
Octet baryon structure observables from lattice QCD

Dissertation
zur Erlangung des Doktorgrades

der Naturwissenschaften (Dr. rer. nat.)
der Fakultät für Physik

der Universität Regensburg

vorgelegt von

Simon Weishäupl

aus Gräfelfing

im Jahr 2023



Promotionsgesuch eingereicht am: 25. Januar 2023
Die Arbeit wurde angeleitet von: Prof. Dr. Gunnar S. Bali

Prüfungsausschuss:
Vorsitzender: Prof. Dr. Jörg Wunderlich
1. Gutachter: Prof. Dr. Gunnar S. Bali
2. Gutachter: Prof. Dr. Taushif Ahmed
weiterer Prüfer: Prof. Dr. Andrea Donarini

Datum Promotionskolloquium: 21.07.2023



ABSTRACT

In the Standard Model of particle physics quarks and gluons are bound by the fundamental
strong force and form particles generally denoted as hadrons. The associated quantum
field theory is called Quantum Chromodynamics (QCD). The three lightest quark flavours
which exist in Nature are called up, down and strange and are the constituents of,
e.g., octet baryons with protons and neutrons being the most prominent examples. How
physical properties like the mass or spin of hadrons arise from the quarks and gluons bound
by the strong interaction is subject of many experiments and theoretical investigations.
In this thesis we employ the framework of lattice QCD, which, at the moment, is the only
systematic non-perturbative approach allowing us to investigate structure observables of
the octet baryons from first principles. Within this framework QCD is formulated in a
well defined way on a four dimensional spacetime lattice and simulations are performed
using Monte Carlo techniques.

In our simulations we employ ensembles of gauge field configurations with Nf = 2 + 1
sea quark flavours of non-perturbatively improved Wilson fermions at six distinct values
of the lattice spacing in the range a ≈ (0.039− 0.098) fm, generated by the Coordinated
Lattice Simulations (CLS) effort. The pion mass Mπ ranges from around 430MeV down
to a near physical value of 130MeV and the linear spatial lattice extent L varies from
6.5M−1

π to 3.0M−1
π , where LMπ ≥ 4 for the majority of the ensembles. Within this

work we analyse a large set of high statistics gauge ensembles along three distinct quark
mass trajectories. This allows us to investigate all systematic effects associated with
unphysical quark masses, finite volumes and finite lattice spacings by performing a
controlled extrapolation of all observables to the physical mass point (or chiral limit),
infinite volume and continuum limits.

Chiral perturbation theory (ChPT) often serves as a key instrument in investigations
of baryon structure observables. So far, in contrast to SU(2) ChPT, very few lattice QCD
studies of SU(3) ChPT exist. In the first part of this thesis a consistent and simultaneous
analysis of several observables within the framework of SU(3) ChPT is presented and we
determine the leading order mesonic (B0 and F0) and baryonic (m0, F and D) SU(3)
ChPT low energy constants (LECs). To this end we employ only the subset of gauge
ensembles lying on the quark mass trajectory where exact SU(3) flavour symmetry, i.e.,
mu = md = ms, holds. The mesonic LECs are determined by a combined analysis of
the pseudoscalar mass and decay constant as functions of the quark mass. We find the
SU(3) chiral condensate Σ0 = F 2

0B0 and pion decay constant F0 to be smaller than their
SU(2) counterparts while the Gell-Mann–Oakes–Renner parameters B0 ≈ B are similar.
The baryonic LECs are obtained by a simultaneous analysis of the octet baryon mass
and the axial charges for the nucleon and the sigma baryon. We found that a consistent
description of the pion mass and volume dependence of the axial charges and the octet
baryon mass was possible with the same set of LECs and in particular we found consistent
results for F and D compared with other lattice determinations.

While there is a long history of lattice calculations of the nucleon (i.e., proton or
neutron) charges, the charges for the other octet baryons are not very well determined.
In the second part of this thesis we present results for the vector, axial, scalar and tensor
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isovector charges of the nucleon, sigma and cascade octet baryons in the infinite volume,
continuum limit at physical quark masses. This analysis became feasible employing a
stochastic approach which allows for a efficient computation of three-point correlation
functions for the whole baryon octet. Additional sources of systematic uncertainties
associated with the contributions of excited states to the ground state matrix elements and
renormalization factors are carefully taken into account. Phenomenological predictions
often rely on SU(3) flavour symmetry arguments. The validity of these assumptions can
be tested in lattice QCD calculations where we find moderate symmetry breaking effects
for the axial charges at the physical quark mass point, while no significant effects are
found for the other charges within current uncertainties. Using the conserved vector
current relation and the result for the scalar charge of the sigma baryon, we also predict
the difference between the up and down quark masses. Further we compute the QCD
contributions to baryon isospin mass splittings and evaluate the isospin breaking effects
on the pion baryon σ terms.
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1 | INTRODUCTION

The Standard Model (SM) of particle physics was developed in the 1970s and incorporates
three out of the four fundamental interactions: the electromagnetic, weak and strong
force. It has proven to be very successful in describing and predicting a wide range of
phenomena and represents an experimentally well tested theory. Up to now only very
few experiments have shown tension with the predictions from the SM. Despite its great
success, there are still open questions such as including gravity, the existence of dark
matter or the matter-antimatter asymmetry, which the SM falls short to explain. In
its current form the SM predicts two kinds of fundamental (fermionic) particles called
quarks and leptons, which are the building blocks of all visible matter in the universe.
Additionally, it encapsulates the Higgs boson, as well as the gauge bosons that mediate
the three fundamental interactions. See Fig. 1.1 for a classification of the elementary
particles.

In the SM quarks come in six different flavours (up, down, charm, strange, top
and bottom) and they interact via the strong force which is mediated through gauge
bosons called gluons. Since quarks (and gluons) carry so-called colour charges, the
quantum field theory associated to the strong (or colour) force is called Quantum
Chromodynamics (QCD)1. Because of an important property of QCD called confinement,
free ‘coloured’ particles cannot be observed in Nature and quarks and gluons are bound
inside hadrons, forming colour-neutral objects. Hadrons can be further grouped into
mesons and baryons. In the quark model [1, 2], mesons are formed by (qq̄) states built
up of a valence quark q and antiquark q̄ while baryons are composed of three valence
quarks (qqq). In reality they also contain gluons and sea quarks and there are also more
exotic bound states such as tetraquarks or pentaquarks.

1“chróma” (χρώµα) is the Greek word for colour. In analogy to Quantum Electrodynamics (QED)
which describes the theory of the electric charge, the name Quantum Chromodynamics is associated
with the theory of the colour charge.
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Figure 1.1: The Standard Model of particle physics.
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The three lightest quark flavours are called up (u), down (d) and strange (s) and are
the constituents of the spin-1/2 octet baryons derived from SU(3) flavour symmetry,
as shown in Fig. 1.2. Protons and neutrons, which are the two lightest baryons and
commonly denoted as nucleons, are the building blocks of almost all visible matter in
the universe. Under more extreme conditions like, e.g., inside neutron stars, so-called
hyperons are expected to play an important role too [3]. Generally, all baryons which
include at least one strange quark but none of the heavier quark flavours (c, t, b) as valence
quarks are denoted as hyperons. Furthermore, hyperons are distinguished according
to their strangeness S and are are called lambda (Λ, S = −1), sigma (Σ, S = −1),
cascade (Ξ, S = −2) and omega (Ω, S = −3) baryons. Compared to the quark masses
of mu ≈ 2MeV, md ≈ 5MeV and ms ≈ 96MeV the masses of the octet baryons (e.g.,
mp ≈ 938.3MeV) are much larger than the sum of the masses of their valence quark
constituents. These differences in the masses already suggest that gluons and sea quarks
have a significant impact on the properties of hadrons. Interestingly, the pions, which
are mesons build up from two up and/or down valence (anti)quarks, have masses of only
mπ ≈ 140MeV and hence are much lighter than one naively would have expected when
comparing them to the nucleon masses.

nucleons

hyperons

I3−1 +1

S

S = 0

S = −1

S = −2

Q

n(ddu) p(uud)

Σ−(dds) Λ0(uds)

Σ0(uds)

Σ+(uus)

Ξ−(dss) Ξ0(uss)

+1

−1

Figure 1.2: The spin-1/2 baryon octet where S, I3 and Q = (1 + S)/2 + I3 label strangeness, isospin
and charge, respectively. According to their strangeness, the baryons can further be classified as nucleons
(green) or hyperons (blue).

At present, deriving the properties of hadrons analytically from the fundamental theory
of the strong interaction (QCD) poses a significant challenge. Therefore, it is subject of
many experiments and theoretical investigations to understand how physical properties
of hadrons, such as the mass or spin of a baryon, arise from the quarks and gluons bound
by fundamental interactions. For instance, in the planned PANDA experiment [4] at
FAIR2 numerous baryon and antibaryon pairs will be created through proton-antiproton
collisions and the experiment allows for high precision studies of the strong interaction
and aspects of baryon structure. In the initial phase of the PANDA experiment results
will be obtained in particular in the hyperon sector, where experimental knowledge is
rather limited so far. As mentioned above, hyperon-hyperon interactions, which are
expected to be present in, e.g., the interior of neutron stars, provide an interesting area
of research.

In this thesis we will employ the framework of lattice QCD allowing us to investigate

2The acronyms stand for:
• PANDA = antiProton ANihilation at DArmstadt
• FAIR = Facility for Antiproton and Ion Research
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structure observables of the octet baryons from first principles. Within this framework
QCD is formulated in a well defined way on a four dimensional spacetime lattice and
numerical simulations can be performed using Monte Carlo techniques. Over the last
decades, the field of lattice QCD has made great progress, enabling precise calculations
of various properties of hadrons and the strong interaction. The work presented in this
thesis is a first step in a long-term effort to obtain predictions from lattice QCD for form
factors and baryon interactions which can be directly compared to experimental results,
e.g., obtained from the PANDA experiment.

A charge of a baryon parameterizes the strength of the interaction of the baryon
with a particle that couples to this particular charge. For instance, the isovector axial
charge of the nucleon gNA , which is very precisely measured in experiment, λ = gNA /g

N
V =

1.2754(13) [5], determines the β-decay rate of the neutron. In addition, this charge is also
related to the individual quark spin contributions in the decomposition of the nucleon
spin [6, 7], which can also be determined from lattice QCD calculations [8–12]. Since no
scalar or tensor couplings contribute to tree-level SM processes, these isovector charges
cannot be measured directly in experiment. However, such interactions may hint at new
physics and it is important to constrain new interactions (once discovered) using lattice
QCD input, see, e.g., Ref. [13] for a detailed discussion.

Within this work we determine the vector, axial, scalar and tensor isovector charges
of the light octet baryons. Despite a long history of lattice calculations of the nucleon
charges, see Ref. [14] for a current review, only very few investigations of the axial charges
of the baryon octet exist to date [15–19] and only one of these includes the scalar and
tensor charges [19]. Determining the precise values of these charges helps in understanding
the internal structure and dynamics of the octet baryons in terms of their constituent
quarks and their interactions. The results of the charges further allows us to predict the
difference between the up and down quark masses, the QCD contributions to baryon
isospin mass splittings and isospin differences of pion baryon σ terms. The latter quantity
encodes the contribution to the mass of a baryon due to the non-zero up and down quark
masses.

Assuming SU(3) flavour symmetry, the charges for the whole baryon octet in a given
channel only depend on two independent parameters. For the proton and the isovector
axial charge, this relation reads gA = FA +DA, where in the massless limit FA and DA

correspond to the chiral perturbation theory (ChPT) low energy constants (LECs) F
and D, respectively. Phenomenological predictions often rely on SU(3) flavour symmetry
arguments which are not known a priori to hold, in particular at the physical point.
Employing lattice QCD simulations, we are able to test the validity of these assumptions.
So far, SU(3) flavour symmetry breaking effects have been explored only relatively little
in lattice calculations and in this work we establish the size of these corrections in the
axial, scalar and the tensor channel.

In the investigation of observables related to baryon structure, or, in general, in the
description and understanding of a multitude of hadronic processes, ChPT often serves
as a key instrument. Again, it is a priori not known whether a ChPT expansion is
applicable in a certain quark mass range and in particular at the physical quark mass
point. In lattice QCD calculations the quark masses are not fixed but can be varied
making a systematic investigation of the precision and validity of a ChPT expansion
possible. In contrast to SU(2) ChPT, there exist not many comprehensive lattice QCD
studies employing SU(3) ChPT. Here we will present a consistent and simultaneous
analysis of several observables within the framework of SU(3) ChPT and determine the
leading order mesonic (B0 and F0) and baryonic (m0, F and D) SU(3) ChPT LECs.

This thesis is organized as follows: In chapter 2, we introduce the framework of
lattice QCD starting from the continuum formulation of QCD, introducing the lattice
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discretization approach and giving an overview over the gauge ensembles analysed in this
work. In the last section of this chapter we will introduce the generic workflow of lattice
QCD calculations that is applicable to this work.

Then, Chapter 3 gives details about the measurement and analysis methods applied.
The computational methods used to obtain two- and three-point correlation functions and
the excited state analysis performed to extract the ground state matrix elements of interest
are described. Further, details are given on the non-perturbative renormalization and order
a improvement, before discussing the systematic effects in our lattice QCD calculations
and explaining the infinite volume, continuum limit and quark mass extrapolation strategy.

In chapter 4, first results from an analysis of the leading order mesonic (B0 and F0)
and baryonic (m0, F and D) SU(3) ChPT LECs on the subset of gauge ensembles
which incorporate exact SU(3) flavour symmetry are presented. The mesonic LECs are
determined by a combined analysis of the pseudoscalar mass and decay constant as
functions of the quark mass while the baryonic LECs are obtained by a simultaneous
analysis of the octet baryon mass and the axial charges for the nucleon and the sigma
baryon.

In chapter 5, the results of the vector, axial, scalar and tensor isovector charges of
the nucleon, sigma and cascade octet baryons in the continuum, infinite volume limit at
physical quark masses are presented. Subsequently, we discuss SU(3) symmetry breaking
effects, determine the up and down quark mass difference from the scalar charge of the
sigma baryon, split isospin breaking effects on the baryon masses into QCD and QED
contributions and determine isospin breaking corrections to the pion baryon σ terms.
Finally, in chapter 6, we will summarize the main results before we conclude.

Several Appendices provide further details: Appendix A sets the stage by introducing
general conventions and definitions used throughout this thesis. Then, Appendix B
outlines the statistical concepts and methods applied within the data analysis part.
Appendix C gives further details of the three-point function measurements, including a
direct comparison between the sequential source and the stochastic method. Appendix D
compiles various data tables giving details about all gauge ensembles analysed and the
results used in the final analyses. Additional figures are provided in Appendix E and, for
completeness, ChPT expressions that were not used in the final analysis are collected in
Appendix F.

4



2 | LATTICE QUANTUM CHROMODYNAMICS

As part of the Standard Model of particle physics Quantum Chromodynamics [20], or in
short QCD, is accepted to be the quantum field theory describing the strong interactions
between quarks and gluons. It is a non-Abelian gauge theory with a SU(3) gauge group
and fermions in the fundamental representation. The quarks carry colour charges and
interact via the strong force mediated by gauge bosons called gluons. The gluons also
carry colour charges and hence are themselves interacting strongly. This gives rise to
some specific features which makes QCD inherently harder to analyse than, e.g., QED.
One important property of QCD is that its strong coupling constant αs(µ) = g2(µ)/4π
is a function of the energy scale µ. At high energies the coupling becomes very small
and quarks and gluons interact only very weakly (asymptotic freedom [21, 22]). In this
region perturbation theory can safely be applied. At low momentum transfer (large
distances) the coupling becomes very strong and perturbative methods fail to describe
the interactions. At low energies the non-perturbative method of lattice QCD provides a
very powerful tool to investigate the strong interactions from first principles.

In the following the key concepts of the lattice QCD discretization are introduced
starting from the continuum formulation of QCD. Then the generation of gauge field
configurations is outlined and details about the gauge ensembles analysed in this thesis
are given. Having a set of suitable gauge ensembles available completes the first part of
the lattice QCD workflow factorization as introduced in the last section.

This chapter is based on standard text books and introductory articles [23–25], all
suggested for further reading. Parts of this chapter are taken in similar or verbatim form
from [26]. General definitions and conventions applied in the following sections are given
in Appendix A.

2.1 Continuum QCD

QCD is a non-Abelian gauge theory with a SU(3) gauge group and fermions in the
fundamental representation. The form of the QCD Lagrangian is determined by imposing
a local SU(3) invariance of the Lagrangian as well as renormalizability. The latter restricts
the Lagrangian to only contain terms with mass dimension up to four. These requirements
yield the Lagrangian

LQCD = −1

4
F a
µν(x)F

µν
a (x) +

∑
f=u,d,s,...

ψ̄f (x) (iDµγ
µ −mf )ψ

f (x), (2.1)

at least if we exclude a term ∝ ϵµνρσF
a
µνF

ρσ
a , ϵµνρσ being the totally anti-symmetric

tensor, which would violate the symmetry of charge and parity (CP-violation). The first
term in Eq. (2.1) is the kinetic term for the gluons, whereas the second term describes
the fermionic part, thus the interactions of quarks and gluons and the quark masses mf .
The quark fields ψf

α,k are Dirac spinors and come in Nf different flavours f = u, d, s, . . . .
Since quarks are in the fundamental representation of the SU(3) (colour) group, the colour
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index runs over k = 1, 2, 3. Antiquarks, denoted by ψ̄f
α,k, transform in the conjugate

representation and the mass of the quarks is given by the parameter mf and is flavour-
dependent. The γ-matrices γµ live in the Dirac space and mix the components of the
spinor fields. To ensure gauge invariance for the kinetic term containing derivatives, the
covariant derivative Dµ is defined by

Dµ = ∂µ − igAa
µ(x)t

a, (2.2)

where the parameter g gives the coupling of the fermions to the gauge bosons. Gauge
bosons (gluons for QCD) are introduced as vector fields Aµ(x) =

∑
aA

a
µ(x)t

a with
Lorentz index µ = 1, . . . , 4 and colour index a = 1, . . . , 8. Here ta are the generators of
the gauge group. These fulfill [

ta, tb
]
= ifabctc, (2.3)

where the structure constants fabc are totally antisymmetric and the fields Aµ are elements
of the Lie-algebra su(3). Since in general, N2 − 1 real parameters are needed to describe
a SU(N) matrix, the adjoint colour index runs up to 8. We require the fermionic part of
the Lagrangian to be invariant under local SU(3) transformations of the fermion fields
ψ(x). Suppressing the flavour index f , the fermion fields have to transform as

ψ(x) → ψ′(x) = V (x)ψ(x), (2.4)

ψ̄(x) → ψ̄′(x) = ψ̄(x)V †(x) (2.5)

with V (x) = eiω
a(x)ta ∈ SU(3). This leads to the gauge transformation law of the gluon

field as

Aµ(x) → A′
µ(x) = V (x)

(
Aµ(x) +

i

g
∂µ

)
V †(x), (2.6)

which implies that Dµ(x)ψ(x) transforms in the same way as ψ(x). Imposing invariance
of the fermionic part of the Lagrangian under local SU(3) transformations therefore
requires to introduce gauge fields Aµ(x) transforming as stated above.

For QCD the field strength tensor F a
µν , which only contains the gluon fields, is given by

F a
µν = ∂µA

a
ν − ∂νA

a
µ + gfabcAb

µA
c
ν , (2.7)

i.e., Fµν = i
g [Dµ, Dν ], see Eqs. (2.2) and (2.3). The first term in the QCD Lagrangian

Eq. (2.1) is built from the contraction of two field strength tensors and therefore is invariant
under gauge transformations Eq. (2.6) and describes the dynamics of gluons. In Eq. (2.7)
the last term only arises for non-Abelian gauge groups and yields cubic and quartic terms
of the fields Aµ in the Lagrangian (2.1) leading to a nontrivial interacting field theory.
An important consequence of these additional terms, resulting in self-interactions of the
gluons, is asymptotic freedom at high energy scales and (colour) confinement at hadronic
scales. Due to confinement, quarks and gluons are, at low energies, bound into colour
neutral hadrons and free “coloured” particles cannot be observed in Nature. This has not
yet been proven analytically but is confirmed by lattice QCD simulations.

In addition to the local SU(3) invariance discussed above, the QCD Lagrangian for
Nf mass degenerate quark flavours is invariant under a global SU(Nf ) (vector) flavour
symmetry and in the limit of massless quarks (spontaneously broken [27]) SU(Nf ) chiral
symmetry holds. Further the QCD Lagrangian respects the discrete symmetries parity,
charge conjugation and time-reversal and only depends on Nf + 1 free parameters, the
quark masses mf and the coupling g. The classical equations of motion for QCD can be
derived from this Lagrangian, that serves as a starting point for discretizing QCD on a
spacetime lattice.
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2.2 QCD on the lattice

Already in 1974 Wilson [28] introduced the formulation of lattice QCD providing a very
powerful non-perturbative method which can be used to study the low energy regime
of QCD from first principles. In this framework QCD is discretized on a finite four
dimensional hypercubic lattice with lattice spacing a which serves as a regulator of the
ultraviolet divergences. The quark fields are placed on the sites of the lattice, whereas
the gluon fields are link variables connecting two neighboring sites. The theory is well
defined and leads itself to numerical simulations enabling the calculation of expectation
values by employing Monte Carlo techniques including importance sampling.

We will briefly introduce the framework of lattice QCD starting with the path integral
formalism and the lattice discretization. Moreover, we discuss the lattice discretizations
of the fermion and gauge action giving further details about the action employed within
this thesis.

2.2.1 Path integral formalism

One possibility to quantize a field theory is the path integral formalism proposed by
Feynman [29], which is also well suited for the lattice QCD formalism. Applying this
approach, the expectation value of an observable O can be expressed by an integral over
all field configurations ψ, ψ̄ and Aµ as

⟨O⟩ = 1

Z

∫
DψDψ̄DAµ O[ψ, ψ̄, Aµ] exp(−S[ψ, ψ̄, Aµ]), (2.8)

where the quark fields ψ and ψ̄ are Grassmann valued1 to incorporate Fermi-Dirac
statistics. The partition function Z is defined as

Z =

∫
DψDψ̄DAµ exp(−S[ψ, ψ̄, Aµ]) (2.9)

and the Euclidean action S is given by integrating the Lagrangian LQCD in Eq. (2.1)
over spacetime and performing a Wick-rotation, i.e., going to imaginary time t → iτ .
As a consequence, Minkowski space is transformed into Euclidean space, leading to the
Euclidean action

S[ψ, ψ̄, Aµ] =

∫
d4x

1

4
F a
µνF

a
µν +

∑
f

ψ̄f (γµDµ +mf )ψ
f , (2.10)

where now the matrices γµ satisfy the Clifford algebra in the Euclidean metric {γµ, γν} =
2δµν1. The integral contains a real valued weight factor exp(−S), enabling a stochastic
estimation via Monte Carlo methods. This would not be possible having an oscillating
complex exponential (a so-called sign problem).

As before, the first term of the action in Eq. (2.10) describes the gauge part whereas
the second term corresponds to the fermionic part including the interactions between
quarks and gluons. When discretizing the action on the lattice it is convenient to separate
the gauge and the fermion parts as

S[ψ, ψ̄, U ] = SG[U ] + SF [ψ, ψ̄, U ]. (2.11)

The lattice action is not uniquely constrained by the continuum action and we will discuss
the particular choices for the fermion and the gauge action employed within this thesis in
the following. Note that on the lattice the gluon fields are represented by the variables U
which will be introduced in the next section.

1i.e., anticommuting as for example {ψf
α,k, ψ

f ′
α′,k′} = 0
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µ

ν

x x+ µ̂

x+ µ̂+ ν̂x+ ν̂

Uµ(x)

Uν(x+ µ̂)

U†
µ(x+ ν̂)

U†
ν (x) Pµν

Rµν

y

ψ(y)
ψ̄(y)

a

Figure 2.1: Sketch of the µ-ν-plane of a lattice with lattice spacing a. The fermion fields (blue) are
sitting on the sites, whereas two neighboring sites are connected by link variables Uµ. A counter clockwise
oriented plaquette Pµν built from four link variables and the rectangular 1× 2 and 2× 1 loops Rµν are
depicted in orange.

2.2.2 Lattice discretization

The integral in Eq. (2.8) is still not well defined since it requires integration over infinitely
many gauge field variables. To solve this problem one can discretize the Euclidean
spacetime on a finite four dimensional hypercubic lattice given by a set of points (sites),
separated by the lattice spacing a. This lattice can be denoted as

Λ = {x = an; n = (n0, n1, n2, n3) |
n0 = 0, 1, . . . , Nt − 1; n1, n2, n3 = 0, 1, , . . . , Ns − 1}, (2.12)

with V = a3N3
s being the spatial volume and aNt the Euclidean time extend of the lattice.

In principle, the lattice spacing a does not have to be the same in all directions, so one
can construct anisotropic lattices with different lattice spacings in different directions. In
addition, there are different boundary conditions which can also be chosen independently
for different directions of the lattice. Popular choices include, e.g., (anti-)periodic, open
or Schrödinger functional boundary conditions. Within this thesis, isotropic lattices are
employed and details on the boundary conditions are discussed in section 2.3.2 below.
The ultraviolet and the infrared cutoff, introduced by the lattice spacing and the finite
lattice extend, respectively, have to be removed to obtain physical results by taking the
continuum limit (a→ 0) and the infinite volume limit (V → ∞, aNt → ∞).

When discretizing QCD, the quark fields ψ(x) and ψ̄(x) are put on the sites x of the
lattice. Further, the gluon fields, represented by the group valued variables

Uµ(x) = P exp

(
i

∫ x+µ̂

x
dx′Aµ(x

′)
)

∈ SU(3), (2.13)

introduced further below, live on the links connecting two neighboring sites x and x+ µ̂.
Here the algebra valued gauge fields Aµ have been rescaled as Aµ → 1

gAµ, µ̂ is a vector
with length |µ̂| = a in direction µ and P stands for the path ordered product. Figure 2.1
shows a schematic representation of the lattice.
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The lattice version of the action should preserve the same local rotational SU(3)
invariance as the continuum action, hence one imposes the same transformation properties
for the fermion fields as in Eqs. (2.4) and (2.5) with a group element V (x) ∈ SU(3). In
the free fermion action, i.e., with Aµ = 0, the derivative can be discretized in a symmetric
derivative form as

∂µψ(x) →
ψ(x+ µ̂)− ψ(x− µ̂)

2a
+O(a2). (2.14)

However, this derivative is not invariant under local transformations of the fermion fields
and one has to introduce gauge fields with transformation properties

Uµ(x) → V (x)Uµ(x)V
†(x+ µ̂) (2.15)

in order to preserve gauge invariance. Furthermore the orientation of the fields are related
by

U−µ(x) ≡ U †
µ(x− µ̂). (2.16)

The link variables Uµ also exist in the continuum theory. They are the so-called gauge
transporters

G(x, y) = P exp

(
i

∫
C
A · ds

)
, (2.17)

where C is a curve between points x and y. The gauge transporter G(x, x+ µ̂) has the
same transformation properties (2.15) as the link variable Uµ(x). On the lattice the group
valued link variables Uµ as given in Eq. (2.13) are now the new fundamental variables.

2.2.3 Fermion action

Having introduced the gluon fields Uµ as link variables we will now discuss the fermion
action. Including link variables, terms like ψ̄(x)Uµ(x)ψ(x+ µ̂) are gauge invariant and
the simplest form of the discretized and gauge invariant fermion action for a single quark
flavour reads

SF [ψ, ψ̄, U ] = a4
∑
x∈Λ

ψ̄(x)
[
γµ
(
∇µ +∇∗

µ

)
+m

]
ψ(x). (2.18)

The discretized forward and backward covariant derivatives ∇µ and ∇∗
µ are given by

∇µψ(x) =
Uµ(x)ψ(x+ µ̂)− ψ(x)

2a
, (2.19)

∇∗
µψ(x) =

ψ(x)− U †
µ(x− µ̂)ψ(x− µ̂)

2a
(2.20)

and the integral over Euclidean spacetime has been replaced by a sum over all lattice
sites ∫

d4x→ a4
∑
x∈Λ

. (2.21)

Performing the continuum limit a→ 0, this so-called naive fermion action indeed yields
the continuum form of the fermion action. However, this action suffers from the fermion
doubling problem, meaning that it will effectively describe sixteen fermion species instead
of one. The doubling problem can be solved by adding to the fermion action a further
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irrelevant term of dimension five, called the Wilson term, in such a way to provide an
infinite mass to the fifteen unwanted species in the continuum limit.

Within this thesis we employ the Clover-Wilson fermion action for the three lightest
quark flavours f ∈ {u, d, s} given by [28, 30]

SW
F [ψ, ψ̄, U ] = a4

∑
f

∑
x∈Λ

ψ̄f (x)D(U,mf )ψ
f (x), (2.22)

where the Dirac operator for a single flavour reads

D(U,mf ) =
[
γµ
(
∇µ +∇∗

µ

)
− a∆− a

cSW
4
σµνF̂

µν(x) +mf

]
. (2.23)

The second term with ∆ = ∇∗
µ∇µ is the Wilson term removing the “doublers”. In the

third term F̂µν is the lattice discretization of the field strength tensor, see, e.g., Ref. [31].
Following Symanzik’s improvement programme [32–34], this so-called clover term2 is
added to remove the discretization effects of order a. A non-perturbative determination
of the clover coefficient cSW [35] can effectively remove completely the leading order
discretization effects from the fermion action which leaves us with O(a2) discretization
effects only.

One finds that the Wilson term explicitly breaks chiral symmetry on the lattice, i.e.,

γ5D +Dγ5 = 0 (2.24)

is violated also in the massless limit for the Dirac operator (2.23). In fact, Nielsen and
Ninomiya [36–38] showed that it is not possible to construct a fermion action which is
ultralocal, free of doublers and invariant under chiral symmetry. However the Dirac
operator (2.23) fulfills the property

γ5D = D†γ5, (2.25)

known as γ5-hermiticity, which implies that the eigenvalues of the Dirac operator come
in complex conjugate pairs. Therefore it is ensured that the fermion determinant is real
which enables numerical simulations as will be discussed later.

Note again, the discretized lattice action is not unique and there exists a variety of
(Symanzik improved) fermion actions having different properties in the literature.

2.2.4 Gauge action

Having a suitable lattice discretization of the fermion action one also needs to construct
a gauge invariant gluon action on the lattice. One way to build a gauge invariant object
on the lattice from gluon fields is to take the trace over the ordered product of link
variables along a closed loop, called Wilson loop. The simplest Wilson loops are the 1× 1
plaquette Pµν constructed by the product of four link variables in a plane

Pµν(x) = Uµ(x)Uν(x+ µ̂)U †
µ(x+ ν̂)U †

ν (x) (2.26)

and the planar rectangular loop Rµν (of length six), which in the 2× 1 case is given by

Rµν(x) = Uµ(x)Uµ(x+ µ̂)Uν(x+ 2µ̂)U †
µ(x+ µ̂+ ν̂)U †

µ(x+ ν̂)U †
ν (x), (2.27)

2The ’clover term’ was first introduced by Sheikholeslami and Wohlert in 1985 [30], where the name
stems from the fact that the field strength tensor F̂µν can be expressed in terms of sums over four
adjacent plaquettes which are associated with forming a clover leaf.
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see Fig. 2.1 for a graphical illustration. The traces of these loops, being gauge invariant
quantities, can be used to construct the gauge action for the gluons. The first formulation
was proposed by Wilson [28] and is given by

SW
G [U ] =

β

6

∑
P

Re Tr [1− Pµν(x)] , (2.28)

where β = 6/g2 and one sums over all plaquettes P of the lattice. It can be shown, that
this action reproduces, in the naive continuum limit a→ 0, the continuum gauge action.
The Wilson gauge action has lattice cutoff effects of O(a2) as we have for our fermion
action. However, there are various approaches to construct improved actions to accelerate
the convergence of the limit a→ 0.

In this thesis we employ the tree-level Lüscher-Weisz gauge action [39]

SLW
G [U ] =

β

6

(
c0
∑
P

Re Tr [1− Pµν(x)] + c1
∑
R

Re Tr [1−Rµν(x)]

)
. (2.29)

The coefficients ck, for which the normalization c0 + 8c1 = 1 must hold, can be chosen
such that the leading order discretization effects cancel in the linear combinations of the
sums over all plaquettes and all rectangular loops on the lattice. For the action used in
the simulations c0 = 5/3 and c1 = −1/12 [40]. This leaves us with O(αsa

2) discretization
effects. Note that for c1 = 0 we again obtain the Wilson gauge action from Eq. (2.28).

Again, many different lattice actions can be written down that reproduce the correct
continuum limit of QCD, so that the lattice action provided here is not unique. A review
of lattice actions employed in the current literature can be found in Appendix A.1 of the
2019 Flavour Lattice Averaging Group (FLAG) review [41].

2.3 Lattice QCD simulations

So far we quantized QCD via the Feynmann path integral formalism and constructed an
appropriate action (discretized on a finite Euclidean spacetime lattice) summarized by

S[ψ, ψ̄, U ] = SLW
G [U ] + SW

F [ψ, ψ̄, U ], (2.30)

see Eqs. (2.22) and (2.29) for the fermion and gauge action, respectively, where in the
following we will drop the superscripts again. In order to obtain physical results one needs
to compute expectation values of gauge invariant observables by computing integrals like

⟨O[ψ, ψ̄, U ]⟩ = 1

Z

∫
DψDψ̄DU O[ψ, ψ̄, U ] exp(−S[ψ, ψ̄, U ]), (2.31)

with Z defined such that ⟨1⟩ = 1 (cf. Eq. (2.9)).
The next section first very briefly outlines the key concepts used in lattice QCD

simulations [42] and then gives an overview over the gauge ensembles analysed in this
work. For more details on lattice QCD simulations see Refs. [24, 43]. Section 2.3.2 has
already been published in similar or verbatim form in Ref. [SW2].

2.3.1 Generation of gauge ensembles

As already mentioned above, the quark fields ψ and ψ̄ have Grassmannian nature, making
a numerical evaluation on classical computers unfeasible. However, the fermion action
is a bilinear functional in the quark fields (SF [ψ, ψ̄, U ] = ψ̄D[U ]ψ), which enables us to
integrate them out analytically. The Gaussian integral over the Grassmann variables in
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the partition function Z yields the so-called fermion determinant of the Dirac operator
det(D[U ]) and one finds that expectation values can be computed as

⟨O[U ]⟩ =
∫

DUP [U ] O[D−1[U ], U ], (2.32)

where

P [U ] =
1

Z

∏
f

det(Df [U ]) exp(−SG[U ]) (2.33)

can be interpreted as a probability distribution and D−1[U ] denotes the inverse of the
Dirac operator, i.e., the quark propagator. All quark field dependence is gone and one is
left with an integration over only the link variables Uµ where the integration measure is
given by

DU =
∏
x∈Λ

∏
µ

dUµ(x). (2.34)

Note that when introducing so-called pseudo-fermion fields ϕ the fermion determinant
for two mass-degenerate quark flavours can be evaluated as

det(Df [U ])2 ∝
∫

DϕDϕ† exp
(
−ϕ†(Df [U ]Df [U ]†)−1ϕ

)
. (2.35)

The pseudo-fermion fields ϕ have the same number of degrees of freedom as the fermion
fields ψ but are Gaussian distributed random variables instead of Grassmann numbers.
This approach will be used in the Hybrid Monte Carlo (HMC) algorithm [44] applied for
the generation of gauge ensembles, see discussion below.

Trying to compute the integral in Eq. (2.32) through, e.g., numerical quadrature,
is again unfeasible or even impossible and the method of choice is to use a stochastic
approach to evaluate the path integral. In a typical lattice QCD simulation one therefore
generates an ensemble of gauge field configurations distributed according to the probability
distribution Eq. (2.33) using Markov chain Monte Carlo methods.3 Because of the factor
e−S[U ], which can be interpreted as a Boltzmann weight factor, the contributions from
many configurations will be negligible due to exponential suppression. Thus uniform
sampling would be inefficient and one tries to only sample configurations giving the
largest contributions to the path integral using importance sampling. To achieve this
the Metropolis [46] or the more favored HMC algorithm can be used. The latter is
a combination of the Molecular Dynamics algorithm with a Metropolis accept-reject
step. Applying such algorithms, the phase-space is traversed by generating a set of
configurations where the new configuration is constructed from the previous one. Sets of
successive configurations created in this way are called Markov chains. Note that this
approach can only be used if the gauge action SG[U ] as well as the fermion determinant
det(D[U ]) are real and positive. The gauge configurations actually used in this thesis
are generated with the openQCD code [47, 48]. The HMC simulations are stabilized by
introducing a twisted mass term for the degenerate Nf = 2 light quarks [48] and the
strange quark is included via an improved rational HMC (RHMC) algorithm [49]. For
further details see references above. The modifications of the target action are corrected
for by applying the appropriate reweighting, see Refs. [50–52] for further details.

3Recently the ‘master field’ approach [45] is investigated where an ensemble of Markov chain Monte
Carlo configurations is replaced by one single very large gauge field configuration.
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Having an ensemble of N gauge field configurations, the expectation value Eq. (2.32)
can be estimated by

⟨O⟩ = 1

N

N∑
i=1

O(D−1[Ui], Ui) +O(1/
√
N), (2.36)

with a statistical error proportional to O(1/
√
N). More details on error estimation is given

in Appendix B.
To save computer time earlier lattice QCD studies often were performed in the ‘quenched

approximation’, i.e., setting det(D[U ]) = 1 and effectively neglecting sea quark contribu-
tions. Today’s state-of-the-art lattice simulations include Nf = 2 + 1 or Nf = 2 + 1 + 1
dynamical sea quarks for the three, respectively four, lightest quark flavors f ∈ {u, d, s, c}.
Typically simulations are performed with the up and down quarks being mass degenerate
(isospin symmetry, Nf = 2) and the masses of the heavier (strange and charm) quarks
tuned to match their physical values. However, there exist also simulations away from the
isospin symmetric point with different masses for the up and down quarks and including
QED effects, see, e.g., Ref. [53].

2.3.2 Overview of analysed gauge ensembles

In this thesis we employ gauge ensembles generated with Nf = 2 + 1 flavours of non-
perturbatively O(a) improved Wilson fermions and the Lüscher-Weisz gauge action. The
ensembles were mostly produced within the Coordinated Lattice Simulations (CLS) [50]
effort. Either periodic or open boundary conditions in time [54] are imposed, where the
latter choice is necessary for ensembles with a < 0.06 fm in order to avoid freezing of the
topological charge and thus to ensure ergodicity [55].
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Figure 2.2: Parameter landscape of the ensembles listed in table D.1. The ensembles are grouped
according to the three quark mass trajectories (see the text and Fig. 2.3): (left) the symmetric line (mℓ =
ms), (middle) the TrM = const. line and (right) the ms = const. line.

In total 47 ensembles were analysed spanning six lattice spacings a in the range
0.039 fm ≲ a ≲ 0.098 fm, with pion masses between 430MeV and 130MeV (below the
physical pion mass), as shown in Fig. 2.2. The lattice spatial extent L is kept sufficiently
large, where LMπ ≥ 4 for the majority of the ensembles. A limited number of smaller
volumes are employed to enable finite volume effects to be investigated, with the spatial
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extent varying across all the ensembles in the range 3.0 ≤ LMπ ≤ 6.5. Further details are
given in Table D.1. The ensembles lie along three trajectories in the quark mass plane,
as displayed in Fig. 2.3:

• the symmetric line: the light and strange quark masses are degenerate (mℓ = ms)
and SU(3) flavour symmetry is exact.

• The TrM = const. line: starting at the mℓ = ms flavour symmetric point, the
trajectory approaches the physical point holding the trace of the quark mass matrix
(2mℓ +ms, i.e., the flavour average quark mass) approximately constant such that
2M2

K +M2
π is close to its physical value.

• The ms = const. line: the renormalized strange quark mass is kept near to its
physical value [56].

The latter two trajectories intersect close to the physical point, whereas the symmetric
line is interesting, in particular, for extrapolations to the SU(3) chiral limit.
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Figure 2.3: Position of the ensembles in the quark mass plane. The TrM = const. line (indicated as
a blue line) and ms = const. line (green line) intersect close to the physical point (black cross). The
symmetric line (orange line), which approaches the SU(3) chiral limit, crosses the TrM = const. line
around Mπ = 411MeV.

2.4 Lattice QCD workflow

In the preceding sections the framework of the lattice QCD discretization and the
generation of gauge field ensembles have been discussed. Within this section we will
introduce a somewhat higher level aspect of lattice QCD calculations, namely the general
workflow of a full lattice QCD calculation, following Ref. [SW9]. We will find that
everything discussed so far completes the first part of the lattice QCD workflow while
the remaining parts are subject to chapter 3.

The goal of a typical lattice QCD calculation, and in particular the focus of this thesis,
is to obtain results of physical observables which then can be compared to experimental
findings or used as input to other theoretical calculations. Ideally, such calculations
should lead to high precision results. Nowadays, state-of-the-art lattice calculations
involve large amounts of data, typically of the order of PetaBytes (PB), making a proper
data and workflow management more and more essential.
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Figure 2.4: Illustration of the generic lattice QCD workflow factorized into three parts [57] (gray boxes):
generation, measurements and analysis. For simplicity further details within the three sub-workflows are
omitted. The input (simulation and measurement) parameters are in general included in the metadata
and are available in the subsequent workflows.

Lattice QCD calculations, in their most general form, factorize into three parts [57]
commonly referred to as generation, measurements and analysis. Figure 2.4 illustrates
the generic workflow that is applicable to the work presented in this thesis. The first
(generation) part of the workflow consists of the generation of gauge field ensembles
(c.f. section 2.3). Note that this step was not carried out as part of this thesis and all
gauge ensembles were already available for further analysis. In the second (measurements)
part, correlation functions are computed on the gauge configurations. Within this project
two- and three-point correlation function measurements, as described in section 3.2, were
carried out. This part (along with the generation part) is computationally intensive
and has to be performed on supercomputers such as, e.g., JUWELS [58] or JURECA
Booster [59]. In total, approximately 1 PB of gauge configurations were analysed and
nearly 2 PB of stochastic three-point correlation function data (see section 3.3) were
generated as part of this thesis. In the third (analysis) part, performing a statistical
analysis, physical observables are extracted from the correlation functions and extrapolated
to the continuum, infinite volume and (chiral or physical) quark mass limits. The physical
results we are primarily interested in within this thesis are the baryon charges as defined
in section 3.1 which we extrapolate to the physical point. The large number of analysed
ensembles covering a wide range of the parameter space allows us to investigate the
systematic effects associated with the calculations, as further explained in section 3.6. In
the end, the statistical and systematic uncertainties should be fully assessed in order to
perform a reliable comparison with experiment.

As a large amount of data is generated at different stages of the workflow described
above, it is crucial to maintain the reproducibility and reusability of these datasets. To this
end, Ref. [SW9] presents an initial step towards applying provenance workflow modeling
to lattice QCD calculations. For further details and in particular a brief introduction to
workflow provenance see Ref. [SW9].
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3 | MEASUREMENT AND ANALYSIS

METHODS

Before presenting the results from the analysis of the leading order SU(3) LECs in
chapter 4 and the octet baryon isovector charges in chapter 5 this chapter will review the
main technical aspects of the associated measurement and analysis methods.

First the octet baryon charges and some related quantities of interest are defined in
section 3.1. Then, in section 3.2, details about the calculation of two- and three-point
correlation functions will be given. These correlation functions are the fundamental
building blocks of the subsequent analysis and enable one to extract physical results
such as masses or matrix elements from lattice QCD calculations. In terms of the lattice
QCD workflow factorization, defined in section 2.4 above, see in particular Fig. 2.4, the
measurements of correlation functions constitutes the second part. A computationally
efficient stochastic approach for calculating baryon three-point functions is described in
section 3.3. While the stochastic estimation of baryon three-point functions was already
implemented in the course of Ref. [60] (recommended for further details), the results
obtained within this thesis are the first substantial results employing this method.

In the subsequent sections, we lay the foundations for part three of the lattice QCD
workflow, i.e., the analysis of physical observables extracted from correlation functions.
Section 3.4 provides details on the extraction of the ground state matrix elements of
interest from the correlation functions and the problem of excited state contaminations. All
relevant renormalization factors needed to match the matrix elements to the continuum
MS (modified minimal subtraction) scheme and improvement coefficients to ensure
leading O(a2) discretization effects are collected in section 3.5. Then, in section 3.6 the
systematic effects associated with the final results of the baryon charges obtained from
lattice QCD calculations are discussed. Finally, section 3.7 outlines the strategy for the
interpolation/extrapolation of the baryon charges to the physical point in the continuum
and infinite volume limit. Within this extrapolation strategy all sources of systematic
uncertainty associated with simulating at unphysical quark mass, finite volume and finite
lattice spacing are carefully investigated.

Parts of this chapter are based on Ref. [24] or are taken in similar or verbatim form
from [26] and [SW2]. General definitions and conventions can be found in Appendix A
while some of the basic statistical concepts and methods applied within the data analysis
part are described in Appendix B.

3.1 Octet baryon charges

All light baryons (i.e., baryons without charm or bottom quarks)1 with strangeness S < 0,
i.e., with a net difference between the numbers of strange (s) antiquarks and quarks
are usually called hyperons (and antihyperons for S > 0). The spin-1/2 baryon octet,

1Note that hadrons including top quarks do not exist since the hadronization time is much longer
then the mean lifetime of the top quark decaying via the weak force.
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depicted in Fig. 1.2, contains the nucleons N ∈ {p, n}, besides the S = −1 hyperons
Λ0 and Σ ∈ {Σ+,Σ0,Σ−} and the S = −2 hyperons Ξ ∈ {Ξ0,Ξ−} (cascades). Within
this thesis isospin symmetry mℓ = mu = md is assumed, where mℓ corresponds to the
average mass of the physical up (u) and down (d) quarks. In this case, the baryon masses
within isomultiplets are degenerate and simple relations exist between matrix elements
that differ in terms of the isospin I3 of the baryons and of the local operator (current).

Baryon charges gB′B
J are obtained from matrix elements of the form

⟨B′(p′, s′)|ūΓJd|B(p, s)⟩ = gB
′B

J ūB′(p′, s′)ΓJuB(p, s) (3.1)

at zero four-momentum transfer q2 = (p′ − p)2 = 0. Above, uB(p, s) denotes the Dirac
spinor of a baryon B with four momentum p and spin s. We restrict ourselves to ∆I3 = 1
transitions within the baryon octet. In this case p′ = p, since in isosymmetric QCD
mB′ = mB , and it is sufficient to set p = 0. Rather than using the above I3 = 1 currents
ūΓJd (where the vector and axial currents couple to the W− boson), it is convenient to
define I3 = 0 isovector currents,

OJ(x) = ū(x)ΓJu(x)− d̄(x)ΓJd(x), (3.2)

and the corresponding charges gBJ ,

⟨B(p, s)|OJ |B(p, s)⟩ = gBJ ūB(p, s)ΓJuB(p, s), (3.3)

which, in the case of isospin symmetry, are trivially related to the gB′B
J :

gNJ := gpJ = gpnJ , (3.4)

gΣJ := gΣ
+

J = −
√
2 gΣ

+Σ0

J , (3.5)

gΞJ := gΞ
0

J = −gΞ0Ξ−
J . (3.6)

Note that we do not include the Λ baryon here since in this case the isovector combination
trivially gives zero. We consider vector (V ), axialvector (A), scalar (S) and tensor (T )
operators which are defined through the Dirac matrices (see, e.g., Appendix A.2) ΓJ =
γ4, γiγ5, 1, σij for J ∈ {V,A, S, T}, where i, j ∈ {1, 2, 3} and i < j.

The axial charges in the ms = mℓ = 0 chiral limit are important parameters in
SU(3) ChPT and enter the expansion of every baryonic quantity. These couplings can
be decomposed into two LECs F and D which appear in the first order meson-baryon
Lagrangian for three light quark flavours (see, e.g., Ref. [61]):

gNA = F +D, gΣA = 2F, gΞA = F −D. (3.7)

Due to group theoretical constraints, see, e.g., Refs. [62, 63], such a decomposition also
holds for ms = mℓ > 0, for the axial as well as for the other charges. We define for
m = ms = mℓ

gNJ (m) = FJ(m) +DJ(m), (3.8)

gΣJ (m) = 2FJ(m), (3.9)

gΞJ (m) = FJ(m)−DJ(m), (3.10)

where F = FA(0) and D = DA(0).
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3.2 Correlation functions

The octet baryon charges defined in the previous section are extracted from two- and
three-point correlation functions of the form

CB
2pt(t) = Pαβ

+

∑
x

⟨Bα(x, t) B̄β(0, 0)⟩, (3.11)

CB
3pt(t, τ ;OJ) = Pαβ

∑
x,y

⟨Bα(x, t)OJ(y, τ)B̄β(0, 0)⟩. (3.12)

Here B and P denote the appropriate interpolators and projection operators which are
discussed in the following in more detail.

On the lattice baryon states with the quantum numbers of interest are created (anni-
hilated) using suitable interpolators B̄ (B). A generic form of a baryon interpolator is
given by

Bα(x) = ϵabcΓ
1
α,α′ψ

f1
α′,a(x)

(
ψf2
β,b(x)Γ

2
β,γψ

f3
γ,c(x)

)
, (3.13)

with quark fields ψ and (Γ1,Γ2) being suitable combinations of γ-matrices. For simplicity,
in the following we will denote a quark field ψf with flavour f ∈ {u, d, s} by its flavour
as, e.g., ψu = u. Common choices for the Γ-matrices are (Γ1,Γ2) = (1, Cγ5) and
(Γ1,Γ2) = (1, Cγj) for spin-1/2 octet and spin-3/2 decuplet baryons, respectively, where
C denotes the charge conjugation matrix. Within this thesis we are only interested in
spin-1/2 octet baryon states for the nucleon, Σ and Ξ, where we employ the interpolators
corresponding to the proton, Σ+ and Ξ0, respectively,

Nα = ϵabcuaα

(
ubTCγ5d

c
)
, (3.14)

Σα = ϵabcuaα

(
sbTCγ5u

c
)
, (3.15)

Ξα = ϵabcsaα

(
sbTCγ5u

c
)
. (3.16)

These interpolators are constructed from spatially extended quark fields in order to
increase the overlap with the ground state of interest and minimize contributions to the
correlation functions from excited states. Wuppertal (Gauss) smearing [64] is employed
on the quark fields

ψ(n)(x) =
1

1 + 6δ

(
ψ(n−1)(x) + δ

±3∑
i=±1

Ui(x)ψ
(n−1)(x+ aî)

)
, (3.17)

where we set δ = 0.25. The number of smearing iterations (n) is varied with the aim of
ensuring that ground state dominance sets in for moderate time separations. The root
mean squared quark smearing radius r2sm is defined by

r2sm =

Ns/2−1∑
n1,n2,n3=−Ns/2

ψ†(na)n2a2ψ(na),

Ns/2−1∑
n1,n2,n3=−Ns/2

ψ†(na)ψ(na) = 1, (3.18)

where the light quark smearing radii range from about 0.6 fm (for Mπ ≈ 430 MeV) up to
about 0.8 fm (for Mπ ≈ 130 MeV). See section E.1 (in particular Table 15) of Ref. [52] for
further details including the smearing radii for the strange quarks. In order to illustrate
the effect of fixed smearing radii, Fig. 3.1 shows as an example the effective mass of the
nucleon and the Ξ which in lattice units is defined as

amB
eff(t+ a/2) = log

(
CB

2pt(t)

CB
2pt(t+ a)

)
. (3.19)

19



0.5 1.0 1.5 2.0

t [fm]

0.8

1.0

1.2

1.4

1.6
m
N e
ff

[G
eV

]
A654

H102

S400

N203

N302

J501

0.5 1.0 1.5 2.0

t [fm]

1.0

1.2

1.4

1.6

m
Ξ e
ff

[G
eV

]

A654

H102

S400

N203

N302

J501

Figure 3.1: Effective masses (see Eq. (3.19)) in physical units of the nucleon (left) and Ξ (right)
determined on ensembles with Mπ ≈ 340MeV and MK ≈ 450MeV and lattice spacings ranging from
a = 0.098 fm (ensemble A654) down to a = 0.039 fm (ensemble J501).

This demonstrates that, when keeping for similar pion and kaon masses the smearing
radii fixed in physical units, the ground state dominates the two-point functions at similar
physical times across different lattice spacings. An alternative quark field smearing
method is, e.g., Jacobi smearing [65].

In addition to the quark fields, the gauge links Ui(x) in Eq. (3.17) are APE-smeared [66]
via

U
(n)
i (x) = PSU(3)

αU (n−1)
i (x) +

∑
j ̸=i

S
(n−1)
ij (x)

 , (3.20)

where i, j ∈ {1, 2, 3}, PSU(3) projects into the SU(3) group, the weight factor α is set to
α = 2.5 and we apply n = 25 iterations. The sum in Eq. (3.20) sums all four spatial
“staples” adjacent to U (n)

i (x) where

S
(n)
ij (x) = U

(n)
j (x)U

(n)
i (x+ aĵ)U

†(n)
j (x+ aî)

+ U
†(n)
j (x− aĵ)U

(n)
i (x− aĵ)U

(n)
j (x− aĵ + aî). (3.21)

Other popular algorithms to reduce the short distance fluctuations of the gauge field
configurations are HYP [67] or stout [68] smearing. Smeared gauge fields are only used
for the construction of interpolators and smeared quark fields. The computations for
propagating quarks are performed on the unsmeared gauge configurations, thereby not
modifying the fermionic action.

Having constructed the appropriate interpolators for the analysis, the two- and three-
point functions from Eqs. (3.11) and (3.12) are constructed for the three baryons B ∈
{N,Σ,Ξ} and the isovector current combination OJ = ūΓJu− d̄ΓJd for J ∈ {V,A, S, T}.
Without loss of generality, we place the source space-time position at the origin (0, 0)
and the sink at (x, t) such that the source-sink separation in time equals t. The current
is inserted at (y, τ) with 0 ≤ τ ≤ t.2 The annihilation interpolators are projected onto
zero-momentum via the sums over the spatial sink position, while momentum conservation
(and the sum over y for the current) means the source is also at rest. We ensure positive
parity via the projection operator P+ = 1

2(1+ γ4). For the three-point functions, P = P+

for J = V, S and P = iγiγ5P+ for J = A, T . The latter corresponds to taking the
difference of the polarizations (in the i direction).

Computing the integrals over the Grassmann valued quark fields ψ, i.e., evaluating the
expectation value ⟨·⟩ over the fermion fields, the expectation values of correlation functions

2In practice only data with 2a ≤ τ ≤ t− 2a is analysed.
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B̄(xsrc)B(xsnk)

O(xins)

B̄(xsrc)B(xsnk)

O(xins)

B̄(xsrc)B(xsnk)

Figure 3.2: Quark-line diagrams of the two-point (left) and connected three-point (middle) correlation
functions where xsrc = (0, 0), xins = (y, τ) and xsnk = (x, t). The disconnected quark-line diagrams for
the three-point functions (left) cancel when forming the isovector flavour combination of the current.

are related to quark propagators using Wick’s theorem. Performing these so called Wick
contractions for the two- and three-point correlation functions leads to the connected
quark-line diagrams displayed in Fig. 3.2. Note that, there are no disconnected quark-line
diagrams for the three-point functions as these cancel when forming the isovector flavour
combination of the current.

For the example of a nucleon two-point correlation function the Wick contractions
yield

CN
2pt(t) = Pαᾱ

+

∑
x

⟨Nα(x, t) N̄ᾱ(0, 0)⟩

= Pαᾱ
+

∑
x

ϵabcϵāb̄c̄(Cγ5)βγ(Cγ5)γ̄β̄⟨ uaα(x) ubβ(x) dcγ(x) d̄c̄γ̄(0) ūb̄β̄(0) ūāᾱ(0) ⟩

= Pαᾱ
+

∑
x

ϵabcϵāb̄c̄(Cγ5)βγ(Cγ5)γ̄β̄

×Dcc̄
γγ̄(x, 0)

(
U bb̄
ββ̄(x, 0)U

aā
αᾱ(x, 0)− Uab̄

αβ̄(x, 0)U
bā
βᾱ(x, 0)

)
. (3.22)

In the last line U(x, y) and D(x, y) denotes the quark propagator
[
D−1(x, y)

]
f

(i.e., the
inverse of the Dirac operator Df ) describing a quark propagating from point y to x
with flavour f = u and f = d, respectively. Similar expressions including one additional
propagator are obtained for the three-point functions CB

3pt(t, τ ;OJ).
The two-point functions are constructed in the standard way using point-to-all propa-

gators Gf (x, x0) describing the propagation from a fixed space-time point x0 to all other
points x. To obtain the point-to-all propagator one has to solve the equation∑

x

Df (y, x)Gf (x, x0) = S(y, x0), (3.23)

where S(y, x0) is a smeared (see Eq. (3.17)) point-source δ(y − x0)δα,α0δa,a0 . In total, 12
inversions have to be performed, one for each combination of the spin (α0) and colour (a0)
index, to obtain the point-to-all propagator.

In Fig. 3.2 the quark-line diagram for the connected three-point function contains an all-
to-all quark propagator which connects the current insertion at time τ with the baryon sink
at time t. The all-to-all propagator is computationally too expensive to evaluate exactly.
One commonly used approach avoids directly calculating the propagator by constructing
a sequential source [69] which depends on the baryon sink interpolator (including its
temporal position and momentum). The sequential propagator Σf (x, x0) is obtained by
again solving an equation of the form

Df (y, x)Σf (x, x0) = Sseq(y, x0), (3.24)
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which is similar to Eq. (3.23) but now the sequential source Sseq(y, x0) is given by a
linear combination of products of point-to-all propagators (of the quark-lines of the
connected three-point function without a current insertion) and γ-matrices (of the baryon
interpolator and the projection operator).

For the three-point functions either the sequential source method (on some ensembles
in combination with the coherent sink technique [70]) or a stochastic approach (described
in the next section) is employed. The stochastic approach provides a computationally
cost efficient way of evaluating the three-point functions for the whole of the baryon
octet, however, additional noise is introduced, see section 3.3 for details. The relevant
measurements for the nucleon (which has the worst signal-to-noise ratio of the octet)
have already been performed with the sequential source method as part of other projects
by our group, see, e.g., Ref. [71]. We use these data in our analysis and the stochastic
approach for the correlation functions of the Σ and the Ξ baryons. Note that along the
symmetric line (mℓ = ms) the hyperon three-point functions can be obtained as linear
combinations of the contractions carried out for the currents ūΓJu and d̄ΓJd within the
proton, see section 4.2.2 for more details. Therefore, no stochastic three-point functions
are generated in these cases.

We typically realize four source-sink separations with t/fm ≈ {0.7, 0.8, 1.0, 1.2} in
order to investigate excited state contamination and reliably extract the ground state
baryon octet charges. Details of the fitting analysis are presented in section 3.4. Multiple
measurements are performed per configuration, in particular for the larger source-sink
separations to improve the signal, see Table D.2. The source positions are chosen
randomly on each configuration in order to reduce autocorrelations. On ensembles with
open boundary conditions in time only the spatial positions are varied and the source
and sink time slices are restricted to the bulk of the lattice (sufficiently away from the
boundaries), where translational symmetry is effectively restored.

3.3 Stochastic three-point correlation functions

In the following, the construction of the connected three-point correlation functions
using a computationally efficient stochastic approach is described. This method was
introduced for computing meson three-point functions in Ref. [72] and utilized for baryons
in Refs. [73, 74] and also for mesons in Refs. [75, 76]. Similar stochastic approaches have
been implemented by other groups, see, e.g., Refs. [77, 78]. For further details on the
implementation within our group see Ref. [60] for the baryon and Ref. [79] for the meson
three-point functions.

The sequential source method as discussed in the previous section has the disadvantage
that one needs to compute a new quark propagator for each source-sink separation, sink
momentum and baryon sink interpolator. Alternatively, one can estimate the all-to-all
propagator stochastically. This introduces additional noise on top of the gauge noise,
however, the quark-line diagram can be computed in a very efficient way. The stochastic
approach allows one to factorize the three-point correlation function into a “spectator” and
an “insertion” part which can be computed and stored independently with all spin indices
and one colour index open. This is illustrated in Fig. 3.3 and explained in more detail
below. The spectator and insertion parts can be contracted at a later (post-processing)
stage with the appropriate spin and polarization matrices, such that arbitrary baryonic
interpolators can be realized, making this method ideal for SU(3) flavour symmetry
studies. Furthermore, no additional inversions are needed for different sink momenta.

As depicted in Fig. 3.4, we simultaneously compute the three-point functions for a
baryon propagating (forwards) from source timeslice x4 to sink timeslice x′,fwd

4 and propa-
gating (backwards) from x4 to x′,bwd

4 . We start with the definition of the stochastic source
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Figure 3.3: Schematic representation of the forward (left) and backward (right, shown in grey) propagat-
ing three-point correlation functions with open spin indices that are computed simultaneously with the
stochastic approach. The indices corresponding to the spectator and insertion part from the factorization
in Eq. (3.30) are colour-coded in blue and green, respectively. The (black) solid lines correspond to the
standard point-to-all propagators, whereas the (green) wiggly lines represent stochastic timeslice-to-all
propagators. The temporal positions of the forward/backward sink, insertion and source are labelled as
x
′,fwd|bwd
4 , y4 and x4, respectively. The flavour indices are chosen corresponding to a nucleon three-point

function with a ūΓJu-current insertion.

and solution vectors which can be used to construct the timeslice-to-all propagator (shown
as a green wiggly line in Fig. 3.3). In the following i ∈ {1, . . . , Nsto} is the “stochastic
index”, we denote spin indices with Greek letters, colour indices with Latin letters (other
than f or i) and we use flavour indices fn ∈ {u, d, s}. We introduce (time partitioned)
complex Z2 noise vectors [80, 81]

ηi(x)
α
a =

 (Z2 ⊗ iZ2) /
√
2 if x4 = x

′,fwd|bwd
4

0 otherwise ,
, (3.25)

where the noise vector has support on timeslices x′,fwd
4 and x′,bwd

4 . The noise vectors have
the properties

1

Nsto

Nsto∑
i=1

ηi(x)
α
a = O

(
1√
Nsto

)
, (3.26)

1

Nsto

Nsto∑
i=1

ηi(x)
α
aη

∗
i (y)

β
b = δxyδαβδab +O

(
1√
Nsto

)
. (3.27)

The solution vectors sf,i(y) are defined through the linear system

Df (x, y)
αβ
ab sf,i(y)

β
b = ηi(x)

α
a , (3.28)

where we sum over repeated indices (other than f) and Df (x, y)
αβ
ab is the Wilson-Dirac

operator for the quark flavour f . Note that su,i = sd,i since our light quarks are
mass-degenerate.

Using γ5-Hermiticity (γ5Dfγ5 = D†
f ) and the properties given in Eqs. (3.26) and (3.27),

the timeslice-to-all propagator connecting all points of the (forward and backward) sink
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Figure 3.4: Sketch of the source and sink positions of the three-point functions realized using the
stochastic approach. Blue diamonds depict the position of the forward (x′,fwd

x ) and backward (x′,bwd
x )

sink timeslices. Green points correspond to the source timeslices xk4 for k = 0, 1, 2, 3. Each three-point
function measurement is labelled by the source-sink separation, where the values given correspond to the
set-up for the ensembles at β = 3.40.

timeslices x′4 to all points of any insertion timeslice y4 can be estimated as

Gf3(x
′, y)γ

′µ
c′d ≈ 1

Nsto

Nsto∑
i=1

[
γ5ηi(x

′)
]γ′

c′
[
γ5s

∗
f3(y)

]µ
d
. (3.29)

Combining this timeslice-to-all propagator with point-to-all propagators for the source
position x4, baryonic three-point correlation functions can be factorized as visualized in
Fig. 3.3 into a spectator part (S) and an insertion part (I), leaving all flavour and spin
indices open:

C3pt(p
′,q|x′4, y4, x4)α

′αβ′βγ′µνγ
f1f2f3f4

≈ 1

Nsto

Nsto∑
i=1

3∑
c=1

(
Sf1f2(p

′, x′4, x4)
α′αβ′βγ′
ic If3f4(q, y4, x4)

µνγ
ic

)
. (3.30)

The spectator and insertion parts are defined as

Sf1f2(p
′, x′4, x4)

α′αβ′βγ′
ic

:=
∑
x′

(
ϵa′b′c′ϵabcGf1(x

′, x)α
′α

a′aGf2(x
′, x)β

′β
b′b

[
γ5ηi(x

′)
]γ′

c′ e
−ip′·(x′−x)

)
, (3.31)

If3f4(q, y4, x4)
µνγ
ic :=

∑
y

[
γ5s

∗
f3,i(y)

]µ
d
Gf4(y, x)

νγ
dc e

+iq·(y−x). (3.32)

Using these building blocks, three-point functions for given baryon interpolators and
currents for any momentum combination can be constructed. Note that within this thesis
only the case q = p′ = 0 is considered. The point-to-all propagators within the spectator
part are smeared at the source and at the sink, whereas Gf4 is only smeared at the source.
The stochastic source is smeared too, however, this is carried out after solving Eq. (3.28).
In principle, the spectator part also depends on f3 because for f3 = s and f3 ∈ {u, d}
different smearing parameters are used. We ignore the dependence of the spectator part
on f3 since the analysis of this work is restricted to f3, f4 ∈ {u, d}. For details on the
smearing see the previous section. Using the same set of timeslice-to-all propagators, we
compute point-to-all propagators for a number of different source positions at timeslices
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Figure 3.5: Left: polarized nucleon three-point correlation function propagating in the forward and
backward directions for a ūγyγzu current insertion obtained from one stochastic measurement on ensemble
N200 (a = 0.064 fm). Note that two different source positions were needed to obtain the same source-sink
separation t = 14a in the two directions, see Fig. 3.4. Right: forward-backward average of the stochastic
three-point function shown on the left compared to that obtained using the sequential source method (with
one source position, propagating in the forward direction).

x4 in-between x′,bwd
4 and x′,fwd

4 which allows to vary the source-sink distances, see Figs. 3.3
and 3.4.

The number of stochastic estimates Nsto is chosen by balancing the computational
cost against the size of the stochastic noise introduced. We find that for Nsto ≳ 100 the
stochastic noise becomes relatively small compared to the gauge noise and we employ 100
estimates across all the ensembles. In some channels the signal obtained for the three-point
function, after averaging over the forward and backward directions, is comparable to that
obtained from the traditional sequential source method (for a single source, computed
in the forward direction), as shown in Fig. 3.5. Nonetheless, when taking the ratio of
the three-point function over the two-point function for the fitting analysis, discussed in
the next section, a significant part of the gauge noise cancels, while the stochastic noise
remains. This results in larger statistical errors in the ratio for the stochastic approach,
which is a particular problem in the vector channel. A more detailed comparison of the
two methods is given in Appendix C.

As mentioned above, only flavour conserving currents and zero momentum transfer are
considered here. However, in the course of this thesis, the data to construct three-point
functions with flavour changing currents containing up to one derivative for various
different momenta was also obtained, enabling an extensive investigation of (generalized)
form factors in the future. Similarly, meson three-point functions can be constructed by
computing the relatively inexpensive meson spectator part and (re-)using the insertion
part, see Ref. [SW4] for first results.

3.4 Extraction of matrix elements and excited state analysis

The spectral decompositions of the two- and three-point correlation functions read

CB
2pt(t) =

∑
n

|ZB
n |2e−EB

n t , (3.33)

CB
3pt(t, τ ;OJ) =

∑
n,m

ZB
n Z

B∗
m ⟨n|OJ |m⟩e−EB

n (t−τ)eE
B
mτ , (3.34)
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where EB
n is the energy of state |n⟩ (n = 0, 1, . . .), created when applying the baryon inter-

polator B̄ to the vacuum state |Ω⟩ and ZB
n is the associated overlap factor ZB

n ∝ ⟨n|B̄|Ω⟩.
The ground state matrix elements of interest ⟨0|OJ |0⟩ = gB,latt

J can be obtained in the
limit of large time separations from the ratio of the three-point and two-point functions

RB
J (t, τ) =

CB
3pt(t, τ ;OJ)

CB
2pt(t)

t,τ→∞−→ gB,latt
J . (3.35)

However, the signal-to-noise ratio of the correlation functions deteriorates exponentially
with the time separation. For a nucleon two-point function the signal-to-noise ratio falls
as ∼ exp(−(mN − 3

2Mπ)t) [82, 83] and the same can be expected to hold for three-point
functions. With current techniques it is not possible to achieve a reasonable signal for
separations that are large enough to ensure ground state dominance. At moderate t and
τ , one observes significant excited state contributions to the ratio. All states with the
same quantum numbers as the baryon interpolator contribute to the sums in Eqs. (3.33)
and (3.34), including multi-particle excitations such as Bπ P-wave and Bππ S-wave
scattering states. The spectrum of states becomes increasingly dense as one decreases
the pion mass while keeping the spatial extent of the lattice sufficiently large, where the
lowest lying excitations are multi-particle states, see, e.g., discussion and in particular
Fig. 2 in Ref. [84].

One possible strategy is to first determine the energies of the ground state and lowest
lying excitations by fitting to the two-point function (which is statistically more precise
than the three-point function) with a suitable functional form. The energies can then
be used in a fit to the three-point function (or the ratio RB

J ) to extract the charge gBJ .3

However, the three-quark baryon interpolators we use by design have only a small overlap
with the multi-particle states containing five or more quarks and antiquarks and it is
difficult to extract the lower lying excited state spectrum from the two-point function.
Nonetheless, multi-particle states can significantly contribute to the three-point function
if the transition matrix elements ⟨n|OJ |0⟩ are large. Furthermore, depending on the
current, different matrix elements, and hence excited state contributions, will dominate.
In particular, one would expect the axial and scalar currents to couple to the Bπ P-wave
and Bππ S-wave states, respectively, while the tensor and vector currents may enhance
transitions between B and Bππ states when ππ is in a P-wave.

The summation method [69] is an alternative approach, which involves summing the
ratio over the operator insertion time SB

J (t) =
∑t−τ0

τ=τ0
RB

J (t, τ), where one can show
that the leading excited state contributions to SB

J (t) only depend on t (rather than
also on t− τ and τ as for RB

J (t, τ)). However, one needs a large number of source-sink
separations (more than the four values of t that are realized in this study) in order to
extract reliable results from this approach.

These considerations motivate to extract the charges by fitting to the ratio of correlation
functions using a fit form which takes into account the contributions from up to two
excited states,

RB
J (t, τ) = bJ0 + bJ1

(
e−∆E1(t−τ) + e−∆E1τ

)
+ bJ2 e

−∆E1t

+ bJ3

(
e−∆E2(t−τ) + e−∆E2τ

)
+ bJ4 e

−∆E2t. (3.36)

where ∆En = EB
n − EB

0 denotes the energy gap between the ground state and the nth

excited state of the baryon B. The amplitude bJ0 = gB,latt
J gives the charge, while bJ1,3

and bJ2,4 are related to the ground state to excited state and excited state to excited state

3Given the precision of the two-point function relative to that of the three-point function, this strategy
is very similar to fitting CB

2pt and CB
3pt simultaneously.
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Table 3.1: Summary of the fits performed. We vary the combinations of channels J that are fitted
simultaneously as well as the number of excited states (ES) included in the fit and the fit interval
τ ∈ [δt, t − δt] with δt ∈ {δt1, δt2}, where δt1 ≈ 0.15 fm, δt2 ≈ 0.25 fm. The last two columns indicate
which parameters in Eq. (3.36) are fixed by a prior or set to zero. All other parameters are determined
in the fit.

Fit J δt ES prior fixed parameter

1 A,S, T δt1 1 - bJ2 , bJ3 , bJ4 , ∆E2

2 A,S, T δt2 1 - bJ2 , bJ3 , bJ4 , ∆E2

3 A,S, T, V δt1 1 - bJ2 , bJ3 , bJ4 , ∆E2

4 A,S, T, V δt2 1 - bJ2 , bJ3 , bJ4 , ∆E2

5 A,S, T δt1 2 ∆E1 bT1 , bJ2 , bJ4
6 A,S, T δt2 2 ∆E1 bT1 , bJ2 , bJ4
7 A,S, T, V δt1 2 ∆E1 bT,V

1 , bJ2 , bJ4
8 A,S, T, V δt2 2 ∆E1 bT,V

1 , bJ2 , bJ4
9 A,S, T δt1 2 ∆E1 bJ2 , bJ4
10 A,S, T δt2 2 ∆E1 bJ2 , bJ4
11 A,S, T, V δt1 2 ∆E1 bJ2 , bJ4
12 A,S, T, V δt2 2 ∆E1 bJ2 , bJ4
13 A,S, T δt1 2 ∆E2 bT1 , bJ2 , bJ4
14 A,S, T δt2 2 ∆E2 bT1 , bJ2 , bJ4
15 A,S, T, V δt1 2 ∆E2 bT,V

1 , bJ2 , bJ4
16 A,S, T, V δt2 2 ∆E2 bT,V

1 , bJ2 , bJ4
17 A,S, T δt1 2 ∆E2 bJ2 , bJ4
18 A,S, T δt2 2 ∆E2 bJ2 , bJ4
19 A,S, T, V δt1 2 ∆E2 bJ2 , bJ4
20 A,S, T, V δt2 2 ∆E2 bJ2 , bJ4

transition matrix elements, respectively. In practice, even when simultaneously fitting
to all available source-sink separations, it is difficult to determine the energy gaps (and
amplitudes) for a particular channel J . Similar to the strategy pursued in Ref. [85], we
simultaneously fit to all four channels J ∈ {V,A, S, T} for a given baryon. As the same
energy gaps are present, the overall number of fit parameters is reduced and the fits are
further constrained.

To ensure that the excited state contributions are sufficiently under control, a variety
of different fits, summarized in Table 3.1, are carried out, where we vary:

• the data sets included in the fit: simultaneous fits are performed to the data for
J ∈ {A,S, T, V } and J ∈ {A,S, T}. As the axial, scalar and tensor channels are
the main focus of this study, we only consider excluding the vector channel data.

• the parametrization: either one (‘ES=1’) or two (‘ES=2’) excited states are included
in the fits. In the latter case, in order to stabilize the fit, we use a prior for ∆E1

corresponding to the energy gap for the lowest lying multi-particle state. As a
cross-check we repeat these fits using the results obtained for ∆E2 as a prior and
leaving ∆E1 as a free parameter (see the fits labelled 13–20). In general, the
contributions from excited state to excited state transitions could not be resolved
and the parameters b2,4 are set to zero. We also found that the tensor and vector
currents couple more strongly to the second excited state, consistent with the
expectations mentioned above, and the first excited state contributions are omitted
for these channels in the ‘ES=2’ fits. Furthermore, due to the large statistical error
of the stochastic three-point functions for the Σ and Ξ baryons in the vector channel
(see Fig. 3.6 and the discussion in Appendix C), we are not able to resolve bV1 (and
analogously bV3 ). For these baryons we also set bV1,3 = 0 in all the fits.
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• the fit range: two fit intervals τ ∈ [δtj , t− δtj ] are used with δt1 = n1a ≈ 0.15 fm
and δt2 = n2a ≈ 0.25 fm.4

A typical fit to the ratios for the cascade baryon is shown in Fig. 3.6 for ensemble
N302 (Mπ = 348MeV and a = 0.049 fm). The variation in the ground state matrix
elements extracted from the 20 different fits is shown in Fig. 3.7, also for the nucleon on
the same ensemble. See Fig. E.1 in Appendix E for the analogous plot for the Σ baryon.
Overall, the results are consistent within errors, however, some trends in the results can
be seen across the different ensembles. In the axial channel, in particular the results for
the fits involving a single excited state (fits 1–4), tend to be lower than those involving
two excited states (fits 5–20). The former are, in general, statistically more precise than
the latter due to the smaller number of parameters in the fit.

In order to study the systematics arising from any residual excited state contamination
in the final results at the physical point (in the continuum limit at infinite volume), the
extrapolations, detailed in section 3.7, are performed for the results obtained from fits
1–4 (‘ES=1’) and fits 5–8 (‘ES=2’), separately. For each set of fits, 500 samples are drawn
from the combined bootstrap distributions of the four fit variations. The final result and
error, shown as the green and blue bands in Fig. 3.7, correspond to the median and the
68% confidence interval, respectively. Note that we take the same 500 bootstrap samples
for all the baryons to preserve correlations. The final results for all the ensembles are
listed in Tables D.5, D.6 and D.7 for the nucleon, sigma and cascade baryons, respectively.

In terms of the energy gaps extracted, Fig. 3.7 shows that we find consistency across
variations in the fit range and whether the vector channel data is included or not. However,
the first excited energy gap ∆E1 obtained from the single excited state fits tends to be

4Due to nj ≥ 2 and its quantization, δt1 and δt2 depend slightly on the lattice spacing:
δtj ≈ 0.20 fm, 0.29 fm (β = 3.34), δtj ≈ 0.17 fm, 0.26 fm (β = 3.40), δtj ≈ 0.15 fm, 0.23 fm (β = 3.46),
δtj ≈ 0.13 fm, 0.26 fm (β = 3.55), δtj ≈ 0.15 fm, 0.25 fm (β = 3.70), δtj ≈ 0.16 fm, 0.27 fm (β = 3.85).
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Figure 3.6: Unrenormalized ratiosRΞ
J (t, τ), J ∈ {A,S, T, V } (defined in Eq. (3.35)) for the cascade baryon

on ensemble N302 (Mπ = 348MeV and a = 0.049 fm), where t ≈ {0.7, 0.8, 1.0, 1.2} fm. The grey horizontal
lines and bands show the results for the ground state matrix elements ⟨0|ūΓJu−d̄ΓJd|0⟩ = gΞ,latt

J , obtained
from a simultaneous fit to the ratios for all channels and source-sink separations using parametrization 7
(see Eq. (3.36) and Table 3.1). The data points with τ ∈ [δt, t− δt], where δt = 2a, are included in the
fit (the faded data points are omitted), which is the maximum fit range possible for our action. The
coloured curves show the expectation from the fit for each source-sink separation.
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Figure 3.7: Results for the four unrenormalized charges of the nucleon (top) and cascade baryon (bottom)
obtained from the fits listed in Table 3.1 for ensemble N302 (Mπ = 348MeV and a = 0.049 fm). The
green (blue) horizontal lines and bands indicate the final results and errors obtained from the median and
68% confidence level interval of the combined bootstrap distributions determined from the fits indicated
by the green (blue) data points which include one (two) excited state(s). On the right the energy gaps
determined in the fits and those corresponding to the lowest lying multi-particle states are displayed
using the same colour coding as in Fig. 3.8.
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Figure 3.8: Results for the first and second excited state energy gaps of the cascade baryon, ∆E1 (brown
data points) and ∆E2 (orange data points), respectively, determined on ensembles lying on the TrM =
const. trajectory with a = 0.064 fm. The pion mass decreases from left to right with Mπ = 414 MeV
for ensemble N202 and Mπ = 202 MeV for ensemble D200, see Table D.1. For each ensemble, the ∆E1

obtained using fits 1–4 of Table 3.1 are shown on the left and the ∆E1 (fixed with a prior to the lowest
multi-particle energy gap) and ∆E2 resulting from fits 5–8 are displayed on the right. For comparison,
the energy gaps of the lower lying non-interacting multi-particle states with the quantum numbers of the
cascade baryon are shown as horizontal lines, where the momenta utilized for each hadron are indicated
in lattice units.
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higher than the lowest multi-particle level, in particular, as the pion mass is decreased,
suggesting that contributions from higher excited states are significant. This can be seen
in Fig. 3.8, where we compare the results for the energy gaps for the cascade baryon with
the lower lying non-interacting Ξπ and Ξππ states for four ensembles with a = 0.064 fm
and pion masses ranging from 414MeV down to 202MeV. Note that the multi-particle
levels are modified in a finite volume, although the corresponding energy shifts may be
small for the large volumes realized here. There are a number of levels within roughly
500MeV of the first excited state. Some levels lie close to each other and one would not
expect that the difference can be resolved by fits with one or two excited states. The ∆E2

energy gaps from the two excited state fits (with the first excited state fixed with a prior
to the lowest multi-particle level) are consistent with the next level that is significantly
above the first excited state, although for ensemble D200 the errors are too large to draw
a conclusion. Given that more than one excited state is contributing significantly, we
expect that the latter fits isolate the ground state contribution more reliably.

3.5 Non-perturbative renormalization and improvement

The isovector lattice charges, gB,latt
J , extracted in the previous section need to be matched

to the continuum MS scheme. The renormalized matrix elements suffer from discretization
effects, however, the leading order effects are reduced to O(a2) when implementing full
O(a) improvement. In the forward limit, in addition to using a non-perturbatively O(a)
improved fermion action, this involves taking mass dependent terms into account. The
following multiplicative factors are applied,

gBJ = Zk
J

(
1 + amℓbJ + 3am̄b̃J

)
gB,latt
J +O(a2), (3.37)

for J ∈ {V,A, S, T}, where ZJ are the renormalization factors and bJ and b̃J are the O(a)
improvement coefficients. Note that the renormalization factors for the scalar and tensor
currents depend on the scale, ZS,T = ZS,T (µ), where we take µ = 2GeV. The vector Ward
identity lattice quark mass amq is obtained from the hopping parameter κq (q = ℓ, s) and
the critical hopping parameter κcrit via amq = (1/κq − 1/κcrit) /2. m̄ = (2mℓ +ms)/3
denotes the flavour averaged quark mass. The hopping parameters for all ensembles
used within this work are tabulated in Table D.3. For κcrit we utilize the interpolation
formula [52]

1

κcrit
= 8− 0.402454g2

1 + 0.28955g2 − 0.1660g6

1 + 0.22770g2 − 0.2540g4
. (3.38)

The improvement coefficients bJ and b̃J are determined non-perturbatively in Ref. [86].
We make use of updated preliminary values, which will appear in a future publication [87].
These are listed in Tables 3.2 and 3.3, respectively. Note that no estimates of b̃J are
available for β = 3.85. Considering the size of the statistical errors, the general reduction
of the |b̃J | values with increasing β (and the decreasing a), at this lattice spacing we set
b̃J = 0 for all J .

For the renormalization factors, we employ the values obtained in Ref. [88]. The
factors are determined non-perturbatively in the RI′-SMOM (regularization independent
symmetric momentum-subtraction) scheme [89, 90] and then (for ZS and ZT ) converted
to the MS scheme using three-loop matching [91–93]. We remark that the techniques for
implementing the Rome-Southampton method were extended in Ref. [88] to ensembles
with open boundary conditions in time. This development enables us to utilize ensembles
with a < 0.06 fm, where only open boundary conditions in time are available due to the
need to maintain ergodicity.
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Table 3.2: Improvement coefficients bJ for J ∈ {A,S, T, V } from Refs. [86, 87].

β bA bS bT bV

3.34 1.249(16) 1.622(47) 1.471(11) 1.456(11)
3.4 1.244(16) 1.583(62) 1.4155(48) 1.428(11)
3.46 1.239(15) 1.567(74) 1.367(12) 1.410(13)
3.55 1.232(15) 1.606(98) 1.283(14) 1.388(17)
3.7 1.221(13) 1.49(11) 1.125(15) 1.309(22)
3.85 1.211(12) 1.33(16) 0.977(38) 1.247(26)

Table 3.3: Improvement coefficients b̃J for J ∈ {A,S, T, V } from Refs. [86, 87]. Note that no results are
available for β = 3.85.

β b̃A b̃S b̃T b̃V

3.34 -0.06(28) -0.24(55) 1.02(16) 1.05(13)
3.4 -0.11(13) -0.36(23) 0.49(17) 0.41(11)
3.46 0.08(11) -0.421(83) 0.115(19) 0.158(28)
3.55 -0.03(13) -0.25(12) 0.000(37) 0.069(42)
3.7 -0.047(75) -0.274(65) -0.0382(60) -0.031(18)

Table 3.4: Set of renormalization factors taken from Ref. [88], denoted as Z1
J in the text. The factors are

determined using the RI′-SMOM scheme and the ‘fixed-scale method’ with the perturbative subtraction
of lattice artefacts. For ZA and ZV , the values correspond to those listed under Z′

A and Z′
V , respectively,

which are obtained using renormalization conditions consistent with the respective Ward identities. The
statistical and systematic errors have been added in quadrature.

β ZA ZMS
S (2GeV) ZMS

T (2GeV) ZV

3.34 0.77610(58) 0.6072(26) 0.8443(35) 0.72690(71)
3.4 0.77940(36) 0.6027(25) 0.8560(35) 0.73290(67)
3.46 0.78240(32) 0.5985(25) 0.8665(36) 0.73870(71)
3.55 0.78740(22) 0.5930(25) 0.8820(37) 0.74740(82)
3.7 0.79560(98) 0.5846(24) 0.9055(42) 0.76150(94)
3.85 0.8040(13) 0.5764(25) 0.9276(42) 0.77430(76)

Table 3.5: Set of renormalization factors denoted as Z2
J in the text. These are determined as in Table 3.4

but this time using the ‘fit method’.

β ZA ZMS
S (2GeV) ZMS

T (2GeV) ZV

3.34 0.7579(42) 0.6115(93) 0.8321(95) 0.7072(60)
3.4 0.7641(35) 0.6068(86) 0.8462(88) 0.7168(49)
3.46 0.7695(36) 0.6025(79) 0.8585(84) 0.7250(43)
3.55 0.7774(36) 0.5968(66) 0.8756(76) 0.7367(37)
3.7 0.7895(32) 0.5880(45) 0.9010(63) 0.7544(30)
3.85 0.8006(25) 0.5793(35) 0.9243(55) 0.7699(38)

A number of different methods are employed in Ref. [88] to determine the renormal-
ization factors. In order to assess the systematic uncertainty arising from the matching
in the final results for the charges at the physical point in the continuum limit, we
make use of two sets of results, collected in Tables 3.4 and 3.5 and referred to as Z1

J

and Z2
J , respectively, in the following. The first set of results are extracted using the

‘fixed-scale method’, where the RI′-SMOM factors are determined at a fixed scale (ignor-
ing discretization effects), while the second set are obtained by fitting the factors as a
function of the scale and the lattice spacing, the ‘fit method’. See Ref. [88] for further
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Table 3.6: Renormalization factors ZA and ZV obtained from the interpolation formulas in Eqs. (C.7)
and (C.8) in Ref. [94], denoted as Z3

J in the text.

β ZA ZV

3.34 0.7510(11) 0.7154(11)
3.4 0.75629(65) 0.72221(65)
3.46 0.76172(39) 0.72898(39)
3.55 0.76994(34) 0.73905(35)
3.7 0.78356(32) 0.75538(33)
3.85 0.79675(45) 0.77089(47)

details. In both cases, lattice artefacts are reduced by subtracting the perturbative
one-loop expectation. For the axial and vector currents, we also consider a third set of
renormalization factors, Z3

J , listed in Table 3.6, that are obtained with the chirally rotated
Schrödinger functional approach [95], see Ref. [94]. We emphasize that employing the
different sets of renormalization factors should lead to consistent results for the charges
in the continuum limit.

Within the analysis of the LECs presented in chapter 4, in addition to the axial charges
gB,latt
A (see Eq. (3.37)), also the quark mass and the pion decay constant need to be

renormalized. We also O(a)-improve these observables. Regarding the renormalization
of the axial currents, we use the factors ZA (denoted as Z3

A) listed in Table 3.6. The
renormalization factor ZM (g2) = ZA(g

2)/ZP (g
2), required to translate the axial Ward

identity (AWI) quark mass mAWI into the renormalization group invariant (RGI) [96, 97]
mass m, is given in Eq. (5.6) of Ref. [98]. We emphasize that both these factors have been
computed entirely non-perturbatively. Using the improvement coefficients bA(g2), b̃A(g2),
bP (g

2) and b̃P (g2) [86], the observables can be renormalized and fully O(a)-improved at
each value of the lattice coupling g2 = 6/β as follows:

m = ZM

[
1 + am(bA − bP + 3b̃A − 3b̃P )

]
mAWI, (3.39)

Fπ = Z3
A

[
1 + am(bA + 3b̃A)

]
F latt
π , (3.40)

where we assumed m = mℓ = ms, since in this analysis all ensembles incorporate exact
SU(3) flavour symmetry.

3.6 Systematic effects in lattice QCD calculations

The results of the octet baryon charges determined from first principle lattice QCD
calculations come with systematic uncertainties associated with

• not all quark flavours being simulated dynamically,

• unphysical quark masses,

• non-vanishing lattice spacing,

• finite volume,

• extraction of matrix elements from correlation functions at finite t, τ (fitting proce-
dure),

• matching to the continuum MS scheme (renormalization).

In this study we employ gauge ensembles with Nf = 2 + 1 dynamical fermions. While
in Nature six quark flavours exist, including the heavier charm (or even bottom or top)
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quarks in the sea is not expected to lead to a discernible effect in the determination of the
octet baryon charges. Further, we simulate the electrically neutral isosymmetric theory
(mu = md), which is broken in Nature. We take this into account and take the isospin
corrected pion and kaon masses quoted in the FLAG 16 review [99] to define the physical
point in the quark mass plane,

Mphys
π = 134.8(3)MeV, Mphys

K = 494.2(3)MeV. (3.41)

In chapter 5 isospin breaking effects on the up and down quark mass difference, the
baryon masses and the pion baryon σ terms are discussed in more detail.

The 47 gauge ensembles analysed cover a range of pion masses between 430MeV and
130MeV (below the physical pion mass) and lie along three trajectories in the quark
mass plan, see Fig. 2.3. Such excellent coverage of the quark mass plane enables the
extrapolation/interpolation of the results for the charges to the physical point to be
tightly constrained. In addition, considering the wide range of lattice spacings and spatial
volumes and the high statistics available for most ensembles, all sources of systematic
uncertainty associated with simulating at unphysical quark masses, finite lattice spacing
and finite volume can be investigated. The strategy for performing a simultaneous quark
mass, continuum and infinite volume extrapolation is given in the next section.

The problem of excited state contaminations in baryon matrix elements is well known
and a careful analysis must be carried out to reliable determine the ground state matrix
elements of interest, see section 3.4 for details. In order to study the systematics arising
from any residual excited state contamination in the final results at the physical point (in
the continuum limit at infinite volume), the extrapolations are performed for the results
obtained from fits including one or two excited states in the fitting analysis, separately.

For details on the determination of the renormalization factors see discussion in
section 3.5. Again, the extrapolations are carried out for different sets of renormalization
factors to also assess the associated systematics.

3.7 Extrapolation strategy

In the final step of the analysis the renormalized charges gBJ determined at unphysical
quark masses, finite lattice spacing and finite spatial volume are extrapolated to the
physical point in the continuum and infinite volume limits. We employ a similar strategy
to the one outlined in Ref. [100] and choose continuum fit functions of the form

gBJ (Mπ,MK , L, a = 0) = c0 + cπM
2
π + cKM

2
K + cVM

2
π

e−LMπ

√
LMπ

, (3.42)

to parameterize the quark mass and finite volume dependence, where L is the spatial
lattice extent and the coefficients cX , X ∈ {0, π,K, V } are understood to depend on the
baryon B and the current J . The leading order coefficients c0 give the charges in the
SU(3) chiral limit, which can be expressed in terms of two LECs, e.g., F and D, for the
axial charges, see Eq. (3.7).

Equation (3.42) is a phenomenological fit form based on the SU(3) ChPT expressions
for the axial charge. It contains the expected O(p2) terms for the quark mass dependence
and the dominant finite volume corrections. The O(p3) expressions for gBA [101–103]
contain log terms with coefficients completely determined by the LECs F and D. In the
study of the axial charges on the subset of ensembles with ms = mℓ presented in chapter 4,
it was found that including these terms did not provide a satisfactory description of the
data. When terms arising from loop corrections that contain decuplet baryons are taken
into account, additional LECs enter that are difficult to resolve. If the coefficient of the
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Table 3.7: Values for t⋆0/a2 at each β-value as determined in Ref. [52].

β 3.34 3.4 3.46 3.55 3.7 3.85

t⋆0
a2 2.204(6) 2.888(8) 3.686(11) 5.157(15) 8.617(22) 13.988(34)

log term is left as a free parameter, one finds that the coefficient has the opposite sign to
the ChPT expectation without decuplet loops. Similar observations have been made in
the analysis of the octet baryon isovector charges presented in chapter 5 and this is also
consistent with the findings of previous works, see, e.g., Refs. [104–106]. Finite volume
effects appear at O(p3) with no additional LECs appearing in the coefficients. Again the
signs of the corrections are the opposite to the trend seen in the data and, when included,
it is difficult to resolve the effects of the decuplet baryons. As is shown in section 5.1, the
data for all the charges are well described when the fit form is restricted to the dominant
terms, with free coefficients c0, cπ, cK and cV .

We remark that the same set of LECs appear in the O(p2) SU(3) ChPT expressions
for the three different octet baryons (for a particular charge). Ideally, one would carry
out a simultaneous fit to the whole baryon octet (taking the correlations between the gBJ
determined on the same ensemble into account). However, we obtain very similar results
when fitting the gBJ individually compared to fitting the results for all the octet baryons
simultaneously. For simplicity, we choose to do the former, such that the coefficients cX
for the different baryons are independent of one another.

Lattice spacing effects also need to be taken into account and we add both mass
independent and mass dependent terms to the continuum fit ansatz (Eq. (3.42)) to give

gBJ (Mπ,MK , L, a) = gBJ (Mπ,MK , L, 0)

+ ca a
2 + c̄aM2

a
2 + δcaδM2

a
2 + ca,3 a

3, (3.43)

where M2
= (2M2

K+M2
π)/3 and δM2 = M2

K−M2
π. The meson masses are rescaled with

the Wilson flow scale t0 [107], Mπ,K =
√
8t0Mπ,K to form dimensionless combinations.

This rescaling is required to implement full O(a) improvement (along with employing
a fermion action and isovector currents that are non-perturbatively O(a) improved)
when simulating at fixed bare lattice coupling instead of at fixed lattice spacing, see
section 4.1 of Ref. [52] for a detailed discussion of this issue. The values of t0/a2 and the
pion and kaon masses in lattice units for the set of ensembles analysed here are given
in Table D.3. We translate between different lattice spacings using t⋆0, the value of t0
along the symmetric line where 12t∗0M

2
π = 1.110 [108], i.e., a = a/

√
8t⋆0. The values,

determined in Ref. [52], are listed in Table 3.7. Note that we include a term that is cubic
in the lattice spacing in the fit form, however, this term is only utilized in the analysis of
the vector charge, for which we have the most precise data.

To obtain results at the physical quark mass point, defined through Eq. (3.41), we
make use of the scale setting parameter

√
8t0,phys = 0.4098

(20)
(25) fm, (3.44)

determined in Ref. [52].
In practice, we choose to fit to the bare lattice charges gB,latt

J rather than the renor-
malized ones as this enables one to include the uncertainties of the renormalization
and improvement factors (which are the same for all ensembles at fixed β) consistently.
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Therefore, the final fit form reads

gB,latt
J =

gBJ (Mπ,MK , L, a)

Zk
J (β)

(
1 + amℓbJ(β) + 3am̄b̃J(β)

) , (3.45)

where the dependence of the factors on the β-value is made explicit and the superscript k
of Zk

J refers to the different determinations of the renormalization factors that we consider,
k = 1, 2, 3 for J ∈ {A, V } and k = 1, 2 for J ∈ {S, T} (see Tables 3.4, 3.5 and 3.6 in the
previous section). A separate parameter for Zk

J , bJ and b̃J is introduced for each β-value
and corresponding “prior” terms are added to the χ2-function. The statistical uncertainties
of these quantities are incorporated by generating pseudo-bootstrap distributions, see
end of Appendix B.1.

The systematic uncertainty in the determination of the charges at the physical point is
investigated by varying the fit model and by employing different cuts on the ensembles
that enter the fits. For the latter we consider

1) no cut: including all the available data points, denoted as data set 0, DS(0),

2) pion mass cut: excluding all ensembles with Mπ > 400MeV, DS(M<400MeV
π ),

3) pion mass cut: excluding all ensembles with Mπ > 300MeV, DS(M<300MeV
π ),

4) a lattice spacing cut: excluding the coarsest lattice spacing, i.e., the ensembles with
a ≈ 0.098 fm, DS(a<0.1 fm),

5) a volume cut: excluding all ensembles with LMπ < 4, DS(LM> 4
π ).

In some cases, more than one cut is applied, e.g., cut 2 and 4, with the data set denoted
DS(M<400MeV

π , a<0.1 fm), etc.. The final results are obtained by carrying out the averaging
procedure described in appendix B.4 which gives an average and error that incorporates
both the statistical and systematic uncertainties.
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4 | LEADING ORDER SU(3) LOW ENERGY

CONSTANTS

Chiral perturbation theory (ChPT) is a central tool for the description and understanding
of a multitude of hadronic processes. In this context, the interplay between ChPT and
lattice simulations of QCD is of particular interest. While in Nature the quark masses are
fixed, in lattice simulations these (and other simulation parameters) can be varied and
the precision and the range of validity of truncated ChPT expansions can be explored
systematically. Moreover, some of the low energy constants (LECs) of this effective
field theory can be constrained or determined from lattice data, which complements
phenomenological fits to experimental data that are obviously restricted to physical quark
masses. Vice versa, ChPT augments lattice QCD simulations, providing parametrizations
of the dependence of the results on the light quark masses and the simulation volume
that are consistent with the dynamical breaking of chiral symmetry as well as with the
global symmetries of QCD in the massless limit.

While the light pseudoscalar masses, decay constants, the chiral condensate and related
mesonic quantities have been well explored in lattice QCD simulations and confronted
with SU(2) ChPT predictions—see, e.g., section 5 in the recent FLAG review [14]—this
is less so regarding baryonic observables. On the one hand, the lattice data are less
precise for baryons, in particular towards small values of the quark masses. On the other
hand, the number of independent LECs is larger and also the convergence properties of
ChPT may be inferior in the baryonic sector. For instance, the mass gaps between octet
and decuplet baryons are smaller than those between pseudoscalar mesons and vector
meson resonances, which may necessitate the inclusion of decuplet baryons as explicit
degrees of freedom, at least for some observables. Including hyperons into the ChPT
analysis, in addition to the nucleon N (or the N and the ∆ resonance), provides a wealth
of additional information, whereas the number of baryonic LECs of flavour SU(3) ChPT
increases only moderately relative to SU(2) ChPT. This makes SU(3) ChPT a particularly
popular choice in the description of processes that involve baryons. One concern regarding
phenomenological applications, however, is the convergence of SU(3) ChPT at the physical
point itself, where neither the mass Mη8 ≈ (43M

2
K − 1

3M
2
π)

1/2 ≈ 565 MeV of the would-be
η8 pseudoscalar meson, the kaon mass MK ≈ 494 MeV nor the average light meson mass
M = (23M

2
K + 1

3M
2
π)

1/2 ≈ 411 MeV are particularly small in comparison to the chiral
symmetry breaking scale Λχ := 4πF0 < 4πFπ ≈ 1160 MeV. While this may limit the
practical applicability of SU(3) ChPT regarding some observables, the corresponding
LECs are well-defined and can in principle be obtained from lattice QCD simulations.

Within most lattice simulations of Nf = 2 + 1 (or Nf = 2 + 1 + 1) QCD the mass
of the light quark mℓ = mu = md is varied while that of the strange quark ms is kept
approximately fixed near its physical value. In a few cases, instead TrM = mu+md+ms

is kept constant [50, 63, 108, 109]. The former setting is ideal regarding SU(2) ChPT
while neither choice is sufficient to determine SU(3) LECs, unless other quark mass
combinations are added; in particular, one may want to reduce the trace of the mass
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matrix TrM below its physical value. This can be achieved via a partially quenched
strategy, see, e.g., Refs. [110–112], or, ideally, by realizing additional sea quark mass
combinations [56, 74].

So far no comprehensive lattice QCD investigation of SU(3) ChPT exists, that includes
pion masses smaller than 300 MeV or addresses the continuum limit—neither for mesons
nor for baryons. The analysis presented in this chapter, which has already been published
in similar or verbatim form in Ref. [SW1], starts to close this gap with a consistent,
simultaneous analysis of several observables within the framework of SU(3) ChPT.

The results for the leading order (LO) mesonic LECs F0 and B0 and baryonic LECs
m0, F and D are obtained on Nf = 3 mass-degenerate gauge ensembles. The LECs
F and D which are associated with the axial charges also enter the dependence of the
octet baryon masses on the pseudoscalar meson masses at order p3 (next-to-leading order
(NLO) of heavy baryon ChPT (HBChPT) or next-to-next-to-leading order (NNLO) of
covariant baryon ChPT (BChPT)). Note that for mℓ = ms all the octet baryons masses
are degenerate, however, this is not the case for the non-flavour singlet axial charges,
where two independent combinations exist. The main quantity that determines the
convergence properties of ChPT is the squared average pseudoscalar mass M2. The value
realized in Nature corresponds to the largest quark mass values of the analysed gauge
ensembles which cover a range in M2 that extends down to less than one third of that. If
SU(3) ChPT is applicable at the physical quark mass point then it should also apply to
this lattice data, in the continuum limit.

The reliable determination of LO LECs from an extrapolation to the chiral limit
requires at least NLO ChPT. Naturally, it is a priori unknown whether higher order
ChPT may be required within the window of available pseudoscalar masses or if ChPT
is applicable at all. Including higher orders is of limited practicability in view of the
finite number of data points and their statistical errors, due to the exploding number
of new LECs. However, simultaneously analysing a number of different quantities that
should be sensitive to the same set of LECs like baryon masses and their axial charges can
serve as a consistency check and reduces the parametric uncertainty. Here the attempt is
made to achieve exactly this, albeit only for the LO LECs. Previous analyses of lattice
QCD data that aimed at determining LECs focused on one type of observable at a time.
Ideally, however, one would wish to confirm that the same set of LECs can be employed
consistently across a range of quantities.

The reminder of this chapter is organized as follows. Section 4.1 collects all SU(3)
ChPT expressions for the quark mass and volume dependence that are relevant for
the analysis in the special case mℓ = ms. Then, in section 4.2, details of the gauge
ensembles employed, the analysis methods used, the renormalization and improvement of
the pseudoscalar decay constant and the axial charges as well as the continuum and chiral
limit extrapolation strategy, which have been discussed earlier in this thesis, are reviewed
very briefly. Finally, in section 4.3 the LECs are determined and discussed, before the
main results are again summarized in section 4.4. For completeness, additional ChPT
expressions for the baryon mass and the axial charges are collected in Appendix F.

4.1 Meson and baryon SU(3) ChPT expressions

4.1.1 Infinite volume

Throughout this chapter isospin symmetry mℓ = mu = md is assumed and only the
SU(3) symmetric case m := mℓ = ms is considered. The aim is to determine the LO
mesonic (B0 and F0) and baryonic (m0, F and D) SU(3) ChPT LECs. The ChPT
expressions in which these LECs appear are conveniently expressed in terms of the quark
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mass-dependent variables

x =
2mB0

(4πF0)2
, ξ =

M2
π

(4πF0)2
, L = log

(
M2

π

µ2

)
, (4.1)

where Mπ denotes the pseudoscalar meson mass and B0 := Σ0/F
2
0 the Gell-Mann–Oakes–

Renner (GMOR) parameter, whereas Σ0 := − ⟨ūu⟩|m=0 > 0 and F0 := Fπ|m=0 are the
quark chiral condensate and the pseudoscalar decay constant, respectively, in the SU(3)
chiral limit. The LO LECs do not depend on the scale µ. For the analysis of the mesonic
case, it is convenient to set µ−2 = 8t0,ch, using the Wilson scale parameter t0 [107] in
the chiral limit. From t0,ch/t

∗
0 = 1.037(5) [52] and (8t∗0)

−1/2 = 478(7) MeV [113], where
t⋆0 [108] is defined as the value of t0 at the point where 12t⋆0M

2
π = 1.11 (and mℓ = ms),

we obtain µ = 469(7) MeV.
At NNLO in SU(Nf ) ChPT the corrections to the GMOR relation and the pion

mass-dependence of the pseudoscalar decay constant [114–116] read

M2
π = 2B0m

[
1 + x(a10 + a11L) + x2(a20 + a21L+ a22L2)

]
, (4.2)

Fπ = F0

[
1 + x(b10 + b11L) + x2(b20 + b21L+ b22L2)

]
, (4.3)

where

a11 =
1

Nf
, a22 =

9

2N2
f

− 1

2
+

3N2
f

8
, (4.4)

b11 = −Nf

2
, b22 = −1

2
−

3N2
f

16
. (4.5)

While a10, b10, a21 and b21 are combinations of NLO LECs, a20 and b20 are combinations
of NNLO LECs. Whereas NLO and possibly NNLO corrections may turn out necessary
to describe our lattice data for which 430 MeV ≳ Mπ ≳ 240 MeV, it needs to be seen
whether all of these LECs can be resolved, in addition to lattice spacing effects.

The LO octet baryonic LECs are the nucleon mass in the chiral limit m0 and the
couplings F and D which parameterize the octet axial charges in the SU(3) chiral limit
and also enter within the chiral expansions of other octet baryon observables, in particular
the masses. In the Nf = 3 flavour symmetric case at O(p3) in BChPT the octet baryon
mass mB is given as [117, 118]

mB = m0 + b̄M2
π + 2ξMπ

(
5D2

3
+ 3F 2

)
fB (r) (4.6)

with b̄ = −6b0−4bD being a combination of NLO LECs and r =Mπ/m0. In the extended
on-mass-shell (EOMS) scheme [118–120] the loop function is given as

fB(r) = −2

[√
1− r2

4
arccos

(r
2

)
+
r

2
log (r)

]
, (4.7)

where we follow the standard convention to identify the renormalization scale with m0.
Expanding this function for small r, i.e., for m0 → ∞, one obtains the heavy baryon
ChPT (HBChPT) limit [121, 122] fB(r) = −π +O(r). The EOMS BChPT expressions
are also known at NNNLO [123], however, our present lattice data cannot constrain the
additional free parameters.
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Regarding the axial charges gBA , the pion mass dependence in the SU(3) case for the
nucleon and the sigma baryon (B ∈ {N,Σ}) at O(p3) is given as [101–103]

gNA = D + F + cNξ + c̄Nξ log

(
Mπ

m0

)
+ dNξ

3/2, (4.8)

gΣA = 2F + cΣξ + c̄Σξ log

(
Mπ

m0

)
+ dΣξ

3/2, (4.9)

where the coefficients,

c̄N = −
[
3(D + F ) +

1

3

(
27D3 + 25D2F + 45DF 2 + 63F 3

)]
, (4.10)

c̄Σ = −
[
6F +

2

3
F
(
25D2 + 63F 2

)]
, (4.11)

are entirely determined by the LO LECs. Above, dN = dΣ = 0, however, such terms arise
naturally when loop corrections that contain decuplet baryons are included [124]. For
completeness, the corresponding expectations (as well as those for mB) are referenced in
Appendix F. Unfortunately, these expressions, involving the additional LECs ∆, C and H,
do not satisfactorily describe our data on gBA while fits to mB suggest C ≈ 0. Including
the logarithmic terms, a reasonable fit quality seems only possible when also adding
the above phenomenological dB-terms. However, such fits give very small values for F
and D, that are at variance with the pion mass-dependence of mB. Leaving c̄B as free
parameters, i.e., ignoring the ChPT expectation, the data even suggest c̄B > 0, opposite
to the expectation of Eqs. (4.10) and (4.11). Similar tensions are evident also in recent
data on gNA within SU(2) ChPT, see, e.g., Refs. [104–106]. This can be interpreted as a
sign of large cancellations between pion and decuplet loop effects, a full understanding of
which requires to further reduce the quark mass and/or to increase the ChPT order. For
the purpose of determining the LO LECs and also in view of the precision of the lattice
data, we will truncate Eqs. (4.8) and (4.9) at O(p2).

4.1.2 Finite volume corrections

Since ChPT also predicts the finite volume dependence, the associated corrections will be
included. For the pseudoscalar meson mass and decay constant in the continuum limit
the dependence on the linear spatial lattice extent L is given by [125, 126]

M2
π(L) =M2

π

[
1 + x

1

Nf
h(λπ) + · · ·

]
, (4.12)

Fπ(L) = Fπ

[
1− x

Nf

2
h(λπ) + · · ·

]
(4.13)

with Mπ =Mπ(L = ∞), Fπ = Fπ(L = ∞) and to this order one can substitute x by ξ.
Above, λπ = LMπ and

h(λ) = 4
∑
n̸=0

K1(λ|n|)
λ|n| , (4.14)

where n ∈ Z3 and Kn(x) denotes the modified Bessel function of the second kind of
order n. Two-loop finite volume effects [127, 128] will not be considered since these
contain the NLO LECs.

For the octet baryon mass the SU(2) BChPT result [129, 130] easily generalizes to
SU(3):

mB(L) = mB + 4m0ξ

(
5D2

3
+ 3F 2

)∫ ∞

0
dy
∑
n̸=0

K0

(
λπ|n|

√
1− y +

y2

r2

)
, (4.15)
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where the expression is truncated atO(p3) and r =Mπ/m0 as above. Note that corrections
to the baryon mass mB due to transitions to decuplet baryons with the mass mD0 were
first considered in Ref. [124]. For completeness, the corresponding mℓ = ms expectations
are collected in Appendix F.

In the case of the axial charges gBA , the finite volume corrections given in Appendix F
have a sign opposite to the trend of the lattice data. It appears that—just like in the
infinite volume case—the effect of decuplet baryons needs to be included, introducing
three additional LECs which could not be resolved. Therefore, the infinite volume O(p2)
ChPT expectation will be combined with the dominant ChPT finite volume term

gBA (L) = gBA + cBV ξ
exp (−LMπ)√

LMπ
, (4.16)

where cBV is a free phenomenological coefficient.

4.2 Lattice setup

This section will briefly review the lattice setup for the determination of the LECs.
Details of most of the subjects outlined are already given in chapter 3. First, the gauge
ensembles used in this part of the analysis are discussed. Subsequently, the determination
of the relevant observables, including—where applicable—their renormalization and O(a)
improvement is summarized. Then, the results for the analysed ensembles are presented
and the continuum, infinite volume and chiral extrapolation strategy is outlined.

4.2.1 Gauge ensembles

Details on the gauge ensembles are presented in section 2.3.2 (see also Table D.1) where
an in-depth overview of all analysed ensembles is given. In this part of the analysis we
only employ the subset of ensembles generated with Nf = 3 quark flavours. Thus, we
only focus on the ensembles that are on the trajectory denoted as symmetric line, i.e.,
where the light and strange quark masses are degenerate (mu = md = ms) and SU(3)
flavour symmetry is exact.

In total we analysed the fifteen ensembles compiled in Fig. 4.1 where the simulated
parameter space is illustrated. The ensembles cover a range of six different lattice spacings
0.039 fm ≲ a ≲ 0.098 fm, the pion masses range from around 430 MeV down to 240 MeV
and volumes are realized between 3.3 ≤ LMπ ≤ 6.4 where LMπ ≥ 4 for the majority
of the ensembles. Note that the two ensembles N306 and D250 are not included in the
analysis because they were generated after the analysis had been finalized. However, a
first preliminary update presented in the summary section 4.4 suggests that ensembles
with lower pion masses are favourable to improve future analyses.

4.2.2 Analysis methods

The computation of the two- and three-point correlation functions which enables the
analysis of the LECs is already described in section 3.2. Further, we employ the results
of the scale parameters t0/a2 and t⋆0/a2 as well as the quark mass from the axial Ward
identity (AWI), the pseudoscalar meson mass and the octet baryon mass which have been
obtained within an extensive RQCD analysis [52] of the light hadron spectrum on most
of the available CLS gauge ensembles. More details on the computation of the two-point
functions, the extraction of the ground state masses and the statistical methods applied
to account for autocorrelation effects and to compute covariance matrices between these
quantities are described in Ref. [52].
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Ensemble β a[fm] Mπ [MeV] Nconfig

A652 3.34 0.098 431 4995
A653 427 2525
A650 368 2328

H101 3.4 0.086 421 2000
U103 418 2475
rqcd021 338 1541
rqcd017 236 2468

B450 3.46 0.076 418 1612
rqcd030 319 1224
X450 263 400

N202 3.55 0.064 411 884
X250 347 345
X251 268 436
D250 198 686

N300 3.7 0.05 422 1520
N306 347 1507

J500 3.85 0.039 409 751

Figure 4.1: The parameter landscape and list of the ensembles analysed within this chapter. The same
colour coding will be used throughout the analysis of the SU(3) LECs to identify the individual ensembles.
Only the ensembles with colored symbols are included in the final analysis whereas N306 and D250
(labeled with black triangles) were only generated at a later time.

The pion decay constant and the AWI quark mass are also obtained from two-point
functions, using similar methods as for the pseudoscalar mass. However, in this case the
two-point functions are only smeared at the source. We follow the strategy detailed in
Refs. [131] and [132] to compute these observables.

The calculation of the octet axial charges gBA , B ∈ {N,Σ}, for the nucleon and the
sigma baryon, was part of the determination of the octet baryon charges presented
in chapter 5, following Refs. [SW2, SW6]. Again, details on the computation of the
three-point correlation functions CB

3pt(t, τ ;OA) are described in section 3.2. Note that
the local isovector current combination OA = Ou −Od, where Oq = q̄γµγ5q, is inserted
at the time τ and no quark line-disconnected contributions appear. The fitting procedure
slightly differs from the one outlined in section 3.4 and we briefly sketch the approach
used in this analysis.

As already detailed in section 3.1, in the case of exact SU(3) flavour symmetry
(mℓ = ms), all the axial charges gBA can be written as combinations of just two fundamental
charges FA and DA:

gNA = FA(m) +DA(m) , gΛA = 0, gΣA = 2FA(m) , gΞA = FA(m)−DA(m) , (4.17)

where F = FA(0) and D = DA(0) are the LECs in the chiral limit which appear in the
first order meson-baryon Lagrangian for three light quark flavours. Here we choose gNA
and gΣA as our basis where one obtains the combinations

F (m) =
1

2
gΣA

m→0−→ F , D(m) = gNA − 1

2
gΣA

m→0−→ D . (4.18)

The matrix element of interest for a baryon B can be obtained from a fit to the ratio
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Figure 4.2: Simultaneous fit to all four source-sink separations of the ratios for ⟨p|Ou|p⟩con = 2F (m)
and ⟨p|Od|p⟩con = F (m)−D(m) on the ensemble N300. Only the dark data points are included in the
fit. The grey band shows the ground state contribution and its error.

of three-point over two-point functions

RB(t, τ ;OA) =
CB

3pt(t, τ ;OA)

CB
2pt(t)

t,τ→∞−→ gBA , (4.19)

see, e.g., section 3.4, for details. As an example, we show in Fig. 4.2 for the ensemble
N300 a simultaneous fit for O ∈ {Ou,Od},1 to the ratios

Rp
con(t, τ ;O) = b0,O + b1,Oe−∆mt/2 cosh (∆m(τ − t/2)) + b2,Oe−∆mt (4.20)

for the proton (p), employing one and the same excited state mass gap ∆m in both chan-
nels, where the subscript “con” indicates that we only consider the quark line-connected
Wick contractions. Exploiting the fact that all the quarks are mass-degenerate, this gives
the matrix elements b0,Ou = gΣA = 2FA(m) and b0,Od

= gΣA − gNA = FA(m)−DA(m). The
bootstrap error analysis is carried out using binned data with a bin size that is large
compared to the integrated autocorrelation time, with the bootstraps matched to those
of the other observables so that in the subsequent analysis all correlations can be taken
into account.

4.2.3 Non-perturbative renormalization and improvement

The quark mass, the pion decay constant and the axial charges as extracted above need
to be matched to the continuum MS scheme. Details about the renormalization and O(a)
improvement coefficients are given section 3.5. Regarding the renormalization of the axial
currents, here we only use one set of renormalization factors, namely ZA from table 3.6
denoted as Z3

A in the text. It is emphasized that both these factors have been computed
entirely non-perturbatively.

Summarizing section 3.5, see Eqs. (3.39), (3.40) and (3.37), the observables can be
renormalized and fully O(a)-improved at each value of the lattice coupling g2 = 6/β as
follows:

m = ZM

[
1 + am(bA − bP + 3b̃A − 3b̃P )

]
mAWI , (4.21)

Fπ = Z3
A

[
1 + am(bA + 3b̃A)

]
F latt
π , (4.22)

gBA = Z3
A

[
1 + am(bA + 3b̃A)

]
gB,latt
A , (4.23)

1We take the differences of a proton with spin-up and spin-down along the direction k.
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where we have assumed m = mℓ = ms, since in this analysis all ensembles incorporate
exact SU(3) flavour symmetry. The uncertainties of the renormalization factors and
improvement coefficients are incorporated in the statistical analysis by means of pseudo-
bootstrap distributions.

4.2.4 Lattice results

We will fit the squared pion mass M2
π and the pion decay constant Fπ simultaneously

as functions of the RGI quark mass m, whereas we parameterize the dependence of the
baryon mass mB and of the axial charges gNA and gΣA in terms of the pion mass. Regarding
the continuum limit extrapolation, the quantities t0 and t⋆0 are required, as described in
the next section in more detail. In Table D.4 the corresponding results in lattice units
for all the ensembles are summarized, with the exception of t⋆0/a2, listed in Table 4.1,
whose values are common to all ensembles that share the same gauge coupling. Note that
no axial charges have been determined on the ensembles A652 and rqcd017. However,
ensemble A653 is very similar to A652 in terms of the simulation parameters while the
rqcd017 volume is rather small and finite volume effects can be substantial, in particular
for the axial charges.

Table 4.1: Values for t⋆0/a2 for each β-value taken from a preliminary analysis of Ref. [52] which slightly
differ from the update values listed in Table 3.7.

β 3.34 3.4 3.46 3.55 3.7 3.85

t⋆0
a2 2.219(7) 2.908(3) 3.709(3) 5.180(4) 8.634(10) 13.984(31)

4.2.5 Extrapolation strategy

A reliable extraction of the LO SU(3) LECs in the chiral limit requires a chiral, infinite
volume and continuum limit extrapolation. Ideally, one would carry out simultaneous
fits to all the observables. In particular, the mesonic LEC F0 also appears within the
ChPT expansions of the baryonic observables. In principle, this is possible and even the
full covariance matrices between aMπ, am, aFπ, amB, gNA and gΣA is available. However,
the former three observables are much more precise in terms of their statistical accuracy
than the baryonic ones. Therefore, any impact of the baryonic results onto the mesonic
LECs should be negligible and we opt for a two stage procedure, first determining the
mesonic LECs and then using the resulting value for F0/

√
8t0,ch within the extraction of

the baryonic LECs.
For the action, the axial current (needed for Fπ, gBA and m) and the pseudoscalar

current (needed for m), O(a) improvement is implemented non-perturbatively. Therefore,
if we would simulate at a fixed lattice spacing a, we would have full O(a) improvement.
However, instead we keep the unimproved, bare lattice coupling g2 fixed which results in
a correction term ∝ aTrM for quantities aQ, that are measured in lattice units.2 This
term cancels when constructing dimensionless combinations (

√
8t0a

−1)(aQ), using the
scale parameter t0/a2 on the same ensemble. Therefore, to achieve full O(a)-improvement
while varying the quark mass, we rescale all quantities aQ 7→ √

8t0Q. This means that at
the end of the analysis the dimensionful LECs m0, F0 and B0 will be obtained in units
of
√

8t0,ch, which can then be converted into physical units.

2In fact this mass-dependent shift of the improved lattice coupling also affects the renormalization
factors of the axial and pseudoscalar currents but this effect has been accounted for within the definition
of the improvement coefficients b̃A and b̃P [86] of Eqs. (3.39)–(3.40).
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The continuum fit functions X(M, L, a = 0), where M =
√
8t0m and M = 8t0M

2
π ,

respectively, for mesonic observables X ∈ {8t0M2
π ,
√
8t0Fπ} and baryonic observables

X ∈ {√8t0mB, g
N
A , g

Σ
A}, are summarized in Eqs. (4.1)–(4.9) and (4.12)–(4.16). Note that

the dependence t0 = t0,ch[1 + k1x+ (k20 + k21L)x2 + . . .] [133] does not interfere with
the universal ChPT logs and therefore neither the functional forms of the continuum
formulae nor the LECs are affected by the rescaling of all dimensionful quantities in
units of t0. Nevertheless, it should be remarked that some of the higher order LECs,
which we do not determine here, would require some knowledge about the LECs k1 etc.,
that are associated with t0. Regarding the lattice spacing-dependence, we assume the
factorization

X(M, L, a) = X(M, L, 0) ·
[
1 +

a2

8t⋆0

(
cXa + c̄Xa 8t0M

2
π

)]
(4.24)

into the continuum parametrization times mass-independent and mass-dependent lattice
spacing effects, where cXa and c̄Xa are independent fit parameters for each observable X.

The systematic errors of the LECs will be estimated by varying the fit model and by
employing different cuts on the ensembles that enter the fit:

1. no cut: including all the available data points,

2. pion mass cut: excluding all ensembles with Mπ > 400 MeV,

3. lattice spacing cut: excluding the coarsest lattice spacing, i.e., the ensembles with
a ≈ 0.098 fm,

4. volume cut: excluding all ensembles with LMπ < 4.

We then carry out the model averaging procedure described in Appendix B.4.

4.3 Results and discussion

In the following we determine the LO SU(3) mesonic LECs B0 and F0 as well as the LO
SU(3) baryonic LECs m0, F and D. Subsequently, we compare the results with recent
determinations taken from the literature.

4.3.1 Mesonic LECs

The LO mesonic LECs B0 and F0 are determined by simultaneous fits to the pion mass
and decay constant as functions of the quark mass, the volume and the lattice spacing
as described above. The fits are carried out including the errors of and the correlations
between the pion decay constant, the pion mass and the quark mass within each ensemble.
The resulting χ2-values are fully correlated.

Including only the mass-independent discretization terms of Eq. (4.24) and carrying
out fits employing the NLO ChPT expressions, i.e., truncating the quark mass and
the volume dependence at O(x), we are able to resolve all parameters reasonably well.
Figure 4.3 illustrates the resulting quark mass-dependence of the pion decay constant
and the squared pion mass, respectively, from a combined fit to all the available data
points. This fit to 30 points requires six parameters (

√
8t0B0,

√
8t0F0, a10, b10, cMπ

a and
cFπ
a ) while the coefficients of the logs, a11 = 1/3 and b11 = −3/2, are fixed, see Eqs. (4.4)

and (4.5). For a better visualization of the deviations from the linear GMOR relation,
in the right plot in Fig. 4.3 we have divided the squared pion mass by the quark mass
(all in units of 8t0). This ratio approaches the GMOR expectation 2B0

√
8t0,ch in the

chiral limit. The deviation from a linear dependence is caused by b11. This, as well as
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Figure 4.3: Left: Extrapolation of the pion decay constant Fπ to the chiral limit. The data points
are corrected for discretization and finite volume effects according to the parameters obtained from a
combined fit to the pseudoscalar decay constant and mass on all the available data points employing the
NLO ChPT ansatz. The blue band shows the NLO expression for the quark mass dependence. Right:
The same as in the left panel for the ratio of the squared pion mass over the quark mass M2

π/m.

Table 4.2: Results for the LO mesonic LECs F0 and B0 in units of 1/
√
8t0,ch = 469(7)MeV obtained

from fits to the NLO ChPT expression and different subsets of the parameter space spanned. The subsets
are defined at the end of section 4.2.5.

Fit χ2/Ndof
√

8t0,chF0

√
8t0,chB0

1 0.9322 0.1504(19) 4.302(81)

2 0.7146 0.1565(30) 4.10(14)

3 0.3444 0.1485(22) 4.118(86)

4 1.0500 0.1489(22) 4.364(89)

the curvature observed in the left plot of Fig. 4.3 that is due to a11, is in agreement with
the data.

Since this simple fit describes the data very well, adding further parameters does not
improve the situation: allowing for the mass-dependent discretization terms c̄Xa ̸= 0 in
Eq. (4.24), does not significantly change the values of χ2/Ndof, F0 or B0. However, the
errors for the fit parameters cXA , a10 and b10 increase considerably and on the reduced data
sets, when incorporating the cuts described at the end of section 4.2.5, stable fits become
impossible. Similarly, when allowing for the O(x2) (NNLO) terms in the continuum fit
functions (Eqs. (4.2) and (4.3)), the statistical errors of all parameters increase while the
higher order parameters are either comparable with zero or cannot be resolved reliably
due to cancellations. After exploring these alternative parametrizations, in view of the
range and quality of the present data, only the four parameter NLO continuum fit in
conjunction with the two parameters that account for mass-independent O(a2) effects
are included into the analysis. Further, the parametrization uncertainty is explored by
imposing the cuts on the data that are defined at the end of section 4.2.5. Carrying out
the fits on these four sets of ensembles and performing the model averaging procedure as
described in Appendix B.4, we obtain

√
8t0,chF0 = 0.1502

(56)
(29) ,

√
8t0,chB0 = 4.22

(15)
(16) , (4.25)

where the errors include the systematics. The individual results for each fit are listed in
Table 4.2 and compiled in Fig. 4.4, where also the final result is indicated.
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Figure 4.4: Final result for the LO mesonic LECs F0 and B0 (red point and green error band) obtained
from individual fits (blue points) by performing the model averaging procedure described in Appendix B.4.
The model averaged distribution is shown as a histogram on the right where also the median and the
68% confidence level interval are indicated (green lines).

4.3.2 Baryonic LECs

In analogy to the analysis of the mesonic observables, we carry out a simultaneous
extrapolation of the octet baryon mass and the axial charges for the nucleon and the
sigma baryon. The continuum expressions for the dependence of these three observables on
the pion mass Mπ and the lattice extent L are given in Eqs. (4.6)–(4.9), (4.15) and (4.16).
Again, lattice spacing effects are parameterized as in Eq. (4.24). For F0, the pion decay
constant in the chiral limit, that enters in the definition of ξ (see Eq. (4.1)), we use the
result obtained in the previous section 4.3.1 . HBChPT should give the same set of LO
LECs m0, F and D as BChPT in the EOMS prescription. To investigate the impact of
different truncations of the chiral expansion, in addition to the BChPT fits, we also carry
out a HBChPT analysis, replacing the loop function in Eq. (4.7) as fB(r) 7→ −π.

The pion mass dependence of the axial charges appears to be mild. As already pointed
out at the end of section 4.1.1, the logarithmic corrections suggested by ChPT without
decuplet loops differ in sign from what the data suggest. This—within the available
window of pion masses—can only be compensated for by corrections of O(ξ3/2) and higher
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Figure 4.5: Left: Extrapolation of the nucleon mass mN to the chiral limit. The data points are corrected
for discretization and finite volume effects according to the parameters obtained from a combined fit
to the nucleon mass and the two axial charges on all the available data points. The blue band shows
the NNLO BChPT expression for the pion mass dependence. Right: The same as in the left panel for
the axial charges of the nucleon and the sigma baryon. The blue band shows the NLO (O(p2)) chiral
extrapolation.
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Table 4.3: Results for the LO baryonic LECs m0 (octet baryon mass in the chiral limit), F and D
obtained from fits to the BChPT (B) and HBChPT (H) expressions on different subsets of ensembles.
The subsets are defined at the end of section 4.2.5.

Fit χ2/Ndof
√
8t0,chm0 F D

1 (H) 1.1710 1.325(49) 0.4455(59) 0.729(10)

1 (B) 0.9451 1.570(39) 0.4465(59) 0.730(10)

2 (H) 1.4793 1.447(70) 0.4489(82) 0.741(12)

2 (B) 1.2450 1.608(64) 0.4492(82) 0.742(12)

3 (H) 1.3788 1.341(51) 0.4442(61) 0.726(11)

3 (B) 1.1174 1.570(42) 0.4449(61) 0.728(11)

4 (H) 1.2265 1.339(50) 0.4447(61) 0.725(10)

4 (B) 0.9689 1.587(41) 0.4456(61) 0.727(10)

and/or by including effects of the decuplet baryons, adding the additional LECs ∆, C
and H. The same observation is made regarding finite volume effects, whose sign can
only be reconciled with the data if decuplet loops are included. The relevant formulae
are listed in Appendix F but, given the statistical error of the data, these additional
contributions cannot be explored. Therefore, regarding the axial charges, Eqs. (4.8)
and (4.9) are truncated at O(ξ), i.e., a NLO (O(p2)) analysis is carried out. Regarding
the finite volume effects, only the leading term (see Eq. (4.16)) is taken into account,
with phenomenological coefficients cNV and cΣV . Turning to the baryon mass, one is able to
employ the full NNLO (O(p3)) expressions, both for the pion mass-dependence and the
finite volume behaviour. It is also found that the baryon mass data is well described when
including decuplet loops. However, in this case, the LEC C is found to be compatible
with zero within large errors, suggesting that the impact of the decuplet on the octet
baryon mass is small.

In Fig. 4.5 the pion mass dependencies of the nucleon mass and of the axial charges
are shown, respectively, for a combined fit to all the available data points. The fit is to
41 data points (15 ensembles for the baryon mass and 13 ensembles for each of the axial
charges). It requires 11 parameters: m0, F , D, b̄, cN , cΣ, cNV , cΣV , cNa , cg

N
A

a and cg
Σ
A

a , i.e.,
six (combinations of) LECs, two finite volume parameters for the axial charges and three
parameters to describe discretization effects. The same variations of the data set as in
the meson case are carried out. In addition, both BChPT and HBChPT for the pion
mass-dependence of the baryon mass are explored, giving eight distinct results that are
collected in Table 4.3 and shown in Fig. 4.6.

BChPT is found to give better fit qualities than HBChPT which is why the former
fits dominate the averaging procedure. The BChPT results for m0 are systematically
larger than those of HBChPT which suggests a larger curvature of the data. Since F
and D are mostly determined by the axial charges, where to the order employed here no
difference between BChPT and HBChPT exists, these values are largely unaffected by
the parametrization. The final, averaged results read:√

8t0,chm0 = 1.57
(5)
(6) , F = 0.447

(6)
(7) , D = 0.730

(11)
(11) . (4.26)

Again, the errors include the systematics of the extrapolation.
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Figure 4.6: The same as Fig. 4.4 but for the LO baryonic LECs m0, F and D. For each cut there are
two data points: BChPT (B) and HBChPT (H).

4.3.3 Comparison with other recent determinations

We employ the value (8t0,ch)
−1/2 = µ = 469(7) MeV to convert the results into phys-

ical units. As already explained in section 4.1.1, this value is obtained by combining
t0,ch/t

∗
0 = 1.037(5) [52] with (8t∗0)

−1/2 = 478(7) MeV [113]. The mesonic LECs (with
systematic uncertainties included in the errors) then read

F0 = 70
(3)
(2) MeV and Σ

1/3
0 (RGI) = 214

(7)
(5) MeV , (4.27)

where Σ0 = B0F
2
0 . Note that Σ0(RGI) refers to the value of the chiral condensate

in the RGI scheme with Nf = 3 active sea quark flavours. Using version 3 of the
Mathematica implementation of the RunDec package [134, 135] at five loop accuracy
in the quark mass anomalous dimension- and the β-functions, we obtain the conversion
factor m(RGI) = 1.330(14)(7)m(MS, 2GeV) for the quark mass between the RGI and
the MS schemes.3 The first error corresponds to the uncertainty of the three-flavour
Λ-parameter [113], whereas the second error is the difference between five- and four-loop
running. Using the scale-independence of mΣ0 and taking the third root, one obtains

Σ
1/3
0 (MS, 2GeV) = 236

(7)
(6) MeV . (4.28)

Figure 4.7 shows a comparison of the results for F0 and Σ0 with the most recent determi-
nations from SU(3) ChPT analyses of other groups, also see the present FLAG review [14]
for a detailed discussion. One issue with Nf = 2 + 1(+1) simulations is that the strange
quark mass is usually kept close to its physical value, which limits the sensitivity of observ-
ables to the deviation of F0 and B0 from their SU(2) ChPT counter parts and necessitates
partially quenched analyses. The only other simulation with Nf = 3 mass-degenerate
quarks was carried out over a decade ago by JLQCD/TWQCD [136].

3The normalization of the RGI mass used in RunDec3 differs from the one employed here. Refer-
ences [14, 96, 97] share the convention employed here.
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Figure 4.7: Comparison with the most recent SU(3) ChPT determinations of F0 and Σ0 = B0F
2
0 from

other groups. The latter is in the MS scheme at the scale 2 GeV with three active flavours. Note that
the result labelled “Nf = 4” is for the Nf = 3 LECs, however, extrapolated from Nf = 4 simulations at
different numbers of colours. Dark error bars correspond to the statistical error only, whereas the lighter
error bars include a systematic error estimate, added in quadrature.

From an analysis of several lattice data sets Guo et al. [137] estimated F0 = 71(3) MeV.
Hernández et al. [138] find from a large Nc scaling analysis of Nf = 4 and Nc = 3–6 lattice
data F0 = 71(3) MeV and Σ

1/3
0 = 223(4)(8) MeV for Nf = Nc = 3. Simulating Nf = 3

flavours, JLQCD/TWCQD [136] determine F0 = 71(3)(8) MeV and Σ0 = 214(6)(24) MeV.
Employing Nf = 2 + 1 flavour simulations, the most recent determinations of F0 are
68(1)(3) MeV by χQCD [112], 80.3(2.5)(5.4) MeV by MILC [139], 66.1(5.2) MeV by
RBC/UKCQD [140] and 83.8(6.4) MeV by PACS-CS [141]. For Σ

1/3
0 in the MS scheme

at 2 GeV, χQCD [112] find 233(1)(2) MeV, MILC [142] quote 245(5)(4)(4) MeV, while
PACS-CS [141] report 290(16) MeV. In summary, all the results for the mesonic LECs
agree within their errors, with the exception of PACS-CS [141], in particular regarding
the chiral condensate.

A compilation of the most recent results for the octet baryon mass in the SU(3) chiral
limit, m0, is shown in Fig. 4.8. Including the systematic uncertainties and converted into
physical units, the result for m0 from Eq. (4.26) reads

m0 = 736
(25)
(32) MeV . (4.29)

Carrying out SU(3) HBChPT or BChPT analyses of data from Nf = 2+1 flavour sim-
ulations for m0, Walker-Loud [110] predicts 899(40) MeV, BMW [143] find 750(150) MeV
and Martin Camalich et al. [144] obtain 756(32) MeV. Investigating multiple lattice data
sets, Guo et al. [145, 146] obtain 870(3) MeV (mean and error estimated from the two
fit results quoted in Ref. [146]) and Ren et al. [147] 884(11) MeV. A number of earlier
results exists [123, 148–151], which are not displayed in the figure. While it is difficult
to estimate realistic errors for the two very global fits to lattice data [145, 147], there is
disagreement between the result for m0 found here and Walker-Loud [110] who obtains a
much larger value.

In Fig. 4.9 the results from Eq. (4.26) for the two baryonic LECs F and D are compared
with results obtained from lattice as well as phenomenological determinations.

From a lattice QCD calculation of the axial charges, Lin and Orginos [15] determine
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F = 0.453(5)(19) and D = 0.715(6)(29) with Nf = 2 + 1 flavours. Later Savanur and
Lin [18] find F = 0.438(7)(6) and D = 0.708(1)(6), this time with Nf = 2 + 1 + 1
flavours. Both values, however, refer to the physical quark mass point, where the
definition of F and D is ambiguous, rather than to the chiral limit. From the baryon
masses, Walker-Loud [110] finds F = 0.47(3) and D = 0.70(5). Most phenomenological
predictions are inferred from semileptonic hyperon decays. A selection of such analyses
contains Jenkins et al. [124], Savage et al. [152], Flores et al. [153], Cabibbo et al. [154],
Ratcliffe [155] and Ledwig et al. [103]. Regarding F , there is no clear contradiction when
comparing any pair of results within the stated errors. With respect to D, however,
Flores et al. [153] and Cabibbo et al. [154]—while obtaining central values very similar
to those of Savage et al. [152] and Ratcliffe [155]—are at variance with the lattice
determinations, within their errors. Note that the lattice results agree with each other,
however, this should change if the precision was increased since two of the studies give
numbers that correspond to the physical strange quark mass, rather than to the Nf = 3
chiral limit.
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Figure 4.9: Comparison of our re-
sults for the LECs F and D with re-
sults obtained from lattice QCD cal-
culations of the hyperon axial charges
(green points)—albeit for physical quark
masses, rather than in the chiral limit—
and the baryon mass (purple point). In
addition, we show selected results ob-
tained from measurements of semilep-
tonic hyperon decays.

4.4 Summary and outlook

In this part of the thesis, we performed a simultaneous determination of all LO mesonic
(B0, F0) and octet baryonic (m0, F , D) SU(3) ChPT LECs, using Nf = 3 lattice QCD
simulations. The analysis is based on fifteen gauge ensembles, spanning a range of pion
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masses from 430 MeV down to 240 MeV across six different lattice spacings between
a ≈ 0.039 fm and a ≈ 0.098 fm and spatial lattice sizes between 3.3 ≤ LMπ ≤ 6.4. It
was found that a consistent description of the pion mass and volume dependence of
the octet baryon mass and the axial charges was possible with the same set of LECs.
Systematic errors were assessed and included by imposing cuts on the pion mass, the
lattice spacing and the volume. For the baryon mass both covariant BChPT and HBChPT
were employed. The resulting LECs are as follows (Σ0 = F 2

0B0):

F0 = 70
(3)
(2) MeV , m0 = 736

(25)
(32) MeV ,

Σ
1/3
0 = 214

(7)
(5) MeV (RGI) , F = 0.447

(6)
(7) ,

= 236
(7)
(6) MeV (MS, 2 GeV) , D = 0.730

(11)
(11) ,

B0 = 1.98
(7)
(8) GeV (RGI) ,

F

D
= 0.612

(14)
(12) ,

= 2.63
(10)
(10) GeV (MS, 2 GeV) ,

where the uncertainties of the chiral, continuum and infinite volume extrapolation
as well as of the conversion into physical units are included in the error. The RGI
and MS results above refer to the three-flavour scheme. Comparing the mesonic SU(3)
LECs X0 ∈ {F0,Σ0, B0} with their SU(2) ChPT counterparts X, where the strange
quark mass is fixed at its physical value, in the MS scheme with three active flavours at
2 GeV one finds: the decay constant F0 < F ≈ 86 MeV [5, 14] and the chiral condensate
Σ0 < Σ ≈ (270 MeV)3 [14] decrease significantly as the strange quark mass is sent to zero,
whereas the GMOR parameter B0 ≈ B ≈ 2.66 GeV remains unaffected within its present
uncertainty. Regarding baryonic LECs, we obtain F/D = 0.612

(14)
(12) which is close to the

SU(6) quark model expectation F/D = 2/3, see, e.g., Ref. [124], which is consistent with
the large-Nc limit [156].

Figure 4.10 shows a fit to the pion decay constant and pion mass including updated
statistics and additional ensembles (N306 and in particular D250 with Mπ ≈ 200 MeV).
As can be seen, further constraining the mass-dependence by including ensembles with
lighter pion masses would be very interesting. In particular regarding the axial couplings
this would be very favourable to improve future analyses.
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Figure 4.10: Same as Fig. 4.3 but for a preliminary fit including new statistics on the ensembles X250,
X251 and X450 as well as two new data points corresponding the ensembles N306 and D250.
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5 | OCTET BARYON ISOVECTOR CHARGES

A charge of a hadron parameterizes the strength of its interaction at small momentum
transfer with a particle that couples to this particular charge. For instance, the isovector
axial charge determines the β-decay rate of the neutron. At the same time, this charge
corresponds to the difference between the contribution of the spin of the up quarks minus
the spin of the down quarks to the total longitudinal spin of a nucleon in the light front
frame that is used in the collinear description of deep inelastic scattering. This intimate
connection to spin physics at large virtualities and, more specifically, to the decomposition
of the longitudinal proton spin into contributions of the gluon total angular momentum
and the spins and angular momenta for the different quark flavours [6, 7] opens up a whole
area of intense experimental and theoretical research: the first Mellin moment of the
helicity structure functions g1(x) is related to the sum of the individual spins of the quarks
within the proton. For lattice determinations of the individual quark contributions to its
first and third moments, see, e.g., Refs. [8–12] and Ref. [157], respectively. Due to the lack
of experimental data on g1(x), in particular at small Bjorken-scale x, and difficulties in the
flavour separation, usually additional information is used in determinations of the helicity
parton distribution functions (PDFs) from global fits to experimental data [158–162]. In
addition to the axial charge gA of the proton, this includes information from hyperon
decays, in combination with SU(3) flavour symmetry relations whose validity need to be
checked.

In this chapter we establish the size of the corrections to SU(3) flavour symmetry
in the axial sector and also for the scalar and the tensor isovector charges of the octet
baryons: in analogy to the connection between axial charges and the first moments
of helicity PDFs, the tensor charges are related to first moments of transversity PDFs.
This was exploited recently in a global fit by the JAM Collaboration [163, 164]. Since
no tensor or scalar couplings contribute to tree-level Standard Model processes, such
interactions may hint at new physics and it is important to constrain new interactions
(once discovered) using lattice QCD input, see, e.g., Ref. [13] for a detailed discussion.
SU(3) flavour symmetry among the scalar charges is also instrumental regarding recent
tensions between different determinations of the pion nucleon σ term, see Ref. [52] for a
summary of latest phenomenological and lattice QCD results and, e.g., the discussion
in section 10 of Ref. [165] about the connection between OZI violation, (approximate)
SU(3) flavour symmetry and the value of the pion nucleon σ term. Finally, the scalar
isovector charges relate the QCD part of the mass splitting between isospin partners to
the difference of the up and down quark masses.

Assuming SU(3) flavour symmetry, the charges for the whole baryon octet in a given
channel only depend on two independent parameters. For the proton and the axial charge,
this relation reads gA = FA +DA, where in the massless limit FA and DA correspond to
the leading order LECs F and D, respectively, as determined in chapter 4. Already in the
first lattice calculations of the axial charge of the proton [64, 166], that were carried out
in the quenched approximation1, FA and DA have been determined separately. However,

1i.e., without including sea quarks in the simulations
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in spite of the long history of nucleon structure calculations, SU(3) flavour symmetry
breaking is relatively little explored using lattice QCD: only very few investigations of
axial charges of the baryon octet exist to date [15–19] and only one of these includes the
scalar and tensor charges [19]. Here we compute these charges for the light baryon octet.

In section 5.1, the results for the isovector charges in the continuum, infinite volume
limit at physical quark masses are presented. Subsequently, in section 5.2, SU(3) symmetry
breaking effects are discussed and the up and down quark mass difference is determined
from the scalar charge of the Σ baryon. Furthermore, isospin breaking effects on the
baryon masses are split into QCD and QED contributions and isospin breaking corrections
to the pion baryon σ terms are determined. Throughout this section we also compare
the results to literature values, before summarizing the main results in section 5.3.

Note that the octet baryon isovector charges and some related quantities are defined in
chapter 3.1 while an overview of the analysed gauge ensembles was given in section 2.3.2.
Further details about the lattice set-up were given throughout chapter 3. Therein, in
particular, details about the methods used to obtain two- and three-point correlation
functions, the excited state analysis performed to extract the ground state matrix elements,
the non-perturbative renormalization and order a improvement and the infinite volume,
continuum limit and quark mass extrapolation strategy are given.

This chapter has already been published in similar or verbatim form in Ref. [SW2].

5.1 Continuum, infinite volume and physical quark mass limit

In the following, the extrapolations to the physical point in the continuum and infinite
volume limits of the isovector vector (V ), axial (A), scalar (S) and tensor (T ) charges for
the nucleon (N), sigma (Σ) and cascade (Ξ) octet baryons are presented.

5.1.1 Vector charges

The isovector vector charges for the nucleon, cascade and sigma baryons are gNV = gΞV = 1
and gΣV = 2, up to second order isospin breaking corrections [167]. These values also
apply to our isospin symmetric lattice results in the continuum limit for any quark mass
combination and volume. A determination of the vector charges provides an important
cross-check of our analysis methods and allows us to demonstrate that all systematics
are under control.

To start with, we display the ratios of the hyperon charges over the nucleon charge in
Fig. 5.1. The renormalization factors drop out in the ratio and lattice spacing effects are
expected to cancel to some extent. As one can see, the results align very well with the
expected values.

For the individual charges, we perform a continuum extrapolation of the data using
the fit form

gV = c0 + ca a
2 + c̄aM2

a
2 + δcaδM2

a
2 + ca,3 a

3. (5.1)

Note that there is no dependence on the pion or kaon mass nor on the spatial volume in
the continuum limit. M2 and δM2 represent the flavour average and difference of the
kaon and pion masses squared, rescaled with the scale parameter t0, while the lattice
spacing a = a/

√
8t∗0. See section 3.7 for further details of the extrapolation procedure.

We implement full O(a) improvement and leading discretization effects are quadratic
in the lattice spacing. However, the data for the nucleon vector charge are statistically
very precise and higher order effects can be resolved. This motivates the addition of the
cubic term in Eq. (5.1). The data for gΣV and gΞV are less precise as they are determined
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Figure 5.1: Ratio of the hyperon (B = Σ,Ξ) vector charges over the nucleon charge, gBV /gNV , as a
function of the rescaled pion mass squared (8t0M2

π = M2
π). The data were extracted using two excited

states in the fitting analysis, see section 3.4.

employing the stochastic approach outlined in section 3.3 which introduces additional
noise, see Appendix C for further discussion.

The data are well described by Eq. (5.1), as demonstrated by the fit, shown in Fig. 5.2,
for gNV which has a goodness of fit of χ2/Ndof = 0.92. The data are extracted using two
excited states in the fitting analysis (see section 3.4) and we employ the most precise
determination of the renormalization factors (Z3

V , see Table 3.6). A cut of Mπ < 400 MeV
is imposed on the ensembles entering the fit, however, fits including all data points are
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Figure 5.2: Continuum limit extrapolation of the nucleon isovector vector charge gNV for a five parameter
fit (Eq. (5.1)) using the renormalization factors Z3

V (see Table 3.6) and imposing the cut Mπ < 400MeV.
The data were extracted including two excited states in the fitting analysis, see section 3.4. The upper
panel shows the data points corrected for discretization effects according to the fit. They are consistent
with gNV = 1. The bottom panel shows the lattice spacing dependence at the physical point. The blue
lines and grey bands indicate the expectations from the fit. For better visibility, the data point for
ensemble D452, which has a relatively large error (see Table D.5), is not displayed.

55



2.
19

6

1.
69

7

1.
65

7

1.
06

3

0.
92

1

2.
10

7

1.
55

1

1.
64

2

1.
04

9

0.
90

4

0.0

0.2

0.4

0.6

w

1 2 3 4 5 6 7 8 9 10

g
N V

Z3
V

0.992

0.994

0.996

0.998

1.000

1.002

1.004

1.006

Figure 5.3: Results for the nucleon vector charge gNV in the continuum limit at the physical point obtained
using Z3

V (see Table 3.6) and five different parametrizations applied to data set DS(M<400MeV
π ) (fits

to Eq. (3.43) with different coefficients set to zero labelled 1,...,5, see the text) and DS(M<400MeV
π ,

a<0.1 fm) (6,...,10). See section 3.7 for the definitions of the data sets. The data were extracted including
two excited states in the fitting analysis, see section 3.4. The model average (performed as described in
Appendix B.4) is shown as the red data point and the green horizontal line and band. On the right the
model averaged distribution is displayed as a histogram where also the median and the 68% confidence
level interval, which form the final result, are indicated (green lines). The top panel shows the weights
(grey points) assigned to the individual fits, with the corresponding χ2/Ndof values given above.

also performed, as detailed below. When the data are corrected for the discretization
effects according to the fit, we see consistency with gNV = 1, for all pion and kaon masses.
Using the fit to shift the data points to the physical point, we observe that the lattice
spacing dependence is moderate but statistically significant, with a 3–4% deviation from
the continuum value at the coarsest lattice spacing (lower panel of Fig. 5.2).

In order to investigate the uncertainty arising from the choice of parametrization
and the importance of the different terms, we repeat the extrapolations employing
five different parametrizations (listed in terms of the coefficients of the terms enter-
ing the fit): (1, {c0, ca}), (2, {c0, ca, δca}), (3, {c0, ca, ca,3}), (4, {c0, ca, ca,3, δca}) and
(5, {c0, ca, ca,3, c̄a, δca}). Regarding the lattice spacing dependence, the mass indepen-
dent term ca is always included as the other terms are formally at a higher order.
These five fits are performed on two data sets. The first set contains ensembles with
Mπ < 400MeV (data set DS(M<400MeV

π )), while in the second set the ensembles with
the coarsest lattice spacing are also excluded (DS(M<400MeV

π , a<0.1 fm), +5 is added to
the fit number). See the end of section 3.7 for the definitions of the data sets.

The results for gNV , displayed in Fig. 5.3, show that the cubic term and at least one
mass dependent term are needed to obtain a reasonable description of the data in terms
of the χ2/Ndof. Two of the fit forms with large χ2/Ndof values (corresponding to fits 1, 2
and 6, 7, with negligible weight in the model averaging procedure, see Appendix B.4) give
values that are inconsistent with the continuum expectation. The results are stable under
the removal of the coarsest ensembles. Performing the model averaging procedure, the
final result for the nucleon, given in the last row of the first column of Table 5.1, agrees
with the expectation gNV = 1 within a combined statistical and systematic uncertainty of
about 1‰.

The above analysis is also performed utilizing the sets of renormalization factors Z1
V

and Z2
V , determined via the RI′-SMOM scheme [88]. The results for the nucleon vector

charge are compared in Fig. 5.4. The uncertainties on these factors are larger, in particular
for Z2

V , than those of set Z3
V , which is derived using the chirally rotated Schrödinger
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Figure 5.5: Overview of the results for the vector charges gBV , B ∈ {N,Σ,Ξ}, obtained from different
data sets. These are labelled by the number of excited states used in the fitting analysis (ES=1, 2), the
pion mass cut imposed (denoted A or B) and the set of renormalization factors employed (Zk

V , k = 1, 2, 3).
Each data point represents a model averaged result. The label A indicates that 15 fits (5 fit variations
applied to three data sets, DS(0), DS(M<400MeV

π ) and DS(a<0.1 fm)) are averaged, while the results
labelled with B are based on the set of 10 fits utilized in Fig. 5.3 (5 fit variations applied to two data
sets, DS(M<400MeV

π ) and DS(M<400MeV
π , a<0.1 fm)). See section 3.7 for the definitions of the data

sets. The final results for each Zk
V (filled squares) are listed in Table 5.1.

functional approach [94]. This translates into larger errors for gNV for those fits. The
lattice spacing dependence is somewhat different: the first quadratic mass dependent term
in Eq. (5.1) and the cubic term can no longer be fully resolved and also parametrization
(2, {c0, ca, δca}) gives a χ2/Ndof = 1.00 (0.95) when employing Z1

V (Z2
V ).

The systematic uncertainty of the results due to residual excited state contamination
and the range of pion masses employed in the extrapolations is also considered. Figure 5.5
shows the model averaged results discussed so far, displayed as filled squares, and also
those obtained using several other sets of fits. These are labelled in terms of the number
of excited states (one or two) included in the fitting analysis, the cuts imposed on the pion
mass (A or B) and the renormalization factors utilized. For the results from pion mass
cut A, 15 fits enter the model average, the five different parametrizations are applied to
three data sets DS(0), DS(M<400MeV

π ) and DS(a<0.1 fm). Note that the first and third
data set include ensembles with pion masses up to 430MeV. For mass cut B, data sets
DS(M<400MeV

π ) and DS(M<400MeV
π , a<0.1 fm) are used, giving 10 fits in total. The results

only depend on the choice of renormalization factors, suggesting that the systematic
uncertainties due to excited state contamination and the cut made on the pion mass are
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Table 5.1: Results for gBV , B ∈ {N,Σ,Ξ}, obtained with three different sets of renormalization factors.
The errors include the statistical and all the systematic uncertainties.

Renormalization gNV gΣV gΞV

Z1
V (Table 3.4) 0.9975

(22)
(20) 2.012

(26)
(16) 1.012

(13)
(11)

Z2
V (Table 3.5) 0.9945

(66)
(41) 2.014

(36)
(16) 1.008

(19)
(8)

Z3
V (Table 3.6) 1.0012

(12)
(11) 2.021

(21)
(27) 1.015

(10)
(11)

very small.
Repeating the whole procedure for the sigma and the cascade baryons gives vector

charges which are also consistent with the expected values to within 1.5σ, as shown in
Fig. 5.5 (see Figs. E.2 and E.3 in Appendix E for the individual fits for mass cut B). The
statistical noise introduced by the stochastic approach dominates, leading to much less
precise values and very little variation between the results for the different hyperon data
sets. We take the values obtained from the data sets (2, B, Zk

V ), listed in Table 5.1, as our
estimates of the vector charges as these data sets give the most reliable determinations of
the charges across the different channels (as discussed in the following subsections).

Overall, the results demonstrate that the systematics arising from excited state con-
tamination, renormalization and finite lattice spacing are under control in our analysis in
this channel (to within an error of 1‰ for the nucleon).

5.1.2 Axial charges

In the following we present the results for the nucleon, sigma and cascade isovector
axial charges gBA , B ∈ {N,Σ,Ξ}. The nucleon axial charge is very precisely measured
in experiment, λ = gNA /g

N
V = 1.2754(13) [5], and serves as another benchmark quantity

when assessing the size of the systematics of the final results. Note, however, that
possible differences of up to 2%, due to radiative corrections, between λ computed in
QCD and an effective λ measured in experiment have been discussed recently [168, 169].
Lattice determinations of gNA are known to be sensitive to excited state contributions,
finite volume effects and other systematics. Whereas there is a long history of lattice
QCD calculations of gNA , see, e.g., the FLAG 21 review [14], there are very few lattice
computations of hyperon axial charges [15–19] and only few phenomenological estimates
exist from measurements of semileptonic hyperon decay rates.

We carry out simultaneous continuum, quark mass and finite volume extrapolations
to the individual baryon charges employing the parametrization in Eq. (3.43) (with the
continuum form in Eq. (3.42)). The discretization effects are found to be fairly mild and
we are not able to resolve the quadratic mass dependent terms or a cubic term. These
terms are omitted throughout. As already mentioned in section 3.7 we are also not able
to resolve any higher order ChPT terms in the continuum parametrization.

A five parameter fit, with free coefficients {c0, cπ, cK , cV , ca}, describes the data well,
as demonstrated in Fig. 5.6 for the nucleon (with χ2/Ndof = 0.86) and Fig. 5.7 for the
sigma and cascade baryons (with χ2/Ndof = 0.85 and 1.25, respectively). The data are
extracted using two excited states (‘ES=2’) in the fitting analysis (see section 3.4) and
renormalized with factors Z3

A (that are the most precise of the three determinations
considered, see Table 3.6). For the cascade baryon, with two strange quarks, the data on
the three quark mass trajectories (TrM = const., ms = const. and mℓ = ms) are clearly
delineated, however, note the different scale on the right of Fig. 5.7. The availability of
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Figure 5.6: Simultaneous quark mass, continuum and finite volume extrapolation of the nucleon
isovector axial charge gNA extracted on ensembles with Mπ < 400MeV using two excited states
in the fitting analysis (see section 3.4) and renormalization factors Z3

A (see Table 3.6). A
five parameter fit form is employed, see the text. (Top) Pion mass dependence of gNA , where
the data points are corrected, using the fit, for finite volume and discretization effects and
shifted (depending on the ensemble) to kaon masses corresponding to the TrM = const. and
ms = const. trajectories. The fit is shown as a grey band with the three trajectories, including
the symmetric line, distinguished by blue, green and orange lines, respectively. The vertical
dashed line indicates the physical point. (Middle) Lattice spacing dependence at the physical
point in the infinite volume limit. (Bottom) Finite volume dependence at the physical point
in the continuum limit. The dashed blue line (band) indicates the infinite volume result. For
better visibility, the data points for ensembles D150, E250 and D452, which have relatively large
errors (see Table D.5), are not displayed. The black cross at the physical point indicates the
experimental value [5].

ensembles on two trajectories which intersect at the physical point helps to constrain the
physical value of the axial charge. In terms of the finite volume effects, only the nucleon
shows a significant dependence on the spatial extent. The quark mass dependence is also
pronounced in this case.

As in the vector case, we quantify the systematics associated with the extraction of the
charges at the physical point (in the continuum and infinite volume limits) by varying
the parametrization and the set of ensembles that are included in the fit. We consider
two fit forms (1, {c0, cπ, cK , cV , ca}) and (2, {c0, cπ, cK , cV , ca, δca}) and four data sets,
DS(M<400MeV

π ), DS(M<300MeV
π ), DS(M<400MeV

π , a<0.1 fm) and DS(M<400MeV
π , LM>4

π ),
see section 3.7 for their definitions.

The results of the eight fits and their model averages for the three different determina-
tions of the renormalization factors are shown in Fig. 5.8 for the nucleon and in Fig. E.4
of Appendix E for the hyperon axial charges. In all cases, we find consistent results across
the different fits and choice of renormalization factor suggesting that the statistical errors
dominate. The additional lattice spacing term is not properly resolved with the goodness
of fit only changing slightly, while the errors on the coefficients increase. For the nucleon
and sigma baryon, all fits have a χ2/Ndof < 1 and are given a similar weight in the model
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Figure 5.7: The same as Fig. 5.6 for the isovector axial charges gBA of the sigma baryon (left) and
the cascade baryon (right). For better visibility, the data points for ensembles D452 and D451, which
have relatively large errors (see Table D.7), are not displayed for the cascade baryon. Compared to the
nucleon, for the analysis of the hyperon charges a reduced set of ensembles is employed, see Tables D.6
and D.7 for a complete list of ensembles.
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Figure 5.8: The same as Fig. 5.4 for the nucleon axial charge gNA . The eight fits correspond to two fit
variations, see the text, applied to four data sets, DS(M<400MeV

π ), DS(M<300MeV
π ), DS(M<400MeV

π ,
a<0.1 fm) and DS(M<400MeV

π , LM>4
π ). The data are extracted using two excited states in the fitting

analysis, see section 3.4.

average, while for the cascade baryon, the cut M<300MeV
π is needed to achieve a goodness

of fit around 1 and these fits have the highest weight factors.
In order to further explore the systematics, additional data sets are considered. We

assess the sensitivity of the results to excited state contributions by performing extrapola-
tions of the data extracted using only one excited state (‘ES=1’) in the fitting analysis. In
addition, as only the O(p2) ChPT terms are included in the continuum parametrization,
we test the description of the quark mass dependence by performing 10 fits, involving the
two parametrization variations above, applied to five data sets, DS(0), DS(M<400MeV

π ),
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Figure 5.9: The same as Fig. 5.5 for the nucleon, sigma and cascade axial charges. The label A indicates
that 10 fits enter the model average corresponding to two fit variations, see the text, applied to 5 data
sets, DS(0), DS(M<400MeV

π ), DS(M<300MeV
π ), DS(a<0.1 fm) and DS(LM>4

π ). For the data points
labelled with B, the results of the 8 fits employed in Fig. 5.8 are averaged. For the nucleon, the FLAG 21
average for Nf = 2 + 1 [85, 170] and the experimental value [5] are indicated (black diamonds)

DS(M<300MeV
π ), DS(a<0.1 fm) and DS(LM>4

π ). The first, fourth and fifth data sets include
ensembles with pion masses up to 430MeV.

The results for the axial charges from model averaging the 10 fits (denoted A) employing
the 5 data sets and also from the 8 fits (denoted B) using the 4 data sets given above, for
the ‘ES=1’ and ‘ES=2’ data and the different renormalization factors are displayed in
Fig. 5.9. Very little variation is seen in the results in terms of the range of pion masses
included and, as before, the renormalization factors employed, suggesting the associated
systematics are accounted for within the combined statistical and systematic error (which
includes the uncertainty due to lattice spacing and finite volume effects). However, the
results are sensitive to the number of excited states included in the fitting analysis. This
is only a significant effect for the nucleon, for which the ‘ES=1’ results lie around 2.5σ
below experiment. Similar underestimates of gNA have been observed in many earlier
lattice studies [14].

As detailed in section 3.4, more than one excited state is contributing significantly to
the ratio of three-point over two-point correlation functions and including two excited
states in the fitting analysis enables the ground state matrix element to be isolated more
reliably. Considering the pion mass cuts, to be conservative we take the results of the
model averages of the B data sets (where all the ensembles have Mπ < 400MeV) as only
the dominant mass dependent terms are included in the continuum parametrization. The
estimates, corresponding to the (‘ES=2’, B, Zk

A) results in Fig. 5.9, are listed in Table 5.2.

Table 5.2: Results for gBA , B ∈ {N,Σ,Ξ}, obtained with three different sets of renormalization factors.
The errors include the statistical and all the systematic uncertainties.

Renormalization gNA gΣA gΞA

Z1
A (Table 3.4) 1.299

(28)
(29) 0.885

(30)
(42) −0.269

(14)
(13)

Z2
A (Table 3.5) 1.295

(28)
(29) 0.882

(30)
(42) −0.269

(14)
(12)

Z3
A (Table 3.6) 1.284

(28)
(27) 0.875

(30)
(39) −0.267

(13)
(12)
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5.1.3 Scalar charges

As there is no isovector scalar current interaction at tree-level in the Standard Model,
the scalar charges cannot be measured directly in experiment. However, the conserved
vector current (CVC) relation can be used to estimate the charges from determinations
of the up and down quark mass difference, δm = mu −md, and the QCD contribution
to baryon mass isospin splittings, e.g., between the mass of the proton and the neutron,
∆mQCD

N , (for gNS see Eq. (5.20) below). Reference [171] finds gNS = 1.02(11) employing
lattice estimates for δm and an average of lattice and phenomenological values for ∆mQCD

N ,
which is consistent with the FLAG 21 [14] Nf = 2 + 1 result of gNS = 1.13(14) [85].
Estimates can also be made of the isovector scalar charges of the other octet baryons, see
the discussion in section 5.2.1. Conversely, direct determinations of the scalar charges
can be used to predict δm, as presented in section 5.2.3. So far, there has been only one
previous study of the hyperon scalar charges [19].

For the extrapolation of the scalar charges and the extraction of the value at the
physical point, we follow the same procedures as for the axial channel, presented in the
previous subsection. The five parameter fit (with coefficients {c0, cπ, cK , cV , ca}) can
again account for the observed quark mass, lattice spacing and volume dependence as
illustrated in Fig. 5.10 for the nucleon (with χ2/Ndof = 0.56) and Fig. E.7 of Appendix E
for the sigma and cascade baryons (with χ2/Ndof = 0.97 and 1.14, respectively). The
data are extracted using two excited states in the fitting analysis. For both hyperons, the
quark mass and lattice spacing effects can be resolved, in contrast to the nucleon, while
for all baryons the dependence on the spatial volume is marginal. When investigating
the systematics in the estimates of the charges at the physical point, we perform model
averages of the results of (A): 8 fits from the two fit variations (as for the axial case)
and the four data sets, DS(0), DS(M<400MeV

π ), DS(a<0.1 fm) and DS(LM>4
π ), (B): 6 fits

from the two fit variations to the three data sets DS(M<400MeV
π ), DS(M<400MeV

π , a<0.1 fm)
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Figure 5.10: The same as Fig. 5.6 for the nucleon scalar charge gNS . The factors Z1
S are used for the

matching (see Table 3.4). For orientation, the FLAG 21 result for Nf = 2 + 1 [85] is indicated (black
diamond) at the physical point. For better visibility, the data points for ensembles D150, E250 and D452,
which have relatively large errors (see Table D.5), are not displayed.
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Figure 5.11: The same as Fig. 5.5 for the nucleon, sigma and cascade scalar charges. The label A
indicates that 8 fits enter the model average corresponding to two fit variations, see the text, applied to
4 data sets, DS(0), DS(M<400MeV

π ), DS(a<0.1 fm) and DS(LM>4
π ). For the data points labelled with

B, the two fit variations are performed on 3 data sets, DS(M<400MeV
π ), DS(M<400MeV

π , a<0.1 fm) and
DS(M<400MeV

π , LM>4
π ), giving a total of 6 fits for the average. For the nucleon, the FLAG 21 result

for Nf = 2 + 1 [85] is also shown (black diamond).

and DS(M<400MeV
π , LM>4

π ). Note that a cut on the pion mass Mπ < 300MeV is not
considered. The scalar matrix elements are generally less precise than the axial ones and
utilizing such a reduced data set leads to instabilities in the extrapolation and spurious
values of the coefficients.

For illustration, the values from the individual fits and the model averages over the B
data sets for the two different determinations of the renormalization factors are given
in Fig. E.5 in Appendix E. The results are consistent across the different fits, although
the weights vary. The values of the scalar charges for all the model averages performed
are compiled in Fig. 5.11. There are no significant variations in the results obtained
using the different renormalization factors and data sets (A or B). For the nucleon,
there is also agreement between the values for the data extracted including one (‘ES=1’)
or two (‘ES=2’) excited states in the fitting analysis and consistency with the current
FLAG 21 result. For the sigma baryon, and to a lesser extent for the cascade baryon,
there is a tension between the ‘ES=1’ and ‘ES=2’ determinations. As discussed previously,
the (‘ES=2’, B, Zk

S) values are considered the most reliable. These are listed in Table 5.3.

Table 5.3: Results for gBS , B ∈ {N,Σ,Ξ}, obtained with two different sets of renormalization factors.
The errors include the statistical and all the systematic uncertainties.

Renormalization gNS gΣS gΞS

Z1
S (Table 3.4) 1.11

(14)
(16) 3.98

(22)
(24) 2.57

(11)
(11)

Z2
S (Table 3.5) 1.12

(14)
(17) 4.00

(23)
(24) 2.57

(11)
(11)

5.1.4 Tensor charges

In the isosymmetric limit, the nucleon tensor charge is equal to the first moment of the
nucleon isovector transversity parton distribution function. Due to the lack of experimental
data, estimates of gNT from phenomenological fits have very large uncertainties, unless
some assumptions are made. In fact, in some analyses, the fit is constrained to reproduce
the lattice results for the isovector charge, see Refs. [163, 164]. The FLAG 21 review [14]
gives as the Nf = 2 + 1 value for the nucleon tensor charge the result of Ref. [85],
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Figure 5.12: The same as Fig. 5.6 for the nucleon tensor charge gNT . The factors Z1
T are used for the

matching (see Table 3.4). For orientation, the FLAG 21 result for Nf = 2 + 1 [85] is indicated (black
diamond) at the physical point. For better visibility, the data points for ensembles D150 and D452,
which have relatively large errors (see Table D.5), are not displayed.

gNT = 0.965(61), whereas, as far as we know, there is only one previous study of the
hyperon tensor charges [19].

The extraction of the octet baryon tensor charges at the physical point follows the
analysis of the axial charges in section 5.1.2. In particular, the parametrizations employed
and the data sets considered are the same. Figure 5.12 displays a typical example of an
extrapolation for the nucleon tensor charge for a five parameter fit with a χ2/Ndof = 0.63.
See Fig. E.8 in Appendix E for the analogous figures for the sigma and cascade baryons.
The variation of the fits with the parametrization and the data sets utilized and the
corresponding model averages, for the data sets with pion mass cut B (see section 5.1.2),
are shown in Fig. E.6.

An overview of the model averaged results for all variations of the input data is given in
Fig. 5.13. The agreement between the different determinations suggests the systematics
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Figure 5.13: The same as Fig. 5.5 for the nucleon, sigma and cascade tensor charges. For the nucleon,
the FLAG 21 result for Nf = 2 + 1 [85] is also shown (black diamond).
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associated with the extrapolation are under control. Although the results utilizing data
extracted with two excited states (‘ES=2’) in the fitting analysis are consistently above
or below those extracted from the ‘ES=1’ data, considering the size of the errors of
the model averages (which combine the statistical and systematic uncertainties), the
differences are not significant. The estimates for the tensor charges, corresponding to the
(‘ES=2’, B, Zk

T ) values, are listed in Table 5.4.

Table 5.4: Results for gBT , B ∈ {N,Σ,Ξ}, obtained with two different sets of renormalization factors.
The errors include the statistical and all the systematic uncertainties.

Renormalization gNT gΣT gΞT

Z1
T (Table 3.4) 0.984

(19)
(29) 0.798

(15)
(21) −0.1872

(59)
(41)

Z2
T (Table 3.5) 0.979

(19)
(27) 0.793

(17)
(21) −0.1872

(59)
(42)

5.2 Discussion of the results

The values for the vector, axial, scalar and tensor charges of the nucleon, sigma and
cascade baryons are given in Tables 5.1, 5.2, 5.3 and 5.4, respectively. In each case, we
take the most precise value as the final result, i.e., the one obtained using Z3

V and Z3
A for

the vector and axial channels, respectively, and Z1
S and Z1

T for the scalar and the tensor.
In the following we compare with previous determinations of the charges taken from
the literature and discuss the SU(3) flavour symmetry breaking effects in the different
channels. We use the conserved vector current relation and the result for the scalar
charge of the sigma baryon to determine the up and down quark mass difference. Further,
we compute the QCD contributions to baryon isospin mass splittings and evaluate the
isospin breaking effects on the pion baryon σ terms.

5.2.1 Individual charges

We first consider the axial charges where the final values read

gNA = 1.284
(28)
(27), gΣA = 0.875

(30)
(39), gΞA = −0.267

(13)
(12). (5.2)

The result for the nucleon compares favourably with the experimental value λ = gNA /g
N
V =

1.2754(13) [5] and the FLAG 21 [14] average for Nf = 2 + 1, gNA = 1.248(23). The latter
is based on the determinations in Refs. [85, 170]. All sources of systematic uncertainty
must be reasonably under control to be included in the FLAG average and a number of
more recent studies incorporate continuum, quark mass and finite volume extrapolations.
A compilation of results for gNA is displayed in Fig. 5.14. Although the determinations
are separated in terms of the number of dynamical fermions employed, including charm
quarks in the sea is not expected to lead to a discernible effect.

Regarding the hyperon axial charges, far fewer works exist. Lin et al. [15, 183] per-
formed the first study, utilizing Nf = 2 + 1 ensembles with pion masses ranging between
350MeV and 750MeV and a single lattice spacing of 0.12 fm. After an extrapolation to the
physical pion mass they obtain gΣA = 0.900(42)stat(54)sys and gΞA = −0.277(15)stat(19)sys,
where estimates of finite volume and discretization effects are included in the system-
atic uncertainty. Note that their result for gΣA is multiplied by a factor of two to
match our normalization convention. In Refs. [17, 184] ETMC determined all octet
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Figure 5.14: Compilation of recent lattice
determinations of the nucleon axial charge gNA
with Nf = 2 + 1 [19, 85, 170, 172–177] and
Nf = 2+1+1 [104, 105, 178–182] dynamical
fermions. Values with filled symbols were
obtained via a chiral, continuum and finite
volume extrapolation. The vertical black line
gives the experimental result [5].

and decuplet (i.e., nucleon, hyperon and ∆) axial couplings employing Nf = 2 + 1 + 1
ensembles with pion masses between 210MeV and 430MeV and two lattice spacings
a ∈ {0.065 fm, 0.082 fm}. Using a simple linear ansatz for the quark mass extrapolation,
they quote gΣA = 0.7629(218)stat and gΞA = −0.2479(87)stat, where the errors are purely
statistical.

More recently, Savanur et al. [18] extracted the axial charges on Nf = 2 + 1 + 1
ensembles with three different lattice spacings a ∈ {0.06 fm, 0.09 fm, 0.12 fm}, pion masses
between 135MeV and 310MeV and volumes in the range 3.3 ≤ LMπ ≤ 5.5. The ratios
gΣA/g

N
A and gΞA/g

N
A are extrapolated taking the quark mass dependence and lattice spacing

and finite volume effects into account. The experimental value of gNA is then used to obtain
gΣA = 0.891(11)stat(13)sys (again multiplied by a factor of two to meet our conventions) and
gΞA = −0.2703(47)stat(13)sys. Finally, QCDSF-UKQCD-CSSM presented results for the
isovector axial, scalar and tensor charges in Ref. [19]. They employ Nf = 2+1 ensembles
lying on a TrM = const. trajectory with pion masses ranging between 220MeV and
470MeV and five different values of the lattice spacing in the range (0.052−0.082) fm. The
Feynman-Hellmann theorem is used to calculate the baryon matrix elements. Performing
an extrapolation to the physical mass point including lattice spacing and finite volume
effects, they find gΣA = 0.876(26)stat(09)sys and gΞA = −0.206(22)stat(19)sys.

We also mention the earlier studies of Erkol et al. [16] (Nf = 2), utilizing pion masses
above 500MeV, and QCDSF-UKQCD (Nf = 2 + 1) carried out at a single lattice
spacing [185].

In Fig. 5.15 we compare the ratios of the hyperon axial charges over the nucleon axial
charge, gBA/g

N
A , from Refs. [15, 17, 18], obtained on individual ensembles to our results. A

comparison of the charges themselves cannot be made since, as mentioned above, Savanur
et al. only present results for the ratio. As the strange quark mass is held approximately
constant in these works, only our results from the ms = const. trajectory are displayed.
Similarly, the QCDSF-UKQCD-CSSM values are omitted as the ensembles utilized lie on
a TrM = const. trajectory. We observe reasonable agreement between the data. Note
that our continuum, infinite volume limit result (the grey band in the figure) for gΣA/g

N
A

lies slightly below the central values of most of our ms = const. data points.
The individual hyperon axial charges at the physical point are shown in Fig. 5.16, along

with a number of phenomenological determinations employing a variety of quark mod-
els [186, 188, 189], the chiral soliton model [187] and SU(3) covariant baryon ChPT [103].
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Figure 5.15: Comparison of lattice determinations [15, 17, 18] of the hyperon axial charges for the
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Figure 5.16: Comparison of our results for the axial charges gΣA and gΞA (blue symbols and error bands)
with other lattice determinations [15, 17–19] and phenomenological estimates [103, 186–189]. Values
with filled symbols were obtained via a chiral, continuum and finite volume extrapolation. All results are
converted to our phase and normalization conventions, Eqs. (3.1)–(3.6).

Within errors, the lattice results are consistent apart from the rather low value for gΣA
from ETMC [17] and the rather high value for gΞA from QCDSF-UKQCD-CSSM [19].
The phenomenological estimates for gΣA are in reasonable agreement with our value, while
there is a large spread in the expectations for gΞA.

We remark that, in analogy to the CVC relation (discussed in section 5.2.3 below), the
axial Ward identity, ∂µ(ūγµγ5d) = i(md +mu)ūγ5d, connects the axial and pseudoscalar
charges,

gBP =
mB

mℓ
gBA , (5.3)

where mB and mℓ correspond to the baryon and the light quark mass, respectively. This
relation was employed in Ref. [171] to determine the pseudoscalar charge of the nucleon,
which is defined as the pseudoscalar form factor in the forward limit. Taking the baryon
masses of isosymmetric QCD from Table 14 of Ref. [52] and the isospin averaged light
quark mass mℓ = 3.381(40)MeV in the Nf = 4 flavour MS scheme at µ = 2GeV from
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1 [19, 85, 172, 174–177, 190, 191] and Nf =
2 + 1 + 1 [105, 178, 180, 182] dynamical
fermions. González-Alonso et al. estimate
the scalar charge via the conserved vector
current (CVC) relation [171].

the FLAG 21 review [14], we find

gNP,Nf=4 = 356
(9)
(9), gΣP,Nf=4 = 308

(11)
(14), gΞP,Nf=4 = −104

(5)
(5). (5.4)

Turning to the scalar charges, the final results in the three flavour MS scheme at
µ = 2GeV read2

gNS = 1.11
(14)
(16), gΣS = 3.98

(22)
(24), gΞS = 2.57

(11)
(11). (5.5)

For the nucleon, our result for gNS agrees with the FLAG 21 value gNS = 1.13(14) for
Nf = 2+1 [14] (taken from Ref. [85]) and more recent lattice determinations, see Fig. 5.17.
There is only one previous lattice determination of the hyperon scalar couplings by QCDSF-
UKQCD-CSSM [19], who obtain gΣS = 2.80(24)stat(05)sys and gΞS = 1.59(11)stat(04)sys.
These values are much smaller than ours.

One can also employ the CVC relation and estimates of the QCD contribution to the
isospin mass splittings and the light quark mass difference to determine the scalar charges.
For a detailed discussion see section 5.2.3 below. Reference [171] obtains gNS = 1.02(11)

assuming ∆mQCD
N = mQCD

p −mQCD
n = −2.58(18)MeV and the quark mass difference

δm = mu −md = −2.52(19)MeV. Similarly, using the results by BMWc on the light
quark mass splitting [197] and their QCD contributions to the baryon mass splittings [53],
we obtain

gNS = 1.05(13), gΣS = 3.35(19), gΞS = 2.29(15), (5.6)

which agree with our results to within two standard deviations. Note that a smaller value
for |δm| (see section 5.2.3) would uniformly increase these charges.

Regarding the tensor charges we find in the three flavour MS scheme at µ = 2GeV

gNT = 0.984
(19)
(29), gΣT = 0.798

(15)
(21), gΞT = −0.1872

(59)
(41). (5.7)

Since the anomalous dimension of the tensor bilinear is smaller than for the scalar case,
we would expect no statistically relevant difference between the Nf = 3 and Nf = 4

2Using Version 3 of RunDec [134], we compute the conversion factor from Nf = 3 to Nf = 4:
1.00082(2)Λ(1)pert(56)mc = 1.0008(6). The errors reflect the uncertainty of the Λ-parameter [113], the
difference between 5-loop running [192, 193]/4-loop decoupling [194–196] and 4-loop running/3-loop
decoupling and a 200MeV uncertainty in the charm quark on-shell mass, respectively: at µ = 2GeV
there is no noteworthy difference between Nf = 3 and Nf = 4 MS pseudo(scalar) charges.
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Figure 5.18: As in Fig. 5.14 for the nucleon
tensor charge gNT with Nf = 2 + 1 [19, 85,
172, 174–177, 190, 198] and Nf = 2 + 1 +
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finite volume extrapolation. In addition, the
filled ETM (2022) [200] point is obtained from
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schemes at µ = 2GeV. The nucleon charge agrees with the FLAG 21 [14] value of
gNT = 0.965(61) [85] for Nf = 2 + 1 and other recent lattice studies. These are shown
in Fig. 5.18 along with determinations from phenomenology. The large uncertainties
of the latter reflect the lack of experimental data. In particular, in Refs. [163, 164]
the JAM collaboration constrain the first Mellin moment of the isovector combination
of the transverse parton distribution functions to reproduce a lattice result for gNT .
QCDSF-UKQCD-CSSM also determined the hyperon tensor charges [19]. Their results
gΣT = 0.805(15)stat(02)sys and gΞT = −0.1952(74)stat(10)sys are in good agreement with
ours.

5.2.2 SU(3) flavour symmetry breaking

In this work we determined the octet baryon isovector charges at many different positions
in the quark mass plane. On the SU(3) flavour symmetric line, i.e., for m = mℓ = ms,
the baryon charges gBJ (m) can be decomposed into two functions, FJ(m) and DJ(m), see
section 3.1. In this section we investigate SU(3) flavour symmetry breaking, i.e., the extent
of violation of Eqs. (3.8)–(3.10). The vector Ward identity (conserved vector current,
CVC relation) implies that gNV = gΞV = FV = 1 and gΣV = 2FV , i.e., in this case the
above relations also hold for ms ̸= mℓ, with FV (m) = 1 and DV (m) = 0. For the other
channels J ̸= V , the functions DJ(m) and FJ(m) are not uniquely determined at the
physical point, where ms ≫ mℓ. At this quark mass point we will find the approximate
ratios DA/FA ≈ (1.6 − 1.95), DT /FT ≈ 1.5 and DS/FS ≈ −0.5. The first ratio can
be compared to the SU(6) quark model expectation DA(m)/FA(m) = 3/2 (see, e.g.,
ref. [124]), which is consistent with the large-Nc limit [156]. For the axial charges gBA , the
values of these functions in the SU(3) chiral limit correspond to the LECs F = FA(0)
and D = DA(0), see chapter 4 for further details.

Estimates of baryon structure observables often rely on SU(3) flavour symmetry
arguments, however, it is not known a priori to what extent this symmetry is broken for
ms ≠ mℓ and, in particular, at the physical point. Since within this analysis, we only
determined three isovector charges (B ∈ {N,Σ,Ξ}) for each channel (J ∈ {A,S, T}), we
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Figure 5.19: The ratios 2gBA/g
Σ
A − 1 for B ∈ {N,Ξ} as a function of the pion mass squared. The latter

are rescaled with the Wilson flow scale t0. The red diamonds are the continuum and infinite volume
limit results at the physical point (indicated by the dashed line) obtained from our extrapolations of the
individual charges. The yellow bands depict the ms = mℓ = 0 predictions obtained from the SU(3) LECs
F and D determined in section 4.3.2.

cannot follow the systematic approach to investigate SU(3) flavour symmetry breaking of
matrix elements proposed in Ref. [63]. Nevertheless, constructing appropriate ratios from
the individual charges will provide us with estimates of the flavour symmetry breaking
effects for each channel.

Using Eqs. (3.8)–(3.10), we obtain for m = ms = mℓ

2gBJ (m)

gΣJ (m)
− 1 = ±DJ(m)

FJ(m)
, (5.8)

where ‘+’ and ‘−’ corresponds to B = N and B = Ξ, respectively. Figure 5.19 shows these
combinations for the axial charges, as functions of the squared pion mass, compared to
the chiral, continuum limit expectations ±F/D (yellow bands) determined from the LECs
F and D obtained in section 4.3.2. The chiral limit value of F/D obtained here from
the extrapolation of the individual charges is in agreement within less then two σ with
this previous study. The data shown in the figure are not corrected for volume or lattice
spacing effects. Note that the renormalization factors and improvement coefficients and,
possibly, other systematics cancel from Eq. (5.8). In the ratio including the Ξ over the Σ
axial charge we see little difference from the chiral limit expectation, which is consistent
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Figure 5.20: The same as Fig. 5.19 for the scalar (right) and tensor (left) channel. The yellow bands
depict the ms = mℓ = 0 predictions ±FJ(0)/DJ(0) for J ∈ {S, T} obtained from the extrapolations of
the individual charges.
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Table 5.5: The combinations 2gBJ /g
Σ
J − 1 of Eq. (5.8) with B ∈ {N,Ξ} at the physical point, in the

continuum and infinite volume limit. These are computed from the individual charges in Tables 5.2 (for
Z3

A), 5.3 and 5.4 (for Z1
J ). The last row gives the combination DJ (0)/FJ (0) in the chiral, continuum and

infinite volume limit (yellow bands in Figs. 5.19 and 5.20). The value for D/F is taken from section 4.3.2
(model averaging recomputed for D/F instead of F/D), while the other combinations are computed from
the individual charges in the chiral, continuum and infinite volume limit as DJ/FJ = (gNJ − gΞJ )/g

Σ
J .

B 2gBA/g
Σ
A − 1 2gBS /g

Σ
S − 1 2gBT /g

Σ
T − 1

N 1.93
(12)
(15) −0.441

(76)
(89) 1.467

(67)
(99)

Ξ −1.609
(37)
(40) 0.288

(91)
(96) −1.469

(17)
(16)

DJ(0)/FJ(0) 1.641
(27)
(44) −0.416

(46)
(49) 1.530

(54)
(56)

with Fig. 5.7, whereas the symmetry breaking effect of the combination involving gNA /g
Σ
A

can be attributed to the pion mass dependence of gNA , see Fig. 5.6. The red symbols at
the physical point (dashed vertical line) correspond to the continuum, infinite volume
limit extrapolated results, listed in Table 5.5 for the combinations Eq. (5.8).

In Fig. 5.20 the combinations Eq. (5.8) are shown for the isovector scalar charges.
These are compared to our SU(3) chiral limit extrapolated results (yellow bands) and
the continuum, infinite volume limit results at the physical point (red diamonds). We
find no statistically significant symmetry breaking in this case. However, the statistical
errors are larger than for the axial case and also FS > FA. Therefore, we cannot exclude
symmetry breaking of a similar size as for the axial charges, in particular, in the ratio of
the Ξ over the Σ baryon charge. Finally, we carry out the same comparison for the tensor
charges (see again Fig. 5.20). In this case, within errors of a few per cent, no flavour
symmetry violation is seen. Moreover, DT (m)/FT (m) = DT (0)/FT (0) within errors.

In order to quantify the symmetry breaking effect between matrix elements involving
the current J as a function of the quark mass splitting ms −mℓ, we define

δJSU(3) =
gΞJ + gNJ − gΣJ
gΞJ + gNJ + gΣJ

, (5.9)

where for ms = mℓ, δJSU(3) = (2FJ − 2FJ)/(2FJ + 2FJ) = 0, see Eqs. (3.8)–(3.10). Also
from these ratios some of the systematics as well as the renormalization factors and
improvement terms will cancel. We define a dimensionless SU(3) breaking parameter
x = (M2

K −M2
π)/(2M

2
K +M2

π) ∼ ms −mℓ and assume a polynomial dependence

δJSU(3)(x) =
∑
n>0

aJn x
n. (5.10)

The data for δASU(3)(x) depicted in Fig. 5.21 become more and more positive as the
physical point (vertical dashed line) is approached. This observation agrees with findings
from earlier studies [15–19]. We fit to data for which the average quark mass is kept
constant (blue circles). However, there is no significant difference between these and the
ms ≈ const. points (black squares). Both linear and quadratic fits in x (aAn = 0 for n ̸= 1
and aAn = 0 for n ̸= 2, respectively) give adequate descriptions of the data and agree with
our continuum, infinite volume limit extrapolated physical point result (red diamond)

δASU(3) = 0.075
(23)
(27), (5.11)

derived from the values for the individual charges. Effects of this sign and magnitude were
also reported previously. ETMC [17] find gNA + gΞA − gΣA = 0.147(24), whereas Savanur
and Lin [18] quote (gNA + gΞA − gΣA)/g

N
A = 0.087(15).
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Figure 5.22: The same as Fig. 5.21 for the scalar (left) and tensor (right) charges.

For J ̸= A no statistically significant effects were observed. Nevertheless, for complete-
ness we carry out the same analysis for J ∈ {S, T}, see Fig. 5.22. Our continuum, infinite
volume limit extrapolated physical point results

δSSU(3) = −0.040
(37)
(41), δTSU(3) = −0.001

(16)
(23) (5.12)

provide upper limits on the relative size of SU(3) flavour violation at the physical point.

5.2.3 The up and down quark mass difference

The results on the scalar charges, in particular, gΣS , enable us to determine the quark
mass splitting δm = mu −md. While we simulate the isosymmetric theory, in Nature this
symmetry is broken. The extent of isospin symmetry breaking is determined by two small
parameters, δm/ΛQCD and the fine structure constant αQED, which are similar in size.
The vector Ward identity relates δm to the QCD contributions to mass splittings within
an isomultiplet. In particular, to leading order in δm/ΛQCD and αQED, the difference
between the Σ+ and Σ− baryon masses is a pure QCD effect from which, with our
knowledge of gΣS , we can extract δm without additional assumptions.

We consider isospin multiplets of baryons BQ ∈ {NQ,ΣQ,ΞQ} with electric charges
Q = I3 + 1

2(1 + S) ∈ {0,±1} (N+ = p, N0 = n) and define the mass differences

72



∆mBQ+1 = mBQ+1 −mBQ . Note that for the Σ there are two differences [5],

∆mΣ+ = mΣ+ −mΣ0 = −3.27(7)MeV, (5.13)
∆mΣ0 = mΣ0 −mΣ− = −4.81(4)MeV. (5.14)

The other splittings read [5]

∆mΞ = −6.85(21)MeV, ∆mN ≈ −1.293MeV. (5.15)

The mass differences can be split into QCD (∼ δm) and QED (∼ αQEDΛQCD) contribu-
tions:

∆mB = ∆mQCD
B +∆mQED

B . (5.16)

The splitting depends on the scale, the renormalization scheme and the matching conven-
tions between QCD and QCD+QED. The Cottingham formula [206] relates the leading
QED contribution to hadron masses to the total electric charge squared times a function
of the unpolarized Compton forward-amplitude, i.e., to leading order in αQED the electric
contribution to charge-neutral hadron masses should vanish (as was suggested in the
massless limit by Dashen [207]). Moreover, for δm = 0 this implies that the leading QED
contributions to the masses of the Σ+ and Σ− baryons are the same. Therefore, up to
O(αQED, δm/ΛQCD) · δm terms,

∆mQCD
Σ =

1

2
(mΣ+ −mΣ−) = −4.04(4)MeV, (5.17)

∆mQED
Σ+ =

1

2
(mΣ+ +mΣ−)−mΣ0 = 0.77(5)MeV = −∆mQED

Σ0 . (5.18)

From the Ademollo-Gatto theorem [167] we know that the leading isospin breaking effects
on the vector charges gNV = gΞV = 1 and gΣV = 2 are quadratic functions of δm/ΛQCD
and αQED, whereas the scalar charges gBS are subject to linear corrections in αQED and
δm/ΛQCD.

The Lorentz decomposition of the on-shell QCD matrix element for the isovector vector
current between baryons B′ = BQ+1 and B = BQ (that differ by ∆I3 = 1 in their isospin)
gives (see Eq. (3.1))

i∂µ⟨B′(p′)|d̄γµu|B(p)⟩ = gB
′B

V i∂µūB′(p′)γµuB(p)

= gB
′B

V ∆mQCD
B [1 +O(δm/ΛQCD)], (5.19)

where the leading correction is due to q0 = p′0 − p0 = ∆mQCD
B = |q|. In the last

step we used the equations of motion. Combining this with the vector Ward identity
i∂µd̄γµu = (mu −md)d̄u gives

gB
′B

V ∆mQCD
B = gB

′B
S (mu −md) (5.20)

as the QCD contribution to the mass difference, with corrections that are suppressed by
powers of the symmetry breaking parameters. Note that the normalization convention of
the charges gBJ defined in Eq. (3.3),

gpnJ = gNJ , gΣ
+Σ0

J = −gΣJ /
√
2, gΞ

0Ξ−
J = −gΞJ ,

cancels in the above equation so that we can replace gB′B
J 7→ gBJ to obtain

δm = mu −md =
gBV
gBS

∆mQCD
B , (5.21)
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Table 5.6: Comparison of the light quark mass difference. FNAL-MILC [209] and MILC [210] only
quote the ratios mu/md = 0.4556

(131)

(93) and mu/md = 0.4529
(157)

(82) , respectively (all errors added in
quadrature). Using the FLAG 21 [14] average mℓ = 3.410(43), we combine these results to form
δm = 2mℓ(mu/md − 1)/(mu/md + 1) and compute the error by error propagation. The values listed
under CVC are obtained applying Eq. (5.21) for the nucleon using the Nf = 2+1+1 and Nf = 2+1 value
for gNS (in the MS scheme at µ = 2GeV) from FLAG 21 [14] and ∆mQCD

N = −1.87(16)MeV from [211].

Nf δm/MeV

RM123 [212] 2 + 1 + 1 −2.38(18)

FNAL-MILC [209] 2 + 1 + 1 −2.55
(9)
(7)

MILC [210] 2 + 1 + 1 −2.57
(11)
(6)

CVC [14, 211] 2 + 1 + 1 −1.83(24)

BMWc [197] 2 + 1 −2.41(12)

CVC [14, 211] 2 + 1 −1.65(25)

This work 2 + 1 −2.03(12)

which we refer to as the CVC relation.3

Applying Eq. (5.21) for the Σ baryon and using our physical point, continuum and
infinite volume limit result gΣS = 3.98

(22)
(24), as well as assuming gΣV = 2, we obtain in the

Nf = 3 MS scheme at µ = 2GeV

mu −md = −2.03
(12)
(12) MeV. (5.22)

We expect |O(δm/ΛQCD, αQED)| ≲ 1% corrections from higher order effects to this result,
which we can neglect at the present level of accuracy.

We compare our value of δm with results from the literature in Table 5.6. This includes
the Nf = 2 + 1 result of BMWc [197] and the Nf = 2 + 1 + 1 continuum limit results
of RM123 [212], FNAL-MILC [209] and MILC [210]. In the latter two cases we convert
results for mu/md into δm as described in the table caption. We see a tension between
the previous determinations and our result on the two to three σ level.

We remark that all the previous results utilize the dependence of the pion and
kaon masses on the quark masses and the electromagnetic coupling. We consider our
method of determining the quark mass splitting from the scalar coupling gΣS and the
mass difference between the Σ+ and the Σ− baryons as more direct. In Ref. [211]
∆mQCD

N = −1.87(16)MeV (which agrees within errors with lattice determinations, in-
cluding ours, see below) is determined from experimental input. A larger (negative) QCD
difference would require a larger QED contribution to the proton mass. As discussed
above, the QED contribution to the mass of the Σ+ baryon is 0.77(5)MeV (similar in
size to ∆mQED

N = 0.58(16)MeV [211]) and it would be surprising if this increased when
replacing a strange quark by a down quark. Assuming ∆mQCD

N = −1.87(16)MeV and
a value δm ≈ −2.50(10)MeV as suggested by Refs. [197, 209, 210, 212] would require a
coupling gNS = 0.75(7) to satisfy the CVC relation Eq. (5.21). This in turn is hard to
reconcile with the majority of lattice results compiled in Fig. 5.17. With a lower value
for |δm| (and/or a larger |∆mQCD

N |) this inconsistency disappears.

3Note that also the relations between gB
′B

S and gBS receive O(αQED) corrections. Therefore terms
∝ mℓαQED, ∝ δmαQED and ∝ δ2m/ΛQCD can be added to Eq. (5.21). Since mℓ is similar in size to δm,
we can neglect the first of these terms too, whose appearance is related to the mixing in QCD+QED of
mℓ and δm under renormalization. Using the MS scheme at µ = 2GeV corresponds to the suggestion of
Ref. [208], however, for quark masses mℓ ∼ δm this additional scale-dependence can be neglected with
good accuracy, as pointed out above. In addition, there are small O(α2

QEDΛQCD) terms due to the QED
contributions to the β- and γ-functions, which are also of higher order.
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5.2.4 QCD and QED isospin breaking effects on the baryon masses

We proceed to compute the QED contributions to the proton and Ξ− masses, ∆mQED
N

and −∆mQED
Ξ :

∆mQED
N = ∆mN − gNS (mu −md)

= ∆mN − 2gNS
gΣS

∆mQCD
Σ , (5.23)

∆mQED
Ξ = ∆mΞ − 2gΞS

gΣS
∆mQCD

Σ . (5.24)

This gives

∆mQED
N = 0.97

(31)
(36) MeV, ∆mQCD

N = −2.26
(31)
(36) MeV, (5.25)

∆mQED
Σ = 0.77(05)MeV, ∆mQCD

Σ = −4.04(04)MeV, (5.26)

∆mQED
Ξ = −1.65

(37)
(39) MeV, ∆mQCD

Ξ = −5.20
(42)
(44) MeV. (5.27)

For completeness we included the values for the Σ baryons that we determined from
the experimental masses alone, without lattice input. The above mass splittings agree
with the BMWc [53] continuum limit results from simulations of QCD plus QED, see
Fig. 5.23 (errors added in quadrature). Nevertheless, as mentioned above, the value of
δm, reported by BMWc [197] from simulations of QCD with quenched QED, differs by
2.2 standard deviations from our result in Eq. (5.22). Also other lattice results on the
QCD contribution to the mass-splittings (summarized in Fig. 5.23), obtained at a single
lattice spacing from Endres et al. [213] using QEDTL and QEDM, Brantley et al. [214]
and CSSM-QCDSF-UKQCD [215] agree within errors.

We mention the possibility of an enhancement of the (higher order) δ2m/ΛQCD correction
to the Σ0 mass due to the possibility of mixing with the Λ0, which, however, appears
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Figure 5.23: Comparison of the QCD contributions to isospin mass splittings [5, 53, 211, 213–215]. Note
that in our normalization mΣ+ −mΣ− ≈ 2∆mQCD

Σ . Endres et al. [213] only quote values for ∆mQED
N

from which we compute ∆mQCD
N employing the experimental proton-neutron mass splitting.
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to be a very small effect [216]. A positive contribution to the Σ0 mass would increase
∆mQED

Σ but leave ∆mQCD
Σ (and therefore the quark mass difference Eq. (5.22)) invariant.

The electromagnetic contributions to the p, Σ± and Ξ− masses are all similar to
1MeV, with an enhancement for the heavier, more compact cascade baryon. Recently,
combining the Cottingham formula [206] with experimental input from elastic scattering
and parton distribution functions, the value ∆mQED

N = 0.58(16)MeV was determined in
Ref. [211]. While within errors our result Eq. (5.25) agrees with this value, the number
obtained in Ref. [211] is more inline with the suggested ordering ∆mQED

N < ∆mQED
Σ <

−∆mQED
Ξ . Combining their value with our determination of gNS gives δm = −1.69

(28)
(26)MeV,

somewhat smaller in modulus than our result Eq. (5.22) and certainly in tension with,
e.g., δm = −2.41(12)MeV [197].

We find that the effect of md > mu on the Ξ and Σ mass splittings is much bigger
than for the nucleon since this is proportional to gBS /g

B
V and gNS < gΣS /2 < gΞS . This

hierarchy is due to gNS ≈ FS + DS , gΣS /2 ≈ FS and gΞS ≈ FS − DS with FS > 0 and
DS < 0. Interestingly, the pion baryon σ terms σπB = σuB +σdB that encode the up plus
down quark mass contribution to the baryon masses exhibit the opposite ordering [52],
σπN > σπΣ > σπΞ.

5.2.5 Isospin breaking effects on the pion baryon σ terms

Having determined the quark mass differences, we can also compute the leading isospin
violating corrections to the pion baryon σ terms σπB = σuB + σdB. One can either work
with matrix elements [217], using the identity

muūu+mdd̄d = mℓ

(
ūu+ d̄d

)
+
δm
2

(
ūu− d̄d

)
, (5.28)

or one can start from the Feynman-Hellmann theorem

σqB = mq
⟨B|q̄q|B⟩
⟨B|B⟩ = mq

∂mB

∂mq
. (5.29)

Writing mp = mN +∆mQCD
N /2+∆mQED

N and mn = mN −∆mQCD
N /2, where ∆mQCD

N =
δmg

N
S /g

N
V , and realizing that the dependence of the QED contributions on the quark

masses is of higher order in the isospin breaking, we obtain at linear order

σπp = mu
∂mp

∂mu
+md

∂mp

∂md
= σπN +

1

2
∆mQCD

N , (5.30)

σπn = mu
∂mn

∂mu
+md

∂mn

∂md
= σπN − 1

2
∆mQCD

N . (5.31)

The same can be carried out for the Σ±, Ξ0 and Ξ− baryons. Using the results for the
σ terms of the isosymmetric theory of Ref. [52], we obtain

σπp = 42.8
(4.7)
(4.7) MeV, σπn = 45.0

(4.7)
(4.7) MeV, (5.32)

σπΣ+ = 21.9
(3.8)
(6.1) MeV, σπΣ− = 29.9

(3.8)
(6.1) MeV, (5.33)

σπΞ0 = 8.6
(4.5)
(6.4) MeV, σπΞ− = 13.8

(4.5)
(6.4) MeV, (5.34)

whereas the pion σ term for the Σ0 is not affected at linear order: σπΣ0 ≈ σπΣ =

25.9
(3.8)
(6.1) MeV. We refrain from further decomposing the pion baryon σ terms into the indi-

vidual up and down quark contributions. However, this can easily be accomplished [217].
It is worth noting that (σπΞ− − σπΞ0)/σπΞ ≫ (σπn − σπp)/σπN , in spite of the same
isospin difference.

76



5.3 Summary

We determined the axial, scalar and tensor isovector charges of the nucleon, sigma and
cascade baryons using Nf = 2 + 1 lattice QCD simulations. The analysis is based on
47 gauge ensembles, spanning a range of pion masses from 430MeV down to a near
physical value of 130MeV across six different lattice spacings between a ≈ 0.039 fm and
a ≈ 0.098 fm and linear spatial lattice extents 3.0M−1

π ≤ L ≤ 6.5M−1
π . The availability

of ensembles lying on three trajectories in the quark mass plane enables SU(3) flavour
symmetry breaking to be explored systematically and the quark mass dependence of the
charges to be tightly constrained. Simultaneous extrapolations to the physical point in
the continuum and infinite volume limit are performed. Systematic errors are assessed
by imposing cuts on the pion mass, the lattice spacing and the volume as well as using
different sets of renormalization factors. The results (in the MS scheme at µ = 2GeV)
for the nucleon charges are

gNA = 1.284
(28)
(27), gNS = 1.11

(14)
(16), gNT = 0.984

(19)
(29).

For the hyperon charges we find

gΣA = 0.875
(30)
(39), gΣS = 3.98

(22)
(24), gΣT = 0.798

(15)
(21),

gΞA = −0.267
(13)
(12), gΞS = 2.57

(11)
(11), gΞT = −0.1872

(59)
(41).

A comparison with previous works is presented in section 5.2.1. We quantify SU(3)
symmetry breaking effects for the axial charge at the physical point in terms of the
combination

δASU(3) =
gΞA + gNA − gΣA
gΞA + gNA + gΣA

= 0.075
(23)
(27),

see Fig. 5.21. In particular the axial charge of the nucleon deviates from its value in
the SU(3) chiral limit, as can be seen in Fig. 5.19. No significant symmetry breaking is
observed for the other charges within current precision, see Figs. 5.20 and 5.22.

To cross-check the analysis methods, the vector charges are determined and the
expected values, gNV = gΞV = 1 and gΣV = 2, are reproduced reasonably well:

gNV = 1.0012
(12)
(11), gΣV = 2.021

(21)
(27), gΞV = 1.015

(10)
(11).

Furthermore, we exploit the conserved vector current relation to predict the quark mass
difference

δm = mu −md = −2.03(12)MeV

from the scalar charge of the Σ baryon. We utilize this to decompose isospin mass splittings
between the baryons into QCD and QED contributions (see Eqs. (5.25)–(5.27)) and to
predict the leading isospin corrections to the pion baryon σ terms (see Eqs. (5.32)–(5.34)).
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6 | CONCLUSION

In this thesis the non-perturbative method of lattice QCD was used to investigate octet
baryon structure observables from first principles. In particular, the goal of this work was
to gain further insights into the structure of hyperons, study SU(3) flavour symmetry
breaking effects and to determine leading order SU(3) ChPT LECs such as F and D
which enter the expansion of every baryonic quantity.

In the first part of the thesis a consistent and simultaneous analysis of several observables
within the framework of SU(3) ChPT was carried out and we determined the leading order
mesonic (B0 and F0) and baryonic (m0, F and D) SU(3) ChPT LECs. See section 4.4
for a summary of the results. To this end we employed only the subset of the gauge
ensembles lying on the quark mass trajectory where exact SU(3) flavour symmetry, i.e.,
mu = md = ms, holds. We found that a consistent description of the pion mass and
volume dependence of the axial charges and the octet baryon mass was possible with the
same set of LECs.

In the second part, a computationally efficient stochastic approach was employed, which
allows for the simultaneous evaluation of the three-point correlation functions of all octet
(and decuplet) baryons with a variety of current insertions and momentum combinations.
Here we determined the axial, scalar and tensor isovector charges of the nucleon, sigma
and cascade baryons employing a large set of Nf = 2 + 1 gauge ensembles lying on three
different trajectories in the quark mass plane. The available set of ensembles allows us to
take all systematic effects associated with unphysical quark masses, finite lattice spacing
and finite volumes in the extrapolations to the physical point in the continuum and
infinite volume limits into account. Further, this set-up allows us to test the validity of
SU(3) flavour symmetry assumptions, where we find moderate symmetry breaking effects
for the axial charges at the physical quark mass point, while no significant effects are
found for the other charges within current uncertainties. For a summary of the results see
section 5.3. Notably, this direct determination of the charges enables us to determine the
up and down quark mass difference, to compute the QCD contributions to baryon isospin
mass splittings and to evaluate the isospin breaking effects on the pion baryon σ terms.

As demonstrated here, in the cases of the vector and the nucleon axial charges, once
all systematic effects are sufficiently under control, lattice QCD calculations are able to
reproduce physical results and hence are able to make predictions with high precision. This
work is a first step towards determining hyperon decay form factors which are relevant for
the study of CP violation [218] and which can be directly compared to experimental results
obtained from, e.g., the future PANDA experiment. The next steps are to perform a
similar analysis, as presented here (c.f. Ref. [SW2]), of the (generalized) isovector charges
of the unpolarized, polarized and transversity parton distribution function momentum
fractions ⟨x⟩u+−d+ , ⟨x⟩∆u−−∆d− and ⟨x⟩δu+−δd+ . First results were already presented
in Ref. [SW6], while a complementary study of the baryon octet σ terms on the same
data set is already ongoing [SW7, SW8]. At the same time we are also in the process
of increasing the available statistics in terms of three-point function measurements, in
particular at ensembles with pion masses below 200 MeV. This will help us to improve our
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determinations of the ground state matrix elements and reduce the overall uncertainties
in the results for the charges. Regarding the determinations of the LECs, future plans are
to extend the Nf = 3 study presented in this work (c.f. Ref. [SW1]) to the Nf = 2 + 1
case in order to further improve the accuracy, to test the applicability range of SU(3)
ChPT and also to determine higher order LECs.
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A | DEFINITIONS AND CONVENTIONS

Throughout this thesis the definitions and conventions outlined in the following are used.

A.1 General conventions

Unless stated otherwise bracketed Latin letters (e.g., (x) = (x, t), (x, y), . . . ) denote four
dimensional spacetime positions, where bold letters indicate the three dimensional spatial
components. Lowercase Greek letters (α, β, γ, . . . ) denote the Dirac spin indices and
lowercase Latin letters (a, b, c, . . . ) the (fundamental) colour indices. For the latter two
sets of indices we employ the Einstein convention summing over repeated indices.

As is common in the field of particle physics we make use of natural units where the
speed of light c and the reduced Planck constant ℏ are set to one, i.e.,

c ≡ ℏ ≡ 1, (A.1)

which allows one to convert between energy/momentum and distance scales using

197.3269804MeV = 1 fm−1. (A.2)

A.2 Dirac matrices

The defining property of the Dirac γ-matrices (γMµ , µ = 0, 1, 2, 3) to satisfy the Clifford
algebra in the Minkowski metric is the anti-commutation relation{

γMµ , γMν
}
= 2gµν1, (A.3)

with gµν = diag(+1,−1,−1,−1), while in the Euclidean space the γ-matrices (γµ, µ =
1, 2, 3, 4) are defined through

{γµ, γν} = 2δµν1. (A.4)

Further the “fifth” γ-matrix γ5 is defined as the product

γ5 ≡ γ1γ2γ3γ4, (A.5)

where γ25 = 1. The charge conjugation matrix C, defined by the relation CγµC−1 = −γTµ ,
is given by

C = iγ2γ4 (A.6)

and in addition we define (the commutator)

σµν =
1

2
[γµ, γν ] . (A.7)
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In the following the explicit representation of the γ-matrices in the chiral representation
in the Euclidean space as used in the Chroma [219] software package is given. This
representation is employed to construct the interpolators and currents, as discussed in
section 3.2 and the matrices are given by

γ1 ≡ γx =


0 0 0 i

0 0 i 0

0 −i 0 0

−i 0 0 0

 , γ2 ≡ γy =


0 0 0 −1

0 0 1 0

0 1 0 0

−1 0 0 0

 ,

γ3 ≡ γz =


0 0 i 0

0 0 0 −i
−i 0 0 0

0 i 0 0

 , γ4 ≡ γt =


0 0 1 0

0 0 0 1

1 0 0 0

0 1 0 0

 ,

(A.8)

γ5 ≡ γ1γ2γ3γ4 = diag(+1,+1,−1,−1). (A.9)

Note that γ†µ = γµ (for µ = 1, 2, 3, 4, 5).
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B | STATISTICAL ANALYSIS

Applying first principle lattice QCD calculations enables us to compute, e.g., baryon
structure observables which can be compared to experimental measurements or to phe-
nomenological obtained results. In order to perform a throughout reliable comparison
between experimental or lattice QCD predictions a careful analysis including statistical
and systematic uncertainties is essential. In the following we will outline some of the
basic concepts and methods applied within the data analysis part of this thesis.

A typical gauge ensemble consists of a number of N consecutive gauge field config-
urations i separated by Monte Carlo time. On each configuration one can perform
measurements of an observable yi as, e.g., the measurements of two- and three-point
correlation functions discussed in section 3.2. Taking into account reweighting factors wi

associated with each configuration, see Refs. [50–52] for details, an estimate for the
expectation value ⟨y⟩ of the observable y can be obtained by the weighted ensemble mean

y =

∑N
i=1wiyi∑N
i=1wi

. (B.1)

While there are different methods to estimate the statistical error of the ensemble mean y
in this work we rely on the binned bootstrap resampling method as described below. Other
widely used methods are jackknife resampling as well as the so-called Γ-method [220].
The latter is based on the estimation of autocorrelation functions and was applied in the
analysis of Refs. [221, 222] which was carried out on some of the data sets created and
analysed within this work. Consistency was found between the errors of the ratios of
three- over two-point functions as well as the errors of fit parameters from fits to these
ratios estimated via the bootstrap method and the Γ-method.

In this Appendix, first the binned bootstrap resampling method, used to estimate
statistical errors, is described in section B.1 and details about the construction of
covariance matrices used within the extrapolations are given in section B.2. The fitting
method is then described in section B.3. Further, the model averaging procedure used to
obtain final results that incorporate both the statistical and systematic uncertainties is
detailed in section B.4.

B.1 Binned bootstrap resampling

The bootstrap [223] resampling technique allows one to estimate the statistical error
of, e.g., the ensemble mean as defined in Eq. (B.1), but also of any arbitrary secondary
quantity in a straightforward way. Further, bootstrap resampling can be combined with
binning of measurements on consecutive configurations which reduces the correlations
between measurements and leads to a more reliable error estimate.

Since in a Monte Carlo simulation configurations are not independent from prior ones,
the naive computed error might be underestimated if autocorrelations are not taken into
account. We therefore create binned data sets of N ′ = ⌊N/Nbin⌋ configurations (i.e.,
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dropping potential residual configurations at the end of a stream) by computing averages
as

[wiyi]
bin =

1

Nbin

∑
j∈N i

bin

wjyj , [wi]
bin =

1

Nbin

∑
j∈N i

bin

wj , (B.2)

where now i ∈ {1, . . . , N ′} and N i
bin = {(i− 1) ·Nbin + 1, . . . , i ·Nbin}. Note that if

N mod Nbin = 0 the mean as defined in Eq. (B.1) is invariant under binning. For
increasing bin-size Nbin one finds an increasing error reaching an asymptotic value when
the binned configurations can be considered uncorrelated. Within the analysis in this work
we chose Nbin = min [8, ⌊N/160⌋] to still have a sufficiently large number of configurations
on ensembles with smaller statistics. In the following we assume all data to be binned
and drop the superscripts ( ′, bin) again.

To estimate the statistical error of an arbitrary (derived) observable O we create
NB bootstrap samples Bk by uniformly drawing N (out of N) configurations allowing
for repetitions. We then compute the observable O(Bk) on each bootstrap sample and
estimate the error σO by

σ2O =
1

NB − 1

NB∑
k=1

(
O(Bk)− ŌB

)2
, ŌB =

1

NB

NB∑
k=1

O(Bk). (B.3)

Throughout the analysis we use a fixed bootstrap sample size of NB = 500 on all ensembles
which allows to easily combine different results within an ensemble (e.g., constructing
ratios of three- over two-point correlation functions) as well as between ensembles (e.g.,
estimating parameters from a joint extrapolation to the physical point). Further, we take
the observable O computed on the original data set as our central value and quote results
as

O ± σO, (B.4)

where the error is computed solely from the bootstrap samples. The distribution of the
samples O(Bk) imitates independent measurements and allows one to extract for example
the 68% confidence interval spanned by Olow and Oup. From this another possible and
more robust estimate for the central value and the error can be obtained as

Ô ±∆O, (B.5)

where

Ô =
Oup +Olow

2
, ∆O =

Oup −Olow

2
. (B.6)

In principle one is also able to give asymmetric errors which we will not consider here but
implement in the estimation of the final results employing the model averaging approach
described in section B.4 below.

For some quantities like, e.g., renormalization and improvement factors, where only
central values (y) and errors (∆y) but no bootstrap samples are available we incorporate
the uncertainties by means of pseudo-bootstrap distributions in the statistical analysis.
To this end we draw NB = 500 random samples B̃k from a Gaussian distribution with
mean µ = y and standard deviation σ = ∆y. Due to the finite number of samples the
mean µ̃ and standard error σ̃ computed from the set of pseudo-bootstrap samples {B̃}
do not exactly match the ones from the original distribution. In order to correct for this
small effect we rescale and shift the pseudo-bootstrap samples as

B̃k →
(
B̃k − µ̃

) ∆y

σ̃
+ y. (B.7)
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B.2 Covariance matrix

Applying the bootstrap method described in the previous section one also is able to
estimate the covariance between different observables yi and yj as

Covyi,yj =
1

NB − 1

NB∑
k=1

(
yi(Bk)− ȳBi

) (
yj(Bk)− ȳBj

)
, (B.8)

where for i = j one obtains the variance σ2yi . For n observables this allows one to construct
the n× n covariance matrix

C =


σ2y1 Covy1,y2 · · · Covy1,yn

Covy2,y1 σ2y2 · · · Covy2,yn
...

...
. . .

...

Covyn,y1 Covyn,y2 · · · σ2yn

 , (B.9)

which is needed to construct the χ2-functional used in the fitting method as described in
the next section in more detail.

In some cases, the observables included in the fits correspond to functions of correlated
variables yi. To correctly take all correlations into account we therefore have to construct
covariance matrices including error propagation. Defining a function f of the n correlated
variables yi having m components, i.e.,

f(y1, · · · , yn) =

 f1(y1, · · · , yn)
...

fm(y1, · · · , yn)

 , (B.10)

the m×m covariance matrix including error propagation can be computed as

Ckk′ =

n∑
i=1

∂fk
∂yi

∂fk′

∂yi
σ2yi +

n∑
i=1

∑
j ̸=i

∂fk
∂yi

∂fk′

∂yj
Covyi,yj . (B.11)

In a more compact way using matrix notation this can be written as

C = JΣJT , (B.12)

where J is the m × n Jacobian matrix of the vector function f and Σ the covariance
matrix as defined in Eq. (B.9). As an instructive example we consider the case

f =

 ZAfπ
m2

π

ZMmℓ

 , Σ =



σ2ZA
0 0 0 0

0 σ2fπ Covfπ ,mπ 0 Covfπ ,ml

0 Covfπ ,mπ σ2mπ
0 Covmπ ,ml

0 0 0 σ2ZM
0

0 Covfπ ,ml
Covmπ ,ml

0 σ2ml


(B.13)

which yields the covariance matrix

C =


Z2
Aσ

2
fπ

+ σ2ZA
f2π 2ZACovfπ ,mπmπ ZAZMCovfπ ,ml

2ZACovfπ ,mπmπ 4σ2mπ
m2

π 2ZMCovmπ ,ml
mπ

ZAZMCovfπ ,ml
2ZMCovmπ ,ml

mπ Z2
Mσ

2
ml

+ σ2ZM
m2

l

 , (B.14)

as applied in the fits discussed in section 4.3.1.
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B.3 Fitting

In the analysis of baryon structure observables fits to correlation functions or to observables
determined on different ensembles play a central role. We will carry out fits by minimizing
the χ2-functional defined as

χ2 [{p}] =
∑
X

δyTXC
−1
X δyX (B.15)

with respect to a set of parameters {p} that parametrizes a fit model f({x}; {p}), {x}
being a set of arbitrary variables. Here C−1

X is the inverse of the n× n covariance matrix
as discussed in the previous section and δyX is the n-dimensional vector

δyX =

y
X
1 − fX1 ({x}; {p})

...
yXn − fXn ({x}; {p})

 , (B.16)

where the data points are denoted by y. The summation index X can label any arbitrary
set of data/fit model (yXi /fXi (. . . )) which allows one to very easily construct uncorrelated,
block correlated or fully correlated fits as well as adding additional ‘prior’ terms. For a
particular fit the number of degrees of freedom is given by Ndof = n− k, where n and
k are the number of all data points and all fit parameters added to the χ2-functional,
respectively.

As a simple example we take a two-point correlation function CB
2pt(t) = y(t) and

fit the data y(ti) = yi to the function fi(ti; {a,m}) = ae−mti . The parameters {a,m}
describe amplitude and mass for the baryon ground state B and i = 1, . . . , n labels the
number of data points. This can easily be extended to three-point correlation functions
CB
3pt(τ, t) where one usually performs simultaneous fits to multiple values of the source-sink

separation t and which allows to extract specific matrix elements.
The other type of fits is given by the extrapolations as discussed in section 3.7. Again,

we consider as an example the fits carried out in section 4.3.1. Here the expectation values
for the pion decay constant and the pion mass are simultaneously fitted as a functions of
the quark mass where all three observables are determined on the same ensemble. In this
case we have

δyX =

 yX1 (fπ)− f1({mX
ℓ , . . . }; {p})

yX2 (m2
π)− f2({mX

ℓ , . . . }; {p})
yX3 (mℓ)− f3(m

X
ℓ )

 , (B.17)

where the corresponding parametrization for f1 and f2 are given in Eqs. (4.3) and (4.2),
f3(m

X
ℓ ) = mX

ℓ and X labels a particular ensemble. For simplicity we suppress the
additional function arguments denoting them by (, . . . ). Including the covariance matrix
as defined in Eq. (B.14) we minimize the χ2-functional with respect to all variables
{mℓ, . . . } and parameters {p}. In this way we are able to perform fully correlated fits
and incorporate all errors and correlations in the analysis.

To take also the statistical errors of parameters which are completely uncorrelated
to all other parameters into account we can simply add an additional ‘prior’ term to
the χ2-functional which reduces to the (1-dimensional) form (ym − pm)2/σ2pm . Note that
such terms do not alter the number of degrees of freedom since one basically adds one
new data point ym for each parameter pm and also do not affect the stability of the fit.
In the extrapolations we make use of these prior terms to include, e.g., the uncertainties
of the renormalization and improvement factors by adding a term for each β-value where
the data points are incorporated by means of pseudo-bootstrap distributions.

86



For the minimization we use the Minuit algorithms [224] which are widely used in
the field of high energy physics and estimate the statistical errors of the fit parameters
via the bootstrap method. Carrying out the fits on each bootstrap sample can become
computer time intensive. Hence it is noteworthy that Minuit can also provide an estimate
for the errors of the fit parameters by investigating the shape of the χ2-function around
its minimum, where in general we find consistency between the Minuit and the bootstrap
error estimates.

B.4 Model averaging

In lattice QCD calculations one often has to perform simultaneous extrapolations to the
chiral or physical quark mass, continuum and infinite volume limits to obtain results of
the physical observables one is interested in. Within this work we will rely on the model
averaging procedure outlined in the following in order to incorporate the systematic
uncertainties associated with unphysical quark masses, finite lattice spacing and finite
volumes within these extrapolations in the final results. This section has already been
published in similar or verbatim form in Ref. [SW1].

To address systematic effects we carry out fits varying the fit function (e.g., BChPT
vs. HBChPT as described in section 4.3.2) as well as the number of data points included.
This gives us a set of NM different results, one for each model j, from which we compute
an average and its uncertainty that includes the statistical error and the systematic
uncertainty due to the model variation.

One widely used approach is to assign a weight wj given by the Akaike information
criterion (AIC) [225] to each model j in the model averaging procedure. Here we employ
the weights

wj = A exp

{
−1

2

[
max (χ2

j , Ndof,j)−Ndof,j + kj

]}
, (B.18)

see, e.g., Eq. (161) of the e-print version of Ref. [226] and references therein.1 The
normalization A is such that

∑NM
i wi = 1. χ2

j denotes the χ2-value of the fit to model j,
kj the number of fit parameters and Ndof,j = nj − kj the number of degrees of freedom.
By replacing χ2 7→ max(χ2, Ndof), we deviate somewhat from Ref. [226] in so far as
reducing the χ2-value below Ndof will not further increase the weight. The rationale for
this choice is that if the fit function perfectly described the data then a value χ2 < Ndof
should not be more likely than the expected value χ2 = Ndof. The above equation extends
the AIC to also varying the number of data points nj and not only the fit function. It is
valid as long as there are no correlations between the removed and the remaining data
points, the fit function is smooth and the parametrization does not depend on the data
space. This applies to our case where we reduce the number of data points by removing
entire ensembles and carry out the same set of fits for every data set.

For each parameter a that we are interested in, we generate for each model j a bootstrap
distribution aj(B) with NB = 500 bootstrap samples B. The (normalized) bootstrap
histograms are usually normal distributed,

fj(a) =
1√
2πσj

exp

{
−1

2

(
a− aj
σj

)2
}
, (B.19)

1Recently, instead of subtracting Ndof − k from χ2 in the exponent, in Ref. [227] it has been suggested
to subtract −2ncut − 2k = const + 2Ndof, where ncut is the number of removed data points. This seems
counter-intuitive: since for a good fit χ2 ∼ Ndof, this change would result in a very strong preference
for fits that include as many data points as possible, even if the corresponding χ2/Ndof-values were
significantly larger.
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with a mean aj and a standard deviation σj . From the (discrete) histograms, we obtain
the model averaged distribution

f(a) =
∑
j

wjfj(a), (B.20)

from which we take the median and the 1σ confidence interval determined by the 15.9%
and 84.1% percentiles as the model average ā and its upper and lower confidence limits
ā + ∆a+ and ā −∆a−. We then quote the average and its total error as ā∆a+

∆a− . This
procedure is for example illustrated in Figs. 4.4 and 4.6, where the histograms are coarsely
binned for a better visualization.
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C | DETAILS OF THE THREE-POINT

FUNCTION MEASUREMENTS

The following comparison of the stochastic and sequential source methods has already
been published in similar or verbatim form in Ref. [SW2].

The connected three-point functions for all the octet baryons have been computed
utilizing the computationally efficient stochastic approach outlined in section 3.3. This
approach introduces additional stochastic noise on top of the gauge noise. In the analysis
presented, for the nucleon, we make use of statistically more precise three-point correlation
function measurements determined via the sequential source method as part of other
projects. In the following, we compare the computational costs of the stochastic and the
sequential source methods and the results for the ratios of the three-point over two-point
functions for the nucleon.

As a typical example, we consider the measurements performed on ensemble N200
(Mπ = 286 MeV and a = 0.064 fm). For our set-up, illustrated in Figs. 3.3 and 3.4, a total
of 4× 12 solves are needed for the 4 source positions of the point-to-all propagators. To
form the three-point functions for the nucleon an additional Nsto = 100 light stochastic
solves (for the timeslice-to-all propagators connecting the sink and current timeslices, the
wiggly lines in Fig. 3.3) are performed. This set-up provides 8 measurements of the nucleon
three-point function (as shown in Fig. 3.4, with the source-sink separations t/a = 11, 14,
16, 19) and includes all polarizations (and the unpolarized case) as well as a range of sink
momenta (almost) for free. In principle, decuplet baryon three-point functions can also
be constructed at the analysis stage. This set-up is evaluated twice on each configuration
leading to a total of 296 inversions. Similarly, an additional (4× 12 + 100)× 2 strange
solves are performed in order to form the three-point functions for all the (octet and
decuplet) hyperons, including strangeness changing currents that are not considered here.

In the sequential source set-up, we compute the three-point function for the nucleon at
rest, again for source-sink separations t/a = 11, 14, 16 and 19. Ten measurements are
carried out per configuration (corresponding to 1, 2, 3 and 4 measurements for each t,
respectively), where in each case the two light quark flavours (u and d) of the current
and the four possible polarizations of the nucleon require 2× 4 sequential sources to be
constructed. This amounts to performing (4 + 10× 2× 4)× 12 = 1008 light solves. The
additional 4 × 12 inversions refer to the point-to-all propagators for 4 different source
positions that connect the source to the sink (and the current). This is three-times the
cost of the stochastic approach (for the nucleon three-point functions), which realizes a
range of sink momenta.

The ratios of the three-point over two-point functions for the nucleon obtained from
the two different approaches are compared in Fig. C.1. A significant part of the gauge
noise cancels in the ratio, while the (additional) stochastic noise remains. For our set-up,
this leads to larger statistical errors for the stochastic data compared to the sequential
source results. This difference can clearly be seen for the ratio in the vector channel, for
which the gauge noise is minimal, however, the difference is less pronounced for the other
charges. For the sigma and cascade baryons we generally find a good statistical signal in
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Figure C.1: Unrenormalized ratio of three-point over two-point functions for the nucleon vector, axial,
scalar and tensor charge (from top to bottom) on ensemble N200. The left hand side shows the data
from the sequential source method from 1,2,3 and 4 measurements (for increasing values of t) compared
to the same measurements obtained from the stochastic approach with four measurements for each value
of t on the right hand side.
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Figure C.2: Unrenormalized ratio of three-point over two-point functions for the scalar charge of the
sigma (left) and cascade (right) baryon on ensemble N200.

the ratios employing the stochastic approach, see Fig. C.2, although, also in this case the
ratios for the hyperon vector charges suffer from large errors.

In the case of a large-scale analysis effort including high statistics, as carried out in the
course of this thesis, the disk space required to store the stochastic three-point function
data is significant. The individual spectator (S) and insertion (I) parts as defined in
Eqs. (3.31) and (3.32), respectively, are stored with all indices open. In general this
amounts to N = N [S] +N [I] complex double precision floating point numbers for each
gauge field configuration where

N [S] = NS
F ·Np′ ·Nsnk ·Nsrc ·Nsto ·Nc ·N5

s , (C.1)

N [I] = N I
F ·Nq ·N∂µ ·Nτ ·Nsrc ·Nsto ·Nc ·N2

s . (C.2)

Here NS/I
F denotes the number of flavour combinations for the spectator and insertion

parts (typically 4 and 2, respectively), Np gives the number of momentum combinations for
a maximum momentum |p| (with p either being the sink momentum p′ or the momentum
transfer q), Nsrc/snk corresponds to the number of source (4) and sink (2) positions,
Nc = 3 and Ns = 4 are the dimensions of colour and spin space and Nτ is the number of
current insertion timeslices, usually the distance between the two sink timeslices times
the number of sources, see Figs. 3.3 and 3.4.1 N∂µ refers to the number of derivatives
included in the current insertion. All currents including up to one derivative (N∂µ = 1+4)
were computed, although only the currents without derivatives are presented in this work.
This adds up to a file size of the order of GBs for a single gauge field configuration and
disk space usage of the order of TBs for a typical CLS gauge ensemble. Within the
project of this thesis, in total nearly 2 PBs of stochastic three-point function data has
been generated. Storing the data with all indices open allows for a very flexible analysis.
Octet or decuplet baryon three-point functions can be constructed from the spectator
and insertion parts for different polarizations, current insertions as well as for a large
number of momentum combinations.

1In practice, in contrast to the sequential source data, data points with current insertion at the source
and sink are not stored for the stochastic method.
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D | LATTICE DATA

Several tables are provided: Table D.1 lists all ensembles (and related parameters)
analysed within this work where additional details are given in Tables D.2 and D.3.
Table D.4 gives the results used in the analysis of the LECs in chapter 4, while the results
for the unrenormalized charges of the three octet baryons, analysed in chapter 5, are
collected in Tables D.5–D.7.
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Table D.1: List of the gauge ensembles analysed in this work. The rqcdxyz ensembles were generated by
the RQCD group using the BQCD code [228], whereas all other ensembles were created within the CLS
effort. Note that for H102 there are two replicas. These have the same parameters but were generated
with slightly different algorithmic set-ups and, therefore, have to be analysed separately. N401 and N451
differ in terms of the boundary conditions (bc) imposed in the time direction (open (o) and anti-periodic
(p), respectively). The lattice spacings a are determined in Ref. [52]. The last column gives Ncnfg, the
number of configurations analysed.

Ensemble β a[fm] trajectory bc Nt ·N3
s Mπ [MeV] MK [MeV] LMπ Ncnfg

A650 3.34 0.098 sym p 48 · 243 371 371 4.43 5062
A653 trM/sym p 48 · 243 429 429 5.12 2525
A654 trM p 48 · 243 338 459 4.04 2533

rqcd021 3.4 0.086 sym p 32 · 323 340 340 4.73 1541
H101 trM/sym o 96 · 323 423 423 5.88 2000
U103 trM/sym o 128 · 243 420 420 4.38 2470
H102r001 trM o 96 · 323 354 442 4.92 997
H102r002 trM o 96 · 323 359 444 4.99 1000
U102 trM o 128 · 243 357 445 3.72 2210
N101 trM o 128 · 483 281 467 5.86 1457
H105 trM o 96 · 323 281 468 3.91 2038
D101 trM o 128 · 643 222 476 6.18 608
C101 trM o 96 · 483 222 476 4.63 2000
S100 trM o 128 · 323 214 476 2.98 983
D150 trM/ms p 128 · 643 127 482 3.53 603
H107 ms o 96 · 323 368 550 5.12 1564
H106 ms o 96 · 323 273 520 3.80 1553
C102 ms o 96 · 483 223 504 4.65 1500

rqcd030 3.46 0.076 sym p 64 · 323 319 319 3.93 1224
X450 sym p 64 · 483 265 265 4.90 400
B450 trM/sym p 64 · 323 421 421 5.19 1612
S400 trM o 128 · 323 354 445 4.36 2872
N451 trM p 128 · 483 289 466 5.34 1011
N401 trM o 128 · 483 287 464 5.30 1086
D450 trM p 128 · 643 216 480 5.32 621
D452 trM p 128 · 643 156 488 3.84 1000
B452 ms p 64 · 323 352 548 4.34 1944
N450 ms p 128 · 483 287 528 5.30 1132
D451 ms p 128 · 643 219 507 5.39 458

X250 3.55 0.064 sym p 64 · 483 350 350 5.47 1493
X251 sym p 64 · 483 268 268 4.19 1474
N202 trM/sym o 128 · 483 414 414 6.47 883
N203 trM o 128 · 483 348 445 5.44 1543
N200 trM o 128 · 483 286 466 4.47 1712
S201 trM o 128 · 323 290 471 3.02 2092
D200 trM o 128 · 643 202 484 4.21 2001
E250 trM/ms p 192 · 963 131 493 4.10 490
N204 ms o 128 · 483 353 549 5.52 1500
N201 ms o 128 · 483 287 527 4.49 1522
D201 ms o 128 · 643 200 504 4.17 1078

N300 3.7 0.049 trM/sym o 128 · 483 425 425 5.15 1539
N302 trM o 128 · 483 348 455 4.21 1383
J303 trM o 192 · 643 259 479 4.18 998
E300 trM o 192 · 963 176 496 4.26 1038
N304 ms o 128 · 483 353 558 4.27 1652
J304 ms o 192 · 643 261 527 4.21 1630

J500 3.85 0.039 trM/sym o 192 · 643 413 413 5.24 1837
J501 trM o 192 · 643 336 448 4.26 1018
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Table D.2: Gauge ensembles as listed in table D.1. In the last column t denotes the source-sink
separation of the connected three-point functions. The subscript (superscript) given for each separation
indicates the number of measurements performed using the sequential source (stochastic) method on
each configuration (see Secs. 3.2 and 3.3).

Ensemble β a[fm] t/a

A650 3.34 0.098 73, 93, 113, 134
A653 73, 93, 113, 134
A654 723, 9

2
3, 11

2
3, 13

2
4

rqcd021 3.4 0.086 82, 102, 124, 144
H101 82, 102, 122, 142
U103 81, 102, 123, 144
H102r001 841, 10

4
2, 12

4
3, 14

4
4

H102r002 841, 10
4
2, 12

4
3, 14

4
4

U102 81, 102, 123, 144
N101 81, 102, 123, 144
H105 821, 10

2
2, 12

2
3, 14

2
4

D101 81, 102, 123, 144
C101 821, 10

2
2, 12

2
3, 14

2
4

S100 81, 102, 123, 144
D150 81, 102, 123, 144
H107 822, 10

2
2, 12

2
3, 14

2
4

H106 842, 10
4
2, 12

4
3, 14

4
4

C102 842, 10
4
2, 12

4
3, 14

4
4

rqcd030 3.46 0.076 94, 114, 138, 168
X450 92, 112, 134, 164
B450 93, 113, 143, 164
S400 921, 11

2
2, 133, 14

2, 1624
N451 944, 11

4
4, 134, 14

4, 1644
N401 921, 11

2
2, 133, 14

2, 1624
D450 924, 11

2
4, 134, 14

2, 1624
D452 94, 114, 144, 164

B452 923, 11
2
3, 133, 14

2, 1624
N450 924, 11

2
4, 134, 14

2, 1624
D451 924, 11

2
4, 134, 14

2, 1624

X250 3.55 0.064 112, 142, 164, 194
X251 114, 144, 168, 198
N202 111, 142, 162, 194
N203 1141, 14

4
2, 16

4
3, 19

4
4

N200 1141, 14
4
2, 16

4
3, 19

4
4

S201 111, 142, 163, 194
D200 1121, 14

2
2, 16

2
3, 19

2
4

E250 114, 144, 164, 194
N204 1122, 14

2
2, 16

2
3, 19

2
4

N201 1122, 14
2
2, 16

2
3, 19

2
4

D201 1141, 14
4
2, 16

4
3, 19

4
4

N300 3.7 0.049 141, 172, 212, 244
N302 1421, 17

2
2, 21

2
3, 24

2
4

J303 1422, 17
2
4, 21

2
6, 24

2
8

E300 1423, 17
2
3, 21

2
6, 24

2
6

N304 1422, 17
2
2, 21

2
3, 24

2
4

J304 1423, 17
2
3, 21

2
3, 24

2
4

J500 3.85 0.039 171, 222, 273, 324
J501 1721, 22

2
2, 27

2
3, 32

2
4
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Table D.3: List of the hopping parameters κℓ and κs as set in the generation of the Nf = 2+1 CLS and
RQCD gauge ensembles used within this work. Further we tabulate the Wilson flow scale parameter t0/a2

and the pion and kaon masses Mπ and MK we make use of in our analysis and which were determined in
Ref. [52] and an update thereof.

Ensemble κℓ κs t0/a2 aMπ aMK

A653 0.1365716 0.1365716 2.1729(50) 0.21235(94) 0.21235(94)
A650 0.136600 0.136600 2.2878(72) 0.1833(13) 0.1833(13)
A654 0.136750 0.136216193 2.1950(77) 0.1669(11) 0.22714(91)
H101 0.13675962 0.13675962 2.8545(81) 0.18283(57) 0.18283(57)
U103 0.13675962 0.13675962 2.8815(57) 0.18133(61) 0.18133(61)
H107 0.13694566590798 0.136203165143476 2.7193(76) 0.15913(73) 0.23745(53)
H102r002 0.136865 0.136549339 2.8792(90) 0.15490(92) 0.19193(77)
U102 0.136865 0.136549339 2.8932(63) 0.15444(84) 0.19235(61)
H102r001 0.136865 0.136549339 2.8840(89) 0.15311(98) 0.19089(78)
rqcd021 0.136813 0.136813 3.032(15) 0.14694(88) 0.14694(88)
H105 0.136970 0.13634079 2.8917(65) 0.1213(14) 0.20233(64)
N101 0.136970 0.13634079 2.8948(39) 0.12132(58) 0.20156(30)
H106 0.137015570024 0.136148704478 2.8227(68) 0.1180(21) 0.22471(67)
C102 0.13705084580022 0.13612906255557 2.8682(47) 0.09644(77) 0.21783(36)
C101 0.137030 0.136222041 2.9176(38) 0.09586(64) 0.20561(33)
D101 0.137030 0.136222041 2.910(10) 0.0958(11) 0.20572(45)
S100 0.137030 0.136222041 2.9212(91) 0.0924(31) 0.20551(57)
D150 0.137088 0.13610755 2.9476(30) 0.05497(79) 0.20834(17)
B450 0.136890 0.136890 3.663(11) 0.16095(49) 0.16095(49)
S400 0.136984 0.136702387 3.6919(74) 0.13535(42) 0.17031(38)
B452 0.1370455 0.136378044 3.5286(66) 0.13471(47) 0.20972(34)
rqcd030 0.1369587 0.1369587 3.914(15) 0.12202(68) 0.12202(68)
N451 0.1370616 0.1365480771 3.6822(46) 0.11067(32) 0.17828(20)
N401 0.1370616 0.1365480771 3.6844(52) 0.10984(57) 0.17759(37)
N450 0.1370986 0.136352601 3.5920(42) 0.10965(31) 0.20176(18)
X450 0.136994 0.136994 3.9935(92) 0.10142(62) 0.10142(62)
D451 0.137140 0.136337761 3.6684(36) 0.08370(31) 0.19385(15)
D450 0.137126 0.136420428639937 3.7076(75) 0.08255(41) 0.18354(12)
D452 0.137163675 0.136345904546 3.7251(37) 0.05961(50) 0.18647(13)
N202 0.137000 0.137000 5.165(14) 0.13388(35) 0.13388(35)
N204 0.137112 0.136575049 4.9473(79) 0.11423(33) 0.17734(29)
X250 0.137050 0.137050 5.283(28) 0.11319(39) 0.11319(39)
N203 0.137080 0.136840284 5.1465(63) 0.11245(30) 0.14399(24)
S201 0.137140 0.13672086 5.1638(91) 0.09379(47) 0.15220(37)
N201 0.13715968 0.136561319 5.0427(75) 0.09268(31) 0.17040(22)
N200 0.137140 0.13672086 5.1600(71) 0.09236(29) 0.15061(24)
X251 0.137100 0.137100 5.483(26) 0.08678(40) 0.08678(40)
D200 0.137200 0.136601748 5.1793(39) 0.06540(33) 0.15652(15)
D201 0.1372067 0.136546844 5.1378(66) 0.06472(42) 0.16302(18)
E250 0.137232867 0.136536633 5.2027(41) 0.04227(23) 0.159370(61)
N300 0.137000 0.137000 8.576(21) 0.10642(38) 0.10642(38)
N304 0.137079325093654 0.136665430105663 8.322(20) 0.08840(33) 0.13960(31)
N302 0.137064 0.1368721791358 8.539(19) 0.08701(41) 0.11370(36)
J304 0.137130 0.1366569203 8.497(12) 0.06538(18) 0.13181(14)
J303 0.137123 0.1367546608 8.615(14) 0.06481(19) 0.11975(16)
E300 0.137163 0.1366751636177327 8.6241(74) 0.04402(20) 0.12397(15)
J500 0.136852 0.136852 14.013(34) 0.08116(34) 0.08116(34)
J501 0.1369032 0.136749715 13.928(39) 0.06589(26) 0.08798(23)
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Table D.4: Results for the ensembles used in the analysis of the low energy constants presented in
chapter 4. The scale parameter t0/a2, the renormalized pion decay constant Fπ (where Fπ = fπ/

√
2),

the pion mass Mπ, the baryon mass mB , the RGI quark mass m as well as the renormalized axial charges
for the nucleon gNA and the Σ baryon gΣA, respectively.

Ensemble t0/a2 aFπ aMπ amB am gNA gΣA

A652 2.1697(56) 0.04985(29) 0.2140(10) 0.5842(41) 0.02072(21)
A653 2.1729(50) 0.04980(25) 0.21245(93) 0.5855(37) 0.02050(20) 1.1670(85) 0.8903(61)
A650 2.2878(72) 0.04598(36) 0.1835(13) 0.5469(54) 0.01547(21) 1.1489(94) 0.8822(74)
H101 2.8545(81) 0.04499(23) 0.18286(57) 0.5074(18) 0.01796(10) 1.1818(87) 0.9014(78)
U103 2.8815(57) 0.04386(57) 0.18158(60) 0.5193(30) 0.01745(10) 1.1334(74) 0.8692(72)
rqcd021 3.032(15) 0.04084(23) 0.14702(88) 0.4508(47) 0.01172(12) 1.1548(90) 0.873(12)
rqcd017 3.251(13) 0.03505(68) 0.1022(15) 0.388(13) 0.00548(21)
B450 3.663(11) 0.03999(13) 0.16103(49) 0.4582(24) 0.016154(82) 1.1723(58) 0.8962(71)
rqcd030 3.914(15) 0.03535(18) 0.12221(68) 0.3957(90) 0.009460(80) 1.1437(89) 0.8723(70)
X450 3.9935(92) 0.03358(21) 0.10144(62) 0.3764(61) 0.006574(57) 1.175(10) 0.894(11)
N202 5.165(14) 0.03419(18) 0.13389(35) 0.3799(18) 0.013802(46) 1.1806(58) 0.9026(70)
X250 5.283(28) 0.03195(19) 0.11321(39) 0.3597(51) 0.009880(47) 1.1650(89) 0.8884(93)
X251 5.483(26) 0.02932(21) 0.08684(40) 0.3185(85) 0.005812(47) 1.165(13) 0.889(14)
N300 8.576(21) 0.02680(12) 0.10647(38) 0.3035(13) 0.011332(30) 1.1639(86) 0.884(17)
J500 14.013(40) 0.02106(11) 0.08119(34) 0.2313(26) 0.008755(21) 1.1514(50) 0.8873(84)

97



Table D.5: Results for the unrenormalized nucleon charges gN,latt
J for J ∈ {A,S, T, V }. #ES labels

the number of excited states used to determine the ground state matrix element, see the discussion in
section 3.4.

#ES 1 2

Ensemble gN,latt
A gN,latt

S gN,latt
T gN,latt

V gN,latt
A gN,latt

S gN,latt
T gN,latt

V

A653 1.563(17) 1.449(60) 1.273(13) 1.4140(24) 1.589(18) 1.43(10) 1.279(13) 1.4136(21)
A650 1.554(13) 1.468(68) 1.236(10) 1.4173(35) 1.581(18) 1.41(13) 1.243(12) 1.4171(32)
A654 1.545(22) 1.62(21) 1.216(30) 1.4353(85) 1.538(33) 1.76(34) 1.211(19) 1.4365(87)
H101 1.5662(88) 1.760(55) 1.221(13) 1.39160(46) 1.584(16) 1.795(88) 1.224(13) 1.39152(46)
U103 1.495(17) 1.61(11) 1.219(23) 1.39001(77) 1.511(26) 1.68(13) 1.227(18) 1.38990(66)
H107 1.630(37) 1.46(13) 1.248(19) 1.40067(98) 1.667(29) 1.34(17) 1.260(20) 1.40051(77)
H102r002 1.596(21) 1.70(15) 1.221(22) 1.3986(11) 1.616(29) 1.84(21) 1.231(21) 1.39817(87)
U102a 1.449(41) 1.42(17) 1.180(56) 1.3988(22) 1.448(41) 1.32(24) 1.194(31) 1.3982(11)
H102r001 1.582(15) 1.67(10) 1.230(21) 1.39706(67) 1.598(32) 1.78(19) 1.235(21) 1.39698(62)
rqcd021 1.546(16) 1.67(12) 1.188(22) 1.383(13) 1.567(30) 1.60(23) 1.190(22) 1.383(12)
H105 1.533(29) 1.44(20) 1.194(37) 1.4077(18) 1.524(51) 1.29(44) 1.199(32) 1.4074(15)
N101a 1.623(19) 1.662(87) 1.229(16) 1.40416(63) 1.670(32) 1.64(21) 1.236(18) 1.40411(53)
H106 1.589(34) 1.30(27) 1.223(35) 1.4084(20) 1.597(64) 1.20(50) 1.231(37) 1.4081(17)
C102 1.699(36) 1.70(32) 1.184(25) 1.4083(13) 1.755(58) 1.74(54) 1.198(29) 1.4083(12)
C101 1.675(37) 1.67(17) 1.214(17) 1.40908(85) 1.758(44) 1.76(40) 1.232(18) 1.40872(69)
D101a 1.647(51) 1.74(34) 1.222(40) 1.4091(18) 1.700(80) 2.09(77) 1.236(36) 1.4088(11)
S100a 1.86(98) 1.6(1.2) 1.27(21) 1.4091(49) 1.75(16) 1.6(1.5) 1.257(57) 1.4072(25)
D150a 1.49(21) 2.8(2.9) 0.88(23) 1.430(13) 1.39(31) 5.0(4.0) 0.92(14) 1.430(15)
B450 1.549(12) 1.642(72) 1.228(13) 1.3729(31) 1.587(18) 1.61(13) 1.233(14) 1.3724(27)
S400 1.525(13) 1.645(90) 1.191(22) 1.37682(65) 1.523(28) 1.63(17) 1.193(20) 1.37683(59)
B452 1.555(15) 1.49(10) 1.232(17) 1.3781(38) 1.568(30) 1.39(24) 1.235(19) 1.3781(36)
rqcd030 1.510(14) 1.531(92) 1.178(15) 1.3769(33) 1.553(27) 1.47(20) 1.182(16) 1.3769(30)
N451 1.595(14) 1.603(89) 1.212(15) 1.3828(35) 1.636(31) 1.49(21) 1.217(18) 1.3828(30)
N401 1.584(26) 2.00(27) 1.166(37) 1.3836(11) 1.603(51) 2.27(46) 1.180(31) 1.38328(91)
N450 1.598(13) 1.67(11) 1.208(17) 1.3840(29) 1.625(31) 1.58(26) 1.210(19) 1.3838(29)
X450 1.558(23) 1.99(18) 1.166(23) 1.3884(78) 1.606(51) 2.15(37) 1.174(24) 1.3873(69)
D451 1.583(25) 1.42(25) 1.175(36) 1.3807(78) 1.554(80) 0.88(77) 1.176(38) 1.379(10)
D450 1.623(25) 1.46(30) 1.201(22) 1.3761(90) 1.672(66) 1.04(77) 1.207(27) 1.3769(84)
D452b 1.54(21) 0.1(4.5) 0.95(19) 1.07(42) 1.53(32) -1.0(5.1) 1.00(13) 1.13(22)
N202 1.537(12) 1.926(84) 1.170(17) 1.34793(29) 1.556(20) 2.03(11) 1.179(16) 1.34780(28)
N204 1.570(13) 1.694(91) 1.200(14) 1.35344(39) 1.587(25) 1.80(19) 1.205(15) 1.35335(37)
X250 1.5232(98) 1.814(80) 1.163(14) 1.3513(25) 1.546(19) 1.88(15) 1.167(14) 1.3512(23)
N203 1.532(10) 1.748(68) 1.176(16) 1.35169(27) 1.545(26) 1.69(15) 1.176(16) 1.35169(27)
S201a 1.436(25) 1.49(21) 1.155(41) 1.35576(78) 1.52(12) 0.82(98) 1.160(41) 1.3555(10)
N201 1.568(18) 1.67(16) 1.158(21) 1.35653(50) 1.594(36) 1.54(35) 1.162(23) 1.35649(49)
N200 1.565(21) 1.47(15) 1.174(19) 1.35533(37) 1.607(40) 1.33(32) 1.179(22) 1.35530(34)
X251 1.532(25) 1.94(16) 1.135(14) 1.3568(56) 1.604(25) 2.18(26) 1.149(14) 1.3558(41)
D200 1.582(24) 1.94(30) 1.136(32) 1.35952(43) 1.617(61) 2.37(72) 1.140(32) 1.35997(77)
D201 1.562(35) 1.60(41) 1.135(48) 1.35922(82) 1.597(91) 1.82(98) 1.141(45) 1.35922(67)
E250a 1.66(14) 1.8(1.2) 1.134(77) 1.353(28) 2.00(20) 3.2(3.8) 1.175(55) 1.358(13)
N300 1.479(12) 1.813(95) 1.149(20) 1.31543(19) 1.485(22) 1.83(14) 1.152(19) 1.31540(16)
N304 1.495(23) 1.64(18) 1.137(28) 1.31926(32) 1.501(36) 1.52(31) 1.140(27) 1.31924(31)
N302 1.498(19) 1.82(18) 1.097(29) 1.31893(29) 1.523(35) 1.83(30) 1.103(27) 1.31889(27)
J304 1.529(19) 1.77(22) 1.107(22) 1.32310(36) 1.567(39) 1.67(51) 1.113(23) 1.32305(37)
J303 1.518(17) 1.51(14) 1.096(29) 1.32206(21) 1.526(56) 1.16(53) 1.094(36) 1.32198(25)
E300 1.557(37) 1.67(36) 1.086(25) 1.3135(88) 1.646(61) 1.44(92) 1.100(33) 1.312(11)
J500 1.451(11) 1.858(92) 1.108(18) 1.29090(12) 1.453(18) 1.91(11) 1.114(13) 1.290855(87)
J501 1.484(37) 2.13(30) 1.072(59) 1.29352(16) 1.499(38) 2.10(28) 1.088(29) 1.29349(19)

aEnsemble only enters the analysis of the nucleon charges since no data for the hyperon charges are
available.

bThe nucleon three-point functions are computed with the “stochastic” approach. (For all the other
ensembles the sequential source method was used.)
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Table D.6: Results for the unrenormalized hyperon charges gΣ,latt
J for J ∈ {A,S, T, V }. #ES labels

the number of excited states used to determine the ground state matrix element, see the discussion in
section 3.4. The three-point functions are computed employing the “stochastic” approach.

#ES 1 2

Ensemble gΣ,latt
A gΣ,latt

S gΣ,latt
T gΣ,latt

V gΣ,latt
A gΣ,latt

S gΣ,latt
T gΣ,latt

V

A653 1.180(10) 4.40(14) 1.018(14) 2.8354(32) 1.189(16) 4.45(14) 1.023(12) 2.8347(27)
A650 1.1764(90) 4.46(12) 0.9968(95) 2.8381(39) 1.190(16) 4.49(15) 1.000(10) 2.8380(37)
A654 1.173(12) 4.01(16) 1.028(13) 2.852(12) 1.204(37) 4.11(30) 1.028(16) 2.850(14)
H101 1.1877(81) 5.03(12) 0.982(10) 2.78711(66) 1.198(13) 5.12(14) 0.987(10) 2.78686(65)
U103 1.137(13) 4.69(18) 0.983(16) 2.78535(89) 1.147(21) 4.75(18) 0.989(16) 2.78507(80)
H107 1.207(18) 4.25(19) 1.030(12) 2.823(15) 1.232(28) 4.35(27) 1.036(13) 2.820(11)
H102r002 1.177(13) 4.67(17) 0.988(13) 2.807(14) 1.199(25) 4.77(22) 0.992(14) 2.805(12)
H102r001 1.157(14) 4.73(19) 0.973(16) 2.788(11) 1.146(27) 4.79(28) 0.978(17) 2.788(11)
rqcd021 1.149(15) 5.27(24) 0.958(19) 2.790(14) 1.145(27) 5.35(33) 0.962(19) 2.790(13)
H105 1.147(22) 4.83(44) 0.958(23) 2.812(20) 1.162(40) 5.25(55) 0.969(21) 2.809(16)
H106 1.139(15) 4.24(20) 0.968(16) 2.796(15) 1.149(38) 4.27(48) 0.970(19) 2.796(15)
C102 1.140(19) 4.32(29) 0.950(27) 2.791(23) 1.133(45) 3.94(76) 0.952(22) 2.792(18)
C101 1.174(21) 4.58(43) 0.957(22) 2.837(21) 1.240(51) 4.80(94) 0.963(21) 2.834(17)
B450 1.1743(76) 4.80(14) 0.992(11) 2.7464(30) 1.195(15) 4.90(18) 0.997(11) 2.7460(28)
S400 1.159(16) 5.25(29) 0.945(17) 2.751(13) 1.180(23) 5.43(27) 0.962(16) 2.752(11)
B452 1.147(13) 4.33(18) 0.990(16) 2.764(13) 1.163(28) 4.45(33) 0.994(16) 2.763(12)
rqcd030 1.140(12) 5.20(22) 0.944(16) 2.7576(35) 1.157(22) 5.41(33) 0.950(15) 2.7573(33)
N451 1.168(15) 4.90(34) 0.976(14) 2.795(18) 1.193(30) 5.43(38) 0.988(11) 2.789(12)
N401 1.130(52) 5.22(68) 0.933(50) 2.781(42) 1.100(67) 5.23(82) 0.949(33) 2.776(31)
N450 1.148(18) 4.11(17) 0.994(20) 2.738(24) 1.154(43) 3.54(65) 0.992(17) 2.737(21)
X450 1.168(23) 6.05(38) 0.924(25) 2.7700(84) 1.195(49) 6.38(58) 0.933(25) 2.7690(79)
D451 1.143(53) 4.79(95) 0.955(38) 2.67(10) 1.18(15) 3.8(3.0) 0.948(45) 2.624(56)
D450 1.129(63) 4.9(1.1) 0.938(52) 2.721(77) 1.09(11) 3.9(2.1) 0.944(42) 2.730(48)
D452 1.115(52) 4.8(1.1) 0.923(52) 2.789(28) 1.07(14) 5.3(2.6) 0.935(44) 2.787(29)
N202 1.166(10) 5.68(20) 0.939(12) 2.69777(45) 1.182(16) 5.85(15) 0.955(13) 2.69721(41)
N204 1.1465(91) 4.30(12) 0.980(11) 2.686(11) 1.160(26) 4.22(30) 0.979(12) 2.686(12)
X250 1.1549(88) 5.85(20) 0.928(12) 2.7051(32) 1.167(16) 6.12(21) 0.940(12) 2.7046(27)
N203 1.156(12) 5.60(26) 0.941(10) 2.7246(96) 1.182(19) 6.05(22) 0.9623(87) 2.7184(69)
N201 1.150(17) 5.22(43) 0.953(18) 2.737(17) 1.163(42) 5.70(53) 0.965(17) 2.733(14)
N200 1.119(13) 5.03(21) 0.947(13) 2.721(11) 1.116(26) 5.37(36) 0.954(12) 2.720(10)
X251 1.145(16) 6.59(33) 0.903(13) 2.7165(69) 1.195(24) 7.06(37) 0.916(14) 2.7145(55)
D200 1.082(48) 6.4(1.4) 0.841(59) 2.774(26) 1.058(82) 7.7(1.8) 0.867(38) 2.777(29)
D201 1.125(34) 5.7(1.3) 0.924(37) 2.730(31) 1.133(62) 6.8(1.2) 0.944(24) 2.726(19)
N300 1.121(12) 5.52(19) 0.918(17) 2.63208(25) 1.126(19) 5.59(18) 0.925(16) 2.63197(23)
N304 1.106(18) 4.84(31) 0.925(21) 2.642(17) 1.130(30) 4.87(45) 0.928(20) 2.641(15)
N302 1.086(26) 5.41(35) 0.864(34) 2.668(25) 1.118(42) 5.38(49) 0.868(26) 2.666(21)
J304 1.091(29) 5.95(65) 0.864(30) 2.646(25) 1.149(54) 6.61(74) 0.879(23) 2.645(18)
J303 1.100(19) 5.23(59) 0.914(22) 2.671(31) 1.198(61) 5.88(96) 0.927(17) 2.669(26)
E300 1.047(93) 7.9(3.8) 0.853(57) 2.728(87) 1.04(12) 9.1(3.1) 0.884(41) 2.705(55)
J500 1.100(10) 5.78(20) 0.887(13) 2.58250(15) 1.106(15) 5.82(16) 0.894(11) 2.58241(12)
J501 1.053(35) 6.01(86) 0.857(46) 2.629(22) 1.038(54) 6.26(66) 0.878(22) 2.628(19)
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Table D.7: Results for the unrenormalized hyperon charges gΞ,latt
J for J ∈ {A,S, T, V }. #ES labels

the number of excited states used to determine the ground state matrix element, see the discussion in
section 3.4. The three-point functions are computed employing the “stochastic” approach.

#ES 1 2

Ensemble gΞ,latt
A gΞ,latt

S gΞ,latt
T gΞ,latt

V gΞ,latt
A gΞ,latt

S gΞ,latt
T gΞ,latt

V

A653 -0.399(16) 3.13(18) -0.2495(54) 1.4229(30) -0.401(11) 3.019(89) -0.2534(38) 1.4206(21)
A650 -0.3849(96) 3.13(11) -0.2375(43) 1.4213(28) -0.3905(95) 3.109(92) -0.2423(43) 1.4211(20)
A654 -0.3528(58) 2.65(12) -0.2407(47) 1.4344(67) -0.354(12) 2.63(17) -0.2408(59) 1.4349(67)
H101 -0.3810(53) 3.331(91) -0.2342(41) 1.39556(41) -0.3854(82) 3.349(93) -0.2371(48) 1.39528(40)
U103 -0.3580(67) 3.09(11) -0.2389(48) 1.39547(47) -0.362(12) 3.05(14) -0.2380(43) 1.39563(47)
H107 -0.3602(71) 2.89(16) -0.2413(41) 1.4165(82) -0.3653(77) 2.93(12) -0.2453(38) 1.4126(64)
H102r002 -0.3707(54) 3.122(91) -0.2336(34) 1.4045(52) -0.3708(92) 3.16(12) -0.2357(42) 1.4038(48)
H102r001 -0.3671(52) 3.12(10) -0.2362(35) 1.3987(55) -0.3683(99) 3.16(14) -0.2383(45) 1.3987(52)
rqcd021 -0.418(17) 3.93(22) -0.2211(82) 1.415(15) -0.425(16) 3.81(21) -0.2275(71) 1.409(10)
H105 -0.370(11) 3.25(26) -0.2214(68) 1.4050(86) -0.372(11) 3.24(22) -0.2261(72) 1.4047(73)
H106 -0.3448(45) 2.605(83) -0.2347(27) 1.4052(42) -0.3553(84) 2.56(22) -0.2359(39) 1.4049(46)
C102 -0.3431(42) 2.672(96) -0.2296(41) 1.4007(52) -0.341(13) 2.52(28) -0.2286(50) 1.4000(57)
C101 -0.373(23) 3.15(38) -0.2398(58) 1.423(13) -0.387(14) 3.19(35) -0.2436(33) 1.4177(99)
B450 -0.3822(73) 3.321(81) -0.2322(46) 1.3737(22) -0.3914(98) 3.289(96) -0.2352(56) 1.3737(19)
S400 -0.3560(57) 3.20(12) -0.2332(41) 1.3774(56) -0.3577(91) 3.28(13) -0.2373(50) 1.3778(51)
B452 -0.3484(52) 2.873(96) -0.2309(35) 1.3669(53) -0.3523(85) 2.90(13) -0.2333(45) 1.3680(57)
rqcd030 -0.384(11) 3.93(22) -0.2249(65) 1.3819(34) -0.394(14) 3.96(25) -0.2313(67) 1.3807(28)
N451 -0.3693(57) 3.55(15) -0.2183(42) 1.3969(68) -0.3720(94) 3.74(17) -0.2248(46) 1.3948(55)
N401 -0.372(13) 3.17(18) -0.2296(58) 1.389(13) -0.389(16) 3.07(32) -0.2325(68) 1.388(12)
N450 -0.3489(63) 2.92(14) -0.2294(42) 1.3764(77) -0.351(14) 2.87(27) -0.2297(59) 1.3759(78)
X450 -0.403(18) 4.29(31) -0.2314(88) 1.3809(53) -0.414(23) 4.39(34) -0.2369(74) 1.3810(45)
D451 -0.308(19) 2.70(25) -0.226(19) 1.361(35) -0.286(36) 1.87(98) -0.225(13) 1.351(24)
D450 -0.365(21) 3.79(88) -0.2334(98) 1.391(18) -0.372(29) 4.27(62) -0.2377(53) 1.391(11)
D452 -0.320(13) 3.75(66) -0.2213(80) 1.399(13) -0.292(33) 4.41(95) -0.2268(84) 1.397(11)
N202 -0.3758(48) 3.78(10) -0.2202(41) 1.34982(24) -0.3759(89) 3.817(99) -0.2244(50) 1.34959(23)
N204 -0.3365(44) 2.916(92) -0.2262(35) 1.3484(47) -0.326(11) 2.91(15) -0.2252(46) 1.3479(51)
X250 -0.3753(54) 4.18(14) -0.2195(43) 1.3541(24) -0.3782(80) 4.26(14) -0.2257(46) 1.3536(19)
N203 -0.3612(42) 3.652(95) -0.2178(30) 1.3549(53) -0.3649(75) 3.74(12) -0.2220(36) 1.3542(47)
N201 -0.350(11) 3.44(32) -0.2222(49) 1.377(12) -0.355(10) 3.56(20) -0.2285(47) 1.3714(79)
N200 -0.3515(42) 3.58(13) -0.2147(38) 1.3665(49) -0.3542(78) 3.73(16) -0.2184(42) 1.3653(43)
X251 -0.3942(89) 4.68(18) -0.2226(60) 1.3600(46) -0.409(11) 4.84(21) -0.2295(43) 1.3576(40)
D200 -0.347(16) 4.2(1.0) -0.2127(76) 1.3738(89) -0.350(15) 4.69(49) -0.2237(51) 1.3707(70)
D201 -0.3393(78) 3.38(26) -0.2082(60) 1.3647(83) -0.344(17) 3.47(51) -0.2100(74) 1.3645(84)
N300 -0.3596(58) 3.74(10) -0.2246(45) 1.31662(16) -0.359(10) 3.78(11) -0.2279(49) 1.31649(12)
N304 -0.3307(51) 3.12(11) -0.2196(43) 1.3182(66) -0.325(10) 3.09(17) -0.2169(42) 1.3175(70)
N302 -0.361(11) 3.77(19) -0.2136(60) 1.341(11) -0.373(15) 3.72(22) -0.2170(66) 1.3383(89)
J304 -0.3366(73) 3.45(22) -0.2090(50) 1.3286(83) -0.346(11) 3.63(28) -0.2143(58) 1.3277(67)
J303 -0.3416(75) 3.66(23) -0.2133(48) 1.3306(94) -0.358(15) 3.88(34) -0.2208(59) 1.3298(81)
E300 -0.334(17) 3.75(49) -0.194(13) 1.342(14) -0.340(31) 3.5(1.0) -0.195(14) 1.344(17)
J500 -0.3508(46) 3.89(11) -0.2174(36) 1.291575(73) -0.3454(91) 3.93(11) -0.2198(38) 1.291515(71)
J501 -0.353(10) 4.14(25) -0.2055(62) 1.314(11) -0.356(13) 4.17(21) -0.2071(55) 1.3135(98)
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E | ADDITIONAL FIGURES

Additional figures (Figs. E.1–E.8) related to the analysis in chapter 5 are provided.
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Figure E.1: The same as Fig. 3.7 for the sigma baryon.
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Figure E.2: The same as Fig. 5.2 for the isovector vector charges gBV of the sigma baryon (left) and
the cascade baryon (right). For better visibility, the data points for ensemble D451, which have large
errors (see Tables D.6 and D.7), are not displayed. See Tables D.6 and D.7 for the set of ensembles used.

101



1
.3

36
1
.3

71
1
.2

92
1
.3

20
1
.3

53
1
.3

92
1
.4

18
1
.3

52
1
.3

97
1
.4

37

1
.2

66
1
.2

98
1
.2

56
1
.2

89
1
.3

25
1
.3

33
1
.3

69
1
.3

30
1
.3

71
1
.4

14

1
.4

69
1
.5

06
1
.3

21
1
.3

50
1
.3

80
1
.4

86
1
.5

05
1
.3

70
1
.4

17
1
.4

56

0.0

0.2

0.4

0.6
w

1 2 3 4 5 6 7 8 9 10 1 2 3 4 5 6 7 8 9 10 1 2 3 4 5 6 7 8 9 10

1.98

2.00

2.02

2.04

2.06

2.08

g
Σ V

Z1
V Z2

V Z3
V

1
.3

62
1
.4

04
1
.2

91
1
.3

33
1
.3

41
1
.3

51
1
.3

96
1
.2

94
1
.3

21
1
.3

39

1
.2

70
1
.3

10
1
.2

61
1
.3

02
1
.3

10
1
.2

83
1
.3

15
1
.2

80
1
.3

09
1
.3

25

1
.5

08
1
.5

55
1
.3

07
1
.3

49
1
.3

57
1
.4

42
1
.4

92
1
.3

06
1
.3

31
1
.3

50

0.0

0.2

0.4

w

1 2 3 4 5 6 7 8 9 10 1 2 3 4 5 6 7 8 9 10 1 2 3 4 5 6 7 8 9 10
0.99

1.00

1.01

1.02

1.03

1.04

g
Ξ V

Z1
V Z2

V Z3
V

Figure E.3: The same as Fig. 5.4 for the vector charge gBV of the sigma (right) and cascade (left) baryon.
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Figure E.4: The same as Fig. 5.8 for the axial charge gBB of the sigma (right) and cascade (left) baryon.
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Figure E.5: The same as Fig. 5.8 for the scalar charge gBS of the nucleon (top, left), sigma (top, right)
and cascade (bottom) baryons. The six fits correspond to two fit variations, see the text, applied to
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are extracted using two excited states in the fitting analysis, see section 3.4. Only two different sets of
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Figure E.6: The same as Fig. 5.8 for the tensor charge gBT for the nucleon (top, left), sigma (top, right)
and cascade (bottom) baryons. The data are extracted using two excited states in the fitting analysis,
see section 3.4. Only two different sets of renormalization factors are used.
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Figure E.7: The same as Fig. 5.10 for the isovector scalar charges gBS of the sigma baryon (left) and the
cascade baryon (right). For better visibility, the data point for ensemble E300, which has a relatively
large error (see Table D.6), is not displayed for the sigma baryon. See Tables D.6 and D.7 for the set of
ensembles used.
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Figure E.8: The same as Fig. 5.12 for the isovector tensor charges gBT of the sigma baryon (left) and the
cascade baryon (right). For better visibility, the data point for ensemble E300, which has a relatively
large error (see Table D.7), is not displayed for the cascade baryon. See Tables D.6 and D.7 for the set of
ensembles used.
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F | FURTHER CHPT EXPRESSIONS

In this appendix, which has already been published in verbatim form in Appendix A
of Ref. [SW1], we collect ChPT expressions that were not used in the final analysis. In
particular, these are expressions that include decuplet loops (and therefore additional
LECs that we were unable to resolve) and the finite volume effects for the axial charges.
Regarding the latter, these have been computed using SU(2) HBChPT [229] and confirmed
in SU(2) BChPT [230]. We define the function

h1(λπ) =
∑
n̸=0

[
K0(λπ|n|)−

K1(λπ|n|)
λπ|n|

]
, (F.1)

that corresponds to F1 of Ref. [229] while for h(λ), defined in Eq. (4.14): h(λπ) =
−(8/3)F3(Mπ, L). Again λπ = LMπ. The SU(3) finite size effects in the flavour
symmetric limit (utilizing the couplings that are tabulated in Ref. [103] and truncating
at O(p3)) read:

gNA (L) = gNA − 3

2
(D + F )ξh(λπ) +

2

9

(
27D3 + 25D2F + 45DF 2 + 63F 3

)
ξh1(λπ) ,

(F.2)

gΣA(L) = gΣA − 3Fξh(λπ) +
4

9
F
(
25D2 + 63F 2

)
ξh1(λπ) . (F.3)

The gap between the decuplet and octet baryon mass in the chiral limit ∆ = mD0−m0

is within the range covered by our pion masses. Therefore, decuplet loop effects may
in principle be relevant. Indeed, neglecting such terms, the finite volume effects of gBA
have a sign opposite to what we see in the data. Already in Ref. [124] corrections due to
transitions to decuplet baryons were considered. The full SU(3) result [144] for the octet
baryon mass for the case ms = mℓ, to be added to Eq. (4.6), reads:1

mB 7→ mB − ∆3

(4πF0)2
5

3
C2

[(
2− 3

M2
π

∆2

)
log

(
Mπ

2∆

)
+
M2

π

2∆2
+ 2

(
1− M2

π

∆2

)
w

(
Mπ

∆

)]
,

(F.4)

w(r) =

{
−
(
r2 − 1

)1/2
arccos

(
r−1
)

, r ≥ 1(
1− r2

)1/2
log
(
r−1 +

√
r−2 − 1

)
, r < 1

(F.5)

with the additional LECs C and ∆. Regarding the above decuplet baryon effects, we
restrict ourselves to the heavy baryon approximation. The full EOMS BChPT result can
be found in Ref. [144]. Note that the decuplet decouples as Mπ → 0 as it should since
in this case the extra term is proportional to [3− 4 log(Mπ/(2∆))]M4

π/(∆F 2
0 ), which is

1For the LEC C we use the normalization of Refs. [111, 124, 231], where C2 = g2∆Nπ [232].
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of a higher order in the chiral expansion. The associated finite volume corrections to
Eq. (4.15) read [130, 233]

mB(L) 7→ mB(L) +
5

3
C2ξ

m3
0

(m0 +∆)2∫ ∞

0
dy


(
2− y +

∆

m0

)
f(y)

∑
n̸=0

[
f(y)K0(λπ|n|f(y))−

K1(λπ|n|f(y))
λπ|n|

] ,

(F.6)

where

f(y) =
√

1 +M−2
π

[
(∆2 + 2m0∆−M2

π) y +m2
0y

2
]
. (F.7)

We refer to Ref. [144] for the full SU(3) result and to Refs. [130, 233] for the corresponding
finite volume corrections.

For the axial charges, we start from Ref. [229] and implement the decoupling con-
straints [234, 235] at O(p3). We obtain for the special Nf = 3 case ms = mℓ:

gBA 7→ gBA − jB
∆2

16π2F 2
0

J(Mπ/∆)− nB
∆2

16π2F 2
0

N(Mπ/∆) , (F.8)

where

J(r) = −r2 −
(
2− r2

)
log
(r
2

)
− 2w(r) , (F.9)

N(r) = −r
2

3
+
πr3

3
−
(
2

3
− r2

)
log
(r
2

)
− 2

3

(
1− r2

)
w(r) (F.10)

and the coefficients are given as

jN = 5

(
F +D +

8

27
H
)
C2 , nN = −4

(
11

9
D + F

)
C2 , (F.11)

jΣ = 10

(
F +

5

27
H
)
C2 , nΣ = −40

9
D C2 . (F.12)

We remind the reader that the term dBξ
3/2 within Eqs. (4.8) and (4.9) does not appear

at O(p3) in the chiral expansion but is purely phenomenological. However, the function
∆2N(Mπ/∆) contains a genuine term ∝ ξ3/2(4πF0)/∆, justifying the inclusion of that
parameter.

Regarding finite volume effects, we infer from Ref. [229] (see also Ref. [230]) that the
following terms need to be added to Eqs. (F.2)–(F.3)2

gBA (L) 7→ gBA (L) +
4

3
ξ

[
jBF2(LMπ,Mπ/∆)− 9

8
nBF4(LMπ,Mπ/∆)

]
, (F.13)

where F2 and F4 are defined in Ref. [229].

2Note that a typo in Eq. (A15) of [SW1] (superscripts N instead of B) was corrected here.
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ACRONYMS

AWI axial Ward identity

BChPT covariant baryon chiral perturbation theory

CLS Coordinated Lattice Simulations

ChPT chiral perturbation theory

EOMS extended on-mass-shell

FLAG Flavour Lattice Averaging Group

GMOR Gell-Mann–Oakes–Renner

HBChPT heavy baryon chiral perturbation theory

HMC Hybrid Monte Carlo

LECs low energy constants

LO leading order

MS modified minimal subtraction

NLO next-to-leading order

NNLO next-to-next-to-leading order

OZI Okubo-Zweig-Iizuka

PDFs parton distribution functions

QCD Quantum Chromo Dynamics

QED Quantum Electro Dynamics

RGI renormalization group invariant

RI′-SMOM regularization independent symmetric momentum-subtraction

SM Standard Model
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