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Abstract

We investigate the model of stress modulated growth introduced in [AMO02] in one dimension,
which describes aspects of a growing tumour. In particular, the interaction of growth - described
by an ODE - and the mechanical stress - within non-linear elasticity - is analysed. The key to
the model is to understand and handle the "natural configuration” - the tumour grown but not
yet elastically deformed. Here, we use it as reference configuration for the elastic problem and
afterwards transform all variables to the initial set of the tumour.

In order to state existence and uniqueness by the Picard—Lindel6éf theorem, the stress has to
depend Lipschitz continuously on the growth. This is discussed in several settings in one di-
mension for a linear ODE and generalized to arbitrary Lipschitz continuous RHS. Moreover,
regularity results are stated.

In addition, the difficulties in higher dimensions are discussed and examples of simple two di-
mensional problems displayed.

Zusammenfassung

Wir untersuchen das Modell von durch Spannungen beeinflusstes Wachstums, welches in [AMO02]
eingefithrt wurde. Es beschreibt Aspecte von wachsenden Tumoren. Genauer wird das Zusam-
menspiel von Wachstum - beschrieben von einer gewdhnlichen DGL - und den mecha-
nischen Spannungen - im Rahmen nichtlinearer Elastizitat - analysiert. Der Kernpunkt ist, die
"natiirliche Konfiguration” - den gewachsenen aber noch nicht elastisch deformierten Tumor -
zu verstehen und damit umzugehen. Wir benutzen diese Konfiguration als die Referenzkonfi-
guration des elastischen Problems und transformieren alle Variablen auf die initiale Menge des
Tumors.

Um Existenz und Eindeutigkeit mit dem Picard-Lindel6f Theorem zu beweisen, miissen die
Spannungen lipschitzstetig von dem Wachstum abhéngen. Dies wir in mehreren Situationen in
einer Dimension fiir eine lineare, gewohnliche DGL diskutiert und auf beliebige lipschitzstetige
rechte Seiten verallgemeinert. Aulerdem werden Regularitiatsresultate diskutiert.

Zusétzlich werden die Schwierigkeiten des Modells in hoéheren Dimensionen diskutiert und
Beispiele fiir einfache, zweidimensionale Situationen aufgefiihrt.
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Introduction

Recently, the importance of tumour growth research has increased. Moreover, the interest in
investigating growth processes in general grew in the last century. It ranges from minerals den-
sifying in bones, over tumour growth, to the development of embryos. Many studies and some
numerical simulations have been done over that time period, however mathematical analysis
of complex structures is rather rare to find in literature. The basis of this thesis is the “stress
modulated growth” model, developed since 1930s e.g. by Huxley [Hux31], Hsu [Hsu68], Skalak
[Ska81], Rodriguez et al [RHM94] and Ambrosi and Mollica |[AMO02]. Only for very specific
settings, analytical tools as well-posedness, existence and uniqueness can be established. For
an overview over growth in general, see for example[JC12], [Gorl7] and [Tab20], where a model
on a two-dimensional artery wall is illustrated in [Tab20].

Why investigating tumour growth better?

Almost everybody has had contact with cancer, in one way or another, since it is a very
common disease in our time. The WHO notes that approximately half of people who have
cancer die because of it, see [WHO22|. Therefore, we want to understand tumour growth as
well as possible with the final goal to be able to heal cancer. The more that is known about
the growth of tumours, the better it can be diagnosed, predicted or even healed.

When did research for growth models start?

In the second half of the 20th century, there was a great increase in interest in growth pro-

cesses. However, the first modern work [Thol7| on describing growth and what influences it
was written by Thompson in 1917. This well-known book in the biology of growth shows the
interest in all kinds of growth, which have been or are still under investigation today.
So far, many influences of growth have been investigated: Some chemicals, known as mor-
phogens, can have a strong influence on the growth, see [Nel09]; by lack of nutrients, the centre
of a tumour becomes necrotic and the total growth - of at least in vitro tumours - is bounded,
see [RCMO7]; another broad field is the study or embryonic development, which is not further
discussed here. These studies have not only the goal to find how growth is stimulated, but they
also are dedicated to the following research question:

Why does something grow?

The main influences of growth are genetic factors, nutrients, chemical factors, and mechanics,
which act on different scales in the body. For instance, a certain level of nutrients is needed in
order to grow while too low concentration of nutrients inhibits growth. In addition, diseases
or injuries can support growth. There are many papers from biologists about growth, seen
in nature: In [Law92], it is observed that a starfish regrows its arm after it was lost. If a
lung is removed from a rabbit, the remaining lung grows bigger to compensate for the missing
volume, because more mechanical requirements are asked of it, see |[CC75]. In a study, it was
found that tennis players have different properties in the bones of their playing arms than
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their non-playing arms, see [Haa+00]. Similar effects are observed by [VM15] in a study on
training hands for martial arts. The training increases the bone mineral density of the trained
hands. Other studies vary from investigating the effects of weightlessness due to space flights,
see |Goo+98], over the problem of restricted movements in plaster casts, see |[JLKU80|, or
simple physical exercise influencing the muscle, see [JZ00] [NPL98|, as almost everybody has
experienced already. Moreover, a broad field in the research of growth is the remodelling of
bones, see |[GCO1|, [Sto+06], and below. No matter which object is under observation, on the
macroscopic scale, mechanical effects play into the process of growth.

Why are mechanical influences important?

Grossman [Gro80| found in 1980 that a vascular hypertrophy - thickening of the cardiac mus-
cle - is at least in some part caused by higher pressure of the blood against the wall and the
wall’s internal stress as reaction to the increased requirements. In 1983, Fung et al. [Fun90]
found that without residual stress arteries have a non-constant stress in the wall with high stress
at the inner surface. Fung did not approve of that and found it to be wrong by proving the
existence of residual stress, [CF83] and [LF8§|. To do so, he cut into an artery perpendicularly
to its length and observed that it opened up over time, because the residual stress was released
along the cut line.

While Grassman, Fung et al. investigated soft tissue, another important series of experi-
ments was done by Cowin et al., investigating the influence of stress on the growth of bones.
In [CH77], |[Cow83], |[Cow86| and [GC92|, stress in the limb influencing the growth of the long
bone is observed. Among other things, they found how torsion influences the surface growth of
a bone. A first prediction of remodelling of the diaphyseal - the shaft of a long bone - was made
in |CF81] by describing it as a function of the strain. Also, [Pau80| investigates an equilibrium
state between stress and growth.

Both fields have the question in common: How do stress and growth influence each other?
This is still an interesting question and the answer highly depends on the material under
observation. It is certain that stress plays an important role when it comes to growth processes.
It influences the growth to become non-uniform, it can accelerate growth, or prohibit it, it
ensures the continuity of the grown material.

What grows?

As they are mentioned above, mostly soft tissue and bones have been investigated so far. The
influence of stress is bigger for soft material than for bones. That motivates us to continue to
investigate soft tissue. Later on it will be assumed to consist of an elastic material, setting the
model into the terms of continuum mechanics. For the comparable small growth of bones, the
model would lead to linear elasticity theory, whereas in this thesis, we would like to investigate
non-linear theory. In the setting of continuum mechanics follows the question:

How to add mass?

In continuum mechanics a body is assumed to consist of particles. Hence, a naive idea is
to simply add particles over time. This has the downside that the motion for these added
particles cannot be defined for all times, i.e. there is no possibility to track them. One way
to circumvent this is to work in the Fuler frame, but that raises problems with the boundary
conditions. Another idea is to assume growth to be the exchange of mass. In particular, there
exists a function describing the material, e.g. if the function is equal to 1, there is tumour tissue,
while for the value -1 there is healthy tissue. To describe growth in such settings, the theory of
phase fields is applied. However, we assume the growth as "increase of mass of already existing
particles” as written in [AMO2]. This idea was first introduced by Hsu in [Hsu68]| in case of linear
elasticity. More precisely, he approached the question: If the form of the body after growth is
known, how do mechanics affect the growth of the body? Skalak [Ska81] introduced the idea
of discontinuities after growth, which are evened out by the elastic deformation. This relates



to the idea of a growth gradient introduced by Huxley [Hux31] in 1931. The term ”growth
gradient” is used to describe the growth in each direction and not to consider only isotropic
- equal in each direction - growth. In [Ska+82], Skalak et al. pointed out the importance of
residual stress and concentrated on tracking particles during growth and elastic deformation,
namely if neighbouring particles before the process are neighbours afterwards again. These
works led to the formulation as multiplicative decomposition introduced in [RHM94], which we
will investigate in this thesis with the additional modelling done in [AMO02]. The decomposition
goes along with "natural configuration” - what Skalak described by discontinuities after the
pure growth. More generally, the natural configuration is the body after free growth without
taking stresses into account. This is the basic idea of the “stress modulated growth” model,
and a very short answer to the question:

How to model growth and stress simultaneously?

Consider a tumour described by a domain evolving over time. This process F' is decomposed
into growth G and elastic deformation Fg, in a formula F' = F.G. The mass increases during
the growth process, which is assumed to be unrestricted by mechanics. Therefore, the natural
configuration is not necessarily physically admissible, e.g. the body is not necessarily continuous
or it might be self-penetrating. The following elastic deformation ensures that the body is
admissible and obeys the possible external loads again. Here, the mass is assumed to be
preserved. Thus, the decomposition is strictly divided into growth and elastic deformation,
which allows us to find equations, describing each process individually. Growth is assumed to
be given by an ODE, while nonlinear elasticity theory is used to describe the elastic deformation.
The key in these equations is that the stress is included in the ODE for growth, and the growth
needs to be known for the reference configuration of elastic deformation. Moreover, the influence
of nutrients shall not be neglected. Those obey to a reaction-diffusion equation and are of course
also included into the ODE for the growth. This model, including constitutive equations for
the elastic deformation, are in [AMO02], but the explicit formulas for the ODE and the elastic
strain energy density are highly dependent on the particular situation. For example, [Amb+17]
argues to consider the tumour as a porous material with elastic cellular component and states
corresponding equations.

What is the state of the art?

Next to the rather biological works mentioned above, growth is also investigated from a
mathematical point of view:
Numerics: As stated before, there exist some first attempts on specific situations to understand
the relation between growth and stress. One of the most investigated objects is the wall of an
artery. In [TE96|, the growth in angular and radial direction are simulated under the assump-
tion of the growth rate to rely linearly on the local stress. Also for the artery wall, [Liu+14]
concentrate on the deformation and the induced stress using a non-linear finite element model.
In [Yan+15] and [Yan+16], the concept of stress modulated growth is used to model and treat
plaques in blood vessels numerically. Furthermore, the surface growth can be taken into ac-
count, see [KM18|, where the difference between isotropic and anisotropic surface growth is
considered in combination with stress modulated growth. Numerical simulations show the ex-
pected different behaviours.
Buckling in cylindrical setting: A first model of a growing artery wall can be found in [RHM94]
and will be recalled and broadened in Examples and to more layers. In [Li+11]
and [MG11], cylindrical objects are under investigation, too. The first paper models and simu-
lates numerically the wrinkling of the mucosa surface motivated from what is found in studies.
The second paper considers single and bi-layered tubes in two dimensions and their buckling.
In [Mac+12] a Blatz-Ko type material is used to see buckling effects in two dimensions and
deformation of a tube by numerical simulations. This is expanded to non-linear elasticity in
[Mac+13] using boundary layer analysis.
Buckling of a shell: In [AGO05], the behaviour of a shell in finite elasticity is modelled and anal-
ysed. The difference of fibre growth and area growth is highlighted and numerically investigated
resulting in the competing of geometry and mechanics for buckling effects. Finally the critical
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strains are achieved for the different modes and the buckling displayed. On the other hand, in
[AMO4] an avascular tumour - a tumour with necrosis - is modelled and by prohibiting buckling
effects, the experimental data are matched.

Stability: An important question is the stability of the deformation. In [AGO5], it is shown that
residual stress is important for the stability, because a shell can become unstable if residual
stress is neglected. This example is in linear elasticity without external forces and considers
anisotropic growth.

For specific settings, analysis and numerical results can be found throughout the literature.
For instance, in the recent paper [DNS21] an existence result for morphoelastic tumours via
the Rothe method is given. However, analysis of a general setting is still missing, as are exis-
tence theorems. There are many difficulties mentioned already, as buckling and not connected
or even overlapping natural configurations. For a more precise overview over open problems
as well as missing results in computation we refer to [Amb+11]. It also displays the missing
understanding of biology due to the lack of experiments.

What are the goals of this thesis?

We restrict ourselves to one dimension in order to bypass several difficulties of the stress

modulated growth model. Nonetheless, many questions arise: What is the mathematical set-
ting? What is a solution? Is the model well-posed? Does a solution exist? Is the solution
unique? How do we define a solution? This leads to different settings in which the problem has
a (unique) solution. What can be stated about the solution? What regularity can be achieved?
Does it behave as physically expected? What physical behaviour can be deduced from the
model? Is the solution always physically admissible? What do we have to assume to ensure it?
Are the deformations good enough to solve equations on the resulting domains? We will give
an answer to all these questions.
Concerning the last question, Stefanelli et al. deal with a similar problem: In plasticity theory
via multiplicative decomposition, the intermediate configuration has to be good enough to treat
an elastic problem on it. To obtain this, they resort to (g, §)-domain, see [KMS20] and [Stel9).
The plastic deformation in terms of a Sobolev function is good enough to work with, which is
not necessarily the case for the “stress modulated growth” model. Here, we would like to avoid
that problem, in order to understand the other challenges of the model. This is why we work
in one dimension only.

How will we proceed?

At first, we recall the model of “stress modulated growth” including a discussion on where to
solve which equation and discuss the deformation of an artery wall with one and two layers, see
Chapter 2. Unlike many of the mentioned papers, we consider the material to obey non-linear
elasticity theory, because we discuss an example of linear elasticity, see Chapter [3.1.1] which
contradicts the physical restrictions after finite time. By including only the stress, but not yet
the nutrients, we prove existence to several settings:

(i) a body consisting of two different materials, see Chapters and

)
(ii) a body consisting of m different materials, see Chapter
(iii) continuous material properties, leading to continuous solutions, see Chapter
(iv) more general, yielding an L*-solution, see Chapter
The Settings (i) and (ii) are considered differently in order to provide simpler notation. For
example, in Setting (i), we obtain a scalar equation while in Setting (ii) we obtain a (m — 1)
equations. Therefore, the splitting of those two cases separates the idea from the technicali-
ties. In order to prove the concept, we apply the Picard-Lindeldf theorem in Setting (i) first.
Settings (iii) and (iv) include more technicalities, but also give better results. To be precise, in
Setting (iii) we need the material properties to be continuous in the material, but also obtain
better regularity, namely continuity of the solution in space, see Theorem On the other



hand, Setting (iv) does not demand the continuity in space and nor yields continuity in space,
see Theorem [£.4.7]

Furthermore, physical behaviour as (un)bounded stress after (un)bounded growth and compres-
sion for growing or stretching for shrinking material are proved. In Chapter [5] the regularity of
the solution in time and space is discussed. In Chapter [f] the idea of the artery wall geometry
and the results in one dimension are used to obtain an existence and uniqueness result of a
geometrically simple two dimensional setting. Here, restrictions are applied in order to avoid
buckling effects and the difficulties, discussed throughout the one dimensional analysis, as the
growth tensor to be a gradient.






About " Stress modulated
Growth”

This chapter is dedicated to a general introduction to the model under investigation in this
thesis. We want to investigate tumour growth taking mechanics into account. In particular, we
discuss the mathematical description of a growing tumour with mechanical properties which
splits the process into growth (or resorption) and mechanical response. In the mathematical
framework, the initial configuration Q C R? d = 1,2,3, of the body at time t = 0 is called
reference configuration. Suppose that at time ¢t > 0 the body has undergone growth and elastic
deformation due to application of external loads or internal compatibility conditions. We de-
note the map describing this process by X (¢, -) with gradient F'(¢,-) and the image by €, C R™.
Furthermore, we introduce a third configuration, the natural configuration: Take an infinites-
imal part of Q; and release its stresses while its mass stays constant. It reaches its natural
state which is by construction stress-free and describes the body after unconstrained growth.
Uniting natural states of all parts gives the natural configuration €2,,;. The deformation of the
natural configuration to the final configuration €; is described by the local deformation tensor
F, and the deformation from the reference configuration 2 to the natural configuration £2,,.¢
by the local deformation tensor GG. Hence, the decomposition

F=FG

holds.

In our model we assume that mass is preserved going from €2,,,; to £2;, hence, F, is not related
to growth but to the mechanical stress, while the tensor G is directly related to growth, and
thus, named growth tensor. To summarize, we split the process into the separated contributions
of pure growth and pure elastic deformation.

Moreover, we assume the tumour to be hyperelastic, i.e. the mechanical response is hyperelastic
going from 2,4+ to ;. The elastic strain energy density is called W and we introduce the
Cauchy stress tensor T and the second Piola—Kirchhoff tensor S of the total deformation

T = F.(DpW(F,))" and S = det(F)F'TF~T,

see Section[2.1 below for a brief introduction. In addition, we assume the growth tensor to obey
to the ODE

G =G(G,t,n,S) on Q,

where n are the nutrients and G a RHS describing the growth. Taking the Piola—Kirchhoff
tensor is the natural choice, because the growth tensor is invariant under change of frame,
see Remark below, and the second Piola—Kirchhoff tensor does not change upon frame
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Figure 2.1.: Schematic picture of the decomposition of stress modulated growth into growth
and elastic deformation.

changes as well. We need this property of G to differentiate with respect to time.

For the elastic deformation, we already introduced the elastic strain energy density W. There-
fore, we are able to prescribe the elastic deformation to minimize the elastic energy by solving
the corresponding Euler-Lagrange equation

div DEW (F.) =0 on Qpat.

Since growth is strongly depending on the availability of nutrients and influences of chemical
signals, these two factors are already coupled to the growth tensor in the ODE. The nutrients
diffuse into the tumour. Therefore, they are supposed to fulfil the reaction diffusion equation

div (nv) — div (D(n)Vn) = —yn on Q,

where v = 9; X. Observe that, on the one hand, the ODE for the growth tensor involves the
stress induced by the elastic deformation and the nutrients. On the other hand, the mechanical
response needs to know the grown tissue, namely the natural configuration, and the equation
of nutrients is defined on the elastically deformed configuration. Hence, we can not study one
of the three parts separately but have to solve them simultaneously.

The next subsections provide a basic vocabulary in continuum mechanics, including the Cauchy
and the Piola—Kirchhoff stress tensors and hyperelasticity, which are used throughout the whole
thesis. Afterwards, we display the modelling of the stress modulated growth problem, following
[RHMO94] and |[AMO2|, setting it into our language and giving more detailed calculations.

2.1. Basics of continuum mechanics

General setting and definitions

A general setting is considered to introduce vocabulary of continuum mechanics, see |[Gur8l|
for more information. Let @ C R%, d = 1,2, 3, be the domain the body covers at time ¢ = 0. It
is called the reference configuration and its points p € ) are called material points. A motion

10
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of the body  is a map X: [0,T] x Q — R? such that X (¢,.) is one-to-one for all ¢ € [0,7],
VX (t,p) € LinT={M € R4 det(M) > 0} for all p € Q and all t € [0,T], and = = X (t,p)
is the position of the point p €  at time ¢. At time ¢ € [0, T] the body covers the domain

Q= {X(t,p)| pe Q} c RL
It is called its material configuration or final configuration. By
T ={(t,x)|t€[0,T], z €%},

the trajectory is defined.

For each t € [0,T], X(t,-) is assumed to be one-to-one. That is why it has an inverse
P(t,-): Q — Q such that X (¢, P(t,z)) = x and P(t, X (t,p)) = p for all z € Q; and p € Q.
The point P(t,x) is the material point that is at « at time t. The map P: T —  is called the
reference map.

In addition, we define the spatial and material description. For a set M, the spatial description
ws: T — M of a function ¢: [0,T] x Q — M is defined by

@s(tvz) = gﬁ(t,P(t,I))

and the material description ¢,,: [0,7] x @ — M of a function ¢: [0,T] x Q& — M is defined
by

¢m(t7p) = (¢, X(t,p)).
Furthermore, we define the physical quantities velocity X : [0, 7] x Q — R, X(t,p) = 8, X (t,p)

and acceleration X: [0,T] x Q — R, X(t,p) = 02X (t,p). Especially, we define the spatial
description of the velocity v: T — R? by

v(t,z) = X,(t,z) = X(t, P(t, z)).

A special type of deformation is the isochoric motion, which preserves volume, see [Gur81].

Definition 2.1.1 (Isochoric motion). A motion X: [0,T] x Q — R? is isochoric (volume
preserving) if

LYX(P)) =LYP) VP CQ,
where L4 denotes the d-dimensional Lebesque-measure.

This definition is equivalent to the determinant of the deformation gradient being 1, see
[Gur81|. That is the condition, which is applied later on.

Lemma 2.1.2. A motion X is isochoric if and only if det ' =1 with F = VX.

Figure 2.2.: Motion of the domain 2 und the map X.

11
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Forces and momentum of the body are important properties to describe its motion. The
external forces are the surface force s: 9Q;, — R? and the body force b: 7 — R?. For a part
Q' C Q, the force f and momentum m on } := X (¢,Q') at a time ¢ is given by

f(t,Q) = /s(n) dA+/b av,

09, Q)
m(t, Q) = / x X s(n) dAJr/x X b dV.
09 Q

Furthermore, with the velocity v = &, the linear ¢ and angular momentum a are defined by

0 t) = /vp av,
2
a(V,t) = /a: x vp dV
2
with time derivates
Y t) = /qyp dav,
2
a(Q,t) = /x X vp dV
2
Then, the balance of linear momentum
) =1(,t)
and the balance of angular momentum
m(Q,t) =a(,t)

hold.

Cauchy stress tensor

In the following, we discuss the elastic deformation of a body and refer to |[Gur81] for more
details. While a body is deformed, e.g. due to external forces, parts can move against each
other, which induces stress. For this stress, an energy exists, for which we need a description
of how the energy depends on the deformation in order to handle it analytically. The stress is
describe by a stress tensor. Its existence is stated in the next theorem, which also states that
only the external force in normal direction has impact on the elastic deformation, see [Gur81]
for a proof.

Theorem 2.1.3 (Existence of the Cauchy-stress tensor). Let Q@ C R? be a body with s the
surface force and b the body force. Then, the balance of momentum holds if and only if there
exists a tensor T: T — R4¥4, called Cauchy stress tensor, such that

(i) for each v € O

12
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(i) T is symmetric,

(iii) T satisfies the equation of motion
divT + b= po. (2.2)
As mentioned before, the stress inside the body depends on the displacement of the parti-

cles. Therefore, the response functions are introduced expressing the Cauchy stress tensor as a
function of the gradient F = VX: Q — Lin™.

Definition 2.1.4 (Response function). A body ) is elastic, if there exists a function T: Lint x
Q; — Sym(d) with

T(t,z) =T(z, F(t,z)).
Then, T is named the response function.

Another important property is independence of observer, which states that the stress in-
side a body is independent of where the deformation takes place but instead depends of the
displacement.

Definition 2.1.5. A elastic body is independent of observer if its response function T satisfies
QT(F)QT =T(QF) VYF € Lin*,Q € S0(d).

Remark 2.1.6. In one dimension, SO(1) = 1. Therefore, the condition of independence of
observer is redundant.

Piola—Kirchhoff stress tensor and hyperelasticity

Above, the equation of motion was introduced to hold in the elastically deformed configuration
Q. This might be a problem, since ); is a priori not known. A solution to handle this is
to transform the formula to the reference configuration, namely to hold on €. Applying this
change of variables causes the stress tensor to coincide with the Piola—Kirchhoff stress tensor,
see [Gur81]. To do so, we need the change of variables formula, see [Gur81]:

Lemma 2.1.7 (Change of variables). Let Q C R be an open set and f: Q — f(Q) C R? an
integrable diffeomorphism. Then for any continuous function ¢: f(Q) = R,

[ ¢t do= [ olrwpldet s )| dy (23)
() Q
holds. Further, with the outward unit normal fields v1 on 02 and va on Op(QY) it holds
[ elain(e) de = [ o) det DIWIDS T (hoaly) dy. (24)
() Q
Using change of variables we write the surface force of a part ' C Q as

/ Ty dA = / det F T, F~Tv dA
o0, o

13



2. About "Stress modulated Growth”

with g, v the outward normal of ) and €' respectively. This motivates to define the first
Piola—Kirchhoff stress tensor

S:[0,T] x Q — Lin, S(t,p) = det F(t,p) Tpn(t,p)F~T(t,p)

which is the stress tensor depending on the reference configuration. The equation of motion
hence, transforms ([2.2)) to

div S + by = po

with by = b,,, det F' the body force measured in the reference configuration and pg = p,, det F'
the density in the reference configuration. Instead of symmetry (2.1)), the Piola—Kirchhoff stress
tensor fulfils

SEFT = FST.

Similarly, for an elastic material, there exists the response function corresponding to S, more
specifically, there exists a function

S: Lin* xQ — Lin, § =det F T(F)F~T

satisfying S(QF) = QS(F) for all F € Lin™ and all Q € SO(n) (independence of observer)
such that

A

S(t,p) = S(p, F(t,p))

The Piola—Kirchhoff stress tensor has its advantages: if the elastically deformed configuration is
not known, but the reference configuration is, the equation of motion is well-defined. Another
advantage is that if the material is hyperelastic, see the next definition, there exists a formula
for the energy the elastic deformation consumes.

Definition 2.1.8 (Hyperelastic material). A material is called hyperelastic, if there exists a
map W: Q x Lint — R called the elastic strain energy density such that

W(p,QF) =W (p,F) VYpeQ,F e Lin",Q¢c SO(d)

and

A

S(p7F):DFW(paF)

with S the response function corresponding to the material’s Piola—Kirchhoff stress tensor S.
The total strain-energy of the deformation of a hyperelastic body is

E: CY(Q;RY) = R, E(X) :/W(p, VX(p)) dv.
Q

A further special kind of material is the homogeneous one, which means that the elastic strain
energy density W is independent of the particle.

Definition 2.1.9 (Homogeneous material). A material is homogeneous, if the density po and
the elastic strain energy density W are independent of p € Q. Then, the response functions are
independent of p € Q as well.

If the process is time-independent, the theory is called elastostatics. The goal is to find a
deformation X: [0,7] x @ — R? with ' = VX such that for a given strain-energy density
W: Q x Lint — R holds

S(t,p) = S’(p,F(t,p)) = DFW(p,F(t,p)),

14



2.2. Useful theorems in continuum mechanics

leS+b0:01HQ

and boundary conditions hold. These boundary conditions can e.g. be Sn =0 o0n 9Q or X =0
on 0f).
Using change of variables, the problem of elastostatics in Cauchy theory is transformed to: For
a given strain-energy density W: Q x Lin™ — R find a map X : [0,7T] x Q — R? with F = VX
such that

T(t,z) = T(:mFm(t,x)) = (det Fy, (t,2)) ' DpW(P(t,x), Fru(t, z)) Fp(t, )T,

divT+b=0in

and boundary condition, e.g. Tn =0 on 02; or X = 0 on 9.

In the following, we denote the response functions without hat, because we always use the
response functions.

2.2. Useful theorems in continuum mechanics

We will list some useful theorems, which will be used within this thesis, see [Gur81].

Lemma 2.2.1 (Divergence theorem/Gaufl/partial integration). Let @ C R be a bounded
domain with Lipschitz boundary. For continuous differentiable functions ¢: Q — R, v: Q — R?
and S: Q — R holds

ety dy= [ ptawo) a. (2.5)

Q [219]

/ div v(y) dy / o(z)v(z) dx, (2.6)
Q

o0

/div S(y) dy = /S(x)u(m) dz, (2.7)
Q

o0

with v the outward unit normal field on ON).

Lemma 2.2.2 (Reynold’s transport theorem). Let Q@ C R? be an open set, T > 0 and X a
smooth enough motion of Q. Further, let f: Qx[0,T] — R and p: Qx[0,T] — R be continuous
differentiable. Then, for every subset Q' C Q with Lipschitz boundary and each time t € [0,T],
it holds

G [ 1@ do= [ f)+ rwdiv o) do, (28)
Q! Q!

G [ew o= [ dy+ [owrw o) an (29)
Py

2 o

where Q) == X (t,Q) denotes the set Q' after the motion at time t and v denotes the outward
unit normal field on 9.

15



2. About "Stress modulated Growth”

2.3. Modelling stress modulated growth

After the introduction on the basic vocabulary, we introduce the model of stress modulated
growth. It developed over many years, e.g. in [Hsu68|, |Ska81] and [RHM94|, and later on, a
system of equations is introduced in |[AMO02].

It is motivated for example by the following: Consider a growing tumour surrounded by tissue
right under the skin. When the tumour grows, it pushes the tissue and the skin outwards, while
the tissue and the skin provides resistance, and therefore, pushes the tumour inside. Another
example is a tumour growing next to a bone which restricts the growth. We want to generalize
this and derive a mathematical model.

Let the tumour at time 0 cover the domain Q C R%, d = 1,2, 3. The problem, we want to study,
considers the growth of the tumour, the stresses arising due to the growth and the nutrients
diffusing through the tumour motivating growth. Hence, the goal is to find a growth map, an
elastic deformation, a nutrients map and consequently the domain €, C R?, which is the domain
covered by the tumour at time ¢. Since the grown tumour is elastically deformed, it is stressed.
The idea of the model is to separate the growth from the elastic deformation. To do so, a new
configuration is introduced: The natural configuration. Take an infinitesimal part form ; and
release its stress. Take another infinitesimal part and also release its stress. Continue for every
part of €. All unstressed parts together we call natural configuration Q,,; C R%. Due to
the construction, it is locally stress free and describes the body after unconstrained growth. A
problem that arises is that the natural configuration must not be physically admissible, e.g. in
the natural state the body can penetrate itself or be ripped apart and contain separated parts,
see picture 23]

The map, which maps the natural configuration €2,,; into the elastically deformed configuration
€, is an elastic deformation we call ¢: Q4+ — ;. In contrast to the natural configuration, the
elastically deformed configuration is physically admissible again. Because we constructed the
natural configuration locally, we have a local deformation gradient of the elastic deformation
denoted by F.. What is left is the growth map g: 2 — €4+ with local deformation gradient
G. By construction,

X =¢og,

and therefore, F' = (F.),,G. Hence, we split the transformation of € into first a growth, where
all change in mass going from 2 to ,.: takes place, and then, all elastic deformation going
form Q,,q: to €.

Figure 2.3.: Schematic picture of stress relief: Two small pieces (red and green squares) are cut
out of €; and their stresses are relieved, which yields their natural configuration
(red and green ellipses).
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2.3. Modelling stress modulated growth

For the constructed conjunction of growth and elastic deformation, we will derive equations

describing the growth, the elastic deformation, the nutrients and their interaction. For the rest
of this subsection, we follow the paper |[AMO02].
Let pg(p) denote the density in p € Q and p(z,t) the density in « € Q;. Take an infinitesimal
part of Q with volume dV and mass dMy = pgdVy. To this part corresponds the mass in the
natural configuration dM,,,; and dM; in ;. Since the growth is unconstrained, the density is
conserved, hence, the mass of the grown part is

dMnat = Poan

with dV,,q¢ the volume of the part. With the assumption of conservation of mass between Q,,4;
and Qt dMnat = th we get

th o dMnat o pOanat o dvnat o det deb —detG
dMo - dMo a podV() - d‘/b N dVo N '

For det G > 1 we say growth takes place, while for det G < 1 resorption takes place.

Remark 2.3.1 (Uniqueness in the decomposition of F). See [RHM9J]. Let G € R¥*? be the
growth tensor. By the polar decomposition for matrices there exist unique Rg € SO(d) and
Ug € Sym™ with G = RgUg. If we rotate the natural state Q,q; in a suitable way, the rotation
R is absorbed into the elastic deformation as the elastic setting is independent of observer,
i.e. G =Ug, which guarantees the uniqueness of the decomposition of F'. Possible shifts of the
natural configuration do not change G, since G is the local gradient of the growth map.

Mass balance

Classic mass balance reads as
Op + div (pv) =0 in Q.

We do not consider mass balance, but additional mass to appear due to the growth. This
increase in mass is described by the growth rate I'. Hence, in our model mass balance reads as

Op + div (pv) = p+ pdiv o =Tp in

with the material time derivative p = p’ + v - Vp. By change of variables and with J = det F
we get

Pmd + pm(div ), J = TppJ in Q.

Because the material time derivative of a function on 2 is the time derivative, with the time
derivative of the determinant (det F)’ = det Ftr (F'F~') and chain rule holds

(omd) = (pmd) = P + pmd’ = pld + pmJtr (F'F71)
= ol J + pmJtr (0, VX(VX)™h)
= P + pmJtr (V(vm) (VX))
= P + pmJtr (VV)m)
= o+ prd (v V)
= pmd + PmJ(div ) = TpmJ,
and thus,

(pmJ) = TppmJ in Q. (2.10)

17



2. About "Stress modulated Growth”

As mentioned above, the mass is conserved between £2,,,; and €, i.e.
dMpat = pmdVydet F = podVy det G = d My,
and therefore,

po = pmdet F, in Q. (2.11)

Balance of linear momentum

The equation of balance of linear momentum reads as follows
O(pv) + div (pv ® v) —div T = pb+ Tpv in O

where 9;(pv) +div (pv ®v) is the basic momentum of a moving body, —div T is the momentum
due to the elastic deformation, pb due to the body forces and I'pv the momentum of the new
mass. We calculate by inserting the balance of mass

O (pv) + div (pv @ v) = p'v + pv’ + pvVo + vdiv (pv)
=Tpv+ po

which yields
—div T'+ pv = pb.

Since the velocity of growth and, hence, the change in the elastic deformation is very small
compared to the stress, we assume v = 0 which leads to quasi static elasticity theory. This
leaves the equation of motion for the elastic deformation in elastostatics as introduced above,
ie.

—divT =bin (2.12)

to solve. As last step, we write the equation in the reference configuration like the equation for
the growth which can only be in 2. Therefore, we use the first Piola—Kirchhoff stress tensor P
in Q and get

—div P = b, in [0,T] x Q
and for hyperelastic material with elastic energy density W
—div DpW(VX) = by, in [0,T] x Q.

If the natural configuration €2,,,; and the map ¢ are nice enough, the equation (2.12) can be
written in the term of the Piola—Kirchhoff stress tensor P,,; of the deformation ¢, namely

—div Pt = —div DpWoat(VXG™Y) = bras,

where b4t = b,g~ ! is the body force and Wy,qi(y, F) = W (g~ 1(y), F) the elastic strain energy
density in the natural configuration. With the decomposition X = ¢ o g follows

—div DpWhat (V) = bpar in Qpar, (2.13)

which is the equation, we shall solve in Chapters [4 and

18



2.3. Modelling stress modulated growth

Concerning the growth rate T

Above we stated the equation (2.11)). By applying the material time derivative we obtain
0 = pm det F, + pypdetFy,.

Inserting this into (2.10]) gives
L det F = (py, det F) = p, det F + ppodetF
= —pmdetF, det G + p,,detF, det G + p, det F.detG
= pm det FdetG.
With the time derivative of the determinant, this gives
I =detGdet G~! = tr(GG™Y),

since p,, and det F, are strictly positive.
For a simple example, we consider isotropic material, i.e. G = gI. In this case, the equation
simplifies to the ODE

I'=tr Dg=tr (gIg~'I) = 3—9
)

Nutrients

We assume nutrients n: €; — R to diffuse into the tumour, i.e. to obey to the reaction diffusion
equation

Ogn + div (nv) — div (D(n)Vn) = —fnp in (2.14)

where D(n) is the diffusion coefficient and the RHS describes the nutrients the tumour absorbs
in order to grow.

To be consistent with the pulled-back of the equation for the elastic deformation to €2, we
transform the equation for the nutrients to Q. Let Q' C Q be a measurable subset with
Lipschitz boundary and we denote by €} the set that is covered by all particles from €’ at time
t. Then, the diffusion equation for the part €2} is

/(%n +div (nv) dV; — /div (D(n)Vn) dV; = —/b’np avi. (2.15)
Q! Q! Q!
For the RHS change of variables and (2.10) yield
—/’ynp dVy = —/vmnmpmJ dVy = —/Bnmpo det G dVj.
Q! ol ol

Further, the material derivative of n is 7 = 9yn+v-Vn = dn+div (nv) — ndiv v, see [Gur8l].
With this the first integral on the LHS is

/atn—i—div (nv) dV; = /h+ndiv v dV;
Q/

2

o
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2. About "Stress modulated Growth”

d
Q

For the second equation we used Reynold’s transport Theorem and for the last equation

change of variables
For the second term of (2.15)) on the LHS we use the divergence Theorem with normal vy
on Q) and change of variables with outward normal vy of Q' and get

/div (D(n)Vn) dV; = / D(n)Vn - v dVi
Q! op;

= /Dm(nm)(vn)m-JF*Tuo dVy
%,

/ (V1) - Do ()T TF~Twg dVy

o (2.16)

= /V(nm)-F’IDm(nm)TJF’TVO dVp

o9,
= / JEDy(n)F~ TV - 1 dVp
o’
= /div (F D, (np)Div (JF~Tn,,)) dVi,
Q/

where we used (Vn),, = F~TV(n,,), which can be calculated with the definition, see |Gur81].
Finally, with the localisation theorem, the equation

Ot (nmJ) — div (F71 Dy (0 )Div (JF " Tnp)) = —Bimnmpo det G in [0,T] x Q (2.17)

is obtained.

Here, we can neglect the time derivative, too, since the diffusion is much quicker than the
growth, i.e. we assume the nutrients to diffuse immediately compared to the slow growth.
Hence,

—div (F7' Dy, (nn)Div (JF~Tn,,)) = —Bmnmpo det G in [0, T] x Q. (2.18)
Lastly, by the calculation (2.16) this is equivalent to
—div (D(n)Vn) = —fnp in Q4. (2.19)

This is the equation, we consider in Section [£.4]

Constitutive Equations

Motivated by biology, we assume the growth to obey to an equation which may depend on many
variables such as the nutrients n, the stress in the body in terms of the second Piola—Kirchhoff
stress tensor So = JF~ITF~T the time ¢t and the material point p. Mathematically speaking,
the growth tensor G: [0, 7] x Q — R¥*? obeys to the ODE

G(t,p) = G(t.p, S2(t,p), nm (t,p), G(t,p)) in Q x [0,T] (2.20)

with a suitable function G. Here, we consider the second Piola—Kirchhoff stress tensor Ss,
because G as a deformation tensor is independent of a change of frame, see Remark 2.371]
Therefore, the terms on the RHS also have to be independent under change of frame, which
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2.4. Some simple examples

the second Piola—Kirchhoff stress tensor fulfils.

Remark 2.3.2. (i) In Chapter [ we do not need to use the second Piola—Kirchhoff stress
tensor, because the independence of observer is automatically fulfilled, see Remark[2:1.6

(ii) In the ODE (2.20)), the functions of the nutrients n,, and the stress tensor S are con-
sidered as functions on the reference configuration ). This is necessary, since the growth
tensor G is a function on the reference configuration Q2. But as seen in the modelling
above, the equation for the nutrients (2.14) is a equation on the deformed configuration
Q. Therefore, and due to the fact that the growth map g and elastic deformation ¢ will
be good enough, we can pull back the equation for the nutrients or, after solving the equa-
tion on )y, the nutrients. Because the equation is better to solve on Qy, we will do that
in the Section [[.9 and [{F} Similarly, we solve the elastic problem between the natural
configuration Q4 and deformed configuration s, and afterwards, we pull it back to the
reference configuration ) to insert it into the ODE.

A more explicit G depends on the material under consideration and is not discussed here,
since it is motivated by biology. Later on, we simplify the ODE to a linear ODE for a proof
using time discretization, see Theorem [3.:2.5] and by the Picard—Lindelof theorem, see [£.4.7]
Concerning the stress tensor S, we assume the material to be hyperelastic, see Definition 2.1.8]
Hence, there exists a strain-energy density function W depending, due to independence of
observer, only on C, = FXF,, in one dimension on F, € (0,00). If the material is isotropic, W
does only depend on the main invariants I, I'l., I11, of C., i.e.

W =W(l,II, 1)
with
I, =tr C.=tr F] Fo = | F.|?,
11, = S (1r (C2) — (ir C)?),
111, = det C..

For example an often used strain energy density is the one for the general Blatz-Ko material,
which is hyperelastic and compressible. It is given by

e o Rom o) D 5) )

with vy >0,0< f<1and¢g<0.

2.4. Some simple examples

In the modelling papers [RHM94] and [AMO02], some simple, time-independent examples were
introduced, which are discussed here in more detail. First, the situation of a ductal carcinoma is
geometrically simplified and the elastic deformation, depending on the growth factor, calculated.
Then, the growth of blood vessel is analysed assuming a simplified geometry. Furthermore, the
blood vein example is considered a little bit more complicated by considering the vessel wall to
consist of two layers.

Example 2.4.1 (Ductal carcinoma in breast duct). In this first ezample, we consider a ductal
carcinoma in a breast duct, see [AMO0Z]. The breast duct is assumed to be a cylinder with
immouvable walls. Furthermore, let the tumour have cylindrical shape, too, see the picture.
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2. About "Stress modulated Growth”

X=dog hoA

Figure 2.4.: Stress modulated growth of a breast conduct. In the natural configuration the
material is more expanded than there is space in the breast duct. Therefore, this
configuration is not physically admissible.

For simplicity the material is isotropic, i.e. G = gl for a constant g > 1 for a fized time
step, which sets the discussion into the frame of elastostatics. When the tumour grows, it
expands in all directions in the same way. Thus, the natural state is the cylinder multiplied
by g. Hence, some parts are outside the breast duct like in the picture (remember that the
natural configuration has not to be physically admissible). Since this is physically impossible,
the tumour has to be pressed into the cylinder again by the elastic deformation. Due to the
incompressibility of the material, the tumour evades in e, direction. Therefore, there exist an
A € (0,00) with

1 0 0
F=1010
0 0 A

The goal is to find \. Since G and F' are given, it follows from F = F.G that

Gl 0 0
FE=( 0o g o
0 0 At

We use the assumption that the tumour is a Blatz-Ko material. Choosing f = 1 simplifies W
to

2
q

W= <(Ie —3)— S(I119?% - 1))

[CERNE CTRN

(1 = 3) - 2ecrr - ).
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2.4. Some simple examples

Hence,
T =det F,'Dp W(F,)FT
=vdetF, ! (F.F] —det F1I)
e i? o 0 NG54 0 0
= v 0 g2 0 - 0 Nig—34 0

0 0 A2 0 0 Nig—34

At last, the body is stress free in direction of e,, otherwise it would deform further in this
direction. Due to this,

which implies

Therefore, the elastic deformation can be computed, if the growth is known.

To consider a more complex example, the growth rate is considered to be different in each
direction of space other than isochoric growth. To simplify, the growth rate in one direction is
set equal to 1, but the following example shows that this simple setting requires more effort.

Example 2.4.2 (Blood vein with constant growth rate). This example is introduced in
[RHMYJ|. Consider a blood vessel as a ring domain in R?. The goal is to model the elastic
deformation after a given growth. We assume the material to be volume preserving (det Vo = 1,
see Lemma and to obey the Guccione model (see below).

0-C

N

b

Figure 2.5.: Stress modulated growth in a blood vein with constant growth rate K > 1. The part
marked red is where the material overlaps itself, what is not physically admissible.
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2. About "Stress modulated Growth”

For 0 < Ry < Rs < oo define the ring Q = [Ry, Ra] X [0,27) in polar coordinates. We
consider growth in angular direction since growth in radial direction induces no problems, hence,
no elastic deformation and no stresses. Consider the growth to be given, namely, for K > 0 the
growth in angular direction by the factor K is given by the map

g: Q= R? (R,0) —~ (R, K)

and name the natural state Qnq¢ = g(Q). This state is physically not possible, because the
material penetrates itself. Thus, in the elastically deformed configuration of the body, the angle
has to range from 0 to 2w, again, which is achieved by varying the radius. Here, we assume
the material to stay in a perfect ring shape, because otherwise buckling effects can appear for
shrinking material. Using the new radius r: [Ry, R2] — Rso we model the deformation by
¢ Quar = Rog x [0,27), (R, ) — (r(R), =), with the elastically deformed configuration
Q= ¢(g()) = [r(R1),m(R2)] X [0,27). The aim is to determine the map r. Then, the total
deformation X : Q — Q; is determined. To do so, we have to solve the elasticity problem to
find @ as the solution of

equation of motion: divT = 0 in €, (2.21)
boundary condition:  Tn = 0 on 0§, (2.22)
material property: det Vo = 1 in Qy,

where T': € — R?*2 denotes the Cauchy stress tensor and the material is isochoric, see Lemma
[2.1.9 The first equation is the equation of motion, the second is the Neumann boundary con-
dition, which states that the blood vessel can move without restrictions from the surrounding
tissue, but is stress-free on the boundary, and the last equation is that the material is volume
preserving, see lemma[2.1.3 The gradient of the deformation ¢ in polar coordinates is

Orr(R 0
Fo:=Vu= ( () r(R) )
0 RK

and its determinant is det V¢ = Orr(R) Tlg;) = 1. This is equivalent to Ogr(R) = ZE. and the
solution of this ODE is

r(R)=vVKR>+« (2.23)

for a constant a € R, which depends on the boundary conditions. Hence, the remaining task is
to determine «. Then, the deformation ¢ o g of Q under the given growth g is found.

We will deduce o from the equation of motion and boundary conditions. First, we discuss the
relation between the Cauchy stress tensor T and the deformation ¢. Due to the assumption on
the material to obey the constitutive equation of the Guccione model (W (F.) = (e9 — 1) with
Q =tr(3(F'F. —I))),the Cauchy stress tensor is

T =det Vo 'DprW(V¢)VoT — pI
K _ (r(R)) 0 )

_.Q T _ 7.2 TR
=e“Vo¢Veop' —pl =e < 2

where p: Q; — R is the hydrostatic pressure playing in as Lagrange multiplier. Thus, the
equation of motion reads in polar coordinates as

. 1 1
0=(divT)gr = 0, Trr + 3¢T¢R + ;(TRR — TLPLP) =0, Trr + ;(TRR — Twp)

1
0 :(div T)W = &TW + aPTWP + ;(TRLP — Tc,oR) =0.
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2.4. Some simple examples

By integration of the first equation and naming r(R1) =: r1 we get

Trn(r) = / Trr(7) ;Tww(f) dF + Tra(r).

T1

Considering the boundary condition on the inner boundary {r1} x [0, 27), it follows that
0="Tv|y=, = =T(r1,p)er = Trr(11),

which implies the formula

By substitution it follows

r(R) R )
Trr(R) = Trr(r(R)) = / Trr(T) ;Tw(r) pn
r(R1)
UL Y
i r(R) r(R)

Using the formula for T we conclude

R ~
TRR(R) _ / TRR(T(R)R“(}{)Tww(T(R)) :?{()
Ry

N /R e (f(lg B ;?22(@) rf(g) AR

1

By naming ro = r(Rg), taking the boundary condition on the outer boundary of the ring
0="TV|p=r, = T(r2, p)er = Trr(r2) = Trr(Ra),

and the formula for TRR(R) the search for a has turned into the search for the zero a of the
equation TRR(RQ) = 0. In an explicit example this can be solved numerically. With o calculated,
Trr and r(R) are determined and by the constitutive equation the hydrostatic pressure p is
calculable. Therefore, Ty, is determined and the total deformation X of Q to Q; is found.

The previous example considers a homogeneous material, what is not consistent with reality.
Hence, the next example gives a first idea of a non-homogeneous material. In our next example,
the blood vein consists of two different layers. In a more profound analysis, the goal is to consider
more general materials.

Example 2.4.3 (Blood vein with different growth rates). In the last example the growth had
a gradient in the classical sense, and thus, the deformation ¢ as well. Now, we want to study
an example without classical gradients. In the following example we consider the growth g as
a growth in angular direction, but with two different rates on different domains. That is why g
does not have a gradient in the classical sense. In addition, we demand that the two parts stick
together after the total process again. Like in the previous example, we do not allow bucking to
take place by prescribing the material to stay in a perfect ring shape.
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2. About "Stress modulated Growth”

In more detail, consider for 0 < Ry < Ry < R3 < oo the domains

Ql = [Rl,RQ} X [0,271'),
02 == (Ry, R3] x [0,27),
Q:=0Q'u0? = [Ry, R3] x [0,27).

For K1, Ky € Ry we consider the growth rate K : [R1, R3] — Rxy,

<
K(R) — K17 R7R27
Ko, R > Rs,

and the corresponding growth described by the function
9: Q2= R? (R,¢) =~ (R, K(R)p).

This growth function does not have a gradient in the classical sense. Thus, we have to circum-

vent this.

\ %

Y

Qnat

Figure 2.6.: Stress modulated growth in a blood vein with two different growth rates Ko >
K7 > 1. Marked red is where the material penetrates itself, which is why this state
is not physically admissible.

First, we introduce some notations: QL ., = g(Qb), Q2,, = g(Q?) and Qpar = QL,, UQ2,,.
Again, for the elastic deformation it must hold that the angle in the elastically deformed state
has to range from 0 to 2w, but the radius may vary. In addition, the two domains shall stick
together after the whole process where they were together before. Therefore, we need to find a

continuous map r: [Ry, R3] = R such that the elastic deformation
¢ Qnar — R?, (R, p) = (7(R) L@
) ) Y K(R)
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2.4. Some simple examples

obeys to the equation of motion with Neumann boundary conditions for an incompressible ma-

terial.
We define Q} = u(Q}

nat

), Q2 = u(Q?

nat

) and 0 = Qf U2,

Since ¢ does not have a gradient in the classical sense on Qpna¢, but on QL. and Q32 ,

respectively, we can calculate the gradient on QL. and Q2,, separately. With the notation
ri: [Ri, Ro] = Rso, r1i(R) =r(R) and r2: (R2, R3] — Rso, r2(R) = r(R) we find

Orri(R 0 r1 (R
F(R,¢) = V|ir, ra) (R, ) = ( f (1)( ) r1(R) )_ Orr1(R)er @ er + ;%(K) €y @ ey,
RK
Orra(R) 0 ro(R
FA(R,0) = Vol (o) = (P70 Ly ) = omra(mien @ en+ e o,
RK

Like in the previous ezample the material is considered to be isochoric, see Lemma[2.1.3. That
means det F! = det F2 = 1, which implies for some a1,z € R

Tl(R) =V K1R2 + a5
TQ(R) =V K2R2 + Q.

Assuming the two rings to stick together like they did before the growth takes place, for a suitable
radius r, € R the condition

7"1(R2) = TQ(RQ) =T«

must hold. Hence, a1 and ag depend on 1. and the new radii are

ri(R) = \JK\(R? — R3) + 2,

ra(R) = \J K0 (R? — B) + 12,

Since r, is unknown and the elastic deformation is determined if ry is known, the aim is to find
r. such that for the Cauchy stress tensor T%: Q, — R?*2, § = 1,2, the equations

div T" = 0 in QF,
Tv =0 on 09

hold. Furthermore, we consider the material to obey to the Guccione model (W = (e — 1)
with @ = tr (3(FTF —I))) and get the Cauchy strain tensor

T' = (det FH)'DpW(V¢)VoT — pI
R*K?

S 0
_.Q r_r_. 7w P
=e*“VoVo pl =e 1 0 2(R) ,
RPRZ P
T? = (det FH) "' DpW (V) VT — pI =
KL, 0
2
VgV —pl =@ | T ()
0 > —-p
R2K?

The equations of motion are

divT' =0 in Q,
div T? = 0 in Q2.
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2. About "Stress modulated Growth”

In respect of cylindrical coordinates they transform to

1 1
(g Ty 1 1 1 1y _ 1 1 1
0 *(d“} T )7" - aTTrr + aSOTcpr + ;(Trr - Tcpap) - aTTrr + ;(Trr - Tgpcp)
1
(g Ty 1 1 1 1y _
0 =(div T), = O, T}, + 0, T}, + ~(T}, = T},) =0,
and by integration like above for r € [r1(R1), 4]
[ Tha(?) =T
Thtr) = | 22 7+ Thi(r (Ry)).
r1(R1)

With the boundary condition at the inner boundary we get
0=T"]r—p,(ry) = ~T"(r1(Ra),p)er = Trp(ri(R)),

and thus, the formula simplifies to

T

7”,.‘

ry
To determine a formula for T?(r) with r € (r.,r2(R3)] we look at the divergence of T?

1 1
0 =(div T%) = 0, Thp + 0 Tor + —(Tor = T3,) = 0 Tap + —(Thr = Tp,)

1
0 =(div T?), = 0,Th, + 9,12, + ;(wa ~T25)=0

and integrate the first equation from r to ro(R3) with respect to 7 and get

r2(Rs)

T}%R(T) _ T}%R(f) - ngo(f>

dif + T3 p(r2(R3)).

T
Again, with the boundary condition on the outer boundary
0 =TV =y (ry) = —T(r2(Rs), p)er = Tip(r2(Rs))
the formula for T? simplifies to
’I”2(R3) ~ -
Tir(F) — T2, (F)

TEp(r) = — - 22 dF.

r

In addition to the boundary condition on the outer boundary, the forces on the boundary between
the two parts of Q0 have to be in balance, i.e.

T16R|r:r1(R2) = T2€R|r:r2 (R2)»

which is equivalent to

Tzl%R(T*) = TIQQR(T*)'

Due to the formulas for T and T? from above, the constitutive equations and by substitution

28



2.4. Some simple examples

(7 = r(R) with 7. = r1(Ra) = ra(Rz)), we obtain

Ty 1 _ 1 /= r2(Rs3) 2 - 2 [~
0= / TRR(T) ; Tgaz,a (T) dF + / TRR(T) ;Ttpcp(r) dF
r1(R1) T
R, - L 3 - -
[ Trgp(r(R) =T}, (r(R)) RK - Thr(r(R)) = TZ,(r(R)) RK -
- R/ (R) () R/ () "
Ro R3

- / « (f(g - 222(12) 55%1) aR+ / o <i2(g - g2(f]2> 15(]};) AR

1 2

This equation can be solved numerically for r.. Then, Ty, Téag, r1(R) and r2(R) are calculable
and with them the hydrostatic pressure p, and therefore, T}, as well as T, are determined. As
a result, the total deformation X of Q to Q4 is found.
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Discussion of Elasticity and
Rothe method

In the previous Examples the growth is considered to be given. Hence, the elastic
deformation is time independent and no ODE is solved. This chapter is devoted to the inclusion
of time, and thus, to solve the ODE for the growth. To do so, we restrict ourselves to the problem
in one dimension. After a discussion whether to consider linear or non-linear elasticity, a first
existence result for a material consisting of two bodies with different properties is obtained by
the Rothe method. Throughout the chapter, we remark what the challenges are to bring this
setting into two dimensions.

3.1. One-dimensional setting and discussion of elasticity

In general, assume a one-dimensional material covering (0,1) C R subdivided into two bodies
(0,¢) and (¢,1), ¢ € (0,1) with different properties such as growth behaviours and elastic energy
densities. Each part is assumed to be homogeneous, see Definition [2.1.9]

As proof of concept, we consider the ODE for the growth tensor to be

G(tv JJ) = ’Y(Z‘)G(t, l‘),
G(0,2) = Go(x) =1,
with
_m, 2 €(0,0),
o) = {’Yg, x e (4,1).

This leads to the exponential law

G(t,z) = exp(y(x)t), (3.1)
which is the gradient of the deformation

x

gt ) = / G(t,7) d7. (3.2)

0
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3. Discussion of Elasticity and Rothe method

The situation after growth is given by the two natural states (0, A1) and (A1, A1 + A2) with

A= gt 0) = g(t.0) = [ G(t,F) dF = Cexp(yot),

Noi=g(t,1) — g(t.0) = [ G(t,7) dE = (1~ €) exp(m).

N\H O\\\

Strictly speaking, here a decomposition into two parts does not seem to be necessary since
growth is not confined by any restrictions. Hence, the decomposition is only introduced as a
proof of concept at this point and because it is needed later on.

Remark 3.1.1 (Decomposition of growing materials). In two or three dimensions, we have to
decompose the material, because self-penetration may not be avoidable, e.g. two squares that we
need to match together after growth which are incompatible along the common interface. In this
case, there is no global gradient.

Another advantage of our one-dimensional case is that g is injective by construction which must
not be true for more dimensions, but it may be enforced by applying a rigid motion, i.e. a shift
of parts of the natural configuration (recall that rigid motions have no impact on the elastic

energy).

3.1.1. Quadratic elastic potential

We restrict the material to its initial length. Hence, after the material has grown freely, the
elastic deformation has to push it back into (0,1). In the following, the material is considered
to be hyperelastic according to Definition and the notation S is used instead of S. We
start by considering quadratic potentials, which penalize the deviation from the uniform stress
free state p(z) = x. Namely, for the elastic moduli 1, k2 > 0 consider the elastic strain energy
density W : (0,1) x R — R be given in the reference configuration by

Since the growth map g is known, Wya:: (0, A1 + A2) x (0,00) — R is the elastic strain energy
density for the grown material and is defined as the elastic strain energy density of the particle
before growth by

Wnat(yaF) = W(g_l(y)7F) = {:{E?_ 1;2’ Z E E())\;A;\)l"F )\2)

(3.4)

Remark 3.1.2. (i) Here, the elastic strain energy density is considered on the reference
configuration. To determine the elastic strain energy density in the natural configuration,
take the property W(g=1(y),-) of the particle before the growth g and neglect the change
of volume. This is motivated from the assumption that there is more material, but with
the same properties. This is consistent with the mathematical modelling. The same holds
for the nutrients, see below. Only in the elastic deformation the properties change due to
change of volume. To take into account the change of volume for the growth process in
this step results in a different model, which we will not consider here.
Notation: For a function f with domain §2 the subset “nat” denotes the function forwarded
to the natural configuration Qpat, i-€. fnar has the domain Q44 by the definition frq:(y) =

f(gil(y)) fOT‘ Y € Qnat-

(ii) Another question is whether the nutrient density n influences the mechanical properties.
It does indeed have a huge impact on the growth and, thus, are in included in the ODE in
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3.1. One-dimensional setting and discussion of elasticity

the modelling, see . As the nutrients account only for a small part of the material,
the difference the nutrients make in the elastic strain energy density W can be neglected
compared to the change of material. Hence, W is assumed to be independent of n.

(iii) Note that in one dimension the independence of observer, see Definition s auto-
matically fulfilled.

With the elastic strain energy density given, the elastic deformation can be determined. To
do so, find £ € (0,1) and ¢: [0, Ay + A2] — [0, 1] (notation: ¢y = ¢[j,x,] and ¢2 = [, x,+10])

minimizer of

A1 A1tz
By () = / W (g™ (), 0,1 (v)) dy + / W (g™ (). 0, 6a(y)) dy
0 A1
A1 A1+A2
~ [Sesw-17d+ [ 2000 -1 d
0 A1

subject to the boundary conditions

$1(0) =0, ¢1(A1) = p2(A1) =&, d2(A1 + A2) = 1.

M, My X=9°9  4(g(0)) $(g(Ms))
{ —_—
0 V4 1 0 13 1
g o]
g(My) g(My)
0 A A1+ Ao

Figure 3.1.: Schematic picture of the growth g and elastic deformation ¢ of a one-dimensional
material consisting of two components, marked in red and green respectively.

To continue the discussion, the Euler—Lagrange equation of this energy is needed. In contrast
to the quadratic potential, the term of admissible elastic strain energy density is introduced in
Definition [3.1.3] below. For those the Theorem states the existence of the Euler-Lagrange
equation. Even though the quadratic potential does not fulfil the following definition, the
Euler-Lagrange equations are derived similarly to the proof of [A:T.1] That is the reason for
the introduction of the non-linear elastic strain energy density at this point. For more detail
on that topic refer to [Bal81].

Definition 3.1.3 (Admissible elastic strain energy density). We call W: [0, L] x (0, 00) — R>g
an admissible elastic strain energy density, if the following holds:

(EL1) W is Carathéodory, i.e.

W (-, F) is measurable for all F' € (0, 00),
W (x,-) is continous for all x € [0, L].
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3. Discussion of Elasticity and Rothe method

Further, let W(x,-): (0,00) — R be C* and strictly convex for all x € [0,L] and the
derivative DpW: [0, L] x (0,00) — R be continuous.

(EL2) Assume that W(z,1) = 0 and W(z,F) — oo for F — 0 and every x € [0,L]. (One
defines W(x, F) = oo for F <0.)

(EL3) There exist functions : (0,00) — (0,00) and a: [0, L] — R with 6 convex, limp~ o 0(F) =
o0, a € L*(0,L) and

F
%—M)oforF%oo,

such that

W(x,F) > 0(F) + a(z) for almost all x € [0, L] and all F € (0, c0).

Remark 3.1.4. (i) The elastic strain enerqy density Wyat defined in fulfils (EL1)-
(EL3), except for the condition

What(y, F) — 0o for F— 0 for all z € (0, A1 + A2).

The other properties are fulfilled, since Wyat is a product of a function in y with two
values and a convex C2-functz'0n in F. Further, Wyat(y,1) =0 holds and

Wnat(yaF) > Cé(F) = G(F)v

where ¢ =  min{k1, K2} and O(F) = (F —1)? with

9(}5’):6(}?;1) :c(l—;_,)-(F—l)—M)oforF—)oo.

(i) A typical non-linear elastic strain energy density is W (F) = L(F — )2 It is C*(0,00)

W(F) — o for F — 0.

To check (EL3), define

0 for F € (0,1),
W(F) forF>1

and observe that

Wé’F) _ (FZ—F%)Q _ <1_}71’2><F_;’) — 00 for F — .

(iii) For each W fulfilling the Deﬁnition the following statements hold for each x € (0,1):
(a) DpW (x,-) is strictly increasing and, hence, invertible,
(b) DpW(x,1) =0,
(¢) DpW(x,F) = —occ for F — 0 and DpW (2, F) — oo for F — co.
(iv) The Deﬁm’tion is for arbitrary length L > 0, whereas the definitions in the following
sections refer to this definition in the case of L =1, as we consider the material to cover
(0,1) in the beginning of the process and at the end. Nonetheless, the natural configuration

g(t,(0,1)) is an interval (0, L(t)) for a time-dependent L(t) > 0 for allt € [0,T] and the
elastic problem is solved for each time t € [0,T] on (0, L(t)).
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3.1. One-dimensional setting and discussion of elasticity

(v) The definition is no contradiction to the growth condition (G), see Definition|3.1.11| below.
See the Example (i) for W being an admissible elastic strain energy density as well
as fulfilling the growth condition (G).

(vi) Due to (EL1), DpW (x,-) exists and is strictly monotonously increasing and due to (EL3)
it is bijective from (0,00) to R.

In this general setting as well as in the quadratic elastic energy setting, the minimizer ¢
of the elastic energy exists, see [Bal81] Theorem 1. Furthermore, it is unique due to strict
convexity and fulfils the Euler-Lagrange equation, see the Theorem [AT.1] This theorem cites
[Bal81] Theorem 2, proves the statement in more detail and extends it by the case of Neumann
boundary conditions.

Remark 3.1.5. Since the elastic strain energy density Wy, defined in , does not ful-
fil all conditions for the Theorem note that the sets Q, are only constructed and dis-
cussed to interchange the integral and derivative in calculating the Euler—Lagrange equation.
But when calculating the Euler—Lagrange equation for Wya: evaluating in 0 is not a problem,
since What(y,0) = # Therefore, the Euler—Lagrange equations in Theorem |A.1.1|(ii) hold
for Wiat. Furthermore, it does not hold that the derivative of the minimizer is bounded away
from 0, see Lemma|3.1.7.

Applying Theorem [A-T.1] to the Dirichlet setting, for a constant Cp € R the Euler-Lagrange
equation reads as

C’D == DFWnat(y7a¢(y)) = Knat(y)DFW(a(b(y)) = H(gil(y))DFW(a(b(y))

For ¢;, we get

C -

=2 = DpW(9,61(y)) for y € (0, A1),

C’il ] (3.5)
?’; = DpW(9,¢2(y)) for y € (A1, A1 + Ag).

Since W is strictly convex, DpW is strictly monotonously increasing, and therefore, invertible,
see Remark iv). This yields

Oy (y) = (DFVT/)_1 (i?) € R for y € (0, \1),

K2

0,0a(0) = (DrW) ™ (£2) € Rfor y € (.01 + Do)

Hence, we get the affine linear deformations ¢ (y) = f—ly and ¢o(y) = 1;25 (y— A1)+ & The
energy is the quadratic function of &:

2 2
E)q,)\z(f) = %)\1 (/\61 — 1) + %)\2 (1;26 - 1)

having a unique minimizer £ € (0, 1), because: Differentiating w.r.t. £ we get

0=0:Ex, 2, (€) = k1 (fl - 1) — Ko <1A25 - 1>

and solving for £ yields

(In the symmetric case k1 = k2 and A} = A is £ = 1/2 as expected.)
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3. Discussion of Elasticity and Rothe method

Remark 3.1.6. In higher dimensions a problem concerning injectivity occurs: In elasticity
theory the injectivity of the elastic deformation is difficult to ensure. Additionally, we might
not solve the problem as easily as in our one-dimensional setting. There are several issues: Self-
penetration, compler compatibility conditions inside the material, the natural configuration not
being good enough to solve the elasticity problem by standard argumentation or the elastically
deformed configuration not being good enough to solve the diffusion problem.

The question is whether £ € (0,1). Otherwise the elastically deformed configuration is not
physically admissible, because the interface between the two domains is either a boundary point
which corresponds to infinite compression or outside the interval which means interpenetration
of matter. Hence, we need to ensure £ € (0,1). For £ > 0 we need

) - 1
O<H1—HQ+72—K1+H2 <>\2—1>.

This is always the case if Ao, the deformed length of the second part, is less than one, i.e. less
than the full interval. Even if the material was almost rigid, a compression of the left material
is possible. If A > 1, then, the ratio of spring constants x; and ko matters. If ko >> k1, then
the left material may be pushed out of the domain and the deformation of the right material
has a negative derivative.

Depending on the growth constant v, and spring constants k; and k2, we can give the explicit
time when & becomes 0.

Lemma 3.1.7. In linear elasticity with ko > k1 and 2 > 71 there exists a time t* > 0 such
that the elastically deformed configuration is not physically admissible.

Proof. As discussed before, for £ = 0 the elastically deformed configuration is not physically
admissible. Hence, we calculate

K1 — ko + 52
0=f=—— 22

S 0=K1 — Ko+ f2
A2
= )\2 — L
K2 — R1
With the definition of A\ we continue
Ko
A=(1-1¢ )y = ———
2 = (1 = {) exp(12t") p——
1 K9 )
Sttr=—In| ———
72 ((1 — ) (k2 — K1)
and get t* > 0, because (1—l)(n+m) > 1 by the assumptions on k1, ko and £. &

We get the same result for interchanging the roles of the two materials due to symmetry.
This is always the case. Thus, from now on we will consider the situation 0 < v; < 7yo.
This example shows the necessity to use an elastic energy which ensures that the interface £ is
at a physically admissible position, i.e. in (0,1). That is why linear elasticity is not sufficient
and we will take into account non-linear elastic energy for further considerations.
Finally, we see that the forces at the interface point are in balance. More precisely, for each
t € [0, 7] the pressure inside the material is constant: Let y € (0, A1], then

Suat(t:y) = DeW (g™ (1).0,0(,9)) = 1 (f - )
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3.1. One-dimensional setting and discussion of elasticity

and for § € (A1, A1 + A2) use the formula for £ to obtain

St ) = DEW (g™ (). 0,0(0.0) = 2 (55 =1) = (= 1),

Remark 3.1.8. Here we used that the Piola—Kirchhoff stress temnsor S on the reference con-

figuration is equal to the Piola—Kirchhoff stress tensor S,q.+ on the natural configuration due to
change of variables. Let y = g(x). Then, it holds with change of variables and the fact
that the stress is constant in the material that

Shat = DFWnat(y76y¢(y)) = DFW(gil(y%aqu(y))
= det GDrW (x,0,6(9(2)))G~T = DpW (x,0,0(g(x))) = S,

where
detG=G=G"T

holds. In higher dimensions the terms in G do neither commutate nor cancel out. Hence, we
have to distinguish between S and Syq:, see Chapter [6

3.1.2. Physical elastic potentials

It was shown in the previous section that interpenetration of matter may occur in a model
with quadratic potentials. Therefore, we need to consider elastic energies, which rule out this
non-physical behaviour of the material.

In the following we assume that

W: (0,00) — [0,00), W(1) =0,
W is strictly convex,

W(F) — oo for ' — 0 and F — oc.
Let k1, k2 > 0 be fixed. Define W: (0,1) x (0,00) — (0,00) by

W (F), ifye (0,4,

koW (F), ify e (£,1). (8.6)

W(x,F)—{

A typical example is W (F) = 2(F — %) or W(F) = (In|F|)2.

In the framework of the previous section, but with non-linear elastic strain energy density, the
elastic energy is now given by

A1 A1+A2
By (@) = / W (0,60 (y)) dy + / ko T (8, 6a(y)) dy
0 A1

subject to the boundary conditions

#1(0) =0, ¢1(A1) = d2(A1) =&, d2(A1+A2) = 1.

The Euler-Lagrange equations are as above, see derivation of (3.5)), and hence, we find the same
affine linear elastic deformations

¢1(y) = )%yv
boly) = 1;25(y—m+5
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3. Discussion of Elasticity and Rothe method

and the energy depending on £ is

Exinal) = MV (5> T gl (1 - 5) | (37)
A1 A

Due to the strict convexity of W and Ey, 2, (s) = oo for s = 0 and s — 1, there exists a unique
minimizer £ € (0,1). The necessary condition of a minimizer is

0= 0cEx, 2, (&) = m DEW (f) — ke DpW (1)\_ 6) . (3.8)
1 2

Similar to the case of linear elasticity at the interface point holds balance of forces (see Remark
3.1.8)). In fact, we calculate for y € (0, 1]

S(t,y) = ki DeW (8,61 (t,y)) = k1 DpW (i)

and for § € (A1, A1 + A2) using (3.8)

S(t,§) = ko Dp W (9y(t,y)) = Ko DTV (1;2’5) — i DpTV (fl) . (3.9)

As we already discussed the existence of £, we are also interested in the dependence of £ on
/\0 and )\1.

Lemma 3.1.9 (Dependence of the interface of the length). Suppose the Setting to hold.
Then, there exists a Clmap £ (0,00)? — (0,1),
(A1, A2) = &(A1, A2) such that for all A, Mo € (0,00)2 &£(A1, \2) minimizes the elastic energy

Ey, », from .

Proof. To get the desired result we use the implicit function theorem, see Theorem [A-3.5]. We
use the Theoremfor n=2m=1U=[0,00)% V=Rand f: [0,00)2 x R, (A1, X2, &) —
FO1,A2,€) = miDpW(5) — kaDepW (A25). Let (A}, A5) € (0,00)? be arbitrary. Due to the
uniqueness discussed above, there exists a unique £* € (0,1) with F(A}, A3,£*) = 0. Further-

more,

e\ 1 o (1-¢\ 1
e f(N, A5, €%) = ki DEW (i) N + ke DFW ( A; ) N 0

due to strict convexity. Hence, O¢ f(A], A5, &*) is invertible. The implicit function theorem gives
the existence of neighbourhoods Uy C [0,00)? of (A}, A3), Vo C R of £* and a continuously
differentiable map &: Uy — Vo, (A1, A2) = £(A1, o) with E(AF,\3) = € and f(A1, Ay, &) = 0 if
and only if (A1, A\g) = £.

Since (A}, \}) was arbitrary in (0, 00)?, we get a map &: (0,00)? — R with the same properties.
Due to the uniqueness of the minimizer of the energy and its property to be in (0, 1), the image
of £ is contained in (0, 1). &

In Chapter [4] estimates on the interface point are needed. We can prove what is physically
expected: The interface point, as we have shown, depends on the grown lengths in the following
way: If Ay becomes bigger, that is, the right material is bigger, the interface point moves to the
left. On the other hand, if Ay is smaller, the interface point moves to the right. For Ay, it holds
the other way around: If A; is smaller, the interface point moves to the left and for bigger A,
to the right.

Lemma 3.1.10 (Monotonicity of the interface point). Assume Setting to hold. Let
0< A <Al <ooand0<A; <A < oo be given. Then, it holds for the map & from Lemma

[3.1.9 for My € (AT, ) and Az € (A5, A])
0 < EOAT,AD) <€, A2) <EFLAT) < 1.
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3.1. One-dimensional setting and discussion of elasticity

Proof. Consider the following two natural states:

(i) The two parts have grown to the new stress-free lengths A; and Ay respectively and
& = &(A1, A2) is the equilibrium of the interface point.

(ii) The two parts have grown to the new stress-free length A\; and \s + A\ respectively with
AN small.

We investigate whether £ is still an optimal interface in (ii) or whether £ is not optimal as
soon as A\ # 0. Furthermore, we investigate the behaviour of the elastic energy for a slightly
perturbed interface point to obtain the statement.

Since ¢ is the optimal interface point, it holds

0=&EMAxo=f§DﬂV(i)-ngﬂv(lgf). (3.10)

Let § > 0 be a small perturbation of the interface point. We need to compare the energies

E>\1,)\2 (5) = >\12I11 W <)i) + >\22112W (1)\2§>

Mkt o (€=0\ | o+ ARy o (1-E+5
i yimn(€— ) = 1;1W<§>\1 )+(2 : )@W(/\QEA/\)'

and

If ¢ is the equilibrium interface point in situation (i), then, the variation of the energy Ex, x,+Ax
in £ would vanish for AX = 0. This derivative is given by

_ pv () 2o (A28
5B arar(& = 9)ls=0 = =5 DrW <>\1> TPl </\2+A>\>

= —0¢Ex, xp+an(§).

It can not vanish for AX # 0 due to the strict convexity of W: We use (3.11)) and add the
optimality condition ([3.10)) of £ in situation (i) and get

(3.11)

—0¢Ex, a+ar(§) =0+ 05 Ex; xy+ax(§ — 0)|s5=0
= 0¢Ex, 2, (&) + 05 Exy potan(§—9)|5=0

L A S Ky o = (1= K1y € K2 o = 1-¢
= 7DFW <)\1) — 7DFW < e ) — ?DFW (/\1) + ?DFW (/\2 n A)\)
:_@Dﬂv(“f>+wpﬂv(1‘f)

Ao + AN
R2 9 5 ].—f ].—f
=2p —
2 FW(n)</\2+A)\ A2

_ k2.9 (1—-&AN
= PO AN

(3.12)

where we used the mean value theorem to find a suitable n € [Azlfg)\, IT;E] for AN > 0 and

n € [1)\—_25, M%EA} for A\ < 0 respectively. Since W is strictly convex, D%W () > 0 holds. In
addition, the fraction only becomes 0 if AX = 0, because £ € (0,1). Hence, £ is the optimal
interface point if and only if AXA = 0.

The question is how the energy behaves in §. Consider Taylor’s expansion

Exipotar(E = 06) = Ex, x4ax () =0 Ex, a0, (£)0 + O(62).

The negative of the first derivative on the left hand side is equal to the last term in (3.12)).
Hence, we have the following statements: If AX > 0 the sign is negative, that is, the function
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3. Discussion of Elasticity and Rothe method

E), xo+ax(§—0) is decreasing in . That means the energy is smaller if § is positive, and hence,
the interface is shifted to the left. If AX < 0, then, the sign is positive, that is, the function
E), xo+aa(§ — 9) is increasing in 6. That means the energy is smaller if § is negative, and
therefore, the interface is shifted to the right.

A similar behaviour can be shown by comparing (i) and the situation

(iii) The two parts have grown to the new stress-free length A1 + A\ and Ay with AX small.
The argumentation from above implies
€A1, 23) €O, A2) €(MLAL)
and comparison with (iii) implies the desired result
E5A3) <€ AT) < €0, A0) € A7) < € o)
&

Again the question arises, if £ might become 0. To give an answer we first discuss a growth
condition on the elastic strain energy density.

Definition 3.1.11 (Growth condition (G) for the elastic strain energy density). We say that
a W e C*((0,00)) satisfies the growth condition (G), if the following holds: There exists an
Fy € (0,1) such that for every € > 0 there exists a 6 > 0 such that for all a,b € (0, Fy) with

a DrW (b
¢ < 0 holds |22 < .

Example 3.1.12. (a) Standard case: The standard case is a multiple of W(F) = (F — +)?

with derivative
1 1
DFW( )= (FF> (1+F2).

Fore >0 and Fy € (0,1) define § := \3/ s(%FOQ) and let 0 < a,b < Fy be arbitrary with § < .
Then, we calculate
DpW(b) _ (b—3)(+5) o (1-0)(F°+1) _d® 2

i = =33 2) (2 <3 5 <6 7 =
DpW(a) (a—1)(1+Z%) 0 (1-a?)(a®+1) = 0¥ 1 Fj 1— Fj

(b) Logarithmic potential: Consider W(F) = (In|F|)? with derivative

ln|F|

DpW(F) = o

For e > 0 and Fy € (0,1) define § := min{1,e}. Further, let 0 < a,b < Fy be arbitrary with
7 < 0. Then, we obtain

DpW(b) a In(b) In(b) In(b)
= = <0 <0 —= < 0<e.
DrW(a) b In(a) (%) + In(b) by = °=°
(c) A counterezample for the growth condition (G) is W (F) = $(F —1)%. Sete = . Assume
there exist Iy > 0 and 6 > 0 such that for all a,b € (0, Fy) with ¢, it holds |g§“//VV§Z;| < e.

WioG, § < 1. Choose a = min{$, L2} b =min{l, L2}, Then a,b € (0, Fy) and

o _mnlf ) s,
b mln{}l,g‘)} 2 '

40



3.2. Rothe method for material consisting of ...

In addition,

DpW () b—1  1-b 1 R 3. R

3
= = 1—b=1-min{-, 2} = 21— >
S i Ll | pnig min{g, 5rp =max{g, 1= 57 = 7

This shows that the growth condition (G) does not allow the case of linear elasticity.

Under the growth condition (G), the following physically motivated statement holds: In the
setting 2 > =1, the right interval grows faster than the left one and it is expected that the
right interval will grow and deform at the expense of the left interval, i.e. £(¢) — 0 for t — oo.

Proposition 3.1.13 (Long time behaviour of the interface point). Assume the Setting -
holds and W fulfils the growth condition (G). Then, it holds for the grown lengths A1, A2 from

(-) and the map & from Lemma|3.1.9 that
E(t) =& (2), Ma(t)) = 0 for t — oo.

Proof. We prove the statement by contradiction. Assume there exists a £y > 0 such that for all
t € [0,00) it holds & < &(¢). It is equivalent to 1 — &£(¢) < 1 — & for all t € [0,00). We recall
that

DpW (f) =W (1 — 5) . (3.13)

Furthermore, the growth condition on W states that for all ¢ > 0 a suitable Fy € (0,1) and
d > 0 exist such that for a,b € (0, Fy) with ¢ < § holds

DFW(Z)) S DFW(CL).

Hence, define a := = )\% Due to A} = £exp(71t), A2 = (1—£) exp(2t) and & € (0,1),

we get
_ &
b= =/lexp(—mt) = 0
A1
1-¢
a=—— < (1-{exp(-72t) >0,
2
a L
5= 7= P((n —2)t) =0

for t — oo. Choose ¢ < 7+ and d and Fp according to the growth condltlon (G) for W. Then,
there exists a tg > 0 such that a,b < Fp and § < ¢ for all t > tg. Thus, is a contradiction
to the growth condition (G). &

3.2. Rothe method for material consisting of ...

Next, we include stresses into our model, since large compressive stresses inhibit growth, while
large tensile strains favour growth in many soft tissues. Thus, we seek a function y: R —
R, s — p(s) that is bounded. In addition, we assume p(0) =1, e.g.

p(s) = 1+ arctan(s).

The function p plays the role of an amplification factor and the growth rate is given by the
product y(z)u(S(¢)) in the material point x at time ¢, where S is the Piola—Kirchhoff stress

41



3. Discussion of Elasticity and Rothe method

tensor. Recall that the second Piola-Kirchhoff stress tensor is not needed, see Remark [2.3.2]
The ODE for the growth is then given as

G(t,z) =G(t,2,G(t, x),S(t)) = v(x)u(S(t)G(t, x)
for ¢t € [0,7] and z € (0,1).
Note that this ODE is a special ODE;, since it is a linear ODE including the stress tensor in the

term p(S(t)). Furthermore, it does not include the nutrients. Later on, we address a general
ODE including the stress, see Section [£.5] and the nutrients, see Sections [£.2] and [4:4]

3.2.1. ... two parts

In this thesis, there are two fundamentally different proofs for the existence of the model of
stress modulated growth stated. One is by a time discretization and one by using the Picard—
Lindel6f theorem. In this section the first mentioned is presented.

Before discussing existence, the setting and the equations have to be specified. Therefore, the
following two definitions clarify the setting and the expression to be a solution of the AMP for
two materials.

Definition 3.2.1 (Setting with two materials). Let ¢ € (0,1) be fized. Define the function
spaces

SO :={f:(0,1) = R| f is constant on (0,€] and (¢,1)},
St={f:(0,1) = R| f affine linear on (0,1] and [I,1), f continuous}.

Let 1,772 > 0 be the growth rates and k1, ko > 0 the stress moduli. Define

; <
101 S B, o) = 0 TS
Yo, if x> £,
and
3 <
k:[0,1] = R, k(x) = i zfx =6
Ko, if x > L.

Then, v,k € S°. Let u € C°(R) be Lipschitz continuous. Choose —00 < (Yi)min < 0 <
(Vi) maz < 00 with

(VW) maz > esssup {v(z)u(y)}
z€(0,1),y€R

(vm) L5 GR{V(UU)M(Q)}

Let W € C*(Rwg) be strictly convex with W(1) =0, W(F) — oo for F — 0 and

V(F
%—)ooforF—M)o.

The elastic strain energy density W is then defined by
W:(0,1) xR =R, W(x,F) = r(x)W(F).

Further, let p € (1,00) and for a bijective growth map g: [0,1] — R, define the admissible set
of elastic deformation Ao by

Avwo = {v € W(g((0,1)))] v(9(0)) =0, v(g(1)) =1}
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3.2. Rothe method for material consisting of ...

and the elastic energy Ei,o, of a deformation ¢ € Aiwo by Erwo: Atwo — R,

A1 A1+A2
Brol(6) = / kW (0,0(y)) dy + / 52 W (Dy6(y)) dy.
0 A1

Finally, let T > 0 be the time horizon and Gy = 1 € S° the initial datum for the ODE for the
growth tensor.

Remark 3.2.2. (i) In the following, the initial datum is assumed to be 1, but the arguments
also hold for initial data Gy € S° (or the according spaces in the later sections), if there
ezists a constant ¢ > 0 such that

Go(x) > ¢ for all x € (0,1).

Similarly, this can be assumed for all x € [0,1] in the C°-setting |4.3.1) for almost all
x € (0,1) in the generalized elastic energy density setting|4.4.1| and in the higher regularity
setting|5.1.1. This condition is crucial for the growth map to be physically admissible.

(i) We assume (Y)min < 0, because we do not need to distinguish between (Yp)min being
positive or negative in calculations. This also applies for (Yi)maz > 0 and for the other
settings, see Settings|3.2.8, [4.3. 1), |4.4.1), [5.1. 1]

Definition 3.2.3 (Definition of AMP with two materials). Assume Setting to hold. A
couple (G, S) € C*([0,T7]; 5°) x C°([0,T]) is called a solution of the AMP with two materials if
the following is fulfilled:

(i) The growth tenor G fulfils the ODE

G(t,x) = (x)u(S(1)G(t, @),
G(0,z) =1,

for allt € [0, T] and almost all x € (0,1).
(i) For

T

g(t,z) = /G(t, z) di

0

and for given t € [0,T] let ¢(t,-) : g((0,1)) — R be the unique minimizer of Eyo in Apwo-
The Piola—Kirchhoff stress tensor to the elastic deformation ¢(t,-) is S by

S(t) = DEW (g™ (), 0y0(t,y))-

Remark 3.2.4. (i) Here, ¢(t,-) is unique due to the strict convezity of W in F and injective

due to Theorem see [Bal81].

(i) Note that Dirichlet boundary conditions are considered in this setting. In the Neumann
boundary condition, the elastic deformation is the identity, since it fulfils the boundary
conditions and with gradient 1, it has energy 0 which is the absolute minimum. Further-
more, the stress is constant in time and the ODE simplifies to a standard ODE. Hence,
the more interesting case is the setting with Dirichlet boundary conditions.

Now, the main theorem can be proved. Note that there is a further condition, namely the
growth condition (G). This is needed to use the lemmas stating properties of the interface point

¢, see Lemmas and [3.1.10

Note that the following result does not state uniqueness, because the Arzela—Ascoli theorem is
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3. Discussion of Elasticity and Rothe method

applied and states the existence of a converging subsequence, but not uniqueness for the limit.
Therefore, no uniqueness is obtained at this point. For uniqueness statements see Chapter

Theorem 3.2.5 (Existence for AMP with two materials). Consider the setting for two mate-
rials and assume that W fulfils the growth condition (G). Then, there exists a solution of
the AMP with two materials according to definition|3.2.5.

Proof. The concept of the proof is a time discretization. We start by the construction of the
time step solutions of the growth tensor and its convergence in a suitable space using Arzela—
Ascoli theorem. Using estimates on the growth tensor we show convergence of the grown length
which leads to the convergence of the interface points. To complete the proof we define the
elastic deformation and prove the compatibility with the convergence of the stress tensor which
implies that the equation for the growth holds.

Step 0: Time discretization. For N € N and n € {1,..., N} define the equidistant times

) =0,

tfy = %T

with distance At = % Further for each time discrete problem the initial values are

S(])V = SO :0,
G(])V = G(): 1.

|
|
tN_, tN=T

|
|
th =2

2]~

Figure 3.2.: Scheme of time discretization.

Step 1: Construction of time-step growth tensors and growth maps. Let N € N
and n € {0,...,N — 1} and G (tY): (0,1) — R and SY(¢t}') be given. We want to find
GN [t tN 1] % [0,1] — R as solution of the ODE

no

G (t, @) = (@)l Sy (6))) Gy (¢, 2) for all ¢ € [, 77,4,

(3.14
G0, 2) = G0, ) !
Here, SN (t)) is the Piola-Kichhoff stress tensor to the elastic deformation belonging to the
stress tensor GV (t,-). Due to the time constant growth factor the solution is given by the
exponential law

Gl (t,2) = G (), @) exp(y(2)u(Sy (83)(t = t))).

In the following we notate by G™V: [0,7] x [0,1] — R the growth tensor defined by G (t) :=
GN(t,x) for t € [tN_,,tN).

Step 2: Estimates and convergence of growth tensor. To get a strong convergence of
the time step solutions we will use the Arzela—Ascoli theorem @L Let x € (0, 1) be arbitrary.
In our case is X =[0,7], Y =R and F := {GN(-,2)|N € N} c C([0,T)).

Concerning (i) in We get the statement if we have a uniform estimate on the derivatives
of GV with respect to time. We start with uniform estimates on G. Then, we calculate

||GN('7 ) ||C([0,T])

= sup |GN(t,2)|
t€[0,T]
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3.2. Rothe method for material consisting of ...

= swp swp [GN(to)
ne{l,...,N}te[tg,t{YH]

= sup sup |G (81, @) exp(y () (S (8)) (E — )
ne{l,...,.N}te[t) ¢N ]

< sup sup  |Gol exp((Y1) mazAt)"

ne{l,...,N} te[tﬁj,t{jﬂ]

< eXP((VU)marT)-

This and the ODE (3.14)) imply the following estimate on the time derivative of GV (-, z)

sup |GV (t,)| = sup sup |G (¢, )]
t€[0,T] ne{l,...N}te[t ¢} ]
< sup sup (”Yﬂ)max‘GnN (t, )|
ne{l,... N} te[t t] ]

< (Y1) maz exp(V) mazT)-

This is the uniform estimate on the derivative which implies that (i) holds.

Concerning (ii)in The set {GN(t,z)|N € N} C R is relatively compact in R for each
t € [0, T, since we found a uniform in N € N estimate on G (x, ).

For x € (0,¢) the Arzela—Ascoli theorem states the existence of a subsequence (Nas)aren and
a limit G(-,z) € C([0,T]) with GN¥ (-, z2) — G(-,x) in C([0,t]), M — oc. Also, for x € (¢,1)
the theorem applied on the subset {G™* (-, x)|M € N} gives a subsequence (Ny, )ren and a
limit G(-,z) € C([0,7]) such that GN*i (-, ) — G(-,z) in C([0,T]), L — oco. In the following
we consider the subsequence (N, )ren and denote it by NV € N.

For at € [0,T] and N € N we define the map

Nt 7V () = max{tN | Y <t, n€{0,...,N}}
such that 7V (¢) < t and 7V (t) — t for N — oc.
Taking a look at the integral equation of the ODE

t

GN(t,x) =1+ / (@) u(SN (N (5))GN (s, 2) ds,
0

we see that we already can pass to the limit on the left hand side as well as for the term G¥ (s, z)
on the right hand side. Hence, we need to find a limit of u(S™ (7% (s))).

Step 3: Convergence of the grown lengths. We get the growth map by integration of the
growth tensors GV over : gV: [0,T] x [0,1] — R,

x

gV (t,x) = /GN(t,z) dx (3.15)
0

and the lengths of the grown material, which are now time dependent, A, A : [0, T] — R,

¢
V(1) = g™ (8,0) — g™ (,0) = / GN(t,) da,

0
1

AV (1) = gV (1,1) — gV (1 0) = / GVt 2) da.
0

As above, GV (x,t) > exp((Yit)minT) holds for each N € N, t € [0,T] and z € (0,1), hence,
AN (1) > ; exp((yp)minT) for all t € [0,T), i € {1,2} and all N € N with ¢; = £ and {5 = (1—¥).
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3. Discussion of Elasticity and Rothe method

Further the lengths are estimated from above by

L
A (@) = [ 6% (t,) do < exp((0)ma)

0
1

MY () = / GV (t, ) dx < (1 - €) exp((12)masT).
¢

Since for each N € N the growth tensor GV is continuous in ¢ and uniformly estimated,
dominated convergence implies the continuity of A, i € {1,2}. Let t;, — t for k — co. Then

¢
klim MV (ty) = lim [ GN(ty,z) dz
—00

k—o0
0

¢

4
:/ lim GV (ty,z) do = /GN(t,:E) dr = AV (t).
0

k—o0
0

The same calculation holds for AYY. We define
¢
N0 = g(t.0) ~ 9(t.0) = [ Git.a) da.
0

A;(w = g(ta 1) - g(t,[) - G(tvx) dz,

Se—_ _

which are the limits of the sequences (A\Y)nen and (MY ) nen respectively, because

sup |7 (1) — A (t)]

IAY = Xlleqo,r)
t€[0,T)

Il
wn
=
i)
Q
2
=
&
U
8
|
Q
—~
ﬂ@‘-
8
~
IS
=

which converges to 0 for N — oo due to the convergence of GV (-, z) to G(-,x) in C([0,T))
for all z € (0,1) and dominated convergence. The same holds for (AY)yen, and therefore, the
COLVErgences

AN = Afin C([0,T]), N — oo, (3.16)

hold for i € {1,2}.

Step 4: Convergence of interface points. For ¢t € [0,T] define ¢V (¢) = £(AY (1), AN (¢))
and &*(t) = &(Aj(t), A5(t)). For the grown length we showed uniform estimates, i.e. for all
t€[0,T], N € Nand i € {1,2} holds AN (¢) € [£; exp((71t)minT), £; exp((Yt)mazT)] and due to
the uniform convergence follows

/\f (t) € [EZ eXp((’YM)minT)y L eXp((’Yﬂ)mazT”- (317)

In Lemma the dependence of the interface point of the grown length was determined to
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3.2. Rothe method for material consisting of ...

be C'. As a C'-function on a compact set the map ¢ is Lipschitz continuous with Lipschitz
constant L¢ > 0. We prove the convergence &N — ¢ in C([0,T)]) for N — oo directly. Let
N € N be arbitrary. Then

1€ — & lleqo,my = sup [€N(8) — €7(t)]

t€[0,T]
= sup €A (1), A5 (1) — EAT (1), A5 (1))
t€[0,T
< Lg sup ([AY(8) = AT(0)] + (A3 (8) = A3(8)])
te[0,T)

< Le (MY = Alleqom + 1IN = Aslleqom) -

The right hand side converges to 0 for N — oo, which shows the desired convergence.
Step 5: Elastic deformation. We define the elastic deformation for each ¢ € [0,7] by
o(t,): (0,A1() + A5(t)) — R,

£(t) if y < A\i (1)
Ly S if y < Au(?), 3.18
o(t,y) {1;25(%) (y — M (8) + @), ify > A (b). (3.18)

0 : %
0 A1(t) A1(t) + Aa(t)

Figure 3.3.: Schematic picture of ¢(t,y) for three different £(t).

Step 6: Convergence of stress tensors. We want to prove the convergence of the Piola—
~ N
Kirchhoff stress tensors in C([0,7T]). Recall that SN = k1 DpW(5y). For t € [0,7] and
1
y € [0, A1(¢)] define

S*(t) = DpW (y,0,0(t,y)) = &1 DEW (9y6(t, ) = ra DpW (f%) '

Due to the estimates on A and A} and the argumentation of ¢ being a continuous function on a
compact set and, hence, having a minimum and a maximum, there exist 0 < &in < &maz < 00
such that for each N € N and all ¢ € [0,77] it holds

gN(t) 5*(” e |:£mzn gmaac:|
)‘zj'v(t)’ )‘:‘(t) )‘mam7 )\min -

(3.19)
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Then

1SN = S*|lcom = sup |SN(t) — 5*(t)|

t€[0,T
i DTV <€N<t>> D (s*m)‘

sup

t€[0,T] ANV (t) AL (t)
eV (t) 5*(t)’
< L. _
= oo W NN @) T X[ (1)

i .
max min

- 2
where we used that the values of the argument of DpW are in the compact set {f\”ﬂ M}

for all t € [0,T] and DpW is C', hence, Lipschitz continuous on this compact set with Lipschitz
constant L, i, > 0. The convergences of £V to £* and A to A} in C([0,T7]) for N — 0o now
imply the desired convergence.

Step 7: Solution of the ODE. We know that each time step the solution solves an ODE,
i.e. in integral version

t

GN(t,x) =1+ / (@SN (N (5)))GN (s, 2) ds
0

for each ¢t € [0,T) and x € [0, 1]. The left hand side converges to G(¢,z) for N — co. Also,

u(S™ (TN (1)) = u(S(B))]
(SN (N (1) = n(SEN )] + u(S(rY)) = u(S(#))] = 0,

for N — oo, because of the uniform convergence SN — S, N — oo and the continuity of
S as uniform limit of continuous functions and due to the continuity of p. With dominated
convergence, since y and GV are uniformly estimated in N € N and the convergence of G (s, )
to G(s,x) for N — oo, we get that the right hand side converges for N — oo and that the
formula

G(t,x) =1+ /v(x)u(S(s))G(s,x) ds

holds. &

Remark 3.2.6. Note that for this proof the growth condition (G) is needed since the existence
and properties of & require it. Later on, we prove the existence theorem with the Picard—Lindelof
theorem, which does not require the growth condition (G).

After the existence of a solution of the AMP with two materials is stated, the regularity shall
be discussed. For the following other settings, refer to the Chapter 5| for regularity results.

Proposition 3.2.7 (Lipschitz regularity of solution of the AMP with two materials). Con-
sider the Setting . Let (G, S) be the solution of the AMP with two materials with growth
map g and elastic deformation ¢: T(g) — (0,1) from Definition . Moreover, suppose
M(G), A2(G): [0,T] — R be the grown length and £(G): [0,T) — (0,1) the interface point.
Then, A\ (G), A2(G),&(G) and ¢ are Lipschitz continuous.

Proof. By definition

0
(G () = / G(t,z) da
0
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3.2. Rothe method for material consisting of ...

and, hence, with the ODE for G

£ ¥/
M (G)(1) = / Gt a) do = / @) u(S(B)C(t, ) da
0
and

£
|0:M(G) (1] = I/0 V(@)u(S@)G(t ) dr| < (Y1) mazGmaz-

Due to the formula d;\; is continuous in ¢t and with the uniform estimate, the Lipschitz con-
tinuity follows. A similar argumentation holds for As.

Since A1, Ay are Lipschitz continuous on the compact set [0,7], there exists 0 < Apin <
Amaz < 00 such that Ai(t), Aa(t) € [Amin, Amax] for all ¢ € [0,T]. Due to the Lemma
& Nmin, Amaz)? — (0,1) is Lipschitz continuous as a Cl-map on a compact set. It follows that
the composition

€0 (A,A2): [0,7] — (0,1) is Lipschitz continous.

The map

- K T <\
AL A, E) = MY -
#2120, 6) {gf(x—Al)jtg, x>\

is Lipschitz continuous on compacts set of A1, Ao, £ and = arbitrary, since it is a composition of
on compacts sets Lipschitz continuous functions. Further the composition

b= dolidy, \(G), \2(G),£(G)): T — R

is Lipschitz continuous since the single maps are Lipschitz continuous and map into a compact
set when needed in the argumentation. &

3.2.2. ... finitely many parts

The before stated existence result is not resticted to material consisting of two parts. It holds
also for a material consisting of m parts, what we will prove in this section. The steps of the
proofs are the same, but with more parts, one has to take into consideration that the parts
influence each other and, hence, there is not one equation to solve but a system of equations
and not one interface point to find, but m — 1. Therefore, in this section, we point out the
differences to the setting above. Moreover, we considered the setting of two materials, to focus
on the basic idea without concerning about notation requiring indices and deal with one instead
of m — 1 equations.

The situation, we consider now, displays as follows: the material consists of m parts and is
homogeneous on each part, see the following schematic picture and for details see Definition
[21.9] To be precise on the setting:

Definition 3.2.8 (Setting with m materials). Let m € N be the number of parts, the material
consists of, and let 0 = by < €1 < ... < {,, =1 be such that the material i occupies the domain
(¢;—1,%;]. Define the function spaces
SO ={f:(0,1) = R| f is constant on (£;_1,£;] for alli € {1,...,m}},
SEo={f:(0,1) = R| f affine linear on ({;_1,4;] for alli € {1,...,m},

| continuous}.
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3. Discussion of Elasticity and Rothe method

o Ho(M)
‘ M, ‘ My ‘ M3 ‘ My —e°9 ‘(b(g(Ml))‘ ¢‘(9(M3r) P(g(My))
—_
—
0 2 Ly /5 1 0 &1 &2 &3 1
g ¢
| g(My) ‘9(M2) | g(Ms) | 9(My)
| | |
0 A1 A+ Ao+ A3
AL+ A2 A+ A+ A3+ M\

Figure 3.4.: Schematic picture of the growth g and elastic deformation ¢ of an one-dimensional
material consisting of four components, marked red, yellow, blue and green respec-
tively.

Let v1,...,7vm > 0 be the growth rates and K1, ..., Ky, > 0 the elastic moduli. Define
1, fo € (0761}7
v:[0,1] = R, y(x) =
Yms fo € (em—la l]a
and
k1, if x € (0,41],
k:[0,1] = R, k(z) = :
Km, if T € (gm—lv 1]

Then, v,k € S9,. Let € C°(R) be Lipschitz continuous and bounded. Define —00 < (Y1) min <
0 < (V) maz < 00 with

(Yi)maz = esssup {v(z)u(y)},
z€(0,1),yeR

(v) st {(@)n()}
Let W € C*(Rwg) be strictly convex with W(1) =0, W(F) — oo for F — 0 and

V(F
%—)ooforF—M)o.

Define the elastic strain energy density by
W: (0,1) x (0,00) — (0,00), W(x, F) = k(z)W(F).

Further, let p € (1,00) and for a given growth map g define the admissible set for the elastic
deformation

A = {v € WH(g((0,1)))] v(g(0)) =0, v(g(1)) =1}
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3.2. Rothe method for material consisting of ...

and the elastic energy for a deformation ¢ € A, by Ep,: Ay — R,

m 9)
En(d) =Y / kW (0,6()) dy.
2:19(&'71)

Finally, let T > 0 be the time horizon and Gy = 1 € SO, be the initial value for the ODE for
the growth tensor.

Goal is to find a growth map g¢: [0,7] x (0,1) — R with gradient G: [0,T] x (0,1) —
R, G(t,-) € S% and for each t € [0,7] the elastic deformation ¢(¢,-): g(¢,(0,1)) — (0,1) as
solution of the stress modulated growth problem, namely to prove the existence Theorem [3.2.1T
A solution of the AMP is defined as follows:

Definition 3.2.9 (AMP with m materials). Suppose that the Setting [3.2.8 holds. We call a
tuple (G, S) € C1([0,T]; S9,) x C°([0,T]) a solution of the AMP with m materials if the following
1s fulfilled:

(i) The growth tenor G fulfils the ODE

G(tw%') = 7($)M(S(t))G(t7x)7
G(0,z) =1,

for all t € [0, T] and almost all z € (0,1).
(i) For fized t € [0,T] and

T

g(t,z) = /G(t,i‘) dz

0

let ¢(t,-) : g(t,(0,1)) — R be a minimizer of E,, in A,,. The Piola—Kirchhoff stress
tensor to the elastic deformation ¢ is S by

S(t)=DrW (g~ (y),dy0(t,y)).

Remark 3.2.10. The minimizer ¢(t,-) of En, in A, is unique due to the strict convexity of
w.

Then, the existence and uniqueness result for the AMP with m materials reads as:

Theorem 3.2.11 (Existence and uniqueness of AMP with m materials). Consider the Setting

and assume that W fulfils the growth condition (G). Then for the initial values Go(-) =
1 € SO, there exists a solution (g,$) of the AMP with m materials as defined in Definition
229

Proof. The proof is analogous to the proof of the existence Theorem in the case m = 2,
hence, some steps are processed quickly.

We start by a time discretization. Let N € N and define At := T'/N and t}) := nAt = nT/N,
n € {0,..., N}. Further define GY) := Gy and S{¥ := Sp.

Recall that the solution of the ODE

G(t,z) = a(x)G(t, x),
G(0,2) =1

for each x € (0,1), where Gy = 1 is the initial value and a: (0,1) — R is piecewise constant, is
given by

G(t,z) = exp(a(z)t).
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3. Discussion of Elasticity and Rothe method

For n € {1,...,N} let GY_; and SY | be given. Then, define GY: [tN_ | tN] — R as the
solution of
G (t,@) = (@) p(Spl (6 1)GY (t ),
GN(tnfl) = Gg—l(tnfl%

n

namely one has
Gy (t, ) = exp(y(x)u(SpC (t0-1))1)

and the map GV : [0,T] — R with G (t,z) = GV (¢, z) for t € [t)_;,t]]. Let SN (tY) denote the

n—1 "n
Piola—Kichhoff stress tensor to the elastic deformation belonging to the stress tensor G (¢, ).
Further define ¢™: [0,7] x (0,1) — R,

x

gV (t,z) = | GN(t, %) di
[

and for ¢ € {1,...,m} the grown lengths \;: [0,7] — R by

£
A (t) = g(t,b) — g(t, lior) = / GN(t,2) di = (; — Li—x) exp(yip( S (TV (2)))2).
i1
(Remember 7V (t) = max{t}'| n € {0,...,N},tY <t}.) Hence, the uniform estimate

holds for each i € {1,...,m} and each N € N. Here is Alpsp, i= min;eqq,. ) (fi — £i-1) and
Agmaw = MaX;e(y,..., m}(gz - £i71)~

As in Step 2 of the existence result for m = 2 we can choose a subsequence and find a limit
G(-,z) € C°([0,T]) for each x € (0,1) such that GN(-,z) — G(-, ) uniformly. This is possible
since we have finitely many parts and, hence, apply the theorem finitely many times. To do so,
we apply the Arzela—Ascoli theorem m times. With this we prove the uniform convergence of
the grown lengths to

s
N () = g(t, &;) — g(t, li—1) = /G(t,:z) dz,
L;

where i € {1,...,m}, and the continuity of them analogously.

The next step is to find interface points and discuss their properties and convergence. Define
ANV (t) =3 AN(¢) and the grown interface points YV (¢) := g™ (¢, ¢;). The elastic energy of a
deformation ¢V (notation: ¢ : (YN, Y N] — R) is given by

AN Vi
En(0™) = [ W 0,08 @) dy =~ [ V(0,07 ) do.
0 i:ly;lil

The boundary conditions on the deformations ¢ are
o1 (0) =0, 67" (V}") = 62, (V) = €L, omAY) = 1,

where ¢V € (0,1) for all i € {1,...,m — 1} and &* = 1. This energy shall be minimized.
By Theorem [A.1.1] there exists a minimizer ¢~ and a Cp € R such that the Euler Lagrange
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3.2. Rothe method for material consisting of ...

equation
KIDFW(ayCﬁfV(y)) =Cp, i € {1, R ,m},
is fulfilled. Due to the strict convexity of W, DpW is invertible and it follows

Cp

Ri

Ao (y) = (DpW) ™! < ) €R, ie{l,...,m}.

This states that the ¢V are affine linear functions and from the boundary conditions, we con-
clude

_ &g

€N _¢N (3.21)
¢f(y)=zA%ﬁ(y—A?)+§ﬁl7 i=2,...,m.

1 -+

&
§3&8o

&4
bt 4

&+

0 % % % %

0 A1 AM+A AL+ A+ A3 A+ A+ A3+ Ay

Figure 3.5.: Schematic picture of ¢(¢,-) for three different £ in a material consisting of four
parts.

Inserting this into the energy yields

m Y N _¢N
(fl a""gm—l) = / KW (gl)\]\fz1> dy
= YN, (3.22)

with ¢V = 0. Let j € {1,...,m — 1} be fixed. Further fix &V, ... ,fjl\il, ;YH, ooy EN | Then,
the necessary condition of £} to minimize Exv . an (&, N &N, EN ) s

= 9, nEN (N N N ko DWW =& k;DpW il 3.23
0= O¢n (&' s &mo1) = Kj1Dr T N N : (3.23)
3J >\]+1 >\J

Due to the conditions on W from the Setting it holds &Y e (€N ,,&N ) for all j €
{1,....,m—1}
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3. Discussion of Elasticity and Rothe method

Lemma 3.2.12. In the Setting |3.2.§ there exists a C'-mapping &: (0,00)™ — (0,1)" 1,
A1y s Am) = EAL, ooy M) such that for all AV, ... AN €AY, ..., AN) minimizes the energy
Eyn o from ,i.e. ¢V constructed by and using &N = AN, ... AN) minimizes
E,,. Moreover, the £’s do not cross, i.e. & € (§i—1,&+41), 1 =1,...,m.

Proof. We obtain the result by applying the implicit function theorem for f: (0,00)™ xR™~1 —
Rmfl

HQDFW (52;261) — KVlDFVNV (%)

f()‘la"w)\maglw"?gm*l) =

i DpW (15250 ) — iy DV (St )

For each A = (A1,...,\p) € (0,00)™ there exists a solution & = (£1,...,&,-1) € (0,1)™7! of
F(A, &) = 0, because to A there exists a minimizer ¢, of E,,, see Theorem of the form
(3.21). Those &’s solve f(A, &) = 0. The derivative of f with respect to & = (&1,...,&m—1) is of
the form

—Q2 — a1 0 0 . e 0
a9 —as — a2 0
0 as —Qa4 — as 0 0
0 Am—1  —Cm — Q1

where each a; = %D%VV (57/\#) € Ry with £ = 0 and &, = 1. Since a; > 0 due to the

strict convexity of W, this matrix is invertible and the implicit function theorem, see Theorem
yields that the solution map £: (0,00)™ — (0,1)™~! is continuous. More precisely, it
holds &; € (&-1,&i+1), i = 1,...,m: The energy Ey, . . is minimized for & = £(A1,..., A\n)
and it holds Ey, . .. (§(A1,...,Am)) < co. Therefore, and the properties of W imply

8281 € (0,00), i =1,...,m, and hence &_; < & holds, i =1,...,m. »

From the definition of the Piola—Kirchhoff stress tensor and the relation (3.23)), we conclude
that the stresses are constant in the whole material.

Lemma 3.2.13 (Constant stress in m parts). In the setting above for each time step solution
holds for each y € (YN, YN), g€ (YN, Y}N) that

N(t) — N . N _¢N
SN(t,y) = IiiDFW (W) = HjDFW (W) = SN(t,ﬂ).
% J

In addition, we can prove the monotonicity of &, namely:

Lemma 3.2.14 (Monotonicity of interface points for m parts). Let W € C*(R) fulfil the growth
condition (G). Let 0 < AL, ..., Am, AT, ., A < 1 be given with A7 < A and let \; € (A, A\]")
forallie {1,...,m}. Then for alli € {1,...,m}, it holds
0 <fi(x\l_,...,)\i_,)\;:l,...,)\;)

S gi(>\17 ey >\m)

<& AT AL A < L
Proof. The idea is like above to successively replace \’s. For all A’s but one fixed, one can prove
an equation like in Lemma |3.1.10] namely a statement in one entry of £. This illustrates the

following: For all but one A\ fixed, shortening the not fixed \ lowers the interface points. The
same holds for increasing. Appling this statement in each entry of £ gives the statement.
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3.2. Rothe method for material consisting of ...

More precisely, fix j € {1,...,m — 1} and fix Ag,..., \;,. With the same argumentation as in
the proof of Lemma [3.1.10| we can prove

AT A2, Am)
S g_](A:thm)
< fj()\fL7A2...,Am)7

since the equations only contain the neighbouring A’s. Using this inequality we obtain
&M, A A - < Am)
S g](Ala .. 7>\m)
<&, /\j,)\jﬂ, ey Am)-

Same argumentation holds to obtain

gj(A;a"'a)‘jiv)\jJrlv"'v)\mfla)\;;)
<A, Am)
<& AT AN Amen AL

[ I

and hence,
gj()\l_,...,Aj-_,)\}+1,...,)\7tl)
<& Am)
S é‘j()\i‘r7"'))\;_7A;+17~-.7A;L).

&

We can continue with the proof of the existence theorem now. So far, we know the grown
length AN (¢) which converge uniformly to A\7. Due to the uniform estimates on AN holds

A} € [Alyin exp((Y)minT); Alyax exp(Y1) mazT)]-

The Cl-regularity of & implies its Lipschitz continuity on the compact set
[Alin exp(Y) minT)s Almaz €xp((Yi)mazT)]™. Hence, we get the uniform convergence of
EN = O, AN to €6 (M, .o, Am) = &F. For the convergence of the stresses holds the
same argumentation as above and the equation for G is derived by applying the limit N — oo
to the integral formulation of the ODE of GV with dominated convergence, hence, the desired
solution is found. &

Remark 3.2.15. Due to the lemmas we were able to generalise the existence
Theorem [3.2.5 to the case of m parts. We can consider Neumann boundary conditions.

Also, uniqueness can be proved analogous to the proof of uniqueness for the case of two mate-
rials by the Picard—Lindeldf theorem, see the following chapter. The a priori estimates on the
growth tensor goes analogously as in Lemma and the Lipschitz continuity of S is shown
analogously to the proof of Theorem [{.2.1]
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Existence and Uniqueness

In the Subsection [3.2] we discussed the existence of a solution of the AMP for material con-
sisting of two or m € N parts. In this chapter, we discuss uniqueness of such a solution using
the uniqueness of the Picard—Lindelof theorem. It also gives existence. Here, the ODE is in-
terpreted in a Banach space which induces some challenges as pointwise evaluation afterwards.
Furthermore, the Piola—Kirchhoff stress tensor needs to be Lipschitz continuous. The proofs
in the previous chapter, however, use the time discretization method which is more direct and
needs less theory.

First question to answer here is: In which Banach space X to interpret the ODE? From mod-
elling, we want to solve the ODE for the growth tensor pointwise in = € (0,1), where there
is the problem that the solution G needs to be known for all « to calculate the stress S. To
circumvent this, we search for a formulation in a Banach space, namely in L*°(0,1).

So far, we want to solve the ODE

G(t,z) =G(t,z,5(t),G(t,x)) for all t € [0,T], z € (0,1).

Define H(t) := G(t,-). What is the ODE in L*°(0,1) for H? Use the pointwise ODE to
reformulate as follows:

=
=
=
I
()
2
\.(‘F
S~—
I

where this equation holds pointwise for almost all « € (0,1) and
H:[0,T] x R x L=(0,1) — L*(0,1), H(t,S,G)(x) = G(t,z,S,G(x)). (4.1)

Then, H inherits the continuity in (¢,.5, G) and the Lipschitz continuity in S and G from G, see
Lemma (iv). Using the ODE for H, we can prove existence and uniqueness for the AMP
using the Picard—Lindel6f theorem. In the following, the RHS is denoted by G and refers to H
as well as to G via depending on the arguments.
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4. Existence and Uniqueness

4.1. Pointwise ODE vs. ODE in a Banach Space

By interpreting the ODE in a Banach Space, it is also required to interpret the solution of the
ODE in the Banach space pointwise again. Especially, the path over time t of a particle x € Q
has to be evaluable e.g. to prove a priori estimates via Gronwall lemma. Hence, the goal of
this section is to prove existence of a solution for every x € {2 which has continuous paths over
time and that these pointwise solutions for all z € 2 together are the same as the solution in
L*>(0,1) (in the L sense).

We first start off with two lemmas, used for the proof of the main Lemma [£.1.4] of this section:
The composition of a continuous and a measurable function is measurable and a continuous
map to L°°(0,1) is measurable on the crossproduct of the domains, which is called strong
measurable.

Lemma 4.1.1 (Composition of continuous and measurable is measurable). Let Q C R™ be a
measurable set and f : Q x R™ — R with the following Carathéodory conditions:

(i) for all x € Q

y = f(z,y) is continuous,

(ii) for all y € R™

x> f(z,y) is measurable.

Then, for each measurable u : Q) — R™ the map
feu(): Q= R, z— f(z,u())
is measurable.

Proof. We follow the proof of measurability in [Ruz04], p. 69, Lemma 1.20.
Since u is measurable there exists a sequence of simple functions (uy)ren such that

up — u almost everywhere in €, k — oc.

It follows with the continuity of f in the second argument (i) that for almost all z €

flz,u(x)) = lim f(z,ug(x)) (4.2)

k—o0

holds. Since for each k € N the function uy is simple, there exist a finite number M (k) € N
of values ¢y € R, n = 1,...,M(k), and measurable sets Qf C Q, n = 1,...,M(k), with
QU NQ =0foralli,j=1,...,M(k), i +# j, such that

M (k)

ur(r) = Y cixap (@),

It follows

M (k)

(k)
[l ue(@)) = f(z, Z CZXQ,’:(‘%)) = Z f(-T,CZ)XQ;CL(CC),

where f(z,c}) is measurable due to the assumption (ii). This proves the measurability of
f(,ur(+)) for all k € N; since the characteristic function of a measurable set is measurable and
sums and products of measurable functions are measurable. To conclude, use that the pointwise
limit of measurable functions is measurable and the pointwise convergence . L
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4.1. Pointwise ODE vs. ODE in a Banach Space

Lemma 4.1.2. Let f: [0,7] — L>=(0,1) be continuous. Then, f is L2 measurable on [0,T] x

(0,1).
Proof. Since f:[0,T] — L*(0,1) is continuous, there exists a sequence of simple function
(fr)ken, fr =10,T] — L*>(0,1), k € N, with representation

N(k)
t) = Z fixap (t)
n=1

where f;' € L*°(0,1) and Q} C [0, T| measurable, QPNQ" =@ forallk € N, n,m =1,...,N(k)
with n # m, such that

sup || fr(t) = f()z<(0.1) = 0, k — oo, (4.3)
t€[0,T]

Furthermore, since f]' is measurable, there exists a sequence ((fJ');)ien of simple functions
()1 = (0,1) = R such that for almost all z € (0,1)

(fii(z) = fi(z), | = oo. (4.4)

Moreover, for all k € N, n =1,...,N(k), l € Nym = 1,...,M(k,n,l) there exist constants
() € R and measurable sets (U,C )™ € (0,1), such that

M (k;n,l)

(@)= D (@Mxwpp ().

m=1

Let (¢t,z) € [0,T] x (0,1) be fixed and & > 0 arbitrary. In view of the convergence (4.4)), for all
keNand n=1,..., N(k) there exists an L(k,n) € N such that for all [ > L(k,n)

M(k,n,l)

€
Z (cB)"xwpym (@) — fii (2) <3
m=1
holds. Define
N (k) M(k,n,L(k,n))
= Z Z ()L mXwprp,.,, @xap #), (4.5)

m=1

which is for all k € N a simple function on [0, 7]x (0, 1), since Qp x (U}?)7;, ,,) is measurable for all
keN,n=1,...,N(k), m=1,...,M(k,n,L(k,n)). It is left to prove that fu(t,z) — f(t,x)
for £ — co: With triangle inequality and inserting a zero,

|fk(ta 37) - f(t7 $)|
N (k) M(k,n,L(k,n))

=YY DRemxwny, ., @xap () - f(t1)
n=1 m=1

N (k) M(k,n,L(k,n)) N (k)
< Z 2 DX, X0 = X ey
n=1 m=1
N (k)

Z fk XQ" *f(t7x)
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4. Existence and Uniqueness

N(k) [M(k,n,L(k,n))

<N Y @ Tmxwng,, @)~ ) | xop ()

n=1 m=1

+ sup |[|fe(®) = f()llLeo,1)
t€[0,T]

N (k) |M(k,n,L(k,n))

< Z Z (R EwmXwprp,.,, @) = L @) - Ixap (0]
n=1 m=1
+ [ fx = fllcoo,r:n0,1))

M (k,n,L(k,n)) N(k)
< Z (CZ)T(k,n)X(Ug)T(W(x) = fi (@) - Z xaop (t)
n=1

m=1

+ sup |[[fi(t) = f(t)llL=(0,1)-
te[0,T)

Now, choosing k € N sufficiently large that sup ||fx(t) — f(¢)||L=(0,1) < €/2 and the fact that
te[0,7]

SNy (£) = 1 yields that

n=1

[fet ) — ft,z)| < 5 - XQQ’(t)-l-%:E.

This proves the convergence of a sequence of simple function on [0, 7] x (0, 1), which gives the
desired measurability. &

To prove uniqueness of a solution of an ODE, we need the following Gronwall lemma.

Lemma 4.1.3 (Gronwall lemma in integral form). Let I := [a,b] be an interval, u € C°(I)
and o, 8 : I — R be continuous functions with B(t) > 0. Further assume that for all t € I the
inequality

() < alt) + / Bs)u(s) ds (4.6)

a

holds. Then, it follows

u(t) < aft) + /a(s)ﬂ(s) exp /[3(7’) dr | ds forallt e I

a

Proof. The idea of the proof is to test the given inequality with a suitble term and conclude
the desired estimate.
Define

v: [a,b] = R, v(t) = exp f/,B(s) ds /,B(s)u(s) ds.

By chain and product rule and by applying the inequality (4.6)), it follows

t

o'(8) = —B(t)exp | — / B(s) ds / B(s)u(s) ds +exp | - / B(s) ds | B(yu(t)

a
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4.1. Pointwise ODE vs. ODE in a Banach Space

) exp —/tﬁ(s) ds /5 s) ds + u(®)
1) exp —/tg(s) ds | a(b).

By definition, v(a) = 0. This together with the fundamental theorem of calculus and the
previous calculation yields

t

v(t):v(t)—v(a):/ ()ds</ (5)B(s) exp /3 ds.

a

By reformulating the definition of v and the last calculation, we obtain

j B(s)u(s) ds = exp j B(s) ds | v(t)
< exp / B(s / (s)B(s) exp | - / B(r) dr | ds
/ 5) exp / B(r) dr | ds.

Finally, we insert the lastly calculated inequality into Inequality (4.6]) and obtain the statement.
&

After proving these lemmas, the main statement of this section can be proved: The path of
any z € (0,1) of a pointwise solution is continuous in time.

Lemma 4.1.4 (Pointwise evaluation of a standard ODE). Let T, R,L > 0 be fized. Let I =
[0,T) C R be an interval and G C R™ an open set. Suppose yo : [0, L] — R is measurable and
bounded with Br(yo(x)) C G for all x € [0, L]. Furthermore, assume that f : I x [0,L] x G —
R™ f = f(t,x,y) fulfils the following:

i) For each x € [0, L]: The ma x,) I x G— R"™ is continuous
(i) : p f(,x, :

(ii) For allt € I and all x € [0,L]: The map f(t,z,-) : G — R™ is Lipschitz continuous with
Lipschitz constant Ly > 0,

(iii) For ally € G the map f(-,-,y): I x [0,L] = R™ is measurable,

(tv) There exists a constant My > 0 such that for allt € I,z € [0, L],y € G holds: |f(t,z,y)| <
M;y.

Define to .= min{T, R/My}. Then, for all z € [0, L] the parameter dependent ODE

y(t“%‘) = f(tu $7y(t7x))

has a unique solution on [0,tg] and the function y : [0,to] x [0, L] — R™ 4s L2-measurable and
for all t € [0,t0] holds that the function

x = yo(x /foyTx dr

with domain [0, L] is L*-measurable.
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4. Existence and Uniqueness

Proof. The idea is to approximate the solution of the ODE as in the Euler method by iteration,
see below, show convergence of the approximation and obtain the measurability from
Fubini’s theorem and the fact that all functions in the iteration process are suitably measurable.
Step 1: Approximation of solution by iteration. In the following, we define an iteration
to obtain approximation functions y;, of the actual solution of the ODE. As starting point of the
iteration, identify 1o as a function in C*(0,7; L°°(0,1)) by constant extension in time, namely,
for t € [0,7] and x € (0,1) holds

Yo(t, z) = yo(w).

For given, £2-measurable on [0, 7] x [0, L] function yx, k € N, with |yx(t,2) — yo(t,z)| < R,
define the next step yr+1 by

t
Yp+1(t, T) = yo(z —I—/f T, ¢, Yk (7, ) dr. (4.7)
0

Step 2: Iteration is well-defined and approximating functions are £2-measurable.
Next, we prove the iteration is well-defined, i.e. that yi41 meets the requirements again and
the integral in is well-defined. Concerning to be well-defined, from the assumption
f to be measurable in (¢,2) and continuous in y and the condition that y; is £2-measurable, it
follows that the map

(t,z) = f(t,z,yr(t,x))

is again £?-measurable on [0,] x [0, L], see Lemma With the boundedness of f, see
condition (iv), the integrability follows and the formula for yx,; is well-defined. To prove
that yr11 meets the initial conditions again, note that for each ¢ € [0,to] the characteristic
function X[ xr is measurable as well as the product of measurable functions is measurable
again. Hence, xo.4xr/f (", Yk (-, )) is L2-measurable on [0, #o] x [0, L] and due to the bound on
f also L2%(t, x)-integrable. For fixed ¢ € [0,t0] by Fubini’s theorem, the map

to t
T /X[ovt]XR(’ﬂ ) f (1, z,yp(1,2)) dr = /]‘(7’,x7yk(7'7 x)) dr (4.8)
0 0
is £!(x)-integrable on [0, L], since
L to
| [xoastrofamnino) o= [t dra),
0 0 [0,¢]x[0,L]

and the integrability of the integrand, as stated before. Thus, the map in (4.8) is £!-measurable
on [0, L] and lies in L>°(0, L). It follows that for each ¢ € [0, ¢o]

t

Yt ): [0,1] = R, & yo(a >+/f<m,yk<w>> dr

is £!(z)-measurable. Furthermore, the map
Yrt1: [0, t0] = L(0, L), &= yria(t, )

is continuous: Let t € [0,tg] be arbitrary and (¢,)nen C [0,%0] an arbitrary sequence with
t, — t for n — oo. W.lLo.g., assume t,, < t for all n € N. From the £2-integrability of the
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4.1. Pointwise ODE vs. ODE in a Banach Space

FG s ye(e, ), it follows that

Y41 (tns ) = Y1t )l Lo (o,1)

t
= esssup|yo(x /fT:cyka)) dr — yo(x /fo yg (T, 2)) dT]
0

z€[0,L]
t

=esssup| [ f(7r,z,yk(7,x)) dT|
z€[0,L]

n

t

< esssup/ |f(T, 2, y(7,2))| dT
xz€[0,L] ;

n

S‘tn7t|~Mf—)0,

for n — oo. This is the continuity of yr41: [0,t0] — L°°(0,L) and from Lemma the
L2-measurability of yxi1 on [0,%9] x (0,L) follows. Finally, we prove the condition that the
distance to yo is estimated by R. For all ¢ € [0, %] and all z € [0, L], the bound on f yields

a1 (8 2) — 90(2)| = ol /fm yi (7, 7)) dr — yo(2)|

/\foyka)ﬂdT
0

R
<T -My<—-Mf{=R.
= f_Mf f

This concludes that the iteration is well-defined.

Step 3: Approximation fulfils a ”Cauchy property”. For fixed = € [0, L], we prove by
mathematical induction that the sequence (yx (-, x))ren satisfies the Cauchy property” that for
all t € [O, to]

k+1

< k

(4.9)

holds. For the base case k = 0, it is for ¢ € [0, ¢(]

t

(£, 2) — yo(t, )| = | / f (7.2, y0(7,2)) dr| < My -t = MyLY
0

t0+1
O+

To show the inductive step, consider the assertion has been established for & > 0. Then, for all
t € [0,t0],

[Yrr2(t; ) — yry1(t, o)
t

~ yola / Fr, 2, g (r,2)) dr — yole) — / f(ry 2, ya(r, 2)) dr|

0
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4. Existence and Uniqueness

t
-y / £, 2y (7, 2)) — £(r, 2,y ) ]
:
/ £y, g (7, 2)) — F(7, 2, 90(7, 2)]
0

< / Lylyi () — g, 2)| dr

[=)

t
k

/Lf Mfo(k+1) dr
0

= MLk
P e+ 2)

which states the claim.
Step 4: Finding a limit. Define the sequence

k
(gk)keNa gk = Z (yn+1('7x) - yn(’x)) + yo(m) = yk+1(~,x).

These functions are continuous, since for any k € N and any ¢ € [0, to] and any sequence (¢, )nen
with ¢, — ¢ for n — oo and t,, <t for all n € N holds with formula (4.7) and the bound on f
(iv)

|98 (tn) — gx(D)] = [Yr+1(tn, ) — Yrs1(t, 2) + yo(z) — yo ()|

.y / f(r, 2,90 (r, ) dr — / F(r, 2, yi(r, ) dr|
0 0
= |/f(7',x7yk(7'7m)) dr|

< / (2, (7, 2))| dr

which converges to 0 for n — oo. Moreover, it follows from ) that (gr)ren is a Cauchy
sequence in C°([0,%]) and therefore, there exists a continuous hmlt function

y(-,2): [0,t] = R
and the uniform convergence for a subsequence, again denoted by g,
gk = y(z), k— oo

Moreover,

k
y('ax) = lim (yO(x) =+ Z(yn—kl('ax) - yn(@))) = khﬂngo yk+1("x)'
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4.1. Pointwise ODE vs. ODE in a Banach Space

By Lipschitz continuity, for each ¢ € [0, %] holds

[f(t, 2, y(t 2) = fE 2,9t )| < Lyly(t, 2) — yr(t, o)

and consequently the sequence (f(-,x,yx(-,x)))ken converges uniformly to f(-,z,y(-,

x)) for

k — oo. With this, one can pass to the limit £ — oo in the definition of y;4+1 and obtains that

y(t,z) = khjgo Yr+1(t, )
t
= kli}m yo(l') + /f(Taxvyk(Tv l‘)) dr
0

t

= +/f7xy7'x ) dr.
0

Step 5: Limit is measurable. Finally, we prove the stated measurability. Above we stated
that the functions yy, := [0,t0] x [0, L] — R™ are £2-measurable for all k € N. Furthermore, the
last calculations shows the pointwise almost everywhere convergence yr — y. That is why y
is £2-measurable on [0, %] x [0, L]. Since y is £?-measurable and the properties of f, with the

argumentation from above follows that for each ¢t € [0,to] the map

¢
x> yolx +/f7xy7x ) dr
0

is £!(z)-integrable and £!-measurable on [0, L]. Finally, y € C°([0,T]; L>°(0, L)) follows.

Step 6: Uniqueness of the solution. Assume y!,y? to be solutions of the ODEs

yl(vx = (tm,y (t,z)), E[O,to],l‘E[O,L],
2(t,x) = f(t, 2,93 (t, ), t € [0,10],x € [0, L],
yl(O,x) = y2<0,l‘) = yo(m),x € [O’L]'

Then, the integral equations

y'(tx) = yo(2) + [ f(s,2,9'(s,2)) ds,

yi(tx) =yg(@) + [ f(s,2,9°(s,2)) ds

S L O~

hold for all ¢ € [0, o] and all x € (0,1). From the Lipschitz continuity of f, it follows

b (t.0) - tm\—l/fsa:y (5,2)) = £(s..92(5,2)
< / £(s.9"(512)) = F s, 5. 0)| ds

¢
< /Lf\yl(sw) —yz(s,x)| ds.

0
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4. Existence and Uniqueness

We apply the Gronwall Lemma for u(t) = |y (t,x) —y*(t, )|, a(t) = 0 and B(t) = Ly > 0.
It yields

t ¢
Iyt (t, 2) — y2(t, z)| §O+/O~Lfexp /Lf dr | ds
0

S

=0.

Therefore, y'(t,z) = y?(t,x) for all t € [0,t0] and all = € (0,1) follows and the uniqueness is
shown. *»

4.2. ... for material consisting of two parts

The goal of this section is to prove existence and uniqueness of the AMP with two materials
by the Picard—Lindel6f theorem To do so, the ODE is interpreted in the Banach space
L*>°(0,1). To be precise, the following states the main theorem.

Theorem 4.2.1 (Existence and uniqueness of AMP with two materials). Consider the con-
ditions from Definition to hold. Then, there exists a unique solution (G,S) of the AMP
with two materials.

Proof. Idea: We want to use the Picard-Lindel6f theorem [A22:6] to obtain short time existence
and uniqueness, namely we want to find a fixed ¢y > 0 such that, for given bounded initial datum
at time ¢, we get existence and uniqueness for the interval [t,t 4 to]. Because the solution is
bounded (see below) we can take the solution evaluated in t + to as new initial datum for the
next time interval [t 4 g, t + 2tg]. Starting with ¢ = 0 and repeating this procedure T'/¢o-times,
we get existence and uniqueness on [0,7]. To do so, it is important, that to does not depend
on the initial data, radius chosen in Theorem [AZ2.6| or the time.

Step 1: A priori estimates on the solution. Assume (G,S) to be a solution of the
AMP with two materials defined in Definition [3.2.3] Then, Lemma [£.2.4] below states that this
solution is bounded, namely

G(t,z) € [Gmins Gmaz] Yt €[0,T],z € [0,1], (4.10)

where 0 < Gpin < Gmar < 00 from (4.16) and (4.17). In the following, we do not consider the
interval [Gumin, Gmaz] C R but the ball Be-(G*) C L*°(0,1), where

Gma:v - Gmln
Br=—m—¢Rk
| (4.11)
G o Gmaz + Gmin ;r CGmin ¢ 1009, 1),

because we solve the ODE in the Banach space L°°(0,1) as discussed in the beginning of this
section. With that definition, it holds

G'maw + Gmin _ Gmaa: -G

G"— R = min = szn
2 2 ’

Gma:v szn Gmaz - szn
G*+ R = —2’_ + 9 = Gmama

and (4.10) implies

G(t,-) € Br-(G*) C L™(0,1)

for all t € [0,T].
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4.2. ... for material consisting of two parts

| | | |
| l B l

O Gmin G* Gmaz
R*

Figure 4.1.: Schematic picture of G* and R*.

Step 2: RHS is Lipschitz continuous. First, we prove that G: [0,7] x R x Bg«(G*) —
Bpr+(G*), (t,5,G) — G(t,S,G) is Lipschitz continuous in S and G. Let t € [0,T] let L, > 0
denote the Lipschitz constant of . Then, for S1,S2 € R and Gy, G2 € Br~(G*) it holds

”g(tv - S1, Gl()) - g(ta -, S2, GQ('))”L‘”(O,I)

=[lyu(51)Gr — yu(S2)Gall L= (0,1)

<[yu(S1)Gr — vu(S1)Gall o= 0,1) + |71(S1)G2 — Yp(S2)Gall Lo (0,1)
Svu(SOIGT = G2z 0,1) + [7(S1) — 7(S2) || G2l Lo (0,1)

<Y mazl|G1 — G2l (0,1) + Ymaz LullS1 — S2llL<(0,1)Gmaz-

Moreover, H inherits the Lipschitz continuity in S and G from G. Let 57,52 € R and G1,Gs €
Bgr+(G*) be arbitrary. Then, it follows with the Lipschitz continuity of G and the definition of

’Hin

[H(t, S1,G1) — H(t, S2,G2) L= (0,1)

=esssup |G(t,z,51,G1(x)) — G(t,x, S2, Ga(x))|
z€(0,1)

<esssup Lg (|51 — S2| + |G1(x) — Ga(x)])
z€(0,1)

= Lg (|81 — Sa| + |Gy = Gall=(0,1)) »

which is the Lipschitz-continuity for H in S and G. Further, Proposition below states the
Lipschitz continuity of

S:BR(G*) € L¥(0,1) - R, G S(G),

where R is defined in (4.12). From Lemma (iii), the composition of S and H is again

Lipschitz continuous, namely

Fi=HoS:[0,T] x Ba(G*) — L=(0,1),
F(t,G)(z) = H(t,5(G), G)(z) = G(t, z,5(G),G(x))

is Lipschitz continuous.

Step 3: Suitable ball. When we apply the Picard—Lindel6f theorem to F, the existence time
to depends on the ball, we apply it to. This ball has to be centred around the initial datum,
see the conditions of [A22.6] what seems to contradict ¢y to be independent of the solution. To
overcome this, we apply the Picard-Lindel6f theorem to balls with different centres but the same
radius, namely Gy, /2, and find a bigger bound M on the RHS F, but which is independent
of the centre. We will see that then the existence time ¢y becomes smaller but independent of
the initial data.

Define the radius

(4.12)

Then, for all Gy € Bg-(G*), we can apply the Picard-Lindeléf theorem 6 with the ball

Beé,u (Go) C BR(G™),
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B Smin (GO)

G
| | { ] | | \
{ | R 1 |
0 GWQLW Gmm G* Gmaac Gmax + %

Figure 4.2.: Schematic picture of the balls. Red marks the ball Bj(G*), blue gives an example
of the ball Ba,,,, (Go).

because we know that the initial data, evaluated solution, lies in that ball as seen in Step 1.
Furthermore, it holds

M <éo7 GT;”)

max {|F(t,G)|| | £ € [0,T],G € Bay (Go) |

IN

max {||F(t, G| | ¢ € [0,T],G € B(G") |
= M(G*,R),

where we used Theorem [A22:6] for the definition of M. Using this, we obtain

- G annn
t G, mn — . T7~7
°< "2 ) P MG, G

o (413
"2M(G*, R)
= to(Gmin; Gmaz)>

> min {T

where we used that, by definitions, R and G* depend only on G and Giaq.

Step 4: Short time solution. We proved in Steps 1 to 3 that all conditions for the Picard—
Lindelof theorem are fulfilled. Hence, for any initial datum Gy € Bg-(G*) at time
t € [0,7), applying it to the RHS F and the ball Ba,.../2 (éo) yields the existence time tq =

to(Gmin, Gmaz) and a solution G € C'([t,t + to); Bg,,,, 2(Go)) of the ODE

G(t) = F(t, G(t),
G(f) = Go.

To obtain the bounds on the solution as done in Step 1, take the stress tensor S(¢) corresponding
to the solution G and apply Lemma [£.1.4] to the RHS

ft,z,G) =G,z 5(),G)

to obtain that the paths are continuous in time in order to apply the Gronwall Lemma [£.2.2]and
obtain the estimates on the solution. That way, the argumentation explained in the beginning
of the proof, can be applied.

As proved in Step 3, we can shorten the existence time to to(Gmin, Gmaz) Which is independent
of the initial datum. To obtain a long time solution, we start with the given initial data Gg
and get the existence and uniqueness of the solution of

G(t) = F(t,G(t)),
G(0) =1

on the time interval [0, t0(Gmin, Gmaz)]- Next, apply the Picard-Lindel6f theorem to the ODE
with initial datum given by the last value of the former solution, namely Go := G(tp), which
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4.2. ... for material consisting of two parts

is in Br«(G*) due to Step 1, and hence, an admissible initial value. We get existence and
uniqueness for the next ¢y, time. Together we found the solution on [0,2ty]. Applying the
theorem [T'/ty] times yields the solution on [0,7]. The C'-property in the points kto for
k=1,...,|T] is obtained since the solutions of the ODE is C'-regular especially in the start
and end points. &

The above proof uses lemmas which are left to prove. To start off with the estimates on
the growth tensor, the following Gronwall lemma will be applied. To meet the condition
of continuous functions, the paths for each particle z € (0,1) has to be continuous. This is
discussed in the previous section, see lemma [I.1.4]

Lemma 4.2.2 (Gronwall lemma). Let I := [a,b] be an interval, u € C*(I) and o, f: I — R be
continuous functions. Further, assume for all t € I the inequality

u(t) < aft) + B(t)u(t) (4.14)
to hold. Then, it follows

sy [ 307 0) i ([ 0 07)

foralltel.

Proof. The idea is to test the given equation with a suitable term to derive an equation from
which we can conclude the desired statement.
The term to test with is defined as

v: [a,b] = R, v(t) = exp —/B(T) dr

We now take the derivative of vu by product rule and use (4.14]) to get
(vu)" = v'u+vu' = —pvu + vu' < —pvu +va + vfu = va. (4.15)

Integrating from a to t € [a,b] yields

t

v(t)u(t) < v(a)u(a) + /v(s)a(s) ds

a
t

= u(a) + /v(s)a(s) ds

a

and last, by dividing by v(t) yields the desired result, namely

u(t) < v(®)tula) + v(t) ! / o(s)a(s) ds

t t t

~ exp / B(r) dr | u(t) + exp / B(r) dr / exp | - / B(r) dr | als) ds

a a a
t t

= exp /5(7) dr u(t)+/exp /tﬁ(T) dr | a(s) ds.

a a
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Remark 4.2.3. If holds with 7>7 instead, it follows

u(t) >exp</6 dT) /exp(/ﬁ dr) s)d

This one can see in the calculation in , where 7>" would appear instead. And the rest of
the proof goes analogously.

Lemma 4.2.4 (A priori estimate on growth tensor with two materials). Assume the Setting
to hold. Further suppose that (G, S) is a solution to the AMP with two materials. Then,
there exist 0 < Gumin < Gmaz < 00 such that for all t € [0,T) and almost all z € (0,1)

G(t71') € [Gminmeaz]

holds.

Proof. Assume there exists a solution of the AMP with two materials. Lemma [1.1.4] yields the
existence of a pointwise solution G of the ODE, i.e. for all z € (0, 1) the solution G(-,z): [0,T] —
R fulfils the ODE

Gt 2) = 1(@)u(S(1) Gt )

for all ¢ € [0,T], where stress tensor S is a part of the solution (G,S). Furthermore, the
pointwise solutions has continuous paths.

Case 1: G(t,z) > 0 for all x € (0,1) and all ¢ € [0,T]. Using the upper estimate on ~y
and p, it follows

G(t, 517) < (Vﬂ)mamG(t, z)

Applying Gronwall lemma with @ = 0 leads to

t

611.2) < 602) e [ G 1) + [ a0 mar v ([ b ds) ar
0

= exp((Y) mazt)

< exp (Y1) maeT) = Gmaz- (4.16)
To obtain a lower estimate, define H (¢, z) := —G(t,x). It fulfils the ODE

H(t,x) = —G(t, ) = y(2)p(S(6)(~G(t,2)) = y(a)u(S (1)) H (¢, ).
With the bounds on v and p, we obtain
H(t,2) < (yp)minH (t, ).

Gronwall lemma [£.2.2] with o = 0 implies

t

H(t,2) < H(0, 2) exp ( / ()i dr) + [ atr)Gmminesp ( / ()i ds) dr
0

= _G(O’ .T) €xXp ((’yu)mzn )
< —exp (YW minT) = —Gm (4.17)
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4.2. ... for material consisting of two parts

Finally, we derive
G(t,x) = —H(t,x) > Gpin > 0.

Case 2: G(t,z) <0 for one x € (0,1) and one t € [0,T]. Assume, there exists an
€ (0,1) such that for a t~ € (0,7] G(t~,x) < 0, then, there exists a time interval I such that
for all t* € I holds

G(t*,.’L‘) € [Gmin/2>Gmin)- (418)
But since Gnin/2 > 0, we can define H(t,z) := —G(t,z) for all ¢ € I and obtain H (t,z) <
—Gpin on I. This is a contradiction to (4.18). )

Furthermore, the proof of Theorem [4.2.1] uses that the stress tensor S depends Lipschitz
continuously on the growth tensor G € B(G*). This is stated in the following lemma by using
the implicit function theorem, see Theorem

Proposition 4.2.5 (Lipschitz continuity of the stress tensor). Consider the conditions
to hold. Let R be given by and G* by (4.11]). Then, the map

S: BR(G*) C L>(0,1) = R, G+ S(G),
where (G, S(GQ)) solves the AMP with two materials, is Lipschitz continuous.

Proof. Step 1: Concerning the growth map g. Let G € B3 (G*) be fixed. Using 1 ,
we define the growth map g by

g: B(G*) = Wh*(0,1), G+ ¢(G) with g(G) () = /G(:E) dz.
0
To show Lipschitz continuity, we check for Gy, Go € Bx(G*) that

llg(G1) — 9(G2)||W1»°o((0,1))

< sup /Gl(ic) dz — /Gl(fi) dz| +1/029(G1) — 029(G2)l0o

z€(0,1)

sup /|Glj — Gy (@) di 4 ||Gh — Gl

:L’E(O 1)
1
g/ sup [G1(F) — Gr ()] di + |G — Gallm
1601
0
=2|G1 — G|

holds.
Step 2: Concerning grown interface point Y. The grown interface point depends on G,
namely

Y: BR(G") = R, Y(G) = g(G)(0).

Hence, the Lipschitz continuity is obtained by the following calculation for G1,Gs € Bp (G*)
using the Lipschitz continuity of g

[Y(G1) = Y(G2)| = [9(G1)(£) — g(G2)(0)]
< l9(G1) — 9(G2) |l
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<|G1 = G2l -

Step 3: Concerning grown lengths. The grown lengths are given by the distance between
two positions of the interfaces after stress-free growth, in dependence of G it is

A: B(GY) = R, Mi(G) =Y(G), h(G) = g(G)(1) - Y(G).

Again with supremums norm on R? we check the Lipschitz continuity with G1, G2 € Bg(G*):

[A2(G1) — A2(G2)| = [9(G1)(1) — Y(G1) — g(G2)(1) + Y (G?2)
< lg(G1) = 9(G2)lloo + [Y(G1) = Y(G2)]
< 2|G1 = Ga -

A similar calculation holds for ;.

Step 4: Concerning the elastic deformation. Using the growth map g = ¢(G) the
variational problem to minimize for the elastic deformation ¢ is

g9(G)(1) g9(G)(1)
Ec(9,0) = / W(9(G) (), 8,6(y)) dy = / w(9(G)~ ()W (8,6(y)) dy
0 0

with boundary conditions as above. It has a unique solution, see Remark [3:2:4 The Euler—
Lagrange equation x(g(G)~!(y))DrW (9y¢(y)) = Cp yields that d,¢ is constant on (0,Y(G))
and on (Y(G), g(G)(1)) respectively. It is determined by the boundary conditions and continuity
as

£(G)
_Jx@p YE (0, \1(Q)),
3y¢(y> {1)\_25((5,;)7 y e ()\1((;)79((;)(1))’

where the interface point £ is characterized from the equilibrium condition

etk (3G5) =t ()

The map
5: R2>0 - (07 1)7 ()‘17)‘2) = 6()\17 )\2)

is C!, see Lemma Hence, it is Lipschitz continuous on any compact set. Furthermore, we
have uniform bounds on A(G): Let G € Bs(G*)). Then,

—~

and

S eGmuw = A’rnam (ﬁ)
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Similar calculations hold for A». Hence, \: Bz (G*) [Amins Amaz)? and
€o\: B(G*) — (0,1) is Lipschitz continuous.

Further, &: [Anin, Amaz] — (0,1) is a continuous mapping of a compact set, see Lemma
Consequently, there exists &in, Emaz € (0, 1) such that

0<§min§£§§ma$<1.

Step 5: Concerning the derivatives of the elastic deformation. Stated above, 0,¢; =
Oydl(vivip) = % holds, where we again use £ = 0 and & = 1. Hence, the maps
Oypi: B(G*) — R, i = 1,2 are Lipschitz continuous: Consider G1,G2 € Br(G*). Then,

using the estimate on £ and A and their Lipschitz continuity with constants L¢ and Ly, holds
0,61(Gr) = 0,00(Go)] = |20 S AR
£1(G1)A1(G2) — &1(G2)A(Gh)
A (G1)A1(G2)
(£1(G1) — &1(G2)) M (G2) + &1(G2) (M (G2) — Mi(Ge))
A(G1)M(G2)
< LellGi = G| M(Ga) | &(Ga)Ln]|Gr — G|
A (G1)A(Go) A (G1)A(Go)

L Emaa L
() 0o

min

IN

An analogue calculation holds for dy¢s.
Step 6: Lipschitz continuity of S. For G € Bj (G*) holds

£(6) = &(G) _ Emae
)\1 (G) o )\min

ay¢0(G) =

and

£(6) = &(G) - bmin
)\2 (G) o )\maw

> 0.

ay¢0(G) =

This together with W € C?((0, 00)) yields that DpW : [5"“" , £"““”] — R is Lipschitz continuous

Amaz mi

and since the composition of Lipschitz continuous functions is Llpschltz continuous, see Lemma
we obtain that

S: B5(G*) = R, G+ S(G) = ki DpW (9,61(G))

is Lipschitz continuous. L)

Concerning nutrients

After stating the existence and uniqueness [3:2.5] of the simplified model of the AMP, the nu-
trients shall be included again. The idea is to use the same method to include nutrients as
on the inclusion of the stress tensor: Prove Lipschitz dependence on the growth tensor in a
suitable space, include a term in the ODE including the nutrients Lipschitz continuously and
prove existence with the Picard-Lindeldf theorem. This needs a setting including the nutrients
into the ODE as well as an equation for the nutrients.

In Setting [3.2.1] with only two different materials, it is consistent to assume the material to
have the same diffusion coefficient everywhere on each part respectively, i.e. for Dy, Dy > 0 the
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4. Existence and Uniqueness

diffusion coefficient D defined by

Dy, if 14
D: (0,1) 5 R, D(z) =4 b HFsh (4.19)
Do, if x> ¢.
Similarly, define for B, 82 > 0 the absorption rate 5 by
B, ifx < ¥,
. (0,1) = R, - 4.20
5 (0,1) R, Bla) {ﬂ%mﬂ_ (1.20)

Remark 4.2.6 (Where to solve the equation for the nutrients?). In one dimension, the equation
for the elastic problem is solved between the sets Qpnqr = g([0,1]) and Q¢ = [0,1], and therefore,
the equation [2.13 is solved. By using the argument of local Lipschitz continuity, the growth
map g and elastic deformation ¢ are often discussed, where the gradient of the total map VX
is not used, yet. This is the reason to consider the equation for the nutrients in the
deformed configuration Qp = &(g(0,1)), which is a standard elliptic equation, and not on the
reference configuration with many terms of gradients, which do not simplify in one dimension,

see Equation (2.18). Also, see Remark [2.3.9(ii).

When we want to solve the equation for the nutrients in the final configuration for a fixed
time t € [0, 7], the coefficients have to be transformed to it. Let g(¢,-) denote a growth map
and ¢(t,-) an elastic deformation and \; denote the grown length and £ the according interface
point. We denote D; and ; here by D¢y and f¢;) as they are constant on (0,{(t)) and
(&, 1), respectively. From the assumption that the growth does not change the properties of the
materials we have

Diat(y) = D(g~ " (y)) and Brae(y) = B9~ (y)). (4.21)

Moreover, we obtain the coefficients in the deformed configuration by testing the equation for
the nutrients with a test function ¢ € Hg(0,1). Then, the LHS is

LHS = / Degoy(2)0:n(2)0:40(2) d=
Q¢

= [ De@0n(2)0.60) d
¢(Qnat)

— [ D (6l @n)(0(0))(0-0) (6(w)) det 9,000 dy

nat

= [ Dy (60240 ) )2, (w2 6)(w) B,0(0) "y
Q

nat

_ / Dt ()8 (n © 6) (1), (4 0 $) () dy.
Q

nat

Thus by the fundamental lemma of calculus,

Dﬁ(t) (Z) = Dnat((bil(t? Z))ay¢(ta d)il(ta Z))

= D(g_l(t7 ¢_1(t, 2)))0,¢(t, qb_l(t, 2))
_ D fl((tt)), for z < £(1),
= { D, 11:52(52)7 for z > (1), (4.22)

Analogously, the RHS tested with ¢» € H'(0,1) and after change of variables with g(¢,-), see
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4.2. ... for material consisting of two parts

Lemma [A42] is
RHS = [ om0 (2) dz

Q

- / Bewy(2In(2)(2) dz

(Qnat)

- / Beco) (6(1))n(6(1))(6()) Dy b(y) dy.

Qrat
Hence,

Bi(2) = Brar (971 (£:2))(9y0) " (.7 (t, 2))
= Blg7 (t. 67 (2, 2)))(0yd) T (07t 2))
:{ﬁ1>‘§1((tt))7 for z < £(¢),
Ba 117_22(%), for z > £(t).
Furthermore, assume the tumour to be in an infinite nutrients bath, i.e. there exists ng,n; as

Dirichlet boundary conditions. Then, we seek for a solution n(t,-) € H'(0,1) such that the
equation

(4.23)

—0.(Dey(2)0.n(t, 2)) = —Bewyn(t, z) on (0,1),

n(ta 0) = Ny, ’n,(t7 1) =n (424)

holds for each t € [0, 7] on the deformed configuration ; = g(¢, ¢(t, (0,1))) = (0,1). Moreover,
the nutrients have to be included in the mathematical framework of Setting [3.2.1]

Definition 4.2.7 (Setting with nutrients I). Suppose Setting holds. Letn: C°([0,1]) — S°
be Lipschitz continuous with Lipschitz constant L, > 0 and bounded, i.e. there exists 0 <
Nmaz < 00 such that

Hn(f)HLOO(O,l) < Nmax (425)

for all f € C°([0,1]). Further, let Dy, Dy € (0,00) define the diffusion coefficient D: (0,1) — R
by and denote Dy = min{ Dy, Da}> 0 and D4, = max{Dy, Ds}. Let 81, B2 € (0, 00)
be the absorption rates and define B: (0,1) — (0,00) as in with Brin = min{f1, f2}> 0
and ﬁmaa: = max{ﬁlv 52}

Moreover, let ng,n1 € R be the Dirichlet boundary conditions for the nutrients.

Example 4.2.8. Let 7j: C°([0,1]) — S© be defined by

%fn(z) dz, for x € (0,¢),

i@ =] 0,
= an(z) dz, forx € (¢,1).

Then, define n: C°([0,1]) — S° by

n(n)(z) =1 — exp(—ij(n)(x)?).

Here, 1 — exp(—-2): S° — S© is defined for ij = ﬁl]l(()l] +772]l(471], 72 € R, by
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4. Existence and Uniqueness

and it is Lipschitz continuous. Therefore, n is Lipschitz continuous as a function composed of
Lipschitz continuous functions. Furthermore, holds , since 1 — exp(—22) € [0,1) for all
x € R. In addition, this function n states that for low mean values of nutrients the growth is
slow, and when there are many nutrients, the growth is faster.

In the new situation, a solution of the AMP is the following:

Definition 4.2.9 (Solution of the AMP with nutrients with two materials). Assume the Setting
to hold. Then, we say (G, S,n) is a solution of the AMP with general elastic strain energy
density and nutrients if the following conditions hold:

(i) The growth tensor G € C*([0,T]; S°) fulfils the ODE

G(t,2) = y(@)u(SO)n(nn(t, ) (@)G(t, ),

G0,2) - 1 (4.26)

for all t € [0,T] and almost all x € [0,1].

(ii) For the growth map

g(t,z) = /Ox G(t,2) dz

and t € [0,T], let ¢(t,-): g(t,[0,1]) = R be the unique minimizer of Eyyo in Apwo. The
Piola—Kirchhoff stress tensor S(t) € C°([0,T]) to the elastic deformation é(t,-) is given
by

S(t) = DrW (g7 (t,), 0y0(t, y)).
(iii) For all t € [0,T), it is n(t,-) € H*(0,1) and n(t,-) fulfils the equation

—0.(De(1)(2)0.n(2)) = —Pe) (2)n(z) on (0,1),
0 (4.27)

n b)
n(l) = nq,

where D¢y and Bey are defined by and ,

In general, the idea of the proof of Theorem for the setting without nutrients can be
applied, but in addition, Lipschitz continuity of n is required. We can follow the same steps
and obtain \;,&;, ¢ = 1,2, as before and without influence from the nutrients, therefore we will
refer to the formulas in the proof in the following.

Proposition 4.2.10 (Nutrients in two materials are Lipschitz continuous). Let the conditions

from hold. Further, let define the diffusion coefficient D for D1, Dy > 0 and
the absorption rate 8 for 51, P2 > 0. Let ng, n1 € R be the Dirichlet boundary conditions for the

nutrients. Further, let &, Emin, Emaz bE aS in in the proof of existence and uniqueness
Theorem . Then for each & € [Emin, Emax), there exists a unique solution nge € H'(0,1) of

— 0.(Dg0zng(2)) = —fene(2) in H'(0,1),
n(0) = ng, n(l) =nq,

where D¢ and B¢ are defined in and respectively, and the map

2 [fminagmaw} — CO([Oa 1])7 5 = (nﬁ)m

(4.28)

is Lipschitz continuous.

Proof. Step 1: Finding the solution. Let D € R and o € R+ . Consider the equation

—0,(Dd.n(z)) = —Pn(z) (4.29)
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4.2. ... for material consisting of two parts

on an arbitrary interval I C R. It has the solution n given by
n(z) = Aexp(az) + Bexp(—az), (4.30)

where A,B € R and a = +/3/D.
We consider the equation (4.28) on the set (0,&) and (€, 1) separately, knowing the solutions
n1,n2 on each set is of the form of (4.30)), namely there exists Ay, By, As, Bs € R such that

ni(z) = A; exp(a;z) + B exp(—a;z), i = 1,2, (4.31)

with a; = «; (&) = \/Bi(§)/D;(§). The coefficients A;, By, Aa, By are determined by the bound-
ary conditions in (4.28]), the continuity condition

n1(§) = n2(§)

and the condition that the derivatives are the same,
Dlazni(f) = Dzazm(f),

where D; = D;0yé(t, ¢~ 1(t, ), see (4.22)).The last condition is obtained by integrating the
equation and continuity of the integral.
Step 2: Lipschitz continuity of n in &£&. These conditions read as

A; + By =ny,

A exp(az(§)) + Bz exp(—az(§)) = m

Ay exp(a1(§)€) + Brexp(—ai(§)§) — Az exp(az(§)§) — Baexp(—az(£)§) =0
Dy (€) Ay exp(ai (§)€) — Dy (€) By exp(—ai (§)€)

— Dyas(§) Az exp(aa(£)€) + Daas(§) B exp(—as(£)€) = 0.

For every & € (0,1) there exists an explicit solution (A;, By, Aa, B2)T € R*. The goal is to
show that this solution (A, By, As, B2)T depends Lipschitz continuously on &, by applying the
Implicit Function theorem, see Theorem Define f:[0,1] x R* — R* by (we use the
notation «; = «;(€), 1 =1,2)

f (57 (A17 Bl) A27 BQ)T)
A1+ By —ng
As exp(as) + Baexp(—asg) — nq
) Aj exp(ai€) + By exp(—ai€) — {12 exp(agf) — B exp(—azf)
Dioy (Ayexp(an§) — By exp(—ai1§)) — Doy (Az exp(a2f) 4+ B exp(—azf))

From this definition and the formulas (4.23) and (4.22), we see that f is C' and we need to
check if the derivative with respect to (A1, By, As, B2)* is invertible. The derivative of f with
respect to (Ay, Bi, As, Bz)T is (we use the notation a; = o;(€), i = 1,2)

D(AlehAz,Bz)Tf(& (Al, By, As, BQ)T)

1 1 0 0
0 0 exp(az) exp(—az)
_exp(anf) _exp(—aif) —exp(a2g) —exp(—af) |’

Doy exp(a1f) —Diaiexp(—aif) —Doagexp(azf) Daagzexp(—aof)

We have to prove that this matrix is invertible. To do so, we show that the determinant is not
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4. Existence and Uniqueness

zero. First, we multiply the matrix by diag (1,1,1, (Dya;)~") and name D = %. We obtain

1 1 0 0

0 0 exp(az) exp(—az)
exp(a1§)  exp(—aif) —exp(az§)  —exp(—azf)
exp(ai1§) —exp(—aif) —Dexp(az§) D exp(—a2f)

Subtracting the third row from the forth yields

1 1 0 0

0 0 exp(az) exp(—ag)
exp(ai§)  exp(—anf) — exp(az28) — exp(—asf)

0 —2exp(—§) (1 —D)exp(azg) (D +1)exp(—asg)

Expanding the determinant along the first column, gives
det D(Al,Bl,Az,Bz)Tf

B 0 exp(az) exp(—az)
—(Dyop)™ | 1-det exp(—aq§) —exp(azf) —exp(—axf)
—2exp(—ai1€ — D)exp(azf) (D +1)exp(—azf)

—~ O

0

exp(a) exp(—ag) ))
—a1§) (1 —D)exp(az§) (D +1)exp(—a2g)
—(Dyay) ™t (1-0- (= exp(az€)) - (D + 1) exp(—asé)

+1-exp(az) - (—exp(—a2f)) - (—2exp(—ai§))

+1-exp(—az) - exp(—ai1§) - (1 — D) exp(a2f)

— 1 (—2exp(—aif)) - (—exp(az{)) - exp(—a2)

—1-(1 - D)exp(azf) - (—exp(—a2§)) -0

1- (D +1)exp(—az€) - exp(—a1§) - exp(az)

) (
1
0
(

—2exp

(
+exp(a;€) - det <
)

+6XP(041§) 1-exp(az) - (D + 1) exp(—a2f)
+ exp(ai§) - 0 exp(—az) - (2 exp(—a1§))
+exp(ai§) - 0-0- (1 — D) exp(aa€)
—exp(ai§) - (—2exp(—ai§)) - exp(az) - 0
—exp(ai) - (1 — D) exp(azf) - exp(—az) - 1
—exp(a1€) - (D + 1) exp(—as€) -0-0)
—(Dyay) ™t (1- exp(az) - (— exp(—azf)) - (—2exp(—aif))

+1-exp(—as) - exp(—ai§) - (1 — D) exp(azf)

— 1 (—2exp(—aif)) - (— exp(azf)) - exp(—a2)

—1-(D + 1) exp(—a28) - exp(—ai§) - exp(az)

+exp(§) - 1-exp(aq) - (D + 1) exp(—asé)

—exp(ai1§) - (1 — D) exp(a2§) - exp(—az) - 1)
—(Dyan) ™" (exp(as) - exp(—asf) - exp(—a1)

— exp(—az) - exp(—ai§) - D exp(a2)

— exp(—ai§) - exp(az§) - exp(—az)

— Dexp(—a2f) - exp(—ai§) - exp(az)

+ exp(a1€) - exp(ay) - (D + 1) exp(—asf)

—exp(ai§) - (1 — D) exp(a2f) - exp(—az))
—(Dron) ™" exp(—az) exp(—a1€) exp(—asf) (exp(2as)
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4.2. ... for material consisting of two parts

— Dexp(2ast)

— exp(2a3§)
— Dexp(2as)

+ exp(201§) - exp(2a2) - (D + 1)
—exp(2a1€) - (1 — D) exp(2a2€))
= —(D1on) " exp(—az(1 + &) — ai€)-
((—=1 + exp(201€)) (D — 1) exp(2a2€) + (D + 1) exp(2a2))
+2(exp(2az) — exp(2asg)))

Now, we see that € := exp(2as) — exp(2a2€) is strictly positive. Further,
(D — 1) exp(2a2€) + (D + 1) exp(2a2) = D(exp(2a2€) + exp(2a)) + & > 0

and as 2a1§ > 0, also (=1 + exp(2c1€§)) > 0. Therefore, det D4, B, a,,B,)rf < 0 and
D(AliBlyA27Bz)Tf is invertible.

Let £ € (0,1) be fixed. Then, the implicit function theorem, see Theorem A.3.5 yields that
there exists an open neighbourhood V(§) of £ such that the map

(A1, B1, A3, Bo)": V() = R, £ (A1(8), B1(€), A2(€), Ba(€)",
with (A1 (€), B1(€), A2(€), B2 (€))7 the solution of
f(éa (Al (6)7 Bl (5)7 AQ(f)a BZ(f))T) = 07 (432)

is CH(V(£)). Moreover, the solution of Equation (4.32) exists and is unique for all £ € (0,1),
because the equation can be written as (we use the notation a; = «;(€), i =1,2)

1 1 0 0 A1 (€) 0
0 0 exp(az) exp(—as) Bi(§) ] |0
~ exp(ai§) NeXP(—Chf) jeXp(Oé2f) N—eXP(—%f) A& | |0
Dyagexp(a1f) —Diajexp(—aif) —Daagexp(azf) Daagexp(—az) By(€) 0

where the matrix has full rank for each £ € (0,1) as the determinant is strictly negative, see
above. Especially, (A1(-), B1(-), A2(-), B2(-))T € C*([émins Emaz]) and the Lipschitz continuity
follows.

Step 3: Uniform Lipschitz continuity of n in space. Let 21,22 € (0,&). Then by formula
(14.31))

In1(§)(21) — na(§)(22)]
= A1 (&) exp(a1(§)z1) + Bi(§) exp(—ai(§)z1) — A1(§) exp(ai(§)2z2) — Bi(§) exp(—au(§)22)]
< [A1(] - [exp(ar(§)z1) — exp(ai(§)z2)| + |B1(€)] - | exp(—ai(§)21) — exp(—ai(§)22)]

Since exp(aq (§)-) and exp(—a;(€)-) are Lipschitz continuous to the constants o (€) exp(A1€) > 0
and «a1(€) on (0,1), we obtain

[n1(8)(21) = na(§)(22)] < (|A1(§)]ar(§) exp(ar (§)€) + [Br(§)ar(§))|z1 — 2l

The bounds on A; and B; imply that n(&) is Lipschitz continuous in z on (0, &) for all £ € (0,1)
to the constant

Lyye = [Amaz| o1 (§) exp(Ail) + | Binaz| 1 ().

A similar argument shows the Lipschitz continuity of n(€) in z on [¢, 1) to the Lipschitz constant
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Ly, Let 21 € (0,€) and 25 € [€,1). Then

)
( (€)(21)]

< [n2(§)(22) — n2()(€)] + [n2(£)(§) — na()(E)] + [n1(€)(§) — na(€)(21)]
( (] + In1()(§) — na(§)(z1)]

< an;ac|z2 —&l+ Ln1;x|f — 2|

< Lpz|2e — 21,

where Ly, = max{Ly,,.z, Ln,;»}. This proves the statement.
Step 4: Lipschitz continuity of (1n¢)m. Let G1, G2 € Bi(G*) be arbitrary and = € [0,1] be
fixed. Then, from the Lipschitz continuity of n¢ in &, see Step 2, and in z, see Step 3, it follows

[(ne(G1))m (@) = (Ng(Ga))m (@)

= |ng(y) © X(G1)(@) — ng(a,) © X(Gz2)(@)|

< ngeayy © X(G1)(x) — ng(ay) © X(G2)()] + [nga,) © X(Ga) () — ne(ay) © X (Ga)(7)]
< Lol X(G1)(2) = X(G2)(@)| + Lniel|G1 — Gall o< (0,1)-

The map X : S° — C°([0,1]) is Lipschitz continuous in G with constant Ly.q: By the Formula
, the Lipschitz continuity of ¢ in G with Lipschitz constant L4, follows. Moreover, we
proved that g is Lipschitz continuous in G' with constant L,.q, see proof of Proposition
Thus, X is Lipschitz continuous, because

|X(G1)(z) — X(G2)(2)]

= |¢(G1) 0 g(G1)(x) — ¢(G2) 0 g(G2) ()]
§|¢(G1)09(G1)(aﬁ) ?(G1) 0 g(G2)(@)| + [(G1) 0 g(G2)(x) — #(G2) 0 g(G2) ()|

< max{)\ e — " Hg(G1)() — 9(Ga)(@)| + [6(G1) — ¢(G2)l|o
fmaz_ 1- gmln
< max {75 = }Lgicl|G1 — Gl + Loic|G1 — G2l

Using this, the Lipschitz continuity of  in G, see proof of Proposition [1.2.5] we obtain
[(ne(c1))m — (ne(aa))mllcoqon)) € Lnwlxie + LneLe) |G = G2l L= (0,1)-
&

With this theorem, a similar argumentation as in the proof of the existence theorem of the

AMP yields the existence of the AMP with the ODE (4.26) and n as solution of (4.24]).

Theorem 4.2.11 (Existence and uniqueness of the AMP with nutrients with two materials).
Assume Setting holds. Then, there exists a unique solution (G, S,n) of the AMP with two
materials with nutrients, defined in Definition[{.2.9

Remark 4.2.12. (i) Above the assumption of an infinite nutrient bath was made. This
must not be the case, e.g. one could consider the Dirichlet boundary conditions to be time
dependent given functions ng, ny: [0,T] — R.

(i) In Setting the assumption is made that n takes only two values depending on the
material. This is needed to use Picard—Lindeldf theorem to obtain existence and unique-
ness, but it is not biological reasonable in view of necrosis, i.e. that parts of the tumour
die due to lack of nutrients, e.g. in a spherical setting. In [MM78], this process is math-
ematically modelled. There, it is assumed, in contrast to our setting, that cells die if the
nutrient concentration falls below a critical point, only living cells consume nutrients and
geometric assumptions.
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4.3. ... for material with C’-stress modulus »

(iii) The proof of Theorem |4.2.11| is analogous to the proof of Theorem . Note that the
time step tg in depends on Gin and Guygq, which now also depend onn. Therefore,

the time step is different for both proofs.

4.3. ... for material with C°-stress modulus

In the previous sections, a body consisting of finitely many parts is considered, which is ex-
panded by the case of material, which has properties being continuous in space. It is that
the coefficients v and k are assumed to be continuously differentiable. This yields also higher
regularity of the growth tensor G. Again for an existence result Picard—Lindel6f theorem
will be used, which will also give uniqueness. Hence, the critical step is the Lipschitz continuity
of the mapping G — S.

To be precise, we consider the following setting, where is the important assumption.

Definition 4.3.1 (Setting with C-coefficients). Let v € C°([0,1]) and x € C°([0,1];R) be the
growth multiplier and the elastic stress modulus with K, = insz[O,l] k(z) > 0 and Kmaz =
SUPyepo,1) () < oo. Let p € C%(R) be Lipschitz continuous. Define —00 < (Y)min < 0 <
(Y1) maz < 00 with

(Vi) maz = sup  {y(z)u(y)},
z€[0,1],yeR

(ym) xe[o{rll],yeR{v(x)u(y)}

Let W € C*(Rsg) be an elastic strain energy density that fulfils the conditions (EL1)-(EL3)
from Definition |3.1.5 Further, the uniform convezity, namely there exists a c¢. € R such that
for all F € (0,00) it holds that

DLW (F) > ¢, > 0. (4.33)
Then, define the elastic energy density by
W:[0,1] x (0,00) — [0,00), W(z, F) = s(z)W(F) (4.34)
and for a given growth map g the admissible set for elastic deformations
Ao = {v € WH(g((0,1))] v(9(0)) = 0, v(g(1)) =1}

and for an elastic deformation ¢ € Aco the elastic energy by Eco: Ago — R,

Eoo(¢) = / (g™ ()W (B, () dy.
9((0,1))

Finally, let T > 0 be the time horizon and Gy = 1 € C°([0,1]) the initial datum for the ODE
for the growth tensor.

In order of a changed setting, the solution has to be defined again. Due to the C°([0, 1])-
regularity of the coefficients v and u, the ODE is supposed to hold in CO(O, 1) instead of
L>(0,1), i.e. the solution G(t,-) is of C°(0, 1)-regularity for each ¢ € [0,T]. The definition of a
solution of the AMP with C-coefficients reads as:

Definition 4.3.2 (Definition of the AMP with C°-coefficients). Consider the Setting |4.3.1]
Then, we call a couple (G, S) € C'([0,T); C°([0,1])) x C°([0,T]) a solution of the AMP with
C-coefficients if the following is fulfilled:

(i) The growth tensor G fulfils the ODE

G(t7 .%') = 'y(m),u(S(t))G(t, -75)7
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G(0,z) =1,
for allt € [0,T] and all x € [0,1].
(i1) Fort e [0,T] and

x

g(t,x) = /G(t,i) dz,

0
let ¢(t,-) : g(t,[0,1]) — R be a minimizer of Eco in Aco. The Piola—Kirchhoff stress
tensor to the elastic deformation ¢ is S by

S(t) = k(g™ (t,y)) DrW (9y9(t, y)).

Remark 4.3.3. The minimizer ¢(t,-) is unique due to the convexity of W.

We adjust the ball Bx(G*) € L>(0,1) with R defined in (4.12) and G* in (4.11) to B5(G*) C
CY([0,1]) and start with the definition of the growth map as before

93BG = CX(0.1)). G = 9(0)(w) = [ (@) d (4.35)
0

which is Lipschitz continuous, see proof of step 1.

Since G is not piecewise constant, there are no grown length to calculate. But the elastic
deformation is for a given growth map g = g(G) € C'([0,1]) with g(0) = 0 still the minimizer
of the functional

(4.36)

_ / k(g™ ()W (3,0(y)) dy
0

subject to the boundary conditions ¢(0) = 0 and ¢(g(1)) = 1. With Theorem [A.1.1](i) and in
the Setting Im, the minimizer ¢ is in C'(0,g(1)) and minyeo,g(1)] 9y¢(y) > 0. The Theorem
A.1.1]is applicable, since the g~! exists and is invertible. Therefore, the function W (g~*(y), F)
fulfils the conditions (EL1)-(EL3) from Definition

To get a uniqueness and existence result, we proceed as before: Showing a priori estimates on
the growth tensor G and proving that S depends Lipschitz continuously on G. For the a priori
estimates on G we use as before the Gronwall Lemma namely by an analogous proof as
above, it holds

Lemma 4.3.4 (A priori estimates on growth tensor with CO—Coefﬁcients). Assume the Setting
to hold and assume a solution (G, S) of the AMP|4.3.9 exists. Then, for

Gmin = eXp ((’Y.u)mvnT) )
Gmaz = €Xp ((’Y/J)mazT) )

holds for each t € [0,T] and every x € [0, 1]
G(t7 IZ?) S [GmMu Gmam] )
which is equivalent to

G(t,") € Bg(G*) c C°([0,1))
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4.3. ... for material with C’-stress modulus »

for all t € [0,T] by

R* = Gmam ; G(min7
* Gmaz + Gmln (437)
G=—

In order to prove the Lipschitz dependence of S on GG, we need bounds on S. In addition, the
following lemma is what we expect from the mechanics: If the growth is bounded, the stress in
the material is bounded.

Lemma 4.3.5 (Stress is uniformly estimated with Co—coeﬁicients). Consider the Setting|4.3.1

with (G, S) the solution from AMP with C°-coefficients with elastic deformation ¢. Then, there
exist constants —00 < Spin < Smaz < 00 such that

Simin < S(t) < Spaz for all t € [0,T]. (4.38)

Proof. Recall the equation (4.40))

ij () oo an

Since DpW is strictly increasing, (DFT/T/)_1 is strictly monotonous increasing and we get

1 1
/ DFW (HS ) szn < / DFW (K:S ) Gmaw dx
5 max 5 min

which is equivalent to

Smaac = DFW <

min

> Kmaz = S > DFW < > Kmin = Smin,

Gmafl?
where G, and Gy, are given in Lemma [£:34] &

For proving the Lipschitz continuity of the stress tensor S, we do not know the explicit
dependence of S on G. Therefore, use the implicit function theorem, see Theorem m to
obtain C'-regularity in a neighbourhood for each G € BR(G*), where R = R* + M, and
hence, the local Lipschitz continuity.

Proposition 4.3.6 (Lipschitz continuity of the stress tensor with Co—coefﬁcients). In the Set-
ting with the growth map g from and the elastic deformation ¢ the minimizer the
elastic Problem with Dirichlet boundary condition the map

S: Bi(G*) = R, G+ S(G)
is Lipschitz continuous, where B (G*) C L>(0,1) is defined in

Remark 4.3.7. Due to the conditions on W, the minimizer of the elastic Problem is
unique, see Theorem[A.1.1}

Proof. The idea is to use the Euler-Lagrange equation of the elastic problem and the implicit
function theorem.

From Theorem we know the Euler-Lagrange equation

Sy =DrW (g~ (y),0,6(y)) = k(g™ () DrW (8, ¢(y)) = Cy for ae. y € [0,g(1)].  (4.39)
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Since W is strictly convex, DpW is strictly increasing and, hence, invertible. Solving (4.39) for
¢, we obtain

dyé(y) = (DpW) ™ (n(giq(y))> '

Using the fundamental theorem of calculus and applying the boundary conditions yields

g(1

)
1= 8(g(1)) — 3(g(0)) = / 8,6(7) dj
(0)

(4.40)

which is an implicit equation for S,. Define the function

S
k(x)

f: BR(G*) xR =R, (G,S)»—)/I(DFW)_1< )G(az) dx —1.
0

For G(z) = 1, it is (y) = y, and thus, DpW (d,¢(y)) = 0 for all y € g([0,1]). Consequently,
S =0and f(1,0) = 0. To apply the implicit function theorem, we check the conditions, i.e.
0s f(1,0) is a bounded and linear functional and has a bounded inverse. We calculate for S € R

<8Sf(GaS>vg>=%f(G,S—&—sSHS:O:/((DFW)—l)/ (5) G(z)S

r(x) ) rK(z)

Since W € C?(0,00) and DpW is strictly increasing, the inverse (DpW)~1: R — (0,00) is
differentiable with derivative
_ 1

DEW(DpW=1(2))

(DFW) ™) (2)

It follows

and
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4.3. ... for material with C’-stress modulus »

1
/ 1

FC(.T
0
where DZW (1) > ¢, > 0 due to strict convexity 1) Since 0 < fol ﬁ dr < 00, dsf(1,0) is
a bounded, linear functional and has a bounded inverse. Applying implicit function theorem,
see Theorem yields that G +— S(G) is C* on a neighbourhood of Go(-) = 1. We can apply
the argumentation to any G’ € By(G*) (since the elasticity problem can be solved uniquely

for each given G’ > 0 almost everywhere) and since the uniqueness of the elastic deformation
¢ implies the uniqueness of S, we conclude that

%x o)

S: Bx(G*) - Ris Cl.
Let G € Bi(G*) be fixed. Then, for all G € L>(0,1) and small enough s € R, it holds
= f(G +5G, S(G + sQ)).
and due to the regularity of f,
= (G +56,5(G + 5G)lomg
= (0af(G,8(G)),G) + (9sf(G. S(G)DaS(G), G)

_ 0/1 (Dp1)! (i((f)>> Go) du+ 0/1 (D%W (DFvv—l (i((f)))))_l 5 4(DaS(6).G).

By Lemma m there exist Spin, Smaz € R such that S € [Syin, Smaz] for all G € Bp (G*)
Furthermore, by assumption Ki,¢ < k(2) < Kmag for all « € [0, 1]. Therefore,

S((G)) € {Smm, Smm} for all G € Bi(G*) and all z € [0,1].
K(x

Rmaz Rmin

Since DpW ! is a continuous function on the compact set [M, %] there exist constants
DrWoin, DEWipae € R with DpW,,4. > 0 such that

w(z)

In addition, D%VT/ is continuous on the compact set [DpW,in, DpWinae.]. Hence, there exist
constants Wiin, Whee > 0 such that

DpW (S(G)> € [DEWinin, DWWz for all G € Bz (G*) and all z € [0, 1].

(D%W (DFW‘l (i Ei’?))) (Winin, Winaz) for all G € Bx(G*) and all z € [0, 1].

Therefore, we obtain

— [(DeW) ! (‘Zif))) G(x) da
(DaS(G),G) = +—
/ (D3w (Dpiv—1 (£

S(g))) )71 i 47
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4. Existence and Uniqueness

It follows

()
-~
Il

<=}

[(DaS(G),

AN

k(x)
S WmamnmazDFWmar ||é((£) ||L°°(071) .

i ~ 1 (SG) A
< WonasFimas 0/ ’(DFW) ( )G(az)‘ i

This proves a uniform estimate on DgS(G) on B (G*) and the Lipschitz continuity follows. &

By this proof, a formula for the derivative of S in G = 1 can be obtained easily.

Remark 4.3.8. The derivative of S in G = 1 with respect to G can be determined by calculating
the derivative implicitly:
d _ _
0= %f(l + 5G, S(1 4 sG))|s=o
= (0cf(1,5(1)), G) + (95 (1, 5(1)) DaS(1), G)

1 1

= [wewy <0> Glo) do+ [ o di(DaS(1).6)

K(x)
0

0
1 1 1 1 i 3
:0/ +O/D 0w PS4,

which yields

-1

1
(DeS(1) 2) dz DAV(1) / (1)d§3
0

O\H

We state the following existence and uniqueness theorem for the AMP with CY-coefficients.
The proof is analogous to the proof of the existence and uniqueness Theorem of the
AMP with two materials. The Banach space, the Picard—Lindelof theorem is applied to, is now
C°([0,1]). The interpretation of the ODE in that Banach space is analogous to the discussion in
the beginning of Chapter [l Furthermore, an a priori estimate on the growth tensor is needed
and stated in Lemma The local Lipschitz continuity of the stress tensor S is proved
in Theorem for the setting with C%coefficients. Bounds on the Lipschitz constant are
not needed, since the Picard-Lindeléf theorem [A-2:6] requires the RHS to be locally Lipschitz
continuously dependent on G € Bz (G*) and to be bounded. The latter is the case, because the
stress S appears only as p(.S) and p is assumed to be bounded.

Theorem 4.3.9 (Existence and uniqueness of AMP with C"-coefficients). Consider the Setting
to hold. Then, there exists a unique solution (G,S) of the AMP with C°-coefficients.
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4.4. ... for material with general energy density

In the last sections we considered material with energy density which is a multiplication of

stress modulus depending on space with a general potential, i.e. W(z,F) = k(z)W(F). In
this chapter we investigate the AMP with an energy density potential which may vary for each
particle, i.e. W = W (x, F'). To be precise, we consider the following setting:

Definition 4.4.1 (Setting with general elastic strain energy density). Let v € L*°(0,1) be
the growth multiplier and p € CO(R) be Lipschitz continuous with iy, = inf,cr p(z) and
Pimaz = SUP,ep (). Define —00 < (V) min < 0 < (Y1) maz < 00 with

(Vi) maz> esssup {v(z)u(y)},
z€(0,1),yeR

(Ym) o5l eRh(ﬂﬁ)u(y)}

Let W: (0,1)x (0,00) = R be an elastic strain enerqy density which fulfils the conditions (EL1)-
(ELS3) in Definition [5.1.3 and there exists a c. > 0 and a continuous function Cy : (0,00) —
(0,00) such that

D2W (z, F) > c. for all F € (0,00) and almost all x € (0,1), (4.41)
DiW(z,F) < Cw(F) for all F € (0,00) and almost all x € (0,1). (4.42)
Let the following hold: For each F € (0,00), it is
inf DpW(z,F) > —oo0,
z€(0,1)

sup DpW(x, F) < +o0.
z€(0,1)

For a given growth map g, the admissible set for elastic deformations is given by
Agen = {v € WH(g((0,1)))] v(g(0)) = 0, v(g(1)) = 1},

and for an elastic deformation ¢ € Agen, the elastic energy is defined by Egepn: Agen — R,

Eoen(6) = / W(g4(y), 0,0()) dy. (4.43)
9((0,1))

Finally, let T > 0 be given and Gy =1 € L*(0,1) the initial value for the ODE for the growth
tensor.

Example 4.4.2. We assumed that there exists a constant ¢, > 0 such that for all x € (0,1)
and all F € (0,00), it hold that

DiW (z,F) > c..

Define
W:(0,1) x (0,00) = [0,00), W(z, F) = @(F—l— %)2 — k(x)
with k € L>(0,1) with Ki,y = essinfycg1)k(x) > 0 Then,
DrpW(z, F) = s(z)(F — %),
D2W (z,F) = r(z)(1 + %) > Kinf
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4. Existence and Uniqueness

for all F € (0,00) and almost all z € (0,1). Therefore, W fulfils the conditions with ¢, = Kny.

With the setting specified, we define the solution of the AMP with general elastic strain
energy density as follows.

Definition 4.4.3 (Solution of the AMP with general elastic strain energy density). Assume
the Setting to hold. Then, we call a couple (G,S) € C*([0,T]; L>(0,1)) x C°([0,T]) a
solution of the AMP with general elastic strain energy density if the following is fulfilled:

(i) The growth tenor G fulfils the ODE

G(t,x) = y(z)u(S(t))G(t, x), (4.44)

for all t € [0, T) and almost all z € (0,1).

(i) For

and t € [0,T] let ¢(t,-) : g(t,(0,1)) = R be a minimizer of Egep, in Agen. The Piola—
Kirchhoff stress tensor S(t) to the elastic deformation ¢(t,-) is given by

S(t) = DEW (g~ (t,y),0y6(t,y)) for all y € [g(t, (0,1))].

Remark 4.4.4. Note that the minimizer ¢(t,-) of Ege,, exists, refer to [Bal81] Theorem 1, and
is unique due to the strict convexity of W in F.

As before, with the Gronwall Lemma, we can prove a priori estimates on a solution GG
of the AMP, which yields that

G(t,.’l?) € [GminaGmax]

holds for all ¢ € [0,T] and almost all = € (0,1), and hence,

G(t,-) € B(G*) C L>(0,1),

where Gumin, Gmaz, B and G* are analogous to the ones in Lemma m .
For the Lipschitz continuity, we again use the implicit function theorem. Let R > 0 be defined
as in (4.12)). We start with the definition of the growth map

g: Ba(G) — Wh(0,1), G > g(G) with ¢(G)(x) = / G(#) di, (4.45)
0

which is Lipschitz continuous, see proof of Proposition Step 1. Given a growth map g,
the elastic energy of a deformation ¢ of the natural configuration (g(0), g(1)) is given as

g(1)
E@) = [ Wio™ w).0,00) d (1.46)
9(0)
Further, the Dirichlet boundary conditions are ¢(g(0)) = 0 and ¢(g(1)) = 1. Due to Theo-

rem i) the unique minimizer ¢ of this problem in the Setting is C'(g(0), g(1)) and
minye(g(0),9(1)) ¢(4) > 0.
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Lemma 4.4.5 (Uniform estimates on deformation gradient). Assume Setting holds. Let
G € Bj(G*) with growth map g(G) defined by and elastic deformation ¢(G) as the
unique minimizer of the elastic energy Egen, see Remark . Then, there exist two constants
0 < Omin < Gmaz Such that

ay¢(tv y) € [¢mina ¢maz] (447)
for allt € [0,T] and all y € g(t,(0,1)).
Proof. Step 1: |g(¢,(0,1))] = 1. In this case, the elastic deformation is ¢(t,y) = y, since
Wiat (Y, 0yd(t,y)) = Whai(y, 1) = 0 for all y € g(¢, (0,1)) and nothing is to prove.

(
Step 2: |g(¢,(0,1))] > 1.
Step 2a): Upper bound. By the mean value theorem, there exists a £ € g(t, (0,1)) with

¢(t’ g(t’ 1)) — ¢(t’ g(t’ O)) — 1
g(t,1) —g(t,0) lg(¢, (0, 1))]

By the strict monotonicity of DpWya:(y, ) and due to DpWy,.(y, 1) = 0, it holds that

Iyo(t,€) = € (0,1).

DFWnat(§78y¢(t’§)) =5(t) <0.

Hence, DpWhyat(y, 0yd(t,y)) = S(t) < 0. Since DpWiat(y, -) is strictly monotonously increas-
ing and DpWpai(y, (0,1)) = (—00,0), it follows 9,é(t,y) € (0,1) for all y € g(¢, (0,1)). Hence,
the upper bound 1 is proven.

Step 2b): Lower bound. Due to the assumption on W, DpW (x,-) is negative and strictly
increasing on [9y¢(t,x),1). With this, (EL2), DpW (z,1) = 0 and the fundamental theorem of
calculus, it follows

Ay d(t,T) (4.48)

Due to the conditions on 6, define 6,4, = minpe (0,00) O(F) and the set M := {F € (0,00)| 0(F) =
Omin}. The set M is bounded from below, because §(F) — oo for F' N\, 0. Therefore, define
Fryin = min M > 0. Furthermore, the convexity of 6 implies that 6 is strictly decreasing on
(0, Frin]: Let Fo, Fy € (0, Frpi) be with Fy < Fy and 0(Fp) = 0(F1) > 0(Fpin). Then there
exists a A € (0,1) such that Fy = AFy + (1 — A\) Fpip, and from the convexity of 6 it follows

0(F1) = O(\Fy + (1 — A) Fonin)
< M(Fo) + (1 = X)0(Finin)
= M0(F1) + (1 = \)0(Fpnin) < 0(F1),

which is a contradiction. Therefore, 6 is strictly decreasing on (0, F,;,]. Thus, 6 is invertible
on (0, Frnin] and we define F*(S(t)) = (0]0,p,.,,.)) ' (S(t)). Since 6 is strictly decreasing on
(0, Fin] and 0(F*(S(t))) = S(t), it holds 8(F) > |S(t)| for all F € (0, F*(S(t))). From ({.48),
it follows that dy¢(t,x) > F*(S(t)). By Proposition there exist 0 < Smin < Smaz < 00
such that S(t) € [Smin, Smaz] for all t € [0, T]. It follows from the definition of F*, that F™* is
continuous in S and therefore it has a minimum on the compact interval [Syin, Smaz] that we
denote bydmin.

Step 3: |g(¢,(0,1))] < 1.

Step 3a): Lower bound. The argumentation as in Step 2a) also holds for this case and leads
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to S(t) > 0 and 0y¢(t,y) > 1.
Step 3b): Upper bound. By the conditions on W, DpW(x,-) is positive and strictly
increasing on (1, dy¢(t, z)]. Together with W (z,1) = 0 and the assumptions on #, we obtain

0(9yo(t,y)) < W(z,0yo(t,y)) = W(z,0yd(t,y)) — W(x,1)
Oy d(t,x)
DpW (x, F) dF

1

< (9yo(t,y) = V)DpW (2,0y0(t,y)) < 9y¢(t, y)S(t)

Define the set N = {F € (0,00)| @ = S(t)}. Since %F) — oo for F — oo, the set

N is bounded and we define Fi,q.(S(t)) = sup N < oo. From the assumptions on W,
0(0yd(t,y))/0yd(t,y) < S(t) and therefore 9y¢(t,y) € N and thus 0,¢(t,y) < Frnez. Moreover,
0 is continuous in F' and therefore is Fj,,,; continuous in S and takes the maximum @,,.; on
the compact interval [Spin, Smaz]- &

With the implicit function theorem, see Theorem [A-3.5] we prove that the Piola—Kirchhoff
stress tensor depends Lipschitz continuously on the growth tensor, which will later prove ex-
istence and uniqueness of a solution of the AMP. In this setting, W is not a product, but

nonetheless is invertible due to the assumptions (EL1)-(EL3) in see Remark iii)(a).

Proposition 4.4.6 (Lipschitz continuity of the stress tensor with general elastic strain energy
density). Consider the Setting|4.4.1. Let g be the growth map from and E elastic energy
from . Then, the map

S: Bp(G*) - R, G~ S(G),
where R and G* are defined by , is Lipschitz continuous.

Proof. Theorem states that for the elastic map g given there exists a unique minimizer ¢
of F w.r.t. the Dirichlet boundary conditions and that the Euler-Lagrange equation is

DeW (g~ (y), 0y¢(y)) = S, for a.e. y € [9(0), g(1)] (4.49)

for some S, € R. Since W (g~ (y),-) is strictly convex, DpW (g~ (y), -) is invertible from (0, 0o)
to R, see Remark ??(vi), such that

3yd(y) = (DEW (g™ (y),)) " (S,) (4.50)

holds. The fundamental theorem of calculus and the Dirichlet boundary condition imply that

g(1

)
L= 0(9(1) - 6lg(0) = [ 3,0(s) dy
9(0)
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holds. This is an implicit formula for S, depending on G. Hence, we use the implicit function
theorem, see Theorem for the function

f:BalG) xR =R, / (DeW (2, )" 1(S)G(z) da. (4.51)
0

For G =1and S =0, it holds 0 = S = DpW (z, 1) and, hence, f(1,0) = 0. Further, we have
to check that the Fréchet derivative dsf(1,0) exists and is a bounded, linear functional with
bounded inverse. For the existence we use Lemma [A-3:4] We start by calculating the Gateaux
derivative and will prove then that it is continuous in S = 0. For S € R we calculate

%f(GUS +59)|s=0 = /((DFW(a:, NH(S)G(z)S da.

0

<DSf(GvS)ﬂ §> =

Here, the derivative and integral can be interchanged by dominated convergence, because the
difference quotient converges to the derivative which is bounded, as can be seen in the following;:
Since W (z,-) € C%(0,00) for each z € [0,1], DpW (z, ) € C*(0,00) and DpW (x,-) is strictly
increasing, due to the strict convexity of Wz, ), and, hence, an isomorphism. Due to Lemma
A.3.6|the inverse (DpW (z,-))"1: R — (0,00) is differentiable with derivative

(DEW ()7 () = - Ser.

It follows
(Dsf(G,9),5) = / (D2 (2, Wz, )~ 1(S)))
0

which is continuous in S. Moreover, (D%W (x, W (z,-)~(S)))"'G(x)S is a bounded L'(0,1)-
function due to the assumptions on W and the conditions for dominated convergence are ful-
filled.

Due to Lemma the Fréchet derivative ds f(G, S) exists. Further,

1

(9s£(1,0),8) = § / (D2W (2, W(z,)~2(0))) " da

_ ! 1
= —— d
5 / D2W (1)

where DZW (z,1) > ¢, > 0 due to the uniform strict convexity of W, see (4.41). Hence,
the conditions of the implicit functions theorem [A-3.5 are fulfilled and the theorem yields the
existence of an open neighbourhood V' C L*°(0,1) of Go(-) = 1 such the map

S: V=R, G~ S(G)

is C'. We can apply the argumentation from above to all G’ € B (G*), because for each such
G’ the Theorem (1) states that for the minimizer ¢ of the elastic energy Ege, exists an
Ce(t) > 0 such that 9,¢(t,y) > Cer(t) for all y € [0,9(¢,1)]. Hence, the derivative of f in
(G",8"), where 8" = S(G), is

(05 (G, S'), §) = / (x,-)—l(S/)))*G/(x) dx

-5 DI )
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This term is strictly positive, because DZW (z, F) > ¢, for all F' € (0,00) and W ~1(x,-)(S") > 0
for all z € (0,1). Thus, the implicit function theorem is applicable and it gives that

S: BR(G*) > R, G — S(G)

. . 1
exists and is C*.

In order to prove Lipschitz continuity, a bound on D¢ S is needed. Let G € B 7 (G*) be fixed.
Then, it holds for each G € L>°(0,1) and small enough s € R that

0= f(G+sG,S(G+sQ)).

Differentiating in s yields

d . i
0=—-f(G +5G.S(G + 5G))l.=o

=(0cf(G,5(@)),G) + (9s (G, S(G))DcS(G), G)

— [DeW () H(S(@) G w) do

0
1
+ / (D2W (2, (DpW ()" (S(G)))) ! di(DaS(G), G)
0
- [0,6t9()Gta) ds
0

+ [ (DEW(2,09(g(x)))) ™" di(DcS(G), G),

o _

where we used (4.50) in the last step. Lemma states that there exist ¢,nin, Omaz > 0 such
that

Oyd(Y) € [Pmin, Pmaz] for all y € g((0,1)).
Due to the condition on D%W, there exist D%Wmm, D%Wmam > 0 such that
DEW (z,00(g(x))) € [DEWiin, DEWinae] for all z € (0,1).
Therefore, we conclude

~ J0,6(9(x))C(a) do
(DcS(G),G) = .

[(D2W (. 06(a())

It follows

- Ofayqs(g(x))é(x) dz

(DaS(G), G)| =

o\)—t

(DEW (x,0(g(x)))) " di
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_Of |0y6(9(2))G(x)| da

{ DT W dF

< D%‘Wmaa:(bmaa: HG($> ||L°°(O,1) .
This proves a uniform estimate on DgS(G) on B (G*) and the Lipschitz continuity follows. &

The above theorem together with the a priori estimates on the growth tensor and an analo-
gous proof as of the existence and uniqueness theorem yields the following existence and
uniqueness theorem for the AMP with general elastic strain energy density:

Theorem 4.4.7 (Existence and uniqueness of the AMP with general elastic strain energy
density). Consider the Setting to hold. Then, there exists a unique solution (G, S) of the
AMP with general elastic strain energy density.

Physical statements

After stating the existence and uniqueness of the solution of the AMP with general elastic
strain energy, we show statements, which are expected in a consistent model. We prove that
the material’s stress is finite for finite growth and, vice versa, that the stress goes to infinity if the
material is growing infinitely big. Moreover, we discuss the sign of the stress in correspondence
with the growth and prove that the elastic deformation has finite derivative for all times.

Proposition 4.4.8 (Bounded stress with general elastic strain energy density). In the setting
ofl4.4.1), let (G, S) be a solution of the AMP with general elastic strain energy density. Further,
suppose that G satisfies on [0,T] x (0,1) the uniform estimates

0 < Gmin < G(t,x) < Goaz < 00.

Then, the stress is uniformly bounded on [0,T], namely there exist Spin, Smaz € R such that
for allt €[0,T)

Smin S S(t) S Smam-

Proof. In the proof of the Lipschitz continuity of S we derived for S the implicit formula
1
/ (DpW (z,-))"1(9)G(x) dx,
0

which we will use as basic idea to get estimates on S. We will use the intermediate value
theorem to obtain a similar equation which we compare with the help of the above equation.
Step 1: Define function for intermediate value problem. For G € (0, c0), define

1
fa: R—=R, fa(S /DFW —1(9)G dx.
0

Since W (z,-) is strictly convex and C?(0,00) and due to the growth conditions, see Definition
3.1.3 DpW(z,-): (0,00) — R is invertible with
(DpW (z,-))"1: R — (0, 00) strictly increasing. Hence, it holds

1
/ DpW(z,)) ()G dx
0
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4. Existence and Uniqueness

< [(DpW(z,)) 1 (S")G dx
/
f

(") for all S < S".

Step 2: Limit of fg for S — —oo. For S = 0 holds
1 1
fa(S) /DFW (O)de:/1~de:G.
0 0

Consequently, (DpW (x,-))"1(0)G dominates (DpW (z,-))"1(S)G in L1(0,1) for all S < 0.
Further (DpW(z,-))"1(S) — 0 for S — —oo. Therefore, the dominated convergence theorem
yields

lim fg(S)= lim [ (DpW(z,-)) ' (S)G dx

S——o0 S——o0
0

S——o00

/ lim (DpW(z,-))"*(S)G dz = 0.
0

Step 3: Limit of fg for S — oco. On the other hand, (DpW(z,-))~! converges pointwise
to oo for S — oco. Further, it is a non-negative function for each S € R and strictly increasing
in S. Hence, the monotone convergence theorem yields

1

sh_)m fa(S) = Sh_)m (DpW (x,-)) 1 (S)G dx
0

S—o00

1
:/ lim (DpW(z,-))"(S)G dx = co
0

Step 4: Applying intermediate value theorem. In addition, the continuity of (DrW (z,-)) !
implies that F is continuous in S. Hence, the application of the intermediate value theorem
for G = Gpin, and G = G4, yields the existence of Syua0, Smin € R respectively such that

1
1= fe., (Smaz) / DrW (z,)) " (Smaz)Gmin dz
0
and
1
1= fa, .. (Smin) / DeW (z,)) " (Smin)Gmae dz
0

Step 5: Conclusion. From this and the initial equation we conclude

/DFW (szn)Gma:v /DFW (S(ﬂ)G(t,l’) dSC
’ ° (4.52)
(DFW(% 7S (1)) Grmao du

IN
o _
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4.4. ... for material with general energy density

and

/(DFW('I7 '))_1(Smaac)Gmin dr=1= (l)FVV(l'7 ))_1(S(t))G(t,l‘) dx
0

(DpW (z,) " (S(t))Gmin da.

O\H o _

Now assume that S, > S(t) for a t € [0, T]. Then with the fact that (DpW (z,-)) ! is strictly
increasing, we get (DpW (z,-)) " (Smin) > (DpW (z,-))~1(S(¢)) and after integration

1

/ DeW (z,)) " (Smin)Gmae dz > /(DFW(x,-))—l(S(t))GW dz,
0 0

which is a contradiction to (4.52). For S, and S(¢) one can argue analogously, hence, it must
hold

Smaac Z S(t) Z Smin-

&

On the other hand, if the material grows infinite and with an additional assumption, we can
prove that the stress to push it back to (0,1) goes to infinity, too.

Proposition 4.4.9 (Infinite growth generates infinite stress). Assume the setting of to
hold except the Lipschitz condition of G and let (G, S) be the solution of the AMP with Dirichlet
boundary conditions on [0,T) with G(t,x) > 0 for allt € [0,T] and x € (0,1). Further, assume
one of the following assumptions to hold:

(i) for all S € R there exists a constant C(S) > 0 such that

Vo e (0,1) : (DpW(z,-))"1(S) > C(S).

(ii) the growth is homogenous, i.e. that for allt € [0,T) and all x € (0,1) holds

G(t,z) = G(t).

(iii) the elastic deformation is homogenous, i.e. for all z € (0,1) and F € (0,00) holds

W(z, F) =W(F).

Suppose that the material grown infinitely big, i.e.
lg(t,(0,1))] = oo fort — T,
where | - | denotes the L'-measure. Then,
S(t) = —oo fort —T.

Proof. Concerning (i): Assume the additional condition (i) to hold. For a contradiction,
assume that S - —oo for ¢ — T'. Due to the continuity of S, there exists an S* € R such that
S(t) > S* for all t € [0,T). Then, due to monotonicity it follows

(DpW (x,-)) "1 (S(t)) > (DpW (z,-))"(S*) for all t € [0,T).
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From the equation (4.40) from the proof of the Lipschitz continuity of S of G and the a priori
estimates on G(t,-) to be almost every positive we get

S*/Gtm

g(t,(0,1))| = o0, t = T,

which is a contradiction.
Concerning (ii): Assume the growth tensor to be independent of x and that S(¢) is bounded
from below by S* € R for all ¢ € [0,T"). Then from (4.40), it follows

(DFW (2,)) " (S(t))G(t,2) d

(DpW (z,) 71 (S(t))G(t) dz

o _ O\H

=G(t) [ (DFpW (z,)" (S(t)) dz

> G(t) [ (DpW (x,) 7 (") do

O\H O\H

Since fol (DpW (z,-))"1(S*) dx is constant and G(t) — oo for t — T, we get a contradiction to
the estimates on S(t).
Concerning (iii): Assume the elastic strain energy density to be independent of z. Then due

o (4.40), it holds

1= [(DpW(z, )" (SO))G(t,z) dz

(DEW)~Y(S(1)G(t,z) dx

o O~ _

(DFW /Gt{E

= (DrW)~Y(S ())Ig( (0, 1))].

It follows that (DpW)~1(S(t)) — 0 for t — T, because |g(t, (0,1))| — oo for t — T, and due
to the conditions on W, S(t) — —oo for t — T &

Remark 4.4.10. (i) The analogous result holds for |g(t,(0,1))| — 0 fort — T: S(t) — 400
fort — T. Here, one of conditions (i) (with ” <7 instead of 7 > 7), (it) or (iii) must
hold.
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4.4. ... for material with general energy density

(i) We have to assume G(t,x) > 0 for allt € [0,T] and z € (0,1), because we got this
condition from the Lipschitz continuity of G, but now do not assume G to be Lipschitz
continuous.

(iii) The statement finds application for the case of the ODE G=G?withGy=1and T = 1.
The solution G(t) = %_t has a blow up for t — T. The blow up is caused by the not
Lipschitz continuous RHS. When we prove the existence of a solution for the AMP, the
Lipschitz continuity assures the boundedness of G, which is not assured in the Proposition

49

As last here mentioned physically expected property, we prove that the stress is negative if
the material is grown bigger than the interval (0,1) and positive if the material shrinks.

Lemma 4.4.11. Let (G, S) be the solution of the AMP in the Setting and let g denote
the growth map corresponding to G by . Then, the following are equivalent:

(i) 5(t) <0
(i) lg(t, (0, 1)) = 1.
Especially, S(t) =0 iff |g(¢,(0,1))] = 1.

Proof. Step 1: (i)= (ii). From the relation (4.51)) and the strict monotonicity of (DpW (z,-)) "1
follows

/DFW ) "HS()G(t, x) dx
0

/DFW “10)G(t, ) dx

0

:/1-G(t,x)dm= / Lde = g(t, (0,1))].

0 9(t,(0,1))

Step 2: (ii)=(i). Let ¢(¢,-) be the elastic deformation corresponding to the solution (G, S).
By the mean value theorem, there exists an 1 € g(¢, (0,1)) such that

olt.g(t 1) — o(Lg(t.0) 1
o) gty gy <O

Since the stress S(¢) is constant in space, it follows

8y¢(t7 77) =

S(t) = DFWnat<777 8y¢(t,n)) <0.
&

The next result is not only useful later on, see Theorem [5.4.1] and Proposition [A.4.9] but it
states also that the material is never infinitely compressed or stretched.

Concerning nutrients

As in the setting with two components, we want to investigate how to include nutrients in the
system. In general, the idea is the same as before, namely including one more term into the
ODE like in the ODE above. Again, we show that the nutrients are locally Lipschitz
continuously depending on the growth tensor G and the Picard-Lindel6f Theorem [A:2:0] yields
existence and uniqueness. What is changed for arbitrary composed material is the diffusion
coefficient and the absorption rate.

97



4. Existence and Uniqueness

More precisely, consider n: H(0,1) — L°(0,1) to be bounded and Lipschitz continuous and
consider for ¢t € [0,7] and z € (0,1) the ODE

G(t, ) = y(x)u(S(E))n(n(t, ) (2)G(t, x).

Further, let D: [0, 1] — R be the diffusion coefficient in the reference configuration and 3: [0, 1] —
R be the absorption rate in the reference configuration. Again, the equation of the nutrients

shall be solved in the deformed configuration, see Remark ii) and Remark Af-

ter each given growth ¢, the diffusion coefficient D, q:: Qpqt — R and the absorption rate

Brat: Qnat — R are defined by

Diat(y) = D(g7 " (y)) and Brae(y) = B9~ (y))- (4.53)

This definition resembles the definition of W, ., motivated by the idea of the model: The
volume increase due to growth does not affect the properties of the material. Furthermore, the
diffusion coefficient D; is obtained by the following calculation: The equation in the deformed

configuration for the nutrients is given in the modelling, see [2.19, where we neglect the density.
For a test function ¢ € H'(0,1), the LHS is

LHS = /Dt(z)azn(z)azw(z) dz
€

_ / Dy(2)0.n(2)0:1)(2) dz
&(Unat)

_ / Di(6(1))(0.m) (6()) (B4 (S()) det |9, 6(y)|dy
— / Di(6(5))8y (n 0 8) ()3, (1 0 6) () (By6()) "y
- / Dot ()3, (n 0 6) (), (4 0 $) (1) dy.

This motivates the definition
Dy(2) = Dyar (671 (t,2))0y8(t, ¢~ (¢, 2))
= D(g(t:¢7 ' (t,2)))0y(t, 67 (£, 2)) (4.54)
for z € (0,1). Similarly, the RHS tested with ¢ and after change of variables with g(¢,-), see
Lemma is

RHS = / Bu(2)n(2)(2) da
Q

= [ aemeue) d
O(Qnat)

- / Bu(6())n(6 () (6(1))2,6(y) dy,
Q

nat

which motivates the definition,

Bt(z) = 6nat(¢_1 2 Z))(ay¢)_1(tv ¢_1(t7 Z))
= B(g7 (t, 07 (£,2)))(9y0) " (t. o7 () (4.55)
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4.4. ... for material with general energy density

for z € (0,1), where now the change in volume affects the diffusion.

Definition 4.4.12 (Setting with nutrients IT). Assume Setting |4.4.1, Further, let n: R — R
be Lipschitz continuous with Lipschitz constant L, > 0 and bounded, i.e. there exist —oo <
Nmin < 0 < Nmaz < 00 such that

Nmin < 77(.’1)) < Nmax fOT all x € R.

Let the diffusion coefficient D € W%>°(0,1) be with Lipschitz constant Lp > 0 and bounded
such that there exist 0 < Dpin < Dimaz < 00 such that for all z € (0,1) holds that

Dmin S D((E) é Dmaz~

Moreover, assume the absorption rate 3 € W1>°(0,1) to be with Lipschitz constant Lg > 0 and
bounded by 0 < Biin < Bmaz < 00, namely, for all x € (0,1) holds that

ﬁmin S B(Z’) S Bmaar

Moreover, let DpW € C*([0,1] x (0,00)). Let ng,n; € R be the Dirichlet boundary conditions
for the nutrients.

Then, a solution of the AMP has to include the nutrients as well.

Definition 4.4.13 (Solution of the AMP with nutrients). Assume the Setting to hold.
Then, we say (G, S,n) is a solution of the AMP with general elastic strain energy density and
nutrients if the following conditions are fulfilled:

(i) The growth tensor G € C'([0,T]; L>=(0,1)) fulfils the ODE

G(t,z) = ~(@)u(SO)n(n(t,2))G(t, ),
G(0,2) =1,

for allt € [0,T] and almost all x € (0,1).

(ii) For the growth map

x

g(t,z) = /G(t,iﬁ) dz

0

and t € [0,T], let ¢(¢,-): g(t,(0,1)) — R be the unique minimizer of Egen, in Agen. The
Piola—Kirchhoff stress tensor S(t) € C°([0,T]) to the elastic deformation é(t,-) is given
by

S(t) =DpW(g~'(t,y), 0yo(t, y)).

(iii) For all t € [0,T], it holds n(t,-) € H'(0,1) and the equation
n(0) = no, (4.56)

where Dy and By are defined by , and , is fulfilled.

In order to obtain existence and uniqueness of the AMP in the sense of Definition .4.13]
the nutrients n have to depend Lipschitz continuously on the growth tensor G, such that we
can apply the Picard-Lindelof existence result [A.2.6] as before. To prove the needed Lipschitz
continuity, we first prove several Lemmas.
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The proof of the existence of a unique solution of the AMP with nutrients uses the same steps
as in the case for the AMP with generalized elastic strain energy density. The a priori bounds
Gumin, Gmaz o0 G include the bounds on 7, but are still strictly positive. Therefore the definition
of the ball B;(G*) as well as the proofs of the bounds on ¢ and S, see Lemmaand Lemma
[4:4:6] work the same. Therefore, we reference them in the following.

Lemma 4.4.14. Consider the Setting to hold. Then (x,S) — (DpW(x,-))"1(S) is
separately Lipschitz continuous, i.e. there exist two constants Lp, w-1,5, Lpaw-1,5 > 0 such
that for all x,x1,x2 € [0,1] and all S, S1,S2 € [Smin, Smaz], it holds that

(DEW (21,-)) 1 (S) — (DEW (z2,)) " (S)| € Lppw-1.2]71 — 22|,
(DpW ()" (S1) — (DEW (,) " (S2)| < Lpaw-1,5191 — Sal,

where Spin, Smaz 0T€ from .

Proof. For shorter notation, define
F:[0,1] X [Smin, Smaz] = R, (2,8) — F(z,8) = (DpW(z,-))"1(S). (4.57)

Step 1: Lipschitz continuity in x.

Step la): Inverse function. Let S € [Siin, Smaz] be fixed. We prove that F(-,S) is dif-
ferentiable on (0,1). Let (&, F) € (0,1) x (0,00) be a solution of DpW (&, F) = S. Since
DrW € CY([0,1] x (0,00)) with DZW > 0, we can apply the implicit function theorem
to obtain an open neighbourhood U(Z) x V(F) C (0,1) x (0,00) and a differential function
F(.,8): U(Z) — V(F) such that DpW (z, F(x,5)) = S for all # € U(&). Since for fixed S the
equation DpW (z, F) = S has a unique solution F for each = € U(%), it follows F(-, S) = E(-, S).
Because Z € (0,1) is arbitrary, we conclude F(-,S) € C*((0,1)).

Step 1b): Regularity of Fy. By implicit differentiation of DpW (x, F(z,S)) = S, we obtain

0=d,S = d,DpW(x,F(x,5))) = 0, DpW (z, F(x,5)) + DEW (z, F (2, S))0,F (z, S).
By rearranging and using the fact that DLW > c.., we get

—0, DpW (z, F(z,S))

0. F(x,8) = DiW (z, F(x,S))

Furthermore, DrW € C!([0,1] x (0,00)) and by Lemma m F(z,S) € [dmin, Pmaz] for
all x € (0,1) and all S € [Syin, Smaz], thus there exists a maximum W, € R such that
|amDFW(x7F($7S))| S Wmaz~ Hence,

—0,DpW (z,F(x,9)) - Wnaa
DIW(x, F(x,S)) |~ ¢

|0, F(x,5)| = (4.58)

From this bound, it follows that the limits lim,~ o F(z,S) and lim, ~ F(z,S) fulfil a Cauchy
property and therefore the limits lim,\ o F(z,S) and lim, »; F(x,S) exist. This yields F(-) €
C%([0,1]) N C*(0,1).

Step 1c): Lipschitz continuity in x. Let x1,z2 € [0,1] be arbitrary. Then, by the mean
value theorem, there exists a 7 € (0, 1) such that

[(DpW (21,-)"1(S) = (DpW (22,-)) 1 (S)| = |F(21,5) — F(x2,5)]
< 0 F(n, S)|w1 — 2]

< Lp.w-1.4]T1 — 22],

where Lp . w-1,4 = WZ—C”, the uniform bound from 1}
Step 2: Lipschitz continuity in S.
Step 2a): (DpW (z,-))~! is continuous in S. Let x € [0,1] be fixed and let (Sk)ren

be a sequence in [Spmin, Smaz] With Sy — S for k& — oo but F(x,Sk) does not converge to
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F(z,S). Since (Sk)ken is bounded, (F(x,Sk))ken is uniformly bounded, see Lemma [4.4.5]
Therefore, there exist a subsequence, denoted by (Sk)kren again, and a limit F* € R such that
F(x,Sg) = F* # F(z,S). However, the continuity of DpW (x, ) implies that

DpW(z, F*) = lim DpW (z, F(x,S;)) = lim S, = 5.
k—o0 k—o0

From the uniqueness of the solutions of DpW (z, F') = S, it follows F* = F(x,S), which is a

contradiction. Furthermore, this argument holds for each subsequence and we therefore con-

clude the continuity of (DFW (x,-))~!in S.

Step 2b): (DFW (z,-)) ! is differentiable in S. Let S, 5" € R, S’ # 0 with DpW (z, F(z, S)) =

S and DpW (x, F(z,S 4+ 5")) = S +5’. Then, DpW (z,-) € C*(0,00) yields

S'=8+8—-8=DpW(z,F(x,S+S5")) — DpW (z, F(z,S))

1
= /D%W(x, tF(z,S+8") + (1 — t)F(z, ) (F(z,S + §') — F(z,8)) dt.
0

Rearranging and DZW > ¢, imply

-1

Pz, 5 + ng —F@8) _ /D%W(x,tF(x, S+8")+ (1= t)F(,9)) dt
0

For a compact interval Ig C Rand S, S’ € Ig, tF(z, S+5")+(1—t)F(x, S) is uniformly bounded
for all ¢ € [0, 1] and due to the continuity of D%(z,-) the integrand is uniformly bounded. Thus,
dominated convergence allows us to pass to the limit S’ N\, 0 in the integral, such that we obtain

L 1
DsF(z,S) = /S};QIOD2FW(x,tF(x,S+S')+(14)F(x,5)) dt

-1

0

— /D%W(I,tF(x,S) + (1 —t)F(x,5)) dt
0
1

-1

- /D%W(x,F(m,S)) dt
0

— (DEW (2, F(x,5))) .

This expression is uniformly bounded on Ig, especially on [Sy,in, Smaz] and the desired Lipschitz
continuity follows. &

Lemma 4.4.15. Assume Setting to hold. Then there exists constants Lx.a, Lo, ¢og;c > 0
such that the following hold:

(i) The map X: L=(0,1) — C°([0,1]), G — X(G) = ¢(G) o g(G) is Lipschitz continuous,
i.e. for all Gi,Gy € Bi(G*) it holds

1X(G1) = X(G2)lleo(o,1)) = 19(G1) 0 9(G1) — ¢(G2) © g(G2)llcojo,1))
< Lx.cl|G1 — Ga|lL=(0,1)-

(ii) The map ¢'og: Bx(G*) — C°([0,1]) is Lipschitz continuous, i.e. for all G1,Ga € Ba(G*)
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1t holds

10,6(G1) © g(G1) — 0y (G2) 0 g(G2)llco(o.1)) < Lo, ¢og;cllG1 — Gall L= (0,1)-

Proof. Concerning (ii). Let G € By(G*) be given. Then the Euler-Lagrange equation reads
as

DeW (g~ (G)(y),0,¢(G)(y)) = S(G) for all y € Qg

Furthermore, g(G): [0,1] — [¢(G)(0), g(G)(1)] is bijective and from the uniqueness of the solu-
tion of DpW (z, F) = S we conclude

(0y0(G) 0 9(G)) = F(-,S(G)) on [0,1],
where F' is the map defined in (4.57). From Lemma 4.4.14) we know that F is Lipschitz

continuous in S and from Lemma S(G) is Lipschitz continuous in G with Lipschitz constant
Lg. Therefore, for G1,G2 € Bi(G*), it holds

[9(G1) 0 g(G1) — ¢(G2) © g(G2)llco(o,1)) = ?&qu |p(G1) 0 g(G1)(x) — ¢(G2) 0 g(G2) ()]

= sup |F(z,8(Gy)) — F(z,8(Gy))|

z€[0,1]
< Lppw-15|5(Gh) — S(Ga)l
< Lp,w-1,5Ls||G1 — Ga| (0,1
Concerning (i). In view of the boundary conditions, ¢(G;) o ¢(G;)(0) =0, i = 1,2, and that
6(G2) 0 g(G) € WH(0,1), i = 1,2, due to the Cl-regularity of ¢(G:) on [g(Gy)(0).g(Gs)(1)]

and g(G;) € WH>(0,1). Hence, the fundamental theorem of calculus and the chain rule yield
for z € [0, 1]

[X(G1)(z) = X(G2)(2)] =[6(G1) 0 g(G1)(x) = ¢(Gz2) 0 g(Ga)()]

/ Da(B(G1) 0 9(C1))(#) — 0 ($(G) 0 9(Go))(&) di

0

< / 10,6(G1) © 9(G1)(F)G1 () — 0,6(Ga) 0 9(Ga)(8)Ga ()] di
0

< / 10,6(G1) © 9(G1) (#)G1(F) — 0,6(G1) 0 9(G1)(F)Gal()]| d
0

+/|5y¢(G1)09(Gl)(f)Gz(f) — 0y9(Ga) 0 g(G2)(7)Ga ()| di
0

<10y (G1) 0 g(G1)llco(op IG1 — Gall L=< (0.1
+ [|0y0(G1) 0 g(G1) — 9yp(Ga) © g(G2)llco o) IG2l (0,1

With G < Gz + G"Q”'", y#(G1) 0 g(G1)(x) < Pman for all € [0, 1], see Lemma [4.4.5, the
Lipschitz continuity of dy¢ o g in G, see Step 1, and taking the supremum over z € |0, 1], we
obtain the desired Lipschitz continuity. &

Lemma 4.4.16. Suppose that Setting[{-4.19 holds. Then there exist constants Lx;u, Lo,pogus
Lo, gop—1,= > 0 such that the following hold:
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(i) For all G € Bx(G*) and all x1, 5 € (0,1) it holds

|X(G)(x1) = X(G)(22)| < Lia|wr — w2l

(i) For all G € Bx(G*) and all x1,22 € (0,1) it holds

(0y¢(G) 0 9(G)) (1) = (9y9(G) 0 g(G))(22)] < Lo, pogia|r1 — wal-

(iii) For all G € Bi(G*) and all z1, z € (0,1) it holds
(0y(G) 0 ¢~ H(G))(21) = (9,8(G) 0 ™ H(G))(22)| < Lo, goip-1:2l21 — 22l.

Proof. Let G € BR(G*).

Concerning (i). By Lemma 9yd(G)(Y) € [dmins Pmaz] for all y € [g(G)(0), g(G)(1)] and
by definition 9,9(G)(z) = G(z) € [z, Gpas + E5i2] for almost all z € (0,1). Therefore,
)=

2
¢(G) and g(G) are Lipschitz continuous and the Llpschltz continuity of X(G) = ¢(G) o (G)
follows.

Concerning (ii). As in the proof of Lemma 0y»(G)og(G)(x) = F(x,S(G)) and due to
the Lipschitz continuity of F' in z, see Lemma [4.4.14] the Lipschitz continuity of 9,¢(G) o g(G)
in x follows.

Concerning (iii). It holds

9yd(G) 0 671 (G) = 9,¢(G) 0 g(G) 0 g1 (G) 0 ¢~ (G) = 0yd(G) 0 g(G) 0 XT(G).  (4.59)

Since X (G)(0) = 0, with the fundamental theorem of calculus and chain-rule, it follows

X(G)(z) = X(G)(x) = X(G)(0) = /3zX(G)(i’) di = /3y¢(G) °g(G)(2)G(2) d.
0 0

Because 0,¢(G) is uniformly bounded for all G € By (G*) and G € Bz (G*) is bounded and
by Lemma X~Y@) is Lipschitz continuous in x. Hence, (4.59) implies that the map
z — 0y¢(G) o =1 (G)(2) is Lipschitz continuous on [0, 1]. &

Lemma 4.4.17. Suppose that the Setting[{.].19 holds. Then,
D: B(G) — C([0. 1)), G = D(G) = (9,6(G) 0 6~ (G))(D s X (@),
B: BR(G") = L¥(0,1), G = B(G) = (8,6(G) 0 71 (G))(B 0 X™H(G))
are Lipschitz continuous with Lipschitz constants Lp and Lg respectively.

Proof. Let G1,G2 € Bi(G*) and z € [0, 1] be fixed. Then

[0y$(G1) 0 6™ (G1)(2) = 9yd(Ga) 0 6~ (G1)(2)]
—|au¢(G1) 0g(G1)o X (Gl)(z) 9y9(G2) 0 g(G2) o (G2)(Z)\ (4.60)
=10,6(G1) 0 g(G1) 0 XTH(G1)(2) — 0y6(G1) 0 9(G1) 0 X H(G2)(2))|
+|3y¢(G1)og(G1)oX HG2)(2) — y¢(Gz)og(Gz)oX HG2)(2)].

For the first term, we use Lemma and obtain

10,6(G1) 0 g(G1) 0 X H(G1)(2) — 9y6(G1) 0 g(G1) 0 X (G2)(2)]
< L6y¢og;x|X71(G1)(z) - Xﬁl(G2)(z)‘
< Lo, gogix | X ~HG1) = X HG2)lcogo,1))-
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4. Existence and Uniqueness

From Lemma [4.4.15| (i), we know [|X(G1) — X(GQ)HCO([OJ]) < Lx.¢g|Gi1 — GQHLOC(O,l) and
therefore, with Lemma [A.2.3]it follows that

Lx;c||G1 — Ga|lL=(0.1)

The second term in is estimated by Lemma (ii) as follows
10,6(G1) 0 g(G1) 0 X H(G2)(2) — 9y(Ga) 0 9(G2) 0 XH(G2)(2))|
< 10y6(G1) 0 9(G1) 0 XTH(G2) = 0y6(G2) 0 g(G2) o X~ (Ga)ll oo,

= [10y¢(G1) 0 9(G1) — 0yd(G2) © g(G2)llco(po,1))
< Lo, pogicl|G1 — G2 L= (0,1)-

L8y¢09;w”X—1(Gl) - X_l(G2)||CO([0,1]) < L8y¢>09;ar

Thus, G — 9,¢(G) o $~(G) is Lipschitz continuous. As before G — X ~!(G) is Lipschitz
continuous and hence G + D o X~1(G). The product of two bounded Lipschitz continuous
function is Lipschitz continuous, which shows the statement. The argumentation for 3 is similar:
We have that G — 9,¢(G) o $~(G) is Lipschitz continuous and from Lemma we know
that 9y¢(G) > @min for all G € Bi(G*). Hence we can apply Lemma m to obtain that

> (6y¢(G) o ¢_1(G)) is Lipschitz continuous. Again, Lemma finishes the proof. &

Lemma 4.4.18. Assume the Setting to hold. Then, for each G € Bx(G*), there exists a
unique solution n(G) € H(0,1) of m where we use the notation Dy = D( ) and B, = B(G).

Furthermore, there exists a constant M, > 0 such that
[n(G) || r2(0.1) < Mo, for all G € Bp(G*).

Proof. Step 1: Existence and uniqueness. To define an alternative problem, assume n to
be a solution of (4.56|) and define for z € [0, 1]

f(z) = (n1 — ng)z + no,
n(z) = n(z) — a(z).

Then, 7 € H}(0,1) and it fulfils the equation

—0:(D ( )0:11(2)) + Bi(2)7(2)
9:(Di(2)0:n(x)) + Bi(2)n(2) + 0:(Di(2)9:7(2)) — Bi(2)7(2)
= 0:(Dy(2)0:1(2)) — Bu(2)7(z)
= 0:fi(2) + hi(2),

where fi(z) = Dy(2)0,n(2) and hy(z) = —pBi(2)7(z). We want to solve this equation with
the Lax—Milgram theorem. The RHS fulfils the conditions, since f;,hy € L?(0,1) due to the
assumption on D, the uniform bound on dy¢, see Lemma [4.4.5, and the definition of 7. Fur-
thermore,

(4.61)

Dy(2) = 8y8(t, ¢~ (t,2))D(g " (t, 2)) € [dminDimins dmazDimas] for all 2 € [0,1],
and Dy is elliptic. In addition,

—1

/BYYLZTL ﬁmaw
d)max ¢mzn

As a consequence, we can apply the Lax—Milgram theorem to obtain existence and uniqueness
of a solution 7 € H}(0,1) and with n = 7i + 7 the statement follows.
Step 2: Uniform estimate in H'(0,1). In order to obtain a uniform estimate in H'(0, 1),

Bi(z) = (9yo(t, 07" (t, 2)))

BlgH(t,2)) € [ ] for all z € [0, 1].
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4.4. ... for material with general energy density

test the equation (4.60) with the solution 7 € H'(0,1) and obtain

/Bmzn ~
GminDmin |01z )||L2(O nt T P |7 (Z)||2L2(0,1)

1
~ 2 ~ 2
< /Dt(z)(azn(z)) dz—i—o/ﬁt(z)n(z) dz

/f( V0.7 + hi(2)0(z) dz

B
< /¢77zaxDmax|n1 - n0‘|azn| + (bmax
0

2(2)||7(2)] dz

min

Bmax

< Gmaz Dmazllna — nO”HazﬁHLQ(O,l) + Dot 7(z )”L2 0, 1)””( )||L2(0,1)

< C(¢mzn7 (bmaw) Dmaa;v Bmaaca no, nl)”ﬁ”Hl(O,l)'

By rearranging the terms, we obtain the uniform estimate

”ﬁ”Hl(O,l) S O/(¢mina ¢mam7 Dmina Dm,am; ﬂmina Bmam; no, nl)

and by n = 72 4+ 7, the uniform estimate follows for n.

Step 3: Uniform estimate in H2(0, 1). By elliptic regularity theory, it follows n € H2(0, 1).
We are left to prove the uniform bound in H2(0,1).

Let h € R with |h| > 0 small enough. Define the difference quotient D), for a function u: [0,1] —

R via
u(z + h) —u(z) .

Dpu(z) = h

It follows that Dy0,u = 0.Dju(z) for sufficiently smooth functions w.
Let ¢ € C°(0,1) and define the test function v = D_j,(—¢*Dpn) € HE(0,1). Testing the
equation (4.60) with ¢ yields on the LHS

1

/Dt(z)ﬁzﬁ(z)ﬁzw(z) + Be(z2)n(2)p(z) dz
0

:/Dt(z)@zﬁ(z)azD,h(—C2(Z)Dhﬁ(z)) + Be(2)(2) D_p(—C?(2) Dypii(2)) dz
0
1

/D (D4(2)0:7(2))0:(¢*(2) Din(2)) + Dr(Be(2)7u(2))¢* (2) Dii(2) dz

1
/ DiDy(= + W)0-i(2) + Dy(2)Dpdein(2)) (8.(C%) (=) Duin(2) + (=)0 Dyia(2)) d=

0
+ /Dhﬁt(z)fl(z)@(z)Dhﬁ(z) + Bi(2) Dpin(2)¢%(2) Dpi(z) dz
0
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4. Existence and Uniqueness

and on the RHS

1

/ F1(2)0:0(2) + ha(2)(2) d=

= /ft(Z)ﬁzD—h(—CQ(Z)Dhﬁ(Z)) + he(2)D-n(=C*(2) Dpia(2)) dz

- / Dy f(2)0-(C3(2) Dyit(2)) + Dihy (2)C3(2) Dui(2) dz

0
= /tht(Z)f’)z(@)(Z)Dhﬁ(Z) + Dp fe(2)¢?(2)0: Dui(2) + Dphe(2)¢(2) Dui(2) dz.
0

Rearranging these terms and using Holders inequality yield

¢manm1n”CDhazﬁ(’z)”%2(0,1)
1
S/Dt(z)KDhazﬁ(z)\Q dz
0
1
_ / (D Dy(2 + h).7i(2)0. (C2)(2) Daii(2) + D Da(2)0:70(2)C2()0. D (=) d
0
1

+ / Dy(2) Dnd.in(2)0-(C2)(2) Daia(2) d

+ / DiBu(2)i(2)C3(2) Duia(2) + Bu(2) Duii(2)C2(2) Dyi(2) dz

0
4 / D1 fu(2)-(C2)(2) Duit(2) + Di ful2)C3 ()82 Diit(2) + Dyh(2)¢3() Dyia(2) d=
0

< DDl oo (0,1 027 120,1) 102 (¢*) [l oo | D || 20,1y
+ ||DthHL°°(0,1)||az7~l||L2(0,1)||C2HooHDhazﬁ||L2(0,1)
+ 1Dl < 0,1y [P0l 12 (0,1) 192 (€*) [l oo | Dall 20,1
+ 1 DBl Loe 0. 1721 22 (0,1) € oo 1 Dail L2 0,1
+ 1182l 2 (0.1) 1Dn ]| Lo (0,1) 167 [l oo | Dn || L2 (0.1
+ ||thtHL2(0,1)||3z(C2)||oo||Dhﬁ||L2(0,1)
+1Dnfell 2,016 oo [ DrO=7 22 0,1)
+ 1 Drhe]| 220.1) 163 oo | Paill L2 (0.1 -
Next, we use that for a function u € W12(0,1) and all V'.CcC (0, 1) it holds

[ Drull2vy < 1102ullL2(0,1),

see [Eval0] Section 5.8.2 Theorem 3 (i). With this, the uniform bound on 7 in H'(0,1) by C
and C¢ == max{[|¢?||oc, [0:(¢)?||cc }, We obtain

¢mian,in ||CDhazﬁ(Z) ||2L2 (0,1)
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4.4. ... for material with general energy density

<C¢(C?|| DDyl o< (0,1) + CIIDRDel Loo (0,1) | DrOziill 1201
+ C|| D¢ oo (0,1) | Pn0O=7 £2(0,1) + CQHDhﬁtHLw(OJ) + Cz”ﬂt”L”(O,l)
+ C|IDn fellL20,1) + 1 Dnfell 220, 1 Pr027| 20,1y + Cll Dbl p2(0,1)
=C¢||Dn0:7|| 12(0,1) (ClDrDellLo<(0,1) + ClIDell Lo (0,1) + 1D fell £20,1)
+ CcC (C| DDy L (0,1) + ClIDnBell o< 0,1y + CllBell L 0,1) + 1D fellL2(0,1) + I DrhellL2(0,1) -

By Lemma #(G) € CY([9(G)(0),g(G)(1)]) and therefore is Dy, 3, € W1H(0,1). By
definition of fi, ht, || D fellz20,1) IDrhtll £2(0,1) are bounded by a constant C” depending only

on 1y, N1, Pmin, OmazsDminsDmazs Bmins Bmaz- With a suitable constants C, C >0, depending
Only on no, ni, (bmina (bmaxa Dmina Dmawy Bmina ﬁma;ﬂ; we obtain

ICDRO(2) 17 20,1y < CICDRO:7(2) || 2(0,1) + C

and therefore the uniform bound on Dpd,n in L?(0,1). With [Eval0] Section 5.8.2 Theorem 3
(ii), it follows that 7 € HZ (0, 1).

loc
To prove the global estimate, rearrange

Do fr(2) + hi(2) = —0.(Dy(2)0.7(2)) + Be(2)7(2) = —0. Dy (2)0.7(2) — D:0%*7(2) + B (2)7(2)
to
D;0%*n(2) = —0.D¢(2)0.7 + Be(2)7(2) — 0. fr(2) — he(2).

Taking the L?(0,1)-norm, pulling out the minimum of Dy, with the triangle inequality and
suitable estimates on Dy, B¢, ft, ht, it follows

DminHagﬁ”LQ(O,l) < CA’(”O» ni, ¢min; ¢mam7 Dmina Dmazv ﬂmin» 5maz)

and the global estimate is shown. &

Proposition 4.4.19. Suppose the Setting [{-4.19 holds. Then, there exists a constant L, >
0, My,0 > 0 such that the map

no: B(G*) — C°([0,1]), G = no(G) = n(G) o X(G)

is Lipschitz continuous with Lipschitz constant L,, and bounded by M, o, i.e. for all G,G1,G3 €

By (G*) it holds
Im0(G)lco0,1]) < Mo,
[70(G1) — n0(G2)llco(o,1)) < LnllG1 — GallLo<(0,1)-

Proof. Let G,G1,G> € Bi(G*) be fixed. Then there exist n(G),n(G1),n(G2) € H'(0,1) the
weak solutions of the reaction-diffusion equation (4.56) to the diffusion D(G), D(G1), D(G2)
and absorption rates 8(G), 5(G1), B(G2), respectively, and

||n(G/)HH2(O,1) S MnaG, = G7G17G27

according to Lemma [A.4.7]
Step 1: C’bound. By the Sobolev embedding H?(0,1) < C°([0,1]), it follows

Ino(G)llco o,y = 17(G) 0 X (G)lleoo,1y = () leoqo.y < Clln(G)lm2(0,1) < C My

Since G is arbitrary in B (G*) the stated bound is proven.
Step 2: G — n(G) is Lipschitz continuous. Since n(G1),n(G2) € H'(0,1) we can use
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4. Existence and Uniqueness

n(G1) —n(Gz) as a test function in the weak formulation and obtain

0= [ D(Gi)(2)9:n(G:)(2)(0:n(G1)(2) — 0:n(G2)(2)) d=

o _

B(GH)(2)n(G)(n(G1)(2) — n(Ga)(2)) dz,i =1,2.

+
o—__

Summing up these two equations, we get

0 Z/(D(Gl)(Z)azn(Gl)(Z) — D(G2)(2)0:1n(G2)(2)) (0:n(G1)(2) = 9:n(G2)(2)) dz
0

1
+ / (B(G1)(2)n(G1) = B(G2)(2)n(Ga)) (n(G1)(2) — n(G2)(2)) d.
0
By adding 0’s on both sides, we can rewrite it as

0= [ D(G1)(2) (0.:n(G1)(z) — 8.n(G2)(2))? dz

_|_ O\H

+
S O O~

(D(G1)(2) = D(Ga(2))) 0:n(G2)(2) (9:1(G1)(2) — 0=n(Ga)(2)) dz
B(G1)(2) (n(G1)(2) — n(Ga)(2))” dz

+ [ (B(G1)(2) = B(G2)(2)) n(G2)(2) (n(G1)(2) — n(Ga)(2)) dz.

Since D(z) > 0 and SB(x) > for all « € (0,1), and therefore D(G;)(z), (G;)(z) > 0, i = 1,2,
for all z € (0,1). It follows with the Hélder inequality

Dinin 0= (n(G1) = n(G2)) 20,1y + Bmin [7(G1) = n(G2)l[720 1)
<ID(G1) = D(Ga)ll =01 10=1(G2) | 20,102 (n(G1) = n(G2))ll 22 0,1
+ 18(G1) = B(G2)l Lo 0,0 [I(G2) [l L2 (0,1 [[2(G1) — n(G2)ll L2 (0,1)

With C = min{Dmina ﬁmin}v we get

Clln(G1) = n(G2)l 31 0.1y <NID(G1) = D(Ga)| o< (0,0 [10=(G2) || 20,1y [(G1) = n(G2) [l 110,19
+18(G1) = B(G2) [ L= 0,0 [7(G2)[ L2 (0.1) [[M(G1) — n(G2) | 1 (0,1),

and therefore with the bound M,, on n(G3) in H?(0,1) it follows

M,
[n(G1) = n(Ga)llz1(0,1) < el (ID(G1) = D(G2)ll = (0,1) + I1B(G1) = B(G2)l~(0,1)) -

The Lipschitz continuity of D and 3, see Lemma yields

My,
[n(G1) = n(G2)llz1(0,1) < ?(LD + Lp)l|G1 — G2| L~ (0,1);
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4.5. Generalisations on the growth equation

and from the Sobolev embedding H'(0,1) < C°([0, 1]),

/

C'M,
[n(G1) = n(G2)lcoo,1) < C'In(G1) — n(G2)llH1(0,1) < c (Lp + L)|G1 — GallLe<(0,1)

the desired Lipschitz continuity of n with Lipschitz constant L. = C/gfﬂ' (Lp + Lg).

Step 3: Lipschitz continuity of ng. Let « € [0,1]. Then with the fundamental theorem of
calculus, the uniform H? bound on n and the Lipschitz continuity of n and X in G, see Step 2

and Lemma [4.4.15[ (i), it follows

[no(G1)(x) — no(Gz) ()|
= [n(G1) 0 X(G1)(x) — n(G2
In(G1) o X(G1)(z) — n(Gy
X(G2)(z)
0:n(G1)(2) dz| + [[n(G1) 0 X(G2) — n(G2) o X(G2)|lcojo,1))
(G1) (=)
< |[|0:n(G1)|lco(o, 1 [ X (G1)(x) — X(G2) ()] + [[n(G1) — n(Ga)llcojo,)
< M, || X(Gh) — X(Ga)lleo(o1)) + LnicllG1 — Galle(0,1)
< (MnLxic + Lnc)|G1 = G2l 2= (0,1)-

)
)

X(G2)()|
X(G2)(x)] + [n(Gr) 0 X(G2)(2) — n(G2) o X(Ga)(2)]

o
(@]

By taking the supremum over x € [0, 1] the stated Lipschitz continuity with Lipschitz constant
L, .= M,Lx.cg + Lp,c follows. &

Theorem 4.4.20 (Existence of AMP with nutrients with general elastic strain energy density).
Assume Setting holds. Then, there exists a unique solution of the AMP with nutrients
with general elastic strain energy density in the sense of Definition [{4.13

4.5. Generalisations on the growth equation

After a discussion on different settings for the elastic problem, in this section, we discuss the
generalisations of the right hand side G of the ODE, justifying the assumption of a bounded u
or as seen later global Lipschitz continuity. We investigate the combination of p and powers of
G in a homogeneous setting and give some simple other settings for G and end with a theorem,
stating the needed estimates for a generalised RHS G to obtain existence and uniqueness of the
AMP with the corresponding generalised ODE.

Firstly, a very simple counterexample states that the Lipschitz continuity in an arbitrary ODE
is needed to avoid blow ups of the solution in finite time.

Example 4.5.1 (Counterexample: Locally Lipschitz and unbounded is not enough for long
time existence). Consider G(t,z,S,G) == G?. Then, the solution of the ODE can be determined
without considering the elastic deformation first, because it does not depend on S and there exists
a time To > 0 such that

G(t) = oo fort S Ty.

Proof. Using separation of variables the ODE transforms to

1
and after integration we have
1
——=C+t
G +

109



4. Existence and Uniqueness

Consequently, the solution is

-1
0 =crv

where the constant C' = 5—(1] is given from the initial value Go. This function has a blow up for

tﬂ&::TO- *

This example proves that we do not find a global solution for a superlinear ODE with bounded
. In the next example we want to discuss unbounded, but increasing p combined with the
quadratic terms of G in the ODE, i.e. can the p weight out the superlinearity in the ODE?

Example 4.5.2 (Combining p and powers of G). We consider the special case of a homogeneous
material with G(t,z,S,G) = u(S)G?. As seen above, if 1(S(G))G has superlinear growth as a
function of G, then, the ODFE is expected to have a finite time of existence while for sublinear
or linear growth the ODE has a long time solution.

Consider an arbitrary, homogeneous elastic energy density W: (0,00) — [0,00) fulfilling

W(F) = oo for F — 0 or F — oo,
W e C?, strictly conver.

Since we consider homogeneous material the growth temsor is independent of x, hence, the
growth map is

ot z) = / G(t) di = G(b)z.

Since the elastic energy density is independent of x for homogeneous material, the elastic de-
formation as minimizer of the elastic energy is given as

¢(tv y) = @y

with Piola—Kirchhoff stress tensor

S(t) = DeW(9,6(t,y)) = DEW <Gtt)> |

Now, we want to find two functions puy, pz: R — [0,00) such that pu1(S(G))G? = G2 and
12 (S(G))G? = G372, namely long-time existence of a solution and blow up after finite time.
We know that W is C% and strictly increasing, hence, DpW is C' and invertible. Define

pi(S) = (DpW)~1(8))™

with f1 = % and By = % Then, we calculate

G(t) = 1 (S(@))G*
= (DrW)~H(S(G)?G?

(o (v (1))

_ G71/2G2 _ GS/Q

and
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4.5. Generalisations on the growth equation

= (DpW)"1(S(G)))*?G?

(o (e (1))

— G73/2G2 — G1/2.

Hence, we found examples for unbounded but still increasing (from the strict convexity of W)
u leading to different existence times.

The two previous example state that for superlinear RHS or for unbounded g and linear
ODE no solution can be obtained for arbitrary times 7" > 0. This implies that a generalised
RHS still has to be Lipschitz continuous in order to avoid blow ups in finite times. We want
to generalise the RHS G from only the linear functions, we considered so far, to arbitrary but
Lipschitz continuous functions. But an arbitrary RHS does not yield a positive lower bound
on the solution. Therefore, additional conditions are needed, which are fulfilled in the linear
setting.

For a function f: [0,7] x (0,1) x R — R, which is Lipschitz continuous in the third argument,
Lemma (i) yields the existence of two functions C(t, ), C(t,z) > 0 such that the formula

|f(t,z,G)| < C(t,2)|G| + C(t,x)

holds. Motivated by this, the following theorem implies that the existence and uniqueness of
the AMP can be generalised to more general RHS.

Proposition 4.5.3 (Bounded, arbitrary G). Let T > 0 and Gy = 1 € L*°(0,1) be given. Let
G:[0,T]x(0,1) x RxR =R, G=G(tz,5 G) be continuous and the right hand side of the
growth ODE. Assume G to be Lipschitz continuous in S and G with Lipschitz constant Lg > 0.
Further, let

G,G:[0,T] x (0,1) xR R

be continuous functions and Lipschitz continuous in the third argument with Lipschitz constant

Lg and Lz respectively and assume there exist functions C, C: [0,T] = Rx>¢ such that
G(t,z,G)| < C(t)|G| + C(t). (4.62)
Assume for allt € [0,T],x € (0,1),S € R,G € R to hold
G(t,z,G) < G(t,x,8(G),G) < G(t,z,G). (4.63)
Furthermore, assume one of the following conditions to hold:

(i) There exists functions C, C: [0,T] — Rsq such that

G(t,2,G)| < C(H)IG| + L (1) (4.64)
for allt € [0,T], z € (0,1) and G € R. Furthermore, assume there exists an G%,;,, > 0
such that
¢ ¢
exp f/Q(s) ds | — /Q(s) ds = G,..(t) > G} .. (4.65)
0 0

holds for t € [0,T], where C and C are as in .
(ii) For allt € [0,T] and x € (0,1) holds

G(t,x,0) = 0.
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Let tg > 0 be the existence time, such that there exists a G € C([0,to]; L*°(0,1)) as the unique
solution of the ODE in L*°(0,1) induced by G on [0,to]. Then, G(t,-) is bounded in L>(0,1)
for allt € [0,tp], i.e. there exist Gmin, Gmaz € Rso such that

G(t,l’) € [GminaGmam]

for allt € [0,to] and almost all x € (0,1).

Proof. The argument of this proof is to use super- and subsolutions of ODEs, namely the
solution G of the ODE with RHS G is between the solutions of the ODEs with RHS G and g.
Those are bounded and, hence, G is bounded.

Step 1: Solutions of ODEs. Since G and G are global Lipschitz continuous in G, the solutions
of the according ODEs to the initial datum Gg = 1 exist for all times. More precisely, there
exist solutions

[0,T] — L*(0,1),

: [0,T] — L*(0,1),
[0,t0] — L°°(0,1)

Q QI

of the ODEs

to the initial condition Gy = 1 in L*°(0,1), where S(G) is the Piola-Kirchhoff stress tensor
induced by G in the AMP, see Proposition The solution for the ODE with RHS G exist
for a short time due to the Picard—Lindel6f Theorem Only long time existence is at
question in the setting of this proposition. It is achieved by the same argumentation as in the
proof of Theorem [:2.1]

Step 2: Comparison of the solution. The idea is that if G and G meet, due to the
bigger (or equal) increase of G, a moment later G has to be bigger (or equal) than G. Let
x € (0,1) be fixed. By Lemma the paths of the functions G(-,z), G(-,z), G(-,z) are
continuously differentiable. Name ¢ € [0, ] the time at which G(-,x) and G(-, ) meet, namely
G(t,x) = G(t,z).

To prove the statement, consider € > 0 small. Use Taylor expansion theorem in time for the
C'-functions G(-,z) and G(-,2) with h and h as Peano form of remainder respectively and the
notation Guisr == G(t,2,G(t,2)) — G(t,2,S(G(t)),G(t,x)) € R to calculate

G(t+e,2)

(t € (t,x) + h(e)e

(t G(t,z,G(t,x)) + h(e)e

(t, G(t, 2, S(G(1)), G(t,x)) + eGuaist + h(e)e
(t,2) + eG(t, ) + £(Gaist + h(e))

= G(t+¢e,x) + (Gaist + h(e) — h(e)).

, T

)
;)
x)

I
Q Q Q

+
te
re
+

Due to jhe assumption on G and G, Ggisr > 0 holds and there exists an €* > 0 such that
Gaist + h(e) — h(e) > 0 for all € < e*. Hence, it follows

Gt+ez)<Gt+ez) forall0<e<e”,

For the lower bound, we need it to be strictly positive, because otherwise the injectivity of the
growth map is lost. Therefore, we cannot apply the same proof for the lower bound.
Step 3a): Lower estimate under condition (i). First, G has at most linear growth by
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4.5. Generalisations on the growth equation

assumption . This implies that
g(t,z,G) > —C(t)|G| — C(t).
Next, use the substitution H = —G to obtain from the ODE and the inequality that
H = —G = —G(t,2,G) < C()IG] + C(t) = C0)|H| + (1) (4.66)

holds.

By investigating whether the function H is strictly negative for all ¢ € [0, T, we get a lower, time
and space independent, estimate for G(t,z). Let t' € [0,ty] be arbitrary. Due to continuity
of H in t, two cases may occur: H(t',xz) < —G},,.(t') and there exists an ¢ > 0 such that
H(t,xz) <0 for all t € [/, ¢ 4 €] or not.

Case 1: H(t',xz) < -G, .. (t') and H(-,z) < 0 on [t',t' 4 ¢]. In this case the inequality
becomes

H< -C@t)H+C(t) forall t € [t', ' +¢].
From the Gronwall lemma, we conclude

t t

H(t,z) < H(t',x) exp /t —C(s) ds | + / exp / ~C(r) dr | C(s) ds.

Resubstitution yields

G(t,z) = —H(t,x)

’

—|ew | [-crar)| - / (s) ds | exp / —C(r) dr | - / C(s) ds
0 v b

0
t t
> exp / —C(r)dr | - / C(s) ds = Glin (1) > G,
0 0

which states the desired strictly positive lower bound.
Case 2: H(t',x) > —G> . (). This case can not occur. Since H(-,x) is continuous and

for t =0, H(0,z) < 0, there exists a time ¢* € [0,%'] such that 0 > H(t*,z)) > —G=,..(¢)
and H(-,z) negative on [0,¢*]. For this interval the above calculation states that H(¢*,z) <
=G (). A contradiction.

min

Step 3b): Lower estimate under condition (ii). Note that G(t,z) = 0 is the unique
solution of

Q = g(t,l’,g(ﬁ, $)

)

)
G(0) =1.
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4. Existence and Uniqueness

Due to uniqueness, solutions can not intersect, see Lemma and G(t,x) > 0forallt € [0,T].

Due to the assumption (4.63)),
G(0,2) =

G
0,z,5(1),G(0,2)) = G(0, z).

As in step 2, there exists an € > 0 such that G(¢t,z) < G(t,z) for all ¢t € (0,¢). Prove this to
hold on (0, T] by contradiction. Assume otherwise, namely there exists an t* € (¢, T], such that
G(t*,z) = G(t*,z) and G(t,z) < G(t,x) for all t € [0,¢*). Then

Q(t*a 93) _ Q(Sv l‘)

Q(t*,x) = lim
s,/'t* t* — s
— lim G(t*,z) — G(s,x)
s > t* — s
> lim G(t*,x) — G(s,x)
s t* t* — s
= G(t", z).

On the other hand,

G(t*,x) = G(t",,G(t*,x))
< G(t*,z,G(t", )

which yields a contradiction. -
Step 4: Estimate on supersolution. It is left to prove an estimate on the solution G. From
the ODE, the assumption 1) and the fact that 0 < G < G < @ it follows that

T
—|—/ex C(r) dr 7)ds<oo
0

Consequently, for finite time T, G(t,x) is bounded for each z € (0,1) and together with the
first step, the claim is derived. &

Remark 4.5.4. For the linear ODE (4.44) considered in the Setting recall that the RHS
is given as G(t,z,S,G) = y(x)u(S)G, the conditions of Proposition are fulfilled by the

functions

t : G
E(t, ,G) = (Y1) maaG-

114



4.5. Generalisations on the growth equation

Obviously, G(t,z,G) < g(t,x,S(G),Glg G(t,z,G) is fulfilled by all G > 0. By definition of
G, the functions C(t) = (Yit)mae and C(t) = 0 fulfil the condition .

(i) By definition of G the condition is fulfilled by C(t) = |(Yit)min| and C(t) = 0. In
addition, for each x € (0,1) and t € [0,T] holds

exp ( /Ot C(s) ds> - jé(s) ds

= exp (—t|(Y)min|) — 0 = exp(T (Y1) min) =t Grrin,
which states .
(ii) For allt € [0,T] and all x € (0,1) holds
G(t,2,0) = (yt)min - 0 =0,
consequently, (i) is fulfilled.
The following lemma is used in the proof of Proposition [£.5.3]

Lemma 4.5.5. Let f:[0,T] x R — R be a continuous function and Lipschitz continuous in
the second argument with constant L > 0. Further, let Gip < Gag be initial values and
G1, G3:[0,T] — R be the solutions of the ODEs

Gi(t) = f(t,G1(t), Ga(t) = f(t, Ga(t),

(4.67)
G1(0) = G0, G2(0) = Gayp.

Then, it follows
G1(t) < Ga(t) for allt € [0,T].

Proof. Assume there exists a t* € (0,7] and a G* € R such that G1(¢*) = G2(¢t*) = G*. Then
G171 and G are two solutions to the same ODE to the initial value G*. Uniqueness contradicts
the original initial condition.

More precisely, we define the functions

G1,Go: [0,t"] = R,Gi(t) = Gi(t* —t), i =1,2.
Then, the ODEs imply

Gi(t) = —Gi(t" —t) = —f(t" =, Gi(t" — ) = —f(t" —t,G4(t)), i = 1,2,
Gi(0) = G*.

Since G4, CNJ% are solutions to the same ODE with the same initial value G*, the uniqueness
yields that G1(t) = Ga(t) for all ¢ € [0,t*]. Especially, it follows

Gro=Gi(t* —t*) = Gi(t*) = Go(t*) = Ga(t* —t*) = Ga

which is a contradiction to G0 < Ga,9. Therefore, the solutions G1, G2 can not cross and from
the initial values follows G1(t) < Ga(t) for all t € [0,T]. &
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Regularity for stress
modulated growth, no
nutrients

After proving existence and uniqueness of the AMP in various settings, the regularity shall be
discussed. By construction of the AMP, the evolution of a point z € [0,1] under the stress
modulated growth over time is described by the total mapping X : [0, 7] x [0,1] — [0, 1], given
by

X(t,z) = o(t,g(t, x)). (5.1)

The regularity of this map is induced by the regularities of the growth map g, for regularity in
space see Section and for regularity in time Section and of the elastic deformation ¢,
for regularity in space see Section and for regularity in time see Section

The results are stated below with the use of the results from the following sections. For the
total map X, the following regularity is obtained in space:

Proposition 5.0.1 (Regularity in space of the total mapping). Let k € N, k > 2, be fized. In
the Setting assume one of the following two conditions:

(i) W has the structure W (z, F) = k(x)W(F) with k € C*71([0,1]) and W € C*((0,00))
and Kpmin = infyepo17 6(x) > 0,

(i) W e C*([0,1] x (0,00)).
Then, for each t € [0, T) it holds that
X(t,) € C¥([0,1]).
Proof. By chain rule,
9o X (t,x) = 0yo(t, g(t,2))02g(t, ) = 9yo(t, g(t, 2))G(t, ),

where G(t,) € C*71([0,1]), see Theorem below. See Remark for the needed reg-
ularity of Wie:. Thus, 8,6(t,-) is C¥(g(t,[0,1])) for ¢ € [0,T] due to the assumptions, see

Proposition in case (i) or Proposition in case (ii). &

Moreover, we can prove the following result on the regularity in time for the total mapping
X:

Proposition 5.0.2 (Regularity in time of the total mapping). Let k € N be fized and let the
conditions in Setting be fulfilled. Furthermore, assume one of the following:
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5. Regularity for stress modulated growth, no nutrients

(i) W(z,F) = s(z)W(F) for all x € [0,1] and F € (0,00), where & € C*([0,1]), Kpin =
inf,cjo,1)k(z) >0 and W € CF1(0, o),

(ii) W e C*([0,1] x (0,00)) and W (z,-) € C**1 for all z € [0,1].
Let u € CH(R). Assume further that for all F € (0,00) the condition

inf DpW(z,F) > —o0
z€[0,1]

holds. Then, it holds for each x € [0,1] that
X(-,z) € CF0,T).

Proof. Let z € [0,1] be fixed. Further let ¢t € (0,7) be arbitrary and define y := g(¢,z). By
Proposition it holds

¢(7y) € Ck(U)v
where U C (0,T) is defined in ((5.12)). Furthermore, Proposition states
for each ¢ € [0,T]. Since the partial derivatives in space and time are continuous, we conclude
¢ € C*(T,).

Moreover, Proposition leads to G(-,z) € C*([0,T]) for all z € [0,1] and by dominated
convergence for any n € {1,...,k} we compute

o g(tz) = O / G(t,7) di
0
_ / oGt ) di
0

and 9'g(-, z) is continuous. Hence, g(-, ) € C*¥([0, T]). Finally, in view of (5.1, the composition
X of the C*(T,)-function ¢ and the C*([0, T])-function g(-,z) is C*(0,T). &

5.1. Regularity in space of the growth tensor

In view of the existence result Theorem [£.4.7] the regularity of the growth tensor in space is
given by the Banach space, in which we solve the ODE. In the case of the Theorem [£.4.7] this
is L>°(0,1). Here, we consider a space with more regularity, namely C*([0,1]). This motivates
the definition of the following setting.

Definition 5.1.1 (Setting for Ck-regularity of growth tensor in space). Let k € N be given.
Let v € C*([0,1]) be the growth multiplier and pu € C(R), such that

(V) ae = sup {7 (2)u(y)} < oo,
z€[0,1],y€R
l o : 1) _
e f >
(Y1) min ze[Ol,Ill],ye]R{Py (x)pu(y)} > —o0

for 0 < 1 < k, where the exponent (1) denotes the l-th derivative. Furthermore, assume

Homin = inf e /L(.’L') > —00 and fimag = SUPgeRr /1,(1‘) < 00.
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5.1. Regularity in space of the growth tensor

Let W: [0,1] x (0,00) — R be the energy density which fulfils the conditions (EL1)-(EL3) from
Definition|3.1.5 and suppose there exists a c. > 0 such that

DEW (z, F) > c. (5.2)

for all x € [0,1] and all F € (0,00). Furthermore, assume that there exists a continuous
function Cy : (0,00) — (0,00) such that for all x € [0,1] and all F € (0, 00)

D3iW (x, F) < Ow/(F) for all F € (0,00) and almost all = € (0,1).
Let the following hold: For each F € (0,00), it is

inf DpW(z,F) > —o0,
z€(0,1)

sup DpW(x, F) < 4o0.
z€(0,1)

For a given growth map g define the admissible set for elastic deformations

Agr = {v € WH(g((0,1)))] v(9(0)) =0, v(g(1)) =1}

and for an elastic deformation ¢ € Agen, the elastic energy Ecr: Age — R is given by

Ea(@)= [ W w):0,60)) dy.
9((0,1))
Finally, let T > 0 be the time horizon and let Go = 1 € C¥([0,1]) be the initial datum for the
ODEFE for the growth tensor.

Suitable to this setting, we adjust the definition of a solution of the AMP in the following
way.

Definition 5.1.2 (Definition of AMP in C*). Consider the Setting|5.1.1. Then, we call a
couple (G, S) € C*([0,T); C*([0,1])) x C°([0,T]) a solution of the AMP with general elastic
energy density if the following is fulfilled:

(i) The growth tenor G fulfils the ODE

for allt € [0,T] and all € [0, 1].
(ii) For

g(t,z) = /G(s,:i) dz
0

and t € [0,T) let ¢(t,-) : g(¢,[0,1]) — R be the unique minimizer of Eqr in Aqr (for
ezistence and uniqueness see Remark [3.2.]] The Piola—Kirchhoff stress tensor S to the
elastic deformation ¢ is given by

S(t) = DrW (g™ (y), 9y8(t,y)).

With similar arguments as before, here applied to the space of C¥([0,1]), the solution of the
AMP exists with the desired regularity in space. In order to prove that statement, again a
priori estimates on the growth tensor are needed. It follows from the fact, that the conditions
of Lemma are fulfilled by the Setting [5.1.1
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5. Regularity for stress modulated growth, no nutrients

Lemma 5.1.3 (A priori estimates for the values of the growth tensor). Let (G, S) be a solution
of the AMP in the sense of Definition[5.1.9 Then, for all t € [0,T] and z € [0, 1]

G(tv 93) S [Gmina Gmax]

holds, where

Goin ‘= €x min mint
p (i (bt} o

G 1= exp (s (st}

tel0,T"

To continue, we show auxiliary results needed for the proof of the existence and uniqueness,
see Theorem [5.1.5] below, the Lipschitz continuity of the stress tensor S in dependence of G is
shown. The proof of it will be quite similar to that of Theorem [£.4.6] The only difference is
that the Fréchet derivative is now considered within a different space, but yields the analogous
result.

Proposition 5.1.4 (The stress tensor is Lipschitz continuous). In the Setting the map
S: V=R, G~ S(G) is Lipschitz continuous,

where S(G) is the Piola—Kirchhoff stress tensor to the minimizer of the elastic energy and V
the subset of C*([0,1]) defined by

V = {G e C*([0,1))| G(z) € [Cmin, Gmaz] for all z € [0,1]}. (5.5)

Proof. Similar as in the proof of Theorem [£.4.6] we get the formula
1

/ (DWW (2,) " (S)C(x) da

0
and we apply the implicit function theorem [A-3.5] for the function

1
FiVXRSR, / DeW(z, )~1(S)G(x) da.
0

In view of the intermediate value theorem, for each G € V there exists a unique S(G) € R such
that f(G,S(G)) = 0. The S(G) is unique due to the strict monotonicity of (DpW (z,-))" .
The argumentation to obtain existence was done in the proof of Theorem Therefore, we
are left to prove that the derivative Dgf is invertible, which indeed can be proven as in the
proof of Proposition Therefore, the implicit function theorem yields the C* -regularity of
S on a nelghbourhood of G.

Let us now consider G € 9V. By Lemma [5.1.3] there exists the radius r = G /2 such S is
well-defined on B,.(G), since the values of all G € B,.(G) are uniformly bounded away from 0
by Gmin/2, and the argumentation for a G is the same as in the interior of V.

The bound on D¢ S is established with the same arguments as in Proposition [£:4.6] &

To prove existence and uniqueness of a solution in the sense of definition [5.1.2] we follow
the same strategy as for the L>°(0, 1)-regularity for G, involving the Picard—Lindel6f theorem
The difficulty is that the stress tensor S(t) is defined only if almost all values of G(t, -)
are strictly positive. Hence, we need to restrict the admissible set of the ODE. To do so, the
set V is introduced, making sure that the values of any GG are bounded from below away from
zero. With this preparation and by following the same ideas as before, the Lipschitz continuity
of S and a priori estimates on G, the existence follows.
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5.1. Regularity in space of the growth tensor

Theorem 5.1.5 (Existence and uniqueness in c* ). In the Setting there exists a unique
solution (G, S) of the AMP in C* according to Definition .

Proof. Step 1: The set V. Refer to Lemma for an a priori estimate on the growth
tensor which solves the ODE (j5.3]), obtaining the lower and upper estimates G and Gaz,
see (5.4)). For the definition of the RHS, we define the set V ¢ C*([0,1]) by

V = {G e C*([0,1])] G(2) € [Gmin, Gmaz) for all z € [0,1]}, (5.6)

which is convex and closed in C*([0, 1]).
Convex: For A € (0,1) and G1,G2 € V holds

(AGl + (1 - )‘)GZ)(I') S >\Gmam + (]- - /\)Gmam - Gmam»
and

In consequence, V' is convex.

Closed: Let (Gy) C V be a sequence with Gy, — G, k — oo in C¥([0,1]). Then, G € C*([0, 1]).
We have to prove that G € V. From the convergence in C*([0,1]) follows convergence in
C%([0,1]), and thus, the pointwise convergence. Hence, for any x € [0,1], it follows that

Gmaz > lim Gi(z) = G(2),
k—o0
Gin < klim Gr(z) = G(x),

— 00

hence, V is closed in C¥([0,1]).

Step 2: Conclusion. In Proposition the local Lipschitz continuity of S : V — R is
shown. This together with the a priori estimates in Lemma gives all necessary tools to treat
the ODE as in the proofs above, which yields a unique solution G € Cl([O, TY; Ck([O, 1). &

Remark 5.1.6. Theorem is consistent with the theory of parameter dependent ODEs,
namely C¥ dependence of the parameter if the RHS is C¥, see e.g. [Tes12], Theorem 2.11.
However, we do not have the C* reqularity in time, yet, in order to apply the mentioned theorem.

Furthermore, an a priori estimate on the growth tensor in C*([0,1]) can be established. It is
not necessary for the proof of existence, but listed here for completeness of results.

Lemma 5.1.7 (A priori estimates for the growth tensor in Ck). Consider the Setting|5.1.1| and
let (G, S) be a solution of the AMP in Ck. Then, there exists a constant C > 0 such that

|G, ek o) < C
for all t € [0,T).

Proof. We prove the statement by induction, since, in order to find estimates for the [-th
derivative, we need the (I — 1)-th derivative to be bounded.

Step 1: Estimate in C°. We already proved that the values of G can be uniformly estimated.
Hence, for C = Gz = Gmaz (7, 1, T, Go), it holds for all ¢ € [0, T] that

G, )llcoqoay) < C-

Step 2: First derivative. Since G solves the ODE in i), it also holds that G takes the
integral form

t

Gt,x) =1+ /’y(w)u(S(T))G(T,x) dr.

0
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5. Regularity for stress modulated growth, no nutrients

Since G(t,-) € C*([0,1]), we differentiate with respect to x, use that the paths G(-,z) are
continuous in time, see Lemma to use dominated convergence to interchange derivative
and integration and obtain

0,G(t,x) = 0,1 + 0, / A (@)u(S(r)G (7, z) dr

0
- / 0z (1(2)p(S(7))G (7, 2)) dr
0

t

- / By (@)u(S(1)G(rz) dr + / A(@)lS (7). C(r, 2) dr.
0

0

Here, we used the fact that all functions are C'' on a compact set, and hence, the derivative
with respect to = of the product takes an absolute maximum. Moreover, the term on the RHS
is differentiable in ¢. Therefore, differentiating with respect to t yields

010,G(t, x) = 0oy (2)u(S(#)G(E, ) + 7 (2)u(S(1)) 0. G (¢, )
= a(t,z) + B(t, )0, G(t, x)
with o and § chosen suitably. Since G € C*([0,T7]; C*([0,1])), u € C°(R) and S € C°(R), see

Proposition the functions a and 3 are continuous in their first argument and applying
the Gronwall Lemma [£.2.2] yields

¢ ¢ ¢
0. G(t,x) <0.G(0, ) exp /6(7,:10) dr +/exp /B(s,x) ds | a(r,x) dr
0 0 T

t

0, Lexp / Y (@)u(S(r)) dr

4 / exp / V(@)u(S(r)) ds | Ouy(@)u(S(r)G(r ) dr

0 T
t
< /exp ((t - T)('yu)maa:) H7||cl([0,1])umaszaz dr
0

”’YHCl([O,l])/meameam
(Y1) maz

= (exp (T (V) maz) — 1)
= Cl .

For an estimate from below, note that the Gronwall lemma for —9,G(¢, x) yields a lower bound
with —a instead of «, see Remark [£.2.3]
Step 3: l-th derivative. Let | € {2,...,k}. Assume that we already found a bound C;—; > 0
such that

1GE, )l ci-1(0,17) < Cier.

Since G € C'([0,T];C*([0,1])) as part of the solution of the AMP, the following derivative
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5.2. Regularity in space of the elastic deformation

exists and with the ODE and the product rule, we obtain

l

%L G(ta) =Y (l)u<s<t>>ai’w<x>aﬁa<t, ©) < ault, z) + Ault, 1)L G(t, )

k
k=0

with suitable a; and §;. Thus, by similar arguments as in step 2, the fact that «; contains up
to the (I — 1)-st derivative of G, and the estimate on G in C'~*([0,1]) yields that there exists a
constant C; > 0 such that

IG( o < Cr

which proves the claim. &

5.2. Regularity in space of the elastic deformation

In this subsection, the regularity in space of the elastic deformation is investigated throughout
the different settings. In the case of the material consisting of two or finitely many parts, the
best regularity obtained is naturally given as W', see Remark For the other settings,
additional assumptions on the properties describing functions lead to higher regularity of the
solution of the AMP.

Remark 5.2.1. In the Setting[3.2.1) with two materials, the elastic deformation is affine linear
on both grown parts, see , and continuous in the interface point due to the conditions of
the admissible set, see Theorem . Hence, ¢(t,-) € WH>°(g(t,(0,1)) for all t € [0,T].

The derivative of X = ¢ o g, omitting the time t in the notation, is given by

R S forze (0,4,
aIX(x) - gG _ f—é ¢
G2 =1, forz e (4,1).

Then, X (t,-) € C*([0,1]) only if
§_1-¢

e 1-0

This is equivalent to & = £, which again is equivalent to X = id. Physically interpreted, the
process X (t,-) is C'([0,1]) for each t if and only if the material looks (without considering the
stress) the same.

When is &€ = £2 From the equation of balance of forces we get by inserting & = £ and
)\i = KZG,“ = 172, that

-1 =1
KZlDFW(a) = KJQDFW(@)
If W(F) = (& + F)?—4, this yields
K (e~ D) = ko — GB). (5.7)
G ! Gy, 2

Furthermore, assume u(S) =1 for all S € R. Then, the growth tensors are given by
G;(t,z) = exp(v;t),

see Equation . With this formula, we see that the equation is not fulfilled for every
t € [0,T] except for the case y1 = 2 and k1 = ka. This would describe a body consisting of one
material only. A similar statement holds for the Setting[3.2.8 with m parts.
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5. Regularity for stress modulated growth, no nutrients

Assume (G, S) is a solution of the AMP in the Setting with CY-coefficient and let g
denote the growth map with gradient G and ¢ the elastic deformation corresponding to the
stress S. Fix a time ¢ € [0,7]. By Theorem B(t,-) € C1(Qyqr) and the Euler-Lagrange
equation is given by

Knat () DFW (9y6(t, y)) = S(t) € R.

It is equal to

0,0(t.9) = (D) (20 5.9

since k(y) > 0 for all y € g(t,[0,1]) and DrW is strictly increasing in the second argument due

to the strict convexity of W.
To obtain ¢(t,-) € C*(Qpat), the formula (5.8) states that the RHS has to be of C*(Qpat)-
regularity.

Remark 5.2.2. In the following the y-derivative of knqt is calculated. Note that by definition

Rnat (y) = H3(971 (tv y))a

the y-derivative is

Oytkinar(y) = Oy(k(g~ " (t, ) = Buri(g™ ' (t,4))yg ' (t,y).

On the RHS, 8,97 (t,y) exists and is continuous if g(t,-) is continuously differentiable and
invertible by the Lemma . Thus, it holds ripe € CF(g(t,[0,1])), if x_€ C*([0,1]) and
g(t,-) € C*([0,1]), which is the case in Settz'ngm according to Theorem |5.1.5. Therefore,
the assumption on the regularity of the growth map are considered.

We obtain ¢(t, -) € C*(g([0,1])), if the RHS of (5.8) is continuously differentiable. Calculating
the derivative of the RHS with chain rule and the formula for the derivative of the inverse
it yields that

(07 (5 275)) = 2ree ™ (5055 iy
_ ! Soyrnaly) Y
D ()t () e

holds. The term DZW can be estimated well, see conditions of Proposition Here,

W € C*(0,00) as well as knqr € CH(g([0,1])) is used.
It holds ¢ € C*(g([0,1])), if the RHS of (5.8) is C*. By differentiating (5.9),

(o ()

-9 1 S0y Finat (y)
T\DRW (D)1 () V)
o (PR (0 (5557))) 50,
oy (e () )

1 SOyknat(y)
" () (55)) S
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5.3. Regularity in time of the growth tensor

b (007 (2557)) 50,00ma)
i ((0p ) () e

”nat(y)

+ 1 ) Sasﬁnat(y”inat (y) + S(ayn,wt)Q
D2W ((DpW)-1! (—S— Kt (Y) '
F ( F ) Frat (9) a

Hence, assuming that W € C*(0,00) and #nq: € C*(g([0,1])) yields that the RHS is continuous.
The derivative of (DpW)~! appears again, which is continuous under the stricter conditions
on W and kpnq. Motivated by these observations, we conclude the following proposition on the
regularity in space.

Proposition 5.2.3 (Regularity in space of elastic deformation). Additional to the Setting
let kE € Nso, W(z,F) = r(z)W(F) with W € C*(0,00) and v € C*71([0,1]) with
Kmin = infyeoq) K(x) > 0. Then for the elastic deformation ¢ corresponding to the solution
(G,S) of the AMP in C*, it holds for each t € [0,T] that

(b(ta ) € Ck(g(ta [Oa 1]))a
where g denotes the growth map corresponding to the solution (G,S).

The regularity of the elastic deformation in space shall also be discussed in the Setting [£.4.1]
with generalized elastic strain energy density. From Theorem from the book [BGH99|,
states the regularity: To apply the theorem for the setting of the AMP, fix a time ¢ € [0, 7]
and define W (z, 2, F) = Wyai(y, F), where 2 = g~ 1(t,), which is independent of z. Condition
(i) from the theorem is not fulfilled in our setting, but the condition is only used to prove the
existence of a minimizer. We get the existence by Theorem [A11] for m = 1. Note that if the
derivative of the elastic deformation is bounded, the condition (ii) from the Theorem can
be fulfilled on the interval of the estimates on 0, ¢(t, -). Furthermore, condition (iii) is fulfilled
due to the strict convexity assumed for W. Theorem also provides a uniform estimate on
the derivative of the minimizer, i.e.

min  9,¢(t,y) > ¢(t) > 0.
jelnin y(t,y) > c(t)

This implies the following result:

Proposition 5.2.4 (Regularity in space of elastic deformation). Assume in the Setting
the elastic strain energy density W &€ Ck([O, 1] x (0,00)) for k € Nsy. Then for each time
t € [0,T], it holds for the elastic deformation

(z)(ta ) € Ck(g(tv [Oa 1]))

Remark 5.2.5. Note that the growth map g of class C* implies Wa € Ck(th x (0,00)),
since by chain rule

OyWhat(y, F) = 0,W (g~ (), F) = 8:W (g~ (v), F)dyg~ " (v)

1

and g~ is as regular as g.

5.3. Regularity in time of the growth tensor

Since the ODE depends in two terms on t on the RHS, the regularity of the growth tensor
G in time depends on their regularity. In the proof of the Lipschitz continuity of the stress
map S, Proposition we get S € C! locally. From the following calculation we infer local
C?-regularity in time: Let G be a solution of the AMP (in any setting). Hence, it fulfils the
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5. Regularity for stress modulated growth, no nutrients

ODE
G(t,-) = yu(S(G(t,)))G(t, )

for all t € [0, 7] in a suitable Banach space X. Since the RHS is C! in time, differentiating in
time yields

di(yp(S(G(t, )G, ) =/ (S(G

)
=71/ (S(G(¢,)))S"(G(t,))u(S(G(t,)))G(t, )
)

where the last term is in CY([0,T]; X). Hence, we obtain
G e C*([0,T]; X).

We do not get better regularity in time without further assumptions, by the following consid-
eration. Let G € C3([0,T], X), we apply the time derivative to the LHS and by chain rule
formally obtain

A PH (S(G(E S (Gt D(S(G(E NG () + 2 2R (S(G(E )G, )
=2 (S(G(t, ))(S'(G(1, )Gl (S (G, )Gt )
o2 (S(GIE)S" (G NG Iu(S(GE )G )
P (S(G(E))HS (Gl )G G )
+ 2924 (S(G(t, )8 (Gt DS (G, NG NG, )
+ 292 0(S(G () (S(G(E)S (G NG NG )
=2 (S(G(t,)(S'(G(E, )P (S(GlE ) )
(
)

)S’
)

+7° 1 (S(G(t, )" (G(t, ) (S(G(t. )Gt )
+7° (W (S(G(t, NS (Gt ))u(S(G(E, )G (¢, ) (5.10)
+ 29/ (S(G(,))) S (G(t, ) (S(G(t, )G (¢, )
+ 292 (S(G(t, N (S(G(t,))) S (G(t, )Gt ).

This involves the second derivative of the stress tensor S, which corresponds to the third
derivative of the elastic strain energy density W. Whereas we already consider the strong
assumption of C%-regularity, but for higher regularity of G, higher regularity of W is assumed.

Proposition 5.3.1 (Stress is locally Ck). Let k € Nsy be an integer. In the Setting |4.4.1
assume in addition W (z,-) to be a C*T1(0, 00)-function for each x € [0,1]. Then,

S: Bp(G*) - R is C .

Here, Br-(G*) C
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5.3. Regularity in time of the growth tensor

Proof. Define
1
fBa(G) xR =R, f(G,S5) =1 /DFW ~1(8)G(=) da.
0

Then, the implicit formula for the stress is described by f(G,S) = 0 for S € R and
G € L*(0,1). This will be used to prove the local regularity of S in dependence of G by
calculating the Gateaux derivative and using Lemma to obtain the Fréchet derivatives
and with Theorem [A-3F] the desired regularity follows.

Step 1: The k-th Gateaux derivative of f. By mathematical induction, for £ € N5 and
directions G; € B(G*), S; € R, i=1,...,k, holds

F k
D*f(G,8)(G1,51) ... (G, Sk) /DFW ) B (S [ 5:G(x) da
=1
' 1 . (5.11)
+Z/ (DpW (z,-))" 1) E(S) T SiGm() da
m=19 i=1
i#=m

For the initial case k = 1, let S; € R and G1 € By(G*) be fixed directions and s € [—1,1].
Then, the first Gateaux derivative in direction (Gy,S1) is given through

DF(G,5)(Gr, 51) == F(G + 5G1, 5 + 55l o=o
d

== /(DFW(x, )Y + 59)(G + G ) () deelio

0

:/ i(DFW(QS, NTHS + 551)(G + 5G1) () dx|s—o
0

- /((DFW(% D)7 (S + 581)81(G + 5G1)(x) dels=o
0

+ /(DFW(ZE,~))_1(S+ $51)G1(x) dz|s=o
0

=

1
z/((DFW(x, N"H(8)81G(x) dx + /(DFW(Q’J, NHS)G 1 (x) dx

where the integration and diﬂerentiation can be interchanged since {S + sS1| s € [-1,1]} is a
compact set, DFW( .))~! a continuous function, and G+sGy € L>(0,1). Then, the formula

Assume 5. 11 holds for k € Nyg and the directions Gi,...,G) € Bp (G ), S1,...,Sk € R.

Further, let Gy41 € B(G*) and Si41 € R be directions for the (k + 1)-th Gateaux derivative.
Then, it holds

DM f(G,8) =D(D* (G, S)(G1,51) - .. (G, S1))(Grr1, Sk1)

d
Z%Dkf(G +tGrt1, S + tSk41)(G1,51) - - - (G, Sk)|e=0
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5. Regularity for stress modulated growth, no nutrients

1 k
/((DFW(JJ, DN OIS + £8ia1) [[ S(G + tGrs1)() daluo
0

i=1

k

1 k
= / L (Dp W () )OS + 15011) [ S(G + tGasa) (@) daloo
0

i=1

k

i=1

k

0
k 1
30 [UDeW ) S 4 1500 [ 8i6n(e) dolecs
0 i=1
i#Em

=1

1 k
- / (DEW (a, ) ) (8)8 1 [[ $:G ) da
0

1 k
+ / (DEW (2, )"0 (8) [ S:Gis () da

0
. k+1
+) /((DFW( Hk) (s H S;Gum
m=1 0
zsém

k+1

:/((DFW(:r, k) (g H S;G(x
0

k+1 L k+1
+ / (DpW (z,-))"H*F (s H S;Gm
m=1 0 7&

where again differentiation and integration can be interchanged since W is C**1 in the second

argument and, hence, its inverse, too. Therefore, dominated convergence justifies the inter-
changing of differentiation and integration. Hence, formula is demonstrated.

Step 2: Regularity of S. To obtain that the Gateaux derivative is the Fréchet derivative,
observe that the Gateaux derivative in is continuous in G and S due to W(z,-) € CF
Then, Lemma [A-3.4] states the equahty of Fréchet and Gateaux derivative. As a last step,
applying the implicit function theorem, see Theorem u 5 yields the local CF-regularity of S.
Note that all conditions for the theorem except for the differentiability are already proven in

Proposition &

With this stated, the following regularity result for G in time can be obtained.
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5.4. Regularity in time of the elastic deformation

Proposition 5.3.2 (Regularity in time of growth tensor). Let k € N, k > 3. Assume the
Setting to hold. Further, let u € C*"Y(R) and W (z,-) € C*((0,00)) for each z € [0,1].
Then,

G e C*([0,T]; X).

Proof. In view of (5.10)), it is to prove that G e (]"“73([07 T], X), which is the case for S € chl
and p € C*71(R). Proposition yields the needed regularity of S. &

Remark 5.3.3. Proposition|5.3.9 can also be shown for the Setting|d. 1. 1], which yields reqularity
for mized derivatives. In case the of G € C*([0,T]; C*([0,1])), the statement of Theorem 2.11
in [Tes12], a regularity statement for parameter dependent ODEs, is met.

5.4. Regularity in time of the elastic deformation

Next, we investigate the regularity of the elastic deformation in time. Since the ¢ is defined on
the natural configuration g¢(t, [0, 1]), ¢t € [0, T, the domain of ¢ is depending on time. Therefore,
only local regularity on the trajectory of g can be stated.

Let (t,y) be an interior point of the trajectory 7, of g, i.e. there exists an « € (0,1) such that
(t,y) = (t,g(t,z)). Further, define the open neighbourhood

U:={te(0,T)|(t,y) € T,} C (0,T) (5.12)
of t. Note that U # () due to the continuity of g. Recalling the formula , we find
DpWhat(y, 0yé(t, y)) = S(1),
which, due to the strict convexity of W, is equivalent to
3yo(t,y) = (DEWnar(y, )~ (S(1)).

Integrating from 0 to ¢ and the boundary condition ¢(¢,0) = 0 yield

Y

Olt,y) = Blt.y) — 6(2,0) = / (DEWar(3,)) " (S(8)) df. (5.13)

0
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5. Regularity for stress modulated growth, no nutrients

For t € U, this is differentiable in time, since U ensures that for small enough pertubations
e > 0also (t —e,t+¢) C U. Differentiating the RHS of (5.13|) with respect to time yields

Y

o / (D W (5, )) " (S() dj = / (D Woar ()" (S(1)) di
0 0

- / (DEWoat (7)) 1) (S(1)2,S (1) di
0

. O/(DFWnat(zj, ) 7HS () (1) di (5.14)
Yy 1 ~
e / D2 Wnatl7. DrWoat 5, ) S 0))
+ / (DEWaa(5,)) ™ (S(0)drg ™ (1, 5) di
0
= T1 + T2-

The term 7Ty is continuous in ¢, since S is C'-depending on G, see Proposition G €
C([0, T, L°°(0,1)) and Wya (7, ) = W(g~ (¢, 7),-) € C*(0,00). For T note that in the Setting
for k = 1 the time derivative of ¢g~! is continuous. For higher derivatives we can prove
the following.

Proposition 5.4.1 (Regularity in time of elastic deformation). Assume the Setting and
for each F' € (0,00) that

inf DpW(z,F) > —oc0
z€]0,1]

holds. Further, let W(x,-) € CkH(O,oo) forallz € 0,1], u € CFR) and (t,y) € 70‘9. Then,

¢(ay) € Ck(U)7
where U s defined in .

Proof. In view of formula (5.14)), S, G and the integrand have to be suitable regular. By Proposi-
tion W e C*1(0, 00) implies S € C* and, by Proposition[5.3.2, G € C*T1([0,T], L>(0,1)).
Thus, S € C*([0,T]).

Note that

1
- D%Wmt(y, (DFWnat(yv ))71(’2)

((DFWnat(yv'»_l)/ (515)

and D%Wmt > ¢. > 0 for all arguments due to the assumption 1) hold. Then by chain rule,

130



5.4. Regularity in time of the elastic deformation

it holds for the integral term that

’ (5.16)
_ [ DR (DR (5,) S5, S0)
‘O/ DEW2 (3, (Dr W (5,)1(5(1))) W ety
[ W@ (D (5, 9) ) (50) }
=) DR, e (g, ) (s O 0O
Here, C(t,y) denotes the term
y ) L
o/ DR GG, (D ) sy 0 0

which is continuous by similar arguments as before. To establish continuity of the expression
use dominated convergence. For that, use the estimate in Lemma below and the
fact that D%W is continuous and, hence, has a maximum on the compact interval [@min, Pmazx)
of the estimates on dy¢, see Lemma @ below. For the term C(¢,x) note that the time
derivative of g~!, in the Setting we assume E is continuously differentiable.

For higher derivatives, note that the fraction is a composition of differential functions, recall
, and obtain the differentiability of the fraction. )
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Concerning higher dimensions

After a detailed discussion on the analysis of the stress modulated growth model in one dimen-
sion, a first attempt to set the analysis into two dimensions is made here as well as a discussion
on the challenges to be faced. Since the structure of the model provides some problems, as seen
in the Examples and we restrict ourselves to a geometrically simple setting, namely
we consider the tumour to consist of a circle and a ring around it and moreover to always stay
in this geometry, and derive an existence theorem.

6.1. Discussion on challenges in higher dimensions

To discuss the challenges of the analysis of the stress modulated growth model, the setting has
to be stated first.

Definition 6.1.1 (Setting in d dimensions). Let Q C R?, d = 2,3, an open, bounded Lipschitz
domain be the given reference configuration at time t = 0. Let I' := 02 be divided into the
Dirichlet and the Neumann boundary part T'p and T'y respectively, namely TpUl'y = I'. Let
1<p<oo.

We assume the stress S and the nutrients n to influence the growth by the ODE, namely let the
RHS of the ODFE be given by

G:Rx QxR xR x R 5 R (¢ 2. 8,n,G) — G(t,z,5,n,G).
Let W: Q x Lin™ — [0,00) be the elastic energy density with

Ve e Q: Wi(x,-) is continuous, independent of the observer and W(x,14) = 0,
Ve e Q: W(z,F) — oo for det F — 0 and for det F' — oo, (6.1)
VE € Lin* : W(-, F) is measurable on 2.

Fort € [0,T] and a given injective growth map g(t,-) with Qpnqet = g(t, Q) an open, bounded
Lipschitz domain and given Dirichlet boundary condition ¢p € LP(I'p) define the admissible
set for the elastic deformation by

At = {p € W' (Qua; RY)| ¢ = ¢pp o g~ (t,-) on g(t,Tp)}
and the elastic energy is given by

E(g) = / W(g™ (). Vé(y)) d.

nat

Let D : Q xR — R be the diffusion coefficient for the nutrients, v > 0 the absorption term and
np € L?(T') the prescribed nutrients on the boundary.
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6. Concerning higher dimensions

Let T > 0 be the time horizon and Gy = 14 the initial datum for the growth ODE.

Remark 6.1.2. Note that by the conditions on W the existence and uniqueness of a
minimizer is not ensured, but the non-linearity. See [Bal76] for discussion on convezity and
existence for the non-linear elastic problem.

This is the setting for the general higher dimensional AMP. To be able to write down the
equation, we also assume to have compatibility for the growth, i.e. the growth tensor is a
gradient. Otherwise, one has to circumvent the notation of a growth map and identify the
particles in the possible overlaps in the natural configuration. We define a solution of the AMP
in the higher dimensional setting as follows:

Definition 6.1.3 (Solution of the AMP in d dimensions). In the setting of (6.1.1), we call
a couple (G,S,no) € CH[0,T]; L=(%R%)) x CO([0,T); L= (4 RY)) x CO([0,T]; HY(;RY)) a
solution of the AMP in d dimensions, if the following is fulfilled:

(i) The growth tensor G is a gradient and the growth map g : [0,T] — W5H(;RY) corre-
sponding to G by

Vy(t,x) = G(t,x) for all t € [0,T] and almost all x € Q)
18 injective.
(i) The growth tensor G fulfils the ODE
G(t,xz) = G(t, x, no(t, x), S(t, ), G(t, x)),
G(0,z) =1gq4,
for allt € [0,T], almost all x € Q and S and n given by (i) and (iv).

(iii) For each t € [0,T)], the map é(t,-) € A? is a minimizer of E% in A%. Then, it holds that
Snat(t, ) € L®(Qnat) is the Piola—Kirchhoff stress tensor corresponding to ¢, namely

Snat(t,x) = DpW(x, Vo(t, x)).
Then, define the pulled-back stress S(t,-) € L>() via the transformation
S(t,z) = det G(t, ) Snar (t, g(t,2)) G~ (t, z).

Further, ¢(t,-) is injective and Qs == ¢(t, Lnar) s an open, bounded Lipschitz domain for
all t € [0,7).
(iv) The nutrients ng(t,-) € HY(Q) fulfil the equation
—div (F7Y(t,)D(no(t,-))Div (J(t,-)F~T(t, )ng(t,-))) = —yno(t,-) det G(t,-) in H' (),
no(t,-) =np on T,
where F(t,z) = 0;(¢o(t,g(t,x))) = 0yd(t, g(t, x))G(t,x) and J(t,z) = det F(t,x), for all
tel0,T].

Remark 6.1.4. The definition of the pulled-back stress is motivated from the transformations
between stress tensors, see Section [2]]

As highlighted throughout the previous chapters, dealing with the AMP in more than one
dimension yields many problems, which are summarized here:

(i) Ensured gradient structure? As mentioned before, we need the growth map g to be
injective, but moreover, we need it to be well-defined, namely that G is a gradient such
that we can deduce the growth map. This must not be the case and highly depends on
the RHS of the ODE G, see discussion below.
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6.1. Discussion on challenges in higher dimensions

(i)

(iii)

(iv)

Dependence of the stress of the growth tensor: First of all, we need to discuss that
Remark [3.1.8]states that the Piola—Kirchhoff stress tensor in the reference configuration is
equal to the one in the elastically deformed configuration. In a higher dimensional setting,
det G and G~ do not cancel out, hence, we have to be careful in the ODE which stress
tensor to consider. The modelling paper [AMO02] does not give a hint on that, but since
the growth is defined on the reference configuration, the stress tensor in the reference
configuration should be considered.

Natural and elastically deformed configurations ”nice”? The core of the AMP is
the decomposition into growth and elastic deformation, which gives two problems, which
are solvable if the solution of the other is known. But it has the downside that we have
to think about the well-posedness of both problems. The biggest issue here is that the
domains have to be ”nice”, which is not ensured by just solving the equations or by
constructions (as in the one dimensional setup). Hence, we have to demand it from the
solution.

First, the question of openness of the domains €,,,+ and when considering nutrients also
of )y has to be discussed, e.g. if the material in two dimensions is folded by the growth,
the natural configuration €2, is not open.

Further problems which can occur are not connected configurations €2,,; and ; or that
the boundaries may be not nice enough to solve the problems. I.e. the maps g and ¢ are
not injective. We have to demand it explicitly for the solution. For the elastic problem,
this can be circumvented by considering higher derivatives in the elastic energy, gaining
more information about the solution, see [HK09|, which of course relies on the paper
|[CN87] by Ciarlet and Necas. Here, it is not clear if the additional assumption are still
physically justifiable. For the growth, injectivity in general can not be obtained by the
equation as can be see in the two dimensional Example where already a very simple
setting is considered.

Similar problems appear in plasticity theory with multiplicative decomposition, see for
example [KMS20|, where the (e, §)-domains, introduced by Jones [JC12], are obtained as
intermediate configuration by the regularity of the plastic deformation. Another example
of dealing with the difficulties of the intermediate configuration is |[Gra+20|, where the
the solution includes that the intermediate configuration is a Lipschitz domain.

In Remark we already discussed the advantages of the one dimensional setting.

Buckling effect: In the very simple example of a growing ring in Example bucking
effects were explicitly excluded by demanding the shape after growth as well as after elastic
deformation to be a perfect ring. Without this assumption, for shrinking rings, buckling
might appear due to bifurcation theory, see [Li+11],[Mac+12],[MG11]. This is important
to consider when applying the theory to higher dimensional settings.

Is G a gradient?

The idea to answer this question is to use the Helmholtz decomposition. It implies: If G is
curl-free, there exists a potential g with G = Vg. In order to show that G is curl -free, prove
that curl G fulfils an ODE with unique solution 0.

Consider the G to be a curl-free solution of the pointwise ODE

G(t7 'T) = g(t7 T, G(t’ x))v

which does not include the stress tensor S, to describe the growth. To find out what G has to
fulfil in order to G being curl-free, apply curl to the ODE. Then, it holds for curl G

0 = O(curl G(t,x));; = (curl G(t,z, G(t,x)))i;. (6.2)
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6. Concerning higher dimensions

The curl of a matrix is the row wise curl, i.

02G13 — 03Gh2
02G23 — 03Ga

curl G = (

02G33 — 03Ga2

€.

03G11 — 01G13
03G21 — 01Gas
03G31 — 01Gas3

01G12 — 02G11
01G22 — 02Ga1
01G32 — 02G31

) |

Then, the entries of the first row of the curl-matrix of G are calculated as follows:

(curl G)11 =02G13 — 03G12

_0G13 0G| 0Gi3  0G12 0Gpn  0G12
TGy Ozy | Oy Gy, Ors  Org
_ 0G13 0G11 | 0G13 0G12 | 0G13 0G13
_8G11 8.’E2 8G12 8.22 8G13 8%2
N 0G13 0G21 ~ 0Gi3 OG22~ 0G13 0Ga3
8G21 6$2 8G22 8562 6G23 6562
. 0G13 0G31  0G13 0G3a  0G13 0G33
8G31 6.132 8G32 8.132 8G33 6.132
0G12 0G11  0Gi2 0G12  0Gi2 0Gh3
B 8G11 81’3 B 8G12 8.1'3 B 8G13 8333
0G12 0G21  0Gi2 OG22 0Gi12 0Gas
© 9Gy Or3  0Gay Oz 9Ga3 O
0G12 0G31  0G12 0G32  0G12 0G33
B 8G31 81‘3 B 8G32 81‘3 B 8G33 81'3
and
(CUI"I g)u =03G11 — 0113
_0G11 0G  0Gi3 0G oy
T OGr Oxs  0Gn O
_0G11 0G11 | 0G11 0Gia | 0G11 0G13
_8G11 8%3 8G12 8$3 8G13 8953
n 0G11 0G21 ~ 0G11 0Gaa ~ 0G11 0Gas
6G21 8563 8G22 8933 8G23 81'3
0G11 0Gz1  0G11 0G3za  0G11 OG3s3
6G31 6.1‘3 6G32 8%‘3 6G33 8%‘3
0G13 0G11  0Gi3 0G12  0Gi3 0Gh3
B 8G11 8.1‘1 B 86‘12 8.1‘1 B 8G13 6371
0G13 0G21  0Gi3 OG22 0G13 0Gas
B 8G21 (9151 B 8G22 a$1 B ang 31'1
0G13 0G31  0G13 0G32  0G13 0G33
h 6G31 81’1 h 8G32 81’1 B 8G33 81’1
and
(curl G)13 =01G12 — 02011
~0G12 090Gy 9G11 0Gyn
T 0Gy 9x1 9GO
_0G12 0G11 | 0G12 0G12 | 0G12 0G13
_E)GH 5‘x3 6‘G12 8%3 8G13 8%3
n 0G12 0G21  0G12 OG22~ 0G12 0Gas
8G21 6$3 8G22 8$3 8G23 8$3
0G12 0G31 ~ 0Gi2 0G32 ~ 0Gi2 0Gs3
8G31 8.133 aGgg 6I3 8G33 8.133
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6.1. Discussion on challenges in higher dimensions

_ 8gll aC;(ll _ 8gll 8G12 _ agll 86:13
8G11 8£E1 8G12 axl 8G13 8£E1

0611 0G21 0G11 0Ga2  0G11 0Gag
8G21 6581 3G22 6581 3G23 6x1

0611 0Gs1 0G11 0G3z  0G11 OGss
8G31 8$1 8G32 8$1 8G33 8.131 '

Since the goal is to ensure that the solution G is curl-free, for each curl-free test function G*
the entries of curl G have to be 0. By using the formula for the curl of G, equation (6.2) and
test functions of the type

—T2 X1 0
G*: R® — R¥3, G*(x1, 20, 23) = 0 0 0
0 0 0

we get conditions on for G. More precisely,

Cuﬂ G* == 82G33 - 83G§2 83G;1 - 81G33 81G§2 - 62G;1
62G§3 - 83G§2 83G§1 - 81G§3 81G§2 - 32G§1

00 1-1 0 00
= 0 0 0 =10 0 0
0 0 0 0 00

Plugging G* into the formula for (curl G)1; and using equation (6.2)), we obtain

0g oG
0= (curl G); = 8;21 (=1)=— 6;21.

For the test function

r1 I3 T2
G R> = R¥3, G'(x1,20,20)=| 0 0 0
0 0 0
with

Cuﬂ G - 82G/23 - 330/22 630/21 - alG/23 alG/22 - aQGlzl
aQGég - aSGéQ agGlgl - 81G133 81G32 - 82G{31

1-1 0 0 0 0 O
0 0 0 0 0 O
it follows from the equation (6.2]) that

_ 0G12  9Gn
- 0G1  0Gh

0= (CU.I’I 9)13

Using test functions of the types of G* and G’, we conclude the conditions

0G11  0Gi2  0Gis

3Gy 0G1y 09GO
agll 8g12 8ng

= = = o2,

0Ga1  0Gay  OGa
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6. Concerning higher dimensions

0G11 0G12 9G13

0Gs  0Gasy  0Gsz s

where a11, a2 and a3 may depend on ¢, and

9G11 _ 0Gn _ 06 _ 0Gu _ 9Gu _ 9gn

0G1s  0Gay 0G3y 0G5  0Ga3  0Gzz 0,
0G12  0G12 090Gz  0Gi1a 090Gz 0Gia —0
0G12  0Gay 0G32  0Gy3  0Gas  0Gss ’
0Gi3  0Gi3  0Gi3  0Gi3  0Gi3  0Gi3 —0

OG1a  0Gay  0Gsz 0G5 0Gaz  0Gs3

follow. Therefore and because the curl Vf = 0 for every smooth enough function f, the RHS
g displays as

G11(G) = G11(G11, G21,G31) = a11G11 + a12G21 + 13Gs1 + ¢c11 + V(i)
G12(G) = G12(G12, G2z, G32) = @11G12 + a12Ga2 + a13Gs2 + c12 + V(f1)2 (6.3)
G13(G) = G13(G13,Ga3,G33) = a11G13 + 12G23 + 013G33 + c13 + V(f1)3

where c¢11,¢12 and ¢13 depend on t and f; : [0,T] x Q — R3 smooth enough. This holds for
every row, because curl is the row wise curl. Consequently, for i,j € {1,2,3}, it is

Gij = Gij(G1j, G2j, Gs5) = ainG1j + inGaj + aisGsj + cij + Vfij
3 (6.4)
= Z aikGrj +cij + Vfij,
k=1
where ¢;; : [0,7] = R and f; : [0,7] x © — R? smooth enough.
As a conclusion, if G has the form like in (6.4) the ODE (6.2]) becomes

(curl G);; = (curl G(G,t,p))ij
= aji(curl G)1j + aiz(curl G)zj + aiz(curl G)z; = Fyj(curl G,t),

where F is Lipschitz continuous in curl G. Thus, the existence theorem of Picard-Lindelof
states that there exists a unique solution for the initial datum curl G(0) = 0. Since 0 is
a solution, it is the only one and curl G(¢,2) =0 for all ¢ € [0,7] and all z € €.

In the beginning of this section, we searched for G such that the solution G(t, -) is a gradient, i.e.
curl-free. The only G fulfilling this have the form of . Consequently, the growth equation
become linear in order to also fulfil the condition to be locally Lipschitz continuous in G.

6.2. A circular setting in two dimensions

Even though the previous discussion points out troubles in higher dimensions, we investigate
a two dimensional situation with strong assumptions on the geometry to achieve a compatible
growth map. The downside of those assumptions are that the physicality is lost.

We consider a ring in two dimensions, namely let 0 < R; < Ry < oo be given radii describing
the ring

Q:{x: ($1,$2) ERZ‘ Ry < \/.ﬁ%—Fl‘% <R2} CRZ.

In the following, we assume the ring to always stay a ring centred around 0. This prohibits
buckling effects and simplifies the geometry. Furthermore, we suppose the growth to only
change the distance of the particle to 0, but not to change its angle. This means that the
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6.2. A circular setting in two dimensions

growth map has the form

g(t,): @ > R, g(t,2) = p(t, o)) = = p(t, R)er (6.5)

||
with R = |z|, eg the radial unit vector in polar coordinates and p: [0,7T] x [R1, R2] — R a

strictly increasing, continuous differentiable function. In consistency with the one dimensional
case, the initial growth map is the identity, namely

9(0,z) = 2p(0, R)er = © = Reg,
which gives the initial condition
p(0,R) = R. (6.6)
The gradient of g(t,-) calculates as

Vy(t,z) = G(t,z) = Orp(t,R)er @ er + @% ® ey. (6.7)
A first approach is to assume an ODE similar to the one we assumed in the one dimensional
case. Later on, we will see that we do not obtain the dependence of the Piola—Kirchhoff stress
tensor S of the growth gradient as in the one dimensional setting, see Remark [6.2.1] Therefore
and for simplicity, we assume the ODE G = G to be independent of S. Here, v = ~v(R) is a
strictly increasing and continuously differentiable function. Then, the ODE writes as

8tp(t7R)
R
t,R
=v(R) <8Rp(t, R)er ® ep + p(R )e¢ ® e¢)

= v(R)G(t, R).

G(t,z) = OtOrp(t,R)er @ er + ey ® ey

This matrix identity is equivalent to the two scalar equations

ataRp(tv R) = V(R)aRp(t’ R)a
Oep(t, R) = v(R)p(t, R).

To simplify the calculations, we suppose that we may use separation of variables for p. Let
a=1[0,T] = Rand 8: [R1, Rs] — R be continuously differentiable functions such that p(¢, R) =
a(t)B(R). Then, it follows

o () (R) =v(R)a(t)B'(R),
o ()B(R) = v(R)a(t)B(R).
In view of the initial condition (6.6)), we obtain
p(t, R) = Rexp(y(R)t)
as one solution, and therefore, the growth map g is given as
g9(t.x) = Rexp(v(R)t)eg. (6.8)

Note that g(¢,-) is an injective and continuously differentiable function with gradient given by

(6.7)-
For the elastic deformation ¢(¢, -), we assume the same restriction as for the growth map, namely
to only depend on and change the radius and not to depend on the angle nor change it. Define
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6. Concerning higher dimensions

the natural configuration

Quar = 9(t, Q) = {y = (y1,y2) € R?| Ryexp(v(R1)t) < [y| < Raexp(v(R2)t)}
and suppose the elastic deformation ¢(¢,-) to have the structure

B(t,): Qnar — B2, 6(t,y) = r(t, |y|>% = r(t, p)er,

where p = |y| and r(t,-) = [Ryexp(y(R1)t), Ry exp(y(R2)t)] — R strictly increasing and
continuously differentiable. Again, the gradient is calculated as

r(t,p)
p

Vo(t,y) =0,r(t,p)er @ er + ey @ €4

In analogy to the one dimensional case, we assume the tumour to cover 2. Consequently, the
boundary conditions are Dirichlet boundary conditions and they are given by

¢(tag(t> Rl)) = T(t,p(t, Rl))eR = R16R7
o(t,g(t, Ra)) = r(t, p(t, R2))er = Roeg.

A /)

g(t,R) = 0(1;\ #(t,p) =r(pler

|

Qnat

Figure 6.1.: Strongly restricted two dimensional setting.

To determine ¢(t,-) the elastic problem has to be stated and solved. As for the one dimen-
sional setting, we consider hyperelastic, homogeneous material within non-linear elasticity. As
a reference for well-posedness and existence refer for example to [Bal76].
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6.2. A circular setting in two dimensions

Remark 6.2.1. Assume there exists a real minimizer ¢(t,-) of the elastic problem fulfilling the
conditions of Theorem 7.13 in [Bal76]. Then this theorem states that ¢(t,-) fulfils the equation

/ D, W(Vo(t,y)) Dvi(y) dy =0
Qrat

for all v € C®°(Qnat; R?). Here, W denotes the elastic strain energy density. This equation
cannot be used, in the same way as in the one dimensional setting, to obtain an implicit formula
for the Piola-Kirchhoff stress tensor S in dependence of the growth tensor G. Therefore, we
assumed the ODE independent of S. To solve the AMP for an on S depending RHS of the
ODE, this problem has to be overcome.

Remark 6.2.2. In the above very strong assumptions on the elastic deformations were made.
By changing the inner boundary condition to Neumann boundary condition buckling effects can
appear, see [Li+11] and [MG11].

A X =¢og
—_
Q Q,

Qnat

Figure 6.2.: Schematic picture of a possible situation with buckling.

Remark 6.2.3. In the above considerations, we assumed 7y to be continuously differentiable
and strictly increasing. This is compared to v € L*°(0,1), the assumption in one dimension,
a strong assumption. To start with, we look at the situation with v taking two values, namely
there exist an R, € (Ry1, R2) and v1,v2 € R, 71 # 72, such that

, R< R
y(R) =" .
Y2, R > R*.
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6. Concerning higher dimensions

With a similar procedure as above, we get in analogy to the growth map

ot R) = Rexp(y(R)Y) = {Re’{p(””’ nea

Rexp(yqt), R > R*.
For different relations between v, and 2 there are different situations.
If y1 < 72, the ring grows into two parts, which the elastic deformation has to glue together
again.
For 1 > 72 and short times, the ring grows into two rings which are overlapping (displayed in
brown in the Picture . This is not consistent with the Definition of the solution of
the AMP in higher dimensions. Therefore, the definition of solution has to be adjusted and the
overlap has to be handled. For example, the reference configuration can be described by two sets
such that the growth map on each is injective. In such a simple setting, this seems to be easy,
but with more complicated setting, e.g. for a continuous but not strictly increasing ~y splitting
up of the reference configuration and, hence, the identification of points y € Q4 becomes more
complicated. Furthermore, the elastic deformation has to put the grown parts into a physically
admissible set again.
For vy > vo and large enough times, the ring grew into two rings with changed order. As for the
first case y1 < 7y, the rings have to be reordered and glued together by the elastic deformation.
In all three cases, there is a topological change or overlap of the natural configuration, which
the elastic deformation has to even out. In one dimension, however, we were able to shift the
natural configuration to obtain a connected, non-overlapping natural configuration, which is not
possible in the setting of a ring growing with different rates.

‘ X =¢og ‘

Qnat

Figure 6.3.: Schematic picture of the different natural configurations. Left: 71 < 2. Middle:
Y1 > 2 and short time; brown displays the overlap. Right: 1 > 5 and large time.
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6.2. A circular setting in two dimensions

Remark 6.2.4. Before, only growth in radial direction was considered. Another thing to con-
sider is growth in angular direction. For positive growth, the ring describes more than 2w angle,
namely it overlaps. In the Picture this is marked in dark green colour. If, however, the
growth is a resorption, the ring opens up. In this situation, the description of the growth map
causes problems as complicates the further calculations in the elastic problem. Furthermore, if

the ring overlaps, the natural configuration is not consistent with the Definition [6.1.3, which
has to be overcome.

A . N
N\

A

Figure 6.4.: Schematic picture with angular growth. Right: In the natural configuration, the

purple area displays the overlap. Left: The ring opens up, if the angular growth is
negative.

The Remarks give simple examples of growth in a circular setting, a setting with
strong assumptions on the geometry. However, one does not want to prescribe those restrictions
on the geometry, but solve for a general setting. This yields many, in this thesis displayed,
difficulties and is yet to be done.
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Appendix

A.1. On one-dimensional elasticity

The following theorem can be found in |[Bal81]. Here it is extended by the case of Neumann
boundary conditions and proved in more detail to also justify Remark
Theorem A.1.1 (Euler-Lagrange equation in one dimension). Let L > 0 be fized and W an
elastic strain energy density as in Definition [3.1.5 Further, let p > 1 and

¢p € Ap = {v e WP(0, L)

v(0) =0,v(L) =1},
on € Ay = {v € W'P(0,L) =0

v(0) = 0}

be minimizers of the elastic energy I : W1P(0, L) — RU {oo},

over Ap and Ay respectively. Then, it holds:
(i) ¢p,én € CH([0,L]) and it holds

in 0, >0,
in ¢p()

in 0, 0.
2y o) >

(ii) The Euler—Lagrange equations are

DFW(ya &/d)D(y)) = CDa
DrW(y,0yon(y)) = Cn

for constants Cp,Cn € R respectively.

Proof. Concerning (i): See |[Bal81].
Concerning (ii): For the minimizer ¢p of I in Ap define for n € N

Q,={yel0,L]] sup  |DpW(y,F)| <n}
FEB1 (9,60 (»))

and x,, the characteristic function on €2,,. It holds that 2,, C 2,41, since for each y € 2, holds

sup |IDEW (y, F)| <n<n+1
FeB1 (0y¢p(y))
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and B1(9y¢p(y)) D B_1.(9,¢p(y)).

Next we prove that 9,¢p(y) = 0 if and only if y € [0, L] \ U, cry Q- Assume that d,¢p(y) =0
for an y € |J,,cy Q- Then, there exists an n € N such that y € Q,,. Let (ax)ren be a sequence
with a, — 0= 0,¢p(y) for k — oo and a, € B1(0y¢p(y)) for all k € N. Then

DrW(y,0y¢p(y)) < DrW(y,ar) < n for k — oo.

But as k — oo also DpW (y, ar) — oo due to the assumptions on W. A contradiction to y € Q,.
Further, the set [0, L]\ |, .y 2 18 & zero set, because I(¢) < oo and the property W (F) — oo
for FF — 0.

To prove (ii) assume the following variation of ¢: Fix n € N. Let v € L°°(0, L) be fixed with
Jo, v(y) dy = 0. Define w € W?(0, L) by w(0) = 0 and

neN

Iyw(x) = ydp(y) +txn(y)v(y)

for sufficiently small ¢ € R. Then, the Euler-Lagrange equation is

L
:dt/W(yﬁyszﬁn(y)ﬂxn(y)v(y)) dyli=o
0

L
_ / DeW (y,0,60(y))xn (y)v(y) dy
0

_ / DeW (y,0,00(y))v(y) dy.

Q,

Here we can exchange the derivative and integral, since for small enough ¢ the argument of W
is bounded on a bounded interval and, hence, is the function bounded. Further the limit is
bounded due to the construction of €2,,. Hence, we can apply dominated convergence.

Since DpW is bounded on the set ,, and v is arbitrary in L>°(0, 1), there exists a constant C'
such that

DpW(z,0y¢p(y)) = C for almost every y € Q,,. (A1)
Since €, C Q,41, the constant C is independent of n and the equation (A.1l]) holds for a.e.
Y € Unen - Because [0, L] \ U, ey Q2 is a zero set, (A.1) holds for a.e. y € [0, L].

A similar argumentation applies to the case with Neumann boundary condition on the left end
of the interval. For v € L>°(0,1) define the variation of w by

ow(y) = Oydn (y) + txn(y)v(y).

Then, w € Ay since the Neumann boundary condition is natural. With the same argumentation
as for the Dirichlet setting, we get a constant C' € R such that

DpW (y,0y¢n(y)) = C almost everywhere in [0, L].

To establish regularity in space the following theorem is cited from [BGH99).

Theorem A.1.2 (Regularity of variational minimizer). Let I = (a,b) be an open, bounded
interval in R and let W: I xR" xR" -+ R, n € N>y, be a C?-function satisfying the following
conditions
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A.2. Lipschitz continuity and Picard—Lindel6f theorem

(i) There exist constants co,c1 > 0 and p € (1,00) such that
co FIP < Wy, 2, F) < cr(1+|FI?)
for all (y,z,F) € I x R" x R",
(i) There exist function M: (0,00) — (0,00) such that for all R > 0 holds that
D Wy, 2 F)| + |De W (y, 2, F)| < M(R)(1 + |FP?)
for all (y,z,F) € I x R™ x R™ with y* + |2|*> < R?,
(iii) for all (y,z,F) € I x R" x R™ and all £ € R™\ {0} holds

D3W (y, 2, F)€- € > 0.

Further, suppose there exists a minimizer ¢ of

b
a@=/mem@mmw

in the class
C={ve Hl’m(I, R™)| v(a) = a,v(b) = S},

where o < B are given boundary conditions. Then, ¢ € CQ(T; R™). Moreover, if W is of class
CF, 2 < k < o0, then, ¢ € C*(T;R").

A.2. Lipschitz continuity and Picard-Lindel6f theorem

This section is dedicated to the discussion of Lipschitz continuity and the Picard—Lindel6f
existence theorem. The later is of essence for the existence of a solution of the AMP in any
setting and it requires Lipschitz continuity. That is the reason, why Lipschitz continuity is
often discussed in this thesis and many basic properties are used. Those shall be collected here.
First, start with the definition of Lipschitz continuity and its variations.

Definition A.2.1 (Lipschitz-continuity). Let X,Y be Banach spaces. A function f: X =Y
is called Lipschitz continuous if there exists a constant L > 0 such that

1f(z) — f)]ly < Lllz—2'||x
forall z,x' € X.

Moreover, properties of Lipschitz continuous functions are used, as the composition and
product of Lipschitz continuous functions and that a Lipschitz continuous function growth at
most linear.

Lemma A.2.2. Let X,Y,Z be Banach spaces.
(i) Let f: X =Y be Lipschitz continuous, then, f has at most linear growth.

(ii) Let f: Y — Z and g: X — Y be Lipschitz continuous with constants Ly and L, respec-
tively. Then, is fog: X — Z Lipschitz continuous with constant Loq = LyL,.

(iii) Let g: R — R be Lipschitz continuous. Then, f: L>(0,1) — L*°(0,1), f(u)(x) = g(u(z))
is Lipschitz continuous.
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Proof. Concerning (i): Let € R be arbitrary. Then, it holds

£ @)y = 1 (x) = £(0) + F(O)lly
< @) = FO)lly + 1£O)lly
< Lyllz = Ollx + [1F(O)lly = Lyllzllx + £ O)]ly-

Concerning (ii): Let ', 2* € R be arbitrary. Then, it holds with the Lipschitz continuity of f
and g that

1f(g9(2) = flg@))llz < Lellg(@’) — g(=") ]Iy

< LyLylle’ - *x.

Concerning (iii): Let u/,u* € L°°(0,1) be arbitrary. Then, it holds with the Lipschitz continuity
of g with constant L, follows

£ (') = f ()l Lo (0,1) = esssup|f (u) (z) — f(u")(2)]

z€(0,1)

= esssup|g(v'(z)) — g(u*(z))|
z€(0,1)

< esssupLgy|u'(z) — u*(z)]
z€(0,1)

= Lg”U/ — U*”L“’(O,l)'

&

Lemma A.2.3. Leta,b € (0,00) and let f1, fo € W1°(]0,a; [0,b]) be strictly increasing, bijec-
tive, bi-Lipschitz continuous. Further assume there exist §,& > 0 such that || f1 — fallco(jo,q) < €
and O, f; > 9§, i = 1,2, almost everywhere on [0,a]. Then

_ _ £
||f2 t— f2 1”00([0,1]) < 5

Proof. Let z € [0,b] and define z; = f;l(z), i =1,2. Then, fi(z1) = fo(x2) and

i) — folan)] = o) — folan)| = | / 0, fo(&) dit > Slar — s

x1

Therefore, it follows

() = fa (2)] = |o1 — 2o| < %|f1(1'1) — fa(z1)| <

SN

and the statement follows by taking the supremum over z € [0, b]. &

Lemma A.2.4. Let X,Y be Banach spaces. Let f: U C X =Y and f': U =Y’ be Lipschitz

continuous and bounded by fmas and f]. .., respectively. Then,

9:U =R, w (f(2), [(2)vy

is Lipschitz continuous with Lipschitz constant Ly < f), oL+ fmazLyr

max

In addition, if Y is a Banach algebra, f,g: U =Y and h(z) = f(z) - g(x), then h is Lipschitz
continuous.

Proof. Let x1,x2 € U be fixed. Then

[(f (1), f/(x1)) vy — (f(22), f/(22)) vy
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<[ f(@0), f@))vy — (F(@), @)yl + [ f (@), f(@2))vy — (f(22), f/(22))v,y/]
= [{f(@1), f/(x1) = f'(@2))viy | + [(f(@1) = f(z2), £ (22)) vy

< fmazLprlley = x2llx + friae Lyl — 22| x.

Analogously, the statement for the case of Y a Banach algebra is shown. '

Lemma A.2.5. Let Iy = [a1,b1] C R, Iy = [a2,b2] C Rsg, closed intervals and Ay € R.
Further let a € L*°(1y;I5). Then,

A: .[1 —)R, A(.’E) = /a(:i) d.’f-I—AO

ai

is bi-Lipschitz continuous, i.e. A™" exists and A are Lipschitz continuous with Lipschitz con-
stants Ly < by and Ly—1 < ;—2

Proof. As a > 0 almost everywhere, A is strictly monotonically increasing and A=*: A(I}) — I,
exists. Let x1,22 € I1. Then

A(z1) — A(za)| = |/a(5;) di| < balz1 — 3.

For y1,y2 € [A(a1), A(by)] with y; = A(x;), ¢ = 1,2, it follows from a(z) > as for almost all
x el

- . fa@ 1 1
A7 ) = A7 )| = lon =l <1 [ A2 o] = L) - Awa)l = o — el
a9 as az

x2

&

Of key importance is the existence theorem from Picard and Lindel6f, which states the
existence of a solution of an ODE with a Lipschitz continuous RHS. In more detail:

Theorem A.2.6 (Local Picard-Lindelof existence theorem). Let X be a Banach space, A C
Rx X, yo € X and R > 0 such [a,b] X Br(yo) C A for a,b € R. Further let f: A — X be
continuous and Lipschitz continuous in the second argument. Define

M = max {||£(t,9)lx| (t.9) € [a.b] x Bryo)}

to = min< b — E
0 — CL,M .

Then, there exists a solution y € C*([a,a + to]; X) of

y'(t) = f(t,y(t) VL€ la,a+to,
y(a) = yo

such that (t,y(t)) € A.

For example, this theorem can be found in [Emm04].

A.3. Implicit function theorem

In this chapter, the definitions of Fréchet and Géateaux derivatives are repeated as well as the
connection, see |[Ruz04]. Those are used to prove the Lipschitz continuity of the stress tensor
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S in dependence of the growth tensor G by using the implicit function theorem, see |Zei88].

Theorem A.3.1 (Arzela—Ascoli ). Let X be a compact Hausdor(f space and Y a metric space.
Then, M C C(X;Y) is relatively compact if and only if the following holds:

(i) Equicontinuity: For every € > 0 exists an § > 0 such that d(f(z1), f(z2)) < € for all
f €M and all z1,29 € X with d(x1,22) < 0.

(ii) pointwise relatively compact: For every x € X, the set {f(x)|f € M} is relatively compact
mnY.

Definition A.3.2 (Fréchet differentiable). Let X,Y be Banach spaces, o € X and U C X a
neighbourhood of xy. Further, let f: U — Y be a map. We say f is Fréchet differentiable in
xo, if and only if there exists a continuous, linear map A: X — Y with

f(@o +h) = f(x0) = Ah + o([|h] x), h — 0.

If the map A exists, we call it Fréchet derivative of f in xg and use the notation f'(xq) = A.

Definition A.3.3 (Gateaux differentiable). Let X,Y be Banach spaces, g € X and U C X
a neighbourhood of xy. Further, let f: U — Y be a map and let h € X be given. Define
p: (=6,0) =Y for § > 0 small enough by

o(t) = f(xo +th).
If ¢ is differentiable int =0, e.g.

f(zo —th) — f(zo)
t

d .
9y9(0) = d*f(afo +th)|i=0 = }51(1)

€y,
t

we say f has a derivate in direction h and define & f(xo, h) = ¢'(0). If §f(xo, h) exists for all
h € X and the map

Df(xo): X =Y, h— 0f(xo,h)

is continuous and linear, we say that f is Gateauz differentiable in xo and D f(xq) is the Gdteaux
derivative.

Lemma A.3.4. Let X,Y be Banach spaces and let f: X — Y be Gateaux differentiable in a
neighbourhood U C X of xg € X. In addition, let Df(xo) be continuous in xg. Then, f is
Fréchet differentiable in xo with

Df(xzo)h = f'(x0)h.

Theorem A.3.5 (Implicit function theorem). Suppose that X,Y and Z are Banach spaces
and U(zo,yo) C X X Y is an open neighbourhood of xg € X and yo € Y. Further, let f :
U(zo,Y0) = Z a function with f(xo,y0) = 0, such that the partial Fréchet derivative F, exists
on U(zo,%), fy(xo,yo) 1 Y — Z is bijective and f and f, are continuous in (xq,yo). Then,
there exists a neighbourhood VC X of zg and a map y: X — Y such that

f(z,y(z)) =0.

Furthermore, if f € C™ on a neighbourhood of (xo,yo) for m € N, then, y(-) is also C™ on a
neighbourhood of xq.

Lemma A.3.6 (Derivative of inverse). Let 2o € R and U C X be an open neighbourhood of x.
Further, let f: U — R be of class C* with f'(z0): R = R an isomorphism. Then, there exists
a neighbourhood V-C U of x¢ and a neighbourhood W C R of f(xo) such that f~' € C*(W';R)
for an open set W' C W and for each x € f~1(W’') holds

(DFH)(f()) = Df(2)~".
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A.4. Change of Variables for Sobolev functions

In the chapter 4 an implicit formula for the stress S in dependence of G is obtained. This
uses a change of variables formula for an injective W1 >°-function. Furthermore, the calculation
takes place in one dimension. In the following the used formula is derived.

The idea is to use the following theorem from |[MMT73| for a change of variables formula of
W1P_functions for higher space dimensions.

Proposition A.4.1 (Change of variables for W1 functions). Assume d,d’ € N>y. Let Q C R?

be a bounded domain. Further, consider ¢ € W'P(Q;RY) with p > d and f : () — R be
He-measurable in RY . Then, for each L%-measurable subset A C 0 holds

/J@ (0, Ary) dH(y) /f )| det Vip(a)| dice ()

whenever one of the two sides is well-defined.

By applying the above theorem to a suitable function, the desired change of variables formula
is obtained.

Proposition A.4.2 (Change of variables for W1P-functions in one dimension). Let I.J C R
be intervals. Further let o : I — J be bijective almost everywhere and o € WP(I) with p > 1.
Then, for each measurable f : J — R and each interval I' C I holds

/f @—/f DNOasp(@)] da

Proof. To prove this theorem, we use the change of variables for d = d’ = 2 and define
the functions clever.

Step 1: Definition of function to d = d’ = 2 setting. Let I' C I, I C [0,1] be arbitrary
intervals. Define A := I’ x I. Further, define

11 x[0,1) = J x [0,1], &(z,y) = (¢(x),y)
which is an almost everywhere bijective function and, hence, it holds
N(@,A,y) =1 for almost every y € ¢(A). (A.2)
Define
Fr I x 0,1 5 B2, f(,y) = (f(2),).

Then, ¢, f and A fulfil the conditions of the change of variables Hence, it holds

L/m>%,ywz /# )| det V(x)| dL2(z) (A3)
P(A)

The LHS of (A.3]) writes as

/Twmwmwww /ﬂwmw
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o) I

For the RHS of (A.3)), we first calculate the gradient of ¢

wsen =452 )= 1)

and with that its determinant

det Vo(x,y) = det ( 3x<,8(z) (1) ) = 0,p(x).
Then, the RHS of (A.3]) calculates as

/ F(@(@))] det V(x)| dL2(x) 2)|0wp(@)] d(z,y)

A

/ (Fel@)), 1) s0(a)| da.p).
I'xI

The first argument of the simplified integrals yield

[ [t dydx—//f DIOasp(@)] d(z, y).

oI') T

Dividing by the measure of I provides the desired statement. &

Lemma A.4.3. Let (a,b) C R be an interval and f € WH*°(a,b)and for almost all x,y € (a,b)
with >y holds

f(@)>f(y).
Then, then inverse f~! exists and has a weak derivative (f~1)" with
1y 1
(F 'y = 77w for almost all y € (f(a), f(b)). (A4)

Proof. Let ¢ € CZ ([a, b]) be arbitrary. Then, by Proposition and due to the monotonicity
of f,

f(b) b
/ S ) ) dy = / S @)W (@) f (@) da
f(a) a
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F(b) )
=— [ ¥y dy,
W)
f(a)
which proves the existence of a weak derivative of f~! and the formula (A.4)). &
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