




 





 

 

  

  

  

  

  

 
 

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

 
 

  

 
 

  



  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

  

 
 

  

  

  

  

  

  

  

  

  

  

  



 
 

  

  

  

  

  

  

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 





 

 





 



 

 

 

 



 

 

 



 

 

 

 



 

















 



 



 



 

 



 





 









 

 



ℎ(𝒚|𝒙) =  𝑢 ℎ (𝒚|𝒙) . 

ℎ ℎ 𝑢

𝑀 𝒙 𝒚

ℎ

 

𝑀𝐴𝑃𝐸(𝑦, 𝑦) =  
1

𝑛

𝑦 − 𝑦

𝑦

𝑀𝑑𝐴𝑃𝐸(𝑦, 𝑦) =  𝑚𝑒𝑑𝑖𝑎𝑛(
𝑦 − 𝑦

𝑦
)

𝑃𝐸(𝑥) = 100
𝑦 − 𝑦

𝑦
< 𝑥

𝑥% 𝑥

𝑅 (𝑦, 𝑦) = 1 −
∑ (𝑦 − 𝑦 )

∑ (𝑦 − 𝑦)



 

𝑃𝐹𝐼 = 𝐸 𝐿 𝑓 𝒙 , 𝒙 , 𝒚 − 𝐸(𝐿 𝑓(𝒙, 𝒚) , 

𝐿 𝑓

𝒙  𝒙 𝑗

𝒙 𝒚

𝑗

𝑗

 



𝑥

𝑁 (1), … , 𝑁 (5)   

𝑥 𝑁 (5)

𝑧 , 𝑥 𝑁 (5)

𝑧 ,  



Step 1: 
 

 
 

Step 2: 
 

𝑳𝑬𝑵𝟏(𝟓) =
(𝟖𝟕, 𝟎𝟎𝟎€ + 𝟐𝟕, 𝟎𝟎𝟎€ + 𝟑𝟓, 𝟎𝟎𝟎€ + 𝟐𝟒, 𝟎𝟎𝟎€ + 𝟓𝟎, 𝟎𝟎𝟎€)

𝟓
= + 𝟒𝟒, 𝟔𝟎𝟎€ 

 
Step 3: 
 

 
 
Step 4: 

𝑨𝑳𝑬 ( ) = 𝑳𝑬 ( )  
𝑨𝑳𝑬 ( ) = 𝑳𝑬 ( ) + 𝑳𝑬 ( ) 

… 
𝑨𝑳𝑬 ( ) = 𝑳𝑬 ( ) + 𝑳𝑬 ( ) + 𝑳𝑬 ( ), + 𝑳𝑬 ( ), + 𝑳𝑬 ( ) 

 

 



𝑥 𝑁 (5)

𝑧 , 𝑧 ,

𝑁 (5)

𝑁 (5)

𝑥 𝑁 (5)

 



 





 

































 



Berlin 

 

Hamburg 

 
Munich 

 

Cologne 

 
Frankfurt 

 

Stuttgart 

 
Dusseldorf 

 

 



 





 

 

𝑓(𝐴 )

𝑓(𝐷 , )

𝐴 , = 𝑓 𝐴 𝑓 𝐷 , . 

𝐴 ,  ∈ [0,100] 𝑖 𝑝

𝑓 𝐴  𝑝, 𝑓 𝐴  ∈ [0,1] 𝑓 𝐷 ,

𝑖 𝑝

𝐿(𝑥) =
𝐾

(1 + 𝑄𝑒 . )
 , 

𝐾, 𝑄 ∈  ℝ 𝑣 ∈  ℝ 𝑥 ∈ ℝ.

𝐾 = (1 + 𝑄) ,

 

𝑄 =  𝑣 ∙ exp(𝐵 ∙ 𝑥∗),

 

𝑣 =
exp(𝐵 ∙ 𝑥∗) − 1

ln(𝑦 ) − 1 
, 

𝑥∗ 𝑦∗

 

𝒙 𝑑 𝒚

𝑓 𝒙

𝒚 𝒙 𝒙 𝑗 ∈

{1, … 𝑑} 𝑋 𝑗  

𝒙



𝑓 , = 𝐸
𝜕𝑓(𝑋 , 𝑋 )

𝜕𝑋
 | 𝑋 = 𝑧 𝑑𝑧 − 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡,

,

𝑧 , 𝑋 𝑧 , min{𝒙 }

𝐸 𝒙

𝒙

𝑗 𝐾 𝑁 (𝑘)  𝑁 (𝑘) = 𝑧 , , 𝑧 , : 𝑘 =

1,2, … 𝐾 𝑧 ,  𝑧 , 𝑘

𝑥∗ 𝒙  𝑘 (𝑥∗) 𝑥∗

𝑛 (𝑘) 𝑘 𝒙 ,  

𝑖 ∈ {1, 2, … 𝑁}

𝑓 , 𝑔 , 𝑗

𝑥∗ ∈ (𝑧 , , 𝑧 , ] 𝑧 ,

{𝑥 , : 𝑖 = 1, … 𝑛} 𝑧 ,  {𝑥 , : 𝑖 = 1, … 𝑛}

𝑔 , (𝑥∗) =  
1

𝑛 (𝑘)
𝑓 𝑧 , , 𝒙 ,  − 𝑓 𝑧 , , 𝒙 , .

{ : , ∈ ( )}

( ∗)

𝐸[𝑔 , 𝑋 ]

𝑓 , (𝑥∗) = 𝑔 , (𝑥∗) −
1

𝑛
𝑔 , 𝑥 ,

= 𝑔 , (𝑥∗) −
1

𝑛
𝑛 (𝑘) ∙  𝑔 , 𝑧 , . 

 



 



 







 

𝑥 ≤ 1960 
1960 < 𝑥 ≤ 2008 

2008 < 𝑥

𝑥 ≤ 1953 
1953 < 𝑥 ≤ 2016 

2016 < 𝑥
𝑥 ≤ 2016 
2016 < 𝑥

𝑥 ≤ 2016 
2016 < 𝑥

𝑥 ≤ 52.52 
52.52 < 𝑥

𝑥 ≤ 52.59 
52.59 < 𝑥

𝑥 ≤ 13.415 
13.415 < 𝑥 ≤ 13.75 

13.75 < 𝑥

𝑥 ≤ 13.25 
13.25 < 𝑥 ≤ 13.51 

13.51 < 𝑥
𝑥 ≤ 7.7 

7.7 < 𝑥 ≤ 11 
11 < 𝑥

𝑥 ≤ 7.68 
7.68 < 𝑥 ≤ 8.01 

8.01 < 𝑥
𝑥 ≤ 62.5 

62.5 < 𝑥 ≤ 110 
110 < 𝑥

𝑥 ≤ 150 
150 < 𝑥 ≤ 200 

200 < 𝑥
𝑥 ≤ 500 
500 < 𝑥

𝑥 ≤ 1918 
1918 < 𝑥 ≤ 1955 
1955 < 𝑥 ≤ 1977 

1977 < 𝑥

𝑥 ≤ 1941 
1941 < 𝑥 ≤ 1968 

1968 < 𝑥

𝑥 ≤ 2016 
2016 < 𝑥

𝑥 ≤ 2015 
2015 < 𝑥 ≤ 2018 

2018 < 𝑥

𝑥 ≤ 53.545 
53.545 < 𝑥 ≤ 53.60 

53.60 < 𝑥

𝑥 ≤ 53.515 
53.515 < 𝑥 ≤ 53.555 
53.555 < 𝑥 ≤ 53.675 

53.765 < 𝑥
𝑥 ≤ 9.975

9.975 < 𝑥 ≤ 10 
10 < 𝑥 ≤ 10.05 

10.05 < 𝑥

𝑥 ≤ 9.8
9.8 < 𝑥 ≤ 10.16 

10.16 < 𝑥

𝑥 ≤ 6 
6 < 𝑥

𝑥 ≤ 0.8 
0.8 < 𝑥

𝑥 ≤ 35 
35 < 𝑥 ≤ 100 

100 < 𝑥

𝑥 ≤ 150 
150 < 𝑥 ≤ 235 

235 < 𝑥
𝑥 ≤ 400 

400 < 𝑥 ≤ 400 
800 < 𝑥



𝑥 ≤ 1952 
1952 < 𝑥 ≤ 1980 
1980 < 𝑥 ≤ 2009 

2009 < 𝑥

𝑥 ≤ 1950 
1950 < 𝑥 ≤ 2015 

2015 < 𝑥

𝑥 ≤ 2017 
2017 < 𝑥

𝑥 ≤ 2017 
2017 < 𝑥

𝑥 ≤ 48.15 
48.15 < 𝑥 ≤ 48.21 

48.21 < 𝑥

𝑥 ≤ 48.165 
48.165 < 𝑥

𝑥 ≤ 11.58 
11.58 < 𝑥 ≤ 11.66 

11.66 < 𝑥

𝑥 ≤ 11.465 
11.465 < 𝑥 ≤ 11.647 

11.647 < 𝑥

𝑥 ≤ 3 
3 < 𝑥

𝑥 ≤ 4 
4 < 𝑥

𝑥 ≤ 60 
60 < 𝑥 ≤ 150 

150 < 𝑥

𝑥 ≤ 135 
135 < 𝑥 ≤ 225 

225 < 𝑥
𝑥 ≤ 510 

510 < 𝑥 ≤ 930 
930 < 𝑥

𝑥 ≤ 1977 
1977 < 𝑥 ≤ 2007 

2007 < 𝑥

𝑥 ≤ 1970 
1970 < 𝑥 ≤ 2000 

2000 < 𝑥
𝑥 ≤ 2017 
2017 < 𝑥

𝑥 ≤ 2016 
2016 < 𝑥

𝑥 ≤ 50.895 
50.895 < 𝑥 ≤ 50.947 
50.947 < 𝑥 ≤ 51.02 

51.02 < 𝑥

𝑥 ≤ 50.875 
50.875 < 𝑥 ≤ 50.935 

50.935 < 𝑥

𝑥 ≤ 6.93 
6.93 < 𝑥 ≤ 6.98 

9.98 < 𝑥 ≤ 7.015 
7.015 < 𝑥

𝑥 ≤ 6.865 
6.865 < 𝑥 ≤ 6.995 

6.995 < 𝑥

𝑥 ≤ 8 
8 < 𝑥

𝑥 ≤ 8 
8 < 𝑥

𝑥 ≤ 100 
100 < 𝑥 ≤ 138.5 

138.5 < 𝑥

𝑥 ≤ 140 
140 < 𝑥 ≤ 250 

250 < 𝑥
𝑥 ≤ 300 

300 < 𝑥 ≤ 950 
950 < 𝑥

𝑥 ≤ 1945 
1945 < 𝑥 ≤ 1  

1975 < 𝑥 ≤ 2009 
2009 < 𝑥

𝑥 ≤ 1980 
1980 < 𝑥 ≤ 2015 

2015 < 𝑥

𝑥 ≤ 2017 
2017 < 𝑥

𝑥 ≤ 2017 
2017 < 𝑥

𝑥 ≤ 50.112 
50.112 < 𝑥 ≤ 50.132 
50.132 < 𝑥 ≤ 50.138 

50.143 < 𝑥

𝑥 ≤ 50.16 
50.16 < 𝑥

𝑥 ≤ 8.68 
8.68 < 𝑥 ≤ 8.74 

8.74 < 𝑥

𝑥 ≤ 8.57 
8.57 < 𝑥 ≤ 8.66 

8.66 < 𝑥

𝑥 ≤ 9 
9 < 𝑥

𝑥 ≤ 2 
2 < 𝑥 ≤ 8 

8 < 𝑥
𝑥 ≤ 55 

55 < 𝑥 ≤ 150 
150 < 𝑥

𝑥 ≤ 150 
150 < 𝑥 ≤ 250 

250 < 𝑥
𝑥 ≤ 400 
400 < 𝑥



𝑥 ≤ 1967 
1967 < 𝑥 ≤ 1988 
1988 < 𝑥 ≤ 2009 

2009 < 𝑥

𝑥 ≤ 1970 
1970 < 𝑥 ≤ 2009 

2009 < 𝑥

𝑥 ≤ 2016 
2016 < 𝑥

𝑥 ≤ 2015 
2015 < 𝑥

𝑥 ≤ 48.75 
48.75 < 𝑥 ≤ 48.75 

48.79 < 𝑥

𝑥 ≤ 48.81 
48.81 < 𝑥

𝑥 ≤ 9.15 
9.15 < 𝑥 ≤ 9.19 

9.19 < 𝑥

𝑥 ≤ 9.165 
9.165 < 𝑥

𝑥 ≤ 1 
1 < 𝑥

𝑥 ≤ 1.5 
1.5 < 𝑥

𝑥 ≤ 30 
30 < 𝑥 ≤ 125 

125 < 𝑥

𝑥 ≤ 150 
250 < 𝑥

𝑥 ≤ 680 
680 < 𝑥

𝑥 ≤ 1971 
1971 < 𝑥 ≤ 2009 

2009 < 𝑥

𝑥 ≤ 1952 
1952 < 𝑥

𝑥 ≤ 2016 
2016 < 𝑥

𝑥 ≤ 2017 
2017 < 𝑥

𝑥 ≤ 51.20 
51.20 < 𝑥

𝑥 ≤ 51.21 
51.21 < 𝑥

𝑥 ≤ 6.76 
6.76 < 𝑥 ≤ 6.785 

6.785 < 𝑥

𝑥 ≤ 6.765 
6.765 < 𝑥

𝑥 ≤ 1.3 
1.3 < 𝑥

𝑥 ≤ 12.5 
12.5 < 𝑥

𝑥 ≤ 117 
117 < 𝑥

𝑥 ≤ 175 
175 < 𝑥
𝑥 ≤ 790 
790 < 𝑥
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‑

‑







 

 

 



 





 





 









 

 

 

 





 

 

𝒚, 𝒙 , … , 𝒙

𝛽 , 𝛽 , … , 𝛽 𝜺

𝒚 =  𝛽 + 𝛽 𝒙 + ⋯ + 𝛽 𝒙 + 𝜺, 

𝝁 = 𝐸[𝒚] =  𝛽 +  𝛽 𝒙 + ⋯ + 𝛽 𝒙 . 

 

𝑔(. )

𝝁 𝒚 𝒙 , … , 𝒙

𝑠 𝑗 ∈ {1, … , 𝑘}

𝑔(𝝁) =  𝛽 + 𝑠 (𝒙 ) + ⋯ + 𝑠 (𝒙 ). 



 

ℎ

ℎ

ℎ(𝒚|𝒙) =  𝑢 ℎ (𝒚|𝒙) , 

𝑢 𝑀 𝒙

𝒚 ℎ

 

𝑦 𝑛 

𝑖  ∈  {1,   … ,  𝑛} 𝑧 𝑖 

𝑤 𝑓 

𝑏

𝑓 𝑏  +   𝑧  𝑤  



 



 



𝑀𝐴𝑃𝐸(𝑦, 𝑦) =  
1

𝑛

𝑦 − 𝑦

𝑦

𝑀𝑑𝐴𝑃𝐸(𝑦, 𝑦) =  𝑚𝑒𝑑𝑖𝑎𝑛(
𝑦 − 𝑦

𝑦
)

𝑃𝐸(𝑥) = 100
𝑦 − 𝑦

𝑦
< 𝑥

𝑥% 𝑥

 



 





 





 





 





 



 



 

 

 

𝑓(𝐴 )

𝑓(𝐷 , )

𝐴 , = 𝑓 𝐴 𝑓 𝐷 , . 



𝐴 ,  ∈ [0,100] 𝑖 𝑝

𝑓 𝐴  𝑝, 𝑓 𝐴  ∈ [0,1] 𝑓 𝐷 ,

𝑖 𝑝

𝐿(𝑥) =
𝐾

(1 + 𝑄𝑒 . )
 , 

𝐾, 𝑄 ∈  ℝ 𝑣 ∈  ℝ 𝑥 ∈ ℝ.

𝐾 = (1 + 𝑄) , 

𝑄 =  𝑣 ∙ exp(𝐵 ∙ 𝑥∗) , 

𝑣 =
exp(𝐵 ∙ 𝑥∗) − 1

ln(𝑦 ) − 1 
, 

𝑥∗ 𝑦∗



 

 



 







 



 

 



 





 

𝑃𝑟𝑖𝑐𝑒 = 𝑓(𝑃ℎ𝑦𝑠𝑖𝑐𝑎𝑙 𝐶ℎ𝑎𝑟𝑎𝑐𝑡𝑒𝑟𝑖𝑠𝑡𝑖𝑐𝑠, 𝑂𝑡ℎ𝑒𝑟 𝐹𝑎𝑐𝑡𝑜𝑟𝑠) 





 



𝑖 𝑗

𝜙 , =  
|𝑆|! (𝑝 − |𝑆| − 1)!

𝑝!
(𝑓 𝑆 ∪ 𝑥 , − 𝑓(𝑆) ,

⊆{ , ,…, , }{ , } 

 

𝜙 , 𝑆 𝒙 ∈ ℝ𝒑 × 𝒏 

𝑝 𝑛 𝑓(𝑆)

𝑓 𝑆

𝑖

𝑗

𝑓 𝒙 ∈ ℝ 𝒑 × 𝒏

𝑝 𝑛 𝒙

𝑓 𝝓 ∈ ℝ𝒑 × 𝒏 𝝓𝑴 ∈

ℝ𝒒 × 𝒏 𝑞 ≤ 𝑝 𝝓

𝑖 ∈ {1, … , 𝑛} 𝜙 , ∈ 𝝓𝑴

𝜙 =  𝜙 , . 

𝜙  are dropped



𝜙 , =  
𝜙 − min

 ∈{ ,…, }
(𝜙 )

max
 ∈{ ,…, }

(𝜙 )  − min
 ∈{ ,…, }

(𝜙 )
 ∙ 2 − 1. 

𝜙 , 𝑖

𝑖

𝝓𝑪𝑨𝑻 ⊆

𝝓𝑴, 𝝓𝑪𝑨𝑻 ∈ ℝ𝒎 × 𝒏 𝑚 ≤ 𝑞

𝑖 ∈ {1, … , 𝑛} 𝜙 , ∈ 𝝓𝑪𝑨𝑻

𝜙 , =  𝜙 , . 

𝜙 , 𝜙 ,

𝜙 , ,

𝑖



 













 





 



 

 







 

Error Formula Description 

Mean Absolute 
Percentage Error 
(MAPE) 
 

𝑀𝐴𝑃𝐸(𝑦, 𝑦) =  
1

𝑛

𝑦 − 𝑦

𝑦
 

Mean of all absolute percentage 
errors. A lower MAPE signals 
higher overall prediction 
accuracy in percent. 
 

Median Absolute 
Percentage Error 
(MdAPE) 
 

𝑀𝑑𝐴𝑃𝐸(𝑦, 𝑦) =  𝑚𝑒𝑑𝑖𝑎𝑛(
𝑦 − 𝑦

𝑦
) 

Median of all absolute 
percentage errors. A lower 
MdAPE denotes greater 
precision in percent without 
being sensitive to outliers. 
 

Error buckets (PE(x)) 𝑃𝐸(𝑥) = 100
𝑦 − 𝑦

𝑦
< 𝑥 

Percentage of predictions where 
the relative deviation is less 
than %, with 𝑥 being 10 and 20. 
A larger PE(x) signals a lower 
variation in the predictions.  
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