Chemical Physics 113 (1987) 131-147 131
North-Holland, Amsterdam

RESPONSE FUNCTION THEORY
OF TIME-RESOLVED CARS AND CSRS OF ROTATING MOLECULES
IN LIQUIDS UNDER GENERAL POLARIZATION CONDITIONS

Bernhard DICK
Max-Planck-Institut fiir biophysikalische Chemie, Abteilung Laserphysik, D-3400 Gittingen, FRG

Received 12 November 1986

A theoretical treatment of time-resolved CARS and CSRS is given that includes molecular rotation during the time interval
between the excitation and probing light pulses. A molecular response function tensor is found that accounts for the
vibrational relaxation and the rotational diffusion of the molecules. The ensemble average of this response function with an
arbitrary set of polarization conditions for the light pulses yields a sum of three terms. Each term is the product of a
polarization factor P, and a molecular rotational relaxation function M,. New polarization conditions are proposed that
permit to measure each of these three terms separately.

1. Introduction

Time-resolved coherent anti-Stokes Raman scattering (CARS) and coherent Stokes Raman scattering
(CSRS) are now widely being used for the study of dephasing of molecular vibrations [1-3]. Most
experiments have been performed on molecular crystals [4-13] and liquids [14-20], but gases [21] and
supersonic beams [22-24] have also been studied. In the gas phase the rotational motion of the molecules
results in a discrete CARS spectrum [25] that can be resolved with high-resolution CARS in frequency
domain [26-29], or with Fourier-transform CARS in time domain [24). In liquids no rotational eigenstates
exist and rotation of the molecules can in many cases be described by classical models of rotational
diffusion. During rotation the molecules carry the memory of a polarized excitation event within their own
coordinate system. Fluorescence or absorption probing of the molecules at some time after the excitation
process measures the loss of correlation between the molecular and the laboratory coordinate systems in
terms of a loss of polarization with increasing delay time. This applies also to Raman excitation unless the
Raman transition tensor involved is rotationally invariant, i.e. isotropic. Hence, when the vibrational
relaxation and the rotational diffusion of the molecules occur on the same time scale, both decay
mechanisms will contribute to the time-resolved CARS or CSRS signal. A temperature dependence of the
decay time can then either indicate a change in the pure-dephasing contribution to vibrational dephasing,
or a change in rotational diffusion. The latter could be due to many reasons, e.g., a change in the viscosity
of the liquid, a phase transition, or a change in molecular conformation.

CARS or CSRS experiments performed under various polarization conditions will measure various
components of the rotational relaxation. Hence a suitably selected set of polarized CARS or CSRS
experiments should allow one to separate the molecular rotational dynamics from the vibrational
dynamics. In crystals, polarized CARS has been used to measure Raman transitions of various symmetries
[30,31]. A special choice of the polarization directions with respect to the crystal axes allowed to observe
quantum beats between two factor group components in benzene [31]. For liquids, several polarization
arrangements have been discussed with respect to the suppression of non-resonant background signals
[32-37]. But no rotational motion of the molecules was considered. In fact, we know of only one paper [20]

0301-0104 /87 /$03.50 © Elsevier Science Publishers B.V.
(North-Holland Physics Publishing Division)



132 B. Dick / Response function theory of time-resolved CARS and CSRS

in which time-resolved CARS with non-parallel polarization of the excitation pulses was studied. In this
paper drastic changes in the CARS decay were observed when polarization conditions were changed. All
combinations of parallel and perpendicular polarization directions were studied. The data were interpreted
considering an axially symmetric molecule with a single-exponentially decaying rotational autocorrelation
function.

It is likely that in the future polarized time-resolved CARS will find more applications in the study of
fast molecular rotations. Hence we believe that a general theoretical discussion of the polarization
characteristics of time-resolved CARS will be helpful for experimentalists both in the interpretation of
their data as well as in the design of new experiments. Our aim in the present paper is to present a general
description of time-resolved CARS and CSRS for all possible polarization conditions without making any
assumptions about the details of the molecular rotational dvnamics beforehand. In the following section the
problem is formulated and the relevant molecular and laboratory parameters are defined. Response
functions are used rather than susceptibilities since we feel that this is the natural approach to
time-domain spectroscopy. The use of response functions also permits us to extend the formalism easily to
non-equilibrium systems.

Section 3 deals with the ensemble average of tensor operators in molecular systems that rotate between
two experimental events. The result is applied to CARS in section 4. The electric field of the signal wave
contains three contributions, each being the product of a polarization factor P, and a molecular rotational
relaxation function M,. It is shown that polarization arrangements with all polarizers either parallel or
perpendicular to each other always lead to interferences between these three field contributions. Three new
polarizer arrangements are proposed that measure each of the three field contributions and hence each of
the three molecular rotational relaxation functions M, separately.

The particular form of these molecular functions M, depends on the symmetry of the Raman mode
involved as well as on the nature of the rotational motion of the molecule. As examples we discuss
non-resonance-enhanced Raman transitions with symmetrical Raman transition polarizabilities and the
free rotational diffusion of rigid molecules. A few consequences of these results relevant to steady state
CARS or CSRS in frequency domain are also discussed.

A discussion of symmetry properties of rotational correlation functions has been put into an appendix,
as well as the transformation of the tensors into the irreducible spherical tensor basis and the back
transform of the results to cartesian coordinates. This was done to keep all information directly relevant to
the experimentalist close together in sections 3 and 4 without lengthy interruptions of mainly mathematical
nature.

2. Formulation of the problem

In a time-resolved CARS or CSRS experiment the sample is exposed to a sequence of three light pulses
as schematically shown in fig. 1. The frequencies w; and w, of the first two pulses are chosen so that their
difference |w; — w, | is close to resonance with a Raman transition |a) — |b) with transition frequency
wy, = (€, — €,)/h. The induced material excitation is probed by a third pulse with frequency w;, and the
system responds by emitting a signal pulse with frequency w, = w; + w,, for CARS and w, = w; — w,, for
CSRS. Fig. 2 shows the two time-ordered diagrams that give the largest contribution to the response
functions of CARS and CSRS for a molecule in its ground state. In most experiments the light pulses with
frequencies w; and w; are obtained from the same laser. In this case w, = 2w; — w, for both processes in
steady-state experiments or in time-domain experiments on exact resonance, when | w; — w, | = w,,. In the
following the frequencies w, and w, are distinguished since the time delay and polarization of these two
pulses are also different. Through a proper choice of frequencies our results can be applied to all kinds of
coherent Raman spectroscopies. For w; = w; the diagrams I and II describe ordinary CARS and CSRS,
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Fig. 1. Schematic view of a generalized time-resolved CARS or
CSRS experiment: Three input pulses with envelopes E,,, wave
vectors k,, and polarization e, (n =1, 2, 3) arrive at times 7,
at the sample to produce the non-linear polarization 2. The
latter radiates a new light field with envelope E4 and wavevec-

Fig. 2. Diagrammatic representation of the two leading contri-
butions to the molecular response function for a four-wave-
mixing process resonant with a ground state Raman transition
a — b. The numbers label the field components involved with
time ordering from the left to the right. For w, = w, diagram I

tor k, which is square-integrated by the detector after passage
through the polarizer e,.

describes CARS and diagram II CSRS with w;=2w; - w;.

For w, = w; both diagrams describe Raman resonant transient

grating experiments with w, = w;. In particular, diagram I

contributes to RIKES whereas diagram II contributes to Ra-
man gain spectroscopy.

respectively. When w, = w, is chosen, the signal frequency will be w, = w,. This situation is encountered in
several grating- or polarization-spectroscopy configurations employing Raman resonances. In particular,
diagram I describes RIKES and diagram II Raman gain spectroscopy.

In a semiclassical description the interaction between the light pulses and the sample molecules is given
by the coupling of the molecular dipole operator p with the electric field vector E(¢) of the light. The total
electric field E(t) is written as the sum of three pulses E, :

3
E(r.1)= L [E(r, )+ EX(r, 0],
En(r’ t)zenéan(t_'rn) exp[i(w,,-k,,r)]. (1)

Each light pulse is characterized by a carrier frequency w,, a wave vector k,, a polarization vector e,, and
an envelope &, centered at time 7,.

For an ensemble of non-interacting molecules the response of the sample is local in space and depends
only on the electric field strength at that same point in space [38). Then the third-order polarization
responsible for the CARS and CSRS effect is given by the triple time convolution of a molecular response
function R with the field components E,;, E;*, and E;:

t t t .
P(r, t) =f f f dty dt, A5, [R(2, 13, 1y, )] T Es(r, 1) ES (r, 1) Er(r, 1y). (2
— oY —ooY —o0
The spatial dependence of P(r, 1) is the product of the spatial dependences of the three input fields,

exp[—i(k, — k, + k) - ). This leads to the well-known phase-matching condition [38,39]. For the discus-
sions in this paper it is sufficient to consider only the point r=20.
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The response function R is sometimes written as a function of the three time intervals ¢ — ¢, only, i.e. as
R(t — t;, t — 15, t — t;). This applies, however, only to equilibrium systems in which the response must be
invariant against a translation in time. We keep all four time arguments for the following reason: The
system under consideration is an ensemble of independently rotating molecules in a liquid. At the
beginning of the interaction with the first light pulse, a particular molecule will have a particular
orientation with respect to the laboratory frame, and hence the tensor components of the response
function of this molecule depend on its initial orientation. Of course, the total response function is the
ensemble average of the molecular response function and depends only on the three time-intervals,
provided that the initial orientational distribution of molecules is the equilibrium distribution. The use of
all four time arguments also permits the treatment of molecules that have been prepared in a non-equi-
librium state. An example is time-resolved CARS of molecules in an electronically excited state.

The non-linear polarization P(z) radiates a new field E,(¢). In non-birefringent media the vector P is
parallel to E,, i.e. P=e,P [38,39]. When the generated field is detected through an analyzer with
polarization direction e,, the measured signal is

I(t) =|e} - E,|' = GP?, (3)

where the constant G contains dielectric constants and phase-matching factors [38,39].
Thus eq. (2) may be written in the form

P(’)=/ffdt1 dr, dis[ef “R(t, 13, 15, 1) lesefer]

X& (1 —1)EF(t, — 1) E3(13— 1) exp[i(“’ltl —wyty t "-’3’3)]- (4)

All the polarization dependence is contained in the product of the tensor R with the four polarization
vectors. In cartesian coordinates this product is

Y- *, * *
efR:ejefe, = ZRijklettiijeZkell' (5)
ijkl

In the following we will always assign the field components in ascending order to the cartesian indices of R
from the right to the left, i.e. E; to the last index, E, to the next-to-last index, and so on. The
corresponding time arguments of R are ordered in the same fashion. Please note that this convention does
not specify the time ordering of the light pulses. Thus in diagram I the time ordering is 7, <7, but in
diagram Il it is 7, > 7,.

The response functions for the generalized CARS and CSRS effects can be calculated from the
diagrams in fig. 2. The method has been briefly discussed in ref. [3], and a detailed discussion will be given
elsewhere [40]. Here it is sufficient to state the result:

RS = 1B M(2(1,)) i (2(11)) exp[ — (iwap + Tp) (13— 1)) 8(12—11) 8(2—15),  (6)
S?(l}s = 1BCSRS(9(t3))°‘ CSRS(Q(H)) exp[ (iwpg + T ) (25— ’2)] 8(t;—1) 8(t—13). (7
In this expression I',, is the phase relaxation time (coherence decay time) for the Raman resonant level

pair (ab).
The polarizabilities a and B are:

(), (5) (i) ( )
CARS _ Z Bailkb " Paklip (8a)
i wytw —il,,  wy—w,—il, ) :

a

a;
k
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CARS _ Y pond) + pu (8b)
Y T\ Wak T s Hil @y —wa =il )

aCRS = 7 PO . ”(a,lzu(k:g‘ (8¢)
Y % \ @ak +w, — 1Fak Wap — W1 — 1Fak
csms _y e S 14 (8d)
Y T\ et @1l @y —wa il )

where u{) = (a|p,;|k) is the matrix element of the ith cartesian component of the molecular dipole
operator between states |a) and | k). The polarizabilities a and B have been calculated considering all
possible diagrams in the perturbation series that arise when the lower state |a) of the Raman transition
|a) — | b) is populated. Fig. 2 shows only the leading diagram when the rotating wave approximation is
applied for a molecule in its electronic ground state. Egs. (8a)-(8d) also describe molecules in excited
states. The arguments £(z,) in eqgs. (6) and (7) indicate the orientation of the molecule at time ¢,. The
components of the tensors a and B in the laboratory are then a function of time when the molecule
rotates.

When all light frequencies are far off from any electronic resonance, the I'-parameters in the
denominators in eq. (8) can be neglected, leading to a“ARS = (a“SRS)t and BCARS = (BSRS)!, When the
levels |a) and |b) are both non-degenerate, the dipole matrix-elements are real, and with the neglect of
the I'-parameters the polarizabilities are real, too.

The response functions in egs. (6) and (7) have the following meaning: The first two light pulses E; and
E, generate a Raman coherence in the molecule through the polarizability a. Since no electronic resonance
is involved, both pulses must arrive at the same time, ¢, = ¢,. During the time interval between 7, and ¢,,
the Raman coherence will decay with exp[—1I,,(f; — ¢,)]. At time ¢,, the molecule has the new orientation
§2(t5). The light pulse E; probes the molecule through the polarizability B in this new orientation, and the
signal pulse is generated instantaneously (¢ = ;) since no electronic resonance is involved in the probing
process.

To this Raman resonant response a non-resonant response of the system is added which originates from
the non-resonant third-order susceptibility x “}. The corresponding non-resonant response function is:

RE‘,},(t, 13, 13, 1) =X?}513(1_t3) 8(1;—1,) 8(1,—1y). %)

This response will only contribute to the signal when all three light pulses overlap in the sample.
With the response function of eq. (6), the polarization for the CARS process takes the following form:

P(t) = —i[es-B*(2(1))-e;] &(1 —73) exp(—T 1) expli(w; + @pa)1]
Xf_twdt'[e;‘ ~a(2(1')) - e1] & (1" —m) EX (1" — 7)) exp[i(w,y, + 0y — w, —il,,)2"]. (10)

To obtain meaningful results in a time-domain experiment, the pulse-envelopes must be short compared to
the decay time of the Raman coherence and the rotational relaxation time. Thus ¢’ in a(£2(z")) and
exp(I,,t") can be replaced by 7,, and similarly ¢ by =, in B*(§2(#)) and in exp(—I,,¢). On resonance we
have also w,;, + v, — w, = 0. Hence eq. (10) can be written as

P(1)=~iS CXP[_Fab(Ts - "'2)] & (1 — 1) exp(ing? )&, 6*), (11)
with
§= {[e;“ ) B*('Q(Ts)) '93] [e;'“(Q(Tz)) 'eI]}av’

<£1g2*>=fdt’ &' —m) & (' — 7). (12)
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The contribution of the non-resonant susceptibility is
PYR(1) = S™R& (1 — 1) &*(1— 1) &,(1 — m) exp(iwyt),
SNR = xNR: gXeqefe,. (13)

The integrated intensity at the detector is finally
2
I, = Gfdt]P(t) + PYR(1) |2=G exp[ —2@,5(73 — )] | S| X &EX (6165 |

+G eXp[—Fab(’T3 — 7'2)12 Im(SSNR*<(')@1£2*><glgz*éa3g3*>) + G | SNR | 2<£1(§1*(0@2£2*g3(g)3*>,
(14)

where ( - - - ) indicates a total time integral as in eq. (12). For time intervals =, — 7, larger than the pulse
duration the non-resonant term S™® will not contribute, and the decay of the signal as a function of the
delay 7, — 7, contains two components: It decays exponentially with twice the decay constant I, of the
Raman coherence. And it decays through rotational relaxation of the molecules contained in the term S
defined in eq. (12).

3. The orientational average

The expression that we wish to average is of the form
S=[(X-A)(Y-B)].., (15)

where X and Y are molecular tensors and A and B are laboratory tensors. By (X - A) we denote a scalar
product (or projection) of two tensors of the same rank which in cartesian coordinates is given by

X-A= } Xijie - Aijic ... - (16)
ik -

The components of both tensors must be expressed in the same reference frame, which we take to be the
laboratory frame. In this frame the laboratory tensors (A, B) have fixed components given by a particular
choice of experimental conditions. In our case this corresponds to a particular choice of directions for the
polarization vectors e,, e,, e,, and e,.

The molecular tensors (X, Y) are attached to a molecular frame in which they have fixed components.
Their components in the laboratory frame depend on the orientation of the molecule. In cartesian
coordinates,

Xijk... = Z X Rip Ry Ryger ... (17)
Pk

where the unprimed indices refer to the laboratory frame (L-frame), the primed indices to the molecular
frame (X-frame), and the R, are the direction cosines.

It is much more convenient to express the tensors in the spherical tensor notation [41,42] in which each
tensor component is characterized by two indices, / and m. These tensor components transform under
rotation like the corresponding spherical harmonics. In this basis the scalar product X+ A is given by
(Edmonds [42], eq. 5.2.4):

X-A=Y T X(-1)"dL, =¥ (XA), (18)
{

I m=-1
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Fig. 3. Left part: Two orientations of the molecular coordinate frame x, y;z; and X, y,z, with respect to the laboratory frame xyz

characterized through Buler angles 2, = (&, 81, v1) and £, = (a3, B,, v»). Right part: The rotation £;, = (a;;, B2, ¥;,) that relates

the two orientations of the molecule within the molecular frame, i.e. 2, = 2, + 2,,. In the example shown, £, =(—25°,40°,10°),
2, =(50°,30°,20°), and ©,, = (—56.5°, —41.7°,131.1°).

The orientation of the molecule is characterized by the set of Euler angles &,y = (ayx, Bix, Yix) that
rotate the L-frame into the X-frame, as shown in fig. 3.

The components X', (2) of the tensor X of this molecule in the L-frame are then expressed in terms of
the components X/ (0) of this tensor in the X-frame as

1
Xr[n(QLX) = Z X/ﬁ(O)DIEQI(QLx)- (19)
k=~
The matrix elements of the Wigner rotation matrices are
Din(aBy) = () (B) e (20)

(For a discussion of rotation operators and phase-conventions see refs. [41,43].)
With the help of egs. (18) and (19), the average in eq. (15) can be written as

S=Y ¥ Au(-1)"XLBL (=) Y DR (200 D (2ix) ). (21)
tkm U'k’'m’

In this expression the components of A and B refer to the laboratory frame, whereas the components of X
and Y refer to the X-frame and the Y-frame, respectively. The rotational correlation functions are defined
[44] as

(F(2)8(2)y = [ [aQ d@ 7(2') g(2) p(2'1120) po(2), (22)

where p,(£2) is the initial probability distribution function for the molecular orientations. p(£'t|20) is
the probability of finding a molecule with orientation £ at time ¢ when it had orientation £ at time ¢ = 0.
In isotropic media the correlation function in eq. (21) is independent of m and vanishes for m # m’ or
[# 1" (see appendix A). Thus eq. (21) reduces to

1
S= ; S M, (23)
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where

M,= [XY]1= E Yli’(_l)le—k(zl"- 1)<Dl(c10)*(‘QLX)DI(cI'%)(ﬂLY)>’ P= (AB)I- (24)

P, is the product of the two laboratory tensors A’ and B’ as defined in eq. (18). Thus the averaging
separates the molecular tensors from the laboratory tensors: The P, depend only on the experimental
setup, i.e. on the setting of the polarizers, and are hence called polarization factors in the following
discussions. The scalar quantities M, depend only on the molecular tensor components and the molecular
rotational dynamics. These rotational relaxation functions are discussed in section 4.2. In the special case
that the molecules do not rotate, [XY],; reduces to (XY), (see eq. (A.13)) and the orientational average of
eq. (23) becomes symmetric in the molecular and laboratory tensors:

s= );(AB),zll—H(xv),. (25)

4. Discussion

To apply the results of the previous section to the CARS problem we have to identify the tensors A, B,
X, and Y as:

A=c}!®e,, B=¢, ®ef; X=B*CARS ¥ =qOARS (26)

For CSRS the same A and B apply, but X = SRS and Y = a* SRS, In the following we use the short-hand
notation B* and a.

The tensors A, B, X, and Y are all of rank 2, leading to three polarization parameters P,= ({(e;) ® e;)
(eF ® e))), and three molecular relaxation functions M, = [B*a}, with /=0, 1, 2:

S= §(21+ 1)7'P[B*a],. (27)

The non-resonant term SN® can also be written as a sum with the same polarization factors P, (see
appendix B):

2
SNR = ¥ (21+1) PR (28)
1=0

Consequently, with three linearly independent combinations of polarization vectors, a maximum of three
molecular relaxation functions [p *«], can be measured.

4.1. The polarization factors

The explicit form of the polarization factors P, in terms of the four polarization vectors is (see appendix
B):

P0=%(e1-e2*)(e3-e2‘), (293)

Py=13(e, Xe}) (esXel), (29b)

Py=3(e,-ef)(ef-e;) + 3(e;-e3)(ef-el) —3(e -e3)(e;-ef). (29¢)
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Table 1
Values of the polarization parameters Py, P, and P, for several combinations of polarizers e,, e,, €3, and e,. For discussion see
text

& & & R R R
o wooo
2 T — T 0 172 12
3 T T — —| 3 0 -113
4 T T V ;/ 13 0 cosy-113| g, =567
5 T — V ;/ 0 0 sinl29)i2 | g, =45
6 T — V \Qj 0 12 cos(29)i2| g, =45

The following symmetry properties of the P, can be verified:

(i) All P, are invariant against an exchange of the pair of excitation polarizers (e;, ey ) against the pair
of probing polarizers (e;, eJ).

(ii) An exchange of the two probing polarizers, e, <> ef, leaves P, and P, unchanged but reverses the
sign of P;.

(iii) An exchange of the two excitation polarizers also leaves P, and P, unchanged but reverses the sign
of P,.

Table 1 gives values for the P, for various combinations of polarizations. All polarizers are assumed to
produce linearly polarized light with all polarization directions lying in the same plane. This corresponds
to the situation of copropagating or nearly copropagating beams most frequently used. Eqs. (29a)-(29¢)
are, of course, applicable for elliptically polarized light as well as for any angles between the four beams.
Such situations might appear in large-angle scattering geometries [46] or in transient grating experiments
employing Raman resonances. Cases 1, 2, and 3 are the setups commonly used: In case 1 all polarizations
are parallel. In case 2, e; and e; are parallel, and e, and e, are both perpendicular to e,. This is easily
achieved in CARS experiments where the fields &, and &, are derived from the same laser. In case 3 the
two excitation polarizations are parallel and both probing polarizations are perpendicular to the excita-
tion—polarization direction. In all three cases two of the P, are non-vanishing, and thus two molecular
rotational relaxation functions contribute to the signal. Since the signal is the absolute square of the sum
of these contributions, interference terms arise that lead to further complication in the analysis of the data.
Hence one would prefer setups of the polarizers that single out a particular molecular rotational relaxation
function M, through letting all P, but one vanish. This is accomplished by the polarizer settings shown in
cases 4, 5, and 6. In case 4 the pair of excitation polarizers are parallel, as well as the pair of probing
polarizers. The polarization axes of both groups form an angle ¢. Then P, = 0 since e, || e,. Furthermore,
P, =cos’p —1/3 will vanish for ¢ =354.7°, the well-known magic angle of polarized fluorescence
spectroscopy. An experiment with ¢ = 54.7° will thus single out the rotational relaxation function M,. As
will be shown in the following, M, is the isotropic part of the molecular response and hence not time
dependent. An experiment with polarizer settings according to case 4 and ¢ = 54.7° measures the pure
vibrational relaxation of the molecule. This should be very useful in temperature-dependent experiments
since it allows us to separate the temperature dependence of the vibrational relaxation (pure dephasing)
from the viscosity and temperature dependence of the rotational diffusion.

Case 5 is similar to case 4 in that both probing polarizations are inclined with respect to e; by an angle
¢. However, e, is now perpendicular to e; with the result that P, = 0. Since e, and e, are parallel, P, also
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vanishes. P, =sin(2¢)/2 will not vanish unless ¢ =0 or ¢ = 90°. The maximum signal is expected for
¢ = 45°. Such an experiment will hence measure the rotational relaxation function M,. It has been argued
previously that no CARS signal can be obtained from an isotropic sample when e; L e, and e, It e, [20].
However, in this case it was implicitly assumed that ¢ =0, 1.c. e; ll e; Il €, L e,.

Case 6 shows an arrangement which permits the measurement of the rotational relaxation function M,.
It is similar to case 2 in that e; L e, and e; L e,. However, e; and e; are not parallel but form an angle
¢. Thus P, = cos(2¢)/2 can be made to vanish for ¢ =45°.

4.2. The rotational relaxation functions

We now turn to the discussion of the rotational relaxation functions M;:
k
M= T (=) (21 + Vel Bi( D™ (215) DI (21)) - (30)
Kk’

They depend on the transition polarizabilities « and B of the Raman mode involved in the CARS or CSRS
process. A particular choice of symmetry for this Raman mode will select particular tensor components
and hence particular indices k and k’ for the rotational correlation functions (D{g*D")). These
rotational correlation functions depend on the characteristics of the molecular motion. In the context of
fluorescence depolarization several models have been considered, including restricted motion (e.g. within a
cone) or jumps between discrete positions [44] *. Here we will only discuss few examples: With respect to
the model for molecular motion we discuss the model of a freely rotating rigid molecule. With respect to
the polarizabilities we discuss the case that all light fields involved are far off any electronic resonance. The
isotropic relaxation function M, can directly be calculated without assumptions and is discussed
separately.

4.2.1. The isotropic relaxation function M,
The term M, can be calculated directly since DY = 1:

M, = a3y = 5Tr(a) Tr(B). (31)

M, is time independent and unaffected by the rotational motion of the molecule. An experiment with the
polarizers set as in case 4, table 1, will measure only M, and hence the pure vibrational dephasing of the
corresponding Raman transition. Completely depolarized Raman transitions have Tr(a) =0 and will not
appear for this polarizer arrangement. This fact can be used in frequency-domain CARS and CSRS
experiments to simplify the spectra: In the polarization case 4 of table 1 all transitions with traceless
Raman polarizabilities are eliminated from the spectra, e.g., all b, modes for a molecule with an A,
electronic ground state. The tensor patterns for two-photon transition polarizabilities have been tabulated
for all molecular point groups [47]. The same tensor patterns apply to Raman polarizabilities, and the
vibrational symmetries with traceless tensors are easily identified.

4.2.2. Non-resonance-enhanced CARS
When all laser frequencies employed in the CARS or CSRS experiment are far off any electronic
resonance, the polarizabilities are all real, symmetric, and equal:

CARS _ BCARS _ (CSRS _ BCSRS _ .

o o (32)

* The author of ref. [44] uses an alternative convention for rotation operators according to ref. [45). Our D) (a, 8, v) is DS}
(— v, — B, — ) in his notation.
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Then the molecular a-frame and B-frame are identical and eq. (A.12) can be applied with the result

=Y (-1 aal (DR (D)), (33)

kk'

where @ = (&, 8, ¥) is the Euler angle of the rotation of the molecular a-frame during the time interval
between the pair of excitation light pulses and the probing light pulse.

Since the transition polarizability tensor a is symmetric the antisymmetric contribution «! vanishes and
hence also M;. Thus the polarizer setup of case 6 in table 1 will suppress all non-resonance-enhanced
CARS transitions. In a frequency-domain experiment this effect could be used to suppress strong solvent
lines in the resonance CARS spectra of dilute samples. (In fact, in frequency-domain CARS experiments
this polarization scheme is known as the ASTERISK-configuration [32]. It has been introduced for the
elimination of non-resonant background signals, since x'® = 3(x}%, — x™%,) vanishes when Kleinman
symmetry [48,49] applies.)

The explicit form of M, depends on the symmetry of the a-tensor. When one cartesian component, say
is dominant, the only contribution is

, =32 { DR (2)) = }a2(P,(cos B)), (34)

where P,(x) is the second Legendre polynomial. For b, vibrations two cartesian components will be

non-vanishing, e.g. a,,=a,,. In the irreducible tensor representation the non-vanishing terms are

af = —a*, = —a,,, leading to:

M, =242, Re[( DD(8)) +(D2,(2))]. (35)

ZZ’

In the general case the polarizability tensor a has three independent components «a,,, «,,, @,, When the
molecular frame is taken to be the main axis frame of a. Then

a(Z) == (axx + ayy - 2azz )/61/2’ a% = (X -2 (axx (ny )/27 (36)

and

M, = (o) D)) +2(aded) Re( DRP(R) + DR (D)) +2(o3)’ Re( DR () + DR, (D))
(37)

For totally symmetric vibrations in molecules having a threefold or higher axis, a,, = a,, [47] and only the
first term remains.

4.2.3. Free rotational diffusion

The theory of the rotational brownian motion of a rigid molecule has been treated by Favro in detail
[50]. The probability p(£2, ) that the molecule will rotate by the Euler angle £ within a time interval ¢ is
found as the solution of the differential equation

(L, t)——ZMD_]kMkP(Q 1). (38)

In this expression Dy, is a diffusion tensor, and MJ is the component of the angular momentum operator

along the molecular axis j. The solution to eq. (38) can be written in the form

P(2, 1) =297 (0) 9,(2) exp(—Et), (39)
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where the ¢, are the complete set of eigenfunctions of the operator - jk]l;IijkMk, and the E, are the
corresponding eigenvalues. The problem is equivalent to the rigid rotator problem and is conveniently
solved in the molecular coordinate system in which D, is diagonal. For a symmetric rotator (D, = D, # D,)

the eigenfunctions are the Wigner matrices, and the result is

2(2, 1) = ;(%:—21)1),5{;(9) exp{ ~ [1(1+ 1) Dy + m*(Dy - D,)]t}. (40)
Hence
(DD(2)) =8, exp[ - [1(1+1) D, + m*(D; - Dy)] ¢]. (41)

The rotational relaxation function M, can contain three exponential decays with m =0, 1, 2. Through the
choice of a mode with suitable symmetry a particular component can be selected. As we have seen above, a
totally symmetric mode in a molecule with a threefold or higher axis will only contribute a term with
m = 0. In the situation discussed in eq. (35) only the term with m = 1 arises, provided that the molecule is
rotationally symmetric around the z-axis.

When the molecule is not rotationally symmetric, the eigenfunctions ¢, are linear combinations of the
DD for different m and n. 2]+ 1 different eigenvalues arise [51-53), and in the most general case the
rotational relaxation function M, is a superposition of five exponentials.

5. Summary

The theory of time-resolved four-wave mixing employing Raman resonances of molecules in liquids has
been developed for arbitrary polarization of the three ingoing light pulses and the generated light pulse.
The ensemble average of the molecular response is of the form PyM, + P,M, + P, M,. The polarization
factors P, are scalar quantities depending only on the relative orientation of the four polarization vectors.
Particular polarizer arrangements are proposed for which always two of the three P, vanish thus
permitting an independent measurement of the molecular relaxation function M, associated with the third
polarization factor.

The molecular relaxation functions M, contain rotational correlation functions and tensor components
of the transition polarizability tensor a of the Raman transition involved in the CARS or CSRS process:
The trace of a contributes to M, the antisymmetric part to M;, and the symmetric traceless part to M,.
M, is independent of the rotational motion of the molecule, and an experiment with the corresponding
polarizer setup (P, = P, =0, P, + 0) measures solely the vibrational dephasing of the Raman resonance of
interest.

The three polarizer setups mentioned above have also applications in steady-state frequency-domain
experiments. When P, is the only non-vanishing polarization factor (case 4 of table 1), Raman resonances
with traceless transition polarizabilities will not appear in the CARS spectrum. E.g., all b, vibrations of
centrosymmetric molecules will be suppressed. The polarizer arrangement with P; as the only non-vanish-
ing polarization factor will suppress all Raman modes with symmetric transition polarizability a (case 6 of
table 1). This effect can be used to suppress strong solvent lines in resonance-enhanced CARS spectra.
Finally, the linewidths of the CARS-resonances will be different for various polarizer arrangements: with
P,+#0, P, =P,=0 (case 4 of table 1) the linewidth 2I" will be twice the inverse of the phase-relaxation
time 7,. For other polarizer arrangements the lineshape of the resonance will be the Fourier transform of
the corresponding M, convoluted with a lorentzian of width 2I" =2 /T,. When the rotational correlation
function is dominated by a single-exponential decay with rotational decay time Ty, the resulting lineshape
will again be lorentzian with a width of 2I'=2/T, + 2 /Tj.



B. Dick / Response function theory of time-resolved CARS and CSRS 143
Appendix A
This appendix discusses a few properties of the rotational correlation function

Kopmtw = { DI'(Q1x) DY (201) ) (A1)

For an isotropic system this correlation function must be independent of the choice of the laboratory
reference frame. Thus in an other laboratory L-frame the orientation of the molecule is given by

Qix =2 + O1x, Dy =01+ 2y, (A2)

The plus sign in eq. (A.2) indicates that the rotations are performed successively in the order from the left
to the right. The Euler angle 27, rotates the L-frame into the L-frame and is independent of time. The
Wigner rotation matrices in the new frame are (eq. (4.6.5a) in ref. [42]):

D';Irz(ﬂix) = ZDSIE(QLX) D([)(QLL) (A-3)
k
Thus the rotational correlation function in the I-frame is
pamw = T DAR* (2x) DI (8i) ) DL (910) D)
= Z K;Ir{;cm’k’Dl((ln)*(‘QLL)D(l ) (‘QT,L)- (A-4)
Kk’

Integrating both sides with df2;; /87 yields due to the orthogonality of the Wigner matrices

Krlrfnm'n' - Z Kmkm ‘K (21+ 1) 611'8”11 Bkk' (AS)

This yields the conditions /={" and n = n’. For the non-vanishing terms we find the further condition

K rn= LK e QI+1) 7 (A.6)
k

The rhs of eq. (A.6) does not depend on n. Therefore, the 2/ + 1 rotational correlation functions for all
values of k must be equal and it is sufficient to evaluate the term for k = 0. Thus we have the final result
for an isotropic system

<D,£.l)*(9L )D 2 ( )> =8[I'6nn< Dy’ (QLX)D(’) (9 )> (A-7)

So far we have not made any restriction on the molecular reference frames. Especially did we not
assume that the orientation of the X-frame with respect to the Y-frame is constant in time. For example,
the X-frame and the Y-frame could refer to different regions of a macromolecule that can move with
respect to each others within certain limits.

If we make the restriction that the X-frame and the Y-frame are fixed with respect to each others for all
times we can write

Qux(1) = 21y (0) + 2yy (1) + Ry, (A.8)
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where @+ (?) gives the rotation of the Y-frame from its orientation at time ¢ = 0 to its orientation at some
later time t. With the help of the addition theorem [eq. (A.3)] we obtain

Koo = [ [d@1x 42y DS* (20x) D2 (2 ) p(Q1xt |2950) po(2iy)

—Zfdﬂ Y(gﬂz)—l pY*(2%y) DY )( v)

kk’
X [d@yy DR*(Qyy) p(Qyvt 100)DSY* (24x).- (A9)

Here we have used the isotropic properties of the system, po(2)=1/8n2, and

p(Q21x112740) = p(2yy?]00). (A.10)
Thus the integration in eq. (A.9) leads to
K= 8,,,.'311 ¥ DO (29 ){ DOF (24y)) (A11)
mnm’n’ 21 +1 km YY .

A special case exists when the X-frame and the Y-frame are identical at all times. Then Q% =0 and
D) (0) =8, leading to

Krlrfnm ‘n = (21+ 1) Snn 811 < (l)*(QY )> (Alz)

When the molecules do not rotate at all, the probability distribution p({¢]00) reduces to §(£2), and eq.
(A.12) becomes:

Kr[r{nm n’ (2l+ 1)—1811'6mm'8nn" (A13)

It is sometimes convenient to measure the rotational motion of a molecule with respect to another
molecule-fixed P-frame. This P-frame can be chosen to reflect certain symmetry properties of the molecule,
whereas the X-frame and the Y-frame define the components of the corresponding molecular tensor. A
rotation Qpp of the P-frame

up(1) =05 + 2pp(2), (A.14)
is related to the rotation £y (¢) of the Y-frame for the same movement of the molecule by:
Qyy (1) = yp + Lpp(t) + Loy, (A.15)

where £y and its inverse 2y, are independent of time. This allows us to express the rotational
correlation functions with £y (¢) as an argument in terms of those with 24p(¢) as an argument. When the
molecules are rotationally symmetric around the z-axis of the P-frame, we obtain

<D;13(QPP)> =8mn<D,$.[31(9PP)>, (A-16)

from the condition that the rotational correlation function must be invariant to the choice of a different
P’-frame with Qpp- = (0, 0, v).
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Appendix B

In this article we make extensive use of the irreducible spherical tensor basis for the representation of
molecular and laboratory tensors. However, the “natural” coordinate system of the experiment is
cartesian. Therefore, we will give here the transformation between both systems for tensors of rank 1 and
2. These allow us to calculate the rotational invariants directly from the cartesian 3 X 3 matrices.

For a vector a the relations between its cartesian coordinates (a,, a,, a,) and its spherical coordinates
(@}, al, a',) are:

ay=a,, al=—(a,+ia,)/V2, al,=(a,—ia,)/V2. (B.1)

Tensors of higher rank can be transformed to the spherical coordinate basis applying the transformation
(B.1) to all cartesian indices. From these reducible representations the irreducible tensors are calculated
with the help of the vector coupling techniques for angular momenta.

For tensors of rank 2 three irreducible tensors are found with /=0, 1, 2. The cartesian and the
irreducible representation are related by the unitary transformation:

A -1//3 =1//3 -1//3 0 0 A,

Ay 0 0 0 w2 —i/V2 || 4,,

A |=|-1//6 -1/V6 V2/3 0 0 A, |,

A3 1/2 -1/2 0 i/2 i/2 A,

A%, 12 -1/2 0 -i/2  -i/2 |\A,

A -i i 1 -11[4,

Al 1] i i 1 -1§j4,

=3 i (B.2)

A? -i —-i -1 =1[|4,

A% -i -i -1 1/14,,

With these coefficients it is a straightforward task to calculate the rotational invariants (AB), for two
tensors of rank 2. The result is

(AB), = %ZAiiBjj = 3Tr(A)Tr(B), (B.3a)
(AB), = ) 47, Bj; = Tr(A'B?), (B.3b)
(AB), = }_ 4}, B}, = Tr(A'B’), (B.3c)

where the components of the asymmetric matrix A* and the symmetric traceless matrix A® are
A= %(Aij - Aji)’ 45 = %(Aij + Aji) = 3Tr(A)3;;. (B.4)

A special case is given when A and B are each the tensorial product of two vectors, A=a® b and
B = ¢ ® d. Then their cartesian components are:

A, =ab; B;=cd, (B.5)

vy



146 B. Dick / Response function theory of time-resolved CARS and CSRS

and the invariants are found to be:

(AB), = 3(a-b)(c-d), (B.6a)
(AB), = 3(axb)-(dxc), (B.6b)
(AB), =3(a-c)(b-d)+ i(a-d)(c-b)—3(a-b)(c-d). (B.6c)

To calculate the contribution of the non-resonant susceptibility to the response function the product of
two fourth-rank tensors must be calculated:

1l
SR =xNR. Q=Y xDh(edesefien) =Y (x™)a(-1)" Q. (B.7)
ikl Igm

The decomposition of a fourth-rank cartesian tensor into irreducible representations yields three tensors
with /=0, six with /=1, six with / = 2, three with / = 3, and one with /= 4. The index ¢ in eq. (B.7) labels
the different tensors with the same /. In isotropic media only the tensors with /= 0 do not vanish

2
SNR_ ¥ (XNR)%ngq_ (B.8)
q=0

The explicit form of the Q57 with g =0, 1, 2 depends on the angular momentum coupling scheme adopted.
When Q is the tensorial product of two second-rank tensors A and B, whose reduction into three tensors
with j=0, 1, 2 is unique, one obtains (see eq. (5.25) in ref. [41})
. . : 0 -1 Y : m o i j . 2
oy - (weB )= U v —1)s = [(-1)/2j+ 1) a8),, (8.9)
(2 Jj+ 1) m

where the (AB); are those discussed above.
The corresponding (x"*)y are found by expressing the Q¥ in terms of the cartesian components of A
and B and replacing all products 4,,B,, by the corresponding x[ 5. The result is

o) ; .
G = [(~1)7/@i+ 1), (B.10)
with
X0 =X+ 22X, X0N=3(x1m — X1z2)s X5N = 5(X1212 + X1221)- (B.11)

Hence the non-resonant contribution can be written as

2
SNR=x R. 0= % (2j+1) P}, (B.12)
j=0

where the P, = (AB); are those given in eq. (29).
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