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Abstract

In this paper we discuss the optimal control of a quasilinear parabolic state equation.
Its form is leaned on the kind of problems arising for example when controlling the
anisotropic Allen—Cahn equation as a model for crystal growth. Motivated by this
application we consider the state equation as a result of a gradient flow of an energy
functional. The quasilinear term is strongly monotone and obeys a certain growth
condition and the lower order term is non-monotone. The state equation is discretized
implicitly in time with piecewise constant functions. The existence of the control-to-
state operator and its Lipschitz-continuity is shown for the time discretized as well
as for the time continuous problem. Latter is based on the convergence proof of the
discretized solutions. Finally we present for both the existence of global minimizers.
Also convergence of a subsequence of time discrete optimal controls to a global min-
imizer of the time continuous problem can be shown. Our results hold in arbitrary
space dimensions.
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1 The Optimization Problem

In many areas the optimal control of an interface evolution towards an anisotropic
shape is desired. For example in chemistry or materials science one wishes to steer
the solidification process of crystals [1-4]. For the time evolution of shapes phase-
field models have shown great promise in many application areas and anisotropies can
be incorporated (see, e.g., [5] and references therein). In this ansatz the interface is
modeled with a diffuse interface layer, and an order parameter y—the so called phase-
field— reflects the pure phases with the values *1, e.g. the liquid phase for y ~ 1 and
the solid phase when y ~ —1, and the diffuse interface with values between —1 and
1. The gradient flow of the Ginzburg-Landau energy, having the form

W) 1=/52A(Vy)+1/f(y)dx D

then determines the time evolution of the shape, and with it the state equation for the
control problem. Here the first term represents the surface energy where A : R — R
is an (an-)isotropy function, and the potential i can be thought of being symmetric and
to have its global minima at ~ £1. Let us mention that typically the energy involves
a variable ¢ > 0 related to the interfacial thickness which we set to 1 without loss of
generality in this paper. Considering in particular the L2-gradient flow with a smooth
potential we obtain the Allen—Cahn equation. For further introduction to phase-field
models we refer to [6] and references therein. The following analysis and numerical
ansatz will not only be valid for the Allen—Cahn equations but can be applied in general
to differential equations arising from a gradient flow of energies of the form (1). For
the gradient of A we use the notation A’(p) instead of VA(p) as is common for
anisotropic phase-field models.

The goal is now to determine the distributed control u driving the solution y of the
gradient flow equation

&y —V-AVy)+9' () =u )

from an initial configuration yq at time fo—say fyp = 0—to a given target function
Yo at a given final time T (or a target function yg over the whole time horizon as
considered in (43)). Hence the optimal control problem is described by the following
setting:

Let Q@ C R¢ be a bounded Lipschitz domain and yo € L?(S2) be a given target
function. Let a final time 0 < 7" < oo be given and denote the space-time cylinder by
0 = [0, T] x Q and its lateral boundary by X := [0, T] x d2. Our objective is to
find for a given initial state yo € H'(2) a solution to the optimal control problem

. 1 A
min J (y, 1) = S Iy(T) = yalz2q) + 3 14172 ) 3
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subject to the quasilinear, possibly nonsmooth parabolic state equation

/ dyn+ A (V) Vy+ 9y () = / un Vne L*(0,T; H'(Q)),
0 (@)

y(0)=yo ing,

“)

whereu € L>(Q) = L*(0, T; L*(Q))andy € L*(0, T; HY(Q)NH' (0, T; H'(Q))).
Note that J is well defined due to the embedding L>(0, T; H' (Q)NH' (0, T; H' (Q)")
< C([0, T]; L*(2)). The weak formulation implies the boundary condition
A/(Vy)Tv = 0 on ¥ where v is the outer normal.

In contrast to the well-studied isotropic Allen—Cahn equation where A’ = Id, in
the anisotropic case A : R? — R is an absolutely 2-homogeneous function. As a con-
sequence A’ is not differentiable at O in general. Let us mention that roughly speaking
y is constant in the pure phases, and hence Vy = 0 holds except on the interface.
However, for solving an optimal control problem numerically one typically uses the
differentiability of the control-to-state operator which would require differentiability
of A’. This paper serves also as a preparation to [7], where we show the differen-
tiability and first order conditions of an implicit in time discretized problem with a
regularized A. Hence, to allow the use of possibly regularized anisotropies A we relax
the requirement of 2-homogeneity. Moreover we account for various potentials .

Assumptions 1 Assume A € C!'(R?) with A’ being strongly monotone, i.e.,

(A'(p) — A(q).p—q) = Calp—q|*> Vp.qeRY,

with C4 > 0 and such that it fulfills the growth condition |A’(p)| < C4|p| with
fA > 0.

Furthermore let # € C!(R) be bounded from below and such that it can be approxi-
mated by f, satisfying

f€CP®), fu—> ¥ inChe —c<fu<c@W+1), fl=-Cy, If)I<Cn,
)

with ¢, C, Cy > 0 and ¥ (yo) € L' () for the given initial data yo € H' ().

In the following we use the convention CL,,, := oo for Cy = 0. Note that A’ being

strongly monotone on R¥ is equivalent to A being strongly convex. Further, the
assumptions on ¥ in particular imply that it holds

(W' 1) — ¥ (32, 31 — y2) = —Cylyi —»l* Yy, ymeR. (©6)

Some examples of A and { with respect to Allen—Cahn equations are mentioned in
Remark 2.

In this paper we study the existence of an optimal control to (3)—(4) in arbitrary
space dimension, the existence of a solution to the corresponding in time discretized
control problem, and the convergence of the time discrete optimal controls to a
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time continuous one. Here an implicit time discretization using piecewise constant
functions is employed. Under some additional smoothness requirements on A and
the first order optimality condition is adressed in [7] where its derivation relies on
results of this paper. Therein one can also find numerical results.

To the best of our knowledge there does not exist any mathematical treatment on the
optimal control of anisotropic phase-field models so far. Optimal control of isotropic
Allen—Cahn variational equations are studied, e.g., in [8—12] and of Cahn-Hilliard
variational (in-)equalities in [13—15] and references therein. Let us mention results
given in the context of anisotropic Allen—Cahn equations. One possible anisotropy
was introduced in a pioneering paper by Kobayashi [16] and existence and uniqueness
of a solution are studied in [17-19]. For quite general anisotropies the solution to
Allen—Cahn equations with obstacle potential is analyzed in [20]. Among others they
use 2-homogeneity of A, an approximation of the potential similar to (5) and an implicit
time discretization (without showing convergence of the discretization). Explicit and
semi-implicit approximations are discussed in the survey paper [5], where also many
references are given. For convex Kobayashi anisotropies several time discretizations
are considered in [21]. In [22, 23] particular suggestions for the anisotropies are
given and an efficient semi-implicit method using a particular linearization of A’ and
a convex/concave splitting is presented and energy stability is shown. Also several
numerical experiments are shown comparing the anisotropies.

Literature to optimal control of quasilinear parabolic equations of the form (4) is
still in its infancy. Most literature known to us treats quasilinearities with coefficients
depending on x, ¢ and on the function y but not on its gradient [24-28]. For quasi-
linearities involving spatial derivatives of y see for example [29, 30]. In particular let
us mention that the latter reference contains the most similar problem to ours, as the
authors require a rather general quasilinearity with some particular polynomial growth
condition. However they require the nonlinearity v/’ to be monotone. All the literature
listed here assumes the quasilinear term to be rather well behaved, in particular none
of its derivatives shall be singular at the origin. In the present context to our knowledge
such difficulties have only been considered for elliptic equations [31].

The outline of the paper is the following.

As a first step we study the state equations. Therefore we introduce in Sect. 2
the time discretization. Then we discuss the existence and uniqueness of the solution
of the discretized state equation as well as the Lipschitz-continuity of the control-
to-state operator. Furthermore, for a set of bounded controls we obtain bounds on
the states independent of the discretization level. Using these results we consider the
limit with respect to the time discretization and obtain corresponding results for the
in time continuous state equation (4). Consequently we have also convergence of the
discretization. In addition we show energy stability of the discretization.

Finally in Sect. 3 the existence of the controls in the time continuous and time
discrete case is shown. In addition the convergence of a subsequence of time discrete
optimal controls to an optimal control of the original problem is obtained. These results
hold not only for aiming at an end time state but also for steering to a state over the
whole time horizon.
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2 Solution to the Time Discretized and to the Time Continuous State
Equations

First we introduce the time discretization. Then a certain boundedness property like
in [20] (see (12)) is shown which is essential not only for the existence of the solution
of the state equation but also for proving the existence of an optimal control and the
convergence of the solution of the discretized problem to the time continuous solution.
To obtain this result, the potential ¥ is approximated (as, e.g., in [20] and [32]) by a
sequence of functions f,, with bounded second derivatives, such that the dominated
convergence theorem can be used. Following the lines of [20] we have no restriction
on the space dimension d.

The existence for the time continuous problem will then be shown by taking the limit
with respect of the time resolution which also shows convergence of the discretization
method. (In [20] first the limit in the time discretization and then in the approximation
of i is taken.)

From now on if no subscripts are provided, with (-, -) and || - || we mean the L2 or
£,-scalar product and norm respectively. The space should be clear from the context.
For a Banach space V we will denote its dual by V' and the duality product by (-, -).

Next we introduce a time discretization and show the existence of a solution of
the discretized state equation. We divide the interval [0, 7] into subintervals [; :=
(tj—1,tjlforj=1,..., NwithO =1y <t <... <ty =T and define 7; :=¢; —
tj_1 and T := max; t;. The state equation we discretize in time with a discontinuous-
Galerkin method (dG(0)). Therefore, let us define

Ye i ={yr: Q0 —=>R|y:(t,.) € Hl(Q) Vi, yz (., x) a.e. constantin /; for j = 1,..., N},
Ur i={uz : Q > R|uc(t,.) e LZ(Q) Vi, ur (., x) ae. constantin /; for j = 1,..., N},
@)

and for each interval we label the constant by a subscript, e.g., y; = yc[s;. The

vector containing these constants will be denoted by (y;)j=1,.vn € H 1 ()N, The
time discretized variant of (3)—(4) is then given by

T XUzg

N
min J(ye,ug) = Sllyy = yal? + 35 _X;rnm,-n ®)
]:

subject to the time discretized state equation

0. 0) + 7 (A (V). Vo) + T; (W (3). 9) = Tj(uj. @) + (vj—1.9) Yo € H (Q)
)

with j = 1,..., N and y; (0, .) := yo € H'(Q) is given.
We note that the state equation could have arised equally well from an implicit
Euler discretization and we will use the notation 9, * y; with

o "y = le(}’j —yj-1)
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in L?(Q) for j = 1,..., N. One may favour a splitting approach for ¥ or an
approximation of the quasilinear term A as in [22, 23] instead of the fully implicit
method. However, to our knowledge there exists no convergence proof for these dis-
cretizations of the state equation to the time continuous one in the limit t — 0.
Moreover, while for the implicit time discretization the differentiability of the con-
trol to state operator is obtained in [7] under additional smoothness properties on A
and v, it is not known whether this property holds for semi-implicit discretizations.
The additional computational cost using implicit discretization is nearly negligible for
solving the optimal control problem.
The first step is given by the subsequent lemma.

Lemma 2 Let A fulfill the conditions in Assumptions 1. Furthermore let yo € H'()
and u; € Uy. Let f € C*(R) be a function such that | f"| € L®(R) and " > —Cy
on R for some constant Cy, > 0. Then, for any 0 < 1 < C1_¢, there exists a function

yr € Yy which is a solution of y;(0) = yo in Q and forall j = 1,..., N it holds
Vne HY(Q) :

/9 O "yeyr;(n— i) + AV — A(Vy) + () — yj) —uj(n—y;) = 0.
(10)

In addition, if A > 0 and u,, yo, A, f fulfill that

luell200.7: 220 1Y0ll2@) < A —A + A7V pl? < A(p) and A'(p)" p < Alpl?
as well as

[Q(A(Vyo)va(yo)) <A and f=-A, f"=-A, (11

then there exist constants tpn > 0 and C(A) > 0, depending on A, and for all
0 < t < 1y, the solutions y; of (10) satisfy that

18, yell 20, 7: 1200 + Ve lloc .72 1 @)y + I G200, 7:22(02)) < C(A).
(12)

Note that under Assumptions 1 one can find for given u,, yo, A and f always a constant
A such that the above required estimates hold. In particular for A the growth condition
induces A'(p)T p < Ca|p|? as well as A’(0) = 0 and then the strong monotonicity
provides A(0) + 3Calp|* < A(p).

Proof We note that f and f’ induce continuous Nemytskii operators f : L2() —
L' (Q)and f': L2(Q) — L*(R) due to the bounds on f”.

Starting with yg := y(0), define y; € H 1(Q) successively for j > 1 to be the unique
minimizer of

;< (1) :=/Q(%t_,.|n—yj_1|2+A(Vn>+f<n)—ujn) (13)
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where the integrands are strongly convex for % + f"(s) > % —C > 0.Forn € H'(Q),
d > 0 we obtain with s := y; + 8(n — y;) and using the convexity of A as well as

q)j,r(yj) = qu,r(’lS)

[a@m—a@y = [ Samm - awy)
> - /Q(ﬁ(ma =3P =1y =y P+ 5 (F @) = f ) = uj(n = y;)
= —/Q (%) (=) + /G0 = ¥)) = (0 = y)).
14
The last term is obtained using the mean value theorem and applying dominated

convergence given | f/(x)| < C(1 + |x|) (see also Remark 1). Altogether we have
shown (10). Now we want to deduce the estimate (12). The summation of ®; ;(y;) <

@y - (yi—1) yields

tj
/ /%|a,—’yf|2+/<A<Vy,-)+f<y,->>
0 Q Q

Ij Ij
< / (A(Vy0) + £ (o)) + / / ued Fye < C(A) + 1 / / 97Ty . (15)
Q 0 Q 0 Q

Using the assumptions —A + A Ypl2 < A(p), —f <A, Iyollp2() < A as well as
yj =0+ fotj 8, " yr, we obtain

19, yell20.7:22()) + IVYellLoo, .20 + Vel 7: 02 < C(A). (16)
Then, choosing 1 := y; — 8 f'(y;), 8 > 0in (14), we obtain
/ 2 Yi=YVj=1 g1 / 1 /
o f o). = o —#f j)+ujf(yj)— g(A(Vyj) —A(V(yj =8 (yjiN)).
—

=38 ()7
(17

To the third integral we applied the mean value theorem pointwisely almost everywhere
in , with the intermediate point of 1 and 1 — § f”(y) denoted by &;(y).

Note that due to the boundedness of f” also &s(-) is bounded and £ — 1as§ — 0
in the pointwise sense. Now we canuse 0 < A’(p)T p < A|p|>and — " < A as well
as dominated convergence to obtain

o= [ A0 4 0 + Iy
iy 2
s/g(y—y) + 1L O+ BG4 L )+ CIVy P
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and hence with (16)
1/2

N
Dol G| =, (18)

j=1
O

Remark 1 As was mentioned, the strong monotonicity of A" and the growth condition
|A'(p)] < Calpl induce A'(0) = 0, A'(p)"p < Calp|* and A0) + ;Calp® <
A(p). Furthermore A(p) < ¢(1 + |p|?) also holds with some ¢ > 0. Hence for all
n, & € L2, T; H'()) we have A(Vn) € L'(Q) and (using Young’s inequality)
A/ (V)T VE e L1(Q). It also induces the pointwise estimate |A'(Vy +s8VE)T VE| <
C(|Vy)? + |VE|?), for 0 < s8 < 1 providing an integrable majorant, which allows to
take the limit § \ O for the integral below. Hence we obtain

. 1 . ! 1 T
g%E/Q(A(Vywvg)—A(vy))_&%/Q/O A (Vy +s8VE)TVE ds o)

= / A (vy)TVE.
0

The same holds respectively for integration over 2. Together with the monotonicity
of A’ this enables the usual steps of the proof that solving the variational inequality
(10) is equivalent to solving the variational equality (9) with f instead of .

With Lemma 2 at hand we can show the existence of a unique weak solution to the
time discretized state equation (9). Note that the following bound (20) (and likewise
(33) in the time continuous case) will be crucial for showing the existence of an optimal
control later.

Theorem 3 Let Assumptions 1 be fulfilled. If T = max;t; < 1/Cy then for every
u, € Uy the time discretized state equation (9) has a unique solution y; € Y.
The solution operator is denoted by S; : Uy — Yr.

Furthermore, if |luz | 200, 1.12(q)) < ¢forall0 < © < 1/Cy, then there exists a
constant C 4y y,(C), independent of T, such that

19, " yell L2072 1200 + 1Vell e, 7: 1 @)y + 1V O 120,72 12(2)) < Cavpy (©)-
(20)

Proof We consider the approximations of i by f, according to Assumption 1. Then,

due to ¥ (yo) € LY(Q) for given yo € H'(Q) and —c < f,, < c( + 1), =Cy < fV
one can find A, depending only on A, v, yo, large enough such that

ol 22 /Q(A(Vyo) + fn(vo)). —[igﬂgfn(t), —jgﬂgfé/(t) <A,

—A+ A7 pP < A(p)and A'(p)Tp < AIp|*.

2n
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We denote by y; , the solutions of (10) with f = f,, which exist according to Lemma 2

and remark that they exist for t < Cl_,/, where the integrands of (13) are strongly convex

due to % + £/ (s) > % — Cy > 0. Also Lemma 2 provides the estimates (12), i.e., for
all T and n it holds

||3z_r)’r,n||L2(0,T;L2(Q)) + ||)’r,n||L00(0,T;H1(Q)) + ||fy;(}’r,n)||L2((),T;L2(Q)) <C(A,o0).
(22)

Then, [33, Lemma 1.3] together with f,, — ¥ in CllOC forn — oo and the weak-lower
semicontinuity of A : w € L*(Q;R?) fQ A(w)dx € R allows to take for a
subsequence of y; , the limit inferior for n — oo for all terms in (22) and the limit
superior for n — oo for those in (10) to obtain (20) and further for all n € H(Q) it
holds

/Q(A(Vn)—A(Vyj))z/Q—<y"_r¢> (=) = ¥ )G — )+ — ).

J
(23)

Finally we can go over to the equality (9) by the reasoning from Remark 1.

The uniqueness of the solution of (9) can be shown for each time step separately one
after another. For this purpose assume the existence of two solutions. Subtracting their
defining equations, testing with their difference and using the strong monotonicity of
A'andof s + 1 | Y'(s)duetotr < 1/C w shows that the H L_norm of their difference
vanishes. O

With a further (minor) restriction on the maximal time step T we obtain Lipschitz-
continuity of the solution operator for (9) with a constant independent of 7.

Theorem 4 Let Assumptions 1 and 7 < ﬁ hold. Then the mapping S,

(o, ur) > y where y; is the solution of (9), is Lipschitz-continuous in the sense
that

1 2 1 2
Iy — ye )||L°°(0,T;L2(Q)) + 1V — vyS )||L2(0,T;L2(Q))

24)
1 2 (
= Caer (196" = 92 + 162 = @l 20,10 20))

where y?) = S'T (yg), ug))fori =1,2.

Proof We note down the differences by a prescript 8, e.g., §y; = yil) — y?). With

1(a® — b*) < (a — b)a in mind, testing the defining equalities (9) with §y; and using
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that A’ is strongly monotone as well as (6), we obtain

3 (183512 = 18;-111%) + 7, CalVEy; 1
< (8y; —8yj—1.8y;) + 1 (A’(Vy;.l)) — Ay, vay.,)
1 2
= 1; (8uj. 8y;) — 7 (W(yﬁ» D=y o), 5)’j)

Tj€

18U 1%+ S8y, + T Cy I8y 117,

IA

In the last step we used scaled Young’s inequality with 0 < € < min(1,2C4). We
now sumover j = 1,..., J and get

J J J
183717 +Ca D7 lV8y 117 < 5 [ 1830l> + Y7 Zhdujliz, | +3Cy Y jlly;I
j=1 j=1 j=1
(25)

forall 1 < J < N. Here we defined C’A = Cy — % and C‘w = € + 2Cy Omitting
the gradient term on the left and absorbing the J-th term from the right, we obtain

J = J—1
. C
18y, 1> < I8yoll% + Y Zlsus 2, | + —2— 3" 7183512
1— Cyty s

(1 —éw‘tj) s
N J—1

< Cyo | 185017 + Y Z11sujl? | + CycCy Y Tilly,lI*,
j=1 j=1

where we had to suppose smallness of 7 to ensure Cy ; := . 16 - > 0. Now we
—Cy

apply the discrete Gronwall Lemma (see, e.g. [34, Lemma A.3]), which yields

N J—1
18ys1% < [ Hsyol® + D ZUsujli?, | Cyeexp [ CycCy Y 1)
i—1 i=1
N ’ (26)
< [ nsvoll® + - Zsus i, | Cyeexp (CueCyT).
j=1

Inserting this into (25) we finally getforall / = 1,..., N

J N
Ca Y tIvayI? < 4 (nmn2 +3 ’gnaujni,l/) (14 €y CyTexp(CyCyT)).
j=1 j=1

27
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which together with (26) and the boundedness of Cy ; independently of 7 yields the
inequality (24). O

A similar result to Theorem 3 could also be obtained by using results on monotone
operators, see, e.g., [33]. Together with an argument formerly found by Stampacchia
one would obtain the regularity y; € L*(Q) N H 1(Q) at each step of our time
discretization [32, 35]. These results are applicable if 7 is sufficiently small such that
the term y; + 7;¥/(y;) becomes monontonic. However this regularity comes with
restriction on the space dimension d.

Our approach also allows taking the limit T — 0 providing the convergence of the
time discrete solutions y, with 7 — 0 and with it the existence of a solution in the
time continuous case. The following lemma serves as a preparation and gives a similar
result to [36].

Lemma5 Let {y;}; with y; € Y; and Tt — 0 be a sequence satisfying

19, " yellL20.7: 202y + 12l Loeo.7: 11 () < Cs (28)

where C > 0 is independent of T. Then there exists a subsequence (again denoted by
{v:}:) and a function z € C([0, T]; Lz(Q)), such that

max, [yc(®) —zOllp2 >0 as  ©—>0. (29)

Proof Using the definitions from (7), for given y, we define its linear interpolant

Zr, e, M, = yj-1 + (¢ — tj—1)9; "yr(tj). Note that from (20) we have

Izl g0, 7. L2 @)L=, 1:H (@) < C for some constant C, independent of 7. By

the compact imbedding L>°(0, T; H'()) N HY(0, T; L*(Q)) — C([0, T]; L*(R))

(see Aubin—-Lions—Simon compactness theorem , e.g., in [37]) we deduce the existence

of a function z such that (possibly for a subsequence) z; — z in C([0, T]; L2(Q)).
In addition, for t = Bt; + (1 — B)t;_1 with B € (0, 1] we find

1ye @) = 2e D172y = (1 = Y5 = ;=D 19, Ty ()72

2 -7 2 (30)
< (1 - :3) T”at yT||L2(0’T;L2(Q)) < CA,(//,yOT

independent of . Consequently it holds max;e[o, 77 Il yz ) —zOllr2@) —> Oast — 0.
O

We are now prepared to deduce the convergence of the numerical solutions to the
time continuous solution.

Theorem 6 Let Assumptions 1 hold. Then for every u € L2(0, T: L3()) there exists
a unique weak solution y € L*°(0, T, Hl(SZ)) NH! O, T; LZ(Q)) to (4), i.e.,

/Qazyn + A (VI + () = /Qun Vi e L*(0, T; H (),
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subject to y(0) = yo € H () a.e. in Q, and it also holds V' (y) € L*(Q).

For a sequence {u} with uz—u in L*>(0, T; L*(Q)) for t — 0, then for the cor-
responding sequence of time discrete solutions {y;} and y := S(u) the following
convergences hold:

ye—y in L*(0, T; H' (),
Ve = yin L®(0,T; H'(Q)).
ye = v in C([0, TT; L*()). 31)
3, Ty,—d,y in L*(0, T; L*()),
¥/ (yo) =¥ () in L*(0, T; L*(R)).

Proof Given u € L%(0, T; L?*(S2)) we choose a sequence of discretizations u,; € U,
with uz—u in L2(0, T; L3(2)) for T — 0. This allows for the choice of a constant
¢ > Osatisfying ||u. || < c. Let y; be the solution of (9) corresponding to #,. Then the
estimates (20) hold. Hence, for t — 0 there exists a (sub-)sequence satisfying the first
and last two convergences in (31). The strong convergence of {y, } in C([0, T]; L2(Q)
is obtained from Lemma 5. Note that for later convenience we already denote the limit
as y and the latter two limits in (31) were identified using pointwise almost-everywhere
convergence of y; (following from the strong convergence), continuity of ¥ and an
application of [33, Lemma 1.3]. Altogether we can take the limit in the variational
inequality (23) to obtain that y satisfies

/Q dhy( —y) +AVn) = AVY) + ¥ ()0 —y) —uln —y)

>0 VnelL*0,T; H(Q)). (32)

Remark 1 yields that y solves also the variational equality (4). Furthermore, using
weak (k) lower-semicontinuity the solution y satisfies

10: vl r200.7:22(02)) + 1Yl 0.7: 11 @) + 1Y DI L200.7:22(02)) < CApyo(©)- (33)

The uniqueness follows by subtracting the defining equations for two solutions and
using a Gronwall argument to deduce that their difference vanishes.

Recall that the choice of discretization (given by the choice of the intervals) was
arbitrary. Furthermore on the way to obtain y from y; , we had to take subsequences
twice. Whatever choice made we would have gotten a y satisfying the same variational
inequality. Since this variational inequality has a unique solution, the whole sequence
has to converge. Summarized, for all discretizations, we get a sequence y; , that for
n — ooandthent — 0(j — oo)results in the same limit y satisfiying the variational
inequality. O

Finally, we also obtain Lipschitz-continuity of the time continuous solutions.
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Theorem 7 Let Assumptions 1 hold. Then the solution of (4) depends Lipschitz-
continuously on (yo, u) in the sense that

lyr — yall L2 200.7: H1
C([0,T1: L2(Q)NL2(0,T; H' (Q)) (34)

< Cy.ar (Iyro — y20ll2 + llur — w2l 207 51 @))) -

where y1, y2 are the solutions to the data (y1,0, u1) and (y2,0, u2) respectively.

Proof Using sequences ug), ugz) € U; converging to u1 and u> in LZ(O, T; LZ(Q))

we obtain a sequence y?) =5, (ugi) ) with yii) converging to y; = S(u;) in the sense
of (31) fori = 1, 2. Then applying Theorem 4 one obtains the Lipschitz estimate (34)

since the constant in (24) is independent of t. O

We remark that this result can be obtained in a similar way as for the discrete
solutions using the continuous Gronwall inequality.

In addition, let us mention that our discretization of the state equation inherits an
important property of the time continuous case. Namely, since the state equation is a
result of the gradient flow of the energy £ given in (1), the energy should decrease in
time when there is no input, i.e., u = 0.

Theorem 8 Let Assumptions 1 and © < 2/Cy, hold. Then the scheme (9) for the state
equation is energy stable, i.e., for u; = 0 the energy functional £ is decreasing in
time.

Proof We test (9) with the difference y; — y;_ and obtain
Ly i 2 4 (A (Vy). Vyi — Ty )i — i) =
— Iy =yt I+ (A V3, Vyj = V1) + (80 v = yj-1) = 0. 35)
J

The convexity of A (recall A’ is strongly monotone) yields (A'(Vy;), Vy; — Vy;_1) >
A(Vy;) — A(Vyj_1) for the second term. The third term can be estimated by the fol-
lowing relation

VN0 —yi-D) = V) — o) — Ly — v (36)

This follows from the fact that this holds for f;, approximating ¥ as in Assumptions 1.
Collecting terms and using the definition of the Ginzburg—Landau energy (1) one
finds

1 C
<;—71/’> lyj = yj1llP + €@ = Eyj—1) <0 (37)
J
and thus £(y;) < E(yj—1) if t <2/Cy. m|

The result from Theorem 8 can be applied to the discretizations assumed in Theorems 3
and 4 since it provides the less restricting assumption on the step length t.
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Finally let us comment on possible choices for the function A for the quasilinear
term and for the function v, in particular regarding the application to optimal control
of anisotropic Allen—Cahn equations.

Remark2 The Assumptions 1 on A are fulfilled, e.g., in the following cases:

1. A € CY(R) is convex, absolutely 2-homogeneous and satisfies A(p) > 0 for
p # 0 as in [20]. Writing A(p) = %y(p)z, sufficient conditions on y for these
properties can be found, e.g., in [21]. One can actually require only A € C°(R).
Then the above results still hold for the solution of the variational inequality (32)
using the absolutely 2-homogeneity in the estimate (17).

2
2. Aisgivenas A(p) = % (ZILZI (pTGip+ 5)1/2) with symmetric positive defi-

nite matrices G; € R%d and § > 0, see [7] for details.

If § = 0, such anisotropies are studied in [22, 23] for the Allen—Cahn equation.
These may be regularized using § > 0 to obtain A € C*(R?) while loosing
absolutely 2-homogeneity.

The Assumptions 1 on  are fulfilled in the following cases:

1. ¥ € C%*(R) is bounded from below, v > —Cy for some Cy > 0 and
lim;— .00 Y (1) = +00.
This can be shown by choosing a value x_; > 0 large enough such that
¥ > 1,¥" = 0 on [x_1,00). Then, with x, := argmin,c[,  i1.00¥"(x)
one can define the approximation on [0, x,] by f, := ¥, and for x > x, as
Fu(x) = Y (xn) + ¥ () (x — x,) + %w”(xn)(x — x,)?%. Respectively one can
construct f, on (—oo, 0].

2. ¥ is the double well potential ¥ (y) = }‘(y2 — 1)2, since then the conditions in 1.
hold.
In addition to the regularity y € L°°(0,T; H L(©)) of the solution of (4) that
was shown in Theorem 6, from the estimate (33) we also obtain the regularity
y € L%, T; L°(Q)) for all space dimensions if we use this potential.

3. ¢ is one of the following regularizations of the obstacle potential v, given by
%(1 —x2)on[—1, 1] and oo elsewhere:

e 1 is the regularization considered in [38] for analyzing the solution of the
isotropic Allen—Cahn or Cahn—Hilliard variational inequalities. There ¥ ,ps;
is regularized to ¥ € C 2 by a smooth continuation of V55 on [—1, 1] with
a cubic polynomial in a neighborhood =£(1, 1 4 §) and then with a quadratic
polynomial (cf. formula (2.9) there).

e 1 is the Moreau—Yosida regularization of ¥,ps;, i.€., ¥ € C I with v(x) =
%(1 —x)+s (min{x+1, O})2 +s(max{x—1, 0})2 where the penalty parameter
s € R ispossibly very large. Itis, e.g., used in [ 13] to study the optimal control
of isotropic Allen—Cahn inequalities and to obtain a numerical approach.
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3 Existence of the Optimal Control in the Time Discretized and in the
Continuous Setting

Having shown the existence of solutions to the discretized (9) and time continuous
state equation (4) that satisfy the bounds (20) and (33), respectively, we are able to
develop the existence results of solutions to the pertinent control problems (8) and (3).
Theorem 9 Let Assumptions 1 be fulfilled and max; t; =t < (1+;—Cv,) hold. Then
forevery yq € LZ(Q) the control problem (8)—(9) has at least one solutionin U, X Y.

Proof The requirements assure that Theorem 3 is applicable and for every u; € U;
we find a unique solution S; (1) = y; € Y of (9). Since the feasible set {(u;, yr) |
yr = Sy (u;) for u; € U} is nonempty and the cost functional in (8) is bounded from
below we can deduce the existence of an infimum ¢ and of a minimizing sequence
(@™, Iy, with ¢ 1= limpoeo JOI™, ul™). If u™ e L2(0, T; L2(Q2)) was
unbounded so would be J (y?"), ugm)) which would contradict its convergence to
an infimum. Hence there exists a constant ¢; > 0 possibly depending on t with

||u§m) lz200.7:22()) =< ¢r for all m and we can extract a weakly convergent subse-

quence denoted in the same way ugm)—\u’; in L2(0, T; L?*(S2)). From Theorem 3 we
obtain independent from m

||y§m)||Loo(o,T;H1(Q)) + ”w/(yl('m))”LZ((),T;LZ(Q)) < Cay,y(Co). (38)

Given y\™, y* are determined by N functions in H!(), this yields y™ — y* in
L%(0, T: L*(RQ)) and in the pointwise sense, as well as
W' (yI") =y (y¥) in L2(0, T; L2(S2)) possibly for a subsequence. Since U, is finite
dimensional in time and due to the compact imbedding L?(2) — H'(2)’ we obtain
u(,m) — u?in L?(0, T; H'()'). So the Lipschitz-continuity stated in Theorem 4 in
addition yields yi’"’ — y¥in L?(0, T; H'(£2)). Now we can take the limit in the state
equation and obtain

O] =Y @) F A YD VO + 10D 0) = 70 9)  j=1.. N
(39)

The convergence of the second term arises from the fact that A : LZ(Q) — LZ(Q) is
a continuous Nemytskii operator. From (39) we conclude that y} = S; (#}) and hence
(u}, y¥) is feasible and its optimality follows by using the weak lower-semicontinuity
of J. O

Similarly we can show the existence of the optimal control in the time continuous
setting given the control-to-state operator S : # — y and the estimates (33) for y
provided in the proof of Theorem 6.

Theorem 10 If Assumptions 1 and yq € L*() hold, then there exists a solution to
the optimization problem (3)—(4).
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Proof As in the proof of Theorem 9 we obtain a minimizing sequence (i, y,,) with
Ym = S(u,) where u,, is bounded and consequently providing a constant ¢ such that
(33) holds independently of m, i.e.,

1 Yl 120, 7:12(02)) + IVmll Lo, 7511 () + IV Gl 20,75 1202)) S € (40)

From this we get a subsequence (uy,, y,,) with u, converging weakly to a & in
L2(0, T; LZ(Q)), and y,, converging to a function y weakly-x in L*°(0, T’; HY(Q)),
weakly in H'(0, T; H'(R)'), and therefore using the lemma of Aubin—Lions strongly
in C([0, T1; L*(R2)) with 5(0) = yo and pointwise almost everywhere in Q.

Moreover, d;y,, and ¥'(y,,) converge to 9,y and ¥’ (y), respectively, in the weak
topology of L2(0, T; L*(2)).

In order to obtain y = S(it) we need to be able to pass to the limit also in the A’-term
of (4). Given the fact that A’ : L2(Q) — L%(Q) is a continuous Nemytskii operator
it is sufficient to show the strong convergence Vy,, — Vy in L2(0, T; L3(2)). Then
finally, the weak lower-semicontinuity of J provides (y, ) being a minimizer of J.

The time derivative is monotone if y,(0) — y(0) = 0. Hence we have
(35 Y — 7) < (3 Y — 7, and ypu = S(u) yields

(A/(V)’m)’ Vym = Vy) < Wm, ym —y) — (‘/f,(ym)a Ym —¥) — {0y, ym — ¥)-

Recalling the convergence properties of y,, together with |Ju,, || + | (ym)|l < C, the
right hand side vanishes in the limit m — oo. From strong monotonicity we obtain

ClIVym = V3I* < (A'(Vym), Vym — V§) = (A'(V§), Vym — V),

where the second term on the right hand side vanishes in the limit by weak convergence
and we have just shown that the limit of the first one can be bounded by 0 from above.
This finally yields the desired strong convergence of Vy,, in L2(Q). O

Note that for the convergence Vy,, — Vy in L2(0, T; L?(S2)) we could not use
the Lipschitz-estimate (34) for the time continuous problem like we were able to
use the analogous estimate (24) for the time discrete problem in Theorem 9. The
reason is that in the time continuous case we do not have the analogon to the compact
imbedding L?(Q)Y — HY Q)N (L*(0,T; L*(Q)) — L*(0,T; H'(Q)') is not
compact). Therefore we had to show the convergence more directly.

As in [39] for elliptic and in [40] for parabolic problems we finally consider the
convergence of the minimizers u, of the discretized problem to a minimizer of the
problem in the continuous setting. Note that in [40] a target function y is given over
the whole time horizon or the solution has to have a higher regularity with respect to
time. Having shown the strong convergence result y, (7', -) — y(T, -) in Theorem 6
we still can derive the following result.

Theorem 11 Let Assumptions 1 be fulfilled and yq € L*(Q2) hold. Consider a
sequence of global optimal controls (u;, y:)r of (8) subject to (9) belonging to a
sequence of discretizations with T — 0. Then there exists a subsequence withu,; — u

@ Springer



Applied Mathematics & Optimization (2022) 86:34 Page170f19 34

in L*(0, T; L*(2)) and with y, converging to y = S(u) in the sense of (31) where
(u, y) solves (3) subject to (4).

Proof First we choose an arbitrary u* € L*(0, T; L?(2)) and a sequence u¥ € Up with
w* — u*in L*(0, T; L>(Q)). Hence y* = S;(u*) is bounded in L>(0, T; H'(2))
due to (20). Now let (1, ), be the sequence of global minimizers to (8) subject to (9) and
denote y; = S¢(uc). Then J(yr, ur) < J(y¥, u}) < cimplies that (u;), is bounded
in L2(0, T; L*(2)) and we deduce a subsequence with u;—u in L%(0, T; L*()).
Then the bounds (20) are fulfilled and Theorem 6 yields that we have the strong
convergence y; (T, -) — y(T,-)in L?(Q) where y = S(u). Respectively, given some
arbitrary sequence i, with ii; — # in L2(0, T; L?(2)) we obtain the latter also for
yr = Sz (iz) and y = S(u). This yields

J(y,u) < limi(r)lf J(yr,ug) < limsup J(yr, ue) < lir% J G, itr) = J (3, it).
T T—>

=0

(41)

Since u was arbitrary this yields the global optimality of u. Plugging in & = u
yields the convergence |lu|| — |lu|| and therefore with the weak convergence also
the strong convergence u; — u in L?(0, T; L*()). ]

Remark 3 1f instead of the cost functionals (3) and (8) one considers the cost function-
als with a target function y¢ in L%(0, T; L?(R2)) given over the whole time horizon

1 2 A2

and its discrete counterpart

N N
1 A
Fe(ye,ue) =2 3 tilly; = vo il + 3 Yol I, (43)
j=1 j=1

with yp : € Yy and yp, — ygin L2(0, T; L3(2)), the theorems of this section still
hold true with proofs following the same lines.
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