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A method is presented to describe multiple resonant non-linear spectra in the presence of strong laser fields. The
Liouville equation for the density operator of the molecular system is transformed to a time-independent linear equation
system. This can be easily solved rigorously by numerical methods or, after partitioning into a strong-field part and a pertur-
bation, the solution can be obtained analytically by a novel perturbative approach. The results account for power broaden-
ing. Rabi splitting of signals, and power-induced extra resonances, the latter being related to the pure dephasing-induced
resonancgs in the weak-field limit. The method can be applied to a large number of multiple resonant non-linear spectrosco-
pies, especially CARS, CSRS, coherent Rayleigh scattering and sum- or difference-frequency generation.

1. Introduction

In recent years there were many applications of coherent non-linear methods to the studv of molecular systems
[11. In a typical experiment a sample is subjected to a number of electromagnetic fields. and harmonics or other
combinations of the field frequencies are observed. The intensities of these generated waves are studied as func-
tions of input frequencies. The signal strength at any choice of frequencies is usually measured as a function of the
input field intensities so that processes can be associated with specific orders of the susceptibility in the expansion
of the macroscopic polarization in powers of the incident field strengths. This same approach is employed in many
cases where it is not evident, a priori, that a perturbation expansion of the polarization is meaningful — namely the
situation where the incident fields are resonant with strong transitions of the system.

The relationships between the observed coherent spectra and theoretical descriptions of molecular energy levels
and their dynamics is usually described by means of an iterative solution of the Liouville equation to yield the re-
duced density operator, and hence the induced dipole moment of the system, 1o the required order in incident
fields. This approach yields the nth-order density operator in the form of an n-tuple time-ordered integral. Such a
description leads naturally to time-ordered diagrammatic methods for obtaining the various susceptibilities [2—-4].
However not all the diagrams that contribute to a particular process are physically distinguishable so that it is ob-
vious that this time-ordered field approach is not a unique picture of these non-linear processes. The question
arises as to whether there is a picture in which the physical response can be considered time independent. Such a
result would be analogous to the rotating-frame description of resonant processes in a two-level system {3]. Indeed
it was shown by Wilcox and Lamb [6] in relation to microwave and optical double resonance spectroscopy, and by
Freed [7] in relation to magnetic resonance phenomena that in certain cases the equation of motion of the state
vector for a many-level system driven by a number of fields could be writien with time-independent coefficients.

The need for a non-perturbative approach to non-linear optical responses and spectroscopies has sharpened
recently because of the increasing importance of multiple resonant phenomena using intense laser fields. It is clear
that the response of media to rather strong fields is accurately described by the perturbation approach when the
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driving fields are far from resonance such as with second-harmonic generation in transparent media. Even in cases
where there is a single resonance at a combination frequency the perturbation approach is valid when the medium
is transparent at the incident frequencies unless the light intensities become much higher than are easily obtained
with conventional tunable dye lasers. Examples of this would be CARS and two-photon absorption. However
when the medium has resonances at the incident frequencies and their combinations it is no longer evident that a
third-order non-linear signal can be detected at fields that are weak enough for the perturbation approach to be
valid.

Of particular spectroscopic interest are the three- and four-level resonant processes including polarization spec-
troscopy [8], CARS and CSRS [9—-12], coherent Rayleigh processes [12—16], and resonant conjugate wave con-
figurations for spectroscopy {17,18]. In all of these methods the condition of full resonance can be achieved such
that each level pair is driven by the incident fields or their combination, or is resonant with the outgoing wave.
Recent work from this laboratory has concerned CARS and CSRS processes in four-level systems [10—12]. One
of the cases studied was pentacene in benzoic acid [10] which at low temperatures displays sharp line spectra that
allow the non-linear signals to be analyzed confidently. There are in these experiments two incident beams having
frequencies w; and w, such that the 00’ and y—v’ transitions are near resonant with wj, a Raman transition is
resonant with w; — w5, a fluorescence transition v—0' is resonant with w,, and the outgoing wave at 2w; — w5
is resonant with the 0—v' transition. We have recently shown that even at low laser powers it was not possible with
this system to avoid the occurrence of higher-order processes in resonant x{3) spectroscopy {10]. Furthermore in
our earliest study of the pentacene—benzoic-acid mixed crystal [10] we observed severe field broadening of the
lines in the CARS spectrum when unattenuated nitrogen-pumped dye lasers were used for the experiments. These
field-induced effects require a quantitative description.

The resonant Stokes generation that occurs when two fields are used to drive a four-level system (resonant
CSRS) is described by three time-ordered diagrams of the type described above [11]. One of these describes a
Raman transition of the ground state and the other two describe an excited-state Raman transition. In the absence
of pure dephasing the excited-state Raman transition is not present because of an exact cancellation of this reso-
nant amplitude when both the relevant time-ordered diagrams are considered {11]. In solids, as the temperature
is raised. the excited-state resonance appears [11,12] in a process we have termed DICE (dephasing-induced coher-
ent emission). This process we understand to be of similar origin to the PIER-4 process (pressure-induced extra
resonances in 4-wave mixing) reported recently for Na vapor [19]. A full understanding of these processes requires
careful identification of effects higher order than third in the applied fields. In addition there is the challenge of
finding a new picture of these non-linear processes in which the DICE effects appear more naturally, and that dis-
plays more clearly the field-intensity effects on the generation of the extra resonances.

2. Liouville equations under fully resonant conditions

The coherently generated non-linear signals produced by mixing optical fields in a non-linear medium can be
calculated by solving Maxwell’s equations with a non-linear polarization obtained from perturbation theory [20]

as the source term. This polarization is given in terms of quantum-mechanical matrix elements of the molecular
system as

P="Tr(pp). )

Here p denotes the reduced density matrix of the molecular system, and g the dipole operator. The time evolution
of p is described by the Liouville equation:

p=ilp, H1 + (@R , @

where in the Markov approximation, the elements of the damping matrix are given by
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AR, =T o+ %37,301953 , (PR3 = —Toaphog - 3

The phenomenological damping parameters describe population decay (T, ), phase relaxation (Typ) and feeding
(‘yaa). Although I’ 5 =T, the feeding matrix is not symmetric because vz, # v,5- The phase relaxation includes
both population decay and a contribution I‘;B called pure dephasing:

To = 3T t Fgp) + Tygp - @

The condition Tr(p)® = 0 implies that the population decay rates and the feeding constants are related as follows:
Faa = ? 7&[3 - (5)

The Hamilton operator H is the sum of the molecular hamiltonian A9 and the interaction term V. In the basis
chosen HO is diagonal:

H,,=w,b,, . O))

The additional potential is given in the dipole approximation as
=—p-E@) Q)

and the external applied field is a function with 2n Fourier components:
n
E(®)= Zej [ef exp(—icwjr) + ¢ exp(ico;1)] - (8)
7

In the general case eq. (2) is a system of coupled linear differential equations, which, in the limit of weak fields,
may be solved by expanding p in powers of these fields. When the feeding terms are neglected the differential
equations for each step of the iteration are decoupled. This is the usual procedure by means of which non-linear
susceptibilities are calculated [11,20].

If one or more of the field components in eq. (8) has a large amplitude — a more precise definition of a large
amplitude will be given later — an expansion of p in powers of the fields and the iterative solution procedure is
not practical. Under fully resonant conditions, however, a transformation can be applied to eq. (2) which removes
all terms rapidly varying in time. What remains is a system of equations for the slowly varying envelopes which
can be solved both for transient and steady-state effects. The conditions. under which such a transformation is
possible, are found to be:

(i) All fields, applied or generated, must be close to a resonance of the molecular system.
(i) Each pair of levels of the molecular system can be driven by no more than one resonant field.

(iii) The number of externally applied fields must be less than & for an N-level system.

(iv) The externally applied fields may not form a “closed loop™ in the level diagram.

The first two conditions lead to important simplifications of the matrix elements of V. Let z and v be two levels
of the system with energy difference w,,,, = w, — w,, and let the field component close 1o resonance have frequen-
cy wj. Under such circumstances only the fully resonant contribution resulting from one rotating part of the field
€ need be retained and all other contributions neglected in the matrix element V, ,

Vo= —(p,-€)e exp(—is, ,w;1) ,
where the factor
Spp = sign(w,,,,) )

ensures that the proper field component is chosen for a rotating-wave approximation. From the same considera-
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tions we can show that only one Fourier component for each matrix element of the density operator is needed,
namely the one rotating with the frequency of the corresponding near-resonance field:

Puy = Py eXp(—is, w;t) . (10)

The matrix elements of 7 are then either slowly varying in time or constant.

Now consider the transformation of the density matrix using the unitary operator U = ei4? where 4 is a diago-
nal matrix having elements 4,,. The transformed density operator is

WoU%),,=b,, exp[—i(s,,w; — 4, + A )] . an
The time dependence is removed by choosing the parameters 4, to satisfy
wWj=s,,(A, ~A)=14,-4,. (12)

In an N-level system N(V — 1)/2 equations of the type (12) exist, but only N — 1 parameters 4, may be chosen
independently. Consequently (& — 2)(V — 1)/2 additional relations must exist between the field frequencies w; in
order to make eq. (12) valid for all level pairs. This is the source for the conditions (iii) and (iv) listed above.

As an illustration of these conditions consider, as in fig. 1, the general numbering scheme for three- and four-
level systems. If A u is equal to the frequency in resonance with the ¢ - u transition, we would have

Aa=0’ Ab=w1, Ac=w2, Ad=w4. (13)

Consequently eq. (12) would be fulfilled for all matrix elements (11) coupling the initial state with any excited
state. For the other matrix elements we obtain the conditions

w3=Ac—~Ab=w2-—w1, w5=Ad—Ab=(xJ4'—(.dl, w6=Ad——Ac=w4—w2. (14)

These conditions may be recognized as frequency selection rules for the generated waves. If w; and w, are the in-
going waves in a three-level system, eq. (14) expresses the fact that we expect p;,. to rotate with the difference fre-
quency. Equally, we could take w; and w3 as ingoing waves and therefore restrict p,,. to rotate with the sum fre-
quency, and so on.

The rule (iv) arises because each frequency is used to define a particular level pair, so that a set of frequencies
defines a multilevel system. For example, w; and w- define a three-level system and s adds no new level. The
set of frequencies w,, w, and w, on the other hand defines a four-level problem. In the treatment that follows
all field indices are included and the results for different possible ingoing waves may then be obtained by setting
the unwanted fields equal to zero.

Having defined the field components in the above manner, the transformation U will remove all rapidly varying
termsin pand ¥

UpU*=p, Uvu+r=Vv. (15)
The matrix elements of ¥ have the form
V#p=‘—(|-|,_w'ej)5j=—wj01(—”) , (16)
cC—— d
W. W, ﬂ W,
T I k3 c 9 T 3 (=]

b
WzI IW3 lw5
W, |W
1 2 b
Fig. 1. General numbering scheme for waves and levels in
(a) (b) three- and four-level systems under fully resonant conditions.
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where the one-photon resonant Rabi frequency is W;. Finally, the transformation of the relaxation matrix is ob-
tained by replacing all matrix elements of p in eq. (3) by the corresponding matrix element of p:

UERU* =(B)R . a7)
The equation of motion for § can now be rewritten in the form

p=—i[p, Al +i[p, HO + V] + (B)R . (182)
Since (5)R ic linear in 7, eq. (18) can be rearranged into a linear equation system:

p=Xp, (18b)

where P and p are considered to be arranged as column vectors and X is a matrix of dimension N2 X N2, X can
be regarded as matrix representation of a superoperator, and a generator formula for its matrix elements is given
in appendix A. The main point is that X is independent of time.

3. Solution of the slowly varying Liouville equation

If the field amplitudes of the ingoing waves are essentially constant in the interval 0 <r < e, eq. (18) can be
easily Laplace transformed:
sr—pg=X-r, (19)
where py = p(t = 0) and r is the Laplace transform of p:

r@= [ drest p(). (20)
4]
The system of coupled differential equations is thereby transformed into a linear equation system which can be
formally solved in the form

r=—(X-s1)-1l-p,. #3))

The back transform of r finally yields the time evolution of p for fields that are switched on at 7 = 0. The steady-
state result can be directly obtained from

p()= lim (sr) . (22
s—0
An alternative way to obtain the steady-state result would be to set 5 in eq. (18) to zero and solve

Xp()=0. 23)

The determinant of X vanishes (see appendix B), hence eq.(23) has a non-trivial solution. This is seen by noting
that the rows of X corresponding to the diagonal elements of D sum up 1o a Z&ro row since

Trp=0. (24)
We can therefore replace one of these rows, say the first one corresponding 10 f)‘m, by the row equivalent to

Trp=1, (235)
yielding the new matrix equation

Xp(=)=a, a=[1,0,0,..,0], (26)

which can formally be solved by matrix inversion of X'.
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4. Treatment of perturbations

The solution of the equation systems (21) or (26) is possible, but analytically cumbersome, since the matrices
to be inverted are of dimension 9 X 9 and 16 X 16 for three-level and four-level systems. However numerical solu-
tions can be readily accomplished in the general case. Frequently situations are encountered where not all of the
fields ¢, w, and c5 are strong. The matrix relations (21) and (26) can be simplified considerably if not all of the
ingoing waves are chosen as strong fields, and the others are treated by a perturbation theory. The analytical results
obtained in this way give insight into the effects produced by strong fields in fully resonant non-linear spectroscopy.

It is convenient to subdivide X into a strong-field part X0 and a perturbation W. Such a partitioning is always
easily accomplished since X is linear in all field amplitudes. X0 is obtained by striking out all field elements from

X that are to be chosen as weak. The remaining terms are incorporated in W. Furthermore we expand r in powers
of the weak-field part:

r=r@+rM+  +,0+ . @7
Introduction of these definitions into eq.(21) yields the “zero-order™ result

(X0 —s1)r®=_p, . (28)
The higher orders of r obey the recurrence relation

(X0 —s1)erm = _Weptr-1) (29)

The first order is found by replacing the vector 5 by W-r(® and solving the same equation system again. The
formal solution to (28) and (29) is

rO=_(X0_s1)-1:p;, s = [(X0—sT)~1-W]"-r @ (30)

The solution of eq. (26) is also straightforward. Instead of inverting X0 — 51 it may be easier to directly solve eq.
(29), since the vector W+ r®—1) may contain many zero elements. In the special case that all field amplitudes are
assumed to be weak the required matrix inversion is easily performed and eq. (30) yields the non-linear susceptibil-
ities under fully resonant conditions that are usually obtained by multiple time integrals [11,20].

S. Application to the three-level system

The explicit form of the linear equation system (18b) for a three-level system is easily found using the matrix
elements for the X-superoperator from eq. (A2). This matrix equation is displayed below:

- T Y —iW} i, 1wy 0 iw, 0  |[ra] [1]
0 —Tpp—s e iwp -, : 0 —iw3 0 iW, yp 0
0o o —T—s 0 0 LWy iw; i,  —il, Tec ]
—iw, W, 0  —idy-s O —iW3 0 0 i, rab 0
Wi Wi 00 sl 0 R Wy 0 mg|=o0) 6D
—iw, O i, —iWg 0 |—i8,—s  iW, l'o 0 Yac 0
0 —il, iv; 0 —iW, W] il : 00 in 0
iw; 0 —-iw; 0 i 0 0 | i8g—s —iW] Yo 0
| o iwy  —iwy i 0 1} 0 i, iBpe—s || Fep | | 0]
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where
By = g +wgp — g = —Ap, Bge =0y + g — 1T = By
By = w3+ wp, — T, = A, . (32)
and
Wi=Mmgp-eer, Wy = (1, e2)er W3 = (npce3)es - (33)
For the sake of completeness we give also the equation system for the steady-state result corresponding to eq.(26)
[ 1 1 1 0 o {0 0 0 0 1 [Bel 17
0 Ty 7TYa W] —iW; E 0 —iw3 0 iW3 Pob 0
] 0o -r, O 0 ! iwy w3 i, —iWs Pee ! 10 x
—iWw; i, 0 —iA, O |-iWj O 0 i, Pap: |0,
iw] —iw; 0 0 A%, 1 0 iwy vy 0 Ppa | =10 (34)
S, 0 i iy 0 1-ifg _nﬁl": o o | | B { 0
O —iwy Wy 0 —iW, ! W] -, 0 0 ; Poci 0]
iw; 0 —iW; 0 iw; 0 0 | idi —iWy | !By} O}
0 w5 —iwj iwhy 0 0 0 i, il | Bmi | O]

In both eqs. (31) and (34) an initial condition pg = |a) (a| was used. This is the proper equilibrium solution in the
absence of fields for our choice of v parameters. An equation system equivalent to eq. (34) was reported earlier by
Bloembergen and Shen [21]. The perturbation matrices differ in the first row for the steady-state and the Laplace-

transform problem. In the following applications we will solve eq. (31) for various combinations of **strong’ and
“weak” fields.

3.1. All fields treated as perturbations

If all fields are treated as perturbations, the zero-order matrix Xy — s1 contains only the three feeding parame-
ters as non-diagonal elements. The corresponding 3 X 3 block can easily be inverted:

l Tba YbaYeh T 7m(rbb + S)—
=S Yba Yea “1o s s(Tpp +5)  s(Tpp +5) (T +5)
1 Yeb )
0 —Iyy-—s =—10 s
* b Cpp +s Tpp T8Iy +5) 35
0 0 ~Lee—s )
00
L Feets ]

and the remaining matrix elements of the matrix (Xg — s1)~1 are the diagonal elements —(i8,, +s)~1, etc. The
zero-order solution according to eq. (30b) therefore is

r®={1/5,0,0,0,0,0,0,0, 0} 36)
and after performing the product (X9 — s1)~1-W, eq. (30) takes the explicit form
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where
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—iw] iw, W e e o
0 0 0 Pbb ts rbb Ts '—]gl W2 1g3 V3 lgl 2 —lg3 3
i} —iw, W i W ey -
0 0 0 rbb +s be Ts 129 W2 —1g4 ;V3 —1g2l 2 184173
iw3 i3 —iW,  —iW;

0 0 0 0 0 Feets Feots Pects P ts

-, W, 0 -3 0 0 W,
App—is  A,—is 0 0 A, —is A, —is

t 3 * £ 3

—wi Wi 0 0 o o w3 —W3 o
Doy tis By +is Ay +is Ay +is

—Ws W, —W; o o W, o
Ay —is 0 Bp—is Ay —is A —is 0

*
~Wy W5 W, Wi
0 . — 0 : — 0 0 0
Abc_” Abc——ls Abc——ls Ay —is

~W3 w5 —W3 Wi

— 0 20 o 0 0 L
Ay tis A tis A tis A tis

—W3 w3 —W; W,
0 * 3 * 3 * 0 0 o % - O
Ay tis Ay +is Ay +is ApFis
Ppptvepts Yeb

E1 T (T +9)(T o 5) B T+ )T *5)°

_ Yea — Tha _ T *s
B M+ 9T t5)” 54T [Tyt 9T +5)°

The only non-vanishing first-order results are, therefore

=, (1* _

(1)
Tap = Tpa

—W, [s(Bg — is) ,

rgcl.) = rg)* =—W,/[s(A, —is) ,

and the inverse Laplace transform yields
~(1 — .
Py ()= (W11 8 exp(—idg) —11
L (@)= (WalB) [exp(—id,et) — 11,

from which the steady-state values are obvious.
The second iteration of eq. (37) yields the population terms:

hlu—-

.37

(38a)
(38b)

(39a)
(39b)
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@. Wapts) W, Wi 2T +5)(Vep + Vpa t5) Wy W35 408)
r\<) = _ — . a
“ sTpp+5) (A, —is) (AN, +is) STy )T t5) (A, —is)H(AL. +is)
L@ _ 2T, +5) W, Wi . 2(Ce +5)Yep WyW5 (40b)
P s(Top +5) (8, —is) (A%, +is) STop 9T 9) (4, — is)(AL, +is)
2T, +5) W, w5
r@ - lac 272 (40c)
s(Cec +5) (B, — is)(AL, +is)
and the coherent terms:
W, W3
@) _ 2+ _ 273
riet =, = - — 4la
ab —Tha T g(A, —is)(D,, — i5) (12)
F =, @ Wils (41b)
ac ‘o (A, —is)(A, —is)°
W, W3
@_ @«_ "W [ 1 1 ]
ry. = = " - — 1. 4lc
be b s(Bpe — is) A;b +is By —ls e

Since all the zeros of the denominators are obvious the Laplace back transform is straightforward but will not be
reproduced here. In the general case the time development of the density matrix elements may become rather
complicated, but for times longer then the relaxation parameters the steady-state solution may apply. which is
easily found using eq. (22). In this limit eqs. (41a)—(41¢) reduce to the second-order resonant susceptibilities al-
ready discussed in an earlier paper [22]. The feeding terms enter the formulas for the second-order populations
(dc terms), but do not affect the coherence terms in second order.

In third order the population terms become proportional to the product of all three Rabi frequencies. Since we
want to allow no more than two ingoing beams these terms vanish as long as the coupling with the generated wave
is neglected. The third-order off-diagonal elements are

%k
70 s(Tpp +5) (A%, +i5)(Agy — is)(A,p — i5)
2Ty )2V + Ypg t5) W, WoWw5 (42b)
s@pp +5)Tec ¥5) (8, — is)(Bye — iS)(AL +i5)
. Wy Ws W 0
s(Q,p —15)(8,, — i5)(8,p — i5) -
NN UL N, )
s(Byp —is)(Ap, +is) LBap — i85 AZ +is
2Ty +9) WyWiw,
= a (42¢)

 s(Tpp +5) (B — is)(AY, +is)(Ape — is)
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*
2Ty *)Voa — Yo T 5) WoWr W3 (a2f)
s(Cpp T Tee +3) (A, — is)(AL, +is)(Bp, — i5)
*
W, W5 W,y .
s(Qp. — is)(A TiS)(A;, +i5)
W Wi W
+ 17173 — (42h)
s(Ap, — 15)(D,, — 15)(Dyp — i)
*
r(3) _ Z(FIIL‘ + s)(2'yba + Ycb + 25‘) u’z Wz W2 (4’)i)
a s(Cpp ¥ T +3) (A, — i) By — is) (B +1i5)
2T, ts W, WiW,
+ ( ac ) l* 1772 ( 421{)
$(Tee +5) (8, ~ is)(ALy + i) (Dye — iS)
K
B Wo Wi W3 . (422)
s(A — is)(Agp — i5)(Ay —is)
*®
S(Aac — is)(AbC — is) A;b +ig Aat.‘ —is |
T
1
1
T 3 73 1
1 1 11 1
i
; ] _ v ¥
fa 2a 30 49 Sd 6d
I
!
'ﬁ‘E 7 oE 1
] ; : :
41 o 1
7b 8b 9c¢ 10e e 12h
¥ Y T
R IHE ';
i : |
1 * + el 2l
Bt 141 159 181 17i 18i Fig. 2. Diagrammatic representation of the third-order contri-
butions to the density operator in a fully resonant three-level
system. Time ordering is from left to right. Full and broken
| j—g ] ] ] ] lines describe evolution of the bra and ket part of the density
™ R = operator, respectively. Direction of the arrows, upward or
E E ' HE H downward, refers to annjhilation or creation of photons. The
1 x| B v |

19i

B letters a—m under each diagram refer to the corresponding
20k 21k 2212 23m 24m term in eq. (42).
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The terms (42a), (42b), (42¢), (421), (42i) and (42k) evolve from the second-order population terms and include
feeding. The only terms which show the extra DICE [11,12] resonance are (42d) and (42m) both unaffected by
feeding contributions.

A method has therefore been presented which will generate all non-linear fully resonant susceptibilities in a
three-level system to arbitrary orders. Extension of the scheme to the four-level system is discussed below. The
calculation is even easier if directly performed on the steady-state solution. (That is, replace 1/s by 1 and s by O
in eq.(37).)

It should be noted, that each of the terms in (42a)—(42m) corresponds to several diagrams in the usual time-
ordered iterative integration scheme. To illustrate this the conventional time-ordered diagrams that correspond to
the terms (42a)—(42m) are collected in fig. 2. Eqs. (42) could be made more compact by extracting common mul-
tipliers and denominators. We have not done this in order to make more transparent which of the terms are singled
out in an actual experiment. Thus, for example, an experiment with «; and w5 as ingoing beams and observing
the signal at w, (which meansr,) is described by terms (42b) (population type) and (42d) (coherence type), and
the corresponding conventional diagrams are numbered 5—8.

3.2. Solution for a strong w; field

The terms W, and W] are now retained in the zero-order X° matrix which then breaks up into three diagonal
blocks indicated by the broken lines in eq. (31) and eq. (34), respectively. The zero-order solution for the two
2 X 2 blocks has the trivial result

) _ _(0) _ (0 _ (0O _
Yac =Tca “Tbe ~Teb =0.

(43a)
The remaining 5 X S linear equation system can be solved leading to
r$® = [1/sD ()] [(Tpp + (D — i)(Ay, +i5) + 2W W] (T, +9)1, (43b)
D = [1/sD(s)] 2Wy Wi(T,p +5) (43c)
rf@=o0, (43d)
rég) = —[1/sD (I W (Tpp +5)(Agp +is)= rl(,g)* , (439)
with
Dy(5) = (Tpp +5)(Bgp — is)(Dgp +is) + AW, W(Tyy +5) . (€D

The couplings W, and W3 can now be treated as perturbations. the vector ¥ = —W-r(® has only the following
non-zero elements:

Y=Y =iy r® +iw rQ (453)
Ypo= Yo = iWsrid) + i, (45b)

Eq. (29) for the first-order results reduces therefore to two 2 X 2 problems which are complex conjugates. The
solution is

(rgp)_ : (Abc-—is W, ) (Y,,c) ©
rlgrl:) FI(S) W’; By —1is -

where F(s) = (8, — 15)(8p, —is) — W, W1}, leading to the final result
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7D = —[W, [sD (5) F ()} {(Ty, + (A — is)(AY, +is) (A, — i)

+ W Wy [2(Fgp +5)(Bp, — i5) — (Tpp, +5)(Byp, — i5)]} (479)
+ (W) W3/sDy (S)F () [(Typ + 5) (B — is)(Bgp, +is) — 2W; Wi(Tgp +5)], (47b)
ri) = —[WiW,/sD (5)Fy ()] [(Tps + 5)(Bgp — isHATp — Age + 2is) + 2W, Wi (T +5)] 479
— [WyWiW3/[sD (S)F ()] [2(Tgp + s)(8gp — i5) — (Tpp + 5) (A7, +i5)] - (47d)

The resulting terms have been grouped in such a way, that each of the four formulas (47a)—(474d) corresponds to
a certain choice of ingoing and observed waves. In a particular experiment one will therefore have only to deal
with the appropriate term.

The relation between each term and its corresponding experiment is symbolized in fig. 3, where we also included
a diagram corresponding to the “zero-order” equation (43e). In contrast to fig. 2 the arrows no longer indicate de-
velopment of the bra or ket term and no time ordering is intended to be shown. In fact, eq. (47¢) contains both
time orderings of w; and w, which can easily be verified by expanding (47¢) in powers of W, and comparing the
result with (41c). In a similar way, expansion of (47a) leads to the first-order term (38b) and the third-order terms

(42k) and (42m), the latter containing the diagrams numbered 23 and 24 of fig. 2 leading to the DICE resonances,
previously discussed by us in relation to difference-frequency generation [{22].

5.3. Solution for a strong w, field

The treatment of a strong w, field is completely analogous to the previous case in section 4.2. Again the X9
matrix can be blocked by arranging the rows and columns in the order aa, bb, cc, ac, ca, ab, cb, ba, bc to yield a
5 X 5 and two 2 X 2 problems. Due to the feeding from level ¢ to b, however, all three populations are now differ-

e T D
£ :

i it il iv v
(33e,67) (470,6Ba) (47b,68b) (47c,68c)  (47d,68d)

: Iz Q3

I

vi vii viii ix x .
(48e,69) {520,700} (52b,70b) {52¢,70c) (52d,70d)

Fig. 3. Schematic representation of the various terms resulting
from the calculation of a fully resonant three-level system

under the influence of one strong field (thick arrow) and one
] 1 g weak field (thin arrow). The generated wave is indicated by

§ % é g the wavy arrow. Below each diagram corresponding to an ex-
perimental configuration the appropriate formula numbers
for the Laplace-transform result and the steady-state result

xi xii xiii Xiv are given. Contrary to those in fig. 2 the diagrams cannot be
(550,710}  (55b,7lb) {55c,71c)  (55d,7Id) interpreted as representing a certain time ordering.
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ent from zero. The zero-order solutions are
(0) = (0) — (0 _ _(0) _
“Tba “Tpe ~ 0

Tab =Teh (48a)
and
78D = [(Tpp + $)s Do ()] (A% + i5)(Age — is)(Tpp +5) + 2Wo Wi (Tye +5)1 (48b)
1D = [1/sDy()) 2W, Wy 4 (Foe +5) (48¢c)
18D = [1sDy ()] 2W, W3 (Tye + )Ty, +5) . (484)
r&D = —[WyfsDy($)](85; + i) (Tpe + ) (Tpp + ) =1 D" (48¢)
with
Dy (s) = (e — i)(Ag, + 1) (T + )Ty, +5) + 2Wo W3 (T # )05, + 7, + 25) - 49
Now the perturbations were W, and W5, and the non-zero elements of the vector ¥ = —W-7(0 are
Y =i ¢ 9 — Dy +iwyr @ (50a)
Yy =i D — 1Py +iw, s O (50b)
The first-order problem reduces again to a single 2 X 2 problem:
rP L Detis —W, Y, i
() mo ) ()
which yields
7D = (W, [sD () Fa(s)] 12(Tae + ) (Yo — Ty — H(ALp +i5) — (e — i) (Tgp + ) (Tpp + )] W W5
— (B i) (B — i) (e + )Ty, + ) (Ap + i)} (522)

+ [WaW3/[sDy(S)F () [(Ap +15)(A7, + i5)(Tpp + 5)(Typ +5) — 2Wo W5 (Ta +5)(vep — Top — )1 (52b)
1D = Wy W5 IsDo () Fa ()] [(Typ + ) (Tpp + ) (Bge — )AL, — Agy + 2i5)
+ ?.szz(l"ac + S)(be — ')’L.b + S)] (52c)

+[W, W; W; [sDo(S)F ()1 [2(Ap — i) (Tpe + )Ty — Vop +5) — (An, +iS) (T +)Tpp +5),  (52d)

where Fo(s) = (A, — 1s)(Abc +is) + w, W, . Again each term corresponds to a certain choice of experimental con-
ditions as indicated in the diagrams vi—x in fig. 3

5.4. Solution for a strong w3 field

For this case blocking of the X° matrix is achieved by the index ordering aa. bb, cc, be, cb, ab, ac, ba, ca. Solu-
tion of the zero-order problem yields as the only non-vanishing element:
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9 =1fs, (53)

corresponding to 5, = 1. The strong w; field alone has, therefore, no effect since both levels & and ¢ have no
equilibrium population. The first-order problem thus takes the simple form

(Aab —is W; ) (réll,) ) (Wl Is ) (54)
W3 Bpe—is’ ‘D W,ls

and the solution reads

r&y = —Wi(B,e — i9)/sF3(s) + WoW3/sF3(s) , (55a,b)

78 = Wby — i8)sF3() + Wy W3[sF3(5) . (55¢,d)
with

F3(s) = (B — 15)(Ag, — is) — W3 W3 . (55¢)

The corresponding diagrams are shown as xi—xiv in fig. 3.
5.5. Convergence of perturbation approach

On the basis of these results we may now specify more precisely what is a “strong™ and a “weak’ field in this
approach. We have already seen that expansion of the strong-field results in powers of the strong field may yield
the results of the conventional perturbation theory expansion of the density operator as found in egs. (38)—(42).
If such an expansion were to converge sufficiently rapidly, the field treated as “strong’ would be sufficiently
weak for perturbation theory to be valid. From eq. (43e) we can deduce the following convergence condition:

AW Wi (Tgp + )/(Tpp +)(Bgp — i) (D +is) <1, (56)
which on resonance reduces to

AW W]/TypTap <1. &1
From eq. (46) we obtain a similar condition, namely

W W T Ty <1. (58)
Similar relations are found for W, and W5 from egs. (48), (51) and (55).

6. Transient effects

To study transient phenomena we require the Laplace back transforms for the formulas derived in the previous
section. This is usually done by first expanding the Laplace-transformed formula in partial fractions:

¢;

rs)= ,=21 et (59)

where s; are the first-order poles of r(s) that are considered here and the coefficients c; are found through

c;=lim (s — s))r(s) - (60)

s—si



B. Dick, R.M. Hochstrasser [ Resonant non-linear spectroscopy in strong fields 147

The back transform in the time domain then is
n
(= Zz c; exp(s;?) - (61)
i=

The real part of a pole s;, therefore, describes the damping of the signal. All formulas of the preceding section con-
tain the pole sy = 0 corresponding to the time-independent — steady-state — solution. The function r(s) has the
form: r(s) = f(s)/g(s), so that the poles are found as the zeros of g(s) = I1; (s — 5;), and eq. (60) has the solution

-1
c; = f(s;) [AI;II Gp— s,-)] s (62)

which is readily adopted to numerical procedures. The zeros of g(s) may be found numerically, bu: under fully
resonant conditions the results are sufficiently simple to obtain that a numerical analysis is unnecessary. These
analytic results are discussed below.

All terms connected with the strong o, field contain the factor D;(s) [see eq. (44)] in the denominator, which
in the case of full resonance has zeros at s; = —Iyp, and 55 3 = —3(Tgp + Tpp = 12,). Thus if the o, field is strong
enough such that §2, = [16|W;]2 — (Typ, — [pp)2] /2 is real, the signal is expected to decay with a time constant
Fpp + Typ and nutate with frequency Q. The perturbation with the W, and W fields involves the factor F;(s)
which has zeros at

sq.5=—31{B0 + Bpp 2 [(Bye — Ay )2 +4W WIV2) . 63)
In the case of full resonance this reduces to
S4.5 < _%{Fac + l"br: % i[4wl W: - (Pac - I-‘[71:)2] ]/2} - (64)

So if the W, field is large enough to make the expression under the square root positive, oscillation will occur with
frequency

Q= [4W W] — (T, — Tp)21Y2 . 65)

Thus a strong o, field will cause the non-linear signal at w, or w3 in the experiments shown in diagrams ii—v of
fig. 3 to ring with two frequencies having the ratio £, : §2;, = 2 : 1. Of special interesi, however, is the intensity
range in which the oscillations begin to evolve. since such experiments should yield information about the corre-
sponding relaxation parameters. Our results show that the decay rate is the sum of two I' parameters, but that the
onset of oscillation is determined by their difference. Therefore, both I" parameters might be extracted from mea-
surements of this transient behavior.

In the case of a strong w, field the situation is somewhat more complicated as a result of the presence of the
feeding term 7, , which causes D, (s) 1o be of fourth order in s. If we choose 7, = 0 explicit resuits are found to
be as given in eqs.(63)—(65) after replacing (W, Ty, Tpp - Tpen Ty ) by (Wo. Ty T Ty . T ). The case v,

# 0 is best solved numerically. Finally, in the case that w5 is the only strong field. only two non-zero roots exist
of the type of eq.(63)

s1.2 = =58y + By 2 [(Bgp — 8,)2 + AWz W3]Y2Y (66)

with the on-resonance solution given according to egs. (64) and (65).

7. Lineshapes

Of great interest in non-linear spectroscopy are the influences of field intensity on the steady-state response.
For the strong field being w, we find:
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Pab = —Tpp AapW1/D1(0) , 67
Pac = [W2/Dy(0)Fy (O] (W W3 (T Aap — 2Fap Bpc) — Tpp Bap Bap Bpc] (682)
+ (W W3 /Dy (0)F O] (Tpp By Bz, — 2Tap Wi WY (68b)
Bpe = [WaW]/[D(0)F;(0)] [Tpp Anpy (B — Agp) — 2T, Wy W] ] (68c)
+ [WWIW3/D;(0)F (O] (Tpp L0y — 2,5 85,) - (68d)
The results for a strong w, field are
Pac = =WaTbp T 82:/D(0) . (69)
Bup = [wl ID 2(0)F 2(0)] {W?. W;_ [2 Tac A;c(7cb - 1‘bb) —TppTec Aac] - AacA;cA;chb I1cc} (702)
+ [W3W5[D5(0)F(0) {25, A0:TecTpp + 2WoWaT,(Tpp — Yep)] - (70b)
Pep = (W W3ID3(0)Fo (O] [Tpp Moo Buc(Bge — Bap) + 2Wo Wi Lo (Top — Yep)) (70¢c)
+ [Wy W3 W3 /Do (0)F(0)) [2F . A5 (Thp — Yep) — TeeFop Bacl - (70d)

Finally for the case that the 3 field is strong we obtain
Bap = —W 8, /F3(0) + Wy W3/F3(0) . (71a,b)

By = —Wo A, [F3(0) + W W3 /F3(0) . (71c,d)

The corresponding diagrams in fig. 3 are labelled with the appropriate formula number in order to make the iden-
tification of the experimental conditions involved more obvious.

In the thin-sample approximation (neglect of depletion of the pump fields) it follows from Maxwell’s equation
that the intensity of each generated wave at w,, w5 or w3 is proportional to the square of the corresponding den-
sity matrix element, e.g.

I(w) =< |y Ppal? = 11tgp 1215512 - (72)

Since these expressions contain resonance terms, A‘w, both in the denominators and numerators the lineshapes are
in general complicated and non-lorentzian. For some cases we will give an analytic discussion, for others we will
show the results of numerical simulations. Two important experimental conditions may be distinguished: one in
which the strong field is tuned, and the other, in which the perturbation field is scanned.

In the simplest experiment the strong field is scanned and the signal observed at the same frequency, with no
additional fields present. The corresponding diagram is fig. 3i, and eq. (67) [or, equivalently, fig. 3vi with eq. (69)].
With the definition of detuning & = wy, — w; the square of eq. (67) has extrema for

8§,=0, 5y3=xx2~1VIr,, , (73)
with
x2 =AW Wi/C, Ty - 4

For x <1 the intensity of the generated beam is predicted to have a maximum at 5, = 0, while forx > 1 this
maximum splits into two maxima at 8, and 55 with §, now being a minimum. The corresponding intensities are
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Iy =x2T . Ty /41 +x2) , I3 3 =Tpp/16Ty . (75)

For large x the points of half intensity are at § = (3 + 81/2)l/21", x_ Therefore the width of each peak and the
peak separation will be 2I',;, x. The result is that the width of the spectrum increases with increasing field strength.
This well-known property of a two-level system is demonstrated in fig. 4 for several sets of parameters. Note that
the upper level lifetime I'yy, = 7, has a strong effect on the intensity parameter X and consequently on the line-
shape.

The situation becomes more complicated in the presence of an additional weak field. The generated field may
now have the same frequency as the weak field, or be the difference or sum frequency. The intensity effect can no
longer be contracted to a single intensity parameter x like in the previous example. This means, W. vy and I" now
act differently on the lineshape. As an example we consider the type Il difference-frequency generation process of
eq.(68c). Fig. 5 shows some simulated lineshapes corresponding to this process measured as a function of the
strong frequency detuning. It is seen that increasing the value of I first broadens the line, then splits it into two
lines which further broaden while they shift apart. Decreasing the value of y;,. however, leads 1o different behav-
ior with the splitting into two peaks occurring in a different range or vanishing aliogether at the stated field inten-
sities when 7;, becomes very small.

All experiments performed with the strong field scanned have in common that the observed linewidths are
strongly affected by the Rabi frequency of the strong field so that the interesting molecular and relaxation parame-
ters are not clearly exposed in such a scan.

We now consider the predictions for lineshapes obtained by scanning the weak field. One example concerns the
difference-frequency generation type II process, eq. (68c). With the strong field v, fixed io resonance. the condi-
tion §1/88 = O leads to a polynomial of order 5 in &, which is defined as the detuning 6 = v, + w,. One root of
this polynomial is §; = 0, and two roots are always complex. Therefore only two situations are possible:

(a) only one maximum at §; =0,

(b) two maxima at § = %8, =~ W, and a minimum at § = 0.

At sufficiently large field strengths W, the line splits into two lines with separation 2W . The widths of the rwo
lines, however, are not affected by the field intensity. Varying the I' , parameters in the model reveals that the
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function of detuning from resonance. The parameter is the The parameter is the strong-field Rabi frequency (Tgp = 1.

on-resonance Rabi frequency of the field. Tpp = 2 fixed).
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Fig. 6. Simulation of a purc power-induced extra resonance in Fig. 7. Power effect on a DICE resonance. Parameters are wp,
type 1i difference-frequency generation. Parameters are: detun- —wy=35,Fge=1,Tpe =2, W= 10, vpg = 2 in this simulation.
ing wpg — wy =85, Tac=Tap = 1. Tpe = 2. vpa = 2. coOrIE- The pure dephasing parameter I' is changed from 0 to 100 by
sponding to pure radiative damping. varying I'gp-

linewidth is essentially determined by the width of the resonance over which the weak field is tuned. If the strong
field is detuned from resonance basically the same behavior is observed, but the two lines now have different in-
tensity. This is simulated in fig. 6 for various strengths of the strong field. Detuning of the fixed frequency is the
condition under which extra resonances of the DICE and PIER-4 type can be observed. Under these conditions

the strong field creates two lines that are separated initially by the fixed frequency detuning. Both resonances shift
with increasing field strength. The weaker resonance appears at the energy where the extra resonance is expected.
Therefore, fig. 6 describes a pure power-induced extra resonance since the pure dephasing is set to zero. A further
very interesting fact is that the lineshapes are found to be insensitive to the choice of the population decay parame-
ter 7p,- This is in contrast to what was found in the simulated spectra with the strong field scanned. In the purely
perturbative treatment of the type 11 difference-frequency generation feeding parameters do not appear.

In fig. 7 the extra resonance is studied under conditions where both a strong field and pure dephasing are pres-
ent. For a fixed value of W the pure dephasing parameter I is reduced from 100 T",. to 0. Obviously the general
appearance of the signal is not changed. The difference in peak height in the limitI" = 0 is attributed to the detun-
ing of the fixed frequency. Varying the parameters I'y . and T, it is found that both linewidths depend on both
parameters. In the weak-field limit the DICE resonance has width T, while the other resonance has width T,
The strong field, therefore, not only can induce the extra resopance, but also affects its position and linewidths.
The latter effect is, however, not power broadening but corresponds to a mixing of the character of the “normal”
and the “extra” resonance which become undistinguishable at very high field strengths (W > | A and detuning).
These results suggest that the DICE resonance observed in solids {11,12] and PIER-4 “extra® resonances seen in
sodium vapor [19]} might also be induced by sufficiently intense fields even in the absence of pure dephasing
(solids) or collisional redistribution (gases). In section 7 it will be shown that this is indeed the situation for a
four-level system.

8. Strong-field CARS and CSRS processes in a four-level system

The technique described here is not sufficiently general to handle Stokes and anti-Stokes Raman processes for
all level schemes. However it does apply to CARS and CSRS in a four-level system which is a configuration readily
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accessible to experiments. The two- and three-level responses in strong field can be calculated by another approach
which involves a stepwise application of the rotating-wave approximation. These results will be discussed in a later
publication.

CARS and CSRS processes in a four-level scheme are included in fig. 1. CARS involves effects resulting from
W,, W3 and W, and explicit formulas can be obtained when W, is considered to be a strong field. In most molec-
ular systems if w, is on-resonance with an electronic transition ¢ = ¢ then it will be off-resonance for process b
—>d. This implies that W5 can be considered as a weak-field effect for the case W5 =y, €, <I(wyp — w»). Ina
common situation this detuning would correspond to the difference in the vibrational frequencies (wp, and wy,)
of the ground and electronically excited states. Thus for many cases of interest Ws/c can be as large as 5—50 cm~!
and still be treated as a perturbation in the four-Jevel problem. Similar considerations apply to the Stokes process
using W,, W, and Ws in the abcd four-level system of fig. 1b. The strong-field effect can be chosen as W, and as
before Wy can be chosen as a weak field for many cases of interest. The 16 X 16 matrix X for these four-level prob-
lems is given explicitly here (table 1) in terms of the possible six resonant Rabi parameters W, to Wy and the six
feeding terms 7;j- These parameters along with the " completely define the four-level problem assuming that the
temperature T is sufficiently low that kT is very much less than any of the energy separations. Results for any of
the fields chosen as strong can be obtained numerically by inversion of the 16 X 16 matrix.

The result for the CARS signal at 2¢o; — w, is obtained from the element p{¥ which is found to be given as
follows, with the definitions G,(0) = A, Ay — |wz|2. &= (Tpp — Yep W pp et

~(2 = E *
P2 = _[W, Wi WTy, T /G2 (0)F5(0)D5(0)] [y Ao Ao — Wa W3 AL, + 221 W5 (A + Anp)]
— WS WEWSWsTy, T /D5 (0) G (0) Apy - (76)

This expression is exact in the case 4 and Wy represent weak-field effects. while W5 may have any value. When
all fields are chosen as weak this expression reduces to the conventional CARS fully resonant expression that com-
poses X3, and terms that would conventionally be calculated from x™ with n = 5. odd. The conventional x(3’
term is
3)  _ *
XCARS = —HacHbe Hpd Hdal Bac Bad Bab - an
One interesting x(®) term that depends on the existence of feeding is

S _ 2 * £ = ; ; —
XCARS = — T aeYebn ITec Top) Mac Hac Mbe Mpd Man 1Bac Bac Dpd Dad Acd - (78)

The feeding term X(CS/)xRS contains an excited-state resonant term A ; normally only seen through the DICE or
extra-resonance effect. Presumably eq.(76) is the proper expression to employ for studies of resonant CARS
processes when w is an intense laser field near resonance to the transition g — c. This result predicts resonances
at both wy — w3 = Wy, and wy — w3 = Wy, the wy,,. resonance depends on ;. in the limit of weak fields.

Some CARS lineshapes are simulated in fig. 8 with w5 fixed on the ¢ - ¢ resonance and w3 scanned. If both
fields are weak two resonances appear at w,, = s — w3 and wy, = 2w; — w3. With increasing strength of the
w- field each of the resonances splits symmetrically into two lines.

“The corresponding Stokes signal at 25 — wy (w; < y) is obtained from the cb matrix element:

5%) = —[l‘/; w4 IV;be I-‘cc /Dl(O)FZ(O)G?_(O)] {Acd Aac A:;C + Aab Aac(A;c - At:c!)
+ Wy WS QT /T By + Bgp) — Agel} + 2WS WA, WET, 1 [F2(0)D (0) 25,4 . (79)

As with the CARS case the last term in (79) in the limit of all fields weak corresponds 1o a x©? process. This
describes Stokes generation from the population created as a result of feeding from level ¢ into level b through v_;,.
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Fig. 8. Strong-field effect on the CARS resonance. The strong
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Fig. 9. Strong-field effect on the CSRS resonance. The same
four-level model as in fig. 8 is used but with the fixed strong
field detuned from the 2 — ¢ resonance by 1 cm™1.

=0.2,Tpp=0.101, Tgp = 0.3, Tge = 0.201, 74 = 0.2, vpp =
0.001 and y,4 = 0.001. This choice corresponds to a situation
encountered in pentacene (v’ = 747 cm™, v = 756 cm™})
under the assumption of pure radiative damping.

In the limit of all fields being weak the conventional CSRS susceptibility [11] is recovered in addition to the ef-
fects due to higher-order susceptibilities including one dependent on feeding given in eq.(81):

3 . = - 1 1 1
XCSRS = —HMac Had Mpd Hpc [ = - = ] . (80)
Aad Aab Abc Aad Acd AZ:: Aac Acd A;c
5y _
XCSRS ~ (2Pac7cb / be Iﬁt:c) p‘ac “ac Hgg ”’bd “bcl Aac ac AbcAbaV Aab - (8 1 )

Eq.(80) displays the three CSRS terms corresponding to the three diagrams that normally arise by means of an
iteratjve solution of the density operator. This combination of three terms simplifies algebraically when all the
pure dephasing effects vanish leading to resonances at wy — = wp, and w, = wy,. In the presence of pure de-
phasing two additional resonances occur at cwy — 5 = oy, and ey = 25 — wy- In the presence of a strong
field, eq. (79) is the proper one to use and this has all four resonances as simulated in fig. 9. With increasing field
strength of the strong field the resonances at ¢, and . appear as power-induced extra resonances. The relative
intensities of these four resonances are strongly dependent on the choice of the values for the feeding parameters.
but the linewidths remain insensitive.

9. Conclusions

It was shown that the resonant non-linear response of certain multilevel systems can be calculated exactly
(within the RWA) even when one of the ingoing fields has unlimited strength. The non-perturbative approach that
was developed allowed us to obtain explicit results for many common non-linear optical spectroscopic experiments.
The method should have wide applicability, and even in the case all the fields are weak provides a rapid system for
generating the formulas usually obtained by iterative solution of the Liouville equation.

A number of important new results is obtained from the exact approach: In the presence of a strong field the
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dynamical parameters of the system that determine the response are more clearly evaluated than in the weak-field
case, whenever the weak field is scanned. Scanning the strong field yields information mainly about the light
source. The extra resonances that are usually assumed to occur only in the presence of pure dephasing processes
in the medium, are seen to occur by viriue of the finiie sirengih of the sirong fieid. Exact (RWA) formulas for the
CARS and CSRS in four-level systems are given.

The method developed in this paper can be applied to a variety of e

xperimental situations including CARS and
CSRS, as mentioned above, polarization spectroscopy, other four-wave resonant processes, *“second-order” pro-
cesses such as sum- and difference-frequency generation in three-level systems. Other situations such as four-wave

mixing in two- and three-level schemes can be evaluated using the present techniques applied in a stepwise manner.
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Appendix A
In this appendix it is shown that the operator X, corresponding to the matrix X defined in eq. (26), has the
form:
X=i(A+L~il), (A1)
where X, A, £ and I" are superoperators. The matrix elements of X are shown to be given by:
Xyvap = —18,08,60u8 + Ypuuvdap Ti8,5 Wi < 0) —i8, Wi (B« V). (A2)

According to their usual definitions [23—25] superoperators, 4, act on operators, p, according to the prescription

ri\ = A
\APIuy = &4 Apy ap Pap -

af

The product of two superoperators is defined as

(A?B?),uu:aﬁ = EA,uu,g:rBaLQ.B -

o, 7T

The unitary transformation defined through eq.(14) can be written as a superoperator U, so that

=0p, (A3)

[]pu,orﬁ =840, expli(4, — 4,)1].
1t follows that fj has the form i 4 U, with 4 given by
/iuu,a[i =0,,0,5(A, —A4,)=6,,6,55,,j - (Ag)
Having found U the equation of motion for p can be found in the required form from eq. (A3):
~"Up+Up—1AUp+U(x.£+I‘)p .
Therefore

p=GA+il+
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where the transformed Liouville operator £ = U£U~1. The matrix elements of X now follow from the definitions
of the superoperator elements (A4) along with

~

J’.‘uu.aﬂ = wu#(‘ipaﬁvﬁ + GDB(p‘m-e]—)ej- — S#Q(uﬁl,-ek)ek

and

-~

Puv.ap = ~TuvbuaBus + Ypubuvdap = Tur.ap -

Appendix B

To prove that the superoperator matrix X cannot be inverted and hence eq. (23) has a non-trivial solution, let
us suin the rows of X corresponding to the diagonal elements of p. This yields a vector Z with elements

Zo'r = “Exup,or

= ? [T uu8u0Bur + TurBor +18,, W (< 0) —i8,,W(r < 1))

=5OT[Z)7#,—I‘M]=0,
i

where we have used eq.(5) in the last step.
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