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Dirac fermions, i.e. electrons with a linear 
relation between momentum and energy, 
are highly suitable for electronic devices 
due to the reduced backscattering of these 
particles. Possible platforms for their emergence 
are topological insulators and graphene, 
which have attracted considerable scientific 
interest in the last two decades. In this 
work, quantum transport of charge and 
spin of Dirac electrons is studied numerically 
in a variety of different setups built from 
these materials. By applying a broad range 
of theoretical approaches not only the 
normal state is considered, but also effects 
arising in the superconducting state are 
discussed. The obtained transport features 
are related to the spectral properties of the 
charge or spin carriers and cantherefore be 
used in actual experiments to identify these 
special states.
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Abstract

Topological insulators and graphene host peculiar states, which have a linear dispersion
and can be described by an effective Dirac Hamiltonian. In this thesis, we numerically
study quantum transport phenomena and spectral properties of such materials. We
consider three dimensional systems and nanowires, which exhibit quantization effects,
and also examine the physical properties of superconducting hybrid platforms. The
influence of external magnetic fields and geometrical properties are taken into account.
Additionally, we device methods to treat such systems in a computationally efficient
way and discuss a variety of numerical approaches to calculate the desired quantities.
The achievements of this thesis are threefold. First, we managed to make theoretical
predictions for physical effects which might be observable in actual experiments. Trans-
port simulations show flux-periodic conductance oscillations for topological insulator
core-shell nanowires, where the periodicity is determined by the cross-sectional geom-
etry. Moreover, by exploiting constrictions in topological insulator nanowires, it could
be possible to generate resonant Dirac states, which can be probed in terms of gate
and magnetic flux dependence by a simple two terminal measurement. Additionally,
due to the Dirac nature of topological nanowire surface states, perfect crossed Andreev
reflection can occur in T-junctions [1], which is tunable by an external magnetic field.
The capability to switch it on and off in combination with its robustness could serve
as a clear experimental signature. Also for graphene platforms predictions could be
made. Spin relaxation in single and bilayer graphene originating from scattering at
magnetic impurities should show either an increasing or decreasing behavior as a func-
tion of temperature [2, 3] when the chemical potential in the system is tuned. This
finding is in contrast to known theory and related to the spectral properties of local-
ized Yu-Shiba-Rusinov states. In combination with conceptually simpler experiments
on Josephson junctions, these features could be studied in detail.
Second, we were able to give theoretical explanations for experimental measurements.
HgTe nanowire Josephson junctions exhibit h/(4e)-flux periodic supercurrent oscilla-
tions in low transparency samples [4]. The origin of such oscillations lies in a partial
proximitization of the nanowire surface and local barriers between normal and super-
conducting regions. Andreev bound states pick up certain phases due to the special
geometry and the applied axial magnetic flux, which then leads to the observed critical
current signatures. The effect should not be limited to topological surface states, but
could instead be also observable in semiconductor nanowire Josephson junctions with
trivial surface states in a surface accumulation layer.
Third, we managed to develop schemes and methods to advance the possibilities of
studying normal and superconducting systems. In order to get access to the spin-
relaxation rate in superconducting systems a detailed implementation procedure was
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given and the quantity was related to the scattering matrix S [2, 3]. Thereby, we
could show the above mentioned discrepancy with the known theory. Lastly, a non-
uniform tight-binding approach to treat two dimensional topological insulators and
hybrid systems was devised. It greatly reduces the numerical cost, while increasing
the computational accuracy of the calculated results and might enable to treat system
sizes which are experimentally more realistic.
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Local density of surface
scattering states calculated
with Kwant.

List of used acronyms:
1D – one-dimensional/one dimension
2D – two-dimensional/two dimensions
3D – three-dimensional/three dimensions
2DEG – two-dimensional electron gas
ABS – Andreev bound state
BCS – Bardeen-Cooper-Schrieffer
BdG – Bogoliubov-de Gennes
BHZ – Bernevig-Hughes-Zhang
CAR – crossed Andreev reflection
CF – correlation function
CPR – current-phase relation
DOS – density of states
FFT – fast Fourier transformation
FM – ferromagnetic metal
LDOS – local density of states
N – normal-conducting material
PBC – periodic boundary conditions
PSD – power spectral density
S – superconductor
SOC – spin-orbit coupling
TI – topological insulator
YSR – Yu-Shiba-Rusinov
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1. Introduction

In the last two decades research on topological materials has risen to one of the most
important disciplines of condensed matter physics. The topic has rapidly attracted an
enormous amount of scientific interest after the discovery of the quantum spin Hall
effect by Kane and Mele [5, 6] in 2005. The novel feature of the considered system was
the emergence of states that are energetically located inside of the bulk band gap sepa-
rating the conduction and valence bands. These conducting states can carry a current
and are strongly localized at the edges of the system, where the edges are given by
the boundaries of the bulk material with vacuum or other topologically trivial system
materials. In contrast, the bulk of the material is in an insulating state. Even more
remarkably, these states are spin polarized and counterpropagating modes have oppo-
sitely aligned spins. These features are responsible for the finding that backscattering
of electrons in these states should be strongly suppressed. Less inelastic scattering
means less loss of energy, which might be transformed into heat and therefore vanishes
into the environment. This reasoning makes such states perfect candidates for efficient
electronic devices.

Microscopically, the origin of these so-called topological states lies in spin-orbit coupling
(SOC), which acts as an intrinsic magnetic field [7]. This connects these topological
states with the well-known quantum Hall effect, which was first measured in 1980 [8],
where chiral edge states form due to an externally applied magnetic field. It turns
out that many materials can be classified by so-called topological invariants, where the
most prominent one is the Chern number n [9]. By taking into account the actual
bandstructure of the studied system, the topological invariants can be determined and
used to distinguish between topologically trivial and non-trivial materials. As long
as the bulk band gap is not being closed, external perturbations cannot change the
topological invariants, making topological states extremely robust against such per-
turbations. This property is, for example, reflected in the reduced backscattering of
quantum (spin) Hall states.

Soon after the proposal by Kane and Mele [5, 6], other material compounds were pre-
dicted to likewise host these topological electronic states. Not only two-dimensional
(2D) materials can host them on their edges, but also three-dimensional (3D) bulk
systems [10] are able to form analogous states on their 2D surfaces. Due to their insu-
lating bulk behavior and the presence of topologically protected conducting surface or
edge sates, these systems are denoted as topological insulators (TIs). Famous examples
are bismuth-based materials [11] and mercury-telluride (HgTe) quantum wells [12]. By
now, thousands of material compounds are predicted to host topological states [13].
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1. Introduction

Large experimental efforts are being made to improve the system properties in or-
der to keep their special features also at room temperature. The already performed
experiments and the vast amount of possible theoretically predicted effects lead to a
fundamental research interest regarding these materials.

Shortly before topological insulators became a topic of interest, Geim and Novoselov
managed to produce a single layer of graphite, namely graphene, by the process of
micromechanical cleavage in 2004 [14]. In 2010, they were awarded the Physics Nobel
prize for their discovery, which can be considered the starting point of extensive studies
on purely 2D materials.
Graphene, with its 2D hexagonal lattice structure of carbon atoms, is analogously to
topological insulators a promising candidate for electronic devices and applications.
It has charge carriers with high mobilities [15] and its predicted long spin coherence
length [16] makes it particularly relevant to spintronic applications. The properties of
first samples suffered from strong lattice deformations, defects, and external impurities.
But experimental improvements increased material qualities considerably, for example,
by encapsulating the graphene layer in boron-nitride monolayers [17]. This protects
the carbon sheet from external influences and stabilizes the hexagonal lattice structure.
Furthermore, the electronic and optical properties can be tuned [18, 19] by stacking
graphene with other 2D materials, for instance, with transition-metal dichalcogenides.
This procedure allows to enhance, e.g., the SOC inside graphene [20], further enhancing
its suitability for spintronics. This procedure is necessary, as the intrinsic SOC of bare
graphene has only a tiny magnitude of a few µeV [21]. Research in this field is also
developing fast and technological advances would certainly give benefits to many areas
of everyday life.

Both material classes, i.e., topological insulators and graphene, exhibit special states,
which can be described by a Dirac Hamiltonian that is well known from high-energy
physics. This connection obviously raises the question if relativistic effects are observ-
able and measurable in condensed matter physics, and further enhances the importance
of research on them. In the low-energy range, the topological surface or edge states of
TIs, as well as the states at the touching points of conduction and valence bands in
graphene, exhibit a linear dispersion in their energy spectrum. One of the most famous
predictions to occur due to the linear dispersion is, for example, Klein tunneling [22]
in graphene, where incoming modes cannot be backscattered from a potential-step
barrier. However, in actual experiments, it is often hard to tune the Fermi energy of
the system close to the Dirac point, such that the interesting properties of the linear
bands are either strongly affected by band deformations or hidden beneath large bulk
contributions. For example, in HgTe systems, the Dirac point is hidden inside the bulk
valence band [12]. To some extent, this problem can be circumvented by adjusting the
HgTe thickness and by inducing the right amount of strain in the crystal. Therefore,
it is important to check for these bulk contributions and to perform a detailed analysis
of actual experiments.

2



Note that not only larger samples of micron size are of interest for measurements and
devices. Instead, also ribbons and wires, as well as quantum dots, constructed from
TIs and graphene offer the possibility to discover new physics. On the one hand, TI
nanowires host a single Dirac cone on their surface, where initially no linear dispersion
is present due to the opening of a bandgap originating from a Berry phase of π [23]. The
coherently wrapped states around the wire circumference are spin-momentum locked,
such that the spin of a particle that circles once around the perimeter will pick up
the additional Berry phase. This allows to tune the conductance by applying an ax-
ial magnetic field, such that the surface states will additionally be influenced by an
Aharonov-Bohm phase [23, 24]. Signatures of this nanowire property have already
been experimentally observed [24, 25]. On the other hand, graphene nanoribbons are
known to show either semiconducting or metallic behavior depending on the wire-edge
properties, which can be either in the zigzag or armchair configuration. Therefore, also
the sample geometry can be used to modify the electronic properties.

TIs and graphene by themselves offer already a variety of interesting properties, but
even more fascinating phenomena arise by combining them with superconducting com-
ponents. Superconductivity was discovered more than one hundred years ago, but
still many new aspects regarding this topic are being discovered. A lot of materials
are not superconducting by themselves, at least when simply lowering the tempera-
ture. Instead, one can exploit the superconducting proximity effect, which arises if a
normal-conducting material (N) like a specific TI is brought into close proximity to an
s-wave superconductor (S) like aluminum or niobium. By constructing such a hybrid
structure, superconducting pairing can also be induced in the otherwise normally con-
ducting part of the system. For TIs, this has also been verified experimentally [26, 27].
Note that the surface states have now the novel properties of both components, and
the setup is therefore denoted as a topological superconductor. Furthermore, in case
of graphene, it has been recently shown that a bilayer structure can become supercon-
ducting [28] without the need of the proximity effect. The trick is to slightly rotate
the two graphene sheets by the so-called magic-angle of around 1.1◦. This structure
is then denoted as twisted bilayer graphene. The emerging pairing mechanism corre-
sponds to an unconventional superconducting state and is attributed to interactions
which arise due to a high density of states introduced by flat bands [28] which originate
from the twisting angle between the two carbon sheets. Nevertheless, despite being a
very interesting research topic, we will focus on proximity-induced superconductivity
in single-layer and bilayer graphene in this work.

In the center of research on topological superconductivity stands the search for Ma-
jorana fermions [29], which own the special property that they are their own anti-
particles. These exceptional particles are promising candidates for the efficient and
robust information storage in quantum computers [30]. In the last years, many se-
tups were proposed for their generation and a review of possible platforms can be
found, e.g., in Ref. [31]. These are ranging from semiconductor nanowires, over 2D
Josephson-junction setups and chains of magnetic impurities, to vortices in topological
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1. Introduction

superconductor surfaces. Usual experiments rely on transport measurements in hybrid
setups of normal and superconducting system parts. As Majorana fermions are pre-
dicted to be robust against external perturbations, the observed conductance should
exhibit a zero-bias peak which is quantized exactly in quanta of 2e2/h. In topologi-
cal insulator nanowires, a possible fingerprint of Majorana fermions is the 4π-periodic
Josephson current-phase relation (CPR), for which a recent experimental work [32]
already revealed promising signatures. However, up to now, no clear experimental evi-
dence has been found as a bulletproof signature of the existence of Majorana fermions.
The present work partially focuses on general transport effects in TI nanowire systems,
where such states could, in principle, also emerge.

Below, an outline of this thesis is given by providing a brief summary of all the dis-
cussed topics of each chapter. In Chapter 2, the basic theoretical framework regarding
the studied Dirac systems will be introduced. Initially, model Hamiltonians for the
description of topological insulators are discussed. While a 2D effective Dirac Hamil-
tonian can be used to efficiently describe the surface states of TI nanowires [23, 24],
the 3D Bernevig-Hughes-Zhang (BHZ) Hamiltonian [11, 33] will be employed for more
complex geometries and to check the results of pure effective 2D models. Next, tight-
binding descriptions of single-layer and bilayer graphene, as well as related impurity
models, are given. Afterwards follows a short introduction to superconductivity, with
all its related effects that are studied in this thesis, and lastly spin relaxation is intro-
duced.

Chapter 3 covers all the relevant numerical techniques that are applied to the different
systems of interest in this thesis. Tight-binding is a standard approach for transport
simulations in physics and, by now, a variety of open-source software is available to
simplify computations. In this work the Python package Kwant [34] will be employed.
Therefore, the discretization of a continuous Hamiltonian and the incorporation of a
magnetic field are initially explained. Then, the simulation procedure of effectively
infinite 2D systems is discussed in detail, which will also be of big importance for the
calculation of spin-relaxation rates. Additionally, the efficient generation of correlated
disorder for transport simulations and the fermion doubling problem [35–37] for a Dirac
Hamiltonian on a lattice are explained. Finally, the methods for treating superconduct-
ing systems are introduced. These concern the calculation of Andreev bound states
with the corresponding supercurrents in Josephson junctions, as well as the numerical
computation of spin-relaxation rates from the scattering matrix.

After the detailed discussion of the necessary fundamentals and methodologies in the
first two chapters, these will be applied to topological insulator systems in Chapter 4.
Realistic TI samples of bismuth compounds often have surface structures that resemble
“islands” of different quintuple layer step heights. In order to make reliable theoretical
predictions for experimental measurements, such structures are generated exploiting
the aforementioned code for correlated disorder and the local density of states (LDOS)
is studied for scattering of surface states off such steps. We find that the LDOS is

4



highest at the edges of surface steps, while it clearly decreases right before such struc-
tures on the lower surface plain. Moreover, contrary to the usual and well-known TI
nanowires with a single Dirac cone on the surface, also core-shell nanowires can be
grown. The latter have a second interface with the insulating core material. Therefore,
the influence of an axial magnetic field on the bandstructure of such wires is studied in
detail and transport signatures are examined by means of an effective surface model.
Conductance calculations show clear signatures of flux-periodic modulations due to
the interplay of modes on the inner and outer surfaces. Next, the bandstructure of
Bi2Se3 nanowires in magnetic fields perpendicular to the wire axis, but with an arbi-
trary angle in the cross-section, is discussed and the generation of 1D hinge states in
the context of higher-order TIs [38] is studied. Furthermore, advancing the research
on TI nanowires with a non-constant cross-section on the basis of the PhD thesis of
Dr. Kozlovsky, transport simulations are performed on constriction setups. Such sys-
tems are important to understand, as they are closer to realistic samples, particularly
in regards of etched HgTe nanowires. Our results show that resonant Dirac states
can be generated by a magnetic confinement that originates from the special geometry.
These states obey the properties of the Dirac spectrum and therefore its features can be
probed spectroscopically with conductance measurements. Making then the transition
to superconducting systems, the process of crossed Andreev reflection (CAR) [39–42]
is studied in a TI nanowire T-junction. We find that robust CAR can be switched
on and off in the single mode regime by tuning an external magnetic field [1], which
can serve as a smoking gun signature in actual experiments. Additionally, in favor
of experimental realizations, CAR is also observable in a broad parameter range. Fi-
nally, by taking into account again a single TI nanowire, which is used as a normal
region between two superconducting leads to form a Josephson junction, the Andreev
bound state (ABS) spectrum and the supercurrent are computed with respect to an
axially applied magnetic field. The junction is initially considered to be placed in weak
magnetic fields with a uniformly induced superconducting gap, while afterwards an
experimentally more relevant and more realistic system configuration is examined. For
the latter, peculiar h/(4e)-flux periodic supercurrent oscillations can be measured in
HgTe Josephson junctions, where we introduce a model that captures and explains
such oscillations as a result of the special geometry and surface state transport [4].

As alternative Dirac systems, also single-layer and bilayer graphene are studied in
Chapter 5. There, we concentrate on the superconducting phase and only consider the
normal-conducting state for comparison. Initially, the emergence of Yu-Shiba-Rusinov
(YSR) states is investigated in superconducting bilayer graphene, which is chemisorbed
by a single magnetic hydrogen impurity. More precisely, the spectrum in dependence
on the chemical potential is calculated and the LDOS of the YSR states is shown for
different impurity positions. The results show that YSR energies separate from the
superconducting continuum spectrum, whenever the chemical potential is close to res-
onances in the perturbed normal state DOS [3]. Next, the spin-relaxation rates for
scattering off local impurities by the Elliot-Yafet spin scattering mechanism [43, 44]
in superconducting single-layer and bilayer graphene is studied. The impurities are
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1. Introduction

considered to induce either local spin-orbit coupling or a local exchange coupling. For
the latter, the influence of the emerging YSR states on the relaxation rate is further
explained. We see that the separation of YSR states from the continuum spectrum
for resonant doping levels can lead, contrary to expectations from the known theory,
to a strong reduction of the spin-relaxation rate [2, 3]. Lastly, also a bilayer graphene
Josephson junction with a single magnetic hydrogen impurity in the normal region is
studied. There, it is shown that signatures of YSR states can also be found in the
charge transport, given by a strong and clear cut decrease of the Josephson supercur-
rent for resonant chemical potential values [3].

Chapter 6 covers a more technical aspect regarding the efficient numerical simulation of
systems with a large local density of states in a limited spatial region of the full volume
or area. Prime examples are topological insulators, where surface or edge states are
exponentially confined to the surfaces and edges of the bulk material, or, in general,
systems that have interfaces between different material components. Their numerical
implementation can be improved by employing a non-uniform tight-binding method,
which is introduced and developed in detail. Afterwards, the procedure is applied to
two explicit examples and compared to standard uniform tight-binding simulations.
We show that the numerical effort can be kept to a minimum, while increasing the
accuracy of the computed quantities such as the LDOS of topological edge states or
bandstructures of hybrid systems.

After studying a variety of different systems and setups, the main findings are sum-
marized and highlighted in the following chapter. Moreover, a short outlook is given
for possible future studies and open questions that still need further attention are ad-
dressed.

Appendices are left as a final chapter right after. Some sanity checks are performed
in order to compare the results obtained from different calculation approaches and to
check their correctness. Also, details of the numerical tight-binding implementation of
Hamiltonians with cubic terms in momenta are given, which were important for the
calculation of the anisotropic spin injection in Ref. [45].
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2. Theoretical background

This chapter provides the necessary theoretical background for the following parts of
this thesis. The reader will be first introduced into the models that describe topological
insulator systems, where a full 3D model, as well as an effective surface model, are
treated. Second, single-layer and bilayer graphene are discussed, including the modeling
of adatoms which are chemisorbed on top af the carbon layers. Right after that, an
introduction into superconductivity, together with all of its related physical effects and
phenomena, which will be studied in this thesis, will follow. Finally, the reader will be
introduced into the concept of spin relaxation.

2.1. Topological insulators

Since the discovery that topological states can emerge due to spin-orbit coupling
[5, 6, 10] in real material systems, research on topological materials has evolved into a
prominent part of condensed matter physics. Topological insulators are a material class
whose constituents are classified by a non-trivial topological invariant Z2, and that host
edge or surface states [9] inside of a bulk energy gap between conduction and valence
bands. There are a variety of ways to compute the Z2 invariant, depending on the
system that is considered. For detailed explanations on this topic, see Refs. [9, 46, 47]
and the references therein. In essence it is a quantized number that does not change
for smooth perturbations of the Hamiltonian without a gap closing and that is linked
to the properties of the corresponding bulk bands [11, 48, 49]. If a material has a
non-trivial topological invariant, in contrast to, for example, vacuum, then the band
gap needs to close around the edge or surface of the material in order to assure a con-
tinues transformation between the different states. This closing of the band gap leads
to the formation of surface or edge states, which are predicted to possess numerous
special physical properties. A key feature of these states is that they have a linear
dispersion and can be described by an effective Dirac Hamiltonian in the low-energy
regime [7, 9]. Moreover, the spin of these states is locked to their momentum and they
are predicted to be very robust against backscattering [7, 23]. Up to now, thousands
of material compounds have been predicted to be topological insulators [13] and even
machine learning algorithms [50] are being employed to find new candidates. Most
prominent examples of topological insulators are the bismuth-based materials Bi2Se3,
Bi2Te3, and Bi2-xSbxTe3-ySey [11, 51, 52], as well as the quantum-well-based HgTe sys-
tems, which can be 2D or 3D topological insulators depending on the quantum well
thickness [12, 53]. The first material class is predicted to exhibit surface states that
are located inside large energy gaps ranging hundreds of meV [11], which could be an
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2. Theoretical background

(a) Bi2Se3

M = 0.28 eV A1 = 2.2 eV Å

C = −0.0068 eV A2 = 4.1 eV Å

B1 = 10 eV Å2 D1 = 1.3 eV Å2

B2 = 56.6 eV Å2 D2 = 19.6 eV Å2

(b) Toy model parameters

M = 1 eV A1 = −1 eV Å

C = 0 eV A2 = −1 eV Å

B1 = 1 eV Å2 D1 = 0 eV Å2

B2 = 1 eV Å2 D2 = 0 eV Å2

Table 2.1: Hamiltonian parameters for Eq. (2.1).

advantage for experimental applications. But these materials often suffer from strong
disorder, which leads to large metallic bulk conductivity [54–56]. HgTe systems on the
other hand can be built with high quality possessing long phase-coherence lengths of
a few microns [25]. But the drawback of these systems is that their surface states are
submerged inside the bulk valence band [25, 57], such that one always needs to check
for bulk effects in actual experiments. In the following sections of this thesis both
kinds will be considered. Therefore, we will next introduce the models which allow us
to describe and study these systems theoretically.

2.1.1. 3D BHZ model

In order to model topological insulator systems based on Bi2Se3 in many of the follow-
ing numerical simulations, we employ the well-established 3D Bernevig-Hughes-Zhang
(BHZ) model [11, 33], which is given in the basis {|p1+

z ↑〉, |p2−z ↑〉, |p1+
z ↓〉, |p2−z ↓〉} by

HBHZ = (ε(k)− µ)14×4

+


M(k) A1kz 0 A2k−
A1kz −M(k) A2k− 0

0 A2k+ M(k) −A1kz
A2k+ 0 −A1kz −M(k)

 , (2.1)

with

ε(k) = C +D1k
2
z +D2(k2

x + k2
y), (2.2)

M(k) = M −B1k
2
z −B2(k2

x + k2
y), (2.3)

k± = kx ± iky. (2.4)

The basis corresponds to the relevant bulk band orbitals which give rise to topological
surface states via band inversion. This model is a low-energy approximation that takes
into account the lowest conduction and highest valence bands of the bulk material. In
order to obtain concrete system parameters, the Hamiltonian spectra were fitted to
DFT calculations (see, for example, Ref. [33]). The parameter values, which will be
used throughout this thesis, can be found in Tab. 2.1. We use the standard values for
Bi2Se3 and simplified toy model parameters in order to make also general predictions,
independently of a special material compound configuration.
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2.1. Topological insulators
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(a) Bandstructure for Bi2Se3.
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(b) Bandstructure for toy model values.

Figure 2.1: Bandstructure plots computed with the BHZ model [Eq. (2.1)] and the
parameters of Tab. 2.1. Black (orange) lines correspond to bulk (surface) bands.

Note that Eq. (2.1) describes a trivial insulator if M/B2 < 0 and a topological insulator
for a sign change in M [58]. In Figs. 2.1 (a) and (b) the bandstructures plots for the
parameters listed in Tab. 2.1 are shown. The spectra were computed for slab geome-
tries with infinite x- and y-dimensions. Black colored bands correspond to the bulk
conduction and valence bands, while the orange colored spectra indicate the topological
surface states. For better visibility, also a quasi-1D projection is shown on a vertical
plane. While the toy model parameters lead to a particle-hole symmetric spectrum, the
values for Bi2Se3 incorporate the anisotropy induced by the crystallographic quintuple
layers. Moreover, the spectrum has two degenerate Dirac cones, one for each surface of
the slab geometry. The degeneracy could be easily lifted by applying an electric field
along the z-direction, such that the Dirac cones experience different gating potentials.

2.1.2. 3D TI nanowires

By cutting a macroscopic TI sample into a wire geometry, where the circumference
becomes smaller than the phase-coherence length of the surface states, it is possible to
form TI nanowires with a quantized single Dirac cone on their surface. This procedure
is typically done by chemical etching [24, 25] or by growing wires from a seed or core
material [59]. In the case of HgTe, nanowires with a width of hundreds of nanome-
ters can be constructed due to a phase-coherence length of a few micrometers. For
bismuth-based systems the diameter of nanowires is typically limited to much smaller
values, as these systems contain usually many defects and impurities [60, 61].
For the description of such nanowires we use two models. The first option is to em-
ploy Eq. (2.1) simply choosing fixed width and height dimensions. This will then lead
to quantization of the surface spectrum, where only a single Dirac cone is left. The
second possibility is to resort to an effective 2D surface state model, which neglects
the presence of the bulk bands and only incorporates the topological surface spectrum.
This model will become very important in the simulation of TI nanowire Josephson
junctions, where the full 3D model is computationally too expensive.

9



2. Theoretical background

The surface states [23, 24, 62, 63] can then be described with an effective 2D Dirac
Hamiltonian

H = ~vF

[
k̂xσx + k̂sσy

]
, (2.5)

where σi denotes the Pauli spin matrices. The surface is parametrized by cylindrical
coordinates, with x being the longitudinal coordinate in the wire direction and s the
azimuthal coordinate around the circumference in the interval [0; 2πR], with R being
the radius of the nanowire. Therefore, k̂x is the momentum along the nanowire axis,
while k̂s is the momentum around the wire circumference. Due to the topological nature
of the surface states, where spin is coupled to momentum, one has to take into account
a very subtle, but important, point. If a surface state electron travels once around the
wire perimeter, the spin of the electron experiences a rotation by 2π. Therefore, the
electron will pick up a Berry phase of π [23], which renders the boundary condition of
the wave functions to antiperiodic, i.e.,

Ψ(s) = exp(−iπ)Ψ(s+ C) = −Ψ(s+ C), (2.6)

where C = 2πR denotes the circumference of the wire. Moreover, and as already
mentioned above, the angular momentum k̂s can only assume quantized values ks =
2πl/C. The eigenfunctions of the effective Dirac Hamiltonian Eq. (2.5) can then be
written as [64, 65]

Ψ(x, s) = exp(ikxx) exp(ikss)χkx,l

= exp(ikxx) exp

(
i
2π

C
l
C

2π
ϕ

)
χkx,l

= exp(ikxx) exp(ilϕ)χkx,l, (2.7)

where the antiperiodic boundary condition enters the angular momentum quantum
number by a factor 1/2, such that l = n − 1/2 with n ∈ Z. The variable ϕ denotes
the azimuthal angle on the wire perimeter and χkx,l is a two component spinor. The
corresponding energy spectrum reads [64, 65]

E(kx, l) = ±~vF

√
k2
x +

(
2π

C

)2(
n− 1

2

)2

. (2.8)

Figure 2.2 (a) shows the surface spectrum of a TI nanowire given by Eq. (2.8). Note
here the gap at kx = 0, which is induced due to the Berry phase of π. The presence
of this gap is problematic in some sense, as many interesting physical properties of
TIs, like the feature of a perfectly conducting mode [23] or a 4π-periodic current-phase
relation in Josephson junctions [66], require a spectrum with linear dispersion. In order
to close the gap and to obtain linear bands, it is possible to exploit the well-known
Aharonov-Bohm effect [67]. By applying a magnetic field parallel to the nanowire axis,
the surface states will pick up an additional Aharonov-Bohm phase [23, 62], because
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Figure 2.2: Bandstructure of topological insulator nanowire surface states given by
Eq. (2.11) for different values of the applied axial magnetic flux.

of their confinement to the wire surface. This magnetic field can be incorporated into
the Hamiltonian as

H = ~vF

[
k̂xσx +

(
k̂s −

e

~
Aϕ

)
σy

]
, (2.9)

with Aϕ = Φ/C being the corresponding vector potential and Φ the flux through the
wire cross-section. The Hamiltonian can be further rewritten in terms of the respective
derivative operators as

H = −i~vF

[
∂xσx +

(
2π

C

)(
∂ϕ + i

Φ

2Φ0

)
σy

]
, (2.10)

where Φ0 = e/2h is the superconducting flux quantum. The corresponding eigenspec-
trum reads

E(kx, l,Φ) = ±~vF

√
k2
x +

(
2π

C

)2(
n− 1

2
+

Φ

2Φ0

)2

. (2.11)

From this expression it is clear that whenever the flux Φ is equal to an integer multiple
of Φ0, there exists a zero energy state where no gap is present and a linear spectrum
is obtained. In Fig. 2.2 (c) the bandstructure for Φ = Φ0 is plotted. Increasing the
magnitude of the magnetic field lifts the degeneracy of the twofold degenerate subbands,
while the size of the Berry gap is slowly decreasing; see Fig. 2.2 (b) for an example
value of Φ = 0.25Φ0. At Φ = Φ0 the gap is completely closed, before it starts to open
up again for larger field strengths until it regains its maximum value at Φ = 2Φ0. From
an earlier theoretical work [23] it is expected that the conductance will oscillate with a
period of Φ = 2Φ0, as the perfectly conducting mode in a linear spectrum has perfect
spin polarization and no backscattering is allowed. For a gapped surface spectrum, this
spin polarization is weakened and backscattering increases. This periodic modulation
of the energy spectrum has been probed experimentally [24], where the conductance
was measured with respect to the applied axial magnetic field. In Figs. (2.3a) and
(2.3b) the spectra for Φ = 0 and Φ = Φ0, respectively, are colored according to the
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Figure 2.3: Bandstructure of the effective 2D TI surface model. The bands are colored
according to their σx spin expectation value along the nanowire axis. For Φ = Φ0

perfect spin polarization is present in the linear bands.

spin expectation value along the nanowire axis direction. For the latter case a perfect
spin polarization can be observed in the linear branches, while it is certainly weakened
without applied flux. It should be highlighted that the spin of the effective 2D model
is only a so-called pseudo-spin and not the physical one. The Hamiltonian is only used
to model the low-energy spectrum of the topological material. In the full 3D BHZ
model, given by Eq. (2.1), the real spin of surface states is aligned along the azimuthal
direction, but the properties with respect to transport signatures are still equivalent.

2.2. Single-layer and bilayer graphene

2.2.1. Single-layer graphene

The discovery of graphene by Geim et al. [14] in 2004 started intensive research on 2D
materials and also led to advances regarding topological insulators [5, 6]. Graphene is
a purely 2D hexagonal layer of carbon atoms, exhibiting novel physical properties like
high carrier mobilities [15] and spin diffusion lengths reaching several microns [68–70],
what makes it a perfect candidate for spintronic applications [71–73].
In Fig. 2.4 the graphene lattice is visualized schematically. It consists of two sublattices
A and B, where each of them is a triagonal lattice structure [74]. The distance between
two carbon atoms in one sublattice, i.e., the lattice constant inside a sublattice, is given
by a = 0.246 nm. The basis vectors of the graphene lattice read

a1 = (a, 0) and a2 =

(
a

2
,

√
3a

2

)
, (2.12)

while the basis atoms are located at

(0, 0) and (0, acc). (2.13)
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Figure 2.4: (a) Schematic plot of the graphene lattice structure. The sublattice A
(B) is shown in black (red), while the unit cell is shown as the grey shaded region.
(b) Bandstructure of graphene in the low-energy regime. The linear bands are visible
at the K and K

′
points.

The carbon-carbon bond length is acc = a/
√

3 = 0.142 nm. The real space tight-
binding Hamiltonian describing the graphene structure is given by [74]

HG = −
∑
m,n,σ

(tδ〈mn〉 + µδmn)c†mσcnσ + h.c., (2.14)

where t = 2.6 eV describes the nearest-neighbor hopping between two carbon atoms,
symbolized by δ〈mn〉, and µ denotes the chemical potential. Furthermore, c†mσ and cmσ
correspond to standard creation and annihilation operators acting on electrons at site
m with spin σ ∈ [↑, ↓], respectively.

2.2.2. Bilayer graphene

Bilayer graphene consists of two single-layer graphene sheets that are stacked on top of
each other. Due to the hexagonal lattice structure in a graphene layer, bilayer graphene
offers two stacking orders, where the first one is the so-called AA stacking order. Here
every carbon atom in the top layer sits exactly on top of a carbon atom in the bottom
layer. The second configuration is the AB (Bernal) stacking order, which is shown in
Fig. 2.5 (a). Here the carbon atoms in the top layer are shifted with respect to the
bottom layer such that an atom of the A2 sublattice sits on top of a B1 atom. Moreover
the B2 carbon atoms are located over the center of the hexagonal carbon cells in the
bottom layer. The AB stacking configuration will be further studied in later chapters of
this thesis. In order to describe this bilayer material, one can employ the tight-binding
Hamiltonian in the conventional McClure-Slonczewski-Weiss parameterization [75–78],
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Figure 2.5: (a) Schematic plot of the bilayer graphene lattice structure in the Bernal
stacking configuration. For better visibility the top (bottom) carbon layer is shown
in black (red). (b) Bandstructure of AB stacked bilayer graphene at the K point.
Adapted from Ref. [3].

which is given by

HBLG = −
∑
m,n,j,σ

(γ0δ〈mn〉 + µδmn)c†j,m,σcj,n,σ

+ γ1

∑
m,σ

(c†B1,m,σ
cA2,m,σ

+ h.c.)

+ γ3

∑
m,σ

(c†A1,m,σ
cB2,m,σ

+ h.c.)

+ γ4

∑
m,σ

(c†A1,m,σ
cA2,m,σ

+ c†B1,m,σ
cB2,m,σ

+ h.c.), (2.15)

where c†j,m,σ(cj,n,σ) creates (destroys) an electron in sublattice j ∈ [A1, B1, A2, B2] at
site m with spin σ ∈ [↑, ↓]. Parameters in Eq. (2.15) are fixed as follows. The intralayer
nearest-neighbor hopping between two carbon sites is given by γ0 = 2.6 eV. Top and
bottom carbon layers are separated by a distance c = 0.335 nm, where B1 and A2

carbon sites are coupled by a γ1 = 0.34 eV interlayer hopping [77]. Furthermore we
consider the additional interlayer hoppings γ3 = 0.28 eV (connecting A1 and B2 carbon
sites) and γ4 = −0.14 eV (connecting B1 and B2, as well as A1 and A2 carbon sites).
Finally, µ denotes again the chemical potential of the system. In Fig. 2.5 (b) the
corresponding bandstructure is shown at the K point in the low energy regime. Linear
bands of the single graphene layers are no longer observable, but instead a smooth
touching point of conduction and valence band is present at zero energy. Furthermore,
bilayer graphene offers the great feature to tune the size of the band gap via an external
electric field [79–81], making it also a highly suitable for semiconductor devices.

14



2.2. Single-layer and bilayer graphene

2.2.3. Impurity models for graphene systems

The interesting physical properties of graphene are predicted for clean and pristine
lattice structures. Obviously, real samples in experiments will never have such a per-
fect crystal structure. There will always be vacancies, defects, lattice deformations,
and also impurity atoms present. Hydrogen atoms, for example, can be intentionally
deposited onto graphene in order to modify its physical properties in the process of
hydrogenation [82, 83]. Such impurities strongly affect the measurable physical quan-
tities like spin relaxation [84, 85], local strength of the spin-orbit coupling [86–90], or
electrical transport properties [91]. In the following chapters of this thesis the influence
of impurities with magnetic exchange interaction, as well as spin-orbit active adatoms,
will be studied in detail. Therefore well-established models for impurities on single-
layer and bilayer graphene will be reviewed in this section.

The focus will rest on adatoms that are chemisorbed on top of a carbon atom, i.e.,
hydrogen or fluorine. Such impurities have been extensively studied [86, 87, 90], intro-
ducing the effective impurity potential

Vimp = V (0) + V (1)
s + V (2)

s . (2.16)

The first term describes the onsite (ε) and hopping (ω) terms that connect the impurity
with the carbon site at which it is localized. It can be written in real-space tight-binding
form as

V (0) =
∑
σ

[(ε− µ)d†σdσ + ωd†σc0σ], (2.17)

where the creation and annihilation operators c†iσ and ciσ act on the carbon sites, while
d†σ and dσ only act on the impurity site. The second term reads

V (1)
s = −J s · S = −J(σx ⊗ Σx + σy ⊗ Σy + σz ⊗ Σz)

= −J


1 0 0 0
0 −1 2 0
0 2 −1 0
0 0 0 1

 . (2.18)

Note that this term encodes the exchange interaction between the itinerant electron
spin s and the impurity 1/2-spin S [85]. The orbitals in the electronic wave function
are thereby extended and are given by

Ψ(1) = (Ψ↑⇑,Ψ↑⇓,Ψ↓⇑,Ψ↓⇓)
>. (2.19)

Note that the index σ ∈ [↑, ↓] corresponds to the itinerant electron spin, while the index
Σ ∈ [⇑,⇓] denotes the impurity spin. The full orbital representation will be important
later on when we study the supercurrent flow in bilayer graphene Josephson junctions
with an impurity in the system. For the purpose of computing the spin-relaxation
rates in the presence of magnetic impurities, a simpler Hamiltonian with a reduced
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2. Theoretical background

number of orbitals can be employed. By looking at Eq. (2.18) it becomes clear that
the only spin components that are coupled by V (1) are given by Ψ(1) = (Ψ↑⇓,Ψ↓⇑)

T .
The reduced effective interaction Hamiltonian is then determined to be [2]

Ṽ (1)
s = −J

(
−1 2

2 −1

)
, (2.20)

or in real space tight-binding notation (neglecting the orbitals introduced by the im-
purity spin)

Ṽ (1)
s = J

(
d†↑ d↑ + d†↓ d↓

)
− 2J

(
d†↑ d↓ + d†↓ d↑

)
. (2.21)

The last term of Eq. (2.16) is only present for impurities that induce local spin-orbit
coupling effects in the close vicinity of the adatom. It explicitly reads

V (2)
s =

iΛA
I

3
√

3

∑
m∈Cnnn

∑
σ

c†0σ (ŝz)σσ cmσ + h.c.

+
iΛB

I

3
√

3

∑
m,n∈Cnn

m 6=n

∑
σ

c†mσ νmn (ŝz)σσ cnσ

+
2iΛR

3

∑
m∈Cnn

∑
σ 6=σ′

c†0σ (ŝ× d0m)z,σσ′ cmσ′ + h.c.

+
2iΛA

PIA

3

∑
m∈Cnnn

∑
σ 6=σ′

c†0σ (d0m × ŝ)z,σσ′ cmσ′ + h.c.

+
2iΛB

PIA

3

∑
m,n∈Cnn

m 6=n

∑
σ 6=σ′

c†mσ (dmn × ŝ)z,σσ′ cnσ′ , (2.22)

where ŝ is the vector of the Pauli matrices. The parameter νmn is −1 (+1) if the
spin hopping via a carbon atom from lattice site n to m (n → C → m) is oriented
(counter)clockwise. Moreover the unit vector connecting sites n an m is given by

dmn =
Rm −Rn

|Rm −Rn|
. (2.23)

Strengths of the different spin-orbit coupling types are given by the Λ factors. Figure 2.6
illustrates a schematic plot of all spin-orbit coupling terms entering Eq. (2.22). The
first two terms are intrinsic (I) spin-orbit coupling terms acting between next-nearest
neighbors in the respective sublattices A and B [86]. In the third term Bychkov-Rashba
(R) spin-orbit coupling between spins of nearest-neighbor carbon atoms is included.
Pseudospin inversion asymmetry (PIA) (breaking of the sublattice symmetry due to
the impurity on top of a carbon atom) is responsible for the emergence of the last two
terms.
In this thesis the effect of hydrogen (H) and fluorine (F) adatoms will be studied
in more detail. The parameters of Vimp [Eq. (2.16)] for those adatoms are shown in
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Figure 2.6: Schematic illustration of the locally induced spin-orbit coupling terms of
V

(2)
s in Eq. (2.22). The impurity is shown in green and sits on top of a carbon site. Spin-

orbit coupling hoppings corresponding to different sublattices are shown in different
colors.

Tab. 2.2 [85–87]. There we differentiate between parameters for single-layer graphene
(SLG) and bilayer graphene (BLG). For the latter two distinct impurity positions in
the top layer can be identified for the AB stacking configuration. Those are denoted
as dimer and non-dimer positions, where the first corresponds to an impurity sitting
on top of an A2 carbon atom, while the second labels an adatom on top of a B2 atom.

[eV] [meV]

impurity/layers/position ε ω J ΛA
I ΛB

I ΛR ΛA
PIA ΛB

PIA

F on SLG -2.2 5.5 0.5 0 3.3 11.2 0 -7.3

H on SLG 0.16 7.5 -0.4 −0.21 0 0.33 0 0.77

H on BLG (dimer) 0.25 6.5 -0.4 −0.21 0 0.33 0 0.77

H on BLG (non-dimer) 0.35 5.5 -0.4 −0.21 0 0.33 0 0.77

Table 2.2: Parameters for Vimp [see Eq. (2.16)], taken from Refs. [85–87].

2.3. Mesoscopic transport – Landauer-Büttiker
formalism

In the following chapters of this dissertation we are interested in the quantum transport
properties of nanostructures. More specifically, the considered systems will be studied
in the mesoscopic regime, where the system dimension is assumed to be smaller than the
coherence length lφ. In this regime quantum interference plays an important role due
to the fact that motion of particles occurs phase coherently. One of the central physical
observables is the electrical conductance. Contrary to the macroscopic regime, where
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Ohm’s law is applicable, the conductance in the mesoscopic transport regime depends
on the number of quantized modes. In order to treat such systems, Landauer [92, 93]
suggested that the conductance of nano devices can be related to scattering features of
nanostructures. There, the system is assumed to consist of a scattering region, which is
contacted by a certain number of reservoirs, called leads. The leads serve as waveguides
for incoming and outgoing modes, which are coupled by the scattering region. Thereby,
the wave functions are related to each other by the scattering matrix S, which contains
the transmission and reflection amplitudes. In principle, the conductance is then given
by the transmission probabilities of each quantized mode in the system. For example,
the conductance of a two-terminal system at finite temperature can be calculated by

G =
e2

h

∫
dE

(
−∂f(E)

∂E

)
T (E), (2.24)

with f(E) being the Fermi distribution function. The transmission is given by [94]

T (E) =
∑
α,β

Tβα(E), (2.25)

where α denotes the modes in lead 1 and β the modes in lead 2. If the leads contain
spin-degenerate modes one adds a factor of 2 into Eq. (2.24). The transmission T (E) is
computed in the Python package Kwant [34] by employing the so-called wave function
approach. Via computationally efficient algorithms the scattering states, as well as the
scattering matrix S, of complicated and high dimensional problems can be calculated.
The quantity S contains information about reflection and transmission amplitudes of
the scattering problem and one can then extract T (E) from it. An equivalent approach
to get access to T (E) would be the non-equilibrium Green’s function formalism [95, 96].
Note that this method is employed in Sec. 3.4 to calculate the transmission for a
specific problem analytically and to compare it with the numerical Kwant solution. At
zero temperature Eq. (2.24) simplifies to the summation over the single transmission
probabilities and for a clean system [Tβα(E) = 1 for all α and β] this quantity simply
corresponds to the number of open channels N , such that the conductance is given by

G =
e2

h
N. (2.26)

Therefore it is quantized to multiples of the conductance quantum e2/h and changes
step like by changing the Fermi energy, which opens or closes conducting channels.

2.4. Superconductivity

Since the discovery of the superconducting state by Onnes in 1911 [97], in which the
electrical resistance of a material vanishes below a certain transition temperature, the
scientific interest and progress in the related field has considerably increased. From a
theoretical point of view, the Bardeen-Cooper-Schrieffer (BCS) theory [98] of elemental
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2.4. Superconductivity

superconductors has paved the way for a detailed microscopic understanding of different
intriguing physical effects. The BCS theory allows to explain the vanishing resistance
by considering the minimization of the free energy due to electron-phonon coupling.

In this thesis we want to examine the influence of superconductivity on the properties
of topological insulators and graphene systems. Therefore, in the following we first
introduce the basic theoretical modeling of such hybrid systems and then introduce the
reader to all of the relevant related phenomena, which will be studied in the proceeding
chapters.

2.4.1. Bogoliubov-de Gennes Hamiltonian

A well-established method of treating superconductivity in s-wave superconductors is
by employing the Bogoliubov-de Gennes (BdG) equation [99]. It is a wave function
equation and its form resembles that of the Schrödinger equation, but one now has
to consider electron and hole orbitals at the same time. The equation is an analogue
to the mean-field expression [7] employing field operators, which is derived from a
model of superconductivity that takes the phonon mediated attractive interaction into
account [100]. Note that this mean-field approach is not particle conserving and in
certain cases, for example to study non-equilibrium transport situations [101], more
advanced techniques have to be employed. However, for the systems considered in this
thesis, the BdG approach is completely sufficient.
Therein, the electron and hole components of the wave functions are coupled by the
superconducting pair potential ∆̂(r) = ∆(r)iσy, where the equation reads

HBdGΨ = EΨ (2.27)(
He ∆̂(r)

−∆̂(r)† Hh

)
Ψ = EΨ (2.28)(

He ∆̂(r)

−∆̂(r)† −H†e

)
Ψ = EΨ. (2.29)

Assume that the electron Hamiltonian He is given by a simple 2x2 matrix, represent-
ing spin up and down components. Then the wave functions of the superconducting
quasiparticles are given by a four-component spinor in the so-called Nambu basis

Ψ =


ψe
↑
ψe
↓

ψh
↑
ψh
↓

 , (2.30)

with spin-resolved electron and hole-components ψe
↑,ψ

e
↓,ψ

h
↑ , and ψh

↓ , respectively. In
the case of the 3D BHZ Hamiltonian [Eq. (2.1)] the BdG Hamiltonian will be an 8x8
matrix, with accordingly eight-component spinors as eigenfunctions. Note that there is
another useful and frequently used Nambu basis, which can be obtained by performing
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2. Theoretical background

a unitary transformation [7] of Eq. (2.29) with

U =

(
σ0 0
0 iσy

)
. (2.31)

In the new Nambu basis

Ψ̃ =


ψe
↑
ψe
↓

ψh
↓

−ψh
↑

 , (2.32)

the transformed BdG equation reads(
He ∆(r)σ0

∆(r)†σ0 −TH†e T−1

)
Ψ = EΨ, (2.33)

where T = iσyC is the time-reversal operator.

2.4.2. Superconducting proximity effect

Bringing an s-wave superconductor in close proximity to another normal-conducting
material can induce an effective superconducting pair potential ∆̂ in the latter, even
though this part is itself actually not superconducting. This is the superconducting
proximity effect [102–104]. Theoretically such systems are also modeled by the BdG
Hamiltonian of Eq. (2.29), where the effectively induced gap is put as the pairing
potential. For our purposes we are interested in graphene and topological insulators
like HgTe or Bi2Se3, which are proximitized by an s-wave superconductor like niobium.
This superconductor has many experimental advantages, for example, a high critical
field value for thin films and in-plane magnetic fields, as well as the possibility to achieve
good interface qualities. Throughout this thesis we assume that hybrid systems are
constructed using this material which has a superconducting gap of ∆Nb ≈ 1 meV [105].
Out of simplicity we assume proximity-induced gaps, which are smaller or equal than
the gap of the s-wave superconductor. For a more sophisticated approach to study
the emergent superconducting state in such hybrid systems one would need to perform
self-consistent calculations of the induced gap, which is beyond the scope of this work.

2.4.3. (Crossed) Andreev reflection

The superconducting proximity effect can be viewed as a direct consequence of another
phenomenon emerging at N/S-interfaces [102–104]. In the normal-conducting part of
the system electrons with an energy inside the superconducting gap can propagate
through the system. When such electrons approach the interface with the supercon-
ducting part of the system, no states are available on the S side because of the pairing
potential ∆ that gaps out the spectrum. Therefore, the only scattering possibilities
are to be either back reflected as an electron or to be reflected into a hole state; the
latter process is known as Andreev reflection [106–108]. In order for that to take place,
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2.4. Superconductivity

a Cooper pair has to be formed by the incoming electron along with a second electron
of the N part such that an outgoing hole state is left behind. Figure 2.8 (a) schemati-
cally visualizes this effect. The same mechanism can also occur for free hole carriers in
the normal region, which are then Andreev reflected into back-moving electrons while
Cooper pairs in the S are destroyed. Due to this process, superconducting pairing cor-
relations are carried into the normal part of the system, inducing the superconducting
proximity effect [104].

Scattering at such a N/S-interface can be described by the Blonder-Tinkham-Klapwijk
(BTK) [109] model, where the following derivation of the Andreev reflection amplitude
mainly follows the lecture notes of F. Dolcini in Ref. [110]. The superconducting pairing
is assumed to be a simple step-like function ∆(x) = θ(x)∆0 exp(iϕ), where ∆0 is the
pairing amplitude and ϕ the phase of the macroscopic superconducting wave function.
Then, by employing the BdG notation one can write for the single-electron Hamiltonian
H = − ~2

2m
(k̂2
x + k̂2

y) + (−µ+ U(x, y)) the equation(
H θ(x)∆0 exp(iϕ)

θ(x)∆0 exp(−iϕ) −H

)(
u(x, y)
v(x, y)

)
= E

(
u(x, y)
v(x, y)

)
, (2.34)

where U(x, y) = U0δ(x) models an interface barrier, and u(x, y) and v(x, y) are denoted
as the quasiparticle coherence factors. Note that for simplicity we assume a simple
spinless electron system with a parabolic dispersion. The junction is pointing along the
x-direction, such that the full energy E will be a sum of longitudinal Ex and transverse
Ey energies. Therefore, we can define an effective chemical potential µ

′
= µ − Ey.

Eventually one wants to find the scattering amplitude for the electron to hole conversion
process, which can be done by the standard mode matching technique. In the N region
the eigenfunctions correspond to four decoupled solutions, which are right- and left-
moving electron and hole states, respectively. These are given by

ψe
± =

(
1
0

)
exp(±ike

xx) exp(ikyy) (2.35)

and

ψh
± =

(
0
1

)
exp
(
±ikh

xx
)

exp(ikyy), (2.36)

with the dispersion relations

E(kx, ky, µ) = ± ~2

2m

((
ke/h
x

)2
+ k2

y

)
∓ µ. (2.37)

The respective momenta are obtained by inverting these dispersion relations and read

ke
x =

√
2m

~2
(E + µ)− k2

y, (2.38)

kh
x =

√
2m

~2
(µ− E)− k2

y. (2.39)
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In Fig. 2.7 (a) the electron and hole spectra are shown with a color coding that corre-
sponds to their charges, given by Qk/q = (|uk/q|2 − |vk/q|2)(−e) [100] and where k and
q denote the momenta in the N and S regions, respectively. Also, the eigenstates are
marked for the example energy of E = 0.5 meV. We set ~2/(2m) = 1 meV nm2.
In the S the pairing potential is no longer zero, such that electron and hole orbitals are
coupled. The quasiparticle solutions are

ξe
± =

(
u0 exp

(
iϕ

2

)
v0 exp

(
−iϕ

2

)) exp(±iqe
xx) exp(±iqyy), (2.40)

ξh
± =

(
v0 exp

(
iϕ

2

)
u0 exp

(
−iϕ

2

)) exp
(
±iqh

xx
)

exp(±iqyy), (2.41)

with the corresponding energy dispersion (only positive branch)

E(qx, qy) =

√(
~2

2m

((
q

e/h
x

)2

− q2
y

)
− µ

)2

+ ∆2
0. (2.42)

For energies above the gap (E > ∆0), the quasiparticle momenta are again obtained
by inverting these dispersion relations, they finally have the form

qe
x =

√
2m

~2

(√
E2 −∆2

0 + µ

)
− q2

y , (2.43)

qh
x =

√
2m

~2

(
µ−

√
E2 −∆2

0

)
− q2

y . (2.44)

Moreover, the quasiparticle coherence factors are given by

u0 =

√
∆0

2E
exp

(
1

2
arccosh

(
E

∆0

))
, (2.45)

v0 =

√
∆0

2E
exp

(
−1

2
arccosh

(
E

∆0

))
. (2.46)

In Fig. 2.7 (b) the energy spectrum for positive and negative energies is shown for a
gap size of ∆ = 0.25 meV.
In case of energies below the superconducting gap (E < ∆0), it is important to note that
the momenta and coherence factors obtain an imaginary component. The expressions
are then modified to

qe
x =

√
2m

~2

(
i
√
E2 −∆2

0 + µ

)
− q2

y , (2.47)

qh
x =

√
2m

~2

(
µ− i

√
E2 −∆2

0

)
− q2

y, (2.48)
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Figure 2.7: (a) Energy spectrum of the BdG Hamiltonian in Eq. (2.34) for ∆0 = 0 and
µ = 1 meV, electron and hole bands are visualized by a color coding of their charge.
(b) Energy spectrum in the superconducting state with ∆0 = 0.25meV.

and

u0 =

√
∆0

2E
exp

(
i
1

2
arccos

(
E

∆0

))
, (2.49)

v0 =

√
∆0

2E
exp

(
−i

1

2
arccos

(
E

∆0

))
. (2.50)

Assume now that we have an interface between these N and S regions at x = 0. By
employing the wave function matching procedure at the interface, one can derive the
reflection (rji) and transmission (tji) amplitudes from state i to state j.
We start the mode matching by defining the incoming state as a pure electron wave
function

Ψin =
1√

2π~ve

ψe
+, (2.51)

where the wave function is normalized by the electron velocity ve = 1/~|dE/dke|.
This is important to assure unitarity [111] of the relevant scattering matrix S. Next,
the reflected wave function in N is defined as a superposition of electron and hole
components, which are also normalized by their velocities. The wave function is given
by

Ψrefl =
ree√
2π~ve

ψe
− +

rhe√
2π~vh

ψh
+. (2.52)

Finally, the transmitted wave function on the S side consists of a right-moving electron-
and hole-like state, i.e.,

Ψtrans =
tee√

2π~we

ξe
+ +

the√
2π~wh

ξh
−, (2.53)
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(a) (b)

Figure 2.8: Schematic plot of Andreev reflection in (a) and the formation of Andreev
bound states in (b).

where the velocities in the superconductor are denoted as we/h. At the interface x = 0
these wave functions, along with their derivatives, need to be matched in order to
get linear equations for the entries of the scattering matrix. Thereby, the Andreev
approximation [106], where the chemical potential is taken to be much larger than
the energy and the superconducting gap, i.e., µ � E,∆0, can be applied. It greatly
simplifies the analytical computation as all of the relevant momenta can be assumed to
be equal, with k

e/h
x u q

e/h
x . For a detailed derivation, the reader is referred to Ref. [110].

Moreover, for the following purposes it is enough to set the interface barrier strength to
zero (U0 = 0) and to consider only energies inside the superconducting gap (E < ∆0),
such that the Andreev reflection amplitude is given by

rhe =
v0

u0

exp(−iϕ) = exp

(
−i arccos

(
E

∆0

))
exp(−iϕ) ≡ exp(−iχ) exp(−iϕ), (2.54)

where the Andreev reflection probability |rhe|2 for E < ∆0 is equal to 1. The reflection
amplitude of an incoming hole state that is scattered into an outgoing electron state
reads

reh = exp(−iχ) exp(iϕ). (2.55)

These results play an important role in the analytical treatment of normal and super-
conducting hybrid systems, and will reappear in some of the proceeding parts of this
thesis.

In a two terminal N/S-system the outgoing states can only move into the N lead. By
attaching a second normal lead onto the structure to form a N/S/N-system, more scat-
tering events become accessible. Normal back reflection and Andreev reflection are still
present, but now also normal transmission from electron (hole) to electron (hole) states
between the two N reservoirs is possible. Additionally, electrons (holes) can scatter into
holes (electrons) between the spatially separated N leads [39–42]. This process is then
called crossed Andreev reflection and has also been measured experimentally [112].
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2.4. Superconductivity

2.4.4. Josephson junctions

Extending a N/S-interface by one further superconductor, or sandwiching a normal-
conducting material between two superconductors in order to form a S/N/S system
[see Fig. 2.8 (b)], can induce the flow of a supercurrent between the S reservoirs,
which does not originate from an applied voltage. Such a setup is called a Josephson
junction, named after Brian David Josephson who realized in 1962 that the spatial
overlap between the order parameters of two superconductors can drive a current due
to a gradient in their superconducting phases [113, 114].
Microscopically the current is driven by Andreev bound states (ABS) [115, 116]. From
the process of Andreev reflection we know that an electron in N can be reflected as a
hole at one N/S-interface, by simultaneously injecting a Cooper pair into the S. This
hole will phase-coherently retrace the path of the initial electron and eventually hit the
second S/N-interface. There the hole is again converted into an electron by Andreev
reflection, where a Cooper pair is destroyed in the S. Consecutively performing this
process will carry a current from one S reservoir to the other and ABS are formed
in the junction. In case of clean interfaces and no scattering inside the junction, the
condition to form ABS between left (L) and right (R) superconducting reservoirs is
given by the Bohr-Sommerfeld-quantization [117]

2πn =

∮
dφ =

∫ R

L

±k±·dl± e
~

∫ R

L

A·dl+φReh
he

+

∫ R

L

±k∓·dl∓ e
~

∫ R

L

A·dl+φLhe
eh
. (2.56)

This equation assumes a semiclassical picture, where electrons and holes propagate
as point-like particles on straight lines between the two superconductors. The first
term denotes the dynamical phase that is accumulated by electrons (upper signs) or
holes (lower signs) which propagate from L to R. Additionally, the particles will pick
up an Aharonov-Bohm phase if a magnetic field is acting on the system. This phase
corresponds to the second term and will play an important role in Sec. 4.6, where
we study the influence of an axial magnetic field on the supercurrent in topological
insulator nanowire Josephson junctions. When these electrons and holes hit the right
superconducting reservoir, they will be Andreev reflected where the phase φR

eh
he

= −χ−
ϕR will be accumulated [see Eq. (2.54)]. Finally, the same phases will be acquired when
the reflected particles move from R to L, where φL

he
eh

= −χ+ ϕL. In order to get bound

states and to assure uniqueness of the wave functions, all of the accumulated phases
have to be equal to an integer multiple of 2π.
By applying again the Andreev approximation and in the absence of an external mag-
netic field, Eq. (2.56) simplifies to the well-known expression for ABS energies in a
clean system, i.e.,

E(∆ϕ) = ±∆0 cos

(
∆ϕ

2

)
, (2.57)

with ∆ϕ = ϕL − ϕR. The spectrum is plotted in Fig. 2.9 (a). The current, which
is carried by the ABS from one superconducting lead to the other, is then given by
the derivative of the filled ABS spectrum (E ≤ 0) with respect to the phase difference
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Figure 2.9: (a) Andreev bound state spectrum for a clean S/N/S-junction, see
Eq. (2.57). (b) Phase dependence of the corresponding supercurrent in Eq. (2.58)
that is mediated by the ABS.

across the junction [115]. For a clean junction, the current simply reads

IS(∆ϕ) =
2e

~
dE(∆ϕ)

d∆ϕ
=
e∆0

~
sin

(
∆ϕ

2

)
. (2.58)

The current corresponding to the ABS spectrum of Eq. (2.57) is shown in Fig. 2.9 (b).

2.4.5. Yu-Shiba-Rusinov states

The ABS of the previous section emerge due to free states in a normal material that
is sandwiched between two superconducting reservoirs. Another type of bound states
appears in superconducting systems if the pairing potential can interact with magnetic
exchange interactions. These states are called Yu-Shiba-Rusinov (YSR) bound states,
and are named after the three physicists who independently performed pioneering work
on this subject [118–123]. Such states can appear if magnetic impurities are adsorbed
at superconducting materials. For a simple 2D electron gas with a single impurity site,
and taking the spin as a classical quantity, Shiba [119] could derive the energies of the
YSR states as

E(J) = ±∆0
1− ((J/2)Sπρ(EF ))2

1 + ((J/2)Sπρ(EF ))2 , (2.59)

where J is the magnetic exchange energy, S is the spin and ρ(EF) the density of
states at the Fermi level. The equation shows that the YSR energies lie inside the
superconducting gap and crucially depend on the strength of the magnetic exchange
interaction. Recently, these states have become a topic of big scientific interest due
to the possibility of generating Majorana bound states. By constructing chains of
magnetic impurities on the surface of bulk superconductors, it is expected that these
systems can host Majorana end states [124–126]. Moreover, in chapter 5 we show that
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2.5. Spin-relaxation theory – Elliott-Yafet mechanism

YSR states can also strongly modify spin-relaxation rates and therefore play also an
important role in spintronics.

2.5. Spin-relaxation theory – Elliott-Yafet mechanism

Since the Stern-Gerlach experiment in 1922 [127], which showed the spatial quantization
of angular momentum and its correct interpretation by Goudsmit and Uhlenbeck [128]
as the signature of the spin of a particle, this quantum-mechanical property has led
to the discovery and explanation of a diverse number of physical effects. One of the
most famous manifestations of the spin is magnetism [129], where spins are aligned
parallel in certain regions of a material. The spin of atomic nuclei can serve as a probe
of the structure of organic molecules in nuclear magnetic resonance experiments [130]
and it is standardly used in medicine with magnetic resonance imaging. More recently
in physics, spin-momentum locking has attracted a lot of scientific attention due to the
possibility of constructing topologically non-trivial systems. Also great efforts are being
made in order to use spins for storing and processing information in computers with
spin qubits [131]. Therefore, from a fundamental point of view, but also in sight of those
possible applications, it is important to know how spins behave in macroscopic systems.

An important quantity is given by the spin-relaxation time τ , which tells how long
spins can propagate in a material before they scatter and dephase. This means that
τ serves as a limit for the transport of information in spintronic devices before it gets
lost and therefore, spin relaxation should be weak. Up to now four spin-relaxation
mechanisms [132] were proposed, where in this thesis only the Elliott-Yafet spin re-
laxation [43, 44] will be considered. It is a scattering mechanism that is in a sense
similar to Fermi’s golden rule and describes spin relaxation for scattering of electron
spins at single impurities or phonons [132]. These impurities should either induce local
spin-orbit coupling or have a magnetic exchange coupling in order to allow for spin
scattering. An important feature of the spin-relaxation time τn for the Elliott-Yafet
mechanism is the direct proportionality to the momentum relaxation time τp [133].
Moreover, Yafet [44] showed with first-order perturbation theory that the normal state
spin-relaxation rate 1/τn is related to the superconducting relaxation rate via

1/τs ∼ 〈(ukuq ± vkvq)2/τn〉, (2.60)

where u and v are again the quasiparticle coherence factors of the involved scattering
states and 〈· · · 〉 stands for thermal broadening. Depending on whether local SOC (even
w.r.t. time-reversal symmetry) or local magnetic moments (odd w.r.t. time-reversal
symmetry) are induced by impurities, the spin-relaxation rate either decreases (minus
sign) or increases (plus sign) when lowering the temperature. Therefore, performing
such measurements can give insight into the dominant underlying spin-scattering im-
purities.
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Given a microscopic model Hamiltonian one can compute spin-relaxation rates with
well developed theoretical recipes [133–135]. Spin-relaxation rates in the superconduct-
ing state can be calculated in the presence of thermal smearing generalizing Fermi’s
golden rule, i.e.,

1

τs
=

∫∫
BZ

dk dq |〈k, ↑|T|q, ↓〉|2 δ(Ek − Eq)
(
− ∂f
∂Ek

)
~π
Aucη

∫
BZ

dk
(
− ∂f
∂Ek

) , (2.61)

with the Fermi-Dirac distribution f = [exp(Ek/(kBT )) + 1]−1. Note that η denotes
the impurity concentration and Auc is the area of the lattice unit cell, so in our case it
is given by the graphene unit cell. The necessary scattering amplitudes are obtained
from the so-called T-matrix T, which, in turn, is calculated from the local perturbation
V and the retarded Green’s function of the unperturbed system according to T =
V (1−G0V )−1. By computing T, one also gets access to the perturbed Green’s function,
which contains information about the density of states and the bound state spectrum
of the YSR states. For a full and detailed explanation of all the necessary steps we
refer the reader to the Supplemental Material of Ref. [2].
In the following sections we will study the spin-relaxation rate 1/τ in graphene systems,
as these are predicted to be ideal platforms for spintronic devices. Particularly the
influence of superconductivity will be examined in detail.
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In the last decades numerical simulations have become more and more important for the
understanding of complex problems that cannot be solved analytically. Also compli-
cated quantum effects can be incorporated such that precise predictions for experiments
can be made. It is a very fast developing field of science and, in combination with the
quick technological progress of computer architectures, allows to treat realistic physical
systems with high accuracy. In this chapter, the numerical tools are discussed that will
be employed in the following chapters to study the systems of interest. We start by
introducing the tight-binding method, which serves as basis for all of the proceeding
simulations, and also treat useful tools for simulating large systems and the generation
of correlated disorder. Then, we continue discussing how normal and superconducting
topological insulator and graphene systems can be studied on the tight-binding level.

3.1. Tight-binding method

One of the standard techniques to numerically treat complex physical problems is the
so-called tight-binding method [94]. Assume that we have a Hamiltonian that depends
on certain orders of the momentum operator k̂, i.e., H(k̂). This continuous repre-
sentation can then be treated with computer simulations by discretizing the problem
and putting it onto a lattice. First, the momenta are replaced by their real-space
counterparts, namely the spatial derivative operators

k̂i → −i∂i, (3.1)

k̂2
i → −∂2

i , (3.2)

where i denotes spatial coordinates. These derivatives are then approximated by ap-
plying the finite difference method [136]

∂iΨi =
Ψi+1 −Ψi−1

2ai
, (3.3)

∂2
i Ψi =

Ψi+1 + Ψi−1 − 2Ψi

a2
i

, (3.4)

Figure 3.1: Plot of a 2D tight-binding
lattice. The parameters ε, t, and a de-
note onsite and hopping energies, as
well as lattice constants, respectively.
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with ai being the lattice spacing between the discrete grid points along the spatial di-
rection i. For simplicity, assume we assume to have a 2D electron gas, where the Hamil-
tonian is given by H = ~2/(2m)

(
k2
x + k2

y

)
and the Schrödinger equation HΨ = EΨ.

Applying the above steps for each spatial dimension separately (with a = ax = ay),
one gets

− ~2

2ma2
[Ψx+1,y + Ψx−1,y + Ψx,y+1 + Ψx,y−1 − 4Ψx,y] = EΨx,y (3.5)

for each lattice point (x, y). From Eq. (3.5), it becomes possible to easily extract onsite
and hopping terms, which construct the discrete lattice shown in Fig. 3.1. These are

ε = 4
~2

2ma2
, (3.6)

tx = ty = − ~2

2ma2
. (3.7)

Considering that space is now treated by discrete lattice points and the fact that we
obtain Eq. (3.5) for each of them, the Hamiltonian can be expressed by a Hermitian
tight-binding matrix. The diagonal entries correspond to the respective onsite terms,
while the off-diagonal terms give the hopping energies between the different grid sites.
Exactly this procedure will be applied to all the following systems in order to simulate
them numerically.

3.2. Dirac Hamiltonian on a lattice – fermion doubling
problem

Treating the Dirac Hamiltonian in Eq. (2.5) numerically by discretizing it on a lattice
will inevitably lead to the so-called fermion doubling problem [35–37]. Discretizing
terms that are linear in momentum k with the finite difference approach results in
a sinusoidal dispersion, such that artificial modes appear at the borders of the first
Brillouin zone; see Fig. 3.2. These states can cause significant problems. For example,
they can lead to artificial inter-valley scattering at delta barriers, and in turn falsify
the results, in transport calculations. A well-known workaround is the inclusion of a
Wilson mass term [137, 138], which gaps out the dispersion at large k values. The
corresponding Hamiltonian reads

H = ~vF

[
kxσx + kyσy −

(
αxk

2
x + αyk

2
y

)
σz
]
, (3.8)

where αi = Egapa
2
i /(4~vF). The definition of αi assures that we open a gap of size 2Egap

at ki = ±π/ai, between the positive and negative energy branches of the spectrum;
the size of the gap is independent of the lattice constants ai. If the Hamiltonian is

30



3.3. Magnetic fields in tight-binding models – Peierl’s substitution

3 2 1 0 1 2 3
kx [1/nm]

0

50

100

150

200

250

300

350

E(
k x

,k
y

=
0)

 [m
eV

]

Egap

Egap = 0
Egap = 120 meV

Figure 3.2: Spectrum of the Dirac Hamiltonian with the additional mass term given
by Eq. (3.8) for a = 1 nm. At the borders of the first Brillouin zone, a gap opens and
Fermion doubling is canceled for energies below Egap.

discretized on a square lattice with a = ax = ay (so that α = αx = αy), the spectrum
of Eq. (3.8) is then given by [139]

E(kx, ky) = ±~vF

a

√
sin(akx)

2 + sin(aky)
2 + 4

α2

a2
(cos(akx) + cos(aky)− 2)2. (3.9)

In Fig. 3.2, the spectrum for Egap = 120 meV and ky = 0 is plotted as a red curve. The
opening of a gap at kx = ±π is certainly observable, while the linear spectrum at kx = 0
is preserved. Note, however, that one has to be aware that the additional mass term
also affects physical properties like the spin polarization. Therefore, it is important to
check if the addition of the mass term is justified for the respective calculations and
does not cause unphysical modifications of the calculated quantities.
For certain topological materials, it is often important to also consider terms of higher
order in k. One example is Bi2Te3, where hexagonal warping leads to a deformation of
the Fermi contour and strongly impacts physical properties. The warping enters with
cubic orders of k in the Hamiltonian, such that a quadratic Wilson mass term is no
longer enough to get rid of Fermion doubling. However, it is still possible to study
such a Hamiltonian on a discrete lattice. The numerical scheme is discussed in detail
in App. A.6.

3.3. Magnetic fields in tight-binding models – Peierl’s
substitution

Many physical properties in different material classes can be probed by applying mag-
netic fields. For example, in weak-localization and weak-antilocalization experiments
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3. Numerical techniques

it can be determined whether a material has spin-orbit coupling or not [140–143]. In
this work, magnetic fields will also play an important role and it is therefore necessary
to shortly discuss how these can be included in the tight-binding framework. The mag-
netic field B is determined by choosing a vector potential A, as the two quantities are
related by B = ∇×A. Then, after fixing a gauge, the standard procedure to include
B in a discretized Hamiltonian is applying Peierl’s substitution [144, 145]. Thereby,
the vector potential enters the hopping terms as a phase factor, such that one gets

t = t(B = 0) · e−i e~
∫
A·dl. (3.10)

The phase in the exponential is simply a line integral of the vector potential along the
hopping path. Accounting for the accumulation of phases in this way when an electron
moves under the influence of a vector potential is analogous to performing minimal
coupling p → p + eA in the continuous limit (see, for example, Ref. [146]). Note that
this method is only valid as long as the flux per lattice plaquette is smaller than a
magnetic flux quantum 2Φ0.

3.4. Numerical simulation of bulk systems

In this section, the basic numerical concept of simulating 2D systems like bulk materials
is introduced. In computer simulations the system size is limited to a finite size and
therefore there will always occur quantization effects, for example, of momenta, in
certain directions. In order to circumvent this issue, it is possible to introduce periodic
boundary conditions (PBC) along those finite system directions. As a simple example,
let us consider a 2D system which is described by the Hamiltonian

H =
~2

2m
(k2
x + k2

y), (3.11)

while the eigenfunctions are given by

Ψ(x, y) ∝ exp(ikxx) exp(ikyy). (3.12)

In transport simulations, leads can be implemented by exploiting translational invari-
ance in one spatial direction. This direction will be fixed to x, such that kx is a good
quantum number. However, the transverse y-direction will have a finite width W . Ac-
cording to the applied boundary conditions, the momentum ky will be quantized. For
hard-wall boundary conditions, the wave functions in the system must vanish at the
boundaries and the transverse momentum will be given by ky = πn/W and n being
a non-zero integer. In the case of PBCs, the quantized momenta can be obtained
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3.4. Numerical simulation of bulk systems

considering

Ψ(y) = Ψ(y +W )

⇐⇒ exp(ikyy) = exp(iky(y +W )) = exp(ikyy) exp(ikyW )

⇐⇒ 1 = exp(ikyW )

⇐⇒ 2πn = kyW

⇒ ky =
2π

W
n, (3.13)

with n ∈ Z. In Fig. 3.3 (a), this quantization is visualized at a fixed Fermi energy
EF. The continuous Fermi contour is cut at equally spaced ky-values, with spacing
∆ky = 2π/W . That means, with increasing width W of the system, more ky-values
will be considered in the calculation. Those momenta correspond to higher subbands
in the quasi-1D bandstructure. Moreover, the bandstructure is only important in the
first Brillouin zone, which spreads from −π to π. So only ky-values in that range are
important to consider. To get physical quantities of bulk materials, stemming from a
continuous Fermi contour, it is necessary to integrate over the transverse momenta ky.
In tight-binding this can be done numerically, by adding a phase factor to the hopping
that introduces the PBC

ty=W→y=0 = ty exp(iφ). (3.14)

The phase φ is chosen from the interval [0; 2π]. The integration is then performed
over the phase φ. In the special case of W = 1, only the ky = 0 mode is present,
as ∆ky = 2π and therefore the next transverse momentum will sit at the center of
the second Brillouin zone. This means that different phases φ directly correspond to
different ky-values. For other values of W , already many subbands (many transverse
momenta) can be present in the calculations. In those cases, the phase φ will shift the
cut positions along the ky-direction. More precisely, continuously changing φ from 0 to
2π will address all missing ky-values between ky = 0 and ky = 2π/W . The momentum
spacing ∆ky is not affected by the phase and so also all the momenta in higher intervals
are addressed by the continuous shift. The calculation procedure is then as follows: For
a certain width W one first sums over the contribution to the quantity of interest of
the present subbands (modes) in the system for a fixed phase φ. Then the integration
over φ of those contributions is performed.
A straightforward example is given by the computation of the 2D conductance of
metallic electrons through an infinite barrier along the y-direction. In Fig. 3.3 (b),
a sketch of the system is depicted . To be able to observe a few signatures in the
conductance, we consider an infinite slab with height h, such that the Hamiltonian is
given by

H3D =
~2

2m
(k2
x + k2

y + k2
z). (3.15)

The system has a width W with Ny lattice points and periodic boundary conditions
in the y-direction. Furthermore, the length L of the system has only one lattice point,
which will act as a barrier V . Also, the height h is discretized on Nz lattice points.
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Figure 3.3: (a) Schematic plot of the quantization of momenta ky for PBC. Instead of
the circular Fermi contour, only discrete ky-values shown in blue are allowed. Vary-
ing the phase φ will also address ky-momenta between the blue lines. Adapted from
Supplemental Material of Ref. [147]. (b) Plot of the test setup for the transmission
computation. For the analytical calculation the setup is simplified to an effective 1D
chain. (c) Visualization of the hard-wall boundary conditions. The wave functions
have to vanish at positions 0 and N + 1.

The spectrum of the tight-binding implementation is then given by

E = 6t− 2t cos(kxa)− 2t cos(kya)− 2t cos(kza). (3.16)

Due to the finite extensions in y- and z-direction, the corresponding momenta are
quantized. It follows

E = 6t− 2t cos(kxa)− 2t cos

(
n

2π

Ny

a

)
− 2t cos

(
m

π

Nz + 1
a

)
, (3.17)

with t = ~2/(2ma). For simplicity, the lattice constant in all spatial directions is fixed
to a = 1 and also the hopping parameter is set to t = 1. Note that due to the PBC
the momentum in y-direction is quantized differently than the one in z-direction. The
height of the system has hard-wall boundary conditions. That means that the wave
functions have to vanish at positions 0 and Nz+1, which are outside the computational
lattice [148]. Therefore the effective length in z-direction is given by Nz + 1. This is
depicted in Fig. 3.3 (c).
The numerical calculation of the transmission depending on the energy E through this
system can be done as explained above. It is computed with

T (E) =

∫ 2π

0

dφ

2π

N∑
i=1

Ti(E, φ), (3.18)
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3.4. Numerical simulation of bulk systems

where the summation is over all open subbands at energy E.
In order to check the computed results, it is useful to compare with an analytical
solution. To obtain an analytical expression we employ the Fisher-Lee relation, which
connects the transmission with Green’s function [95, 96]. The setup is translationally
invariant in the y-direction, so the transmission through the width W and height h
is given by the sum of the transmission values through each of the Ny and Nz lattice
rows. Therefore it is enough to just consider a simple 1D chain model. This system is
also shown in Fig. 3.3 (b), where the scattering region is the lattice point marked in
red.
The following derivation follows the lecture notes in Ref. [149]. The Hamiltonian of
the isolated scattering region is given by

Hm,ky = Cm,ky +
V

a
, (3.19)

where Cm,ky = 6t− 2t cos(kya)− 2t cos(mπa/(Nz + 1)) is incorporating the transverse
components. At the end, we will sum over the contributions of different m modes and
integrate out ky.
To obtain Green’s function, we need the self-energies of the leads. For the 1D chain,
these are simply given by

Σ1
m,ky = Σ2

m,ky = −t exp(ikx(E)a). (3.20)

Next, one has to compute the broadening matrices, which are given as follows

Γ1,2
m,ky

(E) = i[Σ1,2
m,ky

(E)− Σ1,2
m,ky

(E)†]

= i[−t exp(ikx(E)a) + t exp(−ikx(E)a)]

= it[−(cos(kx(E)a) + i sin(kx(E)a)) + cos(kx(E)a)− i sin(kx(E)a)]

= 2t sin(kx(E)a). (3.21)

This is further rewritten using the dispersion relation of our system, which is given by
E = Cm,ky − 2t cos(kx(E)a). We substitute into the broadening matrix the momentum
kx(E)a = arccos

(
−(E − Cm,ky)/(2t)

)
, which gives

Γ1,2
m,ky

(E) = 2t sin(kx(E)a)

= 2t sin

(
arccos

(
−
E − Cm,ky

2t

))
= 2t

√
1−

(E − Cm,ky)2

4t2

=
√

4t2 − (E − Cm,ky)2. (3.22)

Green’s function is now calculated as

Gm,ky(E) =
[
E −Hm,ky − Σ1

m,ky − Σ2
m,ky

]−1

=

[
E − Cm,ky + 2t exp(ikx(E)a)− V

a

]−1

. (3.23)
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Figure 3.4: (a) Bandstructure computed from Eq. (3.17) with Ny = 1 and Nz = 3.
For simplicity, lattice constant and hopping parameter were set to a = 1 and t = 1,
respectively. (b) Calculated 2D transmission with respect to the energy. The numerical
(analytical) results are shown as lines (triangular symbols). Both show very good
agreement.

Now, one can plug in the dispersion relation such that

Gm,ky(E) =

[
2ti sin(kx(E)a)− V

a

]−1

= [iΓm,ky(E)− V

a
]−1

=
1

Γm,ky(E)

1

i− V
aΓm,ky (E)

. (3.24)

The transmission can then be computed employing the Fisher-Lee relation, summing
over m, and integrating over ky. It finally follows that

T (E)|W=1 =

∫ 2π

0

dky
2π

∑
m

[
Γm,ky(E)Gm,ky(E)Γm,ky(E)Gm,ky(E)†

]
=

∫ 2π

0

dky
2π

∑
m

1

1 + V 2

(aΓm,ky (E))2

. (3.25)

The full transmission through a slab of width W is then simply

T (E) =
W

a
· T (E)|W=1. (3.26)

Finally, we can compute the 2D transmission in our setup for different widths W .
In Fig. 3.4 (a) the bandstructure for Ny = 1 is illustrated. There, only the n = 0
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3.5. Correlated disorder on a lattice

bands for m = 1, 2, 3 are allowed. The results for the transmission calculations are
shown in Fig. 3.4 (b). The numerical transmission values are shown as lines, while
the analytically obtained values are plotted with triangular symbols. Both methods
agree very well. Exactly at the energies, at which a new subband stemming from
the quantization in z-direction opens, the conductance starts to increase. Also the
numerically calculated transmission scales linearly with the width as expected from
the analytics.
This method can also be applied to compute quantum transport on TI surfaces which
have a rough surface layer structure (see Chapter 4.1) or regions with a certain doping
potential characteristic. This is not within the scope of this work, but was already
applied in the Supplemental Material of Ref. [147].
Furthermore, another important quantity which can be studied by means of this
methodology is the local density of states in bulk systems. It can also be computed by
integrating over the introduced phase φ according to

ρ(x, y, z) =

∫ 2π

0

dφ

2π

N∑
i

〈Ψi,φ(x, y, z)|Ψi,φ(x, y, z)〉 . (3.27)

This equation will play an important role in chapter 4.1, where we study scattering
processes of topological surface states at surface steps and islands. There, the equation
will be used to identify possible signatures of surface states in Bi2Se3, which might be
observable in actual experiments.

3.5. Correlated disorder on a lattice

One of the greatest challenges of properly simulating quantum transport is to con-
sider, on the one hand, a system that is as realistic as possible, while keeping, on the
other hand, the numerical efforts to a minimum. Real samples that are studied in ac-
tual experiments are never perfectly clean and always contain impurities and defects,
which impact the transport properties of the systems. Impurities typically increase the
scattering potential, but they can also induce local magnetic exchange or spin-orbit
interactions, which result in spin-dependent scattering [84]. Moreover, the scattering
potentials often have a finite spatial extension and vary only over certain length scales.
Therefore, this chapter explains an efficient and very powerful algorithm to generate
disorder using a predefined spatial correlation function. This method was originally
introduced in optics, but is also applicable to tight-binding calculations. It has a lot of
practical features and advantages, which we will also discuss.

3.5.1. Spatial correlation function

In tight-binding calculations, disorder can be included adding disorder energy terms to
some onsite energies. For some cases, it is sufficient to choose Anderson disorder (white
noise), in which random numbers with a Gaussian distribution are generated in the in-
terval [−V, V ], where V is the disorder strength. Contrary, real scattering potentials can
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extend over certain length scales, like local defect areas or electrostatic/magnetic fields
of impurities. But in certain numerical systems, also spatial correlations in the disorder
potential can be desirable, for example, to prevent artificial inter-valley scattering in
the case of the fermion doubling problem that arises when the Dirac Hamiltonian is
put onto a lattice [150]. In order to generate spatially correlated disorder, one needs
to define the so-called correlation function C(|r − r′|) =

〈
V (r)V (r

′
)
〉
. In principle

this function can take any form, i.e., a power law, exponential, or Gaussian depen-
dence. The exact form that one needs to consider depends on the actual situation. For
example, one resorts to a power law correlation function [151] in the case of porous ma-
terials. In the context of topological insulators, one finds a quite useful representation
of a Gaussian correlation function (CF) [152] in the literature. Also for our purposes,
we choose this definition, given by

C(|r − r′|)2D = K0
(~vF)2

2πξ2
exp

(
− r2

2ξ2

)
(3.28)

for a 2D system and abbreviating r = |r−r′|. Note that the parameter ξ is denoted as
the spatial correlation length and tunes the extend of the spatially correlated disorder
regions. The advantage of this representation is that the disorder strength can be
tuned by the dimensionless parameter K0, for which previous studies [152] have already
shown that values up to 0.2 correspond to weak disorder, values around 0.5 simulate
intermediate disorder, and values larger than 1 give strong disorder. Here, it should
be mentioned that this classification is valid for 2D systems only, in which ~vF =
330 meV · nm. For other systems, this interpretation could be different as the Fermi
velocity might change.

3.5.2. Power spectral density (PSD)

For the following algorithm, it is necessary to introduce the power spectral density,
which is just the Fourier transform of the CF. It allows for a simple tuning knob to
determine the exact correlation in the generated disorder. In our case, we work with a
Gaussian CF and one already finds analytical expressions for the PSD in Ref. [153], as
well as for exponential CFs in the dimensions D = 1, 2, and 3. The PSD of Eq. (3.28)
is given by

PSD(k) = K0(~vF)2 exp
(
−2(πkξ)2

)
, (3.29)

where k is the variable in Fourier space.

For the numerical simulations, we put the disorder on a discrete lattice and we thus need
to adjust some parameters (the correlation length) depending on the lattice constant.
The physical correlation length ξ will be expressed in the algorithm as

ξx = ξ/ax (3.30)

ξy = ξ/ay. (3.31)
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This allows us to define different lattice constants along different spatial directions.
Therefore, the discrete PSD can be rewritten as

PSD(kx, ky) = K0
1

axay
(~vF)2 exp

(
−2π2

(
(kxξx)

2 + (kyξy)
2
))
. (3.32)

The generalization to a 3D system can be done choosing the same correlation function.
The PSD will then change as the Fourier transform is now performed over a third
dimension, and we get

PSD(kx, ky, kz)
3D = K0

1

axayaz
(~vF)2

√
2πξ

exp
(
−2π2

(
(kxξx)

2 + (kyξy)
2 + (kzξz)

2
))
. (3.33)

Simulations with 3D models take more physical details into account, like bulk states in
topological nanowires, but they are also computationally more expensive. Moreover,
3D disorder can be used to simulate more complex 2D surfaces like cones or constric-
tions [154] by interpolating between grid points in the 3D lattice and thereby cutting
out the structured surface.

3.5.3. Thorsos (Monte-Carlo spectral) method

This approach was developed by Thorsos [155] and works, in principle, combining
random numbers with the PSD. A very detailed introduction is given in Ref. [156] by
Mack and will be adapted here. In real space, the lattice will have the finite length
L = axNx and width W = ayNy, where ai and Ni are the lattice constants and number
of grid points along the two spatial directions, respectively. For simplicity, we only
consider the 1D case, though the generalization to higher dimensions is straightforward.
The disorder value on a lattice site along the x-direction can be calculated using a fast
Fourier transformation (FFT), which is given by

V (x) = µv +
1

L

Nx/2−1∑
j=−Nx/2

F (kj) exp(i2πkjx), (3.34)

where µv is the mean value of the disorder (in our case µv = 0) and F (kj) is

F (kj) =
√

PSD(kj)

{
η1 + iη2, j 6= 0,±Nx/2
η1, j = 0,±Nx/2.

(3.35)

The variables η1 and η2 are random numbers, which we generate through a FFT of
a set of random real numbers. In order to assure reproducible results, we further
use the built-in random-number generator kwant.digest.gauss(input, salt=′′) of the
Kwant package [34]. Note that in the context of Kwant the parameter salt has the
same meaning as the seed in other random number generating schemes. For higher
dimensions, Mack also specifies the boundary conditions that will result in a purely
real disorder configuration U .
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Figure 3.5: Example disorder configuration for a system with width w = 200 nm,
length L = 200 nm, K0 = 1, salt = 1, as well as (a) ξ = 10 nm, (b) ξ = 20 nm, and (c)
ξ = 30 nm. (d) Comparison between the analytical correlation function (dots) given
by Eq. (3.28) and the numerically calculated correlations (solid lines); the latter were
averaged over Nsalts = 1000 disorder configurations.
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3.6. Simulating superconducting systems

This method of generating random numbers with a certain spatial correlation brings
along a lot of advantages, which are particularly handy in tight-binding calculations.
First of all, the FFT steps are very fast due to the highly efficient implementation of
available packages, such that one disorder configuration can be calculated in very short
time steps (also in 3D). This is extremely important, as one needs to average over many
disorder configurations to get rid of disorder-set dependent effects. Second, the scheme
is also easily adjustable to different physical situations, meaning that the correlation
function can be changed simply by modifying the PSD in the algorithm. Finally, the
FFT assures that the generated disorder is periodic along all spatial directions. This
is very convenient in systems with periodic boundary conditions, like in the case of the
surface of a 3D topological insulator nanowire. The periodicity can be easily broken
by taking only a subset of a larger disorder set.

Example

In Figs. 3.5 (a) – (c), examples of disorder configurations for different correlation
lengths ξ are shown. Correlated regions are clearly visible, while also the periodicity
can be seen at the edges of the samples. In order to check whether we can recover the
predefined correlation function given by Eq. (3.28), we numerically check the correlation
of the disorder sets and average over Nsalts = 1000 configurations. Here, we follow
Ref. [151] and use the formula

C(r) =

〈
1

Nsalts

∑
x

(τx − µU)(τx+|r|e1 − µU)

〉
salts

, (3.36)

where 〈...〉salts stands for the configuration averaging over different disorder sets. We
evaluate it along one lattice row in the x-direction. The results are shown in Fig. 3.5 (d).
We see a convincing agreement between the analytical form of the correlation function
and the numerically computed correlation functions in the disorder sets.

3.6. Simulating superconducting systems

Properties of superconducting systems are more subtle to calculate than those of sys-
tems in the normal state. The reason for that lies in the presence of the superconducting
gap. Many interesting physical effects originate from states that form inside this en-
ergy gap, i.e., Andreev bound states [115, 116] or Yu-Shiba-Rusinov states [118–123].
In the following parts, some numerical methods to study those states, as well as the
corresponding supercurrent of Josephson junctions [113, 114], will be introduced.

3.6.1. Calculating Andreev bound states

Constructing a so-called Josephson junction by sandwiching a normal-conducting ma-
terial between two superconducting electrodes can lead to the emergence of Andreev
bound states (ABS). Charge carriers in the normal region can be consecutively Andreev
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reflected at the N/S-interfaces. The energies of the ABS depend on the phase difference
of the superconducting order parameters between the two ends of such a junction. In
this work, three well-known schemes to numerically compute the Andreev spectra will
be employed. We start with a short explanation of a straightforward method, namely
performing exact diagonalization of the tight-binding Hamiltonian of a finite system.

Andreev bound states from diagonalization

The direct way to obtain the ABS spectrum of a Josephson junction is exact diag-
onalization of Hamiltonians of finite tight-binding systems. To be more precise, the
Josephson junction is implemented with its geometric definitions and the superconduct-
ing leads are then implemented with long spatial extensions. It is useful to connect the
ends of the superconducting regions with a hopping term, in other words to introduce
periodic boundary conditions. In experiments, the phase difference is typically tuned
by the application of a magnetic field through SQUIDs. The numerical system can
now be assumed to be equivalent to such a structure and therefore the phase difference
between the ends of the superconducting regions can be accounted for in terms of a
Peierl’s phase in the normal region. This is justified as the phase of the superconducting
order parameters can be gauged away into the vector potential. The phase difference
enters then as a hopping in the normal region that points along the junction direction,
specifically as

t exp

(
i2π

Φ

h/e

)
= t exp

(
i
∆ϕ

2

)
,

Figure 3.6: Schematic system for the
calculation of ABS by diagonalization.

where Φ corresponds to the flux through the whole ring area shown in the schematic
plot of Fig. 3.6. The above equation only shows the entry in the electron orbitals, for
the hole orbitals the phase factor is its complex conjugate. Figure 3.6 shows an exam-
ple system, which is chosen to be a normal TI nanowire between two superconducting
leads. The implemented tight-binding system can be diagonalized with standard nu-
merical procedures, where the eigenvalues of interest lie close to E = 0. Note that the
spectrum converges better for longer superconducting (blue) regions, but the system
size is obviously limited in diagonalization schemes.
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3.6. Simulating superconducting systems

Andreev bound states from the scattering matrix

The next method is applicable to Josephson junctions in which interface effects between
the N and S regions can be neglected. In systems in that such effects are present and
play a crucial role, it is still possible to incorporate them by hand, but they have to be
understood in detail. Beenakker [115, 157] devised this method for Josephson junctions
in which normal scattering only occurs far away from the interfaces. Moreover, the same
approach is widely used to derive analytical expressions for ABS [158]. The general idea
is to split the system into different scattering regions, as depicted in Fig. 3.7. The grey
region corresponds to the disordered part of the junction. Incoming electron and hole
wave functions are here connected to their outgoing counterparts by the normal-region
scattering matrix SN via

Ψout = SN(E)Ψin, (3.37)(
ψe

out

ψh
out

)
=

(
Se(E) 0

0 Sh(E)

)(
ψe

in

ψh
in

)
, (3.38)

where ψL
i and ψR

i contain electron and hole degrees of freedom. The Andreev reflection
at the N/S-interfaces is emphasized by the Andreev scattering matrix SA and connects
the outgoing modes to the incoming ones by

Ψin = SA(E)Ψout, (3.39)(
ψe

in

ψh
in

)
=

(
0 Seh

A (E)
She

A (E) 0

)(
ψe

out

ψh
out

)
. (3.40)

Plugging Eq. (3.37) into Eq. (3.39) gives

Ψin = SA(E)SN(E)Ψin, (3.41)

which further requires
det(1− SA(E)SN(E)) = 0. (3.42)

Rewriting Eq. (3.41) in terms of the electron and hole components, we arrive at two
coupled equations for the respective wave functions,

ψe
in = Seh

A (E)Sh(E)ψh
in (3.43)

ψh
in = She

A (E)Se(E)ψe
in. (3.44)

This leads then to the well-known defining expression for ABS in a Josephson junction,
which is given by

det
(
1− Seh

A (E)Sh(E)She
A (E)Se(E)

)
= 0. (3.45)

The bound state energies can be computed as the roots of this expression. However, it
is still possible to derive an expression that is more useful and efficient for numerical
applications. Heck et al. [159] showed that one can transform the problem into a
simpler singular value decomposition. Initially, assume that the electron wave functions
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Figure 3.7: Schematic plot of the ABS calculation from the S matrix.

are connected to the hole wave functions by particle-hole symmetry. Then the normal
scattering matrices of both types of particles are related by

Sh(E) = Se(−E)†. (3.46)

The energy dependence can be dropped, if we just consider the short-junction limit,
which is valid for many experimental situations and entails that S(E) ≈ S(0) = S.
The Andreev reflection scattering matrix will transform into an off-diagonal form in
the same basis

SA(E) = i exp

(
−i arccos

(
E

∆

))(
0 R†A
RA 0

)

=

√1−
(
E

∆

)2

+ i
E

∆

( 0 R†A
RA 0

)
. (3.47)

Substituting these relations into Eq. (3.41), the equation can be recast as the following
eigenproblem

Aψe
in =

|E|
∆

exp(iχ)ψe
in, (3.48)

where A = 0.5 · (RAS − STRA). The phase χ is of no importance for the ABS energies
and can be neglected. Further fixing the basis of modes such that the incoming ones
are connected to the outgoing ones by time-reversal symmetry, the Andreev reflection
matrix becomes diagonal

RA =

(
i exp(iϕL)1NL

0
0 i exp(iϕR)1NR

)
, (3.49)

with ϕi being the phases of the superconducting leads and Ni the number of open
channels in these contacts. The eigenenergies of Eq. (3.48) correspond to the ABS
energies and can be computed by a singular-value decomposition. This method is
also very interesting for multiterminal Josephson junctions, like tri-junctions, which
are becoming a topic of big interest in science due to the possibility of finding and
generating Majorana fermions [160–162]. The Andreev reflection matrix RA can then
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simply be extended with more diagonal entries, which incorporate the additional phases
and modes of more contacts. For a more detailed explanation, the reader is referred to
Ref. [159].

Andreev bound states from the spectral density

The last method to numerically calculate the ABS spectrum of Josephson junctions
is the spectral density method. This approach is very useful for systems, in which
interface effects cannot be neglected. We will employ this method later on in the
case of magnetic impurities in bilayer graphene Josephson junctions and TI nanowire
junctions, which are only partially covered by s-wave superconductors. The drawback
of this method is the same as for the diagonalization scheme, namely that the numerical
cost is rising very fast with an increasing number of lattice sites.
The ABS spectrum can be extracted from the spectral density [163]

d(E) =
1

2π
Tr[A(E)] =

1

2π
Tr[i(Gr(E)−Ga(E))], (3.50)

by searching for peaks in the energy range of the superconducting gap [−∆0; ∆0]. The
retarded and advanced Green’s functions read thereby as

Gr(E) = ((E + iη)1−H − Σ)−1, (3.51)

Ga(E) = Gr(E)†, (3.52)

where η is an infinitesimally small number and the self-energy Σ incorporates the
influence of the superconducting leads. The Hamiltonian H is a matrix containing all
onsite and hopping elements due to the tight-binding structure of the system.
Analogously, Σ is also a matrix with the same dimension and given by

Σ =


ΣL 0 0

0 0 0

0 0 ΣR

 , (3.53)

with ΣL and ΣR being the self-energy matrices of the left and right superconducting
leads, respectively. In Kwant, the tight-binding Hamiltonian H, as well as the lead
self-energies, can be very easily extracted. Green’s function is then calculated through
matrix inversion for different phases inside the pairing terms of the superconducting
leads.
At this point, a very important detail should be highlighted. The quantities that are
computed by Kwant can only be directly plugged into Eq. (3.51) if the tight-binding
system consists of a monoatomic lattice with one basis atom. For tight-binding setups
with a polyatomic basis, i.e., graphene or bilayer graphene, the computed H needs
to be modified in order to match the order of the entries in Σ. The reason for that
additional step lies in the fact that the entries of the tight-binding Hamiltonian H are
not spatially sorted, but instead according to the sublattice structure. The self-energies
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ΣL and ΣR in turn have a pure spatial sorting of their entries.
As an explicit example, let us consider bilayer graphene, which will also be studied in
a later chapter. Bilayer graphene has a sublattice structure with four basis atoms A1,
B1, A2, and B2. The Hamiltonian matrix has the structure

H =


HA1A1 HA1B1 HA1A2 HA1B2

HB1A1 HB1B1 HB1A2 HB1B2

HA2A1 HA2B1 HA2A2 HA2B2

HB2A1 HB2B1 HB2A2 HB2B2

 . (3.54)

For the resorting of these entries we can exploit a functionality that the Kwant devel-
opers already incorporated. It allows for a shift of the Hamiltonian entries by providing
a list of sorted site indices. Without loss of generality, we assume that our junction is
pointing along the x-direction, while the y- and z-directions correspond to the trans-
verse junction directions. The sites are first ordered according to their z-coordinate,
then according to their y-coordinate, and finally according to their x-coordinate from
smallest to biggest values. An example code to perform that step could look like this:

syst = make system #build your system

syst = syst.finalized()

sites = syst.sites

n = len(sites)

sites = list(sites)

indices = np.linspace(0, n− 1, n)

site index = np.asarray([x for , x in sorted(zip(sites, indices),

key = lambda pair : (round(pair[0].pos[0], 3), round(pair[0].pos[1], 3),

round(pair[0].pos[2], 3)), reverse = False)])

The tight-binding Hamiltonian can then simply be sorted via

H = syst.hamiltonian submatrix(to sites = site index, from sites = site index)

3.6.2. Josephson junctions – supercurrent calculations

The Andreev bound states in Josephson junctions carry a supercurrent from one super-
conducting lead to another. This current can be measured in experimental setups and
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gives useful insight into the physics of specific junctions. Therefore, the calculation of
this quantity is shortly recapitulated in this section.

Computing the supercurrent as derivative of the ABS spectrum

The most direct way to get access to the supercurrent in a Josephson junction is by
considering the phase dependence of the ABS. If one has calculated the ABS spectra,
then the current-phase relation can be computed by [115]

I(∆ϕ) = −2e

~
∑
n

tanh

(
En(∆ϕ)

2kBT

)
∂En(∆ϕ)

∂∆ϕ
. (3.55)

The sum runs over all N Andreev bound states (with En(∆ϕ) ≤ 0) in the junction
and also smearing by finite temperature T is included, where kB denotes the Boltz-
mann constant. This equation captures contributions from pure in-gap states. Current
contributions that stem from processes outside the superconducting gap are not taken
into account. It is also required to have knowledge of the ABS spectrum, which can
be very complicated for certain physical setups. The next method might therefore be
particularly useful in cases in which the ABS spectrum was not computed earlier. It
allows us to directly compute the supercurrent in the Josephson junction.

Supercurrent from Green’s function

The second method to numerically compute the Josephson current was developed
by Furusaki and Tsukada in 1991 [164, 165]. In the context of Kwant, Ostroukh et
al. [166, 167] implemented this procedure and provide an instructive ipython note-
book that explains the basic functionalities of their code (see Supplemental Material of
Ref. [166]). We are going to adapt parts of their code, as their implementation is very
efficient in terms of numerical computation time. Still, one has to take care of a few
details. First of all, it is necessary to adjust for systems with a spinful Hamiltonian such
that traces over different orbitals are correctly performed. Second, modifications have
to be incorporated if one wants to compute the supercurrent in tight-binding systems
with a sublattice structure like graphene or bilayer graphene. For those systems, we
modified the code such that it uses actual site positions instead of their tags. In sum-
mary, the method itself works as follows. The starting equation for the supercurrent
calculation [165, 167] is given by

ILR(∆ϕ) = 2
eKBT

~

∞∑
n=0

∑
i∈R
j∈L

Im
(
Tr
(
HjiG

r
ij(iωn)

)
− Tr

(
HijG

r
ji(iωn)

))
, (3.56)

with ωn = KBT/~(2n + 1)π being fermionic Matsubara frequencies. Moreover Hji

and Gr
ij are the matrix elements of the tight-binding Hamiltonian H and the retarded

Green’s function Gr, evaluated between the lattice sites j ∈ L and i ∈ R. L and R de-
note adjacent lattice rows in the normal part which are connected via a hopping along
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Figure 3.8: (a) Example system for visualization of local supercurrent flow. The Joseph-
son junction consists of a two-dimensional electron gas with two strong barriers at the
edges of the normal region. (b) and (c) illustrate the computed local supercurrent
distribution with different plotting styles.

the junction direction. A schematic plot is shown in Fig. 5.9 in Sec. 5.3 for the explicit
example of a bilayer nanoribbon Josephson junction. The supercurrent is determined
by calculating the current flow between the sites in the system cuts L and R, and the
following summation over all possible site contributions. Due to current conservation,
the exact cut position in the system does not matter, but, for simplicity, in most cases
it is chosen to be the center of the junction. In the summation of Matsubara frequencies
one has to include enough terms in order to ensure proper convergence of the current.
Equation (3.56) can be used to access the current-phase relation.
In experiments, it might not be possible to measure the CPR due to the complexity of
device fabrication, but instead rather the critical current in dependence of some system
parameter is studied. The critical current is the maximum of the CPR and is given
by Ic = max∆ϕ |ILR(∆ϕ)|. The supercurrent calculation via Green’s function can be
numerically quite costly for larger systems. However, it allows to include complicated
physical effects like interactions between magnetic impurities in the junction and the
superconducting leads, as well as interface effect and the influence of external magnetic
fields. This will become very useful in the following chapters.

Another import advantage of the Green’s function approach is that it can be used to
locally resolve the supercurrent flow in the junction. This can be done by not tracing
over the sites in the cuts L and R. Instead, the local current flow is stored and the
calculation is repeated for each lattice column along the junction and each lattice row
in the transverse lattice direction. A simple example is shown in Fig. 3.8 (a). There, we
calculate the local current flow in a Josephson junction that is described by a simple 2D
Schrödinger Hamiltonian as given by Eq. (3.11), which is written in the Bogoliubov-de
Gennes form to include superconducting pairing. In order to give the current flow a few
interesting signatures we consider two symmetric barriers at the edges of the system.
These could be experimentally introduced through gates placed close to the junction.
The system width is fixed to W = 39 nm, the length to L = 29 nm and the lattice
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constant to a = 1 nm. For the tight-binding parameters we put the free electron mass
into t = ~2/(2ma2), set the superconducting pairing term to ∆ = 0.05t and the chemical
potential to µ = 0.02 eV. Finally, we put strong onsite barriers at the centers of the
edges with strength V = 10t, which will completely suppress the current flow in those
regions. Employing Eq. (3.56) without tracing out the lattice dimensions, the local
supercurrent distribution in the junction is calculated and plotted in Figs. 3.8 (b) and
(c) with different plotting styles. It is immediately observable that the supercurrent is
constrained to the center of the junction due to the highly gated regions at the edges.
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3.7. Spin-relaxation rates from the S-matrix

The computation of spin-relaxation rates Γ in the case of local impurities is typically
done by evaluating Eq. (2.61), which takes the T-matrix T into account. In order to
calculate Γ numerically, it is useful to recall that the T-matrix is closely related to the
scattering matrix S by [111]

Sij(E) = δij − 2πiTij(E), (3.57)

where i and j label incoming and outgoing states, respectively. This quantity can
be easily computed with the Kwant tool. Therefore, in the following, the numerical
techniques for spin-relaxation calculations in the normal as well as in the supercon-
ducting case are introduced. Note that, despite the fact that we will discuss the details
of the computation on the example of impurities on single-layer graphene below, the
introduced methodology is general and applicable to any other system in the same way.

3.7.1. Normal-conducting state

Spin relaxation in single-layer graphene and bilayer graphene has already been exten-
sively studied in the normal-conducting case [68, 84, 85, 135, 168–170], both experi-
mentally and theoretically. Still, and in order to check the developed methodology
in the superconducting case and to benchmark our implementation, the established
Landauer formalism for spin-relaxation calculations in normal-conducting single-layer
graphene will be shortly recapitulated. The results that will be obtained in the super-
conducting case in the next section should then converge to these normal-state results
when sending the superconducting pairing ∆ to zero. For this purpose, one can follow
the method explained in Ref. [84], which will also serve as a basis for the superconduct-
ing case. Assume that we consider a graphene sample with a width W and a length L
hosting a single impurity chemisorbed on top of a carbon atom, which allows for spin
scattering. The different spin orbitals can either be coupled by local spin-orbit cou-
pling or magnetic exchange interactions, which are given by Eq. (2.22) and Eq. (2.18),
respectively. The spin-relaxation rate in the normal state can then be calculated from

Γn(µ) = τn(µ)−1 =
4t

~
η
W

a

∑
σ=±1

∑
i,j

(|tiσ,j−σ|2 + |riσ,j−σ|2), (3.58)

where tiσ,j−σ and riσ,j−σ are the S-matrix elements for transmission and reflection of
a spin-up into a spin-down state and vice-versa. The indices i and j label incoming
and outgoing modes, while σ denotes the spin. In order to check our implemented
tight-binding model, we initially reproduced the results of Ref. [84], where the spin-
relaxation rate for an in-plane spin configuration was studied. These results and the
details of the calculation are discussed in App. A.

Next, an important detail of the numerical calculation should be highlighted. By em-
ploying Eqs. (2.61) (for ∆ = 0) and (3.58), the same physical quantity should be
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Figure 3.9: (a) Bandstructure of graphene plotted with black lines in the first Brillouin
zone. The finite system width induces quantization of the transverse momenta ky,
those bands are shown with red contour lines. Additionally, the quantized bands are
projected onto a vertical plane for better visibility. (b) Different transverse momenta
ky can be addressed by the introduced phase φ. The quantization condition changes
such that the green bands are addressed for a certain value of φ. The red dashed
lines correspond to the original φ = 0 bands. Adapted from Supplemental Material of
Ref. [2].

computed. Having a detailed look at Eq. (2.61), it becomes clear that the formula con-
tains an integration over a continuous Fermi contour in the Brillouin zone. Therefore,
the evaluation of Eq. (3.58) needs an additional numerical step to include the effects
of a 2D Fermi contour instead of quantized subbands. The procedure is analogously
implemented as already discussed in Sec. 3.4, where we introduced periodic boundary
conditions that contain a phase φ ∈ [0; 2π]. However, differently to above, we do here
not integrate over the phase φ. Instead, we use a quantity that is associated with a
single electron state, namely its relaxation time τ = 1/Γ. The spin-relaxation rate is
thereby taken as an averaged quantity over equally-spaced values of φ ∈ [0; 2π]. This
procedure is visualized in Fig. 3.9 for the special case of single-layer graphene.

In Fig. 3.9 (a), the 3D bandstructure of graphene is shown in black inside the first Bril-
louin zone. Due to the finite width of the numerical system, the transverse momentum
ky is quantized as discussed in Sec. 3.4. The quantized momenta are shown as red con-
tour lines in Fig. 3.9 (a) and the bands are additionally projected onto a vertical plane.
The linearly dispersing bands located at the K-points are obtained for each width W
of the scattering region because we are using zigzag edges. Fixing a non-zero value
for φ, those linearly dispersing branches are no longer present. The phase essentially
changes the quantization condition such that the band cuts are shifted by dky. This is
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illustrated in Fig. 3.9 (b) by green contour lines and the initially quantized bands are
plotted as red dashed lines. Projecting the green contours again onto a plane highlights
the opening of a band gap between the graphene conduction and valence bands. The
shown bands correspond to different discrete ky-values of the continuous Fermi contour
at the Fermi energy. The numerical computation of the spin-relaxation rate is then
performed by averaging over the number of considered phases φ and the relaxation rate
needs to be normalized to the number of open modes N , which are involved in the spin
scattering, for each phase.

The last problem that remains in the numerical simulation is the computation of the
scattering matrix elements in Eq. (3.58) for different spins. This is discussed in detail in
the next section for scattering of quasiparticles in superconducting systems. In case of
normal-conducting electrons the general idea remains the same with a reduced number
of orbitals.

3.7.2. Superconducting state

In the above considerations, the necessary ingredients for the numerical calculation of
the spin-relaxation rates were introduced, without paying attention to superconduc-
tivity. The methodology explained up to now is, nevertheless, general and applicable
to both normal-conducting and superconducting systems. Computing spin relaxation
in the superconducting state is a bit more intricate than in the normal state. In the
center of the calculation of the spin-relaxation rate Γs(µ) from the scattering matrix S
stands the formula

Γs(µ) = τs(µ)−1 =
a
L

~

∞∫
∆

dE
(
− ∂f
∂E

) ∑
i ,o,σ

∣∣So,i
−σ,σ(E, µ)

∣∣2
∞∫
∆

dE
(
− ∂f
∂E

) ∑
(i ,σ)

〈Ψi,σ|Ψi,σ〉
(3.59)

=
η 4W√

3a

~

∞∫
∆

dE
(
− ∂f
∂E

) ∑
i ,o,σ

∣∣So,i
−σ,σ(E, µ)

∣∣2
∞∫
∆

dE
(
− ∂f
∂E

) ∑
(i ,σ)

〈Ψi,σ|Ψi,σ〉
, (3.60)

where η =
√

3a2/(4WL) is again the impurity concentration in graphene and the
Fermi-Dirac distribution function is given by f = [exp(E/(kBT )) + 1]−1. The reader is
referred to the Supplemental Material of Ref. [2], where the exact and detailed deriva-
tion of Eq. (3.60) can be found.
Comparing Eqs. (3.58) and (3.60) suggests that the superconducting calculation in-
volves additional computational steps due to the thermal smearing. Instead of just
computing the scattering matrix for a chemical potential like in the normal state,
one now has to perform an integration over energy for each chemical potential value.
This significantly increases the numerical cost and computation time. To keep again a
balance of accuracy and computational cost, we perform the integration via a simple
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Riemann summation from ∆ until a cut-off of ∆ + 25kBT . Additionally, we split the
integration range into two parts for a high resolution close the the band edge at ∆.
The first interval covers ∆ to ∆ + 3.5kBT with 15 integration steps, while the second
one consists of 25 integration steps until ∆ + 25kBT is reached. This integration pro-
cedure will be used throughout the whole thesis for all spin-relaxation rate calculations.

Moreover, the evaluation of Eq. (3.60) incorporates the normalization to the thermally
averaged DOS. Therefore, also the incoming modes need to be computed for each
energy, which is again an additional effort in the case of superconducting systems.
Nevertheless, Eq. (3.59) offers a general way to compute Γs(µ) from the scattering ma-
trix and at different temperatures. Also, the employed tight-binding method allows us
to easily include a variety of spatially dependent effects and to simulate, for example,
the influence of magnetic and electric fields.

What still remains is to introduce the numerical concept of calculating the spin scat-
tering matrix elements of superconducting quasiparticles. Note that Kwant offers the
possibility to define a so-called conservation law when constructing the leads. This
will separate the scattering matrix S according to the provided conservation law, for
example, into different blocks that correspond to scattering between particle and hole
orbitals through Andreev reflection. In order to develop a more general implementation
scheme, which can also be used independently of Kwant, a different approach will be
discussed in detail in the following.

Let us assume that we wish to study spin relaxation in superconducting graphene with
a chemisorbed single impurity (i.e., hydrogen or fluorine) on top of a carbon site. The
system can be described in a standard manner with the BdG Hamiltonian

HBdG =

(
H iσy∆
−iσy∆ −H∗

)
=

(
HG + V (0) + V

(i)
s iσy∆

−iσy∆
∗ −

[
HG + V (0) + V

(i)
s

]∗) . (3.61)

The term HG denotes the normal-state graphene Hamiltonian of Eq. (2.14), while V (0)

and V
(i)

s describe the impurity as given by Eq. (2.16). The impurity is first assumed to
introduce local spin-orbit coupling in its close vicinity, such that we need to consider
V

(2)
s [Eq. (2.22)]. The BdG Hamiltonian can then be explicitly written as

HBdG =


A SOee

↑↓ 0 ∆
SOee
↓↑ B −∆ 0

0 −∆∗ −A∗ −(SOee
↑↓)
∗

∆∗ 0 −(SOee
↓↑)
∗ −B∗

 , (3.62)

where the wave functions are given in the Nambu basis

Ψ =
(

Ψ e
↑ , Ψ e

↓ , Ψ h
↑ , Ψ h

↓

)>
. (3.63)
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Figure 3.10: Schematic visualization of the numerical implementation of
H
′

BdG [Eq. (3.65)]. The two diagonal blocks of the Hamiltonian are put on two
different computational grids, which are shown for γ↑ in red and γ↓ in blue. The
impurity (shown in green) couples them by the induced local spin-orbit coupling
terms. The scattering matrix elements are taken from the S-matrix that is calculated
with Kwant. The relevant transport events are shown with vectorized lines. They
correspond to transmission probabilities between the attached four leads. Moreover,
the PBCs which are necessary for the phase averaging over φ are shown with dashed
lines connecting the edges of the system. Adapted from Supplemental Material of
Ref. [2].

Note that the terms A and B are short-hand notations for all terms that act between
the same spin kinds. Contrary to that, the terms SOee

↑↓ and SOee
↓↑ incorporate all elec-

tron spin-orbit terms that couple different spins.

This representation is still not adequate to separate the quasiparticle spin degrees of
freedom. The Bogoliubov quasiparticles are given by electron and hole orbitals that
are coupled by the superconducting pairing term ∆. A much more convenient form
can be obtained employing a simple unitary transformation, which is given by

U =


1 0 0 0
0 0 0 1
0 0 1 0
0 1 0 0

 . (3.64)

The Hamiltonian HBdG is then transformed according to

H
′

BdG = U−1HBdGU =


A ∆ 0 SOee

↑↓
∆∗ −B∗ −(SOee

↓↑)
∗ 0

0 −(SOee
↑↓)
∗ −A∗ −∆∗

SOee
↓↑ 0 −∆ B

 . (3.65)
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Additionally, the wave function is now given in the transformed Nambu basis

Ψ
′
= UΨ =

(
Ψ e
↑ , Ψh

↓ , Ψh
↑ , Ψ e

↓

)>
, (3.66)

where we explicitly define the quasiparticle basis (γ↑, γ↓)
> with

γ↑ =
(

Ψ e
↑ , Ψ h

↓

)>
and γ↓ =

(
Ψ h
↑ , Ψ e

↓

)>
. (3.67)

The above transformation effectively separates the BdG Hamiltonian in two blocks.
The first block in the upper left part describes quasiparticles with spin up, while the
lower right block incorporates quasiparticles with spin down. The off-diagonal blocks,
introduced by spin-orbit coupling, couple those two spin components.

Recognizing this special structure of the Hamiltonian offers the possibility for an effi-
cient implementation scheme, which allows for an easy way to extract the spin scat-
tering matrix elements. The general idea is shown in Fig. 3.10. In the numerical
implementation two computational graphene lattice structures are generated. On each
of the two grids, one of the two quasiparticle blocks of H

′

BdG is put. The red lattice
corresponds then two γ↑ wave functions, while the blue lattice carries γ↓ quasiparticles.
Summing up both grids gives the physical graphene lattice with its full orbital degrees
of freedom. The impurity on top of the graphene structure marks a special location in
the system, which contains components present on both computational grids and ad-
ditionally induces local spin-orbit coupling in its close vicinity according to Eq. (2.22).
These terms are responsible for a coupling of the two computational lattices and there-
fore induce local spin scattering of the superconducting quasiparticles. In Fig. 3.10,
these scattering events are visualized with black curves connecting the two grids. For
the numerical simulation, in total four leads are attached to the system, i.e., two left
(L) and two right (R) leads for γ↑ and γ↓ modes. All the necessary scattering pro-
cesses in Eq. (3.60) are given by transmission probabilities between those four leads
with different spin species. They are denoted as TRLγ↑γ↓ , T

RL
γ↓γ↑

, TLRγ↑γ↓ , T
LR
γ↓γ↑

, TLLγ↑γ↓ , T
LL
γ↓γ↑

,

TRRγ↑γ↓ , and TRRγ↓γ↑ in Fig. 3.10. These quantities can simply be obtained by computing
the scattering matrix with Kwant.
Also, in Fig. 3.10, the above discussed PBCs are visualized on both lattices. They
are introduced by a hopping from the system edges starting at y = W to y = 0.
Throughout this thesis, the graphene system is defined with zigzag edges to simplify
the implementation of the PBC. The explicit form of the hopping is then given by

hopφ-PBC = γ†↑,(x,W )

(
−te−iφ 0

0 te−iφ

)
γ↑,(x,0)

+ γ†↓,(x,W )

(
te−iφ 0

0 −te−iφ

)
γ↓,(x,0) + h.c., (3.68)

where now also the phase φ enters, which is necessary to address different values of ky.
Finally, a short summary of the different calculations steps follows below.
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3. Numerical techniques

Summary of calculation steps

• Construct the superconducting system with two computational grids, one for each
quasiparticle spin.

• Introduce PBC with the phase factor exp(iφ).

• Compute all spin scattering matrix elements [nominator in Eq. (3.60)] for energies
in [∆,∆ + 25kBT ], normalize the transmission probabilities by the number of
propagating modes.

• Compute the DOS [denominator in Eq. (3.60)] for the same energies.

• Repeat this step for a number of different φ ∈ [0; 2π] and average over that
number.

• Finally, integrate the nominator and denominator of Eq. (3.60) over the energy
and compute the spin relaxation rate for a certain impurity concentration η.

Analogously, one can treat magnetic impurities that induce magnetic exchange inter-
actions. The difference then only lies in the definition of Eq. (3.65), where instead of
spin-orbit coupling terms, the magnetic exchange energies are included.
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4. Quantum transport in normal and
superconducting topological
insulator systems

In this chapter, we examine quantum transport phenomena in topological insulator sys-
tems like slabs and nanowire geometries in the, first, normal conducting and, second,
superconducting states. We start by studying the LDOS of topological states in pres-
ence of rough surface structures on TI slabs. Next, the bandstructure of Dirac states
on inner and outer surfaces of core-shell nanowires is calculated and the interplay in
conductance simulations between the two components is further elaborated employing
an effective model. Moreover, the effect of an external magnetic field with an arbitrary
angle to the nanowire axis on the surface spectrum is discussed. These findings are
important for understanding properties of the full 3D model spectrum, which will be
employed in the first section that covers superconducting effects, where crossed An-
dreev reflection is examined in detail in a TI nanowire T-junction. But, before making
this crossover to superconducting hybrid systems, we consider a normal conducting
TI nanowire with a broken rotational symmetry and a non-uniform cross-section area.
Transport simulations show that resonant Dirac states emerge due to a magnetic and
geometric confinement, which could be exploited to study the surface state spectrum
experimentally. Finally, after considering CAR, we study Andreev bound states and
the corresponding supercurrent in fully, as well as partially, proximitized TI nanowire
Josephson junctions.

4.1. Scattering of surface states on surface steps

Realistic material samples, which are used in experiments, are never perfectly homo-
geneous. For the case of topological insulators it is known that the sample surfaces
can develop rough landscapes. In atomic force microscopy measurements on Bi2Te3

samples, for example, the surfaces exhibit clear surface islands which consist of dif-
ferent quintuple layer thicknesses [171, 172]. As topological states are localized at the
material surfaces, it is obviously of interest to answer the question whether these sur-
face steps affect them or not. Theoretical studies have shown that step edges on the
TI surface can influence the local density of states due to a difference in Dirac point
energies on the step surfaces [173, 174] and also scattering on such steps has been stud-
ied [175]. Moreover, experimentalists have used triangular surface structures to trap
Dirac fermions in quantum corals [176], thereby giving insight into the possible tuning
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4. Quantum transport in normal and superconducting topological insulator systems

(a) (b)

Figure 4.1: (a) Schematic plot of the surface profile generation. Gaussian correlated
disorder is translated into surface islands. (b) Plot of an example system with surface
islands. The corresponding LDOS is visualized in Fig. 4.2 (b).

of surface state properties.
In this section we want to numerically study the scattering behavior of topological
states on randomly generated, but spatially correlated, surface islands. We will calcu-
late the local density of states in the top layers and check how such structures influence
the involved scattering states. These obtained results can serve for comparison with
possible future experiments to find signatures of topological surface states. Note that
further studies on scattering of topological states on surface structures can be found in
the Bachelor thesis of Philipp Wutz [177].

4.1.1. Modeling of surface structures

As the samples in experiments are of micron size we expect that the top and bottom
surface of the topological insulator will be more or less decoupled if the thickness is large
compared to the surface state penetration depth. In order to get such a system with
two decoupled Dirac cones on both surfaces, we are implementing the Hamiltonian
of Eq. (2.1) with periodic boundary conditions along the transverse direction of the
scattering region. This is simply done by adding a hopping that connects the two
sides of the scattering region for all points along the z-direction. Additionally we
will compute the LDOS of scattering states by attaching two leads to the longitudinal
direction of the scattering region with the same boundary conditions.

Next, we need to introduce the desired surface islands. Here the method for generating
a random set of spatially correlated disorder that was introduced in Chap. 3.5 can be
employed. A schematic plot is shown in Fig. 4.1 (a). First one can generate a 2D
disorder landscape of Gaussian correlated disorder that spans the same area as the
scattering region. The disorder profile is then split into different intervals. This is done
by searching for the maximum Vmax and the minimum value Vmin, where the range in
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4.1. Scattering of surface states on surface steps

between defines our complete interval. If we want to get steps between three quintuple
layers, we split it then into three equally spaced intervals [shown as red dashed lines
in Fig. 4.1 (a)]. At each lattice point in the top surface of the scattering region, the
potential value V(x, y) determines how many lattice points will be removed. More
precisely two (one) lattice points will be removed from the top surface, if V(x, y) lies
in the lowest (middle) interval. If V(x, y) is located in the highest interval, no lattice
point will be removed. By following this procedure a correlated island structure is
generated at the top surface.

4.1.2. Local density of states at surface structures

The next step is to compute the LDOS of the scattering states in the scattering region.
We employ Eq. (3.27) and integrate over the phase φ in the PBC. Initially the width,
height and length of the setup are respectively set to W = 50 nm, H = 7 nm and
L = 60 nm. Moreover, surface islands are generated according to the above method
with two additional lattice layers inside the scattering region, such that the maximal
height is 9 nm. The final system is shown in Fig. 4.1 (b). Note that in order to achieve
a high resolution of the LDOS in the x-y plane, the lattice constants in those spatial
directions are set to a = 0.5 nm, while it is set to az = 1 nm in the z-direction. In
Fig. 4.2 (a) the corresponding bandstructure is plotted. Instead of a gapped spec-
trum due to the Berry phase in the case of TI nanowires, a linearly dispersing Dirac
cone is observed. Actually the Dirac cone is two times degenerate, one originates from
the top surface while the second one stems from the bottom surface. For the LDOS
calculations we are just interested to see the scattering behavior at the top surface.
Therefore, and for simplicity of visualization, the LDOS is summed in z-direction over
the four top most lattice layers and plotted as a simple 2D plot. For the Fermi energy
of EF = 120 meV [shown as green dashed line in Fig. 4.2 (a)] the calculated LDOS
is shown in Fig. 4.2 (b). The phase integration was performed over 60 equally spaced
integration steps. Note that the surface island structure of Fig. 4.1 (b) is certainly
reproduced by the LDOS. The contours of each step layer are exhibiting a pronounced
change in the LDOS magnitude. Particularly at the edges of layer steps an increased
LDOS amplitude is observable. Contrary, at the regions directly before the steps, a
decreased magnitude is present.

In order to exclude that these features depend on the explicit surface structure of small
islands on top of a flat TI surface, we next consider a different geometry. Now the
height of the flat TI leads is set to H = 9 nm, while the surface disorder is generated as
“craters”, where up to two lattice layers are removed. The explicit structure is plotted
in Fig. 4.2 (c). Dark blue lattice points correspond again to the upper most layer, which
is at the same height as the lead top surface. For a direct comparison, the correspond-
ing LDOS for the same Fermi energy of EF = 120 meV is visualized in Fig. 4.2 (d).
There it is even more clearly observable that the highest LDOS is located right at step
edges, while shortly before those the magnitude drops considerably. Therefore, we can
conclude that these signatures are a general property of surface modes for the employed
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4. Quantum transport in normal and superconducting topological insulator systems

Bi2Se3 parameters.

To check if these signatures are also present for other TI compounds would require
further calculations for other parameter sets. These computations are not in the scope
of in this work, but would certainly be interesting for future considerations. By more
detailed studies of these transport properties one could perhaps shine light on possibly
observable signatures in real experiments. Particularly with scanning tunneling mi-
croscopy [178, 179] or near-field mid-infrared microscopy measurements [180] the local
density of states can be probed with a high resolution across real surface structures.
Comparing between such experiments and the numerical findings could hint at the
presence of surface transport of TI samples.

4.2. Core-shell nanowires

Topological insulator nanowires grown from a seed material will form so-called core-
shell structures [59, 181], where possible components can be, for example, a HgTe shell
which surrounds a CdTe core. In experimental physics at the University of Regensburg
the aim is to use BSTS-based TI shells on hexagonal GaAs cores in a variety of different
experiments [182], see Fig. 4.3 (a) for a schematic plot. Such systems are also produced
in context of semiconductor nanowires and they already attracted a lot of interest as
they might be a platform for generating Majorana fermions [183]. A significant feature
of such structures is that they do not only have one surface which is an interface to
the trivial vacuum or air around it, but they also have an inner interface with the
seed material that might offer an additional surface where protected helical states can
emerge. Therefore, in contrast to nanowires introduced in Sec. 2.1.2 which have only a
single quantized Dirac cone on their surface, the core-shell systems could exhibit very
different Aharonov-Bohm interference signatures in transport experiments. Also, in
combination with additional superconducting or ferromagnetic shells these platforms
could show significantly different physical properties than the usual TI nanowires. In
the following we are going to check with the full 3D BHZ model which kind of states
appear if we put a whole in the center of a nanowire and how they react to an external
axial magnetic field. These findings are then used as a basis to develop a simple effective
2D model that can be used for larger systems and to perform transport simulations in
such setups. Further studies on TI core-shell nanowires with the employed models can
be found in the Bachelor thesis of Alexander Setescak [184].

4.2.1. Bandstructure and local density of states – 3D model

Initially, the bandstructure of a core-shell nanowire will be studied. An exemplary
tight-binding system is illustrated in Fig. 4.3 (b). For simplicity we assume the center
of the nanowire to be filled with vacuum. We use the Hamiltonian given by Eq. (2.1)
and construct an infinite lead with the simple model parameters shown in Tab. 2.1b.
The outer width and height of the nanowire are fixed to wout = hout = 40 nm, while the
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Figure 4.2: (a) Bandstructure of a TI lead with width W = 50 nm and height H = 7 nm
and periodic boundary conditions along the transverse direction. The lattice constants
along the x- and y-directions are set to a = 0.5 nm, while along z it is fixed to
az = 1 nm. Due to the decoupling of top and bottom surface two degenerate Dirac
cones are present on each of these surfaces. The green dashed line marks the Fermi
energy EF = 120 meV. (b) Local density of states summed over the 4 top most
layers. The structure corresponds to the system shown in Fig. 4.1 (b). Panel (c) shows
another surface disorder configuration with craters instead of islands, while in panel (d)
the related LDOS is again visualized. Both calculated local density of states exhibit in
front of surface steps a decrease, while at step edges it is enhanced.
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4. Quantum transport in normal and superconducting topological insulator systems

Figure 4.3: (a) Schematic plot of a hexagonal core-shell TI nanowire. The topological
insulator encloses an insulating core material such that the TI has two surfaces where
Dirac states can emerge. (b) Plot of the 3D tight-binding system. For simplicity
vacuum is assumed as the core material.

inner width and height of the hole are chosen to be win = hin = 20 nm. Considering
a penetration depth of the outer surface states of λ = 1 nm the ratio between the flux
penetrating the outer shell and the flux threading through the inner hole is roughly
Φout/Φin = (wout − λ) · (hout − λ)/(win · hin) ≈ 3.14. The thickness of the shell is then
9 nm, such that hybridization effects of the states at the two surfaces are negligible.

Fig. 4.4 shows the computed bandstructure for the case of no applied axial magnetic
field. In order to study the bandstructure of such a system it is very useful to plot
the probability densities of the eigenmodes. More precisely we want to check, whether
the modes are localized at a specific surface or if they are present at both surfaces.
Therefore, Fig. 4.4 shows also the local density of states (LDOS) for the numbered
modes at the Fermi energy EF, which is visualized in green. According to the surface
at which the corresponding modes are localized, the bands are then colorized in blue
(red) if the wave function has a high LDOS at the inner (outer) surface. All of the
bands are twice degenerate, but for convenience the LDOS of only one of those modes
is visualized. Performing this analysis, it becomes clear that certain subbands should
stem from a quantized Dirac cone located at the outer surface, while others originate
from quantization of a Dirac cone localized at the inner surface.

In order to check this idea, it is reasonable to tune the axial magnetic field to certain
values, such that either the flux through the inner hole Φin or the flux through the
whole cross-section Φout is almost equal to half of a magnetic flux quantum Φm = h/e.
In Fig. 4.5 the case of Φout ≈ Φm/2 is illustrated, corresponding to a magnetic field of
B‖ = 1.363 T. Employing the same analysis as before, it is observable that the flux
induces a closing of the outer surface Dirac cone, with an appearing linear dispersion
and two times degenerate higher subbands. For the number 3 and 5 modes we get again
degenerate bands. The bands stemming form the inner surface are single degenerate,
which is due to a flux ratio of ηin = Φin/Φm = 0.1593.

As a last check a magnetic field of B‖ = 4.3 T is applied to the wire. This gives then
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Figure 4.4: Bandstructure of a hollow TI shell with width wout = 40 nm and height
hout = 40 nm, and local density of states displayed in the wire cross-sections. The
hole in the center of the wire has the dimensions win = hin = 20 nm. No axial
magnetic field is applied parallel to the wire axis. The subbands are colored in blue
(red) if the wave function is localized at the inner (outer) nanowire surface. The Fermi
energy EF is shown in green and the LDOS plots belong to the numbered modes in the
bandstructure. Yellow in the LDOS plots corresponds to a high, while dark blue to a
low density value.
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Figure 4.5: Bandstructure of a hollow TI shell with width wout = 40 nm and height
hout = 40 nm, and local density of states displayed in the wire cross-sections. The hole
in the center of the wire has the dimensions win = hin = 20 nm. An axial magnetic field
B = 1.363 T is applied parallel to the wire axis. The flux ratios of the outer and inner
surfaces are ηout = 0.5007 and ηin = 0.1593, respectively. The subbands are colored in
blue (red) if the wave function is localized at the inner (outer) nanowire surface. The
Fermi energy EF is shown in green and the LDOS plots belong to the numbered modes
in the bandstructure. Yellow in the LDOS plots corresponds to a high, while dark blue
to a low density value.
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Figure 4.6: Bandstructure of a hollow TI shell with width wout = 40 nm and height
hout = 40 nm, and local density of states displayed in the wire cross-sections. The hole
in the center of the wire has the dimensions win = hin = 20 nm. An axial magnetic field
B‖ = 4.3 T is applied parallel to the wire axis. The flux ratios of the outer and inner
surfaces are ηout = 1.5798 and ηin = 0.5027, respectively. The subbands are colored in
blue (red) if the wave function is localized at the inner (outer) nanowire surface. The
Fermi energy EF is shown in green and the LDOS plots belong to the numbered modes
in the bandstructure. Yellow in the LDOS plots corresponds to a high, while dark blue
to a low density value.
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flux ratios of ηout = Φout/Φm = 1.5798 and ηin = 0.5027, such that the Berry gap of the
inner surface states should be almost closed and also the subbands of the outer surface
modes should only be slightly split. Exactly this picture can be seen in Fig. 4.6. The
linearly dispersing band of the inner states is shown as a dashed line for better visibility
of the almost linear branch of the outer surface states. By checking again the LDOS
of the modes, the simple picture of two Dirac states on both surfaces is confirmed.

4.2.2. Effective 2D surface model

The states on each of these surfaces, analogously to a single nanowire surface, should
obey an effective 2D model. In order to perform transport simulations for realistic
nanowire dimensions it is necessary to introduce such an effective model. The Hamil-
tonian, describing two decoupled Dirac shells, can be written down as

H2D
c−s =

(
H2D

in 0
0 H2D

out

)
(4.1)

=

−i~vF

[
σx∂x + σy

2π
Cin

(∂s + iηin)
]

0

0 −i~vF

[
σx∂x + σy

2π
Cout

(∂s + iηout)
] .

Note that even though we now also have a 4x4 matrix for the Hamiltonian, the numeri-
cal effort will still be considerably smaller, as we still have a 2D lattice. In the following,
we are going to perform a test transport calculation for fixed radii of the inner and
the outer surfaces. The tight-binding implementation is performed on a square lattice
and for simplicity it is assumed that the nanowire has cylindrical symmetry. First,
the parameters of the inner surface are fixed to a circumference of Cin = 99 nm and
a lattice constant of ain = 1 nm, giving the number of lattice points N = 100. Then,
defining the shell thickness d, the parameters of the outer shell are calculated as

Cout = 2π(rin + d) = 2π

(
Cin

2π
+ d

)
(4.2)

aout =
Cout

N
. (4.3)

Also the flux through the inner surface Φin is chosen as the reference value.
The flux through the outer surface is then given by

Φout = Φin ·
r2

out

r2
in

. (4.4)

In the spirit of the 3D bandstructure calculation above, we fix now the shell thickness
to d = 11.65 nm. This value assures that the fluxes are related by Φout = 3Φin. To
circumvent the Fermion doubling problem, we add a Wilson mass term to Eq. (4.1)
with Egap = 60 meV. For the transport simulation the length of the scattering region
is fixed to L = 200 nm and an averaging over 20 Gaussian correlated disorder sets
with amplitude K0 = 0.75 and correlation length ξ = 6 nm is performed. In Fig. 4.7

66



4.2. Core-shell nanowires

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0 5.5 6.0 6.5 7.0 7.5 8.0 8.5 9.0
out/ m

0.0 0.5 1.0 1.5 2.0 2.5 3.0
in/ m

1.0

1.5

2.0

2.5

3.0

3.5

4.0

G 
[e

2 /h
]

EF = 15 meV
EF = 20 meV
EF = 25 meV
EF = 30 meV
EF = 35 meV

Figure 4.7: Conductance for a core-shell nanowire with respect to the applied axial
magnetic field and for different Fermi energies. The inner wire circumference is set to
Cin = 99 nm and the shell thickness to d = 11.65 nm, such that Cout = 172.2 nm.

the conductance is plotted with respect to the applied flux and for a few values of
the chemical potential. In the figure the bottom axis corresponds to the flux ratio of
the inner surface, while the top axis shows the outer flux ratio. The peak positions
are independent of the Fermi energy EF and they are marked by the vertical dashed
lines. Their position corresponds to half integer multiples of the outer flux ration ηout.
The overall periodicity seems to be mainly determined by the transport of the modes
propagating on the inner surface, as the curves are Φm periodic with respect to the
inner flux ratio ηin. The conductance therefore seems to be a superposition of transport
signatures of outer and inner surface modes, just as expected.

In summary, the effective 2D model gives reasonable results. The spectrum consists
of two initially decoupled Dirac cones with quantized subbands. In transport simula-
tions, clear Aharonov-Bohm oscillations can be observed, where the periodicity obeys
the predefined ratio of inner and outer surface areas. Whether this is a general trans-
port behavior for arbitrary thicknesses d and checking for other core-shell transport
signatures is left for further studies. Further considerations could involve to account
for more realistic simulations with a filled insulating core instead of vacuum, coupled
inner and outer surface modes or the Andreev reflection between those surface states
at an N/S-interface in the presence of Majorana fermions.
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4.3. TI nanowire in magnetic fields – extrinsic
higher-order TIs

Many experiments rely on the behavior of physical observables under the application of
external magnetic fields. In Secs. 2.1.2 and 4.2 we have already seen the effect of an axial
magnetic field. The flux through the cross-section of the nanowire periodically tunes
the spectrum, such that for half of a magnetic flux quantum the surface hosts a perfectly
transmitted mode. Also by applying external magnetic fields perpendicular to the wire
axis the surface state spectrum can be tuned, leading to the emergence of Landau levels
and chiral edge states [185]. This effect will be exploited in a following chapter, were
quantum transport in hybrid structures of superconductors and topological insulators
will be studied. Additionally, for magnetic fields that pierce all of the nanowire surfaces
in an angle, the appearance of 1D hinge states is predicted [38], where the system is
then denoted as extrinsic higher-order TI. In this section the surface spectrum in such
magnetic fields is discussed in detail for the special case of Bi2Se3.

First let us fix a gauge for the vector potential A. The gauge is chosen such that the
magnetic field has components that are pointing along the negative z-direction and the
positive y-direction. Therefore, we choose the gauge

A =

Bzy +Byz
0
0

 ,

B = ∇×A =

 0
By

−Bz

 ,

α = tan−1

(
By

Bz

)
,

Bz =
√
B2 −B2

y ,
Figure 4.8: Cross-section
of TI nanonwire and mag-
netic field definition.

where α is the angle between the y and z components of the magnetic field. Note
that we will keep the magnitude of the magnetic field fixed and only rotate the field
vector B around the nanowire axis. Figure 4.8 illustrates a schematic plot of the
wire cross-section and the magnetic field components are shown. For the following
considerations we are going to consider a rectangular nanowire with width w = 30 nm
and height h = 30 nm. Also the magnitude of the magnetic field strength is fixed
to B = |B| = 30 T. The magnetic field is chosen quite large due to the small wire
dimension, for larger wires the field strengths can be chosen much smaller in order to
observe the following effects. First we are going to consider the effect of magnetic fields
on the spectrum of such a TI nanowire, the results are shown in Fig. 4.9. Theoretically
it is well known that an external magnetic field, which is perpendicularly piercing the
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Figure 4.9: Bandstructure of TI nanowire for different magnetic field angles. Rotating
B leads to formation of Landau levels on all nanowire surfaces. The blue (green) dashed
lines in panels (a) and (f) mark the 0th-Landau level on the x− y (x− z)-surfaces.

top and bottom surfaces of a rectangular TI nanowire (α = 0), is inducing the formation
of localized Landau levels and chiral edge states [185] as soon as the magnetic length
lB =

√
~/(eB) becomes comparable to the wire width. This case is visualized in

Fig. 4.9 (a). As the surface states can be described by an effective Dirac equation,
the Landau level spectrum obeys the analogous expression that is derived in graphene.
The Landau level energies are given by [186]

En =
√

2e~nvF

√
B⊥, (4.5)

where n is the Landau level index and B⊥ is the magnetic field component which is
perpendicular to the surface. The flat bands which are located symmetrically around
kx = 0 are the Landau levels. In Fig. 4.9 (a) the 0th-Landau level is marked by the blue
dashed line. At this point it should be stressed that the asymmetry of the spectrum
with respect to the 0th-Landau level stems from the anisotropy of the Hamiltonian with
respect to the y- and z-directions in Bi2Se3. The x- and y-directions in the material are
isotropic as these planes correspond to the crystallographic quintuple layers, while the
z-direction is the stacking direction of those layers. Therefore the y- and z-directions
are not equivalent and thus leads to a breaking of the spectrum symmetry. The red
dashed lines are marking the chiral edge states which are propagating along the side
surfaces of the nanowire. The other special magnetic field direction is the α = 90◦

(Fig. 4.9 (f)), where the magnetic field is pointing perpendicular to the side surfaces
of the nanowire. Also here the flat Landau levels are emerging as expected, but now
the 0th-Landau level (marked with a green dashed line) is located much higher in
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energy. This is also the effect of the crystallographic anisotropy, meaning that the Dirac
point of the z-surface states lies lower in energy than the Dirac point of the y-surface
states. For better visibility the green and blue dashed lines are shown in both angle
configurations. The energy difference is roughly ∆E0 ≈ 55 meV. By understanding
these observations, it becomes quite clear what happens now if we start to rotate the
field direction between these cases. Each of the surfaces will now have a component
pointing perpendicularly out-of-plane, such that depending on the angle LLs will form
on all surfaces. In Figs. 4.9 (b)-(e) bandstructures for different angles α are plotted.
The slow field rotation visualizes the transition between the two LL configurations. At
α = 41.81◦ the two LL species can be observed best. In order to check if the modes
corresponding to the different regions in the spectrum behave as expected, one can
again plot the LDOS of the wave functions in the wire cross-section. For the field
configuration of panel (c) the spectrum is again plotted in Fig. 4.10 (a). The blue
dashed lines are marking energies at which the LDOS were computed. Additionally,
the relevant modes are labeled by letters and the LDOS in the wire cross-section are
visualised in frames (b)-(f). The cross-sections correspond to the configuration in the
schematic plot of Fig. 4.8. The bright spots represent a high LDOS value. First,
frames (c) and (e) show a high LDOS on the y- and z-surfaces, respectively. This
directly corresponds to the discussion above that the flat regions correspond to LL on
these wire parts. Next, modes (b) and (f) correspond to 1D hinge states and they
are certainly localized at the wire edges. The most interesting mode is d). Its wave
function is strongly localized at the edge between the side and the top surface. Naively,
one would expect that the Lorentz force would push the electrons away from this edge.
But instead, one finds a mode which is emerging due to the different LL energies.

Note that the spectrum looks very similar to the result that is obtained in Refs. [187, 188].
The authors studied the topological insulator HgTe in an analogous magnetic field
setup. Instead of a strong anisotropy in the material itself, the different LL energies
are introduced due to an additional Zeeman term. However, the energy difference ∆E0

is much smaller than in the above calculation. Nevertheless the authors make very
interesting predictions for the quantum transport signatures. By locally contacting
the edges of TI nanowires different conductance signatures should be observable which
depend on small rotations of the magnetic field. These effects should also apply to
materials with a strong anisotropy that is present inherently in the Hamiltonian.

In conclusion, an arbitrary angle between TI nanowire axis and external magnetic
field leads to the emergence of 1d hinge states. The intrinsic anisotropy of the 3D
Hamiltonian leads to an asymmetry in the Landau level spectrum, where Landau levels
are energetically located at different reference energies for each nanowire surface.

4.4. Dirac particles in a magnetic box

One of the main features of Dirac particles with a linear dispersion is the suppressed
backscattering and the possibility of Klein tunnelling [189]. Therefore, due to this
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Figure 4.10: (a) Bandstructure of TI nanowire for a field angle of α = 41.81◦. (b) - (f)
LDOS of the labelled modes of panel (a) plotted in the wire cross-section. 1D modes
appear at the edges of the nanowire, which correspond to (b), (d), and (f). Contrary, (c)
and (e) are localized Landau level electrons on the x−z and x−y-surfaces, respectively.
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property, it is conceptually hard to confine Dirac particles in a certain spatial area.
However, such a confinement can be very useful to probe spectral properties of quantum
states, i.e., in Fabry-Pérot interferometry experiments [190]. In topological insulator
nanowires Osca et al. suggested in Ref. [191] a sequential gating setup to trap Dirac
particles. Experimentally, it can be quite complicated to construct such local gates
and to tune them into the right parameter regime. Another possibility to confine
such states is the combination of magnetic fields and the actual surface geometry of
the nanowire [64, 154], which, for example, allows to study Coulomb blockade. In
Ref. [154] the considered system has a smoothly varying wire radius along the axial
direction with a full rotational symmetry with respect to the wire axis. Intriguing
quantum transport signatures can emerge in such systems due to the special surface
geometry. Furthermore, M. Fürst could show in his Masterthesis [192] that Landau
levels of Dirac fermions obtain very interesting spectral properties, which depend on
the curvature of the surface.
Realistic samples, for example, HgTe, which are studied in the Weiss group at the
University of Regensburg, are typically shaped a bit differently. In Fig. 4.11 (a) a
scanning electron micrograph of a realistic sample is shown. Note that the wire is etched
into a macroscopic slab geometry, where the actual wire is connected at its two ends by
system parts which are continuously increasing in width. The wire has no rotational
symmetry, as the resulting cross-section has a trapezoidal shape with a constant in-
plane height. Additionally, for nanowires an axial magnetic field is necessary in order
to induce the perfectly conducting mode by closing the Berry gap. Consequently, in
such systems there will always be an out-of-plane magnetic field component at the sides
of the nanowire constrictions.
In this section we want to study in detail the physics of such TI nanowire constrictions
in a magnetic field parallel to the wire axis. Fig. 4.11 (b) is showing a schematic plot
of the desired geometry. The setup consists of two wide TI nanowire leads with width
Wlead which are coupled to a central nanowire with smaller width Wcenter and length
Lcenter via two symmetric wire contractions with arc length Larc. The height h is
kept constant throughout the junction. Dr. Kozlovsky already devised an effective 2D
implementation scheme of the depicted structure in his PhD thesis (see Ref. [64]) and
studied it very thoroughly in a perpendicular magnetic field. Also, first simulations
in an axial field showed very interesting features with quantized and flux dependent
conductance lines (see Chap. 6.3.2 in Ref. [64]). Furthermore, M. Fürst could show
in his Bachelor thesis [193] that analogous conductance features can be observed by
employing a full 3D model. The origin of those transport properties will be examined
in the following.

4.4.1. Modeling of a TI nanowire constriction

Two possible approaches are available to model the nanowire constriction in a tight-
binding manner. First, the already mentioned code of an effective surface implemen-
tation of Dr. Kozlovsky will be employed. However, a broader geometric parameter
range will be considered, which will clarify the basic working principle of a radially
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Figure 4.11: (a) Scanning electron micrograph of an experimental HgTe nanowire, which
is etched into a macroscopic sample. Adapted from Ref. [25]. (b) Schematic plot of the
considered TI nanowire constriction. A small diameter wire is symmetrically connected
to two broader leads. An external magnetic field is applied parallel to the junction axis.

constrained nanowire junction. This scheme is not straightforwardly implemented, as
it involves a local adjustment of hopping parameters. The procedure is necessary to
be able to model with a 2D square lattice a spatially varying nanowire thickness. For
more details of the methodology we refer the reader to Chap. 6.3 of Ref. [64]. As
the first approach is technically a bit demanding, we also consider a second and more
straightforward method in order to check for numerical artefacts. We will use the full
3D model, given by Eq. (2.1) with the toy model parameters of Tab. 2.1b and search
in smaller systems for analogous transport features. The constriction shape is easily
obtained by simply deleting sites of a full nanowire, which are lying outside the desired
shape.

4.4.2. Results of conductance simulations

In the subsequent parts we will differentiate between two junction regimes. It turns
out that one of the important geometrical quantities is the length Lcenter of the central
nanowire segment. First, we will consider the case of long wires in the constriction,
where the exact meaning of long will be clarified in the next paragraphs. Second,
when the basic physics of these junctions were clarified, we will consider short cen-
tral lengths. For the latter case, also the side faces of the contracting system parts
contribute strongly to the observed quantum transport signatures.

Before starting to discuss specific junction geometries, we want to highlight an impor-
tant model ingredient for the numerical simulations. In order to increase the conduc-
tance response for transport through the junctions we assume to have metallic leads
(dark grey regions in Fig. 4.11 (b)). This assumption can be easily incorporated into
the model by using highly doped leads, where the chemical potential in the reservoirs
reads

µL = µ+ ∆µ, (4.6)
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where ∆µ is the energy offset compared to the chemical potential µ in the central
and the contracting parts of the constriction. By considering a positive non-zero value
for ∆µ one can easily increase the kinetic energy of the lead modes, which probe the
transport features of the constriction. This considerably increases the conductance in
the energy range close to the Dirac point and gives insight into the present physics.

Long central segment – 2D model

Let us start the discussion by defining specific geometrical constriction parameters for
the effective 2D model. The height of the whole junction is fixed to h = 80 nm, which
is a standard value for HgTe nanowire systems [25], while the width of the leads and
the central wire segment are set to Wlead = 150 nm and Wcenter = 75 nm, respectively.
Contracting parts of the junction are defined by an arc length of Larc = 100 nm and
they are connected by a central homogeneous nanowire with length Lcenter = 1000 nm.
This explicit geometry is resolved by a 2D square lattice with 302 lattice points around
the circumference and 550 lattice points along the constriction direction. Finally, in the
Hamiltonian we choose a Fermi velocity of vF = 5 · 105 m/s and for the leads an energy
offset of ∆µ = 30 meV with µ = 0 and a Wilson mass strength of Egap = 60 meV.

In the following we will discuss the two terminal conductance through the above spec-
ified geometry with respect to two external parameters. The first of them is the exter-
nally applied magnetic field parallel to the junction axis. This field modifies the surface
state spectrum by the Aharonov-Bohm effect and additionally produces out-of-plane
magnetic field components at the contracting side faces. Secondly, we vary the Fermi
energy in the whole system, which is measured with respect to the Dirac point. In this
way, conductance maps are calculated as a function of both parameters. In case of a
uniform nanowire the parameter variations will result in diamond shaped conductance
features, which are periodic in flux and increase in conductance magnitude by raising
the Fermi energy. However, these properties become strongly modified by constraining
the nanowire.
In Fig. 4.12 (a) such a map is shown for the above introduced geometry. At low values
of the magnetic field and in the full shown energy range one can still observe remnants
of the uniform conductance diamonds. Still, inside those diamonds a conductance mod-
ulation with local maxima is appearing. Further increasing the magnetic field leads
to periodic conductance peaks, which depend hyperbolically on the flux. Moreover,
those conductance peaks are uniformly separated in energy. In the low energy range
close to the Dirac point the conductance is almost fully suppressed, except at the iso-
lated hyperbolic lines. Here it is remarkable that the lowest conductance line is slowly
emerging at zero energy and then only dispersing with a positive slope. The higher
lying conductance lines also have regions with a negative slope.
Naturally, the question arises wherein the origin of these features lies. Interestingly it
turns out that the complicated structure can be boiled down to a simple particle in the
box picture. We know from Sec. 2.1.2 that the surface state spectrum of a TI nanowire
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Figure 4.12: (a) Numerically calculated conductance through a TI nanowire constric-
tion as a function of the Fermi energy EF and an axial magnetic field B‖. In (b) the
resonances in the conductance are fitted by a quantized Dirac spectrum, which origi-
nates from a magnetic confinement of the surface states in the constriction. The system
was implemented with a 2D effective surface model and the parameters are specified
in the main text.
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in an axial magnetic field is given by Eq. (2.11), which reads

E(kx, l,Φ) = ±~vF

√
k2
x +

(
2π

C

)2(
n− 1

2
+

Φ

2Φ0

)2

. (4.7)

As already mentioned, the axial magnetic field is inducing also out-of-plane magnetic
field components at the side faces of the constriction. If those field components become
strong enough, i.e., when the magnetic length lB becomes comparable to the spatial
extensions of the side faces, localized Landau levels can emerge at those surface regions.
In Fig. 4.12 we also plot the magnetic length values as a second x-axis above the con-
ductance maps. Note that those lengths do not correspond to the axial magnetic field
B‖, but instead to the out-of-plane field component B⊥ = B‖(Wlead −Wcenter)/(2Larc)
on the side faces. When the magnetic length becomes short enough, the emerging
localized Landau levels can serve as strong magnetic barriers at each end of the cen-
tral nanowire segment. This magnetic confinement leads then to a quantization of
the longitudinal momentum kx. For simplicity, we can assume that the longitudinal
momenta become quantized according to hard-wall boundary conditions (see Sec. 3.4)
with kx = πm/L

′
and m = 0,±1,±2,±3, .... With this assumption, the discrete energy

levels are given by

E = ±~vF

√(
m
π

L′

)2

+

(
2π

C

)2(
n− 1

2
+

Φ

2Φ0

)2

. (4.8)

The relevant length is assumed to be equal to the length of the central wire, i.e.,
L
′

= Lcenter, and also the circumference of the central part with C = 2(Wcenter + h)
is considered for the values of the angular momenta. Using Eq. (4.8) we can compare
the conductance map with these discrete energy levels for the above geometry. This
comparison plot is shown in Fig. 4.12 (b). The figure shows again the computed
conductance map which is overlaid by the calculated discrete energy levels, where the
latter are shown as colored dotted lines. Each color therein corresponds to a different
angular momentum quantum number. Additionally, each discrete energy branch in
one colored cone structure stems from one fixed value of m, where the lowest linearly
dispersing states are given by m = 0. By going up in energy, the upper energy levels
are then obtained by increasing the value of m in integer steps.
Note that we also include m = 0 to fit these lowest linear conductance branches, even
though in a simple 1D particle in a box picture such a state is not available. The
difference in the constriction lies in the presence of the circumferential direction, such
that the lowest state can have zero kinetic energy along the constriction direction.
This state still has angular energy and circles therefore around the wire circumference,
what results in the presence of a m = 0 state. What is even more remarkable and
special about the lowest lying energy states is that only the part of the branch with
positive slope is contributing to the conductance. States with negative slope are not
observable in transport for m = 0, except if the energy is tuned to negative values. The
explanation for this observation might be given by the assumption of Dr. Kozlovsky’s
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Figure 4.13: Induced chirality for the m = 0 states in the nanowire constriction. A
specific current direction is favored due to the localized quantum Hall states.

PhD thesis (Ref. [64]), which is shown in Fig. 4.13. The argumentation for transport of
only m = 0 branches with positive slope through the constriction lies in the formation
of chiral states on the side faces, which circle those surfaces in a specific direction. This
leads in the central wire segment to a preferred angular momentum direction, while the
reversed circulation is suppressed. We take up this argument and further discuss the
observed transport feature. In order to do that, we need to point out the close relation
to the well known persistent currents in Aharonov-Bohm rings [194–197]. Currents are
given by the derivative of the ring spectrum with respect to the applied flux through
the circumference. For our constriction setup, the central wire part also corresponds
to such a ring structure in a perpendicular magnetic field. The states with m = 0 do
not have longitudinal kinetic energy in the axis direction. Therefore, the only energy
contribution of those states lies in the angular momentum part. These energies are
given by

E(n,Φ)|m=0 = ±~vF
2π

Ccenter

(
n− 1

2
+

Φ

2Φ0

)
, (4.9)

such that the resulting currents read

I = −∂E
∂Φ

= ∓~vF
2π

Ccenter

1

2Φ0

= ∓ evF
Ccenter

. (4.10)

By tuning the magnetic flux at a fixed value of the Fermi energy EF one should be
able to switch between the two signs of the current which corresponds to different
circumferential directions. In contrast to a typical Aharonov-Bohm ring structure, the
quantum Hall states on the side faces suppress one circulation direction. The current
direction, which is shown as orange lines in the central segment of Fig. 4.13, is probably
the one which is mediating transport between the two leads, as it is in resonance with
the chiral quantum Hall states on the side faces. Contrary, the counter rotating current
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state is being suppressed due to the localization effect of the chiral states which strongly
act against the central persistent current. Higher lying states with m > 0 have also
kinetic energy along the constriction direction and are therefore not purely influenced
by those quantum Hall states. These switch continuously between current directions if
the flux is tuned from low to high values.

In order to show that this particle in a box picture in combination with the local
quantum Hall states on the side faces is valid, we numerically compute the bound state
energy spectrum as well as the related eigenfunctions of such a constriction. This is
done by simply taking into account a finite system of the light grey and blue constriction
parts of Fig. 4.11 (b) and by diagonalization of the tight-binding Hamiltonian matrix.
In Fig. 4.14 we show again the computed conductance map of the above considered
constriction in a low energy range with the calculated energy spectrum as orange dotted
lines. The energies of states which are confined in the constriction match perfectly with
the conductance peaks. Note that in the eigenspectrum also lowest branches (m = 0)
with negative slopes are present, which are not leading to a conductance response.
To check whether these states correspond to localized quantum Hall states, we fix
the magnetic field strength to B‖ = 2.55 T and show also the local density of states
in arbitrary units for the eigenfunctions corresponding to the seven energies marked
with white triangles. The two lowest energies are associated with states which have
the quantum number m = 0 and a different angular momentum quantum number.
These have a negative slope and do not contribute to conductance. Moreover, the flux
dependence shows that by increasing the magnetic field strength the energy values are
smoothly converging to E = 0. Just as expected, the first two LDOS panels exhibit
that the corresponding eigenfunctions are strongly localized at the side faces of the
constriction. Due to the localization no transport can be mediated by those states.
Contrary, the next two states which lie higher in energy stem from one and the same
angular momentum quantum number. Their longitudinal quantum numbers are m = 0
and m = 1 and from the simple particle in a box picture we expect an increasing
number of nodes and local maxima in the LDOS plots. This is exactly what can be
observed in the next two LDOS panels. While for m = 0 we have one single LDOS
maximum in the central wire part, which is confined by the side faces and the effective
magnetic barriers, one gets two maxima for m = 1. The next higher energy is again a
m = 0 state with negative slope, therefore it is again localized at the side faces. Finally,
the last states correspond to the quantum numbers m = 2 and m = 3 with three and
four maxima in the LDOS panels, respectively. These findings are consistent with the
picture of confined states inside the constriction.

Long central segment – 3D model

Before we go on and consider a short nanowire connection in the central part of the
constriction, we check the above findings with the full 3D model of Sec. 2.1.1 and the
simple model parameters of Tab. 2.1b. This serves as a consistency check in order
to exclude possible artefacts which might arise due to the necessary numerical lattice
transformation of the 2D effective surface implementation. In the full 3D model we
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Figure 4.14: Comparison between conductance map and the eigenspectrum (orange
dotted lines) of a finite constriction. The discrete conductance lines stem from bound
states inside the constriction, where the lowest states with negative slope do not con-
tribute to conductance. Those states correspond to localized quantum Hall states. In
order to show this, also the LDOS of the eigenfunctions for the seven lowest eigenval-
ues (marked with white triangulars) at B‖ = 2.55 T are plotted. Contrary to states at
higher energies and also to the lowest once with positive slope, which are localized in
the central wire segment of the constriction, the lowest states with negative slope are
localized at the side faces of the junction.
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are limited by greater numerical cost such that we change the geometrical system
parameters to a lead width of Wlead = 30 nm, a central width of Wcenter = 10 nm
and a constant height of h = 20 nm. The system is discretized on a uniform cubic
grid with lattice spacing a = 1 nm. Additionally to increase the effect of the magnetic
barriers in our small constriction we choose an arc length of Larc = 10 nm, meaning
that we get a hard constriction that directly connects the lead width to the central
nanowire segment. Therefore the side faces are always perpendicular to the applied
axial field and experience the maximal out-of-plane field components. Finally, the
central homogenous nanowire length is set to Lcenter = 100 nm and we use a lead energy
offset of ∆µ = 0.38 meV. In Fig. 4.15 (a) the calculated conductance is again illustrated
as a function of the applied magnetic field and the Fermi energy. Note that we need
to use relatively large magnetic fields in order to thread a few flux quanta through the
cross-section of the central segment due to the small constriction dimensions, but the
qualitative features won’t be different in larger systems. Analogously to the results
obtained by the effective 2D model, the conductance is exhibiting discrete resonances
with a hyperbolic flux dependence.
Also, the lowest resonance is only present with a positive slope and again we can fit
Eq. (4.8) to the numerically calculated results. For the length of the confined region
we set L = 85 nm and the flux ratio is defined by

Φeff

Φ0

=
B‖(Wcenter − λs)(h− λs)

Φ0

, (4.11)

where λs is the penetration depth of the surface states into the bulk. The fitted
spectrum is shown in Fig. 4.15 (b) overlaid to the conductance map. The spectrum fits
again perfectly the resonances, leading to the conclusion that the effective 2D model is
reproducing correctly the physics in a 3D nanowire constriction.

Short central segment – 2D model

Finally, we want to study the effect of shortening the length Lcenter of the central wire
segment. More precisely, we take into account the same constriction geometry as above,
except that we set Larc = 150 nm and Lcenter = 10 nm. Regarding the lattice points
along the constriction direction, we change their number to 310. The conductance
result is illustrated in Fig. 4.16, where also the bound state energies of Eq. (4.8) for
the given geometry are plotted. Note that the conductance map shows similar features
as Fig. 6.8 (a) of Ref. [64]. Due to the reduced length Lcenter the spacing between the
discrete bound state energies for different quantum numbers m is increasing, such that
only the lowest branch is visible in the considered energy range. It is evident that the
particle in a box picture is no longer applicable to the very short wire segment. The
energy branches do no longer fit the resonance lines, where remarkably the latter are
bending towards zero energy for larger magnetic field values. Here, we want to point
out that the value of Lcenter, at which the particle in a box picture breaks down, can
be used as a threshold that separates the long from the short junction regime.
In order to answer the question, why the situation is changing for the shorter con-
striction, we extend the parameter range of the considered magnetic field strength and
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Figure 4.15: (a) Conductance as a function of the Fermi energy EF and an axial mag-
netic field B‖ for a TI nanowire constriction specified in the main text, which was
implemented with the 3D BHZ Hamiltonian [Eq. (2.1)]. Discrete conductance reso-
nances are observable, analogously to the effective 2D calculation. (b) Fit of bound
state spectrum given by Eq. (4.8) to the conductance.
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Figure 4.16: Conductance as a function of EF and B‖ for a constriction with a short
central wire of length Lcenter = 10 nm. The expected bound state energies are shown
in dotted lines. These are no longer fitting the observed conductance resonances.

Fermi energies. Figure 4.17 (a) is showing a conductance map for the full parameter
set. At low values of EF we see a periodic repetition of the single resonances which are
bending smoothly towards E = 0. Additionally, at larger Fermi energies, one can cer-
tainly observe the emergence of three line like structures with positive slope. The origin
of those features lies in the presence of the out-of-plane field components which pierce
the side faces of the constriction. These surface components become very dominant in
the considered geometry, as the central wire segment is short compared to their spatial
extension. Therefore, the transport properties of the constriction are dominated by
the quantum Hall physics which arise at the contractions. The out-of-plane magnetic
field component leads to the formation of Landau levels, where in Dirac systems the
respective level energies are known [186] to obey Eq. (4.5), such that

ELL =
√

2e~nLLvF

√
Beff =

√
2e~nLLvF

√
B‖

F

Larc
, (4.12)

where nLL = 0,±1,±2, ... is the Landau level index. Energies of Landau levels are
directly proportional to the square root of the perpendicular magnetic field, which
pierces the Dirac surface states. In Fig. 4.17 (b) the expected Landau level energies of
Eq. (4.12) are plotted in red, while only the nLL = 0 level is shown in white for better
visibility. The above emphasized line structures in the conductance map are perfectly
fitted by Eq. (4.12). This observation shows that transport is mainly dictated by the
side surfaces and the emerging Landau levels are strongly affecting the bound states
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Figure 4.17: (a) Conductance as a function of EF and B‖ for the same constriction as
in Fig. 4.16 with extended parameter spaces. In the conductance, line structures with
positive slope are appearing. These are fitted in (b) by Eq. (4.12) with white (nLL = 0)
and red (nLL > 0) colored line plots, which perfectly match the observed features.
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4. Quantum transport in normal and superconducting topological insulator systems

in the central wire segment. Therefore, in such a TI constriction, transport in the
low energy range should be mediated by states with a certain angular momentum and
rotation direction. The exact angular momentum value can be tuned by the applied
magnetic field.
Summarizing the above findings, we have shown that a geometrical confinement of
Dirac surface states in combination with an axial magnetic field can lead to intriguing
transport signatures. Two distinct regimes could be identified, which depend on the
length of the central constriction part. For long nanowire segments, quantized Dirac
states emerge in the junction, which can be probed by transport simulations and which
can be described by a simple particle in a box picture. Furthermore, for short nanowires
connecting the two contracting junction regions, transport is dominated by localized
chiral quantum Hall states which emerge at the junction side faces. These observa-
tions might be employed in realistic experiments to probe the dispersion properties of
topological surface states.

4.5. Crossed Andreev reflection in TI nanowire
junctions

In recent years hybrid systems of topological insulators and s-wave superconductors
attracted a lot of scientific interest due to the prediction that such systems might be
ideal platforms to engineer Majorana fermions [9, 198–200]. But also many other in-
teresting transport phenomena are expected to occur in these systems. One example
is the possibility of perfect Andreev reflection at a N/S-junction in TI nanowires [65].
The Andreev reflection is here stabilized due to the presence of a phase winding in the
superconducting pairing. The setup is in principle an application similar to the Majo-
rana interferometer which was suggested by Fu and Kane [200]. Further exploiting this
property of TI nanowires, also devices which allow perfect crossed Andreev reflection
could be built. Such a system is studied in detail in this section.
Andreev reflection at a N/S-interface is a scattering process that relates electrons and
holes. An incoming electron (hole) mode with an energy inside the superconducting
gap can either be normal reflected as an outgoing electron or Andreev reflected into an
outgoing hole mode [106]. Crossed Andreev reflection is an analogous process where
the electron and hole modes are additionally spatially separated. This effect is very in-
teresting for quantum computing as it is in a sense the reversed process of Cooper pair
splitting. Cooper pair splitters could be used to generate entangled electrons [201–206]
which in turn would be useful for secure information exchange. In order to build such
devices a high Cooper pair splitting rate is necessary. Therefore also a high CAR
rate might hint to physical systems where this process might be efficiently generated.
CAR has already been studied in many theoretical proposals, where platforms were,
for example, 2D materials such as graphene [40–42] or a 1D Kitaev chain [207], and
it was also experimentally measured [112]. However, often CAR is accompanied by
strong electron co-tunneling such that its signatures are hidden behind other transport
features. In contrast, the below discussed setup allows for perfect CAR in certain pa-
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4.5. Crossed Andreev reflection in TI nanowire junctions

rameter ranges, which could serve as a smoking gun signal in experimental realizations.
Moreover, we show that CAR is also observable on a much broader parameter range,
where the conductance features are also robust against a certain degree of disorder.
For TI nanowires it was shown that perfect Andreev reflection is possible under certain
conditions [65]. By bringing a normal s-wave superconductor into contact with a TI
nanowire an effective superconducting pairing can be induced in the topological surface
states by the proximity effect [9, 208]. By further applying an axial magnetic field the
system can be tuned into a topological superconducting regime. At roughly a flux of
Φ = Φ0 it is expected that a vortex forms at the N/S-interface. The winding in the
superconducting phase leads to a shift of the quantized angular momenta, what leads
to a stabilized superconducting pairing in the surface states. Moreover, for each value
of the chemical potential µ, an odd number of Fermi points is present, what directly
corresponds to a topologically non-trivial superconducting regime. By computing the
Andreev conductance in such a N/S-junction a perfect conductance plateau is observ-
able in the single mode regime. A drawback of TI systems is that it is usually hard to
tune the Fermi energy close to the Dirac point and into the single mode regime. There-
fore the authors of Ref. [65] suggest to introduce an additional out-of-plane magnetic
field which induces quantum Hall states as was discussed in chapter 4.3. This magnetic
field increases the energy range of the single mode regime to the range between the
zeroth and the first Landau levels. Besides increasing the possibility of an experimen-
tal observation the magnetic field is also inducing chiral edge states at the sides of the
nanowire. These states are spatially separated into counter propagating modes. Con-
cluding from this observation it should be possible to use this property and construct
a system which is spatially separating the incoming electrons from the outgoing holes
into separated electrodes. The simplest setup that would allow for such a functionality
is by adding an additional normal lead to the system and to form a T-junction with the
nanowires. In the following the modeling of such a device is explained in detail and the
conductance signatures are studied extensively employing a full 3D model. Note that
the same setup was also studied using an effective 2D surface model in Refs. [1, 209].
The advantage of the latter lies in the lower computational cost and the possibility to
study larger junction sizes, which are experimentally easier to realize.

4.5.1. T-junction model

In Fig. 4.18 (a) a schematic plot of the T-junction device is illustrated. Two normal-
conducting leads are coupled in a T-shaped manner to a superconducting TI lead
which is in close proximity to a normal s-wave superconductor, i.e., niobium. For the
simulation the normal superconductor is neglected, only an induced effective pairing
term is considered in the proximitized TI lead. The system is then implemented by the
standard Bogoliubov-de Gennes Hamiltonian H = 1

2
Ψ†ĤΨ with

Ĥ =

(
HBHZ ∆(r)
∆∗(r) −T−1HBHZT

)
, (4.13)

where HBHZ is given by Eq. (2.1). The superconducting pairing term is non-zero in the
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Figure 4.18: (a) Schematic plot of a T-junction. Two leads in the normal state serve
as spatially separated reservoirs of electrons and holes while the superconducting lead
induces the CAR process. (b) Bandstructure for a TI nanowire with width w = 50 nm,
height h = 10 nm and an out-of-plane magnetic field strength B⊥ = 20 nm. Adapted
from Ref. [1].

proximitized part of the TI nanowire and zero otherwise, such that it is defined as

∆(r) = ∆(r) exp(iχ(y, z)) (4.14)

and

∆(r) =

{
∆0, x < dsc

0, x > dsc.
(4.15)

The pairing strength is fixed to ∆0 = 0.25 meV, which is taken from literature val-
ues [210–212]. As already mentioned above, two magnetic fields will be applied to the
setup. The first magnetic field componentB‖ is applied parallel to the superconducting
wire axis and is used to tune the superconducting lead into a topologically non-trivial
regime. The second component B⊥ is pointing along the z-direction and stands per-
pendicular to the whole device. Note that in the superconducting region this field
component will be neglected as the normal s-wave superconductor will screen it due
to the Meissner-Ochsenfeld effect [213]. The vector potential is fixed to the following
gauge

A = A‖ +A⊥ =

 0
−B‖z/2
B‖y/2

+

 0
−B⊥x

0

 , (4.16)

such that the coordinate origin lies in the center of the superconducting lead. The
magnetic field is also affecting the phase of the superconducting pairing χ(y, z), which
becomes spatially dependent. At the N/S-interface [214] it is expected that a vortex
emerges for a flux close to a superconducting flux quantum Φ = B‖Awire = Φ0 = h/(2e).
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The phase of the pairing term is then defined as

χ(y, z) =

⌊
Φ

Φ0

⌋arctan
(
z
y

)
, arctan

(
z
y

)
> 0

2π + arctan
(
z
y

)
, arctan

(
z
y

)
< 0

(4.17)

where b...c denotes the floor function. The spatial dependence of the pairing amplitude
can be neglected in our model as we are only interested in the transport behavior
of the surface states. These states live only close to the wire surface, such that the
spatial decay of the pairing magnitude into the bulk of the wire is of no importance
for us. The winding of the phase is having two important effects. First of all it allows
Andreev reflection for the perfectly conducting mode by introducing matching angular
momenta of the electron and hole wave functions [65]. Moreover the vortex is stabilizing
the superconducting state, which is disturbed by the axial magnetic field B‖. The
magnitude of the superconducting gap is continuously decreasing with increasing flux
Φ through the wire cross-section [215]. The additional winding of the phase counteracts
the influence of the vector potential.
The full 3D model is on the one hand computationally much more expensive as an
effective 2D model, but on the other hand it also allows for the emergence of Majorana
fermions at the N/S-interface. This will be particularly important in the next section
in the case of conductance simulations in disordered devices.

4.5.2. Conductance signatures

For the transport simulations we fix the system parameters shown in Fig. 4.18 (a) to
wire widths w = 50 nm and a device height of h = 10 nm. In all of the following
conductance simulations the lattice constant was set to a = 1 nm. These dimension
are already experimentally feasible [216] and still in a range such that calculations
can be performed with a balanced numerical cost. The other length values are set to
dsc = 1 nm and dn = 20 nm.

Strong magnetic field configuration – quantum Hall regime

First we consider the strong B⊥ case in which the device is in the quantum Hall
regime. If the magnetic length lB becomes comparable to the width of the wires,
localized Landau levels and edge states can form in the system. In order to enter
this regime in our simulations we fix B⊥ = 20 T. At a first glance this value looks
quite large, but it should be pointed out that nanowires in experiments usually have
larger dimensions. This considerably reduces the necessary field strength to reach
the quantum Hall state. The corresponding bandstructure is shown in Fig. 4.18 (b).
Around k = 0 the flat Landau levels are observable while for larger k-values the chiral
edge states are present. The green shaded region is visualizing the energy range in
which we compute the conductance through the junction. The magnetic field is pointing
downwards, therefore electrons entering the system from lead 1 will propagate along
the side surface and hit eventually the N/S-interface at lead 3. Electrons entering from
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Figure 4.19: (a) and (b) show the different transport probabilities for a T-junction
setup with wire widths w = 50 nm, height h = 10 nm and B⊥ = 20 T, corresponding
to an axial flux of Φ = 0 and Φ = Φ0, respectively. (c) Conductance computed with
Eq. (4.18) for both flux configurations. In the presence of a vortex perfect CAR is
observed, which is measurable by a negative conductance signature. Adapted from
Ref. [1].

lead 2 will mainly propagate along the back surface and move directly into lead 1. With
Kwant we compute the S-matrix for the setup. Therein we have access to the various
transport probabilities, which are given by normal reflection R, Andreev reflection RA,
normal transmission T and crossed Andreev reflection TCAR. In actual experiments the
measured quantity is the non-local conductance in which those transport probabilities
are encoded. Therefore, we will also compute this quantity to make predictions for
experimental setups. It is given by [217]

G21 =
e2

h

(
T21 − TCAR

21

)
. (4.18)

In Figs. 4.19 (a) and (b) the probabilities of the different transport events are plotted
as a function of the chemical potential µ for the fluxes Φ = 0 and Φ = Φ0 (B‖ =
4.6 T), respectively. Also the total number modes N1 in lead 1 are shown as dashed
lines. Without an axial magnetic field B‖, and therefore without a winding in the
superconducting phase, the most dominant process is normal electron transmission T .
Only in the energy range closely below the first Landau level normal back reflection R
and Andreev reflection RA are observable due to the presence of counter propagating
modes on the side surfaces. The peak around µ = 135 meV stems from a small up
bending of the bands close to the first Landau level which is caused by the anisotropy
of Bi2Se3. This is visualized as an inset in Fig. 4.18 (b). In contrast to this trivial
transport signature, introducing a flux of Φ = Φ0 leads to a CAR plateau in the
single mode regime. Further approaching the first Landau level results again in the
emergence of other transport probabilities and for higher energies again normal electron
transmission is dominating. The jump between T and TCAR around µ = 138 meV is
a numerical artefact. The axial flux is not exactly tuned to a superconducting flux
quantum due to the finite penetration depth of the surface states into the bulk. The
curves would become smooth by an exact tuning of the flux which results in a perfect
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4.5. Crossed Andreev reflection in TI nanowire junctions

interplay between the winding of the phase and the magnetic field. The smoking gun
signature in an experiment for perfect CAR would be a negative conductance plateau
as illustrated in Fig. 4.19 (c). The flux through the wire cross-section induces perfect
CAR in the single mode regime with TCAR = 1 and T = 0. By looking at Eq. (4.18) it
is clear that a negative conductance signals the perfect conversion of an electron into a
hole mode. Physically this means that an incoming electron from lead 1 is not leaving
in lead 2. Instead, it forms along with an additional electron from lead 2 a Coopper
pair which enters the superconducting lead 3. The missing electron from lead 2 results
in a negative non-local conductance signal between leads 1 and 2.

Weak magnetic field configuration

Above the conductance was calculated as a function of the chemical potential µ for a
fixed B⊥ value in the quantum Hall regime. The drawback of the high out-of-plane field
is that it might interact with the superconducting pairing and destroy it eventually,
if the magnitude of B⊥ becomes too large. Therefore it is also good to understand
the conductance behavior at weaker field ranges for different doping regimes. As the
parameter space is increasing due to the additional tuning of B⊥, the system size is
reduced by setting the wire widths to w = 24 nm. The other system parameters stay
unchanged. Note that the general operational behavior of the device is not changing
qualitatively with increasing or decreasing wire widths. Only the field ranges will scale
with the system size. In Fig. 4.20 the non-local conductance G21 is plotted with respect
to the chemical potential µ and the out-of-plane magnetic field B⊥. More precisely,
the results for an axial field of B‖ = 9.58 T (Φ = Φ0) and B‖ = 0 (Φ = 0) are shown
in Figs. 4.20 (a) and (b), respectively. Blue (red) color coding corresponds to negative
(positive) conductance and therefore to a dominating CAR (normal electron transmis-
sion) process. For small values of the chemical potential and increasing magnetic field
the single mode regime with its plateau can be observed for both axial field configura-
tions. At larger fields and higher chemical potentials normal electron transmission is
the dominant process. However, remarkably also for low values of B⊥, a certain param-
eter range is showing a high CAR rate in the two field cases. This is a very important
observation, as it shows that the device can also operate with weak magnetic fields.
This is always favourable for superconducting systems.
Due to that finding, we can now go back to our large system with wire widths w = 50 nm
and study the conductance for a weaker perpendicular magnetic field of B⊥ = 4 T. The
bandstructure of that parameter set is shown in Fig. 4.21 (a) where the energy range
of interest is again shaded in green. The quantum Hall regime is not fully realized yet,
Landau levels around k = 0 are only starting to form. Still, the influence of B⊥ is
strong enough to induce states that propagate preferably at the sides of the nanowires
and will therefore hit the N/S-interface. The different scattering probabilities are il-
lustrated in Figs. 4.21 (b) and (d) for B‖ = 0 (Φ = 0) and B‖ = 4.6 T (Φ = Φ0).
For the latter, again a CAR plateau is observable in the single mode regime. However,
compared to the strong field range from above, TCAR stays the dominant scattering
event even for large values of µ. This is also the case for no applied B‖ and no winding
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Figure 4.20: Conductance G21 with respect to the chemical potential µ and the applied
perpendicular magnetic field B⊥. In (a) a parallel field of B‖ = 9.58 T (Φ = Φ0) is
applied to the system, while in (b) B‖ = 0 (Φ = 0). Adapted from Ref. [1].

in the phase of the pairing term. The non-local conductance, shown in Fig. 4.21 (c), is
therefore also showing a strong negative conductance signature at high doping ranges.
Moreover, the curves look very similar for both axial field configurations, meaning that
the device can also be operated without the necessity of an in-plane field.

Disordered devices – robust CAR signature

In the clean limit the T-junction is showing clear CAR signatures for different parameter
regimes. The question remains if these conductance features survive in presence of
disorder. For the simulations and due to the relatively small diameter of the wires we
chose to use white noise (short-range) disorder. The disorder potential is defined by
the amplitude V = K · 0.41 eV, where the onsite values are chosen from a standard
normal distribution. The conductance is then calculated as the average of different
disorder configurations. Typically many disorder samples are considered in averaging
procedures, but as the 3D model is already quite computationally expensive the number
of samples is fixed to 20. This number is high enough to get rid of the most dominant
sample dependent conductance features. We consider the device of Fig. 4.20 with wire
widths w = 24 nm in the presence of such disorder. As the disorder should also be
included around the N/S-interface we set the distance parameters to dn = 20 nm and
dsc = 5 nm. Additionally the distance between lead 1 and lead 2 is fixed to 45 nm
to include possible scattering even before coming close to the N/S-interface. The
conductance is computed for different disorder strengths K and for a perpendicular
magnetic field strength of B⊥ = 7 T as a function of µ. This corresponds to a horizontal
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Figure 4.21: (a) Bandstructure of a TI nanowire with width w = 50 nm, height
h = 10 nm and B⊥ = 4 T. The green shaded region marks the energy range of
the conductance computation. (b) and (d) show the probabilities of the different pos-
sible scattering events in the T-junction. (c) shows the corresponding conductance
calculated between leads 1 and 2. Adapted from Ref. [1].
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Figure 4.22: Conductance for a disordered T-junction as already studied in Fig. 4.20.
The conductances were averaged over 20 disorder samples. The CAR signature of
negative non-local conductance will survive a certain amount of disorder. Adapted
from Ref. [1].

linecut in Figs. 4.20 (a) and (b). In Figs. 4.22 (a) and (b) the averaged conductances for
the two axial field configurations are plotted. In both figures it is observable that the
CAR rate is reduced with increasing disorder strength, but it survives until a certain
magnitude of K. Furthermore, the conductance plateau in the single mode regime for
small µ is robust against disorder and stays at +1 (Φ = 0) or -1 (Φ = Φ0).

Effect of Zeeman term

Up to now we only considered the orbital effect of the magnetic fields. Lastly, we
are also going to consider the Zeeman effect which enters directly as an additional
term in the Hamiltonian and scales with the magnitude of the magnetic field. This is
particularly important in the case of Bi2Se3 and analogous compounds, because these
materials typically have large g-factors. In the basis of the 3D BHZ model of Eq. (2.1)
the Zeeman term is given by [218]

HZ =
µB
2


gvzBz 0 gvPB− 0

0 gczBz 0 −gcPB−
gvPB+ 0 −gvzBz 0

0 gcPB+ 0 −gczBz

 . (4.19)

The g-factors of magnetic fields parallel and perpendicular to the z-axis of the conduc-
tion band (c) and the valence band (v) are denoted as g

v/c
z and g

v/c
P , respectively. Also

the standard definition B± = Bx± iBy holds. We choose literature values of Ref. [219]
for the necessary g-factors, which are set to gvz = 29.90, gcz = 27.3, gvP = 18.96 and
gcP = 19.48. We consider again the same system as was studied in Fig. 4.20 with wire
widths w = 24 nm. Fig. 4.23 (a) is showing the conductance for B‖ = 9.58 T, while (b)
is illustrating the case of B‖ = 0. Comparing the results to those without a Zeeman
term, the most important features are still present. For the case of an applied axial field
the CAR signature become a bit smeared out. Particularly in the single mode regime
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Figure 4.23: Conductance with respect to B⊥ and µ for the same device as studied
in Fig. 4.20 with an additional Zeeman term given by Eq. (4.19). The conductance
signatures in the case of B‖ = 9.58 T are a bit smeared out, but still present over a
large parameter range. Adapted from Ref. [1].

a parameter range with suppressed CAR starts to appear. But it should be stressed
that the magnitude of the Zeeman term is quite large due to the high magnetic field
strengths in the small diameter wires. For more realistic and larger wires the necessary
magnitudes are much lower and therefore also the effect of the Zeeman term becomes
much less pronounced.
In summary, we have extensively studied crossed Andreev reflection in a 3D TI nanowire
T-junction for different setup conditions. CAR is highly tunable by the application of
external magnetic fields, where a clear CAR signature is achievable by inducing a phase
winding in the superconducting lead via an axial flux of Φ = Φ0. Moreover, wide pa-
rameter ranges show high CAR rates even without the phase winding and for low values
of the perpendicular magnetic field. The obtained results are robust to disorder and
also only weakly affected by the Zeeman effect.

4.6. TI Josephson junctions

In this section we change the system of interest from the previous N/S/N-junction
into a S/N/S-configuration. A topological insulator nanowire is sandwiched between
two superconducting electrodes, thereby forming a Josephson junction. Theoretically,
such systems have been studied with standard analytical approaches in Ref. [220],
where, for example, the critical current is exhibiting maxima at odd integer multiples
of the superconducting flux quantum, if an axial magnetic field is applied to the system.
Moreover, the system is expected to host Majorana end states [214] for these flux values,
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Figure 4.24: (a) Schematic plot of a TI nanowire that is proximitized over the whole
circumference by two superconducting leads. An external magnetic field is applied
parallel to the wire axis. (b) Unwrapped surface of the wire, which serves as the
implemented geometry in the tight-binding simulations.

which should manifest as a 4π-periodic current-phase relation [220]. Experimentally,
such setups are studied in the Weiss Group at the University of Regensburg, where an
image of a HgTe Josephson junction is shown in Fig. 4.30. The wires are proximitized
by superconducting niobium stripes from the top. Measurements of Shapiro steps [32]
could already show that the samples contain a certain ratio of a 4π-periodic current.
This hints in the direction that the supercurrent is carried to a large extent by surface
states that propagate on the wire surface. In the following section we want to further
study in detail the behavior the CPR and critical current under the influence of a tuned
axial magnetic field with the numerical means that were introduced in Sec. 3.6.2. We
start by first studying the CPR in a weak magnetic field for a TI nanowire that is
fully proximitized by an external s-wave superconductor. Superconductivity is here
assumed to be introduced homogeneously around the wire circumference. Afterwards,
we depart from this ideal case by considering a more realistic local proximity effect in
the wire circumference. There also the geometry is affecting the current flow in the
junction and explains experimental findings. Note that the following hybrid systems
were studied in strong collaboration with Dr. Fuchs, where we refer the reader to his
thesis [209] for additional information.

4.6.1. Weak magnetic fields and fully proximitized surface

Let us start by considering a topological insulator nanowire that is proximitized by
s-wave superconductors at its two ends. The superconductors are assumed to wrap
around the circumference fully homogeneously, thereby introducing a constant and
homogeneous pairing potential into the surface states. In Fig. 4.24 (a) the system
is schematically illustrated. The system is modelled by the effective surface Hamil-
tonian given by Eq. (2.10), which is further incorporated into the BdG Hamiltonian
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[Eq. (2.33)]. The latter then reads−i~vF

[
∂xσx +

(
∂s + i2π

C
Φ

2Φ0

)
σy

]
∆(r)σ0

∆(r)†σ0 i~vF

[
∂xσx +

(
∂s − i2π

C
Φ

2Φ0

)
σy

]Ψ = EΨ,

(4.20)
where C = 2(w+h) is the wire circumference and Φ the flux through the cross-section.
The superconducting pairing is defined as

∆(r) =


∆0 exp(iϕL) for x < 0,

0 for 0 <= x <= L,

∆0 exp(iϕR) for x > L.

(4.21)

In Fig. 4.24 (b) the induced pairing and the numerical geometry is visualized as an
effective 2D plot of the unwrapped wire surface. The setup is the same as in Ref. [220],
where the authors studied the Josephson junction purely analytically. We want to gain
a more precise insight by employing the numerical tight-binding methodology, which
was introduced in Sec. 3.6.2. The system depicted in Fig. 4.24 (b) is implemented by
discretizing Eq. (4.20) on a square lattice with grid spacing a = 5 nm. The axial mag-
netic field enters via Peierl’s substition into the hopping around the wire circumference
according to Eq. (3.10). For the following discussion we fix the wire width and height
to w = 120 nm and h = 80 nm, respectively. The wire circumference is therefore
C = 400 nm, while the length is set to L = 25 nm. We choose a superconducting pair-
ing strength of ∆ = 0.25 meV, which is a standard literature value for systems that are
proximitized by niobium [210–212], and consider a temperature of T = 0.05 K. Finally,
the chemical potential is set to µ = 22 meV and the Wilson mass term is given by the
gap energy Egap = 50 meV.

Next, we are interested in the influence of an external axial magnetic field on the super-
current in the system. In order to study this quantity, we compute the current-phase
relation for different flux values Φ in the wire cross-section by employing Eq. (3.56).
The flux will be determined by the dimensionless ratio η = Φ/(2Φ0). Note that we also
consider the orbital effect of the magnetic field inside the proximitized superconducting
wire parts, such that we also put Peierl’s phase in these regions. In Fig. 4.25 numeri-
cally computed CPRs for different flux values are shown. For Φ = 0 the CPR exhibits
a skewed shape, which corresponds to a junction with high transparency. At ∆ϕ = ±π
the curve is weakly smoothed due to the finite temperature. By slowly increasing the
axial magnetic field strength, the CPR starts to change its form quite drastically. First
of all, the magnitude of the critical current Ic(Φ) = max∆ϕ |Is(∆ϕ,Φ)| is being reduced
very quickly with rising flux. Further increasing η would eventually fully suppress the
supercurrent flow in the junction. Moreover, the curves start to exhibit small peaks
with regular oscillations on top of the standard sinusoidal shape. The positions of the
local maxima depend on the flux value and also start to vanish again for larger field
strengths.
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Figure 4.25: Current-phase relations computed utilizing Eq. (3.56) for a fully proxim-
itized topological insulator nanowire Josephson junction illustrated in Fig. 4.24. The
system parameters were fixed to w = 120 nm, h = 80 nm, L = 25 nm, a = 5 nm,
T = 0.05 K, µ = 22 meV and ∆0 = 0.25 meV. With increasing magnetic flux the CPR
changes its shape. Smaller peaks appear and the overall current magnitude is reduced.

Naturally the question arises, what is responsible for these interesting features. In order
to answer this question it is useful to calculate the ABS spectrum of such a Josephson
junction. We perform this task in two ways. The first procedure will be the numer-
ical diagonalization of a finite tight-binding system that corresponds to the studied
Josephson junction. Here we employ the theory, which was introduced in Sec. 3.6.1.
The junction is thereby implemented with the same geometrical values, except that
the full system has a length of 4999 nm, such that each of the superconducting leads
has a length of 2487 nm. An additional hopping in the wire axis direction connects the
two ends of the superconducting leads. Thereby, the setup takes the form of a torus,
where an exemplary system is shown in Fig. 3.6. A final modification is applied to the
center of the normal-conducting region. Here we add the phase factor in the hopping
in x-direction, which contains the superconducting phase difference.

The second approach to determine the ABS spectrum is an analytical calculation. We
follow the approach of Pientka et al. in Ref. [158] and employ Beenakkers scattering
matrix theory discussed in Sec. 3.6.1 in order to derive an expression for the ABS. The
detailed derivation can be found App. A.1, whereas here we highlight only the impor-
tant physical effect one has to consider. It concerns the third term in Eq. (2.56), which
stems from Andreev reflection at the interfaces of the normal and the superconducting
regions. The orbital magnetic field leads to a modification of the phase of the Andreev
reflection if it also penetrates the superconductors. An analogous effect has recently
been studied in Ref. [158] in planar Josephson junctions with a Zeeman term in the
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Figure 4.26: (a) Bandstructures of the normal-conducting region of the Josephson junc-
tion setup used for the results shown in Fig. 4.25. The black dashed lines correspond to
η = 0, while the red lines represent the flux ratio η = 0.04. (b) Zoom into the shaded
region of (a), where the splitting energies En

B of different subbands are shown in blue.

superconducting leads. In the case of TI nanowires a longitudinal B-field has the same
effect as such a Zeeman term, namely the splitting of the spin up and spin down bands.
The phase factor becomes then χ± = arccos ((En

k ± En
B)/∆). Here En

B takes the value
of the Zeeman term EZ . In the case of TI nanowires the splitting is not constant for all
subbands, which are labelled by the angular momentum quantum number n. Instead,
we have a strong dependence on the chemical potential µ and the respective band index
number. The magnitudes of the splitting energies can be calculated by

En
B = En

k (Φ)− En
k (Φ = 0). (4.22)

In Fig. 4.26 (a) the bandstructure of the normal-conducting TI region of the above
studied Josephson junction is plotted. For the chemical potential of µ = 22 meV we
have four open subbands at E = 0, where each of them is twice degenerate (black
dashed lines). Applying a flux ratio of η = 0.04 splits the degeneracy (red lines) and
the subbands start to separate with En

B. For better visibility an inset of the grey shaded
region in Fig. 4.26 (a) is shown in Fig. 4.26 (b). The splitting energies En

B are marked
in blue, where the energy is measured from E = 0. One can clearly observe that the
energies differ strongly in each of the subbands and we obtain four splitting energies
for our system.

With all of the above considerations the energies of the ABS read

En
ABS = ±∆ cos

[
1

2
arccos

(
r2 cos

(
2θn−
)

+ (1− r2) cos(∆ϕ)
)
− θ+

]
∓ En

B, (4.23)

where r denotes a normal reflection amplitude and θ± = (ke ± kh)L
2

enter as angles of
the dynamical propagation in the junction. The above equation makes it clear that the
ABS energies will be shifted in energy by the amount of ∓En

B, which scales directly
with the magnetic field strength.
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Figure 4.27: Comparison of ABS spectra obtained by numerical diagonalization of a
finite tight-binding system (red dots) and by evaluating Eq. (4.23) (black dashed lines).
Both approaches give perfectly agreeing results. The system parameters are the same
as those for the data of Fig. 4.25.

98



4.6. TI Josephson junctions

0

1.5

1.0

0.5

0.0

0.5

1.0

1.5

I s 
[A

]

1e 7(a)
= 0.04

0

1.5

1.0

0.5

0.0

0.5

1.0

1.5

E/

(b)

E0
B

E1
B

E2
B

E3
B

Figure 4.28: Comparison between (a) current-phase relation and (b) the corresponding
ABS spectrum for η = 0.04. The red dashed lines mark the zero energy crossings in
the ABS spectrum.
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Figure 4.29: Comparison of current-phase relations for different flux ratios, which were
calculated numerically with Eq. (3.56) and analytically using Eq. (3.55) shown in con-
tinuous and dashed lines, respectively.

In Fig. 4.27 the ABS spectra for different values of η are illustrated. All of the panels
certainly show that the analytical (black dashed lines) and numerical (red dots) results
agree perfectly. Panel (a) illustrates the spectrum for no axial magnetic field. The ABS
energies are four times degenerate and show the expected cosine-like dependence on
the phase difference. Also, in the numerical results the superconducting band gap edge
is observable at E/∆0 = 1. By slowly increasing the magnetic flux ratio to η = 0.01,
η = 0.02 and η = 0.04 the degeneracy of the ABS spectrum is slowly lifted, where
bands are shifted in energy by En

B. Moreover, the size of the superconducting gap is
at the same time decreasing. This will eventually lead to a vanishing supercurrent
flow. The reason for that lies in the pair breaking effect of the orbital magnetic field
and is in agreement with previous studies like Ref. [215], where the stability of the
superconducting gap in such TI systems was studied. Due to the shift of ABS energies
in positive and negative energy directions, non-degenerate zero energy crossings appear.
These crossings are responsible for the emergence of the oscillations and local peaks
on top of the sinusoidal CPR shape. In Fig. 4.28 this is shown in more detail. Panel
(a) illustrates the current-phase relation for η = 0.04, while in (b) the corresponding
analytical ABS spectrum is plotted. To highlight the direct relation between the zero
energy crossings and the maxima in the CPR, their positions are marked by red dashed
lines in both panels. The CPR is the sum of all derivatives of the ABS curves with
respect to the phase difference ∆ϕ for E < 0. So whenever there is a change in slope
at a zero energy crossing, the current is first reduced before the weight of another ABS
state is adding up again.

Finally, this result can be further checked by directly computing the current-phase re-
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lation from the analytical ABS spectrum given by Eq. (4.23). The temperature depen-
dent supercurrent can be computed from the ABS spectrum by considering Eq. (3.55).
In Fig. 4.29 the numerical CPRs are plotted in continuous lines, while the analytical
results are shown as dashed lines in the corresponding colors for different values of η.
For all cases we see a very good agreement between the two approaches.
Up to now, we have seen that the orbital magnetic field can modify the accumulated
phases and therefore also leads to oscillations in the CPR. Moreover, the axial magnetic
field leads to a quick decay of the superconducting gap in TI nanowires which are
fully proximitized by an external s-wave superconductor. By breaking the rotational
symmetry in the wire surface, it was shown in Ref. [215] that the superconducting gap
will prevail also for larger field strengths. In real experiments the symmetry is either
broken by local lattice defects and impurities, or by the sample construction itself. This
will be discussed further in the next section.

4.6.2. Periodic supercurrent oscillations in axial magnetic fields

In this section realistic TI Josephson junctions will be studied and we will construct
a model that can explain flux-periodic supercurrent oscillations, which are observed in
experiments of the Weiss group at the University of Regensburg. Let us start by giving
important details about the studied samples. HgTe nanowires serve as the basis for
the construction of the Josephson junctions. The wire structure is first etched into a
HgTe slab sample. Therefore, the bottom surface sits on top of a GaAs substrate. For
simplicity of the fabrication process of Josephson junctions, the external superconduct-
ing contacts are deposited from the top. In the experiments niobium is used as the
external s-wave superconductor. It is deposited as stripe like structures with thickness
between 60 and 120 nm, while the stripe width is usually in a range of 600 nm. The
bottom surface cannot be directly contacted, such that the wire circumference is only
partially proximitized. In Fig. 4.30 (a) a scanning electron micrograph top view image
of a real HgTe Josephson junction is shown (provided by the Weiss group), while in
4.30 (b) a schematic 3D plot of the system can be seen for better visibility. In the ex-
periments, differential resistance maps were measured for the TI Josephson junctions
with respect to an applied DC current along the junction and an axial magnetic field
B‖. Contrary what was discussed in the section before, the induced flux was tuned
to high multiples of the superconducting flux quantum Φ0. Interestingly, the observed
switching current (the current at which the junction gains a finite resistance) exhibited
in some of the measured samples flux-periodic oscillations. An example measurement
is shown in Fig. 4.30 (c). The peaks are marked with vertical dashed lines and remark-
ably, the peaks are distributed at integer multiples of half of a superconducting flux
quantum. Analogous measurements in semiconductor nanowires [166, 221, 222] have
also shown current oscillations with a regular period of a full superconducting flux
quantum. These can be explained by standard Aharonov-Bohm interference effects.
Oscillations with half of that period can not be directly explained by that theory, such
that more junction details need to be considered.
In the following, we will again use the Green’s function technique of Sec.3.6.2 to obtain
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Figure 4.30: (a) Scanning electron micrograph top view of a HgTe nanowire Josephson
junction. Niobium is deposited on the top as stripes with a width of a few hundred
nanometers and perpendicularly to the nanowire axis. (b) Schematic 3D plot of the
nanowire Josephson junction. The superconducting niobium is only partially contacted
to the wire surface. (c) Experimental measurement of a differential resistance map. The
switching current shows flux-periodic oscillations with a period of Φ0/2, (d) Schematic
2D plot of the unwrapped wire surface. Superconducting regions are shaded in blue,
while normal-conducting parts are colored in grey. The edges marked in red symbolize
periodic boundaries. Adapted from Ref. [4].
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the current-phase relation for varying axial magnetic fields and based on that compute
the critical current as Ic(Φ) = max∆ϕ |Is(∆ϕ,Φ)|. We therefore assume that the critical
current has analogous properties as the switching current of the experiments, at least in
regards of the flux periodicity. In order to capture the specific geometry of the realistic
HgTe Josephson junctions, we start by modifying the model of the previous section.
First, we redefine the superconducting pairing potential. Instead of a homogeneously
induced gap around the wire perimeter, as given by Eq. (4.21), we now take into
account the partial coverage of the wire surface by the external niobium contacts. The
superconducting pairing potential then reads

∆(r) =


∆0 exp(iϕL) for x < 0 and 0 < s < Cs,

∆0 exp(iϕR) for x > L and 0 < s < Cs,

0 otherwise,

(4.24)

where Cs is the length of the superconducting coverage around the wire circumference.
Due to the partial surface coverage, the superconducting niobium is forming an open
ring structure around the wire circumference. Therefore the phases of the pairing
potential will experience a local phase modulation around the wire circumference. As
the simplest approximation, we assume that the external flux is completely screened
in the superconducting electrodes, such that the phases are given by [100, 223, 224]

ϕL/R = ±∆ϕ

2
+ 2eAs/~, (4.25)

where A = Φ/C is the vector potential of the axial magnetic field. Plugging in the
vector potential, we arrive at

ϕL/R = ±∆ϕ

2
+ 2π

Φ

Φ0

s

C
. (4.26)

The superconducting phases therefore vary locally by moving around the wire circum-
ference and are directly tuned by the externally applied flux. This assumption is an
essential ingredient for finding Φ0/2 periodic supercurrent oscillations. Next, we will
introduce a local barrier at the interface between the normal junction part and the
superconducting contacts. From the experimental measurements it is known that the
flux periodic oscillations are typically observable in samples with a low transparency.
In order to include this observation in our model, we define

U(x, s) = U0Θ(s)Θ(w + 2h− s)[δ(x) + δ(x− L)]. (4.27)

This serves as a phenomenological parameter, which incorporates the very complicated
and divers physical scattering properties of a realistic junction. The position of such a
barrier is justified by the actual fabrication process of the junctions. Before niobium
is deposited on top of the HgTe material, a CdTe capping layer needs to be etched
away [32]. If the capping layer is not removed completely in this process, the remains
can serve as an interface scattering barrier. This justifies the local barrier position,
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which is the second important ingredient in our model. Fig. 4.30 (d) visualizes the
essential details of the effective surface implementation of the TI Josephson junction.
The plot illustrates the unwrapped surface of the junction. In blue are shown the prox-
imitized surface regions which are affected by an induced superconducting gap, while
grey regions correspond to normal-conducting surface elements. Note that the red lines
are marking the cut along the junction direction, such that the blurred structure below
is a periodic continuation of the upper surface edge. This model is then discretized and
implemented in Kwant, such that the critical current can be calculated numerically by
Eq. (3.56). In order to have a good balance between numerical cost and experimental
system sizes we fix the following setup parameters. The wire dimensions are set to
width w = 300 nm and height h = 80 nm, while the length of the Josephson junction
is L = 200 nm. The effective surface Hamiltonian is discretized and implemented on
a square grid with lattice spacing a = 4 nm. As we want to simulate surface states of
HgTe, we fix the Fermi velocity to vF = 5·105 m/s. Also, due to the usage of niobium as
s-wave superconductors, we choose an induced superconducting gap of ∆ = 0.8 meV.
This value is in good agreement with experimental estimates for the HgTe samples (see
Refs. [4, 32]), but the exact value is of no importance for the flux periodicity of the
current. The value only tunes the magnitude of the current amplitude. Moreover, the
chemical potential is set to µ = 30 meV, such that we are still in a converged energy
range with a high number of open channels. Increasing the Fermi energy would also in-
crease the current magnitude due to the rising number of accessible subbands. Finally,
in order to get rid of the Fermion doubling problem we employ a Wilson mass term (see
Sec. 3.2) with Egap = 60 meV. Before we study the Josephson junction with partially
proximitized surface regions, we also want to discuss the flux dependence of the criti-
cal current in a homogeneously proximitized nanowire. In case of a fully proximitized
circumference like shown in Fig. 4.24 (a), the superconducting phase ϕ is no longer
varying around the circumference. Due to the closed superconducting shell, the wind-
ing of the phase has to be quantized, such that the wave function is single valued by a
full rotation of 2π. Figure 4.31 (a) shows the calculated critical current as a function of
the applied flux ratio. For this setup no periodic oscillations are observable. Instead, Ic

is monotonously decaying with increasing flux. This observation matches the findings
of Ref. [215], where the authors show a quick breakdown of the superconducting gap
due to pair breaking effects of an axial magnetic field. Some measured samples in the
experiment exhibited such a monotonously decaying critical current. Therefore, we
assume that in these samples the superconducting proximity effect is present in the
whole wire circumference.
However, the flux modulation changes drastically, if only partial proximitization is
being considered. In Fig. 4.31 (b) the computed critical current for this system con-
figuration is plotted. More precisely, the critical current is calculated with respect to
the applied axial magnetic flux and for different values of the local barrier U0. For a
clean system with U0 = 0, the critical current amplitude is maximal and Φ0 periodic
in flux. By increasing the magnetic flux, the current is initially strongly decaying and
then, after saturating at a quasi plateau, it starts to increase again before it reaches
its new maximum at Φ0. Then, with increasing barrier strength, the current magni-
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Figure 4.31: Numerically calculated critical currents as a function of an applied axial
magnetic flux for different Josephson junction configurations. In (a) we assume a
fully proximitized nanowire circumference, which exhibits monotonous decay of Ic with
increasing flux strength. Panel (b) shows the critical current for a partially proximitized
nanowire surface and for different local barrier strengths. Note that the barrier strength
is given in units of [U0] = meV nm. With increasing magnitude of U0 the overall
amplitude decreases until a h/(4e)-periodic current remains. (c) shows again the critical
current for U0 = 600 meV nm of (b). The monotonous decay of Ic which is observed in
the experiment can be fitted by assuming an explicit flux dependence of the induced
superconducting pairing strength (orange curve). Panel (c) is adapted from Ref. [4].

tude is decreasing very strongly at integer multiples of Φ0. Contrary, at odd integer
multiples of Φ0/2, the current is staying almost unaffected. At the strongest barrier
value of U0 = 600 meV nm additional peaks at Φ = (2n+ 1)Φ (n ∈ Z) are present. For
better visibility, this curve is again plotted in Fig. 4.31 (c) (blue curve) over a broader
flux range. We see that the magnitude of the critical current is periodically oscillat-
ing and, in contrast to the experimental measurements, not decreasing with increasing
flux. The reason for that lies in the fact that the BdG spectrum of the partially prox-
imitized nanowire is 2Φ0 flux periodic due to the choice of the superconducting phase
which depends directly on the vector potential A [see Eq. (4.26)]. The model neglects
yet that also the amplitude of the superconducting pairing potential, i.e., ∆0, depends
explicitly on the applied flux. For simplicity, we assume that the pairing term mainly
affects the amplitude of the computed supercurrent, such that we define

∆0(Φ) = ∆0 exp(−αΦ/Φ0), (4.28)

where α is a constant that determines how fast the gap and therefore the current Ic
decays to zero. In Fig. 4.31 (c) we plot also the exponentially scaled critical current with
α = 1.5. This value reproduces the decrease in current magnitude of the experimental
measurement shown in Fig. 4.30 (c). Also note the matching feature that in both
curves the third peak exhibits a larger magnitude than the second one. The difference
in current magnitude between numerics and experiment is around a factor of four.
This discrepancy can be explained by the low chemical potential which is used in the
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Figure 4.32: Comparison between numerically and analytically computed critical cur-
rents in a partially proximitized TI nanowire Josephson junction. The latter was pro-
vided by Dr. Fuchs. Note that U0 is given in units of [U0] = meV nm. Adapted from
Ref. [4].

simulations. By using a larger Fermi energy, more modes can contribute to the current
and in turn increase the amplitude. However, one would also need to reduce the lattice
constant and thereby increase the numerical effort.

We see that the employed model captures the essential flux-periodicity of the super-
current quite well. The origin of such a critical current curve can be explained by a
semiclassical picture, which was studied in detail by Dr. Fuchs in Ref. [209]. Here we
will only shortly emphasize the most important points of the computation. For more
details of the analytical calculation, we refer the reader to the PhD thesis of Dr. Fuchs
in Ref. [209] with its detailed explanations.
The current is computed via [167]

I =
1

2π

∫
ds

∫
dks i(s, ks) =

kF

2π

∫
ds

∫
dθ cos(θ)i(s, θ), (4.29)

where θ is the angle between the angular momentum ks and the Fermi momentum
kF. Essentially, the analytical calculation is then based on the summation of three ba-
sic current contributions i(s, θ). Each of these terms corresponds to different types of
semiclassical paths of particles, which move through the Josephson junction as Andreev
bound states and carry current from one superconducting lead to the other. These are
visualized in Fig. 4.30 (d), where type I paths correspond to the direct propagation be-
tween the superconducting surface regions. Type III paths cross the normal-conducting
bottom surface and connect the edges of the superconducting areas, which are not af-
fected by the local barrier U . Finally, type II paths are a mixture of the previous two
types, where start or end points are lying on the distinct superconducting edges. Out
of these three categories, the type III paths are the essential ones to obtain a Φ0/2 flux
periodicity. It explicitly stems from the flux tuned phase difference at the start and end
points, given by Eq. (4.26), in combination with an additional Aharonov-Bohm phase
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which is accumulated by travelling through the Josephson junction. The corresponding
ABS energies read [209]

E = ±∆0

√
1− τ sin2

(
1
2
∆ϕ− γ

)
, (4.30)

where γ is the flux induced accumulated phase of a classical trajectory. It reads

γ =
e

~

∫
Γ

ds ·A = nπ
Φ

Φ0

. (4.31)

In a clean junction with a high transparency τ , the type III current contribution is
much lower compared to the other two path types, such that this periodicity is not
directly observable. The current magnitude can be increased by considering higher
Fermi energies, such that modes with high angular momenta become accessible. This
finding is also in accordance with experimental measurements, where an external gate
could induce the Φ0/2 periodicity (see Ref. [4]). The key point, why these oscillations
become observable, lies in the presence of the local barriers U0. These considerably re-
duce the current contributions of type I and II paths by gapping out the corresponding
Andreev bound states. What remains are the type III paths, which are not or only
weakly affected by the local barriers.

A direct comparison between numerics and analytics is shown in Fig. 4.32 for a junc-
tion with the same parameters as above, except a shorter length of L = 100 nm. Note
that qualitatively, both approaches give consistent results. By increasing the barrier
strength, the current peaks at integer multiples of Φ0 are considerably decreased, while
additional current peaks between them emerge. However, a clear mismatch is present
in the overall current magnitude. The numerical approach gives much smaller current
amplitudes than the semiclassical method. There are two main reasons for this dis-
crepancy. On the one hand, the semiclassical approach is computed for the pure short
junction limit. In the numerical calculations, also length dependent effects are included.
Test computations showed that reducing the junction length L in the numerics con-
siderably increases the current amplitude. Then, on the other hand, the semiclassical
approach assumes a constant pairing potential ∆0 for all Andreev bound states. Due
to the partial proximitization along the wire circumference, this is no longer the case.
Each quantum confined surface state will in fact experience its own effectively induced
gap, stemming from the difference in angular momentum. In the numerical approach
this information is included and we can easily show this by the direct computation of
the corresponding ABS spectra. Fig. 4.33 shows ABS spectra which were calculated by
the diagonalization procedure introduced in Sec. 3.6.1. Due to the large computational
effort, we reduced the width of the nanowire to w = 120 nm and increased the lattice
constant slightly to a = 5 nm, while keeping the other geometric parameters as above.
The overall length of the finite system is set to L = 6000 nm. Moreover, in order to
increase visibility of the spectral properties, we reduced the number of ABS states by
lowering the chemical potential to µ = 22 meV. The eigenenergies in all three panels
were normalized by the pairing amplitude ∆0. First, let us discuss the spectra shown in

107
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Figure 4.33: ABS spectra of a partially proximitized TI nanowire surface for different
barrier strengths and flux values. Panels (a) and (b) are adapted from Ref. [4].

Fig. 4.33 (a) for no applied flux and no barriers in the system. Here it is only assumed
that the top and the two side surfaces of the nanonwire experience superconducting
pairing. As we are considering a clean system, the ABS energies should obey the known
expression E(∆ϕ) = ∆i cos(∆ϕ/2) and we see that each of the ABS branches can be
fit by such an expression. Note that at zero phase difference the ABS energies are
equal to the induced pairing strength and obviously this value differs for each of the
present states in the computed spectra. Exactly this property is missing in the analytic
calculations. These features remain also in the presence of a non-zero barrier, which
is shown in Fig. 4.33 (b). The barrier gaps out the ABS branches at ∆ϕ = π, but
leaves the rest of the spectrum intact. For completeness, in Fig. 4.33 (c) the barrier
is again put to zero, while a weak magnetic field is applied parallel to the nanowire
axis. The orbital effect of the magnetic field is weakening the induced gap values ∆i.
At the same time, one can certainly observe that the spectrum becomes much more
complicated and ABS branches are shifted with respect to each other.

Finally, in order to check the semiclassical picture from above numerically, we can
compute the local supercurrent density on the surface. Here we employ the method-
ology which was introduced in Sec. 3.6.2. In Fig. 4.34 local supercurrent densities are
illustrated for different values of the magnetic flux. The system configuration is the
same as in Fig. 4.31 (c) with U0 = 600 meV nm, such that we are probing different flux
values along the blue curve. For each of the considered critical current values we extract
the corresponding absolute value of the phase difference and define our tight-binding
system with these fixed parameters. The case without local barriers is illustrated in
Fig. 4.34 (a) as a benchmark example. The highest supercurrent density is located at
the top surface, what is to be expected on the partially proximitized surface. Then,
by introducing the strong barriers, the current density on the top surface is almost
completely erased and only the bottom surface is hosting supercurrent flow (see panel
(b)). Next, we switch on the axial magnetic field and plot in panels (c) to (f) the
calculated densities for four varying flux values. In (c) one can clearly observe that
the current is flowing on the bottom surface from the upper edge of the left partially
superconducting reservoir to the right lower edge of the other lead, just as expected
from the locally varying phase around the wire circumference. It matches the semiclas-
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4.6. TI Josephson junctions
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Figure 4.34: Local supercurrent density for different applied axial magnetic fluxes. In
(a) the barrier strength U0 is set to zero, the highest current density is located at
the top surface. Panels (b) to (f) show the supercurrent density with barrier strength
U0 = 600 meV nm and for increasing flux strength. With a non-zero barrier, the highest
density is located at the bottom surface. Edges with periodic boundary conditions are
marked in red, while the local barriers are shown in orange.
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4. Quantum transport in normal and superconducting topological insulator systems

sical picture of the type III paths (compare with Fig. 4.30 (d)). By further increasing
the magnetic flux to almost half of a flux quantum Φ0 the current direction is reversed
and flowing more straightly, while for Φ ≈ 0.75Φ0 in (e) the current direction is again
reversed and flowing between opposite edges as in (c). Lastly, with a full flux quantum
applied to the wire cross-section, the current is again flowing straightly on the bottom
surface between the two superconducting reservoirs. This observation makes sense, as
in Eq. (4.30) the effective phase difference

∆ϕ
′
= ∆ϕ+ 2γ = ∆ϕ+ 2πn

Φ

Φ0

, (4.32)

is periodic in Φ0.

In this section we have shown that flux periodic supercurrent oscillations can occur in
TI nanowires which are partially covered by an external s-wave superconductor. The
current modulation stems from a flux induced phase variation around the wire circum-
ference and the suppression of current contributions with a different flux-periodicity
via local barriers at the N/S-interfaces. Numerics, as well as semiclassical calculations,
show consistent results for the developed model and explain the experimental measure-
ments to a large extend. The discussed features are a signature of dominant surface
transport and highlight therefore the topological nature of HgTe nanowires.
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5. Transport and bound states in
superconducting single-layer and
bilayer graphene

We start this chapter by studying in detail the emergence of locally bound Yu-Shiba-
Rusinov states induced by a magnetic hydrogen impurity that is sitting on top of super-
conducting bilayer graphene. This is of great importance, as these states are responsible
for the modification of the spin-relaxation behavior in the superconducting state. We
show that the spectral weight, given by the resonance width of a magnetic impurity
in the normal DOS, is directly related to the energy separation of the YSR energies
and the superconducting band gap edge. This in turn directly affects the temperature
dependence of the spin-relaxation behavior. Moreover, we show that signatures of the
magnetic resonances can also be directly observed in setups like Josephson junctions
which are easier to realize experimentally.

5.1. Yu-Shiba-Rusinov states in superconducting bilayer
graphene

In section 2.4.5 we already introduced YSR states as bound states that are localized
in the close vicinity of superconducting regions which experience magnetic exchange
interactions. The YSR spectra for a hydrogen adatom, as well as for fluorine, in
superconducting single-layer graphene were computed analytically by Dr. Kochan in
Ref. [2]. Here we will focus on the special case of a magnetic hydrogen adatom that is
chemisorbed to the top layer of superconducting bilayer graphene. Contrary to single-
layer graphene, this material offers the possibility of studying the YSR states with an
impurity at two geometrically distinct positions. These are the so-called dimer and
non-dimer sites, where the first one corresponds to carbon atoms in the A2 sublattice
and the latter to sites in the B2 sublattice in Fig. 2.5 (a). Such a system can be treated
numerically in several ways. First one could employ the kernel polynomial method
that approximates the DOS with Chebyshev polynomials [225–228]. By computing the
DOS in the range of the superconducting gap and spatially close to the impurity, one
has to look for peaks in this interval. Those peaks directly correspond to the YSR
eigenenergies. Note that Kwant already offers the possibility to employ this method by
the implemented KPM package. The second way of computing the YSR spectra is by
exact diagonalization of a finite system. Here one has to simply look for eigenenergies
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5. Transport and bound states in superconducting single-layer and bilayer graphene

inside the superconducting gap, i.e., in the interval [−∆; ∆].

We chose to use diagonalization of a finite tight-binding system with hard-wall bound-
ary conditions, because this also gives us access to the eigenfunctions of the YSR states.
The bilayer graphene substrate is implemented by the Hamiltonian given in Eq. (2.15).
We want to point out that for the computation of the YSR states we set γ3 = 0 and
γ4 = 0. There are two reasons for this simplification. On the one hand, we need to
treat a finite tight-binding system with many sites in order to achieve converged YSR
spectra. Therefore, sparsity of the Hamiltonian matrix is of great importance in order
to reduce the computational cost. On the other hand, we performed spin-relaxation
simulations with the full BLG model of Eq. (2.15) and the simplified model with only
γ1 as the interlayer hopping (the results are shown in the sections below). The results
differ only marginally, hinting that γ3 and γ4 are not important for the observed phys-
ical features. The impurity is introduced by considering V (0) of Eq. (2.16) and the
reduced magnetic exchange Hamiltonian given by Eq. (2.20). The relevant parameters
for the hydrogen impurity with respect to the dimer and non-dimer positions are given
in Tab. 2.2. Finally, superconductivity is introduced by adding the s-wave pairing
Hamiltonian

Hs = ∆
∑
m

(
c†m,↑c

†
m,↓ + cm,↓cm,↑

)
, (5.1)

where we assume that the BLG substrate is in close proximity to a normal s-wave su-
perconductor. At the impurity site we assume for simplicity the same pairing strength
as in the bilayer system, but note that also differing gap configurations can easily be
considered.

The above model is then implemented with Kwant to obtain the tight-binding Hamil-
tonian. The bilayer graphene system is constructed with width W = 601a and length
L = 601a. The impurity is located on top of either a dimer or a non-dimer site in the
center of the BLG system. This assures that the spatial distance between the system
boundaries and the impurity site is as large as possible, while we are still in a regime
that is computationally treatable. This is important to achieve a converged result with
respect to the system size. Whether the impurity “knows” about the presence of the
system boundaries or not depends on the superconducting coherence length ξ = ~vF/∆,
which should be much smaller than the impurity-boundary distance. Therefore, we ad-
ditionally need to artificially enlarge the superconducting pairing term and fix it to
∆ = 50 meV. This value assures convergence of the YSR spectra, while still exhibiting
the qualitative features that are present for a realistic gap size, i.e., ∆ = 1 meV.

Numerical diagonalization of the tight-binding Hamiltonian matrix is then performed
by employing the open source software package Octave [229]. It can efficiently handle
large sparse real matrices while keeping the necessary memory usage of the computer
to a minimum. Furthermore, the numerical results can be directly compared to ana-
lytically calculated YSR eigenenergies provided by Dr. Fuchs. A detailed discussion of
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5.1. Yu-Shiba-Rusinov states in superconducting bilayer graphene

the calculation procedure can be found in his PhD thesis (see Ref. [209]). The com-
puted YSR spectra are plotted in Fig. 5.1 (a) with respect to the chemical potential in
the system. The spectrum corresponding to a dimer (non-dimer) impurity is plotted
in black (blue), where the numerical and analytical results are shown in continuous
and dotted lines, respectively. Here we want to highlight that the results obtained
by the two approaches match almost perfectly. At a first glance, it is clear that the
two impurity configurations exhibit completely different spectral properties. First of
all, the dimer impurity shows two distinct resonance peaks around the doping levels
of µ = −0.1 eV and µ = 0.08 eV. Contrary to that, a non-dimer impurity shows a
broad resonance range in the full considered parameter range of µ. In order to show
that the numerically studied system parameters are sufficient to capture the relevant
YSR features, we also show purely analytical results for ∆ = 1 meV in Fig. 5.1 (b).
Comparing panels (a) and (b) we see that the spectra are qualitatively the same. This
is important for the spin-relaxation calculations in the next sections, as we are there
using the realistic gap value of ∆ = 1 meV. The properties of the YSR spectra in the
two impurity configurations described above can now be related to the normal state
bilayer DOS which is perturbed by a certain impurity concentration. Dr. Kochan was
able to show in Ref. [3] in a detailed derivation that the following statement holds
true: Whether the energies of YSR states are closely located at the edge of the su-
perconducting continuum or inside the superconducting gap, can be computed by the
relation

EYSR = ± |∆|√
1 + 4J2/Γ2

c

= ± |∆|√
1 + 4τ 2

life/τ
2
Larmor

. (5.2)

Note that the above equation is valid for systems whose chemical potential µ is tuned
closely to magnetic resonant peaks in the perturbed DOS with resonance width Γc. For
the two resonances (µ±) in case of the dimer hydrogen impurity above, it should then
hold that

µ ∈ [µ± − Γc±/2;µ± + Γc±/2]. (5.3)

From Eq. (5.2) it is now possible to conclude that whenever the normal state resonance
lifetime τlife = ~/Γc is much smaller than the Larmor precession time τLarmor = ~/|J |,
the corresponding YSR energy will lie closely at the edge of superconducting gap ±∆.
Contrarily, when the opposite relation between the two quantities holds, the YSR en-
ergies will lie deep in the superconducting gap.

This finding can now be directly probed by the results shown in Figs. 5.1 (a) and
(b). In Fig. 5.1 (c) the normal state DOS, perturbed by an impurity concentration of
η = 0.7 %, is visualized (provided by Dr. Kochan). We see that for dimer site impurities
the DOS is exhibiting two sharp and distinct resonance, while the non-dimer impuri-
ties have a very broad resonance range. Connecting this observation into Eq. (5.2),
one would directly expect that for a dimer impurity the corresponding YSR energies
would lie closely in the center of the superconducting gap (E = 0) when the doping
approaches the resonance peaks of Fig. 5.1 (c). Analogously, seeing the broad reso-
nance range of non-dimer impurities in the normal phase DOS, it can be expected that
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Figure 5.1: YSR eigenenergies and normal state DOS for a magnetic hydrogen impurity
located at either the dimer (black) or non-dimer (blue) sites in superconducting BLG.
(a) Numerically computed YSR spectrum (continuous lines) for a finite BLG system
with width W = 601a and length L = 601a and an assumed gap size of ∆ = 50 meV.
The energies are normalized by the gap size. The dimer site impurity exhibits two
resonance peaks close to µ = −0.1 eV and µ = 0.08 eV, while the non-dimer impurity
shows a broad resonance region. The dotted lines are analytic results provided by
Dr. Fuchs. Note that analytics and numerics match almost perfectly. (b) Analytic
results of YSR energies for a realistic gap size of ∆ = 1 meV. The qualitative features
of panel (a) stay unchanged. (c) Normal state DOS (per carbon atom and spin) also
versus chemical potential µ for an impurity concentration of η = 0.7 % (provided by
Dr. Kochan). The resonance peaks correspond directly to the YSR resonance widths.
Adapted from Ref. [3].
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Figure 5.2: Probability density of a YSR state corresponding to a hydrogen impurity
located at a dimer site (A2 sublattice, shown as a orange square) for the same system
parameters as in Fig. 5.1 (a) at µ = −0.1 eV. In (a) |Ψ|2 is illustrated in the top layer,
while in (d) the bottom layer is shown. Note that the YSR state is mainly localized
at non-dimer sites (B2 sublattice). This is further shown in panels (b), (c), (e) and (f)
for cuts along armchair and zig-zag lattice rows. Adapted from Ref. [3].

the YSR energies lie deep in the superconducting gap for the full shown doping range.
Here we want to point out that this is a very important finding which is closely related
to the spin-relaxation effects that will be shown in the next sections, where the most
interesting features are observable in such resonance regions.
Next we can also study the YSR eigenfunctions. Analytically, these states are not
very easy to compute. The advantage of the numerical diagonalization approach lies
in the fact that we more or less get eigenfunctions for free. Furthermore, we know
from the spectrum that the system parameters used in the numerics capture the main
features of realistic parameters. Therefore, we also expect that the properties of the
wave functions will not change too much for a smaller gap size. In Fig. 5.2 (a) and
(d) the local probability density of a hydrogen impurity, which is chemisorbed at a
dimer site (so on a carbon atom in the A2 sublattice), is plotted in the top and bottom
layer, respectively. The system parameters are set to the same values as those that
were used for Fig. 5.1. The chemical potential is chosen to be µ = −0.1 eV, such
that it is tuned into the magnetic resonance peak where the YSR energy is located in-
side the superconducting gap. The impurity position is visualized as an orange square
symbol. First, note the trigonal symmetry of the local density of states which stems
from the underlining bilayer lattice structure. By having a detailed look at the density
distribution in the two layers, it becomes clear that the YSR state is mainly localized
at non-dimer sites in the B2 top and the B1 bottom sublattices. This is more clearly
illustrated in Figs. 5.2 (b) and (c) for the top layer and in panel (e) and in (f) for the
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Figure 5.3: Probability density of a YSR state corresponding to a hydrogen impurity
located at a non-dimer site (B2 sublattice, shown as a orange square) for the same
system parameters as in Fig. 5.1 (a) at µ = −0.1 eV. In (a) |Ψ|2 is illustrated in the
top layer, while in (d) the bottom layer is shown. Note that the YSR state is mainly
localized at non-dimer sites (A2 sublattice). This is further shown in panels (b), (c),
(e) and (f) for cuts along armchair and zig-zag lattice rows. Adapted from Ref. [3].

bottom layer, where |Ψ|2 is plotted along the armchair and zig-zag lattice directions.
Also the bound state is much stronger localized in the top than in the bottom layer.

The same considerations can be made for a hydrogen impurity that is adsorbed onto a
non-dimer site. The local DOS in the top and bottom layers is plotted in Fig. 5.3 (a)
and (d), respectively. Contrary to the dimer impurity from above, the probability
density is now mainly localized at dimer sites (A2 sublattice) in the top layer and at
non-dimer sites (A1) in the bottom layer. Again we plot this observation more clearly
along armchair and zig-zag lattice directions in panels (b) and (c) in the top layer, as
well as in panels (e) and (f) for the bottom layer. Similarly to the first case, the YSR
state has a much larger LDOS in the top layer. Still, in the bottom layer |Ψ|2 is an
order of magnitude larger than for a dimer impurity.

These observations suggest that in materials with a sublattice structure the YSR spec-
trum and also the corresponding eigenfunctions will manifest very differently depending
on the position at which an impurity will be adsorbed. This could offer the possibility
to tune functionalities of spintronic and also electronic devices whose physical proper-
ties depend on those states in the superconducting state. In the following sections we
will show this explicitly by studying spin-relaxation rates in superconducting single-
layer and bilayer graphene. For the latter material, we then also consider Josephson
junctions and show that there as well strong differences in the current transport can
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5.2. Spin-relaxation mediated by impurities in single-layer and bilayer graphene

be observed depending on the impurity position.

5.2. Spin-relaxation mediated by impurities in
single-layer and bilayer graphene

In this section we want to study in detail the effect of the emerging YSR states discussed
above on the spin relaxation in superconducting single-layer and bilayer graphene. We
will start the discussion with single-layer graphene. In this material, no distinct impu-
rity positions are present. Instead we will consider two different kinds of impurities,
i.e., hydrogen and fluorine. Both of them exhibit completely different spectral reso-
nance features in case of magnetic exchange coupling and will therefore also serve as
a probe of the influence of YSR states on spin relaxation. Nevertheless, we will first
assume that both impurities induce local spin-orbit coupling in their close vicinity and
compute the spin-relaxation rate with respect to different temperatures.

5.2.1. Single-layer graphene

Graphene is predicted to have spin diffusion lengths of micron size [230]. It is therefore
a material of high interest for spintronic applications. Despite the fact that graphene
itself has only very weak intrinsic spin-orbit coupling due to the light carbon atoms,
this drawback can be compensated by inducing stronger SOC via proximitizing it with
other materials like TMDCs or by adding single adatoms. In the following we are
going to study the latter case. More precisely, we will examine in detail the effect of
superconductivity on the spin-relaxation rates and how this quantity is tuned by single
impurities in SLG. This will be done by using Kwant and by following the detailed
calculation manual given in Sec. 3.7. Doing so, one can calculate the spin-relaxation
rate 1/τs of superconducting systems from the scattering matrix S. This quantity
will be studied as a function of the chemical potential and for different temperatures.
Temperature effects are incorporated in two ways. On the one hand, thermal smearing
is included in the calculation of the spin-relaxation rate given by Eq. (3.60). On the
other hand, we employ the standard interpolation formula for the BCS temperature
dependence of the superconducting pairing potential, which reads [231] as

∆(T ) = ∆0 tanh [1.74
√
Tc/T − 1] Θ(Tc − T ), (5.4)

where we get Tc = ∆0/(1.76 ·KB) = 6.953 K [100] for a gap size of ∆0 = 1 meV.

Spin-orbit active impurity

Let us start by considering an adatom which is chemisorbed on top of a carbon atom
in single-layer graphene. This adatom is assumed to induce local spin-orbit coupling
in its close vicinity according to the impurity model given by Eqs. (2.17) and (2.22)
and as visualized in Fig. 2.6. We will consider two explicit impurity examples, namely
hydrogen and fluorine adatoms, where the exact parameters are given in Tab. 2.2. In
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Figure 5.4: Spin-relaxation rate in single-layer graphene mediated by a fluorine adatom
in (a) and a hydrogen adatom in (b), which was calculated as a function of the chemical
potential µ and for different temperatures T . The impurity is assumed to introduce lo-
cal spin-orbit coupling according to Eqs. (2.17) and (2.22). In both panels, we compare
the numerically calculated values (dots) extracted from the S-matrix to the analytic
results (continuous lines) obtained by Dr. Kochan by employing the T-matrix method.
Note that both results match almost perfectly. In (a) we used an impurity concentra-
tion of η = 280 ppm and in (b) we set η = 220 ppm, where for the numerical calculation
the scattering region has width W = 299a and length L = 5a. Adapted from Ref. [2].
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Fig. 5.4 the numerically computed spin-relaxation rates 1/τs are plotted as colored dots
as a function of the chemical potential µ in the system and also for various temperatures.
The scattering region was chosen to have a width W = 299a and a length L = 5a,
where the impurity is then placed on top of a carbon atom in the center. The necessary
phase-averaging procedure introduced in Sec. 3.7 is performed for 20 equally distributed
phase values of φ in [0; 2π]. Moreover, those results are compared to analytic values
(shown as correspondingly colored continuous lines) which are provided by Dr. Kochan.
The analytical curves were computed by employing the standard T-matrix method
[see Eq. (2.61)]. First of all, one immediately recognizes that both approaches match
almost perfectly and this assures therefore the correctness of the obtained results. Rate
features mediated by fluorine and hydrogen impurities in the normal phase (T = Tc) are
also consistent with earlier studies in Ref. [84]. While fluorine shows an enhanced spin
relaxation in the negative doping regime, hydrogen is more actively relaxing spins close
to zero doping. By lowering the temperature, the magnitude of the superconducting
pair potential ∆(T ) is slowly enhanced. For both impurity types a reduction of the
spin-relaxation rate, or equivalently an increase in the spin-relaxation time τs, by an
order of magnitude can be observed for the transition of the normal phase into the full
superconducting state. This is perfectly in line with the known Eliot-Yafet theory of
spin relaxation (see Sec. 2.5).

Magnetic impurity

Next, we go on and study the same system as above in presence of fluorine and hydrogen
impurities that exhibit magnetic exchange interactions, see Eq. (2.20). The computed
results are shown in Fig. 5.5. The numerically calculated rates are shown as colored
dots and analytical results are visualized by continuous lines in the corresponding color.
Again, both approaches give almost identical results. The important observation in
case of a magnetic impurity is now that in certain doping regions the spin-relaxation
rate is not behaving as predicted by the Hebel-Slichter effect [232–234]. Instead of
an increase in the spin relaxation over the whole range of chemical potentials, certain
doping regions show a strong decrease of 1/τs. For fluorine this can be observed in the
whole negative doping regime, while in the positive range the rate is increasing just as
expected. Hydrogen is showing a strong reduction of spin relaxation in the low doping
range and an increase for high values of µ. The reason for this behavior, contrary to
the known theory, lies in the spectral properties of the YSR states. Fluorine has a
magnetic resonance energy range in the negative doping regime, such that according to
Eq. (5.2) here the YSR states will separate from the superconducting band gap edge
and move into the gap (see Fig. 2 in Ref. [2] for the analytically computed DOS and
YSR spectra). Analogously, hydrogen has magnetic resonances close to zero doping.
Therefore, the chemical potential values for which the unexpected decrease of 1/τs can
be observed corresponds also to the ranges of µ where the YSR energies are spectrally
separated from the superconducting quasiparticle energies. This separation in energy
leads to a reduced overlap between the quasiparticles and YSR bound states, further
leading to a reduced spin relaxation. In case of fluorine, this reduction is close to four
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Figure 5.5: Spin-relaxation rate in single-layer graphene mediated by a fluorine adatom
in (a) and a hydrogen adatom in (b), which was calculated as a function of the chemical
potential µ and for different temperatures T . The impurity is assumed to exhibit
magnetic exchange coupling according to Eqs. (2.17) and (2.20). In both panels, we
compare the numerically calculated values (dots) extracted from the S-matrix to the
analytic results (continuous lines) obtained by Dr. Kochan by employing the T-matrix
method. Note that both results match again almost perfectly. In both panels we used
an impurity concentration of η = 280 ppm, where for the numerical calculation the
scattering region has width W = 299a and length L = 5a. For doping levels that
correspond to magnetic resonance energies of emerging YSR states, 1/τs is showing a
decrease instead of an increase, contrary to the known Hebel-Slichter effect. Adapted
from Ref. [2].
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Figure 5.6: Spin-relaxation rate of BLG with a spin-orbit active hydrogen impurity
that is chemisorbed at a dimer site (a) or a non-dimer site (b), which was calculated as
a function of the chemical potential µ and for different temperatures. The scattering
region has width W = 131a and length L = 4a, such that η = 0.0413 %. The
phase averaging over φ was performed for 20 equally spaced values in [0, 2π]. The
spin-relaxation rate 1/τs shows a decrease by an order of magnitude. Adapted from
Ref. [3].

orders of magnitude and therefore an effect with strong impact on the spin-relaxation
process.

5.2.2. Bilayer graphene

The above interesting findings naturally lead to the question whether an analogous
effect is observable in bilayer graphene or not. From studying the YSR spectra in BLG
in Sec. 5.1 for a hydrogen impurity we already know that the bound state spectrum
strongly depends on the adatom position in the sublattice structure. Connecting this
to the observations above, which showed a clear relation between the YSR energies and
spin relaxation, we can expect big differences for dimer and non-dimer adatoms as well.
In the following, this will be discussed in detail for the hydrogen impurity, first again for
SOC and then for magnetic exchange interaction. Note that we will again put γ3 = 0
and γ4 = 0. In App. A.3, the spin-relaxation rate for this parameter configuration is
compared to the complete model. Only minor differences are observable and therefore
the simplified model is enough to capture the most important physical properties.

Spin-orbit active impurity

As for the case of single-layer graphene, let us start by studying spin relaxation in
bilayer graphene with a hydrogen adatom that is assumed to induce local spin-orbit
coupling as given by Eqs. (2.17) and (2.22). The computed spin-relaxation rates 1/τs
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Figure 5.7: Spin-relaxation rate of BLG with a magnetic hydrogen impurity that is
chemisorbed at a dimer site (a) or a non-dimer site (b) as a function of the chemical
potential µ and for different temperatures. The scattering region has width W = 131a
and length L = 4a, such that η = 0.0413 %. The phase averaging over φ was performed
for 20 equally spaced values in [0, 2π]. The spin-relaxation rate 1/τs shows also a
decrease for magnetic resonance doping levels. Furthermore the effect depends strongly
on the impurity site. Adapted from Ref. [3].

as a function of the chemical potential µ and for different temperatures are shown in
Figs. 5.6 (a) and (b) for a dimer and non-dimer impurity, respectively. Due to the
bilayer structure with its fast increasing number of sites, one can not go to the same
system size as for SLG. The size of the scattering region was set to a width W = 131a
and length L = 4a, resulting in an impurity concentration of η = 0.0413 %. The phase
averaging was also performed over 20 equally spaced values in [0; 2π] and the super-
conducting gap is fixed to ∆0 = 1 meV. The spin-relaxation rate for a dimer impurity
(panel (a)) shows an equal curve compared to the SLG case in Fig. 5.4 (b), except two
dips around µ ≈ ±0.35 eV. This value correspond to the γ1 interlayer hopping, such
that those dips might stem from a resonance that is connected to scattering events be-
tween the two layers. An analogous, but much more pronounced feature is observable
in the case of a non-dimer impurity (panel (b)). A strongly reduced spin-relaxation
rate is shown at µ = 0.35 eV, where 1/τs drops by four orders of magnitude. Also, the
interlayer coupling is strongly affecting the spin scattering properties here. Regarding
the evolution of 1/τs with respect to the transition into the full superconducting state,
a decrease by one order of magnitude can again be seen by lowering T from Tc to 0.1 K.

Magnetic impurity

Finally, we also consider a hydrogen impurity with magnetic exchange interaction on
top of the BLG substrate. The system parameters remain the same as for the spin-orbit
coupling case before. In Figs. 5.7 (a) and (b) the computed spin-relaxation rates for
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Figure 5.8: Comparison plot of spin-relaxation rates for a hydrogen impurity located
at a dimer site (black) and a non-dimer site (blue) in the normal-conducting (T = Tc)
and the superconducting (T = 0.1 K) phases. The emerging YSR bound states affect
1/τs much more strongly if the impurity is adsorbed at a non-dimer site. Adapted from
Ref. [3].

an adatom at a dimer and non-dimer site, respectively, are plotted. Analogously to
the results of a spin-orbit active adatom at the dimer site, the magnetic dimer impu-
rity also exhibits similar spin relaxation features as hydrogen on SLG. The interlayer
coupling γ1 is again introducing dips around µ = ±0.35 eV, but the overall curves look
similar to Fig. 5.5 (b). For high doping levels, the rate is also increasing with decreas-
ing temperature. For small chemical potentials, particularly in close ranges around
µ = −0.1 eV and µ = 0.05 eV, we can again observe a decrease of 1/τs. Linking this
finding to the YSR spectra in Fig. 5.1 (b), the doping range where a decrease of the
rate is exhibited again matches the discussion of Eq. (5.2). The separation of the YSR
energies from the superconducting continuum leads to a reduced spin scattering and
in turn to a smaller relaxation rate in the superconducting state.

Comparing next Fig. 5.7 (a) and Fig. 5.7 (b) for a magnetic non-dimer impurity in BLG,
spin relaxation shows completely different properties. For Tc, an enhanced relaxation
rate is calculated for a broad doping range around µ = 0. The curves start to match the
dimer impurity results only at higher values of µ. By lowering the temperature, a strong
decrease of 1/τs is again visible. The corresponding doping range matches exactly the
wide magnetic resonances observed in the YSR spectrum and the perturbed normal
phase DOS of Figs. 5.1 (b) and (c), respectively. This again underlines the reasonability
of the relation between the emergence of YSR states and spin relaxation. Moreover we
see that the effect can strongly depend on the actual impurity position if the substrate
material owns a sublattice structure with geometrically distinct lattice sites. In case of
bilayer graphene, the influence of YSR states localized at non-dimer impurities is much
more pronounced than for dimer adatoms. This is more clearly visualized in Fig. 5.8,
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5. Transport and bound states in superconducting single-layer and bilayer graphene

Figure 5.9: Schematic plot of a bilayer graphene Josephson junction with a single
magnetic hydrogen impurity in the normal part (shown in green). L and R mark
lattice sites where Eq. (3.56) is evaluated to calculate the supercurrent in the junction.

where the spin relaxation at temperatures T = Tc and T = 0.1 K for the two adatom
configurations are directly compared. The magnitude of 1/τs is dropping more strongly
(visualized by blue arrows) in case of an impurity located at a non-dimer site (blue
lines). The reason for this difference might lie in the additional spatial overlap between
the quasiparticle scattering states and the bound YSR states. In Figs. 5.2 and 5.3, the
spatial probability densities of the computed YSR states are shown and we saw that
they localize at different sublattices. In case of a dimer impurity this might be more
favourable for spin scattering, while for a non-dimer impurity it could further reduce
such scattering events. Still this needs a more thorough study and is left for future
considerations.
Summing up, single impurities offer many possibilities to modify and tune the spin-
relaxation rate in spintronic devices. Contrary to the known theory for superconducting
systems, resonant doping levels can lead to a reduction of spin relaxation in case of
magnetic impurities. The reason lies in the presence of locally bound YSR states which
spectrally separate from the quasiparticle continuum for resonant chemical potential
values. Features of these resonances can also be found in the charge transport of
Josephson junctions. This will be examined in detail in the next section of this work.

5.3. Bilayer graphene Josephson junctions with
magnetic impurities

In this section we want to discuss a different setup, where signatures of magnetic
resonances which are introduced by single impurities play an important role, namely
bilayer graphene Josephson junctions. We will focus again on a hydrogen impurity
in the center of the normal region of a S/N/S-junction formed by a bilayer graphene
ribbon with finite width W . Such systems are experimentally much easier to study
than spin relaxation in bulk superconductors. In the following we will show that also
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Figure 5.10: Andreev bound states computed for a bilayer graphene Josephson junction
with width W = 40a, length L = 10a and a single magnetic hydrogen impurity in the
normal region. We consider the adatom to be either located at a dimer [panels (a) and
(c)] or a non-dimer site [panels (b) and (d)]. Moreover, we assume two doping levels,
namely µ = −100 meV and µ = −200 meV, which correspond to magnetic resonance
energies known from the YSR spectra computed above. Also for Andreev bound states
the influence of the magnetic exchange interaction leads to resonant energies which are
shown in red. Adapted from Ref. [3].

in these simpler systems spectral features analogous to the above findings are present.
The discussion starts by examining the ABS spectrum of such junctions and then
continues with transport signatures in the supercurrent.

5.3.1. Andreev bound states

Let us assume we have a nanoribbon of bilayer graphene in AB stacking order with
finite width W = 40a and construct a Josephson junction from this material. The
junction has length L, which is defined as the distance between two superconducting
leads S1 and S2. In the leads, we define a superconducting pairing potential ∆0 = 1 meV
which is induced by putting the BLG nanoribbon in close proximity to normal s-wave
superconductors. A schematic plot of such a system is shown in Fig. 5.9, where the
single hydrogen impurity is visualized as a green sphere on top of the bilayer structure.
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5. Transport and bound states in superconducting single-layer and bilayer graphene

In order to understand the signatures of the supercurrent flowing in such a system,
which will be discussed in the next section, we will first compute the corresponding
Andreev bound states. This is done by employing the spectral density method in-
troduced in detail in Chap. 3.6.1. Note that this calculation procedure is actually
necessary to capture the correct spectral properties which are strongly modified by the
interplay of superconducting pairing and magnetic exchange interaction. If one would
simply use the scattering matrix approach which is also discussed in Chap. 3.6.1, the
computed ABS would be not correct. This methodology is missing the right interfer-
ence effects of ∆ and J terms. Still, it can be used to check if the spectral density
method with its subtle sorting problem is implemented correctly by considering the
case of J = 0, namely a trivial impurity that serves as a scattering center. Such test
calculations can be found in App. A.4. Furthermore, it is no longer enough to use
the simplified impurity model given by Eq. (2.20), which we used for the YSR spectra
and the spin-relaxation calculations. For the ABS, and later also for the supercurrent
computations, one has to consider the full set of orbitals corresponding to the electron
and impurity spins, because now also the momentum relaxation processes contribute
to the quantities of interest. This is done by simply employing Eq. (2.18).

In Fig. 5.10 we plot the ABS spectra as a function of the phase difference ∆ϕ across
the BLG Josephson junction computed with Eq. (3.50) for different impurity positions
and doping levels. Panels (a) and (c) correspond to an adatom sitting over a dimer
site, while (b) and (d) are results for a non-dimer impurity. Also, both site config-
urations are considered at two values of the chemical potential, i.e., µ = −100 meV
and µ = −200 meV. These values were chosen since we know from the discussion of
the YSR states above that these energy values lie in magnetic resonance regimes of a
hydrogen impurity on BLG (see Fig. 5.1). Starting with a dimer impurity, the ABS
spectrum for µ = −100 meV in (a) exhibits an energy branch that is separated from
the superconducting continuum bands at ±∆ also for zero phase difference (shown in
red). This doping level corresponds to one of the sharp magnetic resonances of a dimer
site hydrogen impurity (see Fig. 5.1 (c)). Contrary to that, if the chemical potential
is tuned away from this resonance to the larger value of µ = −200 meV in (c), no
such exotic ABS band is present. The spectrum is only weakly gapped around a phase
difference of ∆ϕ = π, corresponding to standard scattering off a non-resonant impurity
center.

Next, we change the impurity position to a non-dimer site and consider the same
values of the chemical potential for ease of comparison. Analogously to the results
shown in panel (a), we can observe for both doping levels in (b) and (d) resonant ABS
bands colored in red which sit inside the superconducting gap. This also matches the
observations for YSR spectra above, where the non-dimer impurity exhibited a very
broad resonance regime over a wide doping range. Furthermore, for both impurity
positions, the ABS spectra show enlarged mini gaps around ∆ϕ = π if the chemical
potential is tuned into resonance. Therefore, we can also expect an influence on the
magnitude of the supercurrent because the amplitude of the current is directly propor-

126



5.3. Bilayer graphene Josephson junctions with magnetic impurities

200 100 0 100 200
 [meV]

0

100

200

300

400

I c 
[n

A]
clean
dimer site
non-dimer site

Figure 5.11: Critical current of a BLG Josephson junction with width W = 40a and
a magnetic hydrogen impurity located at either a dimer site (black curves) or a non-
dimer site (blue curves) as a function of the chemical potential µ. Note that the full
lines correspond to length L = 10a, the dashed lines to L = 20a and the dashed-dotted
lines to L = 60a. The grey dashed line is a benchmark that corresponds to a clean
setup. For doping levels in magnetic resonance regimes we see a strong decay of the
current amplitude. This matches the findings for the ABS spectra shown in Fig. 5.10.
Adapted from Ref. [3].

tional to the derivative of the ABS spectrum with respect to the phase difference, i.e.,
I(∆ϕ) ∝

∑
ABS ∂E

ABS(∆ϕ)/∂∆ϕ. That this assumption holds true is shown in the
next section.

5.3.2. Supercurrent

Above we studied the ABS spectra of the BLG Josephson junction. Now we want to
show that also in the experimentally measurable critical current, direct signatures of
the magnetic resonances can be observed. In order to compute the critical current
Ic, we employ the methodology of Sec. 3.6.2 and evaluate Eq. (3.56), except that we
need to neglect here the prefactor of 2. The reason for that lies in the doubling of
the orbital degrees of freedom to account for the impurity spin in its potential V

(1)
s

[see Eq. (2.18)]. The current-phase relation is calculated between two lattice rows L
and R by computing Green’s function connecting the respective sites (see Fig. 5.9 for
a schematic plot of the lattice cuts). After computing the CPR, the critical current
is determined as its maximum Ic(µ) = max∆ϕ |ILR(∆ϕ, µ)|. We also show a consis-
tency check in App. A.5, where we directly compare the computed CPR with a ABS
spectrum that was obtained by calculating the spectral density given in Eq. (3.50). In
Fig. 5.11 the critical current for a magnetic dimer (non-dimer) hydrogen impurity is
shown in black (blue). Note that we consider different lengths L of the normal BLG
region to check for the length dependence. We see that for an increasing junction length
the magnitude of the critical current is decreasing as expected. Also shown as a grey
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5. Transport and bound states in superconducting single-layer and bilayer graphene

dashed line is the critical current of a clean junction without an impurity, which serves
as a benchmark for the adatom influence. Starting with a dimer site impurity, ones sees
two sharp and clear dips in the critical current for doping values around µ = −100 meV
and µ = 80 meV. These doping ranges correspond exactly to the magnetic resonance
energies that were already significantly modifying the YSR spectra in bulk supercon-
ducting BLG. Moreover, we know from the section before that the ABS spectrum for
a dimer impurity and a chemical potential of µ = −100 meV exhibits a resonant ABS
band with a reduced slope inside the superconducting gap. The reduced slope will
result in a decreased contribution to the current, as it is directly proportional to the
derivative of the ABS energies with respect to the phase difference ∆ϕ. By tuning µ
out of resonance, the impurity is only acting as a normal scattering center and weakly
gaps out some of the ABS bands, such that the current is reduced by a smaller amount.

In case of a non-dimer adatom we see a very broad decay of the current amplitude over
the complete range of computed chemical potential values. This is also in line with
the findings of the sections above, where we always saw a broad magnetic resonance
range for this impurity position. Comparing again with Figs. 5.10 (b) and (d) we see
the resonant ABS bands for the given doping energies, which are responsible for the
strong drop in current magnitude.
We can summarize that also in the case of well known Josephson junctions one can
observe the interplay of superconducting pairing and magnetic exchange interactions
introduced by single magnetic impurities.
In conclusion, we found that the spectral properties of YSR states located at magnetic
impurities in bulk superconducting systems can be tuned by varying the chemical po-
tential and their eigenenergies separate from the quasi-particle continuum spectrum,
whenever the doping level is close to magnetic resonances in the perturbed normal state
DOS. This spectral separation in turn leads to a strongly decreasing spin-relaxation
rate, instead of the from theory expected increase (Hebel-Slichter peak). Moreover, due
to the example of bilayer graphene it was shown that the effect depends on the exact
impurity position for systems with a sublattice structure. Finally, also in Josephson
junctions the magnetic exchange coupling leads to a reduction of the critical current
for chemical potentials close to magnetic resonance energies. These platforms are ex-
perimentally easier to examine and could therefore serve as additional probes for the
discussed observations.
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6. Non-uniform tight-binding method

We have seen in Chap. 4 that it can be very useful and sometimes even necessary
to employ full 3D models which are computationally very expensive. Moreover, for a
quantitative comparison between certain parameter sets in simulations and real exper-
iments which treat larger samples, the computational effort is analogously increasing
with system size. Therefore there is a high demand for efficient simulation techniques.
Particularly we are interested in the treatment of 2D or 3D topological insulator surface
states with realistic models in tight-binding calculations. The computation contains a
large amount of unimportant lattice points, namely the bulk of the system. Edge and
surface states can only be obtained by taking into account the bulk of the material,
despite the fact that for many cases these regions do not contribute important physics.
But also in systems which contain interfaces between different material components, it
is important to have a high resolution in the hybridization zone. Motivated by these
points we introduce and discuss a general way of implementing tight-binding systems
on a non-uniform lattice. The technique allows to efficiently shift grid points into spa-
tial areas where a high lattice resolution is needed. Even though we are using the
python package Kwant [34] in our simulations, we want to stress that our approach is
applicable to any other open source tight-binding software or self-written code. The
method will be applied to two examples. First the convergence of edge states in 2D
HgTe quantum wells is examined, while in the second example we are employing the
technique to a hybrid system of the 2D HgTe and a ferromagnetic metal.

Let us start with the general problem of naively applying the finite difference approach
to a non-uniform lattice. By trying to apply the standard finite difference method given
by Eqs. (3.3) and (3.4) onto a non-uniform lattice as plotted in Fig. 6.1, one arives at
a non-hermitian tight-binding Hamiltonian. This can be easily shown by performing
the discretization at the grid points yj and yj+1 [see Eqs.(3.3) and (3.4)], where we get

∂jΨj =
Ψj+1 −Ψj−1

aj−1 + aj
, (6.1)

and

∂jΨj+1 =
Ψj+2 −Ψj

aj + aj+1

. (6.2)

The denominators are simply the sum of the adjacent lattice spacings. Obviously, the
hopping from site yj to yj+1 is not the hermitian conjugate version of the backward
hopping from site yj+1 to yj if aj−1 6= aj+1. This issue arises due to the non-trivial
metric of the non-uniform lattice. However, the problem can be resolved by taking into
account the considerations regarding hermiticity of the next section.
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Figure 6.1: Schematic plot of the computational and physical spaces. The mapping f(u)
is shifting the equally spaced lattice sites in u-space onto the non-uniform y-grid, which
corresponds to the physical space in which the Hamiltonian should be approximated.

6.1. Hermiticity with a non-trivial volume form

For the tight-binding implementation with lattice constant u0 Kwant uses hermitian
matrices H† = H. The hermiticity condition of H, 〈Ψ|HΦ〉 = 〈HΨ|Φ〉, is given in the
continuum limit by the following scalar product, where we choose for simplicity a 2D
example, which reads [154]

〈φ |Hψ〉 =

∫
dx

∫
dyφ∗Hψ = 〈Hφ |ψ〉 . (6.3)

However with a non-trivial volume form we get

〈φ |Hψ〉 =

∫
dq1

∫
dq2g1g2φ

∗Hψ (6.4)

with gi = |∂r/∂qi| (i = 1, 2). From here we can only deduce that H† = H if g1 and g2

are constant. Note that we define from now q1 = x and q2 = y.
Written down in this form the tight-binding representation is in general not hermitian,
but we can apply the following unitary transformation on the Hamiltonian and the
wave functions [154]

〈φ |Hψ〉 =

∫
dx

∫
dy(
√
gxgyφ

∗)

(
√
gxgyH

1
√
gxgy

)
(
√
gxgyψ)

=

∫
dx

∫
dyφ̃∗Ĥψ̃, (6.5)

which renders the volume form trivial and results in a hermitian tight-binding form.

6.2. Non-unifrom grid

As we already mentioned, we want to have a non-unifrom grid with a denser set of
grid points where a high resolution is needed. An example of such a grid is shown in
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y

x

Figure 6.2: Example for a 2D non-uniform grid. The lattice constant in the x-direction
is constant while the spacing in the y-direction is non-uniform.

Fig. 6.1. The method to change the grid is a simple mapping between the so-called
computational space (coordinates parametrized by u, where u0 is the lattice constant)
and the physical space (coordinates parametrized by y). We define this mapping as

yj = f(uj) , 1 6 j 6 N. (6.6)

In order to apply non-uniform mappings to partial differential equations, we need to
know how the derivative operators behave under such transformations. For physical
problems we usually need only the first and second derivative of a variable, which get
transformed to

1st derivative:

∂y =
∂

∂y
=
∂u

∂y

∂

∂u
=

1
∂y
∂u

∂

∂u
=

1

f ′(u)
∂u, (6.7)

2nd derivative:

∂y∂y =

(
1

f ′(u)
∂u

)(
1

f ′(u)
∂u

)
. (6.8)

6.3. Example in 2D – discretization of momenta

We focus on an explicit example of a 2D lattice with a non-uniform grid spacing in one
direction as illustrated in Fig. 6.2. In this case we can identify the non-trivial volume
element as

gy = g(u) =
∂y

∂u
= f

′
(u), gx = 1. (6.9)

Since the package Kwant uses a tight-binding implementation, we have to adjust the
finite difference representation of a given Hamiltonian. As a first step we transform
the momenta as ki → −i∂i and k2

i → −∂2
i . After that we can discretize the derivatives

resulting in the common finite difference form.

6.3.1. Finite difference – first derivative

For the parts of the Hamiltonian which are linear in momentum the tranformation
gives us

k̂y = −i∂y = −i
1

f ′(u)

∂

∂u
. (6.10)
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6. Non-uniform tight-binding method

This expression is not hermitian when we put it onto a lattice (the forward and the
backward hoppings do not fulfill ty→y+1 = t∗y+1→y, where t denotes the hopping energy
shown in Fig. 3.1). But we can render it hermitian by applying the unitary transfor-
mation which we outlined in Sec. 6.1. Following the recipe, the scaled variables are
given by

k̂
′
=
√
f ′(u)k̂

1√
f ′(u)

=
√
f ′(u)

(
−i

1

f ′(u)

∂

∂u

)
1√
f ′(u)

= −i
1√
f ′(u)

∂u
1√
f ′(u)

. (6.11)

For all of the subsequent consideration we define the convenient short hand notations:

1. d(u) = 1/
√
f ′(u)

2. d(uj) = dj where j is the label of the lattice in y-direction, we neglect the x-
direction in the notation

3. ψ(uj) = ψj

Next we proof that the above transformation leads to a hermitian tight-binding matrix.
First, we apply the finite difference method to two adjacent lattice points:

k̂
′

yψj = [−idj∂jdj]ψj = −idj
dj+1ψj+1 − dj−1ψj−1

2u0

(6.12)

k̂
′

yψj+1 = [−idj+1∂j+1dj+1]ψj+1 = −idj+1
dj+2ψj+2 − djψj

2u0

. (6.13)

Second, we can extract the hoppings, which read

tj→j+1 = − i

2u0

djdj+1, (6.14)

tj+1→j =
i

2u0

djdj+1. (6.15)

From these we see already that the transformed elements fullfil tj→j+1 = t∗j+1→j and
therefore we can conclude that the tight-binding Hamiltonian is indeed hermitian.

6.3.2. Finite difference – second derivative

As mentioned, the recipe straightforwardly extends to the higher derivative. For the
second derivative, we obtain we obtain

k̂2
y = −∂2

y = −∂y∂y = −
(

1

f ′(u)
∂u

)(
1

f ′(u)
∂u

)
, (6.16)

132



6.3. Example in 2D – discretization of momenta

which is not hermitian. Hermiticity is again restored by applying the transformation

k̂
′2
y = −

√
f ′(u)k̂2

y

1√
f ′(u)

= −
√
f ′(u)

[(
1

f ′(u)
∂u

)(
1

f ′(u)
∂u

)]
1√
f ′(u)

= − 1√
f ′(u)

(
∂u

1

f ′(u)
∂u

)
1√
f ′(u)

. (6.17)

This expression resembles the effective mass problem (see p. 214 of Ref. [96] or
Ref. [235]) which is formulated as

Hkin =
1

2
p̂

1

m(r)
p̂ and p̂ = −i~∇. (6.18)

The considered Hamiltonian has a spatially dependent effective mass and its position
representation reads

H = −~2

2

∂

∂x

1

m(x)

∂

∂x
, (6.19)

which gives the following finite difference expression [96]

Hψj = −~2

2

(
2(ψj+1 − ψj)

mj+ 1
2
aj(aj + aj−1)

− 2(ψj − ψj−1)

mj− 1
2
aj−1(aj + aj−1)

)
. (6.20)

This expression can be derived by applying the finite difference method to a lattice
with spacing a/2. This will be shown in the following, where from now on we define
∂jψj = ψ

′
j.

Hψj =

[
−~2

2
∂j

1

mj

∂j

]
ψj

= −~2

2
∂j

1

mj

ψ
′

j

= −~2

2

1
m

j+ 1
2

ψ
′

j+ 1
2

− 1
m

j− 1
2

ψ
′

j− 1
2

aj
2

+
aj−1

2

= −~2

2

2

aj + aj−1

[
1

mj+ 1
2

∂j+ 1
2
ψj+ 1

2
− 1

mj− 1
2

∂j− 1
2
ψj− 1

2

]

= −~2

2

2

aj + aj−1

[
1

mj+ 1
2

ψj+1 − ψj
aj
2

+
aj
2

− 1

mj− 1
2

ψj − ψj−1
aj−1

2
+

aj−1

2

]

= −~2

2

[
2(ψj+1 − ψj)

mj+ 1
2
aj(aj + aj−1)

− 2(ψj − ψj−1)

mj− 1
2
aj−1(aj + aj−1)

]
(6.21)
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Analogously, we can apply this to our transformed finite difference expression. We
write d(u)2 = 1/f

′
(u) and get

k̂
′2
y ψj = [−dj(∂jd2

j∂j)dj]ψj define: Aj = djψj ⇒ ∂jAj = A
′

j

= −dj∂jd2
jA
′

j

= −dj
d2
j+ 1

2

A
′

j+ 1
2

− d2
j− 1

2

A
′

j− 1
2

u0

2
+ u0

2

= −dj
u0

[
d2
j+ 1

2
∂j+ 1

2

(
dj+ 1

2
ψj+ 1

2

)
− d2

j− 1
2
∂j− 1

2

(
dj− 1

2
ψj− 1

2

)]
= −dj

u0

[
d2
j+ 1

2

dj+1ψj+1 − djψj
u0

2
+ u0

2

− d2
j− 1

2

djψj − dj−1ψj−1
u0

2
+ u0

2

]
= − 1

u2
0

[
−d2

j

(
d2
j+ 1

2
+ d2

j− 1
2

)
ψj + djd

2
j+ 1

2
dj+1ψj+1 + djd

2
j− 1

2
dj−1ψj−1

]
. (6.22)

From the last expression we can again read off the onsite and the hopping terms

1. onsite term: εj = 1
u2

0
d2
j

(
d2
j+ 1

2

+ d2
j− 1

2

)
2. hopping term: tj→j+1 = − 1

u2
0
djd

2
j+ 1

2

dj+1.

In order to show hermiticity we can again also apply the method to the j + 1 site.

k̂
′2
y ψj+1 = [−dj+1(∂j+1d

2
j+1∂j+1)dj+1]ψj+1

= −dj+1∂j+1d
2
j+1A

′

j+1

= −dj+1

d2
j+ 3

2

A
′

j+ 3
2

− d2
j+ 1

2

A
′

j+ 1
2

u0

2
+ u0

2

= −dj+1

u0

[
d2
j+ 3

2
∂j+ 3

2

(
dj+ 3

2
ψj+ 3

2

)
− d2

j+ 1
2
∂j+ 1

2

(
dj+ 1

2
ψj+ 1

2

)]
= −dj+1

u0

[
d2
j+ 3

2

dj+2ψj+2 − dj+1ψj+1
u0

2
+ u0

2

− d2
j+ 1

2

dj+1ψj+1 − djψj
u0

2
+ u0

2

]
= − 1

u2
0

[
−d2

j+1

(
d2
j+ 3

2
+ d2

j+ 1
2

)
ψj+1 + dj+1d

2
j+ 3

2
dj+2ψj+2 + dj+1d

2
j+ 1

2
djψj

]
(6.23)

We see that the hoppings fulfill tj→j+1 = t∗j+1→j and therefore also the tight-binding
Hamiltonian is hermitian.

6.4. Properties of mapping functions

To this point we did not specify f(u). This mapping function between the computa-
tional space and the real space must fulfill at least two important properties. First of
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Figure 6.3: Example of the mapping function. The equally spaced grid points in u-
space become shifted in y-space. The parameters were fixed to W = 500, u0 = 25 and
s = 1.5.

all, the physical width of the system should not change. We do not want to artificially
stretch or shrink the system by the mapping, as this would change the physics in the
system. That means the function has to obey the following boundary conditions

0 = f(u = 0)

W = f(u = W ), (6.24)

where W is the physical width of the system. The second property is that the derivative
f
′
(u) is not allowed to vanish at any lattice point, as we must take the inverse of this

function. A schematic of such a mapping is shown in Fig. 6.1. In the next chapters we
are showing two examples, where we used the following example mapping

f(u) =
W

2
coth

(
s
π

2

) [
tanh

(
s
(
π
uu0

W
− π

2

))
− tanh

(
−sπ

2

)]
. (6.25)

The parameter s determines the strength of the stretching of the lattice spacing. If
s → 0, the grid transformation is almost zero and for large s the shifting of the grid
points to the boundaries becomes more pronounced. The variable u runs over the label
number of the grid points. An example for specific parameters is plotted in Fig. 6.3.

6.5. Examples

6.5.1. Density of scattering states in 2D BHZ model

In order to test the above theory it is reasonable to apply the procedure to a certain
problem which would benefit by efficiently distributing lattice points in space. We con-
sider a 2D topological insulator system with length L = 400 nm in the x-direction and
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width W = 500 nm in y-direction that exhibits edge states, i.e., HgTe/CdTe quantum
wells. This material class can be described by the well-established 2D BHZ Hamilto-
nian [236]. In the basis |E1, ↑〉 , |H1, ↑〉 , |E1, ↓〉 and |H1, ↓〉 it takes the form [236]

H2D
BHZ =

(
h(k) 0

0 h(−k)∗

)
, (6.26)

with

h(k) =

(
C − (B +D)k2 +M Ak+

Ak− C + (B −D)k2 −M

)
. (6.27)

We define k2 = k2
x + k2

y and k± = kx ± iky. The parameters are set to C = 0, A =
364.5 meV nm, B = −686 meV nm2, D = −512 meV nm2 and M = −10 meV, which
correspond to a dQW = 7 nm thick HgTe/Hg0.32Cd0.68Te quantum well [53, 237, 238].
The general idea is to compare the local density of states (LDOS) of the edge scattering
states for different lattice resolutions and check their convergence. The non-uniform
tight-binding method is applicable to such a system, as the edge states are mainly
localized at the edges of the system. In a standard tight-binding implementation an
improved convergence with a higher number of equally spaced lattice points is paid by
a big increase of the computational cost, despite the fact that the bulk is negligibly im-
portant. The non-uniform tight-binding method in turn does not increase the number
of lattice points but shifts a certain portion of them closer to the edges, namely the
regions where we need them. In Fig. 6.4 (a) the bandstructure of a 2D TI system with a
lattice constant of a = 2 nm is plotted. The edge states correspond to the two linearly
dispersing bands, while the upper and lower parabolic bands are the conduction and
valence bands, respectively. Note that we applied an infinitesimally small out-of-plane
magnetic field to lift the degeneracy of the edge states. Otherwise, the modes can be
chosen as a random superposition of the pure edge state basis. These eigenstates are
not desirable, as we want to look at the LDOS profile of a state that is purely localized
at one edge.
For the following discussion the Fermi energy is set to EF = 9 meV, such that it lies
inside the bulk band gap and only the edge states are present in the leads. Additionally,
to get a spatial variation along the x-direction (direction of transport) we also introduce
correlated disorder as described in Chap. 3. The advantage of correlated disorder
is the possibility to adjust it for a non-uniform representation. It is necessary to
have a direct comparison of the local density of states of the uniform and the non-
uniform implementations. Therefore we fix the same disorder configuration for each
of the simulations. We can achieve this by computing a densely resolved disorder
set on a lattice with a small grid spacing of a = 0.5 nm. The disorder sets for the
simulations with bigger or non-uniform lattice constants are then computed from this
set by interpolation. Furthermore, we fix the disorder amplitude to K0 = 0.3 and the
correlation length to ξ = 15 nm. The non-uniform implementation will be performed
on a computational grid with a lattice constant of u0 = 10 nm and a scaling factor
s = 1.1 for the lattice transformation given by Eq. (6.25). The computed scattering
state probability densities are compared to uniform tight-binding simulations with the
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big lattice constant of a = 10 nm and the small grid spacing of a = 2 nm. The
corresponding disorder configurations are shown in Figs. 6.4 (b-d). Note that for all
simulations the lattice constant in the x-direction ax is fixed to 4 nm. This is done to
prevent an influence of the longitudinal spatial direction and only probe the transverse
resolution. While panels (b) for a = 2 nm and (c) for a = 10 nm in Fig. 6.4 show
a uniform disorder distribution, panel (d) is illustrating the non-uniform case. In the
latter, it is certainly observable that the lattice points, stretching from the edges of the
system into the bulk, resolve the disorder with a higher resolution at the boundaries.
Contrary, the bulk is sampled much less.
Next, we need to rescale the computed scattering states on the non-uniform lattice, as
they correspond to transformed wave functions ψ̂ =

√
f ′(u)ψ and not directly to the

physical wave functions ψ. Also, we have to account for the normalization of the states
with respect to the number of lattice points in the transverse directions. The rescaling
is then performed by the following relation

ψ =

√
1

u0

· 1
|f(u+u0)−f(u−u0)|

2u0

ψ̂ =

√
2

|f(u+ u0)− f(u− u0)|
ψ̂. (6.28)

Finally, we can put everything together and compute the LDOS of the states ψ in
the scattering region. In Fig. 6.5 the probability densities with respect to the trans-
verse y-direction for different positions along the transport direction (x-direction) are
illustrated. The plots only show the local range close to one edge at y = W , as the
scattering states for one propagation direction are localized at one system boundary.
In all of the figures it is observable that for the uniform implementation with a large
lattice constant of a = 10 nm (orange curves) the LDOS exhibits strong oscillations
at the system boundaries with a bad convergence rate, compared to the small grid
spacing and uniform implementation with a = 2 nm (blue curves). In contrast to that,
the non-uniform implementation (red dots), with the same number of lattice points as
the uniform a = 10 nm simulation, shows an almost perfectly matching LDOS when
comparing to the a = 2 nm case. This is reasonable, as the smallest lattice constant
located at the boundary is as = 2.33 nm, meaning that we have a comparable lattice
resolution at the edges. The remarkable advantage is that we achieve a high conver-
gence by just 20 % of the lattice points in the non-uniform implementation compared
to the uniform case. For the exemplary positions along the x-direction, we plot in
Fig. 6.5 the original probability density on the computational grid (green curves). The
green curves are simply transformed into the red dots by mapping the computational
coordinates onto the physical ones by Eq. (6.25).
Summing up, the non-uniform tight-binding implementation works as desired, improv-
ing the numerical convergence of spatial properties by using a reduced number of effi-
ciently distributed lattice points.
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Figure 6.4: (a) Bandstructure of a 2D TI lead with width W = 500 nm and lattice
constant a = 2 nm. The Fermi energy EF is marked with a red dashed line. Panels (b)
and (c) show uniformly sampled disorder configurations for lattice constants a = 2 nm
and a = 10 nm, respectively. (d) Non-uniform disorder set that has a higher resolution
at the system boundaries than in the bulk.
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Figure 6.5: (a-d) Local densities of scattering states at different longitudinal x-positions.
The orange (blue) curves corresponds to a uniform tight-binding simulation with lattice
constant of a = 10 nm (a = 2 nm). The red dots are the LDOS computed on a non-
uniform lattice with s = 1.1 in the employed lattice transformation given by Eq. (6.25).
The red dots match with the densities in blue, obtained by the dense uniform grid. The
green curves are the LDOS on the computational grid corresponding to the physical
non-uniform grid. The green curves are mapped onto the red dots by transforming the
transverse coordinates according to Eq. (6.25).
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6.5.2. 2D TI/ferromagnetic metal hybrid

In order to test the non-uniform tight-binding in hybrid systems, where a part of the
setup is implemented with a non-uniform grid, we explore the structure studied in
Ref. [239] as another example. The system is a hybrid of a 2D topological insulator
and a ferromagnetic metal (FM) with a magnetization S. This physical setup provides
interface states localized at the TI/FM boundary. Due to their localization this is a
prime example to test our non-uniform numerical method. A schematic plot of the
system is shown in Fig. 6.6 (a). The 2D TI is modelled by Eq. (6.26) with the same
parameters as in the previous example, except that we choose here D = 0 to match the
parameter set of Ref. [239]. The FM is modelled by a simple Stoner band model [240],
where the Hamiltonian is given by

HFM = [−µeff
FM + tFM(k2

x + k2
y)]σ0 ⊗ τ0 + Jex[S · σ]⊗ τ0, (6.29)

where the magnetization S = S(sin(θ) cos(ϕ), sin(θ) sin(ϕ), cos(θ)) is a function of
angles [see Fig. 6.6 (a)]. For simplicity we set S = 1. The matrices σi and τi act in
spin and orbital space, respectively. The Hamiltonian parameter of the FM is fixed to
tFM = 5 eV · nm2. The coupling between the 2D TI region and the FM region is given
by the hopping

tB = 0.35 · tFM

a2
B

σ0 ⊗ τ0. (6.30)

The lattice constant aB for the coupling hopping is the average between the smallest
lattice constant at the boundary of the 2D TI and the lattice constant aFM in the FM
region. While the chemical potential of the TI region is fixed to zero, the chemical
potential in the FM is chosen such that the upper band edge is fixed relative to the
Dirac point of the TI. This can be done by defining

µeff
FM = µFM +

4

a2
FM

tFM. (6.31)

For the following calculations we fix the value µFM = 8 meV. This choice assures that
we are in the pristine system configuration [239], where the Dirac point of the edge
states is not submerged into the FM bands. In the TI region, we employ the mapping
given by Eq. (6.25) and we fix s = 0.8. The mapping from the computational space
onto the physical system is illustrated for the complete system in Fig. 6.6 (b). As the
states of a metallic system are not localized in any specific region of the system, the
Hamiltonian HFM is discretized on a uniform lattice with lattice spacing aFM. Note
that the mapping function is not optimized yet, instead it is chosen such that the
smallest lattice constant at the boundary of the non-uniform lattice is closely matching
with aFM. The computational grid is uniformly discretized with the lattice constant
aTI, which is fixed to 8 nm. The number of lattice points in the FM region, which
are necessary to simulate a FM stripe with width WFM and a lattice constant aFM,
is given by NFM = WFM/aFM + 1. These lattice points are separated by aTI on the
computational grid, but the values on each lattice site are scaled by aFM. That is the
reason, why the slope of the orange line in Fig. 6.6 (b) is not equal to 1. For simplicity,
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Figure 6.6: (a) Schematic plot of the TI/FM hybrid test system (adopted from
Ref. [239]). The edge states (shown in blue) at the interface hybridize with the FM
states and feel the influence of the magnetization S. (b) Mapping procedure from
the computational space u onto the physical space y. The discretization is chosen
non-uniform in the TI and uniform in the FM.

the magnetization S is defined to point parallel to the z-direction and the exchange
energy is set to Jex = −5 meV.

In Fig. 6.7 (a), the bandstructure is displayed, where we choose a width of the TI region
WTI = 504 nm and a width of the FM region WFM = 300 nm. The spectrum consists of
the parabolic bands stemming from the FM region, bulk valence and conduction bands,
as well as edge states, originating from the 2D TI. Compared with Fig. 6.4 (a), it is
clear that the magnetization S is lifting the energetic degeneracy of the TI edges states.
The states localized at the TI/FM-interface hybridize with the spin split bands of the
FM. This can be visualized by calculating the spin expectation value for z-polarization
〈σz〉 and additional color coding (red ↑, blue ↓) of the respective bands in the spectrum
[see Fig. 6.7 (b)]. The edge states at the TI boundary which are not connected to the
FM remain with a linear dispersion. The states at the boundary between the TI and
FM regions bend towards the parabolic FM bands and hybridize strongly with those
if their spin quantum numbers match.

Next, we benchmark a non-uniform implementation with the standard uniform case.
In Fig. 6.8 (a), the spectrum of the TI/FM hybrid structure is plotted for different con-
figurations of the lattice implementation. The system widths are the same as in those
calculations that we use in Fig. 6.7. The continuous blue line is the best converged, but
simultaneously computationally the most expensive one, and corresponds to a uniform
configuration with aTI = aFM = 4 nm. The worst implementation is illustrated by the
dotted orange lines, where in the TI region, as well as in the FM region, uniform lat-
tices with aTI = 8 nm and aFM = 4 nm are employed. Finally, the red dashed lines are
computed using the non-uniform tight-binding scheme. The number of lattice points is
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Figure 6.7: (a) Bandstructure of a TI/FM hybrid system for the widths WTI = 504 nm
and WFM = 300 nm. The coupling between the TI and the FM induces, due to the
presence of the exchange energy Jex, a splitting of the spin polarized edge states. (b)
The same bandstructure is plotted with the computed spin polarization along the z-
direction.

the same as for the orange dotted lines, but the lattice points are efficiently shifted to
the boundaries. It can be clearly observed in Fig. 6.8 (a) that the red dashed lines are
lying closely to the blue continuous lines for the interesting interface states. Therefore
the convergence of the spectrum of the interface states is increased considerably.
Next, we check the convergence of the local density of states. Figure 6.8 (b) displays
the LDOS close to the TI/FM-interface for an energy of E = 5 meV. The corre-
sponding states are marked in the bandstructure in Fig. 6.8 (a) by dots. Their colors
correspond directly to the colors which are used for the LDOS plots. Also in the LDOS
the increased convergence is observable. While the low resolved uniform lattice config-
uration (orange line) shows strong oscillations, the non-uniform implementation with
an efficient lattice distribution is lying almost perfectly over the high resolved uniform
implementation. Only the value exactly at the boundary site of the TI and FM regions
is exhibiting a too small magnitude. The exact reason for this behavior still needs
further checks in future studies. As a last remark, the green line is again the LDOS
that is returned by Kwant on the computational grid.

Summing up, we conclude that the non-uniform tight-binding methodology showed a
highly improved accuracy for the computed quantities in both of the above considered
examples, while not increasing the computational effort. An efficient spatial distribu-
tion of lattice points leads to strongly improved results. This implementation scheme
can be generally applied to analogous problems and might also help in studying, for
example, 3D models, which are by nature very costly.
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Figure 6.8: (a) Comparison of the TI/FM hybrid spectrum obtained by different lattice
configurations. The non-uniform tight-binding method increases the convergence very
closely to the uniform and dense grid. (b) Local density of states for the states marked
with colored dots in the banstructures. Comparing the orange and red dashed lines we
observe that convergence is highly improved with the non-uniform lattice implementa-
tion.
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7. Conclusions and outlook

In this dissertation, we studied in detail charge and spin transport in normal-conducting,
as well as in superconducting Dirac systems. The scattering behavior of topologi-
cal states off surface steps in topological insulators was studied and transport in TI
nanowires was examined in a divers number of system setups. Moreover, spin relaxation
in superconducting single-layer and bilayer graphene was analyzed, while taking into
account the emergence of locally bound Yu-Shiba-Rusinov states. The obtained results
were then connected to properties of bilayer graphene Josephson junctions with a mag-
netic impurity in the normal region. Finally, a non-uniform tight-binding scheme was
introduced to increase the efficiency in implementing systems with a non homogenous
local density of states distribution, with TIs being a prime example. In the following,
the main results of this thesis are recapitulated and summarized. Therein, short out-
looks to further possible studies are given and remaining open questions are formulated.

Starting with the study of normal-conducting topological insulators, we first examined
the scattering of Dirac states in Bi2Se3 systems which have step edges on their top
surface. More precisely, we generated correlated island structures which are similarly
present in realistic samples of bismuth based TIs. By computing the local density of
states of the scattering states in the system, we saw that the highest density was located
directly at the step edges between different lattice layers. Contrary, right before step
edges the LDOS is reduced on the lower lattice layer and only weak but homogeneous
values can be found between the islands.
The identification of topological surface states via signatures in the LDOS at step edges
on the material surface would be certainly an interesting useful technique. Measure-
ments of the state distribution at the surface can be performed via scanning tunnelling
microscopy or mid-infrared near-field microscopy. Comparing the numerical simula-
tions with experimental measurements on real samples could give hints on how to
differentiate trivial from topological states, for example, by tuning the Fermi energy in
the system or by applying certain magnetic field configurations. Further simulations
should be performed to study the dependence of surface states on these parameters
and also other materials like Bi2Te3 should be examined. The spectra of different TIs
differ strongly concerning the size of the bulk bandgap and the anisotropy inside the
crystal. These features also affect the properties of surface states at step edges and
should be studied in more detail.
Next, we moved on from the slab geometry with two decoupled Dirac cones on the top
and bottom surfaces by defining TI nanowires. In the wire configuration, for typical
setups only one quantized Dirac cone is located at the surface and transport of these
states can be modulated by applying a magnetic field parallel to the wire axis. However,
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7. Conclusions and outlook

wires can also be grown in a core-shell structure, where the TI material is wrapped
around an insulating core. In order to understand the spectrum of such nanowires we
first studied in detail the bandstructure of a hollow TI shell by employing the 3D BHZ
Hamiltonian. There vacuum was serving as the insulating core and it turned out that
the spectrum consists of two separated Dirac cones on the inner and outer surfaces,
as long as the thickness of the TI shell is not reduced to allow an overlap between
the surface states. Inspired by this simple observation, we devised an effective Dirac
Hamiltonian which captures the essential spectral information and performed transport
simulations to predict signatures for future experimental measurements. By construct-
ing wires with a certain ratio of inner and outer surface radii one is able to modify the
periodicity of flux periodic conductance oscillations, due to the superposition of the
Aharonov-Bohm effect of inner and outer surface modes.
Core-shell nanowires are a very fascinating platform to study Dirac physics. Compared
to typical TI nanowires with a single Dirac cone on their surface, the bulk contribution
to, for example, the conductance should be considerably reduced. At the same time,
interesting effects arising from the topological states could be observable more clearly
due to the presence of a second surface or interface Dirac cone located around the core
material. From a theoretical point of view these systems offer a broad range of possible
studies. It would be, for example, certainly interesting to examine the Andreev reflec-
tion behavior in a N/S-junction and to check if Majorana fermions emerge and how
the two Dirac surfaces interact in transport. Also, constructing a Josephson junction
with these wires could show interesting features in the current-phase relation and the
Andreev bound state spectrum simply by tuning an axial magnetic field. Hopefully,
future experiments can give insight into these fascinating Dirac platforms.
Afterwards we examined rectangular TI nanowires with a single surface Dirac cone and
studied the emergence of 1D hinge states in a perpendicular magnetic field. Due to
the anisotropy in the Bi2Se3 quintuple layers, which is included in the 3D BHZ model,
Landau levels from at different energy values. This difference in energies results in a
smooth deformation of the bandstructure by slowly rotating the magnetic field direc-
tion in the plane of the wire cross-section. Thereby, 1D hinge states can be induced
and the system corresponds to an extrinsic higher-order TI.
As a last study in the normal-conducting regime, we considered nanowire constrictions,
where the nanowire surface has a non constant radius along the wire axis. On the basis
of interesting studies on shaped TI nanowires of Dr. Kozlovsky we picked up on still
open questions and could identify many junction features when applying a magnetic
field parallel to junction direction. The transport behavior can be classified by a ge-
ometry property, namely by the length of the central wire segment which connects
the constricting system parts. Increasing the field strength leads to the formation of
Landau levels on the side faces of the junction which experience an out-of-plane field
component. Therefore the central part of the system acts like a box with quantized
energy levels inside, where the lead modes can tunnel resonantly into. Depending on
the length Lcenter of the central wire the separation of the discrete energy levels is either
small (big Lcenter), leading to a large number of states in the box, or big due to a small
length Lcenter, with only a few available states in the box. Furthermore, for the latter
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case also Landau level features appear in the conductance because of the increasing
influence of the side faces.
TI nanowire constrictions might offer the possibility to trap Dirac particles in a mag-
netically generated box and to probe the spectrum of these states in great detail. Here
the question arises whether such junctions can be used as angular momentum filters of
the TI states. Transmission is allowed by only a discrete set of quantized states in the
setup, which also have a fixed angular momentum. Therefore it could be fascinating
to use this setup as intermediate devices for experiments where a fixed angular mo-
mentum quantum number is useful for certain measurements. Still, this question needs
more attention and further studies have to be performed in order to clarify this problem.

After extensive studies on normal-conducting TI systems, we switched to supercon-
ducting setups. As a first setup, we considered crossed Andreev reflection in a TI
nanowire T-junction with one superconducting and two normal-conducting leads. Ap-
plying a magnetic field perpendicular to the junction induces the formation of chiral
edge states, which allows for the spatial separation of incoming electrons and outgoing
holes. Moreover, by applying an additional magnetic field parallel to the supercon-
ducting wire axis, CAR can be easily tuned and even switched on and off in the single
mode regime. Also, advantageous for an experimental realization, CAR is observable
dominantly in weak perpendicular magnetic field ranges and for energies far above the
Dirac point.
Afterwards, TI nanowire Josephson junctions were studied. There we differentiated
between the following two system configurations.
First, the TI nanowire was assumed to be fully proximitized around the wire circumfer-
ence by an s-wave superconductor. Applying a weak axial magnetic field modifies the
Andreev reflection, which is observable in the current-phase relation as discrete jumps
with respect to the variation of the phase difference. These jumps are directly related
to the surface state spectrum and could serve as a probe of the bandstructure in actual
experiments.
Second, the setup is assumed to be in a partially superconducting state which is closer
to the realization in experiments. This project was examined in close relation to exper-
imental measurements performed in the Weiss group at the University of Regensburg.
Low transparency HgTe Josephson junctions exhibit flux periodic supercurrent oscilla-
tions with a period half the superconducting flux quantum. Numerical simulations in
combination with semiclassical analytical calculations of Dr. Fuchs could show that the
oscillations originate from locally induced superconducting pairing in the TI nanowire
surface. Additionally, interface barriers suppress large current contributions which
cover up the h/4e-periodic components and eventually make those observable. These
oscillations serve as another signature of clear surface transport in TI nanowires.

In the second main part of this thesis we switched the material class and considered
superconducting single-layer and bilayer graphene. Initially the emergence of Yu-Shiba-
Rusinov states at magnetic impurities on top of superconducting bilayer graphene was
studied. The YSR energy spectrum was computed as a function of the chemical poten-
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tial of the system and it was shown that the spectrum behaves differently for impurities
which are located at either dimer or non-dimer sites. This finding can be directly re-
lated to the normal state DOS, where a doping level in a magnetic resonance regime
leads to a change in the spectral properties of the YSR states. Furthermore, the eigen-
functions were studied and it was observed that these localize at different sublattices
in the structure.
These findings have direct consequences on the spin relaxation of the superconduct-
ing quasiparticles. Therefore, spin-relaxation rates were computed for single-layer and
bilayer graphene by employing a methodology which incorporates scattering matrix
elements. The impurity in the system was assumed to either induce local spin-orbit
coupling or a local magnetic exchange interaction, such that YSR states can form.
The calculated spin-relaxation rates in case of local spin-orbit coupling decrease when
lowering the system temperature, what matches perfectly with the known Elliot-Yafet
spin-relaxation mechanism in superconducting systems. However, for magnetic impu-
rities, the spin-relaxation rates exhibit also a drastic decrease in certain ranges of the
chemical potential. This finding is in strong contrast with the known theory, where
first an increase in the spin-relaxation rate is expected, after which it starts to decrease
again (Hebel-Slichter peak). The anomalous behavior can be traced to the resonance
doping ranges of the corresponding YSR states, while far away from these values the
relaxation behaves as expected. This leads to the conclusion that the reduced overlap
between the resonant YSR states, which lie inside the superconducting gap, and the
quasiparticle states, which are located close to the gap energy, also leads to a reduced
spin scattering. Consequently, one needs to be cautious when determining the micro-
scopic source of spin relaxation.
Next, it was shown that also in the supercurrent of bilayer graphene Josephson junctions
signatures of those resonances can be found. The locally induce magnetic exchange in-
teraction affects the Andreev bound state spectrum for resonant values of the chemical
potential, where a strong decrease in the critical current amplitude can be observed.
These systems are experimentally easier to examine than spin relaxation in bulk su-
perconductors and they could thereby serve as a first probe of the studied signatures
in this thesis.
Regarding further possible studies, the emergence of ABS or YSR states in supercon-
ducting systems and in close relation to shaped TI nanowires, the effect of curvature
on the ABS/YSR spectrum offers a fascinating possibility to tune their properties.
Stretching, bending or putting a system under pressure along a defined direction will
introduce a certain amount of positive or negative curvature at the material surface.
This will obviously affect the localized YSR states, as well as the extended ABS, and
therefore also their spectral properties. So curvature might be an interesting geomet-
rical property to modify the transport behavior of surface states and could serve as a
further possibility to study these special states in more detail.
Furthermore, in sight of the finding that the spin-relaxation rate induced by magnetic
impurities in s-wave superconducting graphene behaves differently from the known the-
ory for resonant doping levels, it might also be of interest to study this quantity for
other pairing mechanisms. An example would be d-wave pairing, where the supercon-
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ducting pairing depends on the momentum and therefore couples electrons and holes
at different spatial positions. Such a pairing can analogously be treated with the de-
vised calculation procedure of the spin-relaxation rate from the S-matrix. Maybe other
relaxation signatures are present for different pairing mechanisms, which in turn would
certainly be useful for many experiments as it could allow to differentiate between them.

The third and last part of this dissertation covered the theory of a non-uniform tight-
binding implementation. Some systems exhibit physics which are localized in only a
small region of the whole sample. Topological insulators for instance have states which
are strongly localized to surfaces or edges, while the bulk of the system is not containing
valuable information. In numerical tight-binding simulations one must therefore find
a balance between accessible system size and convergence of the computed quantities,
which is related to the used lattice constant. To raise the efficiency with a low number
of lattice points while keeping the convergence to a maximum, we introduced a trans-
formation methodology which efficiently distributes the available lattice points into the
necessary spatial regions and keeps the tight-binding Hamiltonian in a hermitian form.
By studying the convergence of, first, edge states computed with the 2D BHZ model
and, second, interface states emerging in a 2D TI/FM hybrid system, we showed a big
reduction of the computational cost while obtaining correct results. The methodology
of a non-uniform tight-binding implementation might be particularly useful for simu-
lating 3D systems, where the computational demands are even higher.

Finally, besides the in detail discussed topics of this thesis, many of the introduced
methods have also been applied in studies which go beyond the scope of this work. First,
in Ref. [45] spin-charge conversion conductance was examined numerically, where a spa-
tial anisotropy can be observed due to special cubic spin-orbit coupling terms, which
arise in a 2DEG at a LaAlO3|SrTiO3 interface [241]. Second, conductance features of
topological surface states without quantization effects were examined in presence of
randomly distributed but spatially correlated n- and p-doped surface areas. Results
show two distinct conductance minima corresponding to Dirac points in each of the
doped areas and the findings are in very good agreement with a different theoreti-
cal approach employed by Dr. Marganska Additionally, the observations could explain
experimental measurements on the Gilbert damping factor in hybrid systems of a topo-
logical insulator and a ferromagnetic material. For more details the interested reader
is referred to Ref. [147].

In summary, topological insulators and graphene are fascinating systems to study the
effects of Dirac physics in condensed matter. These systems are ideal platforms for
studying fundamental questions in physics due to the ability to tune the material
properties in a divers number of ways. Even after two decades of intensive scientific
research on these systems there are still new aspects and physical properties that can
be discovered in these materials. Their special features also make them high ranking
candidates for future applications and devices, where it is exciting to see what new
characteristics might be found.

149





A. Appendices

A.1. Derivation of ABS in fully proximitized topological
insulator nanowire Josephson junctions

In Ref. [158] Pientka et al. derive from Beenakkers scattering matrix formalism an
expression for ABS with superconducting leads which display a Zeeman splitting of the
bands. Here we can apply an analogous approach. The essence of Beenakkers method
is discussed in Sec. 3.6.1, where the equations we need to consider are given by

Ψout = SNΨin, (A.1)

Ψin = SAΨout, (A.2)

Ψin = SASNΨin. (A.3)

The bound state spectrum can then be found by demanding that

det(1− SASN)
!

= 0. (A.4)

If there is no disorder coupling different modes, the problem is separable. We can
show this by looking at the simple example of just four modes in the system. The first
equation for scattering in the normal part of the system then reads

Ψout = SNΨin (A.5)
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151



A. Appendices

while scattering at the N/S-interfaces gives

Ψin = SAΨout (A.7)
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Putting the respective scattering matrices into Eq. (A.4) and introducing a short hand
notation, where SL/R denotes reflection at the left/right S/N-interface and T1,2 contains
the transmission amplitudes of the electron and hole modes 1/2 for moving through
the N region, we get
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So in the end we get a determinant condition for each mode separately, leading to

det
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= 0. (A.12)

Analogously to Ref. [158], we define
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where

re/h = ±r exp (iχ± ± iϕN) , (A.15)

rA =
√

1− r2 exp(iχ±), (A.16)

χ± = arccos

(
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B

∆B

)
. (A.17)

The parameter En
B is the flux induced energy splitting which was discussed in the main

text. Further we include normal reflections at the interfaces, since the orbital magnetic
field can lead to increasing reflection. As the scattering matrix SN of the normal system
we define

T =

(
te 0
0 th

)
with te/h = exp

(
ike/hL

)
. (A.18)

We then plug these expressions into Eq. (A.12) and after some algebra we obtain the
condition for ABS

cos(2χ± + 2θ+) = r2 cos(2ϕN + 2θ−) + (1 + r2) cos(∆ϕ), (A.19)

where θ± = (ke ± kh)L/2 and ∆ϕ is the superconducting phase difference across the
junction. Finally, we can neglect the phase ϕN of the normal reflection as this will only
give a minor contribution in our clean setup and we write

cos(2χ± + 2θ+) = r2 cos(2θ−) + (1 + r2) cos(∆ϕ). (A.20)

For the bound states we can write the spectrum as

En
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B. (A.21)

A.2. Benchmark model for spin relaxation in graphene

For the exclusion of any errors due to a false implementation of the tight-binding sys-
tem one can simply compare with known results. Particularly in the case of locally in-
duced spin-orbit coupling, the implementation of the spin coupling terms in Eq. (2.22)
needs careful checks. In Ref. [84] results for spin-relaxation rates in graphene with
chemisorbed hydrogen and fluorine adatoms are discussed. More precisely, the effects
of each of the SOC terms are studied separately. This allows us to check each compo-
nent of our implemented model in great detail and assure its correctness. Note that the
computed spin-relaxation rates are for an in-plane spin configuration of the incoming
and outgoing scattering states along the x-direction. In turn, the implemented tight-
binding model given by Eq. (2.22) is for an out-of-plane spin configuration. The tran-
sition amplitudes Sxσ,−σ [shorthand notation for the scattering matrix elements tiσ,j−σ
and riσ,j−σ of Eq. (3.58)] for in-plane spins can be calculated from the out-of-plane spin
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transition amplitudes Szσ,−σ by realizing that the eigenstates obey the relations
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1√
2

(|1〉z + |−1〉z) , (A.22)
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2
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The transition amplitudes are then given by
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. (A.25)

By using the correct combination of scattering matrix elements corresponding to the
out-of-plane implementation, the in-plane spin transition amplitudes can be calculated.
Analogously to Ref. [84], in Fig. A.1 the full relaxation rate along with the different spin-
orbit coupling components are shown. The system parameters were fixed to a width
of W = 131a and a length of L = 4a. Note that the relaxation rate is independent
of the exact length of the scattering region due to the fact that we only have a single
impurity in the center. The region before and after the adatom can also simply be
accounted as part of the translationally invariant leads. The phase averaging, which
was introduced in Sec. 3.7, was performed over 30 equally spaced values in [0; 2π]. The
calculated results for the full model, as well as for the different SOC components fit
perfectly to the results discussed in Ref. [84]. As a final remark, note that the intrinsic
components, shown in Figs. A.1 (d) and (h), are only non-zero for an in-plane spin
configuration. For spin states that are polarized along the z-direction the intrinsic
terms are only coupling equal spin kinds, such that no spin scattering is possible.

A.3. Comparison of different interlayer hopping
configurations

In this section of the appendix the validity of the simplified bilayer graphene model
with only γ1 as the interlayer hopping which was employed in Sec. 5 is discussed. This
is done by comparing the spin-relaxation results of the simpler model with γ3 = 0
and γ4 = 0 of the main text to computations using the full model. The computational
effort increases only weakly when the additional interlayer hoppings are included, which
makes an implementation easy at this point. Moreover, from the findings of Sec. 5
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A.4. ABS in bilayer graphene Josephson junction with J=0
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Figure A.1: Spin-relaxation rates for an in-plane spin configuration along the x-direction
for a graphene system with width W = 131a and length L = 4a. The impurity
concentration is set to η = 53 ppm/carbon. The upper row corresponds to a hydrogen
impurity, while the lower row shows results for fluorine. In (a) and (e) all SOC terms
of Eq. (2.22) are used. Contrary, in (b) and (f) only PIA terms, in (c) and (g) only
Rashba terms and in (d) and (h) only intrinsic SOC terms were used. The results fit
perfectly with those of Ref. [84].

we know that the properties of 1/τs are directly related to the magnetic resonance
energies of impurities, which in turn determine the spectral properties of YSR states
in bulk superconductors and ABS in Josephson junctions. Therefore, by comparing
spin scattering calculations of the full model to the simplified ones, we can check for
drastic changes also in the related quantities. In Fig. A.2 the spin-relaxation rates
are plotted for the two model configurations as a function of the chemical potential
for the temperatures T = Tc and T = 0.1 K. We also compare both impurity kinds
by considering a spin-orbit active (panels (a) and (c)) and a magnetic (panels (b)
and (d)) hydrogen adatom that is located at dimer and non-dimer sites. The system
and computation parameters are set as follows: Superconducting pairing is fixed to
∆ = 1 meV, the scattering region has a width of W = 131a and the length is L = 4a
with a resulting impurity concentration of η = 0.0413 %. The phase averaging was
performed over 20 equally spaced values in [0, 2π]. By comparing the computed curves
in all four panels, we see immediately that only minor and no qualitative changes
appear, such that the simplified model should capture all of the relevant physics.

A.4. ABS in bilayer graphene Josephson junction with
J=0

In order to check the validity of our method for computing the ABS spectra by cal-
culating the spectral density, we can directly compare the obtained results with the
scattering matrix approach introduced in Sec. 3.6.1 if we put J = 0. For this system
configuration the single hydrogen impurity will serve as a normal scattering center for
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Figure A.2: Comparison of spin-relaxation rates 1/τs as a function of the chemical
potential µ for the two temperatures T = Tc and T = 0.1 K obtained by the simplified
BLG model (γ3 = 0 and γ4 = 0) and the full set of interlayer hoppings given by
Eq. (2.15). A hydrogen impurity is considered to induce spin-orbit coupling [(a) and
(c)], as well as magnetic exchange interactions [(b) and (d)], at dimer and non-dimer
sites. The system and computation parameters are the same as those for Figs. 5.6 and
5.7 in the main text. The curves obtained by both models give qualitatively the same
results. Adapted from the Supplemental Material of Ref. [3].
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Figure A.3: Comparison of ABS spectra calculated by either the spectral density
method (black dots) or the scattering matrix approach (continuous red lines) for (a)
a dimer site and (b) a non-dimer site impurity. In the first case we used a chemical
potential of µ = −100 meV, while in the latter we put µ = 150 meV and the super-
conducting pairing was set to ∆ = 1 meV. The system size is W = 40a and L = 10a
and the magnetic exchange interaction was put to zero. Both methods give perfectly
agreeing results. Adapted from the Supplemental Material of Ref. [3].

each value of the chemical potential µ. In Fig. A.3 the two approaches for calculating
the ABS spectra are plotted, where the ABS spectra computed by the spectral density
method are shown in black dots, and those obtained with the scattering matrix ap-
proach are plotted in red continuous lines. In (a), a hydrogen impurity is assumed to
sit on top of a dimer site with µ = −100 meV, while in (b) it is located at a non-dimer
site with µ = 150 meV. The ABS computed by the two approaches match perfectly,
highlighting the correctness of the employed spectral density code.

A.5. Comparison of ABS and CPR in bilayer graphene
Josephson junction

For a further consistency check of the spectral density code and also for the supercurrent
computation via Green’s function (see Sec. 3.6.2), we are in this appendix directly
comparing a computed ABS spectrum obtained by the first method to a current-phase
relation calculated with the second approach for a bilayer graphene Josephson junction.
In Fig. A.4 (a) the CPR for a BLG Josephson junction with width W = 40a, length
L = 10a, ∆ = 1 meV and a chemical potential of µ = −16 meV is plotted. The curve
shows two clear jumps around a phase differences of ∆ϕ = ±2 which are marked with
red dashed lines. These jumps typically occur in CPRs whenever the ABS spectrum
has zero energy crossings, such that the bands in the ABS ground state change slope
from negative to positive. The ABS energy spectrum, which is shown in Fig. A.4 (b), is
computed by employing the spectral density method (for the same set of parameters).
Exactly at phase differences ∆ϕ = ±2 the ABS are exhibiting zero energy crossings
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(also marked with red dashed lines). These matching features certainly highlight the
correctness of both approaches.

A.6. Tight-binding implementation of hexagonal
warping

This appendix serves as a general manual for the correct implementation of cubic mo-
menta terms in a Hamiltonian and shows that fermion doubling for such components
can be cancelled by employing an extended Hamiltonian which was devised by Marc-
hand and Franz [242].

A.6.1. Hexagonal warping and finite difference representations

The spectra of surface states on topological insulators such as Bi2Se3 or Bi2Te3 do not
only obey a linear Dirac equation. Instead, they exhibit strong hexagonal warping for
higher energies. This effect is described by the inclusion of cubic momenta into the
Hamiltonian [33, 243]

H
′

warping = ~vF(kxσy − kyσx) +
W2

2
(k3

+ + k3
−)σz + V (x, y). (A.26)

Here the usual definition of k± = kx± iky is used and the term V (x, y) can describe any
potential profile on the TI surface. In order to implement this Hamiltonian on a nu-
merical grid using a tight-binding scheme one has to take care of the emerging Fermion
doubling problem. Contrary to the case of a linear Dirac term it is no longer enough
to add a second order Wilson mass term (see Sec. 3.2). Rather it becomes necessary
to employ a 4x4 Hamiltonian derived by Marchand and Franz [242]. Additionally we
rewrite the cubic term in terms of kx and ky,

Hwarping = ~vF(kxσy − kyσx) +W2(k3
x − 3kxk

2
y)σz + V (x, y). (A.27)

This will be useful in the finite difference representation. The TI Hamiltonian is then
given by

Hfull =

(
Hwarping Hc

Hc −Hwarping

)
. (A.28)

The Hamiltonian component Hc is a coupling between two TI Hamiltonians, which can
be thought of as top and bottom surface of a 3D TI slab. This coupling is defined as

Hc = C
(
k2
x + k2

y

)
σ0. (A.29)

Note that the Hamiltonian A.28 resembles a standard BdG-Hamiltonian with a k-
dependent superconducting gap. The chosen coupling [Eq. (A.29)] opens a gap at the
borders of the first Brillouin zone, but is not coupling the bands at the Gamma point.
In the following, the necessary finite difference expressions will be derived. These were
analogously applied to cubic spin-orbit coupling terms which were studied in context of
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Figure A.4: Comparison of a current-phase relation computed with Eq. (3.56) and
an ABS spectrum obtained by using Eq. (3.50). The Josephson junction has width
W = 40a and length L = 10a, where the chemical potential was fixed to µ = −16 meV
and ∆ = 1 meV. The CPR shows clear jumps at ∆ϕ = ±2 (marked with red dashed
lines) which stem from the zero energy crossings in the ABS at those values of the
phase difference. Adapted from the Supplemental Material of Ref. [3].

159



A. Appendices

anisotropic spin injection in Ref. [45]. The first and second derivatives are approximated
by Eqs. (3.3) and (3.4). The finite difference expressions for the linear Dirac term are
then given by

x→ x+ 1 : t1x = −i
~vF

2ax
τz ⊗ σy, (A.30)

y → y + 1 : t1y = i
~vF

2ay
τz ⊗ σx. (A.31)

The expressions for the cubic terms are a bit more complicated. First, the term k3
x = i∂3

x

is discretized as

iW2∂
3
xΨx = iW2∂

2
x[∂xΨx]

= iW2∂
2
x

[
Ψx+1 −Ψx−1

2ax

]
= i

W2

2ax
∂x

[
Ψx+2 −Ψx

2ax
− Ψx −Ψx−2

2ax

]
= i

W2

4a2
x

[
Ψx+3 −Ψx+1

2ax
− Ψx+1 −Ψx−1

2ax
− Ψx+1 −Ψx−1

2ax
+

Ψx−1 −Ψx−3

2ax

]
= i

W2

8a3
x

[Ψx+3 − 3Ψx+1 + 3Ψx−1 −Ψx−3] . (A.32)

This results then in the hopping terms

x→ x+ 3 : t3x = i
W2

8a3
x

τz ⊗ σz, (A.33)

x→ x+ 1 : t31
x = −i

3W2

8a3
x

τz ⊗ σz. (A.34)

Next, the second cubic term −3W2kxk
2
y needs to be discretized. Here the derivatives

act in two different spatial directions, so we end up with

−3W2kxk
2
yΨx,y = −3W2kx

[
(−1)

Ψx,y+1 + Ψx,y−1 − 2Ψx,y

a2
y

]
= −i

3W2

a2
y

[
Ψx+1,y+1 −Ψx−1,y+1

2ax
+

Ψx+1,y−1 −Ψx−1,y−1

2ax
(A.35)

−2
Ψx+1,y −Ψx−1,y

2ax

]
. (A.36)

The respective hoppings read

x, y → x+ 1, y + 1 : txpy = −i
3W2

2axa2
y

τz ⊗ σz (A.37)

x, y → x+ 1, y − 1 : txmy = −i
3W2

2axa2
y

τz ⊗ σz. (A.38)

x, y → x+ 1, y : t32
x = i

3W2

axa2
y

τz ⊗ σz. (A.39)
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For the cubic term one gets the full nearest-neighbour hopping in x-direction

t3x = t31
x + t32

x = i3W2

(
1

axa2
y

− 1

8a3
x

)
τz ⊗ σz. (A.40)

Finally, the coupling Hamiltonian is straightforward to discretize

x, y : εcx,y = 2C

(
1

a2
x

+
1

a2
y

)
τx ⊗ σ0 (A.41)

x→ x+ 1 : tcx = −C
a2
x

τx ⊗ σ0 (A.42)

y → y + 1 : tcy = −C
a2
x

τx ⊗ σ0, (A.43)

and the complete nearest-neighbour hopping terms read

x→ x+ 1 : tx = −i
~vF

2ax
τz ⊗ σy + i3W2

(
1

axa2
y

− 1

8a3
x

)
τz ⊗ σz −

C

a2
x

τx ⊗ σ0 (A.44)

y → y + 1 : ty = i
~vF

2ay
τz ⊗ σx −

C

a2
x

τx ⊗ σ0. (A.45)

A schematic visualization of all the relevant hopping terms of the tight-binding lattice is
shown in Fig. A.5 (a). Moreover, also the periodicity of the lattice is illustrated, where
in the boundary condition a complex phase φ ∈ [0; 2π] is introduced. This phase is
important to change the quantization condition of the discretized transverse momenta
ky, as the lattice will have a finite size. For a non-zero value of φ, different ky values
can be addressed in the simulations. Note that for the hopping txmy the sign of the
phase φ needs to be reversed.
Let us now consider explicit parameters. For example, one can use the values given in
Ref. [244], with vF = 355 eV nm and W2 = 128 eV nm3 for Bi2Se3 or vF = 255 eV nm
and W2 = 250 eV nm3 for Bi2Te3. In Fig. A.5 (b) the spectrum of our model of
the warped Dirac cone for Bi2Te3 is shown, as well as the corresponding quasi-1D
bandstructure in Fig. A.5 (c) for φ = 0. In order to check whether the Hamiltonian
A.28 is appropriately describing the surface of a 3D TI with hexagonal warping, one
can compute the dependence of the density of states (DOS) on the Fermi energy.
Adroguer et al. [244] showed analytically that the hexagonal warping term will lead
to a deviation from the linear dependence of the DOS for larger energies.
For our system we fix the lattice constant to a = 0.5 nm and the width to four lat-
tice points, such that we have one subband in the energy range between E = 0 and
E = 300 meV. As we want to compare to the DOS of a infinite TI slab, we have to
average over φ. The averaging is performed over P = 6000 equally spaced phase values
in the interval φ ∈ [0; 2π]. The DOS can be computed according to

DOS(E) =
1

2π

1

2a2

∫ 2π

0

dφ

2π
〈Ψ(E, φ)|Ψ(E, φ)〉 =

1

2πn

P∑
i=1

〈Ψ(E, φi)|Ψ(E, φi)〉 . (A.46)

161



A. Appendices

(a)

1.0 0.5 0.0 0.5 1.0
kx [nm 1]

1.00

0.75

0.50

0.25

0.00

0.25

0.50

0.75

1.00

k y
 [n

m
1 ]

(b)

1.5 1.0 0.5 0.0 0.5 1.0 1.5
kx [1/nm]

300

200

100

0

100

200

300

E 
[m

eV
]

(c)

0 50 100 150 200 250 300
E [meV]

0.0000

0.0001

0.0002

0.0003

0.0004

0.0005

0.0006

0.0007

DO
S(

E)
 [(

m
eV

nm
2 )

1 ]

(d)

Bi2Se3, W2 = 0
Bi2Se3, W2 = 128 meV nm3

Bi2Te3, W2 = 0
Bi2Te3, W2 = 250 meV nm3

0

100

200

300

400

500

600

E 
[m

eV
]

Figure A.5: (a) Schematic plot that illustrates the tight-binding implementation of
the Hamiltonian given by Eq. (A.28). The blue hoppings originate purely from the
hexagonal warping term. (b) and (c) show the numerically calculated conduction band
of the 2D TI surface state spectrum and the quasi 1D bandstructure for a sample
width of w = 50 nm, respectively. For the implementation the parameters were set to
vF = 255 meV nm and W2 = 250 meV nm3 corresponding to Bi2Te3. Also a coupling
constant of C = 25 meV nm2 was used in the simulations. (d) Numerically computed
DOS(E) (dotted curves) for the cases of zero warping and the parameter values of Bi2Se3

and Bi2Te3. Also the analytical density of states are plotted in dashed lines showing
good agreement with the simulations. For larger energy values the difference becomes
stronger. This is expected as the convergence of the tight-binding implementation
depends on the size of the lattice constant a.
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The factor n in Eq. (A.46) contains a normalization factors stemming from the doubling
of the orbital degrees of freedom in Eq. (A.28), the phase averaging and the area of a
lattice point. It is given by n = 2 a2 P . A straightforward check of the results can be
performed by comparing to the analytically computed DOS. The case without warping
is given by [244]

DOS(E)|W2=0 =
E

2π~2v2
F

, (A.47)

while the expression for the DOS in presence of warping is

DOS(E)|W2 6=0 = DOS(E)|W2=0

∫ 2π

0

dθ

2π

1

1 + 12b2k̃4(θ) cos2(3θ)
, (A.48)

where θ is the azimuthal angle of the momentum k = (kx, ky) and b = W2E/(2~3v3
F)

is a measure of the warping strength. The parameter k̃(θ) = k/kF is determined by
solving

1 = k̃2(θ) + 4b2k̃6(θ) cos2(3θ). (A.49)

In Fig. A.5 (d) the computed quantities are shown. Comparing, for both sets of pa-
rameters corresponding to the different materials, the analytical DOS (black and blue
dashed lines) with the numerically computed DOS (dotted lines in the corresponding
colors), good agreement can be observed. Only for larger energies the lines start to
differ. This behavior is expected, as the convergence of tight-binding calculations for
higher energies depends on the lattice constant. Still the results match quite well for
the shown energy range. Next, the non-zero hexagonal warping case is treated. The
numerical and analytical result are depicted as dots and dashed lines, respectively (or-
ange and red). As for the zero hexagonal warping a good agreement is found for low
energies. For higher warping the DOS behaves less linear and therefore the effect is
more pronounced for Bi2Te3 than for Bi2Se3.
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