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Convergence of thin vibrating rods to a linear beam equation
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Abstract. We show that solutions for a specifically scaled nonlinear wave equation of nonlinear elasticity converge to solutions
of a linear Euler–Bernoulli beam system. We construct an approximation of the solution, using a suitable asymptotic
expansion ansatz based upon solutions to the one-dimensional beam equation. Following this, we derive the existence
of appropriately scaled initial data and can bound the difference between the analytical solution and the approximating
sequence.
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1. Introduction

The relation between solutions of the equations of nonlinear elasticity and solutions for lower-dimensional
models is of great interest since the lower-dimensional models are often easier to analyze and to use for
numerical simulations. A general introduction to this topic can be found in [5] or for continuum mechanics
see [9]. In dependence of the size of the deformation and the applied forces, different lower-dimensional
models can occur. Therefore, a rigorous derivation of the lower-dimensional models is of great interest. In
the case of the time-independent case, there are many results, cf. e.g., Friesecke et al. [7,8] for the case
of plates and Mora and Müller [11,12] in the case of rods and Scardia [14,15] for curved rods. But there
are only few results in the time-independent case so far.

In this contribution we investigate the relation between solutions of an appropriately scaled wave
equation of nonlinear elasticity and solutions of a linear Euler–Bernoulli beam system. More precisely,
let Ω := [0, L] × S be the reference configuration of a three-dimensional rod, where L > 0 and S ⊂ R

2 is
the cross section. Then we consider the following nonlinear system

∂2
t uh − 1

h2
divh

(
DW̃ (∇huh)

)
= h2fh in Ω × [0, T ), (1.1)

DW̃ (∇huh)ν|(0,L)×∂S = 0, (1.2)

uh is L -periodic w.r.t. x1, (1.3)

(uh, ∂tuh)|t=0 = (u0,h, u1,h), (1.4)

where T > 0 and W̃ is some elastic energy density chosen later. Existence of strong solutions for large
times of this system was shown in [1]. More details on how to justify the scaling can be found there as
well. The limit system as h → 0 is given by

∂2
t v +

(
I2 0
0 I3

)
∂4

x1
v = g in [0, L] × [0,∞) (1.5)

v is L -periodic in x1 (1.6)
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(v, ∂tv)|t=0 = (ṽ0, ṽ1) (1.7)

where ṽ0, ṽ1 and I2, I3 are appropriately chosen initial values and weights, respectively. It is the goal of
this manuscript to prove convergence of the solutions of the system (1.1)–(1.4) to solutions of the limit
system (1.5)–(1.7) with appropriate convergence rates for well-prepared initial data, cf. Theorem 3.3
below.

In an energetic setting the relations between higher-dimensional models and lower-dimensional ones,
using the notion of Γ-convergence a fundamental contribution was given in [7]. There the classical geo-
metric rigidity is proven. Using this result it was possible to prove a lot of convergence results in different
geometrical situations and scaling regimes in the static setting, see, for instance, [8,11,12]. In the dynam-
ical case for plates, a convergence result can be found in [3] and in [6] in the case of viscoelasticity. The
large times existence and a first-order asymptotic for plates were shown in [2].

In the following we want to explain the main novelties and difficulties of this contribution. In a first step
we construct an approximation using the solution of the lower-dimensional system. This approximation is
constructed such that it solves the linearization around zero of the nonlinear, three-dimensional equation
up to an error of order h3. This is done explicitly by determining suitable prefactor functions as solutions
of systems on S. Thereafter, the main difficulty of this work is to establish existence of suitable initial
data in order to ensure large times existence for the solution of the nonlinear problem. This is done in
Sect. 3.2. Here we use the nonlinear equations for the initial data from the compatibility conditions.
These are solved via a fixed point argument on precisely chosen function spaces. Finally, in Sect. 3.3 the
convergence properties are proven. For this we use a general result for solutions of the linearized equation.
Moreover, we have to carefully treat the rotational parts of the initial data, as the spaces for the fixed
point argument do not cover them. For this we use a decomposition and the fact that the elastic energy
density is chosen as W̃ (F ) = dist(Id + F ;SO(3)).

The results are part of the second author’s PhD thesis [4].

2. Preliminaries and auxiliary results

2.1. Notation

We use standard notation; in particular N and N0 := N ∪ {0} denote the natural numbers without and
with zero, respectively. Moreover, the norm on R and absolute value in R

n, Rn×n is denoted by |.| for all
n ∈ N. For p, k ∈ N, we denote the classical Lebesgue and Sobolev spaces for some bounded, open set
M ⊂ R

n, by Lp(M), W k
p (M) and Hk(M) := W k

2 (M). A subscript (0) on a function space will always
indicate that elements have zero mean value, e.g., for g ∈ H1

(0)(M) we have
∫

M

g(x)dx = 0. (2.1)

The cross section of the rod is always denoted by S ⊂ R
2 and is assumed to be a smooth and bounded

domain. Furthermore, let Ωh := (0, L) × hS ⊂ R
3 for h ∈ (0, 1] and L > 0 and for convenience we write

Ω := Ω1. We assume that S satisfies
∫

S

x2x3dx′ = 0 and (2.2)

∫

S

x2dx′ =
∫

S

x3dx′ = 0, (2.3)
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where x′ := (x2, x3) ⊂ R
2. This is no loss of generality, as it can always be achieved via a translation

and rotation. The scaling shell is such that we can assume |S| = 1. Furthermore, we denote with ∇h the
scaled gradient defined as

∇h =
(

∂x1 ,
1
h

∂x2 ,
1
h

∂x3

)T

and εh(u) = sym(∇hu).

The respective gradient in only x′ := (x2, x3) direction is denoted by

∇x′ :=
(
∂x2 , ∂x3

)T
.

The standard notation Hk(Ω) and Hk(Ω;X) is used for L2-Sobolev spaces of order k ∈ N with values in
R and some space X, respectively.

The space of all n-linear mappings G : V n → R for a vector space V is denoted, throughout the
paper by Ln(V ), n ∈ N. We deploy the standard identification of L1(Rn×n) = (Rn×n)′ with R

n×n, i.e.,
G ∈ L1(Rn×n) is identified with A ∈ R

n×n such that

G(X) = A : X for all X ∈ R
n×n

where A : X =
∑n

i,j=1 aijxij is the usual inner product on R
n×n. Analogously, for G ∈ L2(Rn×n) we use

the identification with G̃ : Rn×n → R
n×n defined by

G̃X : Y = G(X,Y ) for all X,Y ∈ R
n×n. (2.4)

We introduce a scaled inner product on R
n×n

A :h B :=
1
h2

sym A : sym B + skew A : skew B

for all A, B ∈ R
n×n and h > 0 and the corresponding norm is denoted by |A|h :=

√
A :h A. With this

we can define for W ∈ Ld(Rn×n) the induced scaled norm by

|W |h := sup
|Aj |h≤1,j={1,...,d}

|W (A1, . . . , Ad)|

Using |A|h ≥ |A|1 = |A| for all A ∈ R
n×n, it follows |W |h ≤ |W |1 =: |W | for all W ∈ Ld(Rn×n) and

0 < h ≤ 1. The scaled Lp-spaces are defined as follows

‖W‖Lp
h(U,Ld(Rn×n)) = ‖W‖Lp

h(U) =

⎛
⎝
∫

U

|W (x)|phdx

⎞
⎠

1
p

if p ∈ [1,∞), where U ⊂ R
d is measurable. Thus ‖W‖Lp

h(U ;Ld(Rn×n)) ≤ ‖W‖Lp(U ;Ld(Rn×n)). The scaled
norm for f ∈ Lp(U,Rn×n) is defined in the same way

‖f‖Lp
h(U,Rn×n) = ‖f‖Lp

h(U) =

⎛
⎝
∫

U

|f(x)|phdx

⎞
⎠

1
p

.

Then

‖f‖Lp
h(U ;Rn×n) ≥ ‖f‖Lp(U ;Rn×n).

As we will work with periodic boundary condition in x1-direction, we introduce for m ∈ N

Hm
per(Ω) :=

{
f ∈ Hm(Ω) : ∂α

x f |x1=0 = ∂α
x f |x1=L, for all |α| ≤ m − 1

}
.

This space can equivalently defined in the following way, which is in some situations more convenient

H̃m
per(Ω) :=

{
f ∈ Hm

loc(R × S̄) : f(x1, x
′) = f(x1 + L, x′) almost everywhere

}
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We equipped H̃m
per(Ω) with the standard Hm(Ω)-norm. As the maps f �→ f |Ω : H̃m

per(Ω) → Hm
per(Ω)

and f �→ fper : Hm
per(Ω) → H̃m

per(Ω) are isomorphisms, we identify H̃m
per(Ω) with Hm

per(Ω). This leads
immediately to the density of smooth functions in Hm

per(Ω), because, as S is smooth, there exists an
appropriate extension operator and thus we can use a convolution argument.

In various estimates we will use an anisotropic variant of Hk(Ω), as we will have more regularity in
lateral direction. Therefore, we define

Hm1,m2(Ω) :=
{

u ∈ L2(Ω) : ∂l
x1

∇k
xu ∈ L2(Ω), for k = 0, . . . , m1, l = 0, . . . , m2

∂q
x1

∂α
x u
∣∣∣
x1=0

= ∂q
x1

∂α
x u
∣∣∣
x1=L

, for q = 0, . . . , m1, |α| ≤ m2 and q + |α| ≤ m1 + m2 − 1
}

where m1, m2 ∈ N0, the inner product is given by

(f, g)Hm1,m2 (Ω) =
∑

k=0,...,m1;l=0,...m2

(
∂l

x1
∇k

xf, ∂l
x1

∇k
xg
)

L2(Ω)
.

Furthermore, we will use the scaled norms

‖A‖Hm
h (Ω) :=

⎛
⎝ ∑

|α|≤m

‖∂α
x A‖2

L2
h(Ω)

⎞
⎠

1
2

‖B‖H
m1,m2
h (Ω) :=

⎛
⎝ ∑

k=0,...,m1;l=0,...,m2

‖∂l
x1

∇k
xB‖2

L2
h(Ω)

⎞
⎠

1
2

.

for A ∈ Hm(Ω;Rn×n) and B ∈ Hm1,m2(Ω;Rn×n) and n ∈ N. As an abbreviation we denote for u ∈
Hk(Ω;R3) the symmetric scaled gradient by εh(u) := sym(∇hu) and ε(u) = ε1(u) = sym(∇u).

The following lemma provides the possibility to take traces for u ∈ H0,1(Ω):

Lemma 2.1. The operator tra : H0,1(Ω) → L2(S), u �→ u|x1=a is well defined and bounded.

Proof. This is an immediate consequence of the embedding

H0,1(Ω) = H1(0, L;L2(S)) ↪→ BUC([0, L];L2(S))

where BUC([0, L];X) is the space of all uniformly continuous functions f : [0, L] → X for some Banach
space X. �

2.2. The strain energy density W and Korn’s inequality

We investigate the mathematical assumptions and resulting properties of the strain-energy density W we
use in this contribution. We assume to have W : R3×3 → [0,∞) defined by

W (F ) :=
1
2

dist(F, SO(3))

where SO(3) denotes the group of special orthogonal matrices. This energy density clearly satisfies the
following general assumptions

(i) W ∈ C∞(Bδ(Id); [0,∞)) for some δ > 0;
(ii) W is frame-invariant, i.e., W (RF ) = W (F ) for all F ∈ R

3×3 and R ∈ SO(3);
(iii) there exists c0 > 0 such that W (F ) ≥ c0 dist(F, SO(3))2 for all F ∈ R

3×3 and W (R) = 0 for every
R ∈ SO(3).
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Remark 2.2. We note that W has a minimum point at the identity, as W (Id) = 0 and W (F ) ≥ 0 for all
F ∈ R

3×3. Hence, we have for W̃ (F ) := W (Id + F ) for all F ∈ R
3×3, DW̃ (0)[G] = 0 for all G ∈ R

3×3.
Moreover, it holds D2W̃ (0)F = sym F and for P ∈ R

3×3
skew, A,B ∈ R

3×3 we obtain

D3W̃ (0)[A,B, P ] =
(
(AT − A)T sym(B) + (BT − B)T sym(A)

)
: P. (2.5)

The following lemma provides an essential decomposition of D3W̃ in the general form.

Lemma 2.3. There is some constant C > 0, ε > 0 and A ∈ C∞(Bε(0);L3(Rn×n)) such that for all
G ∈ R

n×n with |G| ≤ ε we have

D3W̃ (G) = D3W̃ (0) + A(G)

where

|D3W̃ (0)|h ≤ Ch for all 0 < h ≤ 1, (2.6)

|A(G)| ≤ C|G| for all |G| ≤ ε. (2.7)

Proof. For the proof we refer to [2, Lemma 2.6]. �

With this we can prove the following bound for D3W̃ .

Corollary 2.4. There exist C, ε > 0 such that

‖D3W̃ (Z)(Y1, Y2, Y3)‖L1(Ω) ≤ Ch‖Y1‖H2
h(Ω)‖Y2‖L2

h(Ω)‖Y3‖L2
h(Ω) (2.8)

for all Y1 ∈ H2(Ω,Rn×n), Y2, Y3 ∈ L2(Ω;Rn×n), 0 < h ≤ 1 and ‖Z‖L∞(Ω ≤ min{ε, h} and

‖D3W̃ (Z)(Y1, Y2, Y3)‖L1(Ω) ≤ Ch‖Y1‖H1
h(Ω)‖Y2‖H1

h(Ω)‖Y3‖L2
h(Ω) (2.9)

for all Y1, Y2 ∈ H1(Ω,Rn×n), Y3 ∈ L2(Ω;Rn×n), 0 < h ≤ 1 and ‖Z‖L∞(Ω ≤ min{ε, h} and

‖D3W̃ (Z)(Y1, Y2, Y3)‖L1(Ω) ≤ Ch

∥∥∥∥
(

Y1,
1
h

sym(Y1)
)∥∥∥∥

L∞(Ω)

‖Y2‖H1
h(Ω)‖Y3‖L2

h(Ω) (2.10)

for all Y1 ∈ L∞(Ω,Rn×n), Y2, Y3 ∈ L2(Ω;Rn×n), 0 < h ≤ 1 and ‖Z‖L∞(Ω ≤ min{ε, h}.
Proof. The inequalities follow directly from Lemma 2.3 and Hölder’s inequality. �

In order to bound the full scaled gradient ∇hg of some function g ∈ H1
per(Ω) by the symmetric one,

we need a sharp Korn’s inequality for thin rods. As rigid motions x �→ αx⊥ for α ∈ R arbitrary are
admissible functions in H1

per(Ω), we cannot expect that the full scaled gradient is bounded by εh(g).
Precisely, we obtain the following results.

Lemma 2.5. There exists a constant C = C(Ω) > 0 such that for all 0 < h ≤ 1 and u ∈ H1
per(Ω;R3) we

have ∥∥∥∥∇hu − 1
h

B(u)
∥∥∥∥

L2(Ω)

≤ C

∥∥∥∥
1
h

εh(u)
∥∥∥∥

L2(Ω)

, (2.11)

where

B(u) =

⎛
⎝

0 0 0
0 0 a(u)
0 −a(u) 0

⎞
⎠ (2.12)

with a(u) = 1
|Ω|
∫
Ω

∂x3u2(x) − ∂x2u3(x)dx.

Proof. The proof is similar to [2, Lemma 2.1] and is done in [4, Lemma 2.4.4] �
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Lemma 2.6. (Korn inequality in integral form) For all 0 < h ≤ 1 and u ∈ H1
per(Ω;R3), there exists a

constant CK = CK(Ω), such that

‖∇hu‖L2(Ω) ≤ CK

h

(
‖εh(u)‖L2(Ω) +

∣∣∣∣
∫

Ω

u · x⊥dx

∣∣∣∣
)

(2.13)

where x⊥ = (0,−x3, x2)T .

Proof. A proof can be found in [1]. �

3. First-order expansion in a Linearized regime

We construct an approximation to the unique solution of the nonlinear system

∂2
t uh − 1

h2
divh

(
DW̃ (∇huh)

)
= h2fh in Ω × [0, T ), (3.1)

DW̃ (∇huh)ν|(0,L)×∂S = 0, (3.2)

uh is L -periodic w.r.t. x1, (3.3)

(uh, ∂tuh)|t=0 = (u0,h, u1,h), (3.4)

where W̃ (F ) = W (Id + F ) for all F ∈ R
3×3, T > 0. We assume that

fh(x, t) =
(

0
g(x1, t)

)

for some g ∈ ⋂3
k=0 W k

1 (0, T ;H10−2k
per (0, L;R2)), which implies

∫

S

fh(x, t)xkdx′ = 0

for k = 2, 3. Moreover, we assume that

max
σ=0,1,2

‖∂σ
t g|t=0‖H2−2σ(0,L) ≤ M, (3.5)

where M > 0 is chosen later. Without loss of generality we can assume
L∫
0

gdx1 = 0. Otherwise, we

subtract

a(t) :=
1

|Ω|

⎛
⎝
∫

Ω

u0,hdx − t

∫

Ω

u1,h dx −
t∫

0

(t − s)
∫

Ω

fh(s) dx ds

⎞
⎠

from uh analogously as in the proof of [1, Theorem 3.1].

3.1. Construction of the ansatz function

For the ansatz function we consider the following system of one-dimensional beam equations

∂2
t v +

(
I2 0
0 I3

)
∂4

x1
v = g,

v is L-periodic in x1,

(v, ∂tv)|t=0 = (ṽ0, ṽ1),
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where ṽ0 ∈ H12
per(0, L;R2), ṽ1 ∈ H10

per(0, L;R2) such that

‖ṽ0‖H8(0,L) ≤ M and ‖ṽ1‖H5(0,L) ≤ M (3.6)

and

Ik :=
∫

S

x2
kdx′ for k = 2, 3.

Then we obtain with standard methods, as, e.g., in [13, Theorem 11.8], the existence of a unique solution

v ∈
4⋂

j=0

Cj([0, T ];H12−2j
per (0, L;R2)).

Moreover, due to the assumptions for g and the periodicity of v it follows

∂2
t

L∫

0

vdx1 = 0.

Now we define

ũh(x, t) = h2

⎛
⎝

0
v2

v3

⎞
⎠+ h3

⎛
⎝

−x2∂x1v2 − x3∂x1v3

0
0

⎞
⎠+ h5

⎛
⎝

a2(x′)∂3
x1

v2 + a3(x′)∂3
x1

v3

0
0

⎞
⎠

+ h6

⎛
⎝

0
b2(x′)∂4

x1
v2 + c3(x′)∂4

x1
v3

b3(x′)∂4
x1

v3 + c2(x′)∂4
x1

v2

⎞
⎠ , (3.7)

where a, b, c : S → R
2 are chosen later. Then

∇hũh(x, t) = h2

⎛
⎝

0 −∂x1v2 −∂x1v3

∂x1v2 0 0
∂x1v3 0 0

⎞
⎠+ h3

⎛
⎝

−x2∂
2
x1

v2 − x3∂
2
x1

v3 0 0
0 0 0
0 0 0

⎞
⎠

+ h4

⎛
⎝

0 ∂x2a2∂
3
x1

v2 + ∂x2a3∂
3
x1

v3 ∂x3a2∂
3
x1

v2 + ∂x3a3∂
3
x1

v3

0 0 0
0 0 0

⎞
⎠

+ h5

⎛
⎝

a2∂
4
x1

v2 + a3∂
4
x1

v3 0 0
0 ∂x2b2∂

4
x1

v2 + ∂x2c3∂
4
x1

v3 ∂x3b2∂
4
x1

v2 + ∂x3c3∂
4
x1

v3

0 ∂x2b3∂
4
x1

v3 + ∂x2c2∂
4
x1

v2 ∂x3b3∂
4
x1

v3 + ∂x3c2∂
4
x1

v2

⎞
⎠

+ h6

⎛
⎝

0 0 0
b2∂

5
x1

v2 + c3∂
5
x1

v3 0 0
b3∂

5
x1

v3 + c2∂
5
x1

v2 0 0

⎞
⎠ .

Thus, with D2W (Id)F = sym F we can derive

1
h2

divh(D2W (Id)∇hũh) = h

⎛
⎝
(

1
2Δa − (x2, x3)T

) · ∂3
x1

v
0
0

⎞
⎠

+ h2

⎛
⎝

0

∇x′a(x′)T ∂4
x1

v +
(

∂2
x2

b2 ∂2
x2

c3

∂2
x3

c2 ∂2
x3

b3

)
∂4

x1
v

⎞
⎠

+
h2

2

⎛
⎝

0(
∂x3∂x2c2 + ∂2

x3
b2 ∂x2∂x3b3 + ∂2

x3
c3

∂2
x2

c2 + ∂x2∂x3b2 ∂2
x2

b3 + ∂x2∂x3c3

)
∂4

x1
v

⎞
⎠+ rh(x, t)
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for

rh(x, t) = O(h3).

Moreover, for the boundary condition it holds

D2W (Id)[∇hũh]ν = h4

⎛
⎝

1
2 (∇x′aν∂S) · ∂3

x1
v

0
0

⎞
⎠

+ h5

⎛
⎜⎝

0(
∂x2b2ν2 + 1

2 (∂x2c2 + ∂x3b2)ν3

)
∂4

x1
v2 +

(
∂x2c3ν2 + 1

2 (∂x2b3 + ∂x3c3)ν3)∂4
x1

v3

)
(

1
2 (∂x2c2 + ∂x3b2)ν2 + ∂x3c2ν3

)
∂4

x1
v2 +

(
1
2 (∂x2b3 + ∂x3c3)ν2 + ∂x3b3ν3

)
∂4

x1
v3

⎞
⎟⎠

+
h6

2

⎛
⎜⎜⎝

νT

(
b2 c2

b3 c3

)
∂5

x1
v

0
0

⎞
⎟⎟⎠

= h4

⎛
⎝

(∇x′aν∂S) · ∂3
x1

v
0
0

⎞
⎠+ h5

⎛
⎜⎜⎜⎜⎜⎜⎝

0

νT

(
∂x2b2

1
2 (∂x2c2 + ∂x3b2)

∂x2c3
1
2 (∂x2b3 + ∂x3c3)

)
∂4

x1
v

νT

(
1
2 (∂x2c2 + ∂x3b2) ∂x3c2

1
2 (∂x2b3 + ∂x3c3) ∂x3b3

)
∂4

x1
v

⎞
⎟⎟⎟⎟⎟⎟⎠

+
h6

2

⎛
⎜⎜⎝

νT

(
b2 c2

b3 c3

)
∂5

x1
v

0
0

⎞
⎟⎟⎠ .

We choose now a : S → R
2 as the solution of the following system

⎧
⎨
⎩

−Δa = −2
(

x2

x3

)
in S

∇x′aν = 0 on ∂S

with ∫

S

a(x′)dx′ = 0.

Such a solution exists, because we can apply the Lax–Milgram Lemma for the weak Laplacian on
H1

(0)(S;R2). Thereby, the coercivity follows from Poincaré’s inequality. With well-known regularity result,
e.g., Theorem 4.18 in [10], we obtain a ∈ C∞(S,R2). The systems for b and c decouple to

⎧
⎨
⎩

∂2
x2

b2 + 1
2∂2

x3
b2 + 1

2∂x3∂x2c2 = I1 − ∂x2a2 in S

1
2∂2

x2
c2 + ∂2

x3
c2 + 1

2∂x2∂x3b2 = −∂x3a2 in S
(3.8)

and ⎧
⎨
⎩

∂2
x2

c3 + 1
2∂2

x3
c3 + 1

2∂x2∂x3b3 = −∂x2a3 in S

1
2∂2

x2
b3 + ∂2

x3
b3 + 1

2∂x2∂x3c3 = I2 − ∂x3a3 in S
(3.9)
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Defining the matrix of coefficients (pαβ
ij )α,β=2,3

i,j=1,2 in the following way

p22
11 = 1 p33

11 =
1
2

p32
12 =

1
4

p23
12 =

1
4

p22
22 =

1
2

p33
22 = 1 p23

21 =
1
4

p32
21 =

1
4

pαβ
ij = 0 otherwise.

With w = (b2, c2)T and f = (−I1 − ∂x2a2,−∂x3a2)T , (3.8) is equivalent to
3∑

α,β=2

2∑
j=1

−∂β

(
pαβ

ij ∂αwj

)
= fi

for i = 1, 2. Let now

ξ :=
(

ξ12 ξ13

ξ22 ξ23

)
∈ R

2×2.

be arbitrary. Then it holds
3∑

α,β=2

2∑
i,j=1

pαβ
ij ξiαξjβ =

3
4
(
ξ2
12 + ξ2

23

)
+

1
4
(ξ12 + ξ23)2 +

1
4
(
ξ2
13 + ξ2

22

)
+

1
4
(ξ13 + ξ22)2

≥ 1
4
(
ξ2
12 + ξ2

13 + ξ2
22 + ξ2

23

)
=

1
4
|ξ|2

and thus pαβ
ij satisfies the Legendre condition for λ = 1

4 . Thus, we can solve (3.8) and (3.9) with homo-
geneous Dirichlet boundary condition(

b2

c2

)
= 0 and

(
b3

c3

)
= 0 on ∂S

as the system (3.9) can be treated in the same manner. The regularity of a implies now that b = (b2, b3)
and c = (c2, c3) are C∞(S;R2).

The approximating solution ũh solves then the following system

∂2
t ũh − 1

h2
divh

(
D2W̃ (0)∇hũh

)
= h2fh − rh in Ω × (0, T ),

D2W̃ (0)[∇hũh]ν
∣∣∣
(0,L)×∂S

= tr∂Ω(rN,h)ν on ∂Ω × (0, T ),

ũh is L-periodic in x1-direction,

(ũh, ∂tũh)|t=0 = (ũ0,h, ũ1,h),

where rh is chosen as above,

rN,h := h5

⎛
⎜⎜⎜⎜⎜⎜⎝

0

νT

(
∂x2b2

1
2 (∂x2c2 + ∂x3b2)

∂x2c3
1
2 (∂x2b3 + ∂x3c3)

)
∂4

x1
v

νT

(
1
2 (∂x2c2 + ∂x3b2) ∂x3c2

1
2 (∂x2b3 + ∂x3c3) ∂x3b3

)
∂4

x1
v

⎞
⎟⎟⎟⎟⎟⎟⎠

,

and the initial data is given by

ũj,h(x, t) = h2

⎛
⎝

0
vj
2

vj
3

⎞
⎠+ h3

⎛
⎝

−x2∂x1v
j
2 − x3∂x1v

j
3

0
0

⎞
⎠+ h5

⎛
⎝

a2(x′)∂3
x1

vj
2 + a3(x′)∂3

x1
vj
3

0
0

⎞
⎠



  166 Page 10 of 28 H. Abels and T. Ameismeier ZAMP

+ h6

⎛
⎜⎝

0
b2(x′)∂4

x1
vj
2 + c3(x′)∂4

x1
vj
3

b3(x′)∂4
x1

vj
3 + c2(x′)∂4

x1
vj
2

⎞
⎟⎠ (3.10)

with vj := ∂j
t v|t=0 and j = 0, . . . , 4. For the remainder it holds

‖rh‖C0([0,T ];L2) ≤ Ch3 and ‖rN,h‖C2([0,T ];H1) ≤ Ch5.

3.2. Existence of and bounds on initial values

Define now

B := H1
per(Ω;R3) ∩

{
u ∈ L2(Ω;R3) :

∫

Ω

udx =
∫

Ω

u · x⊥dx = 0
}

equipped with the norm

‖u‖Bh
:=
∥∥∥∥

1
h

εh(u)
∥∥∥∥

L2(Ω)

.

Lemma 3.1. There exist constants C0 > 0 and M0 ∈ (0, 1] such that for 0 < h ≤ 1 and f ∈ H1,1
per(Ω;R3)

with ‖f‖H1,1(Ω) ≤ M0h and
∫
Ω

fdx = 0 there exists a unique solution w ∈ H3
per(Ω;R3) ∩ B with ∂x1w ∈

H3
per(Ω;R3) of

1
h2

(
DW̃ (∇hw),∇hϕ

)
L2(Ω)

= (f, ϕ)L2(Ω) for all ϕ ∈ B. (3.11)

Moreover ∥∥∥∥
(

1
h

εh(w),∇h
1
h

ε(w),∇2
hw

)∥∥∥∥
H1,1(Ω)

≤ C0‖f‖H1,1(Ω) (3.12)

holds. If w′ ∈ H3
per(Ω;R3) ∩ B with ∂x1w ∈ H3

per(Ω;R3) is the solution to f ′ ∈ H1,1
per(Ω;R3) with

‖f ′‖H1,1(Ω) ≤ M0h and
∫
Ω

f ′dx = 0, then it holds

∥∥∥∥
(

1
h

εh(w − w′),∇h
1
h

ε(w − w′),∇2
h(w − w′)

)∥∥∥∥
H1,1(Ω)

≤ C0‖f − f ′‖H1,1(Ω). (3.13)

Proof. Using a Taylor series expansion for DW̃ (∇hw), we obtain

DW̃ (∇hw) = DW̃ (0) + D2W̃ (0)[∇hw] +

1∫

0

(1 − τ)D3W̃ (τ∇hw)[∇hw,∇hw]dτ

=: D2W̃ (0)∇hw + G(∇hw). (3.14)

Thus, (3.11) is equivalent to

〈Lhw,ϕ〉B′,B :=
1
h2

(
D2W̃ (0)∇hw,∇hϕ

)
L2(Ω)

= (f, ϕ)L2(Ω) − 1
h2

(G(∇hw),∇hϕ)L2(Ω).

The idea is now to use the contraction mapping principle in order to prove the existence of a solution for
(3.11), i.e., with the later equivalence

w = Gh,f (w) := L−1
h

(
f,Gh(w)

)

holds with Gh(w) := 1
h2 G(∇hw). Consequently, we investigate the mapping properties of Lh and Gh.
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For f ∈ L2(Ω;R3) and F ∈ L2(Ω;R3×3), we obtain with the Lemma of Lax–Milgram the existence of
a unique solution w ∈ B for

〈Lhw,ϕ〉B′,B = (f, ϕ)L2(Ω) − (F,∇hϕ)L2(Ω) (3.15)

for all ϕ ∈ B. The solution satisfies

‖w‖B =
∥∥∥∥

1
h

εh(w)
∥∥∥∥

L2(Ω)

≤ C
(‖f‖L2(Ω) + ‖F‖(L2

h)′
)
.

If now f ∈ H0,k(Ω;R3) and F ∈ H0,k(Ω;R3×3) for k = 1, 2, it follows by a different quotient argument
that w ∈ H0,k(Ω;R3) holds and∥∥∥∥

1
h

εh(w)
∥∥∥∥

H0,k(Ω)

≤ C
(
‖f‖H0,k−1(Ω) + max

j=0,...,k
‖∂j

x1
F‖(L2

h)′

)
. (3.16)

Using the decomposition B ⊕ span{x �→ x⊥} = H1
(0),per(Ω;R3), it follows that for

α := (F,∇hx⊥)L2(Ω) − (f, x⊥)L2(Ω)

we have
1
h2

(
D2W̃ (0)∇hw,∇hϕ

)
L2(Ω)

= (f + αx⊥, ϕ)L2(Ω) − (F,∇hϕ)L2(Ω)

for all ϕ ∈ H1
(0),per(Ω;R3). Hence, if f ∈ H1

per(Ω;R3) and F ∈ H2
per(Ω;R3×3), then w solves the system

{− 1
h2 divh(D2W̃ (0)∇hw) = f + αx⊥ − divh F in Ω

D2W̃ (0)[∇hw]ν
∣∣∣
∂S

= h2 tr∂Ω(F )ν
∣∣∣
∂S

in ∂Ω

in a weak sense. Thus, with elliptic regularity theory it follows w ∈ H3
per(Ω;R3) ∩ B. By Theorem A.3 in

the appendix, we obtain∥∥∥∥
(

1
h

εh(w),∇ 1
h

εh(w),∇2
hw

)∥∥∥∥
H1(Ω)

≤ C

(
h2‖(f,divh F )‖H1(Ω) + ‖f‖H0,1(Ω)

+ max
j=0,1,2

‖∂j
x1

F‖(L2
h)′

+
∥∥∥h tr∂Ω(F )

∥∥∥
L2(0,L;H

3
2 (∂S))∩H1(0,L;H

1
2 (∂S))

)
,

where we have exploited

h2|α| ≤ Ch2‖f‖L2(Ω) + Ch‖F‖(L2
h)′ .

Using that tr∂S : H2(S) → H
3
2 (∂S) is a bounded operator, we obtain

h
∥∥∥ tr∂Ω(F )

∥∥∥
L2(0,L;H

3
2 (∂S))∩H1(0,L;H

1
2 (∂S))

≤ Ch
(
‖F‖H1,1(Ω) + max

k=0,1,2
‖∇k

x′F‖L2(Ω)

)

≤ C
(

max
j=0,1,2

‖∂j
x1

F‖(L2
h)′ + h2‖∇hF‖H1(Ω)

)

because of

‖F‖H1(Ω) ≤ ‖F‖H0,1(Ω) + ‖∇x′F‖L2(Ω) and ‖F‖L2(Ω) ≤ 1
h

‖F‖(L2
h)′ .

Thus, we deduce for some CL > 0∥∥∥∥
(

1
h

εh(w),∇ 1
h

εh(w),∇2
hw

)∥∥∥∥
H1(Ω)

≤ CL

(
h2‖(f,∇hF )‖H1(Ω) + ‖f‖H0,1(Ω) + max

j=0,1,2
‖∂j

x1
F‖(L2

h)′

)
. (3.17)
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We define Xh := H3
per(Ω;R3) ∩ B and Yh := H1

per(Ω;R3) × H2
per(Ω;R3×3) normed via

‖g‖Xh
:=
∥∥∥∥
(

1
h

εh(g),∇ 1
h

εh(g),∇2
hg

)∥∥∥∥
H1(Ω)

‖(f, F )‖Yh
:= h2‖(f,∇hF )‖H1(Ω) + ‖f‖H0,1(Ω) + max

j=0,1,2
‖∂j

x1
F‖(L2

h)′ .

This L−1
h : Yh → Xh is a bilinear, bijective and bounded operator, mapping a tuple (f, F ) ∈ Yh to the

corresponding solution w ∈ Xh of (3.15). In order to close the proof, we have to show that Gh is a
contraction with respect to the relevant norms.

In a first step we assume that wi ∈ Xh with

‖wi‖Xh
≤ C0M1h

for i = 1, 2 and M1 > 0 to be chosen later. Then

‖Gh(w1) − Gh(w2)‖(L2
h)′ =

∥∥∥∥
1
h2

1∫

0

(1 − τ)
(
D3W̃ (τ∇hw1)[∇hw1 − ∇hw2,∇hw1]

+ D3W̃ (τ∇hw2)[∇hw1 − ∇hw2,∇hw2]

+
(
D3W̃ (τ∇hw1) − D3W̃ (τ∇hw2)

)
[∇hw1,∇hw2]

)
dτ

∥∥∥∥
(L2

h)′

≤ CM1‖∇h(w1 − w2)‖H1
h(Ω)

+
∥∥∥∥

1
h2

1∫

0

(1 − τ)

1∫

0

Q(τ, t, w1, w2)dt[τ(∇hw1 − ∇hw2),∇hw1,∇hw2]dτ

∥∥∥∥
(L2

h)′

≤ CM1

∥∥∥∥
1
h

εh(w1 − w2)
∥∥∥∥

Xh

,

where we used Corollary 2.4, ‖∇hwj‖H1
h(Ω) ≤ C‖wj‖Xh

and the boundedness of

Q(τ, t, w1, w2) := D4W̃ (tτ∇hw1 + (1 − t)τ∇hw2).

The definition of G implies that for k = 1, 2, 3 it holds

∂xk
G(∇hw) = D2W̃ (∇hw)[∇h∂xk

w] − D2W̃ (0)[∇h∂xk
w]

=

1∫

0

D3W̃ (τ∇hw)[∇hw,∇h∂xk
w]dτ. (3.18)

Hence, analogously as above

‖∂xk
(Gh(w1) − Gh(w2)‖(L2

h)′ ≤
∥∥∥∥

1
h2

1∫

0

D3W̃ (τ∇hw1)[∇h(w1 − w2),∇h∂xk
w1]dτ

∥∥∥∥
(L2

h)′

+
∥∥∥∥

1
h2

1∫

0

D3W̃ (τ∇hw2)[∇hw2,∇h∂xk
(w1 − w2)]dτ

∥∥∥∥
(L2

h)′

+
∥∥∥∥

1
h2

1∫

0

(
D3W̃ (τ∇hw1) − D3W̃ (τ∇hw2)

)
[∇hw2,∇h∂xk

w1]dτ

∥∥∥∥
(L2

h)′
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≤ C

h
‖∇h(w1 − w2)‖H2

h(Ω)‖∇h∂xk
w1‖L2

h(Ω) +
C

h
‖∇hw2‖H2

h(Ω)‖∇h∂xk
(w1 − w2)‖(L2

h)′

+ CM1

∥∥∥∥
1
h

εh(w1 − w2)
∥∥∥∥

H1
h(Ω)

≤ CM1‖w1 − w2‖Xh

as

‖∇h∂xk
ϕ‖L2

h(Ω) ≤ ‖∇h∂xk
ϕ‖L2(Ω) +

∥∥∥∥
1
h

εh(∂xk
ϕ)
∥∥∥∥

L2(Ω)

≤
∥∥∥∥
(

∇ 1
h

εh(ϕ),∇2
hϕ

)∥∥∥∥
L2(Ω)

≤ ‖ϕ‖Xh

for ϕ = w1 and ϕ = w1 − w2. With the aid of (3.18) it follows for j, k = 1, 2, 3

∂xj
∂xk

G(∇hw) = D2W̃ (∇huh)[∇h∂xj
∂xk

w] − D2W̃ (0)[∇h∂xj
∂xk

w]

+ D3W̃ (∇hw)[∇h∂xj
w,∇h∂xk

w]

=

1∫

0

D3W̃ (τ∇hw)[∇hw,∇h∂xj
∂xk

w]dτ + D3W̃ (∇hw)[∇h∂xj
w,∇h∂xk

w].

Thus, we obtain in the same manner as above

‖∂xj
∂xk

(Gh(w1) − Gh(w2))‖(L2
h)′ ≤ CM1‖w1 − w2‖Xh

.

The fact that h2‖∇hF‖H1(Ω) ≤ h‖∇F‖H1(Ω) and ‖F‖L2(Ω) ≤ 1
h‖F‖(L2

h)′ implies with the later estimates
that for M1 ∈ (0, 1] small enough

Gh,f : BCM1h(0) ⊂ Xh → Xh

is a 1
2 -contraction. The self-mapping property of Gh,f follows because of

‖Gh,f (0)‖Xh
= ‖L−1(f, 0)‖Xh

≤ CL‖(f, 0)‖Yh
≤ CL‖f‖H1,1(Ω) ≤ CLM0h.

Thus, we can choose M0 > 0 so small that CLM0h ≤ CM1
2 . Then we obtain with the 1

2 -contraction
property of Gh,f for w ∈ BCM1h(0)

‖Gh,f (w)‖Xh
≤ ‖Gh,f (w) − Gh,f (0)‖Xh

+ ‖Gh,f (0)‖Xh
≤ 1

2
‖w‖Xh

+ CLM0h ≤ CM1h.

Therefore, (3.12) and (3.13) hold with the H1,1(Ω)-norm on the left-hand side replaced by the Xh-norm.
Using the decomposition B ⊕ span{x �→ x⊥} = H1

(0),per(Ω;R3), it follows that for

ρ :=
1

μ(S)h2

(
DW̃ (∇hw),∇hx⊥

)
L2(Ω)

we have
1
h2

(
DW̃ (∇hw),∇hϕ

)
L2(Ω)

= (f − ρx⊥, ϕ)L2(Ω)

for all ϕ ∈ H1
(0),per(Ω;R3). If now f ∈ H1,1

per(Ω;R3) we obtain, with a difference quotient argument, that
w ∈ H3

per(Ω;R3) ∩ B satisfies

1
h2

(
D2W̃ (∇hw)∇h∂x1w,∇hϕ

)
L2(Ω)

= (∂x1f, ϕ)L2(Ω).

for all ϕ ∈ H1
(0),per(Ω;R3). Thus, with Theorem A.3 the claimed inequalities follow. �
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We define the initial values for the analytical problem as

u2+j,h := h2

⎛
⎝

0
v2+j
2

v2+j
3

⎞
⎠+ h3

⎛
⎝

−x2∂x1v
2+j
2 − x3∂x1v

2+j
3

0
0

⎞
⎠

for j = 1, 2 and v2+j = ∂2+j
t v|t=0 as above.

Lemma 3.2. Let ũh be as in (3.7), ũj,h for j = 0, 1, 2 as in (3.10), u3,h, u4,h and fh be as above. Then
for sufficiently small h0 ∈ (0, 1] and M > 0, there exist solutions (u0,h, u1,h, u2,h) of

1
h2

(
DW̃ (∇hu0,h),∇hϕ

)
L2(Ω)

= (h2fh|t=0, ϕ)L2(Ω) − (u2,h, ϕ)L2(Ω) (3.19)

1
h2

(
D2W̃ (∇hu0,h)∇hu1,h,∇hϕ

)
L2(Ω)

= (h2∂tf |t=0, ϕ)L2(Ω) − (u3,h, ϕ)L2(Ω) (3.20)

and
1
h2

(
D2W̃ (∇hu0,h)∇hu2,h,∇hϕ

)
L2(Ω)

= (h2∂2
t f |t=0 − u4,h)L2(Ω)

− 1
h2

(
D3W̃ (∇hu0,h)[∇hu1,h,∇hu1,h],∇hϕ

)
L2(Ω)

− γh

h3

(
D2W̃ (∇hu0,h)P,∇hϕ

)
L2(Ω)

(3.21)

for all ϕ ∈ B, where

γh(u0,h) :=
1

μ(S)h3

(
DW̃ (∇hu0,h), P

)
L2(Ω)

and

P :=

⎛
⎝

0 0 0
0 0 −1
0 1 0

⎞
⎠ .

The solution satisfies ∥∥∥∥
(

1
h

εh(u0,h),∇ 1
h

εh(u0,h),∇2
hu0,h

)∥∥∥∥
H1,1(Ω)

≤ Ch2 (3.22)

max
j=1,2

∥∥∥∥
(

1
h

εh(uj,h),∇ 1
h

εh(uj,h),∇2
huj,h

)∥∥∥∥
H2−j(Ω)

≤ Ch2 (3.23)

and uk,h ∈ B for k = 0, 1, 2. Moreover, we have

max
j=0,1,2

∥∥∥∥
(

1
h

εh(uj,h) − 1
h

εh(ũj,h)
)∥∥∥∥

L2(Ω)

≤
{

Ch3 if j = 0, 1,

Ch2 if j = 2
(3.24)

for all h ∈ (0, h0] and C > 0 independent of h.

Proof. We can equivalently formulate (3.19)–(3.21) via
1
h2

(
D2W̃ (∇hu0,h)∇hu1,h,∇hϕ

)
L2(Ω)

= (h2∂tfh|t=0, ϕ)L2(Ω) − (u3,h, ϕ)L2(Ω) (3.25)

and
1
h2

(
D2W̃ (∇hu0,h)∇hu2,h,∇hϕ

)
L2(Ω)

= (h2∂2
t fh|t=0 − u4,h, ϕ)L2(Ω)

− 1
h2

(
D3W̃ (∇hu0,h)[∇hu1,h,∇hu1,h],∇hϕ

)
L2(Ω)

− γh(u0,h)
h3

(
D2W̃ (∇hu0,h)P,∇hϕ

)
L2(Ω)

(3.26)
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for all ϕ ∈ B, where u0,h = Gh,f (u0,h) is the solution of (3.19) with f = h2fh − u2,h. Defining

G0,h(u2,h) := Gh,f (u0,h)

and deploying (3.13) we obtain for u2,h, u′
2,h ∈ H1,1(Ω;R3)

max
k=0,1

∥∥∥∂k
x1

(G0,h(u2,h) − G0,h(u′
2,h)

)∥∥∥
Xh

≤ C0‖u2,h − u′
2,h‖H1,1(Ω) (3.27)

if ‖u2,h‖H1,1(Ω) ≤ 1
2M0h, ‖u′

2,h‖H1,1(Ω) ≤ 1
2M0h and h2‖fh‖H1,1(Ω) ≤ 1

2M0h. This can always be achieved
if h0 ∈ (0, 1] is small enough and u2,h, u′

2,h are of order h2.
Using the definition of Lh it follows that (3.25)–(3.26) are equivalent to

〈Lhu1,h, ϕ〉B′,B = (h2∂tfh|t=0 − u3,h, ϕ)L2(Ω) − 1
h2

(
DG(∇hu0,h)∇hu1,h,∇hϕ

)
L2(Ω)

and

〈Lhu2,h, ϕ〉B′,B = (h2∂2
t fh|t=0 − u4,h, ϕ)L2(Ω) − 1

h2

(
DG(∇hu0,h)∇hu2,h,∇hϕ

)
L2(Ω)

− 1
h2

(
D3W̃ (∇hu0,h)[∇hu1,h,∇hu1,h],∇hϕ

)
L2(Ω)

− γh(u0,h)
h3

(
D2W̃ (∇hu0,h)P,∇hϕ

)
L2(Ω)

for all ϕ ∈ B. Defining now the relevant function spaces by

Dh := H2
per(Ω;R3×3) × H1

per(Ω;R3×3), Zh := H1
per(Ω;R3) × L2(Ω;R3) × Dh,

Wh := Xh ×
(
H2

per(Ω;R3) ∩ B
)

with the respective norms defined by

‖(F1, F2)‖Dh
:= max

i=1,2

(
h2‖∇hFi‖H2−i(Ω) + max

σ=0,...,3−i
‖∂σ

x1
Fi‖(L2

h)′

)
,

‖(f1, f2, F1, F2)‖Zh
:= max

i=1,2

(
h2‖(fi,∇hFi)‖H2−i(Ω) + ‖fi‖H0,2−i(Ω) + max

σ=0,...,3−i
‖∂σ

x1
Fi‖(L2

h)′

)
,

‖(g1, g2)‖Wh
:= max

i=1,2

∥∥∥∥
(

1
h

εh(gi),∇ 1
h

εh(gi),∇2
hgi

)∥∥∥∥
H2−i(Ω)

.

With this we define the linear operator L−1
h : Zh → Wh by mapping (f1, f2, F1, F2) to the solution (w1, w2)

of

〈Lhwi, ϕ〉B′,B = (fi, ϕ)L2(Ω) − (Fi,∇hϕ)L2(Ω) (3.28)

for i = 1, 2. Then due to (3.17), Theorem A.3 and (3.16) we obtain

‖(w1, w2)‖Wh
≤ C‖(f1, f2, F1, F2)‖Zh

. (3.29)

Hence, L−1
h is a bijective, linear and bounded operator. For the nonlinearity we define

Qh : Wh → Dh

via (
u1

u2

)
�→
( − 1

h2 DG(∇hu0)∇hu1

− 1
h2 DG(∇hu0)∇hu2 − 1

h2 D3W̃ (∇hu0)[∇hu1,∇hu1] − γh(u0,h)
h3 D2W̃ (∇hu0,h)[P ]

)

=:
(Q1,h(u1, u2)

Q2,h(u1, u2)

)
,
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where u0 := Gh,f−u2(u0,h) for some fixed f ∈ H1,1
per(Ω) with ‖f‖H1,1(Ω) ≤ Mh2 and

∫
Ω

fdx = 0 and G is

defined as in (3.14).
We deduce the contraction properties of Qh similar as in the proof of Lemma 3.1. For this we assume

that ‖(u1, u2)‖Wh
, ‖(u′

1, u
′
2)‖Wh

≤ CM2h
2. Starting with Q1,h, we obtain

‖Q1,h(u1, u2) − Q1,h(u′
1, u

′
2)‖(L2

h)′

=
1
h2

∥∥∥∥
1∫

0

D3W̃ (τ∇hu0)[∇hu0,∇hu1]dτ −
1∫

0

D3W̃ (τ∇hu′
0)[∇hu′

0,∇hu′
1]dτ

∥∥∥∥
(L2

h)′

≤ C

h
‖∇h(u0 − u′

0)‖H2
h(Ω)‖∇hu1‖L2

h(Ω) +
C

h
‖∇hu′

0‖H2
h(Ω)‖∇h(u1 − u′

1)‖L2
h(Ω)

+ CM2

∥∥∥∥
1
h

εh(u0 − u′
0)
∥∥∥∥

H1
h(Ω)

≤ CM2‖u2 − u′
2‖H1,1(Ω) + CM2

∥∥∥∥
1
h

εh(u1 − u′
1)
∥∥∥∥

L2(Ω)

≤ CM2‖(u1 − u′
1, u2 − u′

2)‖Wh
,

where we used (3.27). Similarly one deduces that

‖∂xj
(Q1,h(u1, u2) − Q1,h(u′

1, u
′
2))‖L2(Ω) ≤ CM2‖(u1 − u′

1, u2 − u′
2)‖Wh

‖∂xk
∂xj

(Q1,h(u1, u2) − Q1,h(u′
1, u

′
2))‖L2(Ω) ≤ CM2‖(u1 − u′

1, u2 − u′
2)‖Wh

for j, k = 1, 2, 3. Analogously we deduce for Q2,h

‖Q2,h(u1, u2) − Q2,h(u′
1, u

′
2)‖(L2

h)′

≤ 1
h2

∥∥∥∥
1∫

0

D3W̃ (τ∇hu0)[∇hu0,∇hu2] − D3W̃ (τ∇hu′
0)[∇hu′

0,∇hu′
2]dτ

∥∥∥∥
(L2

h)′

+
|γh(u0,h)|

h3

∥∥∥∥
1∫

0

D3W̃ (τ∇hu0)[∇hu0, P ] − D3W̃ (τ∇hu′
0)[∇hu′

0, P ]dτ

∥∥∥∥
(L2

h)′

+
|γh(u0,h) − γh(u′

0,h)|
h3

∥∥∥∥
1∫

0

D3W̃ (τ∇hu′
0)[∇hu′

0, P ]dτ

∥∥∥∥
(L2

h)′

+
1
h2

∥∥∥∥D3W̃ (∇hu0)[∇hu1,∇hu1] − D3W̃ (∇hu′
0)[∇hu′

1,∇hu′
1]
∥∥∥∥

(L2
h)′

≤ C

h
‖∇h(u0 − u′

0)‖H2
h(Ω)‖∇hu2‖L2

h(Ω) +
C

h
‖∇hu′

0‖H2
h(Ω)‖∇h(u2 − u′

2)‖L2
h(Ω)

+
C

h
‖∇h(u1 − u′

1)‖H2
h(Ω)‖∇hu1‖L2

h(Ω) +
C

h
‖∇hu′

1‖H2
h(Ω)‖∇h(u1 − u′

1)‖L2
h(Ω)

+
C

h2
‖∇h(u0 − u′

0)‖H2
h(Ω)‖∇hu1‖H1

h(Ω)‖∇hu′
1‖H1

h(Ω)

+
C

h2
‖∇h(u0 − u′

0)‖H2
h(Ω)‖∇hu′

0‖H2
h(Ω)‖∇hu2‖L2

h(Ω)

+
|γh(u0,h)|

h2
‖∇h(u0 − u′

0)‖H2
h(Ω) + |γh(u0,h) − γh(u′

0,h)|
≤ CM2‖(u1 − u′

1, u2 − u′
2)‖Wh

,
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where we used again Corollary 2.4, |P |h = |P |, |γh(u0,h)| ≤ Ch2 and

|γh(u0,h) − γh(u′
0,h)| ≤ 1

h3

∥∥∥∥
1∫

0

(1 − τ)
(
D3W̃ (∇hu0,h)[∇hu0,h,∇hu0,h]

− D3W̃ (∇hu′
0,h)[∇hu′

0,h,∇hu′
0,h]
)∥∥∥∥

(L2
h)′

≤ CM2‖∇h(u0 − u′
0)‖H2

h(Ω) ≤ CM2‖(u1 − u′
1, u2 − u′

2)‖Wh
.

Finally from

∂xj
Q2,h(u1, u2) =

1
h2

1∫

0

D3W̃ (τ∇hu0)[∇hu0,∇h∂xj
u2]dτ +

1
h2

D3W̃ (∇hu0)[∇h∂xj
u0, ∂hu2]

+
2
h2

D3W̃ (∇hu0)[∇h∂xj
u1,∇hu1] +

1
h2

D4W̃ (∇hu0)[∇h∂xj
u0,∇hu1,∇hu1]

− γh

h3
D3W̃ (∇hu0,h)[∇h∂xj

u0, P ]

it follows

‖∂xj
(Q2,h(u1, u2) − Q2,h(u′

1, u
′
2))‖(L2

h)′ ≤ CM2‖(u1 − u′
1, u2 − u′

2)‖Wh
.

Choosing now M2 ∈ (0, 1] small enough we obtain that

Fh,f0,f1,f2 : BCM2h2(0) ⊂ Xh × Wh → Xh × Wh

defined by ⎛
⎝

u0

u1

u2

⎞
⎠ �→

⎛
⎝

Gh,f0−u2(u0)

L−1
h

((
f1

f2

)
,Qh(u1, u2)

)
⎞
⎠

is a 1
2 -contraction, where f0 := h2fh|t=0, f1 := h2∂tf

h|t=0 − u3,h and f2 := h2∂2
t fh|t=0 − u4,h. We can

use an analogous argument as in Lemma 3.1. First it holds, due to (3.6) and (3.5), for M > 0 sufficiently
small

‖Fh,f0,f1,f2(0)‖Xh×Wh
≤ C̃Mh2 ≤ CM2h

2

2
and with the 1

2 -contraction property we obtain the self mapping of Fh,f0,f1,f2 . Moreover, due to the norm
on Xh and Wh we obtain (3.22) and (3.23), respectively.

Finally, the construction of ũh implies that ũj,h satisfies

1
h2

(
D2W̃ (0)∇hũj,h,∇hϕ

)
L2(Ω)

=
(
h2∂j

t fh|t=0 − ũ2+j,h, ϕ
)

L2(Ω)
+ (∂j

t rh, ϕ)L2(Ω)

− 1
h2

L∫

0

(
tr∂S(∂j

t rN,h(x1, ·)), tr∂S(ϕ(x1, ·))
)

L2(∂S)
dx1

for j = 0, 1, 2 and all ϕ ∈ B. This implies with (3.19)–(3.21)
1
h2

(
εh(u1,h − ũ1,h), εh(ϕ)

)
L2(Ω)

= − 1
h2

(
(D2W̃ (∇hu0,h) − D2W̃ (0))∇hu1,h,∇hϕ

)
L2(Ω)

+ (r1,h, ϕ)L2(Ω) − 1
h2

L∫

0

(
tr∂S(∂trN,h(x1, ·)), tr∂S(ϕ(x1, ·))

)
L2(∂S)

dx1
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1
h2

(
εh(u2,h − ũ2,h), εh(ϕ)

)
L2(Ω)

= − 1
h2

(
(D2W̃ (∇hu0,h) − D2W̃ (0))∇hu2,h,∇hϕ

)
L2(Ω)

+ (r2,h, ϕ)L2(Ω) − 1
h2

L∫

0

(
tr∂S(∂2

t rN,h(x1, ·)), tr∂S(ϕ(x1, ·))
)

L2(∂S)
dx1

− 1
h2

(
D3W̃ (∇hu0,h)[∇hu1,h,∇hu1,h],∇hϕ

)
L2(Ω)

− γh

h3

(
D2W̃ (∇hu0,h)P,∇hϕ

)
L2(Ω)

for all ϕ ∈ B, where we defined

rj,h := u2+j,h − ũ2+j,h − ∂j
t rh.

With this it follows maxj=1,2 ‖rj,h‖C0(0,T ;L2(Ω)) ≤ Ch3 because of the definition of u2+j,h and the bound
on ∂trh. Additionally, we have due to Lemma 2.3 and Corollary 2.4, the bounds on (u0,h, u1,h, u2,h) and
ϕ ∈ B

∣∣∣∣
1
h2

(
(D2W̃ (∇hu0,h) − D2W̃ (0))∇huj,h,∇hϕ

)
L2(Ω)

∣∣∣∣

=
∣∣∣∣

1
h2

1∫

0

(
D3W̃ (τ∇hu0,h)[∇hu0,h,∇huj,h],∇hϕ

)
L2(Ω)

dτ

∣∣∣∣ ≤ Ch3

∥∥∥∥
1
h

εh(ϕ)
∥∥∥∥

L2(Ω)

as well as ∣∣∣∣
1
h2

(
D3W̃ (∇hu0,h)[∇hu1,h,∇hu1,h],∇hϕ

)
L2(Ω)

∣∣∣∣ ≤ Ch3

∥∥∥∥
1
h

εh(ϕ)
∥∥∥∥

L2(Ω)

and ∣∣∣∣
γh

h3

(
D2W̃ (∇hu0,h)P,∇hϕ

)
L2(Ω)

∣∣∣∣ ≤ Ch2

∥∥∥∥
1
h

εh(ϕ)
∥∥∥∥

L2(Ω)

.

Regarding the boundary terms, we use that tr∂S : H1(S) → H
1
2 (∂S) is linear and bounded. Hence, for

j = 0, 1, 2

∣∣∣∣
1
h2

L∫

0

(
tr∂S(∂j

t rN,h(x1, ·)), tr∂S(ϕ(x1, ·))
)

L2(∂S)
dx1

∣∣∣∣

≤ 1
h2

‖∂j
t rN,h‖L2(0,L;H1(S))‖ϕ‖L2(0,L;H1(S)) ≤ Ch3

∥∥∥∥
1
h

εh(ϕ)
∥∥∥∥

L2(Ω)

, (3.30)

where we used that ‖rN,h‖C2([0,T ];H1(Ω)) ≤ Ch5 and the Poincaré and Korn inequality for ϕ. Choosing
ϕ = uj,h − ũj,h, it follows with an absorption argument

max
j=1,2

∥∥∥∥
1
h

εh(uj,h) − 1
h

εh(ũj,h)
∥∥∥∥

L2(Ω)

≤
{

Ch3, if j = 1,

Ch2, if j = 2.

Now, for u0,h − ũ0,h it holds

1
h2

(εh(u0,h − ũ0,h), εh(ϕ))L2(Ω) = − 1
h2

(G(∇hu0,h),∇hϕ)L2(Ω)

+ (r0,h, ϕ)L2(Ω) − 1
h2

L∫

0

(
tr∂S(rN,h(x1, ·)), tr∂S(ϕ(x1, ·))

)
L2(∂S)

dx1.
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The definition of G implies now
∣∣∣∣

1
h2

(G(∇hu0,h),∇hϕ)L2(Ω)

∣∣∣∣ =
∣∣∣∣

1
h2

1∫

0

(1 − τ)
(
D3W̃ (τ∇hu0,h)[∇hu0,h,∇hu0,h],∇hϕ

)
L2(Ω)

dτ

∣∣∣∣

≤ Ch3

∥∥∥∥
1
h

εh(ϕ)
∥∥∥∥

L2(Ω)

because of the bounds for u0,h and Corollary 2.4. Using (3.30), it follows∥∥∥∥
1
h

εh(u0,h) − 1
h

εh(ũ0,h)
∥∥∥∥

L2(Ω)

≤ Ch3

�

3.3. Main result

Theorem 3.3. Let fh, ṽ0, ṽ1, ũj,h, j = 0, 1, 2 and ũh be given as above. Then there exists some h0 ∈ (0, 1]
such that for h ∈ (0, h0] there are initial values (u0,h, u1,h) satisfying (A.1)–(A.3) and such that

max
j=0,1

∥∥∥∥
1
h

εh(uj,h) − 1
h

εh(ũj,h)
∥∥∥∥

L2(Ω)

≤ Ch3.

Moreover, if uh solves (3.1)–(3.4), then
∥∥∥∥
(

(uh − ũh),
1
h

t∫

0

εh

(
uh(τ) − ũh(τ)

)
dτ

)∥∥∥∥
L∞(0,L;L2(Ω))

≤ Ch3 for all 0 < h ≤ h0.

Proof. Given (u3,h, u4,h) we construct (u0,h, u1,h, u2,h) such that (A.1)–(A.3) holds. First we note that
‖u4,h‖L2(Ω) is of order h2 as ∂l

x1
v4 is bounded in L2(0, L) for l = 0, 1. Moreover, we have

∫

Ω

u2+j,hdx = 0

for j = 1, 2 and ∫

Ω

u3,h · x⊥dx = 0.

Using the structure of u3,h we obtain

1
h

εh(u3,h) = h2

⎛
⎝

−x2∂
2
x1

v3
2 − x3∂

2
x1

v3
3 0 0

0 0 0
0 0 0

⎞
⎠ .

Altogether we obtain that u3,h and u4,h satisfy (A.1)–(A.3), the necessary conditions for the large times
existence result in the appendix. The assumptions on g and the structure of fh imply that (A.4) and
(A.5) are fulfilled. Applying Lemma 3.1 and 3.2, we obtain for h0 sufficiently small, the existence of
(u0,h, u1,h, ū2,h) such that

1
h2

(
DW̃ (∇hu0,h),∇hϕ

)
L2(Ω)

= (h2fh|t=0, ϕ)L2(Ω) − (ū2,h, ϕ)L2(Ω)

1
h2

(
D2W̃ (∇hu0,h)∇hu1,h,∇hϕ

)
L2(Ω)

= (h2∂tfh|t=0, ϕ)L2(Ω) − (u3,h, ϕ)L2(Ω)
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and
1
h2

(
D2W̃ (∇hu0,h)∇hū2,h,∇hϕ

)
L2(Ω)

= (h2∂2
t fh|t=0 − u4,h, ϕ)L2(Ω)

− 1
h2

(
D3W̃ (∇hu0,h)[∇hu1,h,∇hu1,h],∇hϕ

)
L2(Ω)

− γh

h3

(
D2W̃ (∇hu0,h)P,∇hϕ

)
L2(Ω)

for all ϕ ∈ B. We use the ansatz u2,h = ū2,h + γh
2 x⊥ and ū2+j,h = u2+j,h + γh

2+jx
⊥ for j = 1, 2. Choosing

γh
2 := − 1

μ(S)h2

(
DW̃ (∇hu0,h),∇hx⊥

)
L2

it follows
1
h2

(
DW̃ (∇hu0,h),∇hϕ

)
L2(Ω)

= (h2fh|t=0, ϕ)L2(Ω) − (u2,h, ϕ)L2(Ω) (3.31)

for all ϕ ∈ H1
per(Ω;R3). Moreover, for

γh
3 :=

1
μ(S)h2

(
D2W̃ (∇hu0,h)∇hu1,h,∇hx⊥

)
L2

we deduce
1
h2

(
D2W̃ (∇hu0,h)∇hu1,h,∇hϕ

)
L2(Ω)

= (h2∂tfh|t=0, ϕ)L2(Ω) − (ū3,h, ϕ)L2(Ω) (3.32)

for all ϕ ∈ H1
per(Ω;R3). Then it holds |γh

2 | ≤ Ch2 as

DW̃ (∇hu0,h) = D2W̃ (0)[∇hu0,h] +

1∫

0

(1 − τ)D3W̃ (τ∇hu0,h)[∇hu0,h,∇hu0,h]dτ

and |γh
3 | ≤ Ch2 with a similar calculation. Lastly, we need to find γh

4 such that

1
h2

(
D2W̃ (∇hu0,h)∇hu2,h,∇hϕ

)
L2(Ω)

= (h2∂2
t fh|t=0 − ū4,h, ϕ)L2(Ω)

− 1
h2

(
D3W̃ (∇hu0,h)[∇hu1,h,∇hu1,h],∇hϕ

)
L2(Ω)

(3.33)

for all ϕ ∈ H1
per(Ω;R3). Therefore, we choose

γh
4 := − 1

h2

(
D2W̃ (∇hu0,h)∇hu2,h,∇hx⊥

)
L2

− γh
2

h2

(
D2W̃ (∇hu0,h)∇hx⊥,∇hx⊥

)
L2

+
1
h2

(
D3W̃ (∇hu0,h)[∇hu1,h,∇hu1,h],∇hx⊥

)
L2

.

The first and last term can be bounded easily, using Corollary 2.4
∣∣∣∣

1
h2

(
D2W̃ (∇hu0,h)∇hū0,h,∇hx⊥

)
L2

∣∣∣∣ =
∣∣∣∣

1
h3

1∫

0

(
D3W̃ (∇hu0,h)[∇hu0,h,∇hū2,h], P

)
L2

∣∣∣∣

≤ C

h2
‖∇hu0,h‖H1

h
‖∇hū2,h‖H1

h
≤ Ch2

and ∣∣∣∣
1
h2

(
D3W̃ (∇hu2,h)[∇hu1,h,∇hu1,h],∇hx⊥

)
L2

∣∣∣∣ ≤ Ch2.

For the second part of γh
4 , we use the following equality
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(
D2W̃ (∇hu0,h)P, P

)
L2(Ω)

=
(
D3W̃ (0)[∇hu0,h, P ], P

)
L2(Ω)

+

1∫

0

(1 − τ)
(
D4W̃ (τ∇hu0,h)[∇hu0,h,∇hu0,h, P ], P

)
L2(Ω)

dτ

where ∣∣∣∣
(
D4W̃ (τ∇hu0,h)[∇hu0,h,∇hu0,h, P ], P

)
L2(Ω)

∣∣∣∣ ≤ Ch4 for all τ ∈ [0, 1] (3.34)

as ‖u0,h‖H1
h(Ω) ≤ Ch2 and |P |h = |P |, because P ∈ R

3×3
skew. Furthermore, we obtain with (2.5)

(
D3W̃ (0)[∇hu0,h, P ], P

)
L2(Ω)

= h

(
D3W̃ (0)

[
1
h

εh(u0,h) − 1
h

εh(ũ0,h), P
]
, P

)

L2(Ω)

+
(
D3W̃ (0)[∇hũ0,h, P ], P

)
L2(Ω)

.

Utilizing the inequality for the initial values (3.24), we deduce
∣∣∣∣h
(

D3W̃ (0)
[

1
h

εh(u0,h) − 1
h

εh(ũ0,h), P
]
, P

)

L2

∣∣∣∣ ≤ Ch4.

Lastly due to the symmetry properties of D3W̃ , the structure of ∇hũ0,h and (2.5), it follows
∣∣∣∣
(
D3W̃ (0)[sym(∇hũ0,h), P ], P

)
L2

∣∣∣∣ =
∣∣∣∣
(
D3W̃ (0)[h3Q,P ], P

)
L2

+
(
D3W̃ (0)[R,P ], P

)
L2

∣∣∣∣
where

Q =

⎛
⎝

−x2∂
2
x1

v2 − x3∂
2
x1

v3 0 0
0 0 0
0 0 0

⎞
⎠

R = h4 sym

⎛
⎝

0 ∂x2a2∂
3
x1

v2 + ∂x2a3∂
3
x1

v3 ∂x3a2∂
3
x1

v2 + ∂x3a3∂
3
x1

v3

0 0 0
0 0 0

⎞
⎠

+ h5 sym

⎛
⎝

a2∂
4
x1

v2 + a3∂
4
x1

v3 0 0
0 ∂x2b2∂

4
x1

v2 + ∂x2c3∂
4
x1

v3 ∂x3b2∂
4
x1

v2 + ∂x3c3∂
4
x1

v3

0 ∂x2b3∂
4
x1

v3 + ∂x2c2∂
4
x1

v2 ∂x3b3∂
4
x1

v3 + ∂x3c2∂
4
x1

v2

⎞
⎠

+ h6 sym

⎛
⎝

0 0 0
b2∂

5
x1

v2 + c3∂
5
x1

v3 0 0
b3∂

5
x1

v3 + c2∂
5
x1

v2 0 0

⎞
⎠ .

Due to the structure of Q and P = ∇x⊥, it follows

D3W̃ (0)[Q,P, P ] =
(
(QT − Q)T sym(P ) + (PT − P )T sym(Q)

)
: P = 0.

Hence, with R = O(h4) we obtain
∣∣∣∣
(
D3W̃ (0)[sym(∇hũ0,h), P ], P

)
L2

∣∣∣∣ ≤ Ch4.

Thus, altogether, it follows with |γh
2 | ≤ Ch2

∣∣∣∣
γh
2

h2

(
D2W̃ (∇hu0,h)∇hx⊥,∇hx⊥

)
L2

∣∣∣∣ ≤ Ch2.
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We obtain for h0 sufficiently small, the existence of (u0,h, u1,h, u2,h) such that (A.1)–(A.3) are satisfied
and

max
j=0,1

∥∥∥∥
(

1
h

εh(uj,h) − 1
h

εh(ũj,h)
)∥∥∥∥

L2(Ω)

≤ Ch3

holds.
Due to Theorem A.1, there exists a solution uh ∈ ⋂4

k=0 Ck([0, T ];H4−k
per (Ω;R3)) of (3.1)–(3.4). Thus,

wh := uh − ũh solves the system

− (∂twh, ∂tϕ
)
L2(QT )

+
1
h2

(
D2W̃ (0)∇hwh,∇hϕ

)
L2(QT )

− (w1, ϕ|t=0)L2(Ω)

=
1
h2

1∫

0

(
(D2W̃ (τ∇huh) − D2W̃ (0))∇hũh,∇hϕ

)
L2(QT )

dτ − (rh, ϕ
)
L2(QT )

− 1
h2

(tr∂Ω(rN,h), tr∂Ω(ϕ))L2(0,T ;L2(∂Ω)),

wh is L-periodic in x1-direction,

wh|t=0 = w0,h

for all ϕ ∈ C1([0, T ];H1
per,(0)(Ω;R3)) with ϕ|t=T = 0 and with wj,h := uj,h − ũj,h, j = 0, 1. Hence, with

(A.16) we obtain an upper bound for w. For this we use that, due to the structure of rh and rN,h, it
follows

1
h2

‖rN,h‖L1(0,T ;H1) ≤ Ch3, ‖rh‖L1(0,T ;L2) ≤ Ch3

as a, b, c and v are sufficiently regular. Moreover, using (3.24)

‖wk,h‖L2(Ω) ≤ max
j=0,1

∥∥∥∥
(

1
h

εh(uj,h) − 1
h

εh(ũj,h)
)∥∥∥∥

L2(Ω)

≤ Ch3

for k = 0, 1, where we used Poincaré’s and Korn’s inequality, as well as the fact that wk,h ∈ B holds for
k = 0, 1. With the fundamental theorem of calculus and Corollary 2.4, we deduce

sup
ϕ∈Xh,‖ϕ‖Xh

=1

∣∣∣∣
1
h2

1∫

0

(
(D2W̃ (τ∇huh) − D2W̃ (0))∇h∂tũh,∇hϕ

)
L2(Ω)

dτ

∣∣∣∣

≤ sup
ϕ∈Xh,‖ϕ‖Xh

=1

∣∣∣∣
1
h2

1∫

0

1∫

0

(
D3W̃ (sτ∇huh)[∇huh,∇h∂tũh],∇hϕ

)
L2(Ω)

dsdτ

∣∣∣∣

≤ sup
ϕ∈Xh,‖ϕ‖Xh

=1

C

h
‖∇huh‖H2

h(Ω)‖∇h∂tũh‖L2
h(Ω)‖∇hϕ‖L2

h(Ω) ≤ CRh3.

Lastly, we have to deal with the rotational term. Using the momentum balance law, u0,h, u1,h ∈ B and
the structure of g, we obtain with qh := h2fh

t∫

0

∫

Ω

uh · x⊥dxdτ = t

∫

Ω

u0,h · x⊥dx +
1
2
t2
∫

Ω

u1,h · x⊥dx +

t∫

0

(t − s)
∫

Ω

qh · x⊥dxds

+
1
h

t∫

0

τ∫

0

(τ − s)
∫

Ω

qh · u⊥
h − u⊥

h · ∂2
t uhdxdsdτ
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=
1
h

t∫

0

τ∫

0

(τ − s)
∫

Ω

qh · u⊥
h − u⊥

h · ∂2
t uhdxdsdτ.

Hence, it follows
∥∥∥∥

t∫

0

1
h

∫

Ω

uh · x⊥dxdτ

∥∥∥∥
C0([0,T ])

≤ C

(∥∥∥∥
1
h2

∫

Ω

qh · u⊥
h dx

∥∥∥∥
C0([0,T ])

+
∥∥∥∥

1
h2

∫

Ω

∂2
t uh · u⊥

h dx

∥∥∥∥
C0([0,T ])

)

≤ Ch3

as due to (A.6) ∥∥∥∥
1
h

ε(∂δ
t uh)

∥∥∥∥
L∞(0,T ;L2)

+
∥∥∥∥

1
h

∫

Ω

∂δ
t uh · x⊥dx

∥∥∥∥
L∞(0,T )

≤ Ch2

for δ = 0, 2. Thus, with (A.16) it follows

∥∥∥∥
(

(uh − ũh),
1
h

t∫

0

εh

(
uh(τ) − ũh(τ)

)
dτ

)∥∥∥∥
C0([0,T ];L2)

≤ Ch3.

�
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Appendix A: Large times existence for the non-linear problem

The existence of solutions follows from

Theorem A.1. Let θ ≥ 1, 0 < T < ∞, fh ∈ W 3
1 (0, T ;L2(Ω)) ∩ W 1

1 (0, T ;H2
per(Ω)), h ∈ (0, 1] and u0,h ∈

H4
per(Ω), u1,h ∈ H3

per(Ω) such that

DW̃ (∇hu0,h)ν|(0,L)×∂S = D2W̃ (∇hu0,h)[∇hu1,h]ν|(0,L)×∂S = 0,

(D2W̃ (∇hu0,h)[∇hu2,h] + D3W̃ (∇hu0,h)[∇hu1,h,∇hu1,h])ν|(0,L)×∂S = 0,

where

u2,h = h1+θfh|t=0 +
1
h2

divh(DW̃ (∇hu0,h))

http://creativecommons.org/licenses/by/4.0/
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u3,h = h1+θ∂tfh|t=0 +
1
h2

divh(D2W̃ (∇hu0,h)∇hu1,h)

u4,h = h1+θ∂2
t fh|t=0 +

1
h2

divh(D2W̃ (∇hu0,h)∇hu2,h)

+
1
h2

divh(D3W̃ (∇hu0,h)[∇hu1,h,∇hu1,h]).

Moreover, we assume for the initial data
∥∥∥ 1

h
εh(u0,h)

∥∥∥
H2

+ max
k=0,1,2

∥∥∥
( 1

h
εh(u1+k,h), ∂x1

1
h

εh(uk,h), u2+k,h

)∥∥∥
H2−k

≤ Mh1+θ, (A.1)
∥∥∥∇2

hu0,h

∥∥∥
H1

+ max
k=0,1

∥∥∥
(
∇2

hu1+k,h, ∂x1∇2
huk,h

)∥∥∥
H1−k

≤ Mh1+θ, (A.2)

max
k=0,1,2,3

∣∣∣∣
1
h

∫

Ω

uk,h · x⊥dx

∣∣∣∣ ≤ Mh1+θ (A.3)

and for the right hand side

max
|α|≤1

(
‖∂α

(t,x1)
fh‖W 2

1 (L2) + ‖∂α
(t,x1)

fh‖W 1∞(L2)∩W 1
1 (H0,1) + ‖∂α

(t,x1)
fh‖L∞(H1)

)
≤ M, (A.4)

max
σ=0,1,2

∥∥∥∥
1
h

∫

Ω

∂σ
t fh · x⊥dx

∥∥∥∥
C0([0,T ])

≤ M (A.5)

uniformly in 0 < h ≤ 1. Then there exists h0 ∈ (0, 1] and C > 0 depending only on M and T such that
for every h ∈ (0, h0] there is a unique solution uh ∈ ⋂4

k=0 Ck([0, T ];H4−k
per (Ω)) of (3.1)–(3.4) satisfying

max
|α|≤1,|β|≤2,|γ|≤1

σ=0,1,2

(∥∥∥
(
∂2

t ∂σ
t uh,∇β

x,t

1
h

εh(∂α
(t,x1)

uh),∇γ
x,t∇2

h∂α
(t,x1)

uh

)∥∥∥
C0([0,T ],L2)

+
∥∥∥∥

1
h

∫

Ω

∂α+β
(t,x1)

uh · x⊥dx

∥∥∥∥
C0([0,T ])

)
≤ Ch1+θ (A.6)

uniformly in 0 < h ≤ h0.

Proof. A proof can be found in [4, Theorem 5.1.1] or [1]. �

The linearized system for (3.1)–(3.4) is given by

∂2
t w − 1

h2
divh(D2W̃ (∇huh)∇hw) = f in Ω × [0, T ) (A.7)

D2W̃ (∇hu)[∇hw]ν = 0 on (0, L) × ∂S × [0, T ) (A.8)

w is L-periodic in x1 coordinate (A.9)

(w, ∂tw)|t=0 = (w0, w1). (A.10)

We want to show h-independent estimates for solutions of the linearized system. For this we assume that
uh satisfies for 0 < h ≤ 1

sup
|α|≤1,k=0,1,2

(∥∥∥
(
∇k

x,t

1
h

εh(∂α
(t,x1)

uh),∇k
x,t∇h∂α

(t,x1)
uh

)∥∥∥
C0([0,T ];L2(Ω))

+
∥∥∥∥

1
h

∫

Ω

∂α+β
(t,x1)

uh · x⊥dx

∥∥∥∥
C0([0,T ])

)
≤ Rh, (A.11)

where R ∈ (0, R0], with R0 chosen later appropriately small.
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Lemma A.2. Assume that (A.11) holds, t ∈ [0, T ] and 0 < R ≤ R0. Then∣∣∣∣
1
h2

(
∂β

z D2W̃ (∇huh(t))∇hw,∇hv)
)

L2(Ω)

∣∣∣∣ ≤ CR‖∇hw‖
H

|β|−1
h (Ω)

‖∇hv‖L2
h(Ω) (A.12)

for 1 ≤ |β| ≤ 3.

Proof. For a proof see [4, Lemma 5.2.2]. �

For the higher regularity estimates, we need the following result.

Theorem A.3. Assume uh satisfies (A.11). Then there exist C > 0 and R0 ∈ (0, 1] such that if ϕ ∈
H2+k

per (Ω) solves for some g ∈ Hk
per(Ω) and gN ∈ L2(0, L;Hk+ 1

2 (∂S)) ∩ Hk(0, L;H
1
2 (∂S))

{− 1
h2 divh(D2W̃ (∇huh)∇hϕ) = g in Ω,

D2W̃ (∇huh)[∇hϕ]ν
∣∣∣
(0,L)×∂S

= gN on ∂Ω,
(A.13)

then ∥∥∥∥
(

∇ 1
h

εh(ϕ),∇2
hϕ

)∥∥∥∥
Hk(Ω)

≤ C

(
h2‖g‖L2(Ω) +

∥∥∥∥
1
h

gN

∥∥∥∥
L2(0,L;Hk+1

2 (∂S))∩Hk(0,L;H
1
2 (∂S))

+
∥∥∥∥

1
h

εh(ϕ)
∥∥∥∥

H0,k+1(Ω)

+ R

∣∣∣∣
1
h

∫

Ω

ϕ · x⊥dx

∣∣∣∣
)

. (A.14)

Proof. See [1, Theorem 3.5]. �

In order to bound differences between the approximation ũh and the analytic solution uh we consider
the following weak form of the linearized system (A.7)–(A.10):

− (∂tw, ∂tϕ
)
L2(QT )

+
1
h2

(
D2W̃ (∇huh)∇hw,∇hϕ

)
L2(QT )

=
(
f1,∇hϕ

)
L2(QT )

+
(
f2, ϕ

)
L2(QT )

+ 〈w1, ϕ|t=0〉X′
h,Xh

+
1
h2

(tr∂Ω(aN ), tr∂Ω(ϕ))L2(0,T ;L2(∂Ω))

w is L-periodic in x1 direction

w|t=0 = w0 (A.15)

for all ϕ ∈ C1([0, T ];H1
per,(0)(Ω;R3)) with ϕ|t=T = 0. Here we denote QT := Ω × (0, T ) and

Xh := H1
per,(0)(Ω;R3) := H1

per(Ω;R3) ∩
{

u ∈ L1(Ω;R3) :
∫

Ω

u(x)dx = 0
}

equipped with the h-dependent norm

‖u‖Xh
:= ‖∇hu‖L2

h(Ω).

Lemma A.4. Assume that uh satisfies (A.11) with R ∈ (0, R0] and h ∈ (0, 1]. Let R0 be sufficiently small
and w ∈ C0([0, T ];Xh) ∩ C1([0, T ];L2(Ω;R3)) be a solution of (A.15) for f1 ∈ L1(0, T ;L2(Ω,R3×3)),
f2 ∈ L1(0, T ;L2(Ω;R3)), aN ∈ L1(0, T ;H1(Ω;R3)) w0 ∈ L2(Ω;R3) and w1 ∈ X ′

h. Then there are C0,
C > 0 independent of w and T such that∥∥∥∥

(
w,

1
h

εh(u)
)∥∥∥∥

C0([0,T ];L2)

≤ C0e
CRT

(
‖f1‖L1(0,T ;(L2

h)′) + ‖f2‖L1(0,T ;L2) + ‖w0‖L2(Ω) + ‖w1‖X′
h

+
1
h2

‖aN‖L1(0,T ;H1) + (1 + T )
∥∥∥∥

1
h

∫

Ω

u · x⊥dx

∥∥∥∥
C0([0,T ])

)
, (A.16)
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where u(t) :=
t∫
0

w(τ)dτ and (L2
h)′ is an abbreviation for (L2

h(Ω;R3×3))′.

Proof. Let 0 ≤ T ′ ≤ T and define ũT ′(t) = −
T ′∫
t

w(τ)dτ . We use, after smooth approximation, ϕ =

ũT ′χ[0,T ′]. Then it follows

1
2
‖w(T ′)‖2

L2 +
1

2h2

(
D2W̃ (∇huh|t=0)∇hũT ′(0),∇hũT ′(0)

)
L2(Ω)

= − 1
2h2

(
∂tD

2W̃ (∇huh)∇hũT ′ ,∇hũT ′
)

L2(QT ′ )
− (f1,∇hũT ′)L2(QT ′ ) − (f2, ũT ′)L2(QT ′ )

+ 〈w1, ũT ′(0)〉X′
h,Xh

− 1
h2

(aN , tr∂Ω(ũT ′))L2(0,T ′;L2(∂Ω)) +
1
2
‖w(0)‖2

L2 .

Using
1

2h2

(
D2W̃ (∇huh|t=0)∇hũT ′(0),∇hũT ′(0)

)
L2(Ω)

≥ c0

2

∥∥∥∥
1
h

εh(ũT ′(0))
∥∥∥∥

2

L2(Ω)

− CR

∣∣∣∣
1
h

∫

Ω

ũT ′(0) · x⊥dx

∣∣∣∣
2

it follows with ũT ′(0) = −u(T ′)

‖w(T ′)‖2
L2 +

∥∥∥∥
1
h

εh(u(T ′))
∥∥∥∥

2

L2

≤ CR

T ′∫

0

∥∥∥∥
1
h

εh(ũT ′)
∥∥∥∥

2

L2

+
∣∣∣∣
1
h

∫

Ω

ũT ′ · x⊥dx

∣∣∣∣
2

dt

+ C
(
‖f1‖L1(0,T ;(L2

h)′) + ‖f2‖L1(0,T ;L2) + ‖w1‖X′
h

+
1
h2

‖aN‖L1(0,T ;H1)

)
‖∇hũT ′‖C0([0,T ];L2

h)

+ C‖w0‖2
L2 + CR

∣∣∣∣
1
h

∫

Ω

ũT ′(0) · x⊥dx

∣∣∣∣
2

where we used Lemma A.2 and Korn’s inequality, as well as the subsequent inequalities

|〈w1, ũT ′(0)〉X′
h,Xh

| ≤ ‖w1‖X′
h
‖ũT ′(0)‖Xh

≤ ‖w1‖X′
h
‖∇hũT ′‖C0([0,T ′];L2

h)

|(f1,∇hũT ′)QT ′ | ≤
T ′∫

0

‖f1(t)‖(L2
h)′‖∇hũT ′‖L2dt ≤ ‖f1(t)‖L1(0,T ;(L2

h)′)‖∇hũT ′‖C0([0,T ′];L2
h).

Now we can use ũT ′(0) = −u(T ′) and ũT ′(t) = −u(T ′) + u(t) to deduce

∣∣∣∣
T ′∫

0

∥∥∥∥
1
h

εh(ũT ′(t))
∥∥∥∥

2

L2

dt

∣∣∣∣ ≤
∥∥∥∥

1
h

εh(u)
∥∥∥∥

2

L2(QT )

+ T ′
∥∥∥∥

1
h

εh(u(T ′))
∥∥∥∥

2

L2(Ω)

,

‖∇hũT ′‖C0([0,T ′];L2
h(Ω)) ≤ C

∥∥∥∥
1
h

εh(u)
∥∥∥∥

C0([0,T ′];L2(Ω))

+ C

∥∥∥∥
1
h

∫

Ω

u · x⊥dx

∥∥∥∥
C0([0,T ′])

,

∣∣∣∣
T ′∫

0

∫

Ω

ũT ′ · x⊥dxdt

∣∣∣∣ ≤ T ′
∣∣∣∣
∫

Ω

u(T ′) · x⊥dx

∣∣∣∣+ T ′
∥∥∥∥
∫

Ω

u · x⊥dx

∥∥∥∥
C0([0,T ′])

.

Using the later inequalities and applying the supremum over T ′ ∈ [0, T̄ ] such that RT̄ ≤ κ, κ ∈ (0, 1], it
follows



ZAMP Convergence of thin vibrating rods Page 27 of 28   166 

‖w‖2
C0([0,T̄ ],L2) +

∥∥∥∥
1
h

εh(u)
∥∥∥∥

2

C0([0,T̄ ];L2)

≤ CR

∥∥∥∥
1
h

εh(u)
∥∥∥∥

2

L2(QT̄ )

+ Cκ

∥∥∥∥
1
h

εh(u)
∥∥∥∥

2

C0([0,T̄ ];L2)

+ C
(
‖f1‖L1(0,T ;(L2

h)′) + ‖f2‖L1(0,T ;L2) + ‖w1‖X′
h

+ ‖w1‖X′
h

+
1
h2

‖aN‖L1(0,T ;H1)

)

×
(∥∥∥∥

1
h

εh(u)
∥∥∥∥

C0([0,T ′];L2)

+ C

∥∥∥∥
1
h

∫

Ω

u · x⊥dx

∥∥∥∥
C0([0,T ′])

)

+ C‖w0‖2
L2 + CR(1 + T̄ )

∥∥∥∥
1
h

∫

Ω

u · x⊥dx

∥∥∥∥
2

C0([0,T̄ ])

Hence, with Young’s inequality and κ, thus T̄ , small enough, we can conclude with an absorption argument
that

‖w‖2
C0([0,T̄ ],L2) +

∥∥∥∥
1
h

εh(u)
∥∥∥∥

2

C0([0,T̄ ];L2)

≤ CR

∥∥∥∥
1
h

εh(u)
∥∥∥∥

2

L2(QT̄ )

+ C0

(
‖f1‖2

L1(0,T ;(L2
h)′)

+ ‖f2‖2
L1(0,T ;L2) + ‖w1‖2

X′
h

+
1
h4

‖aN‖2
L1(0,T ;H1) + (1 + T )

∥∥∥∥
1
h

∫

Ω

u · x⊥dx

∥∥∥∥
2

C0([0,T ])

)
.

Applying now the Lemma of Gronwall, we obtain (A.16) for all 0 < T < ∞ such that RT ≤ κ holds.
For an arbitrary 0 < T < ∞, we choose 0 = T0 < T1 < · · · < TN−1 < TN = T such that 1

2κ ≤
R(Tj+1 − Tj) ≤ κ for j = 0, . . . N − 1. Then we use ϕ = ũTj+1χ[Tj ,Tj+1] and obtain via analogous
arguments as above, because of R(Tj+1 − Tj) ≤ κ,

∥∥∥∥
(

w,
1
h

εh(u)
)∥∥∥∥

C0([Tj ,Tj+1];L2)

≤ C0e
CR(Tj+1−Tj)

(∥∥∥∥
(

w(Tj),
1
h

εh(u(Tj))
)∥∥∥∥

L2

+ ‖f1‖L1(0,T ;(L2
h)′) + ‖f2‖L1(0,T ;L2) + ‖w1‖X′

h

+
1
h

‖aN‖L1(0,T ;H1) + (1 + T )
∥∥∥∥

1
h

∫

Ω

u · x⊥dx

∥∥∥∥
C0([0,T ])

)
.

Hence, an iterative application leads to∥∥∥∥
(

w,
1
h

εh(u)
)∥∥∥∥

C0([0,T ];L2)

≤ (C0)NeCRT

(
‖f1‖L1(0,T ;X′

h) + ‖f2‖L1(0,T ;L2) + ‖w0‖L2(Ω)

+ ‖w1‖X′
h

+
1
h

‖aN‖L1(0,T ;H1) + (1 + T )
∥∥∥∥

1
h

∫

Ω

u · x⊥dx

∥∥∥∥
C0([0,T ])

)
.

Finally, due to 1
2κ ≤ R(Tj+1 − Tj), we obtain N ≤ 2κ−1RT and thus

(C0)N = exp(N ln C0) ≤ exp(2κ−1RT ln C0) ≤ exp(C ′
0RT ).

Hence, (A.16) holds for some C0, C > 0 independent of R ∈ (0, R0], h ∈ (0, 1] and 0 < T < ∞. �
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