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Chapter 1

Introduction

For a complex manifold, we can define a sheaf Ak of complex-valued differential
forms. There is a canonical decomposition Ak =

⊕
p+q=kAp,q equipping this

sheaf with a bigrading. Furthermore, there are differential operators ∂ and
∂ on differential forms, yielding a bicomplex

(
A•,•, ∂, ∂

)
. The cohomology of

the complex
(
Ap,•, ∂

)
is called the Dolbeault cohomology and it is canonically

isomorphic to the sheaf cohomology of the sheaf of holomorphic differential p-
forms. This result is known as Dolbeault’s Theorem (from about 1950), and it
is a complex analogue of de Rham’s Theorem.

In non-archimedean analytic geometry, complex manifolds are replaced by
analytic spaces over non-archimedean fields. Non-archimedean fields were dis-
covered in the beginning of the last century, and they are defined as fields k
together with an absolute value |.| that satisfies the ultrametric triangle in-
equality, meaning that |x + y| ≤ max{|x|, |y|}. As a result, the topology of a
non-archimedean field (k, |.|) is totally disconnected. For this reason, the naive
approach defining analytic spaces over a non-archimedean field k analogously
to the complex analytic case does not work.

This lead to different approaches towards the definition of non-archimedean
analytic spaces together with a suitable sheaf of analytic functions. Tate devel-
oped the theory of rigid geometry around 1960. His work gave rise to a good
theory of sheaves of analytic functions, but the underlying spaces only come
with a Grothendieck topology. More recently, Raynaud’s formal models and
Huber’s adic spaces lead to other approaches to non-archimedean geometry.

In this thesis we are going to build upon the theory of analytic spaces de-
veloped by Berkovich in 1990. His analytic spaces are actual, well-behaved
topological spaces. For example, they are locally compact and locally path-
connected. An algebraic variety X over a non-archimedean field k gives rise in
a natural way to a Berkovich analytic space Xan, the so-called Berkovich ana-
lytification of X. Locally, on affine open subsets Spec(R) of X, the Berkovich
analytification is given by the collection of all multiplicative seminorms on R
extending the given absolute value on k, together with the coarsest topology
such that for all f ∈ R the map Spec(R)an → R, |.|x 7→ |f |x is continuous.

There are results – known as GAGA-results – which connect algebraic prop-
erties of the variety X with properties of the topological space Xan. To name
a few, X is separated (resp. proper, connected) if and only if Xan is Hausdorff

5



6 CHAPTER 1. INTRODUCTION

(resp. compact, arcwise connected). All analytic spaces we consider in this
thesis are meant to be good strictly k-analytic spaces in the sense of [Ber93].

There is a theory of smooth real-valued differential forms on Berkovich an-
alytic spaces together with differential operators and a so-called Dolbeault co-
homology, which is due to Chambert-Loir and Ducros [CD12] and can be seen
as an analogue of the complex analytic case in the non-archimedean world.
This theory was generalized by Gubler, Jell and Rabinoff in their recent pa-
per [GJR21], giving rise to a larger bigraded sheaf of so-called weakly smooth
differential forms with essentially the same properties, but with a better coho-
mological behaviour. Furthermore – in contrast to the space of smooth forms
– they contain certain forms that arise in a natural way on the analytfication
of abelian varieties.

In this thesis, our main goal is to study the Dolbeault cohomology of weakly
smooth forms of a particular class of Berkovich analytic spaces. Namely, we
consider the Berkovich analytic space Aan associated to an abelian variety A
over k, where (k, |.|) is a field which is complete with respect to a non-trivial
non-archimedean absolute value. The motivation comes from the fact that in
the complex analytic case, this class of cohomology groups can be described
very precisely: For an abelian variety A over C of dimension n, the complex
analytic space A(C) is a connected compact Lie group, and hence a complex
torus. Denoting by V the tangent space of A(C) at zero, the exponential map
exp : V → A(C) is a surjective morphism of Lie groups and a topological
covering map whose kernel Λ is a complete lattice in V . The morphism exp
and the description of A(C) as the quotient of V by its kernel then allow us to
construct a canonical isomorphism of complex vector spaces

Hp,q

∂
(A(C)) ∼=

p∧
HomC(V,C)⊗C

q∧
HomC-antilinear(V,C),

where Hp,q

∂
(A(C)) denotes the q-th ∂-Dolbeault cohomology group of A(C).

The goal is now to study the Dolbeault cohomology of abelian varieties in
the non-archimedean setting. The key ingredient here is the uniformization
theory by Raynaud, Bosch and Lütkebohmert and its analytic consequences
investigated by Berkovich. Given an abelian variety A over a non-archimedean
field k, their results provide us (after possibly passing to a finite separable
extension of k) with a short exact sequence

1 −→ T −→ E −→ B −→ 0(1.1)

of algebraic groups over k. In the sequence above, T is a split algebraic torus
over k, the so-called algebraic torus associated with A, and B is an abelian va-
riety over k of good reduction. This gives rise to a similar setup as in the
complex case. Now the connection with our original Berkovich analytic space
Aan is the following: The short exact sequence (1.1) comes with a morphism
p : Ean → Aan of k-analytic groups which is a covering map in the topological
sense, and whose kernel Λ := ker(p) is a discrete subgroup of the k-rational
points E(k) ⊆ Ean such that the map

Ean/Λ ' Aan
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induced by p is an isomorphism of k-analytic groups. As a result, we obtain
the so-called Raynaud uniformization cross

Λ

Tan Ean Ban

Aan ,

p

a diagram of k-analytic groups. In his thesis [Sto21], Stoffel considered the case
where A has totally degenerate reduction, meaning that B = 0 and E = T
(which always holds in the complex case). He showed that in this case, there is
a canonical injective morphism of real vector spaces

Φp,q
A :

p,q∧
MR :=

p∧
MR ⊗R

q∧
MR ↪→ Hp,q(Aan),

where MR denotes the real vector space associated to the character group M =
Hom

(
T, Spec

(
k
[
T±1

]))
of the torus T, and Hp,q(Aan) denotes the Dolbeault

cohomology of (smooth) forms on Aan. The aim of this thesis is to generalise
this result by dropping the assumption that A has totally degenerate reduction.
In this more general setting, we will on the one hand recover Stoffel’s result,
but also specify the contribution of the abelian variety B of good reduction to
the Dolbeault cohomology of A. More precisely, we will define another injective
morphism

p,q∧
MR ↪→ Hp+dimB,q+dimB

D (Aan),

this time to the cohomology of so-called strong currents, which are continuous
linear functionals on the space of compactly supported weakly smooth forms
on Aan.

Let us consider the construction of the map Φp,q
A and the strategy of proof

for its injectivity in more detail. First of all, let us consider the construction
of the sheaf of weakly smooth forms on a Berkovich analytic space X over
k. An essential ingredient are Lagerberg forms. Lagerberg forms on Rn were
introduced by Lagerberg in [Lag12] as analogues of real-valued (p, q)-differential
forms on complex manifolds. More precisely, for an open subset U of a finite
dimensional real vector space NR, a Lagerberg form of bidegree (p, q) on U is
an element of

Ap,q(U) := Ap(U,R)⊗C∞(U) Aq(U,R),

where Ak(U,R) denotes the space of smooth real differential forms of degree
k on U . The resulting sheaf of Lagerberg forms on NR is then given by A :=⊕

p,qAp,q. There is a ∧-product and natural differential operators d′ and d′′

on Lagerberg forms turning (A•,•, d′, d′′) into a bicomplex of real vector spaces.
Furthermore, by a shrinking procedure, we obtain a space of Lagerberg forms
A(σ) on each polyhedron σ ⊆ NR, and also on each polyhedral set.
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Now we can use so-called tropicalization maps to pass from the analytic
space X to some finite dimensional real vector space, and thus build the bridge
from Lagerberg forms to the sheaf of (weakly) smooth forms AX =

⊕
p,qA

p,q
X

on X. More precisely, a smooth differential form on X is locally given by pull-
backs of Lagerberg forms via smooth tropicalization maps. These maps are
given by analytic morphisms to the Berkovich analytification of some split torus
Gr
m = Spec(k

[
T±1

1 , . . . , T±1
r

]
) over k composed with the tropicalization map

trop: Gr,an
m → Rr which maps a multiplicative seminorm |.|x ∈ Gr,an

m to the
r-tuple (− log|T1|x, . . . ,− log|Tr|x) ∈ Rr.

In [GJR21], Gubler, Jell and Rabinoff extend this theory of differential
forms by allowing pull-backs via harmonic tropicalization maps, which are G-
locally given by smooth tropicalization maps. Here we mean the G-topology on
Berkovich analytic spaces, this is a Grothendieck topology generated by analytic
subdomains, closely related to rigid geometry. Both the smooth as well as the
harmonic tropicalization maps share the important property that their image is
a polyhedral set which admits in a natural way a polyhedral complex structure
together with weights turning them into a tropical cycle away from the image
of the boundary.

Coming back to our abelian variety A, there is the so-called canonical
tropicalization map tropE : Ean → NR on the Raynaud extension Ean, where
NR is now defined as the real vector space associated to the cocharacter lattice
of the algebraic torus T associated to A from (1.1). In general, this tropical-
ization map fails to be smooth, but in [GJR21, §16] the authors show that it
is a harmonic tropicalization map. This was also one of the motivations for
Gubler, Jell and Rabinoff to introduce their theory of weakly smooth forms
based on harmonic tropicalizations. In Chapter 3, we are going to use the fact
that tropE locally induces a harmonic tropicalization map on Aan to show that
each Λ-invariant Lagerberg form α′ ∈ Ap,q(NR)Λ defines a weakly smooth form
φp,qA (α′) = α ∈ Ap,qAan(Aan) on Aan ' Ean/Λ via tropE . Denoting by MR the
dual vector space of NR, the canonical map

Φp,q
A :

p,q∧
MR → Hp,q(Aan), α′ 7→ Φp,q

A (α′) :=
[
φp,qA (α′)

]
obtained by this construction will help us to study the contribution of the
torus part to the Dolbeault cohomology. The map Φp,q

A can be defined on all
d′′-closed Λ-invariant (p, q)-Lagerberg forms on NR, but the result by Stoffel
that the natural morphism

∧p,qMR → Hq(Ap,•(NR)Λ, d′′) given by mapping a
Lagerberg form with constant coefficients onto its class in the cohomology group
is an isomorphism (see [Sto21, 3.4.26]) shows that with regards to cohomology,
it is enough to consider only the forms with constant coefficients. We note
here also that, while in the case of totally degenerate reduction, the injectivity
of Φp,q

A showed that the Dolbeault cohomology Hp,q(Aan) is non-trivial for all
p, q ∈ N with max{p, q} ≤ dimA, in our more general setting we obtain that
Hp,q(Aan) is non-trivial for all p, q ∈ N with max{p, q} ≤ dimT if dimT > 0.
So already here the abelian variety B of good reduction appears implicitly.

The construction of the map Φp,q
A is based on the torus part T of the Raynaud

extension (1.1), and the proof of its injectivity is where the abelian variety B



9

of good reduction comes in. The overall idea of the proof is to find for every
weakly smooth form of the form φp,qA (α′) induced by α′ ∈

∧p,qMR and tropE
another d′′-closed form β – now coming from the good reduction part Ban –
such that pairing it with φp,qA (α′) yields a non-zero integral. The requirements
on β are hence to yield a non-zero integral, and to come from Ban but descend
to Aan. Passing to an algebraic closure of k, Gubler’s and Künnemann’s results
in [GK17] and [GK19] suggest a canonical candidate for the choice of β: the
Chern current [c1(L, ‖ . ‖L)] associated to an ample line bundle L on B together
with the canonical metric ‖ . ‖L on L induced by a cubic model L for L over
the valuation ring of k. They proved that the pull-back of this element to
Ean can be shown to be translation invariant under Λ, hence it descends to
Aan ' Ean/Λ. Furthermore, its integral can be computed using the degree of
the line bundle L on B.

The current [c1(L, ‖ . ‖L)] is not induced by a weakly smooth form, but it
is a so-called δ-form in the sense of [GK17]. Hence, in order to pair a weakly
smooth form φp,qA (α′) as above with a δ-form, we have to pass to a larger space
containing both types of forms. This is where the space of δ-forms introduced
by Mihatsch in [Mih21] comes in. It contains both the weakly smooth forms as
well as the δ-forms in the sense of [GK17]. Furthermore, the sheaf of δ-forms
in the sense of [Mih21] comes with a ∧-product. Then, letting β denote the

δ-form on Aan which is induced by the δ-form [c1(L, ‖ . ‖L)]∧(dimB) on Ban, our
main Theorem 5.2.8 states that the formula�

Aan

φdimT,dimT
A (α′) ∧ β =

�
F ◦Λ

α′ · degL,...,L(B)

holds for all α′ ∈
∧dimT,dimTMR, where FΛ denotes a fundamental domain for

the lattice tropE(Λ) in NR. The injectivity of the natural map Φp,q
A can be

derived from this product formula, and furthermore we can use it to show that
the δ-form [c1(L, ‖ . ‖L)] gives rise to an injective map

p,q∧
MR ↪→ Hp+dimB,q+dimB

D (Aan)

to the cohomology of strong currents, i.e. of continuous functionals on com-
pactly supported weakly smooth forms on Aan. It is given by mapping α′ ∈∧p,qMR to the class of the strong current

A(dimT)−p,(dimT)−q
c (Aan)→ R, η 7→

�
Aan

η ∧ φp,qA (α′) ∧ β

in the cohomology of strong currents. In particular, the cohomology groups
Hr,s
D (Aan) are non-trivial for all r, s ∈ N with r, s ≥ dimB and max{r, s} ≤

dimA.

Outline of the thesis. In Chapter 2 we define the sheaf of weakly smooth
differential forms on Berkovich spaces based on harmonic tropicalizations after
[GJR21]. As a preparation, in Section 2.1 we give basic definitions from poly-
hedral geometry and then introduce Lagerberg forms on real vector spaces and



10 CHAPTER 1. INTRODUCTION

polyhedra. In the second part of Chapter 2, we define smooth and harmonic
tropicalization maps giving rise to the sheaf of weakly smooth forms. Then we
can define the corresponding Dolbeault cohomology.

In Chapter 3 we deal with the analytification of abelian varieties over non-
archimedean fields. First, we recall results from the uniformization theory of
Bosch, Lütkebohmert and Raynaud, and analytic consequences thereof outlined
by Berkovich. This then allows us to define the canonical tropicalization map
on the Raynaud extension of an abelian variety. It is a harmonic tropicaliza-
tion map and gives rise to the definition of the canonical map describing the
contribution of the torus part of an abelian variety to its Dolbeault cohomology.

Chapter 4 has two parts: We define δ-forms on Berkovich analytic spaces,
and furthermore we prove a product formula for their integration theory. In
order to define δ-forms on Berkovich spaces, we first need the notion of δ-forms
on finite dimensional real vector spaces after [Mih23]. This is the content of
Section 4.1. In Section 4.2, we first introduce the notion of tropical spaces in
order to be able to give a definition of δ-forms first on tropical spaces, and then
on Berkovich spaces. Furthermore, we investigate the integration theory of δ-
forms in order to prove the product formula. This formula is stated in much
more generality than it will be used in the proof of the main theorem. Its proof
uses Mihatsch’s intersection theory as well as analytic results from [Ber90] and
[CD12], and it does not rely on any properties of abelian varieties.

The fifth and last chapter contains the proof of our main theorem. In Section
5.1, we introduce the δ-form on the good reduction part Ban of the Raynaud
extension, which is crucial for our study of the cohomology. For this, we collect
some results by Gubler and Künnemann in [GK17] and [GK19]. The aim of the
second part is to use the short exact sequence (1.1) of the Raynaud extension
to apply the product formula for integration of δ-forms in our specific setting,
in order to obtain our main theorem. For this, some technical observations and
constructions are needed. In Section 5.3 we finally use the product formula from
our main Theorem 5.2.8 to describe the (non-trivial) contributions of the torus
part as well as the good reduction part of the abelian variety to its cohomology.
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advisor Klaus Künnemann who suggested the topic of my thesis to me. I want
to thank him for the excellent supervision during the whole time of my PhD
thesis, for the great advice, many inspiring and helpful discussions and general
guidance, and especially for taking the time to meet me regularly. I would also
like to thank him for reading through previous versions of this thesis, and all
the helfpul comments on them.
I am also extremely grateful to my second advisor Walter Gubler for always
having an open door to discuss my mathematical problems, for many inspiring
discussions, and for answering me many questions about his research. I am also
thankful for helpful comments on a previous version of my thesis.
Furthermore, special thanks goes to Andreas Mihatsch whose research work
inspired some of the strategies in my thesis. I want to thank him for helpful
and inspiring discussions and for very useful comments on an important part
of my thesis in earlier stages as well as on a more recent version.



11

Moreover, I want to thank Philipp Jell and José Pedro Quintanilha for inter-
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Chapter 2

Weakly smooth forms on
Berkovich spaces and their
cohomology

2.1 Lagerberg forms

The aim of this section is to recall the construction of Lagerberg forms and
Lagerberg currents introduced by Lagerberg in [Lag12, §1], which are real ana-
logues of complex (p, q)-forms and currents on Cr. They are defined on real
vector spaces, as well as on polyhedral subsets, and together with their inte-
gration theory they build the basis for the construction of the later considered
weakly smooth forms and δ-forms on non-archimedean analytic spaces. For all
this we follow [Gub16, §2, §3] and use the language of polyhedral geometry from
[GJR21, §2.4] and [Mih23].

2.1.1 Definitions from polyhedral geometry

In this first part we introduce some fundamental definitions from polyhedral
geometry following [GJR21, §2.4] and [Mih23, §2.2].

In the subsequent, let N always be a lattice of rank r, i.e. a free Z-module
of finite rank r, and we denote by NR := N ⊗ZR the ambient real vector space.
We denote by M := HomZ(N,Z) the dual abelian group of of N , and by MR
the dual vector space of NR.

Convention 2.1.1. We fix a subring R of R which is commutative and with
1, and an R-submodule G of R. Let MR := HomZ(N,R).

Remark 2.1.2. In applications R is often taken to be the integers, and G is
taken to be the value group Γ := v(k×) of a non-archimedean valued field (k, v).

Definition 2.1.3. i) An affine function on NR is a map f : NR → R of the
form f = u+ c for some u ∈MR and c ∈ R.

ii) An affine function f = u+c (u ∈MR, c ∈ R) on NR is called (R,G)-linear
if u ∈MR and c ∈ G.

13
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iii) LetN ′ be another lattice. Then a map L : N ′R → NR is called (R,G)-linear
if f ◦ L : N ′R → R is (R,G)-linear on N ′R for each (R,G)-linear function
f : NR → R.

Definition 2.1.4. i) A polyhedron σ in NR is a finite intersection
σ =

⋂k
i=1Hi of halfspaces

Hi := {w ∈ NR | fi(w) ≥ 0},

where fi = ui + ci (ui ∈ MR, ci ∈ R) is an affine function on NR for all
i ∈ {1, . . . , k}.

ii) We call a polyhedron σ as in i) an (R,G)-polyhedron if all affine functions
fi, i = 1, . . . , k, can be chosen (R,G)-linear.

iii) A face of a polyhedron σ is the intersection of σ with the boundary of a
closed halfspace in NR containing σ. Here, also σ and the empty set are
allowed as faces of σ. We write ρ � σ if ρ is a face of σ.

iv) The relative interior of a polyhedron σ in NR is defined by

relint(σ) := σ◦ := σ \
⋃

τ�σ proper

τ,

where the union is taken over all faces τ of σ with τ 6= σ.

Definition 2.1.5. For an (R,G)-polyhedron σ in NR, let Nσ denote the linear
space spanned by all differences x− y for x, y ∈ σ and let Mσ := N∨σ denote its
R-dual. Furthermore, as in [GK17, A.2], let Aσ be the smallest affine space in
NR containing σ. Then Aσ = x + Nσ for some x ∈ σ. The dimension of σ is
defined as the dimension of Nσ.

Definition 2.1.6. i) An (R,G)-polyhedral complex in NR is a locally finite
collection Π of (R,G)-polyhedra such that for any σ ∈ Π, all faces of σ
are contained in Π and such that for σ, ρ ∈ Π, the intersection σ ∩ ρ is a
face of both σ and ρ. The property of being locally finite is meant to be
the following: There is an open covering NR =

⋃
i∈I Ui of NR such that

for every i ∈ I, the set Ui is disjoint from almost all polyhedra σ ∈ Π. If
Π is finite, then Π is called a finite (R,G)-polyhedral complex.

ii) The support of a polyhedral complex Π is the union |Π| :=
⋃
σ∈Π σ of all

polyhedra in Π.

iii) For a polyhedral complex Π and some n ∈ N, we denote by Πn the
collection of all polyhedra of Π of dimension n.

iv) For n ∈ N a polyhedral complex Π in NR is called of pure dimension n if
all its maximal polyhedra (with respect to inclusion) have dimension n.

v) A subcomplex of a polyhedral complex Π is a polyhedral complex Σ ⊆ Π.
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vi) A subdivision of a polyhedral complex Π is a polyhedral complex Π′ with
|Π| = |Π′| and such that each polyhedron σ ∈ Π is a union of polyhedra
in Π′. If both Π and Π′ are (R,G)-polyhedral complexes, we call Π′ an
(R,G)-subdivision of Π.

vii) A subset S ⊆ NR is called a polyhedral set if S is the support of a poly-
hedral complex in NR. It is called pure dimensional if it is the support of
a pure dimensional polyhedral complex.

Remark 2.1.7. We note that the definition of a polyhedral complex we use
here is the one from [Mih23]. A polyhedral complex in the sense of [GJR21]
and [GK17] is the same as a finite polyhedral complex in our sense.

2.1.2 Lagerberg forms on real vector spaces

The aim of this section is to recall the construction of Lagerberg forms and
Lagerberg currents introduced by Lagerberg in [Lag12, §1]. Lagerberg forms
on Rr are bigraded real-valued differential forms, which come with a wedge
product and differential operators d′, d′′ and d analogous to the differential
operators ∂, ∂ and ∂ + ∂ on complex differential forms. For all this we follow
[Gub16, §2] and [Mih23, §2].

Convention 2.1.8. We choose a Z-basis of M leading to coordinates x1, . . . , xr
on NR. Furthermore, we fix an open subset U of NR.

Definition 2.1.9. Let Ak(U,R) denote the space of smooth real differential
forms of degree k. A Lagerberg form of bidegree (p, q) on U is an element of

Ap,q(U) := Ap(U,R)⊗C∞(U) Aq(U,R) = C∞(U)⊗Z

p∧
M ⊗Z

q∧
M.

Remark 2.1.10. Formally, a Lagerberg form α ∈ Ap,q(U) may be written as

α =
∑

|I|=p,|J |=q

αIJd
′xI ∧ d′′xJ , where I = {i1 < . . . < ip} ⊆ {1, . . . , r},

J = {j1 < . . . jq} ⊆ {1, . . . , r}, αIJ ∈ C∞(U) and

d′xI ∧ d′′xJ := (dxi1 ∧ . . . ∧ dxip)⊗R (dxj1 ∧ . . . ∧ dxjq).

Definition 2.1.11. We denote by A(U) :=
⊕

p,q≤rAp,q(U) the space of
Lagerberg forms on U .

Remark 2.1.12. There is a wedge product on A(U), defined in the usual way.
In coordinates, the wedge product on Lagerberg forms of bigedree (p, q) and
(p′, q′) is given by

∧ : Ap,q(U)×Ap′,q′(U)→ Ap+p′,q+q′(U)(
αIJd

′xI ∧ d′′xJ , α′I′J ′d′xI′ ∧ d′′xJ ′
)
7→ αIJα

′
I′J ′d

′xI ∧ d′′xJ ∧ d′xI′ ∧ d′′xJ ′ :=

(−1)p
′qαIJα

′
I′J ′d

′xI ∧ d′xI′ ∧ d′′xJ ∧ d′′xJ ′ ,

where α =
∑
|I|=p,|J |=q αIJd

′xI ∧ d′′xJ ∈ Ap,q(U) and α′ =
∑
|I′|=p′,|J ′|=q′

α′I′J ′d
′xI′ ∧ d′′xJ ′ ∈ Ap

′,q′(U).
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Remark/Definition 2.1.13. There is a canonical C∞(U)-linear isomorphism
Jp,q : Ap,q(U) → Aq,p(U) obtained by switching factors in the tensor product
Ap,q(U) = Ap(U,R)⊗C∞(U) Aq(U,R), i.e. Jp,q is given by

Jp,q : Ap,q(U)→ Aq,p(U)

α =
∑

|I|=p,|J |=q

αIJd
′xI ∧ d′′xJ 7→

∑
|I|=p,|J |=q

αIJd
′′xI ∧ d′xJ =

= (−1)pq
∑

|I|=p,|J |=q

αIJd
′xJ ∧ d′′xI .

The maps Jp,q and Jq,p are inverse to each other. We call a Lagerberg form
α ∈ Ap,p(U) of bidegree (p, p) symmetric if Jp,p(α) = α.

Remark 2.1.14. There are differential operators

d′ : Ap,q(U)→ Ap+1,q(U) resp. d′′ : Ap,q(U)→ Ap,q+1(U) given by

d′

 ∑
|I|=p,|J |=q

αIJd
′xI ∧ d′′xJ

 :=
∑

|I|=p,|J |=q

r∑
i=1

∂αIJ
∂xi

d′xi ∧ d′xI ∧ d′′xJ resp.

d′′

 ∑
|I|=p,|J |=q

αIJd
′xI ∧ d′′xJ

 :=
∑

|I|=p,|J |=q

r∑
j=1

∂αIJ
∂xj

d′′xj ∧ d′xI ∧ d′′xJ

which anti-commute and thus induce a differential operator d := d′ + d′′. The
definitions above do not depend on the choice of coordinates as d′ (resp. d′′) is
given by d′ = D⊗id usingAp,q(U) = Ap(U,R)⊗Z

∧qM (resp. d′′ = (−1)p id⊗D
using Ap,q(U) =

∧pM ⊗Z Aq(U,R)), where D denotes the classical differential
operator on forms. By linearity, we extend these differential operators to the
space of Lagerberg forms A(U).

Remark 2.1.15. As in the classical theory, the Leibniz formulae

d′(α ∧ α′) = d′α ∧ α′ + (−1)p+qα ∧ d′α′ and

d′′(α ∧ α′) = d′′α ∧ α′ + (−1)p+qα ∧ d′′α′

hold for all α ∈ Ap,q(U), see [CD12, (1.2.11)].

Remark 2.1.16. For all p, q ∈ N the functor

U 7→ Ap,q(U)

defines a sheaf on NR. We obtain a sheaf of bigraded differential algebras
(A•,•, d′, d′′) on NR, see [CD12, (1.2.6)].

Remark 2.1.17. Let N ′ be a lattice of rank r′, N ′R the ambient real vector
space and F : N ′R → NR an affine map with F (V ) ⊆ U for an open subset V
of N ′R. Then there is a well-defined pullback morphism F ∗ : Ap,q(U)→ Ap,q(V )
that commutes with the differentials d′, d′′, d, the operator Jp,q and the wedge
product, see [Gub16, 2.3], [Jel16, Remark 2.1.5].
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Definition 2.1.18. The support supp(α) of a Lagerberg form α ∈ Ap,q(U) is
its support in the sense of sheaves, thus it is the set of points x ∈ U which do
not have a neighbourhood Ux in U such that α|Ux= 0. A Lagerberg form is said
to have compact support if its support is a compact set. We denote by Ac(U)
the space of Lagerberg forms on U with compact support in U .

Remark 2.1.19. If α ∈ Ap,q(U) and α′ ∈ Ap′,q′(U) such that α or α′ has
compact support on U , then α ∧ α′ has compact support on U by [JSS19,
Remark 2.2].

Definition 2.1.20. For a Lagerberg form α =
∑
|I|=p,|J |=q αIJd

′xI ∧ d′′xJ ∈
Ap,qc (U) as in Remark 2.1.10 we define

�
U
α := (−1)

r(r−1)
2

�
U
αLLdx1 ∧ . . . ∧ dxr with L := {1, . . . , r},

where the right hand side denotes the usual integration of r-forms with respect
to the orientation induced by the choice of coordinates.

Definition 2.1.21. A Lagerberg current on U is a continuous linear functional
on the locally convex vector space Ap,qc (U), where continuity is with respect to
the usual topology from the theory of distributions as explained in [GGJ+20,
§3.2]. The space of such Lagerberg currents, i.e. the topological dual space of
Ap,qc (U), is denoted byDp,q(U), and furthermore we setD(U) :=

⊕
p,q≤r Dp,q(U).

We denote the evaluation of a Lagerberg current T ∈ Dp,q(U) at a Lagerberg
form α ∈ Ap,qc (U) by 〈T, α〉 or by T (α).

Remark 2.1.22. There is a canonical embedding

Ap,q(U)→ Dr−p,r−q(U), α 7→ [α],

where [α] is given by 〈[α], β〉 := [α](β) :=
�
U α ∧ β for any β ∈ Ar−p,r−qc (U).

We note that this is well-defined by Remark 2.1.19. The linear differential
operators d, d′ and d′′ extend to D(U). More precisely, for a Lagerberg current
T ∈ Dp,q(U), the evaluation of the differentials of T at a Lagerberg form α ∈
Ap−1,q
c (U) (resp. α ∈ Ap,q−1

c (U)) is given by

〈d′T, α〉 = (−1)p+q+1〈T, d′α〉 (resp. 〈d′′T, α〉 = (−1)p+q+1〈T, d′′α〉).

For a Lagerberg form α ∈ Ap,q(U), the formation of the corresponding Lager-
berg current [α] ∈ Dr−p,r−q(U) is compatible with the operators d, d′ and d′′.

2.1.3 Lagerberg forms on polyhedra and integration

The aim of this section is to give a notion of Lagerberg forms on polyhedra and
define their integral with respect to weights. We follow [Mih21, §2.2] here.

Remark/Definition 2.1.23. Let n ∈ N, and let σ be an arbitrary polyhedron
in Rn.
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i) A smooth function on σ is a map ϕ : σ → R such that there exists a
smooth function ϕ̃ ∈ C∞(Rn) with ϕ̃|σ = ϕ. We denote the ring of
smooth functions on σ by C∞(σ).

ii) A Lagerberg form of bidegree (p, q) on σ is defined to be an element of

Ap,q(σ) := C∞(σ)⊗C∞(Aσ) Ap,q(Aσ),

and a Lagerberg form on σ is defined as an element of the direct sum⊕
p,q∈NAp,q(σ). Following [Mih23, §2.2], the space of Lagerberg forms

of bidegree (p, q) on σ consists of the (p, q)-Lagerberg forms on the open
subset relint(σ) ⊆ Aσ that come by restriction of elements in Ap,q(Aσ).
There is a restriction map Ap,q(σ) → Ap,q(τ) for each face τ � σ which
commutes with the ∧-product and the differentials d′ and d′′.

Definition 2.1.24. Let n ∈ N.

i) Let σ be a polyhedron in Rn. A weight on σ is a generator µ of det(Nσ)
up to sign. We use the following convention on 0-dimensional polyhedra:
The determinant of the 0-space is R, and a weight is a positive scalar.

ii) A weighted polyhedron in Rn is a pair [σ, µ], where σ is a polyhedron in
Rn and µ is any weight on σ.

iii) A weighted polyhedral complex is the datum of a polyhedral complex T
together with weights µρ for all its polyhedra ρ ∈ T .

Remark 2.1.25. i) Following [Mih23, §2.3], a weight on a polyhedron σ
in Rn can equivalently be defined as the datum of a Haar measure for
Mσ. In the following, if we consider a weighted polyhedron [σ, µ] with
µ ∈ det(Nσ), we will always write λµ for the associated Haar measure on
Mσ.

ii) In the situation of i), more precisely the mapping µ 7→ λµ is given as
follows ([Mih23, §2.3]): If dim(Nσ) = 0, then λµ is given by the Dirac
measure of volume µ ∈ R>0. In the case where dim(Nσ) > 0, we pick
a basis e1, . . . , en ∈ Nσ of Nσ such that µ = ±e1 ∧ . . . en. Denoting by
x1, . . . , xn ∈ Mσ the associated dual basis of Mσ, the Haar measure λµ
is defined to be the Haar measure for Mσ such that the parallelepiped
spanned by x1, . . . , xn has measure 1.

iii) For every (Q,R)-polyhedron σ ⊆ Rn there is a natural weight on σ,
namely the - up to sign - unique generator µ0 of det(Nσ ∩ Zn). We note
here that Nσ ∩ Zn is a lattice in Nσ, see [GK17, A.2]. Any other weight
on σ is then in a unique way of the form cµ0 for c ∈ R>0.

Remark/Definition 2.1.26. Let σ ⊆ Rn be a polyhedron of dimension d and

let µ ∈ det(Nσ) be a weight for σ. Let η ∈ Ad,dc (σ) be a Lagerberg form of top
degree on σ. Let e1, . . . , ed ∈ Nσ be a basis of Nσ such that µ = e1 ∧ . . . ∧ ed
and let x1, . . . , xd denote the associated dual basis of Mσ. Let ϕ ∈ C∞(σ) such
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that η = ϕd′x1 ∧ d′′x1 ∧ . . . ∧ d′xd ∧ d′′xd. Then the integral of η along [σ, µ] is
defined as (see [Mih23, (2.11)])�

[σ,µ]
η :=

�
σ
ϕdλµ,

where the right hand side is the Lebesgue integral with respect to the measure
defined by the choice of the isomorphism (x1, . . . , xd) : Nσ

∼= Rd.

Definition 2.1.27. For n ∈ N, the standard weight on Rn is defined as the
Lebesgue measure on the dual space of Rn, where the identification (Rn)∨ = Rn
is with respect to the dual of the standard basis of Rn. This measure on (Rn)∨

is denoted by λµRn . Equivalently, it is defined as µRn := e1 ∧ . . .∧ en ∈ det(Rn)
for the standard basis vectors e1, . . . , en of Rn, see [Mih21, Definition 2.8].

Remark 2.1.28. i) The transformation formula, stating that for an affine
map f : Rn → Rn and a Lagerberg form η ∈ An,nc (Rn), the equality�

Rn
f∗η = |det f |

�
Rn
η

holds, ensures that the integral in Definition 2.1.26 is well-defined. Here
the determinant of f is meant to be the determinant of the linear part of
f .

ii) A weighted d-dimensional polyhedron [σ, µ] in Rn may be viewed as an
(n− d, n− d)- Lagerberg current

[σ, µ] : Ad,dc (σ)→ R, η 7→
�

[σ,µ]
η.

iii) Every weighted d-dimensional polyhedron [σ, µ] in Rn together with a
Lagerberg form α ∈ Ap,q(σ) defines an (n − d + p, n − d + q)-Lagerberg
current

α ∧ [σ, µ] : Ad−p,d−qc (σ)→ R, η 7→
�

[σ,µ]
α ∧ η.

Remark/Definition 2.1.29. Let S be polyhedral set of pure dimension n in
NR, and let Π be a polyhedral complex in NR with support |Π| = S. Follow-
ing [GK17, 3.1], we define the sheaf Ap,q|Π| of (p, q)- Lagerberg forms on |Π| as

follows: For any open subset U of |Π|, a Lagerberg form α ∈ Ap,q|Π|(U) on U

is represented by a Lagerberg form α̃ ∈ Ap,q(Ũ) for any open subset Ũ ⊆ NR
with Ũ ∩ |Π| = U , where two such elements are identified if they induce the
same element in Ap,q(σ) for every maximal polyhedron σ ∈ Πn. We denote the
corresponding sheaf of Lagerberg forms on |Π| = S by A|Π|.

Definition 2.1.30. Let (Π, µ) be a finite weighted polyhedral complex in NR
of pure dimension d. Let S := |Π| denote the support of Π. Let η ∈ Ad,dS,c(S)
be a Lagerberg form of top bidegree on S with compact support. Then the
integral of η along (Π, µ) is defined as�

(Π,µ)
η :=

∑
σ∈Πd

�
[σ,µ]

η|σ.
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2.2 Weakly smooth forms on Berkovich spaces
based on harmonic tropicalizations

In their paper [GJR21], Gubler, Jell and Rabinoff enhance the construction of
the bigraded sheaf of smooth real-valued differential forms on non-archimedean
analytic spaces by Chambert-Loir and Ducros in [CD12]. Their approach is to
allow pulling back Lagerberg forms via more general harmonic tropicalization
maps instead of smooth tropicalization maps. This gives rise to a larger sheaf
of differential forms with essentially the same properties, but with a better
cohomological behaviour. The main focus of this thesis is to investigate this
cohomological behaviour in the case of the Berkovich analytification of abelian
varieties - where the so-called canonical tropicalization map fails to be smooth,
but not to be harmonic. To do so, at first a detailed study of the theory of the
so-called weakly smooth forms from [GJR21] is needed. This is the content of
this section.

For the rest of this chapter, we fix a field k that is complete with respect
to a non-trivial non-archimedean absolute value |.| : k → R. We denote by
v := − log|.| the corresponding valuation and by Γ := v(k×) its value group.
An analytic space is meant to be a good strictly k-analytic space in the sense
of [Ber93]. For a field extension l of k which is complete with respect to a
non-archimedean absolute value extending the absolute value on k (called a
non-archimedean field extension), there is a ground field extension functor from
the category of k-analytic spaces to the category of l-analytic spaces. Once we
pass to some extension field, we also consider our analytic spaces as objects of
the larger category of analytic spaces over k (see [Ber93, 1.4]), whose objects
are l-analytic spaces for any field extension l of k as above. This allows us in
particular to consider the structure morphism π : X⊗̂kl → X for a k-analytic
space X. Furthermore, for an algebraic variety Y over k we denote by Y an its
Berkovich analytification. As a set, Y an consists of pairs of the form (p, |.|p),
where p ∈ Y and |.|p is an absolute value on the residue field κ(p) which extends
the absolute value |.| on the field k.

2.2.1 Tori and (smooth) tropicalization maps

In this chapter, we introduce smooth tropicalization maps, which we will also
call tropical coordinates. They form - together with the Lagerberg forms -
the building blocks for the smooth differential forms from [CD12], but also for
the so-called δ-forms in the sense of [GK17] as well as in the sense of [Mih21].
Furthermore, they are needed to define skeletons which are of great importance
for both the weakly smooth forms as well as the δ-forms. In this chapter we
follow [GJR21, §3, §4] and [Mih21, §3].

Remark/Definition 2.2.1. Let T be an n-dimensional split torus over k with
character lattice M and cocharacter lattice N . For u ∈ M let χu : T →
Spec

(
k[T±1]

)
= G1

m be the corresponding character of T = Spec(k [M ]). Let
NR := N ⊗Z R, and choose a Z-basis of M leading to coordinates x1, . . . , xn on
T identifying N with Zn.
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i) We define the tropicalization map trop : Tan → NR as follows: The image
trop(x) ∈ NR of x ∈ Tan is characterized by

< u, trop(x) >= − log|χu(x)| for all u ∈M.

Under the identification NR ' Rn given by the xi, trop(x) is given by the
tuple (− log|xi(x)|)i=1,...,n for all x ∈ Tan.

ii) There is a canonical section ιT : NR → Tan of the tropicalization map
which is defined by

w 7→


ιT(w) : k [M ]→ R∑

u∈M auξ
u 7→ ‖

∑
u∈M auξ

u‖ιT(w) :=

exp (−min{− log|au|+ < u,w >| au 6= 0})

for all w ∈ NR.

iii) The image of ιT in Tan is called the canonical skeleton Σ(T) of T.

Convention 2.2.2. For an n-dimensional split torus T over k, we always use
the notations from Remark/Definition 2.2.1.

Remark 2.2.3. The tropicalization map trop on a split torus T is a continuous
proper map of topological spaces.

Definition 2.2.4. A moment map is a morphism ϕ : X → Tan of an analytic
space X to the analytification of some split torus T. The map ϕ is also called
tropical coordinates on X. The corresponding map

tϕ := trop ◦ ϕ : X → NR

is called smooth tropicalization map.

Example 2.2.5. For n ∈ N the multiplicative split torus

Gn
m := Spec

(
k
[
T±1

1 , . . . , T±1
n

])
over k is an n-dimensional split torus over k with character lattice Zn.

Definition 2.2.6. For r, s ∈ N, a morphism of tori Gr
m → Gs

m is defined to be
an algebraic group homomorphism composed with a multiplicative translation.

Convention 2.2.7. For r, s ∈ N, by a morphism Gr
m → Gs

m (resp. Gr,an
m →

Gs,an
m ) we always mean a morphism of tori (resp. the map on analytifications

induced by a morphism of tori).

Definition 2.2.8. Let X be a compact analytic space over k of pure dimension
d ∈ N, and let ϕ : X → Tan be a moment map. Then the tropical variety of ϕ is
by definition the image tϕ(X) ⊆ NR. We call this image also the tropicalization
of X with respect to ϕ and denote it by T ′(X,ϕ).
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Remark 2.2.9. In the situation of Definition 2.2.8, by [Duc12, Théorème 3.2]
the following holds: The tropical variety tϕ(X) is the support of a finite (Z,Γ)-
polytopal complex Π inNR of dimension at most d. Furthermore, the polyhedral
complex Π might be chosen such that tϕ(∂X) is contained in a subcomplex of
dimension at most d − 1. If X is chosen strictly affinoid, then tϕ(∂X) equals
the support of such a subcomplex.

Definition 2.2.10. Let X be an analytic space and f : X → Gr,an
m a moment

map on X. Then a refinement of f is a pair (g, p) consisting of a moment map
g : X → Gs,an

m and a map p : Gs,an
m → Gr,an

m which is induced by a morphism
Gs
m → Gr

m of tori, such that f = p ◦ g. This means that the diagram

Gr,an
m

trop
// Rr

X

f
77

g

''

Gs,an
m

p

OO

trop
// Rs

p

OO

commutes. Here and also in the following, the map Rs → Rr which is induced
by p, trop and ιGsm is also denoted by p.

2.2.2 Harmonic tropicalization maps

The aim of this part is to introduce harmonic tropicalization maps as described
in [GJR21, §8]. They can G-locally be described in terms of smooth tropical-
ization maps as introduced in the previous chapter, and allow to define weakly
smooth forms on non-archimedean analytic spaces. A crucial ingredient for
this is that the skeleta or tropical varieties arising from harmonic tropicaliza-
tion maps are - as in the case of smooth tropicalization maps before - balanced,
as we will explain in Chapter 4.

Definition 2.2.11. Let X be an analytic space and Λ ⊆ R an additive sub-
group. Then a continuous map h : X → R is called piecewise Λ-linear if there
exists a G-covering {Xi}i∈I of X such that for each i ∈ I, there exists a finite
index set Ji and λij ∈ Λ, fij ∈ O(Xi)

× for all j ∈ Ji such that

h|Xi =
∑
j∈Ji

λij log|fij |

for all i ∈ I. A piecewise Z-linear function is called piecewise linear map. The
group of piecewise Λ-linear functions on X is denoted by PLΛ(X).

Remark 2.2.12. Let X be an analytic space and Λ ⊆ R an additive subgroup.
Then by [GJR21, 5.2], the following holds:

i) A function h : X → R is piecewise linear if and only if there exists
a G-covering {Xi}i∈I of X and fi ∈ O(Xi)

× for all i ∈ I such that
h|Xi = log|fi| for all i ∈ I.
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ii) The restriction of a piecewise Λ-linear function to a strictly analytic do-
main is again piecewise Λ-linear.

iii) PLΛ defines a sheaf in the G-topology and in the analytic topology.

Definition 2.2.13. Let X be an analytic space and Λ ⊆ R an additive sub-
group. We assume that Λ = Z or that Λ is divisible. Let h : X → R be
a piecewise Λ-linear function. The map h is called harmonic at x ∈ X if
there exists a paracompact neighbourhood U of x in X, a formal k◦-model U
of U and a numerically trivial element L ∈ M(U)Λ := M(U) ⊗Z Λ such that
h|U = − log‖1‖L, where ‖.‖L denotes the canonical metric induced by L on OU .
Here M(U) denotes the abelian group of isomorphism classes of line bundles
O on U equipped with an identification Oη = OU of the generic fibre, and a
line bundle L ∈ M(U) is said to be numerically trivial if its restriction to the
special fibre of U has this property. The map h is then called harmonic if it is
harmonic at all points x ∈ X.

Remark 2.2.14. More details and equivalent definitions for a map to be har-
monic can be found in [GJR21, §7]. The definition chosen above is due to
[GJR21, 7.3].

Convention 2.2.15. For the rest of this chapter, let X be a compact analytic
space of pure dimension d ∈ N.

Definition 2.2.16. Let

h = (h1, . . . , hn) : X → Rn

be a map. Then h is called piecewise linear tropicalization map if h1, . . . , hn
are piecewise linear functions, h is called harmonic tropicalization map if in
addition h1, . . . , hn are harmonic, and h is called smooth tropicalization map if
for all i ∈ {1, . . . , n} there is some fi ∈ O×X(X) such that hi = log|fi|.

Remark 2.2.17. A smooth tropicalization map h : X → Rn has the form tϕ
for a moment map ϕ : X → Gn,an

m , i.e. the definition above is consistent with
the one from Definition 2.2.4. Furthermore, a piecewise linear tropicalization
map on X is G-locally a smooth tropicalization map. This important property
will be used to define a tropical space structure on the image h(X) of X under
a harmonic tropicalization map h using the tropical space structure on the
tropical variety coming from smooth tropicalization maps (G-locally).

Remark 2.2.18. By [GJR21, 8.2 (4)], harmonic tropicalization maps pull back
under morphisms of analytic spaces and arbitrary base change.

Proposition 2.2.19. A map h : X → R is piecewise linear if and only if
each x ∈ X admits a strictly affinoid neighbourhood U together with a smooth
tropicalization map h′ : U → Rn and a piecewise (Z,Γ)-linear function F :
h′(U)→ R such that h|U = F ◦ h′.

Proof. [GJR21, Proposition 8.3]
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Definition 2.2.20. Let h : X → Rn be a piecewise linear tropicalization.
Then h is said to be covered by a smooth tropicalization map h′ : U → Rm on a
compact strictly analytic subdomain U ⊆ X if there is a pieceweise (Z,Γ)-linear
function F : h′(U)→ Rn such that h|U = F ◦ h′.

Remark 2.2.21. Proposition 2.2.19 yields that locally onX, a pieceweise linear
tropicalization is always covered by a smooth tropicalization map.

Remark 2.2.22. Let h : X → Rn be a piecewise linear tropicalization map.
Then h(X) is the support of an at most d-dimensional finite (Z,Γ)-polyhedral
complex. In the following, we denote by h(X)d always its d-dimensional locus.

Proposition 2.2.23. Let l/k be a non-archimedean field extension, let Xl :=
X⊗̂kl and let π : Xl → X be the structure morphism. Let h be a piecewise
linear function on X and let hl := h ◦ π. Then h is harmonic if and only if hl
is harmonic.

Proof. [GJR21, Proposition 7.7 (2’)]

2.2.3 Weakly smooth forms on Berkovich spaces

In this section, we introduce weakly smooth forms on non-archimedean analytic
spaces. All the constructions are due to [GJR21, §10, §11].

Definition 2.2.24. [GJR21, Definition 10.3] Let X be an analytic space and
U ⊆ X an open subset with compact strictly analytic closure U . A weakly
smooth preform of type (p, q) on U is given by a tuple (h, α), where h : U → Rn
is a harmonic tropicalization map and α ∈ Ap,q

h(U)
(h(U)) a Lagerberg form on

h(U) ⊆ Rn. Two such tuples (h, α) and (h′, α′) define the same preform if
and only if p∗1α = p∗2α

′ on (h, h′)(U), where p1 resp. p2 denote the projection
maps p1 : Rn × Rn′ → Rn resp. p2 : Rn × Rn′ → Rn′ and h′ : U → Rn′ , α′ ∈
Ap,q
h′(U)

(h′(U)).

Lemma 2.2.25. In the situation of Definition 2.2.24, the equivalence (h, α) =
0⇔ α = 0 holds.

Proof. [GJR21, Lemma 10.4]

Definition 2.2.26. [GJR21, 10.6] Let X be an analytic space and U ⊆ X an
open subset with compact strictly analytic closure U . Let (h, α) and (h′, α′) be
two weakly smooth preforms on U of type (p, q) and (p′, q′), respectively. Then

g := (h, h′) : U → Rn+n′ , x 7→ (h(x), h′(x))

is a harmonic tropicalization map and the equalities (g, p∗1α) = (h, α) and
(g, p∗2α

′) = (h′, α′) of weakly smooth preforms hold, where p1 and p2 denote
the canonical projection maps on Rn × Rn′ . Then we define the wedge product
of (h, α) and (h′, α′) as

(h, α) ∧ (h′, α′) := (g, p∗1α ∧ p∗2α′).
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It is a weakly smooth preform of type (p+ p′, q + q′) on U and satisfies

(h′, α′) ∧ (h, α) = (−1)(p+p′)(q+q′)(h, α) ∧ (h′, α′).

Furthermore, we define differentials of preforms by

d′(h, α) := (h, d′α) and d′′(h, α) := (h, d′′α).

They satisfy the Leibniz rule

d′
(
(h, α) ∧ (h′, α′)

)
= d′(h, α) ∧ (h′, α′) + (−1)p+q(h, α) ∧ d′(h′, α′)

and likewise for d′′.

Definition 2.2.27. Let X be an analytic space. Following [GJR21, 10.5, 10.7],
the weakly smooth preforms define a presheaf of bigraded differential R-algebras
on the category of open subets of X whose closure is a compact strictly analytic
domain. Such open subsets form a basis for the analytic topology of the analytic
space X. We denote the associated sheaf on the underlying topological space
of X by AX or simply by A. It is a sheaf of bigraded differential R-algebras
A =

⊕
p,qAp,q. The elements of A are called weakly smooth forms.

Remark 2.2.28. Following [GJR21, 10.8], for a morphism f : X ′ → X of
analytic spaces over k, there is a pull-back homomorphism

f∗ : AX → f∗AX′

of sheaves of bigraded differential R-algebras, defined on preforms as follows:
For open subsets U ⊆ X and U ′ ⊆ X ′ with U ′ ⊆ f−1(U) and such that
the closures of U and U ′ are compact strictly analytic domains, the pull-back
f∗(h, α) of a preform (h, α) on U is given by f∗(h, α) := (h ◦ f, α).

Convention 2.2.29. For a weakly smooth preform (h, α) on a compact analytic
space X over k we denote the associated weakly smooth form by h∗(α) ∈ A(X).

Proposition 2.2.30. Let X be a compact analytic space.

i) The natural map from weakly smooth preforms to weakly smooth forms on
X is injective.

ii) If h : X → Rn is a harmonic tropicalization map, then the corresponding
pull-back morphism h∗ : A•,•h(X)(h(X)) → A•,•X (X) is an injective homo-
morphism of bigraded differential R-algebras.

iii) If f : X ′ → X is a morphism of analytic spaces, then (h ◦ f)∗ = f∗ ◦ h∗.

Proof. [GJR21, Proposition 10.9]

Definition 2.2.31. Let X be an analytic space. The support of a weakly
smooth form ω ∈ Ap,q(X) is defined in the sense of sheaves: It is the set of
points x of X such that the germ of ω in x is non-zero. This is a closed subset
denoted by supp(ω). Furthermore we denote the cosheaf of weakly smooth
(p, q)-forms with compact support on X by Ap,qc .
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Proposition 2.2.32. Let X be an analytic space of pure dimension d. Then
there is a unique linear functional

�
X

: Ad,dc → R

such that the following holds for all ω ∈ Ad,dc (X):

i) If supp(ω) ⊆W for a strictly analytic domain W of X, then
�
W ω =

�
X ω.

ii) For closed analytic domains V,W of X we have
�
V ∪W ω =

�
V ω+

�
W ω−�

V ∩W ω.

iii) If X is compact and ω is given by h∗(α) for a harmonic tropicalization map
h : X → Rn and a Lagerberg form α ∈ Ad,d(h(X)), then

�
X ω =

�
h(X)d

α,

where the d-dimensional locus h(X)d of h(X) is considered as a weighted
polyhedral complex via Remark 4.2.43.

Proof. [GJR21, Proposition 11.1]

2.2.4 Strong currents

The aim of this section is to introduce the notion of continuous linear functionals
on the space of compactly supported weakly smooth forms on non-archimedean
analytic spaces: This space is equipped with a topology that coincides with
the topology on smooth differential forms in the Schwartz sense introduced in
[CD12, (4.1.1)] if one restricts to the smooth case. This gives rise to the notion
of the so-called strong currents which will be of use to study the Dolbeault
cohomology of the analytification of abelian varieties later. All this is object of
[GJR21, §12].

Throughout this section, let X denote a Hausdorff analytic space of some
pure dimension d with empty boundary.

Definition 2.2.33. Following [GJR21, 12.1], we define a (locally convex) topol-
ogy on the space of weakly smooth (p, q)-forms on X with compact support ex-
actly as in [CD12, (4.1.1)], replacing smooth tropicalization maps by harmonic
tropicalization maps. For details, see [CD12, (4.1.1)].

Remark 2.2.34. Following [GJR21, 12.1], roughly speaking, convergence in
Ap,qc (X) means that the supports of the weakly smooth forms are covered by
finitely many compact strictly analytic subdomains V in X and the strictly an-
alytic subdomains tropicalize the weakly smooth forms such that all the deriva-
tives of the corresponding Lagerberg forms converge uniformly.

Definition 2.2.35. A strong current on X of bidegree (p, q) is defined to be a
continuous linear functional Ap,qc (X)→ R. The space of strong currents on X of
bidegree (p, q) is denoted byDp,q(X) orDd−p,d−q(X), and a strong current on X
is an element of D(X) :=

⊕
p,q∈NDp,q(X).

Remark 2.2.36. Mapping open subsets U of X to the space D(U) of strong
currents on X defines a sheaf on X by [GJR21, 12.2].
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Example 2.2.37. The current of integration δX : Ad,dc (X) → R, η 7→
�
X η

defines a strong current δX ∈ Dd,d(X) on X.

Remark 2.2.38. Following [GJR21, 12.4], there is an injective linear map

Ap,q(X)→ Dd−p,d−q(X), ω 7→ (η 7→ δX(ω ∧ η))

for η ∈ Ad−p,d−qc (X).

Remark/Definition 2.2.39. We define differentials d′ : Dp,q(X)→ Dp−1,q(X)
and d′′ : Dp,q(X)→ Dp,q−1(X) on strong currents by

d′T (ω) := (−1)p+q+1T (d′ω) and d′′T (η) := (−1)p+q+1T (d′′η)

for all T ∈ Dp,q(X), ω ∈ Ap−1,q
c (X) and η ∈ Ap,q−1

c (X).

Remark 2.2.40. Following [GJR21, 12.5], the homomorphism A → D induced
by mapping a weakly smooth form onto its associated strong current respects
the differentials d′ and d′′.

Remark 2.2.41. As in [CD12, (4.3.5)], there is a generalization of Remark
2.2.38: For every weakly smooth form ω ∈ Ap,q(X) and every strong current
T ∈ Dr,s(X) we obtain a strong current ω ∧ T ∈ Dr−p,s−q(X) which is defined
by

ω ∧ T : Ar−p,s−qc (X)→ R, η 7→ T (ω ∧ η).

Lemma 2.2.42. Let ω ∈ Ap,q(X) be a d′′-closed weakly smooth form and T ∈
Dr,s(X) a d′′-closed strong current on X. Then the strong current ω ∧ T ∈
Dr−p,s−q(X) is again d′′-closed.

Proof. For d′′-closed elements ω ∈ Ap,q(X) and T ∈ Dr,s(X), the definition of
the differentials on strong currents together with the Leibniz formula gives that

d′′ (ω ∧ T ) (η) = ± (ω ∧ T )
(
d′′η
)

= ±T
(
ω ∧ d′′η

)
= ±T

(
±d′′(ω ∧ η)± (d′′ω ∧ η)

)
= ±T

(
d′′(ω ∧ η)

)
± T

(
d′′ω ∧ η

)
= ±d′′T (ω ∧ η) = 0

for all η ∈ Ar−p,s−qc (X), where in the last two steps we use that ω and T are
d′′-closed. This yields that ω ∧ T is d′′-closed.

2.2.5 Dolbeault cohomology of weakly smooth forms

In this section, we define the Dolbeault cohomology of weakly smooth forms for
general Berkovich analytic spaces following [GJR21, §13].

We fix an analytic space X of dimension d. We note that by applying the
Lagerberg involution Jp,q, every result for d′′ has a natural counterpart for d′

after switching the roles of p and q. So we only consider d′′ here.
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Theorem 2.2.43. For all p ∈ N≥0, the differential operator d′′ on the sheaf A
of weakly smooth forms induces a complex

0→ Ap,0 → . . .→ Ap,d → 0

of sheaves on X which is exact at Ap,q for all q ∈ N≥0.

Proof. [GJR21, Theorem 13.1]

Definition 2.2.44. Applying the global section functor to the complex in The-
orem 2.2.43, we get the so-called Dolbeault complex

0→ Ap,0(X)→ . . .→ Ap,d(X)→ 0.

The resulting cohomology is called the q-th Dolbeault cohomology and the co-
homology groups are denoted by Hp,q(X) for all p, q ∈ N.

Remark 2.2.45. Let l/k be a non-archimedean field extension, let Xl := X⊗̂kl
and let π : Xl → X be the corresponding structure morphism. Then for all
p, q ∈ N, the base change from k to l induces a natural map on the Dolbeault
cohomology groups

Hp,q(X)→ Hp,q(Xl)

which is obtained as follows: Every weakly smooth form α ∈ Ap,q(X) is given by
an open cover (Ui)i∈I of X such that the closure U i of Ui is a compact strictly
analytic domain for all i ∈ I, together with a compatible family (hi, αi)i∈I ,
where hi : U i → Rni is a harmonic tropicalization map and αi ∈ Ap,q(Rni) a
Lagerberg form for all i ∈ I. Using Proposition 2.2.23, the assignment

(hi, αi)i∈I 7→ (hi ◦ π, αi)i∈I

defines a natural map ϕp,q : Ap,q(X) → Ap,q(Xl) which is compatible with d′′

by definition of d′′. More precisely, the definition of d′′ gives

d′′ϕp,q((hi, αi)) = d′′(hi ◦ π, αi) = (hi ◦ π, d′′αi) = ϕp,q+1(hi, d
′′αi)

for all i ∈ I. The d′′-compatibility of ϕp,q shows that ϕp,q induces a natural
map

Hp,q(X)→ Hp,q(Xl), [α] 7→ [ϕp,q(α)]

on the Dolbeault cohomology groups.



Chapter 3

Weakly smooth forms and
Dolbeault cohomology on the
analytification of abelian
varieties

In this section, we recall results from the uniformization theory of Bosch,
Lütkebohmert and Raynaud and their analytic consideration by Berkovich,
which give rise to the building blocks for the main result: Roughly speaking,
every abelian variety over a suitable field admits a covering space, the so-called
Raynaud extension, which can locally be divided in two parts. One of them
is a multiplicative split torus which gives in a natural way rise to a harmonic
tropicalization map. The other part is an abelian variety of good reduction.
This is explained in [GJR21, §16], [Gub10, §4], [BL93] and [Ber90, 6.5]. We
follow those papers here.

3.1 Canonical tropicalization of abelian varieties

The aim of this first part of the chapter is to explain the construction of the
canonical tropicalization of abelian varieties. It is based on the torus part of
the so-called Raynaud extension of the abelian variety, and gives in a natural
way rise to weakly smooth forms on the Berkovich analytification of abelian
varieties. These weakly smooth forms will be the ones occurring in our main
theorem, and the ones which we will use to describe the Dolbeault cohomology.

In this section, we fix a field k that is complete with respect to a non-trivial
non-archimedean absolute value |.| : k → R. We denote by k◦ the corresponding
valuation ring.

Remark/Definition 3.1.1. Let A be an abelian variety over k. Following
[Ber90, 6.5], there exists a unique compact subgroup G of Aan such that

i) G is an analytic domain;

ii) G is a formal k-analytic group;

29
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iii) for some finite separable extension l of k, G⊗̂kl has semiabelian reduction
which means that the reduction of G⊗̂kl is an extension of an abelian
variety by a torus.

Furthermore, the group G contains a unique closed k-analytic subgroup Tan
1

that is a k-affinoid torus. This affinoid torus Tan
1 is isomorphic to the locus

{p ∈ Tan | |T1(p)| = . . . = |Td(p)| = 1} for some algebraic torus T over k, where
T1, . . . , Td denotes a Z-basis of the character lattice of T. The algebraic torus
T is called the algebraic torus associated with A.

Definition 3.1.2. Let A be an abelian variety over k. Furthermore, let G
be the compact subgroup of Aan from Remark/Definition 3.1.1, and let T be
the algebraic torus associated with A. Then A is called split over k if G has
semiabelian reduction and T is split over k.

Remark 3.1.3. Following [Ber90, 6.5], for any abelian variety A over k there
is some finite Galois extension l of k such that A⊗k l is split over l.

Remark/Definition 3.1.4. Let A be an abelian variety over k that is split
over k. Following [BL93], [Ber90, 6.5], [GJR21, §16] and [Gub10, §4], the
uniformization theory of Bosch, Lütkebohmert and Raynaud yields the fol-
lowing: Let G be the the compact subgroup of Aan from Remark/Definition
3.1.1, and let T be the algebraic torus associated with A. We identify the
unique closed k-analytic subgroup Tan

1 of G that is a k-affinoid torus with
{p ∈ Tan | |T1(p)| = . . . = |Td(p)| = 1}, where T1, . . . , Td denotes a Z-basis
of the character lattice of T. There is a unique abelian scheme B over Spec(k◦)
with generic fiber B yielding an exact sequence

1 −→ Tan
1 −→ G

q1−→ Ban −→ 0

of formal analytic groups. We embed Tan
1 into G×k Tan by mapping x ∈ Tan

1 to
(x, x−1), and call the analytic group Ean := (G×k Tan) /Tan

1 obtained via the
resulting group action of Tan

1 on G×k Tan the uniformization of Aan. Using the
canonical maps ιG : G → Ean and q : Ean → Ban, following [BL93, §1] we get
a commutative diagram

1 Tan Ean Ban 0

1 Tan
1 G Ban 0,

q

ιG

q1

where the upper row is an exact sequence of analytic groups, called the Raynaud
extension of the abelian variety A. Furthermore, the Raynaud extension is al-
gebraizable, i.e. there is an algebraic variety E over k with Berkovich analytifi-
cation Ean for the analytic group Ean constructed above, and a canonical short
exact sequence

1 −→ T −→ E
q−→ B −→ 0(3.1)
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of algebraic groups which induces the exact sequence on the Berkovich analytifi-
cations above. The closed immersion Tan

1 ↪→ G extends uniquely to a morphism
Tan → Aan of analytic groups, and the morphism G ↪→ Aan extends uniquely
to a morphism p : Ean → Aan of analytic groups. The kernel Λ := ker(p) of
p : Ean → Aan is a discrete subgroup of the k-rational points E(k), and the
homomorphism Ean/Λ→ Aan induced by p is an isomorphism. Hence we may
use the identification

Aan ∼= Ean/Λ.(3.2)

Furthermore, in (3.1), B is of good reduction, and we denote the unique Shilov
point of Ban by ξB. The homomorphism q : E → B is an algebraic T-torsor
for the Zariski topology, whereas the quotient homomorphism p : Ean → Aan

is only an analytic morphism. It is a covering map in the sense of topology,
meaning that p is surjective and for all x ∈ Aan there is an open neighborhood
U of x such that p−1(U) =

⊔
i∈Λ Ui with Ui ⊆ Ean open for all i ∈ Λ and such

that p maps Ui homeomorphically onto U for all i ∈ Λ.

Convention 3.1.5. For the rest of the section let A be an abelian variety
which is split over k. We fix the notations from Remark/ Definition 3.1.4.
Furthermore, we denote the character lattice of the split torus T by M and let
N := HomZ(M,Z) be the cocharacter lattice. Let d := dimNR, b := dimB and
n := dimA.

Remark/Definition 3.1.6. Let u ∈M and consider the corresponding char-
acter χu : T→ Gm, i.e. the canonical map from the torus T to the multiplicative
split torus Gm in one variable over K. Then the pushout diagram

0 // T

χu

��

// E
q
//

��

B // 0

0 // Gm
// Eu // B // 0

of the Raynaud extension with respect to χu exists and gives rise to a translation
invariant extension of B by Gm, and to a rigidified translation invariant line
bundle Eu on B by [GJR21, §16] and [BL93, §3]. We note that q∗(Eu) is trivial
over E and the pushout construction gives a canonical frame eu : E → q∗(Eu).
Then there is a unique map

tropE : Ean → NR,(3.3)

called canonical tropicalization map, satisfying

< tropE(x), u >= − log q∗ ‖ eu(x) ‖Eu(3.4)

for all x ∈ Ean, where ‖ . ‖Eu denotes the canonical metric of the rigidified line
bundle Eu. This is the formal metric associated to the - up to isomorphism -
unique formal k◦-model of Eu on the formal completion of B. For more details
we refer to [Gub10, §3]. For x ∈ Tan considered as an element of Ean via the
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map Tan → Ean induced by the Raynaud extension, we obtain < trop(x), u >=
− log|.|◦χu(x), i.e. the canonical tropicalization map trop agrees with the usual
tropicalization map on the split torus Tan. Another important fact is that trop
maps Λ isomorphically onto a complete lattice in NR by [Gub10, 4.2] which we
also denote by Λ ⊆ NR in the following.

Remark 3.1.7. Following [Gub10, 4.2], an alternative description of the canon-
ical tropicalization map tropE : Ean → NR is given as follows: There is an open
affine cover {Uj}j∈J of B such that q−1

1 (Ui
j ) ' Ui

j ×k Tan
1 for all j ∈ J , where

Ui
j := {x ∈ Uan

j | |f(x)| ≤ 1 ∀f ∈ OUj (Uj)} ⊆ Uan
j ⊆ Ban,

and where Uj denotes the generic fiber of Uj . For every j ∈ J , we fix such a
trivialization q−1

1 (Ui
j ) ' Ui

j ×k Tan
1 given by a section sij : Ui

j → G. The image

of the transition functions gjl := sij − sil are maps from Ui
j ∩ Ui

l to Tan
1 . We

choose a Z-basis T1, . . . , Td of the character lattice M of T. Now using that the
image of the transition functions gjl lies in Tan

1 = {x ∈ Tan | |T1(x)| = . . . =
|Td(x)| = 1}, the pull-backs of |Ti(.)| : Tan → R to the trivializations Ui

j ×k Tan

via the projections Ui
j ×k Tan → Tan yield well-defined maps

|Ti(.)| : Ean → R

for all i ∈ {1, . . . , d}. Furthermore, they are independent of the choice of the
open affine cover {Uj}j∈J of B. IdentifyingNR with Rd via the Z-basis T1, . . . , Td
of the character lattice M of T, the canonical tropicalization map tropE on Ean

is then given by

tropE : Ean → Rd ' NR, x 7→ (− log|T1(x)|, . . . ,− log|Td(x)|) ∈ Rd.

Proposition 3.1.8. The canonical tropicalization map tropE : Ean → NR is a
harmonic tropicalization map.

Proof. [GJR21, Proposition 16.2]

Remark 3.1.9. For any non-archimedean field extension l/k, there is a com-
mutative diagram

1 // Tan // Ean q
// Ban // 0

1 // Tan⊗̂kl

OO

// Ean⊗̂kl

OO

// Ban⊗̂kl

OO

// 0

with exact rows, where the vertical maps are the structure morphisms. Then
the fact that the diagram

Tan⊗̂kl

trop
##

// Tan

trop
}}

NR

commutes together with the construction of the Raynaud extension and the
map tropE : Ean → NR gives that the formation of the Raynaud extension and
its canonical tropicalization is compatible with base change.
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Lemma 3.1.10. There is an affine Zariski-open subset W ⊆ B with generic
fiber W in B and associated affinoid domain Wi = {x ∈W an | |f(x)| ≤ 1 ∀f ∈
OW(W)} ⊆ Ban with ξB ∈ Wi ⊆ W an and an isomorphism φ : q−1(W an) '
Tan ×k W an such that the restriction of the isomorphism φ to q−1(Wi) yields
a commutative diagram

q−1(Wi)

tropE
��

φ|
q−1(Wi)

// Tan ×kWi

trop×•
uuRd

where trop × • : Tan × Wi ⊆ Tan ×k W an → Rd denotes the composition
trop ◦ prTan of the projection prTan : Tan ×k Wi → Tan from the fibre product
with the canonical tropicalization map trop on Tan.

Proof. We use the description of the canonical tropicalization map tropE from
Remark 3.1.7. Let {Uj}j∈j be an affine open cover of B as in Remark 3.1.7,
leading to an affine open cover of B by the corresponding generic fibers {Uj}j∈J .
Using that the algebraic morphism q : E → B is locally trivial, by possibly
refining the cover {Uj}j∈j , we may assume that there is an index j ∈ J such that
ξB ∈ Ui

j ⊆ Uan
j and such that q−1(Uan

j ) ' Uan
j ×kTan and q−1

1 (Ui
j ) ' Ui

j ×kTan
1 .

We fix sections sij : Ui
j → G and sj : Uan

j → Ean = (G×k Tan) /Tan
1 for those

trivializations. Then the commutativity of the diagram

1 Tan Ean Ban 0

1 Tan
1 G Ban 0

q

ιG

q1

shows that there exists some isomorphism f : Tan → Tan of analytic tori
such that ιG ◦ sij = (idG×f) ◦ sj |Ui

j
, where (idG×f) : (G×k Tan) /Tan

1 →
(G×k Tan) /Tan

1 = Ean. If we now replace the trivialization sj by the trivial-
ization (idG×f) ◦ sj , we get the claim for W := Uj .

Remark 3.1.11. Following [Gub10, 4.2], the canonical tropicalization map
tropE on Ean induces a canonical map tropA : Aan → NR/Λ given by tropA(x) :=
tropE(x̃) + Λ for all x̃ ∈ Ean with corresponding x := x̃ + Λ := p(x̃) ∈ Aan =
Ean/Λ:

Λ �
�

// Ean

p
����

tropE // NR

����

Aan tropA// NR/Λ.

We note that tropA is nevertheless only locally a harmonic tropicalization map,
which means that we can not define weakly smooth forms on Aan using tropA
globally, but we can make use of it by local considerations.
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Definition 3.1.12. The subgroup Λ ⊆ E(K) (resp. the complete lattice Λ ⊆
NR) acts on Ean (resp. NR) by translation. For λ ∈ Λ ⊆ Ean (resp. λ′ ∈ Λ ⊆
NR) we denote the corresponding translation map by τλ : Ean → Ean (resp.
τλ′ : NR → NR).

Definition 3.1.13. Let Ω ⊆ NR be an arbitrary subset. Then Ω is called
Λ-invariant if for all λ ∈ Λ and v ∈ Ω, also v+λ ∈ Ω. Furthermore, Ω is called
Λ-small if for all non-zero elements λ ∈ Λ \ {0} the equality Ω ∩ τ−1

λ (Ω) = ∅
holds. An arbitrary subset Ũ ⊆ Ean is defined to be Λ-small resp. Λ-invariant
in exactly the same way.

Definition 3.1.14. Let Ω ⊆ NR be a Λ-invariant open subset and α′ ∈ Ap,q(Ω)
a (p, q)-Lagerberg form on Ω. Then we say that α′ is Λ-invariant if

τ∗λ′α
′ = α′ for all λ′ ∈ Λ.

Using a description for α′ as

α′ =
∑

|I|=p,|J |=q

α′IJd
′xI ∧ d′′xJ , α′IJ ∈ C∞(Ω)

this means that

τ∗λ′α
′ =

∑
|I|=p,|J |=q

α′IJ ◦ τλ′d′xI ∧ d′′xJ =
∑

|I|=p,|J |=q

α′IJd
′xI ∧ d′′xJ = α′

for all λ′ ∈ Λ, i.e. the functions α′IJ : Ω → R are Λ-invariant. We denote by
Ap,q(Ω)Λ the space of Λ-invariant Lagerberg forms of bidegree (p, q) on Ω. For
a Λ-invariant open subset Ũ of Ean, the space of Λ-invariant weakly smooth
forms of bidegree (p, q) on Ũ is defined in exactly the same way.

Lemma 3.1.15. Every Λ-invariant Lagerberg form α′ ∈ Ap,q(NR)Λ on NR
induces in a canonical way a Λ-invariant weakly smooth form α̃ ∈ Ap,q(Ean)Λ

on Ean and a weakly smooth form α ∈ Ap,q(Aan) on Aan.

Proof. Let α′ ∈ Ap,q(NR)Λ be a Λ-invariant Lagerberg form on the real vector
space NR. Let {Ui}i∈I be a cover of Ean by Λ-invariant open subsets such that
the closure Ui is a compact and Λ-small analytic domain in Ean. Such a cover
always exists; one explicit construction can be found in the proof of Theorem
5.2.8: The space Ean can be covered by the interiors of the preimages trop−1

E (∆)
of the polyhedra ∆ from Lemma 5.2.5 and all its Λ-translates. For all i ∈ I let
now

hi := tropE |Ui : Ui → NR and α′i := α′|tropE(Ui).

Then hi is a harmonic tropicalization map on Ui for all i ∈ I, and the family
(hi, α

′
i)i∈I defines a weakly smooth form in Ap,q(Ean). We write

α′ =
∑

I,J⊆{1,...,d}
|I|=p,|J |=q

α′IJd
′xI ∧ d′′xJ for suitable α′IJ ∈ C∞(NR).
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For I, J ⊆ {1, . . . , d} with |I| = p, |J | = q, the Λ-invariance of α′IJ together with
the fact that tropE maps Λ ⊆ E(k) isomorphically onto Λ and Ean/Λ ∼= Aan

shows that (hi, α
′
i)i∈I is Λ-invariant, and that there are induced well-defined

maps αIJ : Aan → R, x 7→ α′IJ ◦tropE(x̃) for x̃ ∈ Ean with x = x̃+Λ (i.e. p(x̃) =

x) and α′IJ : NR/Λ→ R such that the diagram

Ean

p

����

tropE // NR

����

α′IJ // R

NR/Λ
α′IJ

<<

Aan

tropA
;;

αIJ

MM

commutes. For i ∈ I, the compact analytic domain Ui is Λ-small, hence p|Ui is
a homeomorphism and (

tropE |Ui ◦
(
p|Ui

)−1
)(

p
(
Ui
))

is a Λ-small subset of NR. The commutativity of the diagram above yields that

hAi := tropE |Ui ◦
(
p|Ui

)−1
: p(Ui)→ NR

is a harmonic tropicalization map for all i ∈ I and the family
(
hAi , α

′
i

)
i∈I defines

a weakly smooth form α ∈ Ap,q(Aan).

3.2 The torus part of the Dolbeault cohomology of
abelian varieties

Using the theory from the last section, we can now formulate one of the main
results with regards to the Dolbeault cohomology of abelian varieties. In order
to do this, let A be an abelian variety which is split over k.

Remark 3.2.1. The space of Lagerberg forms with constant coefficients on NR
is defined as

∧p,qMR :=
∧pMR ⊗R

∧qMR ⊆ Ap,q(NR). They are d′′-closed Λ-
invariant Lagerberg forms on NR, so in particular there is a canonical map

Ψ :

p,q∧
MR → Hq(Ap,•(NR)Λ, d′′), α′ 7→

[
α′
]

(3.5)

given by mapping a (p, q)-Lagerberg form with constant coefficients on NR onto
its class in cohomology. By [Sto21, Proposition 3.4.26], this canonical map is
an isomorphism of real vector spaces.

Theorem 3.2.2. For all p, q ∈ N there exists a canonical injective morphism

p,q∧
MR ↪→ Hp,q(Aan)
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which is induced by applying Lemma 3.1.15 to Lagerberg forms with constant
coefficients on NR.

Proof. Later, in 5.3.6.

Remark 3.2.3. We observe that the construction of the morphism
∧p,qMR ↪→

Hp,q(Aan) is based on the torus part of the Raynaud extension. The abelian
variety B of good reduction from Remark/ Definition 3.1.4 does not appear
in this construction, but it will be needed to prove the result. More precisely,
we have to define a so-called δ-form β0 on Ban which induces a suitable strong
current Tβ on Aan such that weakly smooth forms α induced by Lagerberg
forms with constant coefficients on the torus vector space NR do not vanish,
i.e. such that Tβ(α) 6= 0. In order to do so, we first have to introduce the
theory of δ-forms. We note here that the δ-forms introduced by Gubler and
Künnemann in [GK17] contain the δ-form β0 on Ban which is the one that we
need, and moreover, in their paper [GK17], they study this particular δ-form in
great detail. Furthermore, they explain how to pair their δ-forms with so-called
piecewise smooth forms, and thus in particular with weakly smooth forms. We
can furthermore pull-back the δ-form β0 to the Raynaud extension Ean via the
algebraic morphism q : E → B as in [GK17]. However, in order to pass to the
analytification Aan of our original abelian variety A, we have to use the covering
map p : Ean → Aan which is an analytic morphism. For this reason, the more
general theory of δ-forms by Mihatsch from [Mih21] will be the one that we use
here. Furthermore, the sheaf of weakly smooth forms embeds into the sheaf of
δ-forms in the sense of [Mih21] which allows us to do all our computations in
this space of δ-forms.



Chapter 4

δ-forms on Berkovich spaces

In this chapter, we follow the two papers [Mih23] and [Mih21] by Mihatsch.
We introduce δ-forms in the sense of Mihatsch - which generalize the δ-forms
introduced by Gubler and Künnemann in [GK17] in the algebraic setting. First
we consider δ-forms on R-vector spaces Rn, then on so-called tropical spaces
(X,µ,L) and then on non-archimedean spaces (without boundary).

Throughout this chapter, let k be a field that is complete with respect to a
non-trivial non-archimedean absolute value |.| : k → R.

4.1 The sheaf of δ-forms on Rn

In his paper [Mih23], Mihatsch introduced δ-forms on real vector spaces Rn.
They generalise classical tropical intersection theory. Roughly speaking, δ-
forms are sums of products of smooth differential forms on polyhedra with
integration currents, which fullfill some balancing condition. They come with
differentials and a wedge product extending the tropical intersection product
on cycles.

Definition 4.1.1. i) A polyhedral current on Rn is a current which is a
locally finite sum of currents of the form ασ ∧ [σ, µ] for a weighted poly-
hedron [σ, µ] in Rn and a Lagerberg form ασ of any bidegree on σ. We
write P (Rn) for the space of all polyhedral currents on Rn.

ii) We write P p,q,r(Rn) ⊆ Dp+r,q+r(Rn) for the space of all polyhedral cur-
rents which may be written as locally finite sum of currents ασ ∧ [σ, µ],
where σ ⊆ Rn is of codimension r, and ασ ∈ Ap,q(σ). We call elements of
P p,q,r(Rn) trihomogeneous of tridegree (p,q,r).

Remark 4.1.2. i) There is a direct sum decomposition
P (Rn) =

⊕
p,q,r∈N P

p,q,r(Rn).

ii) Let T =
∑

i∈I αi ∧ [σi, µi] be a representation for a polyhedral current
T ∈ P (Rn). Then the datum of all (αi, σi, µi)i∈I representing T is unique
up to locally finitely many operations of the following kinds: Subdividing
the polyhedra σi, i ∈ I, adding or removing terms with α = 0, replacing a

37
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triple (α, σ, µ) by (λα, σ, λ−1µ) for some λ ∈ R>0, and writing (αi1 , σ, µ)+
(αi2 , σ, µ) instead of (αi1 + αi2 , σ, µ) or the other way round.

Definition 4.1.3. Let T =
∑

i∈I αi∧ [σi, µi] be a polyhedral current in P (Rn).
We define the polyhedral derivatives of T as the polyhedral currents

d′PT :=
∑
i∈I

(
d′αi

)
∧ [σi, µi] and d′′PT :=

∑
i∈I

(
d′′αi

)
∧ [σi, µi] .

Remark 4.1.4. By [GK17, Remark 2.4 (iii)], the polyhedral derivatives d′p
and d′′P on P (Rn) do in general not coincide with the derivatives d′ and d′′

in the sense of currents on P (Rn) ⊆ D(Rn). The derivatives d′T and d′′T of
a polyhedral current T ∈ P (Rn) might even be non-polyhedral. An example
is given in [Mih23, Example 2.10]. The δ-forms introduced by Mihatsch are
polyhedral currents that have the property that their derivatives as currents
are again polyhedral.

Definition 4.1.5. Let T ∈ P (Rn). Then a polyhedral complex T in Rn is
called subordinate to T if T can be represented as T =

∑
σ∈T ασ ∧ [σ, µσ].

Remark 4.1.6. In the situation of Definition 4.1.5, the datum (ασ, µσ)σ∈T is
uniquely determined up to replacing a tuple (ασ, µσ) by (λασ, λ

−1µσ) for some
λ ∈ R>0.

Definition 4.1.7. i) Let σ ⊆ Rn be a polyhedron. Then a piecewise smooth
form on σ is the datum - up to subdivision - of a polyhedral complex T
in Rn with support σ together with smooth forms αρ ∈ A(ρ) for all ρ ∈ T
such that αρ|τ = ατ for all τ, ρ ∈ T with τ ⊆ ρ. We denote the space
of piecewise smooth forms on σ by PS(σ), and the space of all piecewise
smooth forms on σ of the form (αρ)ρ∈T with αρ ∈ Ap,q(ρ) for all ρ ∈ T
by PSp,q(σ).

ii) Let [σ, µ] be a weighted d-dimensional polyhedron in Rn, and let α =
(αρ)ρ∈T be a piecewise smooth form on σ. We observe that µ defines a
weight on all ρ ∈ T with dim ρ = dimσ since Nρ = Nσ for dimension
reasons. We define the polyhedral current

α ∧ [σ, µ] : Ac(σ)→ R, η 7→

 ∑
ρ∈T

dim ρ=dimσ

αρ ∧ [ρ, µ]

 (η) .

iii) Let [σ, µ] be a weighted d-dimensional polyhedron in Rn. Using (ii), there
is an integral

�
[σ,µ]

: PSd,dc (σ)→ R.

Remark 4.1.8. From Definition 4.1.7 ii) we obtain for every polyhedron σ ⊆
Rn and a fixed weight µ on σ an embedding PS(σ) ⊆ P (Rn) ⊆ D(Rn).
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Remark 4.1.9. i) For an exact sequence of finite dimensional R-vector
spaces

0→ N1 → N2 → N3 → 0,

there is a canonical isomorphism detN2 = detN1 ⊗R detN3. So given
weights µi for Ni for two out of {N1, N2, N3}, they uniquely determine a
weight for the third space through the relation

µ2 = µ1 ∧ µ3 := µ1 ∧ µ̃3,(4.1)

where µ̃3 ∈
∧dimN3 N2 is any lift of µ3, see [Mih23, (2.12)].

ii) Let σ ⊆ Rn be a polyhedron and f : Rn → Rm an affine map. Then f
maps σ onto a polyhedron f(σ) ⊆ Rm. Let µ be a weight on σ, and ν
a weight on f(σ). Let K := ker

(
(f − f(0))|Nσ : Nσ → Nf(σ)

)
. Then the

short exact sequence

0→ K → Nσ → Nf(σ) → 0

together with i) acquires a weight δ for K ⊆ Nσ ⊆ Rn, called fibre weight
on K, and there is a natural fibre integration map

fδ,∗ : Ap,qc (σ)→ PSp−dimK,q−dimK(f(σ)).

iii) For α ∈ PS(σ) with corresponding polyhedral current α∧[σ, µ], we obtain
a projection formula

(α ∧ [σ, µ]) (f∗η) =

�
[σ,µ]

α ∧ f∗η

=

�
[f(σ),ν]

(fδ,∗α) ∧ η

= (fδ,∗α ∧ [f(σ), ν]) (η)

for all η ∈ Ac(f(σ)).

iv) In other words, fibre integration provides a representative for the push-
forward of currents in the sense that for all α ∈ PS(σ), the identity

f∗ (α ∧ [σ, µ]) = (fδ,∗α) ∧ [f(σ), ν]

holds, see [Mih23, (2.14)]. This shows in particular that the push-forward
of a polyhedral current with relatively compact support is polyhedral
again.

v) Given a surjective affine map f : Rn → Rm and a current T on Rm, we
define the pull-back current f∗T on Rn by

(f∗T )(η) := T (f∗η)

for a Lagerberg form η ∈ Ac(Rn), where f∗η denotes the fibre integral of
η with respect to the standard weights on Rn and Rm. We observe that
f∗η is again a Lagerberg form on Rm.
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vi) We note that the differentials d′ and d′′ commute with taking pull-backs.

Definition 4.1.10. A δ-form on Rn is a polyhedral current T ∈ P (Rn) such
that the differentials d′T and d′′T are again polyhedral.

Remark/Definition 4.1.11. Let [σ, µ] be a weighted polyhedron in Rn, and
let τ � σ be a facet together with a weight ν on τ . Then there is a unique
vector nσ,τ ∈ Nσ/Nτ that points in direction of σ and is such that µ = ν ∧ nσ,τ
in the sense of (4.1). A normal vector for τ � σ is any choice of a lift nσ,τ ∈ Nσ

for nσ,τ .

Definition 4.1.12. Let T be a polyhedral complex in Rn together with weights
µσ and smooth forms ασ ∈ A(σ) for all its polyhedra σ ∈ T . This datum
(µσ, ασ)σ∈T is called balanced if the following holds: For all τ ∈ T , the sum∑

σ∈T
τ�σ facet

ασ|τ ⊗R nσ,τ ∈ A(τ)⊗R Rn

lies in the subspace A(τ) ⊗R Mτ , where the normal vectors nσ,τ are taken for
the weights µσ for σ and µτ for τ .

Remark 4.1.13. i) We consider a datum (µσ, ασ)σ∈T as in Definition 4.1.12,
defining a current

T =
∑
σ∈T

ασ ∧ [σ, µσ] .

Then, for the datum (µσ, ασ)σ∈T , being balanced is stable under the op-
erations in Remark 4.1.2 ii), which yields that it only depends on the
current T , not on its representation.

ii) Writing a polyhedral current T =
∑

σ∈T ασ ∧ [σ, µσ] as a sum T =∑
p,q,r∈N T

p,q,r with T p,q,r ∈ P p,q,r(Rn) the current T is balanced if and
only if T p,q,r is balanced for all p, q, r ∈ N, see [Mih23, Theorem 3.3].

Definition 4.1.14. Let T ∈ P (Rn) be a polyhedral current. Then T is called
balanced if there is a datum representing T which is balanced. We observe that
this is well-defined by Remark 4.1.13 ii).

Theorem 4.1.15. A polyhedral current T ∈ P (Rn) is a δ-form if and only
if it is balanced. In particular - writing T as a sum T =

∑
p,q,r∈N T

p,q,r with
T p,q,r ∈ P p,q,r(Rn) - T is a δ-form if and only if T p,q,r is a δ-form for all
p, q, r ∈ N. Furthermore, T is already a δ-form if one out of d′T and d′′T is
polyhedral.

Proof. [Mih23, Theorem 3.3]

Remark/Definition 4.1.16. i) For p, q, r ∈ N, we denote by Bp,q,r(Rn)
the space of δ-forms on Rn of tridegree (p, q, r), and by
B(Rn) =

⊕
p,q,r B

p,q,r(Rn) the space of all δ-forms. Furthermore, we de-

note by Bp,q(Rn) =
⊕

r∈NB
p−r,q−r,r(Rn) the space of δ-forms of bidegree

(p, q) in the sense of currents.
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ii) There are derivatives

d′ : Bp,q(Rn)→ Bp+1,q(Rn) and d′′ : Bp,q(Rn)→ Bp,q+1(Rn)

for all p, q ∈ N obtained by restricting the corresponding maps on currents.

iii) The polyhedral derivatives restrict to operators

d′p : Bp,q,r(Rn)→ Bp+1,q,r(Rn) and d′′p : Bp,q,r(Rn)→ Bp,q+1,r(Rn)

for all p, q, r ∈ N.

iv) We define boundary operators ∂′ := d′P −d′ and ∂′′ := d′′P −d′′, which can
be shown to be trihomogeneous in the sense that they are maps

∂′ : Bp,q,r(Rn)→ Bp,q−1,r+1 and ∂′′ : Bp,q,r(Rn)→ Bp−1,q,r+1.

Lemma 4.1.17. i) Let T ∈ B(Rn) be a δ-form on Rn with compact support,
and f : Rn → Rm an affine map such that T has relatively compact support
with respect to f . Then the push-forward of currents f∗T ∈ B(Rm) is also
a δ-form.

ii) Let f : Rn → Rm be a surjective affine map and S ∈ B(Rm) a δ-form.
Then the pull-back f∗S ∈ B(Rn) is again a δ-form.

Proof. [Mih23, Lemma 3.5]

Lemma 4.1.18. For, p, q ∈ N, the δ-forms Bp,q,0(Rn) are precisely the currents
of the form α ∧ [Rn, µRn ] for α ∈ PSp,q(Rn).

Proof. [Mih23, Lemma 3.7]

Example/Definition 4.1.19. Let α ∈ PS(Rn) be a piecewise smooth form
and T ∈ P (Rn) a polyhedral current on Rn. Let T be a polyhedral complex in
Rn which is subordinate to both T and α. We write

α = (αρ)ρ∈T and T =
∑
ρ∈T

βρ ∧ [ρ, µρ]

for suitable αρ, βρ ∈ A(ρ) and weights µρ for all ρ ∈ T . Then the product of α
and T is defined as

αT :=
∑
ρ∈T

αρ ∧ βρ ∧ [ρ, µρ] .

We note that if T is assumed to be a δ-form, then αT is also a δ-form, see
[Mih23, Example 3.8].

Remark 4.1.20. i) Following [Mih23, §4], there is an exterior product of
currents, given as follows: For homogeneous currents T1 ∈ D(Rn) and
T2 ∈ D(Rm) the exterior product T1 � T2 of T1 and T2 is the unique
current T1 � T2 ∈ D(Rn × Rm) such that

(T1 � T2)(p∗1η1 ∧ p∗2η2) = (−1)deg(T1)deg(T2)T1(η1)T2(η2)
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for η1 ∈ Ac(Rn) and η2 ∈ Ac(Rn). The exterior product of currents
preserves polyhedral currents since for weighted polyhedra (σn, µn) in
Rn, (σm, µm) in Rm and smooth Lagerberg forms αn on σn and αm on
σm the equality

αn ∧ [σn, µn] � αm ∧ [σm, µm] = p∗1αn ∧ p∗2αm ∧ [σn × σm, µn ∧ µm]
(4.2)

holds (see [Mih23, (4.3)]), where σn × σm := i1(σn)× i2(σm) ⊆ Rn × Rm
for the inclusions i1 : Rn → Rn ×Rm and i2 : Rm → Rn ×Rm, and where
µn ∧µm is defined as in Remark 4.1.9 with respect to the canonical short
exact sequence

0→ Nσn → Nσn ⊕Nσm → Nσm → 0.

By [Mih23, 4.1], the exterior product of δ-forms is again a δ-form.

ii) Now, in [Mih23, §4], Mihatsch defines a ∧-product on δ-forms, which
coincides with the tropical intersection product on tropical cycles for δ-
forms of degree (0, 0, r), r ∈ N (those δ-forms are tropical cycles, see
[Mih23, Example 3.8]). By [Mih23, Lemma 4.14], the identity of δ-forms

S � T = p∗1S ∧ p∗2T

holds, where the left-hand side denotes the exterior product of S and T as
currents, and the right-hand side denotes the ∧-product of δ-forms. We
observe that the two terms also coincide with the intersection product
p∗1S · p∗2T of S and T as tropical cycles, see [Mih23, 4.1].

Notation 4.1.21. In the following, we denote by ∆ = (id, id)∗ [Rn, µstd] ∈
B0,0,n(Rn × Rn) the diagonal viewed as a δ-form.

Theorem 4.1.22. There is a unique way to define an associative product

∧ : B(Rn)×B(Rn)→ B(Rn)

that satisfies the Leibniz rules with respect to d′ and d′′, extends the definition

(α ∧ [Rn, µRn ]) ∧ T := αT

for all α ∈ PS(Rn), T ∈ B(Rn), and can be computed by restriction to the
diagonal, meaning that

S ∧ T = p1,∗ (∆ ∧ (S � T ))

for all S, T ∈ B(Rn). This product ∧ has the following additional properties:

i) It is graded commutative and trihomogeneous in the sense that it restricts
to maps

∧ : Bp,q,r(Rn)×Bs,t,u(Rn)→ Bp+s,q+t,r+u(Rn)

for all p, q, r, s, t, u ∈ N. In particular, it satisfies the Leibniz rule with
respect to the operators ∂′, ∂′′, d′P and d′′P .
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ii) It commutes with pull-backs, i.e. for all surjective affine maps f : Rn →
Rm and δ-forms S, T ∈ B(Rm), the equality

f∗(T ∧ S) = f∗T ∧ f∗S

holds.

iii) It satisfies the projection formula, i.e. for all surjective affine maps f :
Rn → Rm, δ-forms S ∈ B(Rm) and T ∈ B(Rn) with support compact
over Rm, the equality

f∗(T ∧ f∗S) = f∗T ∧ S

holds.

Proof. [Mih23, Theorem 4.1]

4.2 The sheaf of δ-forms on Berkovich spaces

In this section we introduce δ-forms on non-archimedean analytic spaces fol-
lowing [Mih21]. Roughly speaking, they are obtained by locally pulling back
δ-forms on real vector spaces via smooth tropicalization maps. In order to make
this precise, at first we have to define δ-forms on tropical spaces - hence locally
on skeleta of tropical coordinates. Then, there is an integration theory of δ-
forms leading to a product formula for fibre products which will be needed to
prove the main theorem 5.2.8.

For the rest of this chapter, we fix a field k that is complete with respect
to a non-trivial non-archimedean absolute value |.| : k → R. In this section,
an analytic space is always meant to be a good strictly k-analytic space in the
sense of [Ber93] which is Hausdorff and paracompact.

4.2.1 The sheaf of δ-forms on tropical spaces

In the setting of non-archimedean analytic spaces together with tropical coordi-
nates, tropical spaces arise in a natural way. Locally, they are roughly speaking
just tropical cycles in the classical sense, together with a so-called sheaf of linear
functions which is given by the coordinate functions of the tropical coordinates.
Then we can define δ-forms on such spaces using the δ-forms on real vector
spaces defined before, and pulling them back under tropical coordinates.

Definition 4.2.1. Let C ⊆ Rn be a polyhedral set.

i) A map f : C → R is called piecewise linear if it is continuous and if C
can be written as a locally finite union of polyhedra C =

⋃
i∈I σi in Rn

such that the restriction f |σi is affine for all i ∈ I.

ii) A map f : U → R on an open subset U ⊆ C is called piecewise linear if
for every polyhedron σ ⊆ U ⊆ Rn, the restriction f |σ is piecewise linear.
We denote the so-defined sheaf of piecewise linear functions on C by ΛC .
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iii) A piecewise linear space is a pair (X,ΛX) of the following kind: X is a
paracompact Hausdorff topological space, and ΛX ⊆ C(−,R) is a subsheaf
of the sheaf of real-valued continuous functions on X such that for every
x ∈ X there is a neighbourhood V of x in X together with a polyhedral
set D and a homeomorphism ϕ : V → D such that ΛD ◦ ϕ = ΛX |V .
Here ΛX |V := Im

(
i−1
V : ΛX → C(−,R)

)
denotes the sheaf on V of those

continuous R-valued functions that locally extend to a section of ΛX ,
where iV : V ⊆ X. In the above situation, we often only write X instead
of (X,ΛX).

iv) A map of piecewise linear spaces ϕ : (X,ΛX) → (Y,ΛY ) is a continuous
map ϕ : X → Y of topological spaces such that ΛY ◦ ϕ = ΛX .

v) Let ϕ : (C,ΛC)→ (D,ΛD) be a piecewise linear map between polyhedral
sets. Then polyhedral complex structures C for C and D for D are called
subordinate to ϕ if for all σ ∈ C there exists some ρ ∈ D such that ϕ(σ) ⊆
ρ and such that ϕ|σ : σ → f(σ) is a linear map for all σ ∈ C.

vi) A piecewise linear space (X,ΛX) is called polyhedral if it is itself isomor-
phic to some polyhedral set (C,ΛC).

Remark/Definition 4.2.2. Let C ⊆ Rn be a polyhedral set.

i) For p, q ∈ N, a piecewise smooth form of bidegree (p, q) on C is the datum
of - up to refinement - a locally finite decomposition C =

⋃
i∈I σi of C as

a union of polyhedra together with Lagerberg forms ωi ∈ Ap,q(σi) for all
i ∈ I such that ωi|σi∩σj = ωj |σi∩σj for all i, j ∈ I.

ii) For all p, q ∈ N, the piecewise smooth forms of bidegree (p, q) on C define
a sheaf on C, denoted by PSp,qC or PSp,q if the polyhedral set is clear
from the context. We define the sheaf of piecewise smooth forms on C by
PS := PSC :=

⊕
p,q∈N PS

p,q
C .

iii) The piecewise smooth forms on C are equipped with a ∧-product and
differentials: The ∧-product and the differentials d′ and d′′ on Lagerberg
forms are computed on piecewise smooth forms polyhedron-by-polyhedron.
We denote the resulting operators by ∧, d′P and d′′P .

iv) For a piecewise linear map ϕ : (C,ΛC) → (D,ΛD) of polyhedral sets,
there is a pull-back morphism

f∗ : f−1PSD → PSC

which is computed by using the pull-back of Lagerberg forms polyhedron-
by-polyhedron.

Remark 4.2.3. The definitions from 4.2.2 on polyhedral sets C ⊆ Rn ex-
tend by locality to all piecewise linear spaces (X,ΛX). For a piecewise linear
space (X,ΛX), we denote the sheaf of piecewise linear forms on X by PSX =⊕

p,q∈N PS
p,q
X , we write ∧ for the defined wedge product, d′P resp. d′′P for the

differentials, and for a piecewise linear map f : (X,ΛX) → (Y,ΛY ) to some
piecewise linear space (Y,ΛY ), write f∗ for the induced pull-back.
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Definition 4.2.4. Let C be a polyhedral set and η ∈ PSC(C) a piecewise
smooth form on C. Then a polyhedral complex structure C for C is called
subordinate to η if the restrictions η|σ are Lagerberg forms for all σ ∈ C.

Definition 4.2.5. Let C ⊆ Rn be a polyhedral set. The local dimension of C
in a point x ∈ C is defined as

dimxC := max
σ⊆C polyhedron

x∈σ

dimσ.

The dimension of C is defined as dimC := maxx∈C dimxC. We call C pure of
dimension d if dimxC = d for all x ∈ C.

Remark 4.2.6. The above definition can be extended from polyhedral sets
C ⊆ Rn to more general piecewise linear spaces X.

Definition 4.2.7. Let C ⊆ Rn be a purely d-dimensional polyhedral set. Then
a familiy of weights for C is the datum - up to refinement - of a locally finite
decomposition C =

⋃
i∈I σi of C into d-dimensional polyhedra σi ⊆ Rn and

weights µ = (µi)i∈I for (σi)i∈I such that

µi|σi∩σj = µj |σi∩σj whenever dim(σi ∩ σj) = d.

The pair (C, µ) is then called a weighted polyhedral set.

Definition 4.2.8. Enhancing Definition 4.1.7, for all weighted polyhedral sets
(C, µ), there is a natural integral

�
[C,µ]

: PSd,dc (C)→ R.

Remark 4.2.9. i) Note that by convention, all weighted polyhedral sets
are already pure dimensional.

ii) Let (C, µ) be a d-dimensional weighted polyhedral set and let D be an-
other pure dimensional polyhedral set, together with an isomorphism of
piecewise linear spaces f : (C,ΛC)

∼−→ (D,ΛD). Then there is a unique

way to define a weight f∗µ for D such that for all η ∈ PSd,dc (D), the
equality

�
[D,f∗µ]

η =

�
[C,µ]

f∗η

holds. To construct this weight f∗µ for D, let C =
⋃
i∈I σi be a de-

composition of C into d-dimensional polyhedra, fine enough such that
f |σi is linear for all i ∈ I. Then, the push-forward weights are given by
f∗µ = (f(µi))i∈I , where for all i ∈ I, f(µi) ∈ detNf(σi) denotes the image
of µi under the corresponding map of determinant spaces.
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iii) Let (X,ΛX) be a piecewise linear space of some pure dimension. Using ii),
the definition of being weighted extends from polyhedral sets to piecewise
linear spaces, such that for every d-dimensional weighted polyhedral set
(C, µ) ⊆ X and every α ∈ PSp,qc (C), there is a linear functional

α ∧ [C, µ] : PSd−p,d−qc (X)→ R, η 7→
�

[C,µ]
α ∧ η|C .

Definition 4.2.10. Let X be a weighted piecewise linear space, and U ⊆ X
an open subset. Then a polyhedral current on U is defined to be an element of
Hom(PSc(U),R) which is a locally finite sum of currents of the form α∧[C, µ] for
a weighted polyhedral set (C, µ) in X and a piecewise smooth form α ∈ PSc(C).

Remark 4.2.11. Let X be a weighted piecewise linear space. Since by [Mih21,
Proposition 2.2], piecewise linear spaces admit piecewise smooth partitions of
unity, polyhedral currents form a sheaf on X, which is denoted by P or PX .
Furthermore, there is a grading PX =

⊕
p,q,d∈N P

p,q
d , where the sheaf P p,qd is

generated by the currents of the form α ∧ [C, µ] for a d-dimensional weighted
polyhedral complex (C, µ) in X and α ∈ PSp,qc (C).

Remark 4.2.12. As an extension of Remark 4.1.9, we consider a linear map
f : σ → Rr on a d-dimensional polyhedron σ ⊆ Rn. Let µ be a weight for σ, ν a
weight for f(σ), and let δ be the corresponding fibre weight with the property
that µ = ν∧δ in the sense of Remark 4.1.9. Then fibre integration is the unique
map

f∗ : PSc(σ)→ PS(f(σ))

with the following properties (see [Mih21, (2.14), (2.15)]):

i) For α ∈ PSd,dc (σ), the image f∗α ∈ PS0,0(f(σ)) is the piecewise smooth
function on f(σ) which is pointwise given by

(f∗α) (y) :=

�
[f−1(y),δ]

α|f−1(y) for all y ∈ f(σ),(4.3)

where (4.3) is defined to be zero if f−1(y) has dimension less than d.

ii) The projection formula

f∗ (f∗α ∧ β) = α ∧ f∗β

holds for all α ∈ PSd−p,d−q(f(σ)) and β ∈ PSp,qc (σ).

Proposition 4.2.13. Let f : X → Y be a map of weighted piecewise linear
spaces and let T ∈ P p,qd (X) be a polyhedral current on X such that supp(T )→ Y
is proper. Then there exists a polyhedral current f∗T ∈ P (Y ) on Y such that
for all η ∈ PSd−p,d−q(Y ), the equality

(f∗T ) (η) = T (f∗η)

holds.
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Proof. [Mih21, Proposition 2.8]

Definition 4.2.14. Let f : (X,µ) → (Y, ν) be a map of weighted piecewise
linear spaces. The map f is said to be flat if for every η ∈ PSc(X) there exists
a piecewise smooth form f∗η ∈ PS(Y ) such that

f∗ (η ∧ [X,µ]) = (f∗η) ∧ [Y, ν] .

In that case, the element f∗η is called the push-forward of η along f .

Proposition 4.2.15. Let f : (X,µ) → (Y, ν) be a flat map of weighted piece-
wise linear spaces, and T ∈ P (Y ) a polyhedral current on Y . Then there is a
polyhedral current f∗T ∈ P (X) such that for all α ∈ PSc(X), the formula

(f∗T ) (α) = T (f∗α)

holds.

Proof. [Mih21, Proposition 2.14]

Definition 4.2.16. Let (X,ΛX) be a piecewise linear space and L ⊆ ΛX a
subsheaf. Then, for any polyhedral set i : K ⊆ X, we denote by

L|K : Im
(
i−1 : L→ C(−,R)

)
the restriction of L to K and by L(K) = L|K(K) the space of piecewise linear
functions on K that locally extend to a section of L.

Definition 4.2.17. Let (X,ΛX) be a piecewise linear space. A sheaf of linear
functions on X is a subsheaf of R-vector spaces L ⊆ ΛX such that the following
holds:

i) L contains all constants, i.e. R ⊆ L.

ii) For every x ∈ X there exists a polyhedral neighbourhood K, some r ∈ N
and f = (f1, . . . , fr) ∈ L(K)r such that f : K → R has finite fibres.

iii) For every polyhedral set K in X, the restriction L|K is finitely generated
in the following sense: There is a polyhedral structure K for K, called
subordinate to L, such that for all open subsets U ⊆ X, every φ ∈ L(U)
and every σ ∈ K, the restriction φ|σ∩U is linear.

Definition 4.2.18. i) A piecewise linear space with linear functions is a tu-
ple (X,LX) where X = (X,ΛX) is a piecewise linear space and LX is a
sheaf of linear functions on X.

ii) Let (X,LX) and (Y,LY ) be piecewise linear spaces with linear functions.
Then a linear map f : X → Y is defined to be a map of piecewise linear
spaces such that LY ◦ f ⊆ LX .

Example 4.2.19. Considering Rr as a piecewise linear space with the usual
sheaf of linear functions, a linear map x : X → Rr from some piecewise linear
space with linear functions X is the same as an r-tuple (x1, . . . , xr) ∈ L(X)r of
linear functions.
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Definition 4.2.20. Let (X,LX) be a piecewise linear space with linear func-
tions. A smooth (p, q)-form on X is a piecewise smooth form on X that is
locally on U ⊆ X open of the form x∗α′ for a linear map x : U → Rr and a
Lagerberg form α′ ∈ Ap,q(Rr). The resulting sheaf of smooth (p, q)-forms on X
is denoted by Ap,qX or Ap,q. Furthermore, we write AX := A :=

⊕
p,q∈NA

p,q
X for

the sheaf of smooth forms on X.

Remark 4.2.21. Let (X,LX) and (Y,LY ) be piecewise linear spaces with linear
functions. Then by [Mih21, §2], the following holds:

i) Smooth forms on X are stable under the ∧-product and the polyhedral
derivatives d′P and d′′P of piecewise smooth forms. For a smooth form α on
X, we write d′α resp. d′′α for the polyhedral derivatives of α ∈ AX(X) ⊆
PSX(X).

ii) For a linear map f : (X,LX) → (Y,LY ) and a smooth form α ∈ AY (Y ),
the pull-back f∗α of α via f is defined as the pull-back of α viewed as a
piecewise smooth form on Y . We note here that the pull-back of a smooth
form on Y is again a smooth form on X since for any tuple x ∈ L(Y )r

of linear functions and any Lagerberg form α′ ∈ A(Rr), the equality
f∗ (x∗α′) = (x ◦ f)∗ α′ holds.

Remark 4.2.22. Let (X,LX) be a piecewise linear space with linear functions
and U ⊆ X an open subset. We equip the smooth forms with compact support
on U , hence Ac(U) ⊆ AX(U), with the following topology: A sequence (αi)i∈I
of smooth forms on U is said to be convergent to a smooth form α on U if and
only if the following holds: There exist finitely many compact polyhedral sets
K1, . . . ,Kn ⊆ X and presentations Kl '

⋃
j∈Jl σlj ⊆ Rrl as unions of polyhedra

such that

i) supp(α), supp(αi) ⊆ K1 ∪ . . . ∪Kn for all i ∈ I;

ii) for all i ∈ I, l ∈ {1, . . . , n}, j ∈ Jl, the restriction αi|σlj is smooth, i.e. a
Lagerberg form in A(σlj);

iii) for all l ∈ {1, . . . , n}, j ∈ Jl, the sequences
(
αi|σlj

)
i∈I converge to α|σlj in

the Schwartz sense, i.e. all higher partial derivatives of all coefficients of
αi|σlj converge uniformly.

Definition 4.2.23. Let (X,LX) be a purely n-dimensional piecewise linear
space with linear functions.

i) We define the sheaf of (p, q)-currents Dp,q = Dp,qX on X by mapping open
subsets U of X to the space of continuous linear functionals on the space
of smooth (n− p, n− q)-forms An−p,n−qc (U) on U with compact support.

ii) We endow the space of currents on X with partial derivatives d′ and d′′

which are defined by duality as(
d′T
)

(η) = (−1)deg T+1T (d′η) and
(
d′′T

)
(η) = (−1)deg T+1T (d′′η)

for a current T and a smooth form η on X.
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iii) We define an associative pairing

Ap1,q1
X ×Dp2,q2

X → Dp1+p2,q1+q2
X

by (α, T ) 7→ (−1)degα·deg TT (α ∧ −).

iv) Let f : (X,LX) → (Y,LY ) be a linear map of piecewise linear spaces
with linear functions. We define the push-forward f∗ : Dc(X)→ Dc(Y ) of
currents with compact support as the dual of pull-back of smooth forms
on piecewise linear spaces.

Remark 4.2.24. In the situation of Definition 4.2.23, the restriction maps
Dp,qX (U)→ Dp,qX (V ) are given as the dual maps to the inclusionsAc(V )→ Ac(U)
of smooth forms, for all open subsets V ⊆ U ⊆ X, see [Mih21, Proposition 2.19].

Remark 4.2.25. Let (X,LX) be a piecewise linear space with linear functions.
Then every polyhedral current on X defines a current on X, and one can show
that this realizes PX(U) as a subset of DX(U) for all open subsets U of X. In
particular, we obtain derivatives d′ and d′′ on polyhedral currents on X (which
do not coincide with d′P and d′′P in general).

Remark 4.2.26. Let (X,LX) be a piecewise linear space with linear functions.
Then there is a balancing condition for polyhedral currents T ∈ PX(X). It
demands that T is balanced on the interior of all polyhedral sets contained in
X. For a polyhedral set C in X, being balanced means the following: Let C
be a polyhedral complex structure that is subordinate to T and LX , and write
T =

∑
σ∈C ασ ∧ [σ, µσ]. Then the condition is that for all U ⊆ C open, τ ∈ C

and φ ∈ LX(U) with φ|τ∩U constant the sum

∑
σ∈C

τ�σfacet

∂φ|σ
∂nσ,τ

ασ|τ

vanishes, where the normal vectors nσ,τ are taken with respect to the weights
µτ and µσ.

Proposition 4.2.27. Let (X,LX) be a piecewise linear space with linear func-
tions, and let T ∈ PX(X). Then the following are equivalent:

i) T is balanced

ii) Both derivatives d′T and d′′T are again polyhedral.

iii) One out of d′T and d′′T is polyhedral.

iv) For every compact polyhedral set K ⊆ X and every tuple of linear func-
tions f ∈ L|K(K)r, the push-forward f∗

(
T |K\f−1(f(∂K))

)
is balanced (i.e. a

δ-form) away from f(∂K).

Proof. [Mih21, Proposition 2.23]
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Definition 4.2.28. A tropical space is a triple (X,µ,L) that consists of a
weighted piecewise linear space (X,µ) with linear functions L such that the
fundamental cycle [X,µ] - viewed as a current for smooth forms on X with
respect to L - is closed with respect to d′ and d′′.

Remark 4.2.29. Let (X,µ) be a weighted piecewise linear space with linear
functions L. Then by [Mih21, Corollary 2.26], the following are equivalent:

i) The triple (X,µ,L) is a tropical space.

ii) [X,µ] is balanced with respect to L.

iii) For every compact polyhedral set K ⊆ X and every linear map f : K →
Rr, the push-forward f∗

(
K,µ|K\f−1(f(∂K))

)
is balanced away from f(∂K).

Definition 4.2.30. Let (X,LX) be a piecewise linear space with linear func-
tions. Then a refinement of a linear map f : X → Rr is a pair (g, p), where
g : X → Rs is a linear map and p : Rs → Rr is an affine map such that f = p◦g.

Lemma 4.2.31. Let X be a piecewise linear space, T ∈ P (X) a polyhedral
current on X and f : X → Rr a piecewise linear map with finite fibres. Then
T is uniquely determined by all push-forwards f∗

(
T |K\f−1(f(∂K))

)
for K ⊆ X

a compact polyhedral set.

Proof. [Mih21, Lemma 2.28]

Proposition 4.2.32. Let (X,µ,L) be an n-dimensional tropical space, f : X →
Rr a linear map and γ ∈ B(Rr) a δ-form. Then there is a unique polyhedral
current f?γ ∈ P (X) such that for all compact polyhedral sets K and all refine-
ments (g, p) of f such that g : K → Rs has finite fibres, the identity

g∗
(
(f?γ) |K\g−1(g(∂K))

)
= g∗K ∧ p∗T(4.4)

holds away from g(∂K). On the right-hand-side, the ∧-product is meant in the
sense of δ-forms, where g∗K is viewed as tropical cycle via Remark 4.2.29 (away
from g(∂K)).

Proof. [Mih21, Proposition 2.29]

Definition 4.2.33. Let (X,µ,L) be a tropical space.

i) A δ-form on (X,µ,L) is a polyhedral current on X which is locally of the
form f?γ for a linear map f mapping to Rr for some r ∈ N, and a δ-form
γ ∈ B(Rr). The resulting sheaf of δ-forms on X is denoted by BX or B.

ii) A δ-form ω on X is said to have degree (p, q, r) if this is the case for T
viewed as a polyhedral current. We denote the sheaf of δ-forms of degree
(p, q, r) on X by Bp,q,r

X or Bp,q,r.

Remark 4.2.34. Let (X,µ,L) be a tropical space. Then a δ-form ω on X is
of degree (p, q, r) if and only if ω is locally of the form f?γ for a linear map f
to some Rr and a δ-form γ on Rr of degree (p, q, r). Furthermore, there is a
direct sum decomposition BX =

⊕
p,q,r∈NB

p,q,r
X .
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Remark/Definition 4.2.35. Let (X,µ,L) be a tropical space. There is a
∧-product and differential operators d′, d′′, d′P , d

′′
P , ∂

′ and ∂′′ on δ-forms on X,
obtained from the corresponding operators on δ-forms on spaces Rr: They are
computed locally in charts as

(f?γ1) ∧ (f?γ2) := f? (γ1 ∧ γ2) and d (f?γ) := f? (dγ)

for d ∈ {d′, d′′, d′P , d′′P , ∂′, ∂′′}, linear maps f to some Rr and δ-forms γ, γ1, γ2 ∈
B(Rr).

Proposition 4.2.36. Let (X,µ,L) be a tropical space of dimension n. Then
for any δ-form ω ∈ BX(X) on X, its derivatives d′ω and d′′ω as current and
as δ-form agree. In particular, Stokes’ formula holds, i.e.

�
X
d′α = 0 =

�
X
d′′β

for all α ∈ Bn−1,n
c (X) and β ∈ Bn,n−1

c (X).

Proof. [Mih21, Proposition 2.31]

Proposition 4.2.37. Let φ : X → Y be a flat linear map of tropical spaces.
Then the pull-back φ∗ω of any δ-form ω ∈ BY (Y ) is again a δ-form on X.
More precisely, if ω ∈ BY (Y ) is locally given by a linear map f to some Rr and
a δ-form γ ∈ B(Rr), then

φ∗ (f?γ) = (f ◦ φ)? (γ).

Proof. [Mih21, Proposition 2.43]

Remark/Definition 4.2.38. Let X be a compact purely n-dimensional an-
alytic space, and let f : X → Gr,an

m be tropical coordinates on X. We de-
note by T (X, f) ⊆ T ′(X, f) the n-dimensional locus of the tropical variety
T ′(X, f) = tf (X) from Remark 2.2.9, i.e. the union of all n-dimensional poly-
hedra contained in T ′(X, f). Following [Mih21, Definition 3.3, Theorem 3.4]
resp. [CD12, §2], there exists a weighted polyhedral complex structure (T , µ)
for T (X, f) such that (T (X, f), µ) is a tropical cycle away from tf (∂X), ob-
tained as follows: We choose a polyhedral complex structure T for T (X, f)
such that tf (∂X) is contained in its (n − 1)-skeleton. For σ ∈ Tn we choose a
surjective morphism q : Gr,an

m → Gn,an
m such that q|σ is injective, where q also

denotes the induced map q : Rr → Rn on tropicalizations. Then it can be
shown that the map

q ◦ f |t−1
f (σ) : t−1

f (σ)→ Gn,an
m (q(σ))

is finite flat of some degree dσ,q over a neighbourhood of the relative interior
q(σ◦), viewed as a subset of the canonical skeleton Σ(Gn

m) via ιGnm . The polyhe-
dron σ ∈ Tn is then endowed with the weight µσ := dσ,q · q−1(µRn), where µRn

denotes the standard weight on Rn induced by the lattice Zn ⊆ Rn, see [CD12,
(2.4.4)]. This construction is independent of the choice of q, see [GJR21, §4].
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Remark/Definition 4.2.39. Let X be a compact analytic space of pure di-
mension n, and f : X → Gr,an

m tropical coordinates on X. By [Duc12, Théorème
5.1], the closed subspace

Σ′(X, f) =
⋃

q:Gr,an
m →Gn,an

m

(q ◦ f)−1 (Σ(Gn
m))

of X is naturally a piecewise linear space, where q runs through all morphisms
q : Gr,an

m → Gn,an
m of analytic tori. By [Mih21, Theorem 3.1], Σ′(X, f) is of

dimension at most n, and Σ′(X, f) ∩ ∂X is contained in a piecewise linear
subspace of dimension at most n − 1. Let Σ(X, f) denote the n-dimensional
locus of Σ′(X, f), called skeleton of f in X.

Remark 4.2.40. In the situation of Remark/Definition 4.2.39, [GJR21, Propo-
sition 3.12] states that Σ′(X, f) \ ∂X agrees with all x ∈ X \ ∂X such that
dim tf (U) = n for all neighbourhoods U of x in X. In particular Σ′(X, f) \ ∂X
only depends on the tropicalization map tf (and not on the moment map itself).
Furthermore, the equality

Σ′(X, f) \ ∂X = Σ(X, f) \ ∂X

holds.

Remark/Definition 4.2.41. Let X be a compact analytic space of pure di-
mension n, and f : X → Gr,an

m tropical coordinates on X. Then there exists a
weighted piecewise linear space structure (T , µ) for Σ(X, f) such that for the
sheaf L on Σ(X, f) generated by tf1 , . . . , tfr , the triple (Σ(X, f) \ ∂X, µ, L) is a
tropical space. Here tfi is the composition πi ◦ tf of the tropicalization map tf
with the projection πi : Rr → R onto the i-th coordinate for all i ∈ {1, . . . , r}.
The construction of (T , µ) is as follows: Working locally, we may assume that
Σ(X, f) is a polyhedral set. Let T be a polyhedral complex structure for Σ(X, f)
such that Σ(X, f)∩∂X is contained in its (n− 1)-skeleton. For each σ ∈ Tn we
choose a morphism q : Gr,an

m → Gn,an
m such that (q ◦ f) |σ is injective. Then the

weight µσ on σ is defined as µσ := dσ,q · t−1
q◦f (µRn), where dσ,q is the degree of

X over (q ◦ f)(σ) ⊆ Σ(Gn,an
m ) near the interior of σ. The independence of the

choice of q is shown in [GJR21, §4], and also a more detailed construction can
be found in [GJR21, §3, §4].

Remark 4.2.42. Let X be a compact analytic space of pure dimension n, and
f : X → Gr,an

m tropical coordinates on X. Then there is an equality of tropical
cycles

T (X, f) = (tf )∗Σ(X, f),

away from tf (Σ(X, f) ∩ ∂X), see [Mih21, (3.3), Corollary 3.7].

Remark 4.2.43. Proposition 2.2.19 gives the following: Let h : X → Rn be a
piecewise linear tropicalization map on a compact purely d-dimensional analytic
space. Then there exists a (Z,Γ)-polytopal complex Π of dimension at most
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d with support h(X) such that h(∂X) is contained in a subcomplex of dimen-
sion at most d − 1, and such that using G-locally tropical multiplicities, there
are weights µσ for each d-dimensional polyhedron in the polyhedral complex
structure, such that h(X)d satisfies the balancing condition away from h(∂X).
The construction of the polyhedral complex structure and the weights is done
in [GJR21, §8], and the proof of the balancing property is [GJR21, Theorem
9.7]. We consider h(X)d in the subsequent always with those weights.

Remark 4.2.44. We assume that ∂X = ∅. Then each harmonic tropicalization
map h : X → Rn defines a tropical space, where the sheaf of linear functions is
the one generated by the harmonic functions h1, . . . hn.

4.2.2 The sheaf of δ-forms on Berkovich spaces

The aim of this section is to finally introduce δ-forms on non-archimedean
analytic spaces following [Mih21, §4]. This theory relies on the theory of δ-
forms on tropical spaces from the previous section. The existence of differential
operators and wedge products can be deduced from the theory of δ-forms on
tropical spaces introduced before. Furthermore, we will give some examples of
already known classes of δ-forms in this section. In particular, the in Chapter 2.2
considered sheaf of weakly smooth forms by [GJR21] can naturally be embedded
into the sheaf of δ-forms on Berkovich analytic spaces, as well as the sheaf of
piecewise smooth and the sheaf of smooth forms, which we will define here.
The fact that weakly smooth forms can be considered as δ-forms allows to pair
weakly smooth forms with δ-forms later, which is essential for the proof of the
main theorem 5.2.8.

Definition 4.2.45. Let H ⊆ K ⊆ Rm be polyhedral sets and T ∈ PK(K) a
polyhedral current on K. Let K be a polyhedral complex structure for K which
is also subordinate to T and H, and let ασ ∈ A(σ) be Lagerberg forms for all
σ ∈ K such that T =

∑
σ∈K ασ ∧ [σ, µσ] for weights µσ on each polyhedron

σ ∈ K. Then the (polyhedral) restriction of T to H is defined as

T |PH :=
∑
σ∈K
σ⊆H

ασ ∧ [σ, µσ] ∈ PH(H).

Remark 4.2.46. In the situation of Definition 4.2.45, the term T |PH is inde-
pendent of the choice of the polyhedral complex K. Furthermore, given an
isomorphism K ' K ′ ⊆ Rr of polyhedral sets, the image of H under this
map is also a polyhedral set since ΛK |H = ΛH . Then the definition of T |PH is
independent of the representation of K as a polyhedral set. This gives that
for inclusions of piecewise linear spaces (Y,ΛY ) ⊆ (X,ΛX) with the property
that (Y,ΛX |Y ) is also a piecewise linear space, the above construction defines
a (polyhedral) restriction

PX(X)→ PY (Y ), T 7→ T |PY ,

which is locally given as in Definition 4.2.45.
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Lemma 4.2.47. Let (Σ, µ, L) be an n-dimensional tropical space and let f =
(f1, . . . , fr) ∈ L(Σ)r be a tuple of linear functions on Σ. We denote by Σ′ the
union of all n-dimensional polyhedra σ of Σ such that f |σ is injective. Let
γ ∈ B(Rr) be a δ-form. Then the following holds:

i) The triple (Σ′, µ′, L′) for µ′ := µ|Σ′ and L′ := R+ 〈f1, . . . , fr〉 is a tropical
space.

ii) There is an equality of polyhedral currents

f?(γ)|PΣ′ = (f |Σ′)? (γ).

Remark 4.2.48. Let X be an analytic space. For an open subset U of X
and tropical coordinates f and g on U such that g refines f , the inclusion of
skeletons

Σ(U, f) ⊆ Σ(U, g)

is of the type considered in Lemma 4.2.47 with respect to the tuple of linear
functions given by tf . This follows from Remark 4.2.40.

Remark/Definition 4.2.49. Let U be an open subset of an analytic space X,
and let f and g be tropical coordinates on U . We assume that g maps to Rr
and let γ ∈ B(Rr) be a δ-form. We define a polyhedral current, the restriction
t?g(γ)|Σ(U,f) of t?g(γ) from Σ(U, g) to Σ(U, f) as follows:

i) First we consider the case that g refines f . Then Σ(U, f) ⊆ Σ(U, g) is an
inclusion of tropical spaces as in Lemma 4.2.47. In this case, we set

t?g(γ)|Σ(U,f) := t?g(γ)|PΣ(U,f).

ii) Next we consider the case that g does not refine f . We choose any common
refinement (h, p) of both f and g and set

t?g(γ)|Σ(U,f) := t?h(p∗γ)|PΣ(U,f).

This is well-defined by Lemma 4.2.47.

Definition 4.2.50. Let X be an analytic space. A skeleton in X is a locally
closed subset Σ ⊆ X which is locally a piecewise linear subspace of some Σ(U, f)
for an open subset U of X and tropical coordinates f on U .

Remark 4.2.51. We observe that there is no natural tropical space structure
on skeletons in analytic spaces. They might not even be pure dimensional.

Remark 4.2.52. Let X be an analytic space and let U be an open subset of
X together with a tropical coordinates f : U → Gr,an

m and a δ-form γ ∈ B(Rr).
Let Σ be a skeleton in X with Σ ⊆ U . We obtain by locality a well-defined
restriction t?f (γ)|Σ.
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Definition 4.2.53. Let X be an analytic space of pure dimension n with
∂X = ∅.

i) A δ-form on X is the datum of a polyhedral current ωΣ for every skeleton
Σ in X such that every x ∈ X has an open neighbourhood U together
with tropical coordinates f : U → Gr,an

m and a δ-form γ ∈ B(Rr) such
that for all skeletons Σ in X with Σ ⊆ U :

ωΣ = t?f (γ)|Σ.

ii) For a δ-form ω = (ωΣ)Σ⊆X skeleton we write ω|Σ := ωΣ for every skeleton
Σ in X.

iii) For an open subset U of X together with tropical coordinates f : U →
Gr,an
m and a δ-form γ ∈ B(Rr) we denote the δ-form which is given by the

assignment

Σ 7→ t?f (γ)|Σ(4.5)

for any skeleton Σ in X by t?f (γ).

Remark/Definition 4.2.54. Let X be an analytic space of pure dimension n
with ∂X = ∅.

i) Definition 4.2.53 gives rise to a sheaf, the sheaf of δ-forms on X which is
denoted by BX or B. There is a natural trigrading BX =

⊕
p,q,r∈NB

p,q,r
X

stemming from the trigrading of δ-forms on real vector spaces Rr.

ii) For a tropical space (X,µ,L), the operators ∧, d′, d′′, d′P , d′′P , ∂′ and ∂′′

on δ-forms on (X,µ,L) were defined through charts. This fact together
with Lemma 4.2.47 yields that they all commute with formation of the
polyhedral restriction of polyhedral currents. We endow the sheaf BX of
δ-forms on the analytic space X with those seven operators by setting

(t?fα) ∧ (t?fβ) := t?f (α ∧ β), d′(t?fα) := t?f (d′α)

d′′(t?fα) := t?f (d′′α), d′P (t?fα) := t?f (d′Pα)

d′′P (t?fα) := t?f (d′′Pα), ∂′(t?fα) := t?f (∂′α) and

∂′′(t?fα) := t?f (∂′′α)

for all open subsets U ⊆ X, tropical coordinates f : U → Gr,an
m and

δ-forms α, β ∈ B(Rr).

Remark 4.2.55. Let X be a pure dimensional analytic space with ∂X = ∅
and ω ∈ BX(X) a δ-form on X. Then he restrictions (ω|Σ)Σ⊆Xskeleton form a
compatible family in the sense that for all inclusions of skeletons Σ′ ⊆ Σ ⊆ X,
there is an equality

(ω|Σ) |Σ′ = ωΣ′ .
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Theorem 4.2.56. Let π : X → Y be a morphism of pure dimensional analytic
spaces with ∂X = ∅ = ∂Y . Then there is a well-defined pull-back map π∗ :
π−1BY → BX which satisfies

π∗(t?f (γ)) = t?f◦π(γ)

for all open subsets U of X, tropical coordinates f : U → Gr,an
m on U and

γ ∈ B(Rr).

Proof. [Mih21, Theorem 4.5].

Remark 4.2.57. In the situation of Theorem 4.2.56, the pull-back map π∗

commutes with the operators ∧, d′, d′′, d′P , d′′P , ∂′ and ∂′′ on δ-forms on analytic
spaces since they are computed in charts. In the case of immersions π := i :
X ↪→ Y , we write ω|X instead of i∗ω for δ-forms ω ∈ BY (Y ).

Remark/Definition 4.2.58. Let A be an abelian variety that is split over k,
and let

1→ Tan ι→ Ean q→ Ban → 0

denote the Raynaud extension of A from Remark/Definition 3.1.4. We recall
that there is a morphism p : Ean � Aan which is a covering map in the topologi-
cal sense. Its kernel Λ := ker(p) is a discrete subgroup of E(k), and p induces an
isomorphism Ean/Λ ' Aan. For any a ∈ Λ, there is a natural translation map
τa : Ean → Ean. We call a δ-form ω̃ ∈ BEan(Ean) Λ-invariant if for all a ∈ Λ,
the equality τ∗a (ω̃) = ω̃ holds. We denote the space of Λ-invariant δ-forms on
Ean by BEan(Ean)Λ.

Lemma 4.2.59. In the situation of Remark/Definition 4.2.58, every Λ-invariant
δ-form ω̃ ∈ BEan(Ean)Λ descends to a δ-form ω ∈ BAan(Aan) via p in the sense
that there is a δ-form ω ∈ BAan(Aan) such that p∗(ω) = ω̃.

Proof. Let ω̃ = (ω̃Σ)Σ⊆Ean skeleton ∈ BEan(Ean)Λ be a Λ-invariant δ-form on

Ean. We choose a Λ-periodic open cover {Ũi}i∈I of Ean by Λ-small open subsets
together with tropical coordinates fi : Ũi → Gri,an

m and δ-forms γi ∈ B(Rri) for
all i ∈ I such that for all skeletons Σ in Ean with Σ ⊆ Ũi for some i ∈ I, the
equality ω̃Σ = t?fi(γi)|Σ holds. The property Λ-periodic is meant in the sense

that for all i ∈ I and all a ∈ Λ there is some j ∈ I such that τa(Ũi) = Ũj .
Furthermore, for simplicity we assume that for all i 6= j ∈ I, Ũi is not properly
contained in Ũj . The existence of such triples (Ũi, fi, γi)i∈I follows from the
definition of δ-forms once we observe that a suitable cover of Ean can always
be constructed by taking the preimages of the interiors of suitable (refinements
of) polyhedra ∆ in NR as in Lemma 5.2.5, together with all their Λ-translates.
For each i ∈ I we denote by Ui := p(Ũi) ∈ Aan the image of Ũi under p. We
note here that for all i ∈ I, the sets Ũi and Ui are isomorphic via p since Ũi
was chosen to be Λ-small. In this way, we obtain an open cover {Ui}i∈I of Aan.
Now we define a δ-form ω ∈ BAan(Aan) by setting

ωΣ := t?
fi◦

(
p|Ũi

)−1(γi)|Σ
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for all skeletons Σ in Aan with Σ ⊆ Ui for some i ∈ I. We note here that for
all i ∈ I, the restriction p|Ũi is an isomorphism since Ũi is Λ-small. We have to

show that this is well-defined. Using the assumptions on our cover {Ũi}i∈I , we
only have to show that for i 6= j ∈ I such that Ui = p(Ũi) = p(Ũj) = Uj , the
equality

t?
fj◦

(
p|Ũj

)−1(γj)|Σ = t?
fi◦

(
p|Ũi

)−1(γi)|Σ

holds for all skeletons Σ in Aan with Σ ⊆ Ui = Uj . So let i 6= j ∈ I with
Ui = Uj . Then, using the assumptions on our covering {Ũi}i∈I , there is some
a ∈ Λ such that Ũi = τa(Ũj), i.e. such that the diagram

Ũi

p|Ũi ##

τa // Ũj

p|Ũj{{

Ui = Uj

(4.6)

commutes. Since ω̃ is a Λ-invariant δ-form on Ean, we have that τ∗a ω̃ = ω̃ and
hence in particular

τ∗a

(
t?fj (γj)

)
= t?fi(γi)(4.7)

holds on every skeleton Σ in Ean with Σ ⊆ Ũi. Together we obtain that for
every skeleton Σ in Aan with Σ ⊆ Ui = Uj we have

t?
fj◦

(
p|Ũj

)−1(γj)|Σ
(4.6)
= t?

fj◦τa◦
(
p|Ũi

)−1(γj)|Σ

4.2.56
=

((
p|Ũi

)−1
)∗ (

t?fj◦τa(γj)
)
|Σ

4.2.56
=

((
p|Ũi

)−1
)∗ (

τ∗a

(
t?fj (γj)

))
|Σ

(4.7)
=

((
p|Ũi

)−1
)∗ (

t?fi(γi)
)
|Σ

4.2.56
= t?

fi◦
(
p|Ũi

)−1(γi)|Σ.

This shows that ω ∈ BAan(Aan) is well-defined. Furthermore, for every i ∈ I,
on every skeleton Σ in Ean with Σ ⊆ Ũi we have that

ω̃|Σ = t?fi(γi)|Σ = t?
fi◦

(
p|Ũi

)−1
◦p|Ũi

(γi)|Σ

4.2.56
=

(
p|Ũi

)∗(
t?
fi◦

(
p|Ũi

)−1(γi)

)
|Σ =

(
p|Ũi

)∗
(ω|Ui) |Σ.

Since Ean =
⋃
i∈I Ũi this shows that p∗ω = ω̃, and the claim follows.

Definition 4.2.60. Let X be an analytic space. Then Chambert-Loir and
Ducros define in [CD12] the sheaf Asm of smooth forms on X as follows: We
consider the presheaf Q on X, where

Q(U) = {(f, η) | f : U → Gs,an
m moment map, η ∈ A(Rs)}
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for every U ⊆ X open. For U ⊆ X open, two elements (f1, η1), (f2, η2) ∈ Q(U)
are defined to be equivalent if for every affinoid domain K ⊆ U , the equality

p∗1(η1)|T ′(K,f1×f2) = p∗2(η2)|T ′(K,f1×f2)

holds, where f1 : U → Gs1,an
m , f2 : U → Gs2,an

m and p1 and p2 denote the canon-
ical projection maps on Rs1 × Rs2 . The above defines an equivalence relation
on Q, and the sheaf Asm of smooth forms on X is defined as the sheafification
of Q/ ∼. For (f, η) ∈ Q(U) for some U ⊆ X open, we denote the associated
smooth form on U by f∗η.

Proposition 4.2.61. Let X be an affinoid space, and let α ∈ Asm(X) be a
smooth form on X. Then there exists a finite family (g1, . . . , gm) of holomorphic
functions on X with the following property:
Let x ∈ X, and let I := {i ∈ {1, . . . ,m} | gi(x) 6= 0}. Let U := X \

⋃
i∈I Z(gi)

denote the Zariski-open subset of X which is defined as the complement of the
union of the zero loci of all gi for i ∈ I. Then g := (gi)i∈I : U → G#I,an

m defines
a moment map on U such that α|t−1

g (Ω) = g∗(η) for some open neighbourhood

Ω of tg(x) in R#I and some Lagerberg form η ∈ A(R#I).

Proof. [CD12, Proposition (3.4.1)]

Definition 4.2.62. Let X be an analytic space. Then there is a sheaf PSX =
PS of piecewise smooth forms on X defined as follows: We consider the presheaf
Q on X, where

Q(U) = {(f, η) | f : U → Gs,an
m moment map, η ∈ PS(Rs)}

for every U ⊆ X open. For U ⊆ X open, two elements (f1, η1), (f2, η2) ∈ Q(U)
are defined to be equivalent if for every k-affinoid domain K ⊆ U , the equality

p∗1(η1)|T ′(K,f1×f2) = p∗2(η2)|T ′(K,f1×f2)

holds, where f1 : U → Gs1,an
m , f2 : U → Gs2,an

m and p1 and p2 denote the
canonical projection maps on Rs1 × Rs2 . The above defines an equivalence
relation on Q, and the sheaf PSX of piecewise smooth forms on X is defined as
the sheafification of Q/ ∼. For (f, η) ∈ Q(U) for some U ⊆ X open, we denote
the associated piecewise smooth form on U by f∗η.

Remark 4.2.63. Let X be an analytic space. Then by [GJR21, Proposition
8.3, Remark 10.15], a piecewise smooth form ω on X is the datum of a G-
covering X =

⋃
i∈I Xi of X together with smooth forms ωi ∈ Asm(Xi) for each

i ∈ I such that ωi|Xi∩Xj = ωj |Xi∩Xj for all i, j ∈ I; up to refinement.

Remark 4.2.64. Let X be an analytic space.

i) The topology on weakly smooth forms Ap,qc (X) is compatible with the
inclusion of sheaves Asm ⊆ A in the sense that the topology on the
smooth forms Ap,qsm,c(X) on X with compact support defined in [CD12,
(4.1.1)] coincides with the subspace topology induced by the inclusion
Ap,qsm,c,(X) ⊆ Ap,qc (X).
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ii) Following [GJR21, 12.2], the restriction of a strong current S ∈ Dp,q(X) to
the compactly supported smooth forms Ap,qsm,c(X) is a current in the sense
of [CD12, 4.2]. This yields a canonical linear map Dp,q(X) → Dsmp,q (X),
where Dsmp,q (X) denotes the space of currents on X, i.e. the topological
dual of Ap,qsm,c(X).

Remark 4.2.65. Let X be an analytic space. Then by [GJR21, Proposition
10.14], there are natural inclusions of sheaves of bigraded differential R-algebras

Asm ↪→ A ↪→ PS.

Furthermore, assuming that ∂X = ∅, [Mih21, 4.2] shows that there is a natural
inclusion

A ↪→ BX(4.8)

which is compatible with derivatives, the ∧-product and pull-backs. Also by
[Mih21, 4.2], the δ-forms BGK

X of Gubler and Künnemann [GK17] embed into
the spaces of δ-forms BX in the case where X is the Berkovich analytification
of an algebraic variety over k.

Proposition 4.2.66. Let X be a pure dimensional analytic space with ∂X = ∅.
Then the piecewise smooth forms of bidegree (p, q) on X are precisely the δ-
forms of tridegree (p, q, 0) on X.

Proof. [Mih21, Proposition 4.6]

Remark 4.2.67. Let X be the Berkovich analytification of an algebraic variety
over k. Let α ∈ A(X) be a weakly smooth form on X and let β ∈ BGK

X (X)
be a δ-form on X in the sense of [GK17]. Then the wedge product of α and β
considered as elements of BX(X) via the natural inclusion maps coincides with
the wedge product of α and β in the space PSP (X) as in [GK17], where α is
considered as piecewise smooth form on X via the natural inclusion A ↪→ PS.

4.2.3 Integration of δ-forms on Berkovich spaces

There is an integration theory for δ-forms of top degree on non-archimedean
analytic spaces. Integration can be defined in terms of integration along tropical
spaces, or equivalently through partitions of unity. There is also an inclusion-
exclusion type formula. All this is due to [Mih21, 4.3].

Lemma 4.2.68. Let (Σ, µ, L) be an n-dimensional tropical space and ω =
t?f (γ) ∈ Bp,q

Σ (Σ) a presented δ-form.

i) If dim f(K) < max{p, q} for every compact polyhedral set K ⊆ Σ, then
ω = 0.

ii) We assume max{p, q} = n and let i : Σ′ ⊆ Σ be the tropical space defined
by f as in Lemma 4.2.47. Then supp(ω) ⊆ Σ′, or more precisely

ω = i∗

(
t?f |Σ′

(γ)
)
.
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Proof. [Mih21, Lemma 4.7]

Corollary 4.2.69. Let X be a pure dimensional analytic space with ∂X = ∅,
and let ω ∈ Bp,q

X (X) be a δ-form.

i) The equality supp(ω) ∩ {x ∈ X | d(x) < max{p, q}} = ∅ holds.

ii) We assume max{p, q} = n and that ω = t?f (γ) is a presented δ-form

for tropical coordinates f : X → Gr,an
m and a δ-form γ ∈ B(Rr). Then

supp(ω) ⊆ Σ(X, f) and for every refinement (g, p) of f , the equality

ω|Σ(X,g) = i∗
(
ω|Σ(X,f)

)
holds, where i : Σ(X, f)→ Σ(X, g) denotes the inclusion map.

Proof. [Mih21, Corollary 4.8]

Remark 4.2.70. Let X be a purely n-dimensional analytic space with ∂X = ∅,
and let ω ∈ Bp,q

c (X) be a δ-form on X with compact support and with p = n
or q = n.

i) There exists a skeleton Σ ⊆ X with supp(ω) ⊆ Σ: We pick a covering
supp(ω) ⊆

⋃
i∈I K

◦
i by a finite union of the interiors of affinoid domains

Ki in X such that for all i ∈ I there exist tropical coordinates fi : K◦i →
Gri,an
m extending to Ki and δ-forms γi ∈ B(Rri) such that ω|K◦i = t?fi(γi).

Then supp(ω) ⊆ Σ :=
⋃
i∈I Σ(Ki, fi).

ii) Let Σ be a skeleton in X with supp(ω) ⊆ Σ. Then by Corollary 4.2.69 the
equality i∗ (ω|Σ) = ω|Σ′ holds for every skeleton Σ′ in X with i : Σ ⊆ Σ′.

Definition 4.2.71. Let X be a purely n-dimensional analytic space with ∂X =
∅ and ω ∈ Bn,n

c (X) a compactly supported δ-form of top bidegree. Then the
integral of ω along X is defined as�

X
ω :=

�
Σ
ω|Σ,

where Σ ⊆ X is any skeleton in X with supp(ω) ⊆ Σ.

Remark 4.2.72. The definition of integration of δ-forms on analytic spaces is
well-defined by Remark 4.2.70.

Remark 4.2.73. There is an equivalent definition of the integral of δ-forms
through partitions of unity of piecewise linear spaces. Furthermore, there is an
inclusion-exclusion type formula, see [Mih21, 4.9 (3)].

Remark 4.2.74. Let K be an n-dimensional affinoid space, f : K → Gr,an
m

tropical coordinates, and γ ∈ Bn,n
c (Rr) a δ-form with

supp(γ) ⊆ Rr \ f (∂K ∩ Σ(K, f)). Then for the presented δ-form ω := t?f (γ) ∈
Bn,n
c (K \ ∂K), the integral of ω along K is given by�

K
ω =

�
Rr
T (K, f) ∧ γ,(4.9)

see [Mih21, 4.9 (4)].
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Remark 4.2.75. We assume that k is algebraically closed and let X be an al-
gebraic variety over k of dimension n with associated Berkovich analytification
Xan. Then the injective map from the space of δ-forms on Xan in the sense
of [GK17] to the space BXan(Xan) of δ-forms on Xan in the sense of [Mih21]
is compatible with integration: Let ω be a compactly supported δ-form of top
bidegree (n, n) on Xan in the sense of [GK17]. Using a partition of unity argu-
ment, it suffices to consider the case that ω is supported on an open subset U
of Xan where ω can be described in terms of tropical coordinates f : U → Gr,an

m

and a δ-form γ ∈ B(Rn). More precisely, U, f and γ are chosen with the prop-
erty that t∗f (γ) represents ω|U as a δ-form in the sense of [GK17, Proposition
4.18]. Following [Mih21, §4.2], the corresponding δ-form ω|U ∈ BXan(U) in the
sense of [Mih21] is then given by t?f (γ). The integral of t?f (γ) in [Mih21, Defini-
tion 4.9 (4)] as well as the integral of t∗f (γ) in [GK17, 5.1] is now computed by
passing to the associated tropical variety T (U, f). This shows that the integral
of ω along Xan in the sense of [GK17] agrees with its integral in the sense of
[Mih21].

Lemma 4.2.76. Let X be a purely n-dimensional analytic space and ω1, ω2 ∈
Bn,n
c (X) compactly supported δ-forms of top bidegree. Furthermore, let Σ ⊆ X

be a skeleton such that supp(ω1), supp(ω2) ⊆ Σ and such that ω1|Σ = ω2|Σ.
Then the integrals of ω1 and ω2 along X agree, i.e.

�
X
ω1 =

�
X
ω2.

Proof. This follows directly from the definition of the integral of δ-forms on
analytic spaces, see Definition 4.2.71.

Definition 4.2.77. Let X be a purely n-dimensional analytic space with ∂X =
∅, and let ω ∈ Bp,q

X (X). We define a linear functional associated to ω by

[ω] : An−p,n−qsm,c (X)→ R, η 7→
�
X
ω ∧ η,

where the ∧-product is meant in the sense of δ-forms, by viewing the smooth
form η as a δ-form.

Proposition 4.2.78. Let X be a purely n-dimensional analytic space with
∂X = ∅, and let ω ∈ Bp,q

X (X).

i) Then [ω] is a current, i.e. the map is continuous with respect to the
Schwartz topology on the source space.

ii) The natural map BX(X) → D(X), ω 7→ [ω] is injective and commutes
with the differentials d′ and d′′.

iii) For any α ∈ Bn−1,n
c (X) and β ∈ Bn,n−1

c (X), the equality
�
X
d′α =

�
X
d′′β = 0

holds, i.e. there is a Stokes’ Theorem for δ-forms on analytic spaces.
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Proof. [Mih21, Proposition 4.10]

Lemma 4.2.79. Let X be an analytic space of pure dimension n with ∂X = ∅.
Let ω ∈ Bp,q

X (X) be a δ-form on X. We associate to the δ-form ω ∈ Bp,q
X (X)

the linear functional

Tω : An−p,n−qc (X)→ R, η 7→
�
X
ω ∧ η,

where the ∧-product is the ∧-product of δ-forms. Then Tω is a strong current
on X. Furthermore, the resulting map

BX(X)→ D(X), ω 7→ Tω

from the space of δ-forms on X to the space of strong currents on X is injective
and commutes with the differentials d′ and d′′.

Proof. The proof works analogously to the proof of [Mih21, Proposition 4.10]
once we observe the following: The topology on the space of weakly smooth
forms on X is the one adapted from the space of smooth forms on X in [CD12,
(4.1.1)], only replacing smooth by harmonic tropicalization maps. And fur-
thermore, G-locally, every harmonic tropicalization map is given by a smooth
tropicalization map. Hence, more precisely, the proof is literally the same as
the proof of [Mih21, Proposition 4.10] if we replace all smooth tropicalization
maps by harmonic tropicalization maps, and then - using [GJR21, 8.6] - pass
to a finite affinoid refinement of the affinoid covering such that the restric-
tion of the harmonic tropicalization maps to any covering element is smooth.
Then the claim follows exactly by the arguments named in the proof of [Mih21,
Proposition 4.10].

Remark 4.2.80. Lemma 4.2.79 can be considered as an extension of [Mih21,
Proposition 10.4] from smooth forms to weakly smooth forms.

Lemma 4.2.81. Let X be an analytic space of some pure dimension n with
∂X = ∅ and let ω ∈ Bp,q

X (X) be a d′′-closed δ-form on X. Then the map

Tω : An−p,n−qc (X)→ R, η 7→
�
X
ω ∧ η

from Lemma 4.2.79 induces a linear form on the Dolbeault cohomology.

Proof. Let η ∈ An−p,n−qc (X) such that [η] = 0 ∈ Hn−p,n−q(X). Then there is
some weakly smooth form η̃ ∈ An−p,n−q−1(X) such that η = d′′η̃. Then using
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the Leibniz formula and Stokes’ Theorem we obtain that

Tω(η) =

�
X
ω ∧ η

=

�
X
ω ∧ d′′η̃

4.1.22
= ±

�
X
d′′(η̃ ∧ ω)± (−1)2n−p−q−1η̃ ∧ d′′ω

= ±
�
X
d′′(η̃ ∧ ω)±

�
X
η̃ ∧ d′′ω

4.2.79
= 0±

�
X
η̃ ∧ d′′ω = 0

since ω is d′′-closed. This gives the claim.

4.2.4 The product formula for fibre products

This section serves as one main ingredient for the proof of the main result.
Namely, there is a product formula for the integration theory of δ-forms in the
sense of Mihatsch. This allows to split integration of forms on the Berkovich
analytification of abelian varieties into two parts: The torus part, which is very
explicit, and the part of good reduction, where Gubler and Künnemann explain
useful results in their paper [GK17]. Here in this section, we prove the product
formula in a general setting. Everything relies purely on the theory of δ-forms
in [Mih23] and [Mih21].

For analytic spaces X and Y , we denote by X ×k Y its fibre product in
the category of k-analytic spaces in the sense of [Ber93]. We note here that
the fibre product exists for k-analytic spaces, but in general not for analytic
spaces over k, i.e. X and Y need to be defined over the same ground field. For
more details, see [Ber93, 1.4]. Furthermore, for a k-affinoid algebra G we denote
by M(G) its Berkovich spectrum. For any point x in an analytic space X we
denote by H(x) the corresponding completed residue field. For more details on
this theory we refer to [Ber90] and [Ber93].

Remark 4.2.82. Let [σ, µσ] resp. [ρ, µρ] be weighted polyhedra in Rn resp.
Rm and let

σ × ρ := i1(σ)× i2(ρ)

for the canonical inclusions i1 : Rn → Rn × Rm and i2 : Rm → Rn × Rm. Let
furthermore p1 : Rn × Rm → Rn and p2 : Rn × Rm → Rm denote the canonical
projection maps, and let ϕ ∈ C∞(σ) and φ ∈ C∞(ρ) be smooth functions with
compact support. Then Fubini’s Theorem shows that the equality

�
[σ×ρ,µσ∧µρ]

p∗1ϕ ∧ p∗2φ =

�
σ
ϕdλµσ ·

�
ρ
φdλµρ

holds, where µσ ∧ µρ is meant in the sense of Remark 4.1.9.
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Remark 4.2.83. For analytic spaces X and Y , there is an inclusion

Int(X)×k Int(Y ) ⊆ Int (X ×k Y ) ,(4.10)

where Int(Z) = Z \ ∂Z denotes the interior of the morphism Z →M(k) in the
sense of [Ber93, Definition 1.5.4] for any analytic space Z. Indeed, denoting by
prX : X ×k Y → X and prY : X ×k Y → Y the canonical projection maps from
the fibre product, [Ber93, Proposition 1.5.5 (iii)] applied to X → M(k) resp.
Y →M(k) yields

pr−1
X (Int(X)) ⊆ Int(X ×k Y/X) resp. pr−1

Y (Int(Y )) ⊆ Int(X ×k Y/Y ).

(4.11)

Here Int(Z/Z ′) = Z \ ∂(Z/Z ′) denotes the relative interior of the morphism
Z → Z ′ in the sense of [Ber93, Definition 1.5.4], where Z and Z ′ are analytic

spaces. Applying [Ber93, Proposition 1.5.5 (ii)] to X ×k Y
prX−→ X −→ M(k)

resp. X ×k Y
prY−→ Y −→M(k) furthermore gives

pr−1
X (Int(X)) ∩ Int (X ×k Y/X) ⊆ Int (X ×k Y ) resp.(4.12)

pr−1
Y (Int(Y )) ∩ Int (X ×k Y/Y ) ⊆ Int (X ×k Y ) .

Hence (4.11) and (4.12) together imply that

pr−1
X (Int(X)) ,pr−1

Y (Int(Y )) ⊆ Int (X ×k Y )

which finally gives (4.10).

Lemma 4.2.84. Let X resp. Y be affinoid spaces – i.e. analytic spaces that
are already affinoid – of pure dimension n resp. m. Let f : X → Gr,an

m resp.
g : Y → Gs,an

m be tropical coordinates on X resp. Y . Then the equality

T (X ×k Y, f × g) = p∗1T (X, f) ∧ p∗2T (Y, g)

of δ-forms holds away from (tf (∂X)× tg(Y )) ∪ (tf (X)× tg (∂Y )).

Proof. Let tf × tg := tf×g. We denote by prX : X ×k Y → X and prY :
X ×k Y → Y the projection maps coming from the definition of the fibre
product and by pr1 and pr2 the canonical projection maps on the R-vector
space Rr ×Rs. Then the morphism f × g is by definition the unique morphism
f × g : X ×k Y → Gr,an

m ×k Gs,an
m making the diagram

X ×k Y
f×g

''

f◦prX

$$

g◦prY
,,

Gr,an
m ×k Gs,an

m

prGr,an
m //

prGs,an
m

��

Gr,an
m

��

Gs,an
m

//M(k)
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commute. Hence the resulting bigger diagram obtained by applying the canon-
ical tropicalization maps to the tori

X ×k Y

prY

��

prX

**f×g

%%

tf◦prX

��

tg◦prY

..

X
f

++
Y

g

��

Gr,an
m ×k Gs,an

m

trop

''

prGr,an
m //

prGs,an
m

��

Gr,an
m

trop
""

��

Rr × Rs // //

����

Rr

Gs,an
m

trop

''

//M(k)

Rs

also commutes, which shows that the inclusion tf×g(X×kY ) ⊆ tf (X)×tg(Y ) ⊆
Rr × Rs holds. The diagram above also shows that for the converse inclusion,
it suffices to show that for each x ∈ X and each y ∈ Y , the intersection of
fibres pr−1

X ({x}) ∩ pr−1
Y ({y}) ⊆ X ×k Y is not empty. So let x ∈ X and y ∈ Y .

Then there exist affinoid neighbourhoods M(Ax) of x in X and M(Ay) of y
in Y for strictly k-affinoid algebras Ax and Ay. Using the well-known natural
homeomorphisms

prX |−1

M(Ax⊗̂kAy)
({x}) 'M

(
(Ax⊗̂kAy)⊗̂AxH(x)

)
and

prY |−1

M(Ax⊗̂kAy)
({y}) 'M

(
(Ax⊗̂kAy)⊗̂AyH(y)

)
giving rise to a natural homeomorphism

prX |−1

M(Ax⊗̂kAy)
({x}) ∩ prY |−1

M(Ax⊗̂kAy)
({y}) 'M(H(x)⊗̂kH(y))

⊆ X ×k Y,

the Berkovich spectrum M(H(x)⊗̂kH(y)) of the completed tensor product of
the fields H(x) and H(y) is non-empty by [Gru66, Sect. 2, Theo.1]. Alltogether
we obtain an equality tf×g(X ×k Y ) = tf (X) × tg(Y ) ⊆ Rr × Rs of sets. By
[CD12, (2.3.3)] tf (X) is a polyhedral set of dimension ≤ n, tg(Y ) is a polyhedral
set of dimension ≤ m, and (tf × tg)(X ×k Y ) is a polyhedral set of dimension
≤ n + m. Hence it follows that, as a set, the n + m-dimensional locus of
(tf × tg)(X ×k Y ) is given by the union of all products i1(σ)× i2(ρ) ⊆ Rr ×Rs,
where σ ⊆ Rr runs through all n-dimensional polyhedra in tf (X) and ρ ⊆ Rs
runs through all m-dimensional polyhedra in tg(Y ), and i1 : Rr → Rr × Rs
resp. i2 : Rs → Rr × Rs denote the natural inclusions. This gives the equality
T (X×kY, f×g) = i1(T (X, f))×i2(T (Y, g)) of sets. Now we consider the weights
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on T (X, f), T (Y, g) and T (X×kY, f×g) that Chambert-Loir and Ducros assign
to those polyhedral sets. For this, we follow [Mih21, Definition 3.3]. We choose
polyhedral complex structures TX for T (X, f) such that tf (∂X) is contained
in its (n − 1)-skeleton, and TY for T (Y, g) such that tg(∂Y ) is contained in
its (m − 1)-skeleton. Furthermore, let T := TX × TY := {i1(σ) × i2(ρ) | σ ∈
TX , ρ ∈ TY }. Then T is a polyhedral complex structure for T (X×k Y, f ×g) by
the above set-theoretical observations. Furthermore, using that by (4.10) the
inclusion

Int(X)×k Int(Y ) ⊆ Int (X ×k Y )

holds and that the boundary of a Berkovich analytic space is by definition the
complement of its interior, we obtain that

tf×g (∂ (X ×k Y )) ⊆ (i1(tf (∂X))× i2(tg(Y ))) ∪ (i1(tf (X))× i2(tg(∂Y ))) ,

hence tf×g (∂ (X ×k Y )) is contained in the (m+n− 1)-skeleton of T . Now let
τ ∈ TX ×TY be an (n+m)-dimensional polyhedron, and let σ ∈ TX,n, ρ ∈ TY,m
such that τ = i1(σ) × i2(ρ). Let qX : Gr,an

m → Gn,an
m be a surjective morphism

of analytic tori, inducing a map Rr → Rn which is also denoted by qX , such
that qX |σ is injective. Following [Mih21, Definition 3.3], the composite map
qx ◦ f : t−1

f (σ) → Gn,an
m (qX(σ)) is then finite flat of some degree dσ,qX over a

neighbourhood of the relative interior qX(σ◦) viewed as a subset of the skeleton
Σ(Gn

m). Denoting by µRn the standard weight on Rn induced by the standard
basis of Zn, σ is then endowed with the weight µσ := dσ,qX · q

−1
X (µRn). By

[GJR21, §4] this weight is independent of the choice of the morphism qX . Now
we do the same to endow ρ with a weight µρ. So let qY : Gs,an

m → Gm,an
m be a

surjective morphism inducing a map qY on the corresponding real vector spaces
with the property that qY |ρ is injective. Let dρ,qY be the degree of the composite
map qY ◦g over a neighbourhood of the relative interior qY (ρ◦) ⊆ Σ(Gm

m) where
qY ◦ g is finite flat. Let µRm denote the standard weight on Rm induced by the
standard basis of Zm and we equip ρ with the weight µρ := dρ,qY · q

−1
Y (µRm).

We consider the short exact sequence of real vector spaces

0→ Nσ → Nτ → Nρ → 0

obtained by the observation

Nτ = span{z − z′ | z, z′ ∈ τ}
= span{(x1, y1)− (x2, y2) | x1, x2 ∈ σ, y1, y2 ∈ ρ}
= span{(x1 − x2, y1 − y2) | x1, x2 ∈ σ, y1, y2 ∈ ρ)}
= span{x1 − x2 | x1, x2 ∈ σ} ⊕ span{y1 − y2 | y1, y2 ∈ ρ} = Nσ ⊕Nρ.

As in Remark 4.1.9, there is a canonical isomorphism detNτ = detNσ⊗RdetNρ,
and the weights µσ and µρ uniquely determine a weight µτ for τ ⊆ Rr ×Rs by
µτ := µσ ∧ µρ := µσ ∧ µ̃ρ, where µ̃ρ ∈

∧mNτ is any lift of µρ. Now we consider
the surjective morphism

q := qX × qY : Gr,an
m ×k Gs,an

m → Gn,an
m ×k Gm,an

m
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with corresponding map q : Rr × Rs → Rn × Rm on real vector spaces. Since
qX is injective on σ, qY is injective on ρ and τ = i1(σ) × i2(ρ), q|τ is injective
as well. The composite map

q ◦ (f × g) = (qX ◦ f)× (qY ◦ g) : t−1
f×g(τ)→ Gn+m,an

m (q(τ))

is then finite flat of degree dτ,q = dσ,qX ·dρ,qY over a neighbourhood of the relative
interior q(τ◦) ⊆ Σ(Gn+m

m ). Following definition [Mih21, Definition 3.3], τ con-
sidered as an element of the polyhedral complex structure TX×TY for the poly-
hedral set T (X×k Y, f ×g) is then endowed with the weight dτ,q · q−1(µRn×Rm),
where µRn×Rm denotes the standard weight on Rn ×Rm. Note here again that
dτ,q · q−1(µRn×Rm) is independent of the choice of q. The canonical weight on
τ ⊆ T (X ×k Y, f × g) is hence given by

dτ,q · q−1(µRn×Rm) = dτ,q · (qX × qY )−1(µRn ∧ µRm)

=dσ,qX · dρ,qY · q
−1
X (µRn) ∧ q−1

Y (µRm) = µσ ∧ µρ = µτ ,

where the wedge products of the weights µRn and µRm and their preimages
under qX and qY (resp. µσ and µρ) are meant as in Remark 4.1.9 with respect
to the canonical short exact sequences 0→ Rn → Rn×Rm → Rm → 0 and the
induced short exact sequence by q (resp. 0→ Nσ → Nσ⊕Nρ → Nρ → 0). This
identity together with the construction of the wedge product, or more precisely
with (4.2), yields that the weights of the tropical cycles p∗1T (X, f)∧p∗2T (Y, g) =
T (X, f) � T (Y, g) and T (X ×k Y, f × g) (away from the boundaries) agree.
Alltogether this proves the claim.

Lemma 4.2.85. Let r, s ∈ N and let α ∈ Br,r
c (Rr) and β ∈ Bs,s

c (Rs) be δ-forms
with compact support. Let p1 : Rr × Rs → Rr resp. p2 : Rr × Rs → Rs denote
the projection maps. Then�

Rr×Rs
p∗1α ∧ p∗2β =

�
Rr
α ·

�
Rs
β.

Proof. We choose weighted polyhedral complexes of definition (C, µ) in Rr resp.
(D, ν) in Rs for α resp. β. Let furthermore (ασ)σ∈C and (βρ)ρ∈D with ασ ∈
A(σ), βρ ∈ A(ρ) for σ ∈ C, ρ ∈ D such that

α =
∑
σ∈C

ασ ∧ [σ, µσ] and β =
∑
ρ∈D

βρ ∧ [ρ, νρ].

For every σ ∈ C and every ρ ∈ D we fix dσ := dimσ, dρ := dim ρ and
pick bases e1, . . . , edσ ∈ Nσ, a1, . . . , adρ ∈ Nρ with dual bases x1, . . . , xdσ ∈
Mσ, y1, . . . , ydρ ∈ Mρ such that µσ = ±e1 ∧ . . . ∧ edσ and νρ = ±a1 ∧ . . . ∧ adρ .
Let ϕσ ∈ C∞(σ), φρ ∈ C∞(ρ) such that

ασ = ϕσd
′x1 ∧ d′′x1 ∧ . . . ∧ d′xdσ ∧ d′′xdσ and

βρ = φρd
′y1 ∧ d′′y1 ∧ . . . ∧ d′ydρ ∧ d′′ydρ .

Then

p∗1ασ ∧ p∗2βρ = (p∗1ϕσ ∧ p∗2φρ)µσ ∧ νρ(4.13)
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for all σ ∈ C, ρ ∈ D, where the product µσ ∧ νρ is meant in the sense of Remark
4.1.9. Furthermore

p∗1α ∧ p∗2β
4.1.20ii)

= α� β
(4.2)
=
∑
σ∈C
ρ∈D

p∗1ασ ∧ p∗2βρ ∧ [σ × ρ, µσ ∧ νρ],(4.14)

where σ× ρ := i1(σ)× i2(ρ) for the canonical inclusions i1 : Rr → Rr ×Rs and
i2 : Rs → Rr × Rs. Integration of the δ-forms α and β in terms of integration
of Lagerberg forms on polyhedra is by definition given as

�
Rr
α =

∑
σ∈C

�
σ
ϕσ dλµσ and

�
Rs
β =

∑
ρ∈D

�
ρ
φρ dλµρ .

This yields

�
Rr
α ·

�
Rs
β =

∑
σ∈C

�
σ
ϕσ dλµσ ·

∑
ρ∈D

�
ρ
φρ dλµρ

=
∑
σ∈C
ρ∈D

�
σ
ϕσ dλµσ ·

�
ρ
φρ dλµρ

4.2.82
=

∑
σ×ρ∈C×D

�
σ×ρ

p∗1ϕσ ∧ p∗2φρ dλµσ dλµρ

(4.13)
=

∑
σ×ρ∈C×D

�
[σ×ρ,µσ∧νρ]

p∗1ασ ∧ p∗2βρ
(4.14)

=

�
Rr×Rs

p∗1α ∧ p∗2β

and hence the claim.

Theorem 4.2.86. Let X and Y be analytic spaces with ∂X = ∅ = ∂Y . We
assume that X is of pure dimension r and Y of pure dimension s for r, s ∈ N.
Let α ∈ Br,r

c (X) and β ∈ Bs,s
c (Y ) be δ-forms of top bidegree with compact

support, and we denote by pX : X ×k Y → X resp. pY : X ×k Y → Y the
canonical projection morphisms. Then the equality

�
X×kY

p∗Xα ∧ p∗Y β =

�
X
α ·

�
Y
β

holds.

Proof. First we note that p∗Xα ∧ p∗Y β ∈ B
r+s,r+s
c (X ×k Y ) is a δ-form on the

purely (r+s)-dimensional analytic space X×k Y of top bidegree, hence the left
hand side in the equation is well-defined. Now let (Xi)i∈I be a finite collection
of affinoid domains in X such that the finite union

⋃
i∈I X

◦
i contains supp(α)

and such that we may write

α|X◦i = t?fXi
(α′i)

for suitable tropical coordinates fXi : X◦i → Gri,an
m extending to a moment map

on Xi, and δ-forms α′i ∈ B(Rri). Such a covering exists since X is a good
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analytic space in the sense of [Ber93]. Now let (λi)i∈I ⊆ A0,0(X) be a smooth
partition of unity subordinate to (X◦i )i∈I , which exists by [CD12, Proposition
(3.3.6)]. For all i ∈ I we proceed now as follows: Using Proposition 4.2.61, there
is an mi ∈ N and a finite family of holomorphic functions gi =

(
gi1 , . . . , gimi

)
:

Xi → Ami,an such that λi is given by t?gi(λ
′
i) on the open subset Ui := Xi \⋃mi

j=1 Z(gij ) for a suitable λ′i ∈ A0,0(Rmi). Let Ai be a strictly k-affinoid algebra
with Berkovich spectrum M(Ai) = Xi, and let pi1 , . . . , pili denote the finitely
many minimal prime ideals of the noetherian ring Ai. Then, passing to the
Zariski-irreducible components M(A/pi1), . . .M(A/pil) of Xi = M(Ai), we
may assume that none of the chosen holomorphic functions gi1 , . . . , gimi is zero
or a zero divisor, once we observe that the image of trop◦g = tg : Xi\Z(g)→ Rrg
is just a single point for a nilpotent holomorphic function g : Xi → Arg ,an.
Hence we may assume that codim(Z(gij )) = 1 for all j ∈ {1, . . . ,mi} using
Krull’s principal ideal theorem. Then the inclusion Σ(Xi, fXi) ⊆ Ui holds
since elements x in a skeleton always have maximal local dimension d(x) (they
are Abhyankar points, see [GJR21, Proposition 3.12]). Since supp(λi) ⊆ X◦i ,
in particular supp(λi|Ui) ∩ ∂Xi = ∅ holds, and the equality supp (λi|Ui) =
t−1
gi (suppλ′i) yields that tgi(∂Xi) ∩ supp(λ′i) = ∅. This gives

(tfXi × tgi)(∂Xi ∩ Ui) ∩ supp
(
p∗1α

′
i ∧ p∗2λ′i

)
= ∅,

where p1 : Rri × Rmi → Rri and p2 : Rri × Rmi → Rmi are the canonical
projection maps, and p∗1α

′
i∧p∗2λ′i denotes the wedge product of δ-forms, whence

the smooth form p∗2λ
′
i is considered as δ-form. Alltogether, this gives

�
X
α =

∑
i∈I

�
X
λi · α|Xi(4.15)

=
∑
i∈I

�
Σ(Xi,gi×fXi )

t?gi(λ
′
i) ∧ t?fXi (α

′
i)

=
∑
i∈I

�
Σ(Xi,gi×fXi )

(tgi × tfXi )
?(p∗1(λ′i)) ∧ (tgi × tfXi )

?(p∗2(α′i))

=
∑
i∈I

�
Σ(Xi,gi×fXi )

(tgi × tfXi )
?(p∗1(λ′i) ∧ p∗2(α′i))

=
∑
i∈I

�
Rmi×Rri

T (Xi, gi × fXi) ∧ (p∗1(λ′i) ∧ p∗2(α′i))

using integration theory via partitions of unity from [Mih21, (4.8)], the def-
inition of the wedge product of δ-forms on non-archimedean spaces and the
calculation of the integral in a special case as in Remark 4.2.74. Doing exactly
the same procedure for β we obtain

�
Y
β =

∑
j∈J

�
Rlj×Rsj

T (Yj , hj × fYj ) ∧ (p∗1(ρ′j) ∧ p∗2(β′j)).(4.16)

Here, (Yj)j∈J is a finite collection of affinoid domains in Y such that supp(β) ⊆⋃
j∈J Y

◦
j and such that β|Y ◦j = t?fYj

(β′j) for suitable tropical coordinates fYj :
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Yj → Gsi,an
m and δ-forms β′j ∈ B(Rsi). The sequence (ρj)j∈J ⊆ A0,0(Y ) denotes

a smooth partition of unity subordinate to (Y ◦j )j∈J , and hj : Vj → Gli,an
m are

suitable tropical coordinates such that ρj |Vj = t?hj (ρ
′
j) on some open subset Vj

of Yj with Σ(Yj , fYj ) ⊆ Vj , where ρ′j ∈ A0,0(Rli). Now we use Lemma 4.2.84
and 4.2.85 to compute the product of the two integrals. For i ∈ I let αi :=
p∗1(λ′i) ∧ p∗2(α′i) and tαi := tgi × tfXi : Xi → Rmi × Rri , where p1 and p2 denote
the canonical projection maps on Rmi ×Rri . For j ∈ J let βj := p∗1(ρ′j)∧ p∗2(β′j)

and tβi := thi × tfYj : Yj → Rli × Rsi , where p1 and p2 denote the canonical

projection maps on Rli×Rsi here. Now let p1 : Rmi×Rri×Rli×Rsi → Rmi×Rri
and p2 : Rmi ×Rri ×Rli ×Rsi → Rli ×Rsi be the natural projection maps. We
note that (p∗Xλi ∧ p∗Y ρj)(i,j)∈I×J is a partition of unity subordinate to the open
cover (X◦i ×k Y ◦j )(i,j)∈I×J of X ×k Y . Then we obtain

�
X×kY

p∗Xα ∧ p∗Y β =

=
∑
i∈I

∑
j∈J

�
X×kY

p∗Xλi ∧ p∗Y ρj ∧ p∗Xα ∧ p∗Y β

=
∑
i∈I

∑
j∈J

�
X×kY

p∗X(λi · α) ∧ p∗Y (ρj · β)

=
∑
i∈I

∑
j∈J

�
X×kY

p∗X(t?αi(αi)) ∧ p
∗
Y (t?βi(βj))

=
∑
i∈I

∑
j∈J

�
X×kY

(tαi × tβj )
?(p∗1αi ∧ p∗2βj)

=
∑
i∈I

∑
j∈J

�
Rmi×Rri×Rli×Rsi

T (Xi × Yj , (gi × fXi)× (hj × fYj )) ∧ p∗1αi ∧ p∗2βj

4.2.84
=

∑
i∈I

∑
j∈J

�
Rmi×Rri×Rli×Rsi

p∗1T (Xi, gi × fXi) ∧ p∗2T (Yj , hj × fYj ) ∧ p∗1αi ∧ p∗2βj

=
∑
i∈I

∑
j∈J

�
Rmi×Rri×Rli×Rsi

p∗1 (T (Xi, gi × fXi) ∧ αi) ∧ p∗2
(
T (Yj , hj × fYj ) ∧ βj

)
4.2.85

=
∑
i∈I

∑
j∈J

�
Rmi×Rri

T (Xi, gi × fXi) ∧ αi ·
�
Rli×Rsi

T (Yj , hj × fYj ) ∧ βj

=
∑
i∈I

�
Rmi×Rri

T (Xi, gi × fXi) ∧ αi ·
∑
j∈J

�
Rli×Rsi

T (Yj , hj × fYj ) ∧ βj

(4.15),(4.16)
=

�
X
α ·

�
Y
β.

This gives the claim.



Chapter 5

Tropical Dolbeault
cohomology of abelian
varieties

Having introduced δ-forms on non-archimedean analytic spaces, we can now
introduce the key δ-form of this thesis: It is subject of the main theorem 5.2.8
which will then allow us to investigate the Dolbeault cohomology of abelian
varieties. More precisely, we will see that there are two non-trivial parts that
contribute to the Dolbeault cohomology of abelian varieties: One part coming
from the algebraic torus associated to the abelian variety, and one part coming
from the good reduction part of the abelian variety. The first part comes from
the canonical tropicalization tropE of the Raynaud extension and was already
introduced in Section 3.2, whereas the latter is given by the announced key
δ-form which we will introduce in Section 5.1.

Throughout this chapter, let k be a field that is complete with respect to
a non-trivial non-archimedean absolute value |.| : k → R. Let k◦ denote the
valuation ring of k.

5.1 The good reduction part of the Dolbeault
cohomology of abelian varieties

Here in this section, we consider the part of good reduction B of the Raynaud
extension of an abelian variety A over an algebraically closed field. There exists
some δ-form β0 on the analytificationBan, the so-called Chern-δ-form associated
to some metrized line bundle on B which defines a δ-form in the sense of [GK17],
and hence in particular in the sense of [Mih21] as introduced in the last chapter.
In [Gub10] and [GK17], those metrized line bundles and their corresponding δ-
forms are studied in more detail, and the definitions and results in this section
are due to them. One crucial aspect is that a suitable choice of a metrized
line bundle gives rise to a Chern δ-form on Ban which also descends to the
original analytified abelian variety Aan. Furthermore, integration of this δ-form
can be done in terms of the degree of the line bundle, which is very explicit,
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too. All together, the constructed Chern δ-form will on the one hand allow
to manifest the non-trivial part of the Dolbeault cohomology of Aan coming
from the algebraic torus associated to A, and on the other hand it will induce
a non-zero element in the cohomology of strong currents on Aan. We will see
this later in Section 5.3 as a corollary to the main theorem 5.2.8.

In this first section, we assume that k is algebraically closed. Let A be an
abelian variety over k with Raynaud extension

1→ T→ E → B → 0

from Remark/ Definition 3.1.4. We note here that in the case of an algebraically
closed field k, A is always split over k.

Convention 5.1.1. We use the notations and definitions from Remark/ Defi-
nition 3.1.4. In particular, let b be the dimension of B and let B be the abelian
scheme over Spec(k◦) with generic fibre B. We note here again that this exists
since B is of good reduction, and we denote the unique Shilov point of Ban by
ξB. Furthermore, let q denote the (algebraic) morphism E → B, and we denote
the corresponding analytic morphism Ean → Ban also by q. Furthermore, let
Λ ⊆ E(k) be the normal subgroup such that Aan ' Ean/Λ via the topologi-
cal covering map p : Ean � Aan. For every a ∈ Λ, we denote the associated
translation map Ean → Ean by τa.

Remark/Definition 5.1.2. Let L be an ample line bundle on the abelian va-
riety B, and let L be a cubic model for L on B over Spec(k◦). The correspond-
ing metric ‖ . ‖L is a canonical metric, see [GK17, Example 8.15]. Following
[GK17, Remark 9.16], [GK17, Proposition 8.11] yields that ‖ . ‖L is a δ-metric
in the sense of [GK17, Definition 9.9]. Then the so-called first Chern δ-form
of (L, ‖ . ‖L) from [GK17, Definition 9.12], denoted by c1 (L, ‖ . ‖L), defines a
δ-form in the sense of Gubler and Künnemann, i.e. an element c1 (L, ‖ . ‖L) ∈
B1,1
GK(Ban) ⊆ B1,1

Ban(Ban) by [GK17, Proposition 9.11]. Following [GK17, 10.1],

we denote the associated δ-form of top bidegree onBan by β0 := c1 (L, ‖ . ‖L)∧b ∈
Bb,b
Ban(Ban). Locally on a trivialization U of L with nowhere vanishing section

s ∈ Γ(U,L), c1 (L, ‖ . ‖L) is given by d′d′′ [− log ‖ s|Uan ‖L], see [GK17, 7.7].

Remark 5.1.3. Let L′ be a line bundle on a proper smooth algebraic variety
over k which is algebraically equivalent to zero. Then by [GK19, Remark 8.11],
we have the following results: Using [GK17, Example 8.16], the line bundle L′

carries a canonical metric ‖ . ‖can which is a δ-metric since a positive tensor
power ‖ . ‖⊗jcan is piecewise linear. Furthermore, the canonical metric is ob-
tained from a canonical metric on an odd line bundle on an abelian variety via
pull-back, and using [GK19, Example 8.10] it then follows that c1 (L′, ‖ . ‖can)
vanishes.

Lemma 5.1.4. In the situation of Remark/Definition 5.1.2, the pull-back

ω := q∗c1(L, ‖ . ‖L) ∈ B1,1(Ean)

is translation invariant under rational points E(k). In particular, ω is transla-
tion invariant under Λ.
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Proof. Let a ∈ E(k) be an arbitrary element with corresponding point ā =
q(a) ∈ B(k), and let τa : Ean → Ean resp. τā : Ban → Ban denote the
corresponding translation map. Using that the formation of the first Chern
δ-form is compatible with tensor products of metrized line bundles and with
pull-backs we obtain

τ∗aω − ω = q∗c1(τ∗āL⊗ L−1, ‖ . ‖τ∗āL⊗L−1) = 0,

where the second equality follows from Remark 5.1.3.

Remark/Definition 5.1.5. We consider the situation of Remark/ Definition
5.1.2. Let

β0 := c1(L, ‖ . ‖L)∧b ∈ Bb,b
Ban(Ban).

Then Lemma 5.1.4 together with Lemma 4.2.59 shows there is some δ-form
β ∈ Bb,b

Aan(Aan) such that q∗β0 = p∗β.

Proposition 5.1.6. In the situation of Remark/ Definition 5.1.5 we have that

�
Ban

β0 = degL,...,L(B) > 0.

Proof. The first equality follows directly from [GK17, Proposition 10.4] once
we observe that β0 defines a δ-form on Ban in the sense of [GK17] and using
that the injective map BGK(Ban) → BBan(Ban) from the space of δ-forms in
the sense of [GK17] to the space of δ-forms in the sense of [Mih21] is compatible
with integration, see Remark 4.2.75. The fact that degL,...,L(B) > 0 holds by
Kleiman’s Criterion since L is ample.

Remark 5.1.7. In the situation of Remark/ Definition 5.1.5, following [GK17,
10.1], more generally the following holds: The wedge product β0 = c1(L, ‖ . ‖L
)∧b defines a Radon measure on Ban. The measure associated to β0 is called
Monge-Ampère measure.

5.2 The product formula for abelian varieties

The goal of this section is to prove the main theorem 5.2.8. It gives a product
formula for the integration of wedge products on the analytification of an abelian
variety A, where one factor is given by any weakly smooth form on Aan coming
from the torus part of A, and the other factor is the δ-form from the last section
which is based on the good reduction part of A.

In this section, we assume that k is algebraically closed. Furthermore, we
fix an abelian variety A over k with associated Raynaud extension

1→ Tan ι→ Ean q→ Ban → 0

as in Remark/ Definition 3.1.4. We recall some of the definitions and results
explained there: We denote by p : Ean → Aan the topological covering map
whose kernel Λ is a discrete subgroup of E(k) giving rise to an isomorphism
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Aan ' Ean/Λ. Furthermore, we denote the character lattice of the algebraic
torus T associated to A by M , and we let N be the cocharacter lattice. We let
d := dimT, b := dimB and n := b+ d. We denote the canonical tropicalization
map Ean → NR by tropE , and we recall that it is a harmonic tropicalization
map in the sense of [GJR21]. Furthermore, it maps Λ ⊆ Ean isomorphically
onto a complete lattice in NR which we also denote by Λ. We fix a Z-basis
T1, . . . , Td of the character lattice M of T giving rise to coordinates x1, . . . , xd
on NR and a natural isomorphism NR ∼= Rd. We will use this isomorphism to
identify NR with Rd, and we also identify the lattice Λ ⊆ NR with a lattice
in Rd via NR ∼= Rd. We denote this lattice in Rd also by Λ. Furthermore, we
denote by trop resp. tropE not only the smooth resp. harmonic tropicalization
map trop : Tan → NR resp. tropE : Ean → NR, but also its composition with
the identification NR ∼= Rd.

Definition 5.2.1. Let λNR be the Haar measure on NR with the property
that λNR(FN ) = 1, where FN denotes a fundamental domain for the lattice
N in NR. We consider the lattice Λ ⊆ NR and define the covolume of Λ by
covol(Λ) := λNR(FΛ), where FΛ ⊆ NR is a fundamental domain for Λ ⊆ NR.

Remark 5.2.2. The covolume of Λ in Definition 5.2.1 does not depend on the
choice of the fundamental domain FΛ for Λ since the Haar measure is translation
invariant. Furthermore, it is strictly positive since Λ is a complete lattice in
NR.

Remark 5.2.3. Considering Λ as a lattice in Rd via the fixed isomorphism
NR ∼= Rd, the covolume of Λ is equivalently given by λRd(FΛ) where FΛ ⊆ Rd
is any fundamental domain for Λ in Rd and λRd denotes the Lebesgue measure
on Rd.

Convention 5.2.4. Let (b1, . . . , bd) be a Z-basis for the lattice Λ in Rd, i.e.
b1, . . . , bd ∈ Rd are linearly independent vectors such that Λ = {

∑d
l=1 albl | al ∈

Z∀l ∈ {1, . . . , d}}. Furthermore, let FΛ ⊆ Rd be the fundamental domain for
the lattice Λ in Rd given by F ′Λ + v′ where F ′Λ = {

∑d
l=1 λlbl | λl ∈ [0, 1)∀l ∈

{1, . . . , d}} and v′ =
(
−1

4

)∑d
l=1 bl ∈ Rd. We keep these notations for the whole

section.

Lemma 5.2.5. There exists a finite family {∆i}i∈I with #I = 2d of Λ-small
(Q,R)-polyhedra in Rd such that the following holds:

i) FΛ ⊆
⋃
i∈I ∆◦i .

ii)
⋃
i∈I
(⋃

λ∈Λ τλ(∆◦i )
)

= Rd, i.e. the set {
⋃
λ∈Λ τλ(∆◦i )}i∈I is an open cover

of Rd.

iii) There exists a Λ-invariant smooth partition of unity {ρ′i}i∈I on Rd subor-
dinate to the finite open cover {

⋃
λ∈Λ τλ(∆◦i )}i∈I of Rd such that for every

i ∈ I there is some vector vi ∈ Rd with the property that

∆◦i ⊆ F ◦Λ + vi := {x+ vi | x ∈ F ◦Λ} and supp(ρ′i) ∩ (FΛ + vi) ⊆ ∆◦i .
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iv) The finite set {p
(
trop−1

E (∆◦i )
)
}i∈I defines an open cover of Aan which is

induced by the Λ-small open subsets trop−1
E (∆◦i ) ⊆ Ean via the covering

map p.

Proof. For v ∈ Rd and ε ∈ R>0 let

∆(v, ε) :=

{
v + ε ·

d∑
l=1

λlbl | λl ∈ [−1, 1] ∀l ∈ {1, . . . , d}

}

denote the d-dimensional cube around v with edge length 2ε. We consider the
set

Z :=

{
d∑
l=1

λlbl | λl ∈
{

0,
1

2

}
∀l ∈ {1, . . . , d}

}

of vectors in Rd with #Z = 2d. For v ∈ Z let

∆v := ∆

(
v,

1

3

)
.

We claim that the family {∆v}v∈Z - that is obviously a family of Λ-small (Q,R)-
polyhedra in Rd - fullfills the desired properties. First of all, we show that
FΛ ⊆

⋃
v∈Z ∆◦v. So let x ∈ FΛ. Then there exist λ1, . . . , λd ∈ [0, 1] such that

x = v′ +
∑d

l=1 λlbl. Now let

ϕ : [0, 1]→
{

0,
1

2

}
, a 7→

{
0, if a ≤ 1

2
1
2 , if a > 1

2 .

Then a − ϕ(a) ∈
[
0, 1

2

]
for all a ∈ [0, 1], and for all l ∈ {1, . . . , d} we set

µl := −3
4 + 3(λl − ϕ(λl)) ∈

[
−3

4 ,
3
4

]
. For v :=

∑d
l=1 ϕ(λl)bl ∈ Z we obtain that

x ∈ ∆◦v since

x = v′ +
d∑
l=1

λlbl =
d∑
l=1

(
λl −

1

4

)
bl =

d∑
l=1

(
ϕ(λl)−

1

4
+ λl − ϕ(λl)

)
bl

=
d∑
l=1

ϕ(λl)bl +
1

3

d∑
l=1

µlbl

= v +
1

3

d∑
l=1

µlbl ∈ ∆◦v.

Furthermore, by definition of a fundamental domain, for an arbitrary x ∈ Rd
there is always some λ ∈ Λ with τλ(x) ∈ FΛ. Hence the fact that FΛ ⊆

⋃
v∈Z ∆◦v

also shows that the set {
⋃
λ∈Λ τλ(∆◦v)}v∈Z is an open cover of Rd. Now let us

consider the subsets trop−1
E (∆◦v) ⊆ Ean for arbitrary v ∈ Z. Since ∆v is Λ-small

and tropE maps the subgroup Λ ⊆ E(k) homeomorphically onto the complete
lattice Λ ⊆ Rd ∼= NR, the preimage trop−1

E (∆◦v) of ∆◦v under tropE is Λ-small in
Ean. Since Aan ' Ean/Λ via the topological covering map p : Ean → Aan this
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gives that p
(
trop−1

E (∆◦v)
)
' trop−1

E (∆◦v) via p, and since FΛ ⊆
⋃
w∈Z ∆◦w the

above shows that the sets p
(
trop−1

E (∆◦w)
)
⊆ Aan with w varying over Z cover

Aan. So now it is left to show that there exists a Λ-invariant smooth partition of
unity {ρ′w}w∈Z on Rd subordinate to the finite open cover {

⋃
λ∈Λ τλ(∆◦w)}w∈Z

of Rd such that for every w ∈ Z there is some vector vw ∈ Rd with the property
that

∆◦w ⊆ F ◦Λ + vw := {x+ vw | x ∈ F ◦Λ} and supp(ρ′w) ∩ (FΛ + vw) ⊆ ∆◦w.

For every w ∈ Z we denote by ∆w ⊆ Rd/Λ the image of the polyhedron ∆w

under the canonical projection map π : Rd → Rd/Λ. Since Rd/Λ is a manifold,
there is a smooth partition of unity {ρw}w∈Z subordinate to the open cover{

∆
◦
w

}
w∈Z

of Rd/Λ which is given by the topological interiors of ∆w in Rd/Λ

for w ∈ Z, where Rd/Λ is equipped with the quotient topology. Now we let
ρ′w := ρw ◦π ∈ A0,0(Rd)Λ for all w ∈ Z. Then {ρ′w}w∈Z is a Λ-invariant smooth
partition of unity on Rd subordinate to the finite open cover {

⋃
λ∈Λ τλ(∆◦w)}w∈Z

of Rd. If we now fix for every w ∈ Z the vector vw :=
∑d

l=1 ψ(λl)bl ∈ Rd, where

λ1, . . . , λl ∈
{

0, 1
2

}
such that w =

∑d
l=1 λlbl and

ψ :

{
0,

1

2

}
→
{
−1

6
,
1

6

}
, 0 7→ −1

6
,
1

2
7→ 1

6
,

we get the desired properties that ∆◦w ⊆ F ◦Λ+vw and supp(ρ′w)∩(FΛ+vw) ⊆ ∆◦w
for all w ∈ Z. This shows the claim.

Convention 5.2.6. Let b be the dimension of B, and let B be the abelian
scheme over Spec(k◦) with generic fibre B. Let L be an ample line bundle on
B, and L a cubic model for L on B over Spec(k◦). Let β0 := c1(L, ‖ . ‖L)∧b ∈
Bb,b
Ban(Ban), and let β ∈ Bb,b

Aan(Aan) such that β̃ := q∗β0 = p∗β ∈ Bb,b
Ean(Ean)Λ as

in Remark/ Definition 5.1.5.

Convention 5.2.7. In the following, we consider all weakly smooth forms also
as δ-forms via the natural inclusion of the sheaf of weakly smooth forms into
the sheaf of δ-forms on Berkovich analytic spaces, see Remark 4.2.65.

Theorem 5.2.8. For arbitrary α′ ∈ Ad,d(NR)Λ with corresponding weakly
smooth form α ∈ Ad,d(Aan) induced by α′ and tropE (see Lemma 3.1.15) and
β as before we have

Tβ(α) =

�
Aan

α ∧ β =

�
F ◦Λ

α′ · degL,...,L(B),

where the wedge product is meant in the sense of δ-forms, F ◦Λ denotes the in-
terior of FΛ in Rd, and Tβ denotes the strong current associated to the δ-form

β ∈ Bb,b
Aan(Aan) as in Lemma 4.2.79.

Proof. We are going to use a partition of unity argument to reduce to the
case that the support of α′ is contained in the interior ∆◦ of some Λ-small
(Q,R)-polyhedron ∆ in NR. First we note that α′ ∈ Ad,d(NR)Λ may always be
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considered as a Λ-invariant Lagerberg form on Rd using the fixed isomorphism
NR ∼= Rd. Let I := {1, . . . , 2d} and let {∆i}i∈I be a family of Λ-small (Q,R)-
polyhedra in Rd as in Lemma 5.2.5. For i ∈ I let ρ′i ∈ A0,0(Rd)Λ such that
{ρ′i}i∈I defines a smooth partition of unity on Rd subordinate to the finite open
cover {

⋃
λ∈Λ τλ(∆◦i )}i∈I of Rd as in Lemma 5.2.5. Hence for every i ∈ I there

is some vector vi ∈ Rd with the property that

∆◦i ⊆ F ◦Λ + vi := {x+ vi | x ∈ F ′Λ} and supp(ρ′i) ∩ (FΛ + vi) ⊆ ∆◦i .

For every i ∈ I, we fix such a vi ∈ Rd, and furthermore we define

α′i := ρ′i · α′ ∈ Ad,d(Rd)Λ.

Using Lemma 3.1.15, the harmonic tropicalization map tropE on Ean then gives
for all i ∈ I corresponding weakly smooth forms

α̃i ∈ Ad,d(Ean) and αi ∈ Ad,d(Aan) with supp(αi) ⊆ p(trop−1
E (∆◦i )).

We claim now that it suffices to show that for i ∈ I, the equality

�
p(trop−1

E (∆◦i ))
αi ∧ β =

�
∆◦i

α′i · degL,...,L(B)(5.1)

holds. So let us assume that (5.1) holds for all i ∈ I. By Lemma 5.2.5, Aan is
covered by the sets p(trop−1

E (∆◦i )) for i ∈ I. Furthermore, using that {ρ′i}i∈I
was chosen as a Λ-invariant smooth partition of unity on Rd we obtain that∑

i∈I α
′
i = α′ ∈ Ad,d(Rd)Λ and

∑
i∈I αi = α ∈ Ad,d(Aan) ⊆ Bd,d

Aan(Aan). Hence
summing up over i ∈ I gives

�
Aan

α ∧ β =

�
Aan

∑
i∈I

αi ∧ β

=
∑
i∈I

�
Aan

αi ∧ β

=
∑
i∈I

�
p(trop−1

E (∆◦i ))
αi ∧ β

(5.1)
=
∑
i∈I

�
∆◦i

α′i · degL,...,L(B)

=
∑
i∈I

�
F ◦Λ+vi

α′i · degL,...,L(B)

=
∑
i∈I

�
F ◦Λ

α′i · degL,...,L(B)

=

�
F ◦Λ

∑
i∈I

α′i · degL,...,L(B)

=

�
F ◦Λ

α′ · degL,...,L(B),
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where in the third-to-last step we use the Λ-invariance of α′i.
The above now allows us to assume in the following that there exists some
Λ-small (Q,R)-polyhedron ∆ in Rd such that supp(α′) ⊆ ∆◦. We fix such
a polyhedron ∆ ⊆ Rd. Now we turn to the element β in the considered ∧-
product α ∧ β ∈ Bn,n

Aan(Aan). By [GK17, Proposition 10.4], the support of β0 is
just the Shilov point ξB of Ban. Furthermore, by [GK17, §5], there is an open
neighbourhood of ξB in Ban of the form W an for W ⊆ B affine open, a smooth
tropicalization map tψ : W an → Rr induced by a moment map ψ : W an → Gr,an

m

for some r ∈ N and a δ-form β0,trop ∈ B(Rr) such that on W an, β0 is given by
t?ψ(β0,trop). Using Lemma 3.1.10, by possibly shrinking W (i.e. intersecting W
with the generic fiber of a suitable Zariski-dense open subset W of the model
B of B over k◦), we may assume that there is an isomorphism

q−1(W an)
φ
' Tan ×k W an

together with an affinoid domain Wi ⊆ Ban with ξB ∈ Wi ⊆ W an such that
φ|Wi is compatible with the tropicalization maps trop on Tan and tropE on
q−1(Wi), i.e. such that the diagram

q−1(Wi)

tropE
��

φ
// Tan ×kWi

trop×•
uuRd

(5.2)

commutes. Then supp(β0) ⊆ Wi ⊆ W an, supp(β̃) = supp(q∗β0) ⊆ q−1(Wi) ⊆
q−1(W an) and supp(β) ⊆ p(q−1(Wi)) ⊆ p(q−1(W an)). We note here that in
the resulting bigger diagram

q−1(W an)

tropE

%%

⊇ q−1(Wi)

tropE
$$

φ
// Tan ×kWi

trop×•
yy

⊆ Tan ×k W an

trop×•

xx

Rd

Rd

(5.3)

only the inner triangle commutes, and the outer triangle does not in general.
Now the idea is to pass to small enough subsets of Ean resp. Aan where we can
concretely describe α̃ ∧ β̃ resp. α ∧ β, but which are also big enough such that
they contain the support of α̃ ∧ β̃ resp. α ∧ β. The subsets we consider are
given by the Λ-small subsets (Λ-smallness follows from the Λ-smallness of the
polyhedron ∆)

q−1(W an) ∩ trop−1
E (∆◦) ⊆ Ean and q−1(Wi) ∩ trop−1

E (∆◦) ⊆ Ean

resp. their images under the covering map p : Ean → Aan. We note here that
since every Λ-small subset of Ean is isomorphic to its image under the map p,
the restriction to Λ-small subsets allows us to work with α̃∧ β̃ instead of α∧β.
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Now we consider the restriction of the isomorphism φ to q−1(Wi)∩trop−1
E (∆◦) ⊆

Ean and to q−1(W an)∩trop−1
E (∆◦) ⊆ Ean. Since the inner triangle of (5.3) com-

mutes, φ restricts to an isomorphism

q−1(Wi) ∩ trop−1
E (∆◦)

φ
' trop−1(∆◦)×Wi ⊆ Tan ×k W an.

Since q−1(W an) ∩ trop−1
E (∆◦) ⊆ Ean is open and so is its image under φ, there

exist open subsets VT ⊆ Tan and WB ⊆W an such that

φ(q−1(Wi) ∩ trop−1
E (∆◦)) = trop−1(∆◦)×Wi

⊆ VT ×k WB

⊆ φ(q−1(W an) ∩ trop−1
E (∆◦))

⊆ Tan ×k W an.

The tuple (trop|VT , α′) defines an element inAd,d(VT) with corresponding δ-form

αT :=
(

trop?
(
α′ ∧

[
Rd, µRd

]))
|VT ∈ B

d,d
Tan(VT)

and well-defined restriction αT|trop−1(∆◦) ∈ B
d,d
Tan(trop−1(∆◦)). By commutativ-

ity of the triangle

Tan

trop
��

ι // Ean

tropE
ww

Rd ,

the equality of δ-forms ι∗(α̃)|VT = αT holds. We consider now furthermore the
δ-form

β0|WB
= t?ψ(β0,trop)|WB

∈ Bb,b
Ban(WB)

on WB ⊆ W an ⊆ Ban. Let pVT and pWB
denote the canonical projection maps

on VT ×k WB. Then we consider the δ-forms

ω :=
(
φ|φ−1(VT×kWB)

)∗ (
p∗VT

(
αT
)
∧ p∗WB

(β0|WB
)
)
∈ Bb+d,b+d

Ean (φ−1(VT ×k WB))

and (
α̃ ∧ β̃

)
|φ−1(VT×kWB) = α̃|φ−1(VT×kWB) ∧ (q∗β0) |φ−1(VT×kWB)

∈ Bb+d,b+d
Ean (φ−1(VT ×k WB))

on the open subset φ−1(VT ×k WB) ⊆ Ean. Furthermore, we consider the
skeleton

ΣWi,∆ := Σ
(
q−1(Wi) ∩ trop−1(∆), (trop× tψ) ◦ φ

)
⊆ q−1(Wi) ∩ trop−1(∆) ⊆ Ean
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obtained from the - by [Gub10, 4.7] - affinoid domain q−1(Wi) ∩ trop−1(∆) in
Ean and the tropicalization map

(trop× tψ) ◦ φ : q−1(Wi) ∩ trop−1(∆)
φ
' trop−1(∆)×Wi trop×tψ−→ Rd × Rr.

Now the facts that q−1(Wi)∩trop−1
E (∆◦) ⊆ φ−1(VT×kWB) and ι∗(α̃)|VT = αT =(

trop?(α′ ∧
[
Rd, µRd

]
)
)
|VT together with the commutativity of the inner triangle

of (5.3) and the facts that supp(α′) ⊆ ∆◦ and supp(β0) = {ξB} ⊆ Wi ⊆ WB

yield that

ω|ΣWi,∆
=
(
α̃ ∧ β̃

)
|ΣWi,∆

and supp(ω), supp(α̃ ∧ β̃) ⊆ ΣWi,∆.

Applying Lemma 4.2.76, using the projection formula and the earlier proved
product formula 4.2.86 we obtain

�
φ−1(VT×kWB)

(
α̃ ∧ β̃

)
|φ−1(VT×kWB)

(5.4)

=

�
φ−1(VT×kWB)

ω

=

�
φ−1(VT×kWB)

(
φ|φ−1(VT×kWB)

)∗ (
p∗VT

(
αT
)
∧ p∗WB

(β0|WB
)
)

=

�
VT×kWB

p∗VT

(
αT
)
∧ p∗WB

(
t?ψ(β0,trop)|WB

)
4.2.86

=

�
VT

αT ·
�
WB

β0|WB
.

The fact that supp(α ∧ β) ⊆ p
(
φ−1(VT ×k WB)

) ∼= φ−1(VT ×kWB) then yields

�
p(trop−1

E (∆◦))
α ∧ β =

�
p(φ−1(VT×kWB))

α|p(φ−1(VT×kWB)) ∧ β|p(φ−1(VT×kWB))

(5.5)

=

�
φ−1(VT×kWB)

α̃|φ−1(VT×kWB) ∧ β̃|φ−1(VT×kWB)

=

�
φ−1(VT×kWB)

(
α̃ ∧ β̃

)
|φ−1(VT×kWB)

(5.4)
=

�
VT

αT ·
�
WB

β0|WB

=

�
trop−1(∆◦)

αT|trop−1(∆◦) ·
�
Ban

β0

=

�
∆◦
α′ ·

�
Ban

β0,

where in the second-to-last step we use that the support of β0 is just the Shilov
point ξB ∈ Ban which already lies in WB, and that supp(αT) ⊆ trop−1(∆◦).
In the last step we just use the definition of the δ-form αT. Since

�
Ban β0 =

degL,...,L(B) by Proposition 5.1.6, the claim follows.
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Corollary 5.2.9. For ω′ := d′x1 ∧ d′′x1 ∧ . . . ∧ d′xd ∧ d′′xd ∈
∧d,dMR ⊆

Ad,d(NR)Λ with corresponding weakly smooth form ω ∈ Ad,d(Aan) induced by ω′

and tropE (see Lemma 3.1.15) we have the formula

Tβ(ω) = covol(Λ) · degL,...,L(B),(5.6)

where Tβ denotes the strong current associated to the δ-form β as in Lemma
4.2.79.

Proof. This follows directly from Theorem 5.2.8.

5.3 Conclusions: The Dolbeault cohomology of
abelian varieties

In this last section, we will use the main theorem 5.2.8 to investigate the Dol-
beault cohomology of the analytification of an abelian variety A. We will show
that the two forms occurring in Theorem 5.2.8 contribute to the cohomology of
Aan as non-trivial elements: For the weakly smooth form α, this contribution
is directly onto the Dolbeault cohomology of Aan, whereas the δ-form β may
be considered as a non-trivial element in the cohomology of strong currents on
Aan.

In this section, we do not assume that k is algebraically closed. We fix an
abelian variety A over k, and assume that A is split over k. We note here
again that by [Ber90, 6.5], this can always be achieved by passing to a suitable
finite separable extension of k. Furthermore, we use the notations from the last
section with regards to the Raynaud extension of A.

Proposition 5.3.1. There is a canonical morphism of real vector spaces

φp,qA : Ap,q(NR)Λ → Ap,q(Aan)

which is compatible with the differential d′′ and the ∧-product.

Proof. The existence of the canonical morphism φp,qA follows directly from Lemma
3.1.15. Let α′ ∈ Ap,q(NR)Λ and let {Ui}i∈I be an open cover of Ean such that
the closure Ui is a compact and Λ-small analytic domain in Ean. For all i ∈ I
let

hi := tropE |Ui : Ui → NR and α′i := α′|tropE(Ui).

Then φp,qA (α′) is given by the family (hi, α
′
i)i∈I , and d′′

(
φp,qA (α′)

)
is given by

(hi, d
′′α′i)i∈I by definition of the differential d′′ on weakly smooth forms. Hence

φp,qA is d′′-compatible. Now we consider another Λ-invariant Lagerberg form

β′ ∈ Ap′,q′(NR)Λ and let β′i := β′|tropE(Ui)
for all i ∈ I. Then φp+p

′,q+q′

A (α′ ∧ β′)
is by definition given by the weakly smooth preforms (hi, α

′
i ∧ β′i)i∈I . It agrees

with φp,qA (α′)∧φp
′,q′

A (β′) which is by definition given by ((hi, hi), p
∗
1α
′
i ∧ p∗2β′i)i∈I

since the pull-back of Lagerberg forms commutes with the ∧-product. Here, p1

and p2 denote the canonical projection maps on NR ×NR.
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Remark 5.3.2. We observe that the morphism φp,qA from Proposition 5.3.1
induces a morphism

Ap,qcl (NR)Λ → Hp,q(Aan), α 7→
[
φp,qA (α)

]
(5.7)

using d′′-compatibility.

Remark 5.3.3. We consider the commutative diagram

Ap,qcl (NR)Λ (5.7)
// Hp,q(Aan)

∧p,qMR
⊆

88

.

This gives the desired canonical morphism of real vector spaces

Φp,q
A :

p,q∧
MR → Hp,q(Aan).

It is now left to show that the map is injective. We keep this notation for the
rest of the chapter.

Remark 5.3.4. We assume that k is algebraically closed and let β ∈ Bb,b
Aan(Aan)

be the element from Remark/Definition 5.1.5. The δ-form β is d′′-closed by
[GK17, 9.14] together with the Leibniz formula and the fact that the differential
d′′ commutes with pull-back morphisms of analytic spaces. Then the map

Tβ : Ad,dc (Aan)→ R, η 7→
�
Aan

β ∧ η

from Lemma 4.2.79 induces a linear form on the cohomology Hd,d(Aan) by
Lemma 4.2.81.

Lemma 5.3.5. Let α′ ∈
∧p,qMR be a non-zero element. Then there exists

some α′′ ∈
∧d−p,d−qMR such that

α′ ∧ α′′ = d′x1 ∧ d′′x1 ∧ . . . ∧ d′xd ∧ d′′xd.

Proof. For all I, J ⊆ {1, . . . , d} with |I| = p, |J | = q let Ĩ := {1, . . . , d} \ I,
J̃ := {1, . . . , d} \ J and let α′IJ ∈ R such that

α′ =
∑

|I|=p,|J |=q

α′IJd
′xI ∧ d′′xJ .

We consider the set

Z := {(I, J) ⊆ {1, . . . , d}2 | |I| = p ∧ |J | = q ∧ α′IJ 6= 0}.

Note that Z 6= ∅ since α′ is non-zero. For (I, J) ∈ Z we define

s(I, J) :=

{
1, if d′xI ∧ d′′xJ ∧ d′xĨ ∧ d

′′xJ̃ = d′x1 ∧ d′′x1 ∧ . . . ∧ d′xd ∧ d′′xd
−1, else

and

α′′
ĨJ̃

:= s(I, J) · 1

#Z
· (α′IJ)−1
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and for all I, J ⊆ {1, . . . , d} with |I| = p, |J | = q and (I, J) /∈ Z let α′′
ĨJ̃

:= 0.
Now let

α′′ :=
∑

|I|=p,|J |=q

α′′
ĨJ̃
d′xĨ ∧ d

′′xJ̃ ∈
d−p,d−q∧

MR,

Then

α′ ∧ α′′

=

 ∑
|I|=p,|J |=q

α′IJd
′xI ∧ d′′xJ

 ∧
 ∑
|I|=p,|J |=q

α′′
ĨJ̃
d′xĨ ∧ d

′′xJ̃


=

∑
|I|=p,|J |=q

∑
|I|=p,|J |=q

α′IJα
′′
ĨJ̃
d′xI ∧ d′′xJ ∧ d′xĨ ∧ d

′′xJ̃

=
∑

|I|=p,|J |=q

α′IJα
′′
ĨJ̃
d′xI ∧ d′′xJ ∧ d′xĨ ∧ d

′′xJ̃

=
∑

(I,J)∈Z

α′IJα
′′
ĨJ̃
d′xI ∧ d′′xJ ∧ d′xĨ ∧ d

′′xJ̃

=
∑

(I,J)∈Z

α′IJ · s(I, J) · 1

#Z
· (α′IJ)−1d′xI ∧ d′′xJ ∧ d′xĨ ∧ d

′′xJ̃

=
∑

(I,J)∈Z

1

#Z
d′x1 ∧ d′′x1 ∧ . . . ∧ d′xd ∧ d′′xd

=d′x1 ∧ d′′x1 ∧ . . . ∧ d′xd ∧ d′′xd.

Corollary 5.3.6. For all p, q ∈ N, the canonical morphism

Φp,q
A :

p,q∧
MR → Hp,q(Aan), α′ 7→

[
φp,qA (α′)

]
is injective. In particular, if the dimension dimT of the algebraic torus as-
sociated to A is non-zero, then the Dolbeault cohomology Hp,q(Aan) of Aan is
non-trivial for all p, q ∈ N with max{p, q} ≤ d = dimT.

Proof. Let α′ ∈
∧p,qMR be a non-zero element. Then by Lemma 5.3.5 there

exists some α′′ ∈
∧d−p,d−qMR such that

ω′ := α′ ∧ α′′ = d′x1 ∧ d′′x1 ∧ . . . ∧ d′xd ∧ d′′xd ∈
d,d∧
MR.

By Remark 2.2.45, base change induces a morphism on the Dolbeault coho-
mology groups of weakly smooth forms, and by Remark 3.1.9, base change
is compatible with the formation of the Raynaud extension and its canonical
(harmonic) tropicalization map. Hence we may assume that k is algebraically
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closed by considering the commutative diagram

∧p,qMR

φp,q
A⊗̂kk̂ //

φp,qA

&&

Hp,q(Aan⊗̂kk̂)

Hp,q(Aan)

77

and observing that the completion k̂ of an algebraic closure k of k is again
algebraically closed by Krasner’s Lemma. Let L be an ample line bundle on B,
B the abelian scheme over Spec(k◦) with generic fibre B and L a cubic model
for L on B over Spec(k◦). Let

β0 := c1(L, ‖ . ‖L)∧b

as in Remark/ Definition 5.1.5. Then there is some δ-form β ∈ Bb,b
Aan(Aan) such

that q∗β0 = p∗β. We obtain

Tβ(φd,dA (ω′))
(5.6)
= covol(Λ) · degL,...,L(B) 6= 0.

By Remark 5.3.4, Tβ induces a linear form on the cohomology Hd,d(Aan). This

gives that the linear functional Tβ applied to the class
[
φd,dA (ω′)

]
∈ Hd,d(Aan)

is non-zero, and since
[
φd,dA (ω′)

]
=
[
φp,qA (α′)

]
∧
[
φd−p,d−qA (α′′)

]
this gives the

claim.

Corollary 5.3.7. We assume that k is algebraically closed. Then there is an
injective morphism

p,q∧
MR ↪→ Hb+p,b+q

D (Aan)

to the cohomology of strong currents on Aan.

Proof. We consider an ample line bundle L on B together with a cubic model
L for L on B over Spec(k◦). We denote the associated δ-form, the first Chern
δ-form of (L, ‖ . ‖L) from Remark/Definition 5.1.2 by β̂0 := c1 (L, ‖ . ‖L) ∈
B1,1
Ban(Ban), and define β0 := β̂0

∧b ∈ Bb,b
Ban(Ban). By Lemma 5.1.4, the δ-form

q∗(β0) ∈ Bb,b
Ean(Ean) is Λ-invariant, and using Lemma 4.2.59 we get an induced

δ-form β ∈ Bb,b
Aan(Aan) on Aan with p∗(β) = q∗(β0) as in Remark/ Definition

5.1.5. We consider the strong current

Tβ : Ad,d(Aan)→ R, η 7→
�
Aan

η ∧ β

on Aan, see Lemma 4.2.79. We recall here that dim(A) = n = b + d where
b = dim(B) and d = dim(NR) = dim(T). By [GK17, 9.14], β̂0 is d′′-closed,
and hence – using the Leibniz formula and the fact that the differential d′′

commutes with pull-back maps – β is d′′-closed as well. Since the mapB(Aan)→
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D(Aan) from Lemma 4.2.79 which maps the δ-form β to the strong current Tβ
is compatible with the differential d′′, it follows that Tβ ∈ Db,b(Aan) is a d′′-
closed strong current on Aan. Furthermore, for every (p, q)-Lagerberg form
α′ ∈

∧p,qMR with constant coefficients on NR, the associated weakly smooth
form φp,qA (α′) ∈ Ap,q(Aan) induced by tropE is d′′-closed since α′ is d′′-closed
and φp,qA is compatible with d′′ by Proposition 5.3.1. Hence by Lemma 2.2.42,
we obtain a d′′-closed strong current

φp,qA (α′) ∧ Tβ : Ad−p,d−q(Aan)→ R,

η 7→ Tβ(φp,qA (α′) ∧ η) =

�
Aan

φp,qA (α′) ∧ η ∧ β

and hence an element
[
φp,qA (α′) ∧ Tβ

]
∈ Hb+p,b+q

D (Aan) in the cohomology of
strong currents for every α′ ∈

∧p,qMR. Using this observation, we can now
define a morphism

ψ :

p,q∧
MR → Hb+p,b+q

D (Aan), α′ 7→
[
φp,qA (α′) ∧ Tβ

]
and we claim that this map is injective. So let α′ ∈

∧p,qMR be a non-zero
Lagerberg form with constant coefficients on NR. By Lemma 5.3.5 there is
some α′′ ∈

∧d−p,d−qMR such that

α′ ∧ α′′ = d′x1 ∧ d′′x1 ∧ . . . ∧ d′xd ∧ d′′xd =: ω′

and we obtain(
φp,qA (α′) ∧ Tβ

) (
φd−p,d−qA (α′′)

)
= Tβ

(
φp,qA (α′) ∧ φd−p,d−qA (α′′)

)
5.3.1
= Tβ

(
φd,dA (ω′)

)
(5.6)
= covol(Λ) · degL,...,L(B) 6= 0.

We can now conclude the injectivity of ψ using the following observation: For
every strong current S ∈ Db+q,b+q−1(Aan) and every η′′ ∈

∧d−p,d−qMR we have
that

d′′S
(
φd−p,d−qA (η′′)

)
= S

(
d′′φd−p,d−qA (η′′)

)
5.3.1
= S

(
φd−p,d−q+1
A (d′′η′′)

)
= S(0) = 0,

since every Lagerberg form with constant coefficients on NR is d′′-closed. Since(
φp,qA (α′) ∧ Tβ

) (
φd−p,d−qA (α′′)

)
6= 0 we get that ψ(α′) =

[
φp,qA (α′) ∧ Tβ

]
∈

Hb+p,b+q
D (Aan) is non-zero in the cohomology of strong currents on Aan.

Remark 5.3.8. In the situation of Corollary 5.3.7, roughly speaking, the in-
jective map

p,q∧
MR ↪→ Hb+p,b+q

D (Aan)
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represents the contribution of the good reduction part Ban of the Raynaud
extension to the Dolbeault cohomology of Aan. Also roughly speaking, this
contribution is is given by the first Chern δ-form c1 (L, ‖ . ‖L) of an ample line
bundle L on B together with a cubic model L for L on B.
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théorie des modèles. Confluentes Math., 4(4):1250007, 57, 2012.
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