J. Evol. Equ. (2023)23:14 -
vol. Equ. (2023) Journal of Evolution

© 2023 The Author(s) .
https://doi.org/10.1007/500028-022-00861-z Equations
Check for
updates

Short time existence for coupling of scaled mean curvature flow and
diffusion

HELMUT ABELS(, FELICITAS BURGER AND HARALD GARCKE

Abstract. We prove a short time existence result for a system consisting of a geometric evolution equation
for a hypersurface and a parabolic equation on this evolving hypersurface. More precisely, we discuss a mean
curvature flow scaled with a term that depends on a quantity defined on the surface coupled to a diffusion
equation for that quantity. The proof is based on a splitting ansatz, solving both equations separately using
linearization and a contraction argument. Our result is formulated for the case of immersed hypersurfaces
and yields a uniform lower bound on the existence time that allows for small changes in the initial value of
the height function.

1. Introduction

We prove a short time existence result for the coupling of a scaled mean curvature
flow describing the evolution of a surface and a diffusion equation for a quantity on
this surface. More precisely, we investigate the system

V =(G(c) — G'(c)c)H, (1.1a)
39¢ = Ar(G'(¢)) + cHV (1.1b)

defined on an evolving closed hypersurface I', whose normal velocity and mean cur-
vature are given by V and H, respectively. The function ¢ : ' — R describes a
quantity defined on this surface and d5e is its normal time derivative (see Remark
2.8). Finally, Ar denotes the Laplace—Beltrami operator on I". We will often use the
short notation

g(0) = G(c) = G'(0)e,

which appears in the right-hand side of (1.1a). The function G : R>g — R can be
interpreted as a (Gibbs) energy density, as a solution (I, ¢) to the system (1.1) reduces
the energy

E(C(1), c(1)) == / G(c()) dA. (1.2)

)
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This follows easily using the transport theorem and the Gauf3 theorem for closed
surfaces (see [4, Proposition 2.58 and Proposition 2.48]):

iE(r ) = 4 G(c)dA
a9 dt/; ¢
:/ G'(¢)d"c — G(o)HV d A
()
= / G'(0)Ar(G'(¢)) + (G'(c)e = G(c))HV dA
ING)
:_/ vaG’(c)|2+V2dA§0.
()

Hence, a solution (T", ¢) of (1.1) can never increase the energy functional E. As long
as the geometry of the system changes, i.e. V # 0, the energy will actually decrease.
Also, assuming G” to be positive, a non-uniform distribution of the quantity described
by ¢ in general also leads to an actual decrease of the energy. Later on, we impose
certain conditions on the function G that guarantee parabolicity for our system (see As-
sumptions 3.9(1)). Also, they imply an actual decrease of the energy: Because a closed
hypersurface I'(#) cannot have vanishing mean curvature H everywhere, Eq. (1.1a)
together with the parabolicity conditions yields that V cannot be identically zero.

Furthermore, a solution (", ¢) to the system (1.1) conserves the mass of the quantity
described by the function c¢: Using again the transport theorem and the Gauf} theorem
for closed surfaces, we obtain

d 0 /
— cdA = 0-¢c—cHVdA = Ar(G(c))dAzo.

dr Jre T NG
So, from a physical point of view, we are interested in a system consisting of an
evolving closed hypersurface I' and a concentration ¢ : I' — R that can vary in
space and time but fulfills mass conservation on I" and the development of this system,
tending to increase the energy (1.2).

Mathematically, we discuss a parabolic PDE on an evolving hypersurface, where
the evolution of the geometry is not given but part of the problem. To our knowledge,
there is not yet much literature on this interesting coupling. In [14,15] Mayer and
Simonett consider a coupled system similar to (1.1), which is

V=H-— f(c),
3¢ = Arc 4+ cHV 4+ ¢V + g(0),

and proved existence of classical solutions for small times and sufficiently regular
initial data. In the case of a one-dimensional curve Pozzi and Stinner investigate
the numerical approximation of such a coupled problem and develop (semi-discrete)
finite element schemes for the curve shortening flow (in [16]) and the elastic flow
(in [17]) coupled with a diffusion equation on the curve. Barrett, Deckelnick and
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Styles consider a slightly more general version of the problem from [16], enhance
the numerical analysis and end up with a fully discrete scheme (see [2]). For higher
dimensions, studying finite element methods for coupled problems is a difficult task. A
first error analysis for the case of two-dimensional, closed surfaces has been achieved
by Kovdcs, Li, Lubich and Power Guerra in [10], leading to a FEM semi-discretization
for regularized versions of geometric evolution equations. Kovacs and Lubich extend
these ideas and obtain a full-discretization, again for regularized versions of geometric
evolution equations (see [11]). Both results apply to the coupling of a regularized
mean curvature flow and a diffusion equation. In the later work [9], Kovacs, Li and
Lubich finally prove a result without regularization and present a fully discrete FE
algorithm for the coupled problem of mean curvature flow and a diffusion equation
for two-dimensional closed surfaces. For the case of two-dimensional surfaces that
can be represented as the graph of some function, Deckelnick and Styles investigate
the problem from [2] and derive a fully discrete finite element scheme (see [5]).

The considerations in [2,5,9,16] are of special interest to us because the problem
statements therein are very similar to ours, discussing the coupling of a mean cur-
vature flow-type equation and a diffusion equation. In contrast to all these previous
contributions that concern modifications V = H + f(c) of the mean curvature flow
resulting from an additive term f(c) (with f(c¢) = c in the case of [9]), we deal with
a multiplicatively scaled version V = g(c¢)H, g(c¢) = G(c) — G'(c)c of the mean
curvature flow. This seems more natural to us, as it arises from the physical situation
explained above. Also, while the diffusion equations in the previous literature all are
semilinear, i.e., e = aArc + lLo.t. with a constant « > 0, our second equation
¢ = G"(¢)Arc + Lodt. is quasilinear. Be reminded that [2,16] only consider the
one-dimensional case of closed curves and [5,9] restrict to the case of two-dimensional
surfaces, represented as graph of a function or being closed, respectively. Our results
however apply to closed hypersurfaces of arbitrary dimension. Finally, all four of the
mentioned contributions address numerical analysis exclusively whereas this work is
purely analytic and yields a short-time existence result. We also refer to the recent
contribution of Elliott, Garcke and Kovécs in [6] who analyze a finite element approx-
imation of (1.1) relying on the existence result presented in this work. In a forthcoming
paper, we will discuss several properties of solutions to (1.1), placing emphasis on to
what extent the hypersurface in our setting qualitatively evolves as for the usual mean
curvature flow. For properties of the mean curvature flow, we point out the famous
result of Huisken that convex, closed surfaces shrink to round points (see [8]) and
recommend Mantegazza ([13]) for further literature and details.

Our system of Eq. (1.1) is defined on an evolving hypersurface so that usual analytic
methods cannot be applied directly. But as we only consider the case of codimension
1, the evolving hypersurface can be parameterized over a fixed reference surface via a
real valued parameterization called height function p. Then, transforming the system
(1.1) onto the fixed reference surface yields a system consisting of an equation for the
height function p and another one for the transformed concentration ¢ (cf. Sect. 2.3).
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Both equations are of second order, as the mean curvature and the Laplace-Beltrami
operator are (quasilinear and linear, respectively) differential operators of second order.
Due to HV ~ H?, second order derivatives of the height function occur quadratically
such that the system is fully non-linear. But as these derivatives of the height function
appear in the equation for the concentration only, both equations remain quasilinear
when considered separately. Suitable assumptions on the energy density function G
ensure parabolicity of the system (see Assumptions 3.9(i)). Hence, we consider a
system of two parabolic, quasilinear differential equations of second order that are, of
course, coupled.

From a mathematical point of view, this coupling makes the problem interesting
and challenging. The proof of short-time existence uses a spitting ansatz: As a first
step, we solve the first equation for p with an arbitrary concentration ¢ in Sect. 3.1 and
then, we solve the second equation for ¢ where we insert the solution function pz from
the first equation in Sect. 3.2. The approach for solving both equations has the same
structure, relying, as usual for parabolic, not fully linear equations, on a linearization
and a contraction argument. Nevertheless, the second-order derivatives of the height
function occurring in the equation for the concentration necessitate handling the second
equation more carefully than the first, where the concentration only appears in lower
order terms. Also, the quadratic occurrence of these derivatives makes it clear that we
have to use solution spaces that form an algebra with pointwise multiplication. Sobolev
spaces do not have this property in general. Instead, we will work with little Holder
spaces, which in particular implies that we solve the transformation of the system (1.1)
in a classical sense. The combined result is given in Sect. 3.3. It is formulated for the
case of immersed hypersurfaces and yields a uniform lower bound on the existence
time that allows for small changes in the initial value of the height function. Finally,
we note the latter results are essentially used in the author’s contribution [1], where
quantitative properties of this coupled system are discussed.

The present paper is based on the dissertation [4] of the second author.

2. Preliminaries
2.1. Function spaces

For Banach spaces X and Y, an open subset U C Y and a natural number k € N,
we use

c®U, X) and CH(U, X)

to describe the continuous and the k-times continuously Fréchet-differentiable func-
tions f: U — X. An index b means that the function itself and all its Fréchet-
derivatives up to order k are bounded as functions on U . For an open subset W C R¢,
d € N>07

c'(W,X) and CK(W,X)
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denote the functions that themselves and all their Fréchet-derivatives up to order
k are continuously extendable onto W. Again, an index b indicates boundedness and
then, these spaces form Banach spaces with the usual norms. If X = R, we omit the
image space and for an arbitrary subset V C X, we define

CKW,V):={feC"(W,X)| f(x) eV forallx e W}.

Definition 2.1. (Holder spaces on the closure of open sets) For ¢ € (0,1) and R €
(0, 0], we define the seminorm

[f],lfa(W’X) = sup_ %
,yew
0<)\ny—ey\<R

as well as the little Holder space
(W, X) = {f € YW, X) | [/ T3e gy x) < o0 and Lim [f15 o ) = 0} :
Together with the norm
”f”h“(W,X) = ”f”CO(W,X) + [f]zz(W,X)’
it forms a Banach space. For k € N. ¢, the little Holder spaces of higher order
hk+0l (W’ X)

are the functions in Cif (W, X) whose highest order derivatives lie in 7“ (W, X). They
are endowed with the natural norm to form Banach spaces. For short notation, we use

hy (W, X)
fors € R0, meaning Cg W, X)ifs e Nx¢ and A* (W, X) else. Note, that we assume
a Holder regular function to fulfill not only a local, but a uniform Holder condition!

On C! N h***_embedded hypersurfaces M € R4*! as introduced in Definition 2.4
below, we define Holder functions

hk-‘rﬂl M, X)

= {f M — X}Vp € M:3loc. param. (y, W):p e y(W), foy € hk+°‘(W, X)}

with the help of local parameterizations (y, W). If M is closed, we obtain the charac-
terization

e, x) = {f ‘M — X ‘ f oy € h*T*(W, X) for all loc. param. (y, W)}

as for the case of continuous or continuously differentiable functions. Also, if M is
closed, we can restrict to a finite set (y;, Wj);=1,....1 of local parameterizations with

hk+"‘(M,X)={f:M—>X‘foyleth”"(Wl,X)foralll:1,...,L}
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and then Ak te (M, X) forms a Banach space with the norm

L

1 ksaqar,x) = D If © villpere i x)-
=1

2.2. Generators of semigroups

Definition 2.2. Let A : D(A)CX — X generate an analytic C*-semigroup (T(t))
in a Banach space X. For 8 € (0, 1), we define

>0

Da(B) =13x € X‘ sup s]*ﬁ“AT(s)xHX < oo and lim slfﬂAT(s)x =0
O<s<l1 sN\O0

with
IxlDap) = lIxllx + sup s'P|AT()x|
0<s<l

and for 7 > 0, we set

(P ([0. T1. X) x D(A)), = {(f.x) € hP([0.T], X) x D(A) | Ax + £(0) € Da(B)}
with
ICFs e 0,71, %) x DAy, = If lnsqo,r1,x) + IXIDa) + 1Ax + f(O)ID,y(8)-
The space D4 (B) is given as real interpolation space by
Da(B) = (X. D(A)) .

As any operator generating an analytic C%-semigroup is sectorial in the sense of [12,
Definition 2.0.1], a proof of this representation can be found in [12, Proposition 2.2.2].

In the appendix (see Proposition A.13), we state that Aug + f(0) € D4 (B) is the
suitable compatibility condition such that 2#([0, T, X) is of maximal regularity for
the initial value problem

ohu—Au=f in(0,7),
u(0) = uop.

Moreover, we discuss differential operators A acting on little Holder spaces and for-
mulate a condition that guarantees them to generate analytic C°-semigroups (see
Proposition A.16).
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2.3. Geometric setting

In the following, letd, n € Nog and r, s € R>o. As in Sect. 2.1, we set h* = Ci if
s € Nz().

Definition 2.3. (Holder-continuous local parameterization) Let M C R". A pair
(y, W) is called a (d-dimensional) #'*-local parameterization of M if W C R is an
open, bounded and convex subset and y € h!*S(W, R") is an embedding such that
y (W) C M is an open subset with y (W) C M. Choosing the local parameterization
(v, W) sufficiently small means that y (W) C M is sufficiently small.

In contrast to the usual literature on submanifolds, we restrict to bounded and convex
sets and assume the corresponding local parameterizations to be well-defined on the
closure of these sets. This is possible w.l.o.g., because we can always achieve these
properties by choosing the sets smaller.

Definition 2.4. (Embedded hypersurface) A subset M C R*! is called an h'*s-
embedded (closed) hypersurface if

(i) M isad-dimensional #!**-embedded submanifold, i.e., if for every point p € M
there exists a d-dimensional 4'**-local parameterization (y,, Wp) of M with
p € vp(Wp),

(ii) M is orientable such that there exists a continuous unit normal vy, i.e., a con-
tinuous vector field vy : M — R with |vy(p)| = 1 and vy (p) L Ty M for
all p € M and

(iii) M is connected (and compact) as subset of RA+L,

In this work, a hypersurface never contains a boundary. A unit normal automatically
fulfills vy, € h* (M, RI*1).

Remark 2.5. If M is a closed hypersurface, i.e., compact as a subset of R4+ it suffices
to use finitely many local parameterizations (y;, W;);=1,....1 to cover it. W.l.o.g., we
can assume the existence of further open subsets U; C M with U; C y;(W;) and

L
Mc|Ju.
=1

Definition 2.6. (Immersed hypersurface) Let M C R*! be an h'™-embedded
(closed) hypersurface and let 6 : M — RY*! be an h!tS-immersion, ie., 0 €
RS (M, R such that its differential d,0 : T,M — RYF! is injective for all
p € M.Then, ¥ := (M) C Rt is called an ' ¥ -immersed (closed) hypersurface
with reference surface M and global parameterization 6.

Just as for the embedded case, an immersed hypersurface never contains a boundary.
Moreover, we remark that we do not use any topological structure on the immersed
hypersurface ¥ itself but only consider the topology on the (embedded) reference
surface M.
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As locally any immersion is an embedding, for every point p € M there exists
an open neighborhood U C M such that 6(U) C X is an embedded patch, i.e.,
an embedded hypersurface. Every locally defined term for embedded hypersurfaces
thus can easily be defined also for immersed hypersurfaces, simply defining it on the
embedded patches. To avoid confusion in points of self-intersection, we always use
the pullback onto the reference surface M.

As for every embedded patch 6(U) the restriction )y is an embedding and thus the
differential d,6 : TyM = T,U — Tp(,»0(U) is a linear isomorphism, the tangent
space of ¥ at 0(p) is given by T, X := d,0(T,M) for every p € M. Furthermore
one can show that orientability transfers from the embedded hypersurface M to the
immersed hypersurface ¥ = 6(M), meaning that there exists a unit normal v €
B (M, R4y with [v(p)| = 1 and v(p) L T,X forall p € M (see [4, Proposition
2.27)).

Definition 2.7. (Evolving hypersurface) Let ¥ = (M) C RI*t! be an K3+
-embedded/immersed closed hypersurface with unit normal vy and let 7 € (0, 00).
Furthermore, let p € A7 ([0, T1, h*(M))Nh" ([0, T1, B2+ (M) with || |l cocro.71x )
sufficiently small. We define

0,10, T1 x M — R 60,1, p) :==6(p) + p(t, p)vs(p).
Then, with T, (¢) := 6, (t, M),
T, ={{t} xTp0)|r €0, T1}

is called the 7'*"-h?>*S-evolving embedded / immersed hypersurface parameterized
via the height function p with reference surface M and global parameterization 6.

We have 0, € h'*7([0, T1, h* (M, RITH) N A7 ([0, T1, K2+ (M, RYT1)) by con-
struction. Also, 0,(t,-) : M — Rt s an embedding / immersion for all ¢ € [0, T']:
This follows with the usual arguments concerning tubular neighborhoods of hypersur-
faces for the embedded case (cf. [18, section 2.3] or [3, section I11.3.2]) and is proven
in the appendix (see Lemma A.18) for the immersed case.

In the following remark, we introduce some basic notation for evolving closed
hypersurfaces parameterized via height functions and list some important regularity
properties.

Remark 2.8. Let T, be an R -h2+S _evolving immersed closed hypersurface param-
eterized via a height function p as in Definition 2.7 with reference surface M C RZ+!
and global parameterization 6, : [0,T] x M — RY+1 Moreover, let ¥ = 0_(M )
be the corresponding immersed reference surface with unit normal vy. We use the
notation 6, := 0,(t,-) and T'y(t) == T'p) := 0pr)(M) forall ¢ € [0, T]. Given a
sufficiently small local parameterization (y, W) of M, we define

Vo) = 6oy oy
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such that

Yo c h1+i‘ ([0’ T], hS(W, Rd+l)) N hr([O, T], h2+S(W, Rd+1))

holds. We use gs.(t) = 0i¥p() - 9 ¥p(r) for the first fundamental form and g;j(t) for its
inverse. There exists a vector field

vp € ([0, T1, A" (M, RITY)

such that v, (¢, -) is a continuous unit normal to I',(¢) for all + € [0, T'] (see [4,
Proposition 2.51]). As spatial derivatives are defined locally, we employ the usual
definitions on the embedded patches of I', and then use a pullback onto the reference
surface M via the parameterization 6,: For functions f € C 0 ([0, T, Cc'(M, R)) and
FecC O([O, T1, C! (M, R4 +l)), we define the surface gradient and surface divergence
by

Vof = (Vr,(fo0,")) o6, and div,F = (divr,(Fo0,") 00,
respectively, and for f € CO([O, T1,C*(M, R)) we use the Laplace—Beltrami operator

Apf = (Ar,(fo8,")ob),.
Their representations with respect to a sufficiently small local parameterization (y, W)

of M are given by

d

d
Vofoy=Y gidi(foy)dy,. divpFoy= > gidd(Foy) 9y, and
i,j=1 ij=1

d d
Aofoy= D gda0;(for)+ . &5 ai(say,) - 8,vpa(f o).
ij=1 kil=1

From these formulas it is clear that f € hf([O, T1,h° (M, R)) and F € h' ([O, T1,
h"(M,]RdH)) fort,0 e Rygwitht <r,0 <2+sando > 1(oreveno > 2 if
necessary), fulfill

Vof € k7 ([0, T1, h 1 (M, RTH),
div, F € h* ([0, T, h° ' (M, R)) and
Apf € h*([0,T1,h° (M, R)).

We use a similar notation to express the dependence on the height function for the
mean curvature

H(p) = H, := —div,v, € h’([O, T1, hS(M))
and the total and normal velocity of the hypersurface

VU= 3,6, € b ([0, T1, h* (M, R?)) and
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V, = Vitov, € 17 ([0, T1L h* (M),

respectively. Finally, for f € h'*7([0, T1, h® (M))Nh™ ([0, T1, "7 (M)) witht, o €
R>0, 7 <rand o < s, the normal time derivative is given by

M f=0f -V, f
and thus 3" f € A7 ([0, T1, h° (M, R)) holds.

Reformulation onto a fixed domain

We wish to reformulate the system (1.1) in a way that enables us to prove the
existence of short-time solutions. For this, we assume that I, is an evolving immersed
closed hypersurface parameterized via a height function p as in Definition 2.7 with
reference surface M and global parameterization 6, : [0, T]x M — RI+L 0,(t,2) =
0(z) + p(t, z2)vx(z), where ¥ = 0(M) is the immersed reference surface with unit
normal vy. Our considerations here are restricted to the embedded case, but they
transform easily to the immersed case using the embedded patches. We introduce the
function

u:=cob,:[0,T] x M — R

to describe the pullback of the concentration. Assuming p to be sufficiently small in
an appropriate sense yields that

a(p) =
Vy - Vp

is well-defined with % < a(p) < C (see Remark 3.6). Using the definitions and
notation from Remark 2.8, the total velocity of the surface is given by V;)m = 0,0, =
d;p vy and we obtain

0 p
a(p)
(87¢) 00, = 8"u = dyu — VI Vyu = 8u — dp v - Vu

V09p=Vp=Vl§°t-vp=3tpvz-vpz and

for the normal velocity of the surface and the normal time derivative of the concentra-
tion. So, finally, the formulation of the system (1.1) on the fixed domain [0, T'] x M
is given by

0rp = gwa(p)H(p), (2.1a)
du=A,G'(u) + dpvs - Vou+uH(p)V,
= A,G'(u) + gwa(p)H(p) vs - Vou + g(u)H(p) u. (2.1b)
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3. Short-time existence

The topic of this section is the existence of short-time solutions to our system of
Eq. (2.1). As a start, several regularity properties of functionals are stated which will
be useful throughout the whole chapter. Then, we list the conditions under which our
short-time existence result holds (see Assumptions 3.9) and introduce the notations
that will be used (see Notations 3.10). With this preparatory work, we can move
on to the actual proof of short-time existence. As explained in the introduction, a
splitting ansatz is applied: In Sect. 3.1, the first Eq. (2.1a) for the height function p
is discussed. For an arbitrary concentration u, we obtain a unique short-time solution
pu of this equation, which is then inserted into the second equation (2.1b) for the
concentration u. Section 3.2 deals with the existence of short-time solutions to this
reduced system, i.e., the second equation with inserted p,. The combined result on
short-time existence can be found in Sect. 3.3.

Notations 3.1. Let s € R.¢g\N and let © = §(M) C R4*+! be an #2*-immersed
closed hypersurface. We define X, = h*(M), Yy = h'T5(M), Z; .= h**5(M) and
for constants R* > 0 and R¢ > 0

Ul ={peY|lipllcign <2R*}, U = {u e ¥y | llully, < 2R}

We recall the notation and some properties for surfaces parameterized via height
functions in the following lemma.

Lemma 3.2. Lets € Roog\Nandlet = = (M) C R4t be an h**S-immersed closed
hypersurface with unit normal vy. We use Notations 3.1. There exists a sufficiently
small R* > 0 such that for all p € Ush’1

0,: M — R 60,(2) =0(2) + p(2)vs(2)

is an h'*S-immersion and T o =0,(M)isan 'S -immersed closed hypersurface. In
particular, for any sufficiently small local parameterization (y, W) of M and

Vo =0p0Y,

(¥p, W) is a local parameterization of an embedded patch of T').
Moreover, (81 Volxs - 0dVp|xs VE oy|x) C R+ are linearly independent for every
x € W, where

3ivp =0 oy)+di(poy)vsoy)+(poy)divs oy)
holds.

Proof. On account of Proposition A.18, it remains to show that

(01 fxs s 0a¥Vp Jxs VE |y (1)) C RI+!
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are linearly independent forevery x € W.Forthis, fixx € W andletay, ..., aq+1 € R
with

®i0iVp|x T Ad+1VE |y (x)

T
IR

1

d
aidy 019 Vix] + Py ) Z a;idy () vl yx]

i=1

|
.M&

I
<N

l
d

+ (Z idi(p o y)jx + ad+1> VE Jy (x)-
i=1

With the statement in (A.1),

d d
0= Zaidy(x)é[ai)/lx] + Oly ) Zaidy(x)vz[ai)/\x] (3.1)
i=1 i=1
and
d
0= aidh(p oy + s (3.2)

i=1

hold independently. For [|p||co(py sufficiently small, Eq. (3.1) yields oy, ..., aq =0
and then oy41 = O follows with Eq. (3.2). So, the claimed linear independency does
indeed hold. O

Now, we turn to the promised regularity statements.

Lemma 3.3. Let s € Roo\N and let & = (M) C R be an h3S-immersed
closed hypersurface. We use Notations 3.1. For R* > 0 sufficiently small, there exist
functions

Pe cw(us’fl, £(Z,, XS)) and Q € C®(U" |, Xy)

N

such that the mean curvature H(p) of the h***-immersed closed hypersurface T o =
0,(M) from Lemma 3.2 is given by

H(p) = P(p)[p]l + O(p) in X;

h
forall p € US| N Z;.

Proof. By [7, Lemma 3.1], for any sufficiently small local parameterization (y, W)
of M, we have

H(p)oy = P(p)lploy + Q(p) o y with

d d
1
P(p)luloy = 7 E pij(p)didj(uoy) + E Pk(p)Ok(uoy)
ij=1 k=1
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1
and Q(p) oy = gq(p),
where p;j, pi,q € C o (th R (W)) hold for R > 0 sufficiently small. Hence,
PeC™(U!. L£(Z;, Xy) and Qe C™®U!. X))

follow with the help of a partition of unity. Note that [7] assumes X to be a sphere.
In [18, section 2.2.5], the same statement is shown for an arbitrary embedded closed
hypersurface ¥ but as the proof therein is less clearly arranged, we chose to cite
[7]. Both proofs reduce the statement to local coordinates and therefore neither the
shape of a sphere nor the embeddedness property are necessary. Instead, the proofs
can be transferred w.l.0.g. to our setting of an immersed closed hypersurface X, when
choosing the local parameterization (y, W) so small that 6, (y (W)) is a subset of an
embedded patch of ¥ and thus (y,, W) is a local parameterization of an embedded
patch of X. 0

The fact that the mean curvature H has a quasilinear structure is the key argument
to ensure that the PDE for the height function (2.1a) is also quasilinear. Even more,
its main part P (p) is elliptic, as we will see in the upcoming lemma.

Lemma 3.4. Lets € R.g\Nandlet T = 0(M) C Rt be an h3+5 -immersed closed
hypersurface. We use Notations 3.1 and choose P as in Lemma 3.3. For R* > 0 suffi-
ciently small and p € U",, P(p) € L(Z, X;) is a symmetric and elliptic differential

s, 1’
operator of second order, i.e., given a sufficiently small local parameterization (y, W)

of M,
P(p)l-loy = Zaijaiaj(' oy)+ lower order terms
ij
holds with a symmetric and positive definite coefficient matrix [a' | ij €h’ (W, Rx4),

Proof. Letp € Ushy |- With our sign convention, [7, Lemma 3.1] yields

1
P(p)oy = 7 Zp,-j(p)aiaj(- o y) + lower order terms
ij

with

wil (p) (14 g wh (00 (0 0 )10 0 7)) = Ly wk (p)w () (0 0 )it (0 0 7)

(14 gt vk ()3 (p o (o 0 1))

pij(p) =

and wii(p) = g+ (poy) (ks oy) - dyg+ (s oy)-dyz) +(poy)* (dk(vsoy)-
d/(vy o y)) as well as [wkl(,o)]k,l = ([wkg(p)]k,l)_l. In particular, ai,j = épij(p) €
h*(W) holds for alli, j = 1,...,d. On account of p € Us’fl, we have |[pllci(xp) <
2R*. Thus, choosing R* > 0 sufficiently small, symmetry and positive definiteness
of the first fundamental form [gf/.],-, ;j and its inverse [gé-'/ 1i,j ensures the same for

[ai;i],-,j. O
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We gather some further regularity statements in the following lemma.

Lemma3.5. Let s € Roog\N and let ¥ = (M) C Rt be an b3+ -immersed
closed hypersurface with unit normal vs. We use the notation V,,, div,, A, and v, as
in Remark 2.8 as well as Notations 3.1. For R* > 0 sufficiently small,

(i) pr> (Vo: [V, f) e CUr, LY, XIT)) and
p > (div, : F > div, F) € C®(Ul, LT, X)) hold,
(i) p > a(p) = ¢ vz C°°(Uh1, X,) holds and
(iii) there exist functions D € C°°( o1 L(Zs, X )) andJ € COO(UHS 1 LY, X ))
with J € Cp° (U1+s,1 NB, LY, X; ))for any bounded subset B C Zg such that
we have Ayu = D(p)[ul + J(p)lul forall p € Ulh+Y yandu € Zs.
In particular, p — (Ap f Apf) € COO( s £(Zs, X ))follows

Proof.

Ad (i) Let f : R x R x R x R x R — R (v, v, v3, up, up) =
vl + uovy + ujv3. As T = 6(M) is an h2HS-immersed hypersurface, we
have 0;y, vz oy,dj(vgoy) € A’ (W, R‘H‘]) for any sufficiently small local
parameterization (y, W) of M. Thus, smoothness of f and Corollary A.11(ii)
yield

F e C®(h*(W) x h* (W), h* (W, R¥H) n Cp°(B, h* (W, RIT)

for F : (uy,uz) > 9y +uz(vs oy) +u1d;(vy o y) and arbitrary bounded
subsets B C h*(W) x h*(W). Additionally, G : u > (uoy,dj(uoy)) €
L(Y o B (W) x h* (W)) holds and therefore we have

p > 37, =FoG(p) € C®(Ys, h* (W, R) 0 Cp°(B, h* (W, RT))

for bounded subsets B C ¥;. In particular, p > g, = 3y - 3, €
Cc>® (Ys, h* (W)) and p — g5 e Cpe (B, h* (W)) follow. According to Lemma
3.2, forp € Us’fl with R* > 0 sufficiently small, [gi’;.]lfi,jfd is invertible on
W and thus miny; | det[g5]| > 0 holds. So, with the open subset U := {A €
R?*4 | det A # 0}, we have [gi’}] e (W,U) forall p € UShJ. Even more,
as p minW|det[glp]| is continuous as mapping on C!(M), there exists
& > 0 with miny; | det[g/]| = ¢ forall p € U, C {p € C (M) [ llpllcim) <
2R*} with R* > 0 sufficiently small. For the closed subset A = {A €
R [|det A| > &) C U, we thus have [g/;] € h*(W, A) forall p € U}',.
In particular, p > [g/}] € C®U (W, U)) N CR(U NB. 1 (W, A))
follows. By Remark A.12, (1) =1 € C*®(h* (W, U), h* (W, R¥>*))NCL° (B, h*
W, RdXd)) holds for the inversion (-)~! of matrices and any bounded subset
B C h*(W, A). Hence, combination implies

p > g e CO(UL h (W) N CR(UL N B, 1 (W)).
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Dueto f > 3;(foy) € L(¥y, h*(W))and F > 3;(Foy) € L(YIT!, hs (W, RIHY)),
we finally have

(0, ) Vofoy =) glai(foy)djy, € CO(UL), LYy, h*(W,R))) and
i,

(p,F)HlepFoy—Zg %i(Foy) iy, € CO(UL, LI ¥ (W))).
i,j

Ad (iii) For any sufficiently small local parameterization (y, W) of M, we have
Apfoy= Zg 2i0;(fov)+ Y. 870:i(gMvp) - 0¥ %(f o)
i,j,k,l
by Remark 2.8. We choose D as the principal part of A and define J :== A — D

such that

D) floy =) g dd;j(foy) and

iJ

T floy = gai(efay,) 9y, h(foy)
i,j,k,l

hold on W. With the help of a partition of unity, D(p)[f] and J(p)[ f | are
well-defined on the whole hypersurface M. As in (i), we have p — g €
COO(US”I, h*(W)) and on account of f + 3;0;(f o y) € L(Zs, h*(W))

(p, /) D) floy € C®(U!, L(Zs, h* (W)))

follows. But we only needed ¥ to be an 42 -immersed hypersurface for the
proof of (i). Thus, also

p > 35y, € CF(Zy, TS (W,RITH) 0 €2 (B, ' (W, RIT)) and
pi g € CO(Ul 0 HH (W) N CR(UL 4 0 B, 11 (W)

hold for bounded subsets B C Z; with h!™(W,R™) < h*(W,R™) for
m € {1,d + 1} due to Lemma A.2. Differentiating once yields

p > %y, € C®(Zg, h* (W, R) N €2 (B, h* (W, R™)) and
p > dighl € (UL, . K (W) N CR(UL,, N B. h*(W)).

Dueto f— o (foy) e E(YS, h® (W)), we hence have

(0. ) > T(P)[floy € CO(UL, . L5, B (W)))
NCP (U4 s1 N B, L(Ys, h* (W))).
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Ad (ii) Let £ : (R4 — Ritl pe a generalized cross product; in particular /C is
smooth. For the open subset

U= {(vl, s, Ud41) € (R‘Hl)d+l ’ W1y ..., 0941) C R+ linearly independent},
the map f : U — R with

IK(vi, ..., vg)l
K@i, ..., vq) - Va41

fr, .. vgq) =

is well-defined and also smooth. So, by Corollary A.11(i), F € Coo(hs
(W, U), h*(W)) holds with (F(u))(x) = f(u(x)) foru : W — U. As
in the proof of (i), we have p — 0y, € COO(YS, h’ (W, Rd+1)) for any
sufficiently small local parameterization (y, W) of M and thus G : p —
(31Yps -+ daVp, vy 0 y) € C®(Yy, h* (W, (R?+1)4+1)) Due to Lemma 3.2,
(81 Vplxs -> 0dVp |xs VE oy‘x) C R4+ arelinearly independent forevery x € W
ifp € Ush)1 with R > O sufficiently small. Therefore, G € CC’O(US}f1 L hS (W, U))
follows. Composition yields

[K(01Vp, s 0a¥p)l _ 1
K(01yps s 0ayp) - (vzoy)  (vpoy)-(vzoy)

(FoG)(p) = =a(p)oy

and hence p > a(p) oy € C°°(Uffl, h* (W)). O

Remark 3.6. Lets € Rog\N, let £ = 6(M) be an h3**-immersed closed hypersur-
face and let « € (0, 1) with @« < 5. We use Notations 3.1. Due to the smoothness

. y7h ._ 1 s _ 1 _
of a : Uy1 = Xa,alp) = s by Lemma 3.5(ii) and a(0) = el = 1 for
0 e Ué’ql, we can choose R > 0 sufficiently small such that a > % holds on

{0 € Yo|llplly, <2R¥}. In particular, we thus have a > 1 on the set U/ defined in
Notations 3.10. Analogously, there exists a constant C > 0 such that |la(p)|x, < C
holds for all p € U”.

The pullback A, of the Laplace-Betrami operator obviously is a linear operator, so
that the PDE for the concentration (2.1b) is quasilinear. Its parabolicity relies mainly
on the fact that A, is an elliptic operator, as we state in the next remark.

Remark 3.7. Lets € Roo\Nandlet ¥ = 6(M) c R¥t! be an h3+5-immersed closed
hypersurface. We use the notation A, as in Remark 2.8 as well as Notations 3.1. For
RE >0 sufficiently small and p € U1h+s,1’ the pullback A, € L(Zg, X;) of the
Laplace—Beltrami operator is a symmetric and elliptic differential operator of second
order, as for a sufficiently small local parameterization (y, W) of M,

Aplloy = Zgjjaiaj(. o y) + lower order terms
ij

holds with the symmetric and positive definite matrix [g,';‘,/ li,jeh’ W, Rdxdy,
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We end the collection of regularity statements by a simple consequence of Sect. A.2
on the regularity of composition operators that will be applied to the functions G and
g later on.

Lemma 3.8. Lets € Rog\Nandlet X = 0(M) C R be an h'+5-immersed closed
hypersurface. We use Notations 3.1. If F € C*t142(R), we have

us Fu) e CR(X,, X)

and in particular, u — F(u) € Ck(US”, X5).

Proof. Let (y, W) be any sufficiently small local parameterization of M and let
R > 0.Dueto F € Cy ™*3((=R, R)), Proposition A.9(iii) yields F e C*(h*
(W, (=R, R)), h*(W)). As R > 0 was arbitrary, F € C¥(h*(W), h*(W)) holds.
Withu > u oy € L(X,, h*(W)) the claim follows. O

Having gathered these general regularity statements, we proceed to the more specific
setting in which we will prove the existence of short-time solutions. First, we list the
assumptions needed for our proof.

Assumptions 3.9.
(i) Letax € (0, 1) and B € (O, %) with 28 + o ¢ N. Furthermore, let G € C’(R)
withG” >0andg:=G — G’ -1d > 0.
(i) Let & = 6(M) C RI*! be an A*+*-immersed closed hypersurface with unit
normal vy and let R* > 0 be sufficiently small.
(iii) Let ug € k>t (M) and let §; > R* be arbitrary.
(iv) Let RS, R" > Obe sufficiently large such that 2||ug [| j2+a (p) < R and 28 < R"
holds. Let §y € (0, RE). Then, let T € (0, 1) be sufficiently small such that

R'"TP + 5y < R® (3.3)
is valid.

We give a few comments on these assumptions and explain why they are postulated
by referring to later statements. So, these comments will not be understandable in
detail for the reader yet, but serve as a later look-up. Choosing 8 < % ensures that
the embedding Z, < Ysg4, is compact and thus Kgﬁ tar Ké'ﬁ 4o s in Definition
3.10(i) are compact sets in Y2g44. Assuming the immersed hypersurface X to be of
h*+®_regularity guarantees that we can apply Lemmas 3.3 and 3.5 for s == 28 + «.
Together with the C”-regularity of G, this is used in Corollary 3.11 to gain regularity
properties for our operators. The conditions G” > 0 and g > 0 ensure that our PDEs
are parabolic. The h>t2#+% _regularity, which we assume for the initial value u( of
the concentration, as well as for the initial value pg of the height function later on,
makes sure that by applying our second-order operators, we still end up with an h2#+¢-
regularity. This turns out to be the necessary compatibility condition and is used in
Lemmas 3.16 and 3.24.
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We will obtain a short-time existence result for any initial height function pg €
h2T2Be (M) with || poll 22640 3y < 81and || po 1+ ar) < So. Particularly, 2|l po |2+«
(M) <26 < R’ follows. As 8; > 0 canbe chosen arbitrarily large, ||,O()||h2+2ﬂ+a(M) <
81 is not an actual restriction on pg. To yield a suitable height function as in Lemma 3.2,
the initial value pp only needs to be small in the C L_norm. But to achieve a(pg) >0
with Remark 3.6, and also later on in the proofs of Theorem 3.18 and Proposition
3.25, smallness of pg in the 7' *%-norm is necessary. This is why we set the condition
||PO||h1+ot(M) < dp.

Assuming R¥ >0 sufficiently small means that Lemmas 3.2,3.3,3.4 and 3.5 as well
as Remarks 3.6 and 3.7 hold. In particular, this implies that any function || o;|| < R* is
a well-defined height function as in Lemma 3.2 and the regularity statements in terms
of p; hold for all the geometric quantities from Lemmas 3.3 and 3.5.

In the following, we will choose R¢ and R" even larger and 8y > 0 and 7 > 0 even
smaller, where T always has to be so small that estimate (3.3) holds. Enlarging R¢
and R" increases the set of possible solutions to our system of PDEs, which we seek
in balls with radii R¢ and R". Then, estimate (3.3) together with the Holder-regularity
of the solution guarantees that every ||p| < R" with initial value ||p(0)|| < &
fulfills | p(1)|| < R*. Particularly, p(f) remains small in the #'*%-norm for all times
t € [0, T] such that all the properties mentioned above hold; most importantly, p(z)
is a well-defined height function as in Lemma 3.2 for every ¢ € [0, T'].

Now, we give a summary of the notation used in the following sections. It relies on
Notations 3.1, but is reduced to our more specific setting.

Notations 3.10. Suppose Assumptions 3.9 are valid and let s € {«, 28 + «}. This
guarantees that ¥ = 0 (M) is an A3+ -immersed closed hypersurface and thus permits
to use Notations 3.1: X, := h*(M), Yy == h'*S(M) and Z; := h*TS(M). We also
recall

Ul ={p e |lplciam < 2R}, Ut = {u e | lully, <2R),
U1h+s,1 = {:0 € Zs | ||p||C1(M) < ZRZ}
and define

Ul ={pe¥|loly, <2R" lply, <2R™}.

(i) Furthermore, we define

Il
K!'=1{peZal|lplz, < R" lply, < R} .

-1l vs

K§ = {u € Za|lulz, = R}
(i) We use the following notation for spaces and sets with time-dependence

Eo.7 = hP ([0, T1, Xa),
Ei 7 :=h"P ([0, T1, Xo) NP ([0, T, Zy),
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M5 = {u € By 1| llullg, , < R and u(0) = ug in Za},
M} ={peEir|lpllg,, < R"and |p(®)y, < R* forallt € [0, ]} and
M} . = {p €Err|lplE, < R" and p(0) = po in Z,}

for any py € Zagya with [|pollz, < R" and l|polly, < So.

(iii) For the sake of completeness, we also define the operators used in the following
sections. For u, p € E; 7 and u1, p1 € Zy, we set

Al Lol = gupa(p) P(oy)[p).
Alp] = Al [p] = g(u0)a(0)P(0)[p].
G (p) == gwya(p)H(p) — A"[p],

dp — Allp]
L" =" ),
ol ( p(0)

AS o Tul = G () Apyu + gunale) H(p1)vs Vo u + g(u) H(p) u,
ATu] = A5, olul = G"(uo) Axu + g(uo) Hsu,

u
G,%o (u) = Apu_po G'(u) + g(“)a(pu,pO)H(pu,pO)vE'Vpu,pou
+ g(u)H (pu.po)*u — A°[ul,

L[] = (8’“ ;(g‘)c[”])

Here, H, P, Q are the functionals from Lemma 3.3. Moreover, we have a(p) =

5 1]) as in Lemma 3.5, where v, as well as the differential operators V,, A,
pVE

were introduced in Remark 2.8; in particular, vgp = vy, Vo = Vy, Ag = Ay

and H (0) = Hy hold in the case of p = 0. Finally, p,, ,, € M? 20 is the solution

from Theorem 3.18 associated with the concentration u € M and the initial
value po € Zagtq With [|poll o5, < 81 and [[polly, < do.

Both our PDEs (2.1) are parabolic, quasilinear equations of second order (see Lem-
mas 3.3, 3.4 and 3.5 as well as Remarks 3.6 and 3.7) and will be solved by similar
approaches. To underline this parallel structure, we use the same notation for all corre-
sponding sets and operators and mark the association to the respective equation with a
superscript, using the letter 4 for the first Eq. (2.1a) concerning the height function and
the letter ¢ for the second Eq. (2.1b) concerning the concentration function. Depen-
dences of sets or operators will never be denoted by superscripts, but only by indices.
To clarify this even more, we use the letters 2 and ¢ only to denote the association to
the equation; while height functions and concentrations will always be called p and
u, respectively.

Whereas the initial value u( for the concentration is chosen fixed in Assumptions
3.9, our short-time existence result allows for small variations in the initial value pg
of the height function. More precisely, for any initial value pg € h>+t2A+%(M) with
l ool p2+26+a(pry < 81 and || pollp1+e(ary < S0, we will obtain a solution to (2.1) on a
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time interval [0, 7] with T independent of pg. This is crucial to prove the formation
of self-intersections, which will be done in an upcoming publication. However, we
thus cannot linearize the system (2.1) around the initial value for the height function,
as we do for the concentration. Instead, we linearize around the fixed value 0. This
is possible, as due to || pol1+e(pr) < S0 all eligible initial values pg are close to the
zero-function in a suitable sense.

We will solve our PDEs in the space Eq 7 and therefore the solution functions lie
in E; 7. To be precise, we seek the solution functions in M. and M?, which are the
balls with radii R¢ and R" mentioned earlier. As forecasted, estimate (3.3) guarantees
that any p € M}, , fulfills

lo®)lly, < o) = p©O)ly, + 2Oy,
< llplws oy, T? + lloolly, < R"TP + 8y < R*,

ie., M? 0 C M? holds. In particular, p(¢) is a well-defined height function as in

Lemma 3.2 for every p € M? andtr € [0, T].

Now, we give a few crucial comments on embeddings of the sets defined above.
Here, the superscripts ¢ and & are omitted whenever the corresponding statement holds
for both of them. As always, we set s € {«, 28 + «}.

(i) Wehave K; C Us dueto Z, — Y. Moreover, Ky C Y; is compact and convex,

because Z, — Y is a compact embedding due to Lemma A.5 with < %

Obviously, Uy C Y is open.
(il) Asu € M5, p e MEfulfill [u(t)|lz, < RS [p®)llz, < R"and||p(®)y, < R*
for every ¢ € [0, T], the inclusions

M} c hP([0, T1, K]) N kP ([0, T1, U, ) € hP((0, T1, UY),
M§ c hP(10,T1, KE) € WP ([0, T1, UY)

follow. Furthermore, for any u € M{ and any p € M k,

lollnego.r1.vy < Nolnsqo.rr.zy < IPlE 7 < R",

Nellns o, 1, v) =< Nullpeo, )2,y < lullE, » < R¢

hold on account of Z, — ¥;.

In the next corollary, we state some regularity properties for the components of the
operators from Notations 3.10(iii). This corollary, and even more so the subsequent
remark, are crucial for the proof of short-time existence as many of the following
statements are based on this regularity.

Corollary 3.11. We suppose Assumptions 3.9 are valid and use Notations 3.10. For
s €{a,2f +a},

gaP e C*(US x U!', L(Z,, X)),
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gaQ € C*(US x UL, Xy),
G'D e C*(US x Ul', L(Zs. Xy)).
G"J e C*(US x Ul 1, LY, Xy)),

N
gaPvy -V e C*(US x U, £(Z,, L(Yy, X)),

(
( c
gaQux -V € C}(US x UL, L(Ys, X)),
gP?Id¢ € C*(US x Ul, L(Zs, L(Zs, L(Xs, Xs)))),
gPQId e C*(US x UM, £(Z,, L(Xs, X,))) and
(

\)
g0%1d € CH(US x U, L(Xy, Xy)),

N

hold. Furthermore, for G"'V(y - V¢y : (u, p) = G" )V, - V,, we have
G" V- Vi € CZ(Ug X UZZ, LYy, L(Yy, Xoc)))s
G Vo -V € Cl(Uzcﬁ_,,_a X Uélﬁ—&-a’ LY 2p+0, LV 2+ X2ﬂ+a)))~

Proof. We have 28 + «a € (0,2)\{1} with 28 < 1. Because & = (M) is an h**2-
immersed closed hypersurface and G € C”(R), we can choose s € {a, 28 + «} and
mostly & := 2 in Lemmas 3.3, 3.5 and 3.8. (If s > 1, we have to restrict to k := 1
in Lemma 3.8 for G’ and thus can only conclude C'-differentiability for G””. The
C7-regularity of G is used to obtain G” € C*(US, X,) with Lemma 3.8.) Moreover,
the inclusion Ush cU Sh | holds. By considering functions independent of ¢ or & as
constant in these variables, several multiplications and Z; < Y; — X prove the
claims. ]

Remark 3.12. As K¢ x K!' C US x Ul is compact and convex, we can apply
Corollary A.10 in the following way: For any Banach space W, and any functional
F € C2(USC X Ush, WS), there exists a constant C = C(RZ, R€, Rh) such that
F(uy, p1) € h?([0, T1, W;) holds with

||F(u1, pl)”h/s([(),T],Ws) <C and
HF(MI 5 pl)_F(L{Z’ /02) ”hﬂ([(),T],WY) fC(”M] —Mz“hﬂ([o’n’ys)‘f‘”pl _/02||hﬂ([(),T],Yx))

for i € KP([0,T1.KS), pi € RP(10, T K}) with |uillueqo.r)y,)
< R N pillpeqo,11.7,) = R". In particular, these conditions are fulfilled for u; € M7,
and p; € M#.

Except for G” J, all of the functionals listed in Corollary 3.11 can be estimated in this
way. Because GV, - V(. is a C!-function only for s = 28 +a, Corollary A.10 only
yields the first of the two estimates stated above in that case. But if we restrict to u; =
uz, the second estimate also holds: As in Corollary 3.11, we have G” € C1(U¢, X;)
and V() - V() 1 p = V, -V, € CXU", W) with Wy = L(Ys, L(Yy, X;)). Thus,
Corollary A.10 yields the existence of a constant C = C(R*, R, R") with

|G )V, - Vo = G" W)V, -V, ”hﬂ([O,T],WS)
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< IG" @t qo.11.x0) | Vor - Vor = Vi« Vi, ”hﬂ([O,T],WS)

< Cllp1 — p2llnsqo.11.v,)

forallu € MS and p; € M.

Due to U, | C Z; and M} C Ey7 = h'F([0, T], Xo) N AP([0, T, Zy), we
cannot find a compact set K C U f’ .1 With M? C hﬂ([O, T1, K). Therefore, the
functional G”J, which is defined on US x U lh ', .1» has to be handled differently. But
as J : p +— J(p) is bounded on bounded sets by Lemma 3.5(iii), we have J : p
J(p) € C}(U;, N B (0), L(Y;, X,)) forany R > 0. As U, | N BF*(0) C Z,
is convex, we can apply Proposition A.9 instead of Corollary A.10 to G”J. With
W, := L(Ys, X,), this means that there exists a constant C = C(R>, R¢, R) such that
G"J(uy, p1) € h?([0, T1, W;) holds with

|G I (ur, pl)”hﬁ([(),T],W\.) =C and
[G" @1, p2) — G" T (uz, Pz)Hhﬁ([O,T]’W\) < C(llur — w2allpp qo.11.v,) + llor — p2llnso.71.2,))

foru; € hﬂ([O, Ty, KSC)’ pi € hﬁ([O’ Ty, U1h+s,1) with [[u; 146 0.71.v,) < RS llpillpe
([0, T1, Zs) < R. For s = a, this is again fulfilled for u; € M5 and p; € M? with
R=R".

As preparation for the following two sections, we deduce a technical auxiliary
corollary from Remark 3.12.

Corollary 3.13. We suppose Assumptions 3.9 are valid and use Notations 3.10. For
u e M; and p € M?, we have Ah[p] € Eo.r and Gﬁ(,o) € Eo.r and

(8G0a(PQ(P) (1) € Xopra  aswellas (G @)|V,ul*) (1) € Xapra
holds for all t € [0, T].

Proof. We have u, ug € M; and p,0 € M# C hﬁ([O, T1, Z,). Thus, Remark 3.12
together with Lemma A.8 yields Apl, GZ (p) € Eo,7. Furthermore, for every ¢ €
[0, T], we have u(t) € U§ﬁ+a and p(¢) € U2hﬁ+a C Y28+¢- Thus, Corollary 3.11 with
s := 2 + « yields the remaining claims. g

3.1. Short-time existence for p

This section deals with the first Eq. (2.1a)

dp = gw)a(p)H(p)

for height functions p with initial value p(0) = po. We use the standard approach
for parabolic, quasilinear partial differential equations of second order relying on
linearization and a contraction argument, as explicated e.g. in [12, Chapter 7]. For this,
we first show that the linearization of the (elliptic) operator on the right-hand side of
the equation generates an analytic C%-semigroup (see Proposition 3.14). In particular,
the linearization of the initial value problem then yields an invertible operator (see
Proposition 3.15).
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Proposition 3.14. We suppose Assumptions 3.9 are valid and use Notations 3.10.
Then,

Al = AZO,O Zy —> Xgo

generates an analytic CO-semigroup with Dan(B) = Xogya- Ifu € My and p € ML,
also

A 1 Zs — X

h
u(t),p(t)
generates an analytic CO-semigroup for s € {a, 28 + a} andt € [0, T1.

Proof.Letu € M5, p € M andfixs € {o, 28+a},t € [0, T1.Then, g(u(1)), a(p (1))
€ X holds with Lemmas 3.8 and 3.5(ii). Also, Lemma 3.4 yields that P(p(?)) €
L(Zs, Xy) is a symmetric and elliptic differential operator of second order. Because
we have

Aoy oy = 8u®)a(p®) P(p®)

with g > Oand a > 0 by Assumption 3.9(i) and Remark 3.6, AZ(I) o) € L(Zg, X;)is

a symmetric and elliptic differential operator of second order, too. Due to Proposition

A.16, Aﬁ(t),p(t) : D(Aﬁ(t)’p(t)) C Xy — X, therefore generates an analytic C°-

semigroup with D(Az o, p(t)) = Zs. Lemma A.1 and the reiteration theorem finally
imply

D AZO,O('B) = (Xo, D(A!

ug,0

))ﬂ = (h* (D), h2+a(z))ﬁ = n*PT(D) = Xapie. O

Proposition 3.15. We suppose Assumptions 3.9 are valid and use Notations 3.10.
Then,

L" cE1r — (Eor % Zoz)ﬁ.

is bijective with

-1
A= sup (L) ! < o0,
0<T<l ( ) »C((EO.TXZQ)+7EI,T)

where
(Bo.r x Zo)t
= {(f. fo) € Bo,7 x Zo) | £(0) + A"[fol € Dpn(B) = Xopa} with
ICF ol g x 700t
= 1 go.r + 1ollzy + 1F©O) + A" folllxoypy for (f. fo) € Bor x Za)).

In particular, A" = A (ug) only depends on the initial value uy.
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Proof. By Proposition 3.14, A" satisfies the conditions of Proposition A.13, which
yields the claim. 0

As a next step, we prove a technical auxiliary lemma.

Lemma 3.16. We suppose Assumptions 3.9 are valid and use Notations 3.10.
(i) Ifu € Mg and p € M} with p(0) € Zapra, then (G1(p))(0) = GI (p(0))
holds in X, and we have

h
(Gi(p), p(0)) € (Bor x Za)',.
(ii) There exists a constant N* = N" (RC, 81) independent of T, R" and u € M5

such that

| (Glion). p0)| < N

(Bo,7xZa)}
holds for all po € Zagya with ||poll zyp1 < 61, llP0lly, < o
Proof.
Ad (i) We have Gﬁ (p) € Eo,7 by Corollary 3.13, hence (GZ (p), p(O)) e Eor xZg
holds. Moreover, we have u(0) = ug € Uzcﬂ+a and p(0),0 € Uz}lﬁJraﬂZzﬂw.
So, Corollary 3.11 yields (G1())(0) = Gl (0(0)) in X241 <> Xq and
therefore

A'[p (@] + (Gi(0)(0) = gup)a(p(0)) H(p(0)) € Xap1q

follows with X244 = D 4 (8) by Proposition 3.14.
Ad (ii) We have u,ug € M$ and po,0 € M? with M defined as M2 but with
R" := 28 instead of R". So, Remark 3.12 together with Lemma A.8 yields

1Gli00) |, , = [ (saH) (. po) = (aP)(uo. O)pol|g, ,
< ” ((gaP)(u, po) — (gaP)(uo, 0))[,00]

< C(R%, 81)(llu — uollpeqo,71,x,) + loolly, ) lpollz, + C(RC, 81)
< C(R%,81)

o, F @)@ ],

as well as

|4l + (Lo
A

< [ (saP)wo. po)lpol|x,,., + [(gaQ)wo. po) .
< C(R, 81)(Ipollzopo + 1) < C(RC, 81).

(As ug and pg are independent of ¢, there is also no time dependence in the
application of Remark 3.12 in the estimate above.) Altogether,

| (Glion). mo)| .

holds. O

< C(R%,8;) = N"

I
0,7 Xza)i
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The following proposition is the key point for the contraction argument.

Proposition 3.17. We suppose Assumptions 3.9 are valid and use Notations 3.10.
There exists ¢ > 0 with

IGE (1) = G2 (02 llgyr < C(R*, RS, RMT*(luy — uzllg, ; + o1 — p2lle, ;)
+ C(R*, R, RM)[11(0) — p2(0)lly,
+ C(R®, lluollz, . 101 (Ol z) Lot (DI, L1 — p2llE, 1

forany uy,uy € M5 and py, p2 € M?.

Proof. Remark 3.12 yields
|(ga @)1, p1) — (3aQ)(uz, p2) ”Em
< C(R®, R, RM)(lur — wallps qo.11.v,) + o1 — o2llns qo.71.7,))
< C(R*, R, Rh)<TV_’S(||u1 —uallwr qo.11.%0) + o1 — P21l (0,71, %))
+1210) = 220y, )
< CR®, R, RN (177 (Jur = 2l
+llpr = p2lles ) + 1910) = 2Oy, )

where we used Remark A.3 und Lemma A.4 for the further estimate and y € (0, 1)
with y > B is the exponent from Lemma A.4. For w € Ei r C h? ([0, T1, Za) and
using Lemma A.8, we have analogously

O

Eo,7

= C(RE, R¢, Rh) (||M1 - “2||hﬁ([0,T],Ya) + o1 — p2||h5([(),T],Ya)) ||w||hﬂ([o,T],za)
< CR®, RS, R (TP (Juy = w2l + o1 = P2l )

+1p10) = o201y, ) Il -

Finally, using RC = luoll z, and R = lo1(0)]|z, instead of R and R", Remark
3.12 with Lemma A.8 implies

| ((saP)wo. p10)) = (saP) (o, 0)) w1,
< C(R®, Juollz,. 1P1 O z) o1 Oy, Iwlls, ;
for w € Eq r. Overall,
IGE (o) — GI (02 o 1

< |((eaP)r. 1) = (saP) o, 210D 11 = 2]

Eo, 7
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+ H ((gaP)(uo, p1(0)) — (gaP)(uo, 0))[/01 — 2l

Eo,7

+|((eaP)r. p1) = (3aP) ez, 2)) 2] ”EO,T

+ [ (saQ) w1, p1) = (32 Q) 2. p2) ||,
< CR™, R ROYTY P (llur — uoll,  + o1 = p1 O, /) lo1 = P21l
+ C(R*, lluolizy 01Ol z)lo1 O lly, llo1 — p2llE, 1
+ CRE, RS, RN (TP (Juy = sl + o1 = P2l )
+ 1210 = 2y, ) (92115, 1 +1)
< CR®, R, RN (177 (Juy = walley + o1 = p2lley 1) + 1910) = 20, )
+ C(R™, uollz, 1010 z) 01Oy, llor — p2ll, 1
follows. O
With this preparatory work, we can now prove short-time existence for the first
Eq. (2.1a).
Theorem 3.18. We suppose Assumptions 3.9 are valid and use Notations 3.10. Therein,
choose R" = R" (RC, uo, 61) > 0 sufficiently large, choose &y = SO(RZ, uo, 81) €
(0, R®) sufficiently small and choose T = T(RZ, R¢, R", uop, 80) € (0, 1) sufficiently

small. Then, for any initial value po € Zagta With ||poll zyp., < 81 and |lpolly, < do
and any concentration u € MY, there exists a unique solution p ‘= py 5, € M;f 20 of

0o = gwa(p)H (p)in Eo, T,
p(0) = poin Zy.

Proof. We show the existence of a unique solution p € M ? 20 of

h
o LMp] = <Gl;(p)> nEor x Zg.  (3.4)
0

9 p = gw)a(p)H (p)in Ko7,
p(0) = poin Zq

Equation (3.4) is well-defined because A pl, ij (p) € Eo,r holds for p € M? and
u € M5 by Corollary 3.13. Due to Lemma 3.16(i) and Proposition 3.15 it is equivalent
to prove the existence of a unique p € M ? 20 with

h
L"[p] = (G‘;(p )) in (Bor x Zo)! &
0

h
-1(Gy(p) .
p=(L") ( u ) = K}, (p)inE| 7.
£0
So, we show that Kg’po : M?po C E; 7 — E; 7 has a unique fixed point p € M?m
using the Banach fixed-point theorem. Due to Lemma 3.16(i) and Proposition 3.15,

Kff,po(p) € Ei r is well-defined for p € M%m.
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Step 1: We have to verify that K , 1s a contraction on M ? 0"

1KY, (o) — K2 (o)l < AhnGﬁ(m) — Gl llEo 1
< (CRE, R, R", AT + C(RE, lluollz, . I10ollz A ooy, )lor = p2le,

= (COR®, R, RY, AMT* + C(RF, uo, 81, A")%0) o1 = p2lls,

.Forany p1, p2 € MT 20

holds by Proposition 3.15, Lemma 3.16(i) as well as Proposition 3.17. For
sufficiently small 69 > 0 and sufficiently small 7 > 0,

1Ky o) — K2 (o)l < Lior - p2llE, ;

=4
follows. Because A’ only depends on ug, 8y only depends on R*, uq and &;
whereas T only depends on R*, R¢, R" and uy.

Step 2: We have to show that K,ﬁ‘ 0 M? o0 Mh , 1s a self-mapping. Any p €

T 20 fulfills (K,ﬁ‘ 20 (,o))(O) = po in Z, because w = Ku 0 (p) is a solution
to

h h
Lhw = <[L wh) — (G“(p)> inEo 1 X Zg.
w(0) £0 '

Furthermore, we have
K] (e, < 1K, (00, + IKE (o) — u,,o(ponml,

= AL w0, o) [ gzt + 3 Lo = polle,

won 1 Rh  Rh N
<A"'N +Z(IIpIIE1,T +2llpollz,) < S5t =R",

where the first summand is bounded by Proposition 3.15 and Lemma 3.16(ii)
and the second summand by the contraction-property (see step 2). The con-
stant R" being sufficiently large thus means R” > 2A” N’ and because A"
only depends on ug and N only depends on R and 8|, we have R" =
R" (RC uop, 81) The two properties just deduced imply KM (P € MT 0 for
all p € MT’ 00" 0

Now that we know that there exists a solution o, ,, to the first Eq. (2.1a), we analyze
some of its properties. First, we discuss its dependence on the concentration u# and the
initial value pg. The result in Proposition 3.19 will be necessary for the contraction
argument for the second Eq. (2.1b). Afterwards, we state an improved regularity in
space for the solution in Proposition 3.20.

Proposition 3.19. We suppose that Assumptions 3.9 are valid and use Notations 3.10.
Therein, choose R" > 0 as large and choose 6o > 0, T > 0 as small as in Theorem
3.18. There exists € > 0 with

lp1 — p2llE, , < C(R®, RE, R, A" 81) (T8 |uy — uzllg, ; + I100.1 — P02l Z2ps0)
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forany uy,ux € My and po.1, 0.2 € Zopta With [1p0,ill 2ype < 81 and |lpoilly, <
80, where p; ‘= pu; p,; € M? is the solution from Theorem 3.18 associated with the
concentration u; and the initial value py ;, respectively.

Proof. Asp; e M ? is the solution from Theorem 3.18 associated with the concentration
u; and the initial value pg ;, it is a fixed point of (Lh)_l (G,’ji ), ,0(),1') as in the proof
of Theorem 3.18. Therefore, we have

lor — p2llE, + = AhH (Gﬁl(m), po.1) — (Gﬁz(pz), p0.2) | (Eo.rxZa)"
= A G, (01) = Gip, (02) [, + A" 1001 — p02llz,

+ A" [Guo(p0.1) = Guy(po.2) + A"lpo,1 — Po,z]”xww

by Proposition 3.15 and Lemma 3.16(1). With 69 > 0 and 7 > 0 as small as in
Theorem 3.18, Proposition 3.17 yields

Ah || GZI (’01) - GﬁZ(’OZ) ||]E0j

1
< lem — p2llg, , + C(RE, R, R", A" (T# uy — uallg, ; + 0.1 — po2lly,)-
Due to ug € M7 and py,; € M%, Remark 3.12 together with Lemma A.8 implies

[Guo(p0.1) = Guy(p0.2) + AMpo.1 — po2l ||X2/M
< H ((gaP)(Mo, po.1) — (gaP)(uo, ,00,2))[,00,1]‘
+ || (gaP)wo. po.2)lpo.1 — po.2] ||X2ﬂ+a
+ | (ga Q) (uo. po,1) — (ga Q) (uo, 100,2)||x2ﬂ+a

< C(R®, R, R") (00,1 = 0211 ¥2510 100,111 2210 + 100.1 = £0.211 Z3p1
+ 1001 — 0.2 V2540)
< C(R*, R, R", 81)|lpo1 — £0.21 Zop 1 -

X2p+a

(As up and pg; are all independent of ¢, there is also no time dependence in the
application of Lemma A.8 in the estimate above.) Altogether, we thus have

lor — p2llg, ; < C(R*, RS, R", A", 8))(T* |uy — uallg, ,
+1100.1 = 0211210 )- O

Proposition 3.20. We suppose that Assumptions 3.9 are valid and use Notations 3.10.
Therein, choose R" > 0 as large and choose 8o > 0, T > 0 as small as in Theorem
3.18. Let u € M5 and py € Zogyq with ool zopye < 61 and llpolly, < S0 be
arbitrary and let p = py p, € M;’w’ oo be the associated solution from Theorem 3.18.
Then, p(t) € Zg4q holds for allt € [0, T'].
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Proof. Fixt € [0, T]. We have

Al lP®] = dp() = (8aQ)(w, p)(t) € Xapia

h
u(r),p(1)
an analytic C%-semigroup for s € {«, 28 + «} (see Proposition 3.14), Lemma A.14

yields p(t) € Z2g+4q- O

by Proposition A.13(i) and Corollary 3.13. Because A 1 Zy — X, generates

3.2. Short-time existence for u

In this section, we discuss the second Eq. (2.1b)
du = A,G'(u) + gwa(p)H(p) vy - Vou + gu)H(p)*u

for concentrations u# with initial value u(0) = uq. As height function p, we insert the
solution function p,, 5, from Theorem 3.18 with initial value py. Both Egs. (2.1a) and
(2.1b) are parabolic, quasilinear partial differential equations of second order. Due to
this parallel structure, we apply the same approach as in Sect. 3.1 to solve this second
equation, using linearization and a contraction argument.

First, we deduce a corollary from Remark 3.12, which contains the analogous state-
ment to Corollary 3.13 but for A° and G€ instead of A” and G".

Corollary 3.21. We suppose Assumptions 3.9 are valid and use Notations 3.10. There
in, choose R" > 0 as large and choose 8o > 0, T > 0 as small as in Theorem 3.18.
Let po € Zogya with |pollzops, < 81 and llpolly, < So. Foru € M¢, we have
A¢lu] € Eo,r and G;;O(u) € Eo 7.

Proof. Let p, 5, € M% o, D€ the solution from Theorem 3.18 associated with the
concentration # and the initial value py. Then, we have u, ugp € M5, C WP ([0, T1, Za)
and py,p,, 0 € M  hP([0, T1, Zs). Thus, Remark 3.12 together with Lemma A.8
yields the statement. O

Asin Sect. 3.1, we show that the linearization of the (elliptic) operator on the right-
hand side of the equation generates an analytic C°-semigroup, which implies that the
linearization of the initial value problem defines an invertible operator.

Proposition 3.22. We suppose Assumptions 3.9 are valid and use Notations 3.10.
Then,

A=A o Za — Xa

u

generates an analytic C-semigroup with D pc (B) = Xop+a-

Let R" be as large and let 8y > 0, T > 0 be as small as in Theorem 3.18. If p =
Pu,py € M? 20 is the solution from Theorem 3.18 associated with the concentration
u € M5 and the initial value py € Zrpgiq With looll zopre < 01 and |polly, < do,
also

A Zy —> X

c
u(t),p (1)

generates an analytic CO-semigroup for s € {o, 2 + ) and t € [0, T1.
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Proof. Fix s € {a,28 + a} and ¢t € [0, T']. Any solution p = py p, € M%m from

Theorem 3.18 fulfills p(7) € Z; with Proposition 3.20 and due to |[o()[lc1p) <

loe®ly, < R (see remark after Notations 3.10), p(r) € U{l-‘rs,l follows. By Remark
3.7, Apry € L(Zs, Xy) is a symmetric and elliptic differential operator of second
order. Because we have

Ay o) = G"(u(t))Apsy + lower order terms

with G” > 0 by Assumption 3.9(i), A;(z) o) € L(Zs, X) is a symmetric and elliptic
differential operator of second order, too. The operator A, 0.p(0) D(Af{(l)’ p(t)) C
X, — X, therefore generates an analytic C%-semigroup with D(AZ(Z) p(t)) = Zs on
account of Proposition A.16. Lemma A.1 together with the reiteration theorem finally
implies

Dys (B = (Xa. D ;0,0))5 = (h*(2). (D)), = BPH(D) = Xopia,

where (-, -)g denotes the continuous interpolation functor. O

Proposition 3.23. We suppose Assumptions 3.9 are valid and use Notations 3.10.
Then,

L :Eir — Eor x Zo)§

is bijective with

, N—1
A= sup (L) lle(®orxza)s Erp) < 09
0<T<1

where
Eo,r x Zo) = {(f. fo) € Bo,r x Za) | £(0)
+ A°[fol € Dac(B) = Xopta) with

(s Sl Eo rxZo)s = I fllEer + I follZ,
+ 1./ (0) + AL folllxap.q Jor (f, fo) € Bo,r X Za)S.

In particular, A° = A(ug) only depends on the initial value uy.

Proof. By Proposition 3.22, A€ satisfies the conditions of Proposition A.13, which
yields the claim. 0

We show a technical auxiliary lemma analogous to Lemma 3.16.

Lemma 3.24. We suppose Assumptions 3.9 are valid and use Notations 3.10. Therein,
choose R" > 0 as large and choose 69 > 0, T > 0 as small as in Theorem 3.18.

() Let po € Zogra With | poll 2., < 81 and |lpolly, < 8o and letu € M. Then
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(G5, ) (0) = Ay, G'(uo) + gwo)a(po) H(po)vs - Vo
+ g(uo) H (po) o — A[uo]

holds in Xy. In particular, (GZO (u))(O) is independent of u. Furthermore, we
have

(G5 (), o) € (Bo.r x Za)',.

(i) There exists a constant N = N¢ (RE, uo, 51) independent of T, R and Rh
such that

” (GZO (o), ”0) “ (Bo.7xZa)5; = N¢

holds for all py € Zrg1q With ||/o0||zzﬂer < 81 and ||polly, < do.

Proof.
Ad (i) We have G;O (u) € Eo,r by Corollary 3.21, hence (Gc(u), uo) eEor x Z,
holds.
Let p == pu,p, € M% 20 be the solution from Theorem 3.18 associated with
the concentration u € M and the initial value pg. Then, u(0) = ug <
Usg o N Zapia and p(0) = po, 0 € Ujy,, NUY 5 1 C Zapia hold. So,
Corollary 3.11 yields

(G5, ))(0) = A, G (uo) + guo)a(po) H(po)vs - Vpto + (o) H (po)*ug
— G"(uo)Asug — g(uo)H%uo in Xog14 — Xq

and therefore

ATugl+(GS, ) (0) = Ay G’ (uo)+g (uo)a(po) H(po)vs -V pito
+8 (o) H (p0)*uo € X2pta

follows with Xog1« = Dac(B) by Proposition 3.22.
Ad (i) We have

I(G 02 10) 7y, = 1 G 0, + ol

+ [ A Lol + (G5, @) O | 1, 4 -

Let p == pPug.pp € M?,po C hP([0, T1, Zy) be the solution from Theorem
3.18 associated with the concentration u¢ and the initial value pg. We have
uy € M and p, po, 0 € MJ with MS, M defined as M, M but with
RC = 2luoll z,, ﬁ’ = |lpllg, r = 2llpollz, instead of R, R". We thus can
use Remark 3.12 and Lemma A.8 to bound

|G o), , = 140G o) + gwo)alp)H (p)vs - Vyuo + g(uo)H (p)*uo
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— G’ (ug)Asug — g(MO)H%MO”EO‘T

< C(R¥, lluoliz,. lplE, 1 )-

as well as

| A€ Lol + (G (0)) (0) = G (o) J (po)luol| 1, . )
= | 6" wo) D(p0)luo] + G (o) | Vo
+ 8(u0)a(po) H (p0)vs - Vo + g o) H (po)uoll
< C(R*. lluollzy- 1£11E ) C (10l 22p 0 10001 Z25.1)
< C(R*. lluoll zag - 81 12112, 7 )-

(As ugp and pg are independent of ¢, there is also no time dependence in

the application of Remark 3.12 in the estimate above.) Moreover, we have

poeU f’ 241N B (SZI *#*%(0) and therefore a last application of Remark 3.12

and Lemma A.8 yields
| G" (o) J (po)luo] ||DAL,(/3) < C(R*, luollz,, 81) 110 vap.40
< C(R™, 40l 235> 81)-
So,
| ATuo] + (G, @) O, 5 < C(R® . 0l Z3pr 1. 11, )
follows. Altogether, we thus have
1(G5y @0). 10) | gy 1w 20e. = C(RZ. Nuollz3p- 81 I0MIE 7).

Now, we have to explain why [ o ||, , can be bounded by a constant depending
only on R*, ug and 8. As p is the solution from Theorem 3.18, || p g, r < R"
holds with R" = R" (R" , UQ, 81). Because p is associated to the concentration
u, it suffices touse R" = R"(2||ug | z, , uo, 81) for the statement of Theorem

3.18. Thus, we have || p|lg, ; < R = C(uo, 81) and therefore finally
|| (GZO (MO)’ MO) ”(E(){TXZa)ﬂ_ = C(RE’ 1o, 31) = NC

follows.

With the help of Proposition 3.19, an analogous statement to Proposition 3.17 holds
which again will be the key point to the contraction argument.

Proposition 3.25. We suppose that Assumptions 3.9 are valid and use Notations 3.10.
Therein, choose R" > 0 as large and choose 5o > 0, T > 0 as small as in Theorem
3.18. There exists € > 0 with
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1GS, (1) = G5, (u2) gy
< CR” R R" A" 8)(T%|lu1 — uallg,r + oo — po2llzopre)
+ C(R”, lluollz, $1)80llur — uzllg,

for uy,up € My and initial values po,1, po2 € Zagta With l00.illzyp1 < 81 and
l po.illy, < do.

Proof. Let p; ‘= pu;,py; € M? be the solution from Theorem 3.18 associated with
the concentration #; and the initial value po ;. Using appropriate triangle inequalities
(as in the proof of Proposition 3.17), Remark 3.12 together with Lemma A.8 yields

H (G;Q1 (ur) — GZO.Z(MQ)) - (G”(ul)D(m)[uu — u2] = G"(uo) D(O)[uy — ”2]) HE“
- HG”(ul)D(pl)[uz] — G"(u2) D(p2)[u2]

+ G"(u)J(p)[u1]l — G” (u2)J (p2)[u2] — G” (o) J (0)[u1 — us]
+ G )| V1 [T = G u2) |V pyua |
+ g(upa(p) H(p1)vs - Vo ur — g(uz)a(p2) H(p2)vs - Vp,uz

+ g H (o ur — gua)H (p2) Pz — g (o) H g — 3]

Eo,r
< C(R*, R, Rh)(“”l —wallppqo.11.v,) + 101 — P21lhe 0. 71.7,))

+ C(R*, RS, Rh)(””l —uollnsqo.71.v,) + 10118 qo.71.200) 141 — w2l qo.71.7,)
+ C(R*, RS, Rh)(”,,“ —u2llpsqo,r1,v,) + o1 — /02||hﬂ([0,T],za))
= C(RE, R¢, Rh)(”ul - M2||hﬁ([o,T],ya) + o1 — Pz”hﬂ([o,r],za))-

Analogously, using RC = lluollz, and ﬁl = |lp1,0llz, instead of R and R" for the
second summand, Remark 3.12 with Lemma A.8 implies

[G" D0t = w2l = G (o) DOYu1 = w2l ,
= (6" @) Do) = G" wo)D(po.») w1 — s, |
+ (6" @) D(po.1) = G () DOy — wol g, ,
< C(R*, R, R™)(lluy — uollpe o.71.x,)
+ o1 = po.1llnsqo.ryv0) i = w2llnsgo,r1,2,)
+ C(R®, lluollz,. llpo.1 1z 00,1 v lur = w2llys o, 11,2,

So, altogether, we have

” GZO,I (u1) — Ggo,z (u2) ||1Eo.r

= C(RE, RC, Rh)(”“l - ”2||hﬁ([0,T],Ya) + o1 — /02||h/3([o,T],za))
+ C(RE, RC, Rh)(”“l - u0||h/3([(),T],ya)

+ o1 — po,1 ”hﬂ([O,T],Ya))”ul —u2lp80.71.2,)
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+ C(R*, lluollz,» $1)80llur — uallps (o0.71.2,)-

For the further estimate, we use Remark A.3 und Lemma A.4 and choose y € (0, 1)
with y > B as the exponent from Lemma A.4. We obtain

”GZO,I (uy) = Gi)o,z ("‘2)“[[«:0,7
= CR®, R RN (17 Pl = walley 1 + o = p2llys o712 )
+C(RE R, RMTY P (|luy — uollg, 7 + o1 = pollg, ) ller — uallys o, 7). 20
+ C(R”, lluglz,» 5180 llu1 — wallpg go0.71.2,)
< C(R® RS, RM(TY Plluy — uzllg, ; + llo1 — P2l 1)

+ C(R*  |lugll z, - 81)80llu1 — ua g, ;-
Finally, due to Proposition 3.19,

“GZO.I (u1) = Ggo,z (u2) “IEO,T
< C(R* R, R" A" s))(Tluy — uallg, ; + 1001 = 0.2 Zopsa)
+ C(R*, luollz,» 81)80llur — uzlg,

holds for some ¢ > 0. O

The preparatory work above enables us to prove the short-time existence result for
the second Eq. (2.1b).

Theorem 3.26. We suppose that Assumptions 3.9 are valid and use Notations 3.10.
Therein, choose R = R° (RZ, uop, 81) > 0 sufficiently large and then, depending on
this R¢, choose R" = Rh(R”, uo, 81) > 0 as large as in Theorem 3.18. Also, choose
S = SO(RE, uo, 81) >0and T = T(RE, R¢, RM, ug, 60, 81) > 0 sufficiently small,
but at least as small as in Theorem 3.18. Then, for any initial value py € Zrg1q With
o0l g1 < 01 and |l polly, < o, there exists a unique solution u = u,, € Mg of

du = Np,G'(u) + gw)a(p) H(pu)vs - Vp,u + gu)H(p)*u  inEor
u(0) = ug inZgy,

where py ‘= py,p, € M# 00 IS the solution from Theorem 3.18 associated with the
concentration u and the initial value p.

Proof. We show the existence of a unique solution u € M, of

du = Ap,G'(w) + gw)a(pu) H(pu)vs - Vp,u + gw)H(p)*u in Eo 1
M(O) = Uug in ZO{

& L] = <Gp;(”)) inEo.7 X Za. (3.5)
0
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Equation (3.5) is well-defined because A“[u], G;O (u) € Eo,r holds for u € M7 by
Corollary 3.21. Due to Lemma 3.24(i) and Proposition 3.23 it is equivalent to prove
the existence of a unique u € M4 with

Lu]l = <G‘;’O(u)) in(Eo,r x Zo)§ &
w=(L°)" (Gf::;”)) — K5, inEp .

So, we show that K;O : M5 C Eiv — E;r has a unique fixed point u € M
using the Banach fixed-point theorem. Due to Lemma 3.24(i) and Proposition 3.23,
K{ (u) € Ey 7 is well-defined for u € M7.

Step 1: We have to verify that Kgo is a contraction on M;. For any uy, us € M%

1K 5 (1) = Ky a)lls, ;= ACNG, (1) = Gy () Iy
= (CR™, R, RY, A A", 6)T* + C(R®, g, 81, A%0) i1 = u2]ls, 1

holds by Proposition 3.23, Lemma 3.24(i) as well as Proposition 3.25. For
sufficiently small 6p > 0 and sufficiently small 7 > 0,

1
1K g, (u1) — K u2)|lg, , < 2l — w2l

follows. Because A€ and A" only depend on u(, 89 only depends on R*, ug
and §; whereas T only depends on R*, R¢, R", ugp and 8.

Step 2: We have to show that Kg : M7 — M is a self-mapping. Any u € M7
fulfills (K;O (u))(O) = ug in Z, because w = K;O (u) is a solution to

Lw = ([L”w]l) = (GZO(M)> inEgr1 X Zg,.
w(0) uo ’

Furthermore, we have
IKS, @llE, < I1KS @o)llg, ; + IKS, @) — K& o)lg, ;
1
< A° (Gi)o (uo). uo) EorxZa) T Z”M —uollg, 7
< A°N¢ + ! (llullg, ; + 2luoliz,) < R + K R¢
— u — —_— = N

= 4 Eyr 0llZy) = ) )
where the first summand is bounded by Proposition 3.23 and Lemma 3.24(ii)
and the second summand by the contraction-property (see step 2). The con-
stant R¢ being sufficiently large thus means R¢ > 2A°N¢ and because
A€ only depends on uo and N¢ only depends on R*, uq and 81, we have
R¢ = R¢ (RE, uo, 61). The two properties just deduced imply K, (u) € M7
forallu € M5.
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Proposition 3.27. We suppose that Assumptions 3.9 are valid and use Notations 3.10.
Therein, choose R¢ > 0, R" > 0as large and choose 69 > 0, T > 0 as small as
in Theorem 3.26. Let pg € Zjgiq With ||/)0||Zz,3+a < &1 and ||polly, < 8o and
let u = uy, € MY be the solution from Theorem 3.26 associated with py. Then,
u(t) € Zg4q holds forall t € [0, T1.

Proof. Let p := py p, € M?y oo D€ the solution from Theorem 3.18 and fix 7 € [0, T'].
We have

AS oo [®] = (@) — (G" )| Voul*) (1) € X2pta

by Proposition A.13(i) and Corollary 3.13. Because AZ(I) o) - Zs = X generates
an analytic C%-semigroup for s € {«, 28 + «} (see Proposition 3.22), Lemma A.14

yields u(t) € Zg4q- O

3.3. Analytic short-time existence

Combining the results from Sects. 3.1 and 3.2 yields our full statement on short-time
existence. We formulate it in a self-contained way, such that the reader does not have
to look up Assumptions 3.9 or Notations 3.10 that were continually used above.

Theorem 3.28. Let o € (0, 1) and B € (0, %) with2p + a ¢ Nand let G € C'(R)
with G > 0 and g .= G — G' -1d > 0. Moreover, let X = (M) be an h*te-
immersed closed hypersurface with unit normal vs. Let ug € h***P+ (M) and 8, > 0
be arbitrary. Then, choose g = §o(X,u0,61) > 0and T = T(X,up,81) > 0
sufficiently small. For every function py € h*T2F% (M) with || po | 2426+ (ap) < 81 and
loollp1+eary < So, there exists a solution (p,u) with p,u € Ey 7 = hH'ﬂ([O, T1,
h*(M)) N hP ([0, T1, k> (M)) to

dp = gwa(p)H(p) in hP([0, T1, h* (M),
du = A,G'(u) + gwya(p)H(p)vs - Vou

+gw)H (p)*u in WP ([0, T1, h*(M)),
p(0) = po in K2t (M),
u(0) = ug in k2t (M).

Furthermore, p(t), u(t) € h***P+¢(M) as well as o) lp1+aary < R* hold for all
t € [0, T] and there exists a constant R = R(Z, ug, §1) > 0 independent of po with
lollg, 7» llullg, < R. For any two solutions, there exists T € (0, T such that the
solutions coincide on [0, T].

Proof. For sufficiently small R* > 0 and sufficiently large R°, R" > 0, choosing
8o > 0and T > O sufficiently small, Assumptions 3.9 and the conditions of Theorems
3.18 and 3.26 are satisfied. The existence of a solution (o, u) with p, u € E; 7 then
follows directly from Theorems 3.18 and 3.26. With R := max{R¢, Rh}, we have
lollg, 7. llullg, » < R, where R, R" and thus also R only depend on X, ug and
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81 (see Theorems 3.18 and 3.26). The property p(t), u(t) € h*+e (M) for all
t € [0, T'] is due to Propositions 3.20 and 3.27 and

lo@) — pO) | p1+e(ar) .
It — 0|7

loOIlp1+epry = + llpollpi+eary < lollg, TP + 80 < R*
follows with Estimate (3.3).

To prove the stated uniqueness property of the solution, assume that there exists a
second solution (p, ) with p, u € E; r. Choose R and R" as large as in Theorem
3.26, but at least as large such that ||u||g, ,, [li]|lg, , < R and ||pllg, 7, I0lE, 7 < R"
hold. Then, choose T > 0 as small as in Theorem 3.26 but at least as small such that
T < T holds. As 8o is independent of R¢ and R", the conditions of Theorems 3.18
and 3.26 are satisfied. We hence obtain a unique solution in

Mz ={(p, ) € B, 7 x B, 7 | Ipllg, ; < R" and Jli|g, ; < R},

1,7 —
As we have (p, u), (0, i) € M, the two solutions coincide on [0, T]. O

If we could apply a continuation argument to the two solutions (p, «) and (o, it)
from the proof above, we could show that they coincide on the full time interval [0, T']
and thus obtain uniqueness of the solution. For this, we would need to ensure that for
a solution (p, u) at any time ¢, the pair (,0 (1), u(t)) fulfills the conditions for the initial
values in Theorem 3.28. In particular, p(¢) needs to be bounded by §g (u (t)) in the
appropriate norm. To achieve this, the dependence of §p on uq should be controlled in
a uniform way.
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A. Appendix
A.1. Basic properties of Holder spaces

In this section, we gather some basic properties of little Holder spaces. For their
proofs, we refer to [4, section 2.2]. Via localization, the results transfer to embedded
closed hypersurfaces.

Lemma A.1. (Holder spaces as continuous interpolation spaces) Let m € N> and
6 € (0, 1) with Om ¢ N and let W C RY be an open subset with regular boundary
(see [12, section 0.1, pages 2 and 3] for an explicit definition). Then,

(ChW), Cpr (W), = h" (W)
holds with equivalent norms, where (-, -)g denotes the continuous interpolation functor.

Lemma A.2. (Embeddings of Holder spaces) Ler W C R? be an open, bounded and
convex subset. For any s1, 53 € Roo with s1 < 3,

h2 (W, X) < ) (W, X)
holds. For X = R", the statement also holds if W C RY is an open subset with regular
boundary.
As a special case of Lemma A.2, the following remark holds.
Remark A.3. LetT € (0, 1]andletay, ap € (0, 1) witha; < ap. We have h*2([0, T,
X) — h* ([0, T1], X) with
I llher qo.71.%) < 2T fllwe2 o, 11, %) + 1LF(O) I x

for all f € h*2 ([O, T1, X)

Lemma A.4. (Embeddings of Holder spaces in time and space) Let T € (0, 0o) and
let o, B € (0, 1). Furthermore, let M C Rt be a d-dimensional h*+®-embedded
closed hypersurface. Define X = h*(M), Y = h'"t*(M) and Z = h***(M). Then,
there exists y € (0, 1) with y > B such that

0, T1, X) N P[0, T1, Z) — hY ([0, T],Y)

is a continuous embedding.
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Lemma A.5. (Compact embeddings of Holder spaces) Let W C RY be an open,
bounded and convex subset. For every s1, so € Roo\N with s1 < s7,

h*2(W) < h*' (W)
is a compact embedding.

Proposition A.6. (Pointwise product in Holder spaces) Let W C R be an open,
bounded and convex subset and let s € R~(. Furthermore, let X, X, X be Banach
spaces with a R-bilinear operation - )}1 x Xo — X such that |uy - uzllx <
llurllx, luzllx, holds for all uy € X1, uy € X». o

Then, with pointwise multiplication, f - g € hi (W, X) with

”f : g”hS(W,X) =< C”f”hS(W,Xl)”g”hS(W,Xz)

holds for all f € hi(W,X1), g € hi(W, X»). For X; = X> = R" and X = R, the
statement also holds if W C R? is an open subset with regular boundary.

Proposition A.7. (Composition of Holder Functions) Let W, C R4, W, C R®
be open, bounded and convex subsets, let X be a Banach space and let s € Rxo.
Furthermore, let ¢ € hZ(W], ]Rdz) such that (p(W]) C W holds and Q: W, —> R®
is Lipschitz continuous, i.e., there exists a constant L > 0 with

lp(x) — @(¥)] -

L.
x,yeW; lx — ¥
xX#y

Then, if F € h;(Wz X), we have F o ¢ € h;(Wl X). For X = R", the statement
also holds if Wi C R%, Wy C R® are open subsets with regular boundaries.

A.2. Composition operators of Holder regular functions

In the following, let W C RY be an open, bounded and convex subset, let s € R
and let X, Y, Z be Banach spaces.

LemmaA.8. Let g : W — L(Y, Z) and define G(v) : W — Z, (G[v])(x) =
g(x)[v(x)] for any function v : W — Y. If g € h(W,L(Y, Z)), then G €
L(h*(W,Y), h*(W, Z)) holds with

”G”[:(hS(W,Y),hS(W,Z)) S ”g”hf(W,[:(Y,Z))'

Proof. The result is a consequence of Proposition A.6. O

Proposition A.9. Let U C Y be an open subset and K C U a convex subset. Fur-
thermore, let f : U — Z and define F(u) : W — Z, (F(u))(x) = f(u(x))for any
function u : W — U. Then the following hold:
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Q) If f € CHIY\ W, Z) with f € C}Y(K, Z), then we have F(u) € h* (W, Z)
forallu € h* (W, K). In addition, for any R > 0 there exists a C(R) > 0 such
that

”F(u)”h‘quz) < C(R)

holds for all w € h* (W, K) with ||ul s 7.y, < R.
(i) If f € C5I¥2(U, Z) with f € CV T2 (K, Z), then F e CO(h*(W, K), h* (W,
Z)). In particular, for any R > 0 there exists a C(R) > 0 such that we have

IF ) = Fu)lpy 2y < CRNut = uallye .y

foralluy,uy € (W, K) with ””j”hS(W,Y) < R. Moreover, F € Cg(B, hS(W,
Z)) holds for all subsets B C h* (W, K) that are bounded in h* (W, Y).

Gii) If f € C*UI2W, Z) with f € C, 7YX (K, Z), then F e CK(h*(W, V),
(W, Z)) and F € C’bc (B, (W, Z)) hold for any k € N>, any open subset
V C K and any bounded subset B C h®(W, V).

Proof. First, we prove the statements (i) and (ii) for s € [0, 1), i.e. |s] = 0: Due to
the mean value theorem and the convexity of K, we have

||F(u)||h.v(W,z) = ”f”c'(K,Z)(1 + ”u”hx(W,y)) and
IF @) = F) =< 1 f 2.z (4 R)lun — w2l ey )

forallu € h*(W, K) and uy, up € h* (W, K) with [|u | ., w.y) < R.Boundedness of
the function F : B — h*(W, Z) for a bounded subset B C h* (W, K) follows directly
from the estimate in (i).

The general statements (i) and (ii) for arbitrary s € R follow by mathematical
induction on |s], using Lemma A.2 and the fact that differentiability of f and u
implies differentiability of F'(u) and we have 0., (F(u)) = A(u)(axiu) with A(v) :
W — LY, Z), (A(v))(x) = Df(v(x)) for any function v : W — U. Applying the
induction hypothesis and Lemma A.8 on A conclude the inductive step.

We show the statement (iii) using mathematical induction: Assume that the claim is
satisfied forafixedk € Ny and choosea function f € Ck+ls1+3 (U, Z)ﬂCI,;JFLSJJF3 (K, Z)
as well as an open subset V C K and a bounded subset B C h*(W, V). Define
Aw) : W = LY, 2), (A(u))(x) = Df (u(x)). The induction hypothesis together
with Lemma A.8 yields

F e Ct(n* (W, V), h*(W, 2)) N Ck(B, h* (W, Z)) and
Ae Ctm W, v), L(K*(W,Y),h* (W, Z))) N C{(B, L(h* (W, Y), h*(W, 2))).
It remains to show that F is Fréchet-differentiable with DF = A.

Fixug € h*(W, V).Dueto f € C/13(V, Z), the statement of (i) yields D f (uo+
Oh) € h* (W, LY, L(Y, Z))) with [ D2 £ (o + 0l 7 £0v. £y 2y < C (o) for all
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0 €[0,1]and h € h* (W, Y) with || ]| s (W.Y) sufficiently small. A Taylor expansion,
the triangle inequality for integrals and Lemma A.8 imply

| F (o +h) — Fuo) = Awolh ||, 7.,
1
< fo (1 =)D £ o + Oy v, v, 0,2 Wl i 3y 46 < CO AN 7 -

We derive two corollaries from this main result: The first one reduces to the case of
a compact subset K C U and the second one deals with a finite dimensional setting.

Corollary A.10. Let U C Y be an open subset and K C U a compact and convex
subset. Furthermore, let f : U — Z and define F(u) : W — Z, (F(u))(x) =
f(u (x)) for any function u : W — U. Then the following hold:
() If f € CWIYN (WU, 72), then F(u) € h*(W, Z) for all u € h*(W, K). Moreover,
for any R > 0 there exists a constant C(K, R) > 0 such that

IF@llyegy 2 < C(K, R)

holds for all u € h*(W, K) with ||ul| wary) < R

(i) If f € CBIT2(U, 2), then F € CO(h*(W, K), h*(W, 2)) N CY(B, h* (W, Z))
holds for all bounded subsets B C h*(W, K). Moreover, for any R > 0 there
exists a constant C(K, R) > 0 such that

| F(ur) — F(“Z)”},S(W’Z) < CKK, R)|lu; — u2||hx(W,y)

holds for all uy, us € h* (W, K) with et jllps qw vy < R

(iii) If f € CH*BIF2(U, 2), then F € C¥(h*(W, V), h* (W, 2)) N CE(B, h* (W, Z)
holds for any k € Nsq, any open subset V. C K and any bounded subset
BcCh(W,V).

Proof. The statements (i) and (ii) follow directly from Proposition A.9 using the com-
pactness of K. Therefore, we only prove the statement (iii).

As K is convex with V C K, also the convex hull conv V C K of V is a sub-
set of K. Its interior V := (conv V)° therefore is an open and convex set with
V C K. We then have f € C**8J¥2(U, Z) and K C U compact, V C K. Thus,
f € CI;HSHZ(V, Z) holds with the open and convex subset V C Y. Proposition
A9(ii) yields F e CK(h*(W,V),h*(W,2)) and F € CE(B,h*(W, 2)) for all
bounded subsets B C (W, V). AsV C Y is open, V C V holds and therefore
F e CK(h*(W,V),h*(W, Z)) and F € C}(B,h*(W, Z)) for all bounded subsets
B c h*(W, V) follows. O

Corollary A.11. Let f : U — RY for an open subset U C R™ and define F (u) :
W — RV, (F(u))(x) = f(u (x)) for any function u : W — U. Then the following
hold:

() If f € CBIHL WU, RN), then F(u) € h*(W,RN) forallu € h*(W, U).
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(i) If f € CKHBIF2ZU, RN), then F € C*(h*(W, U), h* (W, RM))NC§ (B, h* (W,
RN)) holds for any k € Nsqo and any bounded subset B C h* (W, A) with
A c RM closed and A C U.

Proof. For U = RM, the statements follow directly from Corollary A.10, as any
bounded set in RM can easily be enclosed in a compact set, that still remains a subset
of U. Now, assume U C RM. For any f € C!(U,R") and any compact subset
K C U, choose a cut-off function & € C*°(R"™,R) with & = 1 on K, & = 0 on
RM\U and 0 < & < 1. The results for f := £f € C/(RM, R") from the first part of
the proof then can be transferred to f. g

Remark A.12. (Holder Regularity for the Inverse of a Matrix) Let W C R? be an
open, bounded and convex subset and let s € Rx(. The set of invertible matrices

U:={AeR"™"|detA # 0}

is an open subset of R"*". For the matrix inversion mapping f : U — R™", f(A) :=
A1, we have fe Cl(U, R"™") with

Df(A)H] = —f(A)-H - f(A)

forall A € U and H € R"™ . Thus, we have Df € CI(U, LR™" R"™M)) (see
e.g. [19, section 2 Satz 2.7(ii)]) and then recursively, f € C°° (U, R"*") follows.
Corollary A.11(ii) thus implies

()~ e C®(hS (W, U), h* (W, R™™) N C° (B, h* (W, R"™™))

for the inversion (-)~! of matrices with B C h*(W, A) an arbitrary bounded subset
and A C R"™ " closed with A C U. In particular, for any A € h*(W, R"*") with
det A £ 0on W, also A~! € h* (W, R ") holds.

A.3. Results using generators of semigroups

In this section, we state some results using the theory of semigroups. Again, we
refer to [4, section 2.3.4] for the proofs.

Proposition A.13. (Maximal regularity) Ler A : D(A) C X — X generate an
analytic CO-semigroup in a Banach space X. Furthermore, let B € (0,1) and T €
(0, 1]. We have

(i) AP0, T1, X) NhP([0, T1, D(A)) — C'([0, T, Da(B)) and

(i) Ly : A'TF([0, T1, X)NAP([0, T, D(A)) — (hP(0, T], X) x D(A)) ., L1lp]

(O p—APY i g e . -1
= ( ") ) is bijective with supy_r < [|IL7 [z < 00

Lemma A.14. (Improved regularity for preimages) Let s1, s2 € (0, 2)\{1} with s; <
s2. Let M C R4 be an h*>+2-embedded closed hypersurface andlet A : h*+5i (M) —
h%i (M) generate an analytic CO-semigroup for both i € {1,2}. Then, any v €
21 (M) with Av € h’2 (M) already fulfills v € h*>T52(M).
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Definition A.15. ((Uniform) ellipticity) Let Q C R? be an arbitrary subset. A matrix
valued function A : Q — R"*" is called

(i) elliptic (or positive definite on £2), if
ETANE >0

holds for every x € 2 and & € R"\{0} and
(i1) uniformly elliptic, if there exists C > 0 so that

§T AW = ClgP
holds for every x € Q2 and & € R".
If ©2 is compact and A is continuous on €2, the two properties coincide.

Proposition A.16. (Differential operators as generators) Let s € (0, 2)\{1} and let
M C Rt be an h>*S-embedded closed hypersurface. Moreover, let A € L(h**S (M),
(M )) be a symmetric, elliptic differential operator of second order i.e. given a local
parameterization (y, W) of M,

Auoy=a:Dz(uoy)+b~V(uoy)+c(uoy)

holds for every u € h**S(M), with a € h*(W,R¥>*4), b € h*(W,R?) and ¢ €
h* (W, R) such that the matrix a is symmetric and positive definite on W. Then,

A D(A) == WS (M) € B* (M) — h* (M)

generates an analytic C*-semigroup.

A.4. Results for hypersurfaces

We show well-definedness of the parameterization of evolving immersed hypersur-
faces used in Definition 2.7.

Lemma A.17. Let = = 6(M) be a C'-immersed closed hypersurface. Then, we have

inf inf |d,0[v]| > 0.
peM veT,M,
lv|=1

Proof. Letd := dim M and choose a local parameterization (y, W) of M. In partic-
ular, y € CY(W, R4 is an embedding with y (W) C M. Set

> diy (x)

|32 o diy (x)]

for « € R?\{0} and x € W. Then v(a, x) € Ty (xyM holds with [v(e, x)| = 1 for
every a € R4 \{0} and x € W. Moreover, for 8 := k‘j‘[—‘, we have

v(a, x) ==

gig, L3 ol Py
b(Box) = 2 PRV T LioBy ) 3 ety () o)
|3 Bloiy ()| ‘ﬁziaia,.y(x)‘ |3 ity ()]
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for every x € W. So, with S := {o € RY, |a| = 1},
{v eTywmM, |v| = 1} = {v(a,x) ’a € 8}
and in particular

vt |dy o f1v]| = inf [dy o 0[v(@, 0]
lvj=1

follows for every x € W. We have

Gy | 2@y ] 5 el dyobldiy ()]
X . —_ N
! |3 a3y () |3 eddiy ()|
e 90 0 ) ()]
> oty ()
forallo € Sand x € W.Due to 8 € CY(M,R¥tY), y e CcY(W, R4 with

y(W) € M and 8;y #0on W foralli = 1, ..., d by the immersion property of y,
thus

|dy 0 0[v(e, 0)]| =

(@, x) > [dy)0[v(e, 0)]] € COUS x W)

follows. Because 6 is an immersion,

dy(00[v(e, x)]| > Oholds forall (o, x) € SxW
and then compactness of S x W implies
inf inf d, 0 = inf inf |d, )0 , 0.
inf inf | [dywflvl] = infinf |dy o6 v 0]| >
[v]=1
Finally, as M is compact, it can be covered by finitely many local parameterizations
(v, W) and therefore the claim follows. O

Lemma A.18. Let & = (M) C R4t! be a C?-immersed closed hypersurface with
unit normal vs. Furthermore, let p € C'(M,R) with lollcoar, ) sufficiently small.
Then,

0p: M — R 0,(p) = 0(p) + p(p)v(p)
is an immersion.

Proof. We have vy, € C'(M, R%*!) and thus 6, = § + pvs € C'(M,R¥*). For
any local parameterization (y, W) of M, the domain W C R¢ is compact and hence

S(y.w) = sup ”dy(X)VE ||£(TV(X)M,R‘”1)
xeW

dy ) Vs (0 9
< sup_max |dy s 3y )| _ wup 10 (Vs 0 ¥) (X))
P e Tl

cewi=lond [0y ()] cei=hod 1y (O]
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holds. Because M is compact, it can be covered by finitely many local parameteriza-
tions (y7, Wi)i=1....r and therefore

S = sup ||d,,vg ||£(T MR+l = Max S wp < 00
peM P I=1,...,L

follows. As the mean curvature H = —divs vy is not the zero function on closed
hypersurfaces, S # 0 holds. Further, Lemma A.17 implies

[:=inf inf |[d,0[v]|> 0.
PEM veT, M,
[v|=1

Hence,

1
R=—>0

28

is well-defined. Assume |[pllcoyy < R.Forall p € M andv € TyM
dpé‘_[v], dpvs[vl e T,X and vs(p) LT,% (A.1)
hold. Due to p(p), dpp[v] € R, we thus have
2 = 2
|dp0,v]|” = [d,0[v] + dpplvlvs (p) + p(p)dpvs V]|
= 2 2

|dp010] + p(p)dpvslv]|” + |dpolv]]

= 2

> |d,0[v] + p(p)d,vs[v]|

and then
|dp0,lv]| = |dpblv] + p(p)dpvsv]|
_ 1
> |dp0[v]| — R|dpvs[v]| =1 — RS = 7>0

follows for |v| = 1. In particular, d,6, : T,M — R*! is injective and therefore
0, : M — R4t is an immersion. O
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