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The scale of a coupling constant for rapidity-only evolution of transverse-momentum dependent (TMD)
operators in the Sudakov kinematic region is calculated using the Brodsky-Lepage-Mackenzie optimal
scale setting [S. J. Brodsky et al., Phys. Rev. D 28, 228 (1983).]. The effective argument of a coupling
constant is halfway in the logarithmical scale between the transverse momentum and energy of TMD
distribution. The resulting rapidity-only evolution equation is solved for quark and gluon TMDs.
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I. INTRODUCTION

The transverse-momentum dependent parton distribu-
tions (TMDs) [1–4] have been widely used in the analysis
of processes such as semi-inclusive deep inelastic scattering
or particle production in hadron-hadron collisions (for a
review, see Ref. [5]). The typical kinematics of TMD
applications corresponds to the case of Bjorken x ∼ 1.
However, in recent years there is a surge of interest in a
possible extension of TMD formalism to small-x processes.
Moreover, the future EIC accelerator will study particle
production in the whole region of kinematics between
moderate x and small x. To this end, it is desirable to have
an adequate TMD formalism that smoothly interpolates
between those regions. Unfortunately, the classical Collins-
Soper-Sterman (CSS) approach cannot be extended to low
x since it was designed to describe the fixed-angle rather
than the Regge limit of large momenta.
In a series of recent papers [6–8] the evolution of TMDs

was studied by small-x methods. It was demonstrated that
using a small-x-inspired rapidity-only cutoff for TMD
operators one can obtain an evolution equation that smoothly
interpolates between the linear case at moderate x and
nonlinear evolution at small x. The obtained rapidity evo-
lution equation correctly reproduces three different limits:
Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP),

Balitsky-Fadin-Kuraev-Lipatov (BFKL), and Sudakov evo-
lutions, but unfortunately in the intermediate region this
equation is very complicated and not very practical. Another
disadvantage of rapidity-only evolution is that the argument
of the coupling constant is not fixed by the leading-order
equation and can be obtained only after next-to-leading order
(NLO) calculation. This is quite in contrast with the usual
DGLAP evolution (or CSS one) where the argument of
the coupling constant is assigned by renormgroup even in the
leading order. The rapidity-only evolution of TMDs in the
Sudakov region was obtained in Refs. [6,7] and studied in
Ref. [8] where it was demonstrated that the leading-order
TMD evolution was conformally invariant given the proper
choice of rapidity cutoff. To use this equation in real QCD
one needs to fix somehow the argument of the coupling
constant. In this paper, the argument of the coupling constant
is determined by the Brodsky-Lepage-Mackenzie (BLM)
approach [9] (see also [10] for higher-order analysis and [11]
for small-x application similar to what is considered here).
The essence of the BLM approach is to calculate the small
part of the NLO result, namely the quark loop contribution
to a gluon propagator, and promote − 1

6π nf to the full
b0 ¼ 11

12πNc − 1
6π nf. This procedure was successfully used

for studies of small-x evolution of color dipoles where the
argument of the coupling constant was fixed using NLO
calculation and renormalon/BLM considerations (see
Refs. [12,13]).
The paper is organized as follows. Section II is devoted

to the leading-order calculation of rapidity evolution of
quark TMDs and discusses the choice of rapidity-only
cutoff. In Sec. III we obtain the quark loop correction to this
evolution. Section IV is about the TMDs with gauge links
out to þ∞. We derive the one-loop evolution for gluon
TMDs in Sec. V and discuss conclusions in Sec. VI. The
necessary technical details and sidelined explanations are
presented in the appendixes.
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II. RAPIDITY EVOLUTION OF QUARK TMDS

We will start with the discussion of the evolution of
quark TMD operators. For definiteness, we consider quark
TMDs with gauge links going to −∞ in the “+” direction
which appear in the description of particle production in
hadron-hadron collisions. The typical example is the Drell-
Yan (DY) process of production of the μþμ− pair in the so-
called Sudakov regionwhere the invariantmass of μþμ− pair
Q is much greater than the sum of their transverse momenta
q⊥. In that region the DY hadronic tensor WμνðqÞ can be
represented in a standard TMD-factorized way [5,14],

WμνðqÞ ¼
X
flavors

e2f

Z
d2k⊥D

ðiÞ
f=AðxA; k⊥Þ

×DðiÞ
f=BðxB; q⊥ − k⊥ÞCμνðq; k⊥Þ

þ power correctionsþ Y-terms; ð1Þ

where Df=AðxA; k⊥Þ is the TMD density of a quark f in
hadron A with fraction of momentum xA and transverse
momentum k⊥, Df=BðxB; q⊥ − k⊥Þ is a similar quantity for
hadron B, and coefficient functions Ciðq; kÞ are determined
by the cross section σðff → μþμ−Þ of production of a DY
pair of invariant mass q2 in the scattering of two quarks.
The TMD densities Df=AðxA; k⊥Þ and Df=BðxB; k⊥Þ are

defined by quark-antiquark operators with gauge links
going to −∞. For example, the TMD f1 responsible for
the total DY cross section for unpolarized hadrons is
defined by

ff1ðxB;k⊥Þ¼
1

16π3

Z
dzþd2z⊥e−ixBz

þ ffiffi
s
2

p
þiðk;zÞ⊥

×hpN jψ̄fðzþ;z⊥Þ½z;z−∞n�=nψfð0ÞjpNi; ð2Þ

where jpNi is an unpolarized nucleon with momentum
pN ≃ p−

N and n ¼ ð 1ffiffi
2

p ; 0; 0; 1ffiffi
2

p Þ is a lightlike vector in theþ
direction (almost) collinear to vector pA. Hereafter we use
the notation

½x; y�≡ Peig
R

duðx−yÞμAμðuxþð1−uÞyÞ ð3Þ

for a straight-line gauge link connecting points x and y. The
infinite lightlike gauge links are sometimes called Wilson
lines, and we will use this terminology. Note also that the
operator in the right-hand side (RHS) of Eq. (2) is not time
ordered.
In this paper we will study the rapidity-only evolution of

the operators

ψ̄ðxþ; x⊥Þ½x; x�∞n�½�∞nþ x⊥;�∞nþ y⊥�
× Γ½�∞nþ y; y�ψðyþ; y⊥Þ ð4Þ

for quark TMDs, and

F−iðxþ; x⊥Þ½x; x�∞n�½�∞nþ x⊥;�∞nþ y⊥�
× ½�∞nþ y; y�F−jðyþ; y⊥Þ ð5Þ

for the gluon ones. Here Γ is one of the matrices
γ−; γ−γ5; γ−γ⊥, so we single out “good” projections in
the light-cone language. Note that we do not multiply
operators (4) by the square root of the soft factor so, strictly
speaking, our operators (4) enter the “old version” of TMD
factorization [2,5] such as

WμνðqÞ ¼
X
flavors

e2f

Z
d2k⊥Sðq⊥; k⊥ÞD̃ðiÞ

f=AðxA; k⊥Þ

× D̃ðiÞ
f=BðxB; q⊥ − k⊥ÞCμνðq; k⊥Þ þ � � � ; ð6Þ

where Sðq⊥; k⊥Þ is a soft factor. After assigning the square
root of a soft factor to each TMD one gets the “new”
version [15] of TMD factorization (1). Since the soft factor
is a correlation function of semi-infinite Wilson lines, it will
be affected by using rapidity-only cutoffs. We postpone the
calculation of soft (and hard) factors in Eq. (1) until future
publication and right now concentrate on the rapidity-only
evolution of the operator (4) per se.

A. Leading-order evolution of quark TMDs

We will start with TMD operators (4) with gauge links
going to −∞. It is well known that TMDs (4) exhibit
rapidity divergencies due to infinitely long gauge links. The
rapidity-only cutoff corresponds to restricting theþ
component of gluons emitted by Wilson lines,

Aσ
μðxÞ ¼

Z
d4k
16π4

θðσϱ − jkþjÞe−ik·xAμðkÞ; ð7Þ

where we use the notation ϱ≡ ffiffi
s
2

p
. (Actually, as we will

see below, it is more convenient to use a smooth cutoff in
jkþj instead of a rigid one imposed by the θ function).
As mentioned in the Introduction, the goal of this paper
is to find the evolution of the TMD operator (4) with
respect to the rapidity cutoff σ in the “Sudakov region”
σxBs ≫ k2⊥ ∼ q2⊥.
As usual, to find the evolution kernel we need to

integrate over gluons with σ > kþ=ϱ > σ0 and temporarily
freeze the fields with kþ=ϱ < σ0. The result will be some
kernel multiplied by TMD operators with rapidity cutoff σ0.
To get the evolution kernel in the leading order, we need to
calculate one-loop diagrams for the “matrix element” of the
operator (4) in the background fields

hψ̄ðxþ; x⊥Þ½xþ;−∞þ�x½x⊥ −∞þ; y⊥ −∞þ�
× ½−∞þ; yþ�yΓψðyþ; y⊥ÞiΨ;A; ð8Þ

where Ψ and A are quarks and gluons with small kþ < σϱ.
Hereafter we denote lightlike gauge links by
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½xþ; yþ�z ≡ ½xþ þ z⊥; yþ þ z⊥� ð9Þ

for brevity. As discussed in Refs. [6,7,16,17], in the leading
order one can takeΨ and A fields with kþ ¼ 0which means
background fields Ψðxþ; x⊥Þ and Aðxþ; x⊥Þ. Also, it is
convenient to use the A− ¼ 0 gauge for background fields.
Since the operator in Eq. (8) is not time ordered we need

to insert a full set of states at t ¼ ∞ so the matrix element
(8) will be represented as a double functional integral for
“cut diagrams” in these background fields. The self-
consistency condition is that the background field should
be the same to the left of the cut and to the right of the cut.
Indeed, summation over the full set of intermediate states
corresponds to the boundary conditions that the fields to the
left and to the right of the cut coincide at t ¼ ∞. Since the
background fields do not depend on x−, if they coincide
at xþ ¼ ∞, they have to be equal everywhere (see the
discussion in Refs. [16,17]). We choose the A− ¼ 0 gauge
for background gluon fields so an extra background gluon
line would mean an extra Fμν. This gives a higher-twist
contribution which we neglect in this paper (see the
discussion in Refs. [16,18]). For quantum gluons, we
use the background-Feynman gauge which reduces to
the usual Feynman gauge in diagrams without background
gluons. It is well-known that in such a gauge the con-
tribution of the gauge link at infinity ½x⊥ −∞n; y⊥ −∞n�
can be neglected, and we get diagrams shown in Fig. 1.
We will use Sudakov variables α≡ pþ=ϱ and β≡ p−=ϱ

so that p ¼ αp1 þ βp2 þ p⊥ where p1 ¼ nϱ and p2 is a
lightlike vector close to pB so that pB ¼ xBp

þ
B þ pB⊥ . In

these variables p · q ¼ ðαpβq þ αqβpÞ s
2
− ðp; qÞ⊥ where

ðp; qÞ⊥ ≡ −piqi. Throughout the paper, the sum over
the Latin indices i, j;…, runs over the two transverse

components while the sum over Greek indices runs over the
four components as usual.
It is convenient to define Fourier transforms of the

background fields Ψ,

ΨðβB; pB⊥Þ ¼ ϱ

Z
dzþdz⊥Ψðzþ; z⊥ÞeiϱβBzþ−iðpB;zÞ⊥ ;

Ψ̄ðβ0B; p0
B⊥Þ ¼ ϱ

Z
dzþdz⊥Ψ̄ðzþ; z⊥Þeiϱβ0Bzþ−iðp0

B;zÞ⊥ : ð10Þ

Hereafter we will use the notation βB ≡ xB since we will
calculate integrals using Sudakov variables.
Note that as discussed in Refs. [6,7,16,17], in a general

gauge one should replace

Ψðzþ; z⊥Þ → ½−∞þ; zþ�zΨðzþ; z⊥Þ;
Ψ̄ðzþ; z⊥Þ → Ψ̄ðzþ; z⊥Þ½zþ;−∞þ�z ð11Þ

in the case of evolution equations for the operator (8), and

Ψðzþ; z⊥Þ → ½∞þ; zþ�zΨðzþ; z⊥Þ;
Ψ̄ðzþ; z⊥Þ → Ψ̄ðzþ; z⊥Þ½zþ;∞þ�z ð12Þ

for evolution equations of operators (4) with gauge links
out to þ∞.

B. Diagrams in Figs. 1(a)–1(c)

1. A choice of rapidity cutoff

Let us start with the diagram in Fig. 1(c) where all
propagators are of Feynman type. Note that a possible
diagram with Fig. 1(c) topology and with a three-gluon

(a)

y

x

(b)

(d)

(g) (h)

(e)

(i)

( f )

(c)

FIG. 1. One-loop diagrams for TMD operator (4) in the background quark field. The dashed lines denote gauge links.
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vertex in the left sector vanishes since the background field ΨðβB; pB⊥Þ cannot produce any real particles. Also, we do not
draw the diagrams with self-energy insertions in quark tails since they are not relevant for rapidity evolution. Simple
calculation yields1

hTf½−∞; yþ�yΓψðyþ; y⊥ÞgiFig: 1cΨ ¼ −ig2cF
Z

đβBđpB⊥

× e−ipBy

Z
đαđβđp⊥

1

β þ iϵ
θðσ − jαjÞ

αβs − p2⊥ þ iϵ
sðβ − βBÞ

αðβ − βBÞs − ðp − pBÞ2⊥ þ iϵ
ΓΨðβB; pB⊥Þ

¼ −g2cF
Z

đβ0BđpB⊥e
−ipBy

Z
σ

0

đα
Z

đp⊥
βBs

p2⊥½αβBs − ðp − pBÞ2⊥ þ iϵ�ΓΨðβB; pB⊥Þ: ð13Þ

Hereafter we use space-saving ℏ-inspired notations đnp≡ dnp
ð2πÞn. Note that the integral in the RHS of Eq. (13) diverges as

p⊥ → 0, but one should expect that this divergence cancels with the contribution of diagrams in Figs. 1(a) and 1(b).
Next we calculate the diagrams in Figs. 1(a) and 1(b) with a combination of Feynman, complex conjugate, and cut

propagators. One obtains

h½xþ;−∞�xΓψðyþ; y⊥ÞiFig: 1a;bΨ

¼ g2cF

Z
đβ0BđpB⊥e

−iðpB;yÞ
Z

đαđβđp⊥
�
2πδðαðβ − βBÞs − ðp − pBÞ2⊥Þðβ − βBÞsθðαÞ

1

αβs − p2⊥ − iϵ

þ ðβ − βBÞs
αðβ − βBÞs − ðp − pBÞ2⊥ þ iϵ

2πδðαβs − p2⊥ÞθðαÞ
�
θðσ − jαjÞ
β þ iϵ

e−iβϱΔ
þþiðp;ΔÞ⊥ΓΨðβB; pB⊥Þ

¼ g2cF

Z
đβBđpB⊥ψðβB; pB⊥Þe−ipBy

Z
σ

0

đα
α

Z
đp⊥eiðp;ΔÞ⊥

� ðαβBs − p2⊥Þe−i
p2⊥
αs ϱΔ

þ

p2⊥½αβBsþ ðp − pBÞ2⊥ − p2⊥ − iϵ�

þ ðp − pBÞ2⊥e
−i
�
βBþ

ðp−pBÞ2⊥
αs

�
ϱΔþ

½αβBsþ ðp − pBÞ2⊥ þ iϵ�½αβBsþ ðp − pBÞ2⊥ − p2⊥ − iϵ�
�
ΓΨðβB; pB⊥Þ: ð14Þ

Hereafter we use the notation Δ≡ x − y for brevity. The dimension of the transverse space is d − 2 ¼ 2þ 2ε (or d ¼ 2 if
we do not need dimensional regularization).
It is convenient to rewrite Eq. (14) as a sum of two terms

h½xþ;−∞�xΓψðyþ; y⊥ÞiΨ ¼ h½xþ;−∞�xΓψðyþ; y⊥Þið1ÞΨ þ h½xþ;−∞�xΓψðyþ; y⊥Þið2ÞΨ ; ð15Þ
where

h½xþ;−∞�xΓψðyþ; y⊥Þið1ÞΨ ¼ g2cF

Z
đβBđpB⊥ΓΨðβB; pB⊥Þe−ipBy

Z
σ

0

đα
Z

đp⊥
p2⊥

βBse−i
p2⊥
αs ϱΔ

þþiðp;ΔÞ

αβBsþ ðp − pBÞ2⊥ þ iϵ
; ð16Þ

h½xþ;−∞�xΓψðyþ; y⊥Þið2ÞΨ ¼ g2cF

Z
đβBđpB⊥ΓΨðβB; pB⊥Þe−ipBy

×
Z

σ

0

đα
α

Z
đp⊥

ðp − pBÞ2⊥eiðp;ΔÞ⊥ ½e
−i
�
βBþ

ðp−pBÞ2⊥
αs

�
ϱΔþ

− e−i
p2⊥
αs ϱΔ

þ�
½αβBsþ ðp − pBÞ2⊥ þ iϵ�½αβBsþ ðp − pBÞ2⊥ − p2⊥�

: ð17Þ

The integral in the RHS of Eq. (17) is convergent while the one in the RHS of Eq. (16) diverges as p⊥ → 0. As we
mentioned above, one should expect that this divergence cancels with the contribution (13) of diagram in Fig. 1(c). Indeed,
this divergence comes from the infinite length of gauge links in Eqs. (10). As p⊥ → 0 the integral (14) behaves in the same
way as such an integral at x⊥ ¼ y⊥ so the contributions of infinite gauge links should cancel,

h½xþ;−∞þ�y½−∞þ; yþ�yΓψðyþ; y⊥ÞiΨ ¼ h½xþ; yþ�yΓψðyþ; y⊥ÞiΨ: ð18Þ

1Throughout the paper we distinguish between φðxÞφðyÞ, TfφðxÞφðyÞg, and T̃fφðxÞφðyÞg≡ θðy0 − x0ÞφðxÞφðyÞþ
θðx0 − y0ÞφðyÞφðxÞ so the notation hφðxÞφðyÞi is used only for Wightman-type Green functions.
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Unfortunately, “rigid” cutoff σ > jαj does not provide this property—the sum of Eqs. (13) and (16) is still divergent as
p⊥ → 0. To ensure IR cancellations, we use a “smooth” cutoff in α imposed by point-splitting regularization
ψðyþ; y⊥Þ → ψðyþ; y⊥; y−Þ. We get then

hTf½−∞; yþ�yΓψðyþ; y⊥;−δ−ÞgiFig: 1cΨ

¼ −ig2cF
Z

đβBđpB⊥e
−ipBy

Z
đαđβđp⊥

1

β þ iϵ
e−iαϱδ

−

αβs − p2⊥ þ iϵ
sðβ − βBÞ

αðβ − βBÞs − ðp − pBÞ2⊥ þ iϵ
ΓΨðβB; pB⊥Þ

¼ g2cF

Z
đβBđpB⊥e

−ipBy

Z
0

−∞
đα

Z
đp⊥

βBs
p2⊥½αβBsþ ðp − pBÞ2⊥ − iϵ�ΓΨðβB; pB⊥Þe−i

α
σ

¼ −g2cF
Z

đβBđpB⊥e
−ipByΓΨðβB; pB⊥Þ

Z
∞

0

đα
Z

đp⊥
βBs

p2⊥½αβBsþ ðp − pBÞ2⊥ þ iϵ� e
−iασ; ð19Þ

where

σ ≡ 1

ϱδ−
> 0: ð20Þ

Note that to get the last line in Eq. (19), we turned the contour of integration over α on angle π in the lower half-plane of

complex α. At βB > 0 the singularity at α ¼ ðp−pBÞ2⊥
βBs

þ iϵ does not affect the rotation, while at βB < 0 the rotation pushes the
singularity over α up to þiϵ.
For the diagrams in Figs. 1(a) and 1(b) with point splitting one obtains

h½xþ;−∞�xΓψðyþ; y⊥;−δ−Þið1ÞΨ ¼ g2cF

Z
đβBđpB⊥e

−ipByΓΨðβB; pB⊥Þ
Z

∞

0

đα
Z

đp⊥
p2⊥

βBse−i
p2⊥
αs ϱΔ

þþiðp;ΔÞ

αβBsþ ðp − pBÞ2⊥ þ iϵ
e−i

α
σ; ð21Þ

h½xþ;−∞�xΓψðyþ; y⊥;−δ−Þið2ÞΨ ¼ g2cF

Z
đβBđpB⊥ΓΨðβB; pB⊥Þe−ipBy

×
Z

∞

0

đα
α

Z
đp⊥

ðp − pBÞ2⊥eiðp;ΔÞ⊥ ½e−iðβBþ
ðp−pBÞ2⊥

αs ÞϱΔþ − e−i
p2⊥
αs ϱΔ

þ�
½αβBsþ ðp − pBÞ2⊥ þ iϵ�½αβBsþ ðp − pBÞ2⊥ − p2⊥�

e−i
α
σ: ð22Þ

Now we see that the sum of Eqs. (19), (21), and (22),

h½xþ;−∞�x½−∞; yþ�yΓψðyþ; y⊥;−δ−ÞiFig: 1a–cΨ

¼ g2cF

Z
đβBđpB⊥e

−ipByΓΨðβB; pB⊥Þ
Z

∞

0

đαe−i
α
σ

Z
đp⊥

�
βBsðe−i

p2⊥
αs ϱΔ

þþiðp;ΔÞ⊥ − 1Þ
p2⊥½αβBsþ ðp − pBÞ2⊥ þ iϵ�

þ ðp − pBÞ2⊥eiðp;ΔÞ⊥ ½e−iðβBþ
ðp−pBÞ2⊥

αs ÞϱΔþ − e−i
p2⊥
αs ϱΔ

þ�
α½αβBsþ ðp − pBÞ2⊥ þ iϵ�½αβBsþ ðp − pBÞ2⊥ − p2⊥�

�
; ð23Þ

is given by a convergent integral. It should be emphasized that δ− < 0; otherwise, we would not be able to make the rotation
of the contour in the last line in Eq. (19) and the cancellation of IR divergences would not happen. The reason for that is that
all quantum operators in ½−∞; yþ�yψðyþ; y⊥Þ commute since they are on the light ray, and to preserve this commutation
property [which is necessary for using Feynman propagators in Eq. (19)] we should shift ψðyþ; y⊥Þ to a point separated by a
spacelike distance from operators in the gauge link ½−∞; yþ�y (see the discussion in Appendix A).
It should be emphasized that we do not suggest the nonperturbative studies of TMDs with our “point splitting” and the

reason is that objects such as

hpN jψ̄
�
xþ; x⊥;−

1

ϱσ0

�
½xþ;−∞�x½−∞; yþ�yΓψ

�
yþ; y⊥;−

1

ϱσ

�
jpNi ð24Þ

are meaningless since the operator is not gauge invariant. Our message is that the longitudinal integrals in the perturbative
diagrams for TMDs
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hpN jψ̄ðxþ; x⊥Þ½xþ;−∞�x½−∞; yþ�yΓψðyþ; y⊥ÞjpNi ð25Þ

should be cut from above in a smooth way respecting
unitarity and causality, and a mnemonic rule how to choose
the proper sign of the cutoff e�iα=σ is to consider the point
splitting (24). Also, the point-splitting representation of
rapidity cutoff in α helps to visualize the coordinate space
approximations that we make (see Fig. 2). Thus, we will be
using expressions such as (24) and defining rapidity-
regularized operators by

ψ̄σðxþ; x⊥Þ≡ ψ̄

�
xþ; x⊥;−

1

ρσ

�
½xþ;−∞�x;

ψσðyþ; y⊥Þ≡ ½−∞; yþ�yψ
�
yþ; y⊥;−

1

ρσ

�
; ð26Þ

but only for the perturbative calculations.2 In this paper we
perform calculations in the (background) Feynman gauge,
but in Appendix B we demonstrate that for other gauges
such as the Landau gauge the extra terms in gluon

propagator lead to power corrections ∼ q2⊥
βBσts

≪ 1.
It should be mentioned that the standard regularization of

TMD operator (25) at moderate x is a combination of UV
and rapidity cutoffs (see Ref. [5]). We discuss the relation
of that regularization to our rapidity-only cutoff in
Appendix F.

2. Rapidity evolution of diagrams in Figs. 1(a)–1(c)
In this section we will calculate the σ dependence of the

integral (23),

σ
d
dσ

Z
∞

0

đαe−i
α
σ

Z
đp⊥

�
βBsðe−i

p2⊥
αs ϱΔ

þþiðp;ΔÞ⊥ − 1Þ
p2⊥½αβBsþ ðp−pBÞ2⊥ þ iϵ�

þ ðp−pBÞ2⊥eiðp;ΔÞ⊥ ½e−iðβBþ
ðp−pBÞ2⊥

αs ÞϱΔþ − e−i
p2⊥
αs ϱΔ

þ�
α½αβBsþ ðp−pBÞ2⊥ þ iϵ�½αβBsþ ðp−pBÞ2⊥ −p2⊥�

�
:

ð27Þ

First, note that the second term in the RHS. does not
contribute to the evolution. Indeed, characteristic α’s in that

term are ∼ m2⊥
βBs

where m2⊥ ∼ Δ−2⊥ ∼ p2
B⊥ so we can expand

e−i
α
σ and get approximately

Z
∞

0

đα
Z

đp⊥
�
1− i

α

σ
θðσ − αÞ

�

×
ðp−pBÞ2⊥eiðp;ΔÞ⊥ ½e−iðβBþ

ðp−pBÞ2⊥
αs ÞϱΔþ − e−i

p2⊥
αs ϱΔ

þ�
α½αβBsþ ðp−pBÞ2⊥ þ iϵ�½αβBsþ ðp−pBÞ2⊥ −p2⊥�

:

ð28Þ

The first term is a convergent integral independent of σ

while the second is of order of m2⊥
σβBs

ln σβBs
m2⊥

so it is a power

correction that we neglect.
Next, we study the dependence of the first term in the

RHS of Eq. (27) on Δþ. From TMD factorization (1) and
definition (2) we see that we need operator (4) in the region
ΔþϱβB ∼ 1. Let us demonstrate that in this region one can
neglect Δþ. Indeed,

Z
đp⊥eiðp;ΔÞ⊥

�Z p2⊥
s ϱjΔþj

0

dαþ
Z

∞

p2⊥
s ϱjΔþj

dα

�
e−i

α
σ

βBsðe−i
p2⊥
αs ϱΔ

þ − 1Þ
p2⊥½αβBsþ ðp − pBÞ2⊥ þ iϵ�

≃
Z

đp⊥eiðp;ΔÞ⊥
�Z p2⊥

s ϱjΔþj

0

dα
βBsðe−i

p2⊥
αs ϱΔ

þ − 1Þ
p2⊥½αβBsþ ðp − pBÞ2⊥ þ iϵ� −

Z
∞

p2⊥
s ϱjΔþj

dα
α

iβBρΔþ

αβBsþ ðp − pBÞ2⊥ þ iϵ

�
þO

�
m2⊥
σβBs

�
; ð29Þ

which is a sum of terms independent of σ and power corrections.

2Alternatively, one may use the classical cutoff with off-light-cone gauge links, but from experience with rapidity evolution of color
dipoles we know that using off-light-cone gauge links enormously complicates the NLO calculations (see Refs. [19,20] and especially
Appendix B to Ref. [19]).

y

x

FIG. 2. Point-splitting regularization of rapidity divergence.
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Thus, we need to consider only

Z
∞

0

đα
Z

đp⊥
p2⊥

βBse−i
α
σðeiðp;ΔÞ⊥ − 1Þ

αβBsþ ðp − pBÞ2⊥ þ iϵ
¼

Z
∞

0

đαe−i
α
σ

Z
đp⊥
p2⊥

βBsðeiðp;ΔÞ⊥ − 1Þ
αβBsþ p2⊥ þ iϵ

�
1 −

p2⊥ − ðp − pBÞ2⊥
αβBsþ ðp − pBÞ2⊥ þ iϵ

�

¼
Z

∞

0

đαe−i
α
σ

Z
đp⊥
p2⊥

βBsðeiðp;ΔÞ⊥ − 1Þ
αβBsþ p2⊥ þ iϵ

þ
Z

đp⊥
p2⊥

ðeiðp;ΔÞ⊥ − 1Þ ln p2⊥
ðp − pBÞ2⊥

þO

�
m2⊥
σβBs

�
; ð30Þ

where we neglected the e−i
α
σ cutoff in the second integral since it converges at α ∼ m2⊥

σjβBjs.
The σ dependence comes only from the first term in the RHS of Eq. (30) calculated in Appendix C [see Eq. (C4)] so from

Eq. (C6) we get

σ
d
dσ

	
½xþ;−∞�x½−∞; yþ�yΓψ

�
yþ; y⊥;−

1

ϱσ

�

Ψ

¼ −
g2

8π2
cF

Z
đβBđpB⊥ΓΨðβB; y⊥Þe−ipBy ln

�
−
i
4
ðβB þ iϵÞσsΔ2⊥eγ

�
þO

�
m2⊥
βBσs

�

¼ −
g2

8π2
cF

Z
đβBΓΨðβB; y⊥Þe−iβBϱyþ ln

�
−
i
4
ðβB þ iϵÞσsΔ2⊥eγ

�
þO

�
m2⊥
βBσs

�
; ð31Þ

where γ ≃ 0.577 is the Euler constant and ΨðβB; y⊥Þ ¼ ϱ
R
dyþeiβBϱyþΨðyþ; y⊥Þ [see Eq. (10)].

C. Diagrams in Figs. 1(d)–1(i)
The calculation of diagrams in Figs. 1(d)–1(i) repeats that of Figs. 1(a)–1(c) with minimal changes. Let us start with the

diagram shown in Fig. 1(f)

hT̃fψ̄ðxþ; x⊥;−δ−ÞΓ½xþ;−∞�xgiFig: 1fΨ̄ ¼ ig2cF

Z
đβBđpB⊥Ψ̄ðβB; pB⊥ÞΓ

× e−ipBx

Z
đαđβđp⊥

1

β − iϵ
e−iαϱδ

−

αβs − p2⊥ − iϵ
sðβ þ βBÞ

αðβ þ βBÞs − ðpþ pBÞ2⊥ − iϵ

¼ g2cF

Z
đβBđpB⊥e

−ipByΨ̄ðβB; pB⊥ÞΓ
Z

0

−∞
đα

Z
đp⊥

βBs
p2⊥½αβBs − ðpþ pBÞ2⊥ − iϵ� e

−iασ

¼ −g2cF
Z

đβBđpB⊥e
−ipByΨ̄ðβB; pB⊥ÞΓ

Z
∞

0

đα
Z

đp⊥
βBs

p2⊥½αβBs − ðpþ pBÞ2⊥ þ iϵ� e
iασ: ð32Þ

Similar to Eq. (19), to get the last line we rotated the contour of integration over α in the upper half-plane of complex α.
Next, the contribution of diagrams in Figs. 1(d) and 1(e) is

hψ̄ðxþ; x⊥;−δ−Þ½−∞; yþ�yΓiFig: 1d;eΨ

¼ g2cF

Z
đβ0BđpB⊥e

−iðpB;xÞΨ̄ðβB; pB⊥ÞΓ
Z

đαđβđp⊥
�

1

αβs − p2⊥ þ iϵ
2πδðαðβ þ βBÞs − ðpþ pBÞ2⊥Þðβ þ βBÞsθðαÞ

þ ðβ þ βBÞs
αðβ þ βBÞs − ðpþ pBÞ2⊥ − iϵ

2πδðαβs − p2⊥ÞθðαÞ
�
eiαϱδ

−

β − iϵ
e−iβΔþiðp;ΔÞ⊥

¼ g2cF

Z
đβBđpB⊥ϵ

−ipBxΓΨ̄ðβB; pB⊥Þ
Z

∞

0

đα
α
ei

α
σ

Z
đp⊥eiðp;ΔÞ⊥

� ðαβBsþ p2⊥Þe−i
p2⊥
αs ϱΔ

þ

p2⊥½αβBs − ðpþ pBÞ2⊥ þ iϵ�

þ ðpþ pBÞ2⊥eiðβB−
ðpþpBÞ2⊥

αs ÞϱΔþ

½αβBs − ðpþ pBÞ2⊥ þ iϵ�½αβBs − ðpþ pBÞ2⊥ þ p2⊥�
�
: ð33Þ
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The sum of Eqs. (32) and (33) can be rewritten as

hψ̄ðxþ; x⊥;−δ−Þ½−∞; yþ�yΓiFig: 1d–fΨ

¼ g2cF

Z
đβBđpB⊥ϵ

−ipBxΓΨ̄ðβB; pB⊥Þ
Z

∞

0

đαei
α
σ

Z
đp⊥eiðp;ΔÞ⊥

�
βBsðe−i

p2⊥
αs ϱΔ

þ − 1Þ
p2⊥½αβBs − ðpþ pBÞ2⊥ þ iϵ�

þ ðpþ pBÞ2⊥½eiðβB−
ðpþpBÞ2⊥

αs ÞϱΔþ − e−i
p2⊥
αs ϱΔ

þ�
α½αβBs − ðpþ pBÞ2⊥ þ iϵ�½αβBs − ðpþ pBÞ2⊥ þ p2⊥�

�
: ð34Þ

Now, the integral

Z
∞

0

đαei
α
σ

Z
đp⊥eiðp;ΔÞ⊥

�
βBsðe−i

p2⊥
αs ϱΔ

þ − 1Þ
p2⊥½αβBs − ðpþ pBÞ2⊥ þ iϵ� þ

ðpþ pBÞ2⊥½eiðβB−
ðpþpBÞ2⊥

αs ÞϱΔþ − e−i
p2⊥
αs ϱΔ

þ�
α½αβBs − ðpþ pBÞ2⊥ þ iϵ�½αβBs − ðpþ pBÞ2⊥ þ p2⊥�

�
ð35Þ

differs from the corresponding integral in Eq. (23) by complex conjugation and replacements x ↔ y, pB ↔ −pB so we get
the result obtained from Eq. (31) by the same manipulations

σ0
d
dσ0

hψ̄ðxþ; x⊥;−δ0−ÞΓ½xþ;−∞�x½−∞; yþ�yiFig: 1d–fΨ

¼ −
g2

8π2
cF

Z
đβBΨ̄ðβB; x⊥ÞΓe−ipBϱxþ ln

�
−
i
4
ðβB þ iϵÞσ0sΔ2⊥eγ

�
þO

�
m2⊥
βBσ

0s

�
: ð36Þ

Finally, let us discuss diagrams in Figs. 1(g)–1(i). Since the separation between operators ψ̄ðxÞ and ψðyÞ is spacelike, we
can replace the product of operators by the T-product and get

hTfψ̄ðxþ; x⊥;−δ0−ÞΓψðyþ; y⊥;−δ−ÞgiFig: 1g–iΨ

¼ g2cF

Z
đβBβ0BđpB⊥đp

0
B⊥e

−ip0
Bx−ipBy

Z
đpeiϱαðδ0−δÞ−þiϱβΔþ−iðp;ΔÞ⊥ Ψ̄ðpBÞγξð=p − =pBÞΓð=pþ =p0

BÞγξΨðp0
BÞ

ðp2 þ iϵÞ½ðp − pBÞ2 þ iϵ�½ðpþ p0
BÞ2 þ iϵ� : ð37Þ

Here we introduced two different point splittings δ− and δ0−. This is a temporary auxiliary construction that simplifies the
solution of the differential evolution equations obtained below. In the final results we take δ0− ¼ δ− ¼ 1

ρσ where σ is our
rapidity cutoff in α.
Let us demonstrate that the integral (37) does not depend on δ−; δ0− in the region

Δ2⊥ ≫ Δþδ−;Δþδ0− ⇔ σβBs; σ0βBs ≫ m2⊥: ð38Þ

Consider

Z
đpeip·Δ̃

ð=p − =pBÞΓð=pþ =p0
BÞ

ðp2 þ iϵÞ½ðp − pBÞ2 þ iϵ�½ðpþ p0
BÞ2 þ iϵ�

¼ s
2

Z
đαđβđp⊥eiαϱðδ

0−δÞ−þiβϱΔþ e−iðp;ΔÞ⊥ ½ðβ − βBÞ=p2 þ ðp − pBÞ⊥�Γ½ðβ þ β0BÞ=p2 þ ðpþ p0
BÞ⊥�

ðαβs − p2⊥ þ iϵÞ½αðβ − βBÞs − ðp − pBÞ2⊥ þ iϵ�½αðβ þ β0BÞs − ðpþ p0
BÞ2⊥ þ iϵ� ; ð39Þ

where Δ̃ ¼ ðδ0− − δ−;Δþ;Δ⊥Þ. Since due to Eq. (38) Δ̃2 ¼ −Δ2⊥ þ 2Δþðδ − δ0Þ− ≠ 0, there is no overall divergence and
the integral in the left-hand side (LHS) is UV convergent. Also, since pB⊥ ; p

0
B⊥ ≠ 0 the integral in the LHS of Eq. (39) is IR

convergent. Now, let us expand the RHS of this equation in powers of ðδ − δ0Þ−. The first term of the expansion is the
integral (39) with Δ̃ replaced by Δ which is also convergent since Δ2 ¼ −Δ2⊥ < 0. Moreover, if one takes three residues

over β in the RHS [corresponding to three diagrams in Figs. 1(g)–1(i)], one gets integrals over α which converge at α ∼ m2⊥
βBs

.

Next, the integral over α in the second term of the expansion has an extra α but is still convergent so αϱðδ0 − δÞ− ∼ m2⊥
σβBs

due

IAN BALITSKY and GIOVANNI A. CHIRILLI PHYS. REV. D 106, 034007 (2022)

034007-8



to Eq. (38). Thus, the expansion of eiαϱðδ0−δÞ− gives the σ; σ0-independent term plus power corrections that we neglect. In
other words, the diagrams in Figs. 1(g)–1(i) do not contribute to the rapidity evolution in the Sudakov region.
Thus, the result of the calculation of diagrams in Fig. 1 reads

�
σ
d
dσ

þ σ0
d
dσ0

�
hψ̄σ0 ðxþ; x⊥Þ½xþ;−∞�x½−∞; yþ�yΓψσðyþ; y⊥ÞiΨ

¼ −
αs
2π

cF

Z
đβBđβ0BΨ̄ðβ0B; x⊥ÞΓΨðβB; y⊥Þe−iβ0Bϱxþ−iβBϱyþ

×

�
ln

�
−
i
4
ðβB þ iϵÞσsb2⊥eγ

�
þ ln

�
−
i
4
ðβ0B þ iϵÞσ0sb2⊥eγ

��
þO

�
m2⊥
βBσs

;
m2⊥
β0Bσ

0s

�
; ð40Þ

where b⊥ ≡ Δ⊥ is a standard notation for the transverse separation of the TMD operator.

D. Evolution equations for quark TMDs

Promoting background fields in the RHS of Eq. (40) to operators, one obtains the leading-order evolution equation of
quark TMD operators in the form

�
σ
d
dσ

þ σ0
d
dσ0

�
ψ̄σ0 ðβ0B; x⊥ÞΓψσðβB; y⊥Þ

¼ −
αs
2π

cFψ̄σ0 ðβ0B; x⊥ÞΓψσðβB; y⊥Þ
�
ln

�
−
i
4
ðβ0B þ iϵÞσ0sΔ2⊥eγ

�
þ ln

�
−
i
4
ðβB þ iϵÞσsΔ2⊥eγ

��
; ð41Þ

where standard TMD gauge links are assumed. The solution of the evolution equation (41) reads

ψ̄σ0 ðβ0B;x⊥ÞΓψσðβB;y⊥Þ¼e
−αscF

4π lnσ0
σ0
0

½lnσ0σ0
0
þ2 lnð−i

4
ðβ0BþiϵÞsΔ2⊥eγÞ�ψ̄ σ0

0ðβ0B;x⊥ÞΓψσ0ðβB;y⊥Þe−
αscF
4π ln σ

σ0
½lnσσ0þ2 lnð−i

4
ðβ0BþiϵÞsΔ2⊥eγÞ�: ð42Þ

It appears that two exponential factors in the RHS describe two independent evolutions of operators (26). Of course, this is
not quite right since the left and right exponents come not only from “virtual” corrections of Fig. 1(c) type but also from
“emission” diagrams of Figs. 1(a) and 1(b) type which is reflected in theΔ⊥ dependence of these factors. Still, as wewill see
below, this “factorized” structure persists to quark-loop corrections.

1. Leading-order evolution in the coordinate space and conformal invariance

The evolution equation in the coordinate space is easily obtained by the Fourier transformation of Eq. (41),

�
σ
d
dσ

þ σ0
d
dσ0

�
ψ̄σ0 ðxþ; x⊥ÞΓψσðyþ; y⊥Þ

¼ αs
4π2

cF

Z
dzþ

��
i
ln ϱð−xþ þ zþ þ iϵÞ − ln σb2⊥s

4
eγ

−xþ þ zþ þ iϵ
þ c:c:

�
ψ̄σ0 ðzþ; x⊥ÞΓψσðyþ; y⊥Þ

þ
�
i
ln ϱð−yþ þ wþ þ iϵÞ − ln σ0b2⊥s

4
eγ

−yþ þ wþ þ iϵ
þ c:c:

�
ψ̄σ0 ðxþ; x⊥ÞΓψσðyþ; y⊥Þ

�
: ð43Þ

Note the “causality”: zþ ≤ xþ and wþ ≤ yþ: the evolved ψ̄ , ψ operators lag behind the original ones, similar to the case of
power corrections to TMD factorization where the emission of additional projectile/target gluons also lags behind the
original quark operators (see Refs. [17,18]).
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The solution of this equation has the form

ψ̄σ0 ðxþ; x⊥ÞΓψσðyþ; y⊥Þ ¼ e
−αscF

4π ðlnσ0
σ0
0

ln σ0σ0
0
þln σ

σ0
ln σσ0Þ

×
Z

dzþ
� iΓð1 − αscF

2π ln σ0
σ0
0

Þ

ðzþ − xþ þ iϵÞ1−
αscF
2π lnσ0

σ0
0

þ c:c:

� Z
dwþ

� iΓð1 − αscF
2π ln σ

σ0
Þ

ðwþ − yþ þ iϵÞ1−
αscF
2π ln σ

σ0

þ c:c:

�

×
1

4π2
ðb2⊥eγ

ffiffiffiffiffiffiffi
s=8

p
Þ−

αscF
2π ðlnσ0

σ0
0

þln σ
σ0
Þ
ψ̄σ0

0ðzþ; x⊥ÞΓψσ0ðwþ; y⊥Þ: ð44Þ

In the leading order one does not take into account QCD
running coupling so one should expect some symmetries

related to conformal invariance. Indeed, if we take σ ¼
σ0 ¼ ς

ffiffi
2

p
ϱjΔ⊥j where ς is an evolution parameter, the evolution

(44) is invariant under a certain subgroup of conformal
group SO(2,4) (see the discussion in Ref. [8]).

III. QUARK LOOP CORRECTION

It is well-known that the argument of the coupling
constant in the LO rapidity evolution equations [(41) or

(42)] cannot be determined. As we mentioned above,
we will use the BLM method to fix the argument of the
running coupling constant. According to the BLM pro-
cedure, we need to calculate the contribution of the first
quark loop to our TMD evolution (40) and promote − 1

6π nf
to full b0 ¼ 11

12πNc − 1
6π nf. Each gluon propagator in

diagrams in Fig. 1 should be replaced by a one-loop
correction, i.e.,

1

p2 þ iϵ
→

1

p2 þ iϵ

�
1þ b0αsðμÞ ln

μ̃2

−p2 − iϵ

�
;

1

p2 − iϵ
→

1

p2 − iϵ

�
1þ b0αsðμÞ ln

μ̃2

−p2 þ iϵ

�
;

2πδðp2Þθðp0Þ →
iθðp0Þ
p2 þ iϵ

�
1þ b0αsðμÞ ln

μ̃2

−p2 − iϵ

�
−

iθðp0Þ
p2 − iϵ

�
1þ b0αsðμÞ ln

μ̃2

−p2 þ iϵ

�
; ð45Þ

where μ̃2 ≡ μ̄2MSe
5=3. The first two lines are trivial while the

third line corresponds to the sum of the diagrams shown in
Fig. 3. First, note that the convergence of integral (37)
representing diagrams in Figs. 1(h) and 1(i) is not affected

by extra ln μ̃2

−p2−iϵ. Repeating the arguments after Eq. (37)

we see that the contribution of diagrams in Figs. 1(h) and

1(i) with extra quark loops is still a power correction m2⊥
σβBs

(multiplied by an extra log). Thus, we need to consider
diagrams in Figs. 1(a)–1(c) and 1(d)–1(f).
It is convenient to start again with the diagram in

Fig. 1(c). Replacing Feynman gluon propagator 1
p2þiϵ in

Eq. (19) by the αs correction from the first line in Eq. (45)

FIG. 3. Quark loop correction to cut gluon propagator.
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we get

hTf½−∞; yþ�yΓψðyþ; y⊥;−δ−Þgiloop 1c
Ψ

¼ −i4πb0α2sðμÞcF
Z

đβBđpB⊥e
−ipBy

Z
đαđβđp⊥

1

β þ iϵ
e−iαϱδ

−
ln μ̃2

p2⊥−αβs−iϵ

αβs − p2⊥ þ iϵ
sðβ − βBÞ

αðβ − βBÞs − ðp − pBÞ2⊥ þ iϵ
ΓΨðβB; pB⊥Þ

¼ 4πb0α2sðμÞcF
Z

đβBđpB⊥e
−ipBy

Z
0

−∞
đα

Z
đp⊥

βBs ln
μ̃2

p2⊥
p2⊥½αβBsþ ðp − pBÞ2⊥ − iϵ�ΓΨðβB; pB⊥Þe−i

α
σ

¼ −4πb0α2sðμÞcF
Z

đβBđpB⊥e
−ipBy

Z
∞

0

đα
Z

đp⊥
βBs ln

μ̃2

p2⊥
p2⊥½αβBsþ ðp − pBÞ2⊥ þ iϵ�ΓΨðβB; pB⊥Þe−i

α
σ; ð46Þ

where we made the same rotation of contour over α on angle π in the lower complex half-plane as in Eq. (19). We get

σ
d
dσ

hTf½−∞; yþ�yΓψðyþ; y⊥;−δ−Þgiloop 1c
Ψ

¼ −i4πb0α2sðμÞcF
1

σ

Z
đβBđpB⊥e

−ipBy

Z
∞

0

đα
Z

đp⊥
αβBs ln

μ̃2

p2⊥
p2⊥½αβBsþ ðp − pBÞ2⊥ þ iϵ�ΓΨðβB; pB⊥Þe−i

α
σ: ð47Þ

Next, consider diagrams in Figs. 1(a) and 1(b). Using Eqs. (45) for various gluon propagators, we obtain the correction in
the form

h½xþ;−∞�xΓψðyþ; y⊥;−δ−Þiloop 1a;b
Ψ

¼ 4πb0α2sðμÞcF
Z

đβ0BđpB⊥e
−iðpB;yÞΓΨðβB; pB⊥Þ

×
Z

đαđβđp⊥
��

iθðαÞ
αðβ − βBÞs − ðp − pBÞ2⊥ þ iϵ

−
iθðαÞ

αðβ − βBÞs − ðp − pBÞ2⊥ − iϵ

� ðβ − βBÞ ln μ̃2

p2⊥−αβsþiϵ

αβs − p2⊥ − iϵ

þ iðβ − βBÞsθðαÞ
αðβ − βBÞs − ðp − pBÞ2⊥ þ iϵ

� ln μ̃2

p2⊥−αβs−iϵ

αβs − p2⊥ þ iϵ
−

ln μ̃2

p2⊥−αβsþiϵ

αβs − p2⊥ − iϵ

��
1

β þ iϵ
e−i

α
σ−iβϱΔ

þþiðp;ΔÞ⊥

¼ 4πb0α2sðμÞcF
Z

đβ0BđpB⊥e
−iðpB;yÞΓΨðβB; pB⊥Þ

Z
đαđβđp⊥e−i

α
σ−iβϱΔ

þþiðp;ΔÞ⊥ 1

β þ iϵ

×

� iðβ − βBÞsθðαÞ ln μ̃2

p2⊥−αβs−iϵ

½αðβ − βBÞs − ðp − pBÞ2⊥ þ iϵ�ðαβs − p2⊥ þ iϵÞ −
iðβ − βBÞsθðαÞ ln μ̃2

p2⊥−αβsþiϵ

½αðβ − βBÞs − ðp − pBÞ2⊥ − iϵ�ðαβs − p2⊥ − iϵÞ
�
; ð48Þ

where the second line comes from the Fig. 1(b) diagram while the third line is from the Fig. 1(a) diagram. The σ evolution
reads

σ
d
dσ

h½−∞; xþ�xΓψðyþ; y⊥; δ−Þiloop 1a;b
Ψ

¼ i4πb0α2sðμÞcF
1

σ

Z
đβBđpB⊥e

−iðpB;yÞΓΨðβB; pB⊥Þ
Z

đαđβđp⊥e−i
α
σ−iβϱΔ

þþiðp;ΔÞ⊥ 1

β þ iϵ

×

� iαðβ − βBÞsθðαÞ ln μ̃2

p2⊥−αβs−iϵ

½αðβ − βBÞs − ðp − pBÞ2⊥ þ iϵ�ðαβs − p2⊥ þ iϵÞ −
iαðβ − βBÞsθðαÞ ln μ̃2

p2⊥−αβsþiϵ

½αðβ − βBÞs − ðp − pBÞ2⊥ − iϵ�ðαβs − p2⊥ − iϵÞ
�
: ð49Þ

Now we shall prove that the dependence of RHS on Δþ is a power correction. It is convenient to consider the derivative
with respect to xþ
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Δþ d
dxþ

σ
d
dσ

h½−∞; xþ�xΓψðyþ; y⊥;−δ−Þiloop 1a;b
Ψ

¼ 4πb0α2sðμÞcF
Z

đβ0BđpB⊥e
−iðpB;yÞΓΨðβB; pB⊥Þ

ϱΔþ

σ

Z
đαđβđp⊥e−i

α
σ−iβϱΔ

þþiðp;ΔÞ⊥

×

� iαðβ − βBÞsθðαÞ ln μ̃2

p2⊥−αβs−iϵ

½αðβ − βBÞs − ðp − pBÞ2⊥ þ iϵ�ðαβs − p2⊥ þ iϵÞ −
iαðβ − βBÞsθðαÞ ln μ̃2

p2⊥−αβsþiϵ

½αðβ − βBÞs − ðp − pBÞ2⊥ − iϵ�ðαβs − p2⊥ − iϵÞ
�
: ð50Þ

Let us consider caseΔþ > 0. The second term in the square brackets in the RHS of Eq. (50) vanishes while the first one can
be rewritten as

ϱΔþ

σ

Z
đαđβđp⊥e−i

α
σ−iβϱΔ

þþiðp;ΔÞ⊥
iαðβ − βBÞsθðαÞ ln μ̃2

p2⊥−αβs−iϵ

½αðβ − βBÞs − ðp − pBÞ2⊥ þ iϵ�ðαβs − p2⊥ þ iϵÞ

¼ ϱΔþ

σ

Z
đαđβđp⊥e−i

α
σ−iβϱΔ

þþiðp;ΔÞ⊥θðαÞ
� ln μ̃2

p2⊥−αβs−iϵ

αβs − p2⊥ þ iϵ
þ

iðp − pBÞ2⊥ ln μ̃2

p2⊥−αβs−iϵ

½αðβ − βBÞs − ðp − pBÞ2⊥ þ iϵ�ðαβs − p2⊥ þ iϵÞ
�
: ð51Þ

The first term in the RHS can easily be calculated,

2ϱΔþ

σs

Z
đ4p

ln μ̃2

−p2−iϵ

p2 þ iϵ
e−ip·Δ̃ ¼ 2βBϱΔþ

σβBs
lnð−Δ̃2μ2 þ iϵÞ
4π2ð−Δ̃2 þ iϵÞ ≃

2βBϱΔþ

σβBs
lnðΔ2⊥μ2 þ iϵÞ

4π2Δ2⊥
∼ βBϱΔþ ×O

�
m2⊥
σβBs

�
; ð52Þ

where Δ̃2 ¼ −2Δþδ− − Δ2⊥ ≃ −Δ2⊥. Since, as discussed in the Introduction, we consider βϱΔþ ∼ 1, this term is a power

correction ∼ m2⊥
σβBs

. As to the second term in the RHS of Eq. (51), it can be estimated as follows: since the integral over p⊥ is

convergent at p⊥ ∼ Δ−1⊥ ∼m⊥, one can replace ðp − pBÞ2⊥ in the numerator approximately by m2⊥ and get

ϱΔþ 2m2⊥
σs

Z
đ4p

ln μ̃2

−p2−iϵ

ðp2 þ iϵÞ½ðp − pBÞ2⊥ þ iϵ� e
−ip·Δ̃ ∼ βBϱΔþO

�
m2⊥
σβBs

�
: ð53Þ

Indeed, the integral over momenta in the RHS can be represented as (ū≡ 1 − u)

Z
đ4p
i

ln μ̃2

−p2−iϵ

ðp2 þ iϵÞ½ðp − pBÞ2⊥ þ iϵ� e
−ip·Δ̃ ¼

Z
1

0

dueiuðpB·ΔÞ⊥
Z

đ4p
i

e−ip·Δ̃
1þ ln ū − lnðp2

B⊥ ūu − p2 − iϵÞ=μ̃2
ðp2

B⊥ ūu − p2 − iϵÞ2

≃
1

16π2

Z
1

0

dueiuðpB;ΔÞ⊥
�
ln
Δ2⊥μ̃2
4

− ln
p2
B⊥
μ2

þ 2γ þ ln
ū
u

�
K0ð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
B⊥Δ

2⊥ūu
q

Þ; ð54Þ

where we used Δ̃2 ≃ −Δ2⊥. This integral is obviously Oð1Þ at p2
B⊥ ∼ Δ−2⊥ ∼m2⊥.

Summarizing, we proved that at Δþ > 0 the RHS of integral (50) is a power correction. Also, at Δþ < 0 only the second
term in square brackets in the RHS of integral (50) contributes, and a similar calculation shows that Eq. (50) is a power

correction. Thus, with power accuracy Oð m2⊥
σβBs

Þ we can set Δþ ¼ 0.
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Returning to Eq. (49) and taking Δþ ¼ 0 we get

σ
d
dσ

h½−∞; xþ�xΓψðyþ; y⊥;−δ−Þiloop 1a;b
Ψ

¼ i4πb0α2sðμÞcF
1

σ

Z
đβ0BđpB⊥e

−iðpB;yÞΓΨðβB; pB⊥Þ
Z

đαđβđp⊥e−i
α
σþiðp;ΔÞ⊥ 1

β þ iϵ

×

� iαðβ − βBÞsθðαÞ ln μ̃2

p2⊥−αβs−iϵ

½αðβ − βBÞs − ðp − pBÞ2⊥ þ iϵ�ðαβs − p2⊥ þ iϵÞ −
iαðβ − βBÞsθðαÞ ln μ̃2

p2⊥−αβsþiϵ

½αðβ − βBÞs − ðp − pBÞ2⊥ − iϵ�ðαβs − p2⊥ − iϵÞ
�

¼ i4πb0α2sðμÞcF
1

σ

Z
đβBđpB⊥e

−ipByΓΨðβB; pB⊥Þ
Z

∞

0

đα
Z

đp⊥
αβBs ln

μ̃2

p2⊥
p2⊥½αβBsþ ðp − pBÞ2⊥ þ iϵ� e

−iασ: ð55Þ

The total contribution of diagrams in Figs. 1(a)–1(c) is a sum of Eqs. (47) and (55),

σ
d
dσ

h½−∞; yþ�yΓψðyþ; y⊥;−δ−ÞiFig 1a–c loop
Ψ

¼ i4πb0α2sðμÞcF
Z

đβBđpB⊥e
−ipByΓΨðβB; pB⊥Þ

Z
∞

0

đα
σ
e−i

α
σ

Z
đp⊥

ðeiðp;ΔÞ⊥ − 1ÞαβBs ln μ̃2

p2⊥
p2⊥½αβBsþ ðp − pBÞ2⊥ þ iϵ� : ð56Þ

Next, similar to Eq. (30) one can demonstrate that pB⊥ dependence in the integral in the RHS can be omitted with power
accuracy. Indeed,

Z
∞

0

đα
σ
e−i

α
σ

Z
đp⊥ðeiðp;ΔÞ⊥ − 1ÞαβBs ln

μ̃2

p2⊥

�
1

αβBsþ ðp − pBÞ2⊥ þ iϵ
−

1

αβBsþ p2⊥ þ iϵ

�

≃
Z

đp⊥ðeiðp;ΔÞ⊥ − 1Þ ln μ̃2

p2⊥

Z
σ

0

đα
σ

�
p2⊥

αβBsþ p2⊥ þ iϵ
−

ðp − pBÞ2⊥
αβBsþ ðp − pBÞ2⊥ þ iϵ

�

¼ 1

2π

Z
đp⊥ð1 − eiðp;ΔÞ⊥Þ ln μ̃2

p2⊥

�ðp − pBÞ2⊥
σβBs

ln
σβBsþ ðp − pBÞ2⊥ þ iϵ

ðp − pBÞ2⊥
− ðpB⊥ → 0Þ

�
∼O

�
m2⊥
σβBs

ln
σβBs
m2⊥

�
: ð57Þ

Thus, we get

σ
d
dσ

h½−∞; yþ�yΓψðyþ; y⊥;−δ−ÞiFig 1a–c loop
Ψ

¼ i4πb0α2sðμ̃ÞcF
Z

đβBđpB⊥e
−ipByΓΨðβB; pB⊥Þ

Z
∞

0

đα
σ
e−i

α
σ

Z
đp⊥

ðeiðp;ΔÞ⊥ − 1ÞαβBs ln μ̃2

p2⊥
p2⊥½αβBsþ p2⊥ þ iϵ� : ð58Þ

The integral in the RHS of this equation is calculated in Appendix C [see Eq. (C9)], so we get the result with one-loop
accuracy in the form

σ
d
dσ

h½xþ;−∞�x½−∞; yþ�yΓψðyþ; y⊥;−δ−ÞiFig 1a–c loop
Ψ

¼ −
αsðμ̃Þ
2π

cF

Z
đβBđpB⊥ΓΨðβB; pB⊥Þe−ipBy

�
ln

�
−
i
4
ðβB þ iϵÞσsΔ2⊥eγ

�

þ b0
2
αsðμ̃Þ

��
ln

Δ2⊥μ̃4=4
−iσðβB þ iϵÞsþ 3γ

�
ln

�
−
i
4
ðβB þ iϵÞσsΔ2⊥eγ

�
−
π2

2

��
þO

�
m2⊥
βBσs

�

¼ −
αsðμσÞ
2π

cF

Z
đβBΓΨðβB; y⊥Þe−iβBϱyþ

�
ln

�
−
i
4
ðβB þ iϵÞσsΔ2⊥eγ

�
þOðαsðμσÞÞ

�
þO

�
m2⊥
βBσs

�
; ð59Þ
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where μ2σ ≡
ffiffiffiffiffiffiffiffiffi
σjβBjs
Δ2⊥

q
. Thus, the BLM scale for Sudakov evolution is halfway between the transverse momentum and the

energy scale of TMD.
Performing a similar calculation of the loop contribution to diagrams in Figs. 1(d)–1(f) we obtain

σ0
d
dσ0

hψ̄ðxþ; x⊥;−δ0−ÞΓ½xþ;−∞�x½−∞; yþ�yiFig 1d–f
Ψ

¼ −
αsðμ0σÞ
2π

cF

Z
đβ0BΓΨ̄ðβ0B; x⊥Þe−iβ0Bϱxþ

�
ln
�
−
i
4
ðβ0B þ iϵÞσ0sΔ2⊥eγ

�
þOððαsðμ0σÞÞ�

�
þO

�
m2⊥
βBσ

0s

�
; ð60Þ

where μ2σ0 ≡
ffiffiffiffiffiffiffiffiffiffi
σ0jβ0Bjs
Δ2⊥

r
.

Combining Eqs. (59) and (60) and promoting background fields to operators we obtain the evolution equation for the
TMD operator in the form

�
σ
d
dσ

þ σ0
d
dσ0

�
ψ̄σ0 ðβ0B; x⊥ÞΓψσðβB; y⊥Þ

¼ −
cF
2π

ψ̄σ0 ðβ0B; x⊥ÞΓψσðβB; y⊥Þ
�
αsðμσ0 Þ ln

�
−
i
4
ðβ0B þ iϵÞσ0sb2⊥eγ

�
þ αsðμσÞ ln

�
−
i
4
ðβB þ iϵÞσsb2⊥eγ

��
; ð61Þ

where b⊥ ≡ Δ⊥ ¼ ðx − yÞ⊥ We see that in the Sudakov region we can define TMD operator (4) with two independent “left”
and “right” cutoffs σ and σ0 defined in Eqs. (26) and the evolutions with respect to those cutoffs are independent [except
for b⊥ ¼ ðx − yÞ⊥].
We can solve evolution equation (61) by replacing σ d

dσ ¼ − b0
2
α2ðμσÞ d

dαðμσÞ (and similarly for σ0 d
dσ0). We get then

�
α2ðμσÞ

d
dαðμσÞ

þ α2ðμσ0 Þ
d

dαðμσ0 Þ
�
ψ̄σ0 ðβ0B; x⊥ÞΓψσðβB; y⊥Þ

¼ cF
πb0

�
αsðμσ0 Þ ln

�
−
i
4
ðβ0B þ iϵÞσ0sb2⊥eγ

�
þ αsðμσÞ ln

�
−
i
4
ðβB þ iϵÞσsb2⊥eγ

��
ψ̄σ0 ðβ0B; x⊥ÞΓψσðβB; y⊥Þ

¼ −
2cF
πb20

�
αsðμσ0 Þ
αsðb̃−1⊥ Þ þ

αsðμσÞ
αsðb̃−1⊥ Þ − 2 −

b0αsðμσ0 Þ
2

ln½−iðτ0B þ iϵÞ� − b0αsðμσÞ
2

ln½−iðτB þ iϵÞ�
�
ψ̄σ0 ðβ0B; x⊥ÞΓψσðβB; y⊥Þ; ð62Þ

where b̃2⊥ ¼ b2⊥
2
eγ=2 and τB ¼ βB

jβBj ; τ
0
B ¼ β0B

jβ0Bj. Note that formally αs ln½−iðτB þ iϵÞ� exceeds our accuracy but we keep it to

ensure the correct causal structure in the coordinate space, similar to the leading order evolution (43).
The solution of Eq. (61) has the form

ψ̄σ0 ðβ0B; x⊥ÞΓψσðβB; y⊥Þ ¼ e
−2cF
πb2

0

½ð 1

αsðb̃−1⊥ Þ−
b0
2
ln½−iðτ0BþiϵÞ�Þ lnαsðμσ0 Þ

αsðμσ0
0

Þþ 1
αsðμσ0 Þ

− 1
αsðμσ0

0

Þ�

× e
−2cF
πb2

0

½ð 1

αsðb̃−1⊥ Þ−
b0
2
ln½−iðτBþiϵÞ�Þ ln αsðμσ Þ

αsðμσ0 Þ
þ 1

αsðμσ Þ−
1

αsðμσ0 Þ
�
ψ̄σ0

0ðβ0B; x⊥ÞΓψσ0ðβB; y⊥Þ: ð63Þ

Using the expansion

�
1

αsðb̃−1⊥ Þ−
b0
2
ln½−iðτ0Bþ iϵÞ�

�
ln
αsðμσ0 Þ
αsðμσ0

0
Þþ

1

αsðμσ0 Þ
−

1

αsðμσ0
0
Þ¼

b20
4
αs ln

σ

σ0

�
ln

�
−
i
4
ðβBþ iϵÞσsb2⊥eγ

�
þ1

2
lnσσ0

�
þOðα2sÞ;

ð64Þ

it is easy to check that at the leading order we obtain the LO equation (42).
Note that, as in the leading order, the structure of Sudakov evolution (63) looks like two independent exponential factors

which describe two independent evolutions of operators (26) [see the discussion below Eq. (42)]. Of course, one should not
expect this property beyond the Sudakov region.
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Let us present the final result for the rapidity evolution of quark TMDs with running coupling

ψ̄σðβ0B; x⊥ÞΓψσðβB; y⊥Þ ¼ e
−2cF
πb2

0

½ð 1

αsðb̃−1⊥ Þ−
b0
2
ln½−iðτ0BþiϵÞ�Þ lnαsðμσ0 Þ

αsðμσ0
0

Þþ 1
αsðμσ0 Þ

− 1
αsðμσ0

0

Þ�

× e
−2cF
πb2

0

½ð 1

αsðb̃−1⊥ Þ−
b0
2
ln½−iðτBþiϵÞ�Þ ln αsðμσ Þ

αsðμσ0 Þ
þ 1

αsðμσ Þ−
1

αsðμσ0 Þ
�
ψ̄σ0ðβ0B; x⊥ÞΓψσ0ðβB; y⊥Þ; ð65Þ

where μ2σ ≡ b−1⊥
ffiffiffiffiffiffiffiffiffiffiffiffiffi
σjβBjs

p
, μ2σ ≡ b−1⊥

ffiffiffiffiffiffiffiffiffiffiffiffiffi
σjβ0Bjs

p
, b̃2⊥ ¼ b2⊥

2
eγ=2, and τB ¼ βB

jβBj ; τ
0
B ¼ β0B

jβ0Bj. Equation (65) is one of the main results

of this paper, another being the similar Eq. (130) for gluon TMDs.

A. Quark loop contribution from light-cone expansion

There is a simple way to check Eq. (59). First, note that knowing the result (59), we can take pB⊥ ¼ 0 from the beginning.
This means that our external field is on the mass shell so we can use the light-cone expansion (see, e.g., Ref. [21]).3 Second,
as we demonstrated above, the xþ dependence of the LHS of Eq. (59) is power suppressed so we can take xþ ¼ yþ from the
beginning:

σ
d
dσ

h½yþ;−∞�x½−∞;yþ�yΓψðyþ;y⊥;−δ−ÞiΨ¼−δ−
d
dδ−

h½yþ;−∞�x½−∞;yþ�yΓψðyþ;y⊥;−δ−ÞiFig1a–c loopΨ : ð66Þ

In this case, all relevant distances are spacelike so we can replace the product of operators in the matrix element in the LHS
by the T-product. Also, it is convenient to take y⊥ ¼ 0 and yþ ¼ 0. Thus, we need to calculate

1

bα2scF
δ−

d
dδ−

hTf½0þ;−∞�x½−∞; 0þ�0Γψð0þ; 0⊥;−δ−ÞgiFig 1a–c loop
Ψ

¼ 2δ−
d
dδ−

�Z
0

−∞
dzþ

�
zþ; x⊥


ln μ̃2

−p2

p2
ΓΨ

p−

p2

0þ;−δ−; 0⊥
�
− ðx⊥ → 0Þ

�
ð67Þ

in the background field

ΨðzþÞ ¼
Z

đβBe−iϱβBz
þΨðβBÞ;

where we used the BLM prescription (45) for the Feynman gluon propagator. Hereafter we use Schwinger’s notations
defined as

ðxjfðpÞjyÞ¼
Z

đpe−ipðx−yÞfðpÞ; ðxjΨjyÞ¼ΨðxÞδðx−yÞ; ð68Þ

and similarly ðxjAjyÞ ¼ AðxÞδðx − yÞ for future calculations in the gluon background. The relevant diagrams are shown
in Fig. 4.
It is convenient to rewrite Eq. (67) as follows:

RHS of Eq: ð67Þ ¼ −2iδ−
d
dδ−

�Z
0

−∞
dzþ

�
zþ; x⊥


ln μ̃2

−p2

p2
∂
−Ψ

1

p2

0þ;−δ−; 0⊥
�
− ðx⊥ → 0Þ

�

þ 2iδ−
d
dδ−

��
0þ; x⊥


ln μ̃2

−p2

p2
Ψ

1

p2

0þ;−δ−; 0⊥
�
− ðx⊥ → 0Þ

�
: ð69Þ

3The reader may wonder why here we use the expansion at small x2⊥ while in other sections we say that x2⊥ is not small. The reason is
that the parameter of the near-light-cone expansion of Ref. [21] is x2D2 and D2 ¼ 0 in our approximation so the first term of this light-
cone expansion is sufficient for our purposes at any x [see Eq. (D3) from Appendix D].
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Since ∂
2ΨðxþÞ ¼ 0, we can use light-cone expansion (D2) from Sec. D. First, note that the second term in the RHS of

Eq. (69) can be omitted since the light-cone expansion of the expression in the square brackets depends only on x2⊥ and does
not depend on δ−. Second, using Eq. (D6) for the first line in Eq. (69) we get

RHS of Eq: ð67Þ¼δ−
d
dδ−

�Z
0

−∞
dzþ

ΓðεÞ
8π

d
2ðx2⊥−2zþδ−Þε

×

��
ln
μ̃2ðx2⊥−2zþδ−Þ

4
þ1

ε
−ψð1þεÞþγ

�Z
1

0

du∂−ΨðuzþÞþ
Z

1

0

duln ū∂−ΨðuzþÞ
�
−ðx⊥→0Þ

�
: ð70Þ

Next, using formulas (D8) and (D9) one obtains

RHS of Eq: ð67Þ ¼−
1

8π
d
2

Z
0

−∞
dzþ

ΓðεÞ
ðx2⊥− 2zþδ−Þε

�
ln
−μ̃2ðx2⊥− 2zþδ−Þ

4
þ 1

ε
−ψð1þ εÞ−ψð1Þ

−
Z

1

0

dt
1− t

ln
x2⊥− 2

t x
0þδ−

x2⊥− 2x0þδ−

�
∂
−ΨðzþÞ− ðx⊥ → 0Þ

¼ 1

8π
d
2

Z
0

−∞
dzþ

∂ΨðzþÞ
∂zþ

�
1

2
ln2ðx2⊥− 2zþδ−Þþ lnðx2⊥− 2zþδ−Þ

�
ln
μ̃2

4
þ 2γ

�

−Li2

�
x2⊥

x2⊥ − 2zþδ−

��
− ðx⊥ → 0Þ

¼ 1

16π
d
2

Z
0

−∞
dzþ

∂ΨðzþÞ
∂zþ

�
ln
x2⊥ − 2zþδ−

−2zþδ−

�
ln μ̃2

x2⊥− 2zþδ−

4
þ ln μ̃2

−2zþδ−

4
þ 4γ

�
− 2Li2

�
x2⊥

x2⊥− 2zþδ−

��
:

ð71Þ

To compare to Eq. (59) we should take ΨðzþÞ ¼ R
đβBe−iϱβBz

þΨðβBÞ. After some algebra we get

− iϱβB

Z
0

−∞
dzþe−iϱβBzþ

�
1

2
ln2ð−2zþδ−Þ þ lnð−2zþδ−Þ

�
ln
μ̃2

4
þ 2γ

��

¼ −
�
ln
−iβB þ ϵ

2δ−
ϱþ γ

��
ln
μ̃2

4
þ 2γ

�
þ 1

2

�
ln
ð−iβB þ ϵÞϱ

2δ−
þ γ

�
2

þ π2

12
: ð72Þ

(c) (d)

(b)(a)

0

x

FIG. 4. Quark loop correction to quark TMD evolution.
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Also,

− iϱβB

Z
0

−∞
dzþe−iϱβBzþ

�
1

2
ln2ðx2⊥ − 2zþδ−Þ þ lnðx2⊥ − 2zþδ−Þ

�
ln
μ̃2

4
þ 2γ

�
− Li2

�
x2⊥

x2⊥ − 2zþδ−

��

¼ 1

2
ln2x2⊥ þ ln x2⊥

�
ln
μ̃2

4
þ 2γ

�
−
π2

6
þO

�
δ−

ϱx2⊥βB

�
; ð73Þ

where we used the fact that 2zþδ−
x2⊥

∼ 1
σβBs

∼ m2⊥
σβBs

≪ 1.

Using these two integrals for Eq. (71) we get

δ−
d
dδ−

hTf½0þ;−∞�x½−∞; 0þ�0Γψð0þ; 0⊥;−δ−ÞgiFig 1a–c loop
Ψ

¼ bα2scF
16π2

Z
đβBΨðβBÞ

��
ln
x2⊥ϱ
2δ−

½−iβB þ ϵ� þ γ

��
ln

x2⊥μ̃4δ−
8ð−iβB þ ϵÞϱþ 3γ

�
−
π2

2
þO

�
δ−

ϱx2⊥βB

��
; ð74Þ

which agrees with Eq. (59). We will use this method for calculation of quark loops in the gluon case below.

IV. EVOLUTION OF QUARK TMDS WITH GAUGE LINKS OUT TO +∞

The calculation of diagrams with Wilson lines going to þ∞ repeats that of the −∞ case. For the diagrams of
Figs. 1(a)–1(c) with gauge links out to þ∞, instead of Eq. (19), we get

h½∞; yþ�yΓψðyþ; y⊥; δ−ÞiFig 1c loop
Ψ

¼ −ig2cF
Z

đβBđpB⊥e
−ipBy

Z
đαđβđp⊥

1

β − iϵ
eiαϱδ

−

αβs − p2⊥ þ iϵ
sðβ − βBÞ

αðβ − βBÞs − ðp − pBÞ2⊥ þ iϵ
ΓΨðβB; pB⊥Þ

¼ −g2cF
Z

đβBđpB⊥e
−ipBy

Z
∞

0

đα
Z

đp⊥
βBsei

α
σ

p2⊥½αβBsþ ðp − pBÞ2⊥ − iϵ�ΓΨðβB; pB⊥Þ ð75Þ

and in place of Eq. (14) or Eqs. (21) and (22)

h½xþ;∞�xΓψðyþ; y⊥; δ−ÞiFig 1a;b loop
Ψ

¼ g2cF

Z
đβBđpB⊥e

−iðpB;yÞ
Z

đαđβđp⊥
�
2πδðαðβ − βBÞs − ðp − pBÞ2⊥Þðβ − βBÞsθðαÞ

1

αβs − p2⊥ − iϵ

þ ðβ − βBÞs
αðβ − βBÞs − ðp − pBÞ2⊥ þ iϵ

2πδðαβs − p2⊥ÞθðαÞ
�
eiαϱδ

−

β − iϵ
e−iβΔþiðp;ΔÞ⊥ΓΨðβB; pB⊥Þ

¼ g2cF

Z
đβBđpB⊥ψðβB; pB⊥Þe−ipBy

Z
∞

0

đαei
α
σ

Z
đp⊥

�
βBsðe−i

p2⊥
αs ϱΔ

þþiðp;ΔÞ⊥ − 1Þ
p2⊥½αβBsþ ðp − pBÞ2⊥ − iϵ�

þ ðp − pBÞ2⊥eiðp;ΔÞ⊥ ½e−iðβBþ
ðp−pBÞ2⊥

αs ÞϱΔþ − e−i
p2⊥
αs ϱΔ

þ�
α½αβBsþ ðp − pBÞ2⊥ þ iϵ�½αβBsþ ðp − pBÞ2⊥ − p2⊥�

�
ΓΨðβB; pB⊥Þ: ð76Þ

Note that for gauge links out to þ∞ the sign of cutoff δ− does not matter: the IR cancellation occurs at whatever δ. As
discussed above, we choose the sign of splitting in such a way that all relevant distances in the operators are spacelike. With
this sign of point splitting in the “−” direction we can use the complex conjugate versions of integrals (C4)–(C9) in the
Appendix C.
Similarly, one can easily demonstrate that the contribution of diagrams in Figs. 1(d)–1(f) with gauge links out to þ∞

differs from Eq. (36) by replacements βB þ iϵ → βB − iϵ and σ → −σ. Repeating the analysis of Sec. II and using (complex
conjugate) integral (C6) from Appendix C we get the evolution equation for quark TMDs with gauge links out toþ∞ in the
form
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�
σ
d
dσ

þ σ0
d
dσ0

�
ψ̄σ0 ðβ0B; x⊥ÞΓψσðβB; y⊥Þ

¼ −
g2

8π2
cF

Z
đβBđβ0BđpB⊥đp

0
B⊥ ψ̄

σ0 ðβ0B; x⊥ÞΓψσðβB; y⊥Þe−iβ0Bϱxþ−iβBϱyþ

×

�
ln

�
i
4
ðβB − iϵÞσsb2⊥eγ

�
þ ln

�
i
4
ðβ0B − iϵÞσ0sb2⊥eγ

��
þO

�
m2⊥
βBσs

;
m2⊥
β0Bσ

0s

�
; ð77Þ

and the solution is

ψ̄σ0 ðβ0B; x⊥ÞΓψσðβB; y⊥Þ ¼ e
−αscF

4π lnσ0
σ0
0

½ln σ0σ0
0
þ2 lnði

4
ðβ0B−iϵÞsb2⊥eγÞ�ψ̄σ0

0ðβ0B; x⊥ÞΓψσ0ðβB; y⊥Þe−
αscF
4π ln σ

σ0
½ln σσ0þ2 lnði

4
ðβ0B−iϵÞsb2⊥eγÞ�; ð78Þ

where ψ̄σ0 ðβ0B; x⊥Þ and ψσðβB; y⊥Þ are given by formulas (26) with gauge links out to þ∞:

ψ̄ σðxþ; x⊥Þ≡ ψ̄

�
xþ; x⊥;−

1

ρσ

�
½xþ;−∞�x; ψσðyþ; y⊥Þ≡ ½−∞; yþ�yψ

�
yþ; y⊥;−

1

ρσ

�
: ð79Þ

In the coordinate space Eq. (78) corresponds to

ψ̄σ0 ðxþ; x⊥ÞΓψσðyþ; y⊥Þ ¼
1

4π2
e
−αscF

4π ðlnσ0
σ0
0

ln σ0σ0
0
þln σ

σ0
ln σσ0Þ

×
Z

dzþ
� iΓð1 − αscF

2π ln σ0
σ0
0

Þ

ðxþ − zþ þ iϵÞ1−
αscF
2π lnσ0

σ0
0

þ c:c:

� Z
dwþ

� iΓð1 − αscF
2π ln σ

σ0
Þ

ðyþ − wþ þ iϵÞ1−
αscF
2π ln σ

σ0

þ c:c:

�

× ψ̄σ0
0ðxþ; x⊥ÞΓψσ0ðyþ; y⊥Þ: ð80Þ

Now we have zþ ≥ xþ and wþ ≥ yþ so the evolution goes out to þ∞.
For completeness, let us present the final result for the evolution with running coupling which is obtained from Eq. (65)

by replacement −iτB þ ϵ to iτB þ ϵ,

ψ̄σðβ0B; x⊥ÞΓψσðβB; y⊥Þ ¼ e
−2cF
πb2

0

½ð 1

αsðb̃−1⊥ Þ−
b0
2
ln½iðτ0B−iϵÞ�Þ ln

αsðμσ0 Þ
αsðμσ0

0

Þþ 1
αsðμσ0 Þ

− 1
αsðμσ0

0

Þ�

× e
−2cF
πb2

0

½ð 1

αsðb̃−1⊥ Þ−
b0
2
ln½iðτB−iϵÞ�Þ ln αsðμσ Þ

αsðμσ0 Þ
þ 1

αsðμσ Þ−
1

αsðμσ0 Þ
�
ψ̄σ0ðβ0B; x⊥ÞΓψσ0ðβB; y⊥Þ: ð81Þ

V. RAPIDITY EVOLUTION OF GLUON TMDS

A. Leading-order contribution

The gluon TMD is defined by the operator (5)

F−iðxþ; x⊥Þ½x; x�∞n�½x⊥; y⊥��∞n½�∞nþ y; y�F−jðyþ; y⊥Þ: ð82Þ

The typical process determined by gluon TMD (with gauge links out to −∞) is Higgs production by gluon-gluon fusion in
the Sudakov region. If one approximates the t-quark loop by a point vertex, the differential cross section is determined by
the “hadronic tensor” given by the formula similar to Eq. (1) with gluon TMDs [22],

GðxB; z⊥; ηÞ ¼
−x−1B
2πp−

Z
dzþe−ixBp−zþhPjF−i;aðzþ; z⊥Þð½z; z�∞n�½z⊥; 0⊥��∞n½�∞n; 0�ÞabF−;b

i ð0ÞjPi; ð83Þ

in place of quark ones (see the discussion in Ref. [16]).4

4It should also be noted that at small x the Sudakov double logs for Higgs production in pA collisions were studied in Refs. [23,24]
using the kT factorization approach.
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The leading-order rapidity evolution was found in
Ref. [8]. Here we first repeat the LO derivation and then
obtain the running-coupling correction by the BLM pre-
scription. Similar to the quark case, we define rapidity-
regularized operators by

F̃ σ;a
i ðx⊥; xþÞ ¼ ðF−

i Þbðxþ; x⊥;−δ−Þ½xþ;−∞�bax ;

F σ;a
i ðy⊥; yþÞ ¼ ½−∞; yþ�aby ðF−

i Þbðxþ; x⊥;−δ0−Þ; ð84Þ

where δ− ¼ 1
ϱσ. Let us emphasize again that we use the

point-splitting operators in the RHSs only for the pertur-
bative calculations.
Similar to the quark case considered above, to find the

LO evolution equation we calculate diagrams in the back-
ground field Aext

μ ðxþ; x⊥Þ and use point splitting for
regularization of rapidity divergencies,

�
σ
d
dσ

þ σ0
d
dσ0

�
hF−i;aðxþ; x⊥;−δ0−Þ½xþ;−∞�abx

× ½x⊥; y⊥�bc−∞þ½−∞; yþ�cdy F−;d
i ðyþ; y⊥;−δ−ÞiA: ð85Þ

Also, we use the A−
ext ¼ 0 gauge for the background field

and background-Feynman (bF) gauge for quantum gluons.
As we mentioned above, in such a gauge the contribution of
gauge link ½x⊥; y⊥�−∞þ can be neglected. Moreover, in the
bF gauge the product gAext

μ is renorm invariant so there is no
need to consider self-energy diagrams, and the one-loop
evolution of the operator (5) looks the same as in Fig. 1 but
with gluons instead of quarks. We will also use the notation
Aμ ≡ gAext

μ and F μν ¼ ∂μAν − ∂νAμ − i½Aμ;Aν�. Gluon
propagators in the bF gauge are

hTfAa
μðxÞAb

νðyÞgi¼
�
x

 −i
P2gμνþ2iF μνþ iϵ

y
�

ab
¼
�
x

−igμνg
ab

p2þ iϵ

y
�
−2

�
x

 1

p2þ iϵ
F ab

μν
1

p2þ iϵ

y
�
þOðF 2Þ;

hT̃fAa
μðxÞAb

νðyÞgi¼
�
x

 i
P2gμνþ2iF μν− iϵ

y
�

ab
¼
�
x

igμνg
ab

p2− iϵ

y
�
þ2

�
x

 1

p2− iϵ
F ab

μν
1

p2− iϵ

y
�
þOðF 2Þ;

hAa
μðxÞAb

νðyÞi¼−
�
x

 1

P2gμξþ2iF μξ− iϵ
p2�δðp2Þθðp0Þp2

1

P2gξνþ2iF ξνþ iϵ

y
�

ab

¼−gμνgabðxj2πδðp2Þθðp0ÞjyÞþ4πi

�
x

 1

p2− iϵ
½F ab

μνδðp2Þθðp0Þþδðp2Þθðp0ÞF ab
μν �

1

p2þ iϵ

y
�
þOðF 2Þ:

ð86Þ

Here a and b are adjoint indices and

ðxjfðpÞjyÞ ¼
Z

đpe−pðx−yÞfðpÞ; ðxjfðAÞjyÞ ¼ fðAðxÞÞδðx − yÞ

are Schwinger’s notations for propagators in background fields.
Let us start with diagrams in Figs. 5(a)–5(c). The contribution of the virtual diagram i Fig. 5(c) is

hF σ;aðyþ; y⊥ÞiFig: 5cA ¼ −ig2
Z

yþ

−∞
dy0þhA−;abðy0þ; y⊥ÞðD−Aj;b −DjA−;bÞðyþ; y⊥;−δ−ÞiA

¼ −2g2Nc

Z
yþ

−∞
dy0þϱ

�
y0þ; y⊥

 1

p2 þ iϵ
F−j;a 1

p2 þ iϵ
p−

yþ; y⊥;−δ−
�

¼ −2ig2Nc

�
y

 1

β þ iϵ
1

p2 þ iϵ
F−j;a β

p2 þ iϵ

y − δ−
�

¼ −isg2Nc

Z
đβBđpB⊥F

−j;aðβB; pB⊥Þe−ipBy

Z
đα

đβ
β þ iϵ

×
Z

đp⊥
ðβ − βBÞe−iαϱδ−

ðαβs − p2⊥ þ iϵÞðαðβ − βBÞs − ðp − pBÞ2⊥ þ iϵÞ ; ð87Þ
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where F−iðβB; pB⊥Þ is the Fourier transform of the background field:

F−iðβB; pB⊥Þ ¼
Z

dzþdz⊥F−iðzþ; z⊥ÞeiβBϱzþ−iðpB;zÞ⊥ : ð88Þ

It is worth noting that similar to the quark case, in a general gauge one should replace background fields by

F a
−iðzþ; z⊥Þ → ½zþ;�∞þ�abF b

−iðzþ; z⊥Þ; ð89Þ

where the direction of Wilson lines corresponds to the choice of �∞ in Eq. (82).
The integral over momenta in Eq. (87) is the same as in Eq. (19), so we get

hF σ;a
j ðy⊥; y⊥ÞiFig: 5cA ¼ −ig2

Z
yþ

−∞
dy0þA−;abðy0þ; y⊥;−δ−ÞðD−Aj;b −DjA−;bÞðyþ; y⊥;−δ−Þ ð90Þ

¼ −g2Nc

Z
đβBđpB⊥e

−ipByF−j;aðβB; pB⊥Þ
Z

∞

0

đα
Z

đp⊥
βBs

p2⊥½αβBsþ ðp − pBÞ2⊥ þ iϵ� e
−iασ: ð91Þ

Next, consider diagrams in Figs. 5(a) and 5(b)

h½xþ;−∞�bax F−j;aðyþ; y⊥;−δ−ÞiFig: 5a;bA ¼ ig2
Z

xþ

−∞
dx0þA−;baðx0þ; x⊥ÞðD−Aj;a −DjA−;aÞðyþ; y⊥;−δ−Þ

¼ −2ig2Nc

Z
xþ

−∞
dx0þ

�
x0

�

1

p2 − iϵ
F−j;b2πδðp2Þθðp0Þ þ 2πδðp2Þθðp0ÞF−j;b 1

p2 þ iϵ

�
p−

y
�

¼ 2g2Nc

�
x

 1

β þ iϵ

�
1

p2 − iϵ
F−j;b �δðp2Þθðp0Þβ þ�δðp2Þθðp0ÞF−j;b β

p2 þ iϵ

�y
�

¼ sg2Nc

Z
đβBđpB⊥F

−j;bðβB; pB⊥Þe−ipBy

Z
đα

đβ
β þ iϵ

e−iβϱΔ
þ

×
Z

đp⊥eiðp;ΔÞ⊥
� ðβ − βBÞθðαÞ
αβs − p2⊥ − iϵ

2πδ½ðβ − βBÞαs − ðp − pBÞ2⊥� þ
ðβ − βBÞθðαÞ2πδðαβs − p2⊥Þ
αðβ − βBÞs − ðp − pBÞ2⊥ þ iϵ

�
: ð92Þ

(a)

y

x

(b)

(d)

(g) (h)

(e)

(i)

( f )

(c)

FIG. 5. One-loop diagrams for gluon TMD operator (5) in the background gluon field.
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The integral over momenta is the same as in the quark case [see Eq. (14)] so similar to Eqs. (21) and (22) we get

h½xþ;−∞�bax F−j;aðyþ; y⊥;−δ−ÞiA

¼ g2Nc

Z
đβBđpB⊥F

−j;bðβB; pB⊥Þe−ipBy

Z
∞

0

đα
Z

đp⊥
�

βBse−i
p2⊥
αs ϱΔ

þþiðp;ΔÞ

p2⊥½αβBsþ ðp − pBÞ2⊥ þ iϵ� e
−iασ

þ ðp − pBÞ2⊥eiðp;ΔÞ⊥ ½e−iðβBþ
ðp−pBÞ2⊥

αs ÞϱΔþ − e−i
p2⊥
αs ϱΔ

þ�
½αβBsþ ðp − pBÞ2⊥ þ iϵ�½αβBsþ ðp − pBÞ2⊥ − p2⊥�

e−i
α
σ

�
ð93Þ

and therefore

h½xþ;−∞�abx ½−∞; yþ�bcy F−j;cðyþ; y⊥;−δ−ÞiFig: 5a–cA ð94Þ

¼ g2Nc

Z
đβBđpB⊥F

−j;bðβB; pB⊥Þe−ipBy

Z
∞

0

đαe−i
α
σ

Z
đp⊥

�
βBsðe−i

p2⊥
αs ϱΔ

þþiðp;ΔÞ⊥ − 1Þ
p2⊥½αβBsþ ðp − pBÞ2⊥ þ iϵ�

þ ðp − pBÞ2⊥eiðp;ΔÞ⊥ ½e−iðβBþ
ðp−pBÞ2⊥

αs ÞϱΔþ − e−i
p2⊥
αs ϱΔ

þ�
α½αβBsþ ðp − pBÞ2⊥ þ iϵ�½αβBsþ ðp − pBÞ2⊥ − p2⊥�

�
: ð95Þ

The integral is the same as in Eq. (23) for the quark case, so similar to Eq. (31) we get the contribution of diagrams in
Figs. 5(a)–5(c) in the form

σ
d
dσ

	
½xþ;−∞�abx ½−∞; yþ�bcy gF−j;c

�
yþ; y⊥;−

1

ϱσ

�

Fig: 5a–c

A

¼ −
g2

8π2
Nc

Z
đβBF−j;bðβB; y⊥Þe−iβBϱyþ ln

�
−
i
4
ðβB þ iϵÞσsΔ2⊥eγ

�
þO

�
m2⊥
βBσs

�
; ð96Þ

where

F−iðβB; z⊥Þ ¼
Z

dzþF−iðzþ; z⊥ÞeiβBϱzþ ð97Þ

in accordance with Eq. (88).
A similar calculation of diagrams in Figs. 5(d)–5(f) yields

hF−i;aðxþ; x⊥;−δ0−Þ½xþ;−∞�abx ½−∞; yþ�bcy iA
¼

	
ðD−Ai;a −DiA−;aÞðxþ; x⊥;−δ0−Þig2

�Z
xþ

−∞
dx0þA−;acðxþ; x⊥Þ −

Z
yþ

−∞
dy0þA−;acðyþ; y⊥Þ

�

A

ð98Þ

¼ g2Nc

Z
đβBđpB⊥e

−ipBxgF−i;cðβB; pB⊥Þ
Z

đp⊥
Z

∞

0

đαei
α
σ0

�
βBsðeiðp;ΔÞ⊥−i

p2⊥
αs ϱΔ

þ − 1Þ
αβBs − ðpþ pBÞ2⊥ þ iϵ

þ ðpþ pBÞ2⊥½eiðp;ΔÞ⊥e−i
ðpþpBÞ2⊥

αs ϱΔþþiβBϱΔþ − e−i
p2⊥
αs ϱΔ

þ�
α½αβBsþ p2⊥ − ðpþ pBÞ2⊥ þ iϵ�½αβBs − ðpþ pBÞ2⊥ þ iϵ�

�
; ð99Þ

and therefore [see Eq. (36)] we get
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σ0
d
dσ0

	
gF−i;a

�
xþ; x⊥;−

1

ϱσ0

�
½xþ;−∞�x½−∞; yþ�y



Fig: 5d–f

Ψ

¼ −
g2

8π2
Nc

Z
đβBF−i;cðβB; x⊥Þe−iβBϱxþ ln

�
−
i
4
ðβB þ iϵÞσ0sΔ2⊥eγ

�
þO

�
m2⊥
βBσ

0s

�
: ð100Þ

Finally, let us discuss “handbag” diagrams in Figs. 5(g)–5(i). Similar to the quark case, since the separation between x
and y is spacelike, we can replace the product of operators in Eq. (85) by the T-product and get

hTfF−i;aðxþ; x⊥;−δ0−ÞF−;a
i ðyþ; y⊥;−δ−ÞgiA ¼ −iðxjðP−δiξ − Piδ−ξ Þ

1

P2gξη þ 2igF ξη þ iϵ
ðP−giη − Piδ

−
η ÞjyÞaaFig: 5g–i

¼ 2g2
�
x

Pi 1

P2 þ iϵ
F−i 1

P2 þ iϵ
F−

i
1

P2 þ iϵ

y
�

aa
¼ −4g2Nc

Z
đβBđpB⊥đβ

0
Bđp

0
B⊥e

−ip0
Bx−ipByF−i;aðβ0B; p0

B⊥Þ

× F−;a
i ðβB; pB⊥Þ

�
x

 ðpþ p0
BÞi

ðpþ pBÞ2 þ iϵ
1

p2 þ iϵ
ðp − pBÞi

ðp − pBÞ2 þ iϵ

y
�

¼ −2sg2Nc

Z
đβBđpB⊥đβ

0
Bđp

0
B⊥e

−ip0
Bx−ipByF−i;aðβ0B; p0

B⊥ÞF−;a
i ðβB; pB⊥Þ

×
Z

đαđβđp⊥eiαϱðδ
0−δÞ−þiβϱΔþ e−iðp;ΔÞ⊥ðpþ p0

BÞiðp − pBÞi
ðαβs − p2⊥ þ iϵÞ½αðβ − βBÞs − ðp − pBÞ2⊥ þ iϵ�½αðβ þ β0BÞs − ðpþ p0

BÞ2⊥ þ iϵ� :

The integral in the RHS is the same as for one of the terms in Eq. (39), namely the ∼γiΓγj term. As discussed below
Eq. (39), it is a sum of contributions independent of δ; δ0 and power corrections so it can be neglected for the evolution with
respect to σ and σ0.
Thus, similar to the quark case (41), we get the leading-order evolution equation for gluon TMD in the form�

σ
d
dσ

þ σ0
d
dσ0

�
F i;a;σ0 ðβ0B; x⊥ÞF a∶σ

i ðβB; y⊥Þ

¼ −
αs
2π

NcF i;a;σ0 ðβ0B; x⊥ÞF a∶σ
i ðβB; y⊥Þ

�
ln

�
−
i
4
ðβ0B þ iϵÞσ0sb2⊥eγ

�
þ ln

�
−
i
4
ðβB þ iϵÞσsb2⊥eγ

��
; ð101Þ

and the solution is

F i;a;σ0 ðβ0B;x⊥ÞF a∶σ
i ðβB;y⊥Þ ¼ e

−αscF
4π lnσ0

σ0
0

½lnσ0σ0
0
þ2 lnð−i

4
ðβ0BþiϵÞsΔ2⊥eγÞ�F i;a;σ0

0ðβ0B;x⊥ÞF a∶σ0
i ðβB;y⊥Þe−

αscF
4π ln σ

σ0
½lnσσ0þ2 lnð−i

4
ðβ0BþiϵÞsΔ2⊥eγÞ�;

ð102Þ

where again b⊥ ≡ Δ⊥. The only difference between the
evolution of quark and gluon TMDs at the leading order is
the replacement cF ↔ Nc. Also, the leading-order evolu-
tion of gluon TMDs in the coordinate space has the same
conformal form as Eq. (44) with the cF → Nc replacement
(see the discussion in Ref. [8]).

B. Quark loop contribution from light-cone expansion

As we saw in Sec. III, while the diagrams for quark
TMDs in the external field depend on virtualities of
background-field gluons, the rapidity evolution of these
diagrams does not. It is natural to assume that the same

will happen for gluon TMDs. In this section we will
calculate the quark-loop contribution to the rapidity
evolution of gluon TMDs using light-cone expansion
of quark and gluon propagators. Similar to the calcu-
lations in Sec. III A, we assume that the background-field
gluons are on the mass shell and that xþ ¼ yþ. As we
discussed, at xþ ¼ yþ all relevant operators are at space-
like separations so we can calculate ordinary Feynman
diagrams (instead of cut diagrams depicted in Fig. 5);
see Fig. 6.
The quark-loop contribution to the gluon propagator in

the bF gauge has the form

hTfAa
μðxÞAb

νðyÞgiquark loop

¼
Z

dz1dz2

�
x

 1

P2gμα þ 2iF μα

z1
�

am
Trtmγα

�
z1

 1=P
z2

�
tnγβ

�
z2

 1=P
z1

��
z2

 1

P2gβν þ 2iF βν

y
�

nb
; ð103Þ
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which we need to calculate near the light cone ðx − yÞ2 ¼ 0 in the background field with the only component

F−iðxþÞ ð104Þ

with one-F accuracy. The relevant diagrams for the gluon propagator are shown in Fig. 7.
We start from the calculation of the light-cone expansion of the quark loop. Using light-cone expansion of a quark

propagator [21]

�
z1

 1P̂
z2

�
¼ =z12Γðd2Þ½z1; z2�

2π2ð−Δ2Þd2 þ gΓðd
2
− 1Þ

16π2ð−z212Þ
d
2
−1

Z
1

0

du½z1; zu�ðū=z12σF ðzuÞ þ uσF ðzuÞ=z12Þ½zu; z2� þOðDμF μν;F 2Þ; ð105Þ

where ū≡ 1 − u and zu ≡ uz1 þ ūz2, we get

FIG. 7. Quark loop correction to the gluon propagator in the background field.

(a) (b) (c)

(h)(g) (i)

( f )(e)(d)

(j) (k) (l)

x

0

FIG. 6. Quark loop correction to gluon TMD evolution.

RAPIDITY EVOLUTION OF TMDS WITH RUNNING COUPLING PHYS. REV. D 106, 034007 (2022)

034007-23



Trtaγα

�
z1

 1P̂
z2

�
tbγβ

�
z2

 1P̂
z1

�

¼ i
Bðd

2
; d
2
Þ

4π
d
24−ε

½z1; z2�ab
�
z1

ðp2gαβ − pαpβÞ
Γð−εÞ
ð−p2Þ−ε

z2
�

þ Bðd
2
; d
2
− 1Þ

8πd
gΓðd − 1Þ
ð−z212Þd−1

Z
1

0

duð½z1; zu�zξ12zη12ð2iūgαξF βηðzuÞ − 2iugβξF αηðzuÞ þ iz212F αβðzuÞÞ½zu; z2�Þab; ð106Þ

where Bða; bÞ ¼ ΓðaÞΓðbÞ=Γðaþ bÞ and ε≡ d
2
− 2. To perform integration over z1 and z2 in Eq. (103), it is convenient to

use Eq. (D14) from the Appendix D (at a ¼ −ε) and represent Eq. (106) as follows:

Trtaγα

�
x

 1P̂
0
�
tbγβ

�
0

 1P̂
x
�

¼ i
Bðd

2
;d
2
Þ

π
d
241þε

��
z1


�
P2gαβ

Γð−εÞ
ð−P2Þ−ε−Pα

Γð−εÞ
ð−P2Þ−εPβ

�z2
�

þ ig

�
z1

 Γð−εÞ
ð−p2Þ−ε

0
�Z

1

0

duF αβðzuÞ
�
d−2þ d−4

2ðd−2Þ
�
þ gd
d−2

�
z1

p
ξΓð1−εÞ
ð−p2Þ1−ε

z2
�Z

1

0

duūuðDαF βξðzuÞþα↔βÞ

þ 2ig
d−2

Z
1

0

du
�
−upξ

�
F αξðzuÞ

�
z1

 Γð1−εÞ
ð−p2Þ1þε

z2
��

p⃖βþ ūpα

�
F βξðzuÞ

�
z1

Γð1−εÞpξ

ð−p2Þ1−ε
z2

����
þOðDF ;F 2Þ: ð107Þ

Subtracting the counterterm

1

2
δZF

3A
aμðD2gμν − 2iF μν −DμDνÞabAb

ν ;

where δZF
3 ¼ g2

24π2ε
, we get

g2Trtaγα

�
z1

 1P̂
z2

�
tbγβ

�
z2

 1P̂
z1

�
− counterterm

¼ ig2

4π2

�
gαβ

�
z1

P2 ln
μ̃2

−P2

z2
�
−
�
z1

Pα ln
μ̃2

−P2
Pβ

z2
�
þ ig

Z
1

0

du

�
u

�
F αξðzuÞ

�
z1

p
ξ

p2

z2
��

P⃖β

− Pα

�
ūF βξðzuÞ

�
z1

p
ξ

p2

z2
��

þ
�
z1

2 ln μ̃2

−p2
−
5

2

z2
�
F αβðzuÞ þ 2iūu

�
z1

p
ξ

p2

z2
�
ðDαF βξðzuÞ þ α ↔ βÞ

��
ð108Þ

(recall that μ̃2 ≡ μ̄2MSe
5=3). Substituting this expression to Eq. (103), we obtain

hTfAa
μðxÞAb

νðyÞgiquark loop

¼ g2

24π2

�
igμν

�
x

 ln−μ̃
2=P2

P2

y
�
− i

�
x

Pμ
ln−μ̃2=P2

P4
Pν

y
�
þ 2g

�
x

 1

p2

�
F μν; ln

μ̃2

−p2

�
1

p2

y
�

þ g
Z

dz1dz2

Z
1

0

du

�
−u

�
x

 1

p2

�
z1

�
F μξðzuÞ

�
z1

p
ξ

p2

z2
��

z2

pν

p2

y
�
þ ū

�
x

pμ

p2

�
z1

�
F νξðzuÞ

�
z1

p
ξ

p2

z2
��

z2

 1

p2

y
�

−
�
x

 1

p2

z1
��

2iūu

�
z1

p
ξ

p2

z2
�
ðDμF νξðzuÞ þ μ ↔ νÞ þ

�
z1

2 ln μ̃2

−p2
−
5

2

z2
�
F μνðzuÞ

��
z2

 1

p2

y
���

ð109Þ

for one flavor of massless quarks. We will need also
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hTfAa
αðxÞFb

μνðyÞgiquark loop

¼ g2

24π2

�
−gαν

�
x

 ln
μ̃2

−P2

P2
Pμ

y
�
þ2ig

�
x

 1p2

�
F αν; ln

μ̃2

−p2

�
pμ

p2

y
�

þ ig
2

�
x

pα

ln μ̃2

−p2

p4
F μν

y
�
þ
Z

dz1dz2

Z
1

0

du

�
iū

�
x

pα

p2

�
z1

�
F νξðzuÞ

�
z1

p
ξ

p2

z2
��

z2

pμ

p2

y
�

− ig

�
x

 1p2

z1
��

2iūu

�
z1

p
ξ

p2

z2
�
ðDαF νξðzuÞþα↔ νÞþ

�
z1

2 ln μ̃2

−p2
−
5

2

z2
�
F ανðzuÞ

��
z2

pμ

p2

y
���

−μ↔ ν: ð110Þ

Let us calculate now the quark-loop contribution to Eq. (85). As we discussed above, we can put xþ ¼ yþ ¼ 0 and
y⊥ ¼ 0,

δ−
d
dδ−

hTfF−i;að0þ; x⊥;−δ0−Þ½xþ;−∞þ�acx ½−∞þ; 0þ�cdF−;d
i ð0þ; 0⊥;−δ−ÞgiA: ð111Þ

We start with the term coming from the diagram in Figs. 6(j)–6(l):

δ−
d
dδ−

hTf½0þ;−∞þ�acx ½−∞þ; 0þ�cdF−;d
i ð0þ; 0⊥;−δ−ÞgiA

¼ −gfabcδ−
d
dδ−

Z
0

−∞
dzþhA−bðzþ; 0−; x⊥ÞF−;c

i ð0þ; 0⊥;−δ−Þ − ðx⊥ → 0ÞiA: ð112Þ

First, let us demonstrate that the terms in the second line in Eq. (110) do not contribute to Eq. (112). Indeed, consider, for
example, the first term

δ−
d
dδ−

Z
0

−∞
dzþ

�
0−; zþ; x⊥

p−
ln μ̃2

−p2

p4

0þ; y⊥;−δ−
�
F−

i ð0þ; y⊥Þ − ðx⊥ → 0Þ

¼ δ−
d
dδ−

�
0−; 0þ; x⊥


ln μ̃2

−p2

p4

0þ; 0⊥;−δ−
�
F−

i ð0þ; 0⊥Þ − ðx⊥ → 0Þ ¼ 0 ð113Þ

because ð0; 0þ; x⊥j ln
μ̃2

−p2

p4 j0þ; 0⊥;−δ−Þ does not depend on δ−. Similarly, for the second term in the second line of Eq. (110)

one gets

δ−
d
dδ−

Z
0

−∞
dzþ

Z
1

0

duū

��
0−; zþ; x⊥

p
−

p2

�
z1

�
F νξðzuÞ

�
z1

p
ξ

p2

z2
��

z2

pμ

p2

0þ; 0⊥;−δ−
�
− ðμ ↔ νÞ − ðx⊥ → 0Þ

�

¼ δ−
d
dδ−

Z
1

0

duū

��
0−; 0þ; x⊥

 1

p2

�
z1

�
F νξðzuÞ

�
z1

p
ξ

p2

z2
��

z2

pμ

p2

0þ; 0⊥;−δ−
�
− ðμ ↔ νÞ − ðx⊥ → 0Þ

�

¼ δ−
d
dδ−

�
iðx⊥ þ δ−Þμðx⊥ þ δ−Þξ

16π2x2⊥

Z
1

0

duu ln uF νξð0þÞ − ðμ ↔ νÞ þ i

32π
d
2

ΓðεÞ
ðx2⊥Þε

Z
1

0

duðln uþ ūuÞF μνð0Þ

− ðx⊥ → 0Þ
�
¼ −

1

64π2
F νjð0Þδ−

d
dδ−

�
iðx⊥ þ δ−Þμxj⊥

x2⊥
− ðμ ↔ νÞ

�
; ð114Þ

where we used Eq. (E1) from the Appendix E and the fact that DξF νξ ¼ 0 for our background field. Now, we have either
(μ ¼ i; ν ¼ −) or vice versa. In the first case nothing in square brackets depends on δ− while in the second case F ij ¼ 0 for
our background field (104).5

5The ðx⊥ → 0Þ term is singular as x⊥ → 0 so one should regularize this divergency, for example, taking small gluon massm, and then
xμxξ

Γð1þϵÞ
ðx2⊥Þ1þϵ − ðx⊥ → 0ÞF νξ should be replaced by ½xμxξðmx⊥Þ1þϵK1þϵðmx⊥Þ − δμδξm2þ2ϵΓð−1 − ϵÞ�F νξ. The second term here vanishes

for our background field (104), whereas the first term gives the expression in square brackets in the RHS of Eq. (114).
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Thus, the second line in Eq. (110) can be ignored, and we get

δ−
d
dδ−

ghTf½xþ;−∞�acx ½−∞; yþ�cdy F−i;dð0þ; 0⊥;−δ−ÞgiA

¼ g2

24π2
iNcδ

− d
dδ−

Z
0

−∞
dzþ

�
2i

�
zþ; x⊥; 0−

 1

p2

�
F−i;a; ln

μ̃2

−p2

�
p−

p2

yδ
�

−
Z

dz1dz2

Z
1

0

du

�
zþ; x⊥; 0−

 1

p2

z1
��

i

�
z1

2 ln μ̃2

−p2
−
5

2

z2
�
F−i;aðzuÞ

�
z2

p
−

p2

yδ
�

þ 2ūu

�
z1

p
þ

p2

z2
�
D−F−;iðzuÞ

�
z2

p
−

p2

yδ
�
þ 4ūu

�
z1

 pj

p2

z2
�
D−F−j;aðzuÞ

�
z2

 p
i

p2

yδ
��

− ðx⊥ → 0Þ; ð115Þ

where jyδÞ≡ j0þ; 0⊥;−δ−).
The first contribution to RHS of Eq. (115) is proportional to

δ−
d
dδ−

Z
0

−∞
dzþ

�
2i

�
zþ; x⊥; 0−

 1p2

�
F−;i; ln
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−p2

�
p−

p2

0þ; 0⊥;−δ−
�

− i
Z
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Z
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0
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�
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 1
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−

p2
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�
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�
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�
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F−;i; ln
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−p2

�
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p2
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Z
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0

du
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�
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�
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�
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d
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Z
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�
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��

z1

2 ln μ̃2

−p2
−
5

2
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D−F−;iðzuÞ

�
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p2

0þ; 0⊥;−δ−
�
− ðx⊥ → 0Þ

�
; ð116Þ

where we used Eq. (E6). Similar to Eq. (113), the first term in the RHS vanishes since the expression in the square brackets
does not actually depend on δ−. Using Eqs. (D16)–(D8), the second term can be rewritten as

RHS of Eq: ð116Þ¼δ−
d
dδ−

Z
0

−∞
dzþ

Z
1

0
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2
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−2zþδ−

�
ln μ̃2

x2⊥−2zþδ−

4
þ ln μ̃2

−2zþδ−

4
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2

�
: ð117Þ

We get
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24π2
iNcδ
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�
z2

p
−

p2

yδ
�
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4
þ ln μ̃2

−2zþδ−
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2

�
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Let us now consider the two remaining terms in the RHS of Eq. (115). With our accuracy the last term in the RHS of
Eq. (115) reduces to
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where we used Eq. (D20) to get the fourth line and Eq. (E2) to get the last line. As we discussed above, the characteristic zþ

are zþchar ∼
1

βBϱ
so x2⊥ ≫ 2zþcharδ

−, and we get
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−∞
dzþ
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�
: ð120Þ

Finally, from Eq. (E5) we get
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þ

p2

z2
�
D−F−;iðzuÞ

×

�
z2

 1

p2

yþ; 0⊥;−δ−
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because the term in the fifth line vanishes similar to Eq. (113). Using the first of Eqs. (E2) with
OðuzþÞ ¼ uzþðD−Þ2F−;iðuzþÞ, we obtain
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RHS of Eq: ð121Þ ¼ −i
1
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because the characteristic zþ are ∼ 1
βBϱ

. Thus, the first term in the last line in Eq. (115) is
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þ

p2

z2
�
ðD−F−;iðzuÞ
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Let us now assemble the result for the contribution (112) given by a sum of Eqs. (118), (123), and (120):
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�
: ð124Þ

Note that double-log terms are the same as in the quark case [see Eq. (71)].
Performing Fourier transformation using Eqs. (72) and (73) we get

δ−
d
dδ−

	
T

�
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Fig: 5a–c loop
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Recall that we calculated the contribution due to one quark flavor, so for nf flavors we should multiply Eq. (125) by nf, and
to use the BLM prescription we must replace − 1

6π nf by b0 ¼ 11
12πNc − 1

6π nf. We obtain then
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Fig: 5a–c loop
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Adding the leading-order term and restoring yþ; y⊥ we get
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Fig: 5a–cþloop
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; ð127Þ

where μ2σ ≡
ffiffiffiffiffiffiffiffiffi
σjβBjs
Δ2⊥

q
.

We see that the result is the same as Eq. (59) for quark TMD up to the replacement cF → Nc and OðαsðμσÞÞ corrections.
Because of that, we can just recycle all formulas for the evolution from the quark TMD case replacing cF → Nc when
appropriate. The evolution equation for gluon TMDs will be

�
σ
d
dσ

þ σ0
d
dσ0

�
F i;a;σ0 ðβ0B; x⊥ÞF a;σ

i ðβB; y⊥Þ
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þ αsðμσÞ ln
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−
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4
ðβB þ iϵÞσsb2⊥eγ

��
; ð128Þ

where b⊥ ≡ Δ⊥ as usual. The solution of this equation is the same as (63) with cF → Nc replacement

F i;a;σ0 ðβ0B; x⊥ÞF a;σ
i ðβB; y⊥Þ ¼ e

−2Nc
πb2

0

½lnαsðμσ0 Þ
αsðμσ0

0

Þð 1
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αsðμσ0 Þ

− 1
αsðμσ0

0

Þ�

× e
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0

½ln αsðμσ Þ
αsðμσ0 Þ

ð 1
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αsðμσ Þ−

1
αsðμσ0 Þ

�
F i;a;σ0

0ðβ0B; x⊥ÞF a;σ0
i ðβB; y⊥Þ: ð129Þ

Let us now set σ0 ¼ σ and present the final form of the evolution with the rapidity cutoff [cf. Eq. (65)]

F i;a;σðβ0B; x⊥ÞF a;σ
i ðβB; y⊥Þ ¼ e

−2Nc
πb2

0

½lnαsðμσ0 Þ
αsðμσ0

0

Þð 1

αsðb̃−1⊥ Þþln½−iðτ0BþiϵÞ�Þþ 1
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− 1
αsðμσ0

0
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× e
−2Nc

πb2
0

½ln αsðμσ Þ
αsðμσ0 Þ

ð 1
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αsðμσ Þ−

1
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It should also be mentioned that the result for the
evolution of gluon TMDs with gauge links out to þ∞ is
Eq. (130) with the replacement −iðτB þ iϵÞ → iðτB − iϵÞ,
the same as in Eq. (81) for quark TMDs.

VI. CONCLUSIONS

This paper was devoted to the study of the rapidity
evolution of quark and gluon TMDs using the small-x
methods. As customary for studies of small-x amplitudes,
we used a rapidity-only cutoff for longitudinal divergencies
due to infinite gauge links. With such cutoff for TMDs,
there is only one evolution parameter—this rapidity cutoff.
However, as we mentioned in the Introduction, the argu-
ment of the coupling constant in such an evolution is
undetermined at the leading order. To fix it, one needs to go

beyond the leading order and employ some additional
BLM/renormalon considerations, as was done for NLO BK
(Balitsky-Kovchegov) evolution in Refs. [12,13]. In this
paper, we have done such BLM analysis for both quark and
gluon TMDs, and the result is very simple: the effective
BLM scale for Sudakov evolution is halfway (in the
logarithmical scale) between transverse momentum and
longitudinal “energy” of TMD.
Let us present the final form of the running-coupling

evolution for the cutoff ς such that σ ¼ σ0 ¼ ς
ffiffi
2

p
ϱjΔ⊥j. As we

mentioned above, in the leading order the evolution with
such a cutoff is conformally invariant [see Eq. (44)]. With
the running coupling, the evolution equation for quark
TMDs reads (b⊥ ≡ x⊥ − y⊥)

RAPIDITY EVOLUTION OF TMDS WITH RUNNING COUPLING PHYS. REV. D 106, 034007 (2022)

034007-29



ς
d
dς

ψ̄ςðβ0B; x⊥ÞΓψςðβB; y⊥Þ
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�
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�
−

iffiffiffi
2

p ðβ0B þ iϵÞςϱb⊥eγ
�
þ αsðμςÞ ln

�
−

iffiffiffi
2

p ðβB þ iϵÞςϱb⊥eγ
��

; ð131Þ

where μς ¼ b−1⊥ ðjβBjϱς
ffiffiffi
2

p Þ1=4, μ0ς ¼ b−1⊥ ðjβ0Bjϱς
ffiffiffi
2

p Þ1=4, and the solution has the form

ψ̄ ςðβ0B; x⊥ÞΓψςðβB; y⊥Þ ¼ e
−2cF
πb2

0

½ln αsðμ0ςÞ
αsðμ0ς0 Þ

ð 1

αsðb̃−1⊥ Þþln½−iτ0Bþϵ�Þþ 1

αsðμ0ςÞ
− 1

αsðμ0ς0 Þ
�

× e
−2cF
πb2

0

½ln αsðμςÞ
αsðμς0 Þ

ð 1

αsðb̃−1⊥ Þþln½−iτBþϵ�Þþ 1
αsðμςÞ−

1
αsðμς0 Þ

�
ψ̄ ς0ðβ0B; x⊥ÞΓψς0ðβB; y⊥Þ; ð132Þ

where b̃2⊥ ¼ b2⊥
2
eγ=2 and τB ¼ βB

jβBj ; τ
0
B ¼ β0B

jβ0Bj. As we men-
tioned above, although formally αs ln½−iτB þ ϵ� exceeds
our accuracy, it determines the direction of evolution of
operators in the coordinate space: þ positions of operators
move to the left as a result of evolution [see the discussion
after Eq. (43)]. Consequently, the evolution of quark TMDs
with gauge links out to þ∞ has the same form (132) but
with ln½iτB þ ϵ� [see Eq. (80)], andþ positions of operators
move to the right.
Another result of our paper is that with BLM scale

setting and the rapidity evolution of gluon TMDs has the
same form as the one for quark TMDs with trivial
replacement cF → Nc [see, e.g., Eq. (130)].
It should be noted that, although we used the small-x

methods (rapidity-only factorization, etc.), our results (131)
and (132) are correct at any xB ≡ βB as long as
σxBs ≫ ∼b−2⊥ .6 The difference between moderate and
small x comes at the end point of evolution. As discussed
in Ref. [8], the double-log logarithmical evolution [(63) or
(130)] can be used until σxBs ∼ b−2⊥ . At this point, if xB ∼ 1,
the situation is similar to Deep Inelastic Scattering (DIS) at
moderate x so one should use single-log DGLAP evolution
plus some phenomenological models for TMDs based on
relations to ordinary PDFs [2,25]. If, however, xB ≪ 1, the
situation is more like DIS at small x so the BFKL/BK
evolution should be applicable. A plausible scenario of
matching these evolutions is discussed in Appendix G.
Also, we saw that one should be very careful with

rapidity cutoff in order not to spoil analytic properties of
Feynman diagrams which may bring out the noncancella-
tion of IR divergencies. While the “rigid cutoff” σ ≫ α did
not cause any IR problems in the analysis of dipole
evolution, we saw that in such an analysis of TMD
evolution it is not applicable and one should use “smooth
cutoff” e�iα=σ to avoid IR divergence.7

Finally, an obvious outlook is to study the TMD
factorization with rapidity-only cutoffs and find the
cross section of the Higgs production or the Drell-Yan
process at q⊥ ∼ few GeV in the one-loop approxi-
mation using Eq. (130) and the would-be result for the
one-loop “coefficient factor.” In addition, at that point it
would be possible to compare our result with the two-loop
results obtained by CSS method [26–29]. The study is in
progress.
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APPENDIX A: RAPIDITY CUTOFF AND
CAUSALITY

In this appendix we discuss the effects of rapidity cutoff
on general properties of Feynman diagrams. As we saw in
Sec. II B, the rigid cutoff does not ensure cancellation
between real and virtual gluon emissions while point-
splitting cutoff preserves this cancellation. Thus, one
should be very careful imposing cutoffs on Feynman
diagrams since one may violate properties of causality
and unitarity build-in into Feynman diagrams.
It is a textbook subject that perturbative series in a

quantum field theory preserve causality so if one calculates
diagrams for some commutator at spacelike distances one
should get zero as a result. (Some caution must be applied
in a gauge theory where this property is correct for gauge-
invariant operators.) Similarly, one should expect the same
property in a quantum theory in the background field,
namely diagrams in the background field for the commu-
tator at spacelike distances should sum up to zero. Let us
check this causality property for our typical commutators
and discuss whether this property survives our rapidity
cutoff for Feynman diagrams.

6The usual requirement of pQCD applicability means that
αsðb⊥Þ should be a valid small parameter.

7We checked that the use of a smooth cutoff instead of a rigid
one does not lead to any change in NLO BK calculations in
Refs. [12,19,20].
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To avoid the above-mentioned specific complications in gauge theories, we consider a massless scalar theory in the
background field described by the Lagrangian

L ¼ 1

2
∂
μφ∂μφþ λ

2
φ2ϕ̄;

where ϕ̄ðxÞ ¼ ϕ̄ðxþ; x⊥Þ is a background scalar field which does not depend on x−. Let us calculate the expectation value of
the commutator ½ϕðx⊥; xþÞ;ϕðy⊥; yþÞ� in this theory. A simple calculation yields

θðxþ−yþÞh½ϕðxþ;x⊥Þ;φðyþ;y⊥Þ�iϕ̄ ¼ θðxþ−yþÞðhφðxþ;x⊥Þφðyþ;y⊥Þiϕ̄− hT̃fφðxþ;x⊥Þφðyþ;y⊥ÞiÞ

¼
Z

dz½−ihT̃fφðxÞφðzÞgiϕ̄ðzÞhφðzÞφðyÞiþ ihφðxÞφðzÞiϕ̄ðzÞhTfφðzÞφðyÞgi

− ihφðxÞφðzÞiϕ̄ðzÞhφðyÞφðzÞiþ ihT̃fφðxÞφðzÞiϕðzÞghT̃fφðzÞφðyÞgi�

¼ λs2

4

Z
dz

Z
đαđβđp⊥

Z
đα0đβ0đp0⊥e−iαϱðz−z

0Þ−−iβ0ϱðx−zÞþþiðp0;x−zÞ⊥e−iβϱðz−yÞþþiðp;z−yÞ⊥

×

�
−

1

α0β0s−p0⊥2− iϵ
�δðαβs−p2⊥ÞθðαÞ−�δðα0β0s−p0⊥2Þ 1

αβs−p2⊥þ iϵ
θðα0Þ

− i
1

α0β0s−p0⊥2− iϵ
1

αβs−p2⊥− iϵ

�
ϕ̄ðzþ;z⊥Þ

¼−iλ
4ϱ

Z
dzþd2z⊥ϕ̄ðzþ;z⊥Þ

Z
đα
α2

Z
đp⊥đp0⊥e−i

p02⊥
αs ϱðx−zÞþþiðp0;x−zÞ⊥−i

p2⊥
αs ϱðz−yÞþþiðp;z−yÞ⊥

× ½θðαÞθðz−xÞþ−θðαÞθðz−yÞþ−θð−αÞθðx−zÞþθðz−yÞþ�

¼ iλ
32π2sϱ

Z
xþ

yþ
dzþ

Z
d2z⊥

ϕ̄ðzþ;z⊥Þ
ðx− zÞþðz−yÞþ

Z
đαeiαϱ½

ðx−zÞ2⊥
2ðx−zÞþþ

ðy−zÞ2⊥
2ðz−yÞþ� ¼ 0 ðA1Þ

because the expression is square brackets in the exponent is strictly positive.
Similarly,

θðyþ − xþÞh½ϕðxþ; x⊥Þ;φðyþ; y⊥Þ�iϕ̄ ¼ θðyþ − xþÞðhφðxþ; x⊥Þφðyþ; y⊥Þiϕ̄ − hTfφðxþ; x⊥Þφðyþ; y⊥Þiϕ̄Þ

¼ −iλ
4ϱ

Z
dzþd2z⊥ϕ̄ðzþ; z⊥Þ

Z
đα
α2

Z
đp⊥đp0⊥e−i

p02⊥
αs ϱðx−zÞþþiðp0;x−zÞ⊥−i

p2⊥
αs ϱðz−yÞþþiðp;z−yÞ⊥

× ½θðαÞθðz− xÞþ − θðαÞθðz− yÞþ þ θð−αÞθðy− zÞþθðz− xÞþ�

¼ −iλ
32π2s

Z
yþ

xþ
dz�

Z
d2z⊥

ϕ̄ðzþ; z⊥Þ
ðy− zÞ�ðz− xÞ�

Z
đαe−iαϱ½

ðz−xÞ2⊥
2ðz−xÞþþ

ðy−zÞ2⊥
2ðy−zÞþ� ¼ 0: ðA2Þ

We see that without rapidity cutoff we have causality. However, if we adopt a rigid cutoff σ > jαj, we get an integral

1

σ

Z
σ

σ
đαeiαϱ½

ðx−zÞ2⊥
2ðx−zÞþþ

ðy−zÞ2⊥
2ðz−yÞþ� ¼ 2

ϱσ

� ðx − zÞ2⊥
2ðx − zÞþ þ ðy − zÞ2⊥

2ðz − yÞþ
�
−1

sin ϱσ

� ðx − zÞ2⊥
2ðx − zÞþ þ ðy − zÞ2⊥

2ðz − yÞþ
�
; ðA3Þ

which does not vanish. Thus, rigid cutoff violates analytical properties of Feynman diagrams, and hence there is no surprise
that there is no cancellation between “real and virtual emissions” represented by the fifth and the sixth lines in Eq. (A1),
respectively.
Let us now introduce a “point-splitting cutoff” δ− such that the separation between x and yδ ¼ y − δ− is spacelike. We get

θðxþ − yþÞh½ϕðxþ; x⊥Þ;φðyþ; y⊥; δ−Þ�iϕ̄

¼ iλ
32π2sϱ

θðxþ − yþÞ
Z

xþ

yþ
dzþ

Z
d2z⊥

ϕ̄ðzþ; z⊥Þ
ðx − zÞþðz − yÞþ

Z
đαeiαϱ½

ðx−zÞ2⊥
2ðx−zÞþþ

ðy−zÞ2⊥
2ðz−yÞþþδ−� ðA4Þ
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and

θðyþ − xþÞh½ϕðxþ; x⊥Þ;φðyþ; y⊥;−δ−Þ�iϕ̄

¼ −
iλ

32π2s
θðyþ − xþÞ

Z
yþ

xþ
dzþ

Z
d2z⊥

ϕ̄ðzþ; z⊥Þ
ðy − zÞþðz − xÞþ

Z
đαe−iαϱ½

ðz−xÞ2⊥
2ðz−xÞþþ

ðy−zÞ2⊥
2ðy−zÞþþδ−� ¼ 0: ðA5Þ

We see that the sign of δ− matters and should be chosen
in such a way that ðx − yδÞ2 ¼ ðxþ − yþÞð�δ−Þ−
ðx − yÞ2⊥ < 0. In this paper we use such a point-splitting
cutoff for perturbative calculations [see the discussion after
Eq. (24)].

APPENDIX B: GAUGE INVARIANCE OF
RAPIDITY-ONLY EVOLUTION EQUATIONS

The proof of gauge invariance of evolution equa-
tions follows from Ward identities for propagators in the
background field and for Wilson lines. In this appendix
we will demonstrate that use of the background-Lorenz
gauge for gluon propagators leads to the same evolution
equation.
Let us start with the diagrams for leading-order evolution

of quark TMDs. As we discussed above, with our point-
splitting cutoff (26), all relevant distances are spacelike so
we can replace the product of operators in the matrix
element in the LHS by the T-product. The gluon propagator
in the Lorenz gauge has the form

ihTAμðxÞAνðyÞi ¼
�
x


�
gμα − Pμ

1

P2
Pα

�
1

P2gαβ þ 2iFαβ

×

�
gβν − Pβ

1

P2
Pν

�y
�

ab
; ðB1Þ

where all singularities are of the form 1
P2þiϵ. For calculation

of the logarithmic part of evolution of quark TMD we can
neglect extra Fαβ and use

ihTAμðxÞAνðyÞi ¼
�
x

 gμνP2
− Pμ

1

P2
Pν

y
�

ab
: ðB2Þ

We will demonstrate that the contribution of the second
term

ihTAμðxÞAνðyÞigauge ≡
�
x

Pμ
−1
P2

Pν

y
�

ab
ðB3Þ

to

hTψ̄ðxþ; x⊥;−δ0−Þ½xþ;−∞�x½−∞; yþ�yΓψðyþ; y⊥;−δ−Þi
ðB4Þ

leads to power corrections ∼ q2⊥
αAσts

to the evolution equation.
The relevant diagrams are shown in Fig. 8where thewavy

line denotes the gauge contribution to the gluon propagator
(B3). Let us start with the “handbag”‘ diagram in Fig. 8(a).
Using standard Ward identities and the equation of motion

for background fields Ψ̄ =⃖P ¼ =PΨ ¼ 0, we get

�
y

 1=P
z
�
γμtbΨðzÞð−iD⃖z

μÞba ¼ δð4Þðz − yÞtaΨðyÞ; ðiDz
μÞabΨ̄ðzÞtbγμ

�
z

 1=P
x
�

¼ δð4Þðz − xÞΨ̄ðxÞta; ðB5Þ

and therefore the contribution of gauge part of gluon propagator (B3) takes the form

hψ̄ðx − δ0−ÞΓψðy − δ−Þigauge ¼ −ig2
Z

dz1dz2Γ
�
y − δ−

 1=P
z1

�
γμtaΨðz1Þ

�
z1

Pμ 1

P4
Pν

z2
�

ab
Ψ̄ðz2Þγνtb

�
z2

 1=P
x − δ−

�

¼ ig2Ψ̄ðx − δ−Þta
�
x

 1

P4

y − δ−
�
taΓΨðy − δ−Þ ≃ ig2cFΨ̄ðx − δ−Þ

×

�
x − δ−

 1

p4

y − δ−
�
ΓΨðy − δ−Þ ðB6Þ
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where x ¼ x⊥ þ xþ, y ¼ y⊥ þ yþ, and superscript “gauge” means the contribution of the gauge part of the gluon
propagator (B3). Next, let us consider the diagram in Fig. 8(b). Using Eq. (B5) and a similar formula for Wilson lines

Z
yþ

−∞
dy0þ

�
z

Pμ
1

P4
P−

y0
�

ab
t ¼ −i

Z
yþ

−∞
dy0þ

d
dy0þ

�
z

Pμ
1

P4

y0þ þ y0⊥
�

ab
¼ −i

�
z

Pμ
1

P4

yþ þ y⊥
�

ab
; ðB7Þ

we obtain

ψ̄ðx − δ−Þ½−∞þ; yþ�yΓΨðy − δ−Þ ¼gauge − g2
Z

dzΨ̄ðzÞγμta
�
z

 1=P
x − δ−

��
z

Pμ
1

P4
P−

y0 þ y⊥
�

ab
tbΓΨðy − δ−Þ

¼ −ig2Ψ̄ðx − δ−Þtatb
�
x − δ−

 1

P4

y0 þ y⊥
�

ab
ΓΨðy − δ−Þ

≃ −ig2cFΨ̄ðx − δ−ÞΓΨðy − δ−Þ
�
x − δ−

 1

p4

y0 þ y⊥
�

ðB8Þ

(recall that we use Aþ ¼ 0 gauge for background fields). Similarly, for the diagram in Fig. 8(c) we get

Ψ̄ðx − δ−ÞΓ½xþ;−∞þ�xψðy − δ−Þ ¼gaugeg2
Z

xþ

−∞
dx0þΨ̄ðx − δ−ÞΓta

�
y − δ−

 1=P
z
�
tbγμΨðzÞ

�
x0þ þ x⊥

P− 1

P4
Pμ

z
�

ab

¼ −ig2Ψ̄ðx − δ−ÞΓtatbΨðy − δ−Þ
�
xþ þ x⊥

 1

P4

y − δ−
�

ab

¼ −ig2cFΨ̄ðx − δ−ÞΓΨðy − δ−Þ
�
xþ þ x⊥

 1

p4

y − δ−
�
; ðB9Þ

where we used Eq. (B5) and the formula

Z
xþ

−∞
dx0þ

�
x0þ þ x⊥

P− 1

P4
Pμ

z
�

ab
¼ i

Z
xþ

−∞
dx0þ

d
dx0þ

�
x0þ þ x⊥

 1

P4
Pμ

z
�

ab
¼ i

�
xþ þ x⊥

 1

P4
Pμ

z
�

ab
: ðB10Þ

Next, the contribution of the diagram in Fig. 8(d) can be obtained using Eqs. (B7) and (B10):

Ψ̄ðx − δ−ÞΓ½xþ;−∞þ�x½−∞þ; yþ�yΨðy − δ−Þ ðB11Þ

¼gaugeig2Ψ̄ðx − δ−ÞΓtatbΨðy − δ−Þ
Z

xþ

−∞
dx0þ

Z
yþ

−∞
dy0þ

�
x0þ þ x⊥

P− 1

P4
P−

y0þ þ y⊥
�

ab

¼ ig2cFΨ̄ðx − δ−ÞΓΨðy − δ−Þ
�
xþ þ x⊥

 1

p4

yþ þ y⊥
�
: ðB12Þ

(b)

(e) ( f)

(c)

(d)

(a)

FIG. 8. Diagrams with the gauge-dependent part of the gluon propagator (denoted by wavy line).
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Finally, let us consider diagrams in Figs. 8(e) and 8(f). The result for the diagram in Fig. 8(e) can be obtained by taking
x ¼ y in Eq. (B8):

ψ̄ðx − δ−Þ½xþ;−∞þ�xΓΨðy − δ−Þ ¼gaugeig2cFΨ̄ðx − δ−ÞΓΨðy − δ−Þ
�
xþ þ x⊥ − δ−

 1

p4

xþ þ x⊥
�
: ðB13Þ

The integral in the RHS is a pure divergence which does not depend on δ− and should be set to 0 in the dimensional
regularization framework. Similarly, the contribution of the diagram in Fig. 8(f) vanishes.
Thus, the sum of diagrams in Fig. 8 takes the form

ψ̄ðx − δ−ÞΓ½xþ;−∞þ�x½−∞þ; yþ�yψðy − δ−Þ

¼ ig2cFΨ̄ðx − δ−ÞΓΨðy − δ−Þ
��

xþ þ x⊥
 1

p4

yþ þ y⊥
�
−
�
xþ þ x⊥

 1

p4

yþ þ y⊥ − δ−
�

−
�
xþ þ x⊥ − δ−

 1p4

y0 þ y⊥
�
þ
�
xþ þ x⊥ − δ−

 1

p4

yþ þ y⊥ − δ−
��

¼ g2cF
16π2

Ψ̄ðx − δ−ÞΓΨðy − δ−Þ½lnΔ2⊥ − lnðΔ2⊥ − Δþδ−Þ − lnðΔ2⊥ þ Δþδ0−Þ þ lnðΔ2⊥ þ Δþðδ0− − δ−ÞÞ�

¼ g2cF
16π2

Ψ̄ðx − δ−ÞΓΨðy − δ−Þ
�
− ln

�
1 −

Δþδ−

Δ2⊥

�
− ln

�
1þ Δþδ0−

Δ2⊥

�
þ ln

�
1þ Δþðδ0− − δ−Þ

Δ2⊥

��
: ðB14Þ

Since Δþδ−
Δ2⊥

∼ q2⊥
βBσs

≪ 1, the sum (B14) is a power correction so the leading-order evolution equation (41) is gauge invariant.

Let us discuss now the invariance of the one-loop quark correction. Since the effect of the one-loop correction reduces to
replacement 1

p2 → − bαs
4π

1
p2 lnð−p2=μ̃2Þ, the corresponding contribution of “gauge correction diagrams” in Fig. 8 with the

extra quark loop is

− ig2cF
bαs
4π

Ψ̄ðx − δ−ÞΓΨðy − δ−Þ
��

xþ þ x⊥

ln −p2

μ̃2

p4

yþ þ y⊥
�
−
�
xþ þ x⊥


ln −p2

μ̃2

p4

yþ þ y⊥ − δ−
�

−
�
xþ þ x⊥ − δ−


ln −p2

μ̃2

p4

y0 þ y⊥
�
þ
�
xþ þ x⊥ − δ−


ln −p2

μ̃2

p4

yþ þ y⊥ − δ−
��

¼ g2cF
16π2

Ψ̄ðx − δ−ÞΓΨðy − δ−Þ½ln2Δ2⊥μ̃2 − ln2ðΔ2⊥ − Δþδ−Þμ̃2

− ln2ðΔ2⊥ þ Δþδ0−Þμ̃2 þ ln2ðΔ2⊥ þ Δþðδ0− − δ−ÞÞμ̃2�; ðB15Þ

which is again a power correction due to Δþδ−
Δ2⊥

≪ 1. Consequently, the running-coupling evolution equation (61) is gauge

invariant. In a similar way one can prove gauge invariance of the evolution equation of gluon TMD operators.

APPENDIX C: NECESSARY INTEGRALS

In this appendix we calculate some integrals used in the main text. Let us start with the integral

16π2
Z

đp⊥
p2⊥

Z
∞

0

đαe−i
α
σ

ð1 − eiðp;ΔÞ⊥ÞβBs
αβBsþ ðp − pBÞ2⊥ þ iϵ

: ðC1Þ
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At βB > 0 we get

16π2
Z

đp⊥
p2⊥

Z
∞

0

đαe−i
α
σ
ð1 − eiðp;ΔÞ⊥ÞβBs

αβBsþ p2⊥
¼Λ≡σβBs

8π

Z
đp⊥
p2⊥

Z
∞

0

dte−i
t
Λ
ð1 − eiðp;ΔÞ⊥Þ

tþ p2⊥

¼ 2

Z
∞

0

dt
t
e−i

t
Λ

�
ln
tΔ2⊥
4

þ 2γ þ 2K0ð
ffiffiffiffiffiffiffiffi
tΔ2⊥

q
Þ
�

¼ ln2
�
−
i
4
σβBsΔ2⊥eγ

�
þ π2

2
þO

�
Δ−2⊥
σβBs

�
; ðC2Þ

while at βB < 0 we can rotate the contour of integration over α in the lower half-plane of complex α and get

16π2
Z

đp⊥
p2⊥

Z
∞

0

đαe−i
α
σ
ð1 − eiðp;ΔÞ⊥ÞβBs
αβBsþ p2⊥ þ iϵ

¼ 16π2
Z

đp⊥
p2⊥

Z
∞

0

đαei
α
σ
ð1 − eiðp;ΔÞ⊥ÞjβBjs

αjβBjsþ p2⊥

¼ ln2
�
i
4
σjβBjsΔ2⊥eγ

�
þ π2

2
þO

�
Δ−2⊥
σjβBjs

�
: ðC3Þ

The combination of Eqs. (C2) and (C3) can be written as

16π2
Z

đp⊥
p2⊥

Z
∞

0

đαe−i
α
σ
ð1 − eiðp;ΔÞ⊥ÞβBs
αβBsþ p2⊥ þ iϵ

¼ ln2
�
−
i
4
ðβB þ iϵÞσsΔ2⊥eγ

�
þ π2

2
þO

�
m2⊥
βBσs

�
; ðC4Þ

which reflects the “causal” structure discussed after Eq. (43). From Eq. (30) we get

16π2
Z

đp⊥
p2⊥

Z
∞

0

đαe−i
α
σ

ð1 − eiðp;ΔÞ⊥ÞβBs
αβBsþ ðp − pBÞ2⊥ þ iϵ

¼ ln2
�
−
i
4
ðβB þ iϵÞσsΔ2⊥eγ

�
þ π2

2
− 8π

Z
đp⊥
p2⊥

ð1 − eiðp;ΔÞ⊥Þ ln ðp − pBÞ2⊥
p2⊥

þO

�
m2⊥
βBσs

�
; ðC5Þ

so

σ
d
dσ

Z
∞

0

đαe−i
α
σ

Z
đp⊥
p2⊥

βBsðeiðp;ΔÞ⊥ − 1Þ
αðβB þ iϵÞsþ p2⊥

¼ αs
2π

ln
�
−
i
4
ðβB þ iϵÞσsΔ2⊥eγ

�
: ðC6Þ

Now let us consider the integral with an extra ln μ̃2

p2⊥
in Eq. (56),

Z
∞

0

đα
σ
e−i

α
σ

Z
đp⊥

ðeiðp;ΔÞ⊥ − 1ÞαβBs ln μ̃2

p2⊥
p2⊥½αβBsþ p2⊥ þ iϵ� ¼

Z
∞

0

đα
σ
e−i

α
σ

Z
đp⊥ðeiðp;ΔÞ⊥ − 1Þ

�
1

p2⊥
−

1

αβBsþ p2⊥ þ iϵ

�
ln

μ̃2

p2⊥

¼
Z

∞

0

đα
σ
e−i

α
σ

Z
đp⊥

�
eiðp;ΔÞ⊥ − 1

p2⊥
þ 1

αβBsþ p2⊥ þ iϵ

�
ln

μ̃2

p2⊥

−
Z

∞

0

đα
σ
e−i

α
σ

Z
đp⊥

eiðp;ΔÞ⊥

αβBsþ p2⊥ þ iϵ
ln

μ̃2

p2⊥
: ðC7Þ

It is easy to see that the last term in the RHS is actually a power correction:

Z
∞

0

đα
σ
e−i

α
σ

Z
đp⊥

eiðp;ΔÞ⊥

αβBsþ p2⊥ þ iϵ
ln

μ̃2

p2⊥
¼

Z
đp⊥eiðp;ΔÞ⊥ ln

μ̃2

p2⊥

Z
∞

0

đα
σβBs

e−i
α
σ
d
dα

ln
αβBsþ p2⊥ þ iϵ

μ̃2

≃
1

σβBs

Z
đp⊥eiðp;ΔÞ⊥ ln

p2⊥
μ̃2

�
1

2π
ln
p2⊥
μ̃2

þ i
Z

σ

0

đα
σ
ln
αβBsþ p2⊥ þ iϵ

μ̃2

�

∼O

�
m2⊥
σβBs

�
: ðC8Þ
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As to the first term in the RHS of Eq. (C7), it is easily calculated using the standard trick ðp2

μ̃2
Þδ ¼ 1þ δ ln p2

μ̃2
þOðδ2Þ,

Z
∞

0

đα
σ
e−i

α
σ

Z
đp⊥

�
eiðp;ΔÞ⊥−1

p2⊥
þ 1

αβBsþp2⊥þiϵ

�
ln
μ̃2

p2⊥
¼ i
16π2

��
ln
Δ2⊥μ̃2
4

þ2γ

�
2

−
�
ln
−iσðβBþiϵÞs

μ̃2
−γ

�
2

−
π2

2

�

¼ i
16π2

��
ln
Δ2⊥
4
½−iσðβBþiϵÞs�þγ

��
ln

Δ2⊥μ̃4=4
−iσðβBþiϵÞsþ3γ

�
−
π2

2

�
:

ðC9Þ

This gives us Eq. (59).

APPENDIX D: THE LIGHT-CONE EXPANSION OF PROPAGATORS

In this appendix we derive the light-cone expansion of various propagators in the first order in the background field with
one (quark) loop accuracy. First, we present necessary formulas for quark propagators. The typical integral appears as

�
x

 ΓðaÞ
ð−p2 − iϵÞa Φ

ΓðbÞ
ð−p2 − iϵÞb

0
�

¼ iaþb

Z
∞

0

dssaþb−1
Z

1

0

duūa−1ub−1ðxjeisūp2Φeisup
2 j0Þ; ðD1Þ

where ΦðzÞ is some operator, such as ΨðzÞ or F μνðzÞ. Using expansion in powers of proper time s [21],

ðxjeisūp2Φeisup
2 j0Þ ¼ ðxjeisp2 j0Þ

�Z
1

0

duΦðuxÞ − is
Z

1

0

duūu∂2ΦðuxÞ þOðs2Þ
�
; ðD2Þ

we get the light-cone expansion

�
x

 ΓðaÞ
ð−p2ÞaΦ

ΓðbÞ
ð−p2Þb

0
�
¼
�
x

 ΓðaþbÞ
ð−p2Þaþb

0
�Z

1

0

duūa−1ub−1ΦðuxÞ−
�
x

Γðaþbþ1Þ
ð−p2Þaþbþ1

0
�Z

1

0

duūaub∂2ΦðuxÞþ��� :

ðD3Þ

For our background fields that depend only on xþ we need only the first term of this expansion since ∂
2ΦðxþÞ ¼ 0 so

�
x

 ΓðaÞ
ð−p2Þa Φ

ΓðbÞ
ð−p2Þb

0
�

¼
�
x

 Γðaþ bÞ
ð−p2Þaþb

0
�Z

1

0

duūa−1ub−1ΦðuxÞ: ðD4Þ

This is our master formula for light-cone expansions. In this appendix we discuss only Feynman propagators so p2 always
means p2 þ iϵ.
Let us start from the light-cone expansion of Eq. (67). Using standard trick

�
x


ln μ̃2

−p2

p2
Φ

1

p2

0
�

¼
��

x

 μ̃2λ

ð−p2Þ1þλΦ
1

ð−p2Þ
0
��

λ

; ðD5Þ

where ½� � ��λ denotes the first nontrivial term in the expansion in powers of λ, we obtain

�
x


ln μ̃2

−p2

p2
Φ

1

p2

0
�

¼
�
x


ln μ̃2

−p2

p4

0
�Z

1

0

duΦðuxÞ þ
�
x

 1p4

0
�Z

1

0

duð1þ ln ūÞΦðuxÞ

¼ iΓðεÞ
16π

d
2ð−x2Þε

��
ln
−μ̃2x2

4
þ 1

ε
− ψð1þ εÞ þ γ

� Z
1

0

duΦðuxÞ þ
Z

1

0

du ln ūΦðuxÞ
�
; ðD6Þ

where we used Eq. (D4).
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Restoring the end point y we obtain

�
x

 1

p2
Φ
ln μ̃2

−p2

p2

y
�

¼
�
x


ln μ̃2

−p2

p4

y
�Z

1

0

duΦðxuÞ þ
�
x

 1

p4

y
�Z

1

0

duð1þ ln uÞΦðxuÞ;
�
x


ln μ̃2

−p2

p2
Φ

1

p2

y
�

¼
�
x


ln μ̃2

−p2

p4

y
�Z

1

0

duΦðxuÞ þ
�
x

 1

p4

y
�Z

1

0

duð1þ ln ūÞΦðxuÞ; ðD7Þ

where xu ¼ uxþ ūy as usual.
We will also need formulas for differentiation with respect to the point-splitting cutoff. The master formula is

−δ−
d
dδ−

Z
0

−∞
dzþfðx2⊥ − 2zþδ−Þ

Z
t

0

duΦðuzþÞ ¼1>t>0
Z

0

−∞
dzþΦðzþÞf

�
x2⊥ −

2

t
zþδ−

�
ðD8Þ

and corollaries

δ−
d
dδ−

Z
0

−∞
dzþfðx2⊥−2zþδ−Þ

Z
1

0

dulnuΦðuzþÞ¼
Z

0

−∞
dzþΦðzþÞ

Z
1

0

dt
t
f

�
x2⊥−

2

t
zþδ−

�
;

δ−
d
dδ−

Z
0

−∞
dzþfðx2⊥−2zþδ−Þ

Z
1

0

duln ūΦðuzþÞ¼
Z

0

−∞
dzþΦðzþÞ

Z
1

0

dt
1− t

�
fðx2⊥−2zþδ−Þ−f

�
x2⊥−

2

t
zþδ−

��
: ðD9Þ

Next, let us present formulas relevant for the gluon propagator (109) (see Fig. 7):

hAa
μðxÞAb

νðyÞiquark loop
¼ g2

24π2

�
igμν

�
x

 ln−μ̃
2=P2

P2

y
�
− i

�
x

Pμ
ln−μ̃2=P2

P4
Pν

y
�
þ2

�
x

 1p2

�
F μν; ln

μ̃2

−p2

�
1

p2

y
�

−
Z

dz1dz2

Z
1

0

du

�
u

�
x

 1p2

�
z1

�
F μξðzuÞ

�
z1

p
ξ

p2

z2
��

z2

pν

p2

y
�
− ū

�
x

pμ

p2

�
z1

�
F νξðzuÞ

�
z1

p
ξ

p2

z2
��

z2

 1p2

y
�

−
�
x

 1p2

z1
��

2iūu

�
z1

p
ξ

p2

z2
�
ðDμF νξðzuÞþμ↔νÞþ

�
z1

2 ln μ̃2

−p2
−
5

2

z2
�
F μνðzuÞ

��
z2

 1p2

y
���

: ðD10Þ

To get the light-cone expansion of the gluon propagator we need a formula

ðxjeisP2 jyÞ¼ðxjeisp2 jyÞ
�
½x;y�þs

Z
1

0

duūu½x;xu�DμF μxðxuÞ½xu;y�

þ2i
Z

1

0

du
Z

u

0

dvūv½x;xu�F μxðxuÞ½xu;xv�F μ
xðxvÞ½vx;y�þOðs2Þ

�
¼ðxjeisp2 jyÞ½x;y�þOðDF ;F 2Þ ðD11Þ

(where F μx ≡ xξF μξ), and therefore

ðxjfðP2ÞjyÞ ¼ ½x; y�ðxjfðp2ÞjyÞ ðD12Þ

in our approximation. Hereafter þOðDF ;F 2Þ is assumed in all equations. By differentiation of gauge link ½x; y� using
formulas

i
∂

∂xμ
½uxþ ūy; vxþ v̄y� ¼ −uAμðxuÞ½xu; xv� þ ½xu; xv�vAμðxvÞ þ

Z
u

v
dtt½xu; xt�F xμðxtÞ½xt; xv�;

½uxþ ūy; vxþ v̄y�
�
−i

∂⃖

∂yν

�
¼ ūAνðxuÞ½xu; xv� − ½xu; xv�v̄AνðxvÞ −

Z
u

v
dtt̄½xu; xt�F xνðxtÞ½xt; xv� ðD13Þ

(where xt ¼ txþ t̄y as usual) one obtains
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�
x

gμν ΓðaÞ
ð−P2Þa−1 þ Pμ

ΓðaÞ
ð−P2Þa Pν

y
�

¼ ½x; y�
�
x

gμν ΓðaÞ
ð−p2Þa−1 þ pμ

ΓðaÞ
ð−p2Þa pν

y
�

þ
Z

1

0

duðu½x; xu�F xμðxuÞ½xu; y�
�
x
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ð−p2Þa

y
�
− ū½x; xu�F xνðxuÞ½xu; y�

�
x

pμΓðaÞ
ð−p2Þa

y
�

−
i
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�
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 ΓðaÞ
ð−p2Þa

y
�Z

1

0

du½x; xu�ðF μνðxuÞ − ūuðDμF νxðxuÞ þ μ ↔ νÞÞ½xu; y� þOðDF ;F 2Þ

¼ ½x; y�
�
x

ðpμpν − p2gμνÞ
ΓðaÞ

ð−p2Þa
y
�
−

2Γðd
2
− aþ 1Þ

4aπ
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2ð−Δ2Þd2−aþ1

Z
1

0

du½x; xu�ðuΔνFΔμðxuÞ − ūΔμFΔνðxuÞÞ½xu; y�

þ Γðd
2
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4aπ
d
2ð−Δ2Þd2−a

1

2

Z
1

0

du½x; xu�ðF μνðxuÞ − ūuðDμF νΔðxuÞ þ μ ↔ νÞÞ½xu; y� þOðDF ;F 2Þ; ðD14Þ

where Δ≡ x − y. Using this formula it is easy to get the first term in Eq. (D10),

igμν

�
x

 ln−μ̃
2=P2

P2
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�
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�
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ln−μ̃2=P2

P4
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�
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�
x
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p4
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�
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1
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2ð−Δ2Þε
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1

ε
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− ψð1þ εÞ − ψð2Þ

� Z
1

0

duðF μνðxuÞ − ūuðDμF νΔðxuÞ þ μ ↔ νÞÞ: ðD15Þ

Hereafter we drop gauge links for brevity.
The last term in the first line of Eq. (D10) follows easily from Eq. (D7):

�
x

 1

p2
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F μν; ln

μ̃2

−p2
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1
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1
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du ln ūuF μνðxuÞ
�
:

ðD16Þ

To calculate terms in the second and third lines of Eq. (D10) we use formulas

�
x

 1p2

z1
��

z1

 ΓðaÞ
ð−p2Þa

z2
�Z

1
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∞
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2
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2
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x

 Γðaþ 2Þ
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y
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1
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du½1 − ūa − ua�F αβðuxþ ūyÞ ðD17Þ

and
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�
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 ΓðaÞ
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∞
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; ðD18Þ

where we neglected DξF αξ as usual. Similarly
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duūF βξðuz1 þ ūz2Þ
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ðD19Þ

and

�
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z1

p
ξΓðaÞ
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�Z
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duūuDαF βξðuz1 þ ūz2Þ
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y
�
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x

p
ξΓðaþ 2Þ
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y
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1

0

du½1 − ūa − ua − aūu�DαF βξðuxþ ūyÞ: ðD20Þ

Using the above formulas, we obtain

−
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�
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�
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ξ
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− ū
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ξ
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ξ
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i
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2
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ð−Δ2Þε

Z
1

0
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and
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: ðD22Þ
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Let us present the final formula for the one-loop correction to the gluon propagator in the background field (ε ¼ d
2
− 2):

hAa
μðxÞAb

νðyÞiabquark loop¼
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þOðDμF μν;F μνF αβÞ: ðD23Þ

As usual, the lightlike gauge links are implied.

APPENDIX E: FORMULAS FOR THE LIGHT-CONE EXPANSIONS IN SEC. V B

In principle, we can use Eq. (D23) to find, e.g., Eq. (112), but calculations are greatly simplified by using some
intermediate results such as Eq. (110) since many of the terms in Eq. (D23) cancel after differentiation. To use Eq. (110), we
need some additional formulas listed here.
First, similar to Eq. (D19) one obtains
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Second, we need formulas
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Z
1

0

duūOðuzþÞ ¼ −
Z

1

0

du
Z

0

−∞
dzþOðzþÞ ΓðaÞ

ðx2⊥ − 2
u z

þδ−Þa ;

δ−
d
dδ−

Z
0

−∞
dzþ

ΓðaÞ
ðx2⊥ − 2zþδ−Þa

Z
1

0

duūuOðuzþÞ ¼
Z

1

0

dtð1 − 2tÞ
Z

0

−∞
dzþOðzþÞ ΓðaÞ

ðx2⊥ − 2
t z

þδ−Þa

¼
Z

0

−∞
dzþOðzþÞ

Z
1

0

du
ū
u

2zþδ−Γðaþ 1Þ
ðx2⊥ − 2

u z
þδ−Þaþ1

; ðE2Þ

which follow from Eq. (D8), and

Z
dz1dz2

Z
1

0

du

�
x

 1p2

z1
��

z1

 p
j

p2

z2
�Z

1

0

duūuD−F−;jðuz1 þ ūz2Þ
�
z2

 pi

p2

y
�

¼
�
x

 pipj

ðp2Þ3
y
�Z

1

0

duūuD−F−;jðuxþ ūyÞ ¼ i
Z

1

0

duūuD−F−;jðuxþ ūyÞ
�

gijΓðεÞ
64π

d
2ð−Δ2Þε −

ΔiΔj

32π2x2

�
; ðE3Þ

which is obtained by differentiation of Eq. (D20). Also, from the general formula
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Z
dz1dz2

Z
1

0

du

�
x

 1

p2

z1
��

z1

pμΓðaÞ
ð−p2Þa

z2
�Z

1

0

duūuOðuz1 þ ūz2Þ
�
z2

 1

p2

y
�

¼ −
1

að2 − aÞð3 − aÞ
�
x

pμΓðaþ 2Þ
ð−p2Þaþ2

y
�Z

1

0

du½1 − ūa − ua − aūu�Oðuxþ ūyÞ

− i

�
x

 Γðaþ 2Þ
ð−p2Þaþ2

y
�Z

1

0

du
ða − 4Þðūaþ1 − uaþ1Þ − ða − 2Þðūa − uaÞ þ 2ðū − uÞ

aða − 2Þða − 3Þða − 4Þ ∂μOðuxþ ūyÞ; ðE4Þ

we get

Z
dz1dz2

Z
1

0

du

�
x

 1

p2

z1
��

z1

pμ

p2

z2
�Z

1

0

duūuOðuz1 þ ūz2Þ
�
z2

 1

p2

y
�

¼
�
x

pμ

p6

y
�Z

1

0

duūuOðuxþ ūyÞ ðE5Þ

in agreement with Eq. (D20). Finally, we used

Z
1

0

du

�
x

 1p2

z1
�
ðz1jfðp2Þjz2ÞOðzuÞ

�
z2

p
−

p2

y
�

¼
Z

1

0

du

�
x

p
−

p2

z1
�
ðz1jfðp2Þjz2ÞOðzuÞ

�
z2

 1

p2

y
�
−
Z

1

0

du

�
x

 1p2

z1
�
ðz1jfðp2Þjz2Þi∂−OðzuÞ

�
z2

 1

p2

y
�
: ðE6Þ

APPENDIX F: RAPIDITY-ONLY CUTOFF VS UV +RAPIDITY REGULARIZATION

In this appendix we discuss the comparison between the small-x inspired rapidity-only cutoff used in this paper and the
combination of UVand rapidity cutoffs characteristic for the CSS approach. Consider the typical contribution to the quark
TMD operator shown in Fig. 9 at xþ ¼ 0 and pB⊥ ¼ 0. As discussed above, at such a separation we can use Feynman
diagrams instead of cut diagrams,

hT½0þ;−∞�x½−∞;0þ�0Γψð0ÞiFig.9Ψ ¼g2cF

Z
đβBđpB⊥ΓΨðβBÞIðβB;x⊥Þ;

IðβB;x⊥Þ¼−i
Z

đαđβđp⊥
1

βþ iϵ
e−iαϱδ

−

αβs−p2⊥þ iϵ
sðβ−βBÞ

αðβ−βBÞs−p2⊥þ iϵ
ð1−eiðp;xÞ⊥ÞΓΨðβBÞ: ðF1Þ

Without the cutoff in α, the integral

IðβB; x⊥Þ ¼ −iμ−2ε
Z

đαđβđp⊥
1

β þ iϵ
1

αβs − p2⊥ þ iϵ
sðβB − βÞ

αðβB − βÞsþ p2⊥ − iϵ
ð1 − eiðp;xÞ⊥Þ

¼ −μ−2ε
Z

đp⊥
p2⊥

ð1 − eiðp;xÞ⊥Þ
Z

βB

0

đβ
βB

βB − β

β þ iϵ
¼ 1

8π2
ΓðεÞ

ðx2⊥μ2Þε
Z

βB

0

dβ
βB

βB − β

β
ðF2Þ

diverges as β → 0 even at ε ≠ 0. The so-called δ regularization with A−ðzþÞ → A−ðzþÞe�δzþ gives

(b)

x

0

(a)

x

0

FIG. 9. Typical diagrams for one-loop evolution of the quark TMD operator.
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½0þ;−∞�x½−∞; 0þ�0 → i
Z

0

−∞
dzþ½−A−ðzþ; x⊥Þ þ A−ðzþ; 0⊥Þ�eδzþ ðF3Þ

so that

IδðβB; x⊥Þ ¼
1

8π2
ΓðεÞ

ðx2⊥μ2Þε
Z

βB

0

dβ
βB

βB − β

β þ iδ
≃ −

1

8π2

�
−
1

ε
þ ln

μ2x2⊥
4

þ γ

��
ln
βB
iδ

− 1

�
; ðF4Þ

which gives

IδðβB; x⊥Þ ¼
1

8π2
ΓðεÞ

ðx2⊥μ2Þε
Z

βB

0

dβ
βB

βB − β

β − iδ
≃ −

1

8π2

�
ln
μ2x2⊥
4

þ γ

��
ln
βB
iδ

− 1

�
ðF5Þ

after subtraction of the counterterm.

On the other hand, the rapidity-only cutoff δ− ¼ 1
ϱσ gives [see Eq. (C4)]

IσðβB; x⊥Þ ¼ −i
Z

đαđβđp⊥
1

β þ iϵ
e−i

α
σ

αβs − p2⊥ þ iϵ
sðβ − βBÞ

αðβ − βBÞs − p2⊥ þ iϵ
ð1 − eiðp;xÞ⊥Þ

¼
Z

đp⊥
p2⊥

ð1 − eiðp;xÞ⊥Þ
Z

∞

0

đα
βBs

αβBsþ p2⊥
e−i

α
σ ¼ −

1

16π2
ln2

�
−iβBσs

x2⊥
4
eγ
�
: ðF6Þ

The integrals (F5) and (F6) coincide when μ2 is two times
BLM scale μ2 ¼ 2μ2σ ¼ 2x−1⊥

ffiffiffiffiffiffiffiffiffiffi
βBσs

p
and δ ¼ 4

σsx2⊥
. Hope-

fully, the double evolution [30] along the line μ2x2
ffiffiffi
δ

p ¼
4

ffiffiffiffiffi
βB

p
will produce results compatible with Eq. (132).

APPENDIX G: RAPIDITY-ONLY EVOLUTION
BEYOND SUDAKOV REGION
AT SMALL AND MODERATE x

As we demonstrated in this paper, the Sudakov double
logs are universal and the evolution of quark and gluon
TMDs is the same for low and moderate x until
σβBs ∼ b−2⊥ ∼ q2⊥. From that point, the evolution (or the

lack of it) depends on βB ¼ xB and q2⊥. There are three
different scenarios. We will consider them for the case
of gluon TMDs since we can use the explicit formulas for
the leading-order rapidity evolution at arbitrary βB ¼ xB
from Ref. [6].
First, if xB ∼ 1 and q2⊥ ≳m2

N , there is no room for any
evolution and one should turn to phenomenological
models of TMDs such as the replacement of b by b� in
Refs. [2,25].
If xB ∼ 1 and q2⊥ ≫ m2

N , there is room for DGLAP-type
evolution summing logs ðαs ln q2⊥=m2

NÞn. The rapidity
evolution in this case has the form [6]8

σ
d
dσ

hpN jF i;a;σðβB; x⊥ÞF a;σ
i ðβB; 0⊥ÞjpNi

¼ 4αsNc

Z
dk⊥

�
eiðk;xÞ⊥hpN jF i;a;σ

�
βB þ k2⊥

σs
; x⊥

�
F a;σ

i

�
βB þ k2⊥

σs
; 0⊥

�
jpNiθ

�
1 − βB −

k2⊥
σs

�

×
�
1

k2⊥
−

2

σβBsþ k2⊥
þ ðσβBsÞ2
ðσβBsþ k2⊥Þ4

�
−

σβBs
k2⊥ðσβBsþ k2⊥Þ

hpN jF i;a;σðβB; x⊥ÞF a;σ
i ðβB; y⊥ÞjpNi

�
: ðG1Þ

Note that if σβBs ≫ x−2⊥ , we get leading-order equa-
tion (101) at β ¼ β0. On the other hand, as demonstrated

in Ref. [6], if σ ≪ q2⊥
βBs

, the factor eiðk;xÞ⊥ in the RHS of

Eq. (G1) can be neglected and we have the leading-order
DGLAP equation with identification μ2DGLAP ¼ σβBs. The
result of this DGLAP evolution should be convoluted with
Eq. (130) using full Eq. (G1) for proper matching.
Similarly, if xB ¼ βB ≪ 1, even at βBσs ¼ q2⊥ there is

room for BFKL-type evolution from σ ¼ q2⊥
βBs

to σ ¼ q2⊥
s

which corresponds to summing logs ðαs ln xBÞn. The

8We have omitted the term ∼ð2kikj − δjiÞF i;a;σF a;σ
i from

Eq. (3.25) from Ref. [6]. This term is not essential for our
discussion here.
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leading-order rapidity equation at arbitrary βB has the form [6]

σ
d
dσ

hpN jF i;a;σðβB; x⊥ÞF a;σ
i ðβB; 0⊥ÞjpNi

¼ 4αs

Z
dk⊥

�
θ

�
1 − βB −

k2⊥
σs

�
hpN jNcF i;a;σ

�
βB þ k2⊥

σs
; x⊥

�
F a;σ

i

�
βB þ k2⊥

σs
; 0⊥

�
jpNi

eiðk;xÞ⊥

k2⊥

− 4Nc
σβBs

k2⊥ðσβBsþ k2⊥Þ
hpN jF i;a;σðβB; x⊥ÞF a;σ

i ðβB; y⊥ÞjpNi − θ

�
1 − βB −

k2⊥
σs

�

× hpN jTr
�
x⊥

U pj

σβBsþ p2⊥
U†F i;a;σ

�
βB þ k2⊥

σs

�k⊥
��

k⊥
F a;σ

i

�
βB þ k2⊥

σs

�
U

pj

σβBsþ p2⊥
U†

y⊥
�
jpNi þ � � � ; ðG2Þ

where Uðx⊥Þ≡ ½x⊥ −∞þ; x⊥ þ∞þ� is a Wilson line (infinite gauge link) and dots stand for a number of nonlinear terms

similar to the last one [see Eq. (5.5) from Ref. [6] ]. The small-x evolution is relevant from σ ¼ q2⊥
βBs

to σ ¼ q2⊥
s . As

demonstrated in Ref. [6], at σ ≪ q2⊥
βBs

the evolution equation (G2) reduces to the BK equation which can be studied using
standard small-xmethods. After that, the matching of the double-log Sudakov evolution (102) to a single-log BK evolution
should be done using full nonlinear equation (G2).
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