
Ann. Henri Poincaré Online First
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Abstract. The bosonic signature operator is defined for Klein–Gordon
fields and massless scalar fields on globally hyperbolic Lorentzian man-
ifolds of infinite lifetime. The construction is based on an analysis of
families of solutions of the Klein–Gordon equation with a varying mass
parameter. It makes use of the so-called bosonic mass oscillation property
which states that integrating over the mass parameter generates decay of
the field at infinity. We derive a canonical decomposition of the solution
space of the Klein–Gordon equation into two subspaces, independent of
observers or the choice of coordinates. This decomposition endows the
solution space with a canonical complex structure. It also gives rise to
a distinguished quasi-free state. Taking a suitable limit where the mass
tends to zero, we obtain corresponding results for massless fields. Our
constructions and results are illustrated in the examples of Minkowski
space and ultrastatic spacetimes.
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1. Introduction

Quantum field theory in globally hyperbolic spacetimes plays an important
role in describing physical systems in the presence of gravitation fields, with
applications to quantum effects near black holes and to cosmology. Further-
more, it can be regarded as an intermediate step towards quantum gravity,
i.e. a unified description of spacetime and matter in the quantum realm. In
the framework of algebraic quantum field theory, the quantization scheme con-
sists of two steps (see for example [2,7,29]). First, one associates to a physical
system a unital ∗-algebra A, whose elements are interpreted as observables
and which encodes structural properties such as causality and the canonical
commutation or anti-commutation relations. In the second step, one chooses a
state, defined as a positive linear functional ω : A → C. Out of the pair (A, ω)
one recovers the standard probabilistic interpretation of quantum theory via
the GNS theorem, which gives a representation of the algebra by operators on
a Hilbert space.

From the variety of states, one wants to select those states which are
physically sensible. These states are characterized mathematically by the so-
called Hadamard condition, a constraint on the wavefront set of the underlying
two point distribution (see [7,29] for recent surveys on this topic). While the
existence of Hadamard states can be shown abstractly with glueing construc-
tions (see [27,28]), these methods are not explicit. Therefore, the construc-
tion of Hadamard states is an ongoing subject of intensive research. In recent
years, two methods for constructing Hadamard states have been developed:
the pseudo-differential operator approach [30–32] and the holographic method
[3,10–12]. The first method gives a whole class of states. The second method
does give a distinguished state, but it has the shortcoming that it relies on
conformal methods which only apply to massless fields.

For Dirac fields, a distinguished state which does not depend on observers
or the choice of coordinates is the so-called fermionic projector state. Its con-
struction uses the splitting of the Dirac solution space corresponding to the
sign of the spectrum of the so-called fermionic signature operator Sm. This
construction goes back to the perturbative treatment of the Dirac sea in [17].
The fermionic signature operator was first introduced in spacetimes of finite
lifetime in [22]. The construction has been extended in [23] to spacetimes of
infinite lifetime, making use of the so-called mass oscillation property. This
construction has been proven to be useful for the construction of Hadamard
states [9,20,24]. Moreover, the fermionic signature operator respects the space-
time symmetries [25] and is a suitable starting point for spectral geometry
with Lorentzian signature [19]. Generalizations and related constructions can
be found in [15,21,26].
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It is the goal of the present paper to adapt the construction of the
fermionic signature operator to bosonic fields. For simplicity, we restrict at-
tention to scalar fields, i.e. to the Klein–Gordon equation

(
�g + m2 + ξRg

)
φ = 0 ,

and the massless wave equation

�gφ = 0.

with real parameters m and ξ. In this context, similar constructions in space-
times of finite lifetime give rise to so-called SJ-states (see [5,35,40] and [6,16]).
In spacetimes of infinite lifetime, the only related constructions concern the
analysis of Feynman propagators in [13]. In the present paper, we introduce
the mass oscillation property for the Klein–Gordon field and construct the
corresponding bosonic signature operator. As an application, we show that the
bosonic signature operator endows the solution space of the Klein–Gordon
equation with a canonical complex structure. It also gives rise to a distin-
guished quasi-free state, the bosonic projector state. Moreover, we show that,
under suitable assumptions, one can take the limit m ↘ 0 to extend the re-
sults to massless fields. We remark that our methods and results generalize
in a straightforward way to other bosonic equations, in particular to the wave
equation in the presence of gauge fields.

The main obstacle for adapting the constructions from the Dirac field
to the Klein–Gordon field is that, on the space of solutions of the Klein–
Gordon equation, there is no canonical scalar product, but instead the sym-
plectic form σm defined by

σm(φm, φ̃m) :=
∫

N

(
∂jφm φ̃m − φm ∂j φ̃m

)
νj dμN (x) , (1.1)

where N is an arbitrary Cauchy surface. As a consequence, the solution space
does not carry a natural topology. In order to get a canonical scalar product
and topology, we want to make use of the L2-scalar product in spacetime after
integrating over the mass parameter. Our goal is to derive a mass decomposi-
tion of this scalar product of the form

〈∫

I

φm m dm,

∫

I

φ̃m′ m′ dm′
〉

L2(M ,dμM )

=
∫

I

〈φm|φ̃m〉m m dm , (1.2)

where (φm)m∈I and (φ̃m)m∈I are families of solutions of the Klein–Gordon
equation for a mass parameter m ∈ I with 0 �∈ I with suitable regularity
properties (for details see Sect. 3). We remark that the factors m and m′ in
the above integrals can be understood from the fact that the Klein–Gordon
equation only involves the mass squared. Therefore, it is preferable to integrate
over the square of the mass a := m2, which in view of the transformation
law da = 2m dm of the integration measures gives rise to the factor of m.

Once the decomposition (1.2) has been obtained, the scalar product 〈.|.〉m

in the integrand on the right hand side endows the solution space of the Klein–
Gordon equation of mass m with the desired canonical Hilbert space structure.
The main technical difficulty in implementing this method is that a Hilbert
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space structure on the solution space is needed right from the beginning in
order to derive the above mass decomposition. In order to overcome this diffi-
culty, we introduce an auxiliary scalar product of the form

〈φm | φ̃m〉Am
:= iσm

(
φm, Amφ̃m

)
,

where (Am)m∈I is a suitable family of operators on the symplectic space (for
details see again Sect. 3). Then we construct the mass decomposition 1.2 and
show that it is indeed independent of the choice of the auxiliary scalar product.
Moreover, we prove that the bosonic signature operator is uniquely defined as
a bounded linear operator on the Hilbert space (Hm, 〈.|.〉m).

In order to illustrate our methods and results, we consider two explicit ex-
amples: The Klein–Gordon equation in Minkowski space and the Klein–Gordon
equation in an ultrastatic spacetimes. By explicit computation, we obtain in
both cases that the bosonic signature operator reproduces the splitting of the
solution space into solutions of positive and negative frequency. In this way, we
obtain consistency with the usual construction of states in these spacetimes.
The main benefit of using the bosonic signature operator is that the construc-
tion applies also in situations when spacetime is not ultrastatic, giving rise
to a distinguished quantum state which is defined using the global geometry
of spacetime. Other future applications include the study of the entanglement
entropy in the absence of Killing fields.

The paper is organized as follows. In Sect. 2 we provide the necessary
background on globally hyperbolic spacetimes and the Klein–Gordon equation.
In Sect. 3 the bosonic mass oscillation property is defined and the correspond-
ing mass decomposition is derived. In Sect. 4, the resulting bosonic signature
operator is introduced, and it is shown that it gives rise to a canonical complex
structure on the solution space of the Klein–Gordon equation as well as to the
bosonic projector state. In Sect. 5, it is explained how the massless case can
be treated by taking a suitable limit m ↘ 0. In Sect. 6 it is shown that in
flat Minkowski space, the bosonic signature operator has eigenvalues ±1, and
that the corresponding eigenspaces are the subspaces of positive and negative
frequency, respectively. In Sect. 7 it is shown that this holds true in general
ultrastatic spacetimes.

2. Preliminaries

Let (M , g) be a smooth, globally hyperbolic Lorentzian manifold of dimen-
sion k ≥ 2. For the signature of the metric we use the convention (+,−, . . . ,−).
As proven in [4], M admits a smooth foliation (Nt)t∈R by Cauchy hypersur-
faces. Thus M is diffeomorphic to the product of R with a (k−1)-dimensional
manifold. We denote the wave operator on (M , g) by �g,

�gφ :=
1√−det g

∂

∂xi

(√
−det g gij∂jφ

)
,
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where φ ∈ C∞(M ) = C∞(M ,C) is a smooth, complex scalar field. The Klein–
Gordon operator Pm is defined by

Pmφ :=
(
�g + m2 + ξRg

)
φ = 0 , (2.1)

where m is the rest mass and ξ ∈ R is a dimensionless coupling constant to
scalar curvature Rg. We denote the solutions of the Klein–Gordon equation
by Solm(M ). For clarity we remark that we always consider complex-valued
fields.

The Cauchy problem for the Klein–Gordon equation is well-posed. This
can be seen either by considering energy estimates for symmetric hyperbolic
systems (see for example [34] or [18, Chapter 13]) or alternatively by con-
structing the Green’s kernel (see for example [1]). These methods also show
that the Klein–Gordon equation is causal, meaning that the solution of the
Cauchy problem only depends on the initial data in the causal past or future.
In particular, if the initial data on Nt has compact support, the solution φ
also has compact support on any other Cauchy hypersurface. This leads us
to consider solutions φm in the class C∞

sc (M ) ∩ Solm(M ) of smooth functions
with spatially compact support. On solutions in this class, one introduces the
symplectic form σN by

σN : C∞
sc (M ) ∩ Solm(M ) × C∞

sc (M ) ∩ Solm(M ) → C ,

σN (φm, φ̃m) :=
∫

N

(
∂jφm φ̃m − φm ∂j φ̃m

)
νj dμN (x) ,

(2.2)

where ν denotes the future-directed normal. One immediately verifies that the
symplectic form is sesquilinear and skew-symmetric, i.e.

σN (φm, φ̃m) = −σN (φ̃m, φm) .

Moreover, it does not depend on the choice of the Cauchy surface N . In order
to see this, we let N ′ be another Cauchy surface and Ω the spacetime region
enclosed by N and N ′. We then obtain

∇j

(
∂jφm φ̃m − φm ∂j φ̃m

)
=

(
�gφm

)
φ̃m − φm

(
�gφ̃m

)

=
(
Pmφm

)
φ̃m − φm

(
Pmφ̃m

)
= 0 ,

(2.3)

where in the last step we used that � and Pm differ by a real-valued multiplica-
tion operator. Integrating over Ω and applying the Gauß divergence theorem,
we find that σN (ψm, φm) = σN ′(ψm, φm). In view of the independence of
the choice of the Cauchy surface, we also denote the symplectic form (2.2)
by σm(., .).

The retarded and advanced Green’s operators S∧
m and S∨

m are formal ad-
joints of each other (with respect to the L2-scalar product on M ) and linear
mappings (for details see for example [1,37])

S∧
m, S∨

m : C∞
0 (M ) → C∞

sc (M ) ,

where C∞
0 (M ) denotes the vector space of smooth functions with compact

support. They satisfy the defining equation of the Green’s operator

Pm

(
S∧,∨

m f
)

= f .
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Moreover, they are uniquely determined by the condition that the support
of S∧

mφ (or S∨
mφ) lies in the causal future (respectively the causal past) of suppφ.

The causal fundamental solution is defined as the difference of the ad-
vanced and retarded Green’s operators

Gm := S∧
m − S∨

m : C∞
0 (M ) → C∞

sc (M ) ∩ Solm(M ) ; (2.4)

note that it maps to solutions of the Klein–Gordon equation. The fundamental
solution gives rise to a sesquilinear form, which we again denote by Gm,

Gm : C∞
0 (M ) × C∞

0 (M ) → C , Gm(φ, ψ) :=

∫

M

φ(x) (Gmψ)(x) dμM (x) .

(2.5)

In the next lemma, this sesquilinear is related to the symplectic form.

Lemma 2.1. For any f, g ∈ C∞
0 (M )

Gm(f, g) = σm

(
Gmf,Gmg

)
.

Proof. Knowing that the definition of the symplectic form (2.2) does not de-
pend on the choice of the Cauchy surface, it suffices to compute it for a Cauchy
surface N which lies in the future of the supports of f and g. Then, using (2.4)
and the causal properties of the Green’s operators, we obtain

σm

(
Gmf, Gmg

)
= σN

(
S∧

mf, S∧
mg

)
=

∫

N

(
∂jS∧

mf S∧
mg − S∧

mf ∂jS
∧
mg

)
νj dμN (x) .

Choosing Ω as the past of N , we can apply the Gauss divergence theorem
and proceed as in (2.3) to obtain

σm

(
Gmf,Gmg

)
=

∫

Ω

∇j

(
∂jS∧

mf S∧
mg − S∧

mf ∂jS∧
mg

)
dμM

=
∫

Ω

(
PmS∧

mf S∧
mg − S∧

mf PmS∧
mg

)
dμM

=
∫

Ω

(
f S∧

mg − S∧
mf g

)
dμM

=
∫

Ω

(
f (S∧

m − S∨
m)g

)
dμM = G(f, g) .

This gives the result. �

This lemma shows in particular that Gm is skew-symmetric, i.e.

Gm(f, g) = −Gm(g, f) .

3. The Bosonic Mass Oscillation Property

We consider the mass parameter in a bounded open interval, m ∈ I :=
(mL,mR) with 0 �∈ I. We consider families of solutions (φm)m∈I which are
smooth and have spatially compact support, i.e. φm ∈ C∞

sc (M ) ∩ Solm(M )
for all m ∈ I. Moreover, we assume that the family depends smoothly on
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the mass parameter and vanishes identically for m outside a compact sub-
set of (mL,mR). Writing the mass parameter as an additional argument (i.e.
φ(x,m) = φm(x)), we summarize these properties by writing

φ ∈ C∞
sc,0(M × I) ,

where C∞
sc,0(M ×I) denotes the smooth wave functions with spatially compact

support which are also compactly supported in I. We denote the operator of
multiplication with m by T ,

T : C∞
sc,0(M × I) → C∞

sc,0(M × I) , (Tφ)m = mφm .

Moreover, we denote the operation of integrating over m by p,

(pψ)(x) =
∫

I

ψm(x) m dm , (3.1)

where, as explained after (1.2), we work with the integration measure m dm
(and dm is the Lebesgue measure). We assume that p maps to the square-
integrable functions in spacetime, i.e.

p : C∞
sc,0(M × I) → C∞

sc (M ) ∩ L2(M ,dμM )

(this assumption will be justified by the bosonic mass oscillation property to
be introduced below). This makes it possible to introduce on C∞

sc,0(M × I) a
positive semi-definite sesquilinear form 〈.|.〉H by

〈.|.〉H : C∞
sc,0(M × I) × C∞

sc,0(M × I) → C , 〈φ | φ̃〉H := 〈pφ | pφ̃〉L2(M ,dμM ) .

Dividing out the null space and forming the completion gives a Hilbert space
(H, 〈.|.〉H). We denote the corresponding norm by ‖.‖H. We also refer to the
scalar product 〈.|.〉H as the spacetime scalar product.

We now introduce an auxiliary scalar product on the solutions of the
Klein–Gordon equation.

Definition 3.1. For every m ∈ I we let Am be a linear operator on C∞
sc (M ) ∩

Solm(M ). The family (Am)m∈I is referred to as a family of auxiliary operators
if the following conditions holds:

(i) The sesquilinear form 〈.|.〉Am
defined by

〈φm | φ̃m〉Am
:= iσm

(
φm, Amφ̃m

)
(3.2)

is positive semi-definite.
(ii) The operators Am are uniformly bounded in the sense that there is a

constant c > 0 such that
∣
∣σm

(
Amφm, Amφm

)∣∣ ≤ c iσ(φm, Amφm) for all φ ∈ C∞
sc,0(M ) . (3.3)

(iii) For any φ, φ̃ ∈ C∞
sc,0(M × I), the function

σm(φm, Amφ̃m) is continuous in m ∈ I . (3.4)
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We remark that a sesquilinear, positive semi-definite form is Hermitian
in the sense that

〈ψ|φ〉Am
= 〈φ|ψ〉Am

.

Thus, dividing out the null space, the sesquilinear form 〈.|.〉Am
defines a scalar

product. Forming the completion gives the Hilbert spaces (HAm
, 〈.|.〉Am

). We
denote the corresponding norm by ‖.‖Am

.
Let us explain the above assumptions. The positivity of (3.2) implies that

the operator Am is symmetric on HAm
, as the following consideration shows.

For any φm ∈ C∞
sc (M ) ∩ Solm(M ),

R � 〈φm |φm〉Am
= iσm

(
φm, Amφm

)
= iσm

(
Amφm, φm

)
, (3.5)

where in the last step we took the complex conjugate and used that, accord-
ing to (2.2), taking the complex conjugate of the symplectic form flips its
arguments and gives a minus sign. Polarizing (3.5), we conclude that

σm

(
φm, Amφ̃m

)
= σm

(
Amφm, φ̃m

)
for all φm, φ̃m ∈ C∞

sc (M ) ∩ Solm(M ) .

As a consequence,

〈Amφm|φ̃m〉Am
= iσ

(
Amφm, Amφ̃m

)
= iσ

(
φm, A2

mφ̃m

)
= 〈φm|Amφ̃m〉Am

,

giving the desired symmetry of Am on HAm
. Using this symmetry property, the

inequality (3.3) simply means that the operators Am are uniformly bounded
on HAm

. In order to see this, we first note that uniform boundedness on HAm

can be expressed by demanding that for all φ ∈ C∞
sc,0(M × I) and m ∈ I,

∣
∣〈φm|Amφm〉Am

∣
∣ ≤ c ‖φm‖2

Am
.

Expressing the scalar products via (3.2) in terms of the symplectic form gives
precisely the inequality (3.3).

Next, on families of solutions ψ, φ ∈ C∞
sc,0(M × I) we introduce the

auxiliary scalar product by integrating over the mass parameter,

〈ψ|φ〉A :=
∫

I

〈ψm|φm〉Am
m dm . (3.6)

Forming the completion gives the Hilbert space (HA, 〈.|.〉A). This Hilbert space
can also be understood as the direct integral of the Hilbert space HAm

,

HA =
∫

⊕I

HAm
m dm .

Now the methods in [23] apply, giving the following results.

Theorem 3.2. The following statements are equivalent:

(i) There is a constant c > 0 such that for all φ, φ̃ ∈ C∞
sc,0(M × I),

∣
∣〈pφ|pφ̃〉L2(M )

∣
∣ ≤ c

∫

I

‖φm‖Am
‖φ̃m‖Am

m dm .



A Canonical Complex Structure

(ii) There is a constant c > 0 such that for all φ, φ̃ ∈ C∞
sc,0(M × I), the

following two relations hold:
∣
∣〈pφ|pφ̃〉L2(M )

∣
∣ ≤ c ‖φ‖A ‖φ̃‖A (3.7)

〈pTφ|pφ̃〉L2(M ) = 〈pφ|pT φ̃〉L2(M ) . (3.8)

(iii) There is a family of linear operators Qm ∈ L(Hm) which are uniformly
bounded,

sup
m∈I

‖Qm‖
L(Hm)

< ∞ , (3.9)

such that

〈pφ|pφ̃〉L2(M ) =
∫

I

〈φm |Qm φ̃m〉Am
m dm ∀ φ, φ̃ ∈ C∞

sc,0(M × I) .

(3.10)

Proof. Follows exactly as the proof of [23, Theorem 4.2]. �

The following proposition is proved exactly as [23, Proposition 4.2].

Proposition 3.3 (uniqueness of Qm). The family (Qm)m∈I in the statement of
Theorem 3.2 can be chosen such that for all φ, φ̃ ∈ C∞

sc,0(M×I), the expectation
value fφ,φ̃(m) := 〈φm|Qmφ̃m〉Am

is continuous in m,

fφ,φ̃ ∈ C0
0 (I) . (3.11)

The family (Qm)m∈I with the properties (3.10) and (3.11) is unique. Moreover,
choosing two intervals Ǐ and I with m ∈ Ǐ ⊂ I and 0 �∈ I, and denoting all the
objects constructed in Ǐ with an additional check, we have

Q̌m = Qm . (3.12)

After these preparations, we are ready to represent the spacetime scalar
product in terms of the symplectic form.

Definition 3.4. The Klein–Gordon operator Pm on the globally hyperbolic ma-
nifold (M , g) has the bosonic mass oscillation property with respect to the
auxiliary operators (Am)m∈I if the following conditions hold:

(i) The operator T is symmetric on H, i.e.

〈Tφ|φ̃〉H = 〈φ|T φ̃〉H for all φ, φ̃ ∈ C∞
sc,0(M ) . (3.13)

(ii) The norms on H and HA are equivalent, i.e. there is a constant c > 0
such that

1
c

‖φ‖A ≤ ‖φ‖H ≤ c ‖φ‖A for all φ ∈ C∞
sc,0(M ) . (3.14)

Theorem 3.5. Assume that the bosonic mass oscillation property holds with
respect to the auxiliary operators (Am)m∈I . Then there is a unique family of
operators (Sm)m∈I on HAm

with the following properties:
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(i) The spacetime scalar product is related to the symplectic form by

〈φ|φ̃〉H = i

∫

I

σm

(
φm, Sm φ̃m

)
m dm ∀ φ, φ̃ ∈ C∞

sc,0(M × I) . (3.15)

(ii) For any φ, φ̃ ∈ C∞
sc,0(M × I), the expectation value σm

(
φm, Sm φ̃m

)
is

continuous in m.
(iii) The family of linear operators Sm ∈ L(Hm) are uniformly bounded,

sup
m∈I

‖Sm‖
L(Hm)

< ∞ . (3.16)

Moreover, the operator Sm does not depend on the choice of I, in the sense that
choosing two intervals Ǐ and I with m ∈ Ǐ ⊂ I, then Sm = Šm for all m ∈ Ǐ.

Proof. Using Cauchy-Schwarz, the second inequality in (3.14) yields (3.7).
Moreover, (3.13) gives (3.8). Therefore, Theorem 3.2 applies, giving the mass
decomposition (3.10). Combining this formula with (3.2) yields

〈φ|φ̃〉H = i

∫

I

σm

(
φm, AmQm φ̃m

)
m dm .

Therefore, we obtain (3.15) with Sm := AmQm ∈ L(Hm). The operators Sm

are uniformly bounded in m because of the uniform boundedness of Am and
Qm (see (3.2) and Definition 3.1 (ii)). �

It remains to show that our results do not depend on the choice of the
auxiliary operators.

Theorem 3.6 (independence of the choice of Am). Let (Am)m∈I and (A′
m)m∈I

be two families of auxiliary operators. Then the corresponding Hilbert space
norms are equivalent, i.e. there is a constant C > 0 such that

1
C

‖φm‖A′
m

≤ ‖φm‖Am
≤ C ‖φm‖A′

m
for all φ ∈ C∞

sc (M ) ∩ Solm(M ) .

In other words, the Hilbert spaces HAm
and HA′

m
are equivalent as topological

vector spaces. Moreover, the operators (Sm)m∈I corresponding to the choices
of auxiliary operators (Am)m∈I and (A′

m)m∈I coincide.

Proof. For clarity, we denote the operator Sm corresponding to the auxiliary
operators (Am) by SA

m. Then, combining (3.6) with (3.2),

〈ψ|φ〉A := i

∫

I

σm

(
φm, Amφ̃m

)
m dm ,

and similarly for A′
m. Using that, according to (3.14), the corresponding norms

are both equivalent to the norm ‖.‖H, we conclude that there is a constant c
such that

1
c

∫

I

‖φm‖2
A′

m
m dm ≤

∫

I

‖φm‖2
Am

m dm ≤ c

∫

I

‖φm‖2
A′

m
m dm .

Let φ̃m ∈ C∞
sc (M ) ∩ Solm(M ). We extend φ̃m to a family φ̃ ∈ C∞

sc,0(M × I).
Next, we let η� ∈ C∞

0 (I) be a Dirac sequence which converges to the Dirac
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measure at m. Then, choosing φm =
√

η�(m) φ̃m, we conclude that

1

c

∫

I

η�(m) ‖φ̃m‖2
A′

m
m dm ≤

∫

I

η�(m) ‖φ̃m‖2
Am

m dm ≤ c

∫

I

η�(m) ‖φ̃m‖2
A′

m
m dm .

functions ‖φ̃m‖2
Am

and ‖φ̃m‖2
A′

m
are both continuous in m. Therefore, we can

take the limit 
 → ∞ to obtain the pointwise inequality

1
c

‖φ̃m‖2
A′

m
≤ ‖φ̃m‖2

Am
≤ c ‖φ̃m‖2

A′
m

for all φ̃m ∈ C∞
sc (M ) ∩ Solm(M ) .

This establishes the desired equivalence of the norms. Hence we can iden-
tify HAm

and HA′
m

as topological vector spaces.
In order to show uniqueness, we consider the representations (3.15) cor-

responding to Am and A′
m,

∫

I

σm

(
φm, (SA

m − SA′
m )φm

)
m dm = 0 for all φ, φ̃′ ∈ C∞

sc,0(M × I) .

Here the integrand is again continuous in m, because for example

σm

(
φm, SA

mφm

)
= σm(φm, AmQm φm

)
= 〈φm|Qmφm〉Am

,

which is continuous in view of (3.11). Therefore, choosing again φm =
√

η�(m)
φ̃m, we may take the limit 
 → ∞ to obtain the pointwise identity

σm

(
φ̃m, (SA

m − SA′
m ) φ̃m

)
= 0 for all φ̃m ∈ C∞

sc (M ) ∩ Solm(M ) .

Polarizing and using a denseness argument, we conclude that SA
m = SA′

m on HAm

≡ HA′
m

. �

The integrand of (3.15) gives a canonical scalar product on C∞
sc (M ) ∩

Solm(M ),

〈φm|φ̃m〉m := iσm

(
φm, Sm φ̃m

)
. (3.17)

Again dividing out the null space and taking the completion, we get the
Hilbert spaces (Hm, 〈.|.〉m). Taking their direct integrals gives back the Hilbert
space H,

H =
∫

⊕I

Hm m dm .

It follows immediately from the above results that the norms of the Hilbert
spaces Hm and HAm

are equivalent.
We finally remark that, if one can prove the existence or give an ex-

plicit expression for a family of operators (Sm)m∈I satisfying (3.15), then the
bosonic mass oscillation property given in Definition 3.4 follows immediately
by choosing Am = Sm.
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4. The Bosonic Signature Operator and Applications

The constructions of the previous section gave us for any m ∈ I a Hilbert
space of solutions (Hm, 〈.|.〉m) with a canonical scalar product (3.17). We
now choose m as the physical mass; from now on it will be kept fixed. The
operator Sm appearing in the definition of this scalar product is a bounded
symmetric linear operator on Hm which is uniquely defined by the mass de-
composition (3.15).

Definition 4.1. The operator Sm ∈ L(Hm) is referred to as the bosonic signa-
ture operator.

4.1. A Canonical Complex Structure

Being a bounded symmetric operator, we obtain the spectral decomposition

Sm =
∫

σ(Sm)

ν dEν

with a projection-valued spectral measure dE. Assume that the operator Sm

has a trivial kernel,

ker Sm = {0} .

Then the operator J given by

J := i |Sm|−1 Sm = i
(
χ(0,∞)(E) − χ(−∞,0)(E)

)
(4.1)

defines a canonical complex structure on the solution space of the Klein–
Gordon equation. Indeed, the projection operators to its eigenspaces

χhol :=
1
2

(11 − iJ) and χah =
1
2

(11 + iJ) . (4.2)

map to subspaces of Hm referred to as the holomorphic and anti-holomorphic
subspaces, respectively.

4.2. The Bosonic Projector State

The canonical complex structure give rise to a distinguished quasi-free state,
as we now outline. Following the algebraic approach, we define the algebra of
fields A(M ) as the free algebra generated by complex-valued test functions
in C0(M ) divided by the ideal generated by the canonical commutation rela-
tions

f ⊗ g − g ⊗ f = iGm(f, g)

(here G is again the causal fundamental solution (2.5)). A state ω is a normal-
ized and positive linear functional on the algebra of fields, i.e.

ω : A(M ) → C such that ω(id) = 1 and ω(a∗a) ≥ 0 ∀a ∈ A(M ) . (4.3)

A state ω is called quasi-free (or Gaussian) if the associated odd n-point func-
tions all vanish, while the even ones can be computed with the Wick rule

ω2n(f1 . . . fm) =
∑

σ∈P
ω2(fσ(1), fσ(2)) · · · ω2(fσ(2n−1), fσ(2n)) ,
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where P denotes all possible permutations of the set {1, . . . , 2n} into a col-
lection of elements {σ(1), . . . , σ(2n)} such that σ(2k − 1) < σ(2k) for all k =
1, . . . , n. According to this formula, a quasi-free state is uniquely determined
by its two-point function ω2. For the bosonic projector state we choose

ω2(f, g) := iσm

(
Gmf, χhol Gmg

)
, (4.4)

where χhol is the projection to the holomorphic component (4.2).

Proposition 4.2. The two-point function given in (4.4) defines a quasi-free
bosonic state.

Proof. Our task is to verify the positivity statement in (4.3) and the compat-
ibility with the canonical commutation relations. Before beginning, we form
the real Hilbert space (HR

Am
, 〈.|.〉m) formed of the real-valued solutions. Re-

stricting attention to these real-valued solutions, the scalar product and the
symplectic form in (3.17) are both real. Therefore, the operator iSm maps HR

Am

to itself. Using the spectral calculus, the same is true for the complex structure
in (4.1),

J : HR

Am
→ HR

Am
.

As a consequence, for real-valued f and g, we can decompose (4.4) into its real
and imaginary parts,

ω2(f, g) = iσm

(
Gmf, χhol Gmg

)
=

i

2
σm

(
Gmf, (11 − iJ)Gmg

)

=
i

2
σm

(
Gmf, Sm |Sm|−1 Gmg

)
+

i

2
σm

(
Gmf,Gmg

)

=
1
2

〈Gmf | |Sm|−1 Gmg〉m +
i

2
σm

(
Gmf,Gmg

)
.

In particular, we conclude that the real part is positive semi-definite, and that
the imaginary part satisfies the relation

Im ω2(f, g) =
1
2

σm

(
Gmf,Gmg

)
.

Now we can apply Proposition 5.2.23 (b) in the textbook [7] to obtain the
result. �

5. The Limiting Case of Massless Fields

In the constructions so far, it was essential that the scalar field was massive.
Indeed, we cannot expect that integrating over the mass generates the desired
decay for large times if we integrate over arbitrary small masses. This is the
reason why we assumed that the interval I did not intersect a neighborhood
of the origin. However, in many situations the bosonic signature operator Sm

can be defined for all m > 0. If this is the case, one can hope to extend the
results to the massless case by taking the limit m ↘ 0.

In order to relate the solution spaces for different masses, we let N be
an arbitrary Cauchy surface (we will show later that our results do not depend
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on the choice of this Cauchy surface). We identify a solution φm ∈ C∞
sc (M )

with the corresponding Cauchy data

Φ :=
(

φm

i∂tφm

) ∣
∣
∣
∣
N

∈ C∞
0 (N )2 .

Clearly, the symplectic form (2.2) can be expressed in terms of the Cauchy
data; we write for clarity σN (Φ, Φ̃). Moreover, the symplectic form is contin-
uous with respect to the Sobolev norm

H1,2(N ) ⊕ L2(N ) .

In what follows, it suffices to consider this norm locally on compact subsets
of N .

Definition 5.1. The Klein–Gordon operator Pm is infrared regular on the Cau-
chy surface N if for every compact subset K ⊂ N , the restrictions of the
bosonic signature operators to K converge in norm, i.e. if the limit

lim
m↘0

χKSm

∣
∣
H1,2(K)⊕L2(K)

exists in H1,2(K) ⊕ L2(K) .

Under the above assumptions, we can define the sesquilinear form

〈.|.〉0 : C∞
0 (N )2 × C∞

0 (N )2 → C , 〈Φ|Φ̃〉0 := lim
m↘0

iσN

(
Φ

∣
∣SmΦ̃

)
.

(5.1)

Being the limit of scalar products, this sesquilinear form is positive semi-
definite. Dividing out the null space and taking the completion, we obtain
a Hilbert space, which we denote by (H0, 〈.|.〉0).
Proposition 5.2. If the Klein–Gordon operator Pm is infrared regular on the
Cauchy surface N , then it is also infrared regular on any other Cauchy surface.
Moreover, the limit in (5.1) does not depend on the choice of the Cauchy
surface.

Proof. Let N ′ be another Cauchy surface. We describe the time evolution
operators from N to N ′ and from N ′ to N by

UN ′,N
m : C∞

0 (N )2→C∞
0 (N ′)2 and UN ,N ′

m : C∞
0 (N ′)2→C∞

0 (N )2 .

These mappings are symplectomorphisms. Moreover, standard energy esti-
mates show that these mappings are continuous in H1,2

loc ⊕ L2
loc on the re-

spective Cauchy surfaces (for details see for example [34, Section 5.3] or [18,
Chapter 13]).

Suppose we consider the symplectic forms in (5.1) on the Cauchy sur-
face N ′. Using that the time evolution operator preserves the symplectic form,
we can also compute it on N ,

σN ′
(
Φ

∣
∣ SmΦ̃

)
= σN

(
UN ,N ′

m Φ
∣
∣ (UN ,N ′

m SmUN ′,N
m )UN ,N ′

m Φ̃
)

.

Due to causality, there is a compact set K ⊂ N ′ (which clearly depends on Φ
and Φ̃) such that the supports of all the waves on the right hand side of the last
equation are contained in K for all m. Therefore, we can take the limit m ↘ 0
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using that these vectors converge in the Hilbert space in H1,2(K) ⊕ L2(K),
and that the operators Sm converge in norm on this Hilbert space. �

As a result of the above construction, we have two sesquilinear forms
on the massless solutions C∞

sc (M ) ∩ Sol0(M ): The symplectic form σ0 and
the scalar product 〈.|.〉0. Since we took a rather weak limit, it is a-priori not
clear whether these sesquilinear forms are bounded relative to each other. If
they are, one can express one sesquilinear form relative to the other, giv-
ing rise to operators on the respective spaces. The spectral decompositions of
these operators again give rise to a splitting of the solution space into distin-
guished subspaces. In order to illustrate how this can be done, assume that
the symplectic form is bounded pointwise by the scalar product, i.e. that for
every φ0 ∈ C∞

sc (M ) ∩ Sol0(M ) there is a constant c > 0 such that
∣
∣σ0(φ0, φ̃0)

∣
∣ ≤ c ‖φ̃0‖0 for all φ̃0 ∈ C∞

sc (M ) ∩ H0 .

Then the Fréchet-Riesz theorem gives a symmetric linear operator

S−1
0 : C∞

sc (M ) ∩ H0 → H0

which is uniquely defined by the property

σ0(φ0, φ̃0) =
〈
φ0

∣
∣ S−1

0 φ̃0

〉
0

for all φ̃0 ∈ C∞
sc (M ) ∩ H0 .

Other variations of this constructions can be used depending on the specific
properties of the resulting sesquilinear forms.

For clarity, we finally point out that the above constructions are not
conformally invariant in the sense that, even when applied to the conformal
wave equation, the resulting scalar product 〈.|.〉0 will transform in an intri-
cate (in general nonlocal) way under conformal transformations. This can be
understood from the fact that the mass oscillation property makes it neces-
sary to consider families of massive solutions, thereby breaking the conformal
symmetry.

6. Example: Minkowski Space

In this section, we verify by direct computation that the bosonic mass os-
cillation property holds in Minkowski space. Moreover, we derive an explicit
formula for the bosonic signature operator. As we shall see, the resulting canon-
ical complex structure will give us back the usual frequency splitting. This is an
important check showing that the bosonic signature operator gives physically
sensible results.

We consider Minkowski space, i.e. the spacetime M = R × R
3 with the

line element

ds2 = dt2 − (dx1)2 − (dx2)2 − (dx3)2 .

We let φm be a solution of the Klein–Gordon equation for a given mass m > 0,

(� + m2)φm(x) = 0 .
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For initial data on R
3 at time t = 0 denoted by

φm,0(x) := φm(x)
∣
∣
(0,x)

and πm,0(x) := i∂tφm(x)
∣
∣
(0,x)

,

the Cauchy problem has a unique solution (here x = (x1, x2, x3) ∈ R
3, and πm,0

(x) is the canonical momentum).
For our purposes, it is most convenient to write the solution of the Klein–

Gordon equation as a Fourier integral over the upper and lower mass shell,

φm(x) =
∫

d4k

(2π)4
δ(k2 − m2) ε(k0) ϕm(k) e−ikx .

Then initial data is computed by

φm,0(x) =
∫

d4k

(2π)4
δ(k2 − m2) ε(k0) ϕm(k) eikx

=
∫

d3k

(2π)3
1

4π ωk

(
ϕm(ωk,k) − ϕm(−ωk,k)

)
(6.1)

πm,0(x) =
∫

d3k

(2π)3
1
4π

(
ϕm(ωk,k) + ϕm(−ωk,k)

)
, (6.2)

where ωk :=
√
k2 + m2. Next, the symplectic form (1.1) takes the form

σm(φm, φ̃m) = i

∫ (
πm,0(x) φ̃m,0(x) + φm,0(x) π̃m,0(x)

)
d3x .

Applying Plancherel’s theorem in the spatial variables, we obtain

σm(φm, φ̃m)

= i

∫
d3k

(2π)3
1

16π2 ωk

((
ϕm(ωk,k) + ϕm(−ωk,k)

)(
ϕ̃m(ωk,k) − ϕ̃m(−ωk,k)

)

+
(
ϕm(ωk,k) − ϕm(−ωk,k)

)(
ϕ̃m(ωk,k) + ϕ̃m(−ωk,k)

))

=

∫
d3k

(2π)3
i

8π2 ωk

(
ϕm(ωk,k) ϕ̃m(ωk,k) − ϕm(−ωk,k) ϕ̃m(−ωk,k)

)
. (6.3)

We next consider a family of solutions φ = (φm)m∈I ∈ C∞
sc,0(M × I).

Integrating over the mass according to (3.1) gives

(pψ)(x) =
∫

I

m dm

∫
d4k

(2π)4
δ(k2 − m2) ε(k0) ϕm(k) e−ikx

=
1
2

∫
d4k

(2π)4
ε(k0) ϕm(k)

∣
∣
∣
m=

√
k2

e−ikx

(note that the assumption φ = (φm)m∈I ∈ C∞
sc,0(M × I) implies that the

function ϕm(k) vanishes unless
√

k2 ∈ I). Applying Plancherel’s theorem in
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spacetime, it follows that

〈pφ, pφ̃〉L2(R4) =
1
4

∫
d4k

(2π)4
ϕm(k) ϕ̃m(k)

∣
∣
∣
m=

√
k2

=
1
2

∫

I

m dm

∫
d4k

(2π)4
δ(k2 − m2) ϕm(k) ϕ̃m(k)

∣
∣
∣
m=

√
k2

=
∫

I

m dm

∫
d3k

(2π)3
1

8π ωk

(
ϕm(ωk,k) ϕ̃m(ωk,k)

+ ϕm(−ωk,k) ϕ̃m(−ωk,k)
)

.

Comparing with (6.3), we conclude that

〈pφ, pφ̃〉L2(R4) = i

∫

I

σm

(
φm, Sm φ̃m

)
m dm ,

where the operator Sm acts on the solutions of positive and negative frequency
by

Sm ϕm(±ωk,k) = ∓π ϕm(±ωk,k) . (6.4)

We finally rewrite the bosonic signature operator as an operator acting
on the initial data. To this end, from (6.1) and (6.2) we read off that

(
φ̂m,0(k)
π̂m,0(k)

)
=

1
4π

(
1/ωk −1/ωk

1 1

) (
ϕm(ωk,k)

ϕm(−ωk,k)

)

(
ϕm(ωk,k)

ϕm(−ωk,k)

)
= 2π

(
ωk 1

−ωk 1

) (
φ̂m,0(k)
π̂m,0(k)

)
,

where φ̂m,0 and π̂m,0 denote the spatial Fourier transforms. Thus, using (6.4),

Sm

(
φ̂m,0(k)
π̂m,0(k)

)
=

1
4π

(
1/ωk −1/ωk

1 1

)(−πϕm(ωk,k)
πϕm(−ωk,k)

)

=
π

2

(
1/ωk −1/ωk

1 1

)(−ωk −1
−ωk 1

)(
φ̂m,0(k)
π̂m,0(k)

)
.

We thus obtain the simple formula

Sm

(
φ̂m,0(k)
π̂m,0(k)

)
= −π

(
0 1/ωk

ωk 0

)(
φ̂m,0(k)
π̂m,0(k)

)
. (6.5)

The scalar product (3.17) can be computed most easily by using (6.4)
in (6.3). We thus obtain

〈φm|φ̃m〉m =

∫
d3k

(2π)3
1

8π ωk

(
ϕm(ωk,k) ϕ̃m(ωk,k) + ϕm(−ωk,k) ϕ̃m(−ωk,k)

)
.

(6.6)

This is positive definite and Lorentz invariant, as desired. Moreover, one sees
immediately that in the limit m ↘ 0, this scalar product as well as the bosonic
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signature operators converge to

S0 ϕ0(±|k|,k) = ∓π ϕm(±|k|,k)

〈φ0|φ̃0〉0 =
∫

d3k

(2π)3
1

8π |k|
(
ϕm(|k|,k) ϕ̃m(|k|,k)

+ϕm(−|k|,k) ϕ̃m(−|k|,k)
)

.

Using the notion of Definition 5.1, the Klein–Gordon equation in Minkowski
space is infrared regular. Moreover, the operator S0 is again bounded on (H0,
〈.|.〉0). Therefore, all our results apply as well to the scalar wave equation in
Minkowski space.

7. Example: Ultrastatic Spacetimes

In this section we prove that the bosonic mass oscillation property holds for
the Klein–Gordon operator in ultrastatic spacetimes. We also compute the
bosonic signature operator explicitly and verify that the resulting canonical
complex structure reproduces the usual frequency splitting. For simplicity, we
only consider the case ξ = 0 without coupling to scalar curvature. Thus we
let (M , g) be a k-dimensional globally hyperbolic spacetime which is ultra-
static in the sense that it is the product M = R × N with a metric of the
form

ds2 = dt2 − gN ,

where gN is a Riemannian metric on N . The global hyperbolicity of (M , g)
implies that (N , gN ) is complete. In preparation, we formulate the Klein–
Gordon equation in the Hamiltonian form, following the procedure in [14]. We
denote spacetime points x ∈ M by x = (t,x) with x ∈ N . We introduce the
two-component vector Φm by

Φm(t,x) =
(

φm(t,x)
i∂tφm(t,x)

)
.

Then the Klein–Gordon equation can be written as

i∂tΦm = HmΦm

with the Hamiltonian Hm given by

Hm =
(

0 1
−ΔN + m2 0

)
.

Moreover, the symplectic form (2.2) takes the form

σN

(
Φm, Φ̃m

)
=

∫

N

(
∂tφm φ̃m − φm ∂tφ̃m

)
dμN (x)

= i

∫

N

〈
Φm,

(
0 1
1 0

)
Φ̃m

〉

C2
dμN (x) .

In what follows, we shall work with the spectral calculus for the operator

K2
m := −ΔN + m2
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with domain C∞
0 (N ) on the Hilbert space L2(N ) = L2(N ,dμN ). Using

Chernoff’s method [8], one sees that the operator K2
m is essentially self-adjoint

(for details see [36, Theorem 7.1] or [38]). We denote the self-adjoint extension
again by K2

m. Taking the square root, we obtain the spectral decomposition

Km =
∫

σ(Km)

k dEk ,

where Ek is a projection-valued spectral measure. Moreover, we know that

σ(Km) = R
+ .

Consequently, the Hamiltonian has the spectral decomposition

Hm =
(

0 1
K2

m + m2 0

)
=

∫ ∞

0

(
0 1

k2 + m2 0

)
dEk .

By direct computation, one verifies that

e−itHm =
∫ ∞

0

⎛

⎝ cos(ωkt) −i
sin(ωkt)

ωk−iωk sin(ωkt) cos(ωkt)

⎞

⎠ dEk ,

where we introduced the notation

ωk :=
√

k2 + m2 .

Hence, given initial data Φm,0 ∈ C∞
0 (N )2, the solution of the Cauchy problem

takes the form

Φm(t) =
∫ ∞

0

⎛

⎝ cos(ωkt) −i
sin(ωkt)

ωk−iωk sin(ωkt) cos(ωkt)

⎞

⎠ dEk Φm,0

=
1
2

∫ ∞

0

(
e−iωkt

(
1 1/ωk

ωk 1

)
+ eiωkt

(
1 −1/ωk

−ωk 1

))
dEk Φm,0 .

In order to simplify the following computation, we restrict attention to the
case of non-compact Cauchy surface (the case of compact Cauchy surfaces
can be treated similarly by replacing the ω-integrals by sums). The spectral
measure is absolutely continuous with respect to the Lebesgue measure, i.e.
dEk = Ek dk (for details see [41]). Introducing ω as an integration variable,
we obtain

Φm(t) =
1
2

∫ ∞

m

(
e−iωt

(
1 1/ω
ω 1

)
+ eiωt

(
1 −1/ω

−ω 1

) )
Ekω

Φm,0
ω

kω
dω ,

where kω :=
√

ω2 − m2. Therefore, the Fourier transform in t is computed by

Φm(t) =
∫ ∞

−∞

dω

(2π)
Φ̂m(ω) e−iωt with

Φ̂m(ω) = π
|ω|
kω

(
1 1/ω
ω 1

)
Ekω

Φm,0 .
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Hence
(
pΦ̂

)
(ω) = π

∫

I∩[0,|ω|]

|ω|√
ω2 − m2

(
1 1/ω
ω 1

)
E√

ω2−m2 Φm,0 m dm

= π

∫ ω

0

χI(mk) |ω|
(

1 1/ω
ω 1

)
dEk Φmk,0 ,

where we transformed back to a k-integral and set mk =
√

ω2 − k2. Now we
can apply Plancherel’s theorem in the time variable to obtain

〈pφ |pφ̃〉L2(M ,dμM )

=

∫ ∞

−∞
〈pφ(t) |pφ̃(t)〉L2(N ) dt =

∫ ∞

−∞

dω

2π
〈pφ̂(ω) |p ˆ̃

φ(ω)〉L2(N )

=
π

2

∫ ∞

−∞
dω

∫ ω

0

χI(mk) ω2
〈(

Φ1
mk,0 +

1

ω
Φ2

mk,0

) ∣
∣
∣ dEk

(
Φ̃1

mk,0 +
1

ω
Φ̃2

mk,0

)〉

L2(N )

= π

∫ ∞

0

dω

∫ ω

0

χI(mk)
(
ω2

〈
Φ1

mk,0

∣
∣ dEkΦ̃1

mk,0

〉
L2(N )

+
〈
Φ2

mk,0

∣
∣ dEkΦ̃2

mk,0

〉
L2(N )

)

= π

∫ ∞

0

dω

∫ ω

0

χI(mk)
〈
Φmk,0

∣
∣

(
ω2 0
0 1

)
dEkΦ̃mk,0

〉
L2(N )

= π

∫

I

dm

∫ ∞

0

m

ωk

〈
Φm,0

∣
∣

(
ω2

k 0
0 1

)
dEkΦ̃m,0

〉
L2(N )

= π

∫

I

m dm

∫ ∞

0

〈
Φm,0

∣
∣

(
0 1
1 0

) (
0 1/ωk

ωk 0

)
dEkΦ̃m,0

〉
L2(N )

= −iπ

∫

I

m dm

∫ ∞

0

σm

(
Φm,0 ,

(
0 1/ωk

ωk 0

)
dEkΦ̃m,0

)

= i

∫

I

σm

(
Φm,0,Sm Φ̃m,0

)
m dm

with

Sm Φm,0 := −π

∫ ∞

0

(
0 1/ωk

ωk 0

)
dEk Φm,0 . (7.1)

In the case of Minkowski space, this formula gives back (6.5). The eigenspaces
of this operator are precisely the solutions of positive and negative energy,
respectively.

Now the scalar product (3.17) takes the form

〈φm | φ̃m〉m = π

∫ ∞

0

1
ωk

〈
Φm,0

∣
∣

(
ω2

k 0
0 1

)
dEkΦ̃m,0

〉
L2(N )

.

This is positive definite, as desired. Similar as described at the end of the
previous section in Minkowski space, in an ultrastatic spacetime the Klein–
Gordon equation is again infrared regular. More precisely, in the limit m ↘ 0
of the scalar product and the bosonic signature operator converge to

〈φ0 | φ̃0〉0 = π

∫ ∞

0

1
ωk

〈
Φm,0

∣
∣

(
k2 0
0 1

)
dEkΦ̃m,0

〉
L2(N )

S0Φ0,0 = −π

∫ ∞

0

(
0 1/k
k 0

)
dEk Φ0,0 .
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In this way, in ultrastatic spacetimes all our results apply to the scalar wave
equation as well.

8. Discussion and Outlook

In the present paper we gave a general construction of the bosonic signature
operator in globally hyperbolic spacetimes. For the case of ultrastatic space-
times, the complex structure defined by the bosonic signature operator in (4.1),
i.e.

J := i |Sm|−1 Sm

agrees with the usual frequency splitting as obtained in in [36,39]. As a conse-
quence, the resulting bosonic projector state is a Hadamard state. The main
advantage of working with the bosonic signature operator is that the construc-
tion also applies to general time-dependent situations, in which the time evolu-
tion is not unitarily implementable Hamiltonian (see [33]). The only condition
needed is that the bosonic mass oscillation property holds (see Definition 3.4).
In this way, we obtain a canonical quantum state which does not depend on an
observer. Instead, this state is determined by the global geometry of spacetime.
We remark that, in the setting of a scattering process, the bosonic signature
state does not coincide with the vacuum of the observer in the past or future,
but instead it can be considered as being an “interpolation” between the scat-
tering states (for a discussion of this point in the fermionic context see [17,
Section 5]).

In the time-dependent situation, it is unknown whether the bosonic pro-
jector state is a Hadamard state. At present, there is no general argument to
prove the Hadamard property (in particular, due to the dependence on the
global geometry, it does not seem possible to apply gluing arguments as in
[27,28]). Also, at present there is no general method for verifying if a given
spacetime has the bosonic mass oscillation property by constructing a suit-
able family of auxiliary operators (Am)m∈I . Instead, both the bosonic mass
oscillation property and the Hadamard property must be verified for different
classes of spacetimes in a case to case study. We expect that, similar as proven
in the fermionic case in [9,20,24,26], the bosonic projector state should be
Hadamard in many physically interesting situations. These questions are part
of an ongoing research program. Another direction of research is to extend our
construction to spacetimes with bifurcate Killing horizons, as studied in the
fermionic case in [15,21,26].
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