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ON MAXIMAL PROPER SUBGROUPS OF FIELD AUTOMORPHISM
GROUPS

M.ROVINSKY

ABSTRACT. Let G be the automorphism group of an extension F/k of algebraically closed
fields of characteristic zero of transcendence degree n, 1 < n < co. In this paper we

e construct some maximal closed non-open, and some (all, in the case of countable
transcendence degree) maximal open subgroups of G;

o describe, in the case of countable transcendence degree, the automotphism subgroups
over the intermediate subfields (a question of Krull, [K2]);

e construct a subfunctor I of the identity functor on the category of smooth represen-
tations of G, coincident (via the forgetful functor) with the functor I' on the category
of smooth admissible semi-linear representations of G constructed in [R2] in the case
n=o0and k = Q.

1. STRUCTURE OF G

Let F/k be an extension of countable or finite transcendence degree n, 1 < n < oo, of
algebraically closed fields of characteristic zero, and G = G/ be its automorphism group.

Following [Jac, ITITI-ITI, Sh, I] (and generalizing the case [K1] of algebraic extension),
consider G as a topological group with the base of open subgroups given by the stabilizers
of finite subsets of F. Then G is a totally disconnected Hausdorff group, and for any
intermediate subfield &k C K C F the topology on G/ coincides with the restriction of
the topology on G. G is locally compact if and only if n < co.

The classical morphism £ : {subfields F' over k} — {closed subgroups of G}, given by
K — Gk, is injective, inverts the inclusions, transforms the compositum of subfields to
the intersection of subgroups, and respects the units: & — G. The image of § is stable
under the passages to sup-/sub- groups with compact quotients; 3 identifies the subfields
over which F' is algebraic with the compact subgroups of G ([Jac, IIIII-ITI, Sh, I]).

In particular, the proper subgroups in the image of 8 are the compact subgroups in the
case n = 1.

The map H — FH left inverse of 3, preserves the order, but it is not a morphism.

Let AII be the set of algebraically closed subfields of F' of finite transcendence degree
over k. There is a morphism of partially ordered commutative associative unitary monoids
(transforming the intersection of subgroups to the algebraic closure of the compositum
of subfields) a : {open subgroups of G} —» AIl, uniquely determined by the condition
Gr/ouy € U and the transcendence degree of a(U) over k is minimal. Details are in
Proposition 2.6.

Theorem 1.1 ([R1]). 1. The subgroup G° of G, generated by the compact subgroups, is
open and topologically simple, if n < co. If n = oo then G° is dense in G.

2. Any closed normal proper subgroup of G is trivial, if n = oco.
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If n < oo, the left G-action on the one-dimensional oriented (Q-vector space of right-
invariant measures on G gives rise to a surjective homomorphism, the modulus, x : G —
Q7 , which is trivial on G°. However, I know nothing about the discrete group ker x/G°.

Then one can characterize the image of 8 in the case n = 0o in the following 4 steps.

1. The normalizers Gpr}/x of G/ in G for all L € AII\{k} are the maximal open
proper subgroups of G. (This follows from Proposition 2.6.)

2. The subgroups G/, of G for all L € AIT\{k} are minimal closed non-trivial normal
subgroups in G 1}/ from (1). (This follows from Theorem 1.1 (2).)

3. The subgroups G/, of G for all non-trivial extensions L C F' of k of finite type are
the open subgroups containing normal co-compact subgroups of type G, /L from (2).
(This follows from the above Galois theory for L/k.)

4. The proper subgroups in the image of 3 are intersections of subgroups from (3).

Remark. The subgroups Gpp, of G for all extensions L C F of k of finite type and

transcendence degree one are the subgroups G/, from (3) with the only maximal proper
subgroup of G containing them.

2. MAXIMAL OPEN SUBGROUPS
In this section we assume that tr.deg(F/k) =n < co.

Lemma 2.1. If Ly, Ly are proper subfields of F and tr.deg(Ly/Li N Ly) > 1 then the group
H, generated by GF/L_1 and GF/L—Z, contains GF/Z’ where L is a subfield of F, not containing

Ly, and such that Ly N L contains Ly N Ly as a proper subfield.

Proof. Set k := L; N Ly. Clearly, H contains GF/U(L—I) for any o € G'F/L—2. As o(Ly)
is algebraically closed and L; No(Ly) D k, it remains to choose o € GF/L—2 such that
o~ Y(L1) € Ly and L1 No(L1) # k, and to set L := o(L1).

Letz € Ly —kandy € Ly —k(z). We need o € G'F/L—2 such that oz € Ly and o~ 'y & L.

If y is not in Ly(x) then such o € G, /1, Clearly, exists.

Let now y be algebraic over Ly(z). Then x and y are related by a polynomial P(z,y) =0
with coefficients in Ly. Let us enumerate the non-zero coefficients of P by a set {0,...,N}.
We shall assume that the polynomial P(X,Y) = Zf: o PsX%Y7s is irreducible over Lo,
and py = 1. Suppose that c=*(L;) C L; for any o € Gz, such that oz € L;. Then
—(dP)(ozx,0y) = Pr(oz,oy)d(ox)+Pri(oz,oy)d(oy) € F®LIQ}A/k, which can be rewritten
as Zévzl ozt oylsdps € F ®p, Qil/k. It remains to show that the whole space FV is the
linear envelope of the vectors (z*'oy’t,..., 2N oy/V) for o € G F/Ts and ox € L; (since then
dps € F ®p, QILl/k for all s, i.e. ps € k).

If Zévzl \soztsoyls = 0 for o € GF/E as above, then we may assume that A\; = 1 and
the number M of non-zero \g is minimal: Zévi L Asozioyls = 0. Subtracting from this
equality its image under the action of an appropriate o', we get that A\s € (,cz_; L2(2) C
Ny La(z®) = Lo, contradicting the minimality of the polynomial P. O

Corollary 2.2. If tr.deg(Li/L; N Ly) < oo, L1, Lo are proper algebraically closed subfields
in F' and Ly is not contained in Ly then H 2 Gp, for some algebraically closed subfield L

such that tr.deg(L;/Li N L) = 1.
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Proof. The set of algebraically closed subfields of L, not containing L; and such that
H D GpyL, is non-empty, since contains L. Let tr.deg(L;/L; N L) be minimal. According
to Lemma 2.1, tr.deg(Ly/Li N L) = 1. O

Lemma 2.3. If L1, Ly are algebraically closed subfields in F and tr.deg(L1/Li N Ly) =1
then the subgroup H generated by Gr/r, and Gpjr, is dense in Gp/r,nL,-

Proof. This is a version of Lemma 2.16 from [R1]. We may assume that Lo is a proper
subfield of F' not contained in L;. Thus, L; is an algebraic closure of k(z) for some z €
F — Ly, where k := L1 N Ly. Then for any z € F' — Ly, y € F — L; there exist 0 € Gpyp,,
T € Gy, such that ox = 2z, Tz = y. Then for any y € F — k there exists 0 € Gp/1, Gr/L,
such that cx = y. It follows that H is a normal subgroup of G. If n = oo then the
topological group G is simple (Theorem 2.9, [R1]), i.e., H is dense in G. If n < oo then,
according to the same Theorem 2.9, [R1], the topological group G° is also simple, and thus,
the closure of H contains G°. It is known (Lemma 2.15, [R1]) that G = G/, G, i.e., the
closure of H again coincides with G. O

Corollary 2.4. If Ly, Lo are proper algebraically closed subfields of F', Ly is not contained
in Ly and tr.deg(L1/L1 N Ly) < oo then the closure of H contains G/, for some proper
algebraically closed subfield L in Ly.

Proof. According to Corollary 2.2, there exists an algebraically closed subfield L' in F'
such that tr.deg(Li/Li N L') = 1 and H O Gp/ry- Tt follows from Lemma 2.3 that the
subgroup generated by Gr/r, and Gp/s is dense in Gp/r, where L := L1 N L'. We deduce
from this that the closure of H contains some G/, of the desired type. U

Proposition 2.5. The subgroup H = (GF/L—I, GF/L_2> is dense in G pg, for any subfields
Ly and Ly in F such that tr.deg(Li/L; N Ly) < co.

Proof. We may assume that Ly does not contain L1, and L; # F. Set k := L; N Lo. Let
L =T 2 k be such that H D G/, and let tr.deg(L/k)(< tr.deg(L1/k)) be minimal. If I, £
L; (j =1 or j = 2) then, according to Corollary 2.4, (tr.deg(L/LNL;) < tr.deg(L/k) < 00),
the closure of the subgroup generated by Gr/r, and G, Jint (and thus, the closure of H as

well) contains G F/L'» where L' is a proper algebraically closed subfield in L, contradicting
the minimality of tr.deg(L/k). Thus, L = k. O

Proposition 2.6. There is a morphism of commutative associative unital monoids invert-
ing inclusions (transforming the intersection of subgroups to the algebraic closure of the
compositum of subfields, and the identity G to the identity k)

open N algebraically closed subfields of F’ AT
subgroups of G of finite transcendence degree over k | ° ’

uniquely determined by the following equivalent conditions:

® Gr/o(m) 18 a normal subgroup of H and, if possible, a(H) # F;

® Grjom) C H and tr.deg(a(H)/k) is minimal.

In particular, for any L € All distinct from F and k, the normalizer G(p 1}/ of G/ is
mazimal among proper subgroups of G.

If n = oo then any proper open subgroup of G is contained in a mazimal proper subgroup
of G, and any mazimal proper open subgroup of G is of type Gp ry/x for some L € All,
L+#E.
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Proof. If a subgroup H of G is open then there exists L € AIl such that Gp/;, C H. Let
L be of minimal possible transcendence degree. For any ¢ € H the group H contains the
closure of the subgroup generated by Gr/ and Gp/o(z). Then according to Proposition
2.5, H contains Gg/rns(r), and therefore, o(L) 2 L. Thus, H C G,)/x- In other words,
GF/L <H.

Let us check the maximality of Gyp 1y for L # k, F. If Gipry/x C U then Gp/x C
U C G k) for some K = K such that tr.deg(K/k) < tr.deg(L/k), since Gp/;, CU. The
inclusion G(r 1}k C G{F,K}/x takes place only if either K = L, or K = k. In the second
case U = G.

If, moreover, Gp/rr C H for another L' € AII then either L C L', or L = F. If, in
addition, H C Gyp,1/}/k then either L = L', or L = F, or L' = F. This shows that « is
well-defined.

Let us check that « is a morphism. If GF/F CUC G{F,?}/k and GF/Z CV C G{F,Z}/k
then Gpeg CUNV C Giprry A8 Grr 2 Grrr 20d GirrTyn S Girrmyne
it remains to show that a(U N V) = F in the case KL = F. If a(U) = F then evidently
a(UNV) = F. If K and L are distinct from F then O‘(G{F,Kf}/k) = KL, i.e. again
a(UNV)=F. O

Remark. If H C G is contained in a group of type G g 1}/, for neither L € AII\{k, F'}
then, for any x € F' — k, F is algebraic over the subfield generated by the H-orbit of z.

Corollary 2.7. G is not the union of its proper open subgroups if n = oo. In particu-
lar, there exist 0 € G such that W' = WC for any smooth (i.e. with open stabilizers)
representation W of G.

Proof. For instance, if {z; | 1 € Z} is a transcendence basis of F' over k and oz; = z;+1
for any ¢ € Z then G is the only open subgroup containing o. O

Questions. 1. The preimage of any subgroup of a prime index in Q} under the modulus
character gives, if n < co, an example of a maximal open proper subgroup, not encounted
by Proposition 2.6. Are there any other?

2. Do there exist closed subgroups not contained in maximal proper ones?

3. VALUATION SUBGROUPS

Let O, be a valuation ring in F, m, = O, — O, be the maximal ideal, and x(v) be the
residue field. If & C O,, fix a subfield &k C F' C O, identified with x(v) by the reduction
modulo m,. In this case x(v) is of characteristic zero (and algebraically closed).

Set G, := {0 € G| 0(Oy) = O,}. This is a closed subgroup in G.

The group T := F*/O = F is totally ordered: v(z) > v(y) if and only if zy ! € O,,
where v : F* — T is the natural projection. The rank of v is r = dimg .

Let us call the transcendence degree of F' over F' the codimension of v.

The basic example of O, is, after a choice o/f z1,...,Ty, algebraically independent over

1/N

k and of an embedding F; — h_I)n Fj_1((z;"")) over Fj_i(z;), where F; = Fj_1(z;),
N

preimage in F of the ring Op = k@ 1 = h_n)l k[[xi/N]] D o = @j_l ® fo;, where P11 =0
N

Jj—1 J
n + 1. In this case v(z]") < --- < v(zp™) for all mq,...,my > 0.
4
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If r < oo and 0(0,) C O, for some o € G then o € G,, since ¢ induces surjective
endomorphism T, i.e. an automorphism.

It is well-known, Exercise 32, Chapter 5, [AM], that v(O, —p) is the set of all non-negative
elements in some isolated subgroup, and

SpecO, — {isolated subgroups in L* /Ox},

p — (v(Op — p)), so there are exactly r + 1 prime ideals in O,.

REMARKS. 1. If p # 0 is a non-maximal prime ideal of finite codimension in O, and
Oy = (0y)p then G, C Gy (since any element o € G, preserves p, thus also O, — p, i.e.
induces an automorphism O,).

2. There are proper inclusions G{F,Ov[wfll}/m cG, C G{F,Ou[zl‘l}}/k (since ij% C Oy
for any j > 2, and ...) for r > 1, i.e. G, is not maximal.

Let P is the set of valuation rings or rank and codimension r in L, containing k, ad-
mitting also the following description. Let C% be the set of chains of irreducible normal
subvarieties up to codimension r on an irreducible proper normal variety X over k. Any
birational morphism X’ — X induces an embedding C% < C%,, (Z'} D --- D Z7)
(W' > .- D W"), where W° := X' and W7 := (w|yyi-1)pr0p(27) for 1 < j < r (and
mlwy : Wi — Z1). If L is of finite type over k then P} = Xliin C%, where X runs over

the models of L/k, and P}, = lim P7. In particular, P} = C(k), if n = 1, where C is a
L
smooth proper model of the field L over k.

Lemma 3.1. If0 <r <n+1 < oo then the G-action on Py is transitive.

Proof. Let v : F* —» I =2 (' be an element of Pj,.

Let 0 =Ty CcTIy C--- CTIy_y CT, =T be the isolated subgroups in I'. Choose
T1,T2, - € Oy such that v(z;) € T'; =T for 1 < j <r and z,41,%r42,... modulo m,
form a transcendence basis of O, /m over k. Clearly, z1, x5, ... are algebraically independent
over k. Set k' = k(X,11, Xr42,...) and F := Jim K (X)) (xr ™).

Consider the set S of embeddings into F,. of subfields in F containing kE(z1,...,2n),
extending ¢ and respecting the valuation. The set S is partially ordered. Clearly, S
contains maximal elements. Let L' i) F\T be a maximal element of S. If ) _asy® = 0is a
minimal polynomial of y € F over L' then there exist 7 < j such that v(y) = % There
exists z € F}, such that > s&las)z® =0and v(z) = %’ﬁ Therefore, £ extends to L'(z),
and thus, L' = F.

This shows that the embedding k(z1,z2,...) & E'((X1))...((X7)), zj — X, respects
the valuation, and extends to an embedding F' — ﬁr, respecting the valuation.

Thus, any element of P}, is determined by a choice of 1,9, -+ € F algebraically inde-
pendent over k£ and by an embedding of F' into F, over k(z1,x2,...). Clearly, the G-action
is transitive on these data. O

The Gy-action on k(v) induces a homomorphism G, — G () /-

Let G := {0 € Gy | 0z = £ mod m,, for any z € O,} be its kernel.
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A continuous' section of Gr(w)/k < Gy 1s determined by a subfield F' C O,, identified
with k(v) by the reduction modulo m,, and by an embedding of F into the field of iterated

™).

Puiseux series lim F'((t (™)) over F' compatible with valuations (ie. by a
N—

choice of a section I' < F'* of the valuation v).
As the centralizer of G}, is trivial, such sections form a G}-torsor. One has a decomposition

Gy = GH(Gy N Gyppry 1), where G N G (g = Gy N Gy,

Let B, be the group of linear transformations of I' (isomorphic to the group of upper-
triangular rational r X r matrices with positive diagonal entries), respecting the order, i.e.
the flag of isolated subgroups 0 = I'y C I'y C --- C I, = I' and the orientation of each
I';/Tj-1 =2 Q 1< j <r. Then Pj consists of (some) valuations (L*/k*) ® Q —» Q'
modulo the B,-action. The Gy-action on F* induces a linear action on I', preserving the
order, i.e. a homomorphism G, — B, surjective and splitting, if the rank of v coincides
with its codimension.

Let G := {0 € G, | oz/z € OF for any x € F*} be its kernel.

There is a homomorphism G} N G — Hom(T, k(v)*),2 0 — (v(z) = oz/z mod m,),
surjective and splitting, if the rank of v coincides with its codimension.

Lemma 3.2. Its kernel G} := {0 € G, | ox/z € 1 +m, for any z € F*} is a discrete
subgroup if n < co. The functors H(G, —) and H°(GL, ) coincide on the category Smg
of smooth representations of G, if n = 0o and the rank of v is finite, non-zero and coincides
with its codimension.

Proof. The Gy-action on F extends to a continuous G,-action on the completion F,
of F, and the continuous GL-action on F, is determined by the action on some r-tuple of
elements, representing each of isolated subgroups of I' and by the action on some maximal
subfield with the trivial valuation. Clearly, the latter action is determined by its restriction
to any transcendence basis over k. The second assertion follows from the fact that any open
subgroup containing G} coincides with G, which follows from Proposition 2.6. O

k
Proposition 3.3. The set {L ‘/—> F} of embeddings into F over k of the function field
L of a d-dimensional variety over k is a disjoint union of (non-empty) Gy-orbits Op, :=
{L S F | 071(Oy) = O,}, where v € P, p € Pi and m := max(0,7 +d —n) < j <

. , /k /k
M := min(d,r). In particular, Q{L — F}|5 = @]]Vim @pepi Ql{k(p) — k(v)}] and
k . ~
Gy\{L f/—> F} = ]_[;Vim Pi. If d =n then the stabilizers are compact and isomorphic to Z.

Proof. Any element z € o(L*) is either contained in O,, or its inverse is contained in
Oy, i.e., Op := 07 1(0,) is a valuation ring.?

Clearly, rk(L*/O,) < M. Let us check that rk(L*/O)) > m, and in particular, the
inclusion (L*/0)) ® Q <y F* /O is bijective for d = n. Let z € F* and >0 ajzd =0

'One can apply the well-known fact that the coefficients of any algebraic (over k(t)) element of k((t))
generate in k a subfield of finite type over Q.
2Clearly, Hom(T', k(v)*) = ( lim My)", where My s := k(v)* — My := k(v)* is the raising to the
N

N-th power.
3Note, that the henselian property does not suffice. For instance, if k(X) = k(z1,...,z4) is embedded
into the field of fractions of O := k[[T1,...,Tn]], ; = T4, |a;] = 0 then k(X) N O = k, since it consists of
homogeneous functions in 71, ..., Tn of degree 0.
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be a minimal polynomial over ¢(Op). Then there exist 0 < i < j < m such that a;a; # 0
v(ai/a;)

and v(aiwi) = v(ajivj), so v(z) = J—i

of (L*/0)) ® L.

We may assume that a; = 1 for some j. Thus, if € O, then its image in O, /m, is
algebraic over 0(0p)/o(m,), i.e. O,/m, = Op/m,, and therefore, p € Pj.

To check that O, is a G,-orbit, we have to show that for any pair of embeddings

, 1.e., the element v(z) € F*/O is in the image

~

k
o,7:L L) F such that 0(0p), 7(0,) C O, there exists £ € Gy, extending 701 : 0(0,) —
7(Op). According to Zorn’s lemma, there are maximal elements in the set

S::{Aﬁ)ov

Z(((gg))nglvgg),), isfoli(&z:vgé)—flor e } 3 (0(Op) % 0,),

for instance, B i) Oy. Then B is integrally closed in O,, since for any z € O, integral
over B an embedding v extends to B[z] C O,, even respecting the order,* since O, is
integrally closed in F. Thus, any element of O, can be presented as a/b, where a,b € B
and v(a) > v(b). As 1 respects the order, it maps O, into O,, i.e., O, = B.

The set O, is non-empty, since the valuation p extends to L = F, and the group
G permutes the elements of P} (Lemma 3.1). Then Op, = G,/Stp,, where St,, =
Gy N GF/o(r) is an open compact subgroup. The compact subgroups of G, are contained

in G5 and they project to Hom(T', k) injectively (Lemma 3.2), so St,, = Z(l)’". O

3.1. Valuations and maximal subgroups. EXAMPLE. If n = 1 then to any valuation v
k

the decomposition {k(C) L) F} = C(F) - C(k) = ¢ (mo — {0}) is associated.

Proposition 3.4. Ifn =1 then O, ,NOy .y is non-empty for any pair of distinct v,v' € Pk
and any pair of distinct points p,q € C(k) on a smooth proper curve C over k, i.e. there is

k
an embedding o : k(C) ‘/—> F such that o(Op) C Oy and o(Oy) C Oy .

Proof. We consider v and v’ as a compatible system of points on smooth proper curves
over k with the function fields embedded into F: if C5 —» Cy then vg > v, and vj = vy,
One needs to check that there exist 3 and a map Cg — C such that vg — p and ”,IB — q.

Choose a non-constant function z € O(C\{p}), i.e. a surjective morphism C — P!
sending to oo only p. Let C' — C be a cover such that the composition ¢! — C — P!
is a Galois cover with the group A. For some « such that v, # v}, choose a surjection
C, — P! such that v, +— oo and v/, — z(q). Consider the normalization D of an irreducible
component of C' xp1Cy. The surjection D — C, is isomorphic to the surjection Cg — Cy
for some f. Let 7 : Cg — C' be the projection. As A acts transitively on the fibres of the
composition C' —s C — P!, there is an element v € A such that ’)’7T('l)’ﬂ) belongs to the

preimage of g. Then the composition Cp 2% ¢ — C maps vg to p, and vj to g. O
Proposition 3.5. If r =1 then the subgroup H, generated by G, and G, acts transitively
on {L ‘/—k> F}, i.e. H is dense in G.
Proof. Let L be an extension of k and v,v" : L™ /k* — Q be a pair of discrete valuations.
If OF C (’);f in L then (9:;,/(’)5 is the kernel of Q D L*/O) —» LX/(?;, C Q, which is
Ye., if 17 asz® =0, as € B and v(z) = wei/ai) for some i < j then one can choose y € O, such that

Ji—1
ET:Q Y(as)y® =0 and v(y) = M

j—i



evidently injective, so v = v'. Let v # v'. Then for any z € O} one has either z € O,
or z ' € Oy, that is there is some ¢ € O, N O, such that t ¢ O,;. Fix such ¢ and /N
for all integers N > 1. Let z1,z2,--- € O be a lifting of a transcendence basis of k(v)
over k(t). Set ko := k and define inductively a strictly increasing sequence of algebraically
closed subfields in {0} U (O N O,;) C L as follows. For any ¢ > 1 there exist P € k;i_[T),
an integer N > 1 and M € QF such that y; := t_M(x;-”(t) — '@ Pt/N)) € 0% and
Yi & ki—1 +my. Then yi,y9, ... is another lifting of a transcendence basis of k(v) over k(t)
in OF. Set k; := k;—1(y;) and k' = {J;>, ki- Then x(v) is algebraic over the reduction of &'
modulo m, and x(v’) is algebraic over the reduction of &' modulo m,,. This shows that we
are reduced to the case of n = 1.

By Proposition 3.4, for any & : L ‘& F the map Gy x Gy — {L ‘/—k> F}, given by
(0,7) — oT¢, is surjective. O

If n = 1 define ¢ : G} — T by 0 — v(oz/z — 1) for any £ € m — {0}, or z € F — O,
Independence of z: if y = 2321 aja:j/N and ox/z = 1+ az® + o(z®), where a € k*, then
oY =Y =i a;zlN (14 az® + o(z))I/N - 1), ie.

v(Y) o a
1 1=2Y .
) ouly 1= 2 Ba +ofa?)
Thus, v(oy — y) = v(y) + [z%], and therefore, v(oy/y — 1) = v(oz/z — 1).

From the equality orz/z — 1 = (o(7z)/72 — 1)T2/2 + T2 /T — 1 We get that p(oT) >
min(p(0), ¢(7)), and (o) = p(0™): v(o™ z/z — 1) = v(z/0z — 1) = ¢(0).

Let GL(B) := {0 € GL | p(c) > B}, where f € T' ® R. This is a normal subgroup in
G5. Then G5 = GL(0) = GL(0)*, where G3(8)" := U,5 G(3) = {o € G} | ¢(0) > B}.
Clearly, Gy (8) # Gy (), if B # -

Lemma 3.6. There is a canonical isomorphism GL(8)/GL(8)T — Hom(T, mlfl), where

k, ifel and B3>0
0, otherwise

m[m:{wemw(x)26}/{$€m|”(x)>ﬂ}g{

Proof. Tt is clear from the formula (1) that any element o € GL(8) induces a homomor-
phism I' — ml?!, [y] — oy/y—1. This gives a surjective homomorphism GL(B)/GL(B)T —
Hom(T,mB)): ¢ — ([z] = otz/z — 1 = o(éx/x — V)oz/z + (oz/z — 1) = (€x/z — 1) +
(oz/x —1)).

Let us check its injectivity: ox = z(1 + az® + 2%h), h € m. Let 7[z(1 + az® + 2Ph)] :=
z(1+az?). Then rox/z = 1 +az? and, if we set y := z(1 + az?) then z(1 + az? + 2Ph) =
y + o(yPt1), and thus, 7 € GL(B)T. Finally, GL(68)/GL(B)* = Hom(T, ml4]). O

Lemma 3.7. GL(B) is surjective over G/G° for any B €T @ R.

Proof. As G, is maximal and does not contain G°, it suffices to show that the subgroup
generated by G!(8) and G° contains G,. A choice of a section s : I' — FX of the
projection v : F* — T' determines an additive section Hom(I',k*) — G; N G° of the
projection G5 — Hom(T', k). A choice of z € m N s(T') gives a bijection of sets G} and
m: m 3 m:z— z(l+m). The elements (z — (14+z*)Y/*-1) € G,NG°, a € Qr,
determine a set-theoretic section of the projection G, — Q:E. It remains to check that the
subgroup generated by G%(8) and G1 N G° contains GL. Clearly, (1 +az®) '/ € GLNG°.
If an element of G} is presented by h = z(1 + az® + o(z®)) € z(1 4+ m) N k[[z'/V]] then
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h(1 4 aah®)~Y* = z(1 + o(z®)) € z(1 4+ m) N k[[z'/N]]. So the composition of i with an
appropriate element of G} N G° will be in G1(B). O

4. VALUATIONS AND ASSOCIATED FUNCTORS

4.1. The “globalization” functor. For a discrete valuation v € Pf and for any W €
Sma set Wy 1= 37 cq. WCr/er) = ZoeGl WCr/e) C W. Clearly, the additive functor
Smg — Smg,, W — W,, is faithful and preserves surjections if n = oo (and injections
in general). Set I')(W) := ﬂveP;; Wy and I' :=T'q, so I'; : Smg — Sm¢ are additive
functors.

Denote by Z¢ is the full subcategory in Sm¢ consisting of representations W such that
WGrm = WEr/M for any extension M of k in F' and any purely transcendental extension
M' of M in F, Denote by Z = Iy, = Ipp : Smg — L the left adjoint to the inclusion

k
functor Zg — Smg, and set C, := I/, Q[{ L ‘/—> F'}] for any extension L of k of finite type,
cf. [R1], §6.

k
Lemma 4.1. If n = oo and r = 1 then the projection Q[{k(X) /—) Oy} — Crx) is

surjective for any irreducible variety X over k.

Proof. Let P : k(X) /—k) F be a generic point. Choose a subfield ¥’ ¢ O, N P(k(X)) over
k projecting isomorphically onto (O, N P(k(X)))/(m, N P(k(X)))) C k(v).

Let k'(C) := K'P(k(X)) C F. If P does not factor through O, then £'(C) is the function
field of a smooth proper curve over k. As the class of P in Cj(x) belongs to the image of

K K
Q{k' (©) 5 FY) — 2 Qi (©) &5 FY) = Pie(Cr)g — Ci(xy, it remains only to check
kl
the surjectivity of Q[{¥'(C) </—> 0,}] — Pic(Cr)g-
kl
By Corollary 3.5 from [R1], the generic points k'(C) ‘/—> k(v) generate Pic(Cy(y))-
Let us check the transitivity of the (GI, N Gp/)-action on the generic fibres of the
specialization Pic(Cr) — Pic(Cy(y)) (ie. over all ¥ (Pic/C) < k(v)). Let z1,...,z, be a
. . k
transcendence basis of k' (Pic?C) over k', and &1, & : K/ (Pic?C) </—> O, be a pair of liftings of
o. Then there exists an element 7 € G;r, N Gpk such that 7€z = Eexj for all 1 < j < g.
The field k'(Pic’C) is generated over k'(z1,...,2,4) by an algebraic element f. According
to Hensel’s lemma, 7€ f = & f. (Note, that one can replace PicC by an arbitrary smooth

variety over k'.)
Thus, the kernel of s coincides with {roc —o | 7 € GinaG F/k }, and therefore, the generic

IC’
points k'(C) ‘/—> O, (i.e. whose specializations are also generic) generate Pic(Cp). O
Corollary 4.2. T(W) =W, =W for any W € Zg.

Proof. This follows from Lemma 4.1 in the case of W = Cyx). As Cyx) for all irreducible
varieties X over k form a system of generators of Zg, and the functor W — W, preserves
the surjections, we get that W,, = W for arbitrary W € Zg. O

Lemma 4.3. Suppose that n = co. Then (W1, @ W3), C (W1), ® (W3), and T'(W1 @ Wy) C
L(W1) @ T'(Wa) for any Wi, W € Smq. However, (W W), # W, W, if W = Q[F —k].
9



If either W1 is a quotient of A(F) for a commutative algebraic k-group A, or W1 € Zg then
(W1 @ Wa), = (W), ® (Wa), for any W € Smg.

Proof. The first follows from (W; ® W) 9F/F = WIG FIF & W2G FIT' " the second follows
from the first. One has (W @ W), Z [z]® [z'] € W, ® W, for any pair of distinct z,z’ € OF
such that z = z’ mod m,,.

Let w € WQGF/F’. Then Gp/pr C Gpyr, C Stab,, where L C F' is of finite type over k.

If F" is an algebraically closed subfield in O, and either F" and L are algebraically

= 117 G 113 —_—
independent over k in k(v), or L C F" then LF" C O,, so W, PP @w C (W, ®W2)GF/LF” C

(W1®@Ws),. If Wi is of type as above then WlG B/EY , with F” and L algebraically independent
over k in x(v), generate (W1),, i.e., (W1), ® w C (W1 @ W3)y, thus finally, (W), ® (W), C
(W1 ® Wa),. O

REMARKS. 1. By Corollary 4.2 and Lemma 4.3, '(W ® F) = W @ k for any W € Zg, so
I'(V)® F —» V for any semi-linear quotient V of W ® F.

2. If W is an F-vector space then the F-vector space structure F @ W — W on W
induces an O,-module structure (F@W), = O,W, — W, on W,,. Clearly, F®o, W, —

k
W is injective, but not surjective, as shows the example of W = F[{L /_) F1}l.

3. Clearly, I', preserves the injections, but not the surjections. Namely, let W :=
®kNF — Qgﬁcl be given by a1 ® --- ® ay — aidag A --- ANday. Then W, = ®iv(91,

if n > 2N, s0 (QF ' rjy)v = @5 ' Qo sy, for any ko C k; and T(®y' F) = k, but
I ( ;?/k) = Q% /k reg Tor any 7 > 1.

Proof. Clearly, WCrF = ®,]€V F', so W, C ®kN O,. Let w=121®--- ®zy for some
z1,...,ZNy € F' whose images in r(v) algebraically independent over k(v1,...,yn) for

some y1,...,YyNn € Op. Then for each 1 < ¢ < N there exists an element o; € G, N
N
GF k(@100 1y ) SUCH that 037 = 73 +y;. Then [[[1 (0i - Nw =91®---@yy. O
In the case n = oo one can also apply Lemma 4.3.

1. oz & ry, = oz & o).

For an integral normal k-variety X with k(X) C F let ®U(X) be the set of all discrete
valuations of F of rank one trivial on k such that their restrictions to k(X) are either trivial,
or correspond to divisors on X. Set W(X) := WEr/x) N nvem(X) w, CW.

REMARK. WEF/kX) N W, depends only on the restriction of v to k(X), since the set
of Gpyp(x)-orbits Gr/k(x)\G/Gy of the valuations of F' coincides, by Proposition 3.3, with
the set of valuations of k(X) of rank < r. E.g., if the restriction of v to k(X) is trivial then
WGF/kx) C W,.

Consider the following site $). Objects of $ are the smooth varieties over k. Morphisms
in § are the locally dominant morphisms, transforming non-dominant divisors to divisors.
Coverings are smooth morphisms surjective over the generic point of any divisor on the
target.

Lemma 4.4. A choice of k-embeddings into F' of all generic points of all smooth k-varieties
defines a sheaf W on § for any W € Smg.

Proof. Clearly, if a dominant morphism f : U — X transforms divisors on U, non-

dominant over X, to divisors on X then B(U) C V(X), so W(X) C W(U).
10



If, moreover, the pull-back of any divisor on X is a divisor on U then U(X) = B(U).

By Lemma 1.1 of [JR], the sequence 0 — [[,cxo0 WEF/k@ — T[], o WOF/R@) —s
acwxxuvy WOYr/k@) is exact (in fact, X — [[,cxo WO /5@ is a sheaf on a topology
Dmy). As B(X) =V(U) = B(U xx U), the sheaf property for the covering f amounts to
the exactness of the above sequence restricted to [[,cpo yeqx) Wo- O

4.2. The “specialization” functor.

Lemma 4.5. If r = 1 and n = oo then HO(GI,,—) = —¢gi gives functors Smg —
Sme(v)/k and Ig — IGN(U)/,C. More precisely, there are natural surjections WCr/r
Ho(Gh, Wy) and ), Ho(Gh, W) —» Ho(G,IW) for any W € Sma.

Proof. For any smooth representation W of G the stabilizer of any vector w € H, O(G'I,, W)
contains the stabilizer in G, of its preimage w € W, which implies the smoothness of
HO(G:',, W), since the projection Gy — Gy (y)/k is open.

The first surjection is evident. Clearly, it is G /;-equivariant.

By Lemma 6.7 of [R1], the functor H O(GF/F/, —) induces equivalences of categories
Smg — SmGF’/k and Zgo — IGF’/k’ S0 HO(GI,,W,,) € Sma,,,, and, by Corollary

4.2, Hy(G},IW) = Hy(G}, (IW),) € LG ooy - -

Lemma 4.6. Let X be a smooth proper variety over k and q > 0.

Then Ho(G}, CHY(Xx)) = CHY X)) and Ho(Gh, Q% o) = ooy /b g

Proof. The specialization homomorphism CHY(Xr) —» CHY(X, () (cf. [9]) is Gl-
invariant, so it factors through the coinvariants Ho(G), CHY(XF)). Clearly, the composition
of the surjection CHY(Xp) = CHY( X)o7 L5 Hy(G}, CHY(X#)) from Lemma 4.5 with
the specialization coincides with the natural isomorphism CH?(Xpr) — CHY(X,,)). The
case of 2, Jk reg is similar. O

REMARK. Let us show that CHY(X x;0,) = CH?(XF). One has a short exact sequence
of Gersten complexes of flasque sheaves on X xj O,:

0— J[ Kpols@) — I Kpols@) — [ Kools@) —0,
zeXxe1 TE(X X O0y)® zeXy

the end of whose long exact cohomological sequence looks as

HI Y (Xp, Kq) -2 CHTY(X) — CHY(X x4 Oy) — CHY(Xg) — 0.
The composition of the surjections CH? }(Xp) ® F* WL CH" Y(Xp) 2 CHI"Y(X)
factors through CH?Y(Xp) ® F* — HY7'(Xp,K,), which implies the surjectivity of 9,
and therefore, that CHY(X x; O,) — CH%(XF) is an isomorphism. O

Let 77, be the maximal full subcategory of Z¢g, for whose objects W the natural map
WCr/r s Hy(GS, W) is an isomorphism.

Corollary 4.7. If n = oo then Ié is an abelian category closed under taking subquotients
mn Ig.
11



Proof. For any W € Icl; and any short exact sequence 0 — Wy — W — Wy — 0
the rows in the commutative diagram

0 — WP wlme L WwaTT

ap = g
Ho(GY,W1) — Ho(Gh, W) — Ho(Gh,Wy) — 0
are exact (the upper — since, HO(GF/F:, =) : Smg — SmGF,/,c is an equivalence of cate-
gories, cf. [R1], Lemma 6.7). By Corollary 4.2 and Lemma 4.5, oy and «ay are surjective,
so they are isomorphisms. O

REMARKS. 1. So far I do not know any smooth representation W with non-injective
WCrF HO(G,T,, W,). But first, I do not know, whether W +— W, is exact.

k
2. The functor Ho(G),—) : Smg —» Sma,,,,;, is neither full, since Q[{k(X) </—> F})¢ =

k
0forr > d >0, but Ho(Gh, QI{k(X) 5 F}])Gnewri = Q[P . ], nor faithtul, since (F7)C =
k* and FG = k, but Ho(Gh N Gpjp, F¥) = Ho(Gh N Gy, F) = 05 Also one has
HO(G;',, V) = 0 for any semi-linear representation V' of G over F, if tr.deg(x(v)/k) = oco.
Proof. Let w € V and G/, C Stab,, for some L of finite type over k. Choose t € m,\{0}

and f € F' transcendental over L(t). Then there is 0 € G'gp) N G}, such that of —f=t,
ie. w=o(t fw)—t ! fw. O
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