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Abstract

Causal fermion systems are a candidate for a unified physical theory, giving rela-
tivistic quantum mechanics, general relativity and quantum field theory as limiting
cases. They are based on the Dirac equation, a first order differential equation,
which describes the fermions, the particles matter consists of. Fundamental for
causal fermion systems is the so-called causal action principle. This determines
the physically admissible objects like spacetimes defined in the setting of causal
fermion systems, similar to the way the Einstein equations determine the relevant
Lorentzian manifolds in general relativity. In this thesis the mass and energy
of black holes are investigated in the theory of causal fermion systems based on
the Euler-Lagrange equations and so-called surface layer integrals. More explic-
itly, the main goal of this thesis is to introduce the notions "mass” (and to this
end "area”), "momentum” and "energy” in the setting of causal fermion systems,
where "energy” is given by an energy-momentum four-vector with the energy as
first component and momentum in the three spatial directions as the other compo-
nents. Moreover we will show an analogy to the "Positive Mass Theorem” adapted
to the theory of causal fermion systems. Finally these notions are made manifest
by calculating the energy vector for a boosted Schwarzschild black hole and we
discuss how to generalize these calculations to Lorentzian Manifolds.

Zusammenfassung

Kausale Fermionensysteme sind ein Kandidat fiir eine vereinheitlichte physikalis-
che Theorie, da sie relativistische Quantenmechanik, allgemeine Relativitéatstheorie
und Quantenfeldtheorie als Grenzfélle liefert. Sie basieren auf der Dirac-Gleichung,
die die Fermionen beschreibt - den Teilchen, aus denen Materie besteht. Grundle-
gend fiir kausale Fermionensysteme ist das sogenannte kausale Wirkungsprinzip.
Es bestimmt die physikalisch zuldssigen Objekte (wie z.B. Raumzeiten) in der The-
orie kausaler Fermionensysteme, ahnlich wie die Einsteingleichungen die relevanten
Lorentz-Mannigfaltigkeiten in der allgemeinen Relativitatstheorie ermittelt.

Diese Arbeit beschiftigt sich mit der Masse und der Energie Schwarzer Locher
in der Theorie kausaler Fermionensysteme auf der Grundlage der Euler-Lagrange-
Gleichungen und sogenannten Oberflaichenschichtintegralen. Praziser formuliert
ist das Ziel dieser Arbeit, die Konzepte ,Masse* (und dafir ,Flache“), ,Impuls“
und ,Energie“ (in Form eines Energie-Impuls-Vektors mit der Energie in der er-
sten Komponente und den Impulsen in die drei rdumlichen Richtungen als die
anderen drei Komponenten) fiir kausale Fermionensysteme zu definieren und eine
Entsprechung des ,,Positive-Masse-Theorems® in der Theorie kausaler Fermionen-
systeme zu untersuchen. Schliellich werden diese Konzepte greifbarer gemacht,
indem explizit der Energie-Vektor fiir eine geboostete Schwarzschild-Raumzeit bes-
timmt und die Verallgemeinerung auf Lorentz-Mannigfaltigkeiten diskutiert wird.
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1 Introduction

In general relativity [ADM] Arnowitt, Deser and Misner defined the mass, mo-
mentum and energy of a system only depending on the asymptotics of the metric
tensor at infinity. Therefore the system had to describe a so-called asymptotically
flat spacetime which nearly looks like the Minkowski spacetime in the sense that
the deviation of the metric at infinity had to fall off fast enough. They also proved
that this energy is non-negative if the local energy density is non-negative. In the
static case this energy density is given by the scalar curvature of the metric.

The theory of causal fermion systems describes fundamental physical structures
and in a limiting case the Euler-Lagrange equations give the Einstein equations (up
to correction terms) making it possible to do general relativity. Therein, space-
time is defined as the support of a measure fulfilling certain constraints instead of a
Lorentzian manifold. The ADM mass resp. energy is defined as a surface integral
at spatial infinity, measuring the non-linear gravitation, given by this asymptotic
deviation of the metric from the flat Minkowski metric. One issue is that for
causal fermion systems we do not have the local notion of an induced volume form
on the hypersurface, hence we cannot just define the mass as a surface integral.
However, in the theory of causal fermion systems there is an equivalent to surface
integrals, the so-called surface layer integrals where we integrate over a thickened
layer around the hypersurface instead.

For static causal fermion systems in [PMT] a notion of mass is introduced, based
on the model of the ADM mass. Not only the surface layer integrals over spheres
going to spatial infinity replaced the surface integrals, but lacking the locality of a
metric tensor the notion of asymptotical flatness had to be adapted to the causal
fermion setting. Then the gravitation as deviation of the metrics at infinity is
displaced by comparing the measure for the asymptotically flat spacetime with
the measure describing Minkowski spacetime.

However, the notion of mass introduced in [PMT] only works for static causal
fermion systems. This thesis wants to generalize this notion to time-dependent
causal fermion systems, i.e. systems changing with time like e.g. with moving
or rotating black holes. Since for the static causal fermion systems, looking the
same at each point in time, there is the possibility of decomposing the measure
describing the asymptotically flat spacetime into the change of time and a spatial
measure. Anyway, this is not possible for time-dependent spacetimes as there is
no such strict separation between space and time, hence the spatial measure for
such a decomposition depends on the considered time. This makes it necessary
to replace the inner volume constraint in [PMT]. Instead, since the surface area
and the volume of balls in Schwarzschild spacetime depend on each other, in this
thesis it is replaced by the so-called area constraint.

For causal fermion systems we also prove a statement corresponding to the Positive



Mass Theorem for the ADM mass: Given a certain local condition, i.e. if there is
something like non-negative mass density, the spacetime has non-negative mass.
Furthermore, in the setting of time-dependent causal fermion systems spacetimes
do not only have mass anymore, it is possible to introduce a notion of momentum
and energy therein. This momentum is defined by surface layer integrals like for
the mass but with contributions on thickened hypersurfaces of a constant spatial
coordinate. The energy is defined as a vector consisting of energy and momentum,
transforming as a four-vector like the ADM energy and momentum.

These notions are shown to coincide with the corresponding notions from Arnowitt,
Deser and Misner (up to a constant) in special cases like Minkowski, Schwarzschild
or boosted Schwarzschild spacetimes (i.e. boosting the black hole from Schwarzschild
spacetime).

Finally we give a short overview over the content of each section:

§2: In Section 2 we will recall causal fermion systems and all basic notions con-
cerning causal fermion systems.

§3: Section 3 will introduce preliminaries for the spacetimes to causal fermion
systems as well as the important so-called linearized field equations therein
and discuss the freedom in the solutions of these equations.

§4: Section 4 is the main section of this thesis. Here we will recall the definition
of the ADM mass from Arnowitt, Deser and Misner (cf. [ADM]) and the
mass definition for static causal fermion systems (cf. [PMT]). (Static causal
fermion systems describe time-independent spacetimes.)

Then, based on the idea of how the ADM mass is defined and based on
the model of the mass for static causal fermion systems, the mass for time-
dependent spacetimes will be defined.

Then we will prove a positive mass theorem for this mass definition.

§5: In Section 5 we will introduce a notion of energy for causal fermion systems.
To this end we define a momentum vector of causal fermion systems. Then
the mass and the momentum together build the energy in form of an energy-
momentum vector.

§6: Section 6 will make all these definitions more tangible. In this Section we will
consider a Schwarzschild black hole moving in a fixed direction with a fixed
velocity. We then will calculate all these notions applied to this example.

§7: In Section 7 we discuss how the calculation of the energy-momentum vector
for Lorentzian Manifolds differs from the one for symmetric spacetimes like
Schwarzschild spacetime.

§8: Section 8 concludes with a short summary of the results of this thesis.



2 Preliminaries to Causal Fermion Systems

Causal fermion systems can be used to investigate black holes and their associated
basic concepts. We will first recall the crucial notions in the theory of causal
fermion systems:

2.1 Causal Fermion Systems

The following basic definitions are taken from [FF]:

Definition 2.1 (Causal Fermion System). A causal fermion system is a triple
(H, F,p) consisting of:

i) a separable, complex Hilbert space (H, (-, -)) of dimension f € NU {occ}

it) the set F of all linear, self-adjoint operators of finite rank on H, which
have at most n positive and at most n negative eigenvalues (counted with
multiplicity)

iii) a positive measure p on a o-algebra of subsets of F.
n is then called spin dimension and p is called universal measure.

Definition 2.2 (Spectral Weight). For z,y € F define the spectral weight of the
operator products xy resp. (wy)? by

oyl i= SO resp. (e o= 3 AP
i=1 i=1
where A\;¥ € C are the non-trivial eigenvalues of xy (counted with multiplicity).
Definition 2.3 (Lagrangian and Causal Action). The Lagrangian is defined by
LiFXF R, Llry) =] - ool
The Causal Action is defined by

S:B=>R, S(p):= //; fﬁ(x,y)dp(x)d/)(y),

where B denotes the space of reqular Borel measures on F.



Definition 2.4 (Constraints). To avoid trivial minimizers of the causal action
one considers the following constraints:
In the case dim H < oo the constraints are:

Volume Constraint: p(F) = constant

Trace Constraint: / tr(z)dp(x) = constant
f

Boundedness Constraint: // |zy|dp(x)dp(y) < C,
FxF

where C' is a given parameter (and tr denotes the trace of a linear operator on H ).
In the case dim H = oo one has to replace the volume constraint by

lp=pl(F) <00 and (p—p)(F)=0
for all variations p of p, where |.| denotes the total variation of the measure.

Definition 2.5 (Causal Action Principle). The causal action principle means to
minimize the causal action by varying the measure p under the constraints from
Definition , where p is a reqular Borel measure on F.

A measure p is said to be a minimizer of the causal action, if p fulfills

S(p)—S(p) =20

for all p satisfying the constraints from Definition . For a minimizer p of the
causal action the spacetime M is defined as its support M := supp p.

Definition 2.6 (Lagrange Multiplier). In order to take the boundedness constraint
into account by positive Lagrange multipliers, one defines the Lagrangian L. by
adding a Lagrange multiplier term, k € R, to the causal Lagrangian,

Lo: FxF—=R, Lqz,y):=L(x,y)+ klry]>

2.2 Euler-Lagrange Equations

For a minimizer p of the causal action one can derive very important equations,
the so-called Euler-Lagrange equations.

Definition 2.7 (Functions ¢ and ¢,). For a reasonable definition of the variation
the following assumptions have to be made:

i) The measure p is locally finite, i.e. every x € F has an open neighborhood U
with p(U) < oo. The topology on F is the one induced by the operator norm

]l := sup{l|zully, with [[ull,, =1}
(with ||.||;, denoting the norm on H induced by the scalar product (-,-)y on

H). We will always consider M = supp p endowed with the induced topology.

4



it) The function L(x,.) is p-integrable for all x € F, giving a bounded contin-
uous function on F.

The bounded and lower semi-continuous functions ¢ and {,. can then be defined by

((x) :Z/fﬁ(fc,y)dp(y)—s

resp.
tole) = [ Lulo)dpte) s
f
(for taking the volume constraint into account) with s € R as specified below.

Definition 2.8 (Euler-Lagrange Equations). For every minimizer p of the causal
action one has
Lyl supp » = Inf 4.
|supp p 1L

Choosing the parameter s € R s.t. this infimum is zero one obtains

Uil supp p = u%fﬁ,.€ =0. (1)

These are called the Fuler-Lagrange equations.

Definition 2.9 (Weak Euler-Lagrange Equations). Physically restricting the at-
tention to £, in a small neighborhood of M = supp p, one has

lolar =0 and hence  Dl|y =0, (2)

where DU, (p) : T,F — R is the derivative. To combine these, define:
A jet is a pair u = (a,u) € J*©° = C®°(M,R) & C®°(M,TF) of a real-valued
function a on M and a vector field w on T F along M and the related derivative is
defined by

Vile(z) := a(x)le(x) + (Dyly)(x).

By equation (@) then Vl.(x) vanishes for all x € M and one obtains the weak
Euler-Lagrange equations

Volu(@)ar =0 Vue it (3)

where the subset J* C J of test jets is defined in detail in [PMT, Section 2.1.1].



2.3 Surface Layer Integrals

In the setting of causal fermion systems the usual integrals over hypersurfaces in
spacetime are undefined due to the lack of an induced volume form on the hyper-
surface. Instead, one considers so-called surface layer integrals, integrals over a
thickened surface:

For a given differential operator (...) acting on the Lagrangian £, a surface layer
integral is a double integral of the form

/Q dp(a) /M A0 (L)
where Q C M.

Surface layer integrals correspond to the notion of surface integrals for causal
fermion systems in the following sense (cf. [, Section 2.3]):

Assume that L, is of short range, i.e. it decays on length scale § € R and vanishes
on distances larger than §: Let d be the metric on M induced by the operator
norm on M. Then we assume that

Ve,ye M d(z,y) > 6 = Li(z,y) =0.

This way one only gets a contribution to the double integral if x and y are close
together, i.e. close to the boundary 02, hence the contribution to the integral
comes from integrating the a bit expanded surface 0f).

M\ Q
Figure 1: L(x,y) vanishes, if z or y is not in the strong green resp. blue domain.

Example 2.10. Four-dimensional Minkowski spacetime can be regarded as a causal
fermion system. This is explained in detail in . Section 1.2]. We will always
consider Minkowski spacetime with the signature (—,+,+,+).
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3 Preliminaries to the Area, Mass and Energy of
Causal Fermion Systems

After having recapped the basic notions for causal fermion systems in Section E,
we now will recall important notions needed for the definition of the mass such as
the notion of time and important equations for causal fermion systems.

Situation 3.1. Let (H,F,p) be a causal fermion system with spacetime denoted
by M = supp p. We will always consider the situation that

1. the spacetime M 1is a four-dimensional smooth submanifold of F.

2. the measure p is of the form dp = h(x) d*z for some h € C°°(U,R") in local
coordinates (for local charts U ).

Let Q C M be compact with smooth boundary 0S2. On the boundary define the
measure dp(v,x) as the contraction of the volume form on M with a vector field
v, i.e. in local charts

dp(v,x) = heijklvid:cjdxkdxl,
where € is the totally anti-symmetric Levi-Civita symbol (which is normalized
by €123 = 1).

3.1 Past

In this section we will define the notion of time in the setting of causal fermion sys-
tems as well as the past of a given time. We will need this e.g. for a representation
of the mass using spacetime integrals.

Definition 3.2 (Past). Let (H,F,p) be a causal fermion system. Under the
smoothness assumption B, after choosing a folitation M = R x N of the spacetime
M = supp p the measure p on M can be decomposed as

dp = dt dp (4)

on R x N (where the subscript t means that the measures p, depend on the first
component, the time), where p; is in local coordinates (t, z', 2% x3) given by

dpy = h(t,x*, 2* 2°)do* do?da®

for h from Situation . This implies that spacetime points can hence be written as
x = (t;, T) € Rx N, where t, can be interpreted as the time component. Denoting
the projection on the time component by

T:M—=R, (t;,7)—t,,



the time hypersurface for a fized time ty € R (i.e. a constant-time-hypersurface)
can be defined as
Ny

and the past of the fized time ty by
Q= {x € M|T(z) <to}.
We then have the relation Ny, = O, .

= T_l(to)

0

M /\/ A‘]\/Yf,[)
Qto

Figure 2: Time hypersurface and past for the time t; € R

We can generalize this to spatial coordinates:

Definition 3.3 (Spatial Hypersurfaces and Halfspaces). Let M be a spacetime
from Situation . Like for the decomposition in Definition we can fix another
direction x;, i € {1,2,3} and we can as well consider a decomposition of the form
M =R x {z; = constant} by constant-x;-hypersurfaces. Analogous to Section
considering the corresponding projections X; : M — R, i € {1,2,3}, define the
lower-z;-halfspace H,,  of the fired spatial x;-coordinate x;, € R by

H,, ={re M|X;(z) <}

3.2 Linearized Field Equations

We now give the linearized field equations. However, in the theory of causal
fermion systems these are obtained by varying the measure in order to vary the
field strengh. For more details on that see [PMT], Section 2.1.2].

Convention 3.4. A wvariable provided with a prime always refers to the second
component of the Lagrangian L.

Definition 3.5 (Linearized Field Equations). A jet v € J* is called a solution of
the linearized field equations with inhomogenity o € I if

Av = 1o,

i.e. if for all test jets u € J*' and for all spacetime points v € M we have with
the notation from Definition

(u, Av)(z) := V, / dt// dpe (§) (V1o + Vao) Le(x, (', ) — VuVys = Vyio,
—00 Nt’

where the subscripts 1 resp. 2 refer to the corresponding component of L.
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3.3 Inner Solutions

Next we will define a special class of jets which satisfy the linearized field equations.
These will allow us to shift solutions of the linearized field equations and obtain
solutions with any possible scalar component:

Definition 3.6 (Divergence). Under the assumptions in Situation one can
define the divergence of a vector field v € C°(M,TF) by

Lou(ho)

div(v) = ;

(using the Einstein summation convention) as in common differential geometry.
A jet v € J* is called inner solution if its scalar component is the divergence of
its vector field component, i.e. if it is of the form

= (div(v),v).

Lemma 3.7. Every inner solution v = (div(v),v) € J* is a solution of the
homogeneous linearized field equations, i.e.

Ab = 0.

Proof. We again use the notation from Definition @ We slightly adapt the proof
of [PMT], Lemma 2.6]: Integrating by parts in ¢ we have for all z € M that

(1, Av) (/ dt//dut/ (V1o + Vo) Ln(z. (t',g>>—vt,s>
_ V. (/ dt/ A (§) Vo Lo (2, (¢ ))—VU3>

= VVol(z) = V,Viul(z) = 0

by the weak Euler-Lagrange equations (B). (For further details on integrating by
parts in this setting see [BFS, Equation (3.3)].) O

Lemma 3.8. For a spacetime M as in Situation @ let I C M be a relatively
compact subset and

®: M\ IR Bg

be a diffeomorphism (where By C R* denotes the open ball of radius R > 0). Then
for every a € C*(M,R) there is a vector field u € C*(M,TF), s.t. div(u) = a.



Proof. We closely follow the proof from [PMT], Lemma 2.7]. Choosing a partition
of unity (¢,),cy on M with

supp ¢ C I U® (Bgyo)
supp ¢n41 C @_1(BR+n+1 \ Brin-1) forn > 2,
by Situation @ there is a volume form 1 € A¥(M), s.t.

p(U) = / ¢ for all compact U C M.
U
Also there is a representation of the measure ap by a volume form w € A*(M), i.e.

/ a(x)dp(z) = / w for all compact U C M.
U U

Choosing c¢; € R, s.t.
/ (prw — crntp) =0,
M
[FDG, Theorem 1.2 in Section XVIII] then yields a compactly supported form
RS Ag_l(M) with
Prw — c1p1Y = dny.
Inductively by choosing ¢,.1 € R, s.t.

/M (Pnt1w + Cpdnt) — Cpy1ni1¥) = 0,

for every n € N, we obtain forms n,,; € AF~*(M) with

¢n+1w + Cngbn@b - Cn+1¢n+1¢ = dnn-H' (5)

By theorem [FDG, Theorem 1.2 in Section XVIII] we can demand that the sup-
port of this n,.; is always contained in the corresponding connected annulus
O Y (Brint1\Brin_1) (resp. [U®1(Bgs) for supp 7;). Adding up the equations
of the form (E), we get that

n = i N, satisfies dn= i Ppw = W
n=1 n=1

(where the sum converges because of the local finiteness). In order to find a
vector field v, s.t. div(v)dp = dn, choose a Riemannian metric g on M and apply
a conformal transformation s.t. the corresponding volume form and p coincide.
Then the vector field given by

v = g*% ()
(with % : A*¥=Y(M) — AY(M) the Hodge operator) satisfies the claim. O

10



Corollary 3.9. By the Lemmas and we can restrict all considerations to
solutions of the linearized field equations with a certain scalar component later on:
Since for every solution v = (a,v) € J>° of the linearized field equations by Lemma

and any scalar component b € C*(M,R) there is a vector field v together
with a corresponding inner solution v = (b — a,v) € J* and by Lemma then
v+b = (b,v+70) is a solution of the linearized field equations with this given scalar
component.

Convention 3.10. For inner solutions to a vector field the contraction of a mea-
sure with this inner solution always means the contraction with that vector field.

4 Mass of Causal Fermion Systems

The basic idea for the mass definition for causal fermion systems comes from the
so-called ADM mass, hence we will shortly recall its setting and definition:

4.1 Motivation: ADM Mass and the Mass of Static Causal
Fermion Systems

First we will mention the definition of the ADM mass in [ADM)| giving the idea for
the definition of the mass of causal fermion systems and afterwards we will recall
the mass definition from [PMT] for causal fermion systems in the static setting:

4.1.1 ADM Mass

Arnowitt, Deser and Misner defined in J[ADM] mass and energy for spacetimes
which in some sense asymptotically look like the Minkowski spacetime. For this
they measure the deviation of the geometry at infinity between Minkowski and the
other spacetime. We will shortly recall this definition:

Situation 4.1. Let

e (N,g) be a four-dimensional Lorentzian manifold with metric g of signature
(—,+,+,+) and denote the induced Levi-Civita connection by V

e« M C N be an oriented spacelike hypersurface with induced metric g;;

o v be a normal vector field on M and denote the second fundamental form by

hij = (vll/)]

Definition 4.2 (Energy, Momentum and Mass). i) (M, g) is called asymptot-
ically flat if

11



a) there is a compact subset K C M and for some closed ball in R of
radius r > 0 a diffeomorphism ® : M \ K — R3\ B,(0).

b) under ® the metric has the form

9ij(x) = 6ij + aij(z)

for x € R3\ B,(0) with the decay properties for the remainder

1 1 1
a;; =0 — |, 8ai»:(’)(—) and (98@»:(’)( )
g (nxn) v ]2 S EE

(where ||.|| denotes the Euclidean norm on R3) as well as for the second
fundamental form

1
hZ—O( ) and 8h2~:(9(—).
g EE v EE

i) For R > r from i) let Sg C R® denote the sphere with radius R. Then the
total energy E of an asymptotically flat manifold (M, g) is defined as

= EI%I_{I;O Z /SR 9;9i5 — 0igy;) v'dQY

with v resp. dS) the outward normal resp. area form on Sgr and the total
momentum P is with the components Py, k € {1,2,3} defined by

P = E }%ggo Z Sk a hOk 80 gk + 51980}%@ - dﬂcazhol) VZdQ

For so-called static manifolds, i.e. if the second fundamental form h;; van-
ishes, so does the momentum P. In this case the enerqgy is then called ADM
mass.

With the concept of the ADM mass in mind, following [PMT], Section 1] we

shortly recall the mass definition for static spacetimes which we will adapt to the
time-dependent causal fermion system setting afterwards. Here, static spacetime

means a globally hyperbolic spacetime, where a foliation (N;)icr can be chosen

so that the timelike vector field 0; is a Killing field which is orthogonal to the

hypersurfaces NV, (cf. [PMT], Section 2.3.2]).

12



4.1.2 Mass of Static Causal Fermion Systems

Definition 4.3 ([PMT], Definition 3.1). Let (Uy),cp be a strongly continuous one-
parameter group of unitary transformations on the Hilbert space H (i.e. for all
t,t" € R we have Uy = Uy and imy Uy = U;). Then the causal fermion
system (M, F, p) is called static w.r.t. (Up),cp if:

i) The spacetime M := supp p is a topological product M = R x N, allowing
to denote spacetime points x € M by x = (t,7) € R x N.

i) p is (Us),cg-invariant, i.e.
Vt € R,Q C F p-measurable p(UQU ™) = p(€)
and additionally

Vit €R, (t,7) ERX N U(t, DU = (t+1,7).

We will then call the spacetime M static as well. In this case p induces a measure

won N by u(Q) :=p([0,1] x Q) for Q C N which then fulfills
dp = dtdu. (6)
Example 4.4. The Minkowski spacetime (cf. Example ) is static.

For the (static) spacetime M = supp p of a static causal fermion system
(ﬁ,]? ,p), where p minimizes the causal action with the same constants s and
k as p on M, the mass was as well defined by integrating the deviation of the
geometry at infinity of this spacetime M from the flat spacetime M of the causal
fermion system (H,F, p) representing Minkowski (cf. R.10). We exhausted both
spacetimes by sets of finite measure giving a definition of the form

() = Jim i (= () = ()

v [aite) [ auteten) = [auo) [ die )

(with M = Rx N with dj = dtdji as M is static) for the static Lagrangian (for more
information cf. [PMT], Section 3.2]), where the quantities without tilde always refer
to Minkowski spacetime while the ones with tilde refer to the spacetime whose mass
is calculated. (In the mass definition for time-dependent causal fermion systems
we will later on denote elements of the exhaustion by U as we will denote pasts

by Q.)
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Considering only exhaustions £~ M resp. Q ya M with the same inner volume,
ie. p(2) = () for the elements of the exhaustions, then doing the Taylor
expansion and taking the difference of the highest order terms the inner volumes
drop out and the next order terms give the mass

M) = lim
Q/NQ /N with p(Q)=7i(Q)

([ anta) [ REOPCE | anto) [ . dR()Lo (o))

— i [ duta) [ ) (T2 = Via) £olr.1)

for some jet v € J*° describing the gravitation.

Q, T _
0, el Nimsup

x Y N :=supp u

Figure 3: The surface layer integral for the mass in [PMT]]

Example 4.5. By [PMT], Theorem 1.10] for the Schwarzschild spacetime this mass
definition coincides with the ADM mass of the Schwarzschild spacetime up to a
constant.

However, in the time-dependent setting there is no longer an obvious notion of
inner volume because then the measure p from a decomposition as in equation (B)
depends on the time ¢ (other as in equation (4))), hence the inner volume condition
has to be replaced. Since the surface area of balls in Schwarzschild spacetime is
related to their mass this suggests to demand that the exhausting subsets have
the same surface area instead of the same inner volume.

4.2 Area for Causal Fermion Systems
In this section we will introduce a notion of surface area for causal fermion systems:

Definition 4.6 (Area). Let (H,F,p) again be a causal fermion system with four-
dimensional critical measure p and smooth spacetime M = supp p. Additionally
let Q,U C M be open, s.t. their boundaries 02 and OU intersect transversally,
giving a two-dimensional surface 02N OU. Then define its area by

AQT) = / e /M oy BWEED) (7)

14



Here we integrate in x over the green and in y over the blue domain, where the
main contribution comes from integrating over x and y close to the two-dimensional
surface 92 N OU (marked by the slightly darker regions):

M\ Q
o0

0
v U m\U

Figure 4: Integration domains for the area in the time-dependent case

Lemma 4.7. In Definition @ let M be static (cf. Definition B) and Q0 C M be
the past of a time t € R in M. Then the area (|1) does not depend on the chosen
time t. (Hence we will often drop the chosen time in Minkowski in definitions.)

Proof. For static spacetimes we can consider the decomposition from Definition @
and shift the time using the one-parameter group (i;),.p: Consider an arbitrary
time s € R, its past 2y = (—o00,s] x N C M and let Qy = (—00,0] x N C M
denote the past for time 0 € R. Then we can calculate the area at time s and any
U C N (as in the static setting, for more details see [PMT]]) with boundary oU
intersecting N = 0f) transversally:

A(Qu,U) = / ol /M oy (. 2.

dp(z) / dp(y) Lo (Ul — 5, 2 ()
SNU M\(QsUU)

[
S— S— S— 5S—

dp(x) / dp(y) Lo (U Ut — 5, B VU UL U, UL)
AU M\(QsUU)

o) [ o)L (0= 5 DU U
U M\(Q2,UU)

e /M oy WL (= 5., 5.7)

S~

ap(z) / Ap(y) Lo (17). (£,5)) = A (D, U).
QoNU M\(Q0UU)
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where we used the transformation formula in the penultimate step.
Hence we can conclude that in static spacetimes the area is the same w.r.t. the
past of any time s € R. O

4.3 Mass of Time-Dependent Causal Fermion Systems

We will define the mass of a spacetime also using surface layer integrals measuring
the deviation of this spacetime from Minkowski spacetime. The notion of asymp-
totic flatness will ensure that the geometry of this spacetime approaches Minkowski
geometry at infinity and is asymptotically close enough to Minkowski, s.t. these
surface layer integrals converge and can be calculated by some linearization.

Convention 4.8. While defining mass, momentum and energy of time-dependent
causal fermion systems we will often refer to spacetimes M and M. This will always
mean we consider two causal fermion systems (H,F,p) resp. (H,F,p) with the

spacetimes M = supp p resp. M = supp p (and decompositions as in Definition
), which are minimizers of the same causal action, i.e. with the same constants

s and k. Moreover, M will from now on always denote the Minkowski spacetime
(cf. ) with decomposition M =R x N, dp = dtdu from Section @

4.3.1 Asymptotic Flatness

First we will express decay properties as in Definition @,i),b) in the theory of
causal fermion systems:

Definition 4.9 (Asymptotically Flat). (This definition follows closely [PMT], Def-

inition 1.5].) In the situation of Convention the spacetime M = supp p is called
asymptotically flat (we then also say p is asymptotically flat) if

—~

i) p(M) = 5T = o0
it) There is a mapping F : M — M, s.t.
p="Fop

(with F.p denoting the pushforward measure of p under F), F is a diffeo-
morphism onto its image outside of a relatively compact open subset I C M
and the surface layer integral

~_lim X
Un /M, Up /M with A(Un)=A(Q,,Un)

(/N\Un du(@/ﬁ dp(y) —/wa dp(x) /M\ﬁn dﬁ(y)) L(z,y)
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(where ﬁt/ C M is the past for a time t' € R for a decomposition as in
Definition ) can be linearized, s.t. in the limit we have

(f L) [ = [ [ i) £t F )
= ([, e [ an— [ au) [ ) Santaten) @

for some jet vo € J*. (This limit will in the next section define the mass of

a causal fermion system.)
iii) For the inner solution u € J* to the vector field & (resp. 2, a% or Z) on

Minkowski spacetime M there is an inner solution u to the corresponding

vector field % (resp. %, 6% or %) on the spacetime M, s.t.

(Viu+ Vag) L(z,y) € L'(N x M)
(where N denotes a constant-time-hypersurface or a constant-z;-hypersurface,
c¢f. Definition @ and Definition )
4.3.2 Mass Definition for Time-Dependent Causal Fermion Systems

Having a notion of area, we can now define the mass as follows, using the notation
from Convention #.§:

Definition 4.10 (Mass). In the situation of Convention B let p be asymptotically
flat. Then the mass of p is defined as

m(ﬁ) = SO lim e~ O(ﬁ, Un7[7n) (9)
Un /MU /M with A(Q,Un)=A(2,,0n)

with

O U, U) = ( / ) [ = [ duta) /m dﬁ(y)) Loley)

where U, /" M resp. U, ya M means we exhaust M resp. M by sets of finite
measure and 2 C M resp. Qp C_M are the pasts for timest € R resp. t' € R for
decompositions as in Definition |3.4.

Remark 4.11. Since p is asymptotically flat, we can linearize the surface layer
integrals to obtain in the limit

0.0, 0 = (/. o [~ [ anta) [ N Io)) Vanolo),
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The integration domains for VoL are then in Minkowski spacetime and can be
pictured as follows:

U, 9Un M\ U, U, 9Un M\ U,
Figure 5: Integration domains for the mass: minuend (left) and subtrahend (right)

Here we again integrate in x over the green and in y over the blue domain,
where the main contribution comes from integrating over x and y close to the
two-dimensional surface 02N OU marked by the slightly darker regions.

Like the ADM mass this mass definition only depends on the geometry of the
spacetime M at infinity. Moreover we will show that this definition does neither
depend on the chosen exhaustions U /* M resp. U ya M nor on the choice of the
time nor on the chosen pasts €, and y, hence we can denote the mass by (p).

4.3.3 Rewritten Definition of the Mass

In order to replenish the mass with a notion of momentum to obtain a definition
of energy of causal fermion systems we will rewrite the term of the mass. We will
also use this to show that the mass from Definition (H) is time-independent.

Lemma 4.12. In the situation of Definition we could also define the mass
as follows:

M(p) := lim 01, U, U

Un /M,Un /M with A(Un)=A(Q,0n)
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with

Ol(ﬁtla UTL7 ﬁn) =

- ( [ e [ P~ L, e [ . dﬁ(y)) ViuLale.y)
" ( L] aw- [ [ dﬁ(y)) ViuLo(,y),

where §; is the past of the time hypersurface N from Definition w.r.t. a time
teR (cf Deﬁm’tions and ) and u is the inner solution corresponding to
the time derwatwe . (O depends on p, but we drop p for the shorter notation.)
By Lemma the ‘ ass does not depend on the choice of ;. Moreover, we will
show in Proposition .14 that this definition is independent of the chosen past Qy,
hence we can drop Qt and Qt/ in the notation of Oy resp. the mass M.

Proof. Using u = (dlv( ) , 8t) and integrating by parts in the first component
yields integrals over the Mmkowski time hypersurface N = N, = 0€);:

( M\( ) P L awwf dﬁ<y>) ViuLaley)
( b [ aw = [ [ dﬁ@)) ViuLale.y)
- ( /N e ﬂﬁ (e 0 / , dota) / . dﬁ(y)) Lo(e,y)
. <_ /N o / ) + /N ., dota) / dﬁ@)) Lalz,y)
-(/ ) [t~ [ [ B £ule.)

hence Ol(ﬁt/, U,, [771) coincides with O(p, Uy, (771) from Section @ for the past Qy
of any time t' € R. Il

4.3.4 Independence of the Choice of the Exhaustions

In this Section we will prove the following statement:

Proposition 4.13. The mass from Definition is independent of the chosen
exhaustions U /M resp. U / M.

19



Proof. As in Definition M we consider exhaustions U, * M, U, Ve M and let
v denote the inner solution corresponding to the vector field % on Minkowski
spacetime. Since p is asymptotically flat, there is an inner solution v to the vector
field % on the spacetime M, s.t. the integrability condition

(Vio + Vaz) L(z,y) € LY(N x M) (10)
is fulfilled. An infinitesimal change of the exhausting sets yields

d ~
—O(p. Ura Ur
dT (p’ )

= ([ e [t~ [ ) [ ) £t
= ( /N\UT nto) [ AP,y + / ) / o)
_ ( IRzy AP,y / o | dﬁ<y)> Luzy) (D)

(for du(v,x) resp. dp(v,y) denoting the contraction of p with % on Minkowski

resp. p with % on the spacetime M (for the definition of contraction see Situation
@1)3), where we used integration in parts in the second step.

Next we want to write this with integrand (VLU + V2,B) L(x,y) in order to use the
integrability condition from equation () Therefore we first rewrite

/Nnaw dpu(o, 2) /M dp(y)Le(2,y),

which will then also cancel out the term [y du(x) [,5 dp(o,y)La(z,y). Using
integration by parts (in the second and forth step) and adding a zero (in the third
step), we can rewrite this second term as follows:

/NmaUr dpi(v, ) [M dp(y)Lu(,y)
= ([, o) [ ai+ [ auto) [ i) e
— (/wa dp() /1\7\(1 dply) — /N\Ur du(z) /~ dﬁ@)) VioL(z,y)
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B ( /NQUT dpu(z) /M\a dply) - /N b, @) /ﬁ A5) ) (Vin + Vas) Lala0)
([ o [ [ e [ ) Vst

([, o [ o= [ ante) [ 50)) (Faat Vag) £utr
([ ) [ o [ [ o) i)

(e [t~ [ o) [ a50)) (%1 Vi) £ty
—l—/Ndu(x) /8~ dp(v,y)Lx(7,y).

T,
Plugging this into equation (ll_—ll), we obtain
d ~
_O p. UT; U?"
-0, )

= </Ndu(1:) /{m dﬁ(o,y)—/Ndu(:c) /8& d’ﬁ(my)) Li(x,y)
- ( / e /m )~ | i / ,. dﬁ(y)) (Viw + Vag) Luli,y)
- ([ i) Jo 0= [ ante) [ B50)) (Vi + V2g) Lule).

Now we can apply the integrability condition (@) in order to show that both these
terms vanish in the limit » — co. We begin with the first term:

0< ‘— /N . dp(x) /M’\a dp(y) (Vie + Vag) ﬁn(%y)‘
< /N o /M ) (Vi +V25) Lutr)

S /N du(as) /1\7\(7 dﬁ(y) |(v17v + VQ,E) E,.;(.CE, y)‘ .

As this last line converges to 0 in the limit » — oo by the integrability condition
(@) this implies that

—/ du(x) /~ _dp(y) (Vl,n + VQ,B’) L(x,y) —=0
NOU, M\T,
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as well. For the second term we can proceed similarly: Since

0 < ‘— / o [ d50) (V1o + Vag) £.la.0)

</ o / )| (Vo + V25) Ll )]

</ o [ d5) (Vo + Vi5) L)

M

and since by condition () again the last term converges to 0 in the limit » — oo
this implies

_ / ) / Ap(y) (Vin + Vas) La(,y) 225 0.
N\U» T

Hence the mass of causal fermion systems does not depend on the chosen exhaus-
tions. u

4.3.5 Independence of the Considered Time

Next we will prove that the mass from Section @ is independent of the chosen
time by showing that the time derivative of the mass vanishes in the limit of the
exhaustions:

Proposition 4.14. The mass from the definition in Lemma does not depend
on the chosen time.

Proof. With the notation from Lemma we consider exhaustions U ' M and
U MM, pasts Q; C M, Q; C M and let u denote the inner solution corresponding

to the vector field % on Minkowski spacetime. Since p is asymptotically flat,
0

there is an inner solution u to the vector field 5; on the spacetime M , s.t. the
integrability condition
(Viu + Vaoz) L(z,y) € L (N x M) (12)

is fulfilled. To be able to use the integrability condition (@) we first want to
rewrite the mass to obtain integrals over the whole of U,, or M \ U,, (resp. U, or
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M \ U,), which can be done as follows:

Ol(Qta ﬁta Un7 ﬁn)

- </ﬂmvn K /m(@tugn) 4ply) = /Qt\Un dp(z) /ﬁn\ﬁt dﬁ(y)) Viulu(z,y)
(o Qt\Un = [, ) [ ) Vst
/Qm M\Un dply) - /Qt\Un dp(x) / dﬁ(y)) ViuLale,y)
Qf\Un aply) = /M o, ) /Q g Gt )) ViuLu(z,y)
QtnUn o) [ i+ [ dote) [ ) it

-

(]

Y

+( MU” /Q - dply) + /Q . dp(x) /f2 . dﬁ(y)) ViaLul(@,y)
(( [ [ [ o) [ ) Vit

Qt\UH dply) — /M - dp(x) /Q . dp(y )> Vialn(,y)

([ [ L= [ ) [ B50)) Vrukolo),

where we mtegrated by parts in the last steps so that the last two integrals dropped
out since % is tangential to OU. Deriving by ¢ then yields

_|_

d
EOl(Qta Qt7 Un7 U )

([ [ L= [t [ G50)) Viablz.)

for the boundary N; = 0€;. Since the integrals over y do not depend on Qt, we
can with partial integration add a zero to obtain

%ol(gt, O, Un, Uy)
— ([ auto [ = [ [ B50)) (T1a+ V2 £,
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Now the integrability condition () yields that both these surface layer integrals
vanish in the limit n — co: For the first integral we have

0< ‘_/ du(z) /N dp(y) (Viu+ Vag) Le(z,y)
N¢NUp M\Un

< / dyi(z) /N~ A7(9) | (V1 + Vas) La(z,y)
N:NUp, M\Un

< /N du(z) /M'\ﬁ dp(y) (V1w + Vaz) L(z,y)] .

As the last term converges to 0 in the limit n — oo by the integrability condition
(@) we obtain

—/ du(z) /N _dp(y) (Viu+ Vag) Le(z,y) 7.
N:NUp, M\Un

Analogously we can consider the second term:

0 g’— /N - dp(r) /~ dp(y) (Vi + Vag) Li(z,y)

n

< /N @) /U 45(y) |(Via + Vaz) Lulz, )]

< /Nt\Un du(z) /Mdﬁ(y) (Vi + Vaog) Lu(z,y)] .

Now by the integrability condition (@) the last term converges to 0 in the limit
n — oo and we have

_ / () [ A5(y) (V1w + Vo) Lalr, y) "= 0,
Nt\Un n

Hence the mass of causal fermion systems does not depend on the considered
time. ]

4.3.6 Independence of the Identification of Hilbert Spaces

As also discussed in [PMT], Section 4.3], for the mass we needed to identify the
Hilbert spaces H and H of the causal fermion systems from Convention by
a unitary transformation V : H — H. Here we have freedom in choosing this
transformation, since it is only unique up to transformations of the form V- — VW
for some unitary transformation W on H. However, in this section we will show
that this freedom does not influence the mass:
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Proposition 4.15. In the situation of Convention @ let W be a unitary trans-
formation on ‘H and define the measure Wp by:

VQCF  (Wp)(Q) = p(Waw). (13)

Then if p and Wp are asymptotically flat (cf. Definition @), the masses M(p)
and M(Wp) coincide.

Proof. We follow and adapt the proof of [PMT], Theorem 4.7]: If a measure p
is a minimizer of the causal action, so is Wp (defined as in equation ()) due
to the invariance of operator eigenvalues under unitary transformations. Now let
(Ws)se[0,mmax] e @ smooth and strongly continuous family of unitary transforma-
tions and let

d
A = — ._Ws S=l
s [s=0
be its generator. Then the so-called commutator jet given by
v:=(0,v) with wv(x):=i[A,x]

(with [, .] denoting the commutator) satisfies after deriving by s due to the unitary
invariance of the Lagrangian the equation

(D14 + Day) Li(x,y) =0. (14)

In particular, we can follow (using the notation from the decomposition from

Definition @)
[t (D1t Do) £l () =0
R

- / 0Dy Loz, (1)) = / 40D oL (2, (2, 7)) (15)
R R

( /R dt + /]R dt’) Druln((t7), (£, 7))

_ / 0Dy Lo(8,7), (£, 9)) + / 0Dy Lo((1,7), (1, )

R

as well as

= /R dt' Do o L, ((, T), (', 7)) + /R dt' D1, L((t, 7), (', 9))
= [[@t(D1+ a6, () = 0 (16)
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using the symmetry of the Lagrangian in the second step and equation () in the
last step. This implies that the linearized mass (cf. equation (é)) vanishes, if the
jet tv in equation (é) is such a commutator jet: Let v be a commutator jet as above.
Then using in the second step the symmetry of the Lagrangian as well as equation
(@) and in the last step equation ([Lf) (we abbreviate (z,y) = ((¢,Z), (t,v)) for
shorter notation from the second line) yields

( / ) / )= [ i) [ . dp(y)) Dasfuleg)

</N\Un NmUn dpu(y) /R dt’ — /N . dy(7) /N - dyu(i) /R dt’) Do Lo(,1)
/an /N o du(y) /R dtDy Lx(x,y)

- /NmUn dp(7) /N o, @) / dt' Dy Lol y)

/ (/dt—l—/dt)Dlv (x,y)
NﬁUn N\Un

= 0. (17)

This proves the proposition, since: If p and Wp are asymptotically flat, by def-
inition the surface layer integrals for the masses can in the limit be linearized
w.r.t. some jets to; resp. wy (cf. equation (B)) By the considerations above
an infinitesimal unitary transformation corresponds to adding a commutator jet,
i.e. wy = v + v for a commutator jet v. However, since the linearized term for
the mass vanishes for commutator jets as shown in equation (), this additional
commutator jet does not change the value of the mass. ]

4.4 Positive Mass Theorem

Finally we will prove an analogue to the Positive Mass Theorem from [ADM]: If a
local condition is fulfilled determining the sign of an expression like a mass density,
the mass from Definition .10 will be non-negative.

To this end we first will adapt the definitions [PMT], Definition 1.6] as well as [PMT
Definition 1.7] to our setting, allowing to write down the jet w from Definition @
explicitly.

Definition 4.16 (k-extendable). We again use the notation from Convention B
The measure p is called k-extendable if

i) there is a family (p;)re(-1,1) of measures of the form

ﬁT = (FT>*ﬁ7 (18)
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(similar to in Definition @) which all satisfy the Fuler-Lagrange equations
) with a parameter k(T) and

Fy = idy;  as well as '(0) # 0.

it) For every x € M, the curve ﬁf(x) is differentiable at T = 0, giving rise to a

vector field

_ d = Sy
0= [yl € (M. TF). (19)

For convenience choose the parametrization, s.t.

d%- log K(7)|;=0 = —1.

Definition 4.17 (k-scalable). Let p be asymptotically flat. Then p is said to be
k-scalable if for a suitable choice of the mapping E. in Definition @6 the vector
field component w of vo from Definition coincides with the vector field v from
equation (|19) up to a constant g € R, the so-called gravitational coupling constant,
i.e. if we have

w = gv. (20)

For the positive mass theorem we will consider that p is k-scalable, hence we
can always write the jet w from equation (E) depending on v from equation (RQ).
For the proof of the positive mass theorem we will need a jet v with this vector field
component v (we then have to = gv for the gravitational coupling constant g) to
fulfill a certain equation, the so-called hypersurface equation. This can be achieved
by fixing the last freedom (cf. Corollary B.9: the jet v can be modified by adding
inner solutions), demanding that the jet v from Definition §.10 (which is a solution
of the linearized field equations by [PMT], Section 2.1.2], since we demanded that
the measures of the form () satisfy the Euler-Lagrange equations) is shifted by
an inner solution (as is described in Corollary @), s.t. it fulfills the so-called
hypersurface equation:

Definition 4.18 (Hypersurface Equation). Let N C M be a hypersurface. Then
we locally choose an embedding I x N — M for some (time) interval I C R,

denoting points by x = (t,7) and having a measure decomposition dp = dtdu,. We
define for all ¥ € N:

= ([T 4 [)aar [ LD ET). @

Then a jet v € J*° is said to fulfill the hypersurface equation if
(u, Ayv) =0 Vu e J* (22)
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i.e. if for all test jets u € 3" and for all ¥ € N we have

0= (u ANU

v, ( / / / / )dmt / it (7) (V10 + Vo) £a((6,3), (2, 7))

v VU'SN
We also have to implement the area constraint:

Proposition 4.19. To fulfill the area constraint from equation (@) in Definition
.10, v needs to satisfy the equation

[ o) [ o) (Vi Vaa) L) 0. (23
Q:NU, M\(QtUUn)
Proof. We start from the area constraint

A (Qt, Un) - A’ (ﬁt, (7”> .

Taylor up to first order gives
A(00) = [ ape) [ dpw)Laey)
QN M\(Q,U0,)
—[ ) [ dpltate)
Q:NU, M\(QzUUn)

+ / dp(x) / dp(y)VioLe(,y)
Q:NU, M\(Q:UUn)

+ / dp(x) / dp(y) Voo Ly(z,y).
Q:NU, M\ (2:UUy)

Then the area constraint
AQ,U) = A (ﬁt, ﬁn) — A (ﬁt, ﬁn) —A(Q,U,) =0

means that v has to satisfy

/ dp(x) / dp(y) (V1o + Vo) La(,y) = 0,
Q:NU,, M\ (Q:UUR)

i.e. that v does not change the surface area. ]

Next we introduce the local condition playing the same role as the positive
mass density for the positivity of the ADM mass:
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Definition 4.20 (Local Mass Condition). In the situation of Definition as-
sume that the spatial limit

SNeo i= lim sy(Z)
N3>Z—o00

exists. In this case we say a jet v € J* fulfills the local energy condition if
Vn (SN (.f) - 3N,oo) Z 0. (24)

In order to formulate a positive mass theorem we now want to linearize the
generalized (i.e. for general measure p instead of measure i) surface layer integrals
from the mass definition in k. For this by adding a zero we will obtain integrals
over the whole past (resp. future):

d - ~
- ( / dp(x) /~ _dply) - / dp(x) /~ _dp(y)
K Un\Qt Q{'/\Un Qt\Un Un\Q{/
Y N Ry BN CY dﬁ(y)) Ll )l
QNU, M\(© t,UUn) M\(Q:UUy) QN0
d -
= (/ dp(y) —/ d/)(ﬂf)/~ _ dp(y)
K\ Ju,\Q Qt,\Un Q\Un Un\Qp
[ / ) - [ ) [ dpt)
Q:NU, M\(Q;,UUn M\ (Q:UU,) QpNU,
Lo o [ oo [ oo
Up\Q g/ﬂUn Q:NU, Un\Qg/
S / ) - [ o) [ dﬁ(y)) Lol
Q:NUp Un\Qp '\ QNUR
&

=—— </ o o(x) @ dp(y) +/thUn dp(z) /1\7\()?, dp(y)
</ Un\Q W)+ /M\Qt () /ﬁ;m(?n dﬁ(‘y))) L(2,9)] =0

+
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Now we can derive by x and use the symmetry of £, in the second step to obtain:

[ / o [ @ / Ay (5) Vanlon((6E), (£,)
/ i / | @ o[ e () Vaoa(9), (4.

i / at / v /N A (@ dyie (§) VanLnl(t, 7). (2, )

Nt/ﬁUn
— / dt/ dt// d,ut (.f) / d,Uzt’ (?j) v2,n£li((t7 f)a (tlv Zj)))
0 —00 Nt NuyNUp

([ L)

/N @ /N dp (7) (V1 — Vo) Lu((6, D), (0,)),  (25)

+/

where the jet v comes from equation ()
With these preparations we can now formulate our positive mass theorem for the
mass of causal fermion systems:

Theorem 4.21 (Positive Mass Theorem). If p is asymptotically flat and k-scalable,
the gravitational coupling constant g € R fmm Definition |.17 is positive and the
shifted v to the vector field v from equation ) fulfills the hypersurface equation
(@j and constraint (24) as well as the local mass condition (|24), the resulting
mass is non-negative.

Proof. By linearizing in x we computed the surface layer integrals for the mass
up to the (by assumption) positive gravitational coupling constant g € R until
equation (R5). From there we can further calculate for the integrand

(Ve —=Vau) Li((t, D), (', 9)) =
2V 1o La((t, Z), (', 7)) — (Vi + Vau) Le((8, T), (', 7).

Using this and plugging in the hypersurface equation (@) as well as the definition
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(@) of sy into equation (@) yields

(L /_io ’ /_Zo IBEZE

/ dp (%) / dpe (1) (Vie — Vo) L.((t, Z), (', 7))
N, N,

t

= QVU/ duN (f) SN (f) —Vn/ d[LN ([E) SN (f)
NNU, NNUy,

:VU d,uN (f) SN (f)
NNU,

Plugging in the local mass condition (@)
Vo (85 (Z) = 5n,00) > 0

proofs the claim. ]

5 Energy of Causal Fermion Systems

A time-dependent causal fermion system (ﬁ, F ,p) (with corresponding non-static
spacetime M = supp p) does not only have a mass, but a momentum as well. An
example would be boosting the stationary black hole from Schwarzschild space-
time, then moving into a fixed direction with fixed velocity. (This example will
be considered in detail in Section B) This momentum shall be given by a three-
dimensional vector, of which each component describes the momentum along one
of the three spatial directions. Together with the (one-dimensional) mass the mo-
mentum will build a four-dimensional energy vector to be defined later in this
section.

5.1 Momentum of Causal Fermion Systems

The idea of how to define the momentum is - instead of considering the measure
1 in Minkowski spacetime as the contraction of p with the vector field % for the

time derivative - to contract p with the spatial derivatives % (resp. a%> % for the
corresponding component). (For the definition of contraction see Situation B.1}.)

These integrals similar to the one from Section (but with the corresponding
inner solutions for the spatial derivatives) then will not give a contribution from the
integration over the constant-{¢t = 0}-time-hypersurface IV, but now a contribution
from the {z = 0}-domain (resp. {y = 0}, {z = 0}) with a fixed spatial coordinate.
For this section we will recall the notation from Section W
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Convention 5.1. While defining the mass, momentum and energy of time-dependent
causal fermion systems we will often refer to spacetimes M and M. This will al-
ways mean we consider two causal fermion systems (H,F,p) resp. (H,F,p) with
the spacetimes M = supp p resp. M = supp p (and decompositions as in Defi-
nition ), which are minimizers of the same causal action, i.e. with the same
constants s and_r. Moreover, M will from now on always denote the Minkowski
spacetime (cf. ) with decomposition M = R x N, dp = dtdu from Section

and M will be asymptotically flat. Additionally, 0y := (—oo,t] X N C M will
always denote the past for time t € R in_Minkowski, whereas Qu C M will denote
the past of time t' € R in the spacetime M.

Now we can define the notion of momentum for causal fermion systems:

Definition 5.2 (Momentum). In the situation of Convention define for every
i € {1,2,3} the momentum of the causal fermion system w.r.t. the spatial direction
x; (in Minkowski spacetime) by

fﬁpz(m = _ N hIIl o .’Z:l(ﬁ, Qt,ﬁt’,Un,ﬁn)
Un /M, Un /M with A(Un)=A(Q,,0n)

with

Iz(ﬁa Qt7 ﬁt’a Una [7”) =

- ( |t /M\@/Uﬁn) ) - | ) / . dﬁ(y)) ViuLa(ey)

¥ ( [ o [ @~ [ dut) [ dﬁ(y)> ViuLale,y).
U\ Q,\Un M\(QUU,) QN0

where u denotes the inner solution corresponding to the spatial derivative %.

The well-definedness of the momentum can be proven analogously to the well-
definedness of the mass, we just need to rotate the setting for the mass (use for
example the decomposition as in Definition @ instead of the decomposition from
Definition B.2). This, however, does not only mean we consider for a fixed spatial
direction z; (i € {1,2,3}) the constant-z;-hypersurface instead of the constant-
time-hypersurface N and an inner solution corresponding to the spatial derivative

8% instead of the inner solution for the time derivative but also the exhaustions

of the spacetimes are considered s.t. this inner solution is tangential.

Lemma 5.3. The momentum from Definition is independent of the chosen
exhaustions U, / M resp. U, /* M.
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Proof. Using the asymptotic flatness of the spacetime M the limits U M resp.
U, /" M exist and are independent of the chosen exhaustions analogous to the
proof for the mass. H

Lemma 5.4. The momentum from Definition is independent of the chosen
time t' € R.

Proof. The proof is analogous to the proof for the time independence of the mass.
However, instead of integrating over time hypersurfaces we integrate over spatial
hypersurfaces w.r.t. one spatial component. The integrability over these hyper-
surfaces is again ensured by the asymptotic flatness. ]

Lemma 5.5. The momentum from Definition is independent of the identifi-
cation of Hilbert spaces (cf. Section ;

N—

Proof. The proof is analogous to the proof considering the mass in Section
but we again consider the "rotated setting” with the decomposition as in Definition
instead of the decomposition from Definition B.2. O

5.2 Energy of Causal Fermion Systems

With the notions of mass and momentum already defined we can now define the
energy of causal fermion systems. The energy will be an energy-momentum vector
as will be specified in Remark b.7.

Definition 5.6 (Energy). We again use the notation from Convention . Ad-
ditionally, let u be the inner solution corresponding to a vector field in Minkowski
space. Then define the energy of M by

E(pu) = lim ¢, Q,u, Uy, U,,)

Un /*M,Un /M with A(Un)=A(Up.0y)
with

€<157 ﬁt’a u, Un7 ﬁrn) =

- ( [ e [ oy P~ L, e [ . dﬁ(y)) ViuLala.y)

+ ( [ o) [ @~ [ apte) [ dﬁ(y)) ViLale.y).
Un\Qt Qt/\Un M\(QtUUn) Qt/f\IUn

giving a four-dimensional energy vector.
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Remark 5.7. By definition the last three components of the energy vector coincide
with the definition of the momentum from Definition . Additionally the first
component of the enerqy coincides with the mass (in the form from the alternative
definition in Lemma )

Remark 5.8. By the linearity of the integral and the jet derivatives the energy
vector € from Definition is linear in u. Hence the energy vectors E(u) to inner
solutions u form a four-dimensional vector space over R.

5.3 Energy-Momentum as a Four-Vector

In this section we will prove the following statement:

Proposition 5.9. The energy from Definition does not depend on the observer,
more concretely this energy-momentum vector is a four-vector.

Proof. Consider a spacetime satisfying Situation @ and a Lorentz boost with
fixed velocity v € R along a direction z; for some j € {1,2,3}. (The case in which
the direction is not along an axis then follows from the linearity of the energy in
its jet component (cf. Remark @)) Then the boost is of the form

t=~v(t—wvx;), and z;=r(zr; —vt)

with
1

T V1—1?

as well as T; = x; for i # j. In order to calculate the energy of the boosted
spacetime we need the partial derivatives

(26)

9_0_ 2
32_7815 781‘]’
I )
o7, ot ou,
0 0 .,
9%~ oz, for i # j.

From now on we will w.l.o.g. consider a boost in x3-direction (the calculation for
the other directions is analogous) and denote the axes by ¢, z,y and z (for shorter
notation and better readability). Since the components of the energy, i.e. the
mass I and the momentum ‘B, = Py, P, := Py resp. ‘B, := Ps in -, y- resp.
z-direction correspond to the partial derivatives %, 6%, 8% resp. % as vector fields
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for the inner solution u in Definition @, by linearity we have for the boosted
spacetime the energy-momentum vector

—~

m VM — vy B
s?([ — SB.Z’

qu (‘By

B, —vyM+ B

To prove that the energy-momentum vector from Definition @ is a four-vector,
we need to show that this energy-momentum vector of the boosted system has the
same "length” w.r.t. the Minkowski norm (with the signature (—, +, +,+)) as the
vector for the initial system:

= I+ P+ P +
= — (Y — vy P.)" + P2 + P2 + (—vyDM +B.)°
= "M + 207° MR, — v* V> P2 + P2 + B,
+ U — 2077, + B
= — (1 =0%) "% + (1 —v®) P2 + P2 + .,
% T

where 7.7 denotes the transposed vector.
Plugging in v (cf. equation (@)) we obtain

(5.5, 5.)"

(3,9

— -+ P+ P+ P = H(ﬁm,%,%‘MTH -

]

6 Example: Energy of a Boosted Schwarzschild
Spacetime

In this section we compute the energy in the example of a boosted Schwarzschild
spacetime.

6.1 Coordinates of Boosted Schwarzschild Spacetime

We consider the Schwarzschild spacetime for the causal fermion system with the
Dirac sea H = H_ (cf. construction in [PMT], Section 6.1]). Taking the Black
Hole from Schwarzschild spacetime with mass Mg, but now additionally moving
in a fixed direction with a fixed velocity v € R (normalized w.r.t. the speed of
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light ¢ = 1), we obtain a (non-rotating, uncharged) boosted Schwarzschild Black
Hole. Here we will always consider a Black Hole moving in z-direction (w.r.t. the
Cartesian coordinate directions in Minkowski space). In this case, the Cartesian
coordinates from Minkowski space can be transformed as follows:

te new v (t —vx)
Lc,new o x
Ye new )
Zc,new Y (Z — ’Ut)
with
1

e V1—0v?

Hence transforming to spherical coordinates the boost can be written as

y(t — vrcos(0))

t
, /12 sin’(0) + 72 (r cos(0) — vt)?
v — _ . 27
0 Arecos : ~(r cos(0)—vt) ( )
\/7“2 sin? (6)+~2(r cos(6) —uvt)2
’ s

(Here 6 always denotes the polar angle whereas ¢ denotes the azimuthal angle.)
We now can express the Schwarzschild line element (with Mg denoting the mass
of the black hole)

T T

2M 2Mg\
dsdy, = — (1 - S) dt® + (1 - 5) dr? + r2df* + r* sin® fdp?
transformed with these boosted spherical coordinates, giving the line element
dsgs - — <1 —

2Ms\
+ (1 — S) dr? 4+ r?df? + r? sin? 0dg*

oM M 0
5) di? — SMsUCOSO v AN sin Ocdtdd

r T

r

for large r for the boosted Schwarzschild metric. In matrix form this can be written
as the metric

— (1 — %) —SMLTCOSH 4Mgvsin 0 0
_ 8Mgvcosf 1— %)_1 0 0
Ghe = r ( r 28
b 4Mgvsin 0 0 r2 0 (28)
0 0 0 r?sin? 6
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In this section we will always consider p given by dp = /| det Gyg|d*xz. For the
calculation of the area (in order to compute the mass thereafter) we will also need
the value of the square root of the determinant of this matrix Gyg, which is (using
Taylor) approximately given by

V| det Gyg| = r?sin 6. (29)

As seen in Section @, the deviation of the boosted Schwarzschild metric from the
Minkowski metric can be taken into account in two possible (equivalent) ways:

» by integrating the second variable of £, in the boosted Schwarzschild space-
time

e by linearizing, integrating the second variable in Minkowski spacetime but
integrating VoL, for a jet w, describing the change of the metric. (cf.
Deﬁnitiong@)

The latter is what we will do in this thesis as we can then calculate the surface
layer integrals. Since we want to consider closed balls (w.r.t. the Minkowski norm)
as exhaustion of the Minkowski spacetime (as well as balls for the exhaustion of
the boosted Schwarzschild spacetime), for every fixed radius R € R we want to
therefore choose coordinates in Minkowski space close to the boundary Sg = 0Bg
of Bpg, s.t. the metric after the coordinate change coincides with the boosted
Schwarzschild metric (given by Gyg) near to Sg: (Then the infinitesimal difference
between this coordinate system and the usual Minkowski coordinate system will
yield the jet 1v.)

Lemma 6.1. Choosing in Minkowski spacetime the coordinates

t t+t%—wr+4]\/[gvcose t
f B r—(r—R)% . r
0 0 ' 0
¢ ¢ ¢

the metric locally (close to the boundary of the closed ball Br of radius R) coincides
with the boosted Schwarzschild metric Gyg.

Proof. Close to the boundary of Bpg, i.e. around r = R we can calculate:

t t— %V% + W?— 4Mgv cosf
ro| r+ (F—R)Mf

0 0

¢ ¢
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giving the Jacobian

1—Ms 8Msveosl )N feysing 0

R
yo o)) |0 14+ 0 0
a(i ?707¢> r=R O O 1 O
0 0 0 1

and linearly in Mg we have
J - Guiink - J* = Ghs

with the diagonal matrix Gy describing the Minkowski metric with signature
(—,+,+,+) as well as Gy,s from (R8) describing the boosted Schwarzschild metric.
(Here ” -7 resp. 7.7” denote the matrix multiplication resp. the transposed
matrix.) O

From this we can calculate the jet derivative for the jet to describing the devia-
tion of the boosted Schwarzschild metric from Minkowski: An infinitesimal change
is given by (the subscript 2 again refers to the second component of the Lagrangian
and for shorter notation we use xy := (¢,7,0,0),ym == (t',7,0',¢') € M)

D2,m£(75MayM) = (30)
t— tMs —|—%T)—M4M5UCOSQ t %
r+(r—R TS _ r ar
; 0 o ai; 131\/171/1\/1
é ¢ 5
M 8Mgv cos(6’ 9 8
((_tlﬁs 4 ST()T’ — 4Mgv cos(@’)) B + (' — R) ?Sa— w (T, Yn)

(31)

as in fact coincides with the linear deviation in Mg, i.e.

Dy L(xn, ym) = Mg

6M5£(xM’ Ym) | Mg=0

for all zy, ym € M.

6.2 Area of Balls in Boosted Schwarzschild Spacetime

Since we will use balls for the exhaustion of the boosted Schwarzschild space-
time when calculating its mass, we need to calculate the area of balls in boosted
Schwarzschild spacetime. Then we can compare this result to the area of balls
exhausting Minkowski spacetime and adjust the radius of the considered balls s.t.
the area constraint is satisfied. However, it turns out that changing the radius of
the balls in boosted Schwarzschild spacetime is not necessary:
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spacetime from Section coincides with the area of a ball with the same radius
in Minkowski spacetime.

Lemma 6.2. The area a ball with a given radius in the boosted Schwarzschild

Convention 6.3. Quantities with tilde will always refer to boosted Schwarzschild
spacetime.

Proof. Consider a decomposition of the boosted Schwarzschild spacetime as in
Definition @ and let €2 be the past of time 0 € R. Additionally, let U be a closed
ball of radius R in the boosted Schwarzschild spacetime with transversally inter-
secting boundaries 02 and OU. Then by Definition @ the area can be calculated
as follows (to abbreviate the notation, denote in the following Zps = (0,7,6, ¢)

resp. o = (7,7, 8, 8') € M and zy = (0,7,0,6) resp. yu = (¢',7',0,¢') € M):
[oapte) [ dp) s as)
onuU M\(QuD)

0 _ R T pr2m o [e’e) T 2
:/ dt/ d?/ d@/ dgb/ dt'/ d?’/ dQI/ dqb/
—00 0 0 0 0 R 0 0

V| det Grs|Li(Zbs, Ybs)-

Calculating the limits and setting

Wy (R) = \/ R2sin?(60) + 12 (Reos(6) — vt)* =: R (32)

(where Wy is the second component of ¥ from (@)) as well as using (@) this
transforms to

—~vr cos(0) R ™ 2m 9] 00 ™ 2m
/ dt/ dr/ d@/ do dt// dr// dQ// dg’ x
—00 Yt 0 0 —~yvr cos(0) R 0 0
12 sin(0)r'? sin(0') Lo (a1, Yni)-
This coincides with the area of a ball in Minkowski of radius R giving the area
A (Q (7n> — 4nR? . C

with the real constant

0 00 0 oo 00 ]
C’::/ dt/ dt’/ dm/ dx’/ dy’/ dz'L((t,2,0,0),(t, 2"y, 2")).
—00 0 —00 0 —00 —00

Plugging in the definition of R from equation (82) and doing a Taylor expansion
in v = 0 yields approximately

A (fz ﬁn) —4rR?. C
which coincides with the area of a ball of radius R in Minkowski spacetime.  []
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Hence to take the area condition into account we do not have to change the
radius of the balls in the exhaustion of boosted Schwarzschild, i.e. we can now
calculate the mass of the boosted Schwarzschild spacetime with the same radius for
the balls in the exhaustion of the boosted Schwarzschild spacetime as we consider
for the balls in the exhaustion of Minkowski spacetime.

6.3 Mass of Boosted Schwarzschild Spacetime

In this section we will compute the mass for the boosted Schwarzschild spacetime.
As one would expect, moving the Schwarzschild black hole in a fixed direction will
not influence the mass of this black hole:

Proposition 6.4. The mass of the boosted Schwarzschild spacetime coincides with
the mass of the (unboosted) Schwarzschild spacetime.

Proof. Since the mass is time-independent, let N be the time-{t = 0}-hypersurface
of Minkowski spacetime. Abbreviating the notation using zps = (0,7, 5, (E) resp.
s = (U,7,0.¢) € M and zy = (0,7,0,¢) resp. yy = (t',7,0,¢') € M the
mass of the boosted Schwarzschlld spacetime can be computed from the mass
definition in Definition @10, taking the exhaustions (Un)nen = (Br)pey C M

resp. (Un)nen = (Br)ren C M (closed balls with the same radius) of Minkowski
resp. boosted Schwarzschild spacetime and the jet to from (@) describing the
gravitation:

O U, U) = ( [ auto [m i) - | L ) A dﬁ(y)) Loone, Tos)
- _ </NHUH du(x )/M\Un dp(y) —/N\Un du(:r:)/ dp(y )) VoL (M, Yar)
(/ dr/ d@/%dgb/ dt/ dr/ d@’/ ¢’
/ dr/ d9/ d¢/ dt/ dr/d@’/ d¢)

Ms SMSUCOS(Q) , o Ms 0
(< 7 — 4Mgv cos(6") 8’ + (' — R) 7o) =

% sin( )7“ sin(6') L. (2w, Ym)
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- (/RdT/ﬂcw/%cw/m dt’/oodr’/ﬂde’/%d(b/
/:dr/ d@/ d¢/ dt/ dr/ def/ d¢)r Sin(0)r" sin(8") x
(O 2

7 or "
< / d@/%dqﬁ/ dt/ dr/ d@’/%dgb
/:dr/ d@/%cw/ dt’/ dr/ def/ d¢)r Sin(0)r" sin(8") x

cos(6) ( ]\]/ésUr - 4M5v)

—>9ﬁg

with g denoting the mass of Schwarzschild spacetime from [PMT, Equation
(6.23)] since the second term vanishes by the symmetry in 6 and the first one

coincides with the term for the mass in Schwarzschild spacetime calculated in
[PMT] to obtain [PMT], Equation (6.23)]. O

%5 ($M7yM)

6.4 Momentum of Boosted Schwarzschild Spacetime

In order to determine the energy of the boosted Schwarzschild spacetime it remains
to compute the momentum in all spatial directions. With the Schwarzschild black
hole moving in z-direction it is expected that we have momentum along the z-
direction, but the momentum vanishes in the z- resp. y-direction.

6.4.1 Momentum of Boosted Schwarzschild Spacetime w.r.t. the z-
direction

We can now calculate the momentum along each direction. (In the computations
we will sometimes use symmetry arguments. These can in some cases seem a bit
different for surface layer integrals: One has to keep in mind that since L(x,y) is of
short range (cf. Section @), there is contribution only for x and y close together
and no contribution (hence no compensating terms) if x and y are far away from
each other.)

Proposition 6.5. The momentum in z-direction of a Schwarzschild black hole
from Section m moving in z-direction is given by

. oo 2|l .
%) = 1ntso [ at [ @RI (M—l) Lo ((4,(0,1,0)), (0, 7))
R—o0 R R3 R
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where ||.|| denotes the Euclidean norm on R3.

Proof. For the momentum along the z-direction first linearize for the inner solution
u corresponding to % the surface layer integral of the form from Definition p.2 with
the notation from Convention p.1:

I3(ﬁa Qt7 ﬁt’a Un7 ﬁn) -

: </ﬂmUn R /M\(ﬁt,uﬁn) @Ply) - /Qt\Un dpu() /ﬁn\ﬁf,/ dﬁ(y)) ViuL(as, Uos)

+ ( / d(z) /  dly) - / dy(x) / ) dﬁ(y)) ViaLo(as, os)
Un\Qt Qt/\Un M\(QtUUn) Qt/ﬁUn
_ ( [ [ i)~ [ dulo) [ ait
Q:NU, M\(Q:UUR) Q:\Un Un\Q:

t ) a [ [ ) [ dp) TVantalo
Un\Qt Qt\Un M\(QtUUn) Q:NU,

with the jet from equation (@) as jet . Since we can express the Cartesian
derivative in z-direction as spherical derivative via

0 9  sin(d) 9
or r 00

and the integrals vanish for the part derived by 6 as % is tangential to the bound-
ary of U,, (for a proof of this, see [Area, Definition 3.4 and Lemma 3.5]). Plugging
in the closed balls By of radius R for U, (resp. Bg for U,) as well as the past
Qg = (—00,0] x N for the time hypersurface N for the static Minkowski spacetime
from its decomposition as in Definition #.3 and carrying out the radial derivative
% yields (we only get boundary terms at r = R, since L,; decays on length scale
d € R (cf. Section @))
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S afafaf o

(S fw o o )
([afaf f el oo
([ fof wf o[ )

Ms  8Mgvcos(d') , . M 0
(( N + I r! 4Msvcos(9)) o + (" — R) 7 B )

cos(0) R? sin(0)r"” sin(0') L. (21, yur). (33)
After multiplying out the brackets in the integrand, the integrals over —t's i at/
resp. (r' — R) &£ -2 vanish because of the symmetry of cos(¢) with center %, giving

(E/QdB/Bd T [ [ [ [
/dt/ dt/dr)/d@/ d¢>/d9’/ ¢ x

R?sin(0)r"* sin(0') cos(6) (M — 4 Mgwv cos(6' )) 9

R at,ﬁn(fEM,yM)-

By integrating by parts in ¢’ we obtain (we again only have boundary terms at
t' =0 as L, decays on length scale § € R (cf. Section @))

Zs(p, QO,QO,BR,BR
(/dt/ dr—/ dt/ dr
/ dt/ dr—/ dt/ dr)/d@/%dd)/ dG’/%dd)x

R?sin(0)r'"* sin(6') cos(6) (W%SOS(Q,)T — 4 Mgv cos(6' )) L (zm, ym)
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/dt/ dr/d&/ d¢/ de'/ d' x
MgvR? sin(60)1? sin(¢) cos(0) cos(¢) (E - 4) Loo(31, yna)-

We next want to express the spatial integrals in Cartesian coordinates (x1, 2, z3)
resp. (y1,Yz2,ys) for the first resp. second component. For the transformation we
have the factors R?sin(f) resp. r*sin(#’). The cosines cos(f) resp. cos(#) can in
Cartesian coordinates be written as

T3 / Ys
cos(f) = = resp. cos(f') = -—-
R 15
(with the Euclidean norm ||.|| on R?) as we have ||z|| = R. Hence transformating

to Cartesian coordinates leads to

e (ﬁa 907§O7BR7§R)
R2—;B3
—Q/dt/ dxg/ /d3g><
R27303 3
zsys (8l -
‘Cm t R? — 53— 27 ) 707 :
it CR VT BT ) 00

(Here the factor 2 comes from the symmetry since we integrate only over the
positive-xr1-hemisphere as we only have z; = \/R? — 23 — 22 in the argument of
the Lagrangian instead of z; € {++/R? — z3 — 23}.) Now_we have to take into
account that the Lagrangian is of short range (cf. Section ) Hence we have

13/3 - 373\ >0 = H(yl,y%ys) - (-%1,352,563)” >0 = ﬁn(%y) = 0.

with |.| resp. ||.|| denoting the absolute value on R resp. Euclidean norm on
R3. Hence we only need to integrate in x3 over the (one-dimensional) closed ball
Bs(ys) = ys + Bs(0) C R. Since for € € Bs(0) and x5 € [—R, R] we have

[—R,R| 3213 =ys+€ < €€ Br(—vy3),

44



this yields the integral

I3(ﬁ7 QO7QO7BRa§R)
—Q/dt/ Tl de/ dxe X
R3 Br(-y3)N -

(y3+e€)?

R2
(y3 + €)ys <8||?J|| ) (( ) .
Mgv — Lot \/R2—22— (y3+¢€)2,29,y3+¢),(0,7
SR\ VR o) 09
R2— y3+6)2
—8/dt/ d?“/ / iy
R3 Br(—y3)NBs(0) —4/ R?—(y3+e)?
2
Y3 <2HyH ) (( > -
X% 1 £/@ t7 RQ_I» _<93+€)2;$2,y3+€ a(()?y)
R[] \/ ?
R%—(y3+e)
—|—8/dt/ d%j/ de/ dxy X
R R3 Br(~y3)NBs(0) —/ B?—(y3+e)?
€ 2 .,
Rf(;” ( HyH ) ﬁli ((tv \/R2 - l% - <y3 + E)anQayS + E) ) (O7y)) .

Taking ¥ = (\/R? — 1% — 12, 29,23) = (\/R?— 23 — (y3 + €)%, 22,43 + €) € S%
into account (where S% C R? denotes the two-dimensional sphere of radius R and
because of the positive sign in front of the root we are only considering the points
in the upper half of the sphere) rotational symmetry gives for the leading term

I (P, QOa QO) BR: BR
2
onR?. /ﬁ/d% v (M”l)&WﬂMML@m%
o TSR

Using the symmetry of the integrand about the diagonal {y3 = y;} and afterwards
the symmetry about the diagonal {y3 = y»} yields

13 (P, 907907BR73R

2 s 917 2||z7|| 3 .
= 167 MsvR dt & = 1) L, ((£,(0,1,0)),(0,7)) .
v 2RI

Hence the momentum is given by the limit

Bs(p) = 4mMgv lim /dt/Rs &7 R||7]| (2”17” )Eﬁ((t, (0,1,0)),(0,9)) .
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6.4.2 Momentum of Boosted Schwarzschild Spacetime w.r.t. the z-
resp. y-direction

Next we will compute the momentum w.r.t. the x-direction. However, this is as

one would expect:

Proposition 6.6. For a Schwarzschild black hole moving in z-direction the mo-
mentum along the x-direction vanishes.

Proof. The Cartesian derivative by x can be expressed in spherical coordinates as

0 , 0  sin(¢) 0  cos(¢)cos(d) O
= = 0)— — b Sl S
Ox cos(g) sin( )07" rsin(f) 0¢ r 00

As 8% and % are again tangential to the balls exhausting M, their contributions

vanish (just as for the momentum in z-direction).

With the analogous approach as for the z-direction instead of equation (@) taking

the radial derivative term from (B4) into account we obtain (and can from there
calculate):

Z.(7, R, Q, Br, Br)
(/ dt/d@/ d¢/ dt/ dr/d&’/ d¢’
/ dt/ d9/2ﬂd¢/ dt/ dr/ d@’/%mp)

(34)

M 8M, o' Mg 0

<( RS + %S() — 4Mgv cos(6' )) g + (' — R) §%> X
R? sin(0) cos() sin(8)r"” sin(6") L, (zm1, ym)

(/ dt/d@/ dgzﬁ/dt’/ dr/d@’/ ¢’

/ dt/ dﬁ/%dqb/ dt/ dr/ d@’/%dgb)
R?sin(6) cos(¢) sin(0)r'* sin(6') ( t?% + (' — R) ]\]4; aa ) L. (xm, ym)

/ dt/ dt/ dr/ d9/2ﬂd¢/ d&’/%dd)x

R?sin(6) cos(¢) sin(0)r'* sin(6') ( t 7% + (" = R) ]\és a@/) Lo (zr, ynm)-

Integration by parts using

_% <7~/2 . (_t’)) =7? and -— % (r’2 (r' — R)) = - (37“’2 - 27“’R)
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yields

T (p, QO? QOaBRaBR

/ dt/ dt/ dr/d@/ d¢/ de'/ d' x
R?sin(6) cos() sin(6) sin(¢) (r — 3 42 R) Lo (2as, yvr).

Since in spatial Cartesian coordinates (1,2, 23) (to the spatial spherical coordi-
nates (1,0, ¢), where 6 denotes the polar angle whereas ¢ denotes the azimuthal
angle) we have

cos(¢) sin() = T /i + 3 T 7

\/;1:1+x2 Vrd+ a3 + 2l \/x%+x§+x§_R

(with \/2? + 23 + 22 = R as we integrate over the sphere of radius R in the first
component) as well as the factors R?sin(f) resp. r'*sin(@’), the integral can also
be written as

T (p, 907907BRaBR
M RQ—wl
=-2.-= / dt / dt’ / dr, / s / 2Py x
R2—m1 R3
x1 =2||7|* + 2R]|7]] q
- Em ta ) ) R2 — a3 — 2} ) 07 9
R R G A

(with ||.|| denoting the Euclidean norm on R? and where the factor 2 comes from the
symmetry, considering x3 = y/R? — 27 — 23 instead of z3 € {£/R? — 23 — 23})
which vanishes because of the symmetry in z;, therefore the limit B, = P1(p)
vanishes as well.

Finally we consider the y-direction:

Proposition 6.7. For a Schwarzschild black hole moving in z-direction the mo-
mentum along the y-direction vanishes.

Proof. Transforming the Cartesian derivative by y into spherical coordinates gives

0 0 | cos(¢) 9  sin(¢)cos(d) O

gy ~ Sn) Sin(e)@r T () rsin(f) 9 T 20

5 (3)

% and 5 drop out once again (as for the momentum in z- resp. w-direction) as
they are tangentlal to the boundary of the balls in the exhaustion of Minkowski.
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Proceeding analogously to the computation of the momentum along the z- and
a-direction because of (the radial derivative in) (@) we obtain instead of equation
(@) the term

To(5, %, Q. Br, Br)
(/ dt/d@/ d¢/ dt/ dr/de'/ e’
/ dt/ d&/%ckb/ dt/ dr/ d9’/2ﬂd¢>

MS SMSUCOS(Q) , o Ms 0
(( R + I — 4Mgv cos(6") 8’ + (r' — R) 7o) =

R%sin(0) - sin(¢) sin(0)r'? sin(0) Ly (231, yur)-

This vanishes since the integrand is symmetric in ¢ with center m, hence so does

the limit B, := Pa(p). O

6.5 Energy-Momentum Vector of Boosted Schwarzschild
Spacetime

Summing up Sections and @ the energy of the boosted Schwarzschild space-
time is given by the energy-momentum vector

om Mg
Poo|_| 0
P 0
B P-

for the mass Mg of Schwarzschild spacetime from [PMT, Equation (6.23)] and
with 3, given by

P = . = drMso lim /dt/ &5 R[] (2”9” 1) Lo (£ (0,1,0)),(0,5).

which as expected by Section @ equals yvMg (Taylor expanded in v = 0) (In
[PMT], Equation (6.14)] evaluating the integral [, dw gives 4 instead of 4~ after
[PMT], Lemma 6.1].)
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7 Outlook: Energy and Momentum of an Asymp-
totically Flat Lorentzian Manifold

In this section we discuss the generalization of the example from Section a to the
setting of asymptotically flat globally hyperbolic Lorentzian Manifolds. For an
asymptotically flat Lorentzian manifold (M, g) the metric g has the form

9i5() = i + aij(z)

for x € R*\ B,(0) with the decay properties for the remainder

1 1 1
ai=0(—), 8ai-—(9<—> and aaaf—o(—) 36
j (nxu) ki = O\ [ ey =0\ pE) G0

(where ||.|| denotes the Euclidean norm on R*). In order to regard this as a space-
time in the theory of causal fermion systems, we need to construct a suitable causal
fermion system. In the static case, this was done in [PMT], Section 2.3]: Using
the notation from [PMT] for the Hilbert space H of physical wave functions the
minimizing measure was given by dp = (F?¢).duy with duy = +/|det g|d*z the
volume measure on M.

However, how to choose H for the suitable causal fermion system is not obvious
for time-dependent causal fermion systems. Missing fundamental symmetries in
comparison to static spacetimes, in the time-dependent setting we now have to fix
a Hadamard state (for more detail on this topic, see for example [FHP, Section 1]).
But it is plausible that choosing the Hadamard state is not of importance for the
calculation of mass, momentum and energy, since we only consider the singularity
structure of the fermionic projector (for more detail see e.g. [MOP]) for the La-
grangian as is done for the static case in [PMT], Section 6.6] using [LCE, Appendix
BJ]. Summing this up, although it is not known yet if mass, momentum and energy
of arbitrary asymptotically flat globally hyperbolic Lorentzian Manifolds can be
obtained in the same way as for the boosted Schwarzschild spacetime in Section

, it is expected to work similarly.

Lacking spherical symmetry, we would expectedly then have to calculate e.g. the
mass by averaging over masses calculated for fixed directions. More explicitly:

We denote the matrix (denoting the metric tensor) corresponding to the metric
g by G. Consider one direction w in M with g(w,w) = 1 (and stay constant
along the other directions). (For example in spherical coordinates one would con-
sider fixed § = 0y and ¢ = ¢¢ in order to do this.) This then yields an induced
metric on gg., on the subspace R -w = {\w|\ € R}. Then choose coordinates
(t,7,6,0)" = ®((t,r,0,¢)T) in Minkowski space (regarded in spherical coordinates
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(t,r,0, ), with fixed 6, ¢ in spherical coordinates) s.t. the metric in this direction
coincides linearly with the metric gg., around Rw for radius R € R (corresponding
to r = R in the boosted Schwarzschild example). This is possible due to the decay
properties (@)

For this we can then calculate the derivative describing the gravitation by

o o0 0 0
Dzvv‘c = (((I) <(t7r797¢)T) - <t7r707¢)T> o (&7 E’ %7 8_¢)) L

and can with this derivative (taking the limit R — oo) calculate the mass 9t(p, w)
and momentum PB(p, w) along this direction.
Finally we have to get rid of the fixed direction by averaging over all directions by

1

m@:mwmnﬁﬁ@m@”@

resp.
1

Wm:mwm»ﬁﬁwm@”@

(This averaging was not necessary for spherical symmetric spacetimes.)

8 Conclusion

Finally we will recap the results proven in this thesis:

We have introduced a notion of mass for causal fermion systems (with the area
constraint instead of the inner volume constraint) depending only on the spacetime
geometry at infinity, which coincides with the mass for static causal fermion sys-
tems for the Minkowski and the Schwarzschild spacetime. Hence it also coincides
with the ADM mass in the cases of a Minkowski resp. a Schwarzschild spacetime
as it does as well for the boosted Schwarzschild spacetime as seen in the previous
section.

Furthermore we have defined a notion of momentum for causal fermion systems.
This has been used to define the energy as an energy-momentum vector. For this
we have shown that the energy vectors build a vector space and moreover that the
energy is invariant of the observer.
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