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Abstract

Let (K, |.|) be an algebraically closed non-trivially valued non-archimedean

field, Γ its value group, A an abelian K-variety, L an ample line bundle on

A, and X an irreducible closed K-subvariety of A.

We will show that the support ΣX of a canonical measure on X with

respect to L is a Γ-rational piecewise linear space. This is a generalization

of [Gub10, Theorem 6.12], where it is also assumed that the absolute value

|.| on K is induced by a discrete valuation.

Furthermore, we will introduce so-called toric metrics on L, which are

defined as the invariant continuous metrics on L under the natural torus

action on A provided by Raynaud’s uniformization theory. We will then

generalize [Gub10, Theorem 6.7], which gives an explicit formula for the

non-archimedean Monge-Ampère measure with respect to the pull-back of

a canonical metric along a certain strictly semi-stable alteration. This will

be done with regards to three aspects: Firstly, we will prove the result

more generally for semi-positive toric metrics instead of canonical metrics.

Secondly, we will drop the additional assumption that the absolute value

|.| on K is induced by a discrete valuation. And thirdly, we will replace

strictly semi-stable alterations by strictly poly-stable alterations.

This implies that a polytopal decomposition of ΣX exists such that on its

polytopes the non-archimedean Monge-Ampère measure with respect to a

semi-positive toric metric ||.|| on L equals a non-negative rational multiple

of the real Monge-Ampère measure with respect to a certain convex function

induced by ||.||.
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1 Introduction

Arithmetic geometry is the field in mathematics which applies techniques

from algebraic geometry (for example schemes of finite type over the ring of

integers OK for a number field K) to problems in number theory (especially

integer solutions of polynomial equations, where one can equivalently ask

for rational points of curves). Central tools when looking for rational points

of varieties are so-called heights [BG07]. Typically, they attach to any point

of an irreducible projective variety over a number field or function field a

non-negative real number, which measures the arithmetic complexity of

the point. Of special interest are small points, which means points with a

height smaller than a given constant ϵ > 0.

The Bogomolov conjecture, which exists in different versions, claims that

a non-special closed subvariety X of an abelian variety A cannot have

dense small points. Its original version for number fields was proved by

Ullmo [Ull98] for a curve inside its Jacobian and by Zhang [Zha98] in

general. By assuming an archimedean valuation and a strictly positive

curvature of the ample line bundle, they showed that for an abelian variety

A over a number field the small points in X(Q) satisfy some equidistri-

bution property [Zha98, Theorem 1.1]. Chambert-Loir [Cha06] introduced

non-archimedean Monge-Ampère measures in the framework of Berkovich’s

analytic spaces [Ber90; Ber93] and proved an analogous equidistribution

property in the case of an ample model metric. Later, Yuan [Yua08] gener-

alized the equidistribution property both in the archimedean [SUZ97] and

in the non-archimedean case. The proof required that the metric is only

semi-positive.

Studying this non-archimedean Monge-Ampère measure for a closed sub-

variety X of A is the main goal of this thesis. This dissertation is based on

the previous work of Gubler [Gub07a; Gub10]. The first result of this kind

is [Gub07a, Theorem 1.3]. The latter assumes that A is totally degenerate

over K, where (K, |.|) is defined as the completion of the algebraic closure
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1 Introduction

of the completion of a discretely and non-trivially valued non-archimedean

field (K, |.|). Let X be a closed K-subvariety of A of pure dimension

d ∈ N. Then [Gub07a, Theorem 1.3] says that there exists a polytopal

decomposition of the tropical variety of X ×K K such that on any of its

d-dimensional polytopes the push-forward of the canonical measure (which

means the non-archimedean Monge-Ampère measure corresponding to the

canonical metrics) with respect to the tropicalization map is given by a

positive real multiple of the Lebesgue measure. Gubler used this result to

prove the geometric Bogomolov conjecture in the case of an abelian vari-

ety which is totally degenerate at some place, stated in [Gub07b, Theorem

1.1]. In [Gub10, Theorem 1.1], Gubler could remove the assumption that

the abelian variety is totally degenerate at some place by using Raynaud’s

uniformization theory and Mumford models, which we will see below. The

latter result was central for proving Yamaki’s reduction theorem [Yam17,

Theorem 3.10], which again was an important part for the general proof

of the geometric Bogomolov conjecture by Xie and Yuan [XY21, Theorem

1.1].

Let (K, |.|) be an algebraically closed non-trivially valued non-archime-

dean field with value group Γ. Unlike before, we do not assume that it

is induced by a discrete valuation. Raynaud [Ray70] (proofs were given

by Bosch and Lütkebohmert [BL91, §1], adapted to Berkovich’s analytic

spaces in [Ber90, §6.5]) stated that for any abelian K-variety A there exists

a unique formal K◦-group scheme A0 (denoted by N in [Ber90, §6.5]) and

a unique monomorphism of K-analytic groups a : A an
0 → Aan inducing an

isomorphism onto a K-analytic domain on Aan such that A0 has semi-

abelian reduction (see also [Gub10, 4.1]). This implies that there exists a

number n ∈ N, an abelian K-variety B of good reduction, a K-algebraic

group E, a K-analytic subgroup M ′ of Ean together with two short exact

sequences, forming the diagram of K-analytic groups

M ′

Tan Ean Ban

Aan,

q

p
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which is called Raynaud’s uniformization cross and where T denotes the

K-torus of rank n. Moreover, there exists an epimorphism of topological

spaces trop: Ean ↠ NR := homR−Vec(M,R), where M is the character

group (free abelian of rank n) of the K-torus T, extending the canonical

tropicalization map trop: Tan ↠ NR, ||.|| 7→ (m 7→ − log ||χm||). By defin-

ing Λ := trop(M ′), which forms a lattice of full rank in the n-dimensional

R-vector space NR, the canonical tropicalization map reduces to an epi-

morphism of topological spaces trop: Aan ↠ NR/Λ. This epimorphism was

used by Mumford [Mum72] to construct a formal K◦-model AC of A for

any Γ-rational polytopal decomposition C of NR/Λ.

In Section 5.3 we will see that any line bundle L on A induces a so-called

Λ-cocycle which is defined as a family of continuous functions (zλ : NR →
R)λ∈Λ such that zλ+µ(u) = zλ(µ+ u) + zλ(u) for all λ, µ ∈ Λ and u ∈ NR,

and such that z : Λ → R, λ 7→ zλ(0) is a Z-quadratic function. The latter

extends uniquely to an R-quadratic function z : NR → R, which is the

canonical function (see Remark 5.4.10) fulfilling the cocycle rule: We say

that a function f : NR → R fulfils the cocycle rule if for any λ ∈ Λ, u ∈ NR
the equality f(λ+u) = zλ(u)+f(u) holds true. Furthermore, we say that a

function f : NR → R is C -polyhedral, where C is a polytopal decomposition

of NR, if the restriction f |∆ is R-affine for any polytope ∆ ∈ C . The

function f is moreover called Γ-rational if all restrictions to n-dimensional

polytopes ∆ ∈ C are Γ-rational. The latter property is also known as

(Z,Γ)-piecewise linear [GJR21, §2.5].

We want to construct a formal K◦-model L of a rigidified line bundle L

because, due to [Gub07a, Proposition 3.11], the non-archimedean Monge-

Ampère measure of formal metrics has the very convenient form of a discrete

measure. If the abelian K-variety A has good reduction, one receives a

canonical formal K◦-model L of L. In this case, the canonical metric

||.||L,can on L coincides with the associated formal metric ||.||L on L (see

[Gub98, 7.3]). Since in other cases we do not have canonical formal K◦-

models of L, we have to take advantage of Raynaud’s uniformization cross:

Due to [BL91, §4], there exists a rigidified line bundle H on B such that

p∗Lan = q∗Han as rigidified line bundles on Ean (in [BL91, §4]: as M ′-

linearized cubical line bundles). Since B has good reduction, we have a

canonical formal K◦-model H of H and the canonical metric ||.||H,can and

the associated formal metric ||.||H coincide.
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1 Introduction

Gubler established a metric-function correspondence [Gub10, Propos-

ition 4.11], which yields a bijection between the set of Γ-rational C -

polyhedral functions fL : NR → R fulfilling the cocycle rule, and the set of

isomorphism classes of formal K◦-models L of L which are trivial over the

formal open subsets of the Mumford model AC . It is determined by the

equation fL ◦ trop = − log p∗||.||L
q∗||.||H .

Since in our situation the considered metric ||.|| on L will in general not

be formal with respect to a Mumford model, we need a uniform approxim-

ation process of the metric ||.|| by formal metrics (with respect to Mumford

models). To handle a larger class than canonical metrics, we introduce so-

called toric metrics in Section 5.4: A continuous metric ||.|| on L is called

toric if there exists a morphism of topological spaces ψ : Aan → R such that

ψ is A an
0 -invariant (with respect to the monomorphism a : A an

0 ↪→ Aan of

K-analytic groups) and ||.|| = e−ψ||.||L,can. In this case, we will denote the

toric metric by ||.||ψ. This definition leads to the following generalization

of the metric-function correspondence:

Proposition A (= Proposition 5.4.9). There exists a bijection between the

set of toric metrics ||.||ψ on L and the set of morphisms of topological spaces

fψ : NR → R fulfilling the cocycle rule which is an extension of the bijection

in [Gub10, Proposition 4.11] and becomes an isomorphism of metric spaces

with respect to uniform convergence. The bijection is determined by the

equation

fψ ◦ trop = − log
p∗||.||ψ

q∗||.||H,can .

We denote the corresponding function to the toric metric ||.||ψ by fψ.

The canonical function z corresponds to the canonical metric ||.||L,can. It

is strictly convex if L is ample. We assume for the rest of the introduc-

tion that L is ample. For this case in [GS22, Theorem 4.10] it is shown

that the metric ||.||ψ is semi-positive if and only if the function fψ is con-

vex. Thanks to this metric-function correspondence, we can study all toric

metrics combinatorially. In this light, the following construction was done:

The proof strategy of [Gub10, Theorem 6.7], where only canonical met-

rics are considered and the absolute value |.| on K is induced by a discrete

valuation (that means Γ = Q), is to approximate the R-quadratic function

z : NR → R uniformly by strongly polyhedral convex functions (fm)m∈N\{0}
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Figure 1.1: Visualization for n = 2: The R-quadratic function z (black) is

approximated by strongly polyhedral convex functions fulfilling

the cocycle rule (coloured).

and to find a sequence (Nm)m∈N\{0} in N\{0} such that Nmfm is Γ-rational

and fulfils the cocycle rule. On top of that in [Gub07a, Lemma 8.4] it is

shown that there exists a Γ′-rational polytopal decomposition C of NR/Λ,

where Γ′ is an arbitrary infinite-dimensional Q-vector subspace of R con-

taining Γ such thatm−1C is Σ-generic for allm ∈ N\{0}, where Σ is a finite

set of Γ-rational polytopes in NR/Λ. A polytopal decomposition C of NR/Λ

is called Σ-generic if for all σ ∈ Σ, ∆ ∈ C and D := dimR(σ)+dimR(∆)−n
we have dimR(Aσ ∩ A∆) = D in the case D ≥ 0, and Aσ ∩ A∆ = ∅ other-

wise, where Aσ respectively A∆ denotes the smallest R-affine subspace of

NR containing the polytope σ respectively ∆ (see Section 5.5). Approx-

imating the canonical metric ||.||L,can uniformly by the metrics ||.||⊗1/Nm

Lm

(||.||Lm is given by the metric-function correspondence for Nmfm), the cor-

responding non-archimedean Monge-Ampère measure will be approximated

weakly by discrete measures. Since the polytopal decompositionsm−1C are

11



1 Introduction

Σ-generic, its multiplicities can be calculated by a formula given in [Gub10,

Proposition 5.18].

The greatest part of this thesis is dedicated to deducing Proposition B

from [Gub07a, Lemma 8.4] (for A totally degenerate) respectively [Gub10,

Lemma 6.5] (for any abelian K-variety A) by generalizing the following

four aspects: (1) We will not assume that the absolute value |.| on K is

induced by a discrete valuation. (2) We will not assume that the polytopes

in Σ are Γ-rational. (3) We will replace Γ′ by Γ. (4) We will consider any

semi-positive toric metric ||.||ψ instead of just the canonical metric.

Proposition B (= Proposition 5.5.5 + Lemma 5.5.6). Let the line bundle

L on A be ample. Then, for any convex function fψ fulfilling the cocycle

rule, there exists a sequence (Ck)k∈N of Γ-rational polytopal decompositions

of NR/Λ, a sequence (Nk)k∈N in N\{0}, a sequence (fk)k∈N of strongly Ck-

polyhedral convex functions fulfilling the cocycle rule and converging uni-

formly to fψ, and a sequence (Lk)k∈N of formal K◦-models of L⊗Nk de-

termined on the Mumford model ACk
such that for all k ∈ N the following

holds:

(i) The strongly Ck-polyhedral convex function Nkfk is Γ-rational.

(ii) For all m ∈ Z\{0} the polytopal decomposition m−1Ck of NR/Λ is

Σ-generic.

(iii) The metric ||.||⊗1/Nk
Lk

is semi-positive and converges for k → +∞ uni-

formly to the toric metric ||.||ψ.

The first two properties could be proven purely combinatorially (see Pro-

position 5.5.5). Hence Proposition B also improves [BGJK21, Proposition

8.2.6], which states a Γ-rational polyhedral convex approximation result for

polyhedral convex functions fulfilling the cocycle rule, by possibly assuming

the approximating functions to be Γ-rational strongly polyhedral convex.

Since the function fψ is in general not R-quadratic anymore, we could

not construct a single polytopal decomposition C of NR/Λ such that the

sequence of Σ-generic Γ-rational polytopal decompositions of NR/Λ in the

approximation process has the form (m−1C )m∈N\{0}. Instead, the elements

of the sequence (Ck)k∈N are independent from each other. Due to this

change, in property (ii) the case m ̸= 1 becomes obsolete for the proof of

12



Theorem C later. But as we have found a nice proof for all m ∈ Z\{0}, we
have kept the more general case.

Let X be an irreducible closed K-subvariety of A, and define d :=

dim(X) ∈ N. Let C alt be a Γ-rational polytopal decomposition of NR/Λ

with associated Mumford model Aalt of A, and denote the closure of Xan in

Aalt by Xalt. In [Gub07a; Gub10] Gubler has chosen a strictly semi-stable

alteration of X respectively Xalt, which is a pair (X ′, φalt) consisting of

a strictly semi-stable admissible formal K◦-scheme X ′ [Jon96; Ber99] and

an epimorphism of admissible formal K◦-schemes φalt : X ′ ↠ Xalt such

that there exists an alteration (X ′, f) of X with (X ′)an = (X ′)an and

φan
alt = fan in the category of K-analytic spaces. An alteration (X ′, f) of

X consists of an irreducible smooth K-variety X ′ and a proper generically

finite epimorphism of K-varieties f : X ′ ↠ X (see Section 7.1).

If the absolute value |.| on K is induced by a discrete valuation, such a

strictly semi-stable alteration of X always exists by [Jon96, Theorem 6.5].

As one of the main goals of this thesis is to remove this assumption, we

cannot apply this theorem anymore. Fortunately, Adiprasito, Liu, Pak and

Temkin have proved in [ALPT19, Theorem 5.2.19] that in this case there

exists at least a strictly poly-stable alteration of X, which is defined ana-

logously. A strictly poly-stable admissible formal K◦-scheme X ′ is locally

étale a finite product of strictly semi-stable ones.

The striking advantage of these alterations is the fact that for a strictly

poly-stable admissible formal K◦-scheme X ′, Berkovich constructed a so-

called skeleton S(X ′), which is a closed subset of (X ′)an and a union of

poly-simplices ∆S (inclusions and intersections possible) where S runs over

the set of strata str(X̃ ′) of the special fibre of X ′ (see Sections 6.1 and 6.2).

A poly-simplex is defined as a finite product of simplices. In Section 6.4 we

will see that there exists a unique continuous function faff : S(X
′)→ NR/Λ

making the diagram

(X ′)an Aan

S(X ′) NR/Λ

fan

τ trop

faff

commutative in the category of topological spaces, where τ denotes the

retraction map [Ber99, §5]. For every stratum S ∈ str(X̃ ′), the restriction

13



1 Introduction

of the function faff to the poly-simplex ∆S has a lift fS,aff : ∆S → NR,

which extends to a Γ-rational R-affine function fS,aff : RrS → NR for rS :=

dimR(∆S). A poly-simplex ∆S is called non-degenerate with respect to fan

if and only if the function fS,aff is injective and degH (S) ̸= 0 is fulfilled.

The latter denotes the degree of the irreducible component S of X̃ ′ with

respect to the pull-back of the line bundle q∗H̃ along a lift Φ̃alt : S → Ẽalt

of the restricted morphism of K̃-varieties φ̃alt : S → Ãalt.

−1 1

1

u

Figure 1.2: The real Monge-Ampère measure for the depicted function g is

given as the discrete measure MA(g) = 2δ0 where δ0 denotes

the Dirac measure at u = 0.

We will see that the non-archimedean Monge-Ampère measure with re-

spect to toric metrics on (X ′)an is at most supported on the poly-simplices

∆S which are non-degenerate with respect to fan, and that on the rel-

ative interior of the latter the non-archimedean Monge-Ampère measure

equals some positive multiple of the real Monge-Ampère measure. The

real Monge-Ampère measure with respect to a strongly polyhedral convex

function g on RrS is a discrete measure with support in the vertices of

the corresponding polyhedral decomposition of RrS and its multiplicities

are given by the Lebesgue measure of the gradient image of these vertices

under g. This gradient image of a vertex ξ is given by the subset of all

elements m of the dual space of RrS such that for all u ∈ RrS the inequality

⟨m,u− ξ⟩ ≤ g(u)− g(ξ) holds true. See Figure 1.2 for an example.

Using uniform convergence, the real Monge-Ampère measure can be ex-

tended from strongly polyhedral convex functions to convex functions on

RrS . Doing this uniform approximation for the other side of the metric-

function correspondence as well yields the following result:

14



Theorem C (= Theorem 7.1.7). Let the line bundle L on A be ample, let

(X ′, φalt) be a strictly poly-stable alteration of Xalt, let ||.||ψ be a semi-

positive toric metric on L, and take the non-archimedean Monge-Ampère

measure

µ′ψ := c1((f
an)∗(L, ||.||ψ))∧d

on the measurable space (X ′)an. We then get the following results:

(i) For the support of the regular Borel measure µ′ψ on (X ′)an we have

Supp(µ′ψ) ⊆
⋃

S∈str(X̃ ′)
∆Snon-deg.
w.r.t. fan

∆S .

(ii) Let Ω be a Borel-measurable subset of the relative interior of ∆S for

some stratum S of X̃ ′. We then get the equality

µ′ψ(Ω) =
d!

(d− dimR(∆S))!
· degH (S) ·MA(fψ ◦ fS,aff)(Ω),

where fψ is the function corresponding to ||.||ψ according to Proposi-

tion A.

In the case of canonical metrics, we get the following result, which is a

generalization of [Gub10, Theorem 6.7] by dropping the assumption that

the absolute value |.| on K is induced by a discrete valuation:

Corollary D (= Corollary 7.1.9). If in Theorem C the metric is canonical,

we get equality in (i) and the formula in (ii) transforms to

µ′can(Ω) =
d!

(d− dimR(∆S))!
· degH (S) · det(QS) · volrS (Ω)

where Ω is a Borel-measurable subset of relint(∆S) for some S ∈ str(X̃ ′),

and QS is a not necessarily unique symmetric rS × rS-matrix given by

z ◦ fS,aff : ∆S → R, whose determinant is unique and which is invertible if

and only if the poly-simplex ∆S is non-degenerate with respect to fan.

15



1 Introduction

So far we have considered the canonical measure µ′can only on the mea-

surable space (X ′)an. We call the support of the canonical measure µcan :=

c1((L, ||.||L,can)|Xan)∧d on Xan the canonical subset of Xan and denote it

by ΣX . It is well-defined and independent of the choice of L. The referee

of the paper [Gub10] suggested that this canonical subset is a Γ-rational

piecewise linear space [Ber04, §1], which was afterwards proved in [Gub10,

Theorem 6.12]. In the meantime Ducros developed in [Duc12] criteria to

check whether a subset of a K-analytic space is a so-called Γ-rational skel-

eton. Since every Γ-rational skeleton is a Γ-rational piecewise linear space,

the following result generalizes [Gub10, Theorem 6.12] from strictly semi-

stable alterations to poly-stable ones and by dropping the assumption that

the absolute value |.| on K is induced by a discrete valuation:

Theorem E (= Theorem 7.2.13). Let the line bundle L on A be ample.

The canonical subset ΣX is a Γ-rational skeleton of Xan. Moreover, for

any choice of the strictly poly-stable alteration (X ′, φalt) of Xalt and any

S ∈ str(X̃ ′) with ∆S being non-degenerate with respect to fan, the induced

morphism of topological spaces fan : ∆S → fan(∆S) yields an isomorphism

of Γ-rational piecewise linear spaces.

[Gub10, Theorem 6.12] was important for proving Yamaki’s reduction

theorem [Yam17, Theorem 3.10].

Organization of this thesis. Chapter 2 is a collection of various

basics, which are quite independent from each other. Chapter 3 recollects

basics on analytic and formal geometry and Chapter 4 introduces metrics,

the non-archimedean and real Monge-Ampère measure. All these three

chapters are completely based on references and do not contain new results.

Chapter 5 is guided very narrowly by [Gub10, §4] and introduces Raynaud’s

uniformization theory (see Section 5.1) and Mumford models (see Section

5.2), which are also completely based on references.

The most important new ideas of this thesis are contained in the re-

maining three sections of Chapter 5: In Section 5.3 we find an R-quadratic
function z : NR → R, which yields the “tropical version” of the canonical

metric ||.||L,can. Afterwards we define what it means for a function NR → R
to fulfil the cocycle rule and give a purely combinatorial approximation res-

ult, which is important for the proof of Proposition B.
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Section 5.4 newly defines toric metrics and generalizes in Proposition A

the metric-function correspondence [Gub10, Proposition 4.11] from formal

(associated to Mumford models) to toric metrics, which attaches to every

toric metric its “tropical version”, namely a continuous function NR → R
fulfilling the cocycle rule, as explained in the previous paragraph. In Section

5.5 we construct Mumford models having a very favourable form by dedu-

cing Proposition B from [Gub07a, Lemma 8.4] respectively [Gub10, Lemma

6.5]. Compared to the latter two results, in Proposition B we replace ca-

nonical metrics with semi-positive toric metrics and drop the assumption

that the absolute value |.| on K is induced by a discrete valuation.

Chapter 6 is guided very narrowly by [Gub10, §5] and collects the neces-

sary basics for strictly poly-stable alterations. Section 6.1 and 6.2 recapit-

ulate the definitions of a strictly poly-stable admissible formal K◦-scheme

X ′ (formal K◦-model of X ′) and Berkovich’s skeleton on it [Ber99]. In Sec-

tion 6.3 we will explain how a subdivision of the skeleton affects X ′ and in

Section 6.4 we will apply the collected theory to a Mumford model Aalt. In

particular we will formulate [Gub10, Proposition 5.11] for the poly-stable

case, which shows that the “tropical version” of the strictly poly-stable

alteration is composed by Γ-rational R-affine functions. Moreover, we re-

formulate [Gub10, Proposition 5.18], which computes the degree of an ir-

reducible component of the special fibre of X ′ under some assumptions.

Finally in Chapter 7 we prove the two main results Theorem C (including

Corollary D) and Theorem E of this thesis, which are a generalization of

[Gub10, Theorem 6.7] respectively [Gub10, Theorem 6.12]. The glossary

of notation at the end supports the reader in the case of uncertainties

regarding notations. The list of references concludes this thesis.

Terminology. The set of natural numbers N includes 0. The usual

archimedean absolute value on R is written as |.|R. By a ring we mean a

commutative ring with 1. We call a morphism monic respectively epic if

it is a monomorphism respectively an epimorphism and we will draw them

as ↪→ respectively ↠. Isomorphisms will be drawn as
∼−→ and canonical

isomorphisms as =. Eventually, we will define the property Λ-periodic for

a polytopal complex differently to the literature (see Remark 2.4.7).
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2 General basics

In this chapter we will collect basics from various areas in order to have

a sound basis for the rest of this thesis. In particular we will consider

valuations, category theory (especially group objects), sheaves, convex geo-

metry, abelian varieties together with line bundles on them, and quadratic

functions.

2.1 Valuations

The goal of this section is to give some basics on valuations of fields. Use

the beginning of [EP05] as a reference.

Definition 2.1.1. Let K be a field. An absolute value on K is a function

|.| : K → R≥0 satisfying for all x, y ∈ K the following properties

(i) |x| ≥ 0, and |x| = 0 if and only if x = 0,

(ii) |x · y| = |x| · |y|, and

(iii) |x+ y| ≤ |x|+ |y|.

It is called non-archimedean if it satisfies the strong triangle inequality

(iii)’ |x+ y| ≤ max(|x|, |y|).

Definition 2.1.2. A valued field is a pair (K, |.|) consisting of a field K

and an absolute value |.| on K. A valued field (K, |.|) is called algebraically

closed if the field K is algebraically closed.

Example 2.1.3. Let K be a field. The function

|.| : K → R≥0,

x 7→

{
0 if x = 0

1 if x ̸= 0
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2 General basics

is an absolute value on K and is called the trivial absolute value on K. An

absolute value on K that is different from this one is called non-trivial. A

non-trivially valued field is a valued field (K, |.|) such that |.| is non-trivial.

Definition 2.1.4. A metric space (M,d) is called complete if every Cauchy

sequence converges in M . Every valued field (K, |.|) yields a metric space

by taking the underlying set of K and defining the metric d(x, y) := |x− y|
for x, y ∈ K. A valued field (K, |.|) is called complete if this metric space is

complete. A non-archimedean field is a complete valued field (K, |.|) such
that the absolute value |.| is non-archimedean. For a non-archimedean field

(K, |.|) we define the valuation ring K◦ := {x ∈ K | |x| ≤ 1} with its

maximal ideal K◦◦ := {x ∈ K | |x| < 1} and the corresponding residue

field K̃ := K◦/K◦◦.

Definition 2.1.5. The value group Γ of a valued field (K, |.|) is defined to

be the image of the morphism of groups − log |.| : (K\{0}, ·)→ (R,+).

Lemma 2.1.6. Let (K, |.|) be an algebraically closed valued field. Then the

value group Γ of (K, |.|) is a Q-vector subspace of R.

Proof. Let n ∈ N\{0} and x ∈ K. Then the roots y1, ..., yn of the polyno-

mial Tn − x ∈ K[T ] are also in K and thus n · (− log |yi|) = − log |x| in Γ

meaning that the value group Γ is divisible. A group G is called divisible

if for every n ∈ N\{0} and g ∈ G there exists a h ∈ G such that hn = g.

Since Γ is an abelian group (as the group (K\{0}, ·) is abelian), it is also a

Z-module. Since we have shown that Γ is divisible, it becomes a Q-vector

space.

2.2 Category theory

The following section is based on [Lan78] and provides some basic categor-

ical language for the whole thesis.

Definition 2.2.1. We call a morphism monic respectively epic if it is a

monomorphism respectively an epimorphism.

Definition 2.2.2. Let C be a category. The (co)equalizer of two morphisms

X ⇒ Y is the (co)limit of that diagram.
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2.2 Category theory

Definition 2.2.3. Let C be a category. A subobject of an object A is an

equivalence class of monomorphisms with codomain A, where we call two

monomorphisms m1 : B1 ↪→ A and m2 : B2 ↪→ A equivalent if there exists

an isomorphism f : B1
∼−→ B2 such that m2 ◦ f = m1.

Definition 2.2.4. Let C be a category with zero morphisms. We define

the (co)kernel of a morphism f : X → Y to be the (co)equalizer of f and

the zero morphism 0: X → Y . The image of a morphism f : X → Y is the

kernel of the cokernel of f . The image of a subobject g : U ↪→ X under a

morphism f : X → Y is the image of the morphism f ◦ g.

Definition 2.2.5. Let C be a category with finite products and a terminal

object 0. A group object in C is an object G together with morphisms

m : G×G → G, e : 0 → G, and i : G → G, such that the following axioms

from [Lan78, III, §6] hold:

(i) (Associativity) The diagram

G× (G×G) (G×G)×G

G×G G×G

G

α

e×m m×e

m m

commutes; α is the associativity isomorphism given by [Lan78, III,

§5, Proposition 1, (1)].

(ii) (Identity) The diagram

0×G G×G G× 0

G

e×id

λ
m

id×e

σ

commutes; λ, σ are the isomorphisms given by [Lan78, III, §5, Pro-

position 1, (2)].

21



2 General basics

(iii) (Inverse) The diagram

G G×G G×G

0 G

δG

0

id×i

m

e

commutes; δG is the diagonal morphism defined before [Lan78, III,

§5, Proposition 1].

A morphism of group objects in C is a morphism φ : G1 → G2 with the

obvious conditions. The group objects of C form a category denoted by

Grp(C). Furthermore, a group object is called abelian if

(iv) (Commutative) the diagram

G×G G×G

G

γG

m m

commutes; γG is the morphism which switches the two factors of the

product.

The abelian group objects of C form a subcategory of Grp(C) denoted by

GrpAb(C).

Definition 2.2.6. Let C be a category with finite products and a terminal

object 0. A group action of a group object G on an object X is a morphism

◁ : G×X → X such that

(i) the composition

X
λ−1

−−→ 0×X e×id−−−→ G×X ◁−−→ X

is the identity morphism, and

(ii) the diagram

G×G×X G×X

G×X X

m×e

e×◁ ◁

◁

commutes.
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2.3 Sheaves

Lemma 2.2.7. Let C be a category with finite products and a terminal

object 0. Let f : H → G be a morphism of the category Grp(C). Then the

composition of the morphisms

H ×G G×G G
f×id m

in the category Grp(C) is a group action.

Proof. We check the properties of Definition 2.2.6:

(i) Follows by the left triangular of the commutative diagram in property

(ii) in Definition 2.2.5.

(ii) Follows by property (i) in Definition 2.2.5 and the fact that f is a

morphism of the category Grp(C).

Definition 2.2.8. A category C has zero morphisms if for any two objects

A,B there exists a morphism 0: A → B such that for all objects X,Y, Z

and morphisms f : Y → Z, g : X → Y the diagram

X Y

Y Z

0

g 0 f

0

commutes.

Lemma 2.2.9. Let C be a category with finite products and a terminal

object 0. Then the category Grp(C) has zero morphisms.

Proof. Define 0: G→ 0
e−→ H.

2.3 Sheaves

The goal of this section is to define sheaves in a general way. It is based

on [Stacks, Chapter 00UZ], which is in turn based on [SGA4, Exposé II].

Note that the site here is defined differently from [SGA4].

Definition 2.3.1 ([SGA4, Exposé II, Definition 1.3]). Let C be a category.

A Grothendieck pretopology on C is a set Cov(C) of families (Ui → U)i∈I of

morphisms in C, called covering families, such that the following conditions

hold true:
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2 General basics

(i) If φ ∈ homC(U, V ), then (φ) ∈ Cov(C).

(ii) If (Ui → U)i∈I and (Uij → Ui)j∈Ji are in Cov(C), then the composition

(Uij → Ui → U)i∈I,j∈Ji is also in Cov(C).

(iii) If (Ui → U)i∈I is in Cov(C) and if φ ∈ homC(V,U) for any V ∈ ob(C),
then the fibred products Ui ×U V exist in C and (Ui ×U V → V )i∈I is

in Cov(C).

Definition 2.3.2 ([Stacks, Definition 00VH]). A site is a pair (C,Cov(C))
consisting of a category C and a Grothendieck pretopology Cov(C) on C.

Example 2.3.3. Let X be a topological space. Then the open subsets

of X with inclusions U ↪→ V as morphisms form a category denoted by

Top(X). Taking Cov(Top(X)) to be the maximal set of covering families,

i.e. all possible families (Ui → U)i∈I of morphisms in Top(X), yields a

Grothendieck pretopology on Top(X). We call the corresponding site the

canonical site of X and denote it also by X.

Definition 2.3.4 ([Stacks, Definition 00V3]). Let C, D be categories. A

presheaf F of D on C is a contravariant functor from C to D. A morphism

of presheaves F → G of D on C is a natural transformation from F to G .

Definition 2.3.5 ([Stacks, Definition 00VM], [Stacks, Definition 00XA]).

Let (C,Cov(C)) be a site, and D be a category which admits all limits. A

sheaf F of D on (C,Cov(C)) is a presheaf of D on C such that the diagram

F (U)→
∏
i∈I

F (Ui) ⇒
∏
i,j∈I

F (Ui ×U Uj)

is an equalizer in D for all covering families (Ui → U)i∈I . A morphism of

sheaves of D on (C,Cov(C)) is a morphism of the underlying presheaves.

This forms a category of sheaves of D on (C,Cov(C)), which will be denoted

by Sh((C,Cov(C)),D). It is also called a topos.

Example 2.3.6. Let X be a topological space. The topos Sh(X,Rng),

where we denote the canonical site on X also by X, is equivalent to the

category of sheaves of rings defined in [Har77, §II.1 ].

Definition 2.3.7 ([Stacks, Definition 00WV]). A continuous functor

ψ : (C,Cov(C)) → (D,Cov(D)) is a functor ψ : C → D such that for every

covering family (Ui → U)i∈I ∈ Cov(C) we have
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2.4 Convex geometry

(i) (ψ(Ui)→ ψ(U))i∈I ∈ Cov(D), and

(ii) for any α ∈ homC(V,U), the morphism ψ(Ui ×U V ) → ψ(Ui) ×ψ(U)

ψ(V ) is an isomorphism in D.

Lemma 2.3.8. Let ψ : (C,Cov(C))→ (D,Cov(D)) be a continuous functor,

and F ∈ ob(Sh((D,Cov(D)), E)), where E is a category which admits all

limits. Then ψ induces a functor

ψs : Sh((D,Cov(D)), E)→ Sh((C,Cov(C)), E)

such that ψsF (U) = F (ψ(U)) in E for any U ∈ ob(C). Furthermore, there

exists a left adjoint functor

ψs : Sh((C,Cov(C)), E)→ Sh((D,Cov(D)), E).

Proof. [SGA4, Exposé III, Proposition 1.2] or [Stacks, Section 00WU]

Definition 2.3.9 ([Stacks, Definition 00X1]). A morphism of sites

φ : (D,Cov(D)) → (C,Cov(C)) is a continuous functor ψ : (D,Cov(D)) →
(C,Cov(C)) such that the functor ψs is exact. The sites form a category.

The push-forward functor of φ is defined to be ψs and is denoted by φ∗.

The pull-back functor of φ is defined to be ψs and is denoted by φ∗.

2.4 Convex geometry

Let n ∈ N andM be a free abelian group of rank n. The following section is

based on [Gub07a, Appendix A]. See also [Gub13, Appendix A] or [GK17,

Appendix A], who all have used [Roc70] and [McM03] as references. The

goal is to provide the necessary tools for Chapter 5.

Definition 2.4.1. We define the Z-module N := homZ−Mod(M,Z), which
is again a free abelian group of rank n. The definitions of the n-dimensional

Q-vector spaces MQ :=M ⊗Z Q, NQ := N ⊗Z Q and the n-dimensional R-
vector spacesMR :=M⊗ZR, NR := N⊗ZR give a canonical way to consider

M respectively N as a subobject of MQ,MR respectively NQ,NR in the

category of Z-modules. In the same way we may consider MQ respectively
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2 General basics

NQ as a subobject ofMR respectivelyNR in the category of Q-vector spaces.

Moreover we define the dual pairing to be the morphism of Z-modules

⟨., .⟩ : M ×N → Z,
(m,n) 7→ n(m),

which extends uniquely to MQ × NQ and MR × NR by tensoring with Q
and R.

Definition 2.4.2. A closed half space/open half space/hyperplane in NR
is a subset of NR of the form H□(m, c) := {u ∈ NR | ⟨m,u⟩□ c} where

m ∈ MR, c ∈ R, and □ has to be replaced by ≥/>/=. It is called Γ-

rational for a subgroup Γ of (R,+) if there exist choices m ∈M and c ∈ Γ.

A polyhedron ∆ in NR is a subset ∆ ⊆ NR which is equal to the intersection

of finitely many closed half spaces in NR. We call a polyhedron ∆ ⊆ NR
Γ-rational if all the closed half spaces can be chosen to be Γ-rational. A

closed face of a polyhedron ∆ is a subset of NR which is either equal to ∆,

to ∅, or to H=(m, c) ∩∆ where it must hold ∆ ⊆ H≥(m, c) for m ∈ MR,

c ∈ R. A vertex of a polyhedron ∆ is an element ξ ∈ ∆ such that the

subset {ξ} is a closed face of ∆. An open face of a polyhedron ∆ is a

closed face of ∆ without all its properly contained closed faces. We denote

by relint(∆) the unique open face of a polyhedron ∆ which is dense in ∆.

We define the R-affine subspace A∆ of NR associated to a polyhedron ∆

in NR to be the smallest R-affine subspace of NR with ∆ ⊆ A∆. Denote

by V∆ the R-vector subspace of NR corresponding to A∆. The dimension

dimR(∆) of a polyhedron is defined to be the dimension of the R-vector
space V∆. A (Γ-rational) polytope is a bounded (Γ-rational) polyhedron.

A (Γ-rational) polytopal set S in NR is a subset S ⊆ NR equal to a finite

union of (Γ-rational) polytopes in NR.

A (Γ-rational) polytopal complex C in NR is a locally finite set of (Γ-

rational) polytopes in NR such that we have:

(i) If ∆ ∈ C , then all closed faces of ∆ are in C .

(ii) If ∆1, ∆2 ∈ C , then ∆1 ∩ ∆2 is either empty or a closed face of ∆1

and ∆2.

A vertex of a polytopal complex C in NR is an element ξ ∈ NR such that

{ξ} ∈ C . The support of a polytopal complex C in NR is defined to be the

26



2.4 Convex geometry

subset Supp(C ) :=
⋃
∆∈C ∆ of NR. A (Γ-rational) polytopal decomposition

of a (Γ-rational) polytopal set S in NR is a (Γ-rational) polytopal complex

C in Rn such that the support of C is equal to S. A (Γ-rational) polytopal

subdivision D of a (Γ-rational) polytopal complex C in NR is a (Γ-rational)

polytopal complex D in NR such that every polytope ∆ ∈ C has a (Γ-

rational) polytopal decomposition D∆ ⊆ D . Let C1, C2 be (Γ-rational)

polytopal complexes in NR. We then define C1 ∩ C2 to be the (Γ-rational)

polytopal complex in NR consisting of all subsets of the form ∆1∩∆2 ⊆ NR
for ∆1 ∈ C1 and ∆2 ∈ C2.

Lemma 2.4.3. Let C1, C2 be (Γ-rational) polytopal complexes in NR. Then

C1 ∩ C2 is indeed a (Γ-rational) polytopal complex in NR.

Proof. At first it follows directly by the definition of a polytope that the

intersection of finitely many polytopes is again a polytope. We check the

conditions of a polytopal complex in Definition 2.4.2:

(i) Let ∆1 ∈ C1, ∆2 ∈ C2. Let τ be a closed face of ∆1 ∩∆2. The cases

τ = ∆1 ∩ ∆2 and τ = ∅ are clear. Let m ∈ MR, c ∈ R such that

∆1 ∩∆2 ⊆ H≥(m, c) and τ = H=(m, c)∩ (∆1 ∩∆2). Since C1, C2 are

already polytopal complexes in NR, we get H=(m, c) ∩∆1 ∈ C1 and

H=(m, c) ∩∆2 ∈ C2, which implies τ ∈ C1 ∩ C2.

(ii) Let ∆1, ∆
′
1 ∈ C1, ∆2, ∆

′
2 ∈ C2. Consider just the non-trivial cases,

meaning ∆1∩∆′
1 = ∆1∩H=(m1, c1) and ∆2∩∆′

2 = ∆2∩H=(m2, c2),

and∆1 ⊆ H≥(m1, c1) and∆2 ⊆ H≥(m2, c2) form1,m2 ∈MR, c1, c2 ∈
R. Finally for ∆ := (∆1 ∩ ∆2) ∩ (∆′

1 ∩ ∆′
2) we get ∆ = ∆1 ∩ ∆2 ∩

H=(m1, c1) ∩H=(m2, c2), and ∆1 ∩∆2 ⊆ H≥(m1, c1) and ∆1 ∩∆2 ⊆
H≥(m2, c2). These properties imply that there exist m ∈ MR, c ∈ R
such that ∆ = ∆1 ∩∆2 ∩H=(m, c) and ∆1 ∩∆2 ⊆ H≥(m, c), which

means that ∆ is a closed face of ∆1 ∩∆2.

The Γ-rational case follows analogously.

Definition 2.4.4. A lattice in the n-dimensional R-vector space NR is a Z-
submodule Λ of NR which is generated by R-linearly independent vectors.

It is called complete (often also called full) if we have Λ⊗Z R = NR.

Definition 2.4.5. Let Λ be a complete lattice in the n-dimensional R-
vector space NR, and let λ : NR ↠ NR/Λ be the quotient function. A
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(Γ-rational) polytope ∆ in NR/Λ is a subset ∆ ⊆ NR/Λ such that there

exists a (Γ-rational) polytope ∆ in NR such that λ(∆) = ∆, and for any

y ∈ ∆ there is exactly one x ∈ ∆ with λ(x) = y. We call such a (Γ-rational)

polytope ∆ in NR induced by ∆. A closed face of a polytope ∆ in NR/Λ is

a polytope σ in NR/Λ such that there exist induced polytopes ∆ and σ in

NR where σ is a closed face of ∆. A (Γ-rational) polytopal set S in NR/Λ

is a subset S ⊆ NR/Λ equal to a finite union of (Γ-rational) polytopes in

NR/Λ.

A (Γ-rational) polytopal complex C in NR/Λ is a locally finite set of (Γ-

rational) polytopes in NR/Λ such that we have:

(i) If ∆ ∈ C , then all closed faces of ∆ are in C .

(ii) If ∆1, ∆2 ∈ C , then ∆1 ∩ ∆2 is either empty or a closed face of ∆1

and ∆2.

The support of a polytopal complex C in NR/Λ is defined to be the subset

Supp(C ) :=
⋃
∆∈C ∆ of NR/Λ. A (Γ-rational) polytopal decomposition of

a (Γ-rational) polytopal set S in NR/Λ is a (Γ-rational) polytopal complex

C in NR/Λ such that the support of C is equal to S. A (Γ-rational)

polytopal subdivision D of a (Γ-rational) polytopal complex C in NR/Λ is a

(Γ-rational) polytopal complex D in NR/Λ such that every polytope ∆ ∈ C

has a (Γ-rational) polytopal decomposition D∆ ⊆ D . For any (Γ-rational)

polytopal complex C in NR/Λ, we define C to be the (Γ-rational) polytopal

complex in NR consisting of all (Γ-rational) polytopes ∆ ⊆ NR such that

∆ ∈ C .

Definition 2.4.6. Let Λ be a complete lattice in the n-dimensional R-
vector space NR. A polytopal complex C in NR is called Λ-periodic if for

all elements ∆ ∈ C , λ ∈ Λ we have ∆+ λ ∈ C .

Remark 2.4.7. Definition 2.4.6 is weaker than the definition in [BGJK21,

Remark 8.2.5]. Here we have that for every polytopal complex C in NR/Λ

the induced polytopal complex C in NR is Λ-periodic but not vice versa. In

our definition the polytopes ∆ and ∆+λ could intersect for λ ̸= 0, which is

not allowed for C . For the definition in [BGJK21, Remark 8.2.5] the above

implication becomes an equivalence because it avoids this case.
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Definition 2.4.8. Let C1, C2 be (Γ-rational) polytopal complexes inNR/Λ.

We then define C1 ∩ C2 to be the (Γ-rational) polytopal complex C1 ∩ C2

in NR/Λ inducing C1 ∩ C2 in NR.

Lemma 2.4.9. The polytopal complex C1 ∩ C2 in NR/Λ is well-defined.

Proof. The polytopal complex C1 ∩ C2 is Λ-periodic and avoids the case

described in Remark 2.4.7 because C1 and C2 already avoid this case.

Definition 2.4.10. A function f : NR → R is called convex if for all

u1, u2 ∈ NR with u1 ̸= u2 and t ∈ [0, 1] we have f(tu1 + (1 − t)u2) ≤
tf(u1)+ (1− t)f(u2). It is called strictly convex if we may replace ≤ by <.

Definition 2.4.11. Let Λ be a complete lattice in the n-dimensional R-
vector space NR. A function f : NR → R is called Λ-periodic if for all

u ∈ NR, λ ∈ Λ we have f(u) = f(u+ λ).

Definition 2.4.12. An R-affine function is a function between R-vector
spaces f : V1 → V2 such that there exists an element c ∈ V2 (called intercept)

providing that f (l) := f − c : V1 → V2 (called linearization) is a morphism

of R-vector spaces. If V2 is one-dimensional, it can also be called slope

instead of linearization. Let U be a subset of V1. A function g : U → V2 is

called R-affine if there exists an R-affine function f : V1 → V2 such that its

restriction to U is equal to g.

Let Γ be a Z-submodule of R, and let M1,M2 be free Z-modules. An R-
affine function f : M1⊗ZR→M2⊗ZR is called Γ-rational if the linearization

of f is induced by a morphism of Z-modules f (l) : M1 → M2, and the

intercept of f lies in M2⊗Z Γ. This definition extends to R-affine functions

g : U → M2 ⊗Z R if the smallest R-affine subspace of M1 ⊗Z R containing

the subset U is equal to M1 ⊗Z R.

Definition 2.4.13. Let C be a polyhedral decomposition of NR. A func-

tion f : NR → R is called C -polyhedral if its restriction to any polyhedron

∆ ∈ C is R-affine. Let N ⊆ C be the subset of n-dimensional polyhedrons,

and Γ be a Z-submodule of R. Furthermore, we denote the slope of f on

the polyhedron η ∈ N by mη ∈ MR and its intercept by cη ∈ R. A C -

polyhedral function f : NR → R is called Γ-rational if the R-affine functions

f |η on all η ∈ N are Γ-rational, which means mη ∈M and cη ∈ Γ.
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A function f : NR → R is called strongly C -polyhedral at u ∈ NR if it is

C -polyhedral and for any η1, η2 ∈ N with η1 ̸= η2 and u ∈ η1 ∩ η2 we have

mη1 ̸= mη2 . A function f : NR → R is called strongly C -polyhedral if it is

strongly C -polyhedral at every u ∈ NR.

Remark 2.4.14. A function f : NR → R is strongly C -polyhedral convex

in the sense of [Gub07a, Definition A.3] if and only if it is strongly C -

polyhedral and convex.

Definition 2.4.15. The distance of uniform convergence of two functions

f, g : NR → R is defined to be the element

d(f, g) := sup
u∈NR

|f(u)− g(u)|R ∈ R ∪ {+∞}.

We say a sequence (fk)k∈N of functions fk : NR → R converges uniformly to

a function f : NR → R if the sequence (d(fk, f))k∈N in R∪{+∞} converges
to zero.

2.5 Abelian varieties and line bundles

Let K be a field. The following section is based on [BG07, Chapter 8].

Definition 2.5.1 ([Har77, §II.4 p. 105]). A K-variety is a reduced separ-

ated scheme of finite type over K.

Definition 2.5.2. A scheme X of finite type over K is called geometrically

irreducible/reduced if the schemeX×Spec(K)Spec(K) is irreducible/reduced.

Definition 2.5.3. A K-variety X is called complete if for all K-varieties

Y the morphism of schemes p2 : X ×Spec(K) Y → Y is closed. A morphism

of schemes is called closed if it maps closed subsets to closed subsets.

Definition 2.5.4. An abelian K-variety is a group object in the category of

geometrically irreducible and geometrically reduced complete K-varieties.

Remark 2.5.5. Definition 2.5.4 is equivalent to [BG07, Definition 8.2.3].

Lemma 2.5.6. Any abelian K-variety is abelian as a group object.

Proof. [BG07, Corollary 8.2.10]
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Definition 2.5.7 ([BG07, 9.5.6]). Let A be an abelian K-variety. A ri-

gidified line bundle on A is a pair (L, ρ) consisting of a line bundle L on

A and an element ρ ∈ L0(K)\{0}. The latter element is called a rigidi-

fication of L. A morphism of rigidified line bundles φ : (L, ρ) → (L′, ρ′) is

a morphism of line bundles φ : L → L′ such that ρ is mapped to ρ′ under

the induced function φ : L0(K) → L′
0(K). Remember that L0 is the pull-

back of the morphisms L → A and 0: Spec(K) → A in the category of

K-varieties. The tensor product of two rigidified line bundles is defined by

(L1, ρ1)⊗ (L2, ρ2) := (L1 ⊗ L2, ρ1 ⊗ ρ2).

Lemma 2.5.8. Let A be an abelian K-variety. The definition

[m] : A→ A,

a 7→ a+ ...+ a︸ ︷︷ ︸
m-times

yields for any m ∈ Z an endomorphism of abelian K-varieties.

Proof. [BG07, 8.2.11]

Definition 2.5.9 ([BG07, Example 8.6.3]). Let A be an abelian K-variety.

A line bundle L on A is called odd if [−1]∗L ∼= L−1, and even if [−1]∗L ∼= L

in the category of line bundles on A. A rigidified line bundle is called

odd/even if the underlying line bundle is odd/even.

Lemma 2.5.10. Let A be an abelian K-variety, and (L, ρ) be a rigidified

line bundle on A. Then there exists an odd rigidified line bundle (L−, ρ−)

and an even rigidified line bundle (L+, ρ+) such that

(L, ρ) ∼= (L−, ρ−)⊗ (L+, ρ+).

Proof. [BG07, Corollary 8.8.2]

Lemma 2.5.11. Let A be an abelian K-variety. Then for any m ∈ Z we

have

(i) [m]∗L− ∼= L⊗m
− if L− is an odd line bundle on A, and

(ii) [m]∗L+
∼= L⊗m2

+ if L+ is an even line bundle on A.

Proof. [BG07, Proposition 8.7.1]
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Definition 2.5.12 ([BG07, A.6.10]). Let X be a projective K-variety.

Then a line bundle L onX is called very ample if there is a closed embedding

i : X → PnK such that L is isomorphic to i∗OPnK (1) as line bundles on X,

where i : X → PnK being a closed embedding means that it is a morphism of

K-varieties such that it induces an isomorphism onto a closed K-subvariety

of X. A line bundle L is called ample if there exists an m ∈ N such that

L⊗m is very ample.

Remark 2.5.13. Since by [BG07, Corollary 8.5.7] any abelian K-variety

is projective, Definition 2.5.12 applies also to abelian K-varieties.

2.6 Quadratic functions

Let R be a non-trivial ring. The following is a generalization of [BG07,

8.6.5] from abelian groups to R-modules and provides some useful terms

for Chapter 5.

Definition 2.6.1. Let M1,M2, N be R-modules. An R-bilinear form is a

morphism of R-modules M1×M2 → N . It is called symmetric if M1 =M2

and if its composition with the commutator isomorphism M2 × M1
∼−→

M1 ×M2 does not affect the R-bilinear form.

Definition 2.6.2. LetM,N be R-modules, and φ : M → N be a morphism

of the underlying sets. Then φ is called an R-quadratic function if the

function

b : M ×M → N,

(m1,m2) 7→ φ(m1 +m2)− φ(m1)− φ(m2)

is an R-bilinear form. In this case b is called the associated R-bilinear

form, which is always symmetric. An R-quadratic form is an R-quadratic

function φ : M → N such that for any r ∈ R we have φ(rm) = r2φ(m).

Lemma 2.6.3. Let M,N be R-modules, and φ : M → N be an R-quadratic

function. Then

q : M → N,

m 7→ φ(m) + φ(−m)
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is an R-quadratic form and

l : M → N,

m 7→ φ(m)− φ(−m)

is a morphism of R-modules and we get 2φ = q + l in the category of sets.

Furthermore, we have q(m) = b(m,m) for all m ∈M .

Proof. [BG07, 8.6.5] (for abelian groups) generalizes to R-modules.

Definition 2.6.4. Let M,N be R-modules, and φ : M → N be an R-

quadratic function. We then call q from Lemma 2.6.3 the associated R-

quadratic form of φ, and l the associated R-linear form of φ.
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Working with non-archimedean fields has the great disadvantage that the

valuation topology on rational points induced by balls is totally disconnec-

ted, which means that their only connected components are the singletons

and the empty set. One can circumvent this problem by considering their

analytifications, developed by Berkovich [Ber90; Ber93]. For this pur-

pose, we will present in the following three sections the necessary parts

of Berkovich’s theory. In the fourth section we will collect basics from

formal geometry, in particular formal models, which will be needed for the

rest of this thesis.

Let (K, |.|) be a non-trivially valued non-archimedean field, and (K, |.|)
be an algebraically closed non-trivially valued non-archimedean field.

3.1 The Berkovich spectrum

The following section is based on [Ber90, §1].

Definition 3.1.1. Let G be an abelian group. A semi-norm on G is a

function ||.|| : G→ R≥0 such that

(i) ||0|| = 0, and

(ii) ||f − g|| ≤ ||f ||+ ||g||

for all f, g ∈ G. Two semi-norms ||.||1 and ||.||2 on G are called equivalent

if there exist c, c′ > 0 such that we have c||g|| ≤ ||g||′ ≤ c′||g|| for all g ∈ G.

Definition 3.1.2. A semi-normed group is a pair (G, ||.||) consisting of an

abelian group G and a semi-norm ||.|| on G. A morphism of semi-normed

groups φ : (G, ||.||G) → (H, ||.||H) is a morphism of the underlying groups.

The semi-normed groups form a category.
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Definition 3.1.3. Let (G, ||.||G) be a semi-normed group, and H be a

subgroup of G. Then the residue semi-norm of the quotient group G/H is

defined as the function

||.||G/H : G/H → R≥0,

g 7→ inf
g′∈π−1(g)

||g′||G

where π : G→ G/H is the quotient morphism of groups.

Definition 3.1.4. A morphism of semi-normed groups φ : (G, ||.||G) →
(H, ||.||H) is called admissible if the residue semi-norm ||.||G/ ker(φ) of the

quotient group G/ ker(φ) is equivalent to the restriction of the semi-norm

||.||H to Im(φ).

Definition 3.1.5. Let R be a ring. We define a semi-norm on R as a

function ||.|| : R→ R≥0 such that

(i) ||0|| = 0, ||1|| = 1,

(ii) ||f − g|| ≤ ||f ||+ ||g||, and

(iii) ||fg|| ≤ ||f || · ||g||

for all f, g ∈ R. A semi-norm is called multiplicative if we have ||fg|| =
||f || · ||g|| instead of condition (iii). A norm on R is a semi-norm ||.|| on R
such that ||f || = 0 if and only if f = 0.

Definition 3.1.6. A Banach ring is a pair (R, ||.||R) consisting of a ring

R and a norm ||.||R on the ring R such that R is complete with respect to

||.||R when we consider (R, ||.||R) as a metric space.

Definition 3.1.7 ([Ber90, §1.2]). Let (R, ||.||R) be a Banach ring. A semi-

norm ||.|| on (R, ||.||R) is called bounded if there exists a constant c > 0

such that ||f || ≤ c||f ||R for all f ∈ R. The Berkovich spectrum M (R)

is the topological space consisting of the set of all bounded multiplicative

semi-norms and the weakest topology such that for all f ∈ R the function

M (R)→ R, ||.|| 7→ ||f || is continuous. We call this topology the Berkovich

topology.

36



3.2 Affinoid algebras and affinoid spaces

Definition 3.1.8 ([Ber90, Remark 1.2.2(i)]). Let (R, ||.||R) be a Banach

ring, and x = ||.||x ∈ M (R). The bounded multiplicative semi-norm

||.||x : R→ R≥0 induces an absolute value |.|x : Frac(R/ ker(||.||x))→ R≥0.

Define H (x) to be the completion of Frac(R/ ker(||.||x)) with respect to

the absolute value |.|x. Furthermore, we get a canonical morphism of rings

χx : R→H (x) and we define the element f(x) := χx(f) for f ∈ R.

Definition 3.1.9 ([Ber90, Remark 1.2.5(i)]). Let (R, ||.||R) be a Banach

ring. Then the kernel map of (R, ||.||R) is defined to be the epimorphism

of topological spaces

π : M (R) ↠ Spec(R),

||.||x 7→ ker(||.||x) .

Definition 3.1.10 ([Ber90, §1.3]). Let (R, ||.||R) be a Banach ring. We

then define the spectral radius to be the bounded semi-norm

ρ : R→ R≥0,

f 7→ lim
n→+∞

n

√
||fn||R.

3.2 Affinoid algebras and affinoid spaces

This section is based on [Ber90, §2]. Let n ∈ N and T = (T1, ..., Tn).

Definition 3.2.1. A Banach K-algebra A is a K-vector space (A ,+, ·)
together with aK-bilinear, associative, commutative operation · : A ×A →
A and a norm ||.||A on the K-vector space A such that (A , ||.||A ) is

complete when considered as a metric space. A morphism of Banach K-

algebras (A ,+, ·, ||.||A )→ (B,+, ·, ||.||B) is a morphism of the underlying

K-algebras. The Banach K-algebras form a category.

Example 3.2.2. The set

K{T} :=
{ ∑
i∈Nn

aiT
i ∈ K[[T ]]

∣∣∣ |ai| → 0 as ||i|| → +∞
}

where ||i|| := i1 + ...+ in together with the Gauß norm∣∣∣∣∣∣ ∑
i∈Nn

aiT
i
∣∣∣∣∣∣
K{T}

:= max
i∈Nn
|ai|

yields a Banach K-algebra.

37



3 Analytic and formal geometry

Proof. [Ber90, §2.1]

Definition 3.2.3. A K-affinoid algebra is a Banach K-algebra A such

that there exists an epimorphism of Banach K-algebras(
K{T} , ||.||K{T}

)
↠ (A , ||.||A )

which is admissible in the underlying category of semi-normed groups. A

morphism of K-affinoid algebras is a morphism of the underlying Banach

K-algebras. The K-affinoid algebras form a category K−affAlg.

Remark 3.2.4. The strictly K-affinoid algebra in [Ber90, Definition 2.1.1]

is the same as the affinoid K-algebra defined in [Bos14, §3.1, Definition 1]

and the K-affinoid algebra defined in [BGR84, §6.1, Definition 1] and in

Definition 3.2.3 above.

Definition 3.2.5 ([Ber90, Definition 2.2.1]). Let A be a K-affinoid al-

gebra. A K-affinoid domain on the topological space M (A ) is a closed

subset V ⊆M (A ) such that there exists a morphism ofK-affinoid algebras

φ : A → AV satisfying the following universal property: Given a morphism

of K-affinoid algebras A → B such that the image of M (B) in M (A )

lies in V , there exists a unique morphism of K-affinoid algebras AV → B

making the diagram in the category of K-affinoid algebras

A AV

B

φ

∃!

commutative.

Remark 3.2.6. Due to [Ber90, Remark 2.1.13] and Remark 3.2.4, morph-

isms of K-affinoid algebras in our sense are always bounded, which allows

us to skip this condition for the morphisms in Definition 3.2.5.

Lemma 3.2.7. Let A be a K-affinoid algebra. For any K-affinoid domain

V on the topological space M (A ), the topological spaces V and M (AV ) are

isomorphic.

Proof. [Ber90, Proposition 2.2.4(i)]
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Example 3.2.8 ([Ber90, Remark 2.2.2(i)]). Define the multiplicative sub-

group√
|K×| := {r ∈ R>0 | ∃α ∈ K\{0}, k ∈ N\{0} such that |α| = rk}

of R>0. For n,m ∈ N, p ∈ (
√
|K×|)n, q ∈ (

√
|K×|)m, f ∈ A n, g ∈ A m

the subset

M (A )

(
p−1f

q−1g

)
:=

{
x ∈M (A )

∣∣∣∣∣ |fi(x)|x ≤ pi, i ∈ {1, ..., n},|gj(x)|x ≥ pj , j ∈ {1, ...,m}

}

is a K-affinoid domain on M (A ). It is called a Laurent domain in M (A ).

If m = 0, it is called a Weierstrass domain in M (A ). The corresponding

K-affinoid algebra is denoted by A
〈
p−1f
q−1g

〉
.

Definition 3.2.9. Let A be a K-affinoid algebra. A special subset of the

topological space M (A ) is a closed subset V ⊆ M (A ) that is a finite

union of K-affinoid domains on M (A ).

Definition 3.2.10 ([Ber90, §2.3]). A K-affinoid space is defined to be a

locally ringed space (M (A ),OM (A )) for a K-affinoid algebra A , where we

take the Berkovich topology and define the sheaf

OM (A ) : Top(M (A ))→ Rng,

U 7→ lim←−
V⊆U special subset

AV .

A morphism of K-affinoid spaces φ : M (A ) → M (B) is a morphism of

locally ringed spaces induced by a morphism ofK-affinoid algebras B → A .

The K-affinoid spaces form a category denoted by K−affSpc.

Lemma 3.2.11. The definition

Υ : K−affAlg→ K−affSpc,
A 7→M (A )

yields a contravariant functor and the category K−affSpc is dual to

K−affAlg.

Proof. The beginning of [Ber90, §2.3]
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3 Analytic and formal geometry

Definition 3.2.12 ([Ber90, §2.4]). Let A be a K-affinoid algebra. Then

the definition of the subset A ◦ := {f ∈ A | ρ(f) ≤ 1} of A (see Definition

3.1.10 for the definition of ρ) yields a subring of the ring A and the subset

A ◦◦ := {f ∈ A | ρ(f) < 1} of A ◦ forms an ideal in the ring A ◦. This

allows us to define the quotient ring Ã := A ◦/A ◦◦. Finally the reduction

of the K-affinoid space M (A ) is defined to be the scheme Spec(Ã ).

Lemma 3.2.13. Let A be a K-affinoid algebra, and x = ||.||x ∈ M (A ).

Then the function χ̃x : Ã → H̃ (x) (see Definition 3.1.8) is well-defined

and forms a morphism of rings.

Proof. Beginning of [Ber90, §2.4]

Definition 3.2.14 ([Ber90, §2.4]). Let A be a K-affinoid algebra. Then

the reduction map of the K-affinoid space M (A ) is defined to be the epi-

morphism of topological spaces

red: M (A ) ↠ Spec(Ã ),

x 7→ ker(χ̃x) .

3.3 Analytic spaces

The following section is mainly based on [Ber90, §3] and [Ber93, §1].

Definition 3.3.1 ([Ber93, §1.1]). Let X be a topological space. A quasi-

net τ on X is a collection τ of subsets of X such that for each x ∈ X

there exist V1, ..., Vn ∈ τ such that x ∈ V1 ∩ ... ∩ Vn and V1 ∪ ... ∪ Vn is a

neighbourhood of x. Let τ be a collection of subsets of X. For a subset

Y ⊆ X we define the collection τ |Y := {V ∈ τ | V ⊆ Y }. A net τ on X

is a quasi-net τ on X such that for any U, V ∈ τ the collection τ |U∩V is a

quasi-net on the topological space U ∩ V with the induced topology from

X.

Definition 3.3.2 ([Ber93, §1.2]). Let X be a locally Hausdorff topological

space, and τ a net of compact subsets of X. A K-affinoid atlas A on

X with respect to τ is a map which assigns to each V ∈ τ a K-affinoid

algebra AV and an isomorphism of topological spaces V → M (AV ), and

to each pair U, V ∈ τ with U ⊆ V a bounded morphism of K-affinoid
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algebras αV/U : AV → AU that identifies (U,AU ) with a K-affinoid domain

in (V,AV ).

A K-analytic space is a triple (X,A , τ) consisting of a locally Hausdorff

topological space X, a K-affinoid atlas A on X with respect to τ , and

a net τ of compact subsets of X. A K-analytic space (X,A , τ) is called

good if any x ∈ X has a K-affinoid neighbourhood. A K-affinoid (Wei-

erstrass, Laurent) domain on a K-analytic space (X,A , τ) is a K-affinoid

(Weierstrass, Laurent) domain on some V ∈ τ (see Definition 3.2.5).

Remark 3.3.3. For the definition of a morphism between K-analytic

spaces we refer to [Ber93, §1.2]. The work there yields a category of K-

analytic spaces denoted by K−An and its subcategory of good K-analytic

spaces, which is equivalent to the category of K-analytic spaces defined in

[Ber90] (see [Ber93, §1.5]).

Definition 3.3.4. Let X be a K-analytic space. A K-rational point of X

is a section of the morphism of K-analytic spaces X →M (K). We denote

the set of all K-rational points of X by X(K). Furthermore we equip the

set X(K) with the coarsest topology such that the injective function

X(K) ↪→ X,

{P : M (K) = {|.|K} → X} 7→ P (|.|K)

becomes continuous.

Definition 3.3.5 ([Ber93, Definition 1.3.1]). Let X be a K-analytic space.

AK-analytic domain onX is a subset Y ⊆ X such that for any point y ∈ Y
there exist K-affinoid domains V1, ..., Vn ⊆ Y and such that y ∈ V1∩ ...∩Vn
and the set V1 ∪ ...∪Vn is a neighbourhood of y in the topological space Y .

The category of K-analytic domains on X denoted by Dom(X) has the

K-analytic domains on X as objects and inclusions as morphisms.

For any Y ∈ ob(Dom(X)) we define Cov(Dom(X))Y to be the set of

all families (Yi → Y )i∈I of morphisms in Dom(X), such that the famil-

ies (Yi)i∈I , when considered in the category of sets, form quasi-nets (see

Definition 3.3.1) on the topological space Y . Finally we define the set

Cov(Dom(X)) :=
⋃

Y ∈ob(Dom(X))

Cov(Dom(X))Y .
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Lemma 3.3.6. The set Cov(Dom(X)) forms a Grothendieck pretopology

on Dom(X) (see Definition 2.3.1).

Proof. [Ber93, §1.3, p. 25]

Definition 3.3.7. Let X be a K-analytic space. We then call the ca-

nonical site (see Example 2.3.3) of the underlying topological space X

the Berkovich site and denote it also by X. Furthermore we call the site

XG := (Dom(X),Cov(Dom(X))) the G-site.

Lemma 3.3.8. Let X be a K-analytic space. There is a canonical morph-

ism of sites πG : XG → X from the G-site to the Berkovich site. Further-

more the push-forward functor (πG)∗ : Sh(XG,Rng) → Sh(X,Rng) (see

Definition 2.3.9) is simply the restriction functor.

Proof. If the valuation is non-trivial, all open subsets of X are K-analytic

domains on X. Thus we get a canonical functor πG : Top(X)→ Dom(X),

which yields by [Ber93, §1.3, pp. 25/26] a morphism of sites (see Definition

2.3.9) and the equality of rings (πG)∗ F (U) = F (πG(U)) for any F ∈
ob(Sh(XG,Rng)) and U ∈ ob(Dom(X)), which is simply the restriction

of the sheaf F to open subsets.

Lemma 3.3.9. Let X be a K-analytic space. The functor

OXG : Dom(X)op → Rng,

Y 7→ homK−An(Y,A1,an
K )

is an object of the topos Sh(XG,Rng) (see Definition 2.3.5).

Proof. [Ber93, Remark on p. 25]

Example 3.3.10. For any K-affinoid algebra A we have the equality of

rings homK−An(M (A ),A1,an
K ) = A .

Proof. The morphism M (A )→M (K[T1]) of K-affinoid spaces is equival-

ent to a morphism K[T1] → A of K-affinoid algebras, which is uniquely

determined by the image of T1.
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Definition 3.3.11. Let X be a K-analytic space. We call OXG the struc-

ture sheaf of XG. Furthermore we define OX := (πG)∗OXG to be the

structure sheaf of X.

Example 3.3.12. If X is a K-affinoid space, the structure sheaf OX of X

coincides with the sheaf of rings OX given by Definition 3.2.10.

Proof. [Ber93, Beginning of p. 26]

Definition 3.3.13 ([Ber93, §1.3]). Let X be a K-analytic space. The cat-

egory of sheaves of OXG- respectively OX -modules is denoted by Mod(XG)

respectively Mod(X). Furthermore, the objects of these categories to-

gether with the tensor product yield monoids with ⊗ as binary operation.

A line bundle on X is an invertible element of (Mod(XG),⊗), which means

a locally free sheaf of OXG-modules of rank 1.

Definition 3.3.14. Let X be a K-analytic space, L be a line bundle on

X, and x ∈ X. The fibre of L in x is defined to be the one-dimensional

H (x)-vector space

L(x) := Lx ⊗OXG,x H (x),

where OXG,x respectively Lx is the stalk of OXG respectively L in x.

Remark 3.3.15. In [Ber93, §2.6] (see also [Ber90, Theorem 3.4.1]) it is

described that there exists a functor that associates to any schemeX locally

of finite type over K a good K-analytic space denoted by Xan. On top of

that we get an epimorphism of locally ringed spaces π : Xan → X. It

associates to any sheaf of OX -modules F a sheaf of OXan
G
-modules F an.

In particular we get for any line bundle L on X a line bundle Lan on Xan.

If X is given by Spec(A ) for a K-affinoid algebra A , then Xan is given by

the correspondingK-affinoid space M (A ) and the underlying epimorphism

of topological spaces of the epimorphism of locally ringed spaces π : Xan →
X is given by the kernel map (see Definition 3.1.9 and [Ber93, Proposition

2.1.1]).

Definition 3.3.16 ([Ber90, §2.3 on p. 34], [Ber93, §1.2 on p. 23], [Duc18,

1.4.5]). The local dimension dimx(X) of a K-analytic space X at x ∈ X is

defined to be the infimum of the Krull dimension of the K-affinoid algebras
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AV , where V runs over all K-affinoid domains of X (see Definition 3.2.5)

containing x. The dimension dim(X) of a K-analytic space X is defined

to be the supremum of the local dimensions dimx(X) over all x ∈ X.

Definition 3.3.17 ([Tem04, §1], [Duc18, A.4.7]). The graded field of a

valued field (K, |.|) is defined to be the graded ring⊕
r∈R>0

{α ∈ K | |α| ≤ r}/{α ∈ K | |α| < r}

and denoted by Kgrad. Its homogeneous elements are invertible.

Definition 3.3.18 ([Duc18, 1.4.10, 1.4.6, 1.2.4]). An Abhyankar point of

a K-analytic space X is an element x ∈ X such that dK(x) = dimx(X)

where we denote by dK(x) the transcendence degree of the extension of

the graded fields H (x)grad/Kgrad. The inequality dK(x) ≤ dimx(X) holds

always true and is called Abhyankar’s inequality.

3.4 Formal geometry

In the following section, which is based on [Gub98, §1], we will define two

categories and then show the equivalence of two subcategories:

Definition 3.4.1 ([Bos77, Definition 1.4], [Gub98, 1.8]). Let A be a K-

affinoid algebra. The formal topology on the set M (A ) is defined to be

the coarsest topology such that the reduction map red: M (A )→ Spec(Ã )

becomes continuous, where we consider Spec(Ã ) as a topological space with

the Zariski topology. The topological space consisting of the set M (A ) and

its formal topology is denoted by Spf(A ).

The open subsets Spec(Ãf̃ ) with f ∈ A ◦ form a basis of the topology on

Spec(Ã ). The preimage of the open subsets Spec(Ãf̃ ) under the reduction

map red are the formal-open subsets M (A )(f1 ) ⊆ Spf(A ), which are a

Weierstrass domain on the K-affinoid space M (A ). The corresponding

K-affinoid algebras A
〈
f
1

〉
yield a sheaf OSpf(A ) ∈ ob(Sh(Spf(A ),AlgK)),

where we denote the canonical site on the topological space Spf(A ) also by

Spf(A ). The pair
(
Spf(A ),OSpf(A )

)
is called formal K-affinoid variety.

A formal K-analytic variety X is a triple (X, (Ui)i∈I ,OX) consisting of

a topological space X, a locally finite collection of open subsets (Ui)i∈I
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that cover X together with a sheaf OX ∈ ob(Sh(X,AlgK)), where we de-

note the canonical site on the topological space X also by X, such that

for any element i ∈ I the pair (Ui,OX|Ui) is a formal K-affinoid variety(
Spf(Ai),OSpf(Ai)

)
. A morphism of formal K-analytic varieties is a pair

(φ,φ#) consisting of a morphism of topological spaces φ : X → Y and

a morphism of sheaves φ# : OY → φ∗OX (in the category Sh(Y,AlgK))

which is locally given by a morphism of formal K-affinoid varieties. The

formal K-analytic varieties form a category.

Definition 3.4.2. Let X be a formal K-analytic variety. The generic

fibre Xan of X is defined to be the good K-analytic space locally given by

M (Ai). The special fibre X̃ of X is defined to be the K̃-scheme locally

given by Spec(Ãi).

For the second category we need the theory of adic rings, for which we refer

to [Bos14, §7.1]. In particular any K◦-algebra is an adic ring:

Definition 3.4.3 ([EGAI, 10.1.1], [Bos14, §7.2]). Let A be a K◦-algebra.

A prime ideal p ∈ Spec(A) is called open if there exist m ∈ N\{0} and

π ∈ K◦◦\{0} such that πmA ⊆ p. We define Spf(A) ⊆ Spec(A) to be the

closed topological subspace of open prime ideals.

Definition 3.4.4 ([EGAI, Definition 10.1.2], [Bos14, §7.2]). A formal affine

K◦-scheme is a pair
(
Spf(A),OSpf(A)

)
for a K◦-algebra A, consisting of the

topological space Spf(A) and the sheaf

OSpf(A) := lim←−
m∈N
OSpec(A/πmA) ∈ ob(Sh(Spf(A),TopAlgK◦))

for an arbitrary choice π ∈ K◦◦\{0}.

Lemma 3.4.5. A formal affine K◦-scheme is well-defined and independent

of the choice of π.

Proof. At first, by [Bos14, §7.1, Remark 7], the valuation ring K◦ is an adic

ring with ideal of definition (π) ⊆ K◦ (see [Bos14, §7.1] for the definitions)

for any π ∈ K◦◦\{0}. Secondly, the (π)-adic topology transfers from K◦ to

A and it does not depend on the choice of π according to [Bos14, §7.2].
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Definition 3.4.6 ([EGAI, §10]). A formal K◦-scheme X is a triple

(X , (Ui)i∈I ,OX ) consisting of a topological space X , a locally finite collec-

tion of open subsets (Ui)i∈I that cover X , and a sheaf

OX ∈ ob(Sh(X ,TopAlgK◦)), where we denote the canonical site on

the topological space X also by X , such that for any element i ∈ I the

pair (Ui,OX |Ui) is a formal affine K◦-scheme
(
Spf(Ai),OSpf(Ai)

)
. The

formal K◦-schemes form a category.

Definition 3.4.7 ([Ber99, §1], [Gub07a, 2.8]). A morphism of formal K◦-

schemes φ : X → Y is called étale if for each ideal of definition J ⊆
OY , the induced morphism of schemes (X̃ ,OX /JOX ) → (Ỹ ,OY /J )

is étale.

Definition 3.4.8 ([Gub98, 1.10]). A K◦-algebra A is called admissible if

it has no K◦-torsion and if there exists an epimorphism of K◦-algebras

ζA : K
◦{T}↠ A, where the set

K◦{T} :=
{ ∑
i∈Nn

aiT
i ∈ K◦[[T ]]

∣∣∣ |ai| → 0 as ||i|| → +∞
}

for ||i|| := i1 + ...+ in defines a K◦-algebra.

Remark 3.4.9. By [BL93, Proposition 1.1], the kernel ker(ζA) is a finitely

generated ideal in the ring K◦{T}. Therefore, the admissible K◦-algebra

in Definition 3.4.8 is the same as the admissible K◦-algebra defined in

[BL93, §1] and [Bos14, §7.3], because we can take the finitely generated

ideal ker(ζA) ⊆ K◦{T} to be a and because the (π)-adic topology transfers

from K◦ to A.

Definition 3.4.10 ([Gub98, 1.10]). We call a formal affine K◦-scheme(
Spf(A),OSpf(A)

)
admissible if the K◦-algebra A is admissible. A formal

K◦-scheme X is called admissible if the formal affine K◦-schemes in Defin-

ition 3.4.6 are admissible. The admissible formal K◦-schemes form a sub-

category of the category of formal K◦-schemes.

Definition 3.4.11. Let X be a formal K◦-scheme. The special fibre X̃

of X is defined to be the K̃-scheme locally given by Spec(Ãi) where Ãi is

the K̃-algebra given by the quotient K̃-algebra Ai/K
◦◦Ai.
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Definition 3.4.12. Let X be an admissible formal K◦-scheme with re-

duced special fibre. Then the reduction map of X is defined to be the

epimorphism of sets red: X an → X̃ locally given by the reduction map

red: M (A )→ Spec(Ã ) (see Definition 3.2.14).

Lemma 3.4.13. Let X be an admissible formal K◦-scheme with reduced

special fibre. Then for any irreducible component Y of X̃ , there exists a

unique element ξY ∈ X an (called Shilov point) with red(ξY ) = ηY , where

ηY ∈ X̃ is the generic point of Y .

Proof. Follows locally by [Ber90, Proposition 2.4.4(ii)]

Now we will compare these two categories:

Definition 3.4.14. Let X be a reduced formal K-analytic variety. The

admissible formal K◦-scheme Xf-sch with reduced special fibre is locally

given by Spf(Ai) with the admissible K◦-algebra Ai := A ◦
i .

Remark 3.4.15. If the field K was not algebraically closed, the K◦-algebra

A ◦
i would not be necessarily admissible. See the last paragraph of [BGR84,

Chapter 6] for a counterexample.

Definition 3.4.16. Let X be an admissible formalK◦-scheme. The formal

K-analytic variety X f-an is locally given by Spf(Ai) with the K-affinoid

algebra Ai := Ai ⊗K◦ K.

Proposition 3.4.17. The functor from the subcategory of reduced formal

K-analytic varieties of the category of formal K-analytic varieties to the

subcategory of admissible formal K◦-schemes with reduced special fibre of

the category of admissible formal K◦-schemes given by

X 7→ Xf-sch

X f-an 7→X

induces an equivalence of categories.

Proof. [BL86, Lemma 1.1] in the case of a discrete complete valuation,

[Gub98, Proposition 1.11] in general
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Definition 3.4.18. Let X be an admissible formal K◦-scheme with re-

duced special fibre. The generic fibre X an of X is defined to be the

K-analytic space
(
X f-an

)an
(the generic fibre of X f-an).

Definition 3.4.19 ([Gub07a, 3.1]). LetX be a properK-scheme. A formal

K◦-model of X is an admissible formal K◦-scheme X such that the generic

fibre X an of X is isomorphic to Xan in the category of K-analytic spaces.

Definition 3.4.20. Let X, Y be good K-analytic spaces, φ : Y ↪→ X be

a closed immersion, and X be a formal K◦-model of X. Then the closure

of Y in X is a formal K◦-model Y of Y together with a closed immersion

of admissible formal K◦-schemes Y ↪→X .

Lemma 3.4.21. The closure of Y in X exists.

Proof. [Gub98, Proposition 3.3]

Definition 3.4.22. A line bundle on a formal K◦-scheme X is an invert-

ible sheaf of OX -modules.

Definition 3.4.23 ([Gub98, Definition 7.2]). Let X be a properK-scheme,

L be a line bundle on X, and X be a formal K◦-model of X. A formal

K◦-model of L determined on X is a line bundle L on X such that its

generic fibre L an is isomorphic to Lan in the category of line bundles on

Xan.

Definition 3.4.24. Let X be a proper K-scheme, L be a line bundle on

X, let X be a formal K◦-model of X, and L be a formal K◦-model of

L on X . A formal trivialization of L is a pair (U , φ) consisting of an

open subset U ⊆ X and an isomorphism φ : L |U → OX |U of invertible

sheaves of OX |U -modules.

Definition 3.4.25. Let X be a formal K◦-scheme. Then a line bundle L

on X is called very ample if there is a closed embedding i : X → PnK◦ such

that L is isomorphic to i∗OPn
K◦ (1) as line bundles on X , where i : X →

PnK◦ being a closed embedding means that it is a morphism of formal K◦-

schemes such that it induces an isomorphism onto a closed formal K◦-

subscheme of X . A line bundle L is called ample if there exists an m ∈ N
such that L ⊗m is very ample.
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Lemma 3.4.26. If a line bundle on a formal K◦-scheme is ample, then

its generic and special fibre are also ample.

Proof. The definitions of being ample are analogous in the different cat-

egories.
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The goal of this chapter is to introduce the non-archimedean and real

Monge-Ampère measure, which will be compared in Theorem C. Since the

first one depends on the choice of a metric, we will start by introducing

metrics in detail.

Let (K, |.|) be an algebraically closed non-trivially valued non-archime-

dean field.

4.1 Metrics

The following section is based on [Gub98, §7] and defines metrics which will

be used afterwards to define the non-archimedean Monge-Ampère measure.

Let X be a proper K-scheme, and L be a line bundle on X.

Definition 4.1.1 ([Gub98, 7.1], [Cha06, 2.1]). A metric ||.|| on L is a

family (||.||x)x∈Xan of norms on the fibres Lan(x) (see Definition 3.3.14)

which means functions

||.||x : Lan(x)→ R≥0

not identically zero such that ||λv||x = |λ|x · ||v||x for all λ ∈ H (x) (see

Definition 3.1.8) and v ∈ Lan(x).

A metric ||.|| on L is called continuous if for any K-analytic domain Y

on Xan and for any s ∈ Lan(Y ) the function Y → R≥0, x 7→ ||s(x)||x
is continuous. We denote the set of continuous metrics on L by C(L).
As usual, we define tensor metrics and pull-back metrics, which are again

continuous if the considered metrics are continuous.

Example 4.1.2. Let g be a continuous function on the topological space

Xan. Then for any x ∈ Xan the definition ||1||g,x := e−g(x) gives a continu-

ous metric ||.||g on OX .
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Proof. [Cha06, 2.1]

Definition 4.1.3 ([Gub98, Definition 7.11], [Gub07a, 3.2], [Gub10, 3.1]).

The distance of uniform convergence of two continuous metrics ||.|| and ||.||′

on L is defined to be the real number

d
(
||.||, ||.||′

)
:= sup

x∈Xan

∣∣∣∣log ||v||x||v||′x

∣∣∣∣
R

for some v ∈ Lan(x)\{0}. We say that a sequence (||.||k)k∈N of continuous

metrics on L converges uniformly to a continuous metric ||.|| on L if the

sequence (d(||.||k, ||.||))k∈N in R converges to zero.

Lemma 4.1.4. The distance of uniform convergence is independent of the

choice of v. Moreover, (C(L), d) forms a metric space.

Proof. Another choice of v would just yield a factor |λ|x in the nominator

and denominator of ||v||x
||v||′x

. The axioms for d being a metric follow mainly

by the axioms of the absolute value |.|R.

Definition 4.1.5 ([Gub98, 7.3], [Gub07a, 3.2]). Let X be a formal K◦-

model ofX, and L be a formal K◦-model of L on X . Then the formal met-

ric associated to L is defined to be the metric ||.||L on L with the following

property: For any formal trivialization (U , φ) of L (see Definition 3.4.24),

we get for all x ∈ U an and s ∈ Lan(U an) the equality ||s(x)||L ,x = |γ(x)|x,
where it is defined γ := φ(s) ∈ OXan

G
(U an) and the absolute value |.|x

is taken from the image of γ(x) under the canonical morphism of rings

OXan
G ,x →H (x).

Lemma 4.1.6. Let X be a formal K◦-model of X, and L be a formal

K◦-model of L on X . The formal metric associated to L exists and is

unique. Furthermore it is continuous.

Proof. [Gub98, Lemma 7.4]. Continuity follows directly by Definition 4.1.5.

Definition 4.1.7 ([Gub07a, 3.2]). A formal metric is a metric ||.|| on L

such that there exists a formal K◦-model X of X, and a formal K◦-model

L of L on X such that ||.|| is equal to the associated formal metric ||.||L
on L.
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A model metric on L (also called root of a formal metric in [Gub07a, 3.2])

is a metric ||.|| on L such that there exists a formal K◦-model X of X, an

N ∈ N\{0}, and a formal K◦-model LN of L⊗N on X such that ||.||⊗N =

||.||LN
.

Definition 4.1.8 ([Kle66, Ch. I, §4], [Laz04, Definition 1.4.1]). Let K be

a field. A line bundle L on a proper K-scheme X is called nef if for all

closed integral K-curves C ↪→ X we have deg(L|C) ≥ 0.

Lemma 4.1.9. Let K be a field. Every ample line bundle L on a proper

K-scheme X is nef.

Proof. Paragraph after [Laz04, Definition 1.4.1]

Definition 4.1.10 ([GM19, 3.1]). A model metric ||.|| is called semi-

positive if the formal K◦-models in Definition 4.1.7 can be chosen such

that the line bundle L̃N on X̃ is nef (see Definition 4.1.8).

Lemma 4.1.11. Any model metric on L is continuous, and the subset of

model metrics on L is dense in the metric space (C(L), d).

Proof. The first statement follows by Lemma 4.1.6 and the fact that root

functions are continuous. For the second statement see [Gub07a, Proposi-

tion 3.3].

Definition 4.1.12 ([Zha95, (1.3)], [Cha06, 2.2]). A continuous metric on L

is called semi-positive if it is the limit of a sequence of semi-positive model

metrics in the metric space (C(L), d).

Remark 4.1.13. According to [GM19, §1], originally Zhang [Zha95] in-

troduced semi-positive adelic metrics, which where generalized by Gubler

[Gub98]. It turned out that these metrics are continuous, which justifies

our above definition. The more general Definition 4.1.12 was taken from

[Cha06, 2.2].

Lemma 4.1.14. A model metric is semi-positive in the sense of Definition

4.1.10 if and only if it is semi-positive in the sense of Definition 4.1.12.

Proof. [GM19, Corollary 1.4]
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Lemma 4.1.15. Let A be an abelian K-variety, (L, ρ) be a rigidified line

bundle on A. Then there exists a unique continuous metric ||.||ρ on L

such that for any odd rigidified line bundle (L−, ρ−) and even rigidified line

bundle (L+, ρ+) on A with (L, ρ) = (L−, ρ−) ⊗ (L+, ρ+) as rigidified line

bundles on A, we have:

(i) There exists a unique continuous metric ||.||ρ− on L− such that for all

m ∈ Z, we have [m]∗||.||ρ− = ||.||⊗mρ− . In particular, for any continuous

metric ||.|| on L− we have

||.||ρ− = lim
m→+∞

[m]∗||.||⊗1/m

in the metric space (C(L−), d).

(ii) There exists a unique continuous metric ||.||ρ+ on L+ such that for

all m ∈ Z, we have [m]∗||.||ρ+ = ||.||⊗m2

ρ+ . In particular, for any

continuous metric ||.|| on L+ we have

||.||ρ+ = lim
m→+∞

[m]∗||.||⊗1/m2

in the metric space (C(L+), d).

(iii) We have the equality ||.||ρ = ||.||ρ− ⊗ ||.||ρ+ of metrics on L.

Proof. [BG07, Theorem 9.5.7] where we have used that any continuous

metric is locally bounded.

Definition 4.1.16. Let A be an abelian K-variety, and L be a line bundle

on A. A metric ||.|| on L is called canonical if there exists a rigidification

ρ on L such that the metrics ||.|| and ||.||ρ coincide. We will denote the

canonical metric on L with respect to a chosen rigidification ρ by ||.||L,can.

Lemma 4.1.17. Let A be an abelian K-variety, L be a line bundle on

A, and ρ1, ρ2 be two rigidifications on L. Then there exists an element

a ∈ K\{0} such that we get the equality ||.||ρ1 = |a| · ||.||ρ2 of metrics on L.

Proof. [BG07, Remark 9.5.9]
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4.2 The non-archimedean Monge-Ampère measure

Chambert-Loir constructed in [Cha06] some measure (see Definition 4.2.3)

when searching for a non-archimedean analogue of Zhang’s equidistribution

theorem [Zha98, Theorem 1.1]. Even though in [Gub07a; Gub10], where in

the first paper this measure was further developed, it is called Chambert-

Loir’s measure, in the following we will call it the non-archimedean Monge-

Ampère measure due to [CD12, §6.9] and [GK17, §10].

Let X be a proper K-scheme, and define d := dim(X) ∈ N. We refer to

[Tao10, §1] for basics on measures.

Definition 4.2.1 ([Vil20, Definition 4.9]). Let Y be a Hausdorff topological

space. A positive Radon measure on Y is a measure µ on the σ-algebra B(Y )

of Borel sets of Y such that

(i) (locally finite) for every y ∈ Y there exists a neighbourhood U such

that µ(U) ∈ R≥0,

(ii) (inner regular) for every open subset U of Y , the element µ(U) is the

supremum of µ(C) on R≥0 ∪ {+∞} where C runs over all compact

subsets of U , and

(iii) (outer regular) for every Borel set B of XY , the element µ(B) is the

infimum of µ(V ) on R≥0 ∪ {+∞} where V runs over all open subsets

of Y containing B.

Example 4.2.2. For any r ∈ N the Lebesgue measure on Rr is a positive

Radon measure.

Definition 4.2.3. For every j ∈ {1, ..., d} let Lj be a line bundle on X, and

||.||j be a semi-positive continuous metric on Lj . These choices determine a

positive Radon measure c1(L1, ||.||1)∧...∧c1(Ld, ||.||d) onXan. See [Gub07a,

3.8] for the precise definition. It is called the non-archimedean Monge-

Ampère measure.

Lemma 4.2.4. The non-archimedean Monge-Ampère measure is multilin-

ear and symmetric in (L1, ||.||1), ..., (Ld, ||.||d).

Proof. [Gub07a, Corollary 3.9(a)]
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Lemma 4.2.5. Let (Lj)j∈{1,...,d} be line bundles on X, let X be a formal

K◦-model of X, and let Lj be a formal K◦-model of Lj on X for every

j ∈ {1, ..., d}. We then get the equality

c1(L1, ||.||L1) ∧ ... ∧ c1(Ld, ||.||Ld
) =

∑
Y

degL̃1,...,L̃d
(Y )δξY

of measures on Xan, where Y runs over the irreducible components of X̃

and δξY is the Dirac measure in ξY ∈ Xan, which is the unique point mapped

to the generic point ηY by the reduction (see Lemma 3.4.13).

Proof. [Gub07a, Proposition 3.11] or [Gub10, Proposition 3.8(d)]

Definition 4.2.6. Let S be a topological space. A sequence of Borel meas-

ures (µn)n∈N converges weakly to a Borel measure µ on S if for all bounded

continuous functions f : S → R we have the equality

lim
n→+∞

∫
S
f dµn =

∫
S
f dµ.

Lemma 4.2.7. Let (Lj)j∈{1,...,d} be line bundles on X, and (||.||j)j∈{1,...,d}
be semi-positive continuous metrics on Lj. If for any j ∈ {1, ..., d} a se-

quence (||.||j,k)k∈N of metrics on Lj converges uniformly to ||.||j, then the

sequence (c1(L1, ||.||1,k)∧ ...∧c1(Ld, ||.||d,k))k∈N of non-archimedean Monge-

Ampère measures converges weakly to the non-archimedean Monge-Ampère

measure c1(L1, ||.||1) ∧ ... ∧ c1(Ld, ||.||d).

Proof. [Gub07a, Proposition 3.12] or [Gub10, Proposition 3.8(f)]

Definition 4.2.8 ([Gub10, 3.9]). Let A be an abelian K-variety, let X be a

geometrically integral proper K-subvariety of A with corresponding closed

immersion i : X ↪→ A, define d := dim(X) ∈ N, and let ((Lj , ρj))j∈{1,...,d}
be rigidified line bundles on A. Then the canonical measure on Xan is

defined to be the non-archimedean Monge-Ampère measure

µL,can := c1(i
∗L1, i

∗||.||ρ1) ∧ ... ∧ c1(i∗Ld, i∗||.||ρd).
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4.3 The real Monge-Ampère measure

In the following we will treat the finite-dimensional version of the real

Monge-Ampère measure, as defined by Rauch and Taylor [RT77]. It was

motivated by the Monge-Ampère equations from differential geometry, first

studied by Monge (1784) and later by Ampère (1819). Let r ∈ N.

Definition 4.3.1 ([RT77, Definition 2.2 and 2.6]). Let g : Rr → R be a

convex function, and let u0 ∈ Rr. We then define the gradient image of u0
under g as the subset

∇g(u0) := {m ∈ (Rr)∗ | ∀u ∈ Rr : ⟨m,u− u0⟩ ≤ g(u)− g(u0)}

of the dual r-dimensional R-vector space (Rr)∗ := homR−Vec(Rr,R), where
⟨., .⟩ is the dual pairing of Rr and (Rr)∗. Furthermore, for any U ⊆ Rr we

define the subset

∇g(U) :=
⋃
u0∈U

∇g(u0)

of (Rr)∗. Finally we define the real Monge-Ampère measure associated to

g as the Borel measure

MA(g) : B((Rr)∗)→ R≥0,

U 7→ volr(∇g(U)),

where volr is the Lebesgue measure on (Rr)∗. Using the canonical iso-

morphism of R-vector spaces (Rr)∗ = Rr the real Monge-Ampère measure

MA(g) is also defined on Rr.

Lemma 4.3.2. The real Monge-Ampère measure is well-defined.

Proof. [RT77, Section 2]

Lemma 4.3.3. Let D be a polyhedral decomposition of Rr. For a strongly

polyhedral convex function g : Rr → R with respect to D , we get the equality

MA(g) =
∑
ξ

volr(∇g(ξ))δξ,

where ξ runs over all vertices of the polyhedral decomposition D , and δξ is

the Dirac measure in ξ.
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Proof. The r-dimensional volume of ∇g(u0) is zero if u0 ∈ Rr is not a

vertex of D .

Example 4.3.4. Let r = 2, let

m1 =

(
1

0

)
,m2 =

(
0

1

)
,m3 =

(
−1
−1

)

in (R2)∗, and let c1 = 1, c2 = 0, c3 = −1 in R. For any i ∈ {1, 2, 3} define

gi : R2 → R,
u 7→ ⟨mi, u⟩ − ci

and g := maxi∈{1,2,3} gi. Finally, the subsets ∆i := {u ∈ R2 | g(u) =

gi(u)} generate a polyhedral decomposition D of R2. See Figure 4.1 for a

visualization.

−2
0

2 −2
0

20

5

u1
u2

(a) The function g on R2

−1 1

−1

1

u1

u2

(b) The gradient image of (1, 0) un-

der g is a polytope in the dual

R-vector space (R2)∗.

Figure 4.1: Every j-dimensional polyhedron becomes a (2− j)-dimensional

polyhedron in the dual space if g is strongly polyhedral convex.

Lemma 4.3.5. If the function g : Rr → R is an R-quadratic function (see

Definition 2.6.2) and q : Rr → R, u 7→ uTQu is the associated R-quadratic
form (see Definition 2.6.4), we get the formula

MA(g) = det(Q) · volr .
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4.3 The real Monge-Ampère measure

Proof. If g is given by g(u) = uTAu+bu+c, then by Definition 2.6.4 we have

q(u) = 2uTAu and hence ∇2g = 2A = Q. See also the paragraph after

[RT77, Definition 2.6] for the more general case of two times continuously

differentiable functions.

Lemma 4.3.6. Let (gk)k∈N be a sequence of convex functions gk : Rr → R
converging pointwise to a convex function g, then the sequence of Borel

measures (MA(gk))k∈N converges weakly to the Borel measure MA(g).

Proof. [Vil20, 4.1]
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5 Construction of a Mumford model

The core of our proofs of the main theorems will be combinatorial. The

goal of this chapter is to provide all necessary combinatorial preliminary

results. We will define in Section 5.4 what we mean by a toric metric and

will afterwards show that every such metric has a unique pendant given

by a continuous function on a finite-dimensional R-vector space. As we

have seen in Chapter 4 that both Monge-Ampère measures behave well

with respect to uniform convergence, we may approximate this function

uniformly by polyhedral functions. For these polyhedral functions and

their corresponding metrics both Monge-Ampère measures become discrete,

which makes it easier to compare them. Note that we will just consider

convex functions.

Let (K, |.|) be an algebraically closed non-trivially valued non-archime-

dean field, let Γ be its value group, and let A be an abelian K-variety.

5.1 Raynaud’s uniformization theory

In the following, we will present the results of Bosch and Lütkebohmert

about Raynaud’s uniformization theory, which was stated by Raynaud

without giving proofs. We will formulate the results using the analytic

spaces of Berkovich instead of the rigid spaces of Tate, which is guaranteed

by [Ber93, Theorem 1.6.1].

Just until Definition 5.1.11, instead of assuming an abelian K-variety A,

we let n ∈ N, and M be a free abelian group of rank n.

Definition 5.1.1. The category of (abelian) K-algebraic groups is defined

to be the category of (abelian) group objects of the category of K-varieties.

The category of (abelian) K-analytic groups is defined to be the category

of (abelian) group objects of the category of K-analytic spaces. The cat-

egory of (abelian) formal group K◦-schemes is defined to be the category
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5 Construction of a Mumford model

of (abelian) group objects of the category of admissible formal K◦-schemes.

The category of (abelian) formal K-analytic groups is defined to be the cat-

egory of (abelian) group objects of the category of formal K-analytic variet-

ies. Note that all these categories are well-defined because they admit finite

products and have terminal object Spec(K), M (K), Spf(K◦) respectively

Spf(K) (see Definition 2.2.5).

Definition 5.1.2. Define (χM , ·) to be a group equal to (M,+) in the

category of groups and denote the element in χM corresponding to m ∈M
by χm. Furthermore, by using the multiplication on the group χM , we

define the K-algebra

K[[M ]] :=

{∑
m∈M

amχ
m
∣∣∣ am ∈ K

}
.

The support of a formal sum f ∈ K[[M ]] is defined to be the subset

Supp(f) := {m ∈M | am ̸= 0}

of M . We define K[M ] to be the K-subalgebra of K[[M ]] consisting of all

elements with finite support.

Definition 5.1.3. A K-torus of rank n is the K-variety

T := Spec(K[M ]) .

Remark 5.1.4. In the literature one considers the element χm ∈ χM as a

character, which means a morphism of K-varieties χm : T→ Spec(K[T±1
1 ])

given by the morphism of rings K[T±1
1 ]→ K[M ], T1 7→ χm.

Lemma 5.1.5. T is an abelian K-algebraic group and Tan is an abelian

K-analytic group.

Proof. The morphism m : T × T → T is given by the unique morphism of

K-algebras

K[M ]

K[M ]⊗K K[M ] K[M ]

K[M ] K

id

id

∃!
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5.1 Raynaud’s uniformization theory

given by the pull-back in the category ofK-algebras. The morphisms e : 0→
T and i : T→ T are clear and the analogous holds for the K-analytic space

Tan. The group objects are abelian because we use the identity morphism

on the K-algebra K[M ] for the above pull-back both times.

Definition 5.1.6 ([Gub13, §3.1]). The canonical tropicalization map is

defined to be the function

trop: Tan → NR,

||.|| 7→ (m 7→ − log ||χm||)

where we use the fact that the K-analytic group Tan consists as a set of the

multiplicative seminorms on K[M ] extending the absolute value |.| on K.

Lemma 5.1.7. The canonical tropicalization map trop: Tan → NR is an

epimorphism of topological spaces.

Proof. [Gub13, §3.1]

Lemma 5.1.8. Let ∆ be a Γ-rational polytope in NR. Then the set

U∆ := trop−1(∆)

forms a Weierstrass domain in the K-analytic group Tan. Denote the cor-

responding K-affinoid algebra by K⟨U∆⟩.

Proof. [Gub07a, Proposition 4.1]

Definition 5.1.9. We define the formal torus to be the formal group K◦-

scheme

T0 := Spf
(
K
〈
U{0}

〉◦)
.

Lemma 5.1.10. The monomorphism of topological spaces {0} ↪→ NR in-

duces a monomorphism of K-analytic groups t : Tan
0 ↪→ Tan.

Proof. Lemma 5.1.8 for ∆ = {0}

63



5 Construction of a Mumford model

Definition 5.1.11. A semi-abelian K-variety is a K-algebraic group G

such that there exists an abelian K-variety A and a short exact sequence

0→ T→ G→ A→ 0

in the category of K-algebraic groups.

From now on let A be an abelian K-variety, as explained in the beginning

of this chapter.

Proposition 5.1.12 (Bosch-Lütkebohmert). There exists a unique formal

group K◦-scheme A0 (with reduced special fibre) and a unique monomorph-

ism of K-analytic groups a : A an
0 ↪→ Aan inducing an isomorphism of to-

pological sets onto a compact K-analytic domain on Aan such that Ã0 is

a semi-abelian K̃-variety, i.e. there exists an abelian K̃-variety BK̃ and a

short exact sequence

0→ T̃0 → Ã0 → BK̃ → 0 (5.1)

in the category of K̃-algebraic groups. Furthermore, there exists a unique

abelian formal group K◦-scheme B with special fibre B̃ = BK̃ in the cat-

egory of K̃-algebraic groups, such that we have a short exact sequence

0→ T0
r0−→ A0

b0−→ B → 0

in the category of formal group K◦-schemes, which is the lifting of (5.1).

Finally we also get a short exact sequence of the generic fibres

0→ Tan
0

r−→ A an
0

b−→ Ban → 0 (5.2)

in the category of K-analytic groups.

Proof. [BL84, Theorem 8.2]; [BL91, Theorem 1.1]; See also: [BL86, Pro-

position 2.1]; [Gub10, §4.1]; [Ber90, §6.5]

Definition 5.1.13. We define the Raynaud uniformization of A to be the

pushout of the monomorphisms r : Tan
0 ↪→ A an

0 and t : Tan
0 ↪→ Tan in the

category of K-analytic groups, and denote it by Ean.
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5.1 Raynaud’s uniformization theory

Lemma 5.1.14. The Raynaud uniformization is well-defined and the two

arising morphisms of the pushout square

Tan
0 A an

0

Tan Ean

r

t

are monic. Furthermore it is also a pushout square in the underlying cat-

egory of topological spaces.

Proof. [Ber90, §6.5]

Proposition 5.1.15 (Bosch-Lütkebohmert). Consider in the following the

category of K-analytic groups unless otherwise stated:

(i) There exists a unique epimorphism q : Ean ↠ Ban such that the fol-

lowing diagram

Tan
0 A an

0

Tan Ean

Ban

r

t

b

0

∃!q
(5.3)

commutes.

(ii) There exists a unique morphism s : Tan → Aan such that the diagram

Tan
0 A an

0

Tan Aan

r

t a

∃!s

commutes.
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5 Construction of a Mumford model

(iii) There exists a unique epimorphism p : Ean ↠ Aan such that the

diagram

Tan
0 A an

0

Tan Ean

Aan

r

t

a

s

∃!p

commutes.

(iv) There exist a K-algebraic group E and an abelian K-variety B such

that Ean = Ean and Ban = Ban in the category of K-analytic groups.

Furthermore, there exists a short exact sequence

0 T E B 0
q

in the category of K-algebraic groups inducing the bottom short exact

sequence of (5.3) on their analytifications.

(v) We define the object M ′ by the short exact sequence

0 M ′ Ean Aan 0
p

(5.4)

in the category of K-analytic groups, that means as the kernel of p.

Then M ′ is a discrete subgroup of the topological group Ean(K) and

it is isomorphic to a free abelian group of rank n in the category of

groups.

Proof. (i) The pushout property and the short exact sequence (5.2). Al-

ternatively see [BL91, p. 655]

(ii) [BL91, Theorem 1.2 and §2]

(iii) Apart from the epimorphism property, this follows by the pushout

property as well. For p being epic see also [BL91, Theorem 1.2 and

§2].

(iv) [BL91, Theorem 6.13] with GAGA principle; [Gub10, §4.1]

(v) [BL91, Theorem 1.2(b)]; [Gub10, §4.1]
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5.1 Raynaud’s uniformization theory

Remark 5.1.16. The (abelian) K-analytic groupM ′ = (M ′,A , τ) has the

following explicit description: The locally Hausdorff topological space M ′

and the group structure are given by a free abelian group of rank n with

the discrete topology. Therefore the choice of A includes the choice of a

free abelian groupM of rank n (isomorphic toM ′ as a group). The net τ is

isomorphic toM ′ as a set, and for any V ∈ τ we have the K-affinoid algebra

AV = K. This locally yields for any γ ∈ M ′ a morphism γ : M (K)→ Ean

in the category of K-analytic spaces, which is a K-rational point of Ean.

Eventually, these morphisms form a subset M ′ of Ean(K), which is also a

discrete subgroup of the topological group Ean(K).

Remark 5.1.17. We denote the terminal object always by 0, even in the

context of tori. For this reason we will, for instance, write 0 ↪→ Tan
0 instead

of 1 ↪→ Tan
0 .

Definition 5.1.18. The diagram in the category of K-analytic groups con-

sisting of the short exact sequences (5.3) and (5.4)

M ′

Tan Ean Ban

Aan

q

p

is called Raynaud’s uniformization cross.

Definition 5.1.19. There are two extreme cases: If B = 0, we say the

abelian K-variety A is totally degenerate. If T = 0, we say the abelian

K-variety A has good reduction. The abelian K-variety B always has good

reduction.

Lemma 5.1.20. We can do the following constructions:
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5 Construction of a Mumford model

(i) We may extend the canonical tropicalization map by the pushout

diagram

Tan
0 A an

0

Tan Ean

NR

r

t

0

trop

∃! trop

in the category of topological spaces.

(ii) Defining Λ to be the image (see Definition 2.2.4) of M ′ under the

epimorphism trop: Ean ↠ NR, we get the commutative diagram

0 M ′ Ean Aan 0

0 Λ NR NR/Λ 0

trop trop ∃!trop

in the category of topological spaces, where the horizontal lines are two

short exact sequences in the category of K-analytic groups respectively

in the category of groups. The subobject Λ is a complete lattice in NR.

Proof. (i) By Lemma 5.1.10, the outer square commutes, and therefore

the existence and uniqueness of the morphism of topological spaces

trop: Ean → NR follows by the pushout property of the Raynaud

extension. It is furthermore epic, because the morphism of topological

spaces trop: Tan ↠ NR is already epic.

(ii) [BL91, Theorem 1.2(b)]

5.2 Mumford models

As mentioned in [Gub10, 4.7], the following is a construction of Mumford

[Mum72], which is useful for compactifying moduli spaces of abelian variet-

ies (see [CF91]). This specific kind of models will help us later considering

the problem combinatorially.

68



5.2 Mumford models

Lemma 5.2.1. For the formal group K◦-scheme B, there exists a choice of

the atlas B = (B, (Bi = Spf(Ai))i∈I ,OB) and a family (si : Bi ↪→ A0)i∈I
of monomorphisms of admissible formal K◦-schemes such that for all i ∈ I
the diagram

Bi B

A0

si b0

is commutative and the composition

Bi × T0 A0 ×A0 A0
si×r0 m

is an open immersion of admissible formal K◦-schemes.

Proof. [BL91, penultimate paragraph of p. 655] or [Gub10, §4.2]. It can be

translated to the category of admissible formal K◦-schemes via Proposition

3.4.17.

Definition 5.2.2 ([Gub10, §4.2]). The open immersions of admissible

formal K◦-schemes (si : Bi ↪→ A0)i∈I are called local trivializations of B.

Then, for any i ∈ I, we define the epimorphism of topological spaces

tropi : Ban
i × Tan Tan NR.

p2 trop

Remark 5.2.3. The epimorphisms of topological spaces trop: Ean ↠ NR
and trop: Aan ↠ NR/Λ of Lemma 5.1.20 coincide with the ones defined in

[Gub10, §4.2] via local trivializations, here written as tropi : Ban
i × Tan ↠

NR. The reason is that the factor A an
0 is sent to zero by trop: Ean ↠ NR

due to Lemma 5.1.20(i).

Lemma 5.2.4. Let ∆ be a Γ-rational polytope in NR. Then the set

Ui,∆ := trop−1
i (∆) = Ban

i × U∆

forms a Weierstrass domain on the K-analytic space Ban
i ×Tan. We denote

the corresponding K-affinoid algebra by K⟨Ui,∆⟩.

Proof. [Gub10, Lemma 4.6]
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5 Construction of a Mumford model

Definition 5.2.5 ([Gub10, 4.7]). Let ∆ be a Γ-rational polytope in NR,

and let i ∈ I. We call Ui,∆ the polytopal domain associated to (i,∆), and

we define the admissible formal affine K◦-scheme Ui,∆ := Spf(K⟨Ui,∆⟩◦).

Lemma 5.2.6. Let C be a Γ-rational polytopal decomposition of NR/Λ, and

C be the induced Γ-rational polytopal decomposition of NR (see Definition

2.4.5). Then the definitions I ′ := I × C (as sets),

U(i,∆1)(j,∆2) :=

{
Uk,∆1∩∆2 if ∆1 ∩∆2 ̸= ∅
∅ if ∆1 ∩∆2 = ∅,

where k ∈ I such that Bi ∩ Bj = Bk, together with φ(i,∆1)(j,∆2) := id

yield a gluing datum in the category of admissible formal K◦-schemes with

reduced special fibre (analogous to [GW10, Definition 3.9] in the category

of schemes).

Proof. Since the intersection of two affine opens is again affine open in

the category of admissible formal K◦-schemes, one can assume B to have

the following property: Let i, j ∈ I. Then there exists a k ∈ I such that

Bi ∩Bj = Bk.

Let ∆1 ⊆ ∆2 be Γ-rational polytopes in NR such that ∆1 is a closed face

of ∆2, and let i, j ∈ I such that Bi ⊆ Bj . The inclusion ∆1 ⊆ ∆2 implies

a monomorphism of K-affinoid spaces U∆1 ↪→ U∆2 of the associated Weier-

strass domains, which corresponds together with Bi ⊆ Bj to an epimorph-

ism of admissible K◦-algebras K⟨Uj,∆2⟩
◦ ↠ K⟨Ui,∆1⟩

◦. Finally, this induces

a monomorphism of admissible formal affine K◦-schemes Ui,∆1 ↪→ Uj,∆2

since ∆1 is a closed face of ∆2, and Bi ⊆ Bj .

By the definition of a polytopal complex (see Definition 2.4.2 (ii)), ∆1∩∆2

is either empty or a closed face of ∆1 and ∆2. In the second case we get a

monomorphism of admissible formal affine K◦-schemes Uk,∆1∩∆2 ↪→ Ui,∆1 .

These monomorphisms together with the isomorphisms φ(i,∆1)(j,∆2) = id

fulfil the analogous conditions of [GW10, Definition 3.9]. Finally, we can

take the considered subcategory (with reduced special fibre), because the

reduction Ũi,∆ = Spec(K̃⟨Ui,∆⟩) is an affine K̃-variety.

Definition 5.2.7 ([Gub10, 4.7]). Let C be a Γ-rational polytopal decom-

position of NR/Λ. We then define the admissible formal K◦-scheme EC
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5.2 Mumford models

associated to C to be the gluing object of the gluing datum from Lemma

5.2.6 in the category of admissible formal K◦-schemes with reduced special

fibre, whose existence can be shown analogously to [GW10, Proposition

3.10].

Lemma 5.2.8. For the formal group K◦-scheme B there exists a choice

of the atlas B = (B, (Bi = Spf(Ai))i∈I ,OB) fulfilling the properties in

Lemma 5.2.1 and additionally the property that for all x ∈ q(M ′) ⊆ Ban

and i ∈ I there exists a j ∈ I such that x + Bi = Bj as subobjects of the

topological space Ban.

Proof. [Gub10, 4.7]

Definition 5.2.9 ([Gub10, 4.7]). Let C be a Γ-rational polytopal decom-

position of NR/Λ. We may form the quotient of E f-an
C byM ′, which yields a

reduced formal K-analytic variety AC (by Lemma 5.2.8, see [Gub10, 4.7]).

The admissible formal K◦-scheme AC := Af-sch
C

with reduced special fibre

is called the Mumford model of A associated to C .

Lemma 5.2.10. Let C be a Γ-rational polytopal decomposition of NR/Λ.

The Mumford model AC of A associated to C is well-defined and indeed a

formal K◦-model of A. Furthermore we get morphisms of admissible formal

K◦-schemes p : EC → AC and q : EC → B extending the morphisms on the

generic fibres.

Proof. [Gub10, 4.7]

Lemma 5.2.11. Let C be a Γ-rational polytopal decomposition of NR/Λ, let

A1 be the Mumford model of A associated to C , and let m ∈ Z\{0}. Then

m−1C :=
{
m−1∆ | ∆ ∈ C

}
is also a Γ-rational polytopal decomposition of

NR/Λ. Denote the corresponding Mumford model of A by Am. Then the

endomorphism of abelian K-varieties [m] : A → A has a unique extension

to a morphism [m] : Am → A1 of admissible formal K◦-schemes.

Proof. [Gub07a, Proposition 6.4(a)]
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5 Construction of a Mumford model

5.3 Line bundles on Mumford models

The goal of this section is to describe formal K◦-models of L determined

on a Mumford model of A (see Definition 3.4.23). We will start with a

completely combinatorial part. Until Lemma 5.3.6 we may assume that

NR is just an arbitrary finite-dimensional R-vector space and that Λ is an

arbitrary complete lattice in NR. Afterwards, we will assume that both are

induced by an abelian K-variety A, and we let L be a line bundle on A.

Definition 5.3.1. A Λ-cocycle is a family of morphisms of topological

spaces (zλ : NR → R)λ∈Λ such that

(i) for any λ, µ ∈ Λ and u ∈ NR the equality

zλ+µ(u) = zλ(µ+ u) + zλ(u)

holds true, and

(ii) the definition

z : Λ→ R,
λ 7→ zλ(0)

yields a Z-quadratic function (see Definition 2.6.2).

Lemma 5.3.2. Let (zλ : NR → R)λ∈Λ be a Λ-cocycle. Then

(i) the Z-quadratic function z : Λ→ R extends uniquely to an R-quadratic
function z : NR → R,

(ii) for λ ∈ Λ, u ∈ NR we have zλ(u) − z(λ) = b(λ, u) where b is the

associated R-bilinear form of the R-quadratic function z : NR → R,

(iii) and for λ ∈ Λ, u ∈ NR we get the equality z(λ+ u)− z(u) = zλ(u).

Proof. (i) By Definition 5.3.1(ii) we have for the associated Z-bilinear
form b : Λ×Λ→ R and for the associated Z-linear form l : Λ→ R the

equality 2z(λ) = b(λ, λ) + l(λ) for all λ ∈ Λ. They can be uniquely

extended to an R-bilinear form b : NR×NR → R and a morphism of R-
vector spaces l : NR → R and finally the definition z(u) := b(u,u)+l(u)

2

for all u ∈ NR yields the desired R-quadratic function. Uniqueness

follows by the uniqueness of the extensions of b and l.
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5.3 Line bundles on Mumford models

(ii) Definition 5.3.1(i) for u = 0 yields the equality zλ+µ(0) = zλ(µ) +

zµ(0), which can be equivalently written as z(λ+ µ) = zλ(µ) + z(µ).

Combining this with Definition 5.3.1(ii), we get for all λ, µ ∈ Λ the

equality

b(λ, µ) = z(λ+ µ)− z(µ)︸ ︷︷ ︸
=zλ(µ)

−z(λ)

which linearly extends to the required formula.

(iii) Using (i) we have

z(λ+ u)− z(u) = 1
2(b(λ+ u, λ+ u) + l(λ+ u)− b(u, u)− l(u))

= 1
2(b(λ, λ) + l(λ)) + b(λ, u)

= z(λ) + b(λ, u)

= zλ(u)

where the last equality follows by (ii).

Definition 5.3.3. Let (zλ : NR → R)λ∈Λ be a Λ-cocycle. A function

f : NR → R fulfils the cocycle rule if for any λ ∈ Λ, u ∈ NR we have

the equality f(λ+ u) = zλ(u) + f(u).

Lemma 5.3.4. Let (zλ : NR → R)λ∈Λ be a Λ-cocycle. A function f : NR →
R fulfils the cocycle rule if and only if the function f − z : NR → R is

Λ-periodic (see Definition 2.4.11), where z : NR → R is the R-quadratic
function from Lemma 5.3.2(i).

Proof. We have z(λ+ u)− z(u) = zλ(u) = f(λ+ u)− f(u), where the first

equality follows by Lemma 5.3.2(iii), and the second equality is true for all

λ ∈ Λ, u ∈ NR if and only if the function f : NR → R fulfils the cocycle

rule.

Lemma 5.3.5. Let (zλ : NR → R)λ∈Λ be the Λ-cocycle, let z : NR → R
be the R-quadratic function from Lemma 5.3.2(i), let b respectively l be

the associated R-bilinear respectively R-linear form (see Definition 2.6.2,

Definition 2.6.4), let f : NR → R be an arbitrary morphism of topological

spaces fulfilling the cocycle rule, and for any m ∈ Z\{0} we will write

f(m · .) : NR → R, u 7→ f(mu).
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5 Construction of a Mumford model

(i) If l = 0, then 1
m2 f(m · .) −−−−−→

m→+∞
z uniformly.

(ii) If b = 0, then 1
mf(m · .) −−−−−→m→+∞

z uniformly.

Proof. We will just prove (i) because (ii) works analogously. Since f fulfils

the cocycle rule, by Lemma 5.3.4 the morphism of topological spaces f − z
is Λ-periodic. As the fundamental domain of the complete lattice Λ in NR
is compact and morphisms of topological spaces on compact subsets are

bounded, the morphism of topological spaces f − z is therefore bounded.

Hence the morphism of topological spaces

1
m2 f(m · .)− 1

m2 z(m · .)︸ ︷︷ ︸
=z

: NR → R

converges uniformly to 0 for m→ +∞ as 1
m2 converges to zero.

Lemma 5.3.6. Let (zλ : NR → R)λ∈Λ be a Λ-cocycle, assume that the R-
quadratic function z : NR → R is strictly convex, let C be a Λ-periodic

(see Definition 2.4.6) polyhedral decomposition of NR, and let f be a C -

polyhedral convex function fulfilling the cocycle rule. Then there exists a se-

quence (Ck)k∈N of polytopal decompositions of NR/Λ and a sequence (fk)k∈N
of strongly Ck-polyhedral convex functions fulfilling the cocycle rule, such

that (fk)k∈N converges uniformly to f .

Proof. Step 1: We may assume f strongly C -polyhedral convex and C

being a Λ-periodic (see Definition 2.4.6) polytopal decomposition. Further-

more, we may assume that for any ∆ ∈ C and u ∈ NR there exists at most

one λ ∈ Λ such that u+ λ ∈ relint(∆).

By unifying all n-dimensional polyhedrons of C with the same slopes (and

adjusting their closed faces) we may assume that f is strongly C -polyhedral

convex, C remains Λ-periodic (see Definition 2.4.6) and still fulfils the

cocycle rule. As by Lemma 5.3.4 the function f − z is Λ-periodic and by

assumption the R-quadratic function z is strictly convex, all polyhedrons

∆ of C are bounded.

Assume for a contradiction that there exist ∆ ∈ C , u ∈ NR, and λ1, λ2 ∈ Λ

with λ1 ̸= λ2 such that u + λ1, u + λ2 ∈ relint(∆). By the convexity

we get [u + λ1, u + λ2] ⊆ relint(∆) and by the Λ-periodicity of C we get
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5.3 Line bundles on Mumford models

[u+λ1+(λ2−λ1), u+λ2+(λ2−λ1)] ⊆ relint(∆+(λ2−λ1)). Since for any
element of NR and particularly for the point u + λ1 + (λ2 − λ1) = u + λ2
there exists exactly one element of C such that this point lies in its relative

interior, this implies the equality ∆ = ∆ + (λ2 − λ1) of subsets of NR.

Proceeding in this way, we get the inclusion u+λ1+R(λ2−λ1) ⊆ relint(∆),

which is a contradiction to ∆ ∈ C being bounded.

Step 2: fk strongly Ck-polyhedral convex uniformly converging to f

For any ∆ ∈ C we may choose an element ξ∆ ∈ relint(∆) such that for

any λ ∈ Λ we have ξ∆+λ = ξ∆ + λ, which is possible by Step 1. Choose a

finite subset C0 ⊆ C such that for any ∆ ∈ C there exist unique elements

∆0 ∈ C0 and λ ∈ Λ with ∆ = ∆0 + λ. Define for all j ∈ {0, ..., n} the finite

subsets Vj := {ξ∆0 | ∆0 ∈ C0 is j-dimensional} and for j ∈ {0, ..., n} the

sets V≥j :=
⋃
n≥i≥j Vi and V≤j :=

⋃
0≤i≤j Vi.

1 2 3

1

2

e1

e2

u1

u2

(a) C
(j)
k for j = 2: Every 2-dimensional

polytope is the convex hull of an at

most 1-dimensional polytope of C

and exactly one vertex of V2 + Λ.

1 2 3

1

2

e1

e2

u1

u2

(b) C
(j)
k for j = 1: Every 2-dimensional

polytope is the convex hull of exactly

one vertex of Vi + Λ for every i ∈
{0, 1, 2}.

Figure 5.1: Example for n = 2 and Λ = Ze1 +Ze2: Let C be the polytopal

decomposition ofNR having all Λ-translates of the closure of the

fundamental domain as n-dimensional polytopes. The elements

ξ∆ ∈ relint(∆) “break” the polytopes in C . The red point lies

in V2 + Λ, the blue ones lie in V1 + Λ, and the gray ones lie in

V0 + Λ.
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5 Construction of a Mumford model

For any j ∈ {1, ..., n+ 1} and ∆ ∈ C we recursively define the set

F (j)(∆) :=

{
{∆} if dimR(∆) < j⋃
σ{C(τ, ξ∆) | τ ∈ F (j)(σ)} if dimR(∆) ≥ j

where σ runs over all (dimR(∆)−1)-dimensional closed faces of ∆ in C and

C(τ, ξ∆) is the convex hull of τ and ξ∆ in NR, which is a polytope (provided

by [Zie95, Theorem 1.1], which proves that a polytope is the convex hull of

a finite set of points). Then every polytope ∆′ ∈ F (j)(∆) is the convex hull

of an at most (j−1)-dimensional polytope in C (has only vertices in V0+Λ)

and exactly one vertex of Vi + Λ for every i ∈ {j, ..., n}. Furthermore, the

dimension of ∆′ is equal to the dimension of ∆ because the vertex ξ∆ lies

in the relative interior of ∆.

Let N ⊆ C be the subset of n-dimensional polytopes. Then the set

N
(j)
k :=

⋃
∆∈N F (j)(∆) of n-dimensional polytopes generates (by taking

intersections) a Λ-periodic (see Definition 2.4.6) polytopal decomposition

C
(j)
k of NR because for every λ ∈ Λ the equality F (j)(∆+λ) = F (j)(∆)+λ

holds true (see Figure 5.1 for a visualization). We have C = C
(n+1)
k and

we will define Ck := C
(1)
k . In the following, k will be an element of N but

all considered polytopal decompositions are independent of the choice of k.

In order to construct a strongly Ck-polyhedral convex function fk, we will

do an induction over j ∈ {1, ..., n+ 1}:

Induction claim: Let j ∈ {1, ..., n+ 1}. Then there exists a strongly C
(j)
k -

polyhedral convex function f
(j)
k such that for all vertices ξ of C

(j)
k we have

|f(ξ)− f (j)k (ξ)|R < 1
k+1 , and for all ξ ∈ V≤(j−1) +Λ we have f(ξ) = f

(j)
k (ξ).

Induction start: Let j = n + 1 and define f
(n+1)
k := f , which fulfils the

induction claim because f is strongly C -polyhedral convex due to Step 1

and we have C = C
(n+1)
k .

Induction step: Let j ∈ {1, ..., n}, assume that the induction claim holds

true for j+1. By this we get that the function f
(j)
k := f

(j+1)
k is�����XXXXXstrongly C

(j)
k -

polyhedral convex and for all vertices ξ of C
(j+1)
k we have |f(ξ)−f (j)k (ξ)|R <

1
k+1 . Because of the last part of the induction claim, the inequality |f(ξ)−
f
(j)
k (ξ)|R < 1

k+1 holds over and above that for all vertices ξ of C
(j)
k . Since
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−2
−1

0
1

2
3

4

0

2

4
0

2

u1

u2

Figure 5.2: The function f
(2)
k is strongly C

(2)
k -polyhedral convex but not

strongly C
(1)
k -polyhedral convex.

every n-dimensional polytope of C
(j)
k has exactly one vertex in Vj +Λ, for

any ξ ∈ Vj there exists an element ε(ξ) ∈ R>0 such that for any re-definition

f(ξ) > f
(j)
k (ξ) > f(ξ)−max

(
ε(ξ), 1

k+1

)
of the function f

(j)
k at ξ ∈ Vj (and hence all vertices in Vj + Λ) the new

function f
(j)
k satisfies the induction claim for j. Note that this is well-

defined because every n-dimensional polytope of C
(j)
k is given as a convex

hull of an at most (j−1)-dimensional polytope in C (only vertices in V0+Λ)

and exactly one vertex of Vi + Λ for every i ≥ j. Omitting the vertex in

Vj + Λ would yield an (n − 1)-dimensional polytope. This completes the

induction and the induction claim for j = 1 proves the statement of Step 2

(define fk := f
(1)
k ). See Figure 5.2 for a visualization.
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5 Construction of a Mumford model

Step 3: Ck induces a polytopal decomposition Ck of NR/Λ.

Assume for a contradiction that there exists a σ ∈ Ck and λ ∈ Λ\{0} such
that τ := σ∩ (σ+λ) ̸= ∅. Then τ and τ +λ are closed faces of σ+λ ∈ Ck,

and for every vertex ξ of τ , both ξ and ξ + λ are vertices of σ + λ.

In Step 2 we have seen that every polytope∆ ∈ N
(1)
k has exactly one vertex

in Vi+Λ for all i ∈ {0, ..., n} and thus every polytope ∆ ∈ C
(1)
k = Ck has at

most one vertex in Vi + Λ for all i ∈ {0, ..., n}. This yields a contradiction

for ∆ = σ + λ, because there exists a j ∈ {0, ..., n} such that the two

different vertices ξ and ξ+λ both lie in Vj+Λ. Therefore we get a polytopal

decomposition Ck of NR/Λ, which is independent of the choice of k ∈ N.

Lemma 5.3.7. Let L be a line bundle on A. For any rigidification ρL on L

there exists a rigidified line bundle (H, ρH) on the K-algebraic group B and

a line bundle H on the formal group K◦-scheme B such that Han = H an

as line bundles on K-analytic spaces, such that ||.||H = ||.||H,can as metrics

on B, such that p∗Lan = q∗Han as line bundles on Ean, and such that

p∗ρanL = q∗ρanH in the category of K-analytic spaces.

Proof. [BL91, §4, particularly Proposition 4.4]

Remark 5.3.8. Let L be a line bundle on A. As described in [Gub10,

4.3], the group action M ′ × Ean → Ean in the category of K-analytic

groups, which is induced by the monomorphism of K-analytic groups

M ′ ↪→ Ean (see Lemma 2.2.7), induces for any γ ∈ M ′ an isomorph-

ism of fields H (x)
∼−→ H (γ · x) and an isomorphism of H (x)-vector

spaces αγ : p
∗Lan(x)

∼−→ p∗Lan(γ · x). It was used that M ′ ⊆ Ean(K) (see

Proposition 5.1.15(v)).

Lemma 5.3.9. Let L be a line bundle on A. For any γ ∈ M ′, we define

the function

Zγ : E
an → R>0,

x 7→
q∗||w||H ,x

q∗||αγ(w)||H ,γ·x

for w ∈ p∗Lan(x) with q∗||w||H ,x ̸= 0, where H is a line bundle on the

formal group K◦-scheme B given by Lemma 5.3.7 for some choice of the

rigidification ρL on L, and where ||.||H denotes the formal metric associated
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5.3 Line bundles on Mumford models

to H (see Definition 4.1.5) and q∗||.||H denotes its pull-back along q (see

Definition 4.1.1). We then get the following properties:

(i) For any γ ∈M ′ the function Zγ is well-defined and continuous.

(ii) For any β, γ ∈M ′ and x ∈ Ean we get Zβγ(x) = Zβ(γ · x) · Zγ(x).

Proof. (i) Another choice of w ∈ p∗Lan(x) or of ρL would multiply the

nominator and denominator with the same factor. Hence the function

Zγ is well-defined. Its continuity follows by Lemma 4.1.6. See also

[Gub10, 4.3].

(ii) We have

q∗||w||H ,x

q∗||αβγ(w)||H ,βγ·x
=

q∗||αγ(w)||H ,γ·x
q∗||αβ(αγ(w))||H ,βγ·x

·
q∗||w||H ,x

q∗||αγ(w)||H ,γ·x

for all β, γ ∈M ′, x ∈ Ean, and w ∈ p∗Lan(x) with q∗||w||H ,x ̸= 0.

Lemma 5.3.10. Let L be a line bundle on A. For any λ ∈ Λ there exists

a unique morphism zλ : NR → R making the diagram

Ean NR

R>0 R

trop

Zγ ∃!zλ
− log

in the category of topological spaces commutative for any γ ∈ M ′ with

trop(γ) = λ and forming a Λ-cocycle.

Proof. By the description of the group action α in [BL91, Proposition 4.9],

the value Zγ(x) depends only on trop(x). Lemma 5.3.9(ii) and the above

commutative diagram check condition (i) in Definition 5.3.1. For condition

(ii) in Definition 5.3.1, one has to show that

b : Λ× Λ→ R,
(µ, λ) 7→ zµ+λ(0)− zµ(0)− zλ(0)

is a Z-bilinear form. This requires the theory of cubical line bundles and

is a non-trivial proof which is based on [BL91, §4]. For the statement we

refer to [Gub10, 4.3].
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5 Construction of a Mumford model

Lemma 5.3.11. Let L be a line bundle on A, let (zλ : NR → R)λ∈Λ be

the Λ-cocycle induced by L (see Lemma 5.3.10), let z : NR → R be the

R-quadratic function from Lemma 5.3.2(i), and let b respectively l be the

associated R-bilinear respectively R-linear form (see Definition 2.6.2, Defin-

ition 2.6.4). Then

(i) the image of the subset Λ ⊆ NR with respect to z is contained in Γ,

(ii) the line bundle L is even if and only if l = 0, and L is odd if and only

if b = 0, and

(iii) the line bundle L is ample if and only if the line bundle H is ample and

b is positive definite. In this case, the line bundle H is also ample

(see Definition 3.4.25) and the R-quadratic function z : NR → R is

strictly convex.

Proof. (i) By the definition of the function Zγ (see Lemma 5.3.9) in com-

bination with the definition of the formal metric ||.||H (see Definition

4.1.5), we get that for any x ∈ Ean there exists an element a ∈ K\{0}
such that Zγ(x) = |a|. Then applying the commutative diagram in

Lemma 5.3.10 yields zλ(trop(x)) ∈ Γ which implies the statement

because the function trop: Ean ↠ NR is surjective.

(ii) We refer to the last sentence of [Gub10, 4.3] for the statement.

(iii) For the equivalence we refer to [Gub10, 4.3] and [BL91, Theorem 6.13].

Since b is positive definite, the function z is strictly convex. It remains

to show that the line bundle H is ample. At first we will show that the

even line bundle H0 := H ⊗̂[−1]∗H is ample. The latter follows by

[Ray70, Theorem XI.1.13] for S = Spf(K◦) (see [DGH21, Remark 3.1]

for an explanation) in combination with the fact that the formal K◦-

model H0 of the even line bundle H0 := H⊗ [−1]∗H is unique and by

using the noetherian approximation (see [EGAIV.3, Lemme 8.10.5.2])

for fixing the leak that S = Spf(K◦) is not necessarily noetherian.

Since we have

H ⊗2 = H0︸︷︷︸
even

⊗̂(H ⊗̂([−1]∗H )−1︸ ︷︷ ︸
odd

),
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5.4 Metric-function correspondence and toric metrics

the Nakai-Moishezon Criterion (see [Har77, Theorem A.5.1]) shows

that the special fibre of the line bundle H ⊗2 is ample because H0 is

ample and all intersection numbers with an odd line bundle are zero.

Hence the special fibre H̃ of H is ample. Finally by [EGAIII.1,

Théorème 4.7.1] in combination with the noetherian approximation

(see [EGAIV.3, Lemme 8.10.5.2]), the fact H̃ being ample implies

that the line bundle H itself is ample. Note that in the application of

[EGAIII.1, Théorème 4.7.1] we have U = Spf(K◦) because the closure

of the trivial semi-norm on K◦ with respect to the formal topology is

the whole topological space Spf(K◦). The noetherian approximation

(see [EGAIV.3, Lemme 8.10.5.2]) is used for fixing the gap that S =

Spf(K◦) is not necessarily noetherian. See also [BGJK21, Remark

8.2.5] for the statement H being ample.

5.4 Metric-function correspondence and toric metrics

Let L be a line bundle on A. The goal of this section is to establish a

bijection between a certain subset of continuous metrics on L and the set

of continuous functions NR → R fulfilling the cocycle rule. We will name

these metrics toric.

Proposition 5.4.1 (Metric-function correspondence for formal metrics).

Let C be a Γ-rational polytopal decomposition of NR/Λ. Then there is

a bijective correspondence between the isomorphism classes of formal K◦-

models L of L determined on AC , which are trivial on the admissible

formal affine K◦-schemes Ui,∆ for each i ∈ I, ∆ ∈ C , and morphisms of

topological spaces fL : NR → R being Γ-rational C -polyhedral and fulfilling

the cocycle rule.

Let ||.||L be the associated formal metric on L. Any choice of a rigidific-

ation ρL on L yields a canonical bijection, in the sense that the morphism

of topological spaces fL : NR → R is uniquely determined by making the

diagram in the category of topological spaces

Ean NR

R>0 R

trop

p∗||.||L
q∗||.||H

fL

− log
∼
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5 Construction of a Mumford model

commutative. The quotient p∗||.||L
q∗||.||H is evaluated at any non-zero local sec-

tion.

Proof. [Gub10, Proposition 4.11]

Definition 5.4.2. A continuous metric ||.|| on L is called toric if there

exists a morphism of topological spaces ψ : Aan → R such that

(i) ψ is A an
0 -invariant, that means for the group action ◁a : A an

0 ×Aan →
Aan given by the monomorphism a : A an

0 ↪→ Aan of K-analytic groups

(see Proposition 5.1.12 and Lemma 2.2.7), the diagram

A an
0 ×Aan Aan

Aan R

◁a

p2 ψ

ψ

commutes in the category of topological spaces;

(ii) and ||.|| = e−ψ||.||L,can in the set C(L), where ||.||L,can denotes a ca-

nonical metric on L for some rigidification ρL on L.

In this case, and if we have fixed the choice of a rigidification ρL on L, we

will denote the toric metric by ||.||ψ.

Lemma 5.4.3. If condition (ii) in Definition 5.4.2 is fulfilled for one ri-

gidification on L, then it is fulfilled for all rigidifications on L.

Proof. By Lemma 4.1.17, another choice of the rigidification would just

lead to a multiplication of ψ with a non-zero constant.

Lemma 5.4.4. A metric ||.|| on L is toric if and only if there exists a

morphism of topological spaces ψ : NR/Λ→ R such that we get the equality

||.|| = e−ψ◦trop||.||L,can of metrics on L, where ||.||L,can denotes the canonical

metric on L for some rigidification ρL on L.

Proof. “=⇒”: For any x ∈ Aan we define the subset

A an
0 x := {◁a(w) | w ∈ A an

0 ×Aan, p2(w) = x}

of Aan. For different elements x, x′ ∈ Aan, the subsets A an
0 x and A an

0 x′ are

either equal or disjoint. In [Ber90, §5.1], Berkovich defined a topological
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5.4 Metric-function correspondence and toric metrics

space Aan/A an
0 having these subsets as elements and having the coarsest to-

pology such that the function π : Aan ↠ Aan/A an
0 , x 7→ A an

0 x is continuous

(called quotient topology). In [Ber90, §6.5], it is proved that there exists

a unique isomorphism of topological spaces κ : Aan/A an
0

∼−→ NR/Λ such

that the upper left triangular of the diagram in the category of topological

spaces

Aan NR/Λ

Aan/A an
0 R

trop

ψ

π

∃!κ

∃!ψ

commutes. More precisely, Berkovich showed the analogous case for the

group action ◁t : Tan
0 × Tan → Tan induced by t : Tan

0 ↪→ Tan (see Lemma

2.2.7), but this result can be transferred to the case here. The function

ψ : Aan/A an
0 → R,

A an
0 x 7→ ψ(x)

is well-defined and continuous, because the function ψ is A an
0 -invariant and

continuous, and it is the unique morphism of topological spaces making the

lower left triangular of the above diagram commutative. Finally, redefining

ψ := ψ◦κ−1 : NR/Λ→ R yields the desired morphism of topological spaces.

“⇐=”: Define ψ := ψ ◦ trop. Then the above considerations show that

ψ factorizes through π : Aan ↠ Aan/A an
0 , which means that ψ is A an

0 -

invariant.

Lemma 5.4.5. Any toric metric is continuous.

Proof. The canonical metric is continuous and the function ψ ◦ trop is

continuous.

Example 5.4.6. Any canonical metric on L is toric.

Proof. Take ψ = 0 or another constant function depending on the choice

of the rigidification ρL.
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5 Construction of a Mumford model

Definition 5.4.7. Choose a rigidification ρL on L. For any toric metric

||.||ψ we define the morphism of topological spaces

fψ := z + ψ ◦ λ : NR → R,

where z : NR → R is the R-quadratic function from Lemma 5.3.2(i),

ψ : NR/Λ → R is the morphism of topological spaces from Lemma 5.4.4,

and λ : NR ↠ NR/Λ is the quotient function from Definition 2.4.5.

Lemma 5.4.8. The function fψ depends on the choice of a rigidification

ρL on L. Another choice affects fψ by the addition of a constant in Γ. By

contrast, the R-quadratic function z is independent of the choice of ρL.

Proof. The morphism of topological spaces ψ depends on the choice of ρL
and by Lemma 4.1.17 another choice leads to the addition of an element

of Γ. The uniqueness of z follows because Lemma 5.3.10 is independent of

the choice of ρL.

Proposition 5.4.9 (Metric-function correspondence for toric metrics).

Choose a rigidification ρL on L. The map ||.||ψ 7→ fψ gives a bijective

function between the set of toric metrics on L and the set of morphisms of

topological spaces NR → R fulfilling the cocycle rule, such that the diagram

Ean NR

R>0 R

trop

p∗||.||ψ
q∗||.||H,can

fψ

− log
∼

commutes in the category of topological spaces. Furthermore, this bijection

is an extension of the bijection in Proposition 5.4.1, and finally it becomes

an isomorphism of metric spaces with respect to the distances of uniform

convergence in Definition 4.1.3 and Definition 2.4.15.

Proof. By Lemma 5.4.4 we have a bijective function ||.||ψ 7→ ψ between

the set of toric metrics on L and the set of morphism of topological spaces

ψ : NR/Λ → R. By Lemma 5.3.4 we have a bijective function fψ 7→ ψ

between the set of morphisms of topological spaces fψ : NR/Λ→ R fulfilling

the cocycle rule and the set of morphism of topological spaces ψ : NR/Λ→
R. Therefore, the function ||.||ψ 7→ fψ is also bijective.
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Our strategy is to prove at first the case of a canonical metric. For this

purpose, we will do an approximation by formal metrics associated to a

line bundle on a Mumford model (a variation of Tate’s limit argument,

see [Gub10, Example 3.7]). This allows us to apply the metric-function

correspondence for formal metrics (see Proposition 5.4.1). Consider first

the case L even. Let C be a polytopal decomposition of NR/Λ and L be a

formal K◦-model of L determined on AC which is trivial on the admissible

formal affine K◦-schemes Ui,∆ for each i ∈ I, ∆ ∈ C . Then, for any

m ∈ Z\{0}, we get by Proposition 5.4.1 and due to the equality f[m]∗L (.) =

fL (m · .) on NR the commutative diagram

Ean NR

R>0 R

trop

p∗||.||⊗1/m2

[m]∗L

q∗||.||⊗1/m2

[m]∗H

1
m2 fL (m·.)

− log
∼

in the category of topological spaces, where we refer to Lemma 5.2.11 for the

definition of the morphism of admissible formal K◦-schemes [m] : A
m−1C

→
AC . The morphism of formal group K◦-schemes [m] : B → B is canonical.

By Lemma 4.1.15 for the left-hand side and by Lemma 5.3.5 in combination

with Lemma 5.3.11(ii) for the right-hand side, taking the uniform limit

m→ +∞ yields the commutative diagram

Ean NR

R>0 R

trop

p∗||.||L,can
q∗||.||H,can

z

− log
∼

in the category of topological spaces. After replacing m2 by m, the same

holds for L odd. Combining both cases, we get the last commutative dia-

gram for any line bundle L. We can modify this diagram for any morphism

of topological spaces ψ : NR/Λ → R, to the commutative diagram in the

category of topological spaces

Ean NR

R>0 R.

trop

e−ψ◦trop p
∗||.||L,can
q∗||.||H,can

fψ

− log
∼
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Finally this bijection is an extension of Proposition 5.4.1 because of the

equality ||.||H,can = ||.||H of metrics on H, and it is furthermore an iso-

morphism of metric spaces, which follows by comparing Definition 4.1.3

with Definition 2.4.15 when using the above commutative diagram.

Remark 5.4.10. According to Lemma 5.3.5, Lemma 5.4.8, and Proposi-

tion 5.4.9, the R-quadratic function z has a distinguished role in the set of

continuous functions fulfilling the cocycle role analogous to the canonical

metric. One might call the function therefore canonical.

Theorem 5.4.11. Choose a rigidification ρL on L. The metric ||.||ψ is

semi-positive if the corresponding function fψ (see Proposition 5.4.9) is

convex. If L is ample, the converse is also true.

Proof. [GS22, Theorem 4.10]

5.5 Generic and transversal polytopal decompositions

The main part in the proof of [Gub10, Theorem 6.7], which we will gen-

eralize in Theorem C, is the degree formula in [Gub10, Proposition 5.18],

which requires a certain transversality assumption. The goal of this sec-

tion is to construct a Γ-rational polytopal decomposition C of NR/Λ which

fulfils this transversality assumption.

Again, we will start with a completely combinatorial part. Until Pro-

position 5.5.5 we may assume that M is just an arbitrary free abelian

group of rank n ∈ N, that Λ is an arbitrary complete lattice in NR :=

homR−Vec(M,R), and that Γ ⊆ R is an arbitrary Q-vector subspace. After-

wards we will assume that the first two are induced by an abelian K-variety

A, the latter is the value group of an algebraically closed non-trivially val-

ued non-archimedean field, and we let L be a line bundle on A.

Let Σ be a finite set of polytopes in NR/Λ.

Definition 5.5.1. Let∆1, ∆2 be two polyhedrons inNR. Then the expected

dimension of ∆1 and ∆2 is defined to be the integer

D(∆1, ∆2) := dimR(∆1) + dimR(∆2)− n.
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Definition 5.5.2 ([Gub07a, 8.1]). A polytopal decomposition C of NR/Λ

is called Σ-generic if the following conditions hold for every σ ∈ Σ, ∆ ∈ C

and all corresponding polytopes σ ⊆ NR, ∆ ⊆ NR (see Definition 2.4.5):

(i) If D(σ,∆) ≥ 0, then dimR(Aσ ∩ A∆) = D(σ,∆).

(ii) If D(σ,∆) < 0, then Aσ ∩ A∆ = ∅.

Definition 5.5.3 ([Gub07a, 8.1]). A polytopal decomposition C of NR/Λ

is called Σ-transversal if one of the following two conditions hold for every

σ ∈ Σ, ∆ ∈ C and all corresponding polytopes σ ⊆ NR, ∆ ⊆ NR (see

Definition 2.4.5):

(i) dimR(σ ∩∆) = D(σ,∆)

(ii) σ ∩∆ = ∅

Lemma 5.5.4. If for every σ ∈ Σ all of its closed faces are also in Σ, then

every Σ-generic polytopal decomposition C of NR/Λ is Σ-transversal.

Proof. [Gub07a, Proposition 8.2]

Proposition 5.5.5. Let Γ be a Q-vector subspace of R, and (zλ : NR →
R)λ∈Λ be a Λ-cocycle such that the R-quadratic function z : NR → R is

strictly convex. Let b respectively l be the associated R-bilinear respectively

R-linear form of z (see Definition 2.6.2, Definition 2.6.4), and assume that

b(., λ) ∈ M , b(λ, λ) ∈ Γ, l(λ) ∈ Γ for all λ ∈ Λ. Then, for any convex

function fψ fulfilling the cocycle rule, there exists a sequence (Ck)k∈N of Γ-

rational polytopal decompositions of NR/Λ, a sequence (Nk)k∈N in N\{0},
and a sequence (fk)k∈N of strongly Ck-polyhedral convex functions fulfilling

the cocycle rule and converging uniformly to fψ, such that for all k ∈ N the

following holds:

(i) The strongly Ck-polyhedral convex function Nkfk is Γ-rational.

(ii) For all m ∈ Z\{0} the polytopal decomposition m−1Ck of NR/Λ is

Σ-generic.
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5 Construction of a Mumford model

Proof. Step I: We may assume fψ strongly polyhedral convex.

Since the necessary assumptions for the purely combinatorial proof of

[BGJK21, Proposition 8.2.6] are also provided here, the result is applicable

in our situation. Consequently, the function fψ is the uniform limit of a

sequence (fk)k∈N of Ck-polyhedral convex functions fulfilling the cocycle

rule, where Ck is a Λ-periodic (see Definition 2.4.6) polytopal decompos-

ition of NR. Combining this with Lemma 5.3.6, we get that the function

fψ is the uniform limit of a sequence (fk)k∈N of strongly Ck-polyhedral

convex functions fulfilling the cocycle rule, where Ck is a polytopal decom-

position of NR/Λ. We may therefore assume that there exists a polytopal

decomposition C of NR/Λ such that fψ is strongly C -polyhedral convex.

Step II: Construction of (Ck)k∈N, (Nk)k∈N, and (fk)k∈N + Property (i):

Nkfk is Γ-rational.

Step II.1: fψ as the maximum of R-affine functions

Denote by N the subset of n-dimensional polytopes of C , and its elements

by η instead of ∆ like in Definition 2.4.13. They generate the polytopal

complex C by taking intersections. Since fψ is C -polyhedral, for any η ∈ N

there exist mη ∈MR and cη ∈ R such that for the definition

Aη : NR → R,
u 7→ ⟨mη, u⟩ − cη

the functions fψ and Aη coincide on η ⊆ NR. As fψ is C -polyhedral and

convex, we get the equality fψ = maxη∈N Aη of functions.

Step II.2: Choice of representatives of the set N

Since C is a polytopal decomposition of NR/Λ, there exists a finite subset

N0 ⊆ N such that for any η ∈ N there exists a unique η0 ∈ N0 and a

unique λ ∈ Λ such that η = η0+λ as subsets of NR. This defines a function

ω : N → N0 × Λ, (5.5)

η 7→ (η0, λ)

and we denote the projections onto the factors in the category of sets by

ω1 and ω2.
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5.5 Generic and transversal polytopal decompositions

Step II.3: The definition of the function fψ on all representatives η0 ∈ N0

determines the whole function fψ.

Let b be the associated R-bilinear form and l be the associated R-linear
form of the R-quadratic function z (see Definition 2.6.2, Definition 2.6.4,

Lemma 5.3.2(i)). The R-bilinear form b is positive definite because the

R-quadratic function z is strictly convex. Since the function fψ fulfils the

cocycle rule, we get for all η ∈ N and u ∈ η ⊆ NR the equality

Aη+λ(λ+ u) = zλ(u) +Aη(u), (5.6)

which is equivalent to the equality

⟨mη+λ, λ+ u⟩ − ⟨mη, u⟩︸ ︷︷ ︸
=⟨mη+λ−mη ,u⟩+⟨mη+λ,λ⟩

−cη+λ + cη = zλ(u)︸ ︷︷ ︸
=z(λ)+b(u,λ) by Lemma 5.3.2(ii)

. (5.7)

Note that these equalities are true for u ∈ η ⊆ NR if and only if they are

true for u ∈ NR, because the functions are R-affine and the polytope η

is n-dimensional. Using the equality z(λ) = 1
2(b(λ, λ) + l(λ)) (see Lemma

2.6.3), the equation (5.7) is again equivalent to the equalities

mη+λ = mη + b(., λ)︸ ︷︷ ︸
∈M

and cη+λ = cη + ⟨mη, λ⟩+ 1
2b(λ, λ)−

1
2 l(λ),︸ ︷︷ ︸

∈Γ if mη∈MQ

(5.8)

where we have b(., λ) ∈M by assumption and where on top of that we have

used for 1
2b(λ, λ),

1
2 l(λ) ∈ Γ that the subset Γ ⊆ R is a Q-vector subspace.

Note that b(., λ) ̸= 0 for λ ̸= 0 because the R-bilinear form b is positive

definite. By (5.8) the function fψ is already determined by all elements

mη0 ∈MR and cη0 ∈ R with η0 ∈ N0.

Step II.4: Rational approximation of fψ by strongly Ck-polyhedral convex

functions fk fulfilling the cocycle rule, such that Ck induces a Γ-rational

polytopal decomposition Ck of NR/Λ

Take arbitrary sequences

mη0,k︸ ︷︷ ︸
∈MQ

k∈N−−−−→
k→+∞

mη0 and cη0,k︸︷︷︸
∈Γ

k∈N−−−−→
k→+∞

cη0 (5.9)

for all η0 ∈ N0, which is possible because Q is dense in R in combination

with the fact that the subset Γ ⊆ R is a Q-vector subspace. Define for all
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5 Construction of a Mumford model

k ∈ N, η ∈ N \N0 elements mη,k ∈MQ and cη,k ∈ Γ by using the equalities

(5.8), and define the functions

Aη,k : NR → R, and fk := sup
η∈N

Aη,k.

u 7→ ⟨mη,k, u⟩ − cη,k

In Step II.3, the equalities (5.8) are equivalent to the equality (5.6). The

analogue holds for Aη,k instead of Aη. Consequently, for any k ∈ N the

function fk : NR → R fulfils the cocycle rule.

For fk being Ck-polyhedral, we have to prove that in the definition of fk
we may replace the supremum by the maximum. It suffices to check the

case |N0| = 1 because the set N0 is finite and for finitely many functions

its maximum is well-defined. Let u ∈ NR and let η0 be the only element of

the set N0. Then

fk(u) = sup
λ∈Λ

Aη0+λ,k(u)

= sup
λ∈Λ

(⟨mη0+λ,k, u⟩ − cη0+λ,k)

= sup
λ∈Λ

(
⟨mη0,k, u⟩+ b(u, λ)− cη0,k − ⟨mη0,k, λ⟩ − 1

2b(λ, λ) +
1
2 l(λ)

)
.

Since the R-bilinear form b is positive definite, since its coefficient −1
2 in the

term is negative, since all the other terms are at most linear in the variable

λ, and since the subset Λ ⊆ NR is discrete, we can replace the supremum

with the maximum and get consequently fk = maxη∈N Aη,k.

Furthermore, by the same arguments we get fk(u)
k→+∞−−−−→ fψ(u) for all u ∈

NR. This pointwise convergence together with the fact that the functions

fk are convex (given by a maximum of R-affine functions) provide uniform

convergence.

For all k ∈ N and η ∈ N the subsets

∆η,k := {u ∈ NR | Aη,k(u) = fk(u)}
= {u ∈ NR | Aη,k(u) ≥ Aη′,k(u) ∀η′ ∈ N }
= {u ∈ NR |

〈
mη,k −mη′,k, u

〉
− cη,k + cη′,k ≥ 0 ∀η′ ∈ N }

of NR are Γ-rational polyhedrons (the empty set is also possible), because

of the equality fk = maxη∈N Aη,k. Since fψ is strongly C -polyhedral con-

vex by Step I, there exists a k′ ∈ N such that for all k ≥ k′ the sets ∆η,k
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5.5 Generic and transversal polytopal decompositions

are n-dimensional Γ-rational polytopes, generate a Γ-rational polytopal de-

composition Ck of NR and fk is strongly Ck-polyhedral convex. We may

assume k′ = 0.

Since Aη,k fulfils the analogue of equality (5.6) and since fk fulfils the

cocycle rule, for any u ∈ NR, λ ∈ Λ the equality fk(u+ λ) = Aη+λ,k(u+ λ)

is equivalent to the equality fk(u) = Aη,k(u). This shows for all λ ∈ Λ

the equality ∆η,k + λ = ∆η+λ,k of subsets of NR, which means that Ck is

Λ-periodic. Since C induces C , the same holds for Ck because of the limit

∆η,k
k∈N−−−−→

k→+∞
η with respect to the Hausdorff distance, provided by the

convergences (5.9) and fψ being strongly C -polyhedral convex (see Step I).

Step II.5: Property (i): There exists Nk ∈ N\{0} such that Nkfk is addi-

tionally Γ-rational.

For any k ∈ N let Nk ∈ N\{0} be the minimal element such that for all

η0 ∈ N0 we have Nkmη0,k ∈ M , which exists because the set N0 is finite.

Since b(., λ) ∈M (see Step II.3), we have Nkmη,k ∈M for all η ∈ N .

Step III: Property (ii): m−1Ck may be assumed to be Σ-generic.

Step III.1: There exists a finite subset Λ0 ⊆ Λ such that the following

holds: For any convergent sequences (mη,k)k∈N and (cη,k)k∈N (5.9) we may

assume that for any k ∈ N, η, η̌ ∈ N the property ∆η,k ∩∆η̌,k ̸= ∅ implies

ω2(η̌)− ω2(η) ∈ Λ0, (5.10)

where we have used the second projection ω2 of the function (5.5).

Proof of Step III.1: Step III.1.a: The statement of Step III.1 holds true for

C from Step I instead of Ck.

Proof of Step III.1.a: Let η0 ∈ N0, which implies ω2(η0) = 0. Since η0 is a

polytope, there are just finitely many other polytopes η̌0 ∈ N having non-

empty intersection with η0. By adding for all these polytopes the elements

ω2(η̌0) to the set Λ0, we provide the desired property for the choice of η0
because of ω2(η0) = 0. After doing this process for all possible choices of

η0 ∈ N0, the set Λ0 is still finite because the set N0 is finite. The statement

extends to all η ∈ N by the Λ-periodicity of C .

91



5 Construction of a Mumford model

Step III.1.b: The statement of Step III.1 holds also true for sufficiently

good approximations Ck of C .

Proof of Step III.1.b: As we have seen in Step II.4, the sequence of polytopes

(∆η,k)k∈N of Ck converges to the polytope η ∈ N with respect to the Haus-

dorff distance. Let η0 ∈ N0, and η̌ ∈ N such that η0 ∩ η̌ = ∅. Since both

subsets of NR are compact, there exists a k′(η0, η̌) ∈ N such that for all k ≥
k′(η0, η̌) we have ∆η0,k∩∆η̌,k = ∅. Define k′ := maxη0∈N0 supη̌∈N k′(η0, η̌).

By the compactness of the polytopes and the Λ-periodicity of the Ck, the

supremum can be replaced by a maximum and hence k′ ∈ N. Again, we

may assume k′ = 0. Furthermore, the Λ-periodicity of the Ck extends the

implication from all η0 ∈ N0 to all η ∈ N . Contraposition of this implic-

ation shows that the property ∆η,k ∩ ∆η̌,k ̸= ∅ implies η ∩ η̌ ̸= ∅, which

again by Step III.1.a implies ω2(η̌)− ω2(η) ∈ Λ0 (5.10).

Step III.2: There exist a finite subset Σ0 ⊆ Σ, finite sets (Iσ0)σ0∈Σ0 , ele-

ments (mσ0,i)σ0∈Σ0,i∈Iσ0 in MR, and elements (cσ0,i)σ0∈Σ0,i∈Iσ0 in R such

that every element σ ∈ Σ has a unique representation σ = σ0 + λσ with

σ0 ∈ Σ0, λσ ∈ Λ, and we get

Aσ =
⋂
i∈Iσ0

H=(mσ0,i, cσ0,i + ⟨mσ0,i, λσ⟩) (5.11)

and dimR(Aσ) = n− |Iσ0 |.

Proof of Step III.2: Step III.2.a: There exists a finite subset Σ0 ⊆ Σ serving

as a representation system.

Proof of Step III.2.a: Since the set Σ is finite, we can choose a finite subset

Σ0 ⊆ Σ such that for all σ ∈ Σ there exists exactly one σ0 ∈ Σ0 such that

λ(σ0) = σ where λ : NR ↠ NR/Λ is the quotient function.

Step III.2.b: The case λσ = 0

Proof of Step III.2.b: By definition, for any polytope σ0 ∈ Σ0 there exists

a finite set Jσ0 such that for all i ∈ Jσ0 there exist elements mσ0,i ∈ MR,

cσ0,i ∈ R with σ0 =
⋂
i∈Jσ0

H≥(mσ0,i, cσ0,i). Since Aσ0 is the smallest R-
affine subspace of NR which contains the polytope σ0, there exists a subset
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5.5 Generic and transversal polytopal decompositions

Iσ0 ⊆ Jσ0 such that we get Aσ0 =
⋂
i∈Iσ0

H=(mσ0,i, cσ0,i) and dimR(Aσ0) =
n− |Iσ0 |.

Step III.2.c: The case λσ ̸= 0

Proof of Step III.2.c: Let σ ∈ Σ with its unique representation σ = σ0+λσ
with σ0 ∈ Σ0, λσ ∈ Λ, which induces the equality Aσ = Aσ0 +λσ of subsets

of NR. This equality, the equality Aσ0 =
⋂
i∈Iσ0

H=(mσ0,i, cσ0,i) from Step

III.2.b, and the equalityH=(mσ0,i, cσ0,i)+λσ = H=(mσ0,i, cσ0,i+⟨mσ0,i, λσ⟩)
for all i ∈ Jσ0 show equation (5.11). The equality dimR(Aσ) = dimR(Aσ0) =
n− |Iσ0 | completes the proof of Step III.2.

In the following two steps we will prove that there exist choices of the

convergent sequences (5.9) fulfilling some properties (iii) and (iv), and af-

terwards we will check in Step III.5 that these properties provide that

the polytopal decompositions m−1Ck are Σ-generic for all m ∈ Z\{0} and
k ∈ N:

Step III.3: For any η0 ∈ N0 there exists a choice of the convergent sequence

mη0,k︸ ︷︷ ︸
∈MQ

k∈N−−−−→
k→+∞

mη0

fulfilling the following property:

(iii) For any k ∈ N, for any λ ∈ Λ, for any σ ∈ Σ, for any S ⊆ N0 with

|S| ≤ n+ 1− |Iσ0 |, for any η00 ∈ S, and for any function ζ : S → Λ0,

the elements

(mi)i∈Iσ0 , (∆mη0)η0∈S\{η00} (5.12)

of MR are R-linearly independent, where we use for simplicity the

notations mi := mσ0,i and

∆mη0 := mη0+λ+ζ(η0),k −mη00+λ+ζ(η00),k. (5.13)

Proof of Step III.3: Let ||.||MR be some norm on the n-dimensional R-vector
space MR. In order to provide the convergence of the sequence (mη0,k)k∈N
(5.9), for any k ∈ N and η0 ∈ N0 we aim to choose mη0,k ∈ MQ such that
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5 Construction of a Mumford model

the inequality ||mη0,k −mη0 ||MR
< 1

k is true. Let k ∈ N and work with this

fixed k in the rest of the proof of Step III.3.

Step III.3.a: We may assume λ = 0, λσ = 0 and η00 being the minimal

element of S with respect to some fixed order on N0.

Proof of Step III.3.a: λ = 0: The elements ∆mη0 are independent of the

choice of λ ∈ Λ because the summand b(., λ) in mη0+λ,k = mη0,k + b(., λ)

(5.8) vanishes in the difference ∆mη0 = mη0+λ+ζ(η0),k − mη00+λ+ζ(η00),k

(5.13).

λσ = 0: The translations Aσ = Aσ0+λσ do not affect linear independencies.

η00 being the minimal element: Since the elements ∆mη0 = mη0+λ+ζ(η0),k−
mη00+λ+ζ(η00),k (5.13) with η0 ∈ S\{η00} span the same R-vector subspace
of MR for any η00 ∈ S, it suffices to show the claim for one η00 ∈ S.

Step III.3.b: Now we will do an induction over the ordered set N0. The

goal in each induction step is to find a suitable definition of mη0,k ∈MQ:

Induction claim: Let ηnow ∈ N0. Then for all η0 ≤ ηnow there exist elements

mη0,k ∈ MQ fulfilling ||mη0,k −mη0 ||MR
< 1

k and property (iii) under the

additional requirement S ⊆ {η0 ∈ N0 | η0 ≤ ηnow}.

Induction start: Let ηnow be the minimal element of N0. We then get either

S = ∅ or S = {ηnow}. In both cases there is nothing to prove apart from

||mηnow,k −mηnow ||MR
< 1

k , which can be fulfilled by the density of Q in R.

Induction step: Let ηnow be any element of N0 apart from the minimal one.

Assume that the induction claim is true for all η0 < ηnow in N0.

Step III.3.b.i: We may assume ηnow ∈ S and η00 ̸= ηnow.

Proof of Step III.3.b.i: If ηnow /∈ S, the induction claim follows already by

the induction hypothesis. If it was η00 = ηnow, the set S\{η00} would be

empty as η00 is the minimal and ηnow is the maximal element of S. Then

there would be nothing to prove.

Step III.3.b.ii: For any choice of σ0, S and ζ, there exists a proper R-affine

subspace f(σ0, S, ζ) ofMR such that the vectors (mi)i∈Iσ0 , (∆mη0)η0∈S\{η00}
(5.12) are R-linearly independent if and only if mηnow,k /∈ f(σ0, S, ζ).
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Proof of Step III.3.b.ii: By Step III.3.b.i, we have

|Iσ0 |+ |S\{ηnow, η00}| = |Iσ0 |+ |S|︸︷︷︸
≤n+1−|Iσ0 |

− 2 ≤ n− 1.

Since the induction hypothesis for S\{ηnow} provides the R-linear independ-
ence of the at most n− 1 other vectors (mi)i∈Iσ0 and (∆mη0)η0∈S\{ηnow,η00}
(5.12), Step III.3.b.ii follows by

∆mηnow = mηnow+ζ(ηnow),k︸ ︷︷ ︸
=mηnow,k+b(.,ζ(ηnow)) by (5.8)

−mη00+ζ(η00),k.

Step III.3.b.iii: There exists a choice of mηnow,k ∈MQ fulfilling the inequal-

ity ||mηnow,k −mηnow ||MR
< 1

k and property (iii).

Figure 5.3: Sketch of the set P in the case n = 2. The set F removes just

finitely many lines and points.

Proof of Step III.3.b.iii: Step III.3.b.ii implies that mηnow,k ∈ MQ fulfils

property (iii) if and only if mηnow,k /∈ F :=
⋃
σ0,S,ζ

f(σ0, S, ζ) ⊆ MR. Then

the set of possible choices P :=
(
B1/k(mηnow) ∩MQ

)
\F for mηnow,k is non-

empty because the sets f(σ0, S, ζ) are proper R-affine subspaces of MR by

Step III.3.b.ii, and there are just finitely many choices for σ0, S and ζ as

the sets Σ0, N0 and Λ0 are all finite. See Figure 5.3 for a visualization.

This completes the induction (Step III.3.b) and thus the proof of Step III.3.
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Step III.4: After having fixed all choices of (mη0,k)k∈N (5.9), for any η0 ∈ N0

there exists a choice of the convergent sequence

cη0,k︸︷︷︸
∈Γ

k∈N−−−−→
k→+∞

cη0

fulfilling the following property:

(iv) For any k ∈ N, for any m ∈ Z\{0}, for any λ ∈ Λ, for any σ ∈ Σ, for

any S ⊆ N0 with |S| > n + 1 − |Iσ0 |, for any η00 ∈ S, and for any

function ζ : S → Λ0, the inhomogeneous system of linear equations

⟨mi, u⟩ = ci for all i ∈ Iσ0
⟨∆mη0 , u⟩ = 1

m∆cη0 for all η0 ∈ S\{η00} (5.14)

is not solvable in NR, where we write for simplicity

ci := cσ0,i + ⟨mσ0,i, λσ⟩ (5.15)

and

∆cη0 := cη0+λ+ζ(η0),k − cη00+λ+ζ(η00),k. (5.16)

Proof of Step III.4: In order to provide the convergence (5.9) we aim to

choose cη0,k ∈ Γ such that |cη0,k − cη0 |R < 1
k holds for any k ∈ N and

η0 ∈ N0. Let k ∈ N and work with this fixed k in the rest of the proof of

Step III.4.

Step III.4.a: We may assume η00 being the minimal element of S.

Proof of Step III.4.a: When replacing in (iv) the choice η00 ∈ S by another

choice η′00 ∈ S, to all linear equations corresponding to some η0 ∈ S\{η′00}
the linear equation ∆mη00u = 1

m∆cη00 will be added, where ∆mη00 ̸= 0

because of (iii) for S = {η00, η′00} and Iσ0 = ∅. Since this linear equation

is solvable, the replacement does not affect the solvability of the system of

linear equations (5.14).

Step III.4.b: Now we will do an induction over the ordered set N0. The

goal in each induction step is to find a suitable definition of cη0,k ∈ Γ:
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Induction claim: Let ηnow ∈ N0. Then for all η0 ≤ ηnow there exist elements

cη0,k ∈ Γ fulfilling the inequality |cη0,k − cη0 |R <
1
k and property (iv) under

the additional requirement S ⊆ {η0 ∈ N0 | η0 ≤ ηnow}. (Because of the

condition |S| > n + 1 − |Iσ0 |, this may become an empty statement for

low-order ηnow, which is by definition always true.)

Induction start: Let ηnow be the minimal element of N0. We then get either

S = ∅ or S = {ηnow}, but the inequality |S| > n + 1 − |Iσ0 | demands at

least |S| > 1. Hence we get an empty statement in property (iv) in both

cases, and there is nothing to prove apart from |cηnow,k − cηnow |R <
1
k , which

can be fulfilled because Γ ⊆ R is dense as it is a Q-vector subspace.

Induction step: Let ηnow be any element of N0 apart from the minimal one.

Assume that the induction claim is true for all η0 < ηnow.

Step III.4.b.i: We may assume ηnow ∈ S, |S| = n+2−|Iσ0 |, and η00 ̸= ηnow.

Proof of Step III.4.b.i: ηnow ∈ S: If ηnow /∈ S, the induction claim follows

already by the induction hypothesis.

|S| = n + 2 − |Iσ0 |: If we have |S| > n + 2 − |Iσ0 |, then it follows

|S\{ηnow}| > n + 1 − |Iσ0 | and the induction claim follows again by the

induction hypothesis for S\{ηnow}.
η00 ̸= ηnow: Because of |S| = n+2−|Iσ0 | ≥ 2, the minimal element η00 and

the maximal element ηnow of the ordered subset S ⊆ N0 cannot coincide.

Terminology: From now on we fix choices of σ0, S, ζ. By the word “con-

stants” in the following we mean elements which may depend on the choice

of (σ0, S, ζ) (just finitely many possibilities) but are independent of the

choice of (m,λ, λσ) ∈ Z\{0}×Λ×Λ (infinitely many possibilities). We will

mark dependencies on some of the latter choices in the following always in

brackets.

Step III.4.b.ii: There exist constants a1, a2 ∈ R and v1, v2 ∈MR such that

the system of linear equations (5.14) is unsolvable for a choice (m,λ, λσ) if

and only if cηnow,k ̸= f(m,λ, λσ) where

f(m,λ, λσ) := a1 + a2m+ ⟨v1, λ⟩+ ⟨v2,mλσ⟩ ∈ R.

Step III.4.b.ii.α: The system of linear equations (5.14) without the linear

equation corresponding to ηnow ∈ S has a unique solution u(m,λ, λσ) ∈ NR.
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5 Construction of a Mumford model

Proof of Step III.4.b.ii.α: By Step III.4.b.i, the system of linear equations

(5.14) without the linear equation corresponding to ηnow ∈ S has

|Iσ0 |+ |S\{ηnow}| − 1 = |Iσ0 |+ |S|︸︷︷︸
=n+2−|Iσ0 |

− 2 = n

linear equations. Since its slopes are R-linearly independent by property

(iii), there exists a unique solution of the system of linear equations (5.14),

denoted by u(m,λ, λσ) ∈ NR.

Step III.4.b.ii.β: There exist constants a3 ∈ R and v3, v4 ∈ MR, such

that the system of linear equations (5.14) is solvable if and only if we have

cηnow,k = f(m,λ, λσ) for f(m,λ, λσ) := a3+⟨v3, λ⟩+m⟨v4, u(m,λ, λσ)⟩ ∈ R.

Proof of Step III.4.b.ii.β: By Step III.4.b.ii.α, the system of linear equations

(5.14) is solvable if and only if we have

∆cηnow = m⟨∆mηnow , u(m,λ, λσ)⟩ . (5.17)

By definition (5.8), for any η0 ∈ S we have the equality cη0+λ+ζ(η0),k =

cη0,k + ⟨mη0,k, λ+ ζ(η0)⟩ + 1
2b(λ + ζ(η0), λ + ζ(η0)) − 1

2 l(λ + ζ(η0)). Since

the summand b(λ, λ) vanishes in the difference ∆cηnow = cηnow+λ+ζ(ηnow),k−
cη00+λ+ζ(η00),k (5.16), there exist constants a3 ∈ R, v3 ∈ MR such that

∆cηnow = cηnow,k − a3 − ⟨v3, λ⟩. This, in combination with equation (5.17)

for v4 := ∆mηnow , which is independent of the choice of (m,λ, λσ), proves

Step III.4.b.ii.β.

Step III.4.b.ii.γ: There exist constants A1,A2 ∈ homR−Vec(NR, NR) and

v5, v6 ∈ NR such that we get u(m,λ, λσ) = v5 +A1λσ +
1
m(v6 +A2λ).

Proof of Step III.4.b.ii.γ: At first we have to check that there exist constants

a4, a5 ∈ R and v7, v8 ∈ MR, such that the equalities ci(λσ) = a4 + ⟨v7, λσ⟩
and ∆cη0(λ) = a5 + ⟨v8, λ⟩ hold true. The first equality follows by the

definition ci = cσ0,i + ⟨mσ0,i, λσ⟩ (5.15) and the second by the definition

cη0+λ,k = cη0,k + ⟨mη0 , λ⟩ + 1
2b(λ, λ) −

1
2 l(λ) (5.8), where it is important

that the summand 1
2b(λ, λ) vanishes in the difference ∆cη0 = cη0+λ+ζ(η0),k−

cη00+λ+ζ(η00),k (5.16).

Considering the whole system of linear equations (5.14) without the linear

equation corresponding to ηnow ∈ S, these two equalities yield that there
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5.5 Generic and transversal polytopal decompositions

exist constants v9, v10 ∈ Rn and A3,A4 ∈ homR−Vec(NR,Rn) such that in

Rn we get the equality

c(m,λ, λσ) :=

(
(ci)i∈Iσ0

( 1
m∆cη0)η0∈S\{η00,ηnow}

)
= v9 +A3λσ +

1
m(v10 +A4λ) .

Since the vectors mi, ∆mη0 are independent of the choice (m,λ, λσ), this

behaviour of c(m,λ, λσ) transfers to u(m,λ, λσ) after multiplying with the

inverse M−1 ∈ homR−Vec(Rn, NR) of

M :=

(
(mi)i∈Iσ0

(∆mη0)η0∈S\{η00,ηnow}

)
∈ homR−Vec(NR,Rn),

which exists by property (iii).

Proof of Step III.4.b.ii: Combine Step III.4.b.ii.β and III.4.b.ii.γ.

Step III.4.b.iii: There exists a choice of cη0,k ∈ Γ fulfilling the inequality

|cη0,k − cη0 |R <
1
k and property (iv).

Step III.4.b.iii.α: Define F ⊆ R to be the subset with the property that

cη0,k ∈ R (later we will need ∈ Γ) fulfils property (iv) if and only if it does

not lie in the subset F ⊆ R. Then there exists a free Z-submodule W of R
of finite rank containing F and some γ ∈ Γ\{0}.

Proof of Step III.4.b.iii.α: Step III.4.b.ii implies that the subset F ⊆ R
is given by the set of all elements f(m,λ, λσ) for all possible choices of

(σ0, S, ζ) and (m,λ, λσ). Since m ∈ Z\{0} ⊆ Z, since Λ is a lattice and

hence finitely generated Z-module in NR, and since there are only finitely

many possible choices of (σ0, S, ζ), Step III.4.b.ii provides the existence of

a finitely generated Z-submodule W of R containing F . By extension, one

can assume that W is a free Z-submodule of finite rank and contains some

γ ∈ Γ\{0}.

Step III.4.b.iii.β: There exists a t ∈ N\{0} such that Fγ := F ∩Qγ ⊆ Zγ
t .

Proof of Step III.4.b.iii.β: Let t ∈ N\{0} be the greatest common divisor

of all coefficients of γ in W for some basis of W , which exists by Step

III.4.b.iii.α. Then it follows Fγ ⊆ Zγ
t . See Figure 5.4 for a visualization.

Step III.4.b.iii.γ: The subset Γ\F ⊆ R is dense.
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−2 −1 1 2 3

−1

1
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4 γ

γQ

1

π

Figure 5.4: Sketch of the construction for W = Z + Zπ. The elements

of the set F are marked in red. Here we had t = 2 because

γ =
(
2
4

)
= 2
(
1
2

)
.

Proof of Step III.4.b.iii.γ: Since γ ∈ Γ\{0}, it follows Qγ ⊆ Γ because the

subset Γ ⊆ R is a Q-vector subspace of R. By Step III.4.b.iii.β, we get(
Q\Z1

t

)
γ ⊆ Γ\F , which is a dense subset of R because of γ ̸= 0.

Proof of Step III.4.b.iii: Since Γ\F ⊆ R is dense by Step III.4.b.iii.γ and

because the intersection of an open ball with a dense subset is non-empty,

the set of possible choices P :=
(
B1/k(cηnow) ∩ Γ

)
\F = B1/k(cηnow) ∩ (Γ\F )

for cηnow,k is non-empty. This completes the induction (Step III.4.b) and

hence the proof of Step III.4.

Step III.5: Property (iii) and (iv) imply property (ii).

Proof of Step III.5: In Step II and in Step III.1, we have shown that

the convergent sequences (mη0,k)k∈N and (cη0,k)k∈N (5.9) yield a polytopal

decomposition C k of NR/Λ with the additional property: For any η, η̌ ∈ N

the property ∆η,k∩∆η̌,k ̸= ∅ implies ω2(η̌)−ω2(η) ∈ Λ0 (5.10). Let k ∈ N,
m ∈ Z\{0}, σ ∈ Σ and ∆ ∈ Ck.
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5.5 Generic and transversal polytopal decompositions

Step III.5.a: There exists an element λ ∈ Λ, a subset S ⊆ N0, an element

η00 ∈ S, and a function ζ : S → Λ0 such that

Am−1∆ =
⋂

η0∈S\{η00}

H=

(
∆mη0 ,

1
m∆cη0

)
(5.18)

with dimR(Am−1∆) = n− |S|+ 1.

Proof of Step III.5.a: At first ∆ is the intersection of finitely many ∆η0,k,

which means that there exists a finite subset N ′ ⊆ N such that we get

∆ =
⋂
η′∈N ′ ∆η′,k. Since the relative interior of two different polytopes of

Ck have empty intersection, we may assume the set N ′ to fulfil the equality

dimR(∆) = n− |N ′|+ 1. (5.19)

We denote the image of the finite subset N ′ ⊆ N under the function

ω : N → N0 × Λ (5.5) by Ω. Then this subset Ω ⊆ N0 × Λ is again finite

and it is by definition a binary relation. A binary relation is a subset of a

product of two sets. Since ∆η′,k ∩∆η′′,k = ∅ for all ω1(η
′) = ω1(η

′′) with

η′ ̸= η′′ in N ′, the binary relation Ω is right unique. Choose some η′ ∈ N ′

and define η00 := ω1(η
′) ∈ N0 and λ := ω2(η

′) ∈ Λ. Defining S to be the

image of Ω under the first projection ω1, we have Ω ⊆ S × (λ+Λ0) and Ω

becomes a left total and right unique binary relation, which is by definition

a function ζ ′ : S → λ+ Λ0. Defining the function ζ := ζ ′ − λ : S → Λ0, we

get the equality

Ω = {(η0, λ+ ζ(η0)) | η0 ∈ S} (5.20)

of subsets of N0 × Λ.

The R-affine subspace A∆ of NR is the set of all u ∈ NR such that the

values of the R-affine functions Aη′′,k coincide at u for all η′′ ∈ N ′, which

means

A∆ =
⋂

η′′∈N ′\{η′}

{
u ∈ NR | Aη′,k(u) = Aη′′,k(u)

}
. (5.21)

For any η′′ ∈ N ′ define η01 := ω1(η
′′) ∈ N0 and λ01 := ω2(η

′′) ∈ Λ. This

yields λ+ ζ(η01) = ζ ′(η01) = λ01, which transforms equation (5.21) into

A∆ =
⋂

η01∈S\{η00}

=mH=(∆mη01 ,
1
m∆cη01 )︷ ︸︸ ︷

H=(∆mη01 , ∆cη01) .
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5 Construction of a Mumford model

This formula checks equation (5.18), because Am−1∆ = 1
mA∆. Finally, the

equation dimR(A∆) = dimR(∆) = n− |N ′|+ 1 (5.19) in combination with

the equality |N ′| = |Ω| = |S| (5.20) completes the proof of Step III.5.a.

Step III.5.b: We get D := D(σ,m−1∆) = n− |Iσ0 | − |S|+ 1.

Proof of Step III.5.b: By the equation dimR(Aσ) = n − |Iσ0 | (Step III.2),

and Step III.5.a, we get the equality D = dimR(Aσ) + dimR(Am−1∆)− n =

n− |Iσ0 | − |S|+ 1.

Step III.5.c: For all m ∈ N the polytopal decomposition m−1Ck is Σ-

generic.

1 2 3

1

2

e1

e2

∆

σ

u1

u2

(a) CaseD ≥ 0: Since the affine lines Aσ

and A∆ are parallel, we need a small

perturbation of the slope of the edge

∆.

1 2 3

1

2

e1

e2

∆

σ

u1

u2

(b) Case D < 0: Since the vertex σ =

Aσ of the upper polytope lies at the

line A∆, we need a small translation

of the lower polytope.

Figure 5.5: Example for m = 1, n = 2 and Λ = Ze1 + Ze2.

Proof of Step III.5.c: Case D ≥ 0: Since Step III.5.b provides the inequality

|S| ≤ n− |Iσ0 |+ 1, we may apply property (iii). In combination with Step

III.5.a, property (iii) shows that the elements (mi)i∈Iσ0 , (∆mη0)η0∈S\{η00}
(5.12) are R-linearly independent in MR, which implies the equality

dimR(Aσ ∩ Am−1∆) = dimR
(
Vσ ∩ Vm−1∆

)
= n− |Iσ0 | − |S\{η00}| = D.

See Figure 5.5a for a visualization.
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5.5 Generic and transversal polytopal decompositions

Case D < 0: Since Step III.5.b provides the inequality |S| > n− |Iσ0 |+ 1,

we may apply property (iv). We have to show Aσ ∩ Am−1∆ = ∅. Using

equation Aσ =
⋂
i∈Iσ0

H=(mσ0,i, cσ,i) (5.11) and Step III.5.a, any element

u ∈ Aσ∩Am−1∆ would be a solution of the system of linear equations (5.14),

which is not solvable by property (iv). See Figure 5.5b for a visualization.

This completes the proof of Step III.5 and hence of Step III.

Lemma 5.5.6. Let Γ be the value group of an algebraically closed non-

trivially valued non-archimedean field (K, |.|), let A be an abelian K-variety,

let (L, ρL) be an ample rigidified line bundle on A, and let (zλ : NR → R)λ∈Λ
be the Λ-cocycle induced by L (see Lemma 5.3.10). Then, in Proposition

5.5.5 there additionally exists a sequence (Lk)k∈N of formal K◦-models of

L⊗Nk determined on the Mumford model ACk
such that for all k ∈ N the

following holds:

(iii) The metric ||.||⊗1/Nk
Lk

is semi-positive and converges for k → +∞ uni-

formly to the toric metric ||.||ψ corresponding to fψ (metric-function

correspondence, see Proposition 5.4.9).

Proof. The value group Γ ⊆ R is a Q-vector subspace (see Lemma 2.1.6),

and the R-quadratic function z is strictly convex because L is ample (see

Lemma 5.3.11(iii)). The assumption b(., λ) ∈ M for all λ ∈ Λ is given

by [BGJK21, Remark 7.1.2] and implies also b(λ, λ) ∈ Γ. Then Lemma

5.3.11(i) implies furthermore l(λ) ∈ Γ. Note that b is positive definite as

L is ample (see Lemma 5.3.11(iii)). Therefore we may apply Proposition

5.5.5:

Since fk fulfils the cocycle rule (see Proposition 5.5.5), the function Nkfk
fulfils the cocycle rule corresponding to the line bundle L⊗Nk . Moreover,

by Proposition 5.5.5(i) the function Nkfk is also Γ-rational. Now we will

do the same construction as described in the last paragraph of the proof of

[BGJK21, Proposition 8.3.1]:

By [BGJK21, Remark 8.2.2 and Lemma 8.2.3] there exists a formal K◦-

model OECk
(Nkfk) of the trivial line bundle (structure sheaf) OEan of Ean

such that its special fibre is nef. Since the line bundle L is ample, the line

bundle H is ample (see Lemma 5.3.11(iii)) and hence also its special fibre

H̃ is ample (see Lemma 3.4.26), which implies H̃ being nef (see Lemma

4.1.9). Consequently, the tensor product of the line bundles OECk
(Nkfk)
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5 Construction of a Mumford model

and H induces a formal K◦-model Lk of L
⊗Nk determined on the Mumford

model ACk
such that its special fibre is nef (see [BGJK21, Remark 8.2.5] for

details). According to Definition 4.1.10, this means that the metric ||.||Lk

corresponding to the function Nkfk is semi-positive, and consequently also

the metric ||.||⊗1/Nk
Lk

corresponding to the function fk is semi-positive.

Since the sequence (fk)k∈N converges uniformly to fψ (see Proposition 5.5.5)

and because the metric-function correspondence (see Proposition 5.4.9) is

an isomorphism of metric spaces, the sequence (||.||⊗1/Nk
Lk

)k∈N of metrics

converges uniformly to the toric metric ||.||ψ corresponding to fψ.

Remark 5.5.7. Proposition 5.5.5 together with Lemma 5.5.6 is a general-

ization of [Gub07a, Lemma 8.4]:

� We do not assume that the absolute value |.| on K is induced by a

discrete valuation, which would imply Γ = Q.

� We do not assume that the polytopes in Σ are Γ-rational.

� The polytopal decompositions Ck, which we construct, are Γ-rational

and not just Γ′-rational for an infinite-dimensional Q-vector subspace

Γ′ ⊆ R containing Γ.

� According to Theorem 5.4.11, we can approximate any semi-positive

toric metric and not just the canonical metric.

Furthermore, Proposition 5.5.5(i) adapted to the situation of Lemma 5.5.6

strengthens the statement of [BGJK21, Proposition 8.2.6] by replacing

polyhedral functions with strongly polyhedral functions. Eventually, in

Theorem C, we will just apply the case m = 1. Originally, the case m ̸= 1

had been necessary for the proof of [Gub10, Theorem 6.7], whose state-

ment coincides with Corollary D under the additional assumption that the

absolute value |.| on K is induced by a discrete valuation.
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Let (K, |.|) be an algebraically closed non-trivially valued non-archimedean

field, and Γ be its value group. Gubler [Gub07a; Gub10] figured out that

it is quite convenient to work with strictly semi-stable alterations when

computing the canonical measure on an abelian K-variety if the absolute

value |.| on K is induced by a discrete valuation. The existence of a strictly

semi-stable alteration is guaranteed by de Jong’s alteration theorem [Jon96,

Theorem 6.5], which is unfortunately just applicable in the case of discrete

valuations. Since the main goal of this thesis is to drop this assumption,

we have to replace them by strictly poly-stable alterations, whose existence

has been proved by Adiprasito, Liu, Pak and Temkin [ALPT19, Theorem

5.2.19]. The goal of this chapter is to introduce all necessary terms and

constructions regarding them.

6.1 Strata and poly-simplices

Just in this section let K be a field.

Definition 6.1.1 ([GW10, Definition 6.36 and (6.13.1)]). Let X be a re-

duced scheme of locally finite type over K. Then X is normal at a point

x ∈ X if the local ring OX,x is an integrally closed ring, which means that it

is integral and its integral closure in its field of fractions is itself. Moreover,

the normality locus Nor(X) is defined to be the subset of X consisting of

all points x ∈ X such that X is normal at x.

Lemma 6.1.2. Let X be a reduced scheme of locally finite type over K.

Then the normality locus Nor(X) is an open and dense subset of X.

Proof. Beginning of [Ber99, §2]

Definition 6.1.3 ([Ber99, §2]). Let X be a reduced scheme of locally finite

type over K. The definitions X(0) := X and X(j+1) := X(j)\Nor(X(j)) for
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all j ∈ N yield subsets of X. A stratum of X is defined to be an irreducible

component of the locally closed subsets Nor(X(j)) of X for some j ∈ N.
The set of all strata of X is denoted by str(X). We equip it with a partial

order S1 ≤ S2 :⇔ S1 ⊆ S2.

Definition 6.1.4. A simplex (in our sense) is a subset

∆=(r, a) :=
{
u ∈ Rr+1

≥0 | u0 + ...+ ur = a
}

of Rr+1
≥0 for some r ∈ N and a ∈ R>0.

Lemma 6.1.5. Let ∆=(r, a) be a simplex. Then the definition

∆≤(r, a) :=
{
u ∈ Rr≥0 | u1 + ...+ ur ≤ a

}
and the epimorphism of topological spaces κ : Rr+1 ↠ Rr, (u0, u1, ..., ur) 7→
(u1, ..., ur) yield the commutative diagram

∆=(r, a) ∆≤(r, a)

Rr+1 Rrκ

in the category of topological spaces, which allows us to identify ∆=(r, a)

and ∆≤(r, a) and write ∆(r, a) instead. We may do the analogous for their

relative interior and their dimension when considering them as a polytope

in the R-vector space Rr respectively Rr+1.

Proof. Take u0 := a− u1 − ...− ur ≥ 0.

Definition 6.1.6. A poly-simplex (in our sense) is a subset

∆=(r, a) :=

p∏
j=1

∆=(rj , aj)

of Rr+1
≥0 :=

∏p
j=1R

rj+1
≥0 , for some p ∈ N, r ∈ Np, a ∈ Rp>0. Analogously

to Lemma 6.1.5, we get a subset ∆≤(r, a) of Rr≥0 :=
∏p
j=1R

rj
≥0. Again, we

may identify both and denote them by ∆(r, a).
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6.2 Skeletons

The following section is based on [Ber99].

Definition 6.2.1. For any p ∈ N, r ∈ Np, π ∈ (K◦\{0})p we define the K◦-

algebra A(r, π) := ⊗̂pj=1A(rj , πj) as the completed tensor product of the K◦-

algebras A(rj , πj) := K◦{T0, ..., Trj}/⟨T0 · · ·Trj −πj⟩, and its corresponding

admissible formal affine K◦-scheme S (r, π) := Spf(A(r, π)).

Definition 6.2.2. An admissible formal K◦-scheme X ′ is called strictly

poly-stable if it has a strictly poly-stable structure (Ui′ , ψi′)i′∈I′ which is

defined to be an atlas (Ui′)i′∈I′ such that for any i′ ∈ I ′ there exist

pi′ ∈ N\{0}, ri′ ∈ Npi′ , πi′ ∈ (K◦\{0})pi′ , and an étale morphism of

admissible formal K◦-schemes ψi′ : Ui′ → Si′ where we use the notation

Si′ := S (ri′ , πi′). Furthermore, we define the K◦-algebra Ai′ := A(ri′ , πi′),

and we will write ||ri′ || := ri′,1 + ...+ ri′,pi′ ∈ N.

Remark 6.2.3. For an admissible formal K◦-scheme, our definition of

strictly poly-stable is equal to the definitions of “strongly non-degenerate”

and “non-degenerate” strictly poly-stable in the beginning of [Ber04, §4.4]

because we require that all entries of the vectors πi′ are non-zero. Then

by [Gub10, Remark 5.19] the results of [Gub10, §5] can be generalized as

follows.

Definition 6.2.4 ([Gub10, 5.3]). Let X ′ be a strictly poly-stable admiss-

ible formal K◦-scheme and (Ui′ , ψi′)i′∈I′ be a strictly poly-stable structure

on X ′. For every i′ ∈ I ′ the poly-simplex ∆i′ := ∆(ri′ ,− log |πi′ |) with the

notation − log |πi′ | := (− log |πi′,1|, ...,− log |πi′,pi′ |) is called canonical.

Lemma 6.2.5. Let X ′ be a strictly poly-stable admissible formal K◦-

scheme and (Ui′ , ψi′)i′∈I′ be a strictly poly-stable structure on X ′. For

all i′ ∈ I ′, we have a monomorphism of topological spaces

ξi′ : ∆
=
i′ ↪→ S an

i′ ,

u 7→ ξu

for the definition

ξu : A(ri′ , πi′)⊗K◦ K→ R≥0,∑
m∈Ni′

amT
m 7→ max

m∈Ni′
|am|e−m

Tu
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where we define the set Ni′ :=
∏
j∈{1,...,pi′}

Nri′,j+1, and use the notation

mTu :=
∑

j∈{1,...,pi′}
mT
j uj for m = (m1, ...,mpi′ ).

Proof. The condition uj,0 + ... + uj,ri′,j = − log |πi′,j | corresponds to the

equality ξu(Tj,0 · · · Tj,ri′,j ) = |πi′,j |.

Definition 6.2.6. Let X ′ be a strictly poly-stable admissible formal K◦-

scheme and (Ui′ , ψi′)i′∈I′ be a strictly poly-stable structure on X ′. We

define S(Ui′) to be the pull-back

S(Ui′) ∆i′

(Ui′)
an S an

i′

ξi′

ψan
i′

(6.1)

in the category of topological spaces.

Definition 6.2.7. Let X ′ be a strictly poly-stable admissible formal K◦-

scheme. We call a strictly poly-stable structure (Ui′ , ψi′)i′∈I′ on X ′ suitable

if it fulfils the following conditions:

(i) For any i′ ∈ I ′ there exists a stratum Si′ of the special fibre X̃ ′ of

X ′ such that for any stratum S of X̃ ′, we have Si′ ≤ S if and only

if Ũi′ ∩ S ̸= ∅.

(ii) The function s : I ′ → str(X̃ ′), i′ 7→ Si′ is surjective.

(iii) The morphism of topological spaces ψan
i′ : S(Ui′) → ∆i′ in the pull-

back square (6.1) is an isomorphism of topological spaces.

Proposition 6.2.8. Let X ′ be a strictly poly-stable admissible formal K◦-

scheme. There exists a suitable strictly poly-stable structure (Ui′ , ψi′)i′∈I′

on X ′.

Proof. [Ber99, §5, especially Theorem 5.2, Step 6(b)]; see [Gub10, Propos-

ition 5.2 and 5.3] for the semi-stable case and [Gub10, Proposition A.2] for

the poly-stable case

Lemma 6.2.9. Let X ′ be a strictly poly-stable admissible formal K◦-

scheme, and let (Ui′ , ψi′)i′∈I′ and (Uj′ , ψj′)j′∈J ′ be two suitable strictly poly-

stable structures on X ′. Let S ∈ str(X̃ ′), and i′ ∈ I ′, j′ ∈ J ′ such that

s(i′) = S = s(j′). We then have the following:
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6.2 Skeletons

(i) The subsets S(Ui′) and S(Uj′) of (X
′)an coincide.

(ii) We have ||ri′ || = ||rj′ || and |πi′ | = |πj′ |.

(iii) Define ψi′j′ := ψan
j′ ◦ (ψan

i′ )
−1 : ∆i′

∼−→ ∆j′ (see Definition 6.2.7(iii)) in

the category of topological spaces. Then there exists an automorphism

of Z-modules ψi′j′ : Z||ri′ || ∼−→ Z||rj′ || such that its R-linear extension

ψi′j′ : R||ri′ || ∼−→ R||rj′ || coincides with ψi′j′ : ∆
≤
i′

∼−→ ∆≤
j′ on ∆≤

i′ . In

particular we have |det(ψi′j′)|R = 1.

Proof. Property (i) is given by [Ber99, §5] and the other two properties by

[Ber99, Proposition 4.3].

Definition 6.2.10. Let X ′ be a strictly poly-stable admissible formal

K◦-scheme, and S ∈ str(X̃ ′). We denote the coinciding subsets of (X ′)an

in Lemma 6.2.9(i) by ∆S . Furthermore, we will denote the equal numbers

||ri′ || = ||rj′ || in Lemma 6.2.9(ii) by rS ∈ N or equivalently by dimR(∆S),

because it coincides with dimR(∆i′) = dimR(∆j′). Finally, we define

relint(∆S) to be the unique subset of ∆S such that for any suitable strictly

poly-stable structure (Ui′ , ψi′)i′∈I′ on X ′, and any i′ ∈ I ′ with s(i′) = S,

we have ψan
i′ (relint(∆S)) = relint(∆i′) (see Definition 2.4.2).

Definition 6.2.11 ([Ber99, §5]). Let X ′ be a strictly poly-stable admiss-

ible formal K◦-scheme. We define the skeleton of X ′ to be the subset

S(X ′) =
⋃

S∈str(X̃ ′)

∆S

of (X ′)an.

Lemma 6.2.12. Let X ′ be a strictly poly-stable admissible formal K◦-

scheme. The skeleton S(X ′) is a closed subset of the topological space

(X ′)an and is independent of the choice of a suitable strictly poly-stable

structure (Ui′ , ψi′)i′∈I′ on X ′.

Proof. [Ber99, Theorem 5.2]
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6 Strictly poly-stable formal schemes

Example 6.2.13. Let |.|3 be the 3-adic absolute value, which means |3|3 =
1
3 and |p|3 = 1 for all prime numbers p ̸= 3, and C3 the completion of the

algebraic closure of the completion Q3 of the field Q with respect to |.|3.
The admissible formal C◦

3-scheme

X ′ := Spf(C◦
3{T1, ..., T5}/⟨T1T2 − 9, T3T4T5 − 12⟩)

is strictly poly-stable. In order to see this, let I ′ := {0}, p0 := 2, r0 :=
(
1
2

)
,

and π0 :=
(

9
12

)
, U0 := X ′, and ψ0 := id. This strictly poly-stable struc-

ture is not suitable (see Definition 6.2.7) because particularly the function

s : I ′ → str(X̃ ′) could not be surjective: The special fibre X̃ ′ has more

than one stratum as we will see in the following.

Description of the strata of X̃ ′

For simplicity we will make use of the factorization X ′ = X ′
1 × X ′

2

into the admissible formal C◦
3-schemes X ′

1 := Spf(C◦
3{T1, T2}/⟨T1T2 − 9⟩)

and X ′
2 := Spf(C◦

3{T3, T4, T5}/⟨T3T4T5 − 12⟩). The underlying sets of

their special fibres X̃ ′
1 = Spec(C̃3[T1, T2]/ ⟨T1T2⟩) respectively X̃ ′

2 =

Spec(C̃3[T3, T4, T5]/ ⟨T3T4T5⟩) (because of |9|3 = 1
9 < 1 and |12|3 = 1

3 < 1)

are given by

X̃ ′
1 = {(a1, a2) | a1a2 = 0}︸ ︷︷ ︸

closed points

∪{(0, η), (η, 0)}︸ ︷︷ ︸
generic points

respectively

X̃ ′
2 = {(a3, a4, a5) | a3a4a5 = 0}︸ ︷︷ ︸

closed points

∪{(0, η, η), (η, 0, η), (η, η, 0)}︸ ︷︷ ︸
generic points

,

where a1, ..., a5 ∈ C̃3 and we use the notations (a1, a2) := ⟨T1 − a1, T2 − a2⟩
etc. for the closed points and (0, η) := ⟨T1, 0⟩ etc. for the generic points.

The local ring of the C̃3-variety X̃ ′
2 in a closed point (a3, a4, a5) is given by

OX̃ ′
2 ,(a3,a4,a5)

=


C̃3 if a3 = 0, a4, a5 ̸= 0

(C̃3[T3, T4]/⟨T3T4⟩)⟨T3,T4⟩ if a3, a4 = 0, a5 ̸= 0

(C̃3[T3, T4, T5]/⟨T3T4T5⟩)⟨T3,T4,T5⟩ if a3, a4, a5 = 0

and in the generic points it is given by fields, which are in particular integ-

rally closed rings (see Definition 6.1.1). The local ring of X̃ ′
2 in the generic
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6.2 Skeletons

point (0, η, η), for example, is given by the field C̃3(T4, T5). The local rings

in the closed points with at least two coordinates equal to zero are not even

integral.

The set X̃ ′
2 can be decomposed into the subsets Nor(X̃

′(j)
2 ) with j ∈

{0, 1, 2}, which consists, due to the above computations, of all closed and

generic points (a3, a4, a5) (aj = η possible) such that exactly j + 1 of the

elements a3, a4, a5 are equal to zero. The analogous holds for X̃ ′
1 . The sub-

set Nor(X̃
′(1)
2 ), for example, can be further decomposed into three subsets

where in each of them exactly the elements a3, a4 respectively a3, a5 re-

spectively a4, a5 are equal to zero (see the three white lines without the red

point in Figure 6.1b). These are the irreducible components of Nor(X̃
′(1)
2 ),

called strata (see Definition 6.1.3). Doing this for all j ∈ {0, 1, 2} and also

for X̃ ′
1 , one gets a decomposition of the special fibres X̃ ′

1 and X̃ ′
2 into

strata, visualized in Figure 6.1.

(a) The three strata Si′1
of X̃ ′

1 for i′1 =

{1, 2}, {1}, {2}

(b) The seven strata Si′2
of X̃ ′

2 for i′2 =

{3, 4, 5}, {4, 5}, {3, 5}, {4, 5} (white
lines), {3}, {4}, {5}

Figure 6.1: Visualizing the (22−1)·(23−1) = 21 strata of X̃ ′ would require

5 dimensions but they are all given as products of the depicted

strata. Each stratum S(i′1,i′2) of X̃ ′ is given by the closed and

generic points (a1, ..., a5) where exactly the components corres-

ponding to the elements of the subset i′1 ∪ i′2 ⊆ {1, ..., 5} are

zero.
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6 Strictly poly-stable formal schemes

Construction of a suitable strictly poly-stable structure on X ′

The next goal is to construct a suitable strictly poly-stable structure

(Ui′ , ψi′)i′∈I′ on X ′, which again we will do factor-wise. Define I ′1 re-

spectively I ′2 to be the set of all non-empty subsets of {1, 2} respectively

{3, 4, 5} equipped with the partial order ≤ given by the inclusion ⊇ (inverse

direction!). By writing (i′1, i
′
2) ≤ (i′′1, i

′′
2) if and only if both i′1 ≤ i′′1 and

i′2 ≤ i′′2 are true, we get a partially ordered set I ′ := I ′1 × I ′2.
Define for any i′1 ∈ I ′1 the ideal ai′1 of C◦

3{T1, T2}/⟨T1T2 − 9⟩ which is

generated by all Tj with j ∈ {1, 2}\i′1. In the case i′1 = {1, 2}, we take

ai′1 = ⟨1⟩ = C◦
3{T1, T2}/⟨T1T2 − 9⟩. Let V (a) ⊆ X ′

1 be the subset of all

bounded multiplicative semi-norms ||.||x on C◦
3{T1, T2}/⟨T1T2−9⟩ such that

red(||.||x) ∈ X̃ ′
1 contains ã ∈ X̃ ′

1 when considering them as subsets (prime

ideals) of C̃3[T1, T2]/⟨T1T2⟩. Since we have the formal topology on X ′
1

(see the beginning of Definition 3.4.1), the subset V (a) is closed. Define

Ui′1
:= X ′

1\V (ai′1) as an open subset of X ′
1 , do the analogous for X̃ ′

2 ,

and define the open subsets U(i′1,i
′
2)

:= Ui′1
× Ui′2

of X ′. One can easily

check that for any i′ ∈ I ′ the pair (Ui′ ,OX ′ |Ui′ ) is isomorphic to the formal

affine C◦
3-scheme Si′ defined by the parameter pi′ = 2, ri′ :=

( |i′1|−1

|i′2|−1

)
, and

πi′ :=
(

9
12

)
, which makes (Ui′)i′∈I′ being an atlas of X ′ (see Definition

3.4.6), and taking ψi′ := id yields a strictly poly-stable structure on X ′.

In the following, we will show that this strictly poly-stable structure is

suitable (see Definition 6.2.7) in contrast to the one in the beginning:

(i) For any i′1 ∈ I ′1 we define Si′1 to be the subset of X̃ ′
1 consisting of all

closed and generic points (a1, a2) such that exactly the components

belonging to the elements of the subset i′1 ⊆ {1, 2} are equal to zero.

In the case i′1 = {2} we have for example S{2} = {(a1, 0) | a1 ∈
C̃3\{0} ∪ {η}}. After doing the analogous definitions for X̃ ′

2 , we

define S(i′1,i′2) := Si′1 × Si′2 .

It remains to check that for any stratum S of X̃ ′ we have Si′ ≤ S

if and only if Ũi′ ∩ S ̸= ∅. At first note that the function s : I ′ →
str(X̃ ′), i′ 7→ Si′ is an isomorphism of partially ordered sets by our

construction. Therefore we have to check that for any i′1, i
′′
1 ∈ I ′1 we

have i′1 ≤ i′′1 if and only if Ũi′1
∩ Si′′1 ̸= ∅, and the analogous for X ′

2 .

By the definition of Ui′1
, the latter is equivalent to Si′′1 ⊆ red(V (ai′1)).
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6.2 Skeletons

Figure 6.2: Ũi′2
for i′2 = {4, 5} is the subset of all closed and generic points

(a3, a4, a5) with a3 ̸= 0, which is the complement of the clos-

ure of the stratum S{3}. The corresponding stratum S{4,5} is

the depicted black line between the depicted strata S{4} and

S{5} without the middle point S{3,4,5}. Consequently we have

Ũ{4,5}∩S{4} ̸= ∅ and S{4,5} ≤ S{4}, as well as Ũ{4,5}∩S{3} = ∅
and S{4,5} ≰ S{3}.

By the above definitions we get that red(V (ai′1)) respectively Si′′1 is

the subset of X̃ ′
1 consisting of all closed and generic points (a1, a2)

such that ����XXXXexactly (because of the closure) the components belonging

to the elements of the subset i′1 ⊆ {1, 2} respectively i′′1 ⊆ {1, 2} are
equal to zero. By the definition of the partial order on I ′1, the above

inclusion is equivalent to i′1 ≤ i′′1.

(ii) The function s is here even bijective by (i).

(iii) Since ψi′ = id is an isomorphism of admissible formal C◦
3-schemes,

the morphism of topological spaces ψan
i′ : S(Ui′) → ∆i′ in the pull-

back square (6.1) is also an isomorphism.

Description of the skeleton S(X ′)

Finally we want to illustrate the canonical poly-simplices∆i′ (see Definition

6.2.4) and the skeleton S(X ′) (see Definition 6.2.11) of X ′. The generic

fibre of X ′
1 is given by the C3-analytic space M (C3{T1, T2}/⟨T1T2 − 9⟩).

According to [Ber90, 1.4.4], [Wer15, Satz 3.15] and by using the equality
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6 Strictly poly-stable formal schemes

Figure 6.3: The simplices ∆i′1
yield the skeletons of Ũi′1

for i′1 = {1, 2}, {1},
{2}, which form the red subset ∆{1,2} ⊆ (X ′

1 )
an, where (X ′

1 )
an

is illustrated here as an upside-down tree. The yellow annulus

at the bottom is the set of x ∈ C3 with 1
9 ≤ |x|3 ≤ 1, which are

the points of type (1) of the C3-analytic space (X ′
1 )

an, forming

the end points of the branches of the tree. (The graphic was

created by using the freeware programme Inkscape.)

T2 = 9
T1

in the Banach C3-algebra C3{T1, T2}/⟨T1T2 − 9⟩, we get that all

points of (X ′
1 )

an apart from the points of type (4), which do not affect our

visualizations, are given as bounded multiplicative seminorms

ζa,r : C3{T1, T2}/⟨T1T2 − 9⟩ → R≥0,

f 7→ sup
x∈C3

|x−a|3≤r
|9/x−9/a|3≤r

∣∣f(x, 9x)∣∣3
for a ∈ C3 with 1

9 ≤ |a|3 ≤ 1, and r ∈ R with 0 ≤ |r|R ≤ 1.

The Berkovich topology (see Definition 3.1.7) on the set (X ′
1 )

an can be

visualized by a so called Berkovich tree (see Figure 6.3). According to

Lemma 6.2.5 it contains the canonical simplex ∆=
{1,2} as a subset. The

simplex ∆≤
{1,2} ⊆ R is an interval of length − log |9|3 = 2 log 3 and its end

points are the simplices ∆{1} and ∆{2}. The closed subset ∆{1,2} ⊆ (X ′
1 )

an

is the unique skeleton S(X ′
1 ) of X ′

1 (see Definition 6.2.11). Furthermore,

we have visualized the skeletons S(X ′
2 ) and S(X ′) = S(X ′

1 ) × S(X ′
2 )

(see Figure 6.4), where the coloured subsets are the simplices respectively

poly-simplices corresponding to the strata in Figure 6.1.
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log 3

log 3

(a) The simplices ∆i′2
yield the skel-

etons of Ui′2
for i′2 = {3, 4, 5},

{4, 5}, {3, 5}, {4, 5} (black lines),

{3}, {4}, {5}. The simplex

∆≤
{3,4,5} ⊆ R2 is visualized follow-

ing Lemma 6.1.5.

(b) The skeleton of X ′ is given as the

product of the skeletons of X ′
1 and

X ′
2 . It is not a simplex anymore but

still a poly-simplex.

Figure 6.4: There is a 1:1-correspondence between strata Si′ and the rel-

ative interior of the polytopes ∆i′ in R5 with i′ ∈ I ′, which is

called the stratum-face-correspondence (see [Gub10, Proposi-

tion 5.7]). Furthermore we have dim(Si′) = 5− dimR(∆i′) (see

[Gub10, Corollary 5.9(a)]). The analogous holds for i′1 ∈ I ′1
respectively i′2 ∈ I ′2 when replacing 5 by 2 respectively 3.

Definition 6.2.14 ([Ber99, §5]). Let X ′ be a strictly poly-stable admiss-

ible formal K◦-scheme and (Ui′ , ψi′)i′∈I′ be a suitable strictly poly-stable

structure on X ′. For every i′ ∈ I ′ let Ui′ = Spf(Bi′). Then the étale

morphism of admissible formal K◦-schemes ψi′ corresponds to a morphism

of admissible K◦-algebras ψ#
i′ : Ai′ → Bi′ . We may define the epimorphism

of topological spaces

τi′ : (Ui′)
an ↠ ∆=

i′ ,

||.|| 7→ (− log ||ψ#
i′ (Tj,k)||)j∈{1,...,pi′},k∈{0,...,ri′,j},

which we glue to an epimorphism of topological spaces τ : (X ′)an ↠ S(X ′)

called the retraction map.

Definition 6.2.15. A deformation retraction of a monomorphism of to-

pological spaces ι : Y ↪→ X is a homotopy F : X × [0, 1] → X between a

retraction of ι in the category of topological spaces and the identity morph-

ism idX in the category of topological spaces. A deformation retraction is
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called strong if for all t ∈ [0, 1] we have F (., t)|Y = idY in the category of

sets. A morphism of topological spaces is called proper if the preimage of

any compact set is compact.

Lemma 6.2.16. Let X ′ be a strictly poly-stable admissible formal K◦-

scheme. The retraction map τ : (X ′)an ↠ S(X ′) is well-defined and inde-

pendent of the choice of a suitable strictly poly-stable structure on X ′. Fur-

thermore there exists a proper strong deformation retraction F of the mono-

morphism of topological spaces S(X ′) ↪→ (X ′)an such that τ = F (., 0).

Proof. [Ber99, Theorem 5.2] and [Ber04, Theorem 4.4.1]

Example 6.2.17. In Example 6.2.13 for X ′
1 , the retraction map sends

every point of (X ′
1 )

an to the unique point of the skeleton S(X ′
1 ) that is

reached first when following the branches of the Berkovich tree.

6.3 Subdivisions of the skeleton

In the proof of Theorem C it will be necessary to modify the strictly poly-

stable admissible formal K◦-scheme X ′ to X ′′ by a Γ-rational polytopal

subdivision of its skeleton S(X ′), which will be explained in the following.

Definition 6.3.1. Let X ′ be a strictly poly-stable admissible formal K◦-

scheme. A (Γ-rational) polytopal subdivision of the skeleton S(X ′) is a set

D consisting of subsets W of the skeleton S(X ′) fulfilling the following

properties:

(i) For the definition DS := {W ∈ D | W ⊆ ∆S} of subsets of D , we have

the equality of sets D =
⋃
S∈str(X̃ ′) DS .

(ii) For any suitable strictly poly-stable structure (Ui′ , ψi′)i′∈I′ on X ′,

and any i′ ∈ I ′, the set Ds(i′) is a (Γ-rational) polytopal decompos-

ition of the polytope ∆≤
i′ ⊆ Rrs(i′) when using the isomorphism of

topological spaces ψan
i′ : ∆s(i′)

∼−→ ∆≤
i′ .

A vertex of D is an element ξ ∈ S(X ′) such that for some (hence any)

suitable strictly poly-stable structure (Ui′ , ψi′)i′∈I′ on X ′ and some (hence

any) i′ ∈ I ′ the element ξ ∈ ∆≤
i′ is a vertex of the (Γ-rational) polytopal

decomposition Ds(i′) of the polytopal subset ∆≤
i′ ⊆ Rrs(i′) .
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Lemma 6.3.2. Let X ′ be a strictly poly-stable admissible formal K◦-

scheme, and D be a Γ-rational polytopal subdivision of the skeleton S(X ′).

There exists a coarsest formal K-analytic variety structure X′′ on (X ′)an

which refines (X ′)f-an in such a way that for any ∆ ∈ D the pull-back

square

U′′
∆ ∆

(X ′)an S(X ′)τ

in the category of topological spaces yields a formal open subset of X′′, where

τ is the retraction map from Definition 6.2.14.

Proof. See [Gub10, Proposition 5.5] for the semi-stable case, whose proof

works analogously for the poly-stable case.

Example 6.3.3. We continue Example 6.2.13 for X ′
1 . Let ξ1 respectively

ξ2 be the elements of the singletons ∆{1} respectively ∆{2}, and choose a

Γ-rational point ξ3 ∈ relint(∆{1,2}). This induces a Γ-rational polytopal

decomposition D1 = {{ξ1}, {ξ2}, {ξ3}, [ξ2, ξ3], [ξ3, ξ1]} of the closed interval

∆≤
{1,2} ⊆ R. Then D1 is a Γ-rational polytopal subdivision of the skeleton

S(X ′
1 ) (see Definition 6.3.1). The points ξ1, ξ2, ξ3 are the vertices of D1.

Figure 6.5: The Berkovich tree of (X ′
1 )

an (see Figure 6.3) can equivalently

be visualized as follows, where the subsets U′′
{ξ1}, U

′′
{ξ2}, U

′′
{ξ3},

U′′
[ξ2,ξ3]

, U′′
[ξ3,ξ1]

form the atlas of X′′. Note that the subsets U′′
{ξ2}

and U′′
{ξ3} are contained in U′′

[ξ2,ξ3]
, and the subsets U′′

{ξ3} and

U′′
{ξ1} are contained in U′′

[ξ3,ξ1]
. (The graphic was created by

using the freeware programme Inkscape.)

The preimages of the five elements of D1 with respect to the retraction map

τ yield five subsets U′′
{ξ1}, U

′′
{ξ2}, U

′′
{ξ3}, U

′′
[ξ2,ξ3]

, U′′
[ξ3,ξ1]

of (X ′
1 )

an. Since the

K-analytic space (X ′
1 )

an is equal to the formal K-analytic variety (X ′
1 )

f-an
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as a set, they are also subsets of (X ′
1 )

f-an. By Lemma 6.3.2 they yield

formal open subsets of (X ′
1 )

f-an, which form an atlas on (X ′
1 )

f-an because D1

fulfils the axioms of a Γ-rational polytopal complex (see Definition 2.4.2).

Replacing the atlas of (X ′
1 )

f-an by this new atlas, we get the described

formal K-analytic variety structure X′′
1 on (X ′

1 )
an.

Definition 6.3.4. As by [Gub10, Remark 5.6] the formal K-analytic vari-

ety X′′ has reduced special fibre, we may define X ′′ := (X′′)f-sch. Fur-

thermore, we get a unique morphism of admissible formal K◦-schemes

ι′ : X ′′ →X ′ extending the identity on the generic fibre.

Proposition 6.3.5. For an irreducible component Y of X̃ ′′, let ξY be the

unique point (called Shilov point) of (X ′)an with reduction equal to the

generic point ηY of Y . Then Y 7→ ξY yields a bijective function between

the irreducible components of X̃ ′′ and the vertices of D .

Proof. [Gub10, Corollary 5.9(g)]. The proof there is based on the so called

stratum-face correspondence [Gub10, Proposition 5.7] and was done for

the semi-stable case but it works analogously for the poly-stable case when

using [Gub10, Proposition A.2(d)].

Example 6.3.6. In the situation of Example 6.3.3 the bijective corres-

pondence of Proposition 6.3.5 can be visualized as follows:

Figure 6.6: The special fibre of X ′′
1 consists of three irreducible components

corresponding to the vertices ξ1, ξ2, ξ3 of D1.
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6.4 Application to a Mumford model

The goal of this section is to find a tropical description of the strictly

poly-stable alteration in our situation, which is given as follows: Let A

be an abelian K-variety, let C alt be a Γ-rational polytopal decomposition

of NR/Λ, let Aalt be the associated Mumford model of A, let X ′ be a

strictly poly-stable admissible formal K◦-scheme, let φalt : X ′ → Aalt be a

morphism of admissible formalK◦-schemes, and let f : X ′ := (X ′)an → Aan

be the generic fibre of φalt. The index “alt” corresponds to the index “0”

in [Gub10, 6.2] and has been chosen on the one hand in order to avoid

confusion with the object A0 from Raynaud’s uniformization theory and

the polytopal decomposition Ck for k = 0 (see the proof of Theorem C),

and on the other hand to stress the strong link to the later defined strictly

poly-stable alteration (see Definition 7.1.4).

Proposition 6.4.1. There is a unique morphism of topological spaces

faff : S(X
′)→ NR/Λ

making the diagram in the category of topological spaces

X ′ Aan

S(X ′) NR/Λ

f

τ trop

∃!faff

commutative. Furthermore, for any S ∈ str(X̃ ′) we get the following:

(i) There exists a morphism of topological spaces fS,aff : ∆S → NR whose

composition with the quotient function λ : NR ↠ NR/Λ equals the

restriction of faff to ∆S.

(ii) For any suitable strictly poly-stable structure (Ui′ , ψi′)i′∈I′ on X ′ and

for any i′ ∈ I ′ with s(i′) = S, the morphism of topological spaces

fi′,aff := fS,aff ◦ (ψan
i′ )

−1 : ∆≤
i′ → NR (see Definition 6.2.7(iii)) extends

uniquely to a Γ-rational R-affine function fi′,aff : RrS → NR.

(iii) After the choice of a lift fS,aff : ∆S → NR, there exists a unique ele-

ment ∆S
alt ∈ Calt such that fS,aff(∆S) ⊆ ∆S

alt and fS,aff(relint(∆S)) ⊆
relint(∆S

alt).
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6 Strictly poly-stable formal schemes

Proof. Let S ∈ str(X̃ ′). Choose an isomorphism of groups M
∼−→ Zn

during the proof, which induces an isomorphism of R-vector spaces NR
∼−→

Rn and leads to C alt becoming a Γ-rational polytopal decomposition of

Rn/Λ. This choice will not affect the generality of our proof. See also

[Gub10, Proposition 5.11] for the proof in the semi-stable case, which works

analogously.

Step 1: Construction of fS,aff : ∆S → ∆S
alt and property (iii)

Remember that by Lemma 5.2.1 there exists a suitable choice of the atlas of

the admissible formal K◦-scheme B = (B, (Bi = Spf(Ai))i∈I ,OB), which

comes from Raynaud’s uniformization theory. Furthermore, there exists

a suitable strictly poly-stable structure (Ui′ , ψi′)i′∈I′ on X ′, an element

i′ ∈ I ′ with s(i′) = S, and a pair (i,∆S
alt) ∈ I×Calt, such that φalt is locally

given by the lift

Ui′ Ui,∆Salt

X ′ Aalt Ealt

Φalt

φalt palt

in the category of admissible formal K◦-schemes. This lift is unique up to

the choice of a Λ-translate of ∆S
alt, and the choice ∆S

alt ∈ Calt is also unique

up to a Λ-translate, which will later provide property (iii). After the choice

of a lift Φalt and defining the function

τS
i′ : S an

i′ ↠ ∆=
i′ ,

||.|| 7→ (− log ||Tj,k||)j∈{1,...,pi′},k∈{0,...,ri′,j},

we get the commutative diagram

S an
i′ (Ui′)

an (Ui,∆Salt
)an

∆S ∆S
alt

τS
i′

τi′

Φan
alt

ψan
i′

tropi

∃!fS,aff

(6.2)

in the category of topological spaces (see Definition 6.2.14) without the

dashed arrow.
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Step 2: Property (ii)

Transferring the upper line of the diagram from the category of admissible

formal affine K◦-schemes (we have considered their generic fibres) to the

dual category of admissible K◦-algebras, we get the diagram

Ai′ Bi′ K
〈
Ui,∆Salt

〉
.

ψ#

i′ Φ#
alt

[Gub10, Proposition A.2(e)] is the poly-stable version of [Gub07a, Propos-

ition 2.11]. It proves that for any l ∈ {1, ..., n} there exist al ∈ K\{0},
bl ∈ (Bi′)

×, and ml ∈ Zi′ :=
∏
j∈{1,...,pi′}

Zri′,j+1 such that Φ#
alt(Tl) =

alblψ
#
i′ (T

ml) in Bi′ . Then the function

fi′,aff : ∆
=
i′ → ∆S

alt,

u 7→ (mT
l u− log |al|)l∈{1,...,n}

composed with the isomorphism of topological spaces ψan
i′ : ∆S

∼−→ ∆=
i′ (see

Definition 6.2.7(iii)) yields a morphism of topological spaces fS,aff : ∆S →
∆S

alt making the diagram (6.2) commutative. It is unique because the

morphism τi′ is epic. The corresponding function fi′,aff : ∆
≤
i′ → ∆S

alt is

Γ-rational R-affine and can thus be extended to a Γ-rational R-affine func-

tion fi′,aff : RrS → Rn.
For arbitrary suitable strictly poly-stable structures (Ui′ , ψi′)i′∈I′ on X ′

and for arbitrary j′ ∈ I ′ with s(j′) = S, we define fj′,aff : ∆
≤
j′ → ∆S

alt as the

composition of fi′,aff and ψj′i′ : ∆
≤
j′

∼−→ ∆≤
i′ from Lemma 6.2.9(iii).

Step 3: Property (i), uniqueness and existence of faff

Define faff : S(X
′)→ Rn/Λ to be the morphism of topological spaces which

is given on ∆S by the composition of the quotient function λ : Rn ↠ Rn/Λ
and fS,aff . This is well-defined by the construction of the fS,aff and because

a Λ-translation of ∆S
alt ∈ Calt and an M -translation of i ∈ I do not affect

faff as in the codomain, we take the quotient by Λ. By this definition, we

get property (i). Together with the surjectivity of the retraction map τ , we

get the uniqueness of faff .
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6 Strictly poly-stable formal schemes

Proposition 6.4.2. Let C be a Γ-rational polytopal subdivision of C alt

with associated Mumford model A of A. Then the set

D :=
⋃

S∈str(X̃ ′)

{
∆S ∩ f

−1
aff (σ) | σ ∈ C

}

yields a Γ-rational polytopal subdivision of the skeleton S(X ′). Let X ′′ be

the admissible formal K◦-scheme given by D (see Lemma 6.3.2). We then

get the pull-back square

X ′′ A

X ′ Aalt

φ

ι′ ιalt

φalt

in the category of admissible formal K◦-schemes.

Proof. See [Gub10, Proposition 5.13] for the semi-stable case, whose proof

works analogously for the poly-stable case.

Lemma 6.4.3. Let S ∈ str(X̃ ′). The restricted morphism of K̃-varieties

φ̃alt : S → Ãalt has a lift Φ̃alt : S → Ẽalt unique up to the M -action on Ẽalt.

Proof. [Gub10, Lemma 5.15]

Definition 6.4.4. Let S ∈ str(X̃ ′). The poly-simplex ∆S is called non-

degenerate with respect to f : X ′ → Aan if

(i) dimR(fS,aff(∆S)) = dimR(∆S) and

(ii) dim(q̃alt ◦ Φ̃alt(S)) = dim(S).

Lemma 6.4.5. Definition 6.4.4 only depends on the choice of X ′ and f ,

which means that if we have a second Γ-rational polytopal decomposition

C
′
alt of NR/Λ with associated Mumford model A ′

alt of A, and φ′
alt : X ′ →

A ′
alt is a morphism of admissible formal K◦-schemes such that f : X ′ → Aan

is the generic fibre of φ′
alt, and Φ̃′

alt is a lift of φ̃′
alt, then the definition does

not change when replacing these objects and morphisms.

Proof. [Gub10, 6.3]
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Lemma 6.4.6. Take the assumptions from the beginning of Section 6.4.

Furthermore, let L be a line bundle on A, let C k be a Γ-rational polytopal

decomposition of NR/Λ with associated Mumford model Ak (take the index

k just as a notation with no further meaning so far). Let C := C k ∩ C alt

(see Definition 2.4.5) and let A be the associated Mumford model. Let D be

the Γ-rational polytopal subdivision of the skeleton S(X ′) corresponding to

the Γ-rational polytopal subdivision C of C alt (see Proposition 6.4.2). Let

X ′′ be the admissible formal K◦-scheme given by D (see Lemma 6.3.2),

and let Y be an irreducible component of X̃ ′′.

Choose some S ∈ str(X̃ ′) such that ξY ∈ relint(∆S). Furthermore, define

the element y := fS,aff(ξY ) ∈ NR (see Proposition 6.4.1). We then get the

following consequences:

(i) There exists a unique ∆k ∈ Ck such that y ∈ relint(∆k).

(ii) We have {y} = ∆k ∩ fS,aff(∆S) as subsets of NR.

(iii) We have {ξY } = (fS,aff)
−1(∆k ∩∆S

alt) as subsets of ∆S.

(iv) The function fS,aff : ∆S → NR is injective.

Proof. (i) The disjoint union of the subsets relint(∆k) ⊆ NR for ∆k ∈ Ck
is equal to NR.

(ii) We have {y} ⊆ ∆k ∩ fS,aff(∆S) ⊆ ∆k ∩∆S
alt, where the first inclusion

follows directly by the choice ξY ∈ relint(∆S) and (i), and the second

inclusion is provided by Proposition 6.4.1(iii). Since the latter is a

polytope in Ck ∩Calt and y is vertex in Ck ∩Calt (by Proposition 6.3.5

the element ξY ∈ ∆S is a vertex of D), the above inclusions become

equalities.

(iii) Follows by (ii).

(iv) By Proposition 6.4.1(ii), we may equivalently prove for some suitable

strictly poly-stable structure (Ui′ , ψi′)i′∈I′ on X ′ and some i′ ∈ I ′

with s(i′) = S that the R-affine function fi′,aff : RrS → NR is injective.

Assume for a contradiction that the latter is not injective. Then there

would exist two different elements u1, u2 ∈ RrS with the same image.
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6 Strictly poly-stable formal schemes

Let f
(l)
i′,aff : R

rS → NR be the linearization (see Definition 2.4.12) of

the R-affine function fi′,aff . Then

f
(l)
i′,aff(α(u1 − u2)) = 0 (6.3)

for all α ∈ R. If ∆i′ has more than one element, it is possible to

choose α ∈ R\{0} such that u := ξY +α(u1 − u2) ∈ ∆i′ . By equation

(6.3) we get fi′,aff(u) = fi′,aff(ξY ) and hence u ∈ f−1
i′,aff(∆k∩∆S

alt) with

u ̸= ξY , which yields a contradiction to (iii).

Definition 6.4.7. By Proposition 6.4.2 and because C is a Γ-rational poly-

topal subdivision of Ck, we get the sequence X ′′ φ−→ A
ιk−→ Ak in the

category of admissible formal K◦-schemes. We will write

degLk
(Y ) := deg(ι̃k◦φ̃)∗L̃k

(Y ). (6.4)

Let H be a line bundle on B such that p∗Lan = q∗H an as line bundles

on Ean, which exists by Lemma 5.3.7. After choosing a lift Φ̃alt : S → Ẽalt

of φ̃alt : S → Ãalt and by applying Lemma 5.2.10, we get the sequence

S
Φ̃alt−−→ Ẽalt

q̃alt−−→ B̃ in the category of K̃-varieties. We will write

degH (S) := deg(q̃alt◦Φ̃alt)∗H̃ (S), (6.5)

which is independent of the choice of a rigidification ρL on L. Finally we

define d := dim(X ′) ∈ N and e := d− dimR(∆S) ∈ N.

Proposition 6.4.8. Take the same assumptions as in Lemma 6.4.6 and

use the definitions from Definition 6.4.7. Let (Ui′ , ψi′)i′∈I′ be a suitable

strictly poly-stable structure on X ′ and let i′ ∈ I ′ such that s(i′) = S.

Additionally we take the following assumptions:

(A) The morphism of good K-analytic spaces f : X ′ → Aan is proper.

(B) We take the so called transversality assumption

dimR(∆k) + dimR(∆S) = n.

(C) L has a formal K◦-model Lk on Ak such that the function

gk,i′ := fLk
◦ fi′,aff : RrS → R

is convex in a neighbourhood of ξY .
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We then get the equality

degLk
(Y ) =

d!

e!
· degH (S) · volrS (∇g

Y
k,i′(ξY )),

where volrS denotes the Lebesgue measure on the R-vector space (RrS )∗ =

RrS and gYk,i′ is the induced conic convex function in ξY by gk,i′. Further-

more, assumption (C) and this formula do not depend on the choice of the

suitable strictly poly-stable structure (Ui′ , ψi′)i′∈I′ and i
′ ∈ I ′ with s(i′) = S.

Proof. [Gub10, Proposition 5.18] for the semi-stable case, where we have

used that the gradient image∇gYk,i′(u0) (see Definition 4.3.1) is by definition

the same as the dual polytope

{ξY }
gY
k,i′ :=

{
u ∈ (RrS )∗

∣∣∣∣∣ ∀(full-dim.) polytopes ∆ ∈ DS with vertex ξY ,

∀w ∈ ∆≤ : ⟨u,w − ξY ⟩ ≤ gYk,i′(w)− gYk,i′(ξY )

}

as a subset of (RrS )∗. By [Gub10, Remark 5.19] it can be generalized to

the poly-stable case. By Lemma 6.2.9(iii), another choice of the suitable

strictly poly-stable structure (Ui′ , ψi′)i′∈I′ on X ′ and i′ ∈ I ′ would neither

affect the convexity of the function in assumption (C) nor the last factor

of the formula.
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The goal of this chapter is to prove the main results Theorem C, Corollary

D, and Theorem E, which have already been explained in the introduction.

Let (K, |.|) be an algebraically closed non-trivially valued non-archime-

dean field, and Γ be its value group. Let A be an abelian K-variety, L

be an ample line bundle on A, let X be an irreducible closed K-subvariety

of A, and define d := dim(X) ∈ N. Let C alt be a Γ-rational polytopal

decomposition of NR/Λ, let Aalt be the associated Mumford model of A,

and denote the closure of Xan in Aalt by Xalt (see Definition 3.4.20).

7.1 Monge-Ampère measures of semi-positive toric

metrics

The goal of this section is to prove a formula for the non-archimedean

Monge-Ampère measure of a semi-positive toric metric (Theorem C) and

in particular of a canonical metric (Corollary D).

Definition 7.1.1 ([Tem17, 4.1.2], [Jon96, §1]). An alteration of X is a pair

(X ′, f) consisting of an irreducible smooth K-variety X ′ and a

� dominant (that means f(X ′) ⊆ X is dense, see [Har77, Exercise

II.3.7])

� proper (that means separated, of finite type, and universally closed,

see [Har77, §II.4 on p. 100])

� generically finite (that means the preimage of the generic point ηX of

X with respect to f is a finite set, see [Har77, Exercise II.3.7])

morphism of K-varieties f : X ′ → X.

Remark 7.1.2. Since a morphism of separated reduced schemes is epic if

and only if it is dominant (in the above sense), the morphism f in Definition

7.1.1 is epic. Furthermore, it is surjective because a proper (hence closed)

morphism between irreducible K-varieties is surjective if it is dominant.
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Lemma 7.1.3. There exists an open dense subset U ⊆ X such that the

induced surjective epimorphism of K-varieties f : f−1(U) ↠ U is finite.

Furthermore, the condition generically finite in Definition 7.1.1 is equival-

ent to the equality dim(X ′) = dim(X).

Proof. [Har77, Exercise II.3.7], [Jon96, 2.20]

Definition 7.1.4. In the above setting, a strictly poly-stable alteration of

Xalt is a pair (X
′, φalt) consisting of a strictly poly-stable admissible formal

K◦-scheme X ′ (see Definition 6.2.2 and Remark 6.2.3) and an epimorphism

of admissible formal K◦-schemes φalt : X ′ ↠ Xalt such that there exists an

alteration (X ′, f) ofX with (X ′)an = (X ′)an and φan
alt = fan in the category

of K-analytic spaces.

Proposition 7.1.5. In the above setting, a strictly poly-stable alteration

always exists.

Proof. Since K is algebraically closed, this statement follows basically by

[ALPT19, Theorem 5.2.19] for the valuation ring O = K◦ but we have to

add some remarks: We can translate [ALPT19, Theorem 5.2.19], which

is formulated for flat schemes of finite type over K◦, to admissible formal

K◦-schemes by using [Gub07a, 2.7] and [GM19, Lemma 2.4]. Furthermore,

in [ALPT19, Theorem 5.2.19] an alteration is defined as in [Tem17, 4.1.2],

which is equivalent to our Definition 7.1.1.

Eventually, our definition of a strictly poly-stable admissible formal K◦-

scheme is slightly stronger than in [Ber04, §4.4], where additionally the

property “(strongly) non-degenerate” is required (see Definition 6.2.2

and Remark 6.2.3). But the fact that the generic fibre of X ′ is always

smooth (remark between the statement and the proof of [ALPT19, The-

orem 5.2.19]) in combination with [Ber04, Lemma 4.1.3] provides that

the strictly poly-stable alteration (X ′, φalt) in [ALPT19, Theorem 5.2.19]

fulfils our slightly stronger definition.

Definition 7.1.6. We will denote the composition (X ′)an
fan−−→→ Xan ↪→

Aan of morphisms of K-analytic spaces also by fan, and the composition

X ′ φalt−−→→ Xalt ↪→ Aalt of morphisms of admissible formal K◦-schemes also

by φalt.
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Theorem 7.1.7 (A formula for the non-archimedean Monge-Ampère meas-

ure of semi-positive toric metrics). Let (X ′, φalt) be a strictly poly-stable

alteration of Xalt, let ||.||ψ be a semi-positive toric metric on L, and take

the non-archimedean Monge-Ampère measure

µ′L,ψ := c1((f
an)∗(L, ||.||ψ))∧d

on the measurable space (X ′)an. We then get the following results:

(i) For the support of the regular Borel measure µ′L,ψ on (X ′)an we have

Supp(µ′L,ψ) ⊆
⋃

S∈str(X̃ ′)
∆Snon-deg.
w.r.t. fan

∆S .

(ii) Let Ω be a Borel-measurable subset of relint(∆S) (see Definition

6.2.10) for some stratum S of X̃ ′. We then get the equality

µ′L,ψ(Ω) =
d!

(d− dimR(∆S))!
· degH (S) ·MA(fψ ◦ fS,aff)(Ω),

where degH (S) is defined in (6.5), and dimR(∆S) in Definition

6.2.10, and fψ is given by the metric-function correspondence (see

Proposition 5.4.9) for an arbitrary choice of the rigidification on L.

Proof. Step I: We may fix the choice of a suitable strictly poly-stable

structure (Ui′ , ψi′)i′∈I′ of X ′, of an element i′ ∈ I ′ with s(i′) = S, and of

the rigidification ρL on L.

Firstly, the function fψ depends on the choice of a rigidification ρL on L. By

Lemma 5.4.8, another choice of ρL would lead to the addition of a constant

in Γ to the function fψ, which does not affect the real Monge-Ampère

measure.

Secondly, the function fS,aff for S ∈ str(X̃ ′) is not defined on RrS , just on
∆S . But we need an injection into a finite-dimensional R-vector space in

order to apply the real Monge-Ampère measure. For this reason, we have

to choose a suitable strictly poly-stable structure (Ui′ , ψi′)i′∈I′ on X ′ (see

Definition 6.2.2), which induces for any i′ ∈ I ′ with s(i′) = S an injection

ψan
i′ : ∆S ↪→ RrS and a Γ-rational R-affine function fi′,aff : RrS → NR (see

129



7 Main results

Proposition 6.4.1(ii)). By Lemma 6.2.9(iii), another choice of the suitable

strictly poly-stable structure or of i′ ∈ I ′ with s(i′) = S would induce

a composition with an automorphism of R-vector spaces ψ : RrS ∼−→ RrS
with |det(ψ)|R = 1. Because of the latter, this does not affect the real

Monge-Ampère measure. In the following, we will fix these choices for

any S ∈ str(X̃ ′), which allows us to write fS,aff instead of fi′,aff , and

∆S ⊆ RrS . Note that by Proposition 7.1.5 the existence of a strictly poly-

stable alteration (X ′, φalt) of Xalt is guaranteed.

Step II: We may assume fψ being strongly polyhedral convex.

Let fψ : NR → R be the morphism of topological spaces fulfilling the cocycle

rule which corresponds by the metric-function correspondence (see Propos-

ition 5.4.9) to the toric metric ||.||ψ. By Theorem 5.4.11, the function fψ is

convex because ||.||ψ is semi-positive and L is ample.

Define Σ to be the set of simplices fS,aff(∆S) for all S ∈ str(X̃ ′) together

with all their closed faces. Then Σ is a finite set of polytopes in NR/Λ,

because the set str(X̃ ′) is finite. After this, Proposition 5.5.5 and Lemma

5.5.6 yield a sequence (Ck)k∈N of Σ-generic Γ-rational polytopal decompos-

itions of NR/Λ, a sequence (fk)k∈N of strongly Ck-polyhedral convex func-

tions, a sequence (Nk)k∈N of elements in N\{0}, and a sequence (Lk)k∈N of

formal K◦-models of L⊗Nk determined on the Mumford model ACk
, such

that the metrics ||.||⊗1/Nk
Lk

are semi-positive and converge uniformly to ||.||ψ
for k → +∞. Therefore, by the convergence statements Lemma 4.2.7 and

Lemma 4.3.6, it suffices to show the theorem for all ||.||⊗1/Nk
Lk

, fk and

µ′L,k := c1

(
(fan)∗(L, ||.||⊗1/Nk

Lk
)
)∧d

instead of ||.||ψ, fψ and µ′L,ψ. Due to the multilinearity of the non-archi-

medean Monge-Ampère measure µ′L,k (see Lemma 4.2.4), we may assume

Nk = 1 for all k ∈ N.

Step III: Subdivision of the polytopal decomposition Calt

We define the Γ-rational polytopal decomposition C := Calt ∩ Ck of NR/Λ

(see Definition 2.4.5), and let A be the corresponding Mumford model of A.

Since C is a Γ-rational polytopal subdivision of Calt, we get by Proposition
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6.4.2 a Γ-rational polytopal decomposition D of the skeleton S(X ′), a

corresponding admissible formal K◦-scheme X ′′, and the pull-back square

X ′′ A

X ′ Aalt

φ

ι′ ιalt

φalt

in the category of admissible formal K◦-schemes.

Step IV: Reduction of statement (ii)

By the formula for the non-archimedean Monge-Ampère measure in Lemma

4.2.5 and using the notation degLk
(Y ) (6.4), we get the equality

µ′L,k =
∑
Y

degLk
(Y )δξY (7.1)

of measures on (X ′)an, where Y runs over the irreducible components of

X̃ ′′ and δξY is the Dirac measure in the Shilov point ξY ∈ (X ′)an (see

Lemma 3.4.13).

Define the morphism of topological spaces gk,S := fk ◦ fS,aff : RrS → R.
Since it is the composition of a strongly Ck-polyhedral convex and an R-
affine function, it is strongly Ck-polyhedral convex. By the formula (7.1),

it remains to check for any irreducible component Y of X̃ ′′ the equality

degLk
(Y ) =

d!

e!
· degH (S) · volrS (∇gk,S(ξY )) (7.2)

for e := d−dimR(∆S) in order to prove (ii), where ∇gk,S(ξY ) = ∇gYk,S(ξY ),
because gYk,S is the induced conic convex function in ξY by gk,S .

Step V: Proof of equation (7.2) and hence (ii)

Let Y be an irreducible component of X̃ ′′. We will check the assumptions

of Proposition 6.4.8:

(A) The definition of a strictly poly-stable alteration (see Definition 7.1.4

and Definition 7.1.1) provides that f is proper and [Ber90, Proposition

3.4.7] implies that the generic fibre fan of φalt is proper.
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(B) Take the notation from Lemma 6.4.6. Lemma 5.5.4 implies that the Σ-

generic polytopal decomposition Ck is also Σ-transversal, which means

dimR(∆k) + dimR(fS,aff(∆S))− n = dimR(∆k ∩ fS,aff(∆S)) = 0,

where the second equality is given by Lemma 6.4.6(ii). By Lemma

6.4.6(iv), the R-affine function fS,aff : RrS → NR is injective and thus

dimR(fS,aff(∆S)) = dimR(∆S), (7.3)

which transforms the above equation to dimR(∆k) + dimR(∆S) = n.

(C) It has been shown in Step IV that the function gk,S is strongly Ck-

polyhedral convex.

Since all the assumptions of Proposition 6.4.8 are fulfilled, equality (7.2)

and hence assertion (ii) are proved to be true. Note that the number d is

defined differently in Section 6.4 and Section 7.1 but they coincide because

of Lemma 7.1.3.

Step VI: Proof of (i)

Equation (7.3) checks condition (i) of Definition 6.4.4 (∆S non-degenerate

with respect to fan). Since the line bundle H̃ on B̃ is ample (see Lemma

5.3.11(iii)), we have degH (S) ̸= 0 if and only if condition (ii) of Definition

6.4.4 is fulfilled (see the end of the proof of [Gub10, Theorem 6.7]). Con-

sequently, equation (7.1), together with Step II, proves assertion (i) of this

theorem.

Definition 7.1.8. For any choice of a rigidification ρL on L, the corres-

ponding function (metric-function correspondence, see Proposition 5.4.9)

to the canonical metric ||.||L,can is the R-quadratic function z : NR → R.
By Lemma 5.4.8, the canonical function z is independent of the choice of

ρL.

Let (X ′, φalt) be a strictly poly-stable alteration, and let S ∈ str(X̃ ′).

We fix the choice of the suitable strictly poly-stable structure (Ui′ , ψi′)i′∈I′

of X ′ and of an element i′ ∈ I ′ with s(i′) = S. The composition z ◦
fS,aff : RrS → R (see Proposition 6.4.1(i)) yields an R-quadratic function,

whose associated R-quadratic form is given by u 7→ uTQSu for some matrix
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QS ∈ RrS×rS := RrS ×RrS . By Lemma 6.2.9(iii) the number det(QS) does

not depend on the choice of the strictly poly-stable structure and of i′ ∈ I ′

with s(i′) = S.

Corollary 7.1.9 (A formula for the canonical measure). If in Theorem

7.1.7 the metric is canonical, we get equality in (i) and the formula in (ii)

transforms to

µ′L,can(Ω) =
d!

(d− dimR(∆S))!
· degH (S) · det(QS) · volrS (Ω),

where Ω is a Borel-measurable subset of relint(∆S) for some S ∈ str(X̃ ′).

Proof. Lemma 4.3.5 yields MA(z ◦ fS,aff) = det(QS) · volrS . We have

degH (S) ̸= 0 respectively det(QS) ̸= 0 if and only if the canonical poly-

simplex ∆S is non-degenerate with respect to fan, because the line bundle

H̃ is ample respectively the associated R-bilinear form b of z is positive

definite (for both see Lemma 5.3.11(iii)). Together with this equivalence,

the Lebesgue measure in the new formula provides equality in Theorem

7.1.7(i) in the case of the canonical metric.

Remark 7.1.10. Corollary 7.1.9 is deduced from [Gub10, Theorem 6.7]

by dropping the assumption that the absolute value |.| on K is induced by

a discrete valuation. In the formula of [Gub10, Theorem 6.7], the factor

det(QS) is substituted by the fraction
vol(ΛLS )

vol(ΛS)
if the canonical poly-simplex

∆S is non-degenerate with respect to fan, where ΛLS and ΛS are some

complete lattices in RrS defined in [Gub10, 6.6].

But for non-discrete valuations we can not assure that the lattice ΛS in

RrS is still complete. For rS = 1, n = 2, and t ∈ R being a transcendent

element over Q, we could have the following situation: If the canonical

poly-simplex ∆S is non-degenerate with respect to fan, the function fS,aff

is injective. Therefore the element v1 := f
(l)
S,aff(1) ∈ N is different from

zero. Let v2 ∈ NR such that v1, v2 are R-linearly independent in NR. After

defining e1 := v1 + v2 and e2 := tv2 we take Λ := Ze1 + Ze2. Finally,

we get ΛS = {0} because of Rv1 ∩ Λ = {0}. Note that for a concrete

counterexample, one would have to contruct an abelian K-variety A and

an ample line bundle L inducing all these parameters, which means that in

general we do not know whether the lattice ΛS is complete or not.
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7.2 The canonical subset

The referee of the paper [Gub10] suggested that the support of the canonical

measure has the structure of a Γ-rational piecewise linear space, which was

afterwards proved by Gubler in [Gub10, Theorem 6.12] by using strictly

semi-stable alterations. In the meantime, Ducros has introduced so-called

c-skeletons [Duc12], which simplify the proof very much. In the following

we will introduce the necessary definitions from [Duc12] and then give a

new proof of [Gub10, Theorem 6.12] without assuming that the absolute

value |.| on K is induced by a discrete valuation.

Definition 7.2.1 ([Gub10, Remark 6.11]). The support of the canonical

measure µL,can := c1((L, ||.||L,can)|Xan)∧d on Xan is called the canonical

subset of Xan and denoted by ΣX .

Lemma 7.2.2. The canonical subset ΣX is compact and independent of

the choice of the ample line bundle L on A. Furthermore, for any choice of

the strictly poly-stable alteration (X ′, φalt) of Xalt it is equal to the subset⋃
S∈str(X̃ ′)
∆Snon-deg.
w.r.t. fan

fan(∆S) (7.4)

of Xan.

Proof. The canonical subset ΣX is compact because it is the image of a

compact subset (finite union of poly-simplices) of (X ′)an with respect to

the morphism of topological spaces fan.

By the projection formula in [Gub10, Proposition 3.8(b)] we get the equality

(fan)∗c1((f
an)∗(L, ||.||L,can))∧d = c1((L, ||.||L,can)|Xan)∧d (7.5)

of measures on Xan, where the first fan denotes the morphism of K-analytic

spaces fan : (X ′)an → Aan and the second one the epimorphism of K-

analytic spaces fan : (X ′)an ↠ Xan (see Definition 7.1.6). Equation (7.5) in

combination with Corollary 7.1.9 proves that ΣX is equal to the subset (7.4)

of Xan, and the right-hand side of equation (7.5) shows the independence

of the choice of the strictly poly-stable alteration (X ′, φalt) of Xalt.

Finally, the equality of ΣX and (7.4) proves the independence of the choice

of the ample line bundle L on A. See also [Gub10, Remark 6.11].
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Definition 7.2.3 ([Duc12, 0.23]). For any k ∈ N we define AffΓ(Rk) to be

the set of functions ψ : Rk → R such that there exists an N ∈ N\{0} such
that Nψ is Γ-rational R-affine (see Definition 2.4.12).

For a Γ-rational polytopal set P in Rk in the sense of Definition 2.4.2

we denote by ΛΓ(P ) the set of continuous functions ζ : P → R satisfying

the following condition: There exists a finite family (∆i)i∈I of Γ-rational

polytopes in Rk in the sense of Definition 2.4.2 such that
⋃
i∈I ∆i = P , and

for every i ∈ I there exists an element ψi ∈ AffΓ(Rk) such that ζ|∆i = ψi|∆i .

Definition 7.2.4 ([Duc12, 0.24.1, 0.24.2]). A Γ-rational polytopal structure

ΛΓ(V ) on a compact topological space V is a set of continuous functions

V → R such that there exists a triple (k, P, φ) (called presentation) consist-

ing of an element k ∈ N, a Γ-rational polytopal set P ⊆ Rk in the sense of

Definition 2.4.2, and an isomorphism of topological spaces φ : V
∼−→ P such

that the pull-back of the set ΛΓ(P ) with respect to φ is equal to ΛΓ(V ).

A morphism of Γ-rational polytopal structures φ : ΛΓ(W ) → ΛΓ(V ) is a

morphism of compact topological spaces φ : W → V such that for all ele-

ments ζ : V → R of the set ΛΓ(V ) the function ζ ◦φ : W → R is an element

of the set ΛΓ(W ).

Definition 7.2.5 ([Duc12, 0.25]). Let Σ be a locally compact Hausdorff

topological space. A Γ-rational polytopal chart on Σ is a pair (V,ΛΓ(V ))

consisting of a compact subset V of Σ and a Γ-rational polytopal structure

ΛΓ(V ) on V . Two Γ-rational polytopal charts (V1,ΛΓ(V1)) and (V2,ΛΓ(V2))

on Σ are called compatible if V1 ∩ V2 is a Γ-rational polytope of both and

the Γ-rational polytopal structures of both induce the same set ΛΓ(V1∩V2).
A Γ-rational polytopal atlas on Σ is a family (Vi,ΛΓ(Vi))i∈I of pairwise

compatible Γ-rational polytopal charts on Σ such that the family (Vi)i∈I is

a quasi-net on Σ (see Definition 3.3.1). Two Γ-rational polytopal atlases

on Σ are called equivalent if all Γ-rational polytopal charts on Σ of the first

are compatible with the ones of the second.

Definition 7.2.6 ([Duc12, 0.26.1, 0.26.3]). A Γ-rational piecewise linear

space is a locally compact Hausdorff topological space Σ together with

an equivalence class of Γ-rational polytopal atlases on Σ (see Definition

7.2.5). A morphism of Γ-rational piecewise linear spaces φ : Σ′ → Σ is a

morphism of the underlying topological spaces such that there exists a Γ-

rational polytopal atlas (Wj ,ΛΓ(Wj))j∈J on Σ′ and a Γ-rational polytopal
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atlas (Vi,ΛΓ(Vi))i∈I on Σ fulfilling the following condition: For all i ∈ I

there exists a j ∈ J such that φ(Wj) ⊆ Vi and φ induces a morphism of

Γ-rational polytopal structures φ : ΛΓ(Wj)→ ΛΓ(Vi) (see Definition 7.2.4).

The Γ-rational piecewise linear spaces form a category.

Definition 7.2.7 ([Duc12, 4.1.1, 4.2]). Let Y be a K-analytic space such

that the underlying topological space is Hausdorff and let V be a compact

subset of Y . A Γ-rational polytopal structure ΛΓ(V ) on V (see Definition

7.2.4) is called analytic if

(i) there exists a presentation (k, P, φ) (see Definition 7.2.4), a K-analytic

domain Y0 on Y (see Definition 3.3.5), and invertible analytic func-

tions f1, ..., fk on Y0 such that V is a subset of Y0 and the iso-

morphism of topological spaces φ : V
∼−→ P is given by the equality

φ(v) = (− log |f1(v)|, ...,− log |fk(v)|) for all v ∈ V ,

(ii) and for all K-analytic domains Y ′ on Y the intersection Y ′∩V is a Γ-

rational piecewise linear subspace of V (see Definition 7.2.6), and for

all invertible analytic functions f ′ on Y ′ the function − log |f ′| : Y ′ →
R restricted to Y ′ ∩ V induces a morphism of Γ-rational piecewise

linear spaces (see Definition 7.2.6).

We call V a Γ-rational analytic polytope if

(i) all elements of V are Abhyankar points in Y (see Definition 3.3.18),

and

(ii) there exists a Γ-rational analytic polytopal structure ΛΓ(V ) on V (see

Definition 7.2.4).

Definition 7.2.8 ([Duc12, 4.6]). Let Y be a K-analytic space such that the

underlying topological space is Hausdorff and let Σ be a locally closed subset

of Y . A Γ-rational polytopal chart (V,ΛΓ(V )) on Σ (see Definition 7.2.5) is

called analytic if the Γ-rational polytopal structure ΛΓ(V ) is analytic (see

Definition 7.2.7). The subset Σ ⊆ Y is called a Γ-rational skeleton of Y

if the set of all Γ-rational analytic polytopal charts (V,ΛΓ(V )) on Σ with

V ⊆ Σ being a Γ-rational analytic polytope (see Definition 7.2.7), forms a

Γ-rational polytopal atlas on Σ (see Definition 7.2.5).
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Remark 7.2.9. Definition 7.2.8 is equivalent to the definition of so-called

c-skeletons for Γ = {1} in [Duc12] because K is algebraically closed. Note

that the object Γ in [Duc12] is not the value group of (K, |.|). Moreover,

we use the additive notation in contrast to the multiplicative notation in

[Duc12] by applying the same isomorphism of groups − log : (R>0, ·)
∼−→

(R,+) which was used in the definition of the value group Γ (see Definition

2.1.5).

The category of Γ-rational piecewise linear spaces introduced in Definition

7.2.6 is equivalent to the category of piecewise c-linear spaces in [Duc12,

0.26]. Both categories are, in turn, equivalent to the category of piecewise

RS-linear spaces in [Ber04, §1.3] for R := Q∩ (0, 1] and S := Z≥0. See also

the paragraph before [Gub10, Theorem 6.12] respectively the beginning of

[Duc12, 0.23] for these equivalences.

Lemma 7.2.10. Let Y be a K-analytic space such that the underlying

topological space is Hausdorff. Every Γ-rational skeleton Σ of Y yields a

Γ-rational piecewise linear space.

Proof. [Duc12, 4.6]

Lemma 7.2.11. Let Y be an integral K-affinoid space. Any finite union

of Γ-rational analytic polytopes on Y is a Γ-rational analytic polytope on

Y .

Proof. By induction it suffices to show the case of the union of two Γ-

rational analytic polytopes V and W on Y . It suffices to check criterion 2)

of [Duc12, Lemme 4.4]:

(i) For all k ∈ N\{0} and h1, ..., hk ∈ OY (Y )\{0} the image of V ∪W
with respect to the function

troph : Y → Rk,
||.|| 7→ (− log ||h1||, ...,− log ||hk||)

is a Γ-rational polytopal set in Rk in the sense of Definition 2.4.2.

(ii) There exist k ∈ N\{0} and h1, ..., hk ∈ OY (Y )\{0} such that the

restriction of the function troph to V ∪W is injective.

137



7 Main results

Condition (i) is clear because the union of two Γ-rational polytopal sets

in Rk is again a Γ-rational polytopal set in Rk. For condition (ii) we may

assume that there exist kV , kW ∈ N\{0} and h1, ..., hkv+kW ∈ OY (Y )\{0}
such that the restriction of the function troph to V respectively W is in-

jective.

Assume for a contradiction that for some ||.||v ∈ V there exists a ||.||w ∈W
with ||.||v ̸= ||.||w and troph(||.||v) = troph(||.||w). Due to ||.||v ̸= ||.||w
there exists a h0 ∈ OY (Y )\{0} such that ||h0||v ̸= ||h0||w. Add the element

h0 to the listing h1, ..., hkv+kW ∈ OY (Y )\{0}. Then there exists an open

neighbourhood Uv of ||.||v ∈ V in Y such that for any ||.||u ∈ Uv there does

not exist any ||.||w ∈W\{||.||u} with troph(||.||u) = troph(||.||w). Since the

subset V ⊆ Y is compact (see Definition 7.2.7), there exists a finite subset

V0 ⊆ V such that V can be covered by the finite family (Uv)||.||v∈V0 of

open subsets of Y . Hence, after doing the above process (adding h0 to the

listing) for all (finitely many) ||.||v ∈ V0, we get a contradiction. Together

with the property mentioned in the second sentence of the first paragraph,

this checks condition (ii).

Remark 7.2.12. Due to Lemma 7.2.10, Theorem 7.2.13 will be a gener-

alization of [Gub10, Theorem 6.12] by dropping the assumption that the

absolute value |.| on K is induced by a discrete valuation.

Theorem 7.2.13. The canonical subset ΣX is a Γ-rational skeleton of Xan.

Moreover, for any choice of the strictly poly-stable alteration (X ′, φalt) of

Xalt and any canonical poly-simplex ∆S being non-degenerate with respect

to fan, the induced morphism of topological spaces fan : ∆S → fan(∆S)

yields an isomorphism of Γ-rational piecewise linear spaces.

Proof. Step I: Every element of the canonical subset ΣX is an Abhyankar

point in Xan (see Definition 3.3.18).

Let ∆S be non-degenerate with respect to fan. By [Duc12, Exemple 4.8],

we know that every element of the skeleton S(X ′) of X ′ is an Abhyankar

point. Hence for every x ∈ fan(∆S) we get by [Duc18, 1.4.14(4)] the

equality

dK(x) = dim((X ′)an)︸ ︷︷ ︸
=d

−dim((fan)−1(x))︸ ︷︷ ︸
=0
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(see Definition 3.3.18), where dim((X ′)an) = dim(X ′) is given by [Ber90,

Proposition 3.4.3], dim(X ′) = dim(X) = d is given by Lemma 7.1.3, and the

last summand is zero because of the following: Let y ∈ ∆S . Then there ex-

ists an affine subschemeW = Spec(AW ) of the K-varietyX ′ for a K-affinoid

algebra AW such that the image of y under the kernel map π : (X ′)an ↠ X ′

(see Remark 3.3.15) lies in W . By Lemma 7.1.3, there exists an open dense

subset U ⊆ X such that the induced surjective epimorphism of K-varieties

f : f−1(U) ↠ U is finite. If π(y) was in the closed subset W\f−1(U) ⊆W ,

there would exist an element g ∈ AW \{0} such that g(π(y)) = 0 and

hence g(y) = 0. Since this would imply dK(y) < dim((X ′)an), it would

be a contradiction to y being an Abhyankar point (see above, [Duc12, Ex-

emple 4.8]). Consequently, we get π(y) ∈ f−1(U) and hence π(x) ∈ U

for the kernel map π : Xan ↠ X. The finiteness of the epimorphism of

K-varieties f : f−1(U) ↠ U together with [Ber90, Proposition 3.4.7], which

shows that the analytification of this epimorphism is also finite, provides

that (fan)−1(x) is a finite subset of (X ′)an and hence dim((fan)−1(x)) = 0.

Step II: It suffices to show that for any i ∈ I, ∆ ∈ Calt, for any integral

K-affinoid domain Y ⊆ Xan ∩Ui,∆, and for any canonical poly-simplex ∆S

being non-degenerate with respect to fan the subset fan(∆S)∩ Y ⊆ Y is a

Γ-rational analytic polytope.

The canonical subset ΣX is locally closed because it is even compact by

Lemma 7.2.2. Since every point x ∈ ΣX is an Abhyankar point in Xan

(see Step I), it is also regular and hence there exists an integral K-affinoid

domain Yx ⊆ Xan with x ∈ Yx. A K-affinoid domain is called integral if the

underlying ring of the corresponding K-affinoid algebra (see Lemma 3.2.7

and Lemma 3.2.11) is integral. Note that Yx is integral because otherwise

there would exist f1, f2 ∈ AYx\{0} with f1f2 = 0, where AYx denotes the

corresponding K-affinoid algebra of Yx. On the other hand the local ring

OXan,x has to be a principal ideal domain because the point x is regu-

lar. This would yield a contradiction as every principle ideal domain is an

integral ring.

Denote for all i ∈ I, ∆ ∈ Calt the image of the polytopal domain Ui,∆
(see Definition 5.2.5) with respect to the epimorphism of K-analytic spaces

p : Ean ↠ Aan for an arbitrary ∆ ∈ Calt with λ(∆) = ∆ (see Definition
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2.4.5) by Ui,∆. It is independent of the choice of ∆ ∈ Calt and for any

choice we get the commutative diagram

Ui,∆ Ui,∆

Ean Aanp

in the category of K-analytic spaces.

Since the intersection of two K-affinoid domains is again a K-affinoid do-

main (see [Ber90, Corollary 3.1.6] because analytifications of K-varieties

are always separated due to [Ber90, Proposition 3.1.5] in combination with

[Ber90, Theorem 3.4.8(i)]), we may assume that for any x ∈ ΣX there exist

i ∈ I, ∆ ∈ Calt such that Yx is a K-affinoid domain on Xan ∩ Ui,∆. Con-

sequently, there exists a family of K-analytic domains Y on Xan forming

an element of Cov(Dom(Xan))Xan (see Definition 3.3.5) such that any Y is

either an integral K-affinoid domain on Xan∩Ui,∆ for some i ∈ I, ∆ ∈ Calt

or that ΣX ∩ Y is empty.

Since the empty subset forms a Γ-rational skeleton by definition, by [Duc12,

Proposition 4.9] it suffices to show that for any i ∈ I, ∆ ∈ Calt, for any

integral K-affinoid domain Y ⊆ Xan ∩ Ui,∆ the subset ΣX ∩ Y ⊆ Y forms

a Γ-rational skeleton of Y . By [Duc12, 4.6.1], we may just show that the

subset ΣX ∩ Y ⊆ Y forms a Γ-rational analytic polytope, and by Lemma

7.2.11 it suffices to show that for any ∆S being non-degenerate with respect

to fan the subset fan(∆S) ∩ Y ⊆ Y forms a Γ-rational analytic polytope.

Step III: For any i ∈ I, ∆ ∈ Calt, for any integral K-affinoid domain Y ⊆
Xan ∩ Ui,∆, and for any canonical poly-simplex ∆S being non-degenerate

with respect to fan the subset fan(∆S) ∩ Y ⊆ Y is a Γ-rational analytic

polytope.

By Step I and II, it suffices to check criterion 2) of [Duc12, Lemme 4.4]:

(i) For all k ∈ N\{0} and h1, ..., hk ∈ OXan
G
(Y )\{0}, the image of the

subset fan(∆S) ∩ Y with respect to the function

troph : Y → Rk,
||.|| 7→ (− log ||h1||, ...,− log ||hk||)

is a Γ-rational polytopal set in Rk in the sense of Definition 2.4.2.
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(ii) There exist k ∈ N\{0} and h1, ..., hk ∈ OXan
G
(Y )\{0} such that the

restriction of the function troph to fan(∆S) ∩ Y is injective.

For all j ∈ {1, ..., k} and x ∈ fan(∆S) ∩ Y we have hj(x) ̸= 0 due to

Step I. By the compactness of fan(∆S) ∩ Y in Y (see for the beginning

of Step II) there exists a Laurent domain Z (see Definition 3.2.8) in Y

such that fan(∆S) ∩ Y ⊆ Z and hj ∈ OXan
G
(Z)×. As remarked in [Ber93,

Definition 1.3.1], the subset Z ′ := (fan)−1(Z) ⊆ (X ′)an forms a K-analytic

domain on (X ′)an (see Definition 3.3.5) because every K-affinoid domain is

a K-analytic domain.

This yields a morphism of rings (fan)# : OXan
G
(Z) → O(X′)anG

(Z ′), where

both times we consider the structure sheaf with respect to the G-site (see

Definition 3.3.11). We denote the image of hj with respect to this morphism

by h′j , which is invertible in O(X′)anG
(Z ′) because of hj ∈ OXan

G
(Z)× (see

Example 3.3.12 for the equality). This allows us to define the function

troph′ : Z
′ → Rk,

||.|| 7→ (− log ||h′1||, ...,− log ||h′k||).

Note that for y = ||.||y ∈ Z ′ we have ||h′j ||y = |h′j(y)|y (see Definition 3.1.8).

Since, by definition, for all y ∈ Z ′ we have h′j(y) = hj(f
an(y)), we get the

equality

troph(f
an(∆S) ∩ Y ) = troph′(∆S ∩ (fan)−1(Y ))

of subsets of Rk. We claim that the equality ∆S ∩ (fan)−1(Y ) = ∆S ∩ Z ′

of subsets of (X ′)an holds true:

“⊆”: Let y ∈ ∆S ∩ (fan)−1(Y ). Then fan(y) ∈ fan(∆S)∩Y ⊆ Z and hence

y ∈ (fan)−1(Z).

“⊇”: By the inclusion Z ⊆ Y we have Z ′ = (fan)−1(Z) ⊆ (fan)−1(Y ).

Consequently we get the equality

troph(f
an(∆S) ∩ Y ) = troph′(∆S ∩ Z ′) (7.6)

of subsets of Rk. By [Duc12, Exemple 4.8] we know that the subset

S(X ′) ⊆ (X ′)an is a Γ-rational skeleton of (X ′)an. By [Duc12, 4.6.2],

the subset ∆S ⊆ (X ′)an is also a Γ-rational skeleton of (X ′)an. By [Duc12,

Proposition 4.9], the subset ∆S ∩ Z ′ ⊆ Z ′ is a Γ-rational skeleton of Z ′.

This, in combination with equation (7.6), checks (i).
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The monomorphism of K-affinoid spaces Y ↪→ Ui,∆ corresponds by Lemma

3.2.11 to an epimorphism (not necessarily surjective!) of K-affinoid algebras

K⟨Ui,∆⟩ ↠ OXan
G
(Y ) (see Lemma 5.2.4). Now choose k := n (we may

assume n ̸= 0 because the case of good reduction n = 0 is trivial), fix

an isomorphism of groups M
∼−→ Zn, and define hj to be the image of

1 ⊗ Tj ∈ K⟨Ui,∆⟩× with respect to this epimorphism, which is then also

invertible. Since the function troph is equal to the restriction of the function

tropi (see Definition 5.2.2) to Ui,∆, we may conclude the proof by the

following:

Proposition 6.4.1 shows that the restriction of faff to the subset ∆S ⊆
S(X ′) (see Definition 6.2.10) has a continuous lift fS,aff : ∆S → Rn, which
extends uniquely to a Γ-rational R-affine function fi′,aff : RrS → Rn when

fixing the choice of a suitable strictly poly-stable structure (Ui′ , ψi′)i′∈I′

on X ′ and of an i′ ∈ I ′ with s(i′) = S. This allows us to consider ∆S

as a subset of RrS and consequently we may write fS,aff instead of fi′,aff .

Proposition 6.4.6(iv) shows that fS,aff : ∆S → Rn is injective. Furthermore,

this lift can be chosen such that the diagram

∆S Ui,∆Salt

Rn

fan

fS,aff tropi

commutes in the category of topological spaces. Taking just the images of

the morphisms instead of the codomains, all morphisms become epic. Since

this means that fS,aff : ∆S ↪→ tropi(f
an(∆S)) becomes an isomorphism, the

other two epimorphisms also have to be monic. Finally, all three morphisms

become isomorphisms in the category of topological spaces:

∆S fan(∆S)

tropi(f
an(∆S))

fan

∼
∼

fS,aff tropi

∼

This shows in particular that the function tropi is injective on f
an(∆S)∩Y ,

which checks condition (ii). Moreover, since the function fS,aff : RrS → Rn

is Γ-rational R-affine (see Proposition 6.4.1(i)), the latter commutative dia-

gram immediately implies that fan : ∆S → fan(∆S) yields an isomorphism

of Γ-rational piecewise linear spaces.
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Glossary of Notation

We use the following notations:

Notation Description

∅ Empty set

A ⊆ B The set A is a subset of B where equality is allowed

A\B Complement of a set B in a set A

Ring Commutative ring with 1

N Natural numbers including 0

R≥0 The set {r ∈ R | r ≥ 0}

R>0 The set {r ∈ R | r > 0}

|.|R The usual archimedean absolute value on R

(K, |.|) Non-trivially valued non-archimedean field (see Sec-

tion 2.1)

(K, |.|) Algebraically closed non-trivially valued non-

archimedean field (see Section 2.1)

K◦, K◦◦, K̃ See Definition 2.1.4

Γ Value group of (K, |.|) (see Definition 2.1.5)

ob(C) The class of objects in a category C

homC(A,B) The class of morphisms in a category C between two

objects A,B ∈ ob(C)
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Grp(C) Category of group objects of a category C with fi-

nite products and a terminal object 0 (see Definition

2.2.5)

Monic morphism Monomorphism

Epic morphism Epimorphism

M Free abelian group of rank n ∈ N (see Section 2.4)

N , MQ, MR, NQ,

NR, ⟨., .⟩
See Definition 2.4.1

R−Vec Category of R-vector spaces

vT Transpose of a vector v ∈ Rr with r ∈ N

volr Lebesgue measure on the R-vector space (Rr)∗ = Rr

with r ∈ N

H□(m, c) for

□ = ≥/>/=
Closed/open half space respectively hyperplane in

NR (see Definition 2.4.2)

relint(∆) Relative interior of a polyhedron ∆ (see Definition

2.4.2)

A∆, V∆ R-affine subspace and R-vector subspace correspond-
ing to a polyhedron ∆ ⊆ NR (see Definition 2.4.2)

Λ Generally: Complete lattice in NR (see Definition

2.4.4); Beginning from Chapter 5 more specifically:

Image of M ′ under trop: Ean ↠ NR (see Lemma

5.1.20(ii))

C , C Polytopal complex/subdivision in NR, NR/Λ (see

Definition 2.4.2)

Supp(C ),

Supp(C )

Support of a polytopal complex C , C (see Definition

2.4.2)

C1 ∩ C2, C1 ∩ C2 Intersection of two polytopal complexes (see Defini-

tion 2.4.2)

(Γ-rational)

R-affine function

See Definition 2.4.12
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f (l) Linearization of an R-affine function f (see Definition

2.4.12)

N ⊆ C Subset of n-dimensional polyhedrons (see Definition

2.4.13)

(Strongly)

C -polyhedral

function

See Definition 2.4.13

d Distance of uniform convergence of functions (see

Definition 2.4.15) or of metrics (see Definition 4.1.3)

(Abelian)

K-variety

See Definition 2.5.1 and Definition 2.5.4

(L, ρ) Rigidified line bundle (see Definition 2.5.7)

[m] See Lemma 2.5.8

Odd/even/ample

line bundle

See Definition 2.5.9 and Definition 2.5.12

b, q, l Associated (symmetric) bilinear form, quadratic

form, linear form to a quadratic function (see Defin-

ition 2.6.2, Lemma 2.6.3 and Definition 2.6.4)

M (R) Berkovich spectrum (see Definition 3.1.7)

H (x), χx, f(x) See Definition 3.1.8

π Kernel map (see Definition 3.1.9 and Remark 3.3.15)

ρ Spectral radius of a Banach ring (see Definition

3.1.10)

K−affAlg Category of K-affinoid algebras, whose objects are

mostly denoted by A (see Definition 3.2.3)

K−affSpc Category of K-affinoid spaces, which is dual to

K−affAlg (see Definition 3.2.10 and Lemma 3.2.11)

X
(
p−1f
q−1g

)
Weierstrass/Laurent domain of a K-affinoid space X

(see Definition 3.2.8)
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K−An Category of K-analytic spaces (X,A , τ) (see Defin-

ition 3.3.2 and Remark 3.3.3)

X(K) Set ofK-rational points of aK-analytic space X (see

Definition 3.3.4)

X, XG Berkovich site and G-site of a K-analytic space X

(see Definition 3.3.7 and Definition 3.3.7)

L(x) Fibre of a line bundle L in x ∈ X where X is a K-

analytic space (see Definition 3.3.14)

Lan on Xan Analytification of a line bundle L on a K-variety X

(see Remark 3.3.15)

X Formal K-analytic variety (see Definition 3.4.1)

X Admissible formal K◦-scheme (see Definition 3.4.10)

Xan, X an Generic fibre of X respectively X (see Definition

3.4.2 and Definition 3.4.18)

X̃, X̃ Special fibre of X respectively X (see Definition 3.4.2

and Definition 3.4.11)

red Reduction map (see Definition 3.4.12)

ηY , ξY The generic point of an irreducible component Y

of the special fibre X̃ and its corresponding Shilov

point (see Lemma 3.4.13)

Xf-sch, X f-an See Definition 3.4.14 and Definition 3.4.16

f∗||.|| Pull-back of a metric (see Definition 4.1.1)

||.||1 ⊗ ||.||2 Product of two metrics (see Definition 4.1.1)

(C(L), d) The metric space consisting of the continuous metrics

on the line bundle L and the distance of uniform con-

vergence (see Definition 4.1.1 and Definition 4.1.3)

||.||L The associated formal metric on a line bundle L (see

Definition 4.1.5)
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||.||L,can The canonical metric on a rigidified line bundle

(L, ρL) (see Definition 4.1.16)

c1(L1, ||.||1)∧ ...∧
c1(Ld, ||.||d)

Non-archimedean Monge-Ampère measure (see

Definition 4.2.3)

µL,can Canonical measure (see Definition 4.2.8)

MA(g) Real Monge-Ampère measure associated to a convex

function g : Rr → R (see Definition 4.3.1)

χM , K[[M ]],

K[M ], Supp(f)

See Definition 5.1.2

T K-torus of rank n (see Definition 5.1.3)

trop Canonical tropicalization map (see Definition 5.1.6

or Lemma 5.1.20)

T0 Formal torus (see Definition 5.1.9)

t : Tan
0 ↪→ Tan See Lemma 5.1.10

A0, B,

a : A an
0 ↪→ Aan,

r : Tan
0 ↪→ A an

0 ,

b : A an
0 ↠ Ban

Raynaud’s uniformization of an abelian K-variety A

(see Proposition 5.1.12)

E, B, q : E ↠ B,

s : Tan → Aan,

p : Ean ↠ Aan

Raynaud’s uniformization of an abelian K-variety A

(see Proposition 5.1.15)

si : Bi ↪→ A0 Local trivializations of B (see Definition 5.2.2)

Ui,∆, K⟨Ui,∆⟩ Polytopal domain associated to (i,∆), and corres-

ponding strictly K-affinoid algebra (see Lemma 5.2.4

and Definition 5.2.5)

EC , AC Mumford model of an abelianK-variety A associated

to C (see Definition 5.2.7 and 5.2.9)

(zλ)λ∈Λ Λ-cocycle (see Definition 5.3.1, Lemma 5.3.10)

z Canonical function (see Definition 5.3.1(ii), Lemma

5.3.2(i), Lemma 5.3.11, Remark 5.4.10)
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H, H Line bundle on B respectively B (see Lemma 5.3.7)

αγ See Remark 5.3.8

Zγ See Lemma 5.3.9

fL See Proposition 5.4.1

||.||ψ Toric metric (see Definition 5.4.2)

ψ See Lemma 5.4.4

fψ Corresponding function to ||.||ψ (see Definition 5.4.7)

Σ Finite set of polytopes in NR/Λ (see Section 5.5)

D(∆1, ∆2) Expected dimension of two polyhedrons (see Defini-

tion 5.5.1)

N0, Λ0, Σ0 Finite subsets of N , Λ, Σ fulfilling certain properties

(see the proof of Proposition 5.5.5)

Nor(X) Normality locus of a varietyX over a field (see Defin-

ition 6.1.1)

str(X) Set of strata of a varietyX over a field (see Definition

6.1.3)

∆=(r, a),

∆≤(r, a)

(Poly-)simplex as a subset of Rr+1
≥0 respectively Rr≥0

(see Definition 6.1.4, Lemma 6.1.5, Definition 6.1.6)

A(r, π), S (r, π) K◦-algebra and corresponding admissible formal af-

fine K◦-scheme (see Definition 6.2.1)

(Ui′ , ψi′)i′∈I′ (Suitable) strictly poly-stable structure on a strictly

poly-stable admissible formal K◦-scheme X ′ (see

Definition 6.2.2, Definition 6.2.7)

pi′ , ri′ , πi′ , ψi′ ,

Si′ , Ai′ , ∆i′ , ξi′ ,

S(Ui′)

Parameter, objects and morphisms for a strictly

poly-stable structure (Ui′ , ψi′)i′∈I′ (see Definition

6.2.2, Definition 6.2.4, Lemma 6.2.5, Definition 6.2.6)

s : I ′ → str(X̃ ′),

i′ 7→ Si′

Surjective function corresponding to a suitable

strictly poly-stable structure (Ui′ , ψi′)i′∈I′
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∆S , dimR(∆S),

rS , relint(∆S)

See Definition 6.2.10

S(X ′) Skeleton (see Definition 6.2.11)

Bi′ K◦-algebras corresponding to the Ui′ of a strictly

poly-stable structure (Ui′ , ψi′)i′∈I′ (see Definition

6.2.14)

τ Retraction map (see Definition 6.2.14)

X ′′, ι′ Admissible formal K◦-scheme X ′′ induced by a Γ-

rational polytopal subdivision D of the skeleton

S(X ′) together with a unique morphism of admiss-

ible formal K◦-schemes ι′ : X ′′ →X ′ extending the

identity on the generic fibre (see Definition 6.3.4)

C alt, Aalt Γ-rational polytopal decomposition of NR/Λ, which

can be chosen freely, and the associated Mumford

model of the given abelian K-variety A (see Section

6.4 and Section 7.1)

Xalt Closure of Xan in Aalt for a geometrically integral

closed K-subvariety X of A (see Section 7.1)

palt, qalt Morphisms induced by C alt (see Lemma 5.2.10)

(X ′, φalt) Poly-stable alteration (see Definition 7.1.4). In

Section 6.4 X ′ respectively φalt is just a strictly

poly-stable admissible formal K◦-scheme respect-

ively a morphism of admissible formal K◦-schemes

φalt : X ′ → Aalt without further assumptions.

fan : (X ′)an →
Aan

Generic fibre of φalt : X ′ → Aalt. Note also Defini-

tion 7.1.6.

faff , fS,aff , fi′,aff ,

∆S
alt

See Proposition 6.4.1

Φ̃alt : S → Ẽalt Lift of φ̃alt : S → Ãalt for S ∈ str(X̃ ′) (see Lemma

6.4.3)
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Glossary of Notation

y Image of ξY under fS,aff (see Proposition 6.4.1 and

Lemma 6.4.6)

degLk
(Y ),

degH (S), d, e

See Definition 6.4.7

ΛS , Λ
L
S See Remark 7.1.10 or [Gub10, 6.6]

ΣX Canonical subset (see Definition 7.2.1)

AffΓ(Rk), ΛΓ(P ) See Definition 7.2.3

(V,ΛΓ(V )) Polytopal chart (see Definition 7.2.5)
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[GS22] W. Gubler and S. Stadlöder. Monge-Ampère measures for

toric metrics on abelian varieties. 26th Apr. 2022. arXiv:

2204.12179 [math.AG].

[Har77] R. Hartshorne. Algebraic geometry. Graduate Texts in Math-

ematics, No. 52. Springer-Verlag, New York-Heidelberg, 1977,

pp. xvi+496. isbn: 0-387-90244-9.

[Jon96] A. J. de Jong. ‘Smoothness, semi-stability and alterations’. In:
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points’. In: Inventiones Mathematicae 127.2 (1997), pp. 337–

347.

[Tao10] T. Tao. An epsilon of room, I: real analysis: pages from year

three of a mathematical blog. Providence, R.I: American Math-

ematical Society, 2010. isbn: 978-0-8218-5278-1.

154

https://arxiv.org/abs/2204.12179


References

[Tem04] M. Temkin. ‘On local properties of non-archimedean analytic

spaces II’. In: Israel Journal of Mathematics 140.1 (2004),

pp. 1–27.

[Tem17] M. Temkin. ‘Tame distillation and desingularization by p-

alterations’. In: Annals of Mathematics 186.1 (July 2017).

[Stacks] The Stacks project. url: https://stacks.math.columbia.

edu.
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