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Convergence of thin vibrating rods to a linear beam equation
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Abstract. We show that solutions for a specifically scaled nonlinear wave equation of nonlinear elasticity converge to solutions
of a linear Euler—Bernoulli beam system. We construct an approximation of the solution, using a suitable asymptotic
expansion ansatz based upon solutions to the one-dimensional beam equation. Following this, we derive the existence
of appropriately scaled initial data and can bound the difference between the analytical solution and the approximating
sequence.
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1. Introduction

The relation between solutions of the equations of nonlinear elasticity and solutions for lower-dimensional
models is of great interest since the lower-dimensional models are often easier to analyze and to use for
numerical simulations. A general introduction to this topic can be found in [5] or for continuum mechanics
see [9]. In dependence of the size of the deformation and the applied forces, different lower-dimensional
models can occur. Therefore, a rigorous derivation of the lower-dimensional models is of great interest. In
the case of the time-independent case, there are many results, cf. e.g., Friesecke et al. [7,8] for the case
of plates and Mora and Miiller [11,12] in the case of rods and Scardia [14,15] for curved rods. But there
are only few results in the time-independent case so far.

In this contribution we investigate the relation between solutions of an appropriately scaled wave
equation of nonlinear elasticity and solutions of a linear Euler-Bernoulli beam system. More precisely,
let Q:=[0,L] x S be the reference configuration of a three-dimensional rod, where L > 0 and S C R? is
the cross section. Then we consider the following nonlinear system

1 .. ~ .
8fuh — ﬁ leh (DW(thh)) = h2fh in © x [O,T)7 (11)
DW (Vun)v|o,1)xas = 0, (1.2)
uy, is L-periodic w.r.t. a1, (1.3)
(un, Opun)i=0 = (Uo,hs U1,h), (1.4)

where T > 0 and W is some elastic energy density chosen later. Existence of strong solutions for large
times of this system was shown in [1]. More details on how to justify the scaling can be found there as
well. The limit system as h — 0 is given by

v + L0 i v=g in[0,L] x[0,00) (1.5)
0I5 1
v is L-periodic inx; (1.6)
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(v, 04v)|t=0 = (Do, ¥1) (1.7)

where 09,01 and I, I3 are appropriately chosen initial values and weights, respectively. It is the goal of
this manuscript to prove convergence of the solutions of the system (1.1)—(1.4) to solutions of the limit
system (1.5)—(1.7) with appropriate convergence rates for well-prepared initial data, cf. Theorem 3.3
below.

In an energetic setting the relations between higher-dimensional models and lower-dimensional ones,
using the notion of I'-convergence a fundamental contribution was given in [7]. There the classical geo-
metric rigidity is proven. Using this result it was possible to prove a lot of convergence results in different
geometrical situations and scaling regimes in the static setting, see, for instance, [8,11,12]. In the dynam-
ical case for plates, a convergence result can be found in [3] and in [6] in the case of viscoelasticity. The
large times existence and a first-order asymptotic for plates were shown in [2].

In the following we want to explain the main novelties and difficulties of this contribution. In a first step
we construct an approximation using the solution of the lower-dimensional system. This approximation is
constructed such that it solves the linearization around zero of the nonlinear, three-dimensional equation
up to an error of order h3. This is done explicitly by determining suitable prefactor functions as solutions
of systems on S. Thereafter, the main difficulty of this work is to establish existence of suitable initial
data in order to ensure large times existence for the solution of the nonlinear problem. This is done in
Sect. 3.2. Here we use the nonlinear equations for the initial data from the compatibility conditions.
These are solved via a fixed point argument on precisely chosen function spaces. Finally, in Sect. 3.3 the
convergence properties are proven. For this we use a general result for solutions of the linearized equation.
Moreover, we have to carefully treat the rotational parts of the initial data, as the spaces for the fixed
point argument do not cover them. For this we use a decomposition and the fact that the elastic energy
density is chosen as W (F) = dist(Id + F; SO(3)).

The results are part of the second author’s PhD thesis [4].

2. Preliminaries and auxiliary results
2.1. Notation

We use standard notation; in particular N and Ny := N U {0} denote the natural numbers without and
with zero, respectively. Moreover, the norm on R and absolute value in R™, R™*" is denoted by |[.| for all
n € N. For p, k € N, we denote the classical Lebesgue and Sobolev spaces for some bounded, open set
M C R™, by LP(M), WF(M) and H*(M) := W§(M). A subscript (0) on a function space will always
indicate that elements have zero mean value, e.g., for g € H, (10)(M ) we have

/g(w)dx =0. (2.1)

M

The cross section of the rod is always denoted by S C R? and is assumed to be a smooth and bounded
domain. Furthermore, let ), := (0,L) x hS C R? for h € (0,1] and L > 0 and for convenience we write
Q := Q. We assume that S satisfies

/xga?gdx' =0 and (2.2)
S

/$2d$/ = /argdx' =0, (2.3)

S S
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where 2/ := (z2,73) C R2 This is no loss of generality, as it can always be achieved via a translation
and rotation. The scaling shell is such that we can assume |S| = 1. Furthermore, we denote with V), the
scaled gradient defined as

1 1

Oy, —

h™ " h

The respective gradient in only 2’ := (z9, 23) direction is denoted by
T

Vo = (00, Ony) -

The standard notation H*(Q2) and H*(Q; X) is used for L2-Sobolev spaces of order k € N with values in
R and some space X, respectively.

The space of all n-linear mappings G: V" — R for a vector space V is denoted, throughout the
paper by £L"(V), n € N. We deploy the standard identification of £}(R"*") = (R"*")" with R"*" i.e.,
G € LY(R™*") is identified with A € R™*™ such that

GX)=A:X forall X eR™"

where A: X =37 j—1 @ijT;; is the usual inner product on R™ ", Analogously, for G € L2(R"*") we use
the identification with G': R"*" — R"*" defined by

GX:Y =G(X,Y) forall X,Y eR™" (2.4)

We introduce a scaled inner product on R™*"

T
Vi, = (3361, 313) and  ep(u) = sym(Vyu).

A:p B:=-—symA:symB + skew A : skew B

h2
for all A, B € R™*"™ and h > 0 and the corresponding norm is denoted by |A|; := VA :, A. With this
we can define for W € L4(R™*") the induced scaled norm by

(W = sup [W(A1,...,Aq)]
‘Ajlhgl’j:{lv"')d}
Using |A]p, > |A|; = |A] for all A € R™*" it follows |[W|, < |[W|y =: |[W] for all W € L4R"*") and
0 < h < 1. The scaled LP-spaces are defined as follows

B =

W e 0. caggesny = Wz ) = / W (2) [ da

if p € [1,00), where U C R? is measurable. Thus IWllzewica@nxnyy < [WllLe:ca@nxnyy- The scaled
norm for f € LP(U,R™"*") is defined in the same way

P

£ egiozeen = Ifllgen = | [ 1#@)5de
U

Then

Hf”LfL(U;R"X") > Hf||LP(U;R"X")~

As we will work with periodic boundary condition in x1-direction, we introduce for m € N

H™ (Q) = {f € H™(Q) : 0% Floy—o = 0% flu,—r, for all |a] < m — 1}.

per

This space can equivalently defined in the following way, which is in some situations more convenient

H? (Q) := {f € HL.(R x S): f(z1,2") = f(x1 + L,2") almost everywhere}

per
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We equipped H™ (Q) with the standard H™(Q)-norm. As the maps f — flo: H™.(Q) — H™ ()

per ~ N per per
and f — fper: Hpe (Q) — Hpe () are isomorphisms, we identify Hpe (€2) with HJ¢ (€2). This leads
immediately to the density of smooth functions in Hg’ér(Q), because, as S is smooth, there exists an

appropriate extension operator and thus we can use a convolution argument.
In various estimates we will use an anisotropic variant of H*(2), as we will have more regularity in
lateral direction. Therefore, we define

H™m2(Q) = {ueL2(Q) L 0L VEue LX(Q), for k=0,...,m1,0=0,...,my

q (63
ol 07u

0% Oyu

xr1 T

, for g =0,...,my,|a| < mg andq+|a|§m1+m2—1}

x1=0 x1=L

where my, ms € Ny, the inner product is given by

(Fgmmma@y = > (05, VEL8,Vhg)

k=0,...,m1;l=0,...m2 L2
Furthermore, we will use the scaled norms
1
2
”AHH,’[‘(Q) = Z ||8§A||ig(fz)
|la]<m
3
I vk
||BHH:L"1‘7”2(Q) = Z ||8zlva||ig(Q)

k=0,...,m1;l=0,...,mq

for A € H™(Q;R™ ™) and B € H™™2(Q; R"*™) and n € N. As an abbreviation we denote for u €
H%(Q;R?) the symmetric scaled gradient by e, (u) := sym(V,u) and e(u) = 1 (u) = sym(Vu).
The following lemma provides the possibility to take traces for u € H%():

Lemma 2.1. The operator tr,: H*'(Q) — L2(S), u + |y, —q is well defined and bounded.

Proof. This is an immediate consequence of the embedding
H*'(Q) = H'(0, L; L*(S)) — BUC([0, L]; L*(S))

where BUC([0, L]; X) is the space of all uniformly continuous functions f: [0, L] — X for some Banach
space X. O

2.2. The strain energy density W and Korn’s inequality

We investigate the mathematical assumptions and resulting properties of the strain-energy density W we
use in this contribution. We assume to have W: R3*3 — [0, 00) defined by

W(F) = %dist(F, SO(3))

where SO(3) denotes the group of special orthogonal matrices. This energy density clearly satisfies the
following general assumptions

(i) W € C>=(Bs(1d);[0,00)) for some ¢ > 0;
(ii) W is frame-invariant, i.e., W(RF) = W(F) for all F € R**3 and R € SO(3);
(iii) there exists co > 0 such that W (F) > co dist(F, SO(3))? for all F € R3**3 and W(R) = 0 for every
R € 50(3).
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Remark 2.2. We note that W has a minimum point at the identity, as W (/d) = 0 and W (F) > 0 for all
F € R¥3. Hence, we have for W(F) := W(Id + F) for all F' € R**3, DW(0)[G] = 0 for all G € R**?.
Moreover, it holds D?*W (0)F = sym F and for P € R**? = A B € R?*3 we obtain

skew?

D3W (0)[A, B, P] = ((AT — AT sym(B) + (BT — B)T sym(A)) . P. (2.5)

The following lemma provides an essential decomposition of D3W in the general form.

Lemma 2.3. There is some constant C > 0, ¢ > 0 and A € C*(B:(0); L3(R™*™)) such that for all
G € R™™ with |G| < € we have

D3W(G) = D3W(0) + A(G)

where
|D*W(0)|, < Ch forall 0<h<1, (2.6)
|A(G)] < C|G| forall |G| <e.

Proof. For the proof we refer to [2, Lemma 2.6]. O

With this we can prove the following bound for D3W .
Corollary 2.4. There exist C, € > 0 such that

ID*W(Z) (Y1, Yo, Ya)llpr ) < ChlYallazolYallzz @) 1V3 ] 22 (o) (2.8)
for all Yy € H?(Q,R"*"), Y, Y3 € L*(Q;R™*"), 0 < h < 1 and || Z| g~ < min{e, h} and
ID*W(Z)(Y1, Ya, Ya) |l L) < CRIYA |l iy oy Y2l o 113122 0 (2.9)

for allYy, Yy € HY(Q,R™™), Y3 € L*(Q;R™*"), 0 < h < 1 and || Z| g~ < min{e, h} and
1
‘(Yl, hsym(Yl))

for allYy € L (Q,R™ ™), Y,, Y3 € L2(R™™), 0 < h < 1 and || Z|| (o < min{e, h}.

ID*W(2)(V1,Ya, Y3) |11 () < Ch 1Yzl o) 1Y3l 22 () (2.10)

Le>=(Q)

Proof. The inequalities follow directly from Lemma 2.3 and Holder’s inequality. 0

In order to bound the full scaled gradient Vg of some function g € H;er(Q) by the symmetric one,
we need a sharp Korn’s inequality for thin rods. As rigid motions x +— ax for a € R arbitrary are
admissible functions in H. (), we cannot expect that the full scaled gradient is bounded by ep(g).

Precisely, we obtain the following results.

Lemma 2.5. There exists a constant C' = C(Q) > 0 such that for all 0 < h <1 and u € H}. (;R?) we

have
1 1
thu — —B(u) < C’Heh(u) , (2.11)
h 12(@) h L2(9)
where
0 0
Bu)=10 0 a(u) (2.12)
0 —a(u) 0

with a(u) = & [ Opyua(w) — Opyus(z)d.
)

Proof. The proof is similar to [2, Lemma 2.1] and is done in [4, Lemma 2.4.4] O
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Lemma 2.6. (Korn inequality in integral form) For all 0 < h < 1 and u € ngr(Q;R?’), there exists a
constant Cx = Ck (), such that

C
Vhul|L20) < ;(|Eh(“)||L2(Q) + ‘ /u'xldx
)

) (2.13)

where z+ = (0, —x3,22)T.

Proof. A proof can be found in [1]. O

3. First-order expansion in a Linearized regime

We construct an approximation to the unique solution of the nonlinear system

1 . ~ .
afuh ~ 72 divy, (DW(VhU,h)) = hth in © x [O,T)7

(
DW (Vun)v|(0,)x0s =0, (
up, is L-periodic w.r.t. z1, (

(

(un, Opun)lt=0 = (uo,n, u1,1),

where W (F) = W(Id+ F) for all F € R¥*3, T > 0. We assume that

. 0
,t) =
for some ¢ € ﬂzzo Wk, T; H9-2%(0, L; R?)), which implies

per
/fh(a:,t)xkdac’ =0
s

for k = 2, 3. Moreover, we assume that

Jmax, 107 gli=oll 220 0,) < M, (3.5)

L

where M > 0 is chosen later. Without loss of generality we can assume [ gdz; = 0. Otherwise, we
0

subtract

t

alt) = ﬁ Q/uoﬁdx—t/ul,hdx—/(t—s)Q/fh(s)dxds

Q 0
from wuy, analogously as in the proof of [1, Theorem 3.1].
3.1. Construction of the ansatz function
For the ansatz function we consider the following system of one-dimensional beam equations
1 0
2 2 4
Btv—i—(O Ig) 0., v =y,
vis L-periodic inxq,

(v, 0pv)|1=0 = (o, V1),
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where 99 € H}2.(0,L;R?), 6, € H).(0, L; R?) such that
||1~)0||H8(0,L) S M and H61||H5(O,L) S M (36)
and
Iy, = /xidx’ for k=2,3.
S
Then we obtain with standard methods, as, e.g., in [13, Theorem 11.8], the existence of a unique solution

4
ve () €0, T); Hi27% (0, Ly R?)).

Jj=0

Moreover, due to the assumptions for g and the periodicity of v it follows
L
0?2 / vdry = 0.
0

Now we define

0 —290y, Vg — X30,, U3 az(2")02 va + as(2')d2 vs
p(x,t) = h* | vy | +h* 0 + h® 0
VU3 0 0
0
+ hO | ba(2")02 vg + c3(2)02 vs |, (3.7)

bs ()03, vs + ca(a)0y, va

where a, b, ¢: S — R? are chosen later. Then

0 *6111)2 *611’03 71’2331112 — 1’3331113 0 0
Vian(z,t) = h% [ 0p,v2 0 0 + h3 0 0 0
83011)3 0 0 0 0 O
0 83;2 agﬁﬁlvg + (9352@38211}3 8353 agﬁglvg + aacBagagl’Ug
+hr' |0 0 0
0 0 0
028;11112 + agé’;*l U3 0 0
+h° 0 Oz, bga;lll)z + O,y 038;11 U3 813 bga;ll v + 8m3 Cg@ilvg
0 8x2b38§1’03 + 812628;1102 amgb‘gail’l}g + 8x3628§1’02
0 0 0
+ Lo bg@ilvg + 63(921’03 0 0

b33 vz + 202 v2 0 0

Thus, with D?W (Id)F = sym F we can derive

1 (%Aaf (z2,23)T) - 03 v
7 divy,(D*W (Id)V yiiy) = h 8

0

+ h? NT A4 92,02 07,c3\ o4
Vara(z')" 0y, v+ (95262 8%263 0y, v
0
89638@62 + 8531)2 8m28m3b3 + 85303 o + ’/‘h(l‘, t)
85262 + 8952 8$3 by 852 bs + 8952 813 C3 z1

h2
Ty
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for
ru(z,t) = O(h?).

Moreover, for the boundary condition it holds
3(Vaoavgs) - 03 v

D*W (I1d)[V pin]v = b o
0

0
+ 12 | (Obova + (a2 + Duyb2)vs) 0z, v + (Duy v + 5 (O0yb3 + DayCs)V5) 0, v3)
(5(Oay2 + Oy b2)va + Opyc2v3) O, v2 + (%(&;ng + Oy ) + 87;31)31/3)3;11@3
bs ¢
T 2 €2 5
. h76 v (b3 03) 0, v
2 0
0
0
T b : T T+ b
(Varavgs) - 82 v iy Dzyb2 5(0z,¢0 4 0,b2) o v
=ht 0 +h° OunCs 2(D0ybs + Dpyez) )
0 T <§(8IQCQ + Oy, b2) am302> N

3(02yb3 + Ouy) Duybs)
by ¢
T 2 €2 5
h8 v (bg Cg) azlv
+ P

2 0
0

v

We choose now a: S — R? as the solution of the following system

—Aa = -2 <m2> in S
T3

Vgeav =0 on OS
with
/a(x’)dx' =0.
S

Such a solution exists, because we can apply the Lax-Milgram Lemma for the weak Laplacian on
H (10) (S;R?). Thereby, the coercivity follows from Poincaré’s inequality. With well-known regularity result,

e.g., Theorem 4.18 in [10], we obtain a € C°°(S,[R?). The systems for b and ¢ decouple to

3%2192 + 152 by + %81-381-282 =1 — 812a2 in S

273
(3.8)
%8%202 + 8%302 + %8I28$3b2 = —6303&2 in S
and
3%203 + %8%203 + %812813193 = —6120,3 in S
(3.9)

%8%21)3 + 8531)3 + %612835303 =1y — 8$3a3 in S
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Defining the matrix of coefficients (pfj’g )ff;ﬁf in the following way
. 1 . 1 . 1
pii =1 Pi"fzi P%:Z P%gzz
1 1 1
=1 wi=1 =l ot

pfjg =0 otherwise.
With w = (b, c2)T and f = (=11 — Op,a0, —0y,a2)T, (3.8) is equivalent to

3 2

> —05(p3 awy) = fi

a,f=2 j=1

for i =1, 2. Let now

12 €13 2x2
= c R“"~°.
¢ (522 §23
be arbitrary. Then it holds
3 2
aB 3 2 2 1 2 1 2 2 1 2
Z Z pi; &iajp = 1 (512 "‘523) =+ 1(512 +&23)" + 1 (513 + 522) + 1(513 + &22)
a,B=21i,j=1

1 1
> 1 (552 + &35 + &3 "‘553) = Z|€|2

and thus pfjﬂ satisfies the Legendre condition for A = 1. Thus, we can solve (3.8) and (3.9) with homo-
geneous Dirichlet boundary condition

(bz)O and <b3>0 on OS
C2 C3

as the system (3.9) can be treated in the same manner. The regularity of a implies now that b = (b2, b3)
and ¢ = (cg, c3) are C(S;R?).
The approximating solution u;, solves then the following system

- 1. = - .
fwfﬁymh@ﬁwmmwgzﬁhfmlm Q% (0,7),
D2W(0)[Vhﬂh]u‘ =trgo(ryn)y on 00 x (0,7),

(0,L)x8S
up is L-periodic  in  xp-direction,
(@n, Otin)|t=0 = (to,n, U1,n),
where 7, is chosen as above,
0
T 89c2b2 %(895202 + 8x3b2)
v
TN,h = h® amQCB %(81?2173 + 896363)
1
VT i(a:rQCQ + (%33 bg) 313 C2 8;11
§(a$2b3 + 8:1:303> 8I3b3

4

wlv

and the initial data is given by
0 — 290y, VY — 230, V) as(a")92 v} + az(2")03 v}
jn(x,t) =h* vy | +1° 0 + R 0
v 0 0
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0
418 | b2(2")03,v3 + e3(2')0;, v (3.10)
bs ()0, v} + ca (20, v}
with v/ = 8gv|t:0 and j =0,...,4. For the remainder it holds

||Th||CU([O,T];L2) < Ch® and ||TN,h||CZ([0,T];H1) < Ch.

3.2. Existence of and bounds on initial values

Define now

per

B:=H). (RN {u € L*(;R?) /udm = /uwldx = 0}
Q Q
equipped with the norm
1

Eah(u)

lulls, = H .
L2(Q)

Lemma 3.1. There exist constants Cy > 0 and My € (0,1] such that for 0 < h <1 and f € HLL(Q;R3)

per

with || f|l g1 @) < Moh and [ fdx = 0 there exists a unique solution w € H3. (Q;R*) N B with 0w €
Q
3 (). R3
I{pcr(S),]R ) Of
1

— (DW(Vhw), thp>

2 =(f,¢)r2) foral ¢e€B. (3.11)

L2(Q)
Moreover

1 1
H(h%(w)yvhhﬁ(w)avﬁl‘)) H < Collfllr1 (o) (3.12)
HL1(Q)

holds. If w' € H3. (R?) N B with 0p,w € Hj (R?) is the solution to f' € HL(Q;R3) with

per per

I f | < Moh and [ f'dx =0, then it holds
O

1 1
H(sh(w—w’),vh6(w—w’),V,2L(w—w’)>H < Collf = f'llara(o)- (3.13)
h h o)

Proof. Using a Taylor series expansion for DW(Vhw), we obtain
1

DW (V,w) = DW(0) + D*W(0)[V,w] + /(1 — 1)D*W (7V,w)[Vyw, Vyw]dr
0
=: D2W(0)Vyw + G(Vyw). (3.14)

Thus, (3.11) is equivalent to

1 ~
(Lhw, <p>5/75 = ﬁ (DQW(O)V}LU), VM&)

The idea is now to use the contraction mapping principle in order to prove the existence of a solution for
(3.11), i.e., with the later equivalence

w=Gus(w) =L (£, Gi(w))
holds with Gy, (w) := #G(Vhw). Consequently, we investigate the mapping properties of Lj, and Gy,.

1
ey — D P@ ~ 35 (GVaw), Vag) o).
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For f € L?(Q;R?) and F € L?*(Q; R3*3), we obtain with the Lemma of Lax—Milgram the existence of
a unique solution w € B for

(Lpw, )8 = (f,0)r2) — (F, Vie)r2(a) (3.15)
for all ¢ € B. The solution satisfies
1
ol = [3en(@)]| < OO + WPy
h L2(9)

If now f € HY*(Q;R?) and F € HO*(Q;R3*3) for k = 1,2, it follows by a different quotient argument
that w € H%*(Q;R?) holds and

1
Hhsh H <c(||f|\HM o)+ max |22, F||(Li)/). (3.16)
HOk(Q) =0,...,

Using the decomposition B @ span{z + z+} = H(lo) per (2 R3), it follows that for

o= (F,Vpa )2 — (f,25) 120

we have

1 -
ﬁ(D2W(O)Vhw>vh90) L2(@) =(f+ Oéxl,SO)B(Q) — (F,Vie)r2 ()
for all p € H, . (4 R?). Hence, if f € Hp, (Q;R?) and F € HJ,(Q;R**?), then w solves the system
- divy, (D*W(0)Vyw) = f + azt —div, F in Q
D2V~V(O)[Vhw]u‘8s = h? trag(F)V‘as in 00

in a weak sense. Thus, with elliptic regularity theory it follows w € per(Q R3) N B. By Theorem A.3 in
the appendix, we obtain

1 1 .
H <h€h(w)’ Vo en(w), V%“’) H < C<h2||(f, divi, F)| m10) + 1 fll o1 (0
HY(@)

+ max [0z, Fll g

—l—HhtI‘aQ(F)‘ 3 1 ),
L2(0,L;H 3 (9S))NH'(0,L;H? (9S))

where we have exploited
h?lal < CR2(|fllL2 (o) + CRIF |12y
Using that trgg: H2(S) — H?2(d5S) is a bounded operator, we obtain
| tron(P)| < C(|IF sy + max V5P| 2o

L2(0,L:H 3 (8S))NH(0,L;H? (8S))
< 0 max (122 F||<Lg>/+h2||th||H1(g>)
because of
1Fllr ) < I1Fllos o) + [V Fllzaoy and [Pl < 71l

Thus, we deduce for some C7, > 0
1
’(hEh( ),V Eh( ), Vhw) H

< (W I(F.VaF) moqey + 7o + movs 109, Flluz ). (317)

HY(Q)
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We define &), := H3

per

(R*)N B and V), := H (Q;R?) x H2, (€ R**3) normed via

per

1 1
o, = (Fe0) T ente). 30|
(@)
IG5 Pl = A2 T sy + sy + v, 10, Pl

This L;lz Vr — X is a bilinear, bijective and bounded operator, mapping a tuple (f, F') € Y}, to the
corresponding solution w € X of (3.15). In order to close the proof, we have to show that G}, is a
contraction with respect to the relevant norms.

In a first step we assume that w; € &}, with

lwillx, < CoMih
for i = 1,2 and M; > 0 to be chosen later. Then

1

1 .

= /(1 —7) (D3W(thw1)[vhw1 — Vpws, Vawi]
0

+ D*W (rVwo)[Viw — Vaws, Viws]

1Ga(uwn) — G (w2)ll 2y = \

+ (D3W(7'Vhw1) — DSVNV(TV;ng))[V;Lwl, Vhwg})dr

(L)
< M|V (w1 — w2y (e

1

*Hm

1 1
/(1 — 7') / Q(T,t,wl,wg)dt[T(Vhwl — Vhwg), Vhwl, Vhwg]d’r
(L3
0 0

< CM;

?

X

1
Eeh(wl - w2)

where we used Corollary 2.4, [Viw;| g1 (o) < Cllwj|x, and the boundedness of
Q(7,t, w1, wo) := D*W (trVpwy + (1 — )7V ws).
The definition of G implies that for £k = 1,2, 3 it holds
02, G(Vw) = D*W (V,w)[V1,0p,w] — D*W(0)[V 1,0y, 0]
1
= / D3W (1Vw) [V pw, V1, 0y, w]dr. (3.18)
0

Hence, analogously as above
1

1 .
102, (Gr(w1) — G(w2)ll(rz) < th /DSW(TVhwl)[Vh(wl — w3), V3,0, widr
L3y
0

1

+ H /D3W(7Vhw2)[vhw2,vh6xk (w1 — wa)]dr
(L)
0

1 ~ -
+ H / (D*W (rVhwi) — D*W (1Vhws)) [V ws, Vi,0p,wi|dT

2
g 0 (L)
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C C
< 2 IVa(wr = w2)llz ) IViOs,willz @) + T IVaw2ll a2 (@) IVa0a, (w1 — w2)ll 13y

+CM,;

EEh(’UJl — U.)Q)
Hi(Q)

< OM;||wy — wellx,

as

< [lellx,

1
19020 ¢l13101 < I930msplzzn + | 30(0rus)
L2(Q)

1
< H <Vh5h(90)a V%w)
L2(Q)

for ¢ = wy and ¢ = w1 — we. With the aid of (3.18) it follows for j,k =1,2,3
O, 02, G(Vw) = D*W (V1,up) [V 10y, Oz w] — D*W (0)[V 40y, Oy ]
+ D*W (V4w) [V s, w, VO, w)]
1
_ / DPW (rVyw0) [V hw, Vs, Oy wldr + DPW (V) [V, w, Vs, 10].
0
Thus, we obtain in the same manner as above

02,02, (Gr(w1) — Gr(w2))l|(£2)y < CMi|lwr — wallx,.

The fact that h? ||V, F|| g1 o) < h|[VF || g1 and | F||r20) < %HFH(L@/ implies with the later estimates
that for M; € (0,1] small enough

Gh,f: Boan(0) C & — &
is a %—contraction. The self-mapping property of G ¢ follows because of
1Gh, 5 0) 2, = IL7H(f,0) [l < CLlI(f,0)lly, < CLlflla1a(0) < CrMoh.

Thus, we can choose My > 0 so small that CrMyh < Cg/h. Then we obtain with the %—contraction

property of G ¢ for w € Bea,n(0)
1
1Gn, £ (W)ll, < 1Gn.5 (w) = G p (O], + [1Gn.s ()2, < Sllwlla, + CrMoh < CMih.
Therefore, (3.12) and (3.13) hold with the H'1(2)-norm on the left-hand side replaced by the Xj,-norm.

Using the decomposition B @ span{z +— 2} = H(y . (2 R?), it follows that for

1 -
= ——(DW(Vyw), Vyzt
r w(S)h? ( (Vaw), Vaz )L2(Q)
we have
1 i 1
2 (DW(VMU), VmP)Lz(Q) =(f —pr=, )20
for all ¢ € H(lo),per(Q;Rs)' If now f € H;:;(Q;H@) we obtain, with a difference quotient argument, that
w e H3,,(Q;R?) N B satisfies
1 97
ﬁ (D W(Vhw)vhaxlw, VMD) L2() S (8x1f7 QO)LZ(Q).
for all p € H (10),p o (2 R3). Thus, with Theorem A.3 the claimed inequalities follow. O
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We define the initial values for the analytical problem as

245 245
, 2(1_4 , — 290,057 — w305,v5 "7
U24j.p = h Vg 7l +h 0
v2TI 0
3

for j = 1,2 and v** = 977 v|,_¢ as above.

Lemma 3.2. Let iy, be as in (3.7), @;pn for j = 0,1,2 as in (3.10), uz p, usp and f* be as above. Then
for sufficiently small ho € (0,1] and M > 0, there exist solutions (uo.p, U1, U2,n) Of

1 -
72 (DW(thO,h), Vh@) ey (B fuli=0. @) 2(2) — (u2,n, @) 12(02) (3.19)
1 B
ﬁ(DQW(VhUO,h)VhULha Vh@) Ly (h0c fli=0, @) 2(02) — (Us,hs ©) L2(0) (3.20)
and
Lo 242
ﬁ(D W(vhuo,h)vhUQ,haVh‘P)LZ(Q) = (h°0; fli=0 — ua,n)12()
1 315 Tho( H2rF
= (D W(th(),h)[vhulﬁ,thLh],tho)LQ(m I (D W (Vhuon)P, tha)Lz(Q) (3.21)
for all ¢ € B, where
1 -
’Yh(uo,h) = W (DW(vhuO,h)a P) L2(9)
and
0 O 0
P=10 0 -1
0 1 0
The solution satisfies
1 1
H (Eh(’LLo_h), V*Eh(w),h), V%Uoﬁ) ’ S Ch2 (3.22)
h ’ h Hl*l(Q)
1 1
max (Eh(ujﬁ), V—en(ujn), V%“j,'z)‘ < Ch? (3.23)
j=1,2 h h H2-5(Q)
and ug,p, € B for k=0,1,2. Moreover, we have
1 1 Ch?® if j=0,1
“en(ujn) — —enli < o 3.24
s RIS | BT A 328
for all h € (0, ho] and C > 0 independent of h.
Proof. We can equivalently formulate (3.19)—(3.21) via
1 B
ﬁ(DQW(vhuO,h)vhul,ha Vh@) L) (W04 fnli=0, ©)12(0) — (Us.h, ©)12(02) (3.25)
and
1 .
72 (DQW(tho,h)VhUzm Vh@) Ly (W*07 fuli=0 — uan, ©)r2()
1 377
2 (D W(Vpuon)[Viaun, Viu nl, Vh‘ﬁ) L)
Y (uo,n) 7
- L) ( D*W (Vhuon)P, vh@) o (3.26)
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for all ¢ € B, where ug ;, = G ¢(uo,1) is the solution of (3.19) with f = h2f" — ugy j,. Defining
Go.n(u2,n) := G, r(uo,n)
and deploying (3.13) we obtain for ug p, uIQ,h € HYH(Q;R3)

% (Go,n(usp) — go,h(u/zh))) L S Colluzn — s bl 511 (@) (3.27)

h

max ‘
k=0,1
if uz,nll 1) < 5 Moh, [ gl () < L Moh and h?|| f*| zr1.1(q) < $Moh. This can always be achieved
if hy € (0,1] is small enough and us p, u'Q’h are of order hZ.
Using the definition of Ly, it follows that (3.25)—(3.26) are equivalent to
1
(Lhui,n, @55 = (W20 frlimo — Uz ps 0)r2(0) — 72 (DG(VhUo n)Vruip, Vh<P> L)
and

(Lnugp, 9)pr58 = (W*07 fali=o — uan. 9)r2(0) — 72 (DG(VhUO R) ViU b, Vh@) 2@

_ L (s
= (D W(Viuo,n)[Viui n, Vaur pl, VhSD) L)

u ~
- % (D2W(vhu0,h)P, tha>

for all ¢ € B. Defining now the relevant function spaces by
Dy, = H2 (G R¥>3) x {! (QR**®) 2, := H!

per per per

Wh = X, x ( H2, (O R?) mB)

L2()
(% R3) x L*(Q;R?) x Dy,

with the respective norms defined by

|(Fs, P, o= mas (W2 90 F ooy + _max 10, Filszy ),

(15 fos F1s o) 2, = ma >§(h2||(fwth)||Hz i)t ||fz||H02 i@+ _thax o7 FiH(L%L)’)a

B

ax

||(91592)||Wh -

1
(hEh(gz) s eh(gz) Vm)” .
H2-i(Q)

With this we define the linear operator £; ' : Zj, — W), by mapping (f1, fo, F1, F») to the solution (wy, ws)
of

(Lhwisp)prs = (fis o)z — (Fi, Vae) L2 (o) (3.28)
for i = 1,2. Then due to (3.17), Theorem A.3 and (3.16) we obtain
[(w1, wa)llw,, < Cl[(f1, f2, 1, F2)| 2, (3.29)
Hence, £;1 is a bijective, linear and bounded operator. For the nonlinearity we define
Qn: Wi — Dy,

via
U1 o j%DG(tho)thl ~
us — 5 DG(Vuo)Viug — 75 D¥W (Vhuo) [Viur, Vi ] — 2890 D2V (T 0., ) [P

_. (Ql,h(UhUQ))
"\ Qan(ui,uz) )’
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where ug := Gp f—u, (uo,n) for some fixed f € HLL(Q) with || f]|g1.1(q) < Mh? and [ fdz =0 and G is
Q
defined as in (3.14).

We deduce the contraction properties of Qj, similar as in the proof of Lemma 3.1. For this we assume
that || (w1, u2)|lw,, [|(W],uh)|lw, < CMzh?. Starting with Qq j,, we obtain

Q1 (ur, uz) — Qun(uf, ud)l L2y

1 1
1 . .
= /D3W(thuo)[vhuo,vhu1]dr—/DBW(Tthg)[thg,th’l]dT
0 0 (L;ZL)'
< gth(uo — o)l 2@ I Vau | 2 () + g”VhUBHHg(Q)HVh(Ul — )z
h h
+ C M, Eé‘h(’u,o —u6)

H;(2)

< CMslug — up g (o) + CMs

1
Egh(ul — )

< CMs||(ug — U,17U2 - UIQ)HWM
L2(Q)

where we used (3.27). Similarly one deduces that

[0, (Q1 (U1, u2) — Q1.n(uh, uz))ll L2 ) < CMol|(ur — uy, ug — uh)|lw,
02,02, (Q1 1 (ur, u2) — Qun(uy, us)) L2y < OMal|(ur — uy, ug — us)llw,
for j,k =1,2,3. Analogously we deduce for Qs p,

|Qz,n(ur, uz) — Qo n(uf,us)l L2y

1
=72

1
/DSW(Ttho)[tho, Viusa] — D3W (7Y ,ub) [V nul, Vyub|dr
0

(L3)

1
u B .
* |%(h;h)'H /DgW(thUO)[VhUmP] = D*W(rVug) [V nug, Pldr
0

(L3
1
uo,n) — Yh(uy -
0

(L)

T2

DBW(thO)[thh thﬂ — DBW(V;LUE])[V}LUID thll]

(L3)

o
< EHVh(uo —uo) |z @) | Vauzl 2 ) + E”vhUBHHﬁ(Q)”vh(u? —us)lz2 )
C C
+ gllvh(ul - ull)”Hi(Q)”thl”L%(Q) + E”thllnHﬁ(Q)”vh(ul - u/1)||L§(Q)
C
+ ﬁ”vh(uo —uo) | 2@ IVauwill a3 o) I Vit a0

C
+ ﬁ“vh(uo —uo) || 2 @) I Vauo | 2 @)l Vel L2 (o)
|7h (uo,n)]
T”Vh(uo - u6)||H,%(Q) + |vm(uo.n) = yn(ug )]
< OMa||(uy — uf, up — ug)|lw, »

+
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where we used again Corollary 2.4, |P|, = |P|, |y (uo.n)| < Ch? and
1

/(1 -7) (DgW(VhUo,h)[tho,h, Viuo,n]

1
[vm (to,n) — yn(ug p)| < 73

- D3W(th6,h)[vhuf),h7 thB,h])

(L3)'
< CMy||Vi(uo — up)l 2 () < CMoal|(ur — uf, ug — ub)|w, -

Finally from

1

1 . 14

O, Qop(ur, ug) = 3 / D*W (1Vuo) [V o, Vi0y, us]dr + ﬁDSW(tho)[Vhazjuo,ahuQ}
0

2 ~
+ = D*W (Vuo) [Vi0Oy,u1, Viur] + — D*W (V1) [V 40y, u0, Viur, Viu]

1
n?

— = D*W (Vo) [Via, uo, P]
it follows
(10, (Q2,n(u1,u2) — Qo n(uy, uz))ll(r2y < CMa|[(ur — uf, ug — us)|w, -
Choosing now M € (0, 1] small enough we obtain that
Fhofortr f2 Bennz(0) C Xy x Wy — Xy x W,
defined by

uo gh,fo—’uz (U’O)

n) e ((2) i)

is a i-contraction, where fo := h?f"|,—o, f1 := h20,f"|1=0 — us,n and fo := h207 f"|1— — uap. We can

use an analogous argument as in Lemma 3.1. First it holds, due to (3.6) and (3.5), for M > 0 sufficiently
small

~ CMsyh?
||'7:h7f0,f1,f2(0)||9(h><wh < CMn? < 9
and with the %—contraction property we obtain the self mapping of Fj,_ ¢, 1,.#,- Moreover, due to the norm

on X and W), we obtain (3.22) and (3.23), respectively.
Finally, the construction of @ implies that ;) satisfies

1 ~ B . B .
— (DQW(O)VhUj,m Vh(P) ) (h23§fh|t:o — U2+ j,h, 90> + (077, ©)L2(0)

h? L2(Q)

L
- i/ (tros @rnsan. ). tros(olar, ), do
h? pE 1) L2 (08)
0
for j =0,1,2 and all ¢ € B. This implies with (3.19)-(3.21)
1 i 1 . -
ﬁ(&h(ul,h - U1,h),€h(¢))Lz(Q) =2 ((DQW(vhUO,h) — D*W(0))Vaurn, Vh@) o)
L

iz = 35 [ (tas(@rwa(en ) ms(o(n, )
0

X1
L2(09)
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1 ~ 1 ~
ﬁ(Eh(uZh — u;h),&h((p))LQ(Q) h2 ((DQW(VhUO,h) — DQW(O))V}IUQJL, thp) L)
L

1
+ (To.n, @) 12(0) — ﬁ/(tras(afhv,h(m,-)),tras(@(m,.)))Lz(as)dm
0

~ 73 <D3 (tho h)[thl hy, Vil h] Vh<p) . ZL’; ( 2I/V(tho h)P Vmp)

for all ¢ € B, where we defined

L2()

._ " j
Tjh 2= Ut = Uogjh — OfTh

With this it follows max;—1 2 Hrj7h||cf)(07T;L2(Q)) < Ch? because of the definition of Uz, and the bound
on 0Oyrp. Additionally, we have due to Lemma 2.3 and Corollary 2.4, the bounds on (ug p, u1,n, u2,5) and
pekB

1 27§ 27%
‘hQ ((D W(Vhuon) — D*W(0))Viuj n, Vh@) L@
1 i 1
‘2/ D W thuo h)[tho h,thj h] thﬁ) dr § Chs *Sh(tp)
h ) L (Q) h L2(Q)
as well as
L (Do v \Y v v < cops||
ﬁ( ( huo,h)[ hUL ks hul,hL h‘P) r2@)| = th(%’) e
and
Th 277 2|1
DWW P, < — .
h3( W (Vhuo,n) vh§0) eoy| S Ch7||5en(p) o)

Regarding the boundary terms, we use that trps: H(S) — H%((?S) is linear and bounded. Hence, for
J=0,1,2

L
1
ﬁ/ tras (& rn h($1,'))7tras(@($17')))L2(as)d$1‘
0
1
]T||a vl 2o, o) 9l 20,01 (5)) < Ch® EEh(SD) ; (3.30)
L%(Q)

where we used that |7y o2 (o, 7751 (@) < Ch® and the Poincaré and Korn inequality for ¢. Choosing
© = ujp — Uj p, it follows with an absorption argument

- Ch3, if j=1,
o) |CR? if j=2.

1
— 737 (G(Vauon), Vag) 12()

1 1
Esh(uj,h) “

max
7j=1,2

en(Ty,n)

Now, for ug 5 — o, it holds

1

ﬁ(gh(“&h — o), €n(P))L2() =

L
1

+ (ro,n, ) r2(02) — ﬁ/ tros(rv,n(z1, ))7‘61”05(4?(1?1,')))LQ(BS)dCBL

0
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The definition of G implies now

1
1 1
7 —(G(Vhuon), Vag) L2 ﬁ/ 1—7) (thuo,h)[vhuo,mtho,h],vhs@)L2(Q)dT
0
J|[1
< Ch *Eh(cp)
h L2(@)

because of the bounds for ug ; and Corollary 2.4. Using (3.30), it follows
’1 1 < OB

—en(uo,n) — —en(to,n)
h h L2(Q)

3.3. Main result
Theorem 3.3. Let fp,, U9, 01, Gjn, j =0,1,2 and Gy, be given as above. Then there exists some hg € (0, 1]

such that for h € (0, ho] there are initial values (ugp,u1,n) satisfying (A.1)—(A.3) and such that

1 1 -
Esh(u,',h) - Eé“h(uj,h)

Moreover, if up, solves (3.1)—(3.4), then

H ((“h - f‘h)’% O/t en (un(T) — aw))dT)

Proof. Given (ugp,ua,) we construct (ugp,u1,n, w2 ) such that (A.1)—(A.3) holds. First we note that
uanllz2() is of order h? as % v* is bounded in L?(0, L) for [ = 0, 1. Moreover, we have

/u2+]‘7hdl‘ =0

Q

/U3’h catdr = 0.
Q

1 , —x903 v —x302 v3 0 0
Esh(u&h) =h 0 0 0
0 0 0

< Ch3.
L2(Q)

max
j=0,1

< Ch® forall 0<h<hy.
L==(0,L;L2(%))

for j=1,2 and

Using the structure of us3 ; we obtain

Altogether we obtain that uz j, and w4 satisfy (A.1)—(A.3), the necessary conditions for the large times
existence result in the appendix. The assumptions on g and the structure of f;, imply that (A.4) and
(A.5) are fulfilled. Applying Lemma 3.1 and 3.2, we obtain for hg sufficiently small, the existence of
(uo,n, U1 h, U2,,) such that

7z (DW(tho h)s VhsO) Ly (h? frle=0, ©)r2(0) — (T2,n, @) 2(02)

1 .
ﬁ(DQW(vhUO,h)vhul,havh@> L) = (R*0 fali=0, ¥)r2(0) — (U, ) 12(0)
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and
1/ - )
E(D W(tho,h>vhu2,h7vh90) L) = (R*07 fuli=o — uan, ©)r2(0)
1 Yh <
- ﬁ(DBW(vhUO,h)[thl,h;thl,h]thQD)Lz(Q) 8 ( 2W(tho,h)P7Vh<P) Lo
for all ¢ € B. We use the ansatz uzj, = g p, +’y§‘xl and oy j,n = U244, +fy§+j:vJ- for 7 = 1, 2. Choosing
1 .
hoo_ L
V2 = M(S)hz (DW(VhUO,h)avhx )L2
it follows
1 B
ﬁ(DW(VhUO,h)avhSﬁ>L2(Q) = (B2 fuli=0, ) L2(0) — (u2,n, ) 2(0) (3.31)
for all ¢ € H}.,(Q;R?). Moreover, for
1 ~
ho._ 2 L
’}/3 = /J,(S)h2 (D W(thovh)vhul,h, Vhlf )L2

we deduce

1 _

ﬁ(DQW(tho,h)thLh, VhSD) L) (W?04 fnli=0, ©)r2(q) — (Us.n, ©)12(0) (3.32)
for all ¢ € HJ.(€;R?). Then it holds |y} < Ch? as

1
DW (Vatuon) = D2V (0)[Vnuon] + / (1= 7) DWW (7Y o) [V ntto ns Vit nldr
0

and |y%| < Ch? with a similar calculation. Lastly, we need to find v} such that

1 B
= <D2W(thO,h)VhU2,h7 Vh@) = (h*0} fult=0 — Ua,n, ) 12(0)

h? L2(Q)
1
— (DWW (Vhuon) [V ntr s Vaurnl, ¥V ) 3.33
2 (D W (Vnawo ) (Vg Vo], Vi) (3.33)
for all ¢ € H}. (Q;R?). Therefore, we choose

%}f = — h2 (D W(thO h)VhUz hy VT )L2 h2 (D2 (Vh’LLO h)th thL)

L2

1
+o3 (D W (Vauon)[Vauin, Vius], Vaz )

The first and last term can be bounded easily, using Corollary 2.4

2’

ﬁ (D2W(VhUQ7h)Vhﬂo7h, thl)

L2 L2

1
1 o~
ﬁ/(DSW(tho,h)[tho,h,Vhftz,h]ap)
0

C
h—llvhuO w1V atonl gy < CR?
and

1

h2

(D3W(vhu2,h)[vhul,h7 Viui,p), Vha?L)LZ ‘ < Ch2.

For the second part of 7%, we use the following equality
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<D2W(vhu0h)P, P) - (D3W(0)[vhu0h,P],P)
’ £2() ’ L2(9)
1
+ /(1 — T) (D4W(7tho,h)[vhuo7h, Vyuo,n, P], P) L2(Q)dT

0

where
< Ch* forall 7€l0,1] (3.34)

‘<D4W(thuo,h)[vhuo,h,tho,mp]’P)
L2(Q)

as |luo,nll a1 0) < Ch? and |P|;, = |P|, because P € R¥? . Furthermore, we obtain with (2.5)

D3 plLp _ D3 - — Ze(u P|,P
( W(0)[Vauon, P, )Lz(m h( W(0) |:h€h(uo,h) hEh(U:O,h)a } )L2(Q)

+ (D3W(O)[Vhao7h7P],P> .
L2(Q)
Utilizing the inequality for the initial values (3.24), we deduce
~ 1 1 -
h DSW(O) 7Eh<u07h) — 76h(uO’h),P 7P
h h 2
Lastly due to the symmetry properties of D3W, the structure of Vito,n and (2.5), it follows

‘ (D*W (0)sym(Vaiio n), P, P) LQ‘ = ’ (D*W(O)n*Q. PL.P)  + (D*W ()R, P].P) L2’

< Ch*.

where
—mgazl’l)g — l‘38§1’03 0 0
Q= 0 0 0
0 0 0
0 8$2 agagl’l)g =+ c’)mzagagl V3 (9933 aga‘%lvg =+ 313a36217]3
R=h'sym |0 0 0
0 0 0
a26§1v2 + a38§1v3 0 0
+ h? Sym 0 am bga;’ll Vg + 8932 038;111)3 8:”3 bg@il Vg + E)ws 63(9;11’03
0 8;21738;11’[}3 + 81.2@8;111)2 81.31738;11 U3 + 87;3028;11’02
0

0 0
+ h%sym bg@ilvg + 03851113 0 0
b38211)3 + 028§11}2 0 0

Due to the structure of Q and P = Var, it follows
D3¥W(0)[Q, P, P] = ((QT — Q)T sym(P) + (PT — P)T sym(Q)) P =0.

Hence, with R = O(h*) we obtain

‘(D?’W(O)[sym(vhﬁoyhﬁ P, P) L son.

Thus, altogether, it follows with [y4| < Ch?

h ~
7;(DQW(tho,h)thl,thL)B‘ < COn.
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We obtain for hg sufficiently small, the existence of (ug pn,u1,n,u2,,) such that (A.1)—(A.3) are satisfied
and

max
7=0,1

< Ch?
L2(Q)

<}1L€h(uj,h) - ;%(ﬁj,h))

holds.
Due to Theorem A.1, there exists a solution uy, € mi:o ([0, T); HanF (9 R?)) of (3.1)-(3.4). Thus,
wp, 1= up, — Uy solves the system

1
- (atw}w at@) L2(Qr) + 5

% S (D*W(0)Vawn, Vag) . 12@r) — (W1 Pli=0)r2(2)

1

1 ~ ~ N

= ﬁ/ (D*W (rVpup) — DzW(O))thh,Vhsﬁ)p(QT)dT - (Th,sﬁ)L2(QT)
0

1
- ﬁ(traﬁ(TN,h)a troa () L2 (0,1;12(09))
wy, is L-periodic in zi-direction,
Whlt=0 = wWo,n
for all ¢ € C'([0,T7; Hrl)er (0)(Q;R3)) with ¢|;—r = 0 and with w; , := u;, — 5, j = 0,1. Hence, with
(A.16) we obtain an upper bound for w. For this we use that, due to the structure of r, and ry p, it
follows
1
ﬁ”TN,hHLl(O,T;Hl) < Ch%, rallpro,rize) < Ch?

as a, b, ¢ and v are sufficiently regular. Moreover, using (3.24)
1 1
(hffh(Uj,h) - h€h(ﬂj,h))

for k = 0,1, where we used Poincaré’s and Korn’s inequality, as well as the fact that wy,, € B holds for
k =0,1. With the fundamental theorem of calculus and Corollary 2.4, we deduce

< Ch?
L2(Q)

<
Hwk,hHm(Q) = Hzl?étﬁ

1

: /((DQW(thuh) - DQW(O))Vhatﬁh,Vh‘P) dr

sup

pex Nl =11 J r©)
1 1 1
< sup 7//(DSW(Sthuh)[vhuhaVhatﬁh},vhtp) dsdrt
PEXn,llellx), =1 h L2(Q)
0 0
C 3
S sup A —IVrun| 2 @)IVaOetnl 2 () I Vil L2 (o) < CRR®.
e X llellx, =1

Lastly, we have to deal with the rotational term. Using the momentum balance law, ug p, u1,, € B and
the structure of g, we obtain with ¢" := h2f"

t

1
//uh T dxdT—t/uoh xldx—&—zt?/ulh T dx—i—/(t—s)/qh.xJ'dxds

0 Q

Q
//T*S/ cuib — ik - 02updedsdr
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t T
1
= E//(Tfs)/q’"“uﬁfu,f'afuhdmdsdr
00

Q

Hence, it follows
t
/ ! / +tdzd
— [ up - z—dadr
3 h
0 Q

as due to (A.6)

CO([O,T]))

1
<O [ otoe] ]
¢o([o,77) F ¢o([o,17)

< Ch?

1
ﬁ/ﬁtzuh -uibdx
Q

1 1
He(@fuh) + H /8fuh crtda < Ch?
h L*(0,T;L?) h 5 L>(0,T)
for 6 = 0,2. Thus, with (A.16) it follows
. t
H ((Uh — dp,), 7 /5h(uh(7) — ﬂh(T))dT> < Ch3.
J co([o.T)L?)
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Appendix A: Large times existence for the non-linear problem

The existence of solutions follows from

Theorem A.1. Let 0 > 1,0 < T < oo, fr € W{(0,T; L*(Q)) N W0, T; H2..(Q)), h € (0,1] and ug,, €
H (), uip € H3,.(Q) such that

per per
DW (Vuon)vlo,0)xas = D*W(Viuon)[Vauialvlo,n)xas = 0,
(D*W (Vhuop) [Viuzn] + D¥W (Vo n) [Vaus s Vi)V o,0)xas = 0
where

i

Ug,p = h1+9fh|t=0 + % divh(DW(thOﬁ))
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1.
h—dlvh(D W(Vpuon)Viuin)

Uy p = h1+03,52fh|t o+ ﬁ dlvh(DQW(tho,h)thz,h)

1 .
+ ﬁ leh(DSW(VhUO’h)[Vh’LLLh, thl,h])o

n=h"00; fuli—o +

Moreover, we assume for the initial data

1 1 1
[raounl + e |Gt st )l 0,
HV%UOJLH + max H (thH_k hs 811 thk h) H < Mh1+6, (AQ)
1
max |— /uk pxtde| < MR (A.3)
k=0,1,2,3 | h '
Q

and for the right hand side

max (na&,xl)fhnwm 10 Fallws (ot oy + ||a&,m)fh||Loo<H1>) <M, (Ad)

\ <1
/8"fh ot

uniformly in 0 < h < 1. Then there exists hg € (0,1] and C > 0 depending only on M and T such that

for every h € (0, ho| there is a unique solution up € ﬂi o CF([0, T]; H3ZF()) of (3.1)~(3.4) satisfying

<M (A.5)
sz

max

(]| (22 . V2 e cpyun). 72,7206y

el <t, |ﬁ\<2 ales co((o,T],L?)
H / O un - wtda ) < Cp'to (A.6)
co([o,T1)

uniformly in 0 < h < hg.

Proof. A proof can be found in [4, Theorem 5.1.1] or [1]. O
The linearized system for (3.1)—(3.4) is given by

DPw — % divy,(D*W (Vyup)Viaw) = f in Q x [0,7) (A7)
D2W (Vu)[Vyw]y =0 on (0,L) x dS x [0,T) (A.8)
w is L-periodic in 21 coordinate (A.9)
(w, Opw) |t=0 = (wo, wy). (A.10)

We want to show h-independent estimates for solutions of the linearized system. For this we assume that
uy, satisfies for 0 < h <1

o ([ (TG @), T T )

|| <1,k=0,1,2
1
‘ /8(t ) Uh T dx

where R € (0, Rol, with Ry chosen later appropriately small.

CO([0,T];L2(2))

) < Rh, (A.11)
co([o,17)
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Lemma A.2. Assume that (A.11) holds, t € [0,T] and 0 < R < Ry. Then

1 -

= (35 D2W(thh(t))vhw7th))LQ(Q)’ < CRIV ]l o110 IVA0] 23 0 (A.12)
for 1< 8] < 3.

Proof. For a proof see [4, Lemma 5.2.2]. O

For the higher regularity estimates, we need the following result.

Theorem A.3. Assume uyp, satisfies (A.11). Then there exist C > 0 and Ry € (0,1] such that if ¢ €
H23k(Q) solves for some g € HE (Q) and gy € L2(0, Ly H*"2 (9S)) N H5(0, L; H2 (5))

per per
{ - divy, (D*W (Vun)Vae) = g in €, (A.13)
D2W (Y yun)[V ’ - 99, :
(Vhun)[Vaelv onyxas ~ IV O"
then
1 ) , 1
VEEh(SD)th@ <C( P llgllze ) + 79N . )
HE(Q) L2(0,L; H"" 2 (85))NHF(0,L; H 2 (8S))
1 1
+ ‘ Eh(go)H +R f/ap xtdr ) (A.14)
h HO-k+1(Q) h
o)
Proof. See [1, Theorem 3.5]. O

In order to bound differences between the approximation u; and the analytic solution u; we consider
the following weak form of the linearized system (A.7)—(A.10):

1 -
= (00, 000) L2 g ) F 33 (D W (V) Vi, Vig) 12 g = (1 Vi0) 2y + (200 12y

1
+ (w1, ¢li=0) x; , x, + ﬁ(traﬂ(al\/)vtr(’)Q(‘P))LQ(O,T;LQ(QQ))
w is L-periodic in x; direction
w|t:0 = Wy (A15)

for all ¢ € C1([0,T); H;en(o)(ﬁ;]l@)) with ¢|i—r = 0. Here we denote Qp := Q x (0,T) and

Xi = Bl (B i= i 058 0 {u€ L) [ ua)as =0}
Q

equipped with the h-dependent norm
ullx, = ||th||Li(Q)-

Lemma A.4. Assume that up, satisfies (A.11) with R € (0, Ro] and h € (0,1]. Let Ry be sufficiently small
and w € C°([0,T); X)) N CL([0,T]; L?>(Q;R3)) be a solution of (A.15) for f1 € LY(0,T;L*(Q,R3*3)),
fo € LY0,T; L*(Q;R?)), ay € LY(0,T; H (3 R3)) wo € L2(Q;R3) and wy € X;. Then there are Cy,
C > 0 independent of w and T such that

(o Lev)

< C(JeCRT(”fl”Ll(O,T;(L,%)’) + | f2llr 0,122 + [lwollz2) + lwillx;,
Co([0,T];L?)

(A.16)

1 1
+ ﬁ”aN”Ll(O,T;Hl) +(1 +T)Hh /u cxtda ),
b co([0,77)



166 Page 26 of 28 H. Abels and T. Ameismeier ZAMP

t
where u(t) :== [w(r)dr and (L)' is an abbreviation for (L3 (Q;R3*3))’.
0

T’

Proof. Let 0 < T" < T and define a7/ (t) = — [ w(7)dr. We use, after smooth approximation, ¢ =
t
U Xjo,r1]- Then it follows
1 1 = - -
§||w(T')H%z + ﬁ(D2W(thh|t:O)vhuT’ (0), Vi (0)> L)
1 9rx N N N -
~ 92 (8tD W(Vhup) Vi, VhUT’)LQ(QT/) = (f1: Valr ) 2@y — (f2, U1 ) 12(Q )

5 1 N 1
+ (w1, 7 (0)) x1 , x;, — ﬁ(amtfan(uT/))Lz(o,T’;Lz(aQ» + §Hw(0)||2Lz~

Using
L(DWV(V nlim0) Vi (0), Vi ,(0))
oh2 rUn|t=0) Vpur(0), Vpur L)
coll1 2 1 2
>l aropll  —crlt / i (0) - 7 da
2|h L2(Q) h
Q
it follows with @/ (0) = —u(T")
1 2 T 2 1 2
()22 + Hehw(T’)) <on | Hehww T \ [ atad] a
R L /[ Py

1 -
+ (Il omzzy + I1Flisoras + llotllx, + 25 lax o ) IVaizlloogoryzy
2
1
+ Cllwoll7- + CR‘h /an(()) -atde
Q

where we used Lemma A.2 and Korn’s inequality, as well as the subsequent inequalities

(w1, @1 (0)) x7, x, | < [lwillxy [|ar (0)| x, < llwillxy [IVatir || cogo,r;z2)

Vit |[r2dt < [|f1 () 1 0,m:22)) [[Vatr | coo,r;02)-

T/
((F1, Vnitr g, | < / Ao
0

Now we can use s (0) = —u(7”) and - (t) = —u(T") + u(t) to deduce

[liessro

- 1 1
||vhuT’||CO([O,T’];L%L(Q)) < Cthih(u) + CH/U . xJ—de

T/
‘//ﬂT/ ~33J‘dxdt‘ <71 /u-dex
0O Q

Using the later inequalities and applying the supremum over 7" € [0, 7] such that RT < k, & € (0,1], it
follows

2 2

+1T

)

L2()

dt‘ < ngh(u) %Eh(U(T/))

h

2
L2

L2(Qr)

CO([0,T"]; L2 () C“([OyT’])’

+ 1’

/u(T’) cxtdx

Q

oo(fo.7])
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2 2 2

1

1
||w|\200([07T‘]7L2) + ’ —en(u) + Ck||—en(u)

L (Q7)

< CRHlsh(u)

COo([0,T];L?) co([0,T;L2)

1
+ C(HflnLl(O,T;(L%L)’) + I f2llr 0,72y + lwillx; + llwillx; + ﬁHaN”Ll(O,T;Hl))

1 1
X (Hhah(U) +C’Hh/u-xlda:
CO(0.17]5L2) 2

1 2
+ C||wol|3.2 —i—C’R(l—i—T)Hh/u-mJ‘dac
o)

cw[o,T']))

co([0,17)

Hence, with Young’s inequality and , thus T, small enough, we can conclude with an absorption argument
that

2 2

< CRHlsh(u)

+Cy <||f1 ||%1(0,T;(L%)/)

2
CO([O,T])>.

Applying now the Lemma of Gronwall, we obtain (A.16) for all 0 < T' < oo such that RT < k holds.

For an arbitrary 0 < T < o0, we choose 0 = Ty < 11 < --- < Ty_1 < Tnx = T such that %n <
R(Tj41 —Tj) < k for j = 0,...N — 1. Then we use ¢ = ar,,, X[1;,1,,,] and obtain via analogous
arguments as above, because of R(T;1 — Tj) < k,

|(1 o) Sl { [CEAN EE)

+ 1 fillzr o2y + 1f2llzrorin2) + llwillxg

l/u cxtde )
hJ co((o,7))

< (Co)N€CRT(||f1|Ll(o,T;x,g) + I f2llzr 0,702y + llwoll 2o

CO([O,T]))'

1
2
||wHC0([07T]’L2) + H EE}L(U)

Co([0,71;L2) L (Qr)

1 1
Ul + B + gl lam + 0+ D [ueatas

CO([T;,Tj+11;L2) L2

1
+ vl + (1+1)

Hence, an iterative application leads to

(w7 illah(u))

co([0,T);L2)

Hloalg + plavlora + 0+ 7) § [u-otds
Q
Finally, due to %m < R(Tj41 —T}), we obtain N < 2k~ 'RT and thus
(Co)N = exp(N1nCp) < exp(2: ' RT InCy) < exp(CHRT).
Hence, (A.16) holds for some Cy, C > 0 independent of R € (0, Ry], h € (0,1] and 0 < T < oc. O
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