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Introduction

Einstein’s general relativity theory has attracted interest from both mathematicians and
physicists. Over the years, the problem of understanding the solutions to its underlying
field equations has been tackled from different sides: First insight into the nature of its
solutions was gained by constructing explicit solutions. Such solutions are known under
restrictive assumptions on the matter involved, for example vacuum or a single type of
matter as an electromagnetic field, and typically possess a lot of symmetry. In contrast
to this, cosmological considerations do not rely on the knowledge of concrete solutions.
Instead, the necessary simplification here stems from the fact that virtually all known
kinds of matter satisfy certain physically motivated energy conditions. Assuming that
all matter does, the matter term in the field equations can be estimated, turning the
field equations into an inequality. This then allows, for example, to derive bounds on
singularity formation.

An intuitive way of thinking about solutions to the field equations is the following:
A time-oriented solution spacetime can be foliated into spacelike hypersurfaces, at least
locally around a chosen spacelike hypersurface. The leaves of this foliation can be thought
of as representing the state of the universe at a certain point of time. Then the field
equations decompose into a system of evolution equations for the dynamical quantities
and a set of constraint equations that have to be satisfied by these quantities on every
leaf. So, on a chosen leaf called initial hypersurface the solution spacetime determines
initial data subject to the constraints. The converse is also true: It can be shown that
the evolution equations admit a short-time solution if the initial data comply with the
constraints, and that this solution satisfies the constraints on every leaf. Thus, initial
data satisfying the constraints determine a solution spacetime of the field equations.

With this in mind, analyzing solutions of the field equations amounts to studying solu-
tions of the constraints. As with the field equations, significant progress has been made
in the cases of vacuum or simple matter models, leading, for example, to a complete
classification of constant mean curvature solutions to the vacuum constraints by Isen-
berg [Ise95|. In contrast, the inequality obtained by abstracting from specific matter via
the dominant energy condition seems to be scarcely studied. Whereas a solution to this
inequality is seen to always exist by simply increasing mean curvature, it is an interest-
ing question whether its space of solutions is contractible. This question is approached
in the following by comparing it to the space of positive scalar curvature metrics and
invoking recent results by Crowley, Steimle and Schick |[CSS18| as well as Botvinnik,
Ebert and Randall-Williams [BER14] on the non-contractibility of the latter.

This thesis is organized in the following way: The first chapter provides a rough sketch
of the dynamical formulation of general relativity, just enough to establish a connection
between the strict dominant energy condition for spacetimes and the corresponding
notion for initial values. Then, a comparison map between the space of positive scalar



curvature metrics and the space of initial values satisfying the strict dominant energy
condition is constructed. This map induces a homomorphism on homotopy groups and
it is the aim to show that the homomorphism has non-trivial image.

The second chapter starts with an introduction of Cl,, ;-linear Fredholm operators along
the example of the Cl,-linear Dirac operator. Afterwards, the family version of the KO-
valued index map for these operators is discussed in some detail. The index map is then
used to construct the a-invariant. In [CSS18] and [BER14], this particular invariant was
shown, under certain assumptions on the manifold, to be non-trivial, so it witnesses that
the homotopy groups of the space of positive scalar curvature metrics are non-trivial.

The last chapter mainly deals with the construction of a similar invariant for the space
of initial values. It begins with a detailed analysis of the Cl, i-linear hypersurface
spinor bundle and its Dirac-Witten operator: It is necessary to observe that these struc-
tures fit into the framework of Cl, ;-linear Fredholm operators in order to be able to
apply the index map. Moreover, a special focus is laid on comparing the hypersur-
face spinor bundle to the ordinary spinor bundle and the Dirac-Witten operator to the
Dirac operator as this will be needed in the proof of the main theorem. The chap-
ter concludes with the definition of the a-invariant for initial values and the proof of
the main theorem. This theorem states that the classical a-invariant factors over the
new one, via the comparison map from the first chapter. Together with the non-triviality
results for the classical a-invariant mentioned above, this implies that, under suitable as-
sumptions on the hypersurface, the space of initial values satisfying the strict dominant
energy condition must be homotopically non-trivial.



1. The dominant energy condition for initial values

1.1. Energy conditions in general relativity

According to general relativity theory, the universe can be modeled by a Lorentzian E]
manifold (V,g) and its large-scale behavior is governed by the Einstein equation

S N S
ric! —5scal’g =T,

where T is the energy-momentum tensor, a quantity determined by the distribution
of matter and fields. For many purposes, it is more appropriate to adopt the following
point of view: From a given initial distribution of matter and fields the Einstein equation
together with specific matter equations determines the future and the past.

We want to make this more precise. We assume that IV is time-oriented and foliated
into spacelike hypersurfaces, the foliation being given by M; = f~1(¢) for a function
f+ N — R with grad(f) past-timelike. At least locally, around an initial spacelike
hypersurface M = My, such a function can always be found by patching together the
time-variables of Fermi coordinates. Globally, this imposes a condition on N that, for
example, rules out closed causal curves.

The Gaufl, Codazzi and Mainardi equations compute the curvature of N in terms of
quantities of the leaves M;. For n = dim M; > 2, this leads to a reformulation of the
Einstein equation (cf. [BI04]):

Proposition 1.1 (Dynamical formulation of the Einstein equation). Let eg be the future-
directed unit normal on M, g the induced metric and I = Keq its vector-valued second
fundamental form. Furthermore, we split up the energy-momentum tensor into compo-
nents:

energy density p = T(ep,e€0),
momentum density j = T(eo, —)rn, and
T =TirymerM,-
The Finstein equation is equivalent to the following: The constraint equations
2p = scal? +(tr K)? — || K||?
j=divK —dtr K
hold on every leaf M; and the evolution equation

LK =T — L tr(T)g — ric? +2K? — tr(K)K + L™ Hess(L).

!'We will use the signature convention (—,+,...,+).
2In the literature, there exist various conventions for constants in front of 7. As they do not play a
role in the mathematical theory, we subsume them under 7.



holds at all My. Thereby, L = \/—g(grad f,grad f) is the lapse function and K? =
K(K*(-),—).

For the vacuum case (i.e. T'= 0), this leads to the following solution strategy: Given a
solution (go, Ko) of the vacuum constraints

0 = scal? +(tr Ko)? — || Ko||?
0 =div Ko — dtr K

on the initial hypersurface M = My, one tries to solve the system of the evolution
equationsﬂ
LKy = —ric% 42K — tr(K,) K,
Lo =3K,

(1)

on an open neighborhood N of M x {0} in M x R. Once one has shown that the solution
(g¢, Ky) of to the initial values (gg, Ko) solves the vacuum constraints for all ¢, the
above Proposition shows that (N, —dt? + g;) solves the vacuum Einstein equation.

With presence of matter, a similar procedure can be thought of. The matter equations
will result in additional evolution equations for the fields and there might be further
constraints (cf. [Ise95] for constraints in Einstein-Maxwell theory). However, it seems
to be impossible to include all kinds of matter, let alone to solve the resulting system.
Hence, for cosmological considerations, as the famous singularity theorems of Hawking
and Penrose [HE73, Sec. 8.2], a common property of (almost) all matter models is
exploited: The energy-momentum tensor satisfies certain energy conditions. An often
considered energy condition is the dominant energy condition:

Definition 1.2. The energy-momentum tensor 1" satisfies the dominant energy condition
if T(V,W) > 0 for all future-causal vectors V', W.

We also define two strict versions of the dominant energy condition.

Definition 1.3. The energy-momentum tensor 7' satisfies the strict dominant energy
condition if T'(V, W) > 0 for all future-causal vectors V', W with g(V, W) < 0. It satisfies
the very strict dominant energy condition if T(V, W) > 0 holds for all future-causal V'
and W.

Remark 1.4. By the Einstein equation, the energy-momentum tensor is given as a
curvature term. So the ((very) strict) dominant energy condition is a curvature condition
for (N,79).

No classical matter model satisfies either of the strict conditions as the special case of
vacuum does not. Yet, under the additional condition that the matter density nowhere

3 Apart from T = 0, we fixed the gauge by L = 1 resulting in a particularly simple equation.



vanishes, solid matter satisfies the strict dominant energy condition as the following
example (adapted from [Miill6]) shows.

Example 1.5. Solid matter is described by a field ® and its energy-momentum tensor
is given by
1
T(V,W) = Oy 0w ® — - (g(grad @, grad ) + m*®*)g(V, W)

for a constant m > 0 (cf. [HE73| (3.6)]). We show that for all p € N, all causal vectors
V,W € T,N with g(V,W) <0 and any X € T,N

25(V, X)g(W, X) = g(X, X)g(V,W) (2)
holds. Then, setting X = grad, ,

1
T(V.W) = —5m*®*(p)g(V, W) >0

if ®(p) #0 and g(V,W) < 0.

It suffices to prove (2 for timelike V', then it holds true for all causal vectors by continuity.
Moreover, by scaling invariance, we can assume without loss of generality that g(V, V) =
—1. For a vector X, we define its parallel and perpendicular part to be Xl = —g(X, V)V
and X+ = X — X, respectively. Then

29(V, X)g(W, X) = (X, X)g(V,W) = —2g(X,V)’g(V, W) + 2(X, V)g(X*, W)
+9(X.V)’g(V,W) = g(X, X )g(V, W)
= —g(X,V)*g(V.W) + 2g(X, V)g(X ", W)
— (X X gV, w).
As V is timelike, the Lorentzian inner product restricts to a Riemannian one on the

orthogonal complement. In particular, we can use the Cauchy-Schwarz inequality along
with

0>gWw,w)= gWwlwh+2gwl wt)+gmwt wh
= —gWlIL w4 29wl w) + gw, w)
gV, W)? —2(V,W)? + g(W, W)
= —g(V,W)* +gw+, w)
to get
gXH W <g(XH XHgWwh, W) <g(X+, XH)g(V,w)>.
Thus

25(V, X)g(W, X) = (X, X)g(V, W) = —g(X, V)’5(V,W) - g(X ", X )g(V, W)
+2[g(X, V) [g(X*, X ) 2g(v, W)
= (At XY~ g v))) g(vw) > 0.



The importance of the very strict dominant energy condition lies in the fact that it
is an open condition: If it is satisfied in some point p € N, then it is satisfied on a
neighborhood of p. First, we examine why this does not hold for either of the other two
dominant energy conditions.

Example 1.6. Let (M, g) be a Riemannian manifold of dimension n > 1 with constant
Ricci curvature ric = Ag for some A > 0 that will be determined later. For example,
(M, g) could be a rescaled standard sphere. We consider the manifold N = M x R with
the Lorentzian metric § = —dt? + f(t)%g with f(t) = 1+ %at2 for a > 0. By the formulae
for the curvature of warped product metrics [ONe83, Cor. 7.43]

R 0 A ')’
”ﬂ“”ﬂwd¥+<fm2‘fa>‘m‘lUWP>f@%'

The scalar curvature then computes to

7(1)?
e " Ve

This implies that the energy-momentum tensor is given by

scald =n

1
T = ric? ) scall g = —A(t)dt? + B(t)f(t)%g

for
ORI D S TN
Al =7y 2 7aE T Ve
" 2-n A n—2n_ f(t)?
BO="Fn "2 e "2 " Ve
Setting
2ty 2
)\_n(n—l) d n(n—1)

provides A(0) = —1 and B(0) = —1. Thus, T'= —g on M x {0}, so the (strict) dominant
energy condition is satisfied there. As
F*(A() = B(t)) = (n+ 1) f"(6)f(t) = A+ (n = 1) f'(t)°
1
=(n+1)a <1 + 2at2> — A+ (n—1)a*t?
3n—1
_ “2 a2,
A(t) — B(t) > 0 fort #0. For p € M and t # 0, let V' € T, ;) N be a future-lightlike
vector. Then

T(V.V) = —(A(t) = B®))dt*(V, V) + B(t)g(V. V) = —(A(t) — B(t))dt*(V, V) <0,

but if 7" satisfied the (strict) dominant energy condition in (p,t), then T'(V, V') > 0 would
hold by continuity.



Lemma 1.7. If the very strict dominant energy condition is satisfied in a point p € N,
then it is satisfied on a meighborhood of p.

Proof. Without loss of generality, we can, by restricting on a small neighborhood of p,
assume that T'N is trivial. We choose a positive definite scalar product on T, N and
consider the associated compact unit sphere S C T, N. Then

J = {(V, W)yeS xS ‘ V, W are future-causal with respect to yp} CSxS

is compact as a closed subset of a compact one and

e:= min T,(V,W)>0
(V\W)eJ

by the very strict dominant energy condition. Now, we define the compact set
-1
C =T, ((—o0,5]) N (S xS9).
Hence the map

T,N@T,N — R
R min max{R(V. V), KW, W), h(V. W)}
is well-defined and continuous. We observe the following: If there is a pair (V, W) of
vectors in C' which is future-causal with respect to h, then h is mapped to a non-positive
number. Conversely, if & is in the preimage of R<g, then there is a pair (V, W) of causal
vectors in C' lying in the same component of the light cone and using the symmetry of
C under (V,W) — (=V,—W), we can assume that they are both future-directed. So a
metric A maps to a positive number iff all pairs of future-causal vectors are contained in

(SxS)\C.

The way € and C' are defined, g, is mapped to a positive number and by continuity the
same holds for all metrics in an open neighborhood. Moreover, the energy-momentum
tensors 7" in a sufficiently small neighborhood of T}, satisfy |T'(V,W) — T,(V,W)| < §
for all (V,WW) € S x S. In particular,

T(V,W)>0 forall (V,IW)e(SxS)\C.

Hence, on the intersection of these neighborhoods, the very strict dominant energy con-
dition holds. O

We now study the following question: Given a spacetime that satisfies the dominant
energy condition, what can be said about the initial value pairs (g, K') arising as induced
metric and second fundamental form on some spacelike hypersurface?



Definition 1.8. A pair of initial data (g, K) satisfies the dominant energy condition if
p > |7l holds. Thereby,

2p = scal’ +(tr K)? — | K|)?
j=divK —dtr K.
It satisfies the strict dominant energy condition if this inequality holds strictly.

Lemma 1.9. If (N,9) satisfies the strict dominant energy condition, then for any space-
like hypersurface M C N the induced pair (g, K) satisfies the strict dominant energy
condition. The same holds true for the (non-strict) dominant energy condition.

Proof. Let p € M be an arbitrary point. First, we study the case j, = 0. As the unit
normal e is future-causal, the dominant energy condition implies

Pp = Tp(‘iOveO) >0= ||jp||

with strict inequality if the strict dominant energy condition is satisfied by (N, g).

t
So we are left with the case j, # 0. Then the vector V = ey — H;ﬁ is well-defined. As

_ _ 2 _ ) 1 .

g(V,V) =g(eo, e0) — mg(eodg) + WQ(JIE,J;;) =-14+1=0
p p
1 _

?(60) V) - 5(60) 60) - rg(€07jg) = _17
]p”
V is causal and future-directed. So
1 ) .
0< TP(€07 V) = Tp(€07 60) - mTP(em]g) = Pp— HJPH
p

Furthermore, this inequality holds strictly if the strict dominant energy condition is
satisfied. n

Proposition 1.10. Let (g, K) be a pair of initial data on M satisfying the strict dom-
inant energy condition. Then there is a spacetime (N,g) that contains M as spacelike
hypersurface, induces (g, K) on M and satisfies the very strict dominant energy condi-
tion.

Proof. We set N = M x R and identify M with M x {0}. In the end, N will be an
open neighborhood of M in N. The strategy is now the following: For a good choice of
a symmetric (0, 2)-tensor H, we define

g =g+ 2K +t*H
) = —At* + gy

10



Then the induced metric on M is go = g and the induced second fundamental form
is %%ﬁzogt = K (for the choice of f(p,t) = t as time function), as required. As g is
positive definite, g defines a Lorentzian metric in a neighborhood of M. The choice of
H will be made in such a way that T satisfies the very strict dominant energy condition
all over M. Lemma then implies that we can find a neighborhood N of M on which
the very strict dominant energy condition is satisfied.

It remains to choose H appropriately. First, we show that if we set T = % J ® 7, where
p and j are determined by (g, K), then

T=pdt?+j@dt+dt@j+T

satisfies the very strict dominant energy condition on M. Note, that the condition
p > |ljll > 0 ensures that T is well-defined and smooth. Let p € M and V,W € T,N
be future-causal. We write V' = aeg + X, W = feg + Y for X,Y € T,M. As they are
future-causal, a, 5 > 0 and « > || X||, 5 > ||Y||. Then

T(V, W) = (pa + (X)) (0B + (V)
= 2((o—lli)a+ lilla+ (X)) ((o = 138 + 1318 +5(Y))
> L((p—lglha+ 1l @ = 1X1)) (G0 = 1iDB + 1318 = Y1) > 0.

We now set

H=T- "1 _tr(T)g+ —Lpg —ricd +2K* — tr(K)K

n—1

with 7' = % Jj ® j as above. This has the following reason: Let Ty = (ricg—% scal§§)| M-
By Proposition

H = 3722“20% =Tp — L5 tr(To)g + -Lypg — ric? +2K? — tr(K)K.

1
2 n—
Comparing these expressions, we obtain

A

T— ﬁ tr(T)g =Ty — ﬁ tr(To)g
and it follows that Ty = 7. So at M, the energy-momentum tensor is presicely the one
we want. O

We have seen that the initial data pairs satisfying the strict dominant energy condition
are the ones that give rise to spacetimes with strict dominant energy condition. In the
remainder of this work, we want to draw our attention towards the space of such initial
data pairs. We will study this space by comparing it to the space of metrics of positive
scalar curvature. The comparison map will be established in the next section.

11



1.2. Positive scalar curvature and initial values

In the following, M is a compact smooth manifold of dimension n > 2. Let R(M) be the
space of smooth metrics endowed with C*°-topology and R™ (M) the (possibly empty)
subspace of positive scalar curvature metrics. Furthermore, we denote by Z(M) the
C°-space of pairs (g, K) consisting of a metric g and a symmetric (0, 2)-tensor K and
by ZT (M) the subspace of those pairs satisfying the strict dominant energy condition
defined in the previous section. The aim of this section is to construct a continuous
map

¢: LR (M) — ITT(M)
such that ®[g+(ar)x oy is the inclusion g — (g, 0).
Lemma 1.11. For every C > 0, the function

7: R(IM) — R

g— L max{0, sup —scald(z)} + C
n—1 zeM

1S continuous.

Proof. 1t suffices to show that the assignment g ~— sup,c,sscal’(x) is continuous.
This breaks into two pieces: Firstly, the function CO(M) — R, f + sup,ep f(2) is
(Lipschitz-)continuous, because for all f, g € C°(M)

sup f(x) — sup g(z) = sup <f(x) —g(z) +g(z) — sup g(y)>

xeM xeM xeM yeM
< sup (f(z) = g(x)) < |If = gllco-
xeM

and analogously sup,cy g(z) — sup,en f(z) < ||f — gllco. Secondly, the continuity of
R(M) — CO(N), g + —scal’ follows from the fact that the scalar curvature can be

expressed locally as a function of the coefficients of the metric and their first and second
derivatives (cf. Theorem |A.7]). O

Proposition 1.12. For any C > 0 and I = [—1,1], the following is a well-defined
continuous map of paimE]:

¢: (R(M),R*(M)) x (I,0I) — (Z(M),Z(M))
(9,t) — <g, Tglg)tg) :

Moreover, its homotopy class [¢] € [(R(M),R*(M)) x (I,0I), (Z(M),ZT(M))] is in-
dependent of C > 0.

4For two pairs (X, A) and (Y, B), we write (X, A) x (Y,B) = (X xY,X x BUY x A).

12



Proof. Continuity directly follows from the lemma above. Moreover, varying the param-
eter C' > ( defines a continuous homotopy between different such maps. Thus, it only
remains to prove that R(M) x I UR™T (M) x I is mapped into Z+(M). To this aim, we
first observe that for a pair of the form (g, 7g) with 7 € R

n—1
72

2p = scal +

. 1—n
j:

gradT =0
n

holds. Hence, such a pair fulfills the strict dominant energy condition if and only if

2> - scal .

But by definition of the function 7, this is the case for (g, i#g), which shows that

R(M) x OI maps into Z*(M). Moreover, the condition is automatically satisfied if g
has positive scalar curvature, so R (M) x I is sent to ZT (M) as well. O

Proposition 1.13. Let C > 0 and h € R(M) a Riemannian metric. Then the compo-
sition

O: DRT(M) — R(M) x I URT (M) x T -2 T+H(M),
where the first map is given by

(=2t —1)h+2(1+t)g,—1) te[-1,—1]
[g>t] — <972t) le [_%7%]
(2t — Dh+2(1 —t)g,1) te(3,1],

is a well-defined, continuous map. Its homotopy class is independent of C > 0 and
heR(M).

Proof. By the previous proposition, we just need to study the first map: Plugging in
t= :l:%, we see that the different definitions agree on the intersections, and for the special
values t = +1 we observe that the result is independent of g, i.e. the map descends to
the suspension. This shows well-definedness. Continuity can now be checked on each
domain of definition, where it is obvious. Moreover, this map continuously depends on
h € R(M), so by connectedness of R(M), its homotopy class is independent of h. [

Corollary 1.14. The inclusion RY (M) — It (M), g — (g,0) is null-homotopic. In
particular, if there exists a metric go € R (M), the induced map on homotopy groups
m(RT (M), go) — 7 (ZT (M), (go,0)) is the zero-map for all k.

13



Proof. Using the map defined above, we get a factorization of the inclusion map as
follows

R (M) = CRT (M) = SRY(M) -2 TT(M),
where the first two maps are the canonical inclusions of a space into the its cone and of
the cone into the suspension as upper half. As cones are contractible, the composition
is null-homotopic. O

This shows that we cannot find non-trivial elements of homotopy groups in the space
initial data with strict dominant energy condition by simply considering the space of
positive scalar curvature metrics as subspace. However, the map ® defined above allows
for a better construction: We will show that under certain conditions the composition

T (RY (M), go) —= msrt (SR (M), [90,0]) = o1 (TH(M), (g0, 0))

has non-trivial image. First, though, we will take a look at the map that witnesses that
there are non-trivial elements in 7, (R* (M), go): the a-invariant.

14



2. The classical a-invariant

2.1. KO-theory via Fredholm operators

In this section, we introduce certain spaces of Clifford-linear Fredholm operators and
relate them to K O-theory. The tools and examples developed here, will be needed later
to define the a-invariant. In this presentation, we basically follow Ebert [Ebel3].

Definition 2.1. For n,k € Z>¢, a Z/27-graded Cl,, j-Hilbert space is a separable, real
Hilbert space H together with a bounded linear operator ¢: H — H called grading
operator and a linear map c: R"™* — B(H) called Clifford multiplication satisfying the
following properties:

BZ=1
c(v)? = (=(v1,v1) + (v2,0)) 1
te(v) = —e(v)e

c(v1 +v2)" = c(—v1 + v2)

for all v = vy +vy € R"* = R"@RF with v; € R*@®0 and vy € 00R*. Thereby, (—, —)
denotes the standard Euclidean scalar product. Z/2Z-graded Cl,, ;-Hilbert spaces form
a category, with morphisms F': (Hy,t1,¢1) — (Ha,t2,c2) being bounded linear maps
of the underlying Hilbert spaces that are even (i.e. 1oF' = F1) and Cl,, y-linear (i.e.
ca(v)F = Fey(v) for all v € R™¥). A finite-dimensional 7/2Z-graded Cl,, x-Hilbert
space is called Z/27Z-graded Cl,, ,-module.

For simplicity, we will often write Cl,, instead of Cl,o. As we do not consider the
ungraded notions normally, we will drop the term 7 /27Z-graded for convenience.

Example 2.2. The Clifford algebra Cl,, . is a Cl,, y-module in the following way:

e The scalar product (—, —) on Cl,, j, is defined by the requirement that the standard
basis (eil ce eil)Oglgn,1§i1<---<il§n+k is orthonormal.

e The grading operator ¢ = a: Cl,  — Cl,} is given by the Cliffordization of the
map R"™* — R"* ¢ —v.

e The Clifford multiplication ¢ = R: R"** — End(Cl,,,) is given by multiplication
from the right: v — (a — a - v).

It is clear that « is an involution, R satisfies the Clifford relations and that they anti-
commute. As « is diagonal with respect to the standard basis, we have a® = «. For the

15



last property, we observe that given a standard basis vector e; € Cl,, ;, not containing
ej then

R(ej)er = (—1)'ey

for another standard basis vector ey and [ being the number of swaps necessary to bring
ej to the right position. Then

R(ejles = (—1)'R(ej)*er = —gj(—1)'es

where ¢; = 1 for j € {1,...n} and ¢; = -1 for j € {n+1,...,epqr}. So we see that
with the right ordering of basis vectors, R(e;) is of block diagonal form with blocks

0 (=1)
(—ej(—l)l 0 ) ‘

In the case j € {1,...,n}, this is anti-symmetric, thus R(e;)* = R(—e;), and if j €
{n+1,...,n+k}, then R(e;)* = R(e;).

Note, that the same works with the left multiplication L. In particular,
(L(e;)®, W) = —¢;(@, L{e;) ) (3)

for all ®, ¥ € Cl,, ;. The use of right multiplication was motivated by the next exam-
ple.

Example 2.3. Let (M, g) be an n-dimensional Riemannian spin manifold with a spin
structure Pgpin(n)M. Then the Cl,,-linear spinor bundle is the associated bundle

YoM = PSpin(n)M X Spin(n) Cly,

where Spin(n) acts on Cl,, via Clifford multiplication from the left. As left multipli-
cation by elements of Spin(n) commutes with both a and R, they give rise to bundle
homomorphisms

a: YoM — YoM
R: R"— End(ZqM).

Furthermore, implies that (—, —) extends to a bundle metric on X M. All these
structures along with their relations derived for Cl,, extend to the Hilbert space H =
L*(M, Y ;M) of L%-sections, making it a Cl,-Hilbert space.

The following Morita equivalences play an important role in the classification of Cl,, j-
modules.
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Lemma 2.4. For all n,k > 0, the categories of
1. Cly p-Hilbert spaces and Cly, 1 p41-Hilbert spaces
2. Clyyy p-Hilbert spaces and Cly, j44-Hilbert spaces

are equivalent.

Proof. For the first part, we identify R* 1+l = R*+1 ¢ RF*! with R"** @ span{e, ¢},
where e is the last basis vector of R™! and ¢ the last basis vector of RF*!. On objects
a functor in the one direction is given by mapping a Cl, p-Hilbert space (H,t,c) to
(H @ H,7,¢), where

é(v) = <C(S)) _CO(U)> for allv € R"™* @0

o-(2 7
ile) = (2 3) ,

and on morphisms by mapping F' to

()

It is easily checked that this defines a Cl,,41 x4+1-Hilbert space and a morphism of such,
respectively.

For the converse direction, we map a Cly 41 +1-Hilbert space (H,t,c) to (Ho, v, co),
whereby Hp = ker(c(e)c(e) — 1) is the l-eigenspace of the involution c(g)c(e) and
wo: Hy — Hy and ¢p: R"t* — B (Hp) are appropriate restrictions of ¢ and ¢, respec-
tively. Also, a morphism F': H — H' is mapped to its restriction Fy: Hy — H{. All of
these restrictions are well-defined, because the operators commute with c(g)c(e).

We need to see that these functors are mutually inverse up to natural isomorphism.
Starting in the category of Cl,, -Hilbert spaces, we note that

0 0

Hy = ker(é(e)é(e) — 1) = ker (O 91

>:H€B0

a~nd Io = ¢ as well as ¢ = c¢ under the identification H $ 0 = H. In the same way,
FO = F holds.
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Now we start with a Cl,, 41 p41-Hilbert space (H,t,c). Since c(e)c(e) is a self-adjoint
involution, the spectral theorem implies that there is an eigenspace decomposition

H = ker(é(e)é(e) — 1) @ ker(é(e)é(e) + 1) = Hy @ c(e)Ho,

where the last equality results from the fact that c(e) interchanges the eigenspaces.
Under the obvious isomorphism Hy @ c¢(e)Hy = Hy & Hy,

02
0 Ye(e)Ho
Lo 0 _[to 0
0 cle)e(@)m,)  \O —to

and this, along with the same argument for ¢, implies that (H,,c) = (]/'fo, 10, Co)- In the
same way a morphism F' is identified with Fj.

gets mapped to

The second equivalence is easier to describe. Let us regard R"*** as R" @ R* @
span{ey, e, e3, €4}, where ey, . . . e4 are meant to change their role from being the last four
basis vectors of R"t* to being the last four basis vectors of R¥* and vice versa. Now,
we map a Cly, 4 -Hilbert space (H,¢,c) to (H,t,¢) with ¢ defined by ¢rnir = cjrnts
along with é(e;) = nc(e;) for n = c(e1)---c(eq). It can be checked that 2 = 1 and
that (H, ¢, ¢) defines a Cl,, j14-Hilbert space. A morphism is mapped to the morphism
defined by the same underlying bounded linear map.

Conversely, for a Cl,, py4-Hilbert space (H,t,¢) we define the corresponding Cly,4 k-
Hilbert space (H,t,c) by cjgntx = Grntr and c(e;) = 7jc(e;) for 7 = é(er) - - é(eq).
Again, the image of a morphism is defined by the same underlying bounded linear map.
Since in both cases n = 7}, these functors are seen to be mutually inverse. O

Proposition 2.5. If n — k # 0 mod 4, there is an irreducible Cl,, -module, unique
up to isomorphism. If n — k = 0 mod 4, there are two isomorphism classes of irre-
ducible Cly, ,-modules, and they are distinguished by whether the volume element wy, ) =
we(er) . ..clepsk) acts as +1 or —1.

Proof. This is the statement of [LM89, Thm I.5.7] along with the discussion of [LM89,
Thm 1.5.9]. Note that in this reference, Cl,, y-modules are ungraded, which results in
an index shift: 7/27Z-graded Cl,, p-modules correspond to ungraded Cl,, j4i-modules
setting c(eptki1) = ¢. O

Definition 2.6. A CI, ;-Hilbert space is called ample, if it contains each irreducible
Cl,, p-module with infinite multiplicity.

18



Example 2.7. Let H = L?(M,X¢; M) with the Cl,-Hilbert space structure defined in
Example H is ample if n = dim(M) > 0: Let U C M be a non-empty open subset
such that there exists a non-vanishing vector field X € X(U) (e.g. U can be a chart
neighborhood of a point). We can assume that X is a unit vector field. Let us now
consider the inclusion

H' = L*(U,SeiMyy) < H

defined by zero continuation. Note that H’ is infinite-dimensional and each eigenspace
of Wn,0) g/ includes into the corresponding eigenspace of w,, o. The operator

L(X): H — H'

induced by left Clifford multiplication with X is invertible as L(X)? = —1. Left and
right Clifford multiplication commute, thus we have

L(X)wno = L(X)aR(e1) - R(en) = —aL(X)R(e1) - R(en) = —wn oL(X).

This implies that L(X) maps the 1-eigenspace of Wn,0| g tO the —1-eigenspace and vice
versa. So these eigenspaces both must be infinite-dimensional.

Definition 2.8. Let (H,t,c) be an ample Cl,, p-Hilbert space. Then a Cl,, j,-Fredholm
operator is a (bounded) Fredholm operator on H that is self-adjoint, odd with respect to
t, Cly p-linear and, in the case n —k = —1 mod 4, satisfies the additional condition that
wp kIt is neither essentially positive nor essentially negative. We denote by Fred”’k(H )
the space of Cl,, j-Fredholm operators with operator norm topology. Furthermore, we
write G™*(H) C Fred™*(H) for the subspace of invertible elements.

Remark 2.9. Assume that F' is a self-adjoint, odd, CI, j-linear Fredholm operator

on an infinite-dimensional Cl,, ;-Hilbert space H. If n —k = 1 or 2 mod 4, then
F € Fred™ (H). In the case n — k = 0 mod 4 we have to additionally check that
H is ample and in the case n — k = —1 mod 4 the condition concerning the essen-

tial spectrum needs to be checked. Now assume that the Clifford action extends, so
that H is a Cl,y1 - or a Cl, p4+1-Hilbert space. Then the additional generator C' of

the Clifford action satisfies w, ,C = —Cw,  for n —k = 0 mod 4, so H is ample as
Cl, -Hilbert space. If, furthermore, F' is Clifford-linear with respect to the extended
Clifford multiplication, then w,, F't anti-commutes with C for n —k = —1 mod 4 and

so its spectrum is neither essentially positive nor essentially negative. Thus, in any case,
Fred"*1F(H) C Fred™*(H) and Fred™**+!(H) C Fred™*(H).

Example 2.10. Let H = L?>(M,X¢;M) be defined as above and assume additionally
that M is compact. The Levi-Civita connection on M induces a connection on Pgpin () M,
which defines a connection V on Xy M. The composition

D:T(SaM) s T(T*M @ SoM) 5 D(TM @ M) -5 T(SaM)
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of connection, musical isomorphism and (left) Clifford multiplication defines the C1,, -
linear Dirac operator, which extends to an unbounded operator D: H — H. It is imme-
diate that D is odd and Cl,-linear. Moreover, general results for Dirac operators imply
that D is formally self-adjoint and admits a spectral decomposition D = 72, \;7g, with
finite dimensional eigenspaces F; and discrete eigenvalues A; (cf. [Roe99, Thm. 5.27]).
Hence the bounded transform

LI S
1+ D? i=0 l—i—)\%

is a well-defined, self-adjoint Fredholm operator that is odd and Cl,-linear. In the case
n# —1 mod 4 this already shows F € Fred™C(H).

For the remaining case, we study the operator D = wnoDt = R(e1) - R(en)D. As
R(e1)--- R(en) and D commute, each eigenspace of D can be further decomposed into a
1- and a —1-eigenspace of R(e1) - -- R(eyn). So the eigenvalues of the product D accumu-
late at least at oo or —oo. If we can show that both of them are accumulation points,
then

D =R(ey) - R(en)i = wp okt

V1+ D? 1+ D?

is neither essentially positive nor essentially negative, as needed.

In order to do so, we adopt the argument of [Amm17, Prop 7.21]: We assume that oo is
the only accumulation point for contradiction, the argumentation for —co being analo-
gous. Let Ag be the smallest eigenvalue. We cover M by chart neighborhoods Uy, ..., Uy
and choose a partition of unity W2, ..., ‘113 subordinate to the cover, where ¥; € C<(M)
for all . Using Gram-Schmidt orthonormalization, there exists an orthonormal frame
el, ... el over U; for each i. Now, let D¢ = \p. As \Iliez is a smooth function, L(\Ilie§)¢
is in the domain of D and

> (DL(Wie))p, L(Wie))p) > ZAO( (Wieh)d, L(Wie))p) = S Whro(6,6) = ndollg]>
2% 2
On the other hand,

> (DL(Wieh)o, L(Wieh)d) = 3 (Lleh)Rler) .. Rlen) Vo L(Wich) o, L(Wie))g)

1,7 5,k

=3 (L) B(er) .. Rlen) L(V o Wich) o, L(Wie})g)

1;7j7k

+ 3 (Leh)R(er) . R(ea) L(Wi€})V s 6, L(Wieh)o)

Z‘?j?k
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<Y \I/Z-HVQZ‘I’ie;HCOH(ﬁW
ik

= > w2 (L(e))R(er) - Rlen) L(e}) V. 6, L(€})9)

Z‘ij?k

+2 3" W2 (L(e})R(er) .. Ren) L(e})V i 6, L(e})o)
ij=k

< Olgl* = > WEN (9, 6) + 2D WIN(9, 9)
ij i
=(C—(n—-2)N)]g|
for some C' independent of ¢ and A. Putting those inequalities together,
nh+(n—-2)A<C

for all eigenvalues \. Asn >3 (if n = —1 mod 4) and oo is an accumulation point, this
is a contradiction. Thus, F € Fred™°(H) for all n > 0.

Furthermore, if g is a metric of positive scalar curvature, then the Schrédinger-Lichne-
rowicz formula (cf. [Roe99, Props. 3.18 and 4.21])

1
DQ:V*V+%1

implies that ker D = 0 and so F' € G™°(H).

The following consequence of Kuiper’s theorem is proven in [Ebel3]:
Proposition 2.11. The space G™*(H) is contractible for all n,k > 0.

Proposition 2.12. The Morita equivalences induce homeomorphisms of pairs

(Fred™*(H), G"*(H)) — (Fred"™V"*Y(H @ H), G" V¥ Y (H @ H))
F 0
Fr+— (O F>

(Fredn+4,k (H), Gn+4’k(H)) N (Fredn’k+4(H), Gn’k+4(H))
F—F.

and

In particular, there is a homoemorphism

(Fred™*(H),G"*(H)) — (Fred""®*(H @ R!%), G"*8*(H @ R'9))
Fr—F® 1R16 .
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Proof. We use the same notation as in the proof of Lemma [2.4] The first thing to check
is that H @ H is ample iff H is ample. In the case n — k #Z 0 mod 4, this is just the fact
that H is infinite-dimensional iff H @© H is. In the other case, we note that w41 41 is

up to sign given by
Wn k 0
0 wn,k ’

Hence, the 1- and —1-eigenspaces of wy41 r+1 are both infinite-dimensional iff those of
wn, are. It is easily checked that if I is a self-adjoint, odd and CI,, j-linear Fredholm
operator, then its image is a self-adjoint, odd and Cl,, 11 x4+1-linear Fredholm operator
and if F' is invertible, so is its image. This shows the well-definedness of the first map
up to the additional condition in case n — kK = —1 mod 4. For this, we note that

Wn,k 0 F 0 ¢ 0 _ wp k't 0
0 —wnk 0 F)\0 —¢ 0 wn k't

is neither essentially positive nor essentially negative iff w,, It satisfies this condition.
Clearly the map is continuous and we have to construct a continuous inverse. For this,
let

F= (? ‘; 2) € Fred"™"* 1 (H & H).

(£3)= (2 3)

we must have Fy = F3 and Fy = F5 = 0. So the assignment F' — F{; defines a continuous
map of pairs, inverse to the first map.

As it has to commute with

For the second part, it suffices to note that under the performed change of the Clifford
structure, ¢(e;) = nc(e;), Clifford-linearity of F is left unchanged and the volume element
w changes at most its sign.

The last part is obtained by applying four times the first map and then once the inverse
of the second one. O

We now turn our attention to K O-theory. Classically, KO is defined as follows.

Definition 2.13. Let X be a compact space. The KO-group of X, denoted by KO(X),
is the Grothendieck group associated to the abelian monoid

({real vector bundles over X } /vector bundle isomorphisms, @®).

22



If g € X is a base point, then the reduced KO-group of (X, x¢) is
KO(X) = ker(KO(X) — KO({x0})),

where the map is induced by pullback via {zo} — X. If Y C X is closed, then the
relative KO-group of the pair (X,Y) is KO(X,Y) = KO(X/Y) where X/Y is defined
by the pushout

Y —— {x}

| |

X —— X)Y

and the base point is given by the canonical map {*} — X/Y. Moreover, for n > 0, we
define higher K O-groups by

KO™X,Y)=KO(X",X/Y)

red

KO™™(X)=KO™"(X,9),

where ¥4 is the reduced suspension of a pointed space.

There is much that can be said about these groups. For instance, they are homotopy
invariant and the tensor product turns KO~ *({x}) into a graded ring and KO~ *(X,Y)
into a KO~ *({*})-module. Hence the following theorem (cf. [LM89, Thms. 9.21 and
9.22]) tells much about the structure of KO-theory.

Theorem 2.14 (Bott periodicity).

KO*({*}) = Z[n,y,=]/(2n,n°, ny, y* — 4x)

with deg(n) = —1, deg(y) = —4, deg(z) = —8. In particular, for n >0

Z n=0,4 mod 8
KO™({*}) = Z/2Z n=1,2 modS8
0 n=3,56,7 modS8

Moreover, multiplication by the generator x € KO~8({x}) induces an isomorphism
KO™(X,Y) = KO 8(X,Y)
for all compact pairs (X,Y).

This allows us to extend the definition of KO to positive degrees in such a way that
KO* is 8-periodic, i.e. KO™(X,Y) = KO" 8 (X,Y) as abelian groups.
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Definition 2.15. With abuse of notation, let KO*({x}) be the localization of the version

from Definition at the generator z € KO~8({*}) and KO*(X,Y) be the KO*({*})-
module obtained by localizing the previously defined version at zx.

The connection between K O-groups and the spaces of Fredholm operators is given by
the index map.

Theorem 2.16 (Index map). If H is an ample Cl,, x-Hilbert space, then Fred™"(H)
represents K O-theory: For compact relative CW-complexes (X,Y), there is a natural
bijection

ind: [(X,Y), (Fred™*(H),G™"*(H))] — KO*™(X,Y)

called index map. In particular, the class of null-homotopic maps is mapped to zero.
Moreover, ind is invariant under Cl,, j-Hilbert space isomorphisms, i.e. if U: H — H’
is an isomorphism of Cl,, i.-Hilbert spaces, then

o)

[(X,Y), (Fred™*(H), G™"*(H))] [(X,Y), (Fred™*(H"), G™*(H"))]

ind ind

KOF"(X,Y)

commutes, where the upper map is induced by Fred”’k(H) > F—UFU L.

The theorem is a consequence of the following two results.
Theorem 2.17. For compact spaces X, there is a natural bijection
ind: [X,Fred?(H)] — KO(X),
which induces, for compact CW-pairs (X,Y), a natural bijection
ind: [(X,Y), (Fred®(H), G*°(H))] — KO°(X,Y).

Moreover, ind is invariant under Clg-Hilbert space isomorphisms.

Proof. The first part of this theorem can be found in |[AS69|, with the difference that,
instead of Fred®?(H), the space of all (bounded) Fredholm operators F(Hy) on a separa-
ble, infinite-dimensional real Hilbert space Hy is considered there. But those two spaces
can be easily identified: The ampleness condition for H implies that both eigenspaces
of the involution ¢ are infinite-dimensional. So we can choose an isometric isomorphism
H =~ Hy® Hy for Hy = ker(: — 1) = ¢2 such that ¢ is given by

o %)
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Then F' is of the form

Fy Iy
F, F3)°

Since F' anti-commutes with ¢, we must have Fy = F3 = 0. Moreover, F* = F implies

Fy = FY. So F'is of the form
0 F
Ff 0

with F1: Hy — Hg being a Fredholm operator. Conversely, a Fredholm operator on a
separable, infinite-dimensional Hilbert space Hy defines a Clpo-Fredholm operator on
H = Hy & Hy by the above formula.

Let us take a short look at how the index map is constructed: Given a map Fj: X —
F(Hy), by compactness of X, a closed subspace V' C Hj of finite codimension can be
found such that V Nker(Fi(z)) =0 for all z € X. Then

ind([F1]) = [ker F1 Py| — [coker F1 Py] € KO(X)

with Py being the orthogonal projection on V' (cf. [Ati67], particularly for well-defined-
ness). Noting that coker F1 Py = ker(F1Py)* = ker Py Fy, we conclude that in the
7./27Z-graded picture the index of F': X — F(H) is given by

md([F]) = [ker(Pvav)|H0] — [ker(PvF1pv)|H0L] S KO(X)

where the closed subspace V C Hy C H of finite codimension in Hj is chosen such that
V Nker(F(x)) g, = 0 for all x € X. From this description, we see that the index map is
invariant under Cly-Hilbert space isomorphisms.

For the second part, we note that for the one-point space {xg}, we can take V = ker(Fy)*,
so the map is given by

{zo}, F(Ho)] = KO({zo}) =7
[F1] — index F} = dim ker F} — dim coker F}.
This implies that it is the path component containing the identity (and all invertible

operators) that is mapped to zero. Now, let X be a compact space with non-degenerate
base point g € X. We consider

[(X’ l’o), (F(H0)7 1)] 7777777 ’ KO(X)
(X, F(Hy)] ———— KO(X)

{

{ao}, F(Ho)] ——— KO({zo}).
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By definition, I?é(X ) is the fiber over 0 with respect to the restriction map. Hence, if
we can show that on the left hand side [(X, ), (F'(Hp), {1})] is preimage of the identity
component under the restriction map, the dashed map exists and is a bijection.

As zg € X is non-degenerate, the preimage under the restriction map is given by
{[f] € [X,F(Ho)||3g € [f]: g(wo) = 1} C [X, F(Ho)].

This is almost the set in the left-hand upper corner of the diagram. Indeed, there is a
canonical comparison map

[(X,20), (F(Ho), )] — {[f] € [X, F(Ho)]|3g € [f]: g(xo) = 1},

which is surjective. For injectivity, we need to show that whenever two pointed maps
frg: (X,20) — (F(Hp),1) are homotopic, then they are also pointed homotopic. Let
H: X x[0,1] — F(Hy) be the homotopy. We set v = H(xg,—): [0,1] — F(Hp), this
is a path in F(Hp) from 1 to 1. We remember that under the projection p: B(Hy) —
B(Hyp)/K(Hp) to the Calkin algebra, Fredholm operators are mapped to invertible el-
ements. Moreover, according to the theorem of Bartle and Graves [BG52|, p has a
continuous (though not linear) section o. Then t + o (p(v(t))~!)y(t) agrees with the
identity up to a compact operator. So

H: (X, o) % [0,1] — (F(Hp), 1),
(@,t) = o(p(y(t)) ") H (z,t) + L —a(p(y(£)) ")y (t)

is a well-defined pointed homotopy from f to g.

Now, the claim follows from the following line of natural isomorphisms:

(X, Y), (Fred™*(H), G*"(H))] = l(X, Y), <Fred°’°(Ho ® Ho), { (2 é) })]

>~ [(X,Y), (F(Hy),{1})]
= [(X/Y,Y/Y),(F(Ho), {1})]
=~ KO(X/Y)=KO"(X,Y)

Note that the first isomorphism uses that G®Y(H) is contractible (Proposition [2.11))
along with the fact that Y < X is a cofibration. O

Theorem 2.18 (Bott map). For compact CW-pairs (X,Y), the map

[(X,Y), (Fred™ bk (H), GMHYF(H)) — [(X,Y) x (1,01), (Fred™* (H), G™*(H))]
[z +— Fy] — [(x,t) — Fy + tc(e)d]

is a natural bijection. Thereby, e is the additional basis vector of Rk = R @ R"t*
and I =[-1,1].
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Proof. In essence, this is the statement of [AS69, Thm A(k)]. In this source, however,
the spaces of Fredholm operators are denoted by F['(Hy) and defined slightly differently:
If n =0, F2(Hy) = F(Hp) is the space defined in the previous proof and we have already
seen, how this relates to Fred®°(Hy @ Hy).

If n > 0, for an ample ungraded C1,,_1-Hilbert space Hy, the space F}'(Hy) is the space of
skew-adjoint, Cl,,_1-anti-linear Fredholm operators Fjy on Hy that satisfy the additional
condition that c(eq) - - - c(en—1)Fp is neither essentially positive nor essentially negative
if n = —1 mod 4. This corresponds to the Fred™"(H)-spaces by a construction similar
to the first Morita equivalence: If Fy € F['(Hp), then

0 F,
F= (-Fo 00> € Fred™(Hy @ Hy),

where the Cl,-Hilbert space structure on Hy @ Hy is defined by

L= (1 0) , c(en) = (1 0) , cle;) = < 0 _C(ei)> fori=1,...,n—1.

Conversely, an F € Fred™(H) defines on Hy = ker(wc(e,) — 1) an operator Fy =
c(en)Fim, € F'(Hp). These two procedures are mutually inverse.

With these translations at hand, the main theorem of [AS69] together with the con-
tractibility of G™°(H) implies that
(X, Fred" " 0(H)] — [X x (I,01), (Fred™*(H), G™"(H))] (4)
7r

o By — [(g;,t) + cos <2t) F, +sin <72Tt) c(e)b]

is an isomorphism for all X. This is the map from the claim, as (z,t) — F, + tc(e)e
and (z,t) — cos (§t) Fy, + sin (5t) c(e)e are homotopic as maps of pairs via the linear
homotopy connecting those. This works as aF, + be(e)e is invertible if a # 0 and F), is
invertible or simply b # 0, since (aFy + be(e)e)? = a>F2 + b2 1.

The occurrence of the term c(e)e in is explained as follows: If n > 1, then the
corresponding term on Hy-level (i.e. in [AS69)]) is given by —c(e), which translates into

0 —cle)) _ c(e) 0 0 1)
cle) 0 Lo —ce)\1 o0 = —ele)

Precomposition with the homeomorphism X x (I,0I) — X x (I,01), (x,t) — (z,—t)
corrects the sign. In the case n = 1, the situation is more delicate. On Hy, the term in
[AS69] is given by — 1, which corresponds to

(49
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by the identification for n = 0. However, this construction of the Cly-Hilbert space from

Hy yields
1 0
(H, (O _1>>=<H,w<e>>

instead of (H, ), which would be the result of just forgetting the c(e)-action of the Cl;-
Hilbert space (H,t,c). Hence we apply the isomorphism of (7Z/27Z-graded) Cly-Hilbert
spaces given by %(L + tc(e)). This transforms the Fredholm operator —¢ into

%(L + wc(e))(—1) (v + e(e)) = —%(L + wc(e) + we(e) — ) = c(e)e.

The generalization to compact CW-pairs (X,Y) works as in the previous theorem. First,
we consider the case of a compact pointed space (X, x¢) with non-degenerate base point.
Then in the diagram

[(X,z0), (Fred"™ O (H), GMO(H))] - s [(X,z0) x (1,01), (Fred™®(H), G™°(H))]

! l

[X, Fred" 40 (H)] [X x (I,0I), (Fred™®(H),G™°(H))]

J{T@S J{T‘ES

[{zo}, Fred" ™0 (H)] - = {zo} x (I,01), (Fred™®(H),G™O(H))]

Il

the upper spaces can be identified with fibers of the restriction maps. More precisely, they
are seen to be the preimages of the subsets defined by those homotopy classes that contain
a representative mapping into G"TL0(H) or G™Y(H), respectively. As before, this re-
quires to show that unpointed homotopies of maps (X, z¢) — (Fred" ™ 0(H), G"+10(H))
can be turned into pointed homotopies. This can be done as in the previous proof, replac-
ing B(H) and K (H) by their subspaces of Z/2Z-graded Cl,11-linear operators. By the
same procedure, homotopies of maps (X, z¢) x (I,0I) — (Fred™(H), G™Y(H)) relative
X x OI give rise to homotopies relative X x 0I U {zop} x I.

Now, the commutativity of

[(X,Y), (Fred" ™ 0(H), G HO0(H)) —— [(X,Y) x (I,0I), (Fred™®(H), G™(H))]

B |=

(X/Y,Y/Y), (X/Y.Y/Y) x (I,0]),
(Fred™™40(H), Grt10(H))) (Fred™®(H),G™°(H))]

1%

shows that the upper map is a bijection. Note that the vertical maps are bijective as
G"t19(H) is contractible and Y C X satisfies the homotopy extension property.
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The generalization to arbitrary k£ works by induction, using that the Morita equivalences
(Proposition [2.12)) induce the commutative diagrams

[(X,Y), (X Y) < (2, 01),
(Fred"VF(H @ H), GMHYF(H @ H))) (Fred™(H @ H),G™*(H ® H))]

E E

(X, Y), [(X,Y) x (I,01),
(Fred™*~1(H), G4~ (H)) T (Fred" MR (H), Gr A (H))]

and

[(X,Y), (Fred">F(H), G"5%(H))] — [(X,Y) x (I,81), (Fred™ ¥ (H), G 4% (H))]

= |=

(X, Y), [(X,Y) x (1,01,
(Fredn+1’k+4(H), Gn+1,k+4 (H))] (Fredn’k+4(H), Gn,k+4 (H))]

O]

Proof of Theorem[2.16. The case (n,k) = (0,0) is Theorem m From this, we can
define the map for all (n,0) recursively using the map from Theorem m
[(X,Y), (Fred™ (H), G (H))] = [(X,Y) x (I,0I), (Fred"™"(H), G"~"(H))]
= KO~V (X,Y) x (I,0]))
KO(EMMX x I)/(Y x TUX x dI))
~ KO(X",X/Y)=KO "™(X,Y)

red

The first Morita equivalence allows to further generalize the definition to all (n, k) with
0 < k < n inductively:

[(X,Y), (Fred™ M1 (1), GMHUMHL(H))] =5 [(X,Y), (Fred™* (Ho), G™*(Ho))]
= KOF(X,Y)
Lastly, we extend inductively to all pairs (n, k) € Z>o X Z>o via
[(X,Y), (Fred™"(H), G™*(H))] = [(X,Y), (Fred" "™ (H @ R'%), G"*5*(H @ R'F))]
=y KO 8(X,Y) 2 KO (X, Y),

where the last map is the multiplication with the periodicity element z=! € KO3 ({*}).

Note that all the maps involved are natural in (X,Y). The “in particular” part then
follows from the fact that for a map being null-homotopic means that it factors up to
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homotopy over ({x},x). Hence, its class is in the image of the upper left corner in the
commutative diagram

[({x}, %), (Fred™*(H), G™*(H))] —— KO*"({x},%) =0

| !

[(X,Y), (Fred™*(H), G™*(H))] ——— KO*"(X,Y).
Since right hand map is a group homomorphism, its image is zero.

In the case (n,k) = (0,0), the index map was seen to be invariant under isomorphisms
of Clp-Hilbert spaces. Now, we observe that the property of being invariant under C1,, ;-
Hilbert space isomorphisms is preserved in each inductive step — giving invariance for
all (n, ]{) S ZZO X Zzo. ]

Remark 2.19. Looking at the proof of Theorem [2.16] we see that

(X,Y), (Fred™*(H), G™*(H))] KOF"(X,Y)

F LT

[(X,Y), (Fred"®*(H @ R6), Grt8F(H @ R0))] —— KO "8(X,Y)

commutes by definition if n < k. The same is true for k < n provided that the right
generator x € KO~8({*}) is chosen. This follows from the last remark in [AS69]. We
will not make use of this fact.

Example 2.20. The index map can be used to define an interesting invariant for a
compact Riemannian spin manifold (M, g) of dimension n > 0 with chosen spin structure,
the so-called a-index. As explained above, the bounded transform of the Cl,-linear Dirac
operator

D
F=—__H=L*M,XyM)— H
Vit D2 W Zet)

defines an element of Fred™(H). So we can define
a=ind(F) € KO "({*}).

If g has positive scalar curvature, then F' is invertible and so @ = 0. It can be shown that
a does only depend on the spin-bordism class of the spin manifold M. In particular,
it is independent of the metric chosen. Thus a # 0 is an obstruction to positive scalar
curvature on M.

The a-index allows to detect that R (M) is empty. In the next section, we will define
a more refined invariant that is able to detect non-trivial homotopy groups of R™ (M),
provided that this space is non-empty.
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2.2. Construction of the a-invariant

Let M be a compactl spin manifold of dimension n > 0 that has a positive scalar
curvature metric go. The a-invariant is the map a: mp(R* (M), go) — KO F=1({x})
that arises in the following way: As R(M) is contractible, the long exact sequence for
homotopy groups implies 7, (R (M), go) = my1(R(M), RT (M), go). For each metric g,
the Cl,-linear Dirac operator D, defines a Cl,-linear Fredholm operator

F,= 2
I ,/1+D§7

which is invertible if ¢ € R*T(M). The assignment g — F, gives rise to a map
(R(M), Rt (M)) — (Fred™?, G™0), which induces a map to 7y 1 (Fred™?, G™°, F,,). Ap-
plying the index map from the last section, we obtain an element in KO~"(DF+1, F) =
KO k=1({x}).

In this outline, however, we glossed over the detail that the Cl,-linear spinor bundles
and hence the L2-spaces, on which the Fredholm operators F, act, depend on the metric
g. These L%-spaces form a Hilbert bundle over R(M), which, by Kuiper’s theorem,
can be trivialized. Such a trivialization allows to define the map (R(M),R"(M)) —
(Fred”’O,G”’O). We will make this more explicit: The Cl,-linear spinor bundles for
different metrics can be identified using the method of generalized cylinders due to Bér,
Gauduchon and Moroianu [BGMO05|. This gives rise to a specific trivialization of the
Hilbert bundle of L?-spaces.

Let us start with this construction by fixing a topological spin structure on M, i.e. a
double covering

Pal//+(n)M — PGL+(n)M
over the principal bundle of positively oriented frames of T'M. This defines, for any
g € R(M), a spin structure for (M, g) by pullback

M

PSpin(n)(Ma g) — P )

J aL
Pson)(M,9) —— Par+@m)M,

where Pso(,)(M,g) is the principal bundle of positively oriented orthonormal frames
with respect to g. Moreover, pulling back over the canonical projection M x [0, 1] — M,
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we obtain

| !

Par+myM x [0,1] —— Pgr+mM

! !

M x[0,1] ———— M.

This gives rise a topological spin structure P&+(n+1)M x [0,1] = Par+(neyM x [0,1]

on M x [0, 1] by extension along the standard embedding

GL"(n) — GLt(n+1)
A0
A+—><O 1)

Now, given a metric g € R(M), we can define a family of metrics by g = (1 —t)go + tg.
Such a family in turn defines the generalized cylinder (M x [0,1],g; + dt?), t being
the variable in [0, 1]-direction. As above, the topological spin structure induces a spin
structure Pspin(n1)(M x [0, 1], gi+dt?) — Pso(n41)(M %[0, 1], gt+dt?) on the generalized
cylinder. This has the property that for all ¢y € [0, 1] it restricts to the spin structure of
(M, gt,) in the sense that

and its double covering.

PSpin(n) (M7 gt()) B PSpin(nJrl) (M X [07 1]791& + dt2)

| !

Psom) (M, gty) — Psomn)(M x [0,1], g + dt?)
is a pullback, where the lower map is the inclusion (ey,...,e,) — (e1,...,en, %).

The reason, why we do this is that on Pgyin(ne1)(M x [0,1], g¢ + dt?) the Levi-Civita
connection induces a canonical connection V, which provides parallel transports

Pyvz : PSpin(n+1) (M X [07 1}7915 + dt2)|(z,0) — PSpin(n+1) (M X [07 1]7gt + dtz)l(x,l)
along the curves v;: [0,1] = M x [0,1], t — (z,t) for all z € M. These assemble into
an isomorphism of principle bundles

PV Pspintni1y(M % [0,1], g + dt*)|arxcior — Popinnsn) (M x [0,1], g + dt) ar 13-

The fact that % is parallel along the curves 7, implies that PV restricts to

o

Pv: PSpin(n)(M7 gO) — PSpin(n)(Ma g)a
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and this induces an isomorphism on the associated Cl,-linear spinor bundles

Furthermore, it is immediate that PV is a point-wise isometry with respect to the scalar
product (—, —) defined in Example

We want to promote this to a unitary transformation between the associated L2-spaces.
As the L?-norm also depends on the volume element, we first compare those: There exists
a positive function 8 € C°°(M) such that dvol? = S dvol?. Then /BPY : Yci(M, go) —
Yc1(M, g) induces a unitary transformation

®,: H = LA(M,Sci(M, go)) — LA(M, Sci(M, g))

as

(®5(0), ®y(¥))z2 = | (VBPY(6), VBPY () dvol? = [ (6,) dvol®” = (6, );

Moreover, the following compatibilities with the structures from Example are imme-
diate:

Lemma 2.21. The isometric Hilbert space isomorphism ®, commutes with the Z/27-
grading and the right Clifford multiplication. The left Clifford multiplication satisfies

Dy(X - ¢) = PY(X) - Dy(0),

where PV (X) is the vector field obtained from X by parallel transport along the curves
(Vx)xEM .

The following is the main statement of this section:
Theorem 2.22. The map

(R(M), R*(M)) — (Fred™*(H),G™"(H))
‘Dg

is well-defined and continuous with respect to the C'-topology on the space of smooth
metrics R(M). In particular, it is continuous if R(M) carries the C*-topology.

—1
g%fbg o o<I>g
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Proof. The well-definedness follows from Example [2.10] so we need to check continuity.
We split this up into the following steps: Firstly, we reduce to showing continuity in
go by estimating the difference of parallel transports. Secondly, we establish continuity
of g — (I);ng(bg in B(H', L?)-norm. Lastly, we show that the bounded transform
promotes this to continuity in B(L?)-norm.

For the first step, we note that

D _ Dy,
© 0, =L Pt —
* 1+ D2 1+ D?

Dy

1. D D
<I>91792<1>g— 3,
\/1+ D2 1+ D3
1 D Dy, 1 D _ -
o, =1y, — —— o4 @, — 0,0, ——L_—0,0,"
hg /71+D§ g /1+Di21 h91/1+D§ ! ! 1+ D2 o

where ®p,,: L2(M, Xci(M, h)) = L*(M,Sci(M, g)) is defined as ®,, but with h instead
of gg. The first term tends to zero for g — h if continuity holds in the base point of
R(M). This, we will establish in steps two and three. To show that the second term goes
to zero, it suffices to show that ®;, — <I>g(I>,:1 converges to zero as the bounded operators
form a Banach algebra. If dvol? = 8 dvol? and dvol” = v dvol%, then dvold = %dvolh7
so we need to provide an appropriate estimate for

P,

_l’_

1Pag Py = Pyl
We do so by adapting the proof of [Wit17, Lem 4.2].

We formﬂ (M x A, gs + ds® + dt?), where A = {(s,t) € [0,1]?|s+t <1} C R? and
gst = (1 —s—1t)go + sh +tg. In the same way as we did for (M x [0, 1], g; + dt?), we can
define a spin structure on (M x A, gg + ds? + dt?) that restricts to the spin structure
of (M,gs) at M x {s} x {t} for all (s,t) € A. Then P,, P, and P}, can be obtained
by parallel transport along the curves v,: [0,1] — M x A defined by 7 — (z,0,7),
T+ (x,7,0) and 7 — (x,1 — 7, 7), respectively.

Now let # € M, ¢ € Yci(M, go)|, and ¥ € Xi(M, g)|,- We define ¢(s,0) by parallel
transport along 7 — (z,7,0) and ¢(s,t) € Xci(M,gst), by transporting ¢(s + ¢,0)
parallelly along 7 — (2,5 +t — 7,7). Note that ¢(1,0) = PYV¢ and ¢(0,1) = P,ZIP,LVQS.
Furthermore, let 1(0,%)Xci(M, gt)|, be defined by parallel transport along 7 + (x,0,1—
7) and (s,t) € Xoy(M, gst)| by transporting (0, s +t) parallelly along 7~ (2, 7,5 +
t — 7). Then ¥(0,0) = (P)) 4.

A is neither a submanifold nor a submanifold with boundary of R?, it has corners. But this does not
cause problems: The metric can be extended to a small neighborhood of M x A that can be taken
to be a submanifold of M x R?. All the operations that we are going to perform can then be defined
in terms of this manifold.
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Using the parallelism of the scalar product (—, —), we can calculate

(PRPE 6= B 000') = (60,1, 00, 1)) = (9(0.0),5(0,0))
1
|y (60,9),9(0,9)) dy
1

(Voo (0,)) dy — /0 (V2 6(y,0).%(y,0)) dy
1,1

/ (Vo o 6((1=2)y,29), ¥(1 = 2)y, 2y)) ddy
1 /1
1 /1
1,1

)
We will show that the curvature operator of the tangent bundle satisfies an estimate of
the form

1

[e=]

Vo 24y 2 Ve 2ea 2 61— 2y 29),0((1 = 2)y, 2) ) dady

R(=y + vy, (1= 2) & + 25)6((1 = 2)y, 29), ¥ (1 = 2)y, 2y) ) d=dy

QJ‘Q)

Il
S— — S5— S— >— S>—.

yR(

o
/\/\/\

(9@ Jo((1 = 2)y, zy), ¥((1 — 2)y, zy)> dzdy.

IR(5: ) llg. < Cllg — Rl o

for all g in a sufficiently small neighborhood of h. Then by the well-known formula for
the curvature of the spinor bundle (e.g. [LM89, II.(4.37)]), a similar estimate holds for
the spinorial curvature operator. The calculation above then yields the desired estimate

1Py P = Py ll < Cllg — hllco.

So let Y (s,t), Z(s,t) € X(M) be vector fields of M smoothly depending on (s,t) € A.
As such, they define vector fields on M x A, and the Koszul formula implies

d 1 5 1 ,
9st(VaY,Z) = >t —(92(Y, 2)) — §gst(Ya (515 Z]) — 59815(Z7 Y, 2])
1agst 1 1 1
— 5 at (}/’ Z) + §gst(%}t/7 Z) + §gst(Y7 %7%) — §gst(K & ) + gst(Z, %}t/)
18gst
and similarly
lf)gs
VY. 2) = 575 (1 2) + 9l 5 2). ©
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If Y, Z are constant in s and ¢, then this implies

o d 18981&
gst(V%V%Y7 Z) - agst(V%Y, Z) - 5 ot
_lgagst( )_lagst
- 2dt 9s 2 Ot

1

(VY. 2)

(Vs Y, 2)

and

1
gst(V%V%Y, Z) = —§(h —go)(V%Y, Z).

Defining Z(s,1) by (h — go)(— Z) = gu(— Z(s,1)) and Z(s,t) by (h — g)(~,7) =
gst(—, Z(s,t)) and using and (6) again, we get
1 1

1 N 1 ~ 1 -
= Egst(v%Y7 Z) - §Qst(V%Y7 Z)+ igst(v@}/v Z)

ot
_10gst .\, o 10gst 1 0gst

=10: VD15, YD+ 5 (1 2)
= L= g0)(¥.2) — {(h— g)(¥ 7).

Hence,

0a(R( 20V 2] < 21— ol Y1021+ 21— gl 11 2)

1 _ _

< 7I¥l (I = gollllgs: 1A — gllliZ1l + 12 — gllllgs 1A — goll1 Z1])
1 _

= 5 IVlllga' 1R = gollll 21l — g1

where all norms are taken with respect to gg. Now, it only remains to control the norm of
the induced metric on co-vectors gs_tl. Viewing metrics as maps from vectors to co-vectors
and dual metrics as maps from co-vectors to vectors, this amounts to controlling the
norm of the inverse of the endomorphism gy Lgst. For C = maxeo 1] | g;&H (which only

depends on go and h), we consider the neighborhood U = {g € R(M) ‘ [h—gl < %}
of h. Then for all g € U and (s,t) € A

— _ 1
95210095t = 95400l < lgseollli(t —th)]l < 5

The geometric series now shows that 1 +g;rlt70(gst — Gs+t,0) = g;rltogst is invertible with
H(g;}togst)*lH < 2. Therefore,

gz 1l = (g0 gs0) ™1l = (90 " gst1.095 L 0950) "]

= (gs12.095t) ™" (90 gs+t0) ]| < 2C.
This completes the first step.
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For the second step, we first observe that if X € X(M) and ¢ € T'(X¢1(M, go)), then

(V4PY - PYVE) ¢ = /01 % (PYVYPYY) dt

1
— / PV V% P dt
O b t b
1
:/ P, R(2, X) By, dt
0

where Py, denotes the obvious parallel transport in M x [0,1] from M x {s} to M x {t}.
Here, from the first to the second line, we used the definition of the covariant derivative
in terms of parallel transport.

Again, we estimate the corresponding curvature term of the tangent bundle as this gives
rise to an estimate of the spinorial curvature. For vector fields X,Y,Z € X(M), that
are regarded as vector fields on M x [0, 1], constant in ¢-direction, equation allows
to calculate

a(R(Z,X)Y,Z) = 9:(Va VXY, Z) = 9:(Vx V2 Y, 2)
= gt(VagvgéK Z) + gt(Va Y, V%Z) - 8th(va§Y7 Z)
t t

_ d gt 189t gt 1 dgq AN g

_gt(dtv YZ) Sy, 2) + 5y, v 2) axa(YZ)
. ]' t+s t 1 't

— g1 (lim (V% — VEY.Z) — 30— 90) (V§ - V)Y, 2)

~ 509 90) (¥, (V= V)2) = S (VR (g ~ 0))-(¥; 2)

As the difference of two covariant derivatives is a tensor, we can calculate its C%-norm
in local coordinates. Thus, from the local formula

F?j = %gkl(@-gﬂ — 0951 — 019i5)
it follows that
IV = V9l co < Cllge = gsller = Cllg — gollcn [t — 5|

for all ¢ in a small neighborhood of gy. Here, the neighborhood is chosen so small that
the geometric series allows us to control ||g; * — g5 *||co by |lg: — gs|co. Hence, we obtain

19:(R(5;, X)Y, Z)| < (Cligellco + Cllg = gollco + )1 X llcollY llco | Zll collg — goll

which implies

IR(Z X)lloo < CliXlcollg = gollon
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and
|8 (V4 PY = PYY%) |, < CliXleollg = golln 1l 2
for some constant C' depending on the choice of neighborhood of go.

This serves to show that ®, maps H' to H': As
Vx @yt = Ox (VB9 PV + /BIVE PV
= loy (1og ((59)2)) Dy1p+ /BI (vg pY - PVVQO) W+ D VP,
we are only left to control dx (log (89)%). But it follows from the local expression
(89)? = det((96°91;)i.i) = det(L+(g6°(9rj — Gox;))i)

and the fact that z — % is bounded in a neighborhood of 1 that

dx(9)?

Hax log ((ﬂg)Q)‘ (39)?

= ‘ H < C|[X[leolg ~ gollcn
Co

holds for all g within a certain C'-neighborhood of g.

Now we turn our attention to Dirac operators. We fix an open cover M = (J;¢; U; and
a subordinate partition of unity (6;)jes such that for each j € J there exists a local
frame (e), ..., el), orthonormal with respect to go. Then (PVe),...,PVel) is a local
orthonormal frame with respect to g and for any v € H' (M, ¢ (M, go))

DIDyp — Dy DYy =Y 6; (ZL (PYe) Vi, @ ; ZCD L(e v‘%)

jeJ
:Z@jZL(Pveg)< pVJ glb o v90¢>
jes i
= Y0, X L)) (0, Q0 (57 )00
jedJ i
+J67( PVe JPV valggvj)w—“b VPVJ e"w)'

By the estimates obtained above, it only remains to show
v , .
[1PYe! —elllco < Cllg = gollco
in order to obtain

105 DI@gt) — DPP|| 2 = || DI®g1p — @g D] 12 < Clig — golloa 9| -
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But by setting Y = Pveg in

18PVJ 1 1 _ .
Vel ¢l _/ St = 5/0 a7 (g — go)(el, —)) dt

holds, where g, Lis viewed as mapping 1-forms to vector fields. From this, the desired
estimate is easily obtained.

We now turn towards the last step. Let D = D%, D' = <I>g_1D9<I>g, F = f(D) and
F'=f(D') = o, f(D9)®,
for a function f: R — R with

[FN) = fFV] <

N = 7
NI 7)

for all A\, ) € R and a fixed constant ¢ € R. Of course, we are interested in the case
fN) = \/11‘_7 and we will finish this proof by showing that f is of that kind. The third
step now consists of proving that there is a constant C' only depending on f such that

whenever the Dirac operators satisfy ||D' — D|| g1 12) < €, then [|[F" — F|| g2y < Ce.

Let (¢;)ien be an orthonormal Hilbert basis of H consisting of eigenvectors of D with
corresponding eigenvalues (\;);en. Similarly, let (¢;);en be an orthonormal Hilbert
basis of eigenvectors of D’ corresponding to the eigenvalues (\);en. For ¢,¢ € H with
lloll = ||]| = 1 we then have

[, (F" = F)e)| = | D (0, 95) (i, &) (F(N)) = (X)) {85, i)

,J

c li
< ZJ T M) (00, 9, 60

c /
< 3 g = 40 050 )45 00

= S, )00 O Si v T o[ (D= D))

Z‘?j

< Z [(¥, @) (b3, )|

(;mwj 5 2 (e @ D)@))z)

J

by Young’s enquality.
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Now, the desired estimate is obtained as follows:

9 C 2
. (F = F)o)| < 3106, 0061, 6) (2“@-”2 o (155) 10 D)@HQ)

1 2
< 3l 661, 6) (2 5 (5701) es?ncz»in%p)

+
62 C2>

€ €
<, ¢ (85, ) (2 t3
i
2,12
< 14cC .
- 2
The second but last inequality thereby used the Garding inequality:

[Gill e < CUI¢ill + [Dgill) = C(A + [A])-

It now remains to show that f(\) = \/ﬁ\rﬁ is subject to (7). Since the absolute value of
% 1+ X = \/11‘_7 is bounded by 1

\\/1+A2—\/1+X2

< X =AL
and thus

NVI+AZ = A1+ N2
VI A2V 4 N2
VI+AZ - V1422
e
< VIH R = VTN 4+ [N = )
< 21N = AL

IMLF) = FO= 1Al

N = Al

= YEss

Boundedness of % fA) =01+ )\2)7% by 1 implies
[FN) = F < [N = Al

Adding up those two inequalties, we obtain the required one:

3
1+ A

[F(N) = (V] < A= Al

Remark 2.23. The first step of the proof also shows that for g{, € R(M)

R(M) — B(H, L*(£c1(M, g5)))
-1
g (I)g()g(pg
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is continuous, i.e. the Hilbert bundle structure defined on L?(M, X¢;(M,—)) — R(M)
using go is independent of the choice of gy. Moreover, the continuity of this map ensures
that the a-invariant defined next does not depend on go.

Definition 2.24. The map from Theorem [2.22| gives rise to the composition
a: (R (M), go) = mpy1 (R(M), RT (M), go) — [(D¥, 5%), (R(M), RT(M))]
— [(DMF,5%), (Fred™®, G™0)] = KO™" 1 ({x})

called a-invariant.

The a-invariant allows to detect non-trivial homotopy groups in the space of metrics
of positive scalar curvature. The following two results of this kind were independently
obtained by different methods:

Theorem 2.25 (Crowley, Schick, Steimle [CSS18|). Let (M, go) be a compact Rieman-
nian spin manifold of positive scalar curvature and n = dim(M) > 6. For all k > 0 with
k+n+1=1,2 mod 8, the a-invariant

a: m(RY(M), go) — KO F1({x}) = z/27
is split surjective.

Theorem 2.26 (Botvinnik, Ebert, Randal-Williams [BER14]). Let (M, go) be a compact
Riemannian spin manifold of positive scalar curvature and n = dim(M) > 6. For all
k>0 withk+n+1=1,2 mod 8, the a-invariant

a: m(RY(M), go) — KOk 1({x}) = z/27
1s surjective, and for all k > 0 with k +n+1=0,4 mod 8, the localized a-invariant
a®lg: m(RT(M),90) ® Q — KO * 1 ({s}) o Q= Q
18 surjective.
We will use these results to construct non-trivial homotopy groups in the space of initial

value pairs satisfying the dominant energy condition. The detection of these groups then
uses a kind of a-invariant for initial values that will be defined in the next chapter.
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3. An a-invariant for initial values

3.1. The Cl, ;-linear hypersurface spinor bundle

In this section, we want to study the bundle obtained by restricting the C1, i-linear
spinor bundle of a space- and time-oriented Lorentzian spin manifold (N, g) to a spacelike
hypersurface M C N. Especially, we want to describe it intrinsically, only in terms of
quantities of M, the induced metric g and the second fundamental form. This will be use
later, when defining the a-invariant for initial values and comparing it to the classical
a-invariant.

The first step is to construct compatible spin structures on M and N. Fixing a spin
structure on (N,g), we obtain a spin structure on (M, g) by pulling back the one from
N:

PSpin(n) (M> E— PSpino(n,l) (N)|M

| | g

Psomy (M) ——— Psoymn,1) (V)|

Thereby, the lower map is given by (ey,...,e,) — (eg, €1, ..., e,), where eq is the future-
pointing unit normal on M. As the right-hand map is a double covering, so is the
left-hand one, and it suffices to construct a compatible Spin(n)-action. This, we obtain
by pulling back the action maps. More explicitly, there is a commutative diagram

PSpin(n) (M) X Spin(n) BE— PSpino(n,l) (N)|M X SpinO(”? 1)

| | g

Pso(n)(M) x SO(n) ——— Psoy(n,1)(NV)|ar X SOo(n, 1).

and the desired map is the unique map from its upper-left corner to the upper-left
corner of building, together with the other action maps, a commutative cube out
of and @D Note, that this commutative cube shows that Pgpin,)(M) is not only a
Spin(n)-reduction of Pyo(,) (M) but also a reduction of Py, (n,1)(IV)[ar with respect to
the inclusion i: Spin(n) < Spingy(n, 1).

Next, we study associated bundles. The C1,, ;-linear spinor bundle
YaN = PSpino(n,l)(N) X Cln,l
is defined via the representation induced by left multiplication on C1,, 1:

¢: Sping(n,1) — Cl, 1 — End(Cl,1).
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As noted above, Pspin(n) (M) — Psping(n,1)(V)ar is a Spin(n)-reduction. Hence, from
the theory of principal bundles (e.g. [Baul4, Satz 2.18]), it follows that

ECZAN’|M - PSpino(n,1)<N)|M Xy Cln,l = PSpin(n) (M) X Cln,ly (10)

so the bundle ¥¢; Ny — M only depends on the Riemannian manifold (M, g) and its
chosen spin structure.

Definition 3.1. The bundle ¥y Ny from above is called Cly, 1-linear hypersurface
spinor bundle and denoted by Yo M.

Remark 3.2. Going a step futher, we can express LM in terms of the Cl,-linear
spinor bundle on M defined by YXciM = Pgpinn) (M) x¢ Cly, (cf. Example with ¢/
the left multiplication of Spin(n) on Cl,,. For this we note that

7

Spin(n) Sping(n, 1)

I I

—®cinlct, 4

End(Cl,) ———— End(Cl,, ®cy,, Clp,1) = End(Cl,, 1)
commutes and so
BoitM 2 Pepinny (M) x4 Cly
= (Pspin(n) (M) xp Cly) ®cu,, (Pspingn) (M) X1c, Cln)
= YoM ®ci, Cly 1,

because the constant representation 1¢y,, , defines the trivial Cl,, 1-bundle. The last term
is to be understood in the way that Cl,, acts by right multiplication on ¥~ M and by
left multiplication on Cl,, ;.

We need more structure on this bundle to be in the setting of the Fredholm model for
KO-theory. The structures we shall define and study in the remainder of this section
all arise in a similar way: We first define them on Cl,,; and then show that they are
Spin-invariant in the right way so that they generalize to the spinor bundle. They are:
The involution

a: Cln,l — Cln’l

arising as the Cliffordization of the map R™! — R+, v+ —v, the left and the right
Clifford multiplication

L: R"™ — End(Cl, )
R: R™™ — End(Cl,,)
as well as the (positive definite) scalar product
(—,—): Clyy xCl,1 — R

defined by the requirement that the basis consisting of e;, e;, ---€;, for 0 < k < n and
0<i <---<ip <nis orthonormal.
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Lemma 3.3. The structures satisfy the following:

1. Both Clifford multiplications are grading reversing, i.e.

aoL(X)=-L(X)o«
aoR(X)=—-R(X)o«

for all X € R,
2. Left and right Clifford multiplication commute.
3. The grading operator is self-adjoint with respect to (—,—).

4. The adjoints of the Clifford multiplications are given by

L(Beo + X)" = L(Bey — X) (11)
R(Bep + X)* = R(Bey — X)

for B € R and X € span{ey,...,e,}.

Proof. The second part is immediate and all the other parts were covered in Example[2.2]
O

From the lemma it is clear that both o and R commute with the left Clifford multipli-
cation by elements in Sping(n,1). So we get an induced involution

Qa: SClM — iglM
and an induced right Clifford multiplication
R: R" — End(ScM).

As vectors in T'Njy; transform via Y — oY o~ ! for o € Spiny(n,1), L descends to a left
Clifford multiplication

L: TN|M — End(iClM).

For the scalar product, the situation is a bit more subtle. It follows from equa-
tion that for n > 0 the scalar product is not Sping(n, 1)-invariant (e.g. consider
eo(cosh(t)ep + sinh(t)e;) € Spingy(n, 1) for ¢ # 0). However, it is Spin(n)-invariant, and
as Psping(n,1)(IV)ar reduces to Pgpin(n) (M) this is sufficient to get a well-defined scalar
product

<—, —>: iClM & iClM — R.
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Remark 3.4. From the viewpoint of semi-Riemannian spin geometry, this scalar prod-
uct can be understood in the following way. As discussed in [Bau81|, in the semi-
Riemannian case, the Spin-invariant non-degenerate symmetric bilinear forms on a rep-
resentation space are no longer positive definite in general. In our case, the bilinear form
(e - —,—) on Cly 1 is Sping(n, 1)-invariant, as can be seen with equation . So this
bilinear form extends t

(—, —): ECZM ®ECZM — R.

Despite not being positive definite, this has the property that, if T is a timelike vector
field, then (7' - —, —) is positive definite. In our situation, there is a canonical choice
of such a vector field: the future-pointing unit normal eg. The resulting scalar product
(ep-—, —) is precisely (—, —) constructed above. This is because e defines the reduction
to Spin(n).

The lemma above immediately implies

Lemma 3.5. The structures satisfy the following:
1. Both Clifford multiplications are grading reversing.
2. Left and right Clifford multiplication commute.
3. The grading operator is self-adjoint with respect to (—,—).

4. The adjoints of the Clifford multiplications are given by

L(Bep+ X)" = L(Beyg — X)
R(Beo + X)* = R(Bep — X)

for BER and X € TM or X € span{ey, ..., e}, respectively.

In particular, o and R define a C,, 1-structure on the Hilbert space L?(M, Y M), where
the L?-scalar product is induced by (—, —). We can do even better:

Proposition 3.6. Setting
U-epi1i=ep-afP)
for all W € LoyM, R extends to a Cly41,1-multiplication
R: R"2 — End(ScM).

that commutes with, left multiplication by any X € TM. Moreover, (L?>(M,Sc/M), a, R)
is an ample Cl,,11,1-Hilbert space.

51t even extends to a bilinear form on ¢ N.
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Proof. At first, we have to show that R(eny1) is skew-adjoint, anticommutes with a and
R(e;) for all i < n+ 1 and squares to — 1. This is immediately checked:

R(ens1)* = (L(eg)a)* = a*L(eg)* = aL(eg) = —L(eg)ar = —R(epi1)
Rlens1)a = L(eg)aar = —aL(eg)a = —aR(eq11)

R(ent1)R(ei) = L(eo)aR(e;) = —R(e;) L(eo)a = —R(e;) R(en1)
R(ens1)? = L(eg)aL(eg)a = —L(eg)*a” = — 1

The left multiplication with a vector X € TM commutes with R as this is true for R and
L(X)L(ep)a — L(eg)aL(X) = (L(X)L(eo) + L(eo)L(X))a = —2¢(X, eg)a = 0 because
ep is a normal vector. Ampleness follows literally as in Example [2.7] replacing oM by
oM. O

As a consequence of , the Cl,, 1-linear hypersurface spinor bundle possesses two natu-
ral connections: On the one hand, the Levi-Civita connection (/V, g) induces a connection
V on Psping (n,1) Ny and SciM. On the other hand, as bundle associated to PspinmyM
the bundle X M carries a connection V induced by the Levi-Civita connection of (M, g).
They are related by the Weingarten map (also known as shape operator):

Lemma 3.7. For all X € TM and ¢ € T(Sci M)
= 1
Vxy=Vxy — geo W(X) -9

holds, where W (X) = Vxeq is the Weingarten ma]ﬂ.

Proof. Let & be a local section of Papinm)M, and (e1,. .., ey) its projection to Pgom,) M.
Writing a spinor locally as ¢ = [£,4] and using the local formula for the spinorial
connection, we perform the following local calculation:

_ 1 _ s
Vxy—Vxy = [5, oxp + 3 > eig(Vxei,ej)e - ej -1

0<i<j

-1 |
— [5, oxy + 5 Z 9(Vxei ej)ei-ej-

1<i<j

) [g’ 5 2_(=1)g(Vxeo, ej)eo - e - v

1

= —560 . W(X) . @ZJ

O]

"The sign of W is different than in Riemannian geometry. It is chosen such that for all X,Y € T'M,
K(Xa Y) = _g(H(X7 Y)7 60) = _g(vXY7 60) = g(Y7 VXC()) = g(}/? W(X)) holds, so W = K*.
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The next question is, how these connections interact with the structures defined on
iClM .

Lemma 3.8. 1. The grading operator o is both V- and V-parallel.
2. For all v € R, the right Clifford multiplication R(v) is both V- and V-parallel.

3. The left Clifford multiplication L: T'N yy QXM — oM is V-parallel. Both the
restricted left Clifford multiplication L: TM @ SciM — YoM and the endomor-
phism L(eg): SciM — XcyM are V-parallel.

4. The scalar product (—, —) is V-parallel and satisfies
Ix(p, 1) = (Vxd,¥) 4+ (¢, Vx1p) + (eo - W(X) - §,1)

for all X € TM, ¢,v € T (S M).

Proof. Let X € T, M and U C M a neighborhood of p such that there is a local section
& € T'(Pspiny(n,1)Njv) with Vx& = 0. For any ¢ € T'(X¢iM), we can write ¢y = [£, )]

with ¢0: U — Cl, 1. As @ and R(v) for v € R"*! are induced by linear maps on Cly, 1,

Vxa(y) = [£,0xa(¥)] = [£ a(dx )] = a(Vxy)
VxR()(@) = [,0x (¢ - v)] = [£,(0x¥) - v] = R(v)(Vx¥))

hold. For Y € I'(T'Njy), we can write Y|y = ¢, Y] with Y: U — R"t! as TNy is
associated to Psping(n,1)Nar- Then

VXLY)(®) = [£,0x (Y - )] = [£, (9xY) - + Y - 0x¢] = L(VxY)() + L(Y) (V)

shows that L is V-parallel.

Using that ;M is associated to Pspin(n)M, a similar reasoning works for V as well.
More concretely, we simply have to choose & € I'(Pspin(n)M|y) with Vxé = 0 and the
calculations are literally the same ones. Note, however, that the connection induced on
TNy = TM @ Reg by V (as bundle associated to Pso(n)M, or Psyinm)M) is the sum
of Levi-Civita connection on T'M and the trivial connection® on Reg, which gives the
third part.

81.e. trivial with respect to the trivialization defined by eo. The reason, why eo appears here, is that
this vector field was used to define the reduction to Pso,)M.
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In the same way, we can prove the V-parallelism for (—,—): Writing ¢ € (X M) as
v = [€, 9], we have

This argument does not translate to the V-case as the pointwise scalar product (—,—)
on Cl, 1 is not Spiny(n, 1)-invariant in general. Yet, we can use the previous lemma to
obtain

= (Vx¢,¥) + (6, Vxv))

= (Vxo+ 3e0- W(X)-¢,9) + (¢, Vxv + geo - W(X) - )

= (Vx¢,9) + (¢, Vxvb) + 5(e0 - W(X) - $,9) + 3((=W(X)) - €0 - ¢, )
= (Vx¢,9) + (6, Vxtb) + (eo - W(X) - 6,9).

In view of the Cl,41,1-structure defined on YciM, this lemma implies:

Corollary 3.9. R: Sy M @ R"t? — S/ M is V-parallel.

In the following section we will use the connection V to define the Dirac-Witten operator
and compare it to the Dirac operator defined in terms of V. The Dirac-Witten operator
will be used later to construct a kind of a-invariant for initial value pairs, and the
comparison results will be a key ingredient in the main theorem, where we relate both
kinds of a-invariant.
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3.2. The (I, ;-linear Dirac-Witten operator

As before, let M be a spacelike hypersurface of a space- and time-oriented Lorentzian
spin manifold (N,g). The Dirac-Witten operator is a kind of Dirac operator on the
hypersurface spinor bundle. In the case of classical spinor bundles, it was first defined
by Witten [Wit81] in order to give his spinorial proof of the positive mass theorem
and later studied in more detail by Hijazi and Zhang [HZ03]. We are interested in its
Cl,, 1-linear version and compare it to the Cl, i-linear Dirac operator:

Definition 3.10. The composition

D:T(EaM) s T(T*M @ SeiM) 23 (1M o M) L T(Ea M)
defines the Cly, 1-linear Dirac-Witten operator. The composition (with V replaced by
V)
= v N = f®1 = L s
D:T(XqM) —=T(IT"M YXcM) —T'(T'M @ XciM) — I'(Xc M)

is the Cl,, 1-linear Dirac operator.

The results of Lemmata and and Corollary from before immediately imply
the following lemma, which justifies the names of these operators.

Lemma 3.11. D and D are both Cl,, 1-linear with respect to the right Clifford multipli-
cation R and odd with respect to . Furthermore, D is Cly 1 1-linear with respect to the
extended right Clifford multiplication R.

Lemma 3.12. D =D — %TL(G()) holds, where 7 = tr W = tr K is the mean curvature
of M in N. Both D and D are formally self-adjoint.

Proof. For v € T'(S¢;M) and a local orthonormal frame eg,...,e, we perform the
following local calculation:

Dy~ Dy = e (Ve, — Ve )b

i=1

1 n
:—§Zei-eo~W(ei)-¢
=1

g(W(ei),ej)ei-ej-eq- o

qﬁ

<
Il
—

Il
N
=

g(W(e;),ei)eq -

T

N = N
«
Il
—

B
D
(en)

<
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Here, we used that g(W(e;),e;) = K(e;,e;j) is symmetric in ¢ and j. Being a Dirac
operator, D is formally self-adjoint. As L(eq) is self-adjoint by Lemma the same
holds true for D. 0

The utility of the Dirac-Witten operator to general relativity results from following
observation due to Witten [Wit81]:

Proposition 3.13. The Dirac- Witten operator satisfies the Schrédinger-Lichnerowicz
type formula

D’ = V'V + (o~ Lieo) L)),

with

2p = scal +7 — || K|
j=—dr +div K.

Proof. By the previous lemma, we have
—9 1 1
D™y = (D — 27'L<6())) (D — 27'L(€0)) P
9 1 1 1,
=D ¢—§D(760-¢)—5760-D¢+17‘ )
1 1
= D% + 50" grad 7 -9 + 17'2111.

The last step of the calculation used that D(1eg - 9) = grad 7 - eg - ¢ + 7D(eq - 1) along

with the fact that D anti-commutes with L(ey) = R(en+1)a. Applying the Schrodinger-
Lichnerowicz formula for D?, we obtain

_ 1 1 1
D = V*Ve + Jscalv 4 Seo - grad 74 . (12)

Next, we express V- in terms of V*. Calculating point-wise,

n

(e0-W(=) - 6. 0) o nrasonns = (0 Wles) - 6, W(er)) = S (e - Wi(er) - U(er))

i=1 i=1

holds forallp € M, ¢ € XN, ¥ € Ty M &%y N, and an orthonormal basis e1, ... €, €
T,M. Thus defining

W:T"M @ SaM 5 M @ SoM) Y2 TM @ SaM -2 oM,

the adjoint of V is given by

V' = (v — ;L(eo)L(W(—))>* = V* — = L(eg)W.
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Hence we get
V= (v - 52 ) (V= S L () ) v
= VUV~ SV (o W(=) ) — geo - (VW) + geo - W(eo - W(=) - 9).

The last term can be calculated point-wise to be

1
160 W(eo - W (=) Zeo Wi(e;)-eo-Wi(e) v =~ ZHW e)|? ¢_7||K|y .
The middle two terms can be simplified using a local calculation, ey, ..., e, being a local

orthonormal frame:

V*(eo- W(=)- ) +eq- W(W)

:_Z e.(e0 - W(=) - w))(ei)Jrzn:eo-W(ei)'Veﬂ/J

i=1
= - Z eo - (Ve,W)(ei) - +Wie;) - Ve, b — Wie;) - Ve,b)
= —eq - div(W) - 4.
So we find
V'V = V*Vy + %eo ~div(K)* - ¢ + iHKHQw
and inserting this into , we obtain
D’ = V' Vg — %eo ~div(K)F - — iHK||¢ + isealw + %eo ~grad T - ¢ + iTQqﬁ
= VT 4 L (seal 472 — | K2 — Seo - (div(K) — dr)? -

as claimed. O

From now on, we assume that M is compact.

Corollary 3.14. If the pair (g, K) satisfies the strict dominant energy condition, i.e. if
p > |ljll, then D has empty kernel.

Proof. For any ¢ € I'(S¢yM) with ¢ £ 0
IDY[|72 = (¢, DDY) = | V||72 + 5 (@b,mb) - *(%60 j* )
1
2 5, p) — *(1/1 7ll%) = ( (= 15lD¥) >0

holds as [(1,eg - 5% - )| < ||j]l||¥||>. Here, || — || (without subscript L?) denotes the
pointwise norm. O
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Proposition 3.15. D and D extend to densely defined operators
D,D: L*(M,Sc;M) D H (M, ScyM) — L*(M, X/ M)

admitting a spectral decomposition with discrete spectrum and finite dimensional eigen-
spaces.

Proof. Recall that a generalized Dirac operator on a vector bundle > — M in the sense
of Roe [Roe99 is a formally self-adjoint operator D with

D=V*V+A

for a metric connection V on ¥ and some bounded operator A: L?(M,¥) — L?(M,¥).
D is such an operator by and D is by the Schrodiger-Lichnerowicz formula. Now

the proposition is just a special case of the corresponding statement for generalized Dirac
operators [Roe99, Thm 5.27]. O

Corollary 3.16. If n = dim(M) > 0 and H = L?>(M,Sc/M), then there are well-
defined elements

— D —
F = —— ¢ Fred™!(H)
V14D’
and
D n+1,1 /77 n,l /77
F = —— € Fred"" " (H) C Fred™ (H).

V14 D2

Furthermore, F is invertible if (g, K) satisfies the strict dominant energy condition and
F' is invertible if g has positive scalar curvature.

Proof. H is ample as Cl,41 1-Hilbert space by Proposition @ and any infinite dimen-
sional Cl,1,1-Hilbert space is ample as Cl,, ;-Hilbert space with the restricted Clifford
action. As D is odd and Cly,,1-linear, so is F. From the proposition above, we see that
ker FF = ker D is finite dimensional and that F| Ker(F)L © ker(F)* — ker(F)* is invert-
ible, so im I = ker(F)* is closed and coker F' = ker F is finite dimensional. Thus F is a
Fredholm operator. The additional condition in the case n—1 = —1 mod 4 follows as in
Example Note that for the argument to work, n > 3 is needed, which follows from
n > 0and n —1 = —1 mod 4. Invertibility for (g, K) satisfying the strict dominant

energy condition follows from Corollary and coker F' = ker F.

The argumentation for F' is completely analogous. Invertibility here uses the classical
Schrodinger-Lichnerowicz formula as in Example [2.10] O
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If the mean curvature 7 is constant, we can relate the spectral decompositions of D and
D and refine the invertibility result.

Proposition 3.17. The spectral decomposition of D can be written as

D= Z)\kﬂ'Ek-i-Z —\k) 7Ta (Ex)

where all A, > 0 are pairwise disjoint and g, and 7y(g,) are the orthogonal projections
on the finite dimensional subspaces Ey, and o(E}), respectively. If the mean curvature T
is constant, then there are decompositions Fy, ® a(Fy) = Ey @ a(Ey) for all k > 0 and
K @ a(K) = ker D such that the spectral decomposition of D is given by

_ = 5 1, > 5, 1, 1 1
D = Z )\k + 1’7’ Ty, + Z - )\k + iT Wa(Fk) + §T7TK — iTWa(K)
k=0 k=0

In particular, D is invertible for all constants T # 0.

Proof. As «a anti-commutes with D, for any eigenvector ¢ to the eigenvalue A

Da(@) = —a(D¢) = —a(Ad) = —~Aa(6).

So a(¢) is an eigenvector to the eigenvalue —\. This implies that the spectral decompo-
sition can be written in the stated form. With the same argument, we also expect the
spectral decomposition of D to be of that form.

R anti-commutes with D, so the eigenspaces are invariant under R(v) for all v € R"*2.
In particular,

a(Eg) = R(eni1)a(Er) = L(eo)(Er)

for all £ > 0. Thus we can identify Ej with a(E})) via the map Ex — a(Ey), ¢ —
L(eo)(¢) and get Ey ® a(Ey) = Ey © Ex & Er ® R% Under this identification, by
Lemma the restriction of the Dirac-Witten operator corresponds to

Ak —1r
1lp ® 2.
Ex (—%7’ —)\k>

The characteristic polynomial of the 2 x 2-matrix is 22 — )\2 — iTQ

so it is diagonalizable

with eigenvalues :l:q/)\z 47'2 This gives rise to a diagonalization of D| E,@aE, With the
same eigenvalues, and we call the positive eigenspace Fj.

Now, we turn our attention to ker D. As L(eg) = R(e,;1)a anti-commutes with D,
L(ep) operates on ker D. This operation is self-adjoint and squares to lye p, so by the
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spectral theorem L(eo)‘ker p is diagonalizable and its eigenvalues must be contained in
{1,—1}. Let K be the —1-eigenspace. Then «(K) is the 1-eigenspace. Due to

— 1
D|kerD - _iTL(‘eO)\kerD?

K and a(K) become the %T— and —%T—eigenspaces of D, respectively. O

Remark 3.18. That D is invertible for constant mean curvature 7 # 0, can also be
seen directly from the fact that D anti-commutes with L(eg): As L(eg)? = 1,

2 1 ? 2 1o
D" = <D—2TL(€0)> =D —f—zT 1

and so coker D = ker D = 0.

With this knowledge at hand, we can turn towards the definition of the a-invariant for
initial values, and prove the comparison result with the classical a-invariant. This will
be carried out in the remaining section.
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3.3. Comparing the a-invariants

Let M be a compact spin manifold of dimension n > 0 and (gg, Ko) € Z+(M) an initial
value pair satisfying the strict dominant energy condition. The aim of this section is
to define an a-invariant-like map @: m(ZT (M), (go, Ko)) — KO " "¥({x}). Then we
use the map from Proposition to relate this to the classical a-invariant, which then
leads to a non-triviality result for 7 (Z1 (M), (g0, Ko))-

In analogy to the case of the classical a-invariant, we need to compare the spaces of
L?-sections of the hypersurface spinor bundles for different initial value pairs (g, K). In
fact, the Cl, 1-linear hypersurface spinor bundle ¢ (M, g) = X (M, g) @cy, Clna (cf.

Remark (3.2)) depends the metric g only, K solely effects its connection V. So adopting
the notation from Section [2.2] there is a bundle map

VBPY @ 1cy,  + Sci(M, go) ®ci, Clna — Sci(M, g) ®cu,, Clin,1,

which induces
By: H = L*(M,Scy(M, go)) —> L2(M,Scy(M, g)).

This allows to produce a continuous map from initial values to the space of Fredholm
operators.

Theorem 3.19. The map

(Z(M), T (M)) — (Fred™'(H),G™(H))
—1 o ﬁ(g,K) J—

(g7K)}—>6g —2 O(bg
\/1+D(97K)

is well-defined and continuous with respect to the C'-topology on the space of smooth
initial value pairs Z(M). In particular, it is continuous if Z(M) carries the C*°-topology.

Proof. The well-definedness follows from Corollary For the continuity statement we
argue as in the proof of Theorem [2:22] The first and third step immediately carry over to
the current situation, and the second step provides us with a proof that 5;1D959 — Dy,
in B(H', L?)-topology if g — go in C'-topology. But as L(eg) commutes with PV and
thus with ®,4, this implies that

——1

1= = =1, = = =1, =
O, Dy i)By =B, DB, — - tr9(K)B, L(eo)By =B, Dy®, — = tr9(K)L(eo)

N —
N |

1 _
— Dy, — ) tr9 (Ko)L(eo) = D(QO,KO)

in B(H", L?)-topology if (9, K) — (go, Ko) in C'-topology. O
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Definition 3.20. The a-invariant for initial values is defined by the composition

a: mp(Z7(M), (90, Ko)) = w1 (Z(M), 7 (M), (90, Ko))
= (D, 8%),(Z(M), T (M)
— (DM, 5%), (Fred™! (H),G™!(H))] = KO *({+}).

Theorem 3.21 (Main Theorem). For gy € RT(M) and all k > 0, the diagram

T (RY(M), go) —2— mpsr (ERH(M), [90,0]) — mps1 (TH(M), (g0,0))

\ /

Ko™ k— 1(

commutes. Here, 3 is the suspension homomorphism and ® is the map from Proposi-

tion [L.13.
Note that ® is well-defined since the existence of go € R (M) implies n > 2.

Proof. We begin by identifying H in terms of H := L?(M, X M): By the first Morita
equivalence (Lemma , the Cl,,11,1-Hilbert space H corresponds to the Cl, 0-Hilbert
space Hy = ker(R(eg)R(eny1) — 1) = ker(R(eg)L(eg)or — 1) with the structure obtained
by restriction. R(eg)L(ep)a is induced by a map Cl,y; — Cl,41, which in turn is
induced by the endomorphism

]Rn-‘rl N ]Rn-‘rl
UV —— —eQueg
reflecting at the hyperplane orthogonal to the line Rey. So the 1-eigenspace of the map

on Cl,41 is given by Cl, C Cl,4; and the —1-eigenspace is R(eg)Cl, C Cly+1, where
Cl, is viewed as the subalgebra generated by ey, ..., e,. This implies that

Ho = L*(M,ker(R(eo)L(eo)a — 1)) = L*(M, Pspin(nyM x¢ Clyy) = H
So H and H correspond to each other under the first Morita equivalence.

Let us now explore the effect of the composition

(R (M), go) = me1 (SR (M), g0, 0]) = 741 (Z* (M), (90, 0)).
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The claim is that

T (RT(M), go) = M1 (SR (M), [g0,0]) — mpi1 (TH(M), (90, 0))

4 f:ﬁ

7rk+1(R(M),72+(M),go) 7rk+2(I(M)vz+(M)7(9070)>
(D1, 8%), (R(M), R+(M))] (D1, 8%) x (1,01), (T(M), T+ (M))]
(13)

commutes, where the middle and the lower map are both induced by
¢: (R(M), RT(M)) x (I,01) — (Z(M),Z*(M))
T\g
(9,t) — (g, ()tg) :

n

Note that ¢ preserves the base point, if the base point of (D*+1, S*) x (I,0I) is chosen
to be (¥,0) when # is the base point of S¥, so the middle map is well-defined. The
lower square obviously commutes. For the upper square, we start with a class [g] €
7(RT (M), go). Then the preimage under the boundary isomorphism is represented by

g: (D", 8%, %) — (R(M),R* (M), 90)

re+— (1 —71)go + rg(x)

for » € [0,1] and = € S*. Applying the horizontal map and restricting to the boundary
yields the class of

(OUDH1 1), (+,0) — (7 (M), (30,0))
(@) — (g0, -T2 500))

n

Using the homeomorphism

(285, [%,0]) = (D" x 1), (+,0))
21+ t)z,-1) te[-1,-1]
[z, 1] = < (x,2t) te (-3, 3]
201 -t)z,1)  tel3,1]

this precisely gives the formula for ® o ¥¢g (cf. Proposition |1.13]).
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The core of the proof is showing that the following diagram commutes:

[(DFF1,S5), (R(M), R*(M))] ———— (DM, 8%)x(1,01), (Z(M),T*(M))]

| |

(DM, 8%), (Fred™®(H), G™(H))] (DM, S%)x (I, 01), (Fred™! (H), G™' (H))]

\/

[ Dk+1 Sk (Fredn+1 1( GnJrl 17
(14)
The lower maps are the ones from Proposition and Theorem with e = —ep41.

Before doing so, let us show that

[(D+E, %) x (I, 01), (Fred™! (H), G™* (H))]

(=3

Il

(DM, 5%), (Fred™tH (H), GmH(H)))

o~

o

[(DF+1, 8%), (Fred™(H), G™0(H (DM, 8%)x (I, 01), (Fred™! (), G™ (H))]

1%

[(DF+1, Sk)x (I,01), (Fred” 'O(H), Gr=10(H))]

(=23

1%

KO~ (DF+1 k) KO™"FL((DF1 8% x (I,01))

\

KO~ " 1({+})

1%

(15)
commutes, where the maps forming the central diamond are the Bott maps associated
to e = e, along with the maps induced by the Morita equivalences, and the topmost
right hand map is induced by a CI, 1-Hilbert space isomorphism to be defined later.
Notice that the right hand vertical composition is the index map, which follows from
the invariance of the index map under Cl,, ;-Hilbert space isomorphisms. So stitching
the diagrams - together, we obtain the diagram from the claim.

Looking at the proof of Theorem we see that the lower half of commutes by
definition of the index map. The middle diamond commutes as well, this is obvious from
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the way its constituting maps are defined. We are left with the upper triangle. Note
first that we are dealing with two different Cl,, ;-Hilbert space structures on H: Since
the map from the center upwards is the Bott map for e = —e;, 41, the Cl,, 1-structure is
the one obtained by forgetting the R(en+1)—action, whereas in the lower Hilbert space,
we forget the multiplication by e,. These are connected by the Cl,, 1-Hilbert space
isomorphism

U.:H—H

s éR(en-&-l)R(en + en+1).
Indeed, ¢ € B(H) corresponds via U to ¢ = UU~!, R(e;) to R(e;) for i < n and R(e,)
to R(€n+1). The right hand map in the triangle is defined to be the map inducd by
Fred™'(H) > F — UFU™'. As the analogous map on Fred"1!(H) is the identity, the
diagram relating the Bott maps gets the shape of a triangle rather than a square. Its
commutativity follows from

_ 1. _ _ 3
UR(_en—f—l)U_l = sR(ent1)R(en + eny1) R(—eny1) R(en + eny1)

DO =D
o]t
—
m
S
+
—
N—

(R(en—l—l) + R(en) + R(en) - R(en-i-l)) = R(en)-

It only remains prove that commutes. The first two maps of the lower composition
map [g] € [(DFF1,8%), (R(M), R*(M))] to the class of

(DkJrl’ Sk) — (Fredn+1,1(ﬁ)’ Gn+1,1(ﬁ))
Dya)

(z) 2
1+ Dg(x)

-1
T +— (I)g g(z)-

This is because it restricts to the correct map on H = ker(R(eg)L(eg)ae — 1) € H. The
remaining map sends it to the class of

(DEFL Sk x (1,01) — (Fred™(H),G™'(H))

D -
(z,t) — &1 St [N 2) — tR(en+1)c
g(z) 1+ D2 9()
9(z)
D
S i p—" ORI Y K

In contrast, the result of the upper composition is represented by

(DM, SFY x (1,81) — (Fred™ (H), G™(H))

D T xT
(2,1) s B L, LKD) g
\/ L+ Diga), k()

9(x)

with K(x,t) = mtg(x).

n
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Remembering that ﬁ(g, K) = Dg — %TL(@()), these do not look too much different, and
we show that the following is a well-defined homotopy between them:

(DFHL S*Y 5 (1,01)%[0,1] — (Fred™(H),G™'(H))
(.’IJ, t, 8) = q);(i) (a(:c,t,s) (Dg(x))Dg(:c) - b(x,t,s) (Dg(x))tL(e())) (I)g(z‘)
for

a ) S n 1—s
x,t,8 =
(o) V1+ A2 \/1 + A2+ Le27(g(x))

(- 9)irlgle)
\/1 + A2+ %t%(g(m))

b(z,t,s) ()‘) =85+

As this operator family is obtained by linearly interpolating between two continuous
operator families, it is again continuous. So it remains to see that its target is indeed
(Fred™!(H),G™'(H)). Tt is clear, that all the operators are bounded, self-adjoint, odd
and Cl,, 1-linear. To show that the operator Fi, ; ,) associated to (z,t,s) is Fredholm, we
use the spectral decomposition of D) from Proposition The restriction of Fi, ; )
to By, ® a(Ey) = B, ® R? is given by

a M)Ak —bero( M)t
1 X (x7t75) (SC7 ,s) )
e <_b(937t73) ()‘k)t —Q(z,t,s) ()‘k)Ak

This is diagonalizable with eigenvalues j:\/a(x,t’s) (Ak)2A7 + b(zt.5)(Ak)?t2. Note that due

to \/a(x,us)()\k)?)\% + O(a,t,5) (Ak) 22 > Q31,6 (M) Ak| their absolute values, for any ¢ € I
and s € [0, 1], are bounded away from zero by

Ao
VI+ X+ ir(g(a)

where A\g > 0 denotes the smallest positive eigenvalue of Dy,y. A similar consideration
as in Proposition shows that F{, ;) restricted to ker(Dg(x)) is diagonalizable as
well, with eigenvalues +b(, ;4 (0)t. Putting this together, we find that Fi,, ) has finite
dimensional kernel, co-kernel and closed image (for this, the boundedness away from
zero is needed). Furthermore, Fi,, ) is invertible if Dy, is invertible or ¢ > 0, one of
which is the case on d(DF! x I).

> 0,

In the case n — 1 = —1 mod 4 one more tiny bit of thought is necessary. The space
self-adjoint Cl,, 1-linear Fredholm operators has three components (cf. [AS69]): Those
F for which wy, 1F" is essentially positive, those for which it is essentially negative and
the rest. As for s = 0 (or s = 1) all operators F{,, ) fall into the last category, the same
has to be true for all s € [0,1] by continuity. O
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Together with the non-triviality results for the classical a-invariant from Theorems [2.25]
and we obtain the following conclusions:

Corollary 3.22. If M is a closed spin manifold of dimension n > 6 that carries a
metric go of positive scalar curvature, then for all k > 1 with k+n = 1,2 mod 8 the
a-invariant for initial values @: mp(ZT (M), (g0,0)) — KO F({x}) = Z/27 is split
surjective.

Corollary 3.23. If M is a closed spin manifold of dimension n > 6 that carries a
metric go of positive scalar curvature, then for all k > 1 with k+n = 1,2 mod 8 the a-
invariant for initial values @: m,(ZT(M), (g0,0)) — KO " F({x}) & Z/27 is surjective
and for all k > 1 with k 4+ n = 0,4 mod 8 the localized a-invariant for initial values
a®lg: m(ZH(M),(g90,0)) ® Q — KO *({x}) ® Q = Q is surjective.

In particular, under the assumptions of the corollaries above, 7, (Z (M), (go,0)) # 0.
Moreover, the main theorem provides an explicit construction of its non-trivial elements
provided that in 7,1 (R (M), go) the non-trivial elements detected by the a-invariant
are known.
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A. On C*-topologies

In this chapter, we will show that there is a well-defined notion of C*-topology for
sections of a vector bundle F over a compact manifold M. Furthermore, we will prove
a criterion that allows us to check the continuity of a map

C*(M,E) — CY (M, F)

by looking at local expressions, where F' is another vector bundle over M. We start with
two definitions of a C*-norm.

Definition A.1. Let (U;)ier be an open cover by chart neighborhoods of M such that
E\y, is trivial for all ¢« € I. Let ¢;: U; — W; C R™ be corresponding charts and
D, Ey, — U; x R™ be chosen trivializations. Furthermore, let (¢;);er be a partition of
unity subordinate to (U;);er. Then we define the C¥-norm with respect to ¢, ® and
of a section s € C¥(M, E) by

Isller = DI @Wis)ullor sy = D_ Il prmn 0®; 0 (tis) © 67 llox

il icl
where || — [|cx () denotes the usual C*-norm on functions R™ D W; — R™.
Definition A.2. Let g be a Riemannian metric on M, < —, — > be a bundle metric on
FE and V be a connection on E. Then we define the C*-norm with respect to g, < —, — >

and V of a section s € C*(M, E) by

k
Isllcr =) sup [V's|
i=0 PEM

where | — | is the point-wise norm on T%*M ® F induced by g and < —, — >.

These definitions depend on a number of choices. Nonetheless, as we will see, they define
equivalent norms and hence a unique notion of C*-topology.

Lemma A.3. Let (¢;)icr be as in Definition [A.1], Then there is an € > 0 such that
Vi ={z € U; |¢i(x) > e} C U; define an open cover of M. Furthermore, all but finitely
many V;’s are empty.

Proof. Due to local finiteness of a partition of unity, we can choose for any x € M an
open neighborhood V, such that {i € I |V, Nsupp; # @} is finite. Compactness of M
allows us to take a finite sub-cover (V;)ze s of (V;)zenr. This shows that {i € I'|¢; # 0} =
Uzes{i € 1|V, Nsuppe); # @} is finite.
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Set N = #{i € I |¢; £ 0} and € = 5&. Then, for every € M, there is an i € I such
that x € V; = {z € U; | ¢i(z) > €} as otherwise

1 1 1

icl {iel|xz€supp¢;}

From the finiteness of {i € I'|; # 0} it immediately follows that almost all V;’s are
empty. O

Lemma A.4. Suppose we are in the setting of Definition [A.1] and choose € and V; as
in the previous lemma. We equip [;c; C*(Vi, Eyy,) with the product norm (note that all
but finitely many factors are zero) of the norms || — ||cx(v;) defined in the same way as
the norm || — |lcr,)- Denote by [Ties C’k(Vi,EWZ_) (notice the prime after the product
sign) the subspace defined by those families of sections that coincide on all intersections
ViNVj. Then the vector space isomorphism

C* (M, E) — [[ C*(Vi, Ep,)
el
S (5|Vi)i61

s continuous.

Proof. The argument is that, on V;, 1, is bounded away from zero by definition. Hence,

‘ L is bounded, and thus

Yilv; Ck(V;)
1 1
D lsillerany = m (Vis)v; <> 7 [(is)villow vy
icl iel |l 7ilVi ckv;) el 1 VilVillor vy
<O NWis) v llerny < C DI is)ullorws = Cllsllex
icl iel
for a constant C' > 0 independent from s. O

Remark A.5. By showing that C*(M, E) and [[jc; C*(V;, Ejy;) are Banach spaces, we
could conclude that the map above is a homeomorphism. Yet, we argue differently: We
will show that different choices of ¢, ® and 1 in Definition lead to equivalent norms.
Then we can assume that || — o« is defined in terms of the restrictions of ¢; and ®; to
V; and a partition of unity (1;);c; subordinate to (V;);c;. The estimate

Isllor =Y MW willoriy < D Iaviller s llerqry < C D s llerv

el el el

then shows the continuity of the inverse directly.
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Theorem A.6. The norms defined in Definitions and[A-9 are equivalent. In par-
ticular, the induced topology, the C*-topology, is independent of the choices made.

Proof. To begin, let ¢: U — W be a chart, ®: Ejy — U X R" be a local trivialization,
V a connection on E and s € I'(U, Ej7) be a local section. We write ® = prgn o®. Then
we prove by induction on|a| € N the following formula:

) o 9 B
O (Posogp )= > > Ciri.$oVs <8¢i1 R ({M”) og~"), (16)

I<|a]ity...,ie{1,...,m}

where Cé}phz e T(W,R"™*") for all | < || and all iy,...,4 € {1,...,m} .

The case k = 0 is trivial and the case & = 1 follows from
PoVisogp t = xl(tbosoqﬁ )+Pi-<i>oso¢*1,
where I'; € I'(W,R™*") is a kind of Christoffel symbol for the chosen connection.

Assume now that the formula (16)) holds for £ € N and that |a| = & + 1. Let i be the
smallest index such that a; # 0 and o’ be chosen such that 0% = 9, ('9& Then

LTSRS SINED SR (R B O e - DR

lg‘a/| 7"17"'ail€{17"'7m}

=3 > (0,00 éov’s<62ﬁ. ain) o¢~!

I<la/| 1,5

- . ) )

1170, . ! 1

- > > oyt q)ovs(&pu 8(;5”) ¢
0

I<|a/| 91,0

iy o 9

Gq i I+1 _
2 2 CudeV 3<a¢wa¢zw' qbzl) 6!

I<|a!] 91500001

iy 0 0 0
+Z Z ZZF]C @Ovl <8¢)1”¢ ¢Zl> ¢1

I<|a/| i1,--y8 a=1 j=1

where in the last term 8‘; replaces W and F] is the Christoffel symbol of the Levi-

Civita connection. This is seen to be of the desu"ed form.
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Having this formula at hand, we can show that the locally defined norm can be estimated
by the globally defined one:

ZHwZS”Ck(UZ) < éz‘|3‘|0k(suppwz CZ Z sup Haa(i)iosoqs(x)n

i€l i€l i€l |a| <k TESUPP VioP;

<CY > > sw Z Célmil’é"ovls( e 8'>|on

i1’ ’ 2]
i€l |a|<k I<|a|PESUPP i 4y 4 0¢ 0

5 o vls (9 8)
<CZZ sup Z <I>ZoVs<a¢i1,...,a¢il )

il 1<k PESUPPYi i 4

< CZZ sup \/< Vi), Vis, >

icl [<k PESUPP Vi

<C#{z€]|¢z;—é0}28up \/<Vs‘p,Vs‘p

1<k PEM

Here we used in the second but last inequality that all norms on a finite dimensional
space are equivalent and that, furthermore, there is a uniform estimate if the families of
norms on (Ep)pesuppy,; are continuous.

For the opposite direction, we argue analogously. First, by a similar inductive argument
as in the beginning, we get for all i1,...,4; € {1,...,m} the formula

. ) ) 3
@OVZS<8¢7;1,...76¢W) Z i1 8 (I)O$O¢ )

lof <l

where C% . € T'(W,R"™") for all |a| <.

01007

Then, we can establish the estimate

sup \/< Vs, Visy, > < ZZsup \/< Visy,, Vis, >
1<k PEM i€l 1<k PEVi

<CZZsup Z

~ 0 0
@iovls( A,...,A>
i€l <k peV; B yeyl] 8(25“ 8¢Zl Ip

SODIPIS IS Hzlzl ;050 6(a)

G€T 1<k i1,..eyiy o] <l TED; '

<Oy Y. s W@ow¢u—czmmm

i€l |a|<k v€d; "

Here V; is defined as assumed in Lemma [A.4] Using the statement of this lemma, we
get the desired result. O
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Theorem A.7. Let F be another vector bundle over M and D: C*(M, E) — CY(M, F)
a local operator. If there is an atlas of charts ¢;: U; — W; such that Eyy, and Fy, can
be trivialized and the local expressions Dyy, : C’k(Ui,EWZ.) — C’l(Ui,F|Ui) are continuous
for alli € I, then D: CF(M,E) — C{(M, F) is continuous.

Proof. We define V; as in Lemma [A.4] and look at the decomposition

D: C*(M,E) = [[ C*(Vi, Ew;) (Pivies [T c'vi, ) — C' (M, F).
icl el
The first map is continuous by Lemma [A.4] the last one by Remark The middle
map is well-defined (i.e. lands in the primed product) by the locality condition. As
67 (Vi) = (i 0 ¢i)"H((e,00)) € W; can be assumed to have a smooth boundary (by
slightly varying ¢ and Sard’s theorem), the theory of function spaces on R"™ implies that
there exists a continuous extension operator C*(V;, Ey,) — ck(U;, Eyy,). The continuity
of Dy, implies the continuity of the middle map, since it is given by

D
Dy, : C*(Vi, Eyy,) = C* (Ui, Biy,) —% C(Uy, Fiy,) — CH(Vi, Fiyy).
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