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1 | INTRODUCTION

The phenomenon of cell blebbing is connected with various biological processes such as locomotion of primordial germ or
cancer cells, the programmed cell death (apoptosis) or cell division. Its importance has been recognised and emphasized
in the last decade [1-3], and attracts more and more interest. Cell blebbing results from chemical reactions that cause the
selection of sites on the cell cortex, which lies underneath the cell membrane, where it contracts. This contraction causes
the fluid inside the cell (the cytosol) to be pushed towards the cell membrane, which is then stretched out and moved
away from the cell cortex. The cell membrane is pinned to the cell cortex via linker proteins. Only if a sufficient amount
of protein bonds can be broken, the membrane can freely develop a protrusion that is called a bleb.

Besides experimental studies [4], there are also many endeavours to understand cell blebbing from a theoretical per-
spective, compare Refs. [5-12]. While all these modelling approaches concentrate on selected aspects of the whole process,
a full 3D model that brings together the linker proteins, their surface diffusion and the fluid-structure interaction has only
recently been proposed in Werner et al. [13]: the authors derive a phase field model in which cell cortex and cell membrane
are defined by two coupled phase fields, with phase field parameter ¢, that interact with the cytosol. The coupling of the
phase fields reflects the linker proteins connecting both surfaces and brings in new interesting mathematical challenges
such as well-posedness of equations on evolving ‘diffuse manifolds’ (the linker protein densities on the cell cortex undergo
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changes due to surface diffusion and bond breaking), developing numerical schemes for solving non-linear, sixth-order
phase field equations and answering the question what model is reached in the limit € — 0.

This article is aimed at investigating the last problem and showing that the phase field model of Werner et al. [13]
formally approximates a sharp interface model that has also been derived by physical first principles [14]. For that, we will
use the method of formal asymptotic analysis. The techniques we employ are similar to those applied for the asymptotic
analysis of related phase field models like Caginalp and Fife [15], the Stokes—Allen—Cahn system in Abels and Liu [16]
or the Willmore L?-flow [17]. Another related asymptotic analysis is that of Wang [18] for minimisers of the Canham-
Helfrich energy.

We start by briefly recalling the phase field model from Werner et al. [13] and show the sharp interface system that
is expected in the limit. After we have introduced the notation and gained some understanding of the system of partial
differential equations, we introduce foundations of the technique we use to pass to the limit e — 0. Here, the parameter ¢
is proportional to the interfacial thickness of the diffuse interfacial layer in the phase field model. The major part of this
paper follows, which is to plug in series expansions of the solutions of the phase field model in powers of . Via separation
of scales, we are able to derive equations for the leading order summands of the series. Using these findings, we can
finally pass to the limit in the equations of the phase field model and find the sharp interface system of equations that we
initially reviewed.

1.1 | Preliminaries

We denote the n-dimensional Lebesgue measure by £" and the Hausdorff measure of Hausdorff dimension m by H™.
Recall that for a two-dimensional submanifold ' ¢ R3 with a smooth global chart ¢ : T — R2, and for a summable
function f : ' —» R, it holds by definition

/de2 =/ foo U [p™!] de2,
r @)

where J[u] = v/det (VuT Vu) is the Jacobian of u = ¢~

Let T' C R? be a sufficiently smooth submanifold. We denote by N(I') = {x € R3 | distp(x) < § } the tubular neigh-
bourhood around T', where distp(x) is the distance of x to I' defined via the orthogonal projection; by dr(x), we denote
the signed distance. If we partition N5(T') = |, e(=5.5) [,,where T, = {x € N5(T) | dr(x) = r}, we may define extensions
of quantities defined on I" into Ns(T") (cf. [19, Sec. 14.6]). The extended principal curvatures are defined as

ki . N5(l") d R,

X = Ky i (%),
where xg ;(x) is the ith principal curvature of the surface S. Accordingly, the mean curvature is

H: N5(F) - R,
Another extension method we will encounter is the normal extension of a quantity f : I' - V, for a set V, meaning that

the quantity is extended constantly in normal direction. We denote those extensions by f.
The surface gradient, V- f| » of a function f : T' - R in a point p € T is the vector

Vrfl, = PF(P)VfV|p,

where Pr(p) =1 —vr(p) ® vr(p) is the tangential projection onto I'. Other surface differential operators such as the
divergence or the Jacobi matrix can be derived analogously.

For a differentiable functional S : X — [0, o0) on a Banach space X, the element VY S(u), u € X, of a subspace Y C X
that fulfills

(VYS(u),v)Y =Sy Yvevy,
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FIGURE 1 [Illustration of the relationship of the two diffuse layers. The dotted lines indicate the centres of the transition layers of ¢ and
1. In the white region, both ¢, and i, take values close to 1. In the light orange region, 1, takes values close to 1, but ¢, has values close to —1.
In the dark orange region, both ¢, and 3, have values close to —1.

where S’(u) is the Gateaux derivative of S in u, is called the Y-gradient of S. Consider, for example, the functional
S(u) = fBl © [Vu(x)|? d£3(x); its L?-gradient is VX*S(u) = —Au, whereas the H,-gradient takes the form Vi S(u) = u,

and the H™-gradient is VZ ' S(u) = A%u.

2 | MODELLING

Besides the numerical advantage of making topological changes such as pinch-offs (like when vesicles form out of the
membrane) easy to handle, a phase field approach for modelling cell blebbing is also apt for bio-physical reasons: cell
membranes are bilayers of lipid molecules which can be subject to undulations, and so the membrane is not strictly
demarcated to the surrounding fluid. Depending on the scale, we look at these membranes, the diameter of the lipid
molecules involved, and the spacing between them, it may be desirable to model uncertainty in the lipid molecules’ posi-
tion and thus take them to be diffuse layers of some thickness €. Another peculiarity when considering cell blebbing is
experimental evidence [4] that at sites where blebbing occurs, the cell membrane is folded multiple times providing for
enough material to be unfolded, and is thus thicker than a typical biological membrane.

Let us assume that we observe the process of cell blebbing for a certain time T € (0, o) in a domain Q C R3. We consider
two evolving diffuse interfaces — the cell membrane and the cell cortex - that can be defined as those subsets of Q, on which
phase fields ¢, (modelling the membrane) and . (modelling the cell cortex) are close to zero, respectively. Additionally,
there is a surrounding fluid with density p, velocity v, and pressure p.. Also in the domain, but concentrated on the
cell cortex, are linker proteins with mass volume density p, .. They connect the cell membrane and the cell cortex. The
linker proteins behave like springs, but may break if overstretched, so we introduce another density p; . which gives the
mass of linkers per volume that are broken. This is important because ‘repairing mechanisms’ of the cell take care of
reconnecting those broken linkers back to the cell membrane. A scheme in which the aforementioned quantities are all
depicted together is given in Figure 1.

For deriving the phase field model, Onsager’s variational principle [20, 21] is combined with a reaction—diffusion-like
surface evolution equation for the active and inactive linker proteins. To establish a basic understanding of how a PDE
system for cell blebbing can be obtained, let us mention the principle steps in the derivation.

1. Definition of an energy functional U [v;, p;, ¢, . ] that is the sum of all kinds of energy of the cell: the ingredients are
the kinetic energy of the fluid, the surface and bending energy of the cell cortex and cell membrane, and a potential
energy that accounts for the coupling of both membrane and cortex via the linker proteins.

2. Definition of appropriate boundary conditions (see below).
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3. Variation of U plus a dissipation functional. With regard to the linker proteins, our process is assumed to be quasi-static,
that is, we assume the linker proteins to be given parameters of U although their evolution is given by a reaction—
diffusion-like surface equation.

4. Extending the stationarity condition derived by the previous variation step, the aforementioned surface evolution
equations for the linker proteins are added.

2.1 | Phase field model

Several computations and formulae are the same for the phase field representing the cell membrane ¢. and that
representing the cell cortex i,. For those, we always use the symbols ¢ € {¢, 9} and ® € {T, X} to avoid copious repetition.

In the phase field approach, we approximate two important geometrical quantities known from the sharp interface
perspective, namely the normal

_ Ve
7 Ve

Vo =V, +0(), v
(everywhere where ¢, # 0), and the mean curvature
Hy = quE + O(e), quE = Vel (_EAqDE +e W’ ((05))

((pf — 1)2. Having the velocity v and density p of the fluid, we may express the kinetic energy as

1 / 2 4,3
= [ plv|® dc-.
2Jq

Let us consider the following energies at a particular point in time ¢ € [0, T], so we can ignore the time-dependency for
now. The surface energy of the diffuse cell membrane with a surface tension proportional to yr is given by the Ginzburg-
Landau energy

with W (¢,) = %

— E 2 l dr3 = de3
Gurlgl = v [ 51908 + w@a> =y [ sislac

with g.[¢] = % |Vo|? + iW(q&). A well-established [22-24] model for the bending energy of a cell membrane with bending
rigidity Sr and spontaneous mean curvature C(l; is the phase field version of the Canham-Helfrich energy

B 1 2
Wil = /Q <—£A¢ n <;¢ ; cg> (¢ - 1)) acs

The spontaneous mean curvature corresponds to an intrinsic bending of the membrane which is typical for biomembranes.
The additional term in the energy introduced by that, however, does not introduce new theoretical challenges compared
to using a Willmore functional, which is why we will omit it for the sake of a straightforward presentation, that is, C(l; =0.
In this configuration, W, r[¢] is the phase field version of the Willmore energy. We simplify the situation for the cell cortex
in that we assume it to be just a stiffer membrane thus employing the same types of energies just with different surface
tension and bending rigidity. Both energies associated to membrane and cortex are summarised in the energy functionals

Stlpl = Weolpl + G ol

For the coupling of cell membrane and cell cortex, we account with a generalised Hookean spring energy.

Ce [$ererpae] = /Q 8191003 /Q GBI = Y Ppac(t, 000 (x,3,7,) AL L),
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where & is a spring constant, and w (x, y, Vng) assigns to points x, y € Q the particle-per-volume density of protein linkers
connecting in direction x — y. A possible choice is

(x =) - vy, (%) — 1)
w(x’y’v¢€)=@<%>, d’)(}"):CBeXp<(r S21)>

with s being a suitable standard deviation and @ an appropriate scaling factor. To outline the idea for this modelling choice,
we first point out that g, [¢.] can be pictured as a ‘smooth Dirac delta function’ if ¢, is the so-called optimal profile

X — tanh (w) .
V2

/Qgs[qb]‘ dﬁzz‘Tﬁ/ .

()

The same holds for g [¢.], so that

and
242
[ el dﬁz\—f/ e
Q 3 2(t)

approximate surface integrals for small . Thus,
. Boberpacl = [ 881075 [ @I —3Ppuclt 00 (.3,3,) 4L AL0)
Q Q

[ 5] a0 (v m0) SHWICO)
(1) < Jx2@)
Looking at the sharp interface equivalent of the coupling energy, we can identify

1. %lx — y|? as a Hookean energy density, which is integrated over the membrane and cortex, and weighted additionally
by

2. w (x, v, V):(t)) to incorporate the likeliness of the two spatial points x € X,y € I" being connected, and

3. the volume-density of linker particles p, (¢, x) actually linking.

The Hookean energy ansatz accounts for the earlier mentioned assumption that the linker proteins behave like springs.
Additionally, since linkers might not be distributed homogeneously, we should scale the coupling force by their actual
amount, which explains 3. The necessity to consider a weight w might not be so obvious: it has not yet been agreed upon
in the biological literature how to identify the pairs of points (x,y) € Z X I that are connected by protein linkers. That is
why we allow the weight w to model a certain probability for this state. An easy way to describe such a probability is in
terms of the angle between y — x and a gauge direction. As this gauge direction, we chose the cortex normal, which enters
as the third argument of w.

Remark 2.1. 1t shall be remarked that there are other choices for ‘smooth Dirac delta functions’ like lW((p), which is
smoother and easier to handle analytically and numerically. It turns out, however, that for passing to thé limit € — 0, the
latter two choices are not appropriate. The reason for that becomes clear when we compare the right hand side K of the
momentum balance for the different choices of the integral weight: only for g.[¢], we have phase field counterparts in K
for every term we expect in the sharp interface system as derived from physical first principles (cf. Werner et al. [13]).

Summing all potential energies, we obtain the Helmoltz free energy of the cell as

Fe [¢E7 Pes pa,e] = 515 [¢:] + S; [¥e] + C [¢£’ Pes pa,e] >
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and the inner energy as

1
U [Us, @er Pes pa,s] = 2 / P |UE|2 dc? + Fe [¢£, ¢£apa,s] .
Q

Via Onsager’s variational principle (cf. Werner et al. [13]), the following system of partial differential equations is then

found as stationarity conditions

p B + (v - VIv) = V- (n (Vo + Vu.T) — p.) =K,
V-v,=0
8ipe + Ve Ve = V- (m (@) (V (VESE[¢e]) +V (VEC 90 ¥erpas] ) ) )

Bipe +ve - Ve = V- (m o) (V (V5 SEwel ) + V (VEC [$esYerpael ) ) )
where
K = VI'SE 6] V4. + VI SE[9:] Vi

+ V5 C [bes Ve Pac] Vo + V5 C [bes s Pac] Vi

~ [ 6 1800)0,.¢ (3 pacr) Hy,pcny 4£°0)
Q

- / g (¢l (y)IP,,lPV <apa,5C ("y’ Pa,e> V¢)) gs[lxb]pa,s d£3(}’)-
Q

The imposed boundary conditions are
Ueloa = 0,
9y¢claa = 9y¥elaa = 0,
Je laa v =Jylaa-v=0,

Pa,alaﬂ = Pi,s|0Q =0,

where
2 2
=¥ (81 S ).
and

= (s e )

(1a)

(1b)

(10

(d)

(le)
(1f)
(1g)

(1h)

In addition, we consider evolution equations for the active and inactive linkers on the diffuse surface of the cell cortex:

8¢ [lpba] atpa,a - VvlpEHszpa,a -V (gs [§b5] 7')av;oa) +V- (ga [¢£] Uarpa) =

8 [YI R [pas pis $es vy »

(1i)
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8 [zps] atpi,s - Vvd,EHl,bEpi,e -V. (gs [zps] nivpi) +V. (gs [Zps] Us‘rpi) =

—8 [YI R [pas pis $es vy »
where
R [Paer Pigs Ber V| = kpie — Pael [besvy) -
The term kp; . is the effective reconnection rate, k > 0, of the inactive linkers, and

Pa,l [¢s’ Vzp]

1j)

is the effective disconnection rate of the active linkers in relation to the membrane position in space and the orientation

of the cortex given by its normal.

For a thorough discussion and further references, the reader may please refer to Werner [14]. In the following section, we
describe steps one, two and four, but leave out the lengthy calculations involved for step three. For the following discussion,
however, we need the concrete expression for all the L2-gradients of the energies, so we give them here without doing the

calculations. Note that these calculations depend on the boundary conditions (1e), (1f), (1g) and (1h):
VLS = VEW, + Vi
PV = Vo Ve p Fe
2 1
VE G = —ehp. + W (9 =t plgdl,
2 1
V]c; We = =A(ulloe) + plee] E_ZWN (®e)
For easier expression of the coupling energy gradients, we introduce
Cot:) = [ 8100 (33,00t 0. 74,,(0)) AL,
Q
Cott.) = [ 19 0 (33,8t 00, 00) AL,
Q
Then,

VEC = ko9 0)C,0) — [ e [B1GV, eV, e (3. vy)) L)
Q

V;jcz = Mo [Pe] (X)C¢(X) - / £ge [¢:] W)V (C (x’ Vs Pae> Vw)) - Ve dﬁ3()’)
Q

T 1
- [)gs [¢£] (y)vx : <gs [Zps] (X)VVC (x,y,Pa,s’Vzp) WPV¢> d£3(y)-

Solutions of Equation (1) fulfil an energy inequality, compare Werner et al. [13].
This energy inequality reads

d 2
EFE [¢£a¢ppa,s] <- ||VUE”[L2(Q)](3’3)

2
2 2
V (V' SEIge] + VEC [$es Y pae] )

—m(¢;)

LX(Q)

(2a)

(2b)

(20)

2d)

(2¢)
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2

v (Vlllisg [¥.] + Véjcg [¢s’§bs’9a,s]>

—-—m (l,bg)

LX(Q)

+ [ @1810) [ 1003, ¢ [pac] 408L0)
Q Q
—/Hw(t,X)Pa,s(t,x)Vv¢(t,x)/g5[¢](y)apaxzc(x,y,pa,E,vlp) de3(y)ded(x)
Q Q

= [ [ @00 (¢ (3pucms) ) - veglilpac dE DAL ) G)
QJQ

2.2 | Sharp interface model

We introduce two evolving, two-dimensional manifolds I'y = (T'(t));¢[o,r) for the cell membrane, and Z; = (Z(1))¢[o,1
for the cell cortex. These evolving manifolds can also be described as the level sets I'(t) = ¢~1(¢,0) and Z(¢) = ¢ ~'(¢, 0) of
functions ¢ : Q% [0,T] - Rand ¢ : QX [0,T] - R. The cell we consider is swimming in a fluid with pressure p and
velocity v. Additionally, we have the density p, : £+ — R of linker proteins connecting cell membrane and cell cortex,
which we call active linkers. Another density p; : Zr — R is introduced to model the density of the disconnected or
broken proteins, called inactive linkers; these no longer couple cell membrane and cell cortex, but may be reconnected

due to healing mechanisms inside the cell. Q= Q\(T'(t) U Z(t))

pBu+@-V)U)=V-T=0 inQ (4
V-0=0 in E) (4b)

u(t,)=0 on 0Q, (4¢)

[vlre =0 onI(¢), (4d)

[v]lze =0 onX(t), (4e)

—[Tv] = V5 StVé — (V,C2 - vr) vy + HrCovr onT(t), (4f)

—[Tv] = vfszw) — (V€0 vg) vy + HyClvy,

= 05,CrHzpavs = V5 (95,Cr) pu — Vz - (VoC1) v5

— Hy (V,C}p - vs) vy onZ(t), (4g)

0ip+v-Vod=0 in Q, (4h)

op+v-Vip =0 in Q, (41)

01Pa —HVy 00 — V() - MaVea) + Vi) - (Par) = R [Pa, pir $V5] onX(t),  (4))
0ipi —Hv, pi — Vi - Vi) + Vi - (i) = S [Pas pis $, V] onX(t). (4k)

The equations have to be solved with appropriate initial and boundary conditions. The initial data need to be related to
the initial data of the phase field field model as specified in item 1. of Section 3.2.

3 | FORMAL ASYMPTOTIC ANALYSIS

Having outlined the physical principles, we are going to analyse the sharp interface limit of the phase field model. Let
us now turn to the main result of this paper: we will demonstrate, using the method of formal asymptotic expansions,
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that classical solutions of the system (1) converge, for ¢ — 0, to solutions of Equation (4). For a thorough theoretical
introduction into the subject of formal asymptotic expansions, we refer to Eckhaus [25], whereas a more application-
oriented perspective is taken in Holmes [26].

3.1 | Interfacial coordinates

For the following analysis, we will need a coordinate transformation typical for asymptotic analysis of phase field
equations for which boundary layers are expected in the regions where the phase fields are close to zero.

Let us denote a tubular neighbourhood of a smooth, orientable hypersurface S C R* by Ns(S). We require that
d € (0, 00) is small enough such that Ns(I'(t)) N Ns(Z(t)) = @ for all ¢t € [0, T]. The local boundary layer coordinates, or
interfacial coordinates (as they are most often termed in this context), with respect to S are defined by the map

tse :Ns(S) - SXR,
ds(x)
p .

X P <7r5(x),
For two evolving manifolds I'z, X7, we extent this definition to

L | Bx@CO) UNEO) ~ | X TOUE0)XR,

tel0,T] tel0,T]

(x) o ] (B0LD) x € NsT®)
(£, t500c(X)) X € N5(Z(1))

and then set

— E3xS(t
tspe =te | U, gy 77

for S(t) € {I'(t), Z(t)}. We always consider § small enough such that the interfacial coordinate transformations are well-
defined. Generally, for a function f on ]{t} X (Ns(T'(t)) U N5(Z(t))), we define

telo,T

fou(t,x) = f(t,x).

The function f depends on three arguments: The first is time, the second a point on one of the manifolds I'(t) or Z(t) and

the third a real number from <—§, 2 ) The latter is occasionally referred to as ‘fast variable’ and derivatives with respect
[

to this variable are denoted by (-)’; derivatives with respect to the first variable are denoted by d(-).
The following (standard) formulae will be important later.

Lemma 3.1 cf. Gilbarg and Trudinger [19, Sec. 14.6]. Let S C R3 be a real, orientable and sufficiently smooth submanifold
and Ns(S), 6 € R > 0, a tubular neighbourhood on which all the following extended functions are defined. For all x € N(S),
it holds

2 Eg’i(x)

A= 2 7= ds (0%, (x)

i=1

&g, () + ds(x)k;,i(x)2 +0 (ds(x)?) (5a)

Mo M-

Il
—

(s + €282, +0 () ) o5 (ms(x)),
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1€L’;,l.(x)2

2
V)|, 9(x) = )]

i=1 (1 — ds(x)k;,i(x»2

&g (07 + 2dg (R ,(x)* + O (ds(x)?) (5b)

I
‘MN

1l
—

2
= <2 xgl + 2£z7€§’i +0 (52)) otg (ms(x)).

i=1

V)|, - 9(x) = H(x)? — 2R(x). (5¢)

V)|, @ #(x) ® 7(x) = 2H(x) (H(x)* = 3K(x)) . (5d)

3.2 | Assumptions on the solution

Typically, formal asymptotic theories rely on non-trivial properties on the solution of the system under investigation, (1)
in our case. A rigorous justification requires treatment of its own and is not in the scope of this work. We shall restrict
ourselves to clearly formulating the properties we need in form of assumptions, and rather focus on the relation of the
quantities of a solution of Equation (1) that assure a sensible behaviour in the limit. These assumptions can serve as a hint
what needs to be investigated when a mathematical proof is to be given.

1.

w

For every ¢ > 0 the system (1) with boundary conditions (le), (1f), (1g), (1h) and initial data ¢.(0, -), %(0, -), 04 (0, ),
which converge in L?(Q) x L?(Q) x H'(Q) for ¢ \, 0 and form a recovery sequence of F, has a classical solution

(UE’ De ¢s’ ¢s’ pa,s’ pi,s)

on Qp = [0,T] X Q for some time T > 0 being independent of €. Throughout this work, we choose the mobilities of the
phase field to be a power of ¢ : m(¢) = m(y) = €% for a € R,
Additionally, there shall be two-dimensional, orientable, smoothly evolving manifolds

) ={xe Q| ¢(t,x) =0}, Z(t) ={xe€Q]p(t,x)=0},

which both enclose open sets QI?([) and QE([). The corresponding outer domains are defined such that
+
QF(I)

= Q\Q;(t)\r(t) and Q;([) = Q\Qg([)\Z(t). It shall hold, limg(¢:(0,-)=—1 pointwise on Qp, and
lim,\ o ¢:(0, -) = 1 pointwise on Q;, and analogously for ¢ and X.

For sufficiently small T, it shall hold T'(t) N Z(t) = @ for all t € [0, T].

The components of every classical solution to (1) shall have a regular asymptotic expansion in every compact subset U
of Qy = Q\I()\Z(1), that is, for every g € {¢., ¢, U, Pe, Pac: Pie |- it holds

qly (6, %) = ) (1, X)e + 0 (e"), (6)
i=0

for some n € Ny. All g7 shall be as smooth as q. We call these series outer expansions of q. This implies that a boundary
layer is to be expected at most at T'(t) U Z(¢).

If g = ¢, Equation (6) shall even hold for all U € Qy U X and if g = ¢ for all U € Q, UT. Thus, every phase field is
expected to have only one boundary layer.
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6. The species densities’ evolution is irrelevant outside the diffuse layers around I'y, 27. We thus consider them to be
asymptotically constant in time away from the diffuse layers: For every U € Q,, it holds 9, <pa,E|U> eo (52), which
is equivalent to claiming d;05 . = 0 = 0,05, -

7. The components of every classical solution to Equation (1) shall have a regular asymptotic expansion in Ng(S),S €
{T'(¥), Z(t)}, after transformation into local coordinates: For all g € {qbg, Pe, U, Pes Paes pi,g}, it holds gl 5y =40t
such that

n
4(t,s,2) = ) qi(t,5,2)+o0(e")
k=—N

for N,n € Ny, where all q;’{ shall be integrable in z and as smooth as q. We call these series inner expansions of q.
8. Physically, the phase fields model the volume fraction of phases. Thus, they should always take values between —1 and

1, independent of how small € may be. Hence, for q € {¢, 1}, we assume q; =0forall? € {-—N,...,—1}.
9. For the species density p, ., we additionally require that blow-ups are of order at most —1, that is, ﬁﬁu , =0 for all
¢ € {—N,...,—2}. The reason why we cannot naturally expect boundedness here is that p, . does not give the volume

fraction, but the number of particles per volume of the active linkers.
We will often have to compute differential operators of functions that are expressed in interfacial coordinates:

Remark 3.2. For a sufficiently smooth function q : St X R — R on an evolving manifold S = refo T]{t} X S;, and
t* €[0,T],x* € Q,itholds

Vx (q ° [ST,E) (t*aX*) = 5_1q, (lST,E (t*9X*)) £ (t*’x*) + VS(I*)d(x*)q (LST,E (t*sX*)) ’ (7)

Ay (gotse) 0, x) = e72q" (15, (%, x%)) —e7'q" (15,0 (¢*,x%)) H (¢%,x%)

+ AS(,*)%*)Q’ (5,6 (5, X7)) ®)
0, (gots,c) (t*,x*) = = 1V5 (t*,x*) q' (15, (t%,%%)) + 8,4 (s, £ (£, x7)) . 9
For q : Sy x R — R", it holds
Vi (Gots,e) (0, x*) =e71q" (15, (%, x%)) - 9 (5, x*) + Vs, * g (15,0 (t*,x%)), (10)
Vi (Gots, o) (", x*) = e1q (15,0 (%, x%)) @ 7 (¥, x*) + VS(f*)d(x*)‘j (15,0 (t%, X)), (11

Ac(Gotse) (%, x%) = 72G" (15,6 (1%, x%)) —e7H(@) 015, ¢ (¢%,x*) H (£, x7)

N

+ AS(f*)d(x*)q (15,0 (£*,x%)) . 12)
For Q : Sy x R — R™™" it holds
Vi (Qots, ) (t*,x*) = e71Q (15, (t*,x%)) ¥ (t*, x*) + Vst * Q (15y.c (£%,x7)) (13)
Let us further exercise some smaller expansions.
Lemma 3.3. For ¢ € {§, ¢}, the following expansions hold:

Vol =v-Vo = ('@, + ¢, +e¢)) ot + 0 (%), (14)
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W(p) =W (®0) + €W’ (po) p1 + €% (W (@0) @2 + W' (90) ‘P%) +0(e%), (15)
glol =< (% (8)) o1+ W(qoo)) +2(048]) ot + W' (90) o1 + O), (16)
V| =5(¢g)_1 ot + ¢ qolztg +0(e). 17

(8) ot

If @ is the optimal profile at leading order, that is, qb(’)’ o1, — W' (¢y) = 0 we further have
Hy =e7'@p ot (@) 0tH + @) ot + W (99) 1) + O(D). (18)

Proof. Ad (16): We use Equation (14) to compute

glpl =€ <% () ot + W(po)> +2(pp8)) ot+ W (0g) p1 + O(e).

Ad (17): Observe,

Vpo - Vry

IV (oo +er)l ™ = Vool —¢ -
Vol

+0(e). (19)

-1

- - -1
Note further that |[Vp,| ™! = (Vp, - ») ' = (e7'phot) =ce(p)ot:) andVry=e'p] oy +0(1)so that

Vo,V e 1ol ot pl ot +0(1)
g0 :1 = 0kl ; €0 (e?).
Vool [Vpol

Ad (18): Expand
o =|Vpl (—eap +7'W'(p))

@, 4 N 14 A 5 oA _ o
= (e7'p) ot + ot +0() (—e 18] ote + pl o t.H + 7 ot + €W (pg) + W' (p9) p1 + O(€))

@ 44 N T oA
=e'pp ot (potH + ) ot. + W (pg) 1) +0(1),
where for Equation (1), we employ Equation (8), and for Equation (2), the optimal profile equation. O

A common principle, which we will make use of in the following multiple times, is summarised in the following:

Lemma 3.4. Let T C Q be a smooth hypersurface. Let p € L'(R) with

9
sup [p(Dt] < —

m
[t]>s s

-0 -0
forsome C € [0, 00) and m € (0, ), f, € C(Q), and for all sequences x, = X, it holds f, (x,) = f(x) with ||fE||Lm(Q) <
M for some M € (0, oo) being independent of ¢. Then,

! / p(dr(")>fs(x)d£3<x>i°> / p(s)dC(s) / £ dH2().
Q —00 T

e

After the preliminaries are fixed, we shall proceed by analysing the asymptotic behaviour of the solution of Equation (1).
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3.3 | Outer expansion

We start with investigating the solutions’ behaviour away from the boundary layer, that is, on a set Qg =
Q\ (Ns(T) U Ng(2)) for some § > 0. Let ¢ € {¢., ¥} for the following considerations.
Due to the recovery sequence property of the initial data postulated in Assumption 1,

PE [UE(O’ ')s ¢8(0’ ')’ wE(O’ ')1 pa,a(O’ )] € O(l)

Further, the sufficiently fast decay of the species densities’ time derivative, see Assumption 6 imply
[ &110) | ad9ls,, ¢ e a2 @ac o) € o,
Qs Qs

From (1c) and (1d), we also obtain

2 (ngsg[cp] + ijcg) € 0(1),

so for a < 1, Véz Sile] + Véz C. € O(1) (Bringing £* to the right, all leading order terms of A (Véz Stlp] + Véz C£> from
order —3 to —1 have no match on the right-hand side and thus have to be zero following the separation of scales argument.
Using that the Neumann boundary conditions (1g) do not depend on €, we can thus conclude that all these terms are of
order zero.) Comparing the right-hand side of (1a) with its left-hand side, we conclude

/ Hy(0paclt, WV, (63) | gl$1008p,.¢ (%,9, 00 vy) AL30) L3 o)+
Qg Q5

[ [ a0 (dn.c (9. pacms) ) v l¥1pac dE G AL ) € O
Qs 4 Qs

It, thus, follows from Equation (3) that

ess sup F[¢, Pe, pa] € O(D).
te[0,T]

Therefore, /95 §|Vp|2 + e 'W(p)dL3 € 0(1) for all t €[0,T], and we conclude W(gp) € O(¢). Inserting the outer
expansion of ¢ into W(¢p) brings

W)= ((¢3)"~1) +0.

Hence, it must hold

2
=0
Qs

((0)"-1)

for any 6 > 0. This further implies @J | Qs(t,-) € {-1,1} for all t €[0,T]. For the initial data of ¢, we have
(cf. Assumption 2) ¢(0,+) = —1in Qg and 1 in Q;, S € {TI', Z}, so that we can argue by continuity in time that

(t,-)=—-1and ¢] (t,-)=1forallt € [0,T], (20)

(o)
7o QF\N5(S)

Q5 \N5(5)

which is the essential result of this paragraph.
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3.4 | Inner expansion

As there is no danger of confusion, we drop the subscript € on the physical quantities. Let us first note that the result of
the previous paragraph can be combined with the principle of asymtptotic matching on the phase fields such that we
obtain

< Zli/rgo 43;')(.,.,z)> ot (t,x) = lim ¢3(t,x) =1 (21)
xeQf

for x € N5(I') n QF, that is, dp(x) > 0. Analogously,

(Zlir—noo $6(5 '7Z)> ° ls(t’x) = }CEI%_, ¢8(t7x) =-1 (22)
x€Qn

for x € N5(I') N Q1 and mutatis mutandis for 3.

Remark 3.5. Animmediate consequence of the matching principle and the assumption thatgy = 0forall¢ € {-N,...,—1}
of the outer expansion is

lim g, =0 forall¢ € {—N,...,—1} (23)

Z—>+00

of the inner expansion. This also holds for all derivatives as long as they exist.

3.5 | Properties of ¥ and p to leading order
Let S € {I', =}. To obtain insight on the higher-order coefficients in the expansion of the velocity and the pressure, we

exploit the structure of the Navier-Stokes equations (1a), (1b) following Abels and Liu [16, p. 486, Section A.1.2].
2
Due to Assumption 8, Vfb W € 0 (¢73). Thus, for N > 3, we have from Equation (1a), at order e ™V ~2,

—7715’_’N ot =0

With Equation (23), it further follows 6"
At order e N1, the equation is

y = 0. From v ~ = 0 with Equation (23), we conclude analogously U_y = 0.

-0’ ot + Py oy =0. (24)
From Equation (1b) we have, using Remark 3.2 (10), to leading order ¢ V:
0 Ny Ol 7 =0. (25)
Multiplying Equation (24) by 7, we find with Equation (25)
P yot=0. (26)
In turn, inserting Equation (26) back into Equation (24), we obtain 0"/ ~+1 = 0, and with Equation (23) further v N1 =0
From ¢’ , | = 0 with Equation (23), we conclude analogously 0_y.; = 0. Arguing verbatim with Equations (23), (26)

implies p_n = 0.
Repeating the arguments of the previous paragraph, we may from now on assume w.l.o.g. U, = 0 for all £ < —3 and
pe =0forall? < —4.
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At order e*, we have an additional right-hand side term
— N N _ _ 24 _ 2 A _ .
e (-0, ot + p jor ) =t <Vé Fép oty + Vg Fij o tgv) = 0o, CoHyivyi Py

Multiplying again by ¥ and noting that due to the previous considerations v’ , o, - ¥ = 0 (25), we have

2
A _ 2 25 _ g
etpl o =¢" (Vfb Fjote+ Vi °‘s> = 0p, CoHy vyi - 9Py 13

hence, 0", = 0 and we may conclude U_, = 0 as before.

We cannot go further now. However, in Section 3.6, we show that actually VIF;ZW €0 (5_2) and in Section 3.7 that
p., € O(1) - using only the results on velocity and pressure we have derived here, which gives p” ; ot = 0 and further

0t = (Vi PG 0w+ VPP 01 ) =05, Cotly vy - 90
resulting in v 1 =0 and U_; = 0. All together, we can, thus, state that

U, =0forall¢ € {—N,...,—1},and p, = 0forall ¢ € {—N,...,—3}. (27)

3.6 | Optimal profiles of 1) and ¢ to leading order

Leading order of Vfg and VszC is at most 2. We consider the evolution law (1d):

8% +v- Vi = %A (Vszw +VEG+ vfc) .

1

The left-hand side is at most of order e =2 (since the velocity is at most of order e 71, see the previous Section 3.5). So requiring

a < 2, the leading order terms of e*A <V5W> are of order ¢~ and must be zero, which is equivalent to the equation

"

(3 =" (o))" = (B = W' (o)) W" (o)) =0.

We pose the additional condition 9y(t,s,0) = 0 (otherwise, we had infinitely many solutions by shifting along the

N ~ " ~ ~ a
abscissa). Further, wesetg 1= (%) = W’ (%)) — (&) — W’ (o)) W' (o) and observe that thanks to the counterparts
of Equations (21), (22) for 9, lim,|_,o, g = 0. By integration, we obtain

0=2g'(2) - g'(0),
and sending |z| — oo gives g’(0) = 0. Conclusively, g’(z) = 0 for all z € R. Repeating the argument, we obtain
0 = g(2) - g(0),
send |z| — o0, conclude g(0) = 0 and thus have g(z) = 0 for all z € R. Setting f := (1,56’ o, — W’ (z,bo)), a solution to
(B =W (B0))" = (B =W (80)) W () =g =0
is obviously given by f = 0. From

f=9)ot.—W () =0 (28)

we further conclude with the counterparts of Equations (21), (22) for ¢ that 1,(z) = tanh <%>

85U80|7 SUOWWIOD @A Fea10 (e (dde auy Aq peusencb afe sejone VO @sn Jo sajnJ Joj A%eiqi8uljuO 8|1 UO (SUORIPUD-pUe-SWLR)AL0D A8 |1 AeIq 1 U1 UO//:SANY) SUORIPUOD pUe swie | 8y) 89S *[£202/60/ET] Uo AriqiTaulluo Ae|im ‘Bingsusbiey 1eIsenun Aq TOTO0EZ0Z WWeZ/ZOOT OT/I0p/A0D" A8 |IM Aeiq iUl Uo//:Sd1y WOy papeojumoq ‘0 ‘TO0VTZST



16 0£39 m NOLDNER BT AL,

The very same argument applies verbatim for ¢.

3.7 | Properties of §, and §; to leading order

The following analysis is conducted on the example of g,, but the arguments are the same for §;. We consider Equation
(1i) on Ng(2):

gs[zp]atpa - VV¢H¢‘oa -V (gs[ll’]ﬁaVPa) +V- (gs[lp]Pavr) = gs[¢]R [Pas Pis ¢’ Vl,b] .

Using Equation (16), the results from Section 3.5, (27), the optimal profile found for ¢ in Section 3.6 together with Equation
(18), we have

8[910:00, Vo, Hypis V - (8 [¥'] Pavt)  &[$IR [pas pis ¢, vy| € 0 (e7V72),

—N-3

so to leading order only the terms at ¢ of the diffusion term matter:

Ve (2 (300" + W ) ) oumpowor) =2 (5 0)" + W () ) mapil o) -9

+0 (N2) =0,

N2 . 12 .
Thus, (% (b)) + W (o) ) NaPa_y has to be constant in z. However, % (b)) + W (iho) decays due to Equations (21) and

(22). Simultaneously, p,_x decays as |z| — oo, see Equation (23). Thus, it must even hold
14,2 n Al
L)+ W (Bo) ) mapal =0

andsog,’ ~(s,2) = 0foralls, z. Consequently, §, — N is constant in z. Leveraging Equation (23) again, it follows , — N =
0. We may repeat this argument and find

pae =0 forall¢ € {—N,...,—1}. (29)

Finally, we have to leading order:

/
1 ,,,\2 o
5 (%) + W () naﬁa[)ﬁ -9 =0,
2
and conclude

pzl(s, z)=0 foralls,z. (30)

3.8 | Further properties of ¢ and 1

The expansion of the Willmore-Energy gradient in interfacial coordinates shall be

(o]
ng = Z ke (s, ),
k=—3

and in original coordinates

VéZW = Z ke <7rq,(x), dq;(X)) . (31)

k=-3 £
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We are going to show that é_; = é_, = é_; = 0 by dint of the energy inequality. Afterwards, we are going to see that
important properties of ¢y, $; and ¢, follow from these equations that we will use when passing to the limit in the next
Section 4. Before going on, let us calculate

VEWigl = —Aule]) + e 2ulpIW" ()

Thanks to the optimal profiles at leading order for both phase fields, compare Section 3.6, we have VéZW[go] eo (5‘2),
and also Vézg[(p] € 0(1). We note further

VE'CO) = ulelp)Cy () — / &PICOVy$ - Ve (x,7,pa,vy) AL3(x) € O(D),
Q

which follows from the optimal profile of ¢ and 9 to leading order combined with Lemma 3.4. (The optimal profiles allow
for showing the decaying condition that is the main prerequisite of Lemma 3.4.) For

VQZC(x)=u[¢](x)C¢(x)— / ege[P1IVy (¢ (.3, 005 vy) ) - Vi AL (D)
Q
- / &1V, - <gg[¢](x)ch (x,y,pa,V¢)T LP%) dL*(y) € o),
Q IV

we have to additionally consider Equation (57), and note Equation (58), as well as |v1m[p” , € O(e). We conclude

ng(s) V¢Fd£3 eo (5_1) (again, leveraging Lemma 3.4 and using the optimal profile of ¢ and ¥ to verify the

prerequisites). The energy inequality (3) gives us additionally

T 2
/ / e 'VVJ’ dcide! e o).
0 JNs(S)

Note that we can restrict to N5(S) since the energies and their L>-gradients are zero outside to leading order. Applying the
Poincaré-Wirtinger inequality, we deduce,

2 :
/ / e V,F — f VoFde? ) dedde!| < /
0o JINss) N5(S) 0

which implies, using the reversed triangle inequality for || - [|z2(v,(s)),

T T

3 2
/ e [V, 7| d£3d£1) ,
N5(S)

T 2 2 o
(/ / & Vq07D| dﬁsdﬁl) _ |N5(5)|ng V,FdL3 e o), (32)
0 Ns(S) Ns(S)
thus
1
T 2 2 a
</ / |V¢F| d£3d£1> — VINsS)I f V¢Pd£3eo<s_5>, (33)
0 JNs() Ns(S)
SO

T 2
/ / |VoF| dcidrteo(s?),
0 JNs(S)

for @ < 2. By applying Young’s inequality, we can deduce further

2 2 2 2 2 2 2 2 2
/ |v,7] d£3=/ |VEC+ VEG] +2vEW - (VEC+VEG) + [VEW| ac?,
Ns(S) Ns(S)

85U80|7 SUOWWIOD @A Fea10 (e (dde auy Aq peusencb afe sejone VO @sn Jo sajnJ Joj A%eiqi8uljuO 8|1 UO (SUORIPUD-pUe-SWLR)AL0D A8 |1 AeIq 1 U1 UO//:SANY) SUORIPUOD pUe swie | 8y) 89S *[£202/60/ET] Uo AriqiTaulluo Ae|im ‘Bingsusbiey 1eIsenun Aq TOTO0EZ0Z WWeZ/ZOOT OT/I0p/A0D" A8 |IM Aeiq iUl Uo//:Sd1y WOy papeojumoq ‘0 ‘TO0VTZST



18 0f 39 m NOLDNER BT AL,

which in turn implies

%/ |vEw| ac® < / v, 7| +3[vEC+ Ve[ ac?,
Ns(S) Ns(S)

so with the co-area formula, it follows

[
T s 2
a/ /5/ [V2w| dr?acizydet o (72). (34)
0 —= J Oy
From Equation (31), the expansion

2
|VLEPW| = £708%, 4+ €528 36 5+ (82, + 2838 1) + €73 (26380 + 2656 1)

+e72 (6% + 6580 +26_36) +0 ()

-2
= 2 e fi(s,z)+ 0 (e71)

k=—6

of the integrand follows directly. Equation (34) then requires

T [
// /fde2d£1d£1=0
0 —o0 J O

up to k < —4, so

égs =f_¢g=0ae —é_;=0ae.
52
=&, =f4=0ae

== é_,=0ae.

This in turn gives V,F € O (¢7!), so fNa(s) V,F dL? € O(1), which we insert into Equation (32), and choose a < 1 to
obtain

/ 'V¢F|2 dcd eo ()
N5(S)

hence,

T .2 5
¢ 72 24,1 1 -2
/0 /_5/4) 9L2w[ a1 de' @) de! € o (e2),

€ (¥4

sothaté_; = 0.
Now that we have found equations é_; = 0,é_, = 0 and é_; = 0, we may derive information on ¢ from them.
3.8.1 | Expansion of the L*-gradient of the Willmore energy

‘We recall that

VW = —Aule]) + ulelW" (p) 9
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First, we expand the chemical potential,
Klpo +ee1] = —eA(pg +cey) + e W (@ + €ey),

by expanding the Laplacian term:

€A (po + 1) =79l o1, — @) 0 1.H + elr, @0

+ @) ot —e@| ot.H + *Ar, 1

A

+e@) o1, —e*@) ot H

+e%¢) o1, +0 (&%)
and the double well potential’s first derivative:
W (g +eey) = e (W' (o) + eW” (@p) €1 + 2W P (pg) €2 + WX () €3)
='W (9o) + W (90) (1 + €02 + €%03) + WP (o) (97 + 2e019,) + WD () @3
+0 (&)
='W (@o) + W (@o) @1 + € (W (90) 92 + W (@) ¢7)
+& (W (90) 93 + 2W (90) 102 + WP (90) ¢7) + O (7).

The expansion of the chemical potential then reads

ulpo + el = e 1ol + pole] + e [@] + 2 uxlo] + O (€3)

with
poalel = =@y ot + W' (90),
polel = @y o tH — @) ot + W (90) 91,
lel = =Ar, @0+ @) o tH — ¢ o tc + W (90) 92 + W (90) 97,
tol@l = —Ar, @1+ @y 0 tH — ¢ ot + W (90) 03 + 2WS) (@) o192 + WP (90) 7.
Expansion of A(u[e]):

We may rewrite u;[¢] = ;@] ot and treat the Laplacian terms A (y;[¢]) with Equation (8):
A(uileD) = e lpl” ot — e ul@) o L H + Ay, (ilg])
giving
Aulg]) =e7 (p1[@]" o1) +
£? <_/:‘—1[¢]/ ot H + fy[¢]” °lz) +
e (A (HaaleD = fol@) o + [ o) +

Ary,, (ole]) — (@] o t.H + fi[¢] o1+

O(e).

(36)

(37
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Expansion of e >W" (p)ule]:
For obtaining the expansion of e 2W" (p)u[¢], the remaining ingredient is an expansion of W' (¢):

e2W" (o +eey) = 2W" (9p) + WS (gp) o1 + WO (0) , + WP (@) oH

+¢ (W (90) 93 +2W W (90) 192 + WO (0) 7) +0 (7). (38)

Multiplication of Equations (36) and (38) gives

e W (@ule] = €73 (uaalplW” (90)) +

e (uoleIW" (@) + 11 [@IW D (p0) 1) +

7! (leIW” (o) + uol@IW® (@0) @1 + pa @] (WD (00) 2 + WP (90) 97) ) +
Hl@IW" (90) + i [@IW S (90) @1 + Hole] (W (90) 2 + WP (90) 97) +
@] (WO (@) @3 +2W D (90) @195 + WO (o) 97) +

0(e).

Finally, we draw the following conclusions for ¢, ¢; and ¢, by evaluating the equations é; = 0, fori € {—1, -2, -3}

* é_3 = 0: This is an equation we have already encountered in Section 3.6, and it reassures the optimal profile ¢((s, z) =

tanh (%)

* é_, =0: Weuse
0= —f1o[@]" ot + poleIW" (o), (39)
and compute

~polel” = — (1) + (8 =W (@) p1)

= —¢ A - 21 — gL + (8] =W $0)B1)" (40)

with
A" (s,z) = H(s + ezvg(s)) = eVH (s + ezv5(s)) - vs(s) (41)

and
A"(s,z) = H(s + ezvs(s)) = e2V2H (s + ezv4(s)) : v5(s) ® v5(s). (42)

Passing the last two terms to lower scales, we obtain from Equation (39),

_— R R R 124 S n
—A¢Y ot + (¢ + W (@) 1) ot — (—HP, 01, + ¢! ot — W (90) p1) W () = 0.

We note that from the optimal profile property cﬁg ot, — W' (¢y) = 0 the relation (ﬁ((f) = gb(’)W’ " (@o) directly follows, so

we may further simplify:
N R ~ A\ n
(@) +W" (@) #1) ot — () ote =W (po) 1) W (99) =0,

which is solved by
(43)

©
[y
I
o
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* ¢_; = 0: Equation

is equivalent to
0 =H2¢(I)’ ot — [@l" ote + i le]lW" (9o) — 2@6, ot VH - 7(x)
+eH@) 01, VH - v (44)

using ¢; = 0 so that yy[e] = qa(’) o H. We use Lemma 3.1 abbreviating H(s,0) =: H s (s):

2
VH)|, - 7(x) = (Z R+ Zszﬁ? +0 (EZ)) o1, (g(x))
i=1
_ <H
2

H(x)* = (H’S +ez (H'Z - 2K|S> +0 (52)> o1, (mg(x))

2

3
—2K| 420z <H( - 3n| &
S S S

> +0 (£2)> o1, (mg(x)) (45)
s

S

and

_ <H‘z i <sz _ 2I%|S> +0 (&)) o1, (5(x)) (46)

Passing all terms of lower order to the lower scales, we obtain

A 2 A N N A A A A
0=H| @y — @] + m[@IW” (@o) — 2 <H

2 A
—2K|>
S S

2
~lg) + mleIW” (80) ~ 9] (H\S - 4K]S> : (@7)

2
We make the ansatz i, [@](s, z) = — <H ‘s — 4K |S> (s)s;(z) Then, Equation (47) becomes

A 2 A A A
0= (H|S - 4K)s> (s) —s;W" (¢0) — @Y ) -
Substituting @' = W’ (@), and solving for
Al

0=s/—5;W" (¢) — &

gives 5;(z) = %gbg(z)z as in Wang [18, Theorem 2.13, Equ. (2.29)], so

2
il = =3 ([, - 4], ) 0@ (49)

3.9 | Revisiting 0¥ and p at leading order

The incompressibility (1b) gives with Equation (10) to leading order £~

(0 - 7) = 0. (49)
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We have shown in Section 3.8 that VI{;,ZF € O(1). This gives, by repeating the arguments used in Section 3.5, p_, = 0. Using
Equations (9), (11) and (12), we compute for the inner expansion on N5(I') U Ns(Z), S € {T, %},

0,0 = d,v) —e710) 01V + 0] o1, + O(e),
Vuo=¢"10) 0t @+ Vg, v} + 0, o1, ® ¥ + O(¢)
resulting in
(v- Vv =10 orv) - ¥+ U o0} - 7+ (Vs,0f + 0] 01, @ ¥) ) + O(e),

0 0

and
AV =20 ot + e (—O)H +0)) + Aq,dv(i) — O/ H + 0 o1, + O(e).

At leading order =2 of Equation (1a), we thus find
—n0y ot + p' ot 7 =0.
Multiplication by 7 and using Equation (49) gives

p ., =0. (50)

By matching Equation (23), p_; = 0. Inserting back again, we obtain 156’ = 0 Conclusively, 15(’) is constant in z. Matching
with the outer expansion

<211/H30 150> oL (x) = }31{% vy (s(x) + v (ms(x)))
and
<Zlir_noo 150) o (x) = ‘151;1(1) vg (rs(x) + s (ms(x)))

indicates that 0, is bounded. Thus, it must hold

<

o =o0. (51

4 | SHARP INTERFACE LIMIT

By inserting the expansions in interfacial coordinates of the components of the solution of Equation (1) into the systems’
equations, we have managed to

« eliminate the velocity expansion’s summands up to (and including) order ¢!,

* eliminate the pressure expansion’s summands up to (and including) order 3,
» show that both phase fields assume the optimal profile at leading order,
* show that ¢; =0,

* and derive Equation (48).

Before we can make use of these findings and pass to the limit ¢ — 0, we compute the expansions of the remaining terms
in K (see the right-hand side of Equation 1a).
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4.1 | Expansion of VX’C and remaining force terms

We compute the asymptotic expansions of VéZC , VgZC ,

G, := —5paC¢H¢PaV¢ = —paHy / g£[¢](y)apac (X,y, Pa’Vzp) d£3(y)V¢,

Q
and
H, := _gs[“;b]lpvlp VapaC¢Pa =- / g£[¢](y)Pv¢ Vi (apac (" YsPas Vz/)) ) g[¥lpq d£3(y)-
Q
Expansion of VgC :
We recall from Equation (2d) that
vgc = A, +B.
with
A(y) = (—eAyp + W/ (9)) () / g[P1(X)c (x, ¥, pa,vy) dL3(x) + O(e),
N5(Z)
B.(y) = —€Vy¢ - ga[z»b](x)vy (C (x,y,Pa’ Vzp)) dL3(x) + O(e).
N5s(2)
We further expand
d T
¢ (x,y,pao + E}’1’7’1,00+ES1) =c (x’y’pao’vl,bo) + Evpa’”c . <r1’ de (V¢0+531) > +0 (52) >
0
and note
d 1
= (Vgotes) o WP% Vs, € 0(D),
and thus
d T
Vo€ <r1, X (V¢o+551) > € 0(1).
0

By employing Equation (16), we expand A,:

/ g[P1(X)e (x, ¥, pa, vy) AL3(x) =
Ns(Z)

/ a (1 (@) oulx)+ W(¢o<x>)> ¢ (%, 7, Paos v, ) + O AL ().
Ns® N2

Multiplication with (—eA,¢ + e W/ (¢)) yields

A0 =d0u00) [ (J )7 0100+ W 0D ) ¢ (xi30p0 ) + 0 AL)

Ns(Z)

thanks to 1), being the optimal profile, and Equation (43).

(52a)

(52b)

(53)
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In order to expand B,, we first compute

r
Ve (x,y,,oao + EV1,V¢O+551) =Vyc (x,y,pao,vwo) +eV, Ve < LPV Vs, > +0 (52) .
[gol Yo

Therefore, using Equation (16), we find
/ gg[z,b]Vyc (x’y’ pa’Vz,b) dei(x) =
Ns(Z)

/ gt (% (1,56)2 ot (x)+ W(ipo(x))) Vye (X, ¥, Pq0s vy, ) + O(1) dL3(x).
N5(2)

Multiplication with —eV¢ gives

. 1,.,.2 B
B.(y) = —¢;0L(y) et <§ (%) otlx)+ W(ll’o(x))) 7(y) - Vye (%, 5 Paos vy, ) + O(1) dL3(X).
Ns(2)
Expansion of VszC :
We recall Equation (2e),
fo‘f =C.+D, +E, (54a)

with

C.(x) = (—edyp + W) () / g LB10)e (x.y. parvy) L3,

Ns(T)

Dy(x) = -V - g1V (¢ (%, ¥, pasvy)) AL3 (W), (54b)
Ns(I)

—_ : r 1 3
£ == [ sl (slp9eT e, ) a0

Before we start expanding these terms, we prove the following formulae:

Lemma 4.1. It holds,

Vi
—— =9+0 (& (55)
VYl ()

2.1 — =21 = = —1.5/ = A - =

Vi =P otV @V +e 9P ot Vi+ 19, o, 7@V + O(e). (56)

Proof. Ad (55): Due to ¢, being the optimal profile and it thus being independent of the tangential variable s, and
considering Equation (43), we have

Vi =1} 017 + Vi, o + P 017 + O() = €71 01,7 + O(e).

This observation brings the claimed expansion for the product of Vi and | V3|~ using Equation (19).
Ad (56):

V(©0¥) = E_zlﬁ(’)’ oL ¥V; +¢ Vg, (1,56 oL) Vi + 5_11,5(’) o1, V¥
+ Vs, (e7'9) 019 + Vy, (o) () + V (¥] 0 1.Vv; + eV, 1 (D))

+ 9 o 1. 99; + O(e).
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We again use the optimal profile and Equation (43) to conclude
e1Vy, (P ot) v; = Vg, (719 01w + Vy, o) (D)) = V (P} 0. V; + V5, 1 (D) =0,
and the claim follows. O

C; is expanded just like A,:

C.(0) = P/, 0 L (A (x) /

€ <% (¢0) ot:(x) + W(¢o(x))> ¢ (X, ¥, Pa0: vy, ) + 01 AL3(Y).
Ns(Z)

We continue by expanding D, : First note
eV - Vi (e (500 vp)) = Vi - (ch +0,,cVypq + VViV,,C) .
Then we observe stl,bTva = 0(¢), so

eV - Vi = (P o7 +0()) - (Vic+08,,cVpy) =P, otd - (Vye+3,,cVp,) + O0(),

where the last equality is justified by Equation (30). Then,
1, .
De(x) = — / ! (5 (8)) o)+ W (¢o(y))> ($h 017+ (Vac +0,,6Vpa) +0(0) + 0(e) dL3().
Ns(I)
At last, we turn to E, and compute

Py, Vye + g1V - <—IPT \Y c>

Vo (8I01V.T P, ) = Vi lo)- =

IW)I

" P Vs (9D

+g5[1,b]< V(V,0): P, +ch-v-<iu:>v¢)>. (57)

VYl IVl

On the first term, we use Equations (56) and (43) (for the expansion of the double well potential) to obtain
V(g[9]) = (V2 +e7'W () Vi
= (e 017 @D+ P 0. VI + e IW (P) + O()) (e719] 017 + O(e))
=€ 2( °[£¢OOLEV+W’(¢O)¢0°% )+O(1)

Since P, 7 € O (¢2) thanks to Equation (55), we have

" P ¥ (@D € 06 (58)

Second, we calculate

1 ,5,\2 R
[¢]|V¢|V(V ve) 1 Py, < <§ (%) LE+W(¢0)> +O(£)> 20 (V(V,0) : Py+0(£2))
4 1 1,.,\2 R
=¢ W <§ (¢o) ol + W(¢0)> Vi -(V,0)+0 (E ) .
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Third,
1 1 1
V| —P =P, V| — |+ —=—V-
(|V¢| V‘”) v <|V¢|> Vil

1 V2 __ 2
V(IWI) |V¢|3 veve |V¢|Zw’”

We further compute

and using Equation (56), we find

1 1 1
Ve Ve ——P Ve P,V + Ve ==V P, =V,c. ==V-P, +0
’ <IV¢I ”‘P) <IV¢I) VYl W IW’I ().

Finally,
V- [P’,,¢ = —(Viv + 9V - 7 + 0(c)) = HV + O(¢),
so
et (1,2
B0 =~ (5 (%)) ol + W(zpo(x») :
. / 1 <% (436)2 o (y) + W(¢0(y))> <V2d(x) -(V,0)+ V,c .H(x)ﬁ(x)> dc3(y) + 0Q1).
Ns(T)
Expansion of G,:

We use Equations (16), (18) and (55) in connection with Equation (43) to obtain
G =- / gs[¢](y)paH¢apac ('s Vs pasV¢) Vy dﬁ3()’) =
Q
A2 (1.2
— £ g0 (¥p) HV/N o e! (5 (¢y) ct:MN+W (¢o(y))> 3,,€ (47 Paos vy, ) dL3() + O(L).
d

Expansion of H,:
As before, we employ Equations (16) and (55) to obtain

H, = - / g[B10IPy, Vi (9p,¢ (35 pa vy)) 8elPlpa AL () = =7 (% (8)) 0w+ W(¢o)>
Q

) / E_l <% (1’5(/))2 Olg(y) + W(¢0(y>)> Vzd (6pac (-,y,pao,vwo)) a0 d£3(y) + O(l).
Q

We now show, using the results of the analysis in the previous sections, that classical solutions of Equation (1) converge
formally to solutions of Equation (4) for € \ 0. In the following, we will often use that

N2 22

! i 1
(goo(z))2 = (¢0(Z))2 = [tanh (%) =5[1- tanh (%)

is integrable, and we will abbreviate

2

2
1 ® z
Z = 5/_00 1—tanh(E) dcl(z).
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We also partition all integrals over Q into an interal over Ns(S) and one over Qs = Q\Ns(S). In the latter region, the outer
expansions hold, and thus the integrands are all of lower order vanishing in the limit, so we can neglect them.

4.2 | Momentum balance and mass conservation

421 | Outer region

At order £°, we find with the results of Section 3.3 (causing all the energy gradient terms on the right to vanish)
p (8,05 + (V- V)vd) = V- (n(Vug+ VosT)) + Vps =0,

and for the incompressibility condition

This gives Equations (4a) and (4b).

4.2.2 | Innerregion

Let S € {T', Z}. We note that the matching conditions for the velocity state the no-jump conditions (4d), (4e).
Plugging further the inner expansion into Equation (1a) and using Equations (50) and (51), we find

/
T
—e! ((’76{)’ + <V<1>dvo ﬁT> P+P® 0;’ﬁ> ol +e plotv+r=
e (V5P ot + VETP) 01 ) 7= 05, CoH vl

where r = 7 o1, with # € O(1). For understanding the limit of this equation, let us consider its variational formulation
3
with test functions w € [H'(Q)] . The left-hand side then reads

/
T
5‘1/ - (ﬁﬁ;)’ ol + <V¢,dvo ﬁT> VoI T+ Q®U) ot v+ ppotd |- wdL? =
N5(I)UNs(Z)

g ’
/ ) / <<— (75})" + (v%vo ﬁT> P+ ® o;'ﬁ> (w5ur(0),2) + Pl (T3ur(9), 2) ﬂ(o)) - wdH3(o)dz =
-7 Fszuzsz

J

€.

d
T il
[—ﬁﬁ{+ <V¢€zvoTﬁT>ﬁ+ﬁ®0{ﬁ] | @sur(@) + [Bol 5 (sur(@) 7(0) [ w dH3(o). (59)
ZUZEZ Tt

- &€
&€

T
We can rewrite the integral of —ﬁﬁ; + (V@Ez 0 ﬁT> P+ Q® 15179 in z by looking at the expansions of Vv¥ and of Vo9 in
interfacial coordinates:
V(0ot)v =e'0) ot + 0 ot +O0(c)
= 0] ot + O(e),
and
V@or) 7=c10@ 0040+ Vg,0,"7 ® U] 04,0 + O(c)

= Vo, U 7+ 7 QU 017 + O(e),
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respectively (following with Equations 11 and 51). With the matching conditions for Vop and Vv ¥, we further obtain

ii\l}%(Vvoﬁ) (ms(x) + avs (ms(x))) = <zh/r§o U{) o 1e(x),

. - . /\T —_ —_ . A, —_
il\n‘é (Vg 7) (s(x) + avs (ms(x))) = leffglo (Vcbd Vo > 0LT+T® Zh}f}o (0)) ot (60)

The computations go analogously for the limits &« / 0 and z \, —o0. Together, both limits form a jump [-]]. Now we pass
¢ \, 0 in Equation (59) and insert the matching condition for the pressure and Equation (60). This reveals

!
! T e>0
8_1/ <— (70]) ot + <V¢dv0 ﬁT> Dol 7+7® 151’01517+f)601517> cwdL? —
Ns(I)UNs(Z)

/ —[n (Vug + Vol ) = pollv - wdH?, (61)
rus

where v € {vr, vs} depending on what surface the integrand is to be understood.
The right-hand side of Equation (1a) in variational form is

= (VEW[g] + V£’ VEC (4,9, pa], V6 -
f@) = (VEWIPl+ VI GI$1+ Vi Clp .pul V8 w>L2(N5<r>>

(VW VA4 VEC I8 e VR w)

g€[¢](y)[pv¢v (apac (-,y, pa,v¢))g5[¢]pa dﬁ3()’), w) ; (62)
[L2(Ns(=)]

(/
- < / ge[#10)paHyd,, c AL (), w - w) = = (60, CoHypa, W - vy) oy )
Ns(T) L2(N5(2)

gs[Qb](y)PaHzpapac dﬁs(y), w - V¢>

N5 L2(N5(2)

Note that we can rewrite

and

- </ g5[¢](y)|]:bv¢v (apac (‘,J’,Pa,”w)) g5[¢]pa d£3(y), w> =
Q

[L2vs@)]

— P, Vd, Csp4, )
<gz[¢] vy ¥ ¥pq #Pa w>[L2(N5(Z))]3

which we use in the following as abbreviation.
To pass Equation (62) to the limit, we treat the gradients of the energies separately. The gradients of W and G have the

same structure for both ¢ and 1, and can, therefore, be treated verbatim. For C, we distinguish the derivatives w.r.t. ¢ and
1. Let us start our analysis with VéZW.

4.2.3 | Force terms of VgW

In this section, we show the following theorem:
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Theorem 4.2. Let S € {T', X} and ¢ € {¢, Y} such that S is the boundary layer for ¢. The following limit holds true:

B (=AuleD) + ulple*W" () Vo - wdL? = —C/ (2ApHg + Hg (HZ — 4Kg)) vs - w dH>
Ns(®) @

for a constant C.

The strategy of the proof is as follows: In Section 3.8, we have expanded the gradient ng and concluded from the
energy inequality that all its terms up to order ! must equal zero. The terms remaining on order ¢° are shifted to order
¢~! by multiplication with Vg - w, which is just the right scaling for obtaining the claimed limit using Lemma 3.4.

Proof of 4.2. Collect all the terms of (ngw, Vo - w) on order e~ !:
L%(Ng(®))

(VEW. Ve w) = [ (B GulgD + Y o JF = ol ) o
L2(Ns(®)) N5(®)
+ a[eIW” (@) + uolPIW® (90) @2
+ ¢/ 0, VA - 71 + 2671 d(x)@] o [EHLD (H|fp - 2K|<D>
—@l ot VZH : 7@V —de td(x)¢! ot ( H > _3[|. K ¢l oy, wdL3(x)
0 0 ® o%|,) ) PotkVy
+ O(e).

The terms on the first and second line are from the expansion of the chemical potential and the double well potential.
The left summand on line three stems from Equation (44), the right one from Equation (46). The left summand on line
four is taken from Equation (40) (note (42)); the right summand is from (44) (note Equation 45). First, we substitute some
expressions using Lemma 3.1 and Equation 43:

2 . A s PO
(Vé W,V - w) = 5_1/ (—g06 o t:Ap,, H + (@) ot.H — fp[@]” o,
L2(Ns(®) Ng(®)

+ 1[PIW” (o) + HoleIW® (90) 92

+ghotH (H? = 2K) + 2c7d(x)g oicH| (] - 2K],)

~2¢/ o, (H® = 3HR) — 4e1d(x)¢!/ o, (H|fp - 3H|¢IZ'¢>> ¢} 01y - wAL3(x)
+ 0(e).

Second, we transform the integral using the co-area formula. We denote j(o, z) = (714(0), 2).

2

2 € A . = A ~ . A A .
(Vé w, V¢-w)L2(N = /5/ (=¢p 0 jheH+ @] o jH — fo[¢]” o j
s —= J P,

€

+ 1[@IW" (90) + MolPIW® (o) 92
+¢) o jA (A2 = 2K) + 229! ojH’q) <H|(ZD - zzz|®)
—2¢) 0 j (H* = 3AR) — 429!/ o j <H|fp _ 3H|®K’¢> )gbg) o jv, - wdH(0)dL(z)

+ O(e).
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NI

With integration by parts, it follows directly that f_o:o 2@, P, dz = —% f_ozo (@6)2 dz Exploiting this property and the

independence of @ of the first argument of j, we obtain

3
/_é/q) (fﬁ()OJ’FI (A? - 2K) + ZZgb(’)’ojHLD(I—ni_ ZK|¢)>¢60jde(a)d£1(z)=

8
€

Ar\2 = (1 > N2 _
/_é (#5) /d’EZH(HZ_zK) dH*(o)dLi(z) - /5 (¢5) d[ll(z)/(bH

® |0

(Hl; - 2K[, ) d7(@).
[

Thanks to Lemma 3.4, we know that this difference converges to zero as ¢ \, 0. The same reasoning applies for

/5/ <—2¢goj(H3 — 3AR) —4z¢6’oj<H|fb— 3H|¢K|¢>)¢60jd7_[2 dri(2)
-2Je

&z
&€

The remaining terms are treated as follows: We recall H’ € O(¢) and H” € O (€?) (cf. Equations 41 and 42) and
P[] = §LH — @ + & W (o)
(cf. Equation 37 with ¢; = 0). Thus, the following expansion holds:
ilel” = @A - 4" +0(@),
where
4 =95 — oW (o).
This way we see with uo[¢] = H@[, ot and f1;[¢] = = + W ($,) ¢ (cf. Equation 37 with ¢; = 0) that
~(3)

—[8]" 0 j + walelW” (90) + uolelW® (90) 9, = —H@y " o j + AW (90) ), 0 j + 1olelW® (90) @2
+4" 0 j—qW" (po) + O(c)

Y / . A . A .
H (- +W" (@) @) oj+qd"0j—qW" (@) oj+0()

=Hulpl' oj+q" o j—qW" (o) oj+0(e),
where we used uo[@]W® (9y) 9, = @y’ 0 jWS (9o) 9, H = (W (qbo)), o jo,H. We, therefore, obtain,
s
[ (<oioite s oY oj-poloV" o
-7 q)sz
+a[@IW" (@) + 1oleIW® (99) @2) @)y 0 jv,, - wdH? AL (2) =
g
/ 5 / (=@, 0 jhg H +2H,[6] 0+ 4" 0] — Go jW" (B) 0J) &, 0 jv, - wdH()dLA(z) + Oc).
- (DEZ
)

To treat [ ;5 90 Jp. 4" 0 jv, - wdH*(0)dL'(2), we take a global parametrisation y : R* — @ (this is w.l.o.g. since in

case there is no global parametrisation, we make all the following calculations locally and patch the integrals together
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afterwards), and define y.,(s) = y(s) + ezvs(y(s)). With the area formula, we obtain

8

/

/ “ol@) / G (Y5 29 0 Vs - 0 Yerd [1es] ALX($)AL1(2).
_ R2

il
€

o) / §" o jv, - wdHA(0)dL ! (2) =
[))

£z

® |0

%

Note that j (y,,(s), z) = (y(s), z). We further integrate by parts
s
[L 6@ [ 40620 v, 0r  wor. dEA6 AL @) =
_ R2

el
€

S

- [14@ [ 40620y, ore weradriwaca

o . d/e
+ [q/(V(S), ')¢6] [Vez] Vo OVez - WO )/EZ] —5/¢ dCZ(S)

e

R2

o

v [ L8 | 406201l (o wor) a2 aci@ + 0@,

We observe
! T T
(Vgooyzz'woygz) =er¢oygzvq,oy~woygz+sv¢oygz-Vw OYezVo OV

1
=¢ (mV2¢TPv¢> OVezVp Oy WO Y, + O(E)’

and we have Py, 0¥ezve €0 (52) oy (see Equation 55), so

B ’
[La [ @1 (per. wors) 49 d'e) € 0
g R2

With Jacobi’s formula for derivatives of determinants, it can be seen that the derivative of the Jacobian w.r.t z is also in
O(¢). Integrating by parts, one more time leads us, therefore, to

)

9@ [ 406201y, o7 woradriodci@) =

)

/s gﬁg?’)(Z)/ Q(V(S),Z)V(p 0y - WO YT [7/52] d[:z(s) d[ll(z)
_ R2

)
€

+ /
R
§/e

- / [Q(Y(S)’ ')@6’7’@ OYez - WOYerS [7@2]]_5/8 dL?(s) + O(e).
R2

A . d/e
[q/(Y(S)» ~)§0(l)1}¢ OV¥ez " WOYezJ [ysz]] Y d[:z(s)

()
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The last integrals vanish for ¢ \, 0 since c% and ¢6’ vanish for z — +o0 (see Equations 21 and 22). Hence,

[ ] @ =aw @)y, wartoyacia) = / 5 = G 90 A @) [ v, wadr)
[ ]

€

Note that ¢, A(3) gb(’)W’ " (o) = 0 (property of the optimal profile), so the whole integral vanishes in the limit.
The last term we need to investigate is 2H 2, [¢]” and we already know (see Equation 48)

NI NN " Y NyaNe 5 . .
2nplol =11 (8], 48], ) (o2)' = =11 (1], - 58], ) (¢z+40).

Now we observe

/ / (Fl5 = 4Rl ) (9 0z + 80 J) G0 jvy - wdH(@) L' () =

—/_ 80907 + (#5) dﬁl(z)/ <H| —4k| )v(p wdH2(o),

and finally use f_ @y Pz + (qoo) del(z) = ;/_o:o (@6)2 dcl(z). O

4.2.4 | Force terms of VL'G

A small calculation reveals
2
Vg Glel = yulel,

and from Equation (36) we have with ¢ o . — W’ (¢,) = 0 and Equation (43)
ulel = y@y o L.H + O(e).

So convergence under the integral follows by Lemma 3.4:

51\2 : 3 o . 2
(@) otyHvy, - wdL? +0(e) — Z | yHvg - wdH?.
Ns(®) o

4.2.5 | Coupling energy force terms

‘We now come to the limit of the terms

<V C,V - w) ,
LAN5(D))
(sewse),
LAN5()

= (9puCoHyPas w - vy) iz (x> and

H, :=- <gs[¢][p71¢ Vapa C¢‘Oa’ w) [LZ(Né(Z))]3

in Equation (62).
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Limit of(VLZC, Ve - w) :
4 L2(N5(D)
Recall Equation (52) with the term abbreviations introduced therein. Then,

L2C,V¢-w _ ) . =
(v : )LZ(NB(F)) = (V9] (Ac + B, vg - w) o =1 Ac+ B (63)
We further define
_ 1,. 2
A, = / g1 <§ (Dpx)) + W(zpo(x))> ¢ (%, pa0s Vg, ) +0(1) dL3(x)
Ns(2)
so that

A = ¢l ot AA,. (64)

)
Due to the optimal profile for 3, it holds W () = (gb(’)) , and applying Lemma 3.4, we have as ¢ \| 0,

A, = / s_lg (zﬁ(’)(t(x)))2 ¢ (%, Pa0s vy, ) +0(1) dL3(X)
N5(Z)

3z
- T/C(X,"Paoﬂ/z) de(x)
z

In order to apply Lemma 3.4 on A, we shall show that for y, converging to y, A, (y,) converges. To this purpose, we
write A,(y) = F, [c (-, ¥, Pa0» Po)] for all y € Q, where F, : L?>(Q) — R is linear and continuous. A, (y,) converging is then
equivalent to F, [c.] = A, (y,) converging for ¢, = ¢ (-, ¢, Pao» ¥o). We calculate

|Fe [cc] = Fo [coll < |Fe [cc = coll + |Fe [col = Folcoll- (65)

The previous calculations directly show |F;[cy] — Fy[co]| — 0. For the other summand, it holds |F;[c; —¢o]| <
[I1F:l llee — coll 12(9) Since we have convergence of F,[f] for every f € L?*(Q), the Banach-Steinhaus theorem implies
[IF¢]l < 0. Also, the last term converges to zero (c is continuous in y), and so the left-hand side of Equation (65) converges
to zero. Then, as ¢ \| 0,

Ac = / |Vy¢(y)| Avs(y) - w®)dL3(y)
Ns(T)
=& / (qgf)(‘(y»)z HWAy)ve(») - w(y)dL3(y) + O(e)
N5(T)

~z / Hr)A0)e(y) - w(y) dH2(y)
I

2
= %/FHr(y)/ZC(X,y,pao,vz) dH2Gvr(y) - w(y) dH2().

Concerning B, one argues analogously, as ¢ \| 0,

Bo= [ [V,80)|B0w0) - wm)de)
Ns(T)

=—¢! / ($hot)’ / rl% () @(x0) 50 - Vye (%,7, pags Vg, ) + O AL (X - w L3 ()
N5(T) Ns(Z)

2

YA
2 [ [Vietrpunrs) a0 v wdH )
r z
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Limit of (Vgc, Vi - w) :
L(N,(2)

We recall Equation (54) and write

(VLZ(Q)C, VY- w = (V9| (C. + D + E;) , vy - w) +0(¢) = C¢ + D, + E, + O(e). (66)

b L2(Ns(2))

)LZ (Ns(2))

The term C, is treated just like A,, so we obtain in the limit ¢ \, 0
C.= / (—eap + 7' W' () / E[P1W)e (X, ¥, pa> vy) AL3 IV (x) - w(x) dL3(x)
Ns(Z) Ns()
322 ) )
Hz(x) c(x Y, Pa0> vs) dH=(y)vz(x) - w(x) dH=(x).
Using the expansion of D,, we compute further
Do== [ Vlevp- [ gIBI0IVe (e (xoppa)) A0 - wdLG)
Ns(Z) Ns(D)
== [ e [ sI8100Vic (x.7.pasvy) ALGIY - wdE )
Ns(Z) Ns(T)
- / |V1,b|l,i)(,) oLV - / g5[¢](y)apac (x,yapw Vz,b) VxPao d£3(y)v¢, -wdL3(x) + O(e)
Ns(Z) Ns(D)
a2 _ 13 /- 2
—— [ @) e [ S (F000) Vi (5132 pao ) L0 - w0
Ns(2) Ns(T)
N2 3. 2
[ e e [ S (B000) 8 (103 ) Vi dE Oy - wd ) + 0
Ns(Z) Ns(D)
@ 1 (i o, 5 3 a 2 ar3 dr3
== e (Pp) owv- €5 (65 (L)) Ve (%, ¥, pa0 vy, ) dL3@IVy - wdL3(X) + O(e)
Ns(Z) Ns(T)

2
3z / vy / Ve (%, s Pags vs) AH2()vs - w dHA(x) as e N\, O,
> T

where for Equation (1), we observe that due to Equation (30), Vo409 = V5,040, thus 7 - V049 = 0.
At last, we turn to E:

_ 13 a2 13 2
Bo== [ 50 on [ 13 G1000) Ve (7,0 (v, pnvy,) A0 wdL00)

- / 2 (9)) o / 12 (B 60N) Ve (4,7, 90, v, ) - HEOPO AL Gy - wdL0)
Q Q

- = <TZ> //Vz (V) (X, ¥, Pa0s V5) + Vo€ (X, ¥, Pa0s V5) - He(x)v5(x) dH*(p)vs - w dH?(x) ase \, 0.

Limit of G,:
Using the expansion we computed before, we obtain

_ . 2 3. 2
G, = —/ Pa0 ! (1[)(’) ot) Hv- w/ P (gb(’) ot:) B¢ (%, Pa0,Vy,) dL3(¥)dL3(x) + O(e)
Ns(Z) Ns(T)

372
=22 [ puattsrs w [ 0c(x3.puave) AHIO) @ ase N0
z T
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Limit of H,:
)
On the expansion derived before, we use W (3,) = (1/)(’)) , and then pass to the limit € \, 0:

_ 3 4,2 3, .,.2
A== [ ) 0ut) [ 3 0k0IVs, (Gaue (432 Pa0 i)+ 0Pa0 AL AL )
Ns(2)

Ns(D)

+ 0(¢)

2
3Z
== (Z) [ [ 5 @e Crpanrn)) - wnpare e
zJT

4.2.6 | Deriving the jump conditions

‘We now observe that all the previously computed limits have equal, corresponding terms in the right hand sides of Equa-
tions (4f) and (4g). Note that these appear with a minus on the right-hand side of the momentum balance, so we negate
them here accordingly. We start by labelling them (here in variational form):

I =/(—vycg-vF + HpCY) w - vp dH?,
r
Jo = / (=VyCp - vy + HyC2) w - vy dH?,
z
KO = —/5paC19Hzpaw *Vy de,
z
Ly = —/Vz (8,,CL) - paw dH?,
z

My = — / (V5 - (V,C0) + Hy (V,C0- vs)) w - vg dH2.
s
_ - 2 _
We see immediately that By + Ay = %I o- Further,

o 72 Z2 A
Dy+Cy = _3Z vy - Vyevy - wdH? dH? + 327 Hs [ cdH?vs - wdH? = 3—10.
2 z2Jr 2 z r 2

. 2 2 _ _
Clearly, GO = %Ko, HO = (%) LO and EO = (%)2M0
Equating Equation (61) on the left and the limit of Lemma 4.2, as well as the terms for the Ginzburg-Landau energy
gradient and A + By + C + Dy + Ey + G, + H,, on the right, we find Equations (4f) and (4g).

4.3 | Phase field evolution equations

Equations (1c) and (1d) are just the tautologies 0 = 0 in the outer region, so we are only concerned with them close to the
boundary layers. On their left-hand sides, we find at leading order ¢!

V3@ ot + vy 9@ o1, (67)

for ¢ € {¢, 1} with corresponding boundary layer ® € {T, Z}.
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From the energy inequality, the following bound holds,
T . 2
e / / ’vvg 7—" dcidt € o). (68)
0 JNs(®)
We have found in Section 3.8 that Vézf’[go] € 0(1),s0

2
VVéZF = Z efior+0(e3).
i=—1

Thus,

— 2 N A . A A A R A A
VVLZF| =22 27 [ fo+ (F3+ fafi) + (2 i fa+2fofh) + € (7 +2f 1 fs + 2fof2) + 0.

Equation (68) directly implies
-
Since a <1 (required in Section 3.8), f_; =0, so VVéZP € 0(1). Further, V- (s“V (Vézf'» € 0 (¢71*%), which

is of lower order than the left-hand side (67) for a > 0, so we obtain from the phase field evolution to leading
order

— 2
VVéZT' (7o(0),z) dH?*(0)dzdt € O (E—a—l) )

meaning that the interface @ is driven purely by the fluid’s velocity in normal direction, and this is equivalent to the
Hamilton-Jacobi equations (4h) and (4i).
4.4 | Species subsystem
Like the phase field equations, the species subsystem (1i), (1j) is meaningless in the outer region. For reasons of symmetry,
it suffices to conduct the asymptotic analysis for the equation of p,: it carries over to p; verbatim.

We start our analysis by expanding the term V - (g.[¥]9,Vp4). W.l.o.g., we assume that 7, = 0. First we derive from

Equation (7) and using Equation (30)

NaVPa = E_lnalégo oLV + 77aVEdpa0 + na:a:ﬂ oLV + E’?avzdpal +0 (52)

= 77aV2dpa0 + na:aéll oLV + E’?aVEdpal +0 (52) .
With Equation (16) and thanks to Equation (43) and ¥, being the optimal profile, we have also
-1 3 N 2
gyl =12 ()" o1+ 0.

Multiplying both equations gives

3.2 X 32
&Y. Vo. =¢ 15 (¢6) O LleNq (VZdPaO + P:ﬂ OLEV) + ) (¢6) olsnaVEdPal + O(e). (70)
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We also expand

V- (gg[l,b]Pan) =V- (E_lg ('55(/)) © lcPq0 (UO) + = (1/)0) ol (pal (UO)T + Pa0 (Ul)r) + O(E)>

!’ !/

2 (% (@Z’(l))z,éao (130)1> ol -V 4+t <% (%)2 (,éal (150)T + Ao (151)1)> oL,V

+ 5_1V2d : <% (@(,))2 O l:Lq0 (U0)1> +0(1). (71)

The first and second summands vanish since (0;)_ - ¥ = zﬁiT[P’,,zﬁﬁ =0 (82), i € {1,2}, thanks to Equation (55).
Second, we compute (making again use of Equation 30)

!/

3/, .2 N2 .
V- (g[PIn.Vea) = 5_25 ((1/’(,)) ) OLleNg (VZdPaO + Pal oLV ) V+em (l,b(’)) o ‘s’?apgl °
+0 (e

=23 (") ostyon+ ()" owndlyon )

/

—rém(@@%g)o%+o@*»

All other terms in Equation (1i) are in O (e~ ) Thus, (z/)O) | is constant in z. We observe that (zpo) decays for large |z|,
and for the expression to remain constant, pa must either blow up or be zero constantly. We can exclude the former case
by matching, so

Then, Equation (70) simplifies and we obtain

/

V- (gl$1n.Vea) = 6‘12 <((¢g)2) 010y Vs, Pu1 *
oy 2 !
+ (¢6) Ol <V2d : (ﬂavzdpao) + g (Vzdpa> Ol - >> +0(1)

3
_1 (1/)0) °laV>:d : (naVdeaO) .

Finally, we find in Equation (1i) (note Equations 71 and 18, and the independence of ), from the tangential variable due
to its being the optimal profile) to leading order ¢!

3 402 .
5 (¥5) ot (8ipa0 — Vs, - (1 Vs, Pa0)) — (lpf)) o l.pgoHVy - T + = (lpo) 01 Vs, - (Pao (Vo),) =
3, ,,\2
2 (1/’(/)) oR [Pao,Pi0§¢o,V¢0] )
which is Equation (4j) up to constants. On the right-hand side, we used the expansion

R [pas Pi: #: y| = R [Paos Pio: Pos vy, | + O(E),
which holds with Equation (53) and

VER,VER,VER,VER € 0(1).
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So altogether, we could argue with the help of formally matched asymptotic expansions that solutions of the PDE system
(1), under suitable Assumptions Assumptions 1-8, converge to solutions of Equation (4) as € \, 0.

5 | CONCLUSION

We have made plausible that both the diffuse and sharp interface modelling approaches are compatible in the sense
that their solutions are approximations of each other. To arrive at this conclusion, we leveraged the method of formal
asymptotic analysis.

From a mathematical perspective, it is desirable to prove that this result rigorously like Abels and Liu [16] or Fei and
Liu [17] did for related PDE systems. The main problems to deal with will likely be analysing the leading order terms in
the expansion of the Canham-Helfrich energy and controlling the pressure, showing it does not blow up near the diffuse
layers. An excellent stock of techniques for analysing the Canham-Helfrich energy is already provided in [17]. However,
they analyse the pure Willmore flow problem, and so there is no coupling with a fluid, nor with a species subsystem like
in the PDE system (1) investigated here, which poses additional problems like possible pressure blow-ups. Controlling the
pressure for a phase-field-Navier-Stokes coupling is investigated in Abels and Liu [16]. A step towards a rigorous analysis
of Equation (1) might, therefore, be possible by uniting the results of both works and leaving the species subsystem aside.

From a modelling perspective, our results increase the confidence that qualitatively both abstractions — the
sharp interface or diffuse layer abstraction — are equivalent and the focus can now be more on other aspects like
numerical feasibility.
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