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𝑈𝑛𝑐𝑒𝑟𝑡𝑎𝑖𝑛𝑡𝑦 =
𝑈𝑛𝑐𝑒𝑟𝑡𝑎𝑖𝑛𝑡𝑦 𝑊𝑜𝑟𝑑𝑠

𝑇𝑜𝑡𝑎𝑙 𝑁𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑊𝑜𝑟𝑑𝑠
 

 



𝑣ଵ =  (𝑤ଵ, 𝑤ଶ, … , 𝑤ேିଵ,  𝑤ே) 𝑣ଶ =  (𝜓ଵ, 𝜓ଶ, … , 𝜓ேିଵ,  𝜓ே)

ϵ

𝐶𝑜𝑠𝑖𝑛𝑒 𝑆𝑖𝑚𝑖𝑙𝑎𝑟𝑖𝑡𝑦 (𝑣ଵ, 𝑣ଶ) =  
௩భ ∙ ௩మ

‖௩భ‖ ‖௩మ‖ 
 

 𝑣ଵ ∙ 𝑣ଶ ‖ 𝑣ଵ‖

 𝑣ଵ ‖ 𝑣ଶ‖  𝑣ଶ



 

𝐼𝑅௜ = 𝛽଴ +  𝛽ଵ𝑇𝑒𝑥𝑡𝑢𝑎𝑙 𝐹𝑒𝑎𝑡𝑢𝑟𝑒௜ +  𝛽ଶ𝐶𝑜𝑛𝑡𝑟𝑜𝑙𝑠௜ + 𝜀௜

𝜀௜ 𝜀௜  ~ 𝑁(0, 𝜎ଶ)

 𝑣஺  𝑣஺  𝑣஻

 𝑣஻  𝑣஼  𝑣஼

‖ 𝑣஺‖ =  √5

‖ 𝑣஻‖ =  √5

‖ 𝑣஺‖ =  √5

‖ 𝑣஼‖ =  √5

‖ 𝑣஻‖ =  √5  

‖ 𝑣஼‖ =  √5



 

 

 

𝐼𝑅௜,௧ =
௉೔,೟ି௉೔,೟షభ

௉೔,೟షభ



𝑃௜,௧ 𝑃௜,௧ିଵ

 





 



 

 







 





 



 





 



 

 



 









 



 

 

 



 





 

 





 



 





 

 



 



 



 

 



𝐽 =  ෍ 𝑓(𝑋௜௝)(𝑤௜
்𝑤෥௝ +  𝑏௜

௏

௜,௝ୀଵ

+ 𝑏෨௝ − 𝑙𝑜𝑔𝑋௜௝)²

𝑋௝௜

𝑤 (𝑤෥) 𝑏 (𝑏෨)

𝑤்



Ø௞
௥ Ø௞

௦

 

 Ø௞
௥ ∼

 Ø௞
௦ ∼

 ∼

 

 ∼

 

 𝑏ሬ⃗

 ∼ 𝜏𝑏ሬ⃗

 ∼

 𝜃 ∼

 

- ∼ 𝜃

- ∼ π୸౟

- 

- ∼ Ø௭೔
௥

- 

- ∼ Ø௭೔
௦

𝑏ሬ⃗



𝑁𝐶௜,௞,௧  =  
𝑘௜,௧

𝑛௜,௧

𝑁𝐶௜,௞,௧

𝑘௜,௧

∈

 

𝑐௜,௝,௟

𝑤௜,௝,௞
௡ 𝑤௜,௝,௞

௔ 𝑤௜,௝,௞
ௗ

𝑤௜,௝,௞
ୟୡ

𝑤௜,௝,௞
଴

𝛿

𝑐௜,௝,௟ 𝑐௜,௝
ᇱ

ඥ𝑤௜, ௝௡

𝛿 =  
𝑐௜,௝

ᇱ

ඥ𝑤௜,௝௡

𝑤ଵ,ଶ,ଷ



𝑁𝑆௜,௞,௧  =  
∑ 𝛿௜,௞,௧,௡

௡
ଵ

𝑛௜,௞,௧

𝑁𝑆௜,௞,௧ 𝛿௜,௞,௧,௡

𝑁𝐶𝑆௜,௞,௧ = 𝑁𝐶௜,௞,௧ + 𝑁𝑆௜,௞,௧

 

𝑦ଵ௧ =  𝛽ଵ଴ + ෍ 𝛽ଵ௜ 𝑦ଵ௧ି௜

௟

௜ୀଵ

 + ෍ 𝛼ଵ௜ 𝑦ଶ௧ି௜

௟

௜ୀଵ

+ 𝑢ଵ௧

𝑦ଶ௧ =  𝛽ଶ଴ + ෍ 𝛽ଶ௜ 𝑦ଶ௧ି௜

௟

௜ୀଵ

 + ෍ 𝛼ଶ௜ 𝑦ଵ௧ି௜

௟

௜ୀଵ

+ 𝑢ଶ௧



𝑢௜௧ 𝑢௜௧

𝑢ଵ௧ 𝑢ଶ௧

𝑦௧ =  𝐴଴ + ෍ 𝐴௜ 𝑦௧ି௜

௟

௜ୀଵ

 + 𝐵𝑋௧ + 𝑢ଵ௧

 

 







 







 



 

𝜒
ଶ

𝜒
ଶ



 

𝜒
ଶ

𝜒
ଶ

N
ew

ey
 a

nd
 W

es
t (

19
87

) s
ta

nd
ar

d 
er

ro
rs

, w
hi

ch
 a

re
 ro

bu
st

 to
 h

et
er

os
ce

da
st

ic
ity

 a
nd

 a
ut

oc
or

re
la

tio
n,

 a
re

 u
se

d.
 *

 d
en

ot
es

 s
ig

ni
fic

an
ce

 a
t t

he
 1

0 
%

 le
ve

l, 
**

 a
t t

he
 5

 %
 le

ve
l, 

an
d 

**
* 

at
 th

e 
1 

%
 le

ve
l. 

Th
e 

sa
m

pl
e 

pe
rio

d 
is

 Q
1-

20
10

 to
 Q

4-
20

20
.



 

𝜒
ଶ

𝜒
ଶ



χଶ
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𝜒
ଶ

𝜒
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𝛿 =  
𝑐௜,௝

ᇱ

ඥ𝑤௜,௝௡

𝑐௜,௝
ᇱ =  ෍((1 + 𝑤௔௠௣ + 𝑤ௗ௘௔௠௣) ∙ 𝑤௜,௝,௞

௣ (−1)ଶା௪೙೐೒)

𝑤௔௠௣ = (𝑤௕ > 1) +  ෍(𝑤௡௘௚ ∙ (𝑧 ∙ 𝑤௜,௝,௞
௔ ))

𝑤ௗ௘௔௠௣ = 𝑚𝑎𝑥൫𝑤ௗ௘௔௠௣ᇱ 1൯

𝑤ௗ௘௔௠௣ᇱ = (𝑤௕ < 1) +  ෍(𝑧(−𝑤௡௘௚ ∙ 𝑤௜,௝,௞
௔ +  𝑤௜,௝,௞

ௗ ))

𝑤௕ = 1 + 𝑧ଶ ∗  𝑤௕ᇱ

𝑤௕ᇱ = ෍(ห𝑤௔ௗ௩௘௥௦௔௧௜௩௘ ௖௢௡௝௨௡௖௧௜௢௡ห,  … ,  𝑤௜,௝,௞
௣

,  𝑤௜,௝,௞
௣

,  … ,  |𝑤௔ௗ௩௘௥௦௔௧௜௩௘ ௖௢௡௝௨௡௖௧௜௢௡| ∙ −1)

𝑤௡௘௚ = ቀ෍ 𝑤௜,௝,௞
௡ ቁ  𝑚𝑜𝑑 2

 



 



 



 









 



 

 

 



 





 

 



 





 



 



 

 



 

 



 

 



𝐽 =  ෍ 𝑓(𝑋௜௝)(𝑤௜
்𝑤෥௝ +  𝑏௜

௏

௜,௝ୀଵ

+  𝑏෨௝ − 𝑙𝑜𝑔𝑋௜௝)²

𝑋௝௜

𝑤 (𝑤෥) 𝑏 (𝑏෨)

𝑤்



𝐶𝑜𝑠𝑖𝑛𝑒 𝑆𝑖𝑚𝑖𝑙𝑎𝑟𝑖𝑡𝑦 ൫𝑣௜, 𝑣௝൯ =  
𝑣௜  ∙  𝑣௝

‖𝑣௜‖ ฮ𝑣௝ฮ 
 

 𝑣௜ ∙ 𝑣௝ ‖ 𝑣௜‖ 𝑣௜

ฮ 𝑣௝ฮ  𝑣௝

𝑣௜

𝑣௝



 



→

→

→







𝑂𝐼௧ =
∑  ூ

ଵ  
௜,௧

∑   ௧

𝑃𝐼௧ =
∑  

௃
ଵ  

௝,௧

∑  
௧

𝑆𝑄௧ =
∑  ூ

ଵ  
௜,௧

∑  ூ
ଵ  

௜,௧
+ ∑  

௃
ଵ   negative

௝,௧
 

𝑖 𝑗 𝑡

 

𝑦ଵ௧ =  𝛽ଵ଴ + ෍ 𝛽ଵ௜ 𝑦ଵ௧ି௜

௟

௜ୀଵ

 + ෍ 𝛼ଵ௜ 𝑦ଶ௧ି௜

௟

௜ୀଵ

+ 𝑢ଵ௧



𝑦ଶ௧ =  𝛽ଶ଴ + ෍ 𝛽ଶ௜ 𝑦ଶ௧ି௜

௟

௜ୀଵ

 + ෍ 𝛼ଶ௜ 𝑦ଵ௧ି௜

௟

௜ୀଵ

+ 𝑢ଶ௧

𝑢௜௧ 𝑢௜௧

𝑢ଵ௧ 𝑢ଶ௧

𝑦௧ =  𝐴଴ + ෍ 𝐴௜ 𝑦௧ି௜

௟

௜ୀଵ

 + 𝐵𝑋௧ + 𝑢ଵ௧



 

 



 

 





 









 



 





 



 

(𝑦ଵ, 𝑥ଵ), … , (𝑦௟ , 𝑥௟), 𝑦௟  ∈

{−1,1} 𝑦௜(𝑤𝑥௜ + 𝑏) ≥ 1 𝑖 = 1, … , 𝑙

𝑤଴𝑧 + 𝑏଴ = 0

𝑝(𝑤௢, 𝑏௢) =
2

|𝑤଴|
=

2

ඥ𝑤଴ ∗ 𝑤଴

𝑤௢

𝑤௢ = ෍  

௟

௜ୀଵ

𝑦௜𝛼௜
଴𝑥௜

𝛼௜
଴ ≥ 0 𝛼௜

𝑊(Λ) = Λ்1 −
1

2
Λ்𝐷Λ

Λ் = (𝛼ଵ, … , 𝛼௟) Λ ≥ 0; Λ்𝑌 = 0 1் = (1, … ,1)

𝑌் = (𝑦ଵ, … , 𝑦௟) 𝐷

𝑙𝑥𝑙 𝐷௜𝑗 = 𝑦௜𝑦௝𝑥௜𝑥௝ 𝑖, 𝑗 = 1, … , 𝑙

𝑤଴ 𝑏଴

𝐶

𝑊(Λ) = Λ்1 −
1

2
ቈΛ்𝐷Λ +

𝛿ଶ

𝐶
቉

𝛿 = 𝛼୫ୟ୶ = max(𝛼ଵ, … , 𝛼௟)

+1 −1



+1 −1

𝑃(𝑦 = 1 ∣ 𝑓) =
1

1 + exp (𝐴𝑓 + 𝐵)

𝐴&𝐵

(𝑓௜, 𝑦௜) 𝐴&𝐵 (𝑓௜, 𝑡௜)

𝑡௜

𝑡௜ =
𝑦௜ + 1

2

𝐴&𝐵

𝑚𝑖𝑛 − ෍  

௜

𝑡௜log (𝑝௜) + (1 − 𝑡௜)log (1 − 𝑝௜)

𝑝௜ =
1

1 + exp (𝐴𝑓௜ + 𝐵)

𝑐௝



𝑦௖ೕ(𝑡) = 𝑦 ೕ(𝑡)ℎ ቀ𝑠௖ೕ
(𝑡)ቁ

𝑦௢௨௧ೕ 𝑦௜௡ೕ

𝑦௜௡ೕ(𝑡) = 𝑓
ೕ

ቀ
ೕ
(𝑡)ቁ ; 𝑦 ೕ(𝑡) = 𝑓

ೕ
ቀ

ೕ
(𝑡)ቁ

𝑛𝑒𝑡௜௡௝
(𝑡) = ෍ 𝜔௜௡ೕ௨𝑦௨

௨

(𝑡 − 1); ௢௨௧ೕ
(𝑡) = ෍ 𝜔௢௨௧ೕ௨𝑦௨

௨

(𝑡 − 1)

௝ 𝑗

𝑦ఝ

𝑦ఝ௝(𝑡) = 𝑓ఝ௝൫𝑛𝑒𝑡ఝ௝(𝑡)൯

ఝ௝

𝑛𝑒𝑡ఝ௝ = ෍  

௨

𝑤ఝ௝௨𝑦௨(𝑡 − 1)

𝑠௖ೕ

𝑠௖ೕ
(0) = 0; 𝑠௖ೕ

(𝑡) = 𝑦ఝ௝(𝑡)𝑠௖ೕ
(𝑡 − 1) + 𝑦௜௡ೕ(𝑡)𝑔 ቀ ௖ೕ

(𝑡)ቁ 𝑡 > 0





 



 



 











 



 

 



 





 





 



 



 



 




