (X) — U(1) factors through the abelianization ab: m1(X) — H;(X;Z),
and we can thus focus on representations o: Hy (X;Z) — U(1). We will normally write pq,
and H, to denote rho invariants and twisted homology associated with the representation
o/ = aoab.

Remark 4.2. A straightforward computation in twisted homology leads to the fol-
lowing well-known fact: for the two-dimensional torus T2, we have H.(T? C") =0 for
all non-trivial representation «: Hi(T;Z) — U(1). In this section, we will always use
Theorem 3.9 in the situation where ¥ is a disjoint union of two-dimensional tori and
where the restriction of « to the first homology of these is non-trivial. As a consequence,
the Maslov triple index in twisted homology will always be 0.

4.1. Links and framings

Let L = K; U---U K}, be an oriented link in S® (from now on, just a link). By removing
from S® the interior of a closed tubular neighbourhood N (L), we get its link exterior

Xy, = S%\ int(N(L)).

The link exterior Xy, is a compact, oriented three-manifold, whose boundary is a union
of tori: to each link component K; C L, there corresponds a boundary component T; =
—9(N(K;)) (this is the orientation coming from being part of the boundary of X, and
it is the one we shall always consider). The link component K; determines the following
two elements:

e the meridian of K; is the only element p; € Hy(T;;Z) whose image in Hy(N(K;);Z)
is 0 and such that lk(u;, K;) = 1;

e the standard longitude of K; is the only element A} € Hy(T;;7Z) whose image in
H,(N(K;);Z) is homologous to K; and such that 1k(\;, K;) = 0.

For a knot K, we shall often just use the notation 7', ;1 and A for the boundary torus,
the meridian and the standard longitude. Observe that the algebraic intersection of these
two elements is given by

We shall often consider the images of the above elements into homology with rational or
complex coefficients without changing their names.

Definition 4.3. A rational framing on alink L = Ky U - - U K}, is a k-tuple of rational
numbers r = (r, ..., rg). The pair (L, r) is called a rationally framed link. If all r;’s are
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integers, we say that r is an integer framing. The framed longitudes of a rationally framed
link (L, r) are the elements

Xi= A+ € Hi(T3;Q).

Without changing notation for them, we shall now consider the images of the meridians
and framed longitudes in the homology of the link complement X . It is an elementary
well-known fact that Hy(X;Z) is a free Z-module generated by the meridians, and that
each standard longitude satisfies

X =Y (K, Ky) py € Hi(X132). (4.2)
J#i
Next, we define the following matrix associated with a rationally framed link.

Definition 4.4. The framed linking matriz of a framed k-component link (L, r) is the
symmetric matrix A, = (A;;);; € Q¥*F defined by

Aij =

Example 4.5. The Seifert framing on a link L = K3 U --- U K}, is the integer framing

(f1, -+, fx) defined by
=Y k(K K;).
i#i

In particular, the coefficients of its framed linking matrix satisfy

== Ay

J#i

The framed longitudes A\; = Ay + fiu; associated with the Seifert framing correspond to
the intersections of a Seifert surface with the boundary tori 7;.

From (4.2), together with the definition of the framed longitudes and of the framed
linking matrix, it follows now immediately that the framed longitudes in the rational
homology of X are equal to

k

Z ij 1y € Hi(X1; Q). (4.3)

=1
For the computations involving the Maslov triple index, a good understanding of the

complex symplectic space Hy (90X ; C) is required. The next result summarizes some easy
facts that we will need later.
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Lemma 4.6. Let (L, r) be a k-component rationally framed link. Then:
(i) the collection {p1, ..., A1, ... A} forms a basis for Hy(0X; C) which satisfies

{Ni'ﬂj:)\i')\jzoa

for all i, j;
pi s Aj = —0dij

(ii) the canonical Lagrangian Vx, can be described explicitly as

k
Vx, = Spang{vi,...,vp}, wherev; = \; — ZAisus;
s=1
(iii) the subspaces M := Spanc{p1, ..., p} and L, = Spanc{A1, ..., \;} are Lagran-

gians, and their triple Maslov index with the canonical Lagrangian is given by
T(M, L, Vx,) = signA,.

Proof. (i) is an immediate consequence of the definition of the framed meridians
together with (4.1). (i4) is an immediate consequence of (4.3). The fact that M and L,
are Lagrangians is obvious from (). In order to prove (7ii), we compute the Maslov triple
index using the definition. As M and L, are transverse, we have (M + £,)NVy, = Vx,,
and every generator v; can be written in a unique, obvious way as the sum of an element
in M and one in £,. By Definition 3.1, then, 7(M, L,, Vx,) is the signature of the
Hermitian form v¢: Vx, x Vx, — C defined on the basis elements of Vx, by

k k
sz‘ﬂ/j) = <— ZAisMs> V= — ZAis(Ms . )\j) = Aij~
s=1 s=1

It follows that 7(M, L,., Vx,) = sign A,., as it was desired. O

Given a rationally framed link (L, r), we can consider the closed manifold Sy (r)
obtained by the Dehn surgery along the framing. This is done in the following way:
for each link component K;, we choose coprime integers (p;, ¢;) such that p;/q; = rs,
and glue a solid torus Y; to X along the boundary component 7; in such a way that
the meridian of the solid torus is identified with the element p;p; + ¢;:A{ € H1(T;;Z). In
particular, H,(SL(r);Z) can be described as a quotient of Hy(Xp;Z).

Definition 4.7. Given a link L with a representation a: Hy(Xp;Z) — U(1), we say
that a rational framing r on L is compatible with « if « factors through Hy(SL(r);Z).

Remark 4.8. From the definition of surgery, it is clear that a rational framing r =

(r1, ..., m) with r; = p;/q; as above is compatible with a if and only if a(p;u; + @ A;) =1
for all 4. Using (4.2), we see that in terms of the coefficients of the framed linking matrix
we have
k
r is compatible with a <= H o)1t =1 Vi.
j=1

Note that, in general, given a representation «, there might be no rational framing that
is compatible with it.
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4.2. Coloured links and signatures

A n-colouring on a link L, for n € N, is a partition of its components into n non-empty
sublinks. Given a k-component link L = K U ---U K}, we identify the colouring with a
surjective function ¢: {1, ..., k} — {1, ..., n}. The latter is the set of colours, and for
every 1 < s < n, we define

L= |J K;

c(j)=s
to be the sublink of colour s. The pair (L, ¢) is called an n-coloured link. We shall

systematically omit ¢ (which has to be considered as fixed) and simply call L an n-coloured
link.

Notation 4.9. For n € N, set T" := (U(1))" and T? := (U(1) \ {1})™

Using a generalization of the concept of Seifert surfaces (called C-complezes), Cimasoni
and Florens defined a multivariable version of the Levine-Tristram signature of a link [9].
Given an n-coloured link L, their multivariable signature is a function

. n
O'L.T* —>Z,

which coincides for n = 1 with the Levine-Tristram signature function. We recall now
the following four-dimensional description of the multivariable signature. We first need a
definition.

Definition 4.10. A bounding surface for an n-coloured link L is a union F = F; U
---UF, of properly embedded, locally flat, compact, oriented surfaces F; C D* with
OF; = L; € 0D* = S? and that only intersect each other transversally in double points.

A bounding surface for L can be obtained for example by pushing the interior of a
C-complex into the interior of D* (see e.g. [10, Section 3] for details). Given a bounding
surface F = F; U---UF,, C D* for a link L, we can take a small tubular neighbourhood
N(F;) of each surface F; and define the exterior of F in D* as the four-manifold with
boundary

Wg = D*\ (N(F))U---UN(F,)).
It is easy to show that Hy (Wg;Z) is freely generated by the meridians of the surfaces
Fy, ..., F, (the meridian of F; being the image in H;(Wpg;Z) of any of the meridi-
ans of L;). The following description of the Cimasoni-Florens signature is known [12,
Proposition 3.5].

Proposition 4.11. Let L be a an n-coloured link in S® and let F = Fy U---UF,, be
a bounding surface for L. Let w = (w1, ..., wy) € T%, and let «: Hi(Wg;Z) — U(1) be
the representation that sends the meridian of F; to w;. Then, we have

orp(w) =0a(Wg).

We conclude this part with a couple of definitions.
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Definition 4.12. Let L = K; U---U K} be an n-coloured link. The coloured Seifert

framing on L is the integer framing fr, = (f1, ..., fx) given by
fi=— Z Ik(K;, K;).
JF#i s.t.

c(d)=c(7)

In other words, it is the framing obtained by providing each coloured sublink L; with its
Seifert framing (see e.g. 4.5).

Observe that the coloured Seifert framing on L needs not coincide with the Seifert
framing of the underlying link. In fact, its framed longitudes correspond to the intersection
of 0X with a C-complex. From the definition of the coloured Seifert framing, it is
immediate to see that the coefficients of the associated framed linking matrix satisfy

Vi<i<k: Y Ay=0. (4.4)
J s.t.

c(j)=c(i)

Definition 4.13. Given an n-coloured link L, a representation a: Hy(X;Z) — U(1)
is said to be coloured if it sends meridians of the same colour to the same value, i.e. if

c(i) = c(j) = alu;) = alp;).

Given an element w = (wq, ..., w,) € T", the coloured representation « defined by
a(fi) == we(;y is said to be the representation associated to w.

It is immediate to see that the above association gives a natural bijection between
elements w = (w1, ..., wy,) € T™ and coloured representations o: Hy(Xp;Z) — U(1).
4.3. Multivariable signatures as rho invariants

As the untwisted signature of Wr is 0 (see for example [12, Proposition 3.3]),
Proposition 4.11 is equivalent to the formula

op(w)=0.Wg) —oc(Wg).
In particular, by the Atiyah—Patodi—Singer theorem, we have
or(w) = —pa(OWF). (4.5)

We will give now a more explicit description of 0Wg, and see how to replace it with a
manifold which is independent of the choice of F'.

We start by recalling the following construction, which is a special case of plumbing.
Let T be a graph whose set of vertices is {1, ..., n} and such that:

e each vertex i is decorated by a compact, oriented surface ¥; (or, equivalently, by
pair of natural numbers [g;, 7;] corresponding to the genus and number of boundary
components of %;);

e cach edge is decorated by a number ¢ = £1.
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In the following, we shall refer to a graph with the decorations described above as
a plumbing graph. We construct then an oriented three-manifold Pr by the following
process.

(1) For each edge with endpoints ¢ and j, remove a small open disk from ¥; and one
from %;. Let X7, ..., ¥ be the resulting surfaces.

(2) For each edge with endpoints i and j and decoration e = +1, glue the three-
manifolds > x St and Z;- x S1 along the boundary components coming from the
two corresponding removed disks, according to the diffeomorphism ¢: S* x St —
St x St given by p(x, y) = (v, 2°).

(3) Set

Pro= (|i|2; xSl)/N,

i=1

where ~ is the equivalence relation given by the above gluings.

This construction coincides with that of [12, Section 4]. With respect to the general
plumbing construction [26], it corresponds to the special case of all Euler numbers equal
to 0, and our definition of plumbing graph also reflects this specialization. The boundary of
Pr is a disjoint union of 7 = ), 7; tori. These tori maintain a preferred product structure,
and we can describe the boundary of Pr as

oPr = | |o%i x S (4.6)

i=1
As in [12], we give the following definition.

Definition 4.14. Given a plumbing graph I', the total weight of a pair of vertices
{s, t}, denoted by pr(s, t), is the integer obtained as the sum of the +1-decorations of
all the edges with endpoints s and ¢. If all total weights of I" are 0, the plumbing graph
T is called balanced.

Example 4.15. Let F=F, U---UF, C D* be a bounding surface for L. The
boundary of Wy then is given up to orientation-preserving diffeomorphism as

OWr = X, Ug (_PFF)7 (47)

where I'p is a graph whose vertices {1, ..., n} are decorated by the surfaces F;’s, and
whose edges correspond to the intersection points between them, with the sign of the
intersection as decoration (see [12, Example 4.12]). Observe that the total weights of T'p
are given by

Pre (S,t) = Fs . Ft = lk(LS,Lt)

The boundary of — Pr,., which can be described as in (4.6), is identified in the gluing (4.7)
with X, as follows. The boundary piece —0F x S* is identified with the boundary tori
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of colour s in X, in such a way that:

(1) the classes of the S!-factors are glued to the meridians;

(2) the classes of the boundary components of Fy are glued to the framed longitudes
associated with the coloured Seifert framing.

As we have seen in (4.5), the multivariable signature of L can be expressed up to sign as
the rho invariant of OWpg. In turn, as it appears from Example 4.15, 9W can be described
as the union of X with some plumbed three-manifold which depends on the choice of
a bounding surface for L. In the next construction, we will build a plumbing graph I'p
associated with L. The associated closed three-manifold Y7, obtained by gluing Pr, with
X1, will play the role of 9Wp with the advantage of being unequivocally determined by
the link L.

Notation 4.16. Given a link L in S3, let |L| € N be its number of components.

Construction 4.17. Given an n-coloured link L, we construct the associated
plumbing graph I'y, in the following way:

e the set of vertices is {1, ...n}, and the vertex i is decorated by a genus-0 surface
with |L;| boundary components;

e between each pair of distinct vertices 4, j there are exactly [Ik(L;, L;)| edges, and
they are all decorated by ¢ = sign(lk(L;, L;)).

In other words, we are plumbing spheres with the appropriate number of punctures along
the smallest graph I" whose total weights satisfy the condition pr (i, j) = lk(L;, L;). Then,
we form a closed three-manifold Y7, as

YL = XL U@ (_PFL)~

The identification along the boundary is defined in the exact same way as the one arising
in Example 4.15, i.e. identifying the classes corresponding to the S'-factors of —0Pr,
with the meridians of L of the appropriate colour, and the classes corresponding to the
boundary components of the punctured sphere with the longitudes associated with the
coloured Seifert framing.

Using some of the ideas of [12] together with the cut-and-paste formula of § 2, we will
now show that the multivariable signature can be written as the rho invariant of Y7 .

Proposition 4.18. Let L be an n-coloured link. Let w € T%, and let o: Hy(Xp;Z) —

U(1) be the associated coloured representation. Then, o can be extended to a represen-
tation of H1(Yy;Z) and, for any choice of an extension, we have

pa(YL) = —op(w).
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Proof. Let F=F,U---UF, C D* be a bounding surface for L. Then, as « is a
coloured representation, it extends to a representation Hy(Wpg;Z) — U(1) that, for all
colour s, sends the meridian of Fy to ws € U(1). By (4.5), we have hence

Pa(OWF) = —op(w). (4.8)

As we have seen in Example 4.15, we have OWr = X1, Uy (—Pr,, ), where I'p is a plumbing
graph determined by F. We perform now cut-and-paste by replacing Pr, with Pr,.
Schematically, this is

X1 Uy (_PFF) ~ X1 Uy (_PFL) [ PFL Ua (_PFF)~ (4.9)

The manifold Pr, Uy (—Pr,) can be seen as the plumbing along the graph I' whose
vertices {1, ..., n} are decorated by the closed surfaces X3 Uy (—Fs) and whose set of
edges is the union of all edges of I';, and I', with the decorations of the edges of I'p
changed of sign. In particular, (4.9) can be rewritten as

OWr ~ Y, U Pr. (4.10)
Observe that, by construction, for each pair of vertices {s, t} we have

pFL<s7t) :pFF(Sat)7 (411)
so that
pr(s,t) =pr,(s,1) — prp(s,t) =0
i.e. I' is balanced.
We will now prove that the representation o can be extended to Hi(Y7;Z). In the

gluings, the boundary of X7, is identified with the boundaries of Pr, and Pr,, leading
to natural maps

0: H(0X1;Z) — Hi(Pr;Z), : Hi(0Xp;Z) — Hy(Pr,;7Z) (4.12)

induced by the inclusions. Standard Mayer—Vietoris computations, together with the
equality (4.11), show that ker ¢ and ker ¢ coincide, as both are generated by the following
elements (compare with [12, Lemma 4.7]):

(i) the differences p; — pj with c(i) = ¢(j);
(i) for each colour s, the element
> A= (L, Li)py,,
c(i)=s t#s
where 5, is any meridian of colour t.

As a extends to Hy(Wp;Z), it is also defined on Hy(OWr;Z) = Hy(Pr,;Z). In particular,
a has to be trivial on ker ¢ (this can be verified using the explicit description of the
generators). From the fact that ker p = ker ¢, we see then that « also admits an extension
to Hy(Pr,;Z), because U(1) is divisible.
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Pick any extension a: Hy(Pr,;Z) — U(1) of a. We can now apply the cut-and-paste
formula of Theorem 3.9 to (4.10), obtaining

Pa(OWE) = pa(YL) + pa(Pr) — 7(Vey, s Vxp, Vi) (4.13)

(the Maslov triple index in twisted homology is 0 because all w;’s are non-trivial by
assumption; see Remark 4.2). As we have seen, the plumbing graph T" is balanced. As
a consequence, we have p,(Pr) = 0 by a computation of Conway, Nagel and the author
[12, Proposition 4.10]. The Lagrangians Vp,. = and Vp,. —are identified under the gluing to

VPFF =ker o ® C, VpF =kery ® C,

where ¢ and 1) are the maps defined in (4.12). From the fact that ker ¢ = ker ¢ it follows
then that Vp. = Vp, and hence we have 7(Vx,, Vp. , Ve, ) = 0. The equality (4.13)
gets thus rewritten as

Pa(OWF) = pa(YL).
Substituting this into (4.8), the proof is complete. O

We introduce now the following definitions.
Definition 4.19. Let L = Ky U---U K} be an n-coloured link. Then

(i) if Ik(Lg, L¢) = 0 for all pairs (s, t) of distinct colours, we say that L is colour-to-
colour algebraically split;

(ii) if every link component K; satisfies Ik(K;, Ls) = 0 for all s # ¢(i), we say that L
is component-to-colour algebraically split.

Of course, being component-to-colour algebraically split is a stronger condition than
being colour-to-colour algebraically split. Any onecoloured link is component-to-colour
algebraically split, and so is any link with vanishing linking numbers, no matter what
colouring it is assigned.

Remark 4.20. If L is colour-to-colour algebraically split, then Y7 has a very simple
description. In fact, in this case, 'y, is a graph with no edges, and thus the associated
plumbed three-manifold is

n
Pr, = |_| B, x St
s=1

where ¥, is a sphere with |Lg| punctures. As a consequence of Proposition 4.18, the
multivariable signature is hence (up to sign) just the rho invariant of the closed three-
manifold obtained by gluing these products ¥, x S! to the link exterior X . This holds,
in particular, if L is onecoloured, so that we can always express the Levine—Tristram
signature of L as

or(w) = —pa (X U (=X x S1)),
where X is a punctured sphere. In the case of a knot, this gives the well-known description
of the Levine-Tristram signature as the rho invariant of the manifold obtained by 0-

framed surgery. In the next two sections, we will study the relationship between rho
invariants and the Dehn surgery in higher generality.
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4.4. Integral surgery

We will now study the value of the rho invariant of manifolds obtained by integral
surgery on a link L. We start by recalling the following result of Cimasoni and Florens
[9, Theorem 6.7].

Theorem 4.21 (Cimasoni—Florens). Let L be a k-coloured k-component link. Let
q € N a positive integer and let ny, ..., ng € {1, ..., p— 1} be integers, each of which is
coprime with q. Let w = (e?™™1/a . e?mme/a) ¢ (S1\ {1})", and let a: Hy(X1;Z) —
U(1) be the associated coloured representation. Let g be a compatible integral framing
on L. Then, we have

k
, 2
pa(SL(9)) = —or(w) + Y Aij +signA, — = Z g —ni)njA

i<j

Remark 4.22. The result of Cimasoni and Florens was originally written in terms of
the Casson—Gordon invariant of § 2.3. We have translated it into a result about the rho
invariant by using Proposition 2.8.

Remark 4.23. Observe that formulas about any colouring of L can be extracted
from Theorem 4.21, as the signature function associated with any colouring can be easily
deduced from the one associated with the maximal colouring [9, Proposition 2.5]. For the
onecolouring, this gives back a result of Casson and Gordon [7, Lemma 3.1] about the
Levine—Tristram signature.

We would like to remove the restrictions on the values of w in the statement of Theorem
4.21. In order to be able to do so, we need to assume some conditions about the linking
numbers between components of different colours.

The main result of this section is the following, which holds in the case of colour-to-
colour algebraically split links.

Theorem 4.24. Let L be an n-coloured link which is colour-to-colour algebraically
split. Let w € T, and let o: H1(X;Z) — U(1) be the associated coloured representation.
Let g be a compatible integral framing on L. Then, we have

pa(SL(9)) = —or(w) + signA, — 2211595(1 —05),
s=1

where, for each colour s, 0, € (0, 1) is such that w, = ¢*™% and h, is the sum of all the
coefficients of the framed linking matrix of the sublink L.

Proof. Set P:= Pr,. Let k be the number of components of L. We perform the
cut-and-paste illustrated schematically by

XpUgY ~  XpUg (7P) U PUyY, (4.14)

where Y = Y7 U--- 1Y} is a disjoint union of k solid tori, glued along the framing g, and
P is glued as prescribed by Construction 4.17. As L is colour-to-colour algebraically split,
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by Remark 4.20, we have

n
P= |_| ¥, x ST,
s=1
where, for each colour s, ¥ is a sphere with |Lg| punctures. The manifold P Uy Y is
thus the disjoint union of the n closed manifolds obtained by capping all of the ¥, x S'’s
appropriately with solid tori.

Claim 1. Up to an orientation-preserving diffeomorphism, we have
PUpY =—| | L(hs, 1),
s=1
in such a way that the element 1 € Z/hs = m1(L(hs, 1)) is given by the class [S!] €
Hi(Zs x S 7).

We postpone for the moment the proof of this claim. As a consequence of Claim 1,
(4.14) can be rewritten up to orientation-preserving diffeomorphism as

Srlg) ~ Yo U —| |L(h,1).
s=1
Observe that the restriction of o to Hy(Xs x S') sends the class [S'] to ws, as the
boundary circles of the form {p;} x S* are identified with the meridians of the link.
The representation « extends thus to L(hs, 1) in such a way that, for each colour s, the
element 1 € Z/hs = Hi(L(hs, 1);Z)) is sent to ws. We can now apply Theorem 3.9 and
get

pa(SL(9)) = pa(YL) ZP (hs,1),ws) = 7(Vp, Vx,, Vy) (4.15)

(as usual, there is no Maslov triple 1ndex in twisted cohomology because of Remark 4.2).
The first summand in the right-hand term of (4.15) is minus the multivariable signature
of L thanks to Proposition 4.18. Using Corollary 2.11 to describe the rho invariant of the
lens spaces at hand, and swapping the second and third variables of the Maslov triple
index (see Proposition 3.2 (i)), we can rewrite (4.15) as

n

0a(SL(9)) = —or(w Z (2hs05(1 — 05) —sgn(hs)) + 7(Vp, Vv, Vx, ). (4.16)

s=1

Hence, in order to conclude, we need to identify the Maslov triple index term in (4.16).
The rest of the proof is devoted to this.

Instead of trying to calculate the Maslov triple index directly, we use the cocycle
property of our three Lagrangians together with M := Spang{u1, ..., ux} to simplify
this task. Namely, using Proposition 3.2 (ii), we find

T(VPaVYavXL) = T(MvaaVY) - T(M’VP,VXL) + T(M’VY7VXL)' (417)

We set the following notation. Let A1, ..., Ax be the framed longitudes associated with the
surgery framing g = (g1, .., gk), and let A1, ..., A\x bet the framed longitudes associated
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with the coloured Seifert framing fr, = (f1, ..., fx). By definition, then, we have
)\;:>\i+(fi_gi)/~ti foralli=1,...,k. (418)

We also use the notation A;; for the coefficients of the framed linking matrix A4, and
Aj; for those of the frame linking matrix Ay, (these two matrices only differ on the
diagonal). We have the following description of the four Lagrangian subspaces appearing
in the right-hand term of (4.17):

M = Spanc{ﬁ'la R I'Lk}’

Vp = Spanc{p; — 1 | c(?) = c(j)} @ Spang{vi,...,v,}, where vy = Z A,

c(i)=s
Vy = Spanc{A1,..., \x},

k
Vx, = Spanc{wi,...,wg}, where w; = \; — ZAijuj =\ - ZA”,uJ
j=1
We compute now the three summands separately. We will prove the following.
Claim 2. 7(M, Vp, Vy) = =Y sgn(hs).
Claim 3. 7(M, Vp, Vx,) =0.
Claim 4. 7(M, Vy, Vx, ) =sign(Ay).

These three claims, together with (4.16) and (4.17), lead to the desired formula. In
order to conclude, we are only left with proving Claim 1 to 4.

Proof of Claim 2. Write 7(M, Vp, Vi) = 7(Vy, M, Vp). Clearly, we have
(VY + M) NVp ="Vp.

In fact, the generators of Vp of the form j; — pi; are in M, and the generators v, can be

written as
= > N+ > (i — g (4.19)
c(i)=s c(i)=s

where the first summand is in V3, and the second summand is in M. Let
1/)2 Vp X Vp —C
be the Hermitian form associated with the triple (Vy-, M, Vp), whose signature is

T(Vy, M, Vp). The generators of the form p; — p; are clearly in the radical of 1, as
they belong to the Lagrangian M. As a consequence, it is enough to study % on the span
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of v1, ..., v,. Using the definition of ¥ and the decomposition (4.19), we compute

S (fi—g), ifs=t,
Yws,v) = DN DD (=g | =4 clo=s

c(i)=s c(j)=t 0, otherwise.

As a consequence, we have

signg) = > sen [ Y (fi —gi)
s=1 c(d)=s

By definition of the coloured Seifert framing, together with the fact that g; = A;;, we can
now compute that, for each colour s, we have

Sfi—g)=> |- kE.E) |- > g=— >  Ay=-h.

c(i)=s c(i)=s c(j)=s c(i)=s c(i)=c(j)=s
J#i

Putting these computations together, we find the equation in the statement of the claim.

Proof of Claim 3. The space (M + Vp) N Vx, is the n-dimensional subspace generated
by the terms

k
SR SE T 3D SN 3! 10
c(i)=s c(i)=sj=1 c(i)=s

where the first summand is in M and the second summand is in Vp. Let
@: Spanc{z1,...,2n} x Spanc{z1,...,2,} — C

be the Hermitian form associated with the triple (M, Vp, Vx,). Then, from the
decomposition (4.20), we can compute

k
p(zs,2t) = | — Z ZA;]'ILL]‘ ) Z N| = Z A;j'
c(i)=s j=1 c(i)=t c(i)=s
c(j)=t
For s = t, this is 0 by definition of the coloured Seifert framing. For s # ¢, instead, it is
equal to 1k(Ls, Lt), which is 0 because the link is colour-to-colour algebraically split. In
particular, the form ¢ is trivial and the Maslov triple index is 0 as claimed.

Proof of Claim 4. This follows immediately from Lemma 4.6 (iii), as Vy = L.

Proof of Claim 1. As we have observed, Pr, is the disjoint union of manifolds of the form
Y, x S!, where ¥ is a punctured sphere. By construction, in the gluing X Us Y, the
meridian m; of the solid torus Y; is identified with the framed longitude A; of the surgery
framing ¢g. On the other hand, when —Pr, is glued to X, a boundary component C; x
S1 C 9%, x S!isidentified with the boundary torus K; in such a way that, homologically,
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the class [C;] coincides with the framed longitude A, of the coloured Seifert framing, and
[S1] coincide with the meridian ;. The “by-product” gluing Pr, Up Y is the result of
capping the boundary ¥, x S with solid tori. As a consequence of this and (4.18), these
cappings are given by the identifications

m; =X = N, + (i — fi)ui = [Ci] + (g: — fi)[S™].

In particular, for each s, this construction leads to the lens space L(—h/, 1) or equivalently
to —L(Rh%, 1), with

W= Y (gi— 1)
c(i)=s
It is also easy to see that the element 1 € Z/h/, corresponds to [S'] as desired. The proof
is concluded by proving that h’ = h,. This follows from the definition of the coloured
Seifert framing and the sequence of equalities

Sta—f)= g+ > > kE.K)= > Aj=h.

e(i)=s cliy=s  cli)=s j#istb. eli)=c(j)=s
c(j)=s

Remark 4.25. Applying Theorem 4.24 in the onecoloured setting, where the first
hypothesis is always satisfied, we get the following formula relating the rho invariant of
the manifold obtained by surgery and the Levine—Tristram signature:

pa(SL(9)) = —or(w) + signA, — 2(2 Aij)0(1—0), (4.21)

.3

where 6 € (0, 1) is such that w = 2™ and the sum is over the coefficients of A,. For
6 € Q, this coincides with a formula of Casson and Gordon [7, Lemma 3.1].

Example 4.26. Let r, s be positive coprime integers, and let T'(r, s) denote the (r, s)-
torus knot. The (rs — 1)-Dehn surgery on T'(r, s) gives a manifold which is orientation-
preserving diffeomorphic to the lens space L(rs — 1, s?) [24, Proposition 3.2]. Let ¢ :=
e2™/(rs=1) "and let 0 < k < rs — 2. Keeping track of the induced map on the fundamental
group under this diffeomorphism, by (4.21) (applied with w = ¢¥) we obtain

2k(rs —1—k)

L 1 2 krs? — k 1—
p(L(rs —1,5%),("*) o7 (C7) + s — 1

It might be interesting to compare this formula to other known computations for
the Levine—Tristram signature of torus knots (see e.g. the paper of Borodzik and
Oleszkiewicz [4]).

Suppose now that the n-coloured link L is component-to-colour algebraically split.
Observe that, under this assumption, the coloured Seifert framing coincides with the usual
Seifert framing, i.e. with the coloured Seifert framing associated with the onecolouring of
the same underlying link. As explained by the next result, this framing has the important
property of being compatible with all U(1)-representations of Hy(X;Z) — U(1).
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Lemma 4.27. Let L be an n-coloured link which is component-to-colour algebraically
split. Then, the coloured Seifert framing fy, is compatible with all coloured representations
a: Hi(X;Z) — U(1).

Proof. By Remark 4.8, we need to prove that
k
H o) =1 for all 1. (4.22)
j=1

Let w € T" be the element determined by the relations a(u;) = we(;) for all i. We can
write then

n

k

2 c(gy=s Nig
[t = JJws@="". (4.23)
j=1

s=1

Since L is component-to-colour algebraically split, for every s different from s; := ¢(i) we
have

> Ay =1k(K;, Ly) = 0.

c(j)=s

As a consequence, (4.23) can be rewritten as
s, Nij
[Tt = wc=si i, (4.24)

By (4.4), moreover, the exponent in the right-hand term of (4.24) is 0, and thus (4.22) is
satisfied. O

Corollary 4.28. Let L be an n-coloured link which is component-to-colour alge-
braically split. Let w € T?, and let «: H1(Xp;Z) — U(1) be the associated coloured
representation. Then, a extends to Hy(Sr(fr);Z) and we have

Pa(SL(fL)) = —or(w) +signAy, .

Proof. The representation « extends to Hq(Sr(fr);Z) thanks to Lemma 4.27, so that
we can apply Theorem 4.24. The desired formula follows then from the observation that,
for the coloured Seifert framing, thanks to (4.4) for any colour s we have

WY 4- Y Y a- Y o-o
c(i)=c(j)=s c(i)=sc(j)=s c(i)=s
O
Remark 4.29. Both Lemma 4.27 and Corollary 4.28 hold in particular in the one-

coloured setting, where they were proved by Nagel and Powell [25, Section 5]. Our work
is a generalization of this to the multivariable setting.
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4.5. Rational surgery

We now want to study the rho invariant of the closed manifold obtained by surgery
along a rational framing on a link. We start from the case of a knot, as the statement and
the proof are a bit simpler in this setting. Observe that, for a knot K, a representation
Y: Hi(Xg) — U(1), extends to Mg (p/q) if and only if ¢(u)? =1, i.e. if and only if
w = 1(p) is a p'" root of unity.

Proposition 4.30. Let K be a knot, and let o: Hy(Xf;Z) — U(1) be the represen-
tation defined by (i) = w, with w being a p*™* root of unity. Then, we have

pa(Sk(p/q)) = —ox(w) — p(L(p, q),w).

Proof. We perform cut-and-paste on Sk (p/q) in the following way: we cut out the
solid torus Y = D? x S of the filling, and we replace it with another copy Y’ = D? x S!,
this time glued along the 0 framing. It is convenient to actually glue —Y” instead of Y:
in such a way, we can define an orientation-reversing diffeomorphism between —9Y"’ and
0X g which gives the identifications

m =\ I'=pu

between the standard basis (m/, I') of Hy(Y’;Z) and the basis (i, A) of Hy(0Xp;Z). On
the other hand, the meridian m of Y is identified with pu 4+ gA. Schematically, we write

XrUgY ~ XgUs (—Y’) U Y UpY. (425)

The union of solid tori Y’ Us Y is now given along a diffeomorphism which gives the
identification of m with gm’ + pl’, so that the resulting manifold is the lens space
L(p, —q) = —L(p, q) (see § 2.4). In particular, (4.25) can be rewritten as

Sk(p/a) ~ Sk(0) U —L(p,q).

Observe that the generator 1€ Z/p = 71 (L(p, q)) corresponds by construction to the
longitude I’. In turn, I’ is glued in the surgery with the meridian p of K. As a consequence,
the extension of the representation « to Hy(L(p, q);Z) is the representation Z/p — U(1)
given by 1 +— w. Before applying the cut-and-paste formula, we observe that the result is
trivially true for w = 1. We shall hence suppose w # 1. Thanks to Theorem 3.9, we can
now compute

Pa(Sk (p/0)) = pa(Sk(0)) — p(L(p, q),w) = 7(Vyr, Ve, V) (4.26)

(as usual, the Maslov triple index in twisted homology is 0 thanks to Remark 4.2 and the
assumption w # 1). Now, we know that the first summand in the right-hand term of (4.26)
is minus the Levine-Tristram signature (see Remark 4.20), while the second summand
coincides with the one of the statement. As a consequence, to complete the proof, it
is enough to show that 7(Vy, Vx,, Vy) = 0. We are going to describe the Lagrangians
explicitly. Considering the identifications given by the gluings, in terms of the basis (i, \)
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of H;(0Xk;C) we have
Vy+ = Spang(A), Vx, = Spang(\), Vi = Spanc(pp + ¢N).

As the first two subspaces coincide, the Maslov triple index is 0, and the proof is complete.
O

We shall now prove the general version of Proposition 4.30, which holds for all
component-to-colour algebraically split links. As we have seen, a special case of these
are onecoloured links. In particular, this gives a general formula relating the Levine—
Tristram signature of a link L with the Atiyah—Patodi-Singer rho invariant of the closed
three-manifold obtained by rational surgery on L.

Theorem 4.31. Let L be an n-coloured, k-component link that is component-to-colour
algebraically split. Let w € T?, and let a: m(Xy) — U(1) be the associated coloured
representation. Let r be a compatible rational framing on L. Then, we have

k
pa(SL(r)) = —op(w) + signA, — > " (p(L(pi, ¢:), we(s)) + sen(pi/a:)),

i=1
where p;, q; are coprime integers such that r; — f; = p;/q; (here, f; is the i-th coefficient

of the Seifert framing).

Proof. We generalize the cut-and-paste construction of Proposition 4.30, removing the
union of solid tori Y coming from the r-framed filling of X, and replacing them with a
union of solid tori Y’ glued along the coloured Seifert framing. As the difference between
these framings is now given by the k-tuple (p1/q1, ..., px/qx), the same argument used
in the proof of Proposition 4.30 (repeated now for each link component) implies that this
cut-and-paste can be written as

Sc(r)  ~Sc(fr) <|_| —L(ps, i ) :

In particular, Theorem 3.9 gives in this case

k

pa(SL(r)) = pa(SL(f1)) = Y pa(Llpis @) — 7(Vyr, Vi, V).

i=1

Applying Corollary 4.28 and rearranging the variables of the Maslov triple index with
Proposition 3.2 (i), we can rewrite the last equation as

pa(SL(’I“)) = —O’L(w) + SignAfL Z p )) + T(Vy/ Vy, VXL) (4.27)

The computation of the Maslov triple index is more involved than in the case of knots. As
we did in the proof of Theorem 4.24, instead of trying to calculate it directly, we use the
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cocycle property of our three Lagrangians together with M := {uy, ..., ug} to simplify
this task. Namely, using Proposition 3.2 (ii), we find

T(VYHVY’ VXL) = T(M, Vy/,Vy) - T(M’VY'7VXL) + T(Ma VY7VXL)' (428)

Claim 1. 7(M, V3, V3) = — Zle sen(pi/q:)-
Claim 2. 7(M, V3, Vx,) =sign Ay, and 7(M, Vy, Vx,) =signA,.

Thanks to (4.28), the two claims (whose proof we postpone for the moment) combine
to give

k
T(VY’a VY, VXL) = - Z Sgn(pz/ql) - SigHAfL + SignAr~
=1

Substituting this value into (4.27), we obtain the formula in the statement of the theorem.

Proof of Claim 1. Let Ay, ..., A\x be the framed longitudes corresponding to the
framing r, and let A}, ..., A} be the framed longitudes of the Seifert framing. Then,
it is clear that

Vv :Span(c{)\h... ,)\k}; Vi :Spanc{)\lh... , ;c}

Moreover, by definition, we have A; = A + r;u; and X, = A§ + fiu;, so that the two sets
of longitudes are related by

i = N+ (ri = fi)pi = A + &ﬂz
7

In particular, the three Lagrangians in the first summand of (4.28) all split according to
the symplectic decomposition

k
H,(0X1;C) = @ Spanc{ i, A}
i=1

As the pair (u;, A}) is a symplectic basis for (Hi(T;;C), ) (see Example 3.3), it is
immediate to compute

k
T(M, Wy, V) = ZT(M, i A+ %ui) == sen(pi/a;)-
i v i=1

i=1

Proof of Claim 2. The claim follows immediately from Lemma 4.6 (iii), as we have Vy = L,
and Vy/ = EfL' (Il

Remark 4.32. The hypothesis of L being component-to-colour algebraically split

allows us to obtain a single nice explicit formula, because, in this case, we can always apply
the cut-and-paste formula after performing the Dehn surgery along the Seifert framing,
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which is compatible with all representations thanks to Lemma 4.27. More general cases
of rational surgery can be faced by finding an appropriate compatible integral framing
(together with Theorem 4.21 or Theorem 4.24) and then modifying it into the desired
rational framing in the same way as in the proof of Theorem 4.31. However, this is better
dealt with on a case-by-case basis, as a general formula would be quite cumbersome.

Remark 4.33. If L is component-to-colour algebraically split and ¢ is an integer
framing on L which is compatible with the given w € T7, we can apply either Theorem
4.24 or Theorem 4.31. The fact that the resulting formulas are compatible can be verified
by a quick computation using Corollary 2.11.
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