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The macroscopic non-linear optical susceptibility - x%? for a system of partially oriented molccu!s 1S written as Lhe ensemble -
average of molecular hyperpolarizability tensors B. The orientational distsibution of these molecules is described by a’
probability function expanded in Wigner mauices. For a ro:iationally -invariant system - X has seven _non-vanishing -
components, and a method is cutlined to determine these by sum- or difference-frequency mixing experiments. The method
could be applied to electrically poled samples, adsorbates, liquid crystals, and membranes to determine several components of
the molecular hyperpolarizability tensor, or to extract information about the orientational dxstnbuuon_ . '

1. Introduction

The mterst in optical non-linear properties of organic materials is rapidly increasing. Dependmo on
structure and electronic resonances the second- and third-order non-linear susceptibilities x"’ and x of
such substances can be extremely large, exceediag those of commonly used inorganic materials by several
orders of magnitude [1,2]. These substances are therefore under discussion as possible media in frequency
converters [3,4], modulators [5,6], non-linear waveguides [7], and other non-linear optical devices. These
susceptibilities are usually measured by second-harmonic [8-13] and third-harmonic [14-17] generation.

The dipolar part of the non-linear susceptibility x® vanishes in centrosymmetric media [18]. Its
measurement and use requires some degree of orientation of the active molecules in the sample. As a
consequence, molecules with large second-order hyperpolarizability 8 cannot be used in crystal form when
these are centrosymmetric, as in the case of p-nitro-aniline [19]. On the other hand. B cannot be measured
directly in isotropically arranged sampies unless the molecules are chiral and two light fields of different
frequencies are mixed [20].

To obtain a maximum of information about all tensor components of 2 the molecules have to be
rigorously  oriented, using the neat crystal if it is non-centrosymmetric. or by doping-them into a .
non-centrosymmetric host crystal lattice. As an alternative a centrosymmetric -host material can be
employed and the degeneracy of the two oppositely oriented sublattices of the guest molecules can be lifted -
with a dc electric field [21,22]. In this case the electronic resonant part of B can be studied virtually without -
interferences from the field-induced non-resonant x™ of the host material. While all tensor elements could
in principle be studied, the mixed crystal method is restricted to cases whcrc an’ appropnatc host material
can be found. It is certainly not useful for routine measurements. .

~An alternative technique exists in the method of field-induced second-harmomc generauon [23-27]
developed mainly by Levine and Bethea [28-37] and Qudar and co-workers [38—42]. However, this method
yields only one molecular parameter as an average of all tensor elements. In addition, the induced x©
contains not only contributions from the molecular hyperpolarizability 8 via orientation of the molecular

- dipoles, but also new electronic contributions multmo from the molecu]ar t.lurd—order hyperpoianmblhty -
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. y [43]- In cases where rotauonal diffusion is very slow the two effects can be ceparated by masunng the 3
' generated second-harmonic light before and just afier the dc ficld i is switched off [31}. -
-~ In this paper we investigate the non-lmw second-order response of uniaxially criented samples. Wrth
: rwpect to the degree of orientation this case is intermediate between the crystal and a random isotropic
. distribuiion. The sample is characterized by one axis around which it is rotationally invariant, and which
" lies in the direction of the averaged dipole moment. Such situations are frequently encountered in
adsorbate systems on non-crystalline substrates [44,45). The non-vanishing x@ of surface layers has been =
investigated via' second-harmonic generation by several groups [44-52] and' the rotational invariance.
" around the surface normal was found to hold in many cases. Onented dipole layers are a]so known in many .
"biological systems, especially membranes. - 7 .
" 'Unaxially oriented samples can be generated in the laboratory by polmg of polymcr matrxm wnh stanc
electric fields. When the sample is first heated and then cooled below the glas temperature while applymg
the dc field the poh.n° will be persistent [53,54]. '

Our main interest is to elucidate the relation between the Macroscopic susoepubxhty xm the micro-

scopic hyperpolanmbihty B and the dlst.ribunon function of the molecular onemauon. The r&sults are
applicable to:

(a) Determination of molecular tensor elements of B in cases where the molecular onentanon 1s known,
‘e.g. in poled polymer matrices. :
(b) Determination of molecular. onentanon in cases where B is known. :
Both applications could be combined by studying a molecule first-in a poled polymer matrix and
subsequentiy adsorbed on a surface or doped as a probe into liquid crystals or membranes.

In section 2 we will briefly discuss the symmetry properties of x! in unaxially oriented systems. It will
be convenient to use both cartesian and spherical coordinates. The latter allow a straightforward
construction of the rotational invariants [55,56].-The third section is devoted to the discussion of the
orientation distribution function which is used to connect the macroscopic susceptibility x® with the
molecular hyperpolarizability 8. In sections 4 and 5 examples are presented which demonstrate the
application of the method to several situations of interest. Section 6 shows how the macroscopic quantities
required for the analysis can be obtained by polarized sum- and difference-frequency generation. -

2. X2 in rotationally invariant systems
Two light beams represented by classical c-number ficlds:

(E exp[—l(mt—lr r)]-'-c.c., j=1,2, (1)

are incident on a non-linear medmm, where they interact via the second-order susceptibility x* to form a
non-linear polarnization:.

P=x{&, + &) o ’ . @

. This polarization has Fourier components, among others, rotating with the sum frequency o; + «, and the
difference frequency w, — @,. The expression for the sum frequency is: ,

9(w1'+w-)=1’(wl+wz) exp[l(kl‘+k2)-r—l(ml+m2)t], . 3)
wuh the amphtude vector given by: - 7 e

(wl+‘°2) X (“’1» )-E1E2-» - - V - e - (4)
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: ‘:,The exprmon for the dnfferenoe frequency has wy replaced by —w! and- E, by E* In thls and secnons3
- and 4 we are concerned with the tensor properties exprmed in eq. (4). The wave cha.racter of the non-lmw
+ polanzauon as given.in eq. (3): wdl be dealt. with in- section 6. From new:on we drop all frequency
arguments since the discussion is equally vahd for sum- and dxfferenoe-frequency generauon. N

“Eq. (4) is a relation- betwocn a: Jurd-rank tensor x""’ and three first rank tensors E,, Ez, a.nd P- In
mrteaan ooordmates :thasthe form ; . . = ) S
We take the laboratory Z axis as t.he dxpolar axis of Lhe mple around Wthh it is supposed to be

rotationally invariant. For d surface layer this is the surface normal, for an clccmcally onemod sample it is
the direction of the applied dc field. Rotation of the qmple a.round Z by an arbxtrary anale ? transforms
the cartesian components of a vector according to: - I S

=Xcos@p— stn<p, Y = Xanq:+‘r’oos<p, Z’ , C : (6)

The components of x® will transform like the ‘product of the oorr&spondmo three coordinates. Of the
products of two coordinates the expressions” Z;: 2y, Xy Xo+ Y,Y, and X;Y;— nx, are directly seen to be
rotationally invariant. The invariant products of three coordinates are found by multiplication of these
expressions with a further Z component. Since the tensor is required to be invariant as a whole, each-
component has to be invariant. This leads to Lhe; conditions X, X» — ¥;Y>, =0 and X,K + Y7 X5 =0 for each .
pair of indices in x. The seven non-vanishing invariants of x® are: '

Xzzz» Xzxx=Xzyv.: Xxzx=Xyzr- vaz Xyyz, » ’ - (7a) _

Xxyz= —Xyxz» Xxzvr= —Xyzx» szy— —Xz¥x- . ) ' (7b) '

If in addition to the rotation axis a mirror plane containing the Z axis exists, the three invariants in (7b)
will vanish. In the special case of second-harm; onic generation the tensor is symmetric in its last two indices,
leading 10 X yzx= Xxxz» Xxyz=Xxzy, ancl xey—O There are seven measurable parametiers in the
general case of sum- or difference-frequeiacy: generation and four in the case of second-harmomc
generation. They reduce to four and three, rr:spe-..uvely, in the presence of a mirror plane.

Table 1 : :
Reduction of the nth rank cartesian tensors R” into xr-educnb le representations of the rotation group T’ Each 7/ of R* wzll produce
three contsibutions 74~ %, 7%, T7/*? for R**%. The T arc lhc rotauona.i invariants, the 7 arc the isotropic invariants

[ —
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A.n alternatrve basxs system to expr& the oomponenls of xm is" grven by the u'reducrble tensor B

ki operators 7! of the rotation’ group [57). Under rotation of the coordinate system the 2/+ 1 oomponents of -

" T* tr2nsform like ‘the spherical harmomas. “Table 1. shows in a-diagram. how -the cartesian tensors-of -

- increasing rank can be’decomposed. into irreducible tensors T'. The tensors of the next higherrank are

: i y-elds three new tensors in each step according t0:

found by mulnphmnon of each T of tke lower-rank tensor with 71 fo]lowed by reductmu. For =1 thlS

T T = T”'l F T+ T I i s T e e (8)
" The third-rank tensor x@ decomposes into one T, three T, two T2 ‘and one T3 Tensor opemtors with
- the same I must be distinguished by a further mdex q u.hlch we take to be the / of the parent u'reducxble
“tensor operator of rank n=2. . s
‘Under rotation of the physical systern wlth angle @ around the Z axis — the axis of quannzauon of the
anOular momentum — the irreducible tensor operators transform in the followmo way: o -

T () = TL(0) exp(imo). ] . N O
.The componems with m =0 are the invagants. Accordmg to table 1 seven such invariants exist in the case
-of x® in complete agreement with the argument in cartésian ooordmates- _'"ransformanon between both
. basis systems is accomplished by a unitary- matnx ¢ rejating the cartesian basis’ tensors [jk) and_ the

_ irreducible basis tensors [lgm): : . — ) .

Hgm) =Y €1 cja | 5K ' o , N ¢ (1))

The coupling scheme adopted here first couples the twolcartesian indices jk corresponding to the field

_vectors in eq. (3) to yield the intermediate angular momentum g *. The matrix of the c(lgm, ijk) breaks up
mto two blocks which are given in table 2. Writing the components of x defined in both tensor bases as

Xepe =(xITE),  x5F=(xifgm), o P - ()

” thxs matrix sexves to mterconvert x in both systems : f .

anq_ chqm l]le}k’ x:;k Z clqm.r]kx:n > o ; : Co- 7 7 - . (12)

ik . 3

- whereas the matrix ¢{igm, ijk) is unitary. the matrix relanno the rotational invariants in both systems is
not **. The reason for this is that columns corresponding to Xzxx and xzyy etc. have been contracted-

The result is: ; :

) [ 25 0 0 [

x5! =t 0 o -1 ;’: 1} Xzxx

X2 —2/15  2/15 =375 V375 || xxzx]|

| %37 275 275 V25 V25 [\ Xz

[ %21 ) V273 273 273 \[xsr=z -

x3*|=i| 1B 143 243 |[xvax | | IR o
‘\X;"Z } -1 1 : 0 :ézxr . RO |

= Maker[SS]nsedas;miIarumtary transformation iortbxrd-fanktmsorsmhls u'atment of non-lmm hg,ht smttenng. However Y-
oothb:scouphngxhemeandphaseconvenuonsared;fferentfxnmours. o . :
- =% This is the reason why we defined the coefficients c(lmz.yk)asr:laungorthogonzlbasxslensorsandnot x-componems. o .;, e

-
ey
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and the inverse: -

o [xzzz) [—3 0 =215 Ny A Y B* LR

xzix| | =18 0 AN 1IN0 |

Xxzx 1 o ‘—1/2 ‘/—_T —1/-./1_0- vl

i)fxxz} ) 0. 1/2 ‘/— ~-1,/10 ‘;Xo ]

[ xxvz) | 1//6 1,12 —1,.2 Xg.I. . - |
Xrzx |==il1/V6 - 112 120X |- ; SRR ¢ L))
\Xzxr|] =~ VIA6 —1/3 o 32

The reducticn intd irreducible. tensor operato:Sv can also be done with the molecular tensor in thes
molecule-fixed coordinaie system. The unitary transformation. matrix c(lgm, ijk) is exactly the same, and
eqs. (12) apply with:x‘ replaced by B.

3. The oriéntation distribution function
- 3.1. The orientafion average

We assume that the macroscopic susceptibility x is the tensor sum of the molecular hyperpolarizabilities
B, therewith neglecting contributions which might anse from the mutual interaction of the molecules:

x=(B) = [d2 (2)B(®)- | : - (3)

For ensembiles of organic molecules this approximation is usually correct, especially in dilute solutions. The
average is defined by the orientation distribution function f(£2) giving the probability that a molecule is
found with orientation £ of its molecular coordinate system with respect to the laboratory coordinate
system. £ denotes a set of three orientational parameters, in particular the Euler angles a; 8, v as shown in
fig. 1. The rotation between the reference system xy= attached to the molecule and the laboratory system
XYZ can be viewed as accomplished in two ways: Consecutive rotation with angles «a, B, ¥ around the axes
z, y, z moving with the molecule, or consecutive rotations with the same angles but in opposite order v, B,
a around the laboratory-fixed axes Z, Y, Z. In eq. (15) B(R) is the hyperpolarizability contribution of a
‘molecule with orientation 2 expressed in the laboratory coordinates. It is found from the tensor in the
molecular coordinates 8(£2 = 0) by a rotation operator. In cartesian coordinates:

Bux(2) =Y R (2R, (2) R (2) 81 | - (16)

gk

where R is the matrix of the direction cosines relating the two reference frames. At this point the simplicity
of the in'educible tensor operator formalism comes in with the much simpler expression:

@)= E D(dBO- S @

th the above given definition of Euler angls and rotations the Wxgner matrices D,f,,, are gwen by' o

DL.(2) = expli(my + na)] dLa(B) o (18)



F’g,l.Rdanveonen.anonoflaboramtymmeXYZandmoleaﬂcﬁxedframexyzdm'bedbyElﬂaang!sa,B 1.Thcsymme6),
conditions for the orientation distribution function are found byﬁrstapplymgthcmacmscoplcmxrmropc:anon and mbsequmuyt.hc
molemlarnnrmropctanon qu, c,,.oro,,.Seetext for dxscumon. : . . .

-and. d.. (B) is a rwl ftmcuon dxscuswd in several standard texts on angular ‘momnientum [57—59] In our )
"’ potation the rotation about the figure axis of the system () is associated with the first index (m) in D, L
- This follows the reeommendauons of Wolf [60] and Silver [57]. The W‘gner matrices form a oomplete se' of .

—funcnons in the spaoe (o B, 7) and the distribution funcuon um be expanded-

S@CEEEBLLL@. (19)_;
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'wnh thc expansion coeff' cients:

The averagé of eq. (17) yiclds: IR , R | .
- XL ={By =X BynnB1(0)- | ST (1)

The 21+1 componems of each irreducible tensor average only among themselves and not with those of
another /, or the same { but another subindex g. Consequently the tensors with /= 0 remain unchanged by
any average and are called isotropic tensors. The coefficient Byy, is always unity since eq. (20) is just the
normalization requirement for f(2) in this case. In isotropic systems By, is the only non-vanishing
coefficient and the x§ are the isotropic invariants of x. It is seen from table 1 that one 1sotropic invariant
exists for the third-rank tensor, and three for the fourth-rank tensor. The latter correspond to the three
parameiers measurable in two-photon absorbtion in isotropic media [61-63].

3.2, Symmertry

So far we have not imposed any symmetry constraint upon eq. (20). The postulate of rotational
invariance allows only the components x.:? with m =0, as shown in section 3.1:

X6 o?= Z B “Bimo- - 22)
m=—] i .

The property of the Wigner matrices Doy =(—1)"""D’,,_, gives a further condition:
» = ( I) l—mO’ (23 )

which ensures that the distribution function is real Therefore a maximum of 15 real parameters describe
the distribution function up to /= 3. This number is further reduced when additional symmetry elements
-are present.

Let us assume that the distribution also contains symmetry planes containing the Z axis. Due to the
rotational syminetry only one plane needs to be considered, say Sy». Since molecules with no mirror plane
cannot be arranged in such a way as to give the whole ensemble mirror symmetry, a mirror plane must exist
in the molecule as well. Fig. 1 shows how the consequences for the distribution function are found. First, a
macroscopic mirror plane transforms an orientational site (a, 8, v) into an equally probable one. In the
second step the molecular symmetry plane is used to make the molecular frame right handed again. Finally,
the set of Euler angles (a, B°, ¥*) is found that would have produced this orientation purely by rotation.
With o,. being the molecular mirror plane we find f(a, B8, Y)=f(—a, B, —v) leading to B,,,..= Bf,.- If
the molecu.ar symmetry plane is o,., the condition is f(e. 8, v)=f(=—a, —B, —v) resulting in- B, ,=

B*, ..(—1)". Finally, for the o,, plane f(a, B. ¥)=f(=—«, =— B, ¥) and B, =(—1)/""*"B,,_,. All
three cases are of course eqmvalent, since they cnly differ in the choice of the molecule-fixed axis system.

“In combination with the result for the rotational invariance the number of real parameters up to /=3 is
reduced 10 9 with one mirror plane. Combining the results for a molecule with two mirror planes o,. and

.- only 5 parameters are left. With all three molecular mirror planes this number reduces to 2, namely Bagg
and B,y both being real. -

In a similar way other symmetry constramts can be xmposed. E.g., 1f the molecul&s were themselv&s
rotationally symmetric around tbeu— axes, the distribution function v-ould become mdependent of Y, and
the parameters . Lo

Byoy = (P, (cos B)) o o o e
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are the only non-vamshmg expansron ooefﬁments. 17 S A N KT
' “ With this' formalism - we “are’ now 'in’ the - position ' to: connect the mrcrosmprc quannnes with: th
macroscoplc ones..We will present two examples, one starting with the knowledge of the d:smbuuon; :

o fun"tmn, the other wuh the know]edge of the dommant molecular tensor elements.

- 4. Determmatlon of molecular tensor componems m a system thh knovm onentanonal dxstnbuuon o

The general dnstnbuhon funcuon for a rotauonally symmetnc ensemble depends on the two. orienta- j.
tional coordinates 8 and y. In many cases, however, all angles y are equally probable and the distribution
function is only dependent on the angle 8 giving the mclmanon of the molecular figure axis z to the polar =
axis of the sample. This can be due to molecular symmetry, e.g. when the molecule can be considered as -

‘cylindrically symmetric. It can also be due to the mechanism of the orientation. One example is the .
orientation of permanent dipoles in a static electnc f' eld, leadmo to the dlst.ribunon- :

f(B)=exp(—xcos;p)[jdeexp(—xcoss)] Lo - e

x=pE/KT. : o ‘ S . o 26)
Since f does not.depend on a and vy, the only non-vanishing expansion coefficients B,,,, are those wilh
= n=0. For the oriented dipole distribution function these are: : - :

Byoo=1/x —coth(x), Byg=1+3/x>—(3/x) coth(x),

By = 6/x+15/x> — (1 + 15/x?) coth(x). , ’ (27)
For small parameters x they can be expanded: ‘
s

Bmoc’: —3x+Hx® — x5, Bm¢13-t2—3%3x4 Bsoo o — ghsx? + slsx: (28),

The following dxscussxon is, however, independent of the particular form of the By coeff' c1ents‘
Performmg the average of B according to eq. (22) gives the simple r&sulr

= BiooBo?- ‘ (29)

The seven experimentally accessible parameters x5? correspond directly to seven molecular parameters
BL9. These can also be expressed as linear combinations of the B;;, elements in cartesian coordinates via
the coefficients given in table 2. Thirteen §; :jx components are mvol\fed, but only seven independent linear
combinations appear. They can be written in matrix form as:. - . . L .

(B3°) —1/|/'7 —-1//3 ) o B...

Bg.l _ O 0 _1/2 1/2 Bzx‘r+p:yy
|82 | —2vis IS5 —3/20 —f3720 || Bex + B, |-

| 832 2/y10 —1//10 —1/¥10  —1/V10 || Bex:t B,y |

(891 [ 16 16 apE\[Bi=BL) SPTE
|83 =il T RYYion .-.—1/{‘ Bri— B, R A;;‘V__f;_('s’()'); :
&2l vz 20 BBl

These matrices are the transposed of those m eq- (14) Therefore, the above ,wen equatxons can be solved_:
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for the cartesian components with the inverted matrices given as the transposed of the matnoes in eq. (13) o
* By successive mulnphamon of egs. (30), (29), and (14) we can expr&cs the m:t&an components of x in
those of 8- - R : R :

25 2b  2b ’B:._.

Xzzz a - o B _ B .
Xzxx 2b < —b —b B:xx + ﬁ:yy Xxrz d e e xx= Fx=
xezx)l 126 =B ¢ —b |[|Buxt By Xrzx=le d e|| BBy |,
XZX Xzxy e e d/lg —p
Xxxz 2b —b . —b C pxx: + B)_!.: - =Xy : =FX )
(1)
with
a@a={(3B + 2B50)/5, b=(Bi— Bs)/10,
e=(4By0+ B35) /10, d=(1+2Byg)/6, e=(1—Buxp)/6
and the inverted problem is:
B::: Ia’ b b b Xzzz v _ B '
B—x\' +B-yr b’ c —b -b Xzxx z“-": B—"': (d' e’ e’ ) (ixrz) ( )
o - . = 4 » ’ — R - rex x| = e’ d' e' ¥ZX i 32
Beex + lg_r:y b —b € 4 Xxzx . “\e’ e d}\Xzxr

Bx - + ‘B!!: \ b' — br — bl C’ XXXZ 3::_!’ - B:_r.r
with
a’=(3/Bypp+2/B35x)/5, b =2(1/Byoo—1/Bs3p)/5,
¢ =2(4/Bioo+1/Bsw)/5, d'=2(1+2/Bxn)/3, € =2(1—1/Bsx)/3.

It should be noted that this inversion and consequently the determination of all seven molecular tensor
comporents is only possible when the B,y are sufficiently large. From By << 1 follows g=#=1/6 in eq.
(31) with the consequence:

Xxvz = Xvzx=Xzxv» : ' (33)
while with By << Bygg We have:

Xzzz = Xzxx T Xxzx T Xxxz : (34)
and this linear dependence prevents inversion of the matrices ir eq. (31). Only two molecular parameters

are accessible in these cases, namely:

B-l =XX?Z=%(B_:;: —Byx:+By:x_Bx:y+B:£y_B:yx)’
. ( » v .
B=Xzzz/Bio=3% 2 (B.ii + Bizi + Biiz)- (35)

E=T
The first term is the isotropic term which vamsh&s for non-chiral molecul&s- The second parameter is the
~one measured in conventional ficld-induced second-harmonic generation [25-27,43). :

With molecules having large dipole moments in the electronic ground state one can hope to archwe :
considerable alignment using field strengths below the threshold of breakthrough [53,54] In fact, saturation
of the fiela-induced second-harmonic generation has been observed [31]. Since highly polar molecules are

“also very likely to have large hyperpolarizabilities, the above outlined procedure seems a promising method.
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] Often molecular symmetry w1ll reduce the number of non-vamshmg tensor oomponents cons:derably, and ~_ff
. the left-hand side of eq. (32)is sunphﬁed aooordmgly. The frequently encountered case of planar —-electron:
systemsxsdxscussedmsecuoni R - . . L -

5. Determmatxon of onentahonal parameters when the molecular tensor is Lnown

Up o0 15 onentauonal parameters can. be mvolved in the averaae, but only seven quantms can be .
measured. The number of mdependent parameters is reduced by symmetry properties of the sample or the
molecules as discussed in sections 2 and 3. For a molecule with C,, symmetry only seven tensor elements’
do not vanish by symmetry. With z as the twofold axis these are 8..., B.... B-, - yys Brxzs Bezxs Byyzs and 3,-, o
If in addition the molecule is a planar - =-electron system, the S-components containing the out of plane
coordinate index involve two transition moments to na* excited states in the perturbative expression for 8
[64]. Semi-empirical calculations for aniline and p-nitroaniline indicate that these tensor components are
indeed very small for visible and near UV light [64]. The remaining components are B.oos Boxxs Bizxs and
B.»-- When no mirror plane perpendicular to the molecular plane exists; the additional tensor components -
B..., B.... and B__, have to bs considered. Table 3 shows ‘how these enter into the macroscopic.
susceptibility. The results have been obtained by first expressing the 8/ in terms of the §; ;jk- In the second -
step the average was performed according to eq. (22) and using the symmetry  properties of the B
coefficients for a molecuie with xz mirror plane. For example, B...-yields the contributions: .

) B;°= - :::/r -8(}2 = —23::- JE, Bo = VZ/S B:::’ . T (36) .
Ieading to: ' )
X°= ~BioBo/V3, X' =0, X§'= —2BioBe:/¥15, Xx3*=V2/5 BswB., - (37)

giving the first column of the matrix in table 3. Table 4 gives the result for the macroscopic tensor in the
cartesian coordinate representation.

With the above given symmetry restrictions five out of the possible nine onentanonal parameters are
involved in the averaged values accessible by sum- and difference-frequency mixing experiments. The .
assumption of a planar chromophore with negligibie contributions from out-of-plane transition’ moments
causes all x5 with / even to vanish. Table 3 shows that the three- Xo contain only two orientational
.parameters, namely B,,, and B,,,- Therefore, one of the x-values is redundant. The X, however, depends
on three parameters Bsyy, Bsi0. and Bsy,. These can still be determined by measurements at different
frequencies chosen in such a way that they single out particular matrix elements of 8 through resonance
with accordingly polarized transitions. When the three frequencies w;, @,, and w;=w,+ w, are in

Table 3
Contribution of various molecular tensor compeneats 8;;; to the macroscopic invariants x57 -

x5 x5 . x5 : x37
Bix: —Bi/ 3 o —2By6,//15 . 2715 By
Bex By /3 . -0 - Bio/¥15 - R Bm/ﬁ—Bm/Vm .
Beok -0 - —1Bwo —1/3/5 Bio Bi20/V3 = Byoo /Y10
B... : o : " 1B - ~43/5 B - B3 /V3 — Bxo/V10
Beex S0 —=Byo/V2 ¥3/10 By ' "Bsxo/m
B..: - o Bno/ﬁ - . T y3/10 By - —83,0/V10

Boo T 75 Byuo . 0L ~2/15 By . —.- . ~242715 Byyg -
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resonance with a molecular three level system {a, b, c) as shown in fig. 2, the dommant resonant part of B
will be prcportional to the tensor product of the corresponding transition dipoles_ ‘With states a, b, ¢
having symmeiry A,, B,, and ‘A, of point group C,,, for example, the dominant tensor elements are £.,,
(sum) and B, . (dif), while with all states having symmetry A, it will be 8__. for both processes. With 8.__
dominant the measurement will yield By,,. With other frequenc:&s involving B.., as the dominant tensor
component the hnmr combmauon Bsoo — (10/3)"’ B3 is measured, while with Bx.. dominant one gets -
Bje-

Let us cons:der some cases of interest: ,

(i) B..: is dominant. (This is the special case treated in ref. [45]). From table 4 we obtain:

Xzxx=~Xxzx— Xxxz- ' (38)
The orientational parameter ratio is: ’

Bsm/Bu» =(Xzzz— 3% zxx)/(Xzzz+2Xzxx)- (39)
leading to

(cos® BY/{c0s BY = X222/ X zzz + ZX zxx)- (40)

Ratios of this kind are easier to obtain than absolute values of x. For sufficiently sharp distributions of the
orientation angle this ratio can be interpreted as cos” 8, and the a\rerage angle By can be extracted.
(i) B, is dommant. Table 4 now leads to:

Xzzz= —Zszx = _2XXXZ - . (41)
and

(Bsoo — B520/10/3)/Bioo = (2X z2xx— 4X 222)/ (X 222 +2x27xx)- o (42)
Table 4
Results of table 4 transformed to invariants x; j& i cartesian coordinates

Xzzz Xzxx Xxzx Xxxz
B: 3Bi0* B30 - 3(B100— Bsoo) ' $(Bioo — Bxwo) 3(Bioo — Bxo)

Bsr 3(Bio—Bxo}+y2/15 Bro 15(4Bioo + Bao)— B3 /30 5{Bso0 — Bioo)— Bsz0/V30 A(Bsoo— Broo)— B /N0 -
Bex 3(Bio— Bxo)+yf2/15 By 16(Bsoo— Biw)~ Bsn /30  $5(4Bioo + B3n)— Byo /Y30 35(Bxo— Bigo)— Bz /N30
Bexs 3(Bioo~ Bxo)+2/15 Bim  w5(Bso ~ Biw)~ Bs20/¥30  15(Byoo— Bioo)~ B /W30 35(4B1c0+ Bsoo)~ Brn/V30

B... ~3(/2 Byio & Byy) 5 (/2Z Byjo + Byo) o (/2 Byg+ Byo) | —15(4/2 Byyo— Byyo)
B.r- —3(/2 Byyo + Byp) (/2 Byo+ Byo) —16(4vV2 Byio— Byo) ‘(2 Byyp+ Bsyo)

Be:: —302 Buo £4Bno/V3) - —3@V2Z Biio—2B50/V3) - H(Buo/VZ +2By0/¥3) 3(Buo/V2 +2B30/¥3) -
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Tlus can be solved for Bszo if 8300 is alrmdy known. Bszo depends on the d:stnbuuon of the ancle yi -
around the ﬁgur"ax:softhe molecule: - - o Lt e R , A

Byp= (IS/J_)(e‘,zﬂ(oosB 00533)) | o i‘ - (43)‘: v‘

It vanishes if Y is randomly dbtnbuted. When the distribution of B and Y are mdependent it follows~ -
V10/3 By = (B!oo_BsooXe—z") S Tl (44) -
For a random distribution of ¥ we get: R
~ {cos® B)/{cos B) = (2szx Xzzz)/(Zszx"‘Xzzz) IR RN (45)
whems the other extreme case y = 0 together with eq.. (44) ylelds- L
(005 B)/{cos B) = 2szr/()(zzz""2sz,v) R ’ o B (46)

This corresponds to the orientation model adopted in ref. {44} for rhodamine-6g on fused sxhw surfac&s. '
(ii1) B, .- = B:-x is dominant. This leads to: :

Xzzz= —2Xzxx> Xxzx=Xxxz , (47_) -
and - : ' : ,

(Bsoo — Bixoy/10/3 )/Bios = (3xzxx + 2Xxxz)/(2X xxz — 2X zxx)> o (48)
which for random y gives: ‘

<°°$3 B)/(cos B) = xxxz/{Xxxz— Xzxx)- ’ - (49)
while for y =0 it gives: | |

- {cos® BY/{cos B) = (2x xxz ~ Xzxx)/ (X xxz — 2xzxx)- | . (50)

(iv) B... and B._. both give a dominant contribution. This could arise in sum-frequency experiments
where the outgoing frequency is resonant with a z-polarized transition while no real intermediate state xs
resonant with the ingoing beams. In this case is:

Xxzx = Xxxz- ' i 7 . (51) .
Bso/Bxx = (Xzzz + 2X xxz)/(2X zxx — 2X xx2) 7 (52)
and the two extremal values for the orientational ratio are for random vy:
, (cos® B)/(cos B)=(Xzzz— Xzxx+ Xxxz)/(Xzzz’— Xzxx+ 3Xxxz) - ' _ (33)
and for y=0:_ o :
(005 B)/{cos B) = (Xzzé - 2szx+ 2Xxxz)/(Xzzz ‘-szx‘*‘ 4Xxxz) .: B L (54) o

We can now attempt an mterpretatxon of the recently’ determmed relative values Xzzz= 0 692, x zxx=10,
Xxzx=Xxxz= —0.158 for rhodamme-6g adsorbed on fused silica [52]. The molecule has almost C,; ~
‘symmetry and the generated second-harmonic light is resonant with a z-polarized transition. Taking the
symmetry B, of the S, state for the intermediate state, 8./ ‘is expected to be dominant. However, eq. (41) is
not fulfilled, although the sign is correct: This sugc&sts that some. comn'butwn ﬁ'om B_-- is pr&sent as
dnscused in case (iv) above. Eq (52) gw&s- : . - o

p___,./ﬁ.“__o 16, T R oY ‘(55)
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' leuch sound.> reasonable. For the onentauonal parameter follows

(cos3 B)/{cos By =05959 y random, v EE
=0.8371 v=0, o S (se)
which, for a sharp distribution would indicate a mean angle 8, of: ) : ' :
Bo=39.5° v random, - , L
=238° y=0. ' . (5D

It seems that the more the ang.le v is restricted the more will 8, tend to smaller angles.- With y=0 the
molecular y axis is restricted to lie in the surface plane, and B, = 24° will place the molecular plane at an
angle of 66° 1o the surface. It seems more reasonable to assume more freedom in the orientational
parameter and conscquently allow the molecular dipole moment to come closer to the surface. However,
the present data allow no furtker conclusions. Hopefully future experiments with frequencies favounng B---
wili resolve this ambiguity.

6. Determination of macroscopic x@ tensor elements

The generated wave at the sum or difference frequency is found as the solution of an inhomogeneous
wave equation for the non-linear medium:

VX9 XE+(nPfe)E= ~(4=/c?) 2. _ {58)

Here n is the refractive index for the generated wave, and 2 is the so-called source wave given by eq- (3).
Outside the non-linear medium all waves propagate as free waves, which are found through application of
the various boundary conditions. A realistic and still not too complicated case is given by the parallel
non-linear slab as scetched in fig. 3.

The two ingoing beams E;, E, enter the first boundary with angles of mcadence 4, ¥, and are refracted
into the non-linear medium. Here they travel under the angles 31, #; with amplitude vectors Ej, E3 gwen
by Fresnels equations. These in turn form the source wave:

P(r, t)= x")_EE exp[l(k ~r—-w-l)] =w, 4., kg=k, +k,. (59)

The source wave has an effective refractive index ng=ksc/w;. As Bloembergen and Pershan have shown
[65], all non-linear waves will travel in the plane spanned by kg and the surface normal z*, which is called
the plane of incidence and taken to be the x’z” plane in fig. 3.

The non-linear medium is in general birefringent with refractive indices n, and n , for beams polanzed
parallel or perpendicular to the optical axis. The latter is identical with the orientation axis z around which
the sample is rotationally invariant. In order to avoid splitting of the beams into ordinary and extraor-

_dinary beams we make the further assumption that the orientation axis and the wave vectors of the ingoing
beams also lie in the plane of incidence. In praxis the orientation axis will often coincide with the surface
normal, e.g. in surface studies or in thin samples oriented by an electric dc field. In thiscase x' =x, z' =z,

- and ¢ =9;. To ensure constant interaction of the beams inside the non-linear medium one could further
choose #; and &, so that after refraction 9} =9}, but this is not necessary for the following formahsm_

Considering only s- or p-polarized incident waves we have inside the non-lmw medium: - - o

2ngcos¥y o C e
n, cos 3;+n’, cos g E o - (60)

n, cos 9g+n’y cos ¥
[ S a 1

EY =

E,, E;=
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With both beams crossing the orientation axis under the same angle ¢ the following non-hnear polanza
tions are generated:

El,E5,: .
Py=0, Py=0, Pr=xzxx; - (s1)
EvuEss: - o
Py=(Xxzx+Xxxz)sin@cos @, Py= —(Xxzy+Xxyz) singpcos g,

Py=Xzxx €0S” ¢ + Xzzz St @; S - » (62)
El E;,: ' .
Py=XxzySin@, Py=XyzxSino, Pz= —Xzxy COS @; ' (63)
Ey,E;,: ‘

Px=Xxyzsin®, Py=Xxxzsin®, Pz=Xzxyos®. (64)
Note that in general each of these four cases leads to a different refractive index ng for the source wave:
=(ne, + nye;) /6. 7 7 : ‘ B 1(65) -
The wave equation can be solved separately for s- and p-polarized waves [12,65]. In the general case a -
reflected wave ER and a transmitted wave ET will result. The problem has been discussed extenswely by
Bloembergen and Pershan [65] and by Jerphagnon and ‘Kurtz [12]. Both articles handle the boundary
conditior with slightly different assumptions about “multiple reflections, interference with backscattered -
waves and finite beam-size corrections. Here it is only neo&ssary to note that the generated wav&. can be ’
wnttenmtheform B - ; e S Do el : .

—frPr’ —fox"‘szz- 7 7 - T x L Ly ; : (66) a

The factors f depend on the refmcuve indices at fra;uency w5 in the three med.la nR, nM, n-r as well as ns ‘
and t?s. For the u'a.nsxmtted wave they also depend on the sample thickness. - . . ' Lo .
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_ It fol!ows that E, measures P,, while E;, measures a linear oombmauon of Px and P,. Thxs linear

combination is in general not the ummd component of P, i.e. the component of P perpendicular to kg.
Unless in the case of normal incidence (¥s=0) or perfect phasematching (ns=ny,) the lonc,nudmal,v
k component of #,, will centribute. This is important for the measurement of the chu'al” tensor components
Xxyzs XXZ¥s and Xzxy- When E,, E,, and P all lici in the same plane, thc xsotropxc part of the tensor
P @ E, ® E, vanishes: :

(PO®E,®E)S ,
= (i/\/g)(PtEwE'-z + P, E, tEﬁ' + PyEzEsx— PzE\E;x — FyExEyy— PyE 2 E>y)=0. (67)

Consequently, x5 cannot be measured.

A single measurement is characterized by the polanzation of E,, E,, and the analysator for the
generated wave. each abbreviated by s or p. The experiments (pss), (sps). and (ssp) will yield one tensor
element each, namely X > yvx. Xxzx- 2and X xy=- With these x> is accessible from (ppp). Several solutions’
for x> will be possible depending on the choice of sign for the other three tensor components. This
problem can be resolved when data obtained for several angles of incidence or from both reflection and
transmission are included into the analysis [52]. The three chiral components are accessible with the
experiments (spp). (psp). and (pps). When the transversal component of P does not contribute, [, /7y =
tan @ and the three measurement< become hinearly dependent. This leads to the same conclusion as drawn
earlier from eq. (67).

7. Conclusion

The non-linear optical susceptibility x® of a rotationally invariant sample can have up to seven
independent components: A method to determine these in sum- or difference-frequency mixing experi-
ments has been outlined. The macroscopic tensor elements are linked to the tensor elements of the
molecular hyperpolarizability 8 through an ensemble averaged with an orientational distribution function.
In cases where this probability function is known by design, e.g. through orientation of molecular dipoies
in a static electric field, up to seven components of 8 can be found. Such a method has promising aspects
for the study of organic non-linear optical materials, especially when the molecules of interest form
centrosymmetric crystals. On the other hand, when the dominant molecular tensor elements are known,
orientational information can be obtained. This has especiaily interesting applications for surface studies
by second-order non-hinear optical effects which are beeing developed during recent years.
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