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1 Introduction

A very high luminosity of the JLAB 12 GeV accelerator [1] and, in future, the Electron Ion
Collider (EIC) [2] will allow one to study hard exclusive and semi-inclusive reactions with
identified particles in the final state with unprecedented precision. A major goal of this
ambitious research program is to understand the full three-dimensional proton structure. In
particular generalized parton distributions (GPDs) [3–5] emerge as an important research
object which incorporates the information on the transverse distance separation of quark and
gluons with fixed momentum fractions. Deeply-virtual Compton scattering (DVCS) [6, 7] is
generally accepted as the “gold-plated” process that would have the highest potential impact
for the transverse distance imaging. The main challenge of these studies is that GPDs are
functions of three variables (not counting the scale dependence). Their extraction requires
massive amount of data and very high precision for both experimental and theory inputs.

It is therefore generally accepted that any additional information on GPDs from lattice
calculations would be extremely important and should be used, e.g. [8], in global fits in
combination with the experimental data. Lattice calculations of the lowest moments of
GPDs defined through matrix elements of local composite operators have been performed
for a long time already and are gaining maturity [9–11]. The second moments are related to
the gravitational form factors of the proton which are currently receiving a lot of attention,
see [12] for a recent review. An alternative approach, originally suggested in [13] for
PDFs, is to calculate on the lattice nucleon (hadron) matrix elements of gauge-invariant
nonlocal operators, usually referred to as “quasi” or “pseudo” distributions. For large
hadron momenta they can be related to GPDs using light-ray operator product expansion
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or, equivalently, collinear factorization. A general review of this technique and further
references can be found in [14, 15]. The specific application to GPDs was worked out
in [16–19] and the first proof-of-the-principle lattice calculations of GPDs in this approach
have been performed recently [20–25].

In this work we will be dealing with one particular issue that has been observed in [24]
in lattice calculations of the GPDs in the quasi-distribution approach, namely that the
restriction to the leading twist contributions leads to violation of translation invariance.
This problem is well known from the DVCS studies, in which case it was shown [26–29] that
translation invariance and also electromagnetic gauge invariance of the Compton tensor are
restored by adding specific “kinematic” higher-twist corrections. Such contributions are
currently known in DVCS to twist-four accuracy for the nucleon and twist-six for scalar
targets [30]. The case of quasi- (or pseudo-) distributions is in principle similar but is
technically more complicated starting at twist-four level. In this work we demonstrate
restoration of translation invariance to twist-three accuracy, corresponding to taking into
account contributions that are generically suppressed by one power of the large momentum.
Our expressions for these corrections agree, and in fact can be inferred from the existing
calculations of the twist-three kinematic corrections in DVCS [31–33]. For scalar targets
we obtain

⟨p′|q̄(z1v)γµq(z2v)|p⟩ =
∫ 1

−1
dx e−i(P v)[z1(ξ−x)+z2(x+ξ)]

{
2PµH(x, ξ) + ∆⊥

µ G(x, ξ)
}

+ . . .

G(x, ξ)
∣∣∣
x>ξ

= −
∫ 1

x

dy

y2 − ξ2
(
y∂ξ + ξ∂y

)
H(y, ξ) ,

G(x, ξ)
∣∣∣
−ξ<x<ξ

= 1
2

∫ x

−1

dy

y − ξ
(∂ξ + ∂y) H(y, ξ)− 1

2

∫ 1

x

dy

y + ξ
(∂ξ − ∂y) H(y, ξ) ,

G(x, ξ)
∣∣∣
x<−ξ

= +
∫ x

−1

dy

y2 − ξ2
(
y∂ξ + ξ∂y

)
H(y, ξ) , (1.1)

where ∂ξ = ∂/∂ξ, ∂x = ∂/∂x, vµ is a given four-vector (spacelike or timelike), z1 and z2 are
arbitrary (real) numbers,

Pµ = 1
2(p + p′)µ , ∆µ = (p′ − p)µ , ξ = (pv)− (p′v)

(pv) + (p′v) = −1
2

(∆v)
(Pv) , (1.2)

and

∆⊥
µ = ∆µ+2ξPµ , (v ·∆) = 0 . (1.3)

The Wilson line connecting the quark and the antiquark along the vµ direction is implied.
The expression in (1.1) is invariant under translations along the line connecting the quark
and the antiquark

⟨p′|q̄((z1 + δ)v)γµq((z2 + δ)v)|p⟩ = ei(∆v)δ⟨p′|q̄(z1v)γµq(z2v)|p⟩ (1.4)

up to twist-four corrections (shown by ellipses) that are generally down by two powers of
the momentum.
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The “kinematic” twist-three GPD G(x, ξ) is enhanced logarithmically at x→ ±ξ and
is discontinuous at these points (see also [31]):

G(ξ + ϵ, ξ)−G(ξ − ϵ, ξ) = −1
2 ∂ξ PV

∫ 1

−1

dy

y − ξ
H(y, ξ) . (1.5)

The corresponding expressions for a spin-1/2 target (nucleon) have similar structure but are
more cumbersome due to proliferation of Dirac structures. They will be given in the text.
Our suggestion is that such kinematic contributions have to be either taken into account
explicitly in lattice calculations of GPDs in the pseudo- or quasi-PDF approach, or removed
by taking suitable projections in Lorentz/Dirac indices. Otherwise, the difference in the
results obtained using symmetric and asymmetric frames would need to be considered as
an intrinsic uncertainty of the calculation, cf. a detailed discussion in [34] for DVCS.

2 Light-ray operator product expansion

Consider

O(γµ)(z1, z2) = q̄(z1v)γµ[z1v, z2v]q(z2v) , (2.1)

where

[z1v, z2v] = exp
{

ig

∫ z1

z2
du vµAµ(uv)

}
, (2.2)

which we define as a generating function (formal Tailor expansion) for the (renormalized)
local operators.1

The operators O(γµ)(z1, z2) can be expanded in contributions of different twist [36]:

O(γµ) = [O(γµ)]t2 + [O(γµ)]t3 + [O(γµ)]t4 + . . . , (2.3)

— the light-ray operator product expansion.
To explain this construction, consider symmetric points z1 = −z2 = z for simplicity.

By definition

O(γµ)(z,−z) =
∑

n

zn

n! vµ1 . . . vµn q̄(0)
↔
Dµ1 . . .

↔
Dµn γµq(0) . (2.4)

The local operators on the r.h.s. of this equation are neither symmetric in all indices,
nor traceless, and in order to separate the leading twist contribution we need to do the
symmetrization and trace subtraction explicitly. The idea is to assemble this series back
into a nonlocal expression. In particular the symmetrization over Lorentz indices can be
performed as [36]

[O(γµ)(z,−z)]sym =

=
∑

n

zn

n! vµ1 . . . vµn

{ 1
n+1 q̄(0)

↔
Dµ1 . . .

↔
Dµn γµq(0) + n

n+1 q̄(0)
↔
Dµ

↔
Dµ1 . . .

↔
Dµn−1 γµnq(0)

}
= ∂

∂vµ

∫ 1

0
duO(/v)(uz,−uz) . (2.5)

1The operators (2.1) are, by definition, analytic functions of the quark-antiquark separation. At tree level,
their matrix elements correspond to pseudo- or quasi-distributions. Beyond tree level, matrix elements of
these operators are multiplied by perturbatively calculable coefficient functions that contain all singularities
at v2 → 0, see [35] for details.
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The generalization to arbitrary quark positions is trivial so that one obtains

[O(γµ)(z1, z2)]t2 = ∂µ

∫ 1

0
du [O(/v)(uz1, uz2)]lt ,

[O(γµγ5)(z1, z2)]t2 = ∂µ

∫ 1

0
du [O(/vγ5)(uz1, uz2)]lt , (2.6)

where ∂µ = ∂/∂vµ and [. . .]lt (the leading-twist projection) corresponds to the subtraction of
traces. Explicit expressions for the leading-twist projection operator for nonlocal operators
in different representations can be found in [27, 36].

The (collinear) twist-three contributions are more involved. They include “genuine”
twist-three contributions of quark-antiquark-gluon operators that are irrelevant for our
present purposes,2 and “kinematic” contributions of leading-twist operators. Retaining the
latter ones only, one obtains [27]

[O(γµ)(z1,z2)]t3 =

= 1
2

∫ 1

0
udu

∫ z1

z2

dw

z12

{
[(vd)∂µ−(v∂)dµ]

(
z1[O(/v)(uz1,uw)]lt+z2[O(/v)(uw,uz2)]lt

)
−iϵρνσµxρ∂σdν

(
z1[O(/vγ5)(uz1,uw)]lt−z2[O(/vγ5)(uw,uz2)]lt

)}
+O(vµ,v2)+. . . ,

[O(γµγ5)(z1,z2)]t3 =

= 1
2

∫ 1

0
udu

∫ z1

z2

dw

z12

{
[(vd)∂µ−(v∂)dµ]

(
z1[O(/vγ5)(uz1,uw)]lt+z2[O(/vγ5)(uw,uz2)]lt

)
−iϵρνσµvρ∂σdν

(
z1[O(/v)(uz1,uw)]lt−z2[O(/v)(uw,uz2)]lt

)}
+O(vµ,v2)+. . . , (2.7)

where ϵ0123 = 1, z12 = z1 − z2, and dµ is the derivative over the total translation:

⟨p′|dµO(z1, z2)|p⟩ = i(p′ − p)µ⟨p′|O(z1, z2)|p⟩ = i∆µ⟨p′|O(z1, z2)|p⟩ . (2.8)

The ellipses stand for “genuine” twist-three quark-antiquark-gluon contributions.
The terms O(vµ) and O(v2) in (2.7) (see [27]) are by themselves twist-four and ensure

accurate separation between twist-three and twist-four corrections. They are beyond our
present accuracy and will be neglected. For the same reason, in this work we can ignore
the leading twist projection operators and substitute [O(z1, z2)]lt 7→ O(z1, z2) at all places.
The expressions in (2.6) and (2.7) are valid for arbitrary matrix elements and present the
starting point for our analysis.

An alternative approach could be to follow the technique adopted in refs. [31–33],
which makes use of a set of operator identities derived in [36]. Taking off-forward matrix
elements of these identities one obtains recurrence relations for moments that can be
converted to differential equations for twist-three GPDs. Solving these equations with an
appropriate boundary condition one obtains the result. The approach used in this work is
much more direct.

2Breaking of translation invariance due to genuine twist-three corrections is a twist-four effect that is
beyond our accuracy.
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3 (Pseudo)scalar target

The GPD Hq(x, ξ, ∆2) for a spin-zero target can be defined as the matrix element of the
leading-twist light-ray operator

⟨p′|O(/v)(z1, z2)|p⟩ = 2(Pv)
∫ 1

−1
dx e−i(P v)[z1(ξ−x)+z2(x+ξ)]H(x, ξ, ∆2) +O(v2) . (3.1)

As already mentioned, the leading-twist projection only affects twist-four contributions
O(v2) and can be ignored for our purposes. Using this definition and eq. (2.6) we obtain for
the twist-two contribution for the operator with an open Lorentz index, see appendix A:

⟨p′|[O(γµ)(z1, z2)]t2|p⟩ = 2Pµ

∫ 1

−1
dx e−i(P v)[z1(ξ−x)+z2(x+ξ)]H(x, ξ)

−∆⊥
µ ∂ξ

{∫ 1

0
du

∫ 1

−1
dx e−iu(P v)[z1(ξ−x)+z2(x+ξ)]H(x, ξ)

}
, (3.2)

where ∂ξ = ∂/∂ξ and

∆µ
⊥ = ∆µ + 2ξPµ , (v∆⊥) = 0 . (3.3)

In order to simplify notation, here and below we do not show the dependence of the GPD
on the invariant momentum transfer ∆2.

The contribution in the second line in (3.2) vanishes for the vµ-projection and the
resulting expression becomes explicitly translation invariant (up to twist-four corrections)

⟨p′|[O(/v)(z1 + δ, z2 + δ)]t2|p⟩ = e−2iδξ(P v)⟨p′|[O(/v)(z1, z2)]t2|p⟩ = eiδ(∆v)⟨p′|[O(/v)(z1, z2)]t2|p⟩
(3.4)

provided the skewedness parameter ξ is defined with respect to the vµ vector, as in eq. (1.2).
The full expression for an open Lorentz index does not transform properly, however:

⟨p′|[O(γµ)(z1+δ,z2+δ)]t2|p⟩= 2Pµeiδ(∆v)
∫ 1

−1
dxe−i(P v)[z1(ξ−x)+z2(x+ξ)]H(x,ξ)

−∆⊥
µ ∂ξ

{∫ 1

0
due−2iuξ(P v)

∫ 1

−1
dxe−iu(P v)[z1(ξ−x)+z2(x+ξ)]H(x,ξ)

}
/=eiδ(∆v)⟨p′|[O(γµ)(z1,z2)]t2|p⟩ , (3.5)

and this pathology has to be cured by adding the twist-three contributions.
Note that for a spin-zero target

⟨p′|[O(/vγ5)(z1, z2)]t2|p⟩ = 0 , (3.6)

so that the general expressions in (2.7) are simplified to

[O(γµ)(z1,z2)]t3 = 1
2[(vd)∂µ−(v∂)dµ]

∫ 1

0
udu

∫ z1

z2

dw

z12

[
z1O(/v)(uz1,uw)+z2O(/v)(uw,uz2)

]
,

[O(γµγ5)(z1,z2)]t3 =− i

2ϵρνσµvρ∂σdν

∫ 1

0
udu

∫ z1

z2

dw

z12

[
z1O(/v)(uz1,uw)−z2O(/v)(uw,uz2)

]
.

(3.7)
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We will continue with the vector operator as the more relevant one. Taking the matrix
element ⟨p′| . . . |p⟩ one obtains after a little algebra

⟨p′|[O(γµ)(z1, z2)]t3|p⟩ = i(vP )∆⊥
µ

∫ 1

0
udu

∫ z1

z2

dw

z12

∫ 1

−1
dx

[
z1e−iuℓz1w + z2e−iuℓwz2

]
DH(x, ξ) ,

(3.8)

where

ℓz1z2 = [z1(ξ − x) + z2(x + ξ)](Pv) = −z12x(Pv)− 1
2(z1 + z2)(∆v) (3.9)

and

D = x∂x + ξ∂ξ . (3.10)

The contribution in the second line in (3.2) can be rewritten as (we suppress an overall
factor ∆⊥

µ )

− ∂ξ

∫ 1

0
du

∫ 1

−1
dx e−iuℓz1z2 H(x, ξ) =

= −1
ξ

∫ 1

−1
dx e−iℓz1z2 H(x, ξ)− 1

ξ

∫ 1

0
du

∫ 1

−1
dx e−iuℓz1z2DH(x, ξ) . (3.11)

The first term on the r.h.s. of this expression has the structure consistent with translation
invariance, and the second, noninvariant, term can be combined with the twist-three
contribution in eq. (3.8). The resulting expression can be brought to the form∫ 1

0
du

∫ 1

−1
dx

{
−1

ξ
e−iuℓz1z2 + iu(vP )

∫ z1

z2

dw

z12

[
z1e−iuℓz1w + z2e−iuℓwz2

]}
DH(x, ξ)

=
∫ 1

−1
dx e−iℓz1z2H(x, ξ) (3.12)

with

H(x, ξ)|x>ξ = − 1
2ξ

∫ 1

x
dy

( 1
y − ξ

+ 1
y + ξ

)
DH(y, ξ) ,

H(x, ξ)|−ξ<x<ξ = 1
2ξ

∫ x

−1
dy

1
y − ξ

DH(y, ξ)− 1
2ξ

∫ 1

x
dy

1
y + ξ

DH(y, ξ) ,

H(x, ξ)|x<−ξ = 1
2ξ

∫ x

−1
dy

( 1
y − ξ

+ 1
y + ξ

)
DH(y, ξ) . (3.13)

The derivation is explained in appendix B.
Finally, collecting all terms we obtain for the sum of twist-two and twist-three

contributions

⟨p′|[O(γµ)(z1, z2)]t2+t3|p⟩ =

=
∫ 1

−1
dx e−i(P v)[z1(ξ−x)+z2(x+ξ)]

{
2PµH(x, ξ) + ∆⊥

µ

[
H(x, ξ)− 1

ξ
H(x, ξ)

]}
, (3.14)
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so that the translation invariance is indeed restored:

⟨p′|[O(γµ)(z1 + δ, z2 + δ)]t2+t3|p⟩ = eiδ(∆v)⟨p′|[O(γµ)(z1, z2)]t2+t3|p⟩+O(vµ, v2) . (3.15)

The combination

G(x, ξ) = H(x, ξ)− 1
ξ

H(x, ξ) (3.16)

can be viewed as the twist-three pseudo- or quasi-GPD, which coincide to the present
accuracy. It can be rewritten as shown in eq. (1.1) to make explicit that there is no 1/ξ

enhancement.
The axial-vector contribution in (3.7) is calculated in a similar manner. One obtains

⟨p′|[O(γµγ5)(z1, z2)]t3|p⟩ =

= −ϵρνσµvρ∆νPσ

∫ 1

0
udu

∫ z1

z2

dw

z12

∫ 1

−1
dx

[
z1e−iuℓz1w − z2e−iuℓwz2

]
DH(x, ξ) . (3.17)

This expression can be rewritten as

⟨p′|[O(γµγ5)(z1, z2)]t3|p⟩ = ∆̃⊥
µ

∫ 1

−1
dx e−i(P v)[z1(ξ−x)+z2(x+ξ)]G̃(x, ξ) , (3.18)

where

G̃(x, ξ)|x>ξ = − 1
2ξ

∫ 1

x
dy

( 1
y − ξ

− 1
y + ξ

)
DH(y, ξ)

G̃(x, ξ)|−ξ<x<ξ = 1
2ξ

∫ x

−1
dy

1
y − ξ

DH(y, ξ) + 1
2ξ

∫ 1

x
dy

1
y + ξ

DH(y, ξ) ,

G̃(x, ξ)|x<−ξ = 1
2ξ

∫ x

−1
dy

( 1
y − ξ

− 1
y + ξ

)
DH(y, ξ) , (3.19)

and

ϵ⊥µν = ϵµναβ
Pαvβ

(Pv) , ∆̃⊥
µ = iϵ⊥µν∆ν . (3.20)

Our results agree with ref. [31] where the derivation was done for symmetric points and
using a different method.

4 Nucleon target

The calculation for spin-1/2 targets follows the same routine but is more cumbersome due
to proliferation of Dirac structures. Let

hρ = ū(p′)γρu(p) , h̃ρ = ū(p′)γργ5u(p) ,

eρ = ū(p′) iσρα∆α

2m
u(p) , ẽρ = ∆ρ

2m
ū(p′)γ5u(p) . (4.1)

Nucleon GPDs are defined [4, 5] as matrix elements of (renormalized) quark-antiquark
operators with light-like separations, n2 = 0,

⟨p′|O(/n)(z1,z2)|p⟩=
∫ 1

−1
dxe−i(P n)[z1(ξ−x)+z2(x+ξ)]

{
(nh)H(x,ξ)+(ne)E(x,ξ)

}
,

⟨p′|O(/nγ5)(z1,z2)|p⟩=
∫ 1

−1
dxe−i(P n)[z1(ξ−x)+z2(x+ξ)]

{
(nh̃)H̃(x,ξ)+(nẽ)Ẽ(x,ξ)

}
. (4.2)
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At tree level and to twist-two accuracy, the same expressions are valid for the pseudo- and
quasi-GPDs, with the replacement nµ 7→ vµ. The main difference to the spin-zero case is
that the leading-twist axial-vector contributions do not vanish. Thus complete expressions
for the twist-three contributions at the operator level (2.7) have to be used. In the following
equations we will use a shorthand notation for the scalar products Pv = (Pv), etc.

4.1 Vector operator

Following ref. [31] we write the result in the form

⟨p′|[O(γµ)(z1, z2)]t2+t3|p⟩ =
∫ 1

−1
dx e−iPv [z1(ξ−x)+z2(x+ξ)]

{
2PµV1(x, ξ)+

+ ∆⊥
µ

[
V1(x, ξ)− 1

ξ
V1(x, ξ)

]
+

(
hµ −

Pµ

Pv
hv

)
V2(x, ξ)

+ ∆̃⊥
µ V3(x, ξ) + iϵ⊥µρ

(
h̃ρ −

Pρ

Pv
h̃v

)
V4(x, ξ)

}
, (4.3)

where

V1(x, ξ) = 1
2Pv

[
hvH(x, ξ) + evE(x, ξ)

]
, V2(x, ξ) = H(x, ξ) + E(x, ξ) ,

V3(x, ξ) = 1
2Pv

[
h̃vH̃(x, ξ) + ẽvẼ(x, ξ)

]
, V4(x, ξ) = H̃(x, ξ) , (4.4)

and the functions V1−4 are given by the following expressions [31]:

V1(x, ξ)|x>ξ = − 1
2ξ

∫ 1

x
dy

( 1
y − ξ

+ 1
y + ξ

)
DV1(y, ξ) ,

V1(x, ξ)|−ξ<x<ξ = 1
2ξ

∫ x

−1
dy

1
y − ξ

DV1(y, ξ)− 1
2ξ

∫ 1

x
dy

1
y + ξ

DV1(y, ξ) ,

V1(x, ξ)|x<−ξ = 1
2ξ

∫ x

−1
dy

( 1
y − ξ

+ 1
y + ξ

)
DV1(y, ξ) . (4.5)

V2(x, ξ)|x>ξ = 1
2

∫ 1

x
dy

( 1
y − ξ

+ 1
y + ξ

)
V2(y, ξ) ,

V2(x, ξ)|−ξ<x<ξ = −1
2

∫ x

−1
dy

1
y − ξ

V2(y, ξ) + 1
2

∫ 1

x
dy

1
y + ξ

V2(y, ξ) ,

V2(x, ξ)|x<−ξ = −1
2

∫ x

−1
dy

( 1
y − ξ

+ 1
y + ξ

)
V2(y, ξ) , (4.6)

V3(x, ξ)|x>ξ = − 1
2ξ

∫ 1

x
dy

( 1
y − ξ

− 1
y + ξ

)
DV3(y, ξ) ,

V3(x, ξ)|−ξ<x<ξ = 1
2ξ

∫ x

−1
dy

1
y − ξ

DV3(y, ξ) + 1
2ξ

∫ 1

x
dy

1
y + ξ

DV3(y, ξ) ,

V3(x, ξ)|x<−ξ = 1
2ξ

∫ x

−1
dy

( 1
y − ξ

− 1
y + ξ

)
DV3(y, ξ) , (4.7)
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V4(x, ξ)|x>ξ = 1
2

∫ 1

x
dy

( 1
y − ξ

− 1
y + ξ

)
H̃(y, ξ) ,

V4(x, ξ)|−ξ<x<ξ = −1
2

∫ x

−1
dy

1
y − ξ

H̃(y, ξ)− 1
2

∫ 1

x
dy

1
y + ξ

H̃(y, ξ) ,

V4(x, ξ)|x<−ξ = −1
2

∫ x

−1
dy

( 1
y − ξ

− 1
y + ξ

)
H̃(y, ξ) . (4.8)

It is tacitly assumed that the differential operator D (3.10) only acts on the GPDs, but not
on the Dirac/Lorentz structures, i.e.

DV1(x, ξ) ≡ 1
2Pv

[
hvDH(x, ξ) + evDE(x, ξ)

]
. (4.9)

Note also that hµ − Pµ

Pv
hv = eµ − Pµ

Pv
ev, so that V2 can be written in a more symmetric

form involving (
hµ −

Pµ

Pv
hv

)
H(x, ξ) +

(
eµ −

Pµ

Pv
ev

)
E(x, ξ) .

4.2 Axial-vector operator

The results for the axial-vector operator are very similar and can be obtained by the
substitution

hvH + evE ←→ h̃vH̃ + ẽvẼ ,(
hµ −

Pµ

Pv
hv

)
(H + E) ←→

(
h̃µ −

Pµ

Pv
h̃v

)
H̃ . (4.10)

One gets

⟨p′|[O(γµγ5)(z1, z2)]t2+t3|p⟩ =
∫ 1

−1
dx e−iPv [z1(ξ−x)+z2(x+ξ)]

{
2PµA1(x, ξ)+

+ ∆⊥
µ

[
A1(x, ξ)− 1

ξ
A1(x, ξ)

]
+

(
h̃µ −

Pµ

Pv
h̃v

)
A2(x, ξ)

+ ∆̃⊥
µ A3(x, ξ) + iϵ⊥µρ

(
hρ −

Pρ

Pv
hv

)
A4(x, ξ)

}
, (4.11)

where

A1(x, ξ) = 1
2Pv

[
h̃vH̃(x, ξ) + ẽvẼ(x, ξ)

]
, A2(x, ξ) = H̃(x, ξ) ,

A3(x, ξ) = 1
2Pv

[
hvH(x, ξ) + evE(x, ξ)

]
, A4(x, ξ) = H(x, ξ) + E(x, ξ) , (4.12)

and the functions A1−4 are given in terms of A1−4 by the same expressions as in the
vector case:

A1(x, ξ)|x>ξ = − 1
2ξ

∫ 1

x
dy

( 1
y − ξ

+ 1
y + ξ

)
DA1(y, ξ) ,

A1(x, ξ)|−ξ<x<ξ = 1
2ξ

∫ x

−1
dy

1
y − ξ

DA1(y, ξ)− 1
2ξ

∫ 1

x
dy

1
y + ξ

DA1(y, ξ) ,

A1(x, ξ)|x<−ξ = 1
2ξ

∫ x

−1
dy

( 1
y − ξ

+ 1
y + ξ

)
DA1(y, ξ) , (4.13)
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A2(x, ξ)|x>ξ = 1
2

∫ 1

x
dy

( 1
y − ξ

+ 1
y + ξ

)
A2(y, ξ) ,

A2(x, ξ)|x<−ξ = −1
2

∫ x

−1
dy

( 1
y − ξ

+ 1
y + ξ

)
A2(y, ξ) ,

A2(x, ξ)|−ξ<x<ξ = −1
2

∫ x

−1
dy

1
y − ξ

A2(y, ξ) + 1
2

∫ 1

x
dy

1
y + ξ

A2(y, ξ) , (4.14)

A3(x, ξ)|x>ξ = − 1
2ξ

∫ 1

x
dy

( 1
y − ξ

− 1
y + ξ

)
DA3(y, ξ) ,

A3(x, ξ)|−ξ<x<ξ = 1
2ξ

∫ x

−1
dy

1
y − ξ

DA3(y, ξ) + 1
2ξ

∫ 1

x
dy

1
y + ξ

DA3(y, ξ) ,

A3(x, ξ)|x<−ξ = 1
2ξ

∫ x

−1
dy

( 1
y − ξ

− 1
y + ξ

)
DA3(y, ξ) , (4.15)

A4(x, ξ)|x>ξ = 1
2

∫ 1

x
dy

( 1
y − ξ

− 1
y + ξ

)
A4(y, ξ) ,

A4(x, ξ)|−ξ<x<ξ = −1
2

∫ x

−1
dy

1
y − ξ

A4(y, ξ)− 1
2

∫ 1

x
dy

1
y + ξ

A4(y, ξ) ,

A4(x, ξ)|x<−ξ = −1
2

∫ x

−1
dy

( 1
y − ξ

− 1
y + ξ

)
A4(y, ξ) . (4.16)

5 Numerical estimates

As an illustration of possible size of the kinematic twist-three contribution we assume that
the calculation is done for the time projection γµ 7→ γ0 for the scalar target (1.1). The
resulting quasi- (alias pseudo-) PDF including twist-three corrections

H(x, ξ) = H(x, ξ) + ∆⊥
0

2P0
G(x, ξ) (5.1)

is shown in figure 1 assuming an ad hoc value

∆⊥
0

2P0
= 0.1 . (5.2)

In this calculation we used a simple valence GPD model [5].

H(x, ξ) = θ(x > −ξ)1− n/4
ξ3

(
x + ξ

1 + ξ

)2−n

[ξ2 − x + (2− n)ξ(1− x)]

− θ(x > ξ)1− n/4
ξ3

(
x− ξ

1− ξ

)2−n

[ξ2 − x− (2− n)ξ(1− x)] (5.3)

with n = 1/2 corresponding to the Bjorken-x dependence of the valence quark PDF
qv(x) ∼ x−1/2(1− x)3. For this plot we have chosen ξ = 0.3. The GPD model (5.3) used as
an input is shown by dashes for comparison.

One sees that the twist-three contributions are generally quite sizable and strongly
enhanced at x→ ξ because of the logarithmic divergence ∼ ln(x− ξ). It is interesting to
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Figure 1. The quasi-GPD (pseudo-GPD) H(x, ξ) (5.1) for ξ = 0.3 including kinematic twist-three
contributions (solid line). The GPD model (5.3) is shown by dashes for comparison.

note that the twist-three contribution is discontinuous at x = ξ and the difference between
the values extrapolated from the DGLAP and ERBL regions is finite, see eq. (1.5). We have
to caution that this plot is provided only for the illustration; the real size of the kinematic
correction will depend strongly on the kinematics of a particular lattice calculation. This is
especially true for the nucleon target due to multitude of the various contributions. Note
that contributions of all four existing nucleon GPDs are intertwined at twist-three level,
so that the magnitude of the correction will depend on the relative size of the GPDs H,
E, etc., as well. A detailed investigation of these dependencies goes beyond the tasks of
this work.

6 Conclusions

We have presented explicit expressions for the kinematic twist-three corrections to quasi- or
pseudo-GPDs for spin-zero and spin-1/2 targets. The results agree with refs. [31–33] where
the derivation was done for symmetric points only and using a different method. Apart
from providing an independent check, a new contribution of this work is to consider general
kinematics. In this context, we demonstrate that kinematic corrections restore the proper
properties of the quasidistributions under translations along the quark-antiquark separation
axis (up to twist-four terms). They have to be either taken into account explicitly in lattice
calculations of GPDs in the pseudo- or quasi-PDF approach, or removed by taking suitable
projections in Lorentz/Dirac indices. Otherwise, the difference in the results obtained using
symmetric and asymmetric frames would need to be considered as an intrinsic uncertainty
of the calculation.

The “genuine” twist-three contributions related to quark-gluon correlations induce
violation of translation invariance at twist-four level only and are not included in our
expressions. They can be deduced from ref. [31] (in symmetric kinematics). Such extra

– 11 –



J
H
E
P
1
0
(
2
0
2
3
)
1
3
4

terms involve new and complicated nonperturbative input and can be added when lattice
calculations have sufficient accuracy.

An extension of our results to kinematic twist-four contributions presents a natural
next task. For moments of quasidistributions, such corrections can be obtained from the
results presented in ref. [27] by simple algebra. The problem is that kinematic twist-four
corrections for the moments involve very nontrivial coefficients. In the application to DVCS,
these complicated terms are canceled by the contributions from gluon emission from the
hard quark propagator and the results can be resummed in a nonlocal expression in terms
of the GPDs. The present case is more challenging and requires a dedicated study.
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A Derivation of eq. (3.2)

Consider

⟨p′|[O(γµ)(z1, z2)]t2|p⟩ = ∂

∂vµ
2(Pv)

∫ 1

0
du

∫ 1

−1
dx e−iuℓz1z2 H(x, ξ) , (A.1)

where ℓz1z2 is defined in (3.9). Note that the asymmetry parameter depends on vµ as well,

∂ξ

∂vµ
= − 1

2(Pv)∆⊥
µ , (A.2)

so that the derivative can be applied in three ways, to the (Pv) prefactor, to the exponential
e−iuℓz1z2 , and to the GPD H(x, ξ). Thus we get

⟨p′|[O(γµ)(z1, z2)]t2|p⟩ = 2Pµ

∫ 1

0
du

∫ 1

−1
dx e−iuℓz1z2 H(x, ξ)−∆⊥

µ

∫ 1

0
du

∫ 1

−1
dx e−iuℓz1z2 ∂ξH(x, ξ)

+ 2(Pv)
∫ 1

0
du

∫ 1

−1
dx (iu)

[
z12xPµ + 1

2(z1+z2)∆µ)
]
e−iuℓz1z2 H(x, ξ) .

(A.3)

The last term can be simplified using that

iu(Pv)
[
z12xPµ + 1

2(z1 + z2)∆µ)
]
e−iuℓz1z2 =

[
Pµ(x∂x + ξ∂ξ)− 1

2∆⊥
µ ∂ξ

]
e−iuℓz1z2

=
[
Pµu∂u −

1
2∆⊥

µ ∂ξ

]
e−iuℓz1z2 (A.4)

and integrating by parts over u in the term ∼ Pµ. In this way one arrives at the expression
in eq. (3.2).
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B Derivation of eq. (3.13)

It is convenient to expand the exponential factors and write the expression of interest as a
sum of moments

H =
∫ 1

0
du

∫ 1

−1
dx

{
−1

ξ
e−iuℓz1z2 + iu(vP )

∫ z1

z2

dw

z12

[
z1e−iuℓz1w + z2e−iuℓwz2

]}
DH(x, ξ)

=
∑
N

1
N ! (−i(Pv))NHN , (B.1)

so that

HN =
∫ 1

−1
dy [z1(ξ − y) + z2(y + ξ)]NH(y, ξ) , (B.2)

where the function H(y, ξ) is defined in (3.12). We obtain

HN = − 1
N + 1

∫ 1

−1
dx

{
z1
z12

1
x + ξ

{
[2z1ξ]N − [z1(ξ − x) + z2(x + ξ)]N

}
+ z2

z12

1
x− ξ

{
[2z2ξ]N − [z1(ξ − x) + z2(x + ξ)]N

}}
DH(x, ξ)

− 1
ξ

1
N + 1

∫ 1

−1
dx [z1(ξ − x) + z2(x + ξ)]NDH(x, ξ)

= − 1
N + 1

1
2ξ

∫ 1

−1
dx

N−1∑
k=0

[z1(ξ − x) + z2(x + ξ)]k
{

[2z1ξ]N−k + [2z2ξ]N−k
}
DH(x, ξ)

− 1
ξ

1
N + 1

∫ 1

−1
dx [z1(ξ − x) + z2(x + ξ)]NDH(x, ξ)

= − 1
N + 1

1
2ξ

∫ 1

−1
dx

N∑
k=0

[z1(ξ − x) + z2(x + ξ)]k
{

[2z1ξ]N−k + [2z2ξ]N−k
}
DH(x, ξ) .

(B.3)

Note that the role of the remnant of the twist-two contribution, the first term in eq. (B.1),

is to extend the sum
N−1∑
k=0
7→

N∑
k=0

.3 This sum can easily be taken so that one gets

HN = − 1
2ξ

1
N + 1

1
z12

∫ 1

−1
dx

{ 1
x + ξ

{
[2z1ξ]N+1 − [z1(ξ − x) + z2(x + ξ)]N+1

}
+ 1

x− ξ

{
[2z2ξ]N+1 − [z1(ξ − x) + z2(x + ξ)]N+1

}}
DH(x, ξ) . (B.4)

Finally write
1

z12

1
N + 1

{
[2z2ξ]N+1 − [z1(ξ − x) + z2(x + ξ)]N+1

}
=

∫ x

ξ
dy [z1(ξ − y) + z2(y + ξ)]N ,

1
z12

1
N + 1

{
[2z1ξ]N+1 − [z1(ξ − x) + z2(x + ξ)]N+1

}
=

∫ x

−ξ
dy [z1(ξ − y) + z2(y + ξ)]N ,

(B.5)
3For the axial-vector case there is no twist-two addition. In this case, the summation can be extended

trivially because the two terms in curly brackets have opposite sign and cancel each other for k = N .
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and interchange the order of integrations using∫ 1

−1
dx

∫ x

ξ
dy =

∫ 1

ξ
dy

∫ 1

y
dx−

∫ ξ

−1
dy

∫ y

−1
dx ,∫ 1

−1
dx

∫ x

−ξ
dy =

∫ 1

−ξ
dy

∫ 1

y
dx−

∫ −ξ

−1
dy

∫ y

−1
dx . (B.6)

In this way one gets

HN = 1
2ξ

∫ 1

−1
dy [z1(ξ − y) + z2(y + ξ)]N

{
−θ(y − ξ)

∫ 1

y

dx

x− ξ
+ θ(ξ − y)

∫ y

−1

dx

x− ξ

− θ(y + ξ)
∫ 1

y

dx

x + ξ
+ θ(−ξ − y)

∫ y

−1

dx

x + ξ

}
DH(x, ξ)

=
∫ 1

−1
dy [z1(ξ − y) + z2(y + ξ)]NH(y, ξ) , (B.7)

where from the expression in (3.13) follows by a simple reshuffling of terms.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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