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1 Introduction

The leading power transverse momentum-dependent factorization theorem introduces eight
quark transverse momentum-dependent distributions (TMDs) [1-3], which are listed in ta-
ble 1. Altogether, these eight TMDs provide a comprehensive description of the nucleon’s
three-dimensional spin-orbital structure in momentum space. Some of these TMDs (pri-
marily the unpolarized ones) are studied very well theoretically and experimentally (for re-
cent developments, see [4, 5]). However, several of these TMDs are still almost unexplored.
This paper is devoted to study the Sivers, Boer-Mulders, worm-gear-T, and worm-gear-L
(also known as Kotzinian-Mulders) functions in the limit of small-b (or, equivalently, large
transverse momentum) within QCD perturbation theory.



U H T

U | fi(tw2) hi (tw3)
L g1 (tw2) hi (tw2 & tw3)
T fle (tw3) | gir (tw2 & tw3) hy (tw2)

hirp (tw3 & tw4)

Table 1. Quark TMDs sorted with respect to polarization properties of both the operator (columns)
and the hadron (rows). The labels U, H, L, and T are for the unpolarized, helicity, longitudinal,
and transverse polarizations. In brackets, we indicate the twist of collinear distributions to which
TMDs match at small-b. The blue color highlights TMDs that are investigated in this work.

TMDs are nonperturbative functions of two kinematic variables x and kr, being x
the collinear momentum fraction and k7 the transverse momentum. Equivalently, one can
use Fourier transformed TMDs from kp-space to position space, labelling the transverse
coordinate vector with b. In many aspects, the position space definition is advantageous.
We use it throughout the work, referring to the distributions depending on x and b as
TMDs. Different ranges of x and b correspond to different physical pictures, relevant for
different processes. In particular, in the limit of small b, TMDs turn into ordinary one-
dimensional collinear parton distributions. Schematically, this relation has the form

F(z,b) = C(x,In(ub)) @ f(x,n) + Ob?), (1.1)

where F' is a TMD, f is a collinear distribution, C' is a perturbative coefficient function,
and ® is an integral convolution. The expansion (1.1) (also known as the “matching
relation” [6]) follows from the operator product expansion (OPE) and can be derived sys-
tematically order-by-order in the coupling constant and powers of b2 [7].

Small-b expansions for TMDs have been intensively studied during the last decade.
Naturally, the main efforts were devoted to the unpolarized distribution fi, for which the
coefficient function is known at next-to-next-to-next-to-leading order (N3LO) in the QCD
coupling constant [8, 9]. For the other distributions, the analysis is less developed. So,
the transversity h; and linearly-polarized gluon TMD h{ are known up to NNLO [10, 11].
The helicity g; is known at NLO [12-14]. All these TMDs are special because their small-b
asymptotic contains only collinear distributions of twist-two. Therefore, their computation
is relatively straightforward and can be done with standard techniques. However, the
majority of TMDs match collinear distributions of higher twists, making their study more
cumbersome. Thus, for Boer-Mulders hi-, worm-gear-T g¢;7, and worm-gear-L hfL the
small-b expansion is known only at LO [15-18] with some partial results known at NLO [19-
21], and for the Sivers function fi at NLO [22]. The pretzelosity distribution hiz; differs
from other TMDs. Its leading term is given by a twist-four operator, while matching is only
known for the twist-three part [7]. In table 1 we indicate the twists of collinear distributions
that appear as the leading-power term in eq. (1.1).

The usage of matching relations is essential for practical applications. It allows incor-
porating the already-known parton distribution functions into TMDs, essentially increasing
the predictive power of the formalism. In fact, all modern phenomenological extractions



of TMDs are based on these relations (see f.i. [4, 5, 23-27]). The twist-two part of the
matching relation (the so-called Wandzura-Wilczek-like (WW-like) approximation) is sup-
posed to work fairly well for many cases [25, 28]. Also, matching relations can be inverted
and used to determine collinear distributions from TMDs. For example, the knowledge of
Sivers function provides an essential constraint on the Qiu-Sterman twist-three distribu-
tion [29, 30]. Finally, the relation (1.1) links TMD factorization theorem to resummation
approach [31], which is vital for the description of the high-energy data. In all of these cases,
it is critical to employ at least NLO expressions to fix the scaling properties of distributions.

This contribution aims to close the remaining gap in the theoretical description of
polarized TMDs and compute the small-b expansion for TMDs with leading twist-three
contributions at NLO. This includes the Sivers, Boer-Mulders, worm-gear-T, and worm-
gear-L functions, highlighted in table 1.

There are several approaches to compute higher-twist contributions to the small-b
asymptotics of TMDs [7, 15, 16, 21, 22, 32]. Among them, the most practical for the
present case is the method used in ref. [22], i.e. the background-field method with collinear
counting. This method is a generalization of the classical approach to deep-inelastic scat-
tering (DIS) [33]. It has been used recently for many higher-twist computations including
quasi- and pseudo-distributions [34, 35], leading and sub-leading power TMDs [22, 36, 37].
In many aspects, the work presented here is the straightforward generalization of the com-
putation performed in ref. [22] for different polarizations (we also recompute the Sivers
function as a cross-check). Therefore, we do not provide a detailed description of the
method, which can be found in the refs. [22, 34] together with computational examples.
Instead, we provide a general discussion, emphasizing the present case’s particularities, and
present the final expression.

The paper is structured as follows. In section 2, we collect the definitions of TMDs and
collinear distributions — the main subjects of the present work. In section 3, we provide
the essential details on the computation method (referring, for an extended discussion,
to [22, 34]). The generalization of 4 in d dimensions and the definition of gluon correlator
are described in more detail in sections 3.3 and 3.4, respectively. In section 4, we present
NLO expressions for Sivers, Boer-Mulders, and worm-gear functions in momentum-fraction
space. The position space expressions (split into contributions from the different diagrams)
are given in appendix B. In appendix A are collected the expressions for the twist-three
evolution kernels used as cross-check of our computation.

2 Definition of distributions

In this work, we deal with many parton distributions. For clarity, we collect their definition
and important properties in this section.

2.1 TMD distributions
The quark TMDs are defined for the Drell-Yan process, taken as an example, by the

following matrix element

1 .
2(a,8) = 5 [ 527 (p,Sla(en -+ B)[zn + b, —oon + BT [~oon, 0lg0)lp, ), (2.)



where n is the light-like vector (n? = 0) associated with the large component of the hadron
momentum p, b is the vector tranverse to the (p,n) plane, and T" is a Dirac matrix. [z,y]
is the straight Wilson lines from z to y,

ay
[a1n + b, agn + b] = Pexp (zg/ don* A, (on + b)) . (2.2)
az

The standard parameterization of the matrix element (2.1) can be found in ref. [1]. It
reads

o0 (2,b) = fi(z,b) + i busr, M fip(z,b), 23
ol (2,b) = Agi(x,b) +i(b- s7)Mgir(x,b),
Q) (,0) = s¢ha (,b) — i Mhiy (2, b)

M2b2 < g%u eINE

+ie*b, Mhi(x,b) — T G >5Tuth(x,b),

where b < 0. Here,
gy =g —ntn” —atn”, ey = ﬁanﬁeaﬁ’“’ = THY, (2.6)

where 7# is light-cone vector (n? = 0) associated with the small-component of the hadron
momentum, i.e. p* = pTik + M?n*/(2p*) with pT = (n-p). The relative normalization is
(n-7n) = 1. The Levi-Civita tensor and v°-matrix are defined in 4 dimensions as

1
0123 — 1 - *ZEWQBW%MVB- (2.7)

Consequently, e%pz =er12 = +1.
The variables A and st are longitudinal and transverse components of the spin vector

+ i I3
pn _)\n

B\
s M 2+

+ s, (2.8)

where M is the mass of the hadron. This implies A\ = Ms™ /p*.

All TMDs are dimensionless real functions that depend on b (the argument b is used
for shortness). In this work, we consider only Sivers (fi7), Boer-Mulders (hi), worm-gear-
T (g17) and worm-gear-L (h{; ) functions.

The definition (2.1) in a SIDIS-like process has the Wilson line pointing to +oon [18]
instead to —oon. The T-even TMDs (in the present context, these are the worm-gear
functions, g7 and hfL) are independent of the direction of the staple contour due to
the T-invariance of QCD. They are the same for Drell-Yan-like and SIDIS-like cases. In
contrast, the T-odd TMDs (Sivers fi; and Boer-Mulders hi- functions) dependent on the
direction of the staple contour. One has [38]

L el L _ _pl
fir@b)| = —fir@b)| o hi@b)| = -hi@h)| o (29)

Apart of the sign-change the TMDs are identical for both cases. In the following, we assume
the DY-like definition, if not specified.



The bare TMDs contain two types of divergences — ultraviolet and rapidity diver-
gences. Both types of divergences are multiplicatively renormalizable [39]. As a conse-
quence, the renormalized TMD depends on two scales p and (. These dependencies are
described by the evolution equations

2dF(l‘,b; M, C)
/"L d 2
o

dF (z,b; 1, Q)
g

where F' is any TMD, g is the TMD anomalous dimension, and D is the Collins-Soper
kernel [31]. At LO, these kernels are [40]

_ ’VF(;L) C) F(l‘, bi 1, C)? ¢ = 7D(b, M)F(-Ty b; 11, C)v (210)

'YF(:Ua C) = aS(:u) (4CF1C + GCF) + O(ag)v D(b7 :u) = aS(:u)QCFLb + O(aga b2)7 (2'11)

2 2 39y 2
as (1) = (497)2, I =In (*é) . Ly=In <(46b2)j; > 7 (2.12)

with g being the QCD coupling constant, and vg is the Euler-Mascheroni constant. In the

where

following text, we often omit the scales (u,() to simplify notation. These scales can be
reconstructed from the context.
The relation between momentum and position space TMDs is

2 .
o (z, ky) = / (‘;ge—“b"“ﬂqﬂ” (z,b), (2.13)

where k7 is the transverse momentum (k% < 0). The transformations for individual TMDs
can be found in refs. [16, 41]. The momentum-space definition is less convenient for theo-
retical computations. Therefore, in the following, we use only position space TMDs.

2.2 Collinear distributions of twist-two

The collinear distributions of twist-two are defined as follows (see e.g. [42])

T

(p, S|g(zn)[zn, 0]y ¢(0)|p, S) = 2p™ [ldxezrzp+f1(x), (2.14)
o

(p, S|q(zn)[zn, 0]7t4°q(0)|p, S) = 2xp* / 1dxe‘“p+gl(m), (2.15)
I

(b, Sla(zn)en, 0ot P q(O)lp. S) = 255p" [ dze™ mi(w).  (216)

where « is a transverse index. These distributions are known as unpolarized (fi), helicity
(91) and tranversity distributions (h;). They are defined for z € [—1,1] and are zero
for |z| > 1. The distributions with negative = are usually interpreted as distributions of

antiquarks,
fi(@) = 0(x) f1,q(z) — 0(—2) fr,q(—2),
g1(x) = 0(x)g1,4() + 0(—2)g1,4(—2), (2.17)
hi(z) = 0(z)h14(x) — 0(—2)h1 g(—x)



In the present work, the unpolarized distribution does not appear, and is presented here
only for comparison.

Note that the notation fi, g1 and hq is the same for TMD distributions and collinear
distributions. We distinguish these functions by their arguments, which are (x, b) for TMDs
and (x) for collinear distributions.

The gluon collinear distributions are defined as

(p, S|F¥ (2n)[zn, 0] F"F(0)|p, S) / dee'™™" = (=g fo(x) =i Afy(@)), (2.18)

where f;, and Af, are unpolarized and helicity gluon distributions. Gluon distributions
satisfy the ralation

fo(=x) = =fy(x),  Afg(—z) = +A[(2). (2.19)

In dimensional regularization (with d = 4 — 2¢) the definition of gluon distributions (2.18)
is modified and takes the form

T MY f (2 i€
(p, S|F™* (2n)[zm, 0]F**(0)[p, S) / due' "5 <_9T1J:g(e)_(1 _Teﬁ{gfge)>’
(2.20)

where €} is the d-dimensional generalized Levi-Civita tensor (see section 3.3). The e-
dependent factors are chosen such that the contraction of the correlator’s matrix element
with g4 or € yields the same result in any dimension.

The scale-dependence of a twist-two distribution F' is given by the DGLAP-type equa-

dF¢(x ,u dy
P f Z/ —Prep(y Ff’( ,u> (2:21)

where f labels the partons flavor, and P is the evolution kernel. In this work we need only

tion

LO expressions for P, which can be found, e.g., in [42].

2.3 Collinear distributions of twist-three

The twist-three distributions parametrize the three-point light-cone operators. The quark-
gluon-quark distributions are defined as

(p, S|gq(z1n) F** (z9n)y " q(z3n)|p, S) (2.22)
_ 25%”3,,(p+)2M/[daz]e‘ipﬂmlzl+”2Z2+x323)T(331,ﬂsg,xg),
(p, S|gq(z1n) F** (2om)v"v°q(23n)|p, S) (2.23)

= 2ish.(pT)? M/[dx]e_”’ (121402224 2328) AT (11| 09, 3),

(p, Slgq(z1n) F** (zon)ic” Ty q(23n)|p, S) (2.24)
_ 2(p+)2M /[dx]e—zp (z121+T22242323) (E%VE(J:L 2, 13) + i)\gé,ﬁVH(xl, 9, 73))



where F),,, is the gluon field-strength tensor, and we have omitted the Wilson links [z11n, zom]
and [zan, z3n| for brevity. The integral measure

1
/[dm] = / dridxadrso(x1 + x2 + x3), (2.25)
-1

reflects momentum conservation. Note that in the above definitions, by convention, the
phase of the exponential has the opposite sign compare to the twist-2 distributions.

The quark-gluon-quark distributions are real-valued functions that satisfy the symme-
try relations

T(.%’l, 9, $3) = T(—wg, —Zx2, —1’1), AT(xl, 9, .%'3) = —AT(—xg, —Z2, —$1), (2.26)

E(z1,x2,23) = E(—x3, —x2, —x1), H(z1,x9,23) = —H(—x3, —x2, —21).

Often it is convenient to use the following combination

=T + AT
SE (1, 19, 13) = (21,23, 25) 5 (331,1162,1‘3). (2.27)

In the literature one can find different notations for these distributions [18, 43-46]. For
example, ref. [43] defines 7~;7F(m3,—x1) = MT(x1,—x1 — x3,23), and %Aq,F(.%':;,—l'l) =
MAT (x1,—x1 — x3,x3), and ref. [16] defines 6T, = E and 0T, = H. A dictionary between
the different notations is provided by ref. [16].

For the three-gluon distributions, a standard definition has not yet been established.
In the literature, one can find several notation for the parametrization of the same three-
gluon correlators [22, 43, 47, 48]. Here we follow the convention of ref. [22], in which the
three-gluon correlators are parametrized as

(p, Slig AP LT (zin) F (20n) FET (23m)|p, S) (2.28)
=:(p+>3A4Q/Idaﬂe-ip*““ﬂl+m2z2+f&%>j{jt?“pfﬁ*(xl,xz,xgy
7

(p, S|gd*PCFRT (z21n) F* (zan) F&' (z30)[p, S) (2:29)
—ipt _
= ()M [ dale i 1ot ) SR (0, ).
i
where fABC and dABC are the anti-symmetric and symmetric structure constants of

SU(N;). There are six tensor structures ¢;. Their complete derivation and classification
is given in appendix A of ref. [22]. Only three structures are non-vanishing for d = 4.

These are
BUp Lo MO VP a va P a po pv
t2 = STGT gT + STET gT + STET gT N
wrp _ a po vp a v Pl a po pv
ty " = —step gy + 2ster gy — spep gp (2.30)
BUp Lo O VP a pa v
tg " = Sp€p gy — ST€r g -

The other structures (i.e. t4%";) parametrize evanescent operators. In general, these con-
tributions are non-zero in the dimension regularization and should be taken into account



during the renormalization procedure [49]. However, in the present calculation they do not
contribute to the pole part, and thus decouple. For that reason these functions can be set
to zero in d = 4.

The three-gluon gluon functions are defined as [22]

~ Gi(z1, 22, 33) Yo (z1, 22, 23)

F = Ff = 2.31
2 (l’l,l’Q,l‘g) 2(2_€> 5 4 (l’l,l'g,l‘g) 2(1—26) ( )
The distribution Fg can be expressed via Y4
Y. -Y
Fit(r, 0, 15) = + + (71,73, 72) — Yi (72,71, 73) (2.32)

2(1 — 2¢)

Like in the twist-two case (2.20), the e-dependent factors are chosen such that most of the
e-dependence at NLO cancels.

The distributions G+ and Y4 satisfy the following symmetry relations

Gi(z1,22,23) = G(—x3, —x2, —x1) = FG+ (22,21, 23) = FG+ (21,23, 22),
Yi(z1, 20, 23) = Yo (—x3, —2, —21) = FYi(23,22,21), (2.33)

Yi(z1, 29, 23) + Yi(z2, 23, 21) + Ya (23,21, 22) = 0.

These relations constrain the internal structure of three-gluon distributions [22]. For a
comparison of our convention with others see ref. [22].

All twist-three distributions are functions of two variables, since the third variable
is fixed by the momentum conservation condition x7 + zo + x3 = 0. Nevertheless, we
use the three-variable notation for its convenience since in this notation the symmetry
transformations (2.26), (2.33) are more transparent. Also, each sector (x; < 0) has a special
interpretation in the parton picture [50], which is harder to see in the two-variable notation.

The set of parton distributions {T, AT, E, H,G+,Yy} evolves autonomously under a
change of renormalization scale p [33, 51],

dFi(x1, 29, x3;
w? h 1@5 sitt) Z/[dy]KFler(%,sz?xs;y1,y2,y3;as)F2(y17y27f93§N)7 (2.34)
Fy

where F19 € {T,AT,E,H,G4,Yy}. Moreover, the chiral-odd distributions £ and H do
not mix with other distributions. The expressions for the evolution kernels Kr . p, are
rather long, and not explicitly needed in the present work. For the reader’s convenience
we present them in position space in appendix A. The momentum space expressions are
much more cumbersome [52].

The set of parton distributions {7, AT, E, H,G1,Y+} is complete in the sense that
all other twist-three distributions can be expressed in this basis (and possibly twist-two
distributions). For example, the twist-three distributions gr, hy and e [42] can be express
in terms of {T, AT}, H and FE (see e.g. [16, 34, 35]).



3 Evaluation of small-b expansion

The NLO computation presented in this work has been done using the background-field
method. It is a very well developed method for the computation of perturbative corrections
involving higher-twist operators. A detailed explanation of the method can be found in
refs. [22, 33-36]. We skip the detailed description of the computation process, which can
be found in refs. [22, 34]. In this section, we present a general discussion, and focus on
particularities of the current case.

3.1 General structure of small-b expansion

In the regime of small-b the TMD operator can be expressed as a series of light-cone
operators with increasing dimensions,

ol (z,0) = o(2) + 0ol (2) + Db ol ) () + ... . (3.1)

Here, the leading terms are

@) = 5 [ Z ety Sla(,m)len, OTg(O)lp. S), (3.2
¢51(x):% %e—iIZP+<p,5\q(z,n)[zn,—oon]ﬁ[—oon,()]rq(onp,s>, (3.3)

where D, is the QCD covariant derivative. The series (3.1) is a particular application
of light-cone OPE and can be written also as series of local operators [7]. The matrix
element (3.2) can be expresses by collinear parton distributions of twist-two, while for the
matrix element (3.3) they are of twist-two and twist-three. The higher dimension matrix
elements involve higher-twist distributions.

There is no simple correspondence between the twist of TMDs and the twist of the lead-
ing contribution of its small-b series. The factors b* in the parametrization of TMDs (2.3)—
(2.5) spoils the counting and thus the series for individual TMDs start with terms of
different twist.! So, the small-b series for the TMDs fi, g1 and h; start with (3.2) and
have leading contributions of twist-two [12, 14, 53]. The small-b series for the TMDs
fir, o1, hiz and hi start with operators of type (3.3) and involve twist-three distribu-
tions [15, 16, 18, 54]. Finally, the pretzelosity distribution h{y starts with ¢, (z) and the
leading term contains already twist-four terms [7].

The expression (3.1) is a tree-level expression. Accounting of quantum corrections
modifies (3.1) by terms ~ as = as/4m. These terms can be absorbed into the coefficient
functions, which enter in convolution with collinear distributions. For example, the twist-
two term turns into

Ld x
o (@) = / *yycﬂ—f’(%lnb%/%C?MOPE)‘?EE} (yy,U«OPE)v (3.4)
e

!The coefficients in the parametrization of TMDs are not the only cause of the spoiled counting. There
can be also singular contributions ~ b2 that appear for loop diagrams [37]. However, this happens only
for TMDs of higher twist.



where indices f label contributions of different parton content. The coefficient function
explicitly contains the dependence on (u,(). It also contains the popg-scale, which is
the scale of OPE. The whole expression (3.4) is independent on popg. Using the TMD
evolution equations (2.10) and the evolution equation for collinear distributions (2.21), one
can deduce the part of the coefficient function proportional to logarithms (see e.g. [55]).
In what follows, we set uopg = p for simplicity, such that the coefficient function depends
only on (as(p), Ly, 1¢). Therefore, the small-b expansion for the TMDs F' € {fi,g1,h1}
takes the form

Ld
Fyabin ) =3 [ L pTnlofy (Son) + 00, (35)
froe

with f being collinear distributions of twist-two.
The expressions for twist-three have a similar general structure, but a more involved
form. Generally, for F € {fi5, gi1, hiz, hi } one has

dy w T
b =3 / Verr 2 Tnloty (o) (3.6)
+Z/[dx]0,€£;/ (z, 21, w2, w33 Lp, 1)t (21, 2, 233 1),
f/

where f and t are distributions of twist-two and three, correspondingly. Note, that in
the case of the Sivers and Boer-Mulders function C*"2 = 0. The coefficient functions for
the Sivers function are known at NLO [22]. For the other functions they are known at
LO [15, 16, 18, 54|, and computed here at NLO.

3.2 Computation

In a nutshell, the computation within the background-field method consists in following
steps.

1. The matrix element for a TMD is presented in a functional-integral form. Then the
QCD fields are split into the quantum and background modes (¢(z) = gquan.(z) +
@back. (7)), with corresponding momentum counting.

2. The quantum modes are (functionally) integrated using both the perturbative ex-
pansion and the expansion in the number of background fields. The Lagrangian of
the quantum-to-background fields interaction can be found in ref. [56]. As result of
the integration, one obtains the effective operator.

3. The effective operator is decomposed in the basis of definite-twist operators using
equations of motion and algebraic manipulations.

During this procedure one expects that the hadron is composed of the low-energy fields
only, and thus the highly-energetic quantum modes do not contribute to its wave function.
Therefore, the computation is done on the level of the operator itself without any reference

~10 -



E

Figure 1. Diagrams contributing to the NLO effective operator at twist-two and twist-three level.
The dashed lines show the half-infinite Wilson lines. The mirror diagrams to (A, C, D, E) should
be added.

(E) (F) G) (H)

to the hadron state. For a detailed discussion of each step in the concrete application to
TMD operators (Sivers function) we refer to [22].

At the twist-three level one has to compute all diagrams of mass-dimension four. They
are shown in figure 1. The diagrams with two external fields (A, B, G) have to be computed
up to a single transverse-derivative contribution. These diagrams contain twist-two and
twist-three parts, which can be identified using the QCD equations of motion. The diagrams
with three external fields (C, D, E, F, H) contain only twist-three terms.

The diagrams have been evaluated in position space. It is the preferred representation
for dealing with higher-twist operators, because the resulting expressions are much shorter
in comparison to momentum space. Examples of diagram computations in this technique
can be found in appendices of refs. [22, 34, 36]. The final expressions in position space are
presented in appendix B. The subsequent Fourier transformation to momentum space is
laborious but straightforward.

As a by-product of the computations for diagrams A and B, we obtained the NLO
matching coefficients for the TMDs f;, g1 and h;. Our expressions coincides with well-
known results [12-14, 53]. This served as an intermediate check of our computation.

The computation is done for the bare operators and requires renormalization. Schemat-
ically the renormalization factor has the form

q)renor. (M7 C) - Z[}\l/(/% C)Ril(C)(I)bare = Z(;‘l/<:u’7 C)Ril(C) (Cbare ® (Zsbare +.. ) s (37)

where in the last equality we inserted the bare small-b expansion. Here, Zyy is the ul-
traviolet renormalization factor, and R is the rapidity renormalization factor. We also
renormalize the collinear distribution and obtain

(I)renor.(ﬂy C) - Crenor.(,ua C7 ,U'OPE) 02y (brenon (,UOPE)7 (38)

where
Crenor.(/J/u C7 ,U'OPE) = Z(}\l/(/% g)Ril(C)Cbare & Z¢(HOPE)7 (39)

- 11 -



where Z is the renormalization factor for the collinear distribution ¢. The function Cienor.
is finite.

To regularize divergences we use the combination of dimensional regularization and
0-regularization (for rapidity divergences), which has been used in many TMD-related
computations (see e.g. refs. [13, 55, 57]). Collecting expressions for the LO renormalization
factors [40, 58], we derive the following pocket formula for the renormalization of the NLO

2eeVEY - EC [(—e) | Ly—1-+21 N o
7] 1 F 6) b—le+2In ot w( 6) YE

2 3421 s
o (3T g

€ €

coefficient functions

CNLO — N26667ECNLO+

renorm bare

co, (3.10)

where the factors u?¢e“’® are the usual factors of the MS-scheme, 6% is the parameter of
the d-regularization, e is the parameter of the dimensional regularization (d = 4 — 2¢), and
H is the LO evolution kernel for the corresponding collinear distribution. The cancellation
of divergences in this combination is a very sensitive check of the computation.

3.3 Treatment of ~5

The ~° matrix requires an additional treatment in dimensional regularization. In our
computation we use the “Larin+”-scheme introduced in ref. [12]. This is based on the
four-dimensional identity

("
e 565& AR (3.11)

The anti-symmetric tensor e‘{f’ is generalized to an arbitrary number of dimensions by

means of the identity

H1p2 Vive 1Vl H2V2 MH1V2  H2V1
ep el =gt gt — gt gt (3.12)

This generalization is different from the ordinary Larin-scheme? [59]. The “Larin+"-scheme
is preferable to the Larin-scheme, because it preserves the TMD-twist of an operator [12,
37], and consequently, the structure of its divergences.

The generalization of the 4° matrix to d-dimensions could also involve a multiplication
by scheme-dependent factor Zs. However, there is no necessity to introduce such factor
for the TMD operators, because their renormalization is independent on the I'-structure
(as long as it preserves the TMD-twist). The factor Z5 in the “Larin+4”-scheme has been
computed in ref. [12] demanding the equality between helicity and unpolarized coefficient
functions,

Zs © C="") = cll=n], (3.13)

a<q

Unfortunately, up to now, no accurate generalization of this scheme to the twist-three case
exists.

In the Larin scheme, one uses the identity y™7° = ie™**?y,7,7,/3!, and defines the 4-indices e***
using the identity e/1#2H3R4VIV2VEVE — _ g1 gh2V2 ghtsvs gitava - Therefore, the Larin-scheme treats
all directions of the space-time on equal foot, whereas “Larin+"-scheme (3.11) specifically identifies two
light-cone directions.

- 12 —



In this work, we use the following procedure, which allows us to (partially) by-pass the
problems associated with the definition of 4°. First of all, we note that the problem exists

only for the worm-gear-T function gip. For the chiral-odd operators with I' = ig®T~?,
the ~°-factor is illusory since io®t+® = —e%ﬁ o34. The twist-two part of the function

gir can be computed using the standard definition. For the twist-three part of g17, we
distinguish quark and gluon contributions. For the pure quark contributions we use an
anti-commuting v° (which is equivalent to implementing condition (3.13)). For the gluon
contributions (diagrams G and H) we compute the trace using (3.11) and (3.12).

The result of this procedure (at NLO for the coefficient function) is equivalent to
an MS twist-two computation. The deviations arrears at term suppressed by e and at
NNLO. It is straightforward to proof that the current scheme is equivalent at NLO to the
't Hooft-Veltman-Breitenlohner-Maison [60, 61] scheme.

3.4 Twist-decomposition of the F, D, F,  operator

The diagrams A, B, and G result in two-point operators of generic twist-three. Such
operators must be rewritten in terms of definite-twist-2 and -3 operators, which can be
accomplished by using Dirac algebra and equations of motion.

For the diagrams A and B, these operators have the form g(zn)[zn,0]I'rq(0) where
I € {y#,v#+°, 0} (with u and v being transverse indices), and g(zn)[zn, 0]+ D,q(0).
The decomposition of such operators can be found in the literature, e.g. in refs. [7, 16, 33].
A typical relation has the form

{p, S|q(zn)[zn, 0]y*~+°q(0)|p, S) = 2s5.M /_11 dze™ gp(x) (3.14)

= 2ot ( [ dagi(Q)+2¢* [ da ["a555* (¢, 56,0)).

where ( = zpy, a=1—qa, and ¢ and §+ are Fourier transformations of the correspond-
ing collinear distributions (B.1), (B.2). The first term in eq. (3.14) gives the celebrated
Wandzura-Wilczek relation [62].

For the diagram G the operator is O**¥(z) which comes from the expansion in b of the
leading-twist gluon TMD operator

QM (2) = F** (zn + b)[zn, +oon] D [+oon, 0] F** (0) (3.15)

where all indices are transverse and the sign 4+ depends on the process. We have not found
the decomposition of this operator in the literature and, therefore, perform it here.

To derive the decomposition, we have used the technique based on the spinor-helicity
formalism developed in ref. [7]. This formalism yields in a natural way the result written
as Fourier transformation of the momentum space representation. The operator Q** has
twist-two and twist-three parts

O (2) = (0" (2)]tw2 + [0#* (2)]tws- (3.16)
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For the twist-two part we found

(P, S|[O" (2)] w2 [P, S) = MFDFWQ(Z) (3.17)
el s
_ 2(1_7“6){1]”26 / da / dye P (apty) 2 AL, (y),  (3.18)

where Af, is the gluon-helicity distribution (2.20). The twist-three term contains three
tensor structures,

(p, S| [0 (2)) 13 |Ps S) = th™ M FDFS™3(2) + ti* M FDFY(2) + t§*" M FDF§™(2),

(3.19)
where
FDF3"™ (2) = Fipin /11 dyFy (—y,0,y)e""+?,
FDFZWS(Z) = :Fipiﬂ' /_11 dij(—y,O,y)eiymz,
FDF§™(2) = /[dx] (21, 0, 73) /01 du (3901;;2903 wlem e E Z;’uQei“$3p+z>
2 2

1 .
+p12/[dx]2Tq($1,$2,w3)/0 duu2e P+7ur2
q

with ¢g© = (2F) + F;" + F§). The tensors t"” and functions Fy 4 are defined in
eqs. (2.30), (2.31), (2.32). The last term in FDF§"3 is a consequence of the QCD equations
of motion, and gives the singlet-quark contribution. (Note the sum over all active flavors.)
The signs F depend on the defining process, and are “-”(“+4”) for SIDIS (Drell-Yan).

4 Results

In this section, we present the results for Sivers, Boer-Mulders and worm-gear TMDs in
the small-b regime at NLO. The expression for the Sivers function has been computed
in ref. [22]. In this paper, we have re-evaluated it as cross-check and present it here for
completeness. The intermediate results of our computation, which could be interesting for
theoretical investigations, are presented in appendix B.

In the formulas presented below we employ the notation for the logarithms defined
in eq. (2.12). The bar-variables are &« = 1 —a, y = 1 — y, etc. The color factors are
Cr = (N2 —1)/2N,, C4 = N,. For simplicity of presentation, we use the delta-function
form of the Mellin convolution

1 1 B f1@f<g ), x>0,
[1dy/0 dad(z — ay) f(a,y) = {f_x dyyf(f,— ),x<0. (4.1)

The “plus”-distribution is defined as usual

() = f(o) ~8(@) [ asf( (42)
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For all distributions the NLO expression has the following general form

2

F(z,b;p,¢) = FO(z) + GS{CF (Lg + 2Ly); + 3Ly — 7;) FO () (4.3)

—2L,H @ FO(z) + FV (x)} +0(az, %),

where F©) is the tree-level expression, F' (1)(:1:) is the finite part of the coefficient function,
and H® F©) contains the evolution kernel for the corresponding distribution,

2 dF O (z)

i 2a,H @ FO(z). (4.4)

The parts proportional to the logarithms follow from the evolution equa-
tions (2.10), (2.21), (2.34). In each case, we found agreement between our results
and the known evolution equations, see appendix A.

For practical applications, it is convenient to use the so-called optimal TMDs [24, 63].
They are defined at ¢ = ((b, u), where ((b, 1) is a null-evolution curve that passes through
the saddle point of (yr, D)-field [63]. To receive the coefficient function for optimal TMDs
at NLO, it is enough to set 1 according to

— L + 2Lyl¢ + 3Ly, = 0. (4.5)

Note, that the remaining dependence on p is compensated by the evolution of collinear
PDF, and thus the remaining p is the scale of OPE popg.
4.1 Sivers function fﬁq

The NLO expression for the Sivers function reads

2
flLTﬂ(x,b;;L,() = :|:7TTq(x,O,$):|:7ras{C'F <L§+2Lbl<+3Lb 72}) Ty(—z,0,z) (4.6)

—2LbH®Tq(—x,0,x)+5ff‘T(:L")} +0(a?,b?).
The finite part is

1 1
61 (z) = /_1 dy/0 dad(z — ay) (4.7)

C _ Jaa G (—y,0,y) + G_(—y,0,
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The action of the evolution kernel on the function T'(—z, 0, z) is

1 1
H®Tq(—x,0,x):/ dy/ dad(z—ay) (4.8)
-1 " Jo
C 1+a?
X{ <CF_ 2A> (]_—Oé) Tq(_yvoay)+(2a_1)+Tq(_m7yax_y) —ATq(—I‘,y,JZ‘—y)
+

Cal/1
+2A|:<1_'_Oé> Tq(—x,m—y,y)—|—ATq(—x,m—y,y)}
L1200 G4 (=9,0,9) + Y5 (—=9,0,9) + G (—y,0,y) + Y_(=y,0,y) }
4 y ’

The choice of the sign + is related to the process. For the case of Drell-Yan definition the
“4” sign should be taken. For the case of SIDIS definition “—” sign should be taken.

In the present form, the NLO matching for the Sivers function (4.6) has been first
computed in ref. [22]. The logarithmic part (4.8) has been derived in ref. [64]. The quark
and gluon contributions to the finite part (4.7) were derived earlier in [32] and [21], re-
spectively, performing fixed-order computations for the SSA cross-sections. The detailed
comparison of (4.6) with earlier work is given in ref. [22]. In this contribution we have
reproduced the results of [22] which served us as a check of our computation.

4.2 Worm-gear-T function g1

The expression for the worm-gear-T function is the most cumbersome in this work. It is
convenient to split it into twist-two and twist-three contributions

17, (2, b3 11, C) = 9V (2, b5 1, ) + 917 (2, bi 11, ). (4.9)
The twist-two part is convenient to present in the form
a0 = [ Lo, (D)ot + e, (D) anw]. @)
where
Cf"r_ﬁ?qeq(x) = 1+asCp | —Lj +2Lyl; — 2Ly (—Z+2InZ —Inx) — 22 — 2Inz — 7: +0(a?),
o2 (x) = % [—2Ly(22 +Inx) + 22 +Inz] + O(a2). (4.11)

These expressions can be used as the Wandzura-Wilczek approximation for the worm-gear-
T function. The logarithmic part of eq. (4.10) coincides with the one predicted by evolution
equations for helicity distributions (see e.g. [65]).

The twist-three part is complicated. We split it into a number of terms

2 W
g%?q(:c,b;u,o=g§(¥;gw?’<x>+as{oF (—L%+2Lb1<+3Lb—6 oty @) (112)

~2L, (szs +Hg + > HY ) © g7 0 (@) + dgys (@) + 6gG<:c>} +O(a2,b?).
q/
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We emphasize that the singlet-quark contribution to the finite part vanishes.
At the tree-level

W 1 AT, T — AT
’ 0 Y3 2y2y3

where (y; ;1) is a shorthand notation for (y;,y;,yx). In this form the expression (4.13) has
been derived in ref. [16]. The same result (but in a different basis) has been also derived
in ref. [15].

The finite parts for eq. (4.12) are

Sens(x) = 2/[dy]/01da{ (CF—CA) (—O‘T+ MAT) 5(z— ays)

2 Y3 Y3
alno Ca\ ays
o —ays) | [~ (o= CA )T (4.14)
Y2 2 ) ny2
oy o- o 2
N (CFalnoz(yg 22y3) 200y3 N (CF—CA> (oz(l 2a)ys3 n 2a 2y3>> AT] }?
3 2 Y1y2 Y2
1
dga(e) = [ldy] [ dasa—ap) (4.15)
y {a(lna—Qa) <G+(y1,2,3) —4Y, (y2,3,1) +2Y+(3/2,3,1) —2Y+(y3,1,2)>
Y2Y3 Y3
Y. -Y Y.
o (8 " (y2,31) ' +(ys,1,2)_18 +(y2,3,1)>
Ys Y2Y3
+a (1 - :a) —G4(Y1,23) +G=(Y1,2,3) +2Y4 (Y1,2,3) +2Y-(y1,2,3) },
Y1y2

where we use the shortened notation T' = T4(y1,v2,y3), AT = ATy(y1,y2,y3) for the
quark-gluon-quark distributions. Notice that the singlet quark contribution (summed over
flavors) does not appear in the finite part. The logarithmic parts are

Hys ®gi7, (x) = / [dy] / 1da{6<xay3> (4.16)

1 NN /T-AT AT AT
X 2xCF{ <2+alna+21na)< +>}

2y2y3 Y3 Y3
2—a)T —(4— AT T—(1-2a)AT
(o) o
2 1

2

+Q4{<aa—2_ 1 )(T—AT—?ygAT)—ﬂl—Qa)ygA;r}
2 Y2 T+ Y2 Y3

+d(z—ay2) (C _CA> (—a+@2y2> T+ (1-2a)AT

2 Y3 T+
Ca\ 1 Qys3
o —yo—ays) (Op—"A) = T+ (14229 ) ar| |,
2 )y Y2
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w 1 aaY. -Y.
IHIG@Q%OT),’; 3(56) = —/[dy]/o daé(x—ocyg){ +(W2a1) = Ve (y31.2) (4.17)

2 Y2y3
G —2Y. Y -Y
+a(2&+lna)< +(y1,2,3) +(3/2,3,1)+ +(y2,31) ! +(y3,1,2)>
Y293 Y3
I Gi(y123)—G-(y123) a(l-3a)Yy(ys1,2)—Y-(ys,1,2)
4 Y12 2 Y12

+07(1 —20) Y (y2,31) = Y4 (y3,1,2) — Y- (y2,31) + Y- (y3,1.2)

2 y% ’

H? 1,(0),tw3 —9(d ld 5 - 1 Tq’(ylay%yi’») 41
s a1, (x) =2 [[dy] | da (z—ay2)(aa+a HQ)T, (4.18)

where we use the shortened notation T' = Tg(y1,vy2,y3), AT = ATy(y1,y2,y3) for the
quark-gluon-quark distributions, and (y; ;) = (¥, ¥, yx) for three-gluon distributions. To
simplify these expressions we have used the symmetry relations (2.26) and (2.33).

The logarithmic part coincides with the prediction given by the renormalization group
equation [51, 64] (see appendix A). It provides a strong check of our computation. The com-
parison has been made in position space (see appendix B). The integrands of eqs. (4.14)—
(4.18) are finite for y; — 0. Also, we observed the cancelation of various undesirable
terms such as In? o and In & /o that appear in the individual diagrams. Altogether, these
observations provide extra confidence in the result.

4.3 Boer-Mulders function h{-

The Boer-Mulders function is in many aspects similar to the Sivers function, which is a
consequence of their T-oddness. We have

2
hlL,q(x, b; Ky C) = :FT('Eq(—.CL‘, O,CU) + WGS{CF <_L12) + 2Lb1C + 3Ly — 7;) Eq(_‘r707$)

2LbH®Eq(x,0,x)} + O(a?,b?). (4.19)

where the F identifies the process under consideration. For DY (SIDIS) the upper (lower)
sign should be taken. For the Boer-Mulders function, we have found that the finite part
(besides the 72 /6 contribution), exactly vanishes, i.e.:

Shy (z) =0 (4.20)
For the evolution kernel, we have

Cr 1

H® Ey(—x,0,z) = —7Eq(—x,0,1:) +/ da/dyé(x —ay) (4.21)
0

Cx Q@ _ E,(—z, 2 —y,y)
2 - — E,(— —aFE,(— — 1 ’ . .
><{ (C 2) (1_a>+ o(=9,0,y) — aBy(—z,y,x y)}“‘CA —a), }

In general the expression for the Boer-Mulders function has the simplest form among all
TMD distributions that match twist-three operators. The expression for the evolution ker-
nel agrees with the general kernel for the twist-three functions [35, 51], see also appendix A.
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: 1
4.4 Worm-gear-L function hyy

It is convenient to split the expression for the worm-gear-L function into twist-two and
twist-three contributions

Mg g, b, €)= Mgty (. bi o, Q) + Mgy (0, b o, €). (4.22)
The twist-two part can be written in the form
W d W T
0 = —a* [ Lot (2) ), (123

where

2

CJ_,tWQ (I) =14+ CLSCF [_Lz + 2Lb1C — 4Lb (lnx —In 57) — % + 0(&?),

1L,q<—q

These expressions can be used as the Wandzura-Wilczek-like approximation for the worm-
gear-L function. The logarithmic part of eq. (4.23) coincides with the one predicted by
evolution equations for transversity distributions (see e.g. [66]). The finite part contains
only the trivial contribution 72/6. The non-trivial part vanishes (see the diagram B in
section B.3).

The twist-three part is

W, W 7T2 W,
I s 1, ) = by O ) + as{CF (-Lg + 2Lyle + 3Ly, — 6) O (@)

2L H @ A0 () + 6h(x)} +0@a2,b%).  (4.24)

At tree-level it is

WO (2) = —20 / da / dylad(z — ays)H, (yl,yz,ys)y?’y _ij (4.25)
2

This expression has been derived in refs. [15, 16]. Note that the integral is finite for yo — 0,
since H(—y,0,y) = 0.
The finite and logarithmic parts of the twist-three expression are

sta(a) = 4 [ dylH, (1, 2,10) (4.26)

x{/olda { <CF— C2A> ad (MC_O@Q) - 5(x_ay3)> +%a(ay2 +ay3)5(5"’;;‘y3)}

Y3 Y1 2

+/01da/01d5x—10—6y1 <C’A5(gg+ay1 +afys) — (CF—C;A> 6(x+ay1+a[3y3)> }

He iy )" @) =2 [ [dg)Hy (. 92.90) (427)
! 3 _ Ys — Y2
X daCraz | - +2Ina—2na | =—5——=6(r —ays)
0 2 Yays
alyp—x Ca
/da/ dﬁ <5($+ay1+aﬁy2) (C’ —>5($+ay1+aﬁy3)) )
2(x+y1) 2
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The double-integrals in the last lines of these equations can be integrated over one of the
variables, but the resulting expressions have a complicated form.

5 Conclusion

We have computed the leading small-b asymptotics for Sivers (fi%), Boer-Mulders (h{)
and worm-gear functions (g1 and hi;) at NLO in perturbation theory. These functions
are expressed in terms of twist-two and twist-three collinear distributions. The computa-
tion is performed using the well-established background-field method, which was also used
for similar computations in refs. [22, 34, 35]. The result is presented both in position (ap-
pendix B) and momentum-fraction (section 4) space. The logarithmic parts of the obtained
expressions agree with the predictions of the renormalization group equations. The result
for the Sivers function coincides with the one computed in ref. [22].

With the results of this work the knowledge of small-b expressions for TMDs of leading
twist is complete at NLO (or even higher, see refs. [9, 10]). The only distribution for which
this is still missing is pretzelosity that has leading twist-four contributions at small-b [7].
In the transverse momentum space the computed expressions corresponds to the large
momentum asymptotic of TMDs.

The perturbative expansions for the Sivers and Boer-Mulders functions on one side and
the worm-gear functions on the other side are drastically different, which is a consequence
of the T-parity properties of these functions. So, the Sivers and Boer-Mulders at LO
have the Qiu-Sterman form of quark-anti-quark correlators with a null-momentum gluon
field [67] T'(—z,0,z) and E(—=x,0,x). The NLO expressions for these distributions contain
only twist-three distributions and are relatively simple (in particular, the finite part of the
Boer-Mulders function is trivial (4.20)). The global sign of the small-b expression depends
on the orientation of the gauge link.

In contrast, the worm-gear functions have involved forms. Already at LO, they are
expressed by convolution integrals of twist-two and twist-three distributions, which lead
to bulky NLO expressions. The expression for the worm-gear-T distribution is especially
cumbersome, since it contains mixtures with a three-gluon correlator and a singlet-quark
contribution. Unfortunately, we have not found any significant simplifications for these dis-
tributions. At the moment, the most practically important result for worm-gear functions
is the part proportional to twist-two distributions, because it can be used as an approxi-
mation for these functions (Wandzura-Wilczek-like approximation). The goodness of such
an approximation is difficult to establish at the moment. It remains, however, a useful one
given the currently available data.

The derived NLO expressions are important for the phenomenology of TMDs and twist-
three distributions. They provide the leading logarithmic terms, and thus allow to properly
include QCD evolution effects in the data analysis. This will be definitely important for
the next-generation of high-precision polarized experiments such as EIC [68].
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A Evolution equations for twist-three collinear distributions

In this appendix, we collect the expressions for the LO evolution kernels of twist-three
distributions F'. The expressions are given in position space where they are more compact
and which we used for the checks of our computations.

The evolution equations in position space have the form

d = ~
u2d?F(c1, (2, C3) = 2a5[H & F](C1, 2, C3), (A1)
where H is an integral operator. The derivation and original expressions for the kernels
can be found in refs. [33, 51]. The momentum space expressions are much longer. They
can be found (in parts) in refs. [36, 52, 64].
The evolution kernel for the quark-gluon-quark chiral-even operators has three flavor
contributions
H® Fy) = [Hys ® F] + [He ® Fy] + > _[HE @ Fy, (A.2)
q/
where ¢ labels the flavor of the quark field, and we omit the arguments (z1, 22, 23) in each
term. The non-singlet part for the function St reads

[Hnvs ©S4](C o Ca) (A.3)
_Ca 1 [T (GG, G) + A8 (Cr. Ca Gh) + @75 (G151, G) +a°57 (1,55, G3)
2 Jo (a)+

+2 /Oa dﬁgg—‘r(Cla% CQBM CB)]

Ca) [t (@St (Cfs G, Gs) +aST (GG C8)
o) el oF

o R 1 . 3 R
+ [ 85 (€ oG =2 [ dBBSH(Chy GhhoG) |+ 5Cr S (Grn o)

_d§+(C17C:?27C3)

where
a=1l-a,  §j=Gat(a

The gluon mixing (also for the S+ function) is
[He @57 (21,22, 23) (A.4)
1 & 1 1 _
=—ita-G)| [ do [ 450 -a-p+208)(g"+97)+ [ d [ asab(—g"+97)|
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where
g5 = 25 (¢, G G5 + EiE (€, Con CB)) + B (C5s, Cor B, (A.5)

with ﬁ17273 being defined in eq. (2.31), (2.32). Finally, the mixture with the quark-gluon-
quark operators (of all active flavors including the original one) is

— 1 —
HY, © §+](C1, Gy C3) = /0 do 0GB (8, o, (). (A.6)

This contribution appears via the QCD equation of motion in the diagrams with external
“bad” components of gluon fields (see e.g. [69]).
The evolution kernel of the chiral-odd functions is

[H®ﬁ}(C1aC27C3) R R R R (A?)
_ G M {@F(C&, G2, G3) + GF (G o G8y) + G F (G, 651, G) + G2 F (G, G55 )
2 Jo )t

(
+2 [ a5 (F(Cty G o) + (G, 6B ) |
+ <C’F — CA) /01 da{aﬁ(c%” G2, ngoj;rﬁ@l’ (2, C5h)

1 _ o~ ~ ~
=2 [ 483 (PGt G Go) + PG 6B ) | + 5CPF (G116 ),

[0}

where F stands for H or E. Note, that the equation can be simplified for each case using
(anti)symmetry of the functions F(H).

B Intermediate expressions in position space

In this appendix we provide the full set of expressions in position space obtained by eval-
uating the diagrams with the background field method. For the twist-two distributions,
Fe{fi,g1, M, fg, Afy} we define

F(¢) = / dze™™ F(z). (B.1)
-1
For the twist-three distributions F' € {Si, T,AT,H,E,G,Y} we define
F(G.6.G) = /[dx]e_i@m“ﬂﬁ@%)F(ﬂﬁl,3?271‘3); (B.2)

being [dx] = dx1dzadxsd(x1 + x2 + x3). In position space the collinear distributions satisfy
translation invariance

F(i+7,G+7G+1)=F(Q,G, ). (B.3)

In the following formulas, we have used this relation together with the symmetry relations
to simplify expressions.
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In the following we use the notation [dadfd~y] to denote the integral over the simplex
of Feynman variables, i.e.

/[dadﬁd’y] = /01 fe! /01 g /01 dv6(1—a—F—7) (B.4)

We present the results for both SIDIS- and DY-like TMDs. For this reason, it is convenient
to introduce L as

I— 400 SIDIS-like process,
—oo DY-like process.

For all diagrams we show the contribution to a particular TMD. For example, for g1 we
extract the coefficient of (b- s7), and divide it by M.

B.1 Worm-gear-T function gir

Diagrams A and B are most conveniently written in terms of the tree level expressions for
the matching of the worm-gear function g7 and for the function gp. In position space
they are:

1 0 -L ~
70 = ¢ (30 + dﬁal(ﬂo)ﬂ'( [ df) §4(¢m0)
+i¢ [ldadsd] (265 (a, BO) +25* (¢, 8¢, 0)) (B.6)
1 ~
91(0) = [ dagi(a) +2¢* [ (dadBar}85* (ac. 5C.0).
0

We use the distributions S, T, AT to present the results. These satisfy the following
relations

T(61,¢G) = T(=Gay—Co,—C1)y  AT(C1yC,G3) = —AT(—Ca,—Co,—C1), (B.7)
25%(C1,60,G3) = —T(C1,Co,G3) £AT(C1,C2,G)y ST(C1,Co,C3) =5 (—C3,—C2,—C1)  (B.8)
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On a diagram by diagram basis, we have for g;7:

A" = 20,0pBT() | 1da(if‘)+ F(a0)—26(a) (140G (@C), (B.9)
B = 2a,(1—€)T(—¢)CpB° / do 2063155 (aC)+(1-20) L (?O, (B.10)
CH+C* = ias (CF—CA) (—€)B /dadﬂd’y [/ dr— / dT‘| (B.11)

X{2gAAT(ﬂ<;T—aC;0)
~(25-1) AT (csatr—010) 47 (Lot <>;0)},
D+D* = —zaS—F </ dr— / dT)/dadBd’y] (B.12)

<| (1425 ATl 4T (¢Lralc=r).0

b
3

—iasD(—€) B¢ (CF—C;A> / [dadfdy] ( /L " /0 _Ldr> (B.13)

X [(1—6)(1—4V)Z\T(aC;T—ﬁC;0)—(1+6)f(aé;7—56;0)] ,

+2 fT(ﬂ‘c,rmc,O)l,

E+E*

F = —2wS%F( 6)(1—¢) B° / [dadBdv)3 ( /L Y- /O _LdT> AT(BCr+a(,0), (B.14)

G = iasI'(—€)B /dal <2a 1- 2a) (/ dr— / dT)FDFtW2(T+aC)

+(1-2€)a(2a—1—2¢a) ( / OdT— / _LdT> FDF (74+a() (B.15)

12204 (/dT/ dT)(/dO’/ da) (c+a(,T,0)
—2(1-2¢) (/LOdT—/OLdT> aaf(0,7+ac,0)] :

For diagram H, we present the result using light-cone gauge for the background fields,
which allows us to write

Al(z) = — /LO dr P (1 + 2). (B.16)

For more details on this relation, we refer to ref. [36]. Also, to present the result in a
compact form, we define 0; 23 as derivatives acting only on A, A” and A7, respectively.
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We obtain:
_ gasI'(—€)B°
4i(b-sp) M
ib7 (0 —0F )€l (7¢O —pCOy —1)

[dadBdydp)(d*PC+ifABC) (PIAY(BC) AR ((B+7) ) AL(aC)|P) (B.17)

b e (1(27 = 1) )2 +p(2p—1)C(D5 )2 =890 +8p05 — 0} 0 C(4yp——p)+40] +05 )
—ibes? (3(27=1)C(OF )2+ p(2p—1)C(05 ) =807 +8p0f — 0} 05 C(4yp——p) — 405 — 05 )

b
9 (oo 0F —cor o +0f 20} ) +4e0 - )

b
(uaOﬁﬁgag—qfafaj+8;—28f)+4d§'&2>

+ier’by (g”” (V<o 05 —pCof 05 —o5 ) +4e 8+b ’ ) (B.18)

+ie’:ﬁpbp
b

—I-ZeT

The factor i(b - sp)M comes from the definition of ¢g17((,b). Expanding the result for
diagram H and writing it in terms of distributions is most conveniently done using directly
the momentum space representation.

B.2 Boer-Mulders function hi‘

The Boer-Mulders function is similar to the Sivers function. It has only a twist-3 contri-
bution. Specifically we have

~ —L N
hi_,tree(g) _ _;A dTE(C,T, 0)- (B.19)

The function F((1, (2, (3) obeys the symmetry relation

E(G,C2,Gs) = E(—C3, —Ca, —(1) (B.20)

In this expression, it is trivial to see that, passing from SIDIS-like processes to DY-like
processes, the function changes sign.
For the individual diagrams, we have

A+Af—mm%BT@q/2m<%)<ﬁfm%mya&@u+Mﬁfm%@%
0 (6 2y

B = 4a,CrI'(1 — e)Be/daad}Azf‘(aC),
C + C* = 2a,I'(—¢) (C’F — > B€/ da/ dT aE(T (s )—aE’(aC,T,O)),
D + D* = 2a,T(—¢)B %{ﬂ@ﬂ%v/ dr

[ BE(CQ—)CTO ) jE(C@—)CTO ) E(aC7<f§70)‘|7

* Ca € _ [k )
E+ FE* =2a,(Cr— - I'(l—-¢)B / do aa/ drE(a(;T;0),
F = 2(15—F 1—¢) / do aa/ drE(ag,T,0). (B.21)
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It is straightforward to convince oneself that the sum B + E + E* + F vanishes identically.
Therefore, the only non-zero contribution is to the pole part.

: 1
B.3 Worm-gear-L function hj;

The worm-gear function hf‘L behaves similar to the worm-gear function gi7, but has no
gluon contributions. Specifically, one has both twist-two and twist-three tree-level match-
ing:

N ree 1 1 o - . 1 =
0 = (2 | daah(ac) - h1(<>) +ic [ dBpAC 560
N ; 0 —L .
—i¢ [ dadsar26*(aC, 6¢,0) - 5 ( [ o= dr) A(¢,7,0),
1 . —~
hr(¢) =2 /0 daahy () + 2¢3 / [dadBdy|6%H (al, B¢, 0), (B.22)

where the function H obeys the symmetry relation

ﬁ(Cb CQ? 43) = —ﬁ(—Cg’ —<2a —Cl) (B23)

For individual diagrams, we find:

A+ A* = 20,CpBT(—€) / do (i‘j‘) 5T (00) = 26(a) (14 Mg )R L2 (),
0 +

B = —2a,CpT'(1—¢)B /da 2aathree( ¢)—(1-2a) (?C),

C+C* = —ia,T(— )(CF—C;A> B€p+/[dad5dﬂ [/Lodf—/o_LdT]
< [P35 7 =00 +2 3 F(C (= 0.0) =26 (ol =0).0).
D+ D* = mSC—B6 I'(—e /dadﬁd7 / dr — / d’]’)

X{ <2/6O? _2€> FI(CCBT77<<_T)7O)+2§ﬁ(6<’7—+a€’0>}’

E+ E* = 2ia, (CF - C;‘) I'(1—€)B° (B.24)

x /[dadﬁdﬂ (/LO dT—/_L d7> (2y—14¢)H(al,m— BC,0),

F = —22'1“(1—6)@5%4B€/ [dadpdy] B </ dr — / dT) (B¢, T +ac,0). (B.25)

It is interesting to observe that after substitution of (B.22) the twist-two part of the diagram
B vanishes. It leads to a trivial finite part for the twist-two contribution.
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