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DELIGNE’S CONJECTURE ON THE CRITICAL VALUES OF HECKE
L-FUNCTIONS

HAN-UNG KUFNER

Abstract. We give a proof of Deligne’s conjecture on the critical values of L-functions for
arbitrary algebraic Hecke characters. This is achieved by following the general strategy of
the proof in the CM-case due to Blasius, [Bla86], and making use of the recently constructed
Eisenstein-Kronecker classes of Kings-Sprang [KS19].
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Introduction

Let χ be an algebraic Hecke character of a number field L and of conductor dividing f. Let T
denote the number field generated by the values of χ. For every embedding ι : T ↪→ C, one can
consider the Dirichlet series

L(χι, s) =
∑

06=a⊂OL
(f,a)=1

(ι ◦ χ)(a)

Nas
,

which converges for any s ∈ C with sufficiently large real part and defines a holomorphic function
on its domain of convergence. Let L(χ, s) := (L(χι, s))ι denote the T ⊗C ∼= CHom(T,C)-valued
L-function. The function L(χ, s) admits a meromorphic continuation and satisfies a functional
equation. We say that χ is critical if the Γ-factors on both sides of the functional equation have
no pole at s = 0. For critical values to exist, it is necessary that L is either totally real or contains
a CM-field.

For every algebraic Hecke character χ there exists a motive M(χ) (for absolute Hodge cycles
and generated by abelian varieties and Artin motives) defined over L with coefficients in T whose
associated L-function coincides with L(χ, s). Let RM(χ) denote the restriction of scalars ofM(χ)
from L to Q, RM(χ)+

B the subspace in the Betti realization fixed by the involution induced by
complex conjugation and let F • denote the Hodge filtration. If χ is critical, the composite

I+ : RM(χ)+
B ⊗C ⊂ RM(χ)B ⊗C

I−1
∞−−→ RM(χ)dR ⊗C→ RM(χ)dR/F

0RM(χ)dR ⊗C,

1
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where I∞ denotes the comparison isomorphism between the de Rham and the Betti realization,
is an isomorphism between finite free T ⊗C-modules. This allows to define a period

c+(χ) = det(I+) ∈ (T ⊗C)×,

where the determinant is calculated with respect to bases of the T -vector spaces RM(χ)+
B and

RM(χ)dR/F
0RM(χ)dR. Note that c+(χ) is only well-defined up to a factor in T×. The goal

of this thesis is to show the following theorem, which verifies a conjecture of Deligne ([Del79],
Conjecture 2.8) for the motive M(χ):

Theorem (Deligne conjecture for χ, Theorem 11.7). Let L and T be number fields. Let χ be a
critical algebraic Hecke character of L with values in T . Then L(χ, 0) coincides with c+(χ) up
to a factor in T .

In the case where L is totally real, the above result follows from the work of Euler, Siegel,
[Sie37], and Klingen, [Kli62]. When L is an imaginary quadratic field, Damerell, [Dam70], showed
that the critical L-values agree with certain periods of CM elliptic curves up to an algebraic num-
ber. Deligne’s conjecture was settled in the imaginary quadratic case by Goldstein-Schappacher
in [GS81] and [GS83]. If L is a CM-field, algebraicity results were obtained by Shimura, [Shi75],
and Katz, [Kat78]. It was shown by Deligne, [Del79], that the results of Shimura are compatible
with his conjecture. In [Bla86], Blasius was able to prove Deligne’s conjecture for algebraic Hecke
characters of CM-fields. If L contains an imaginary quadratic number field, algebraicity results
have previously been obtained by Colmez, [Col89], and more recently by Bergeron-Charollois-
Garcia, [BCG23]. For arbitrary number fields L containing a CM-field, Kings-Sprang, [KS19],
were able to relate the L-value L(χ, 0) to periods of abelian varieties with complex multiplica-
tion by L up to an algebraic integer. This allowed them to establish Deligne’s conjecture up
to a factor in T ⊗Q. Central to their approach is a novel construction of equivariant coherent
cohomology classes attached to CM abelian varieties. For arbitrary L containing a CM-field
K, Deligne’s conjecture was announced by Harder-Schappacher, [HS85], but details were never
published. Roughly speaking, the strategy outlined in loc. cit. is to use results on the Eisenstein
cohomology for GLn, where n = [L : K], to show that the ratio L(χ, 0)/L(χ|A×K , 0) behaves
exactly like the corresponding ratio between the c+-periods. This would reduce the general case
to the CM-case established by Blasius. For n = 2, the necessary theory is developed in [Har87]
and in this case one obtains unconditional results.

In our approach we combine the strategy of Blasius used in [Bla86] but instead of Eisenstein
series on Hilbert modular varieties, which are only available in the CM-case, we make use of the
Eisenstein-Kronecker classes of Kings-Sprang, [KS19], which allow for a cohomological interpre-
tation of the value L(χ, 0) for Hecke characters χ of arbitrary totally imaginary fields. We also
rely on ideas of Goldstein-Schappacher developed in [GS81].

Outline of the argument. Let us first give a quick summary of the proof presented in this
thesis, before we give a slightly more detailed sketch. Let L be a totally imaginary number con-
taining a CM-field and let χ be a critical algebraic Hecke character of L. The classes constructed
in [KS19], which allow to access L(χ, 0), live on abelian varieties with complex multiplication by
the field L. In contrast, the motive M(χ) has L as its field of definition: A prototypical example
for such a motive would be the h1 of a CM abelian variety defined over L. Thus, the question
arises, how to relate the motive M(χ) and the period c+(χ) to such abelian varieties with CM by
L. It is a seminal insight of Blasius how to establish this connection: From M(χ) he constructs
a motive M(Ξ), referred to as the reflex motive in the following, and recovers the period c+(χ)
(up to a factor in T×) in terms of another period of M(Ξ), which we call the reflex period for a
moment. The reflex motive M(Ξ) is defined over the reflex field of a certain CM-type of L and
the key point, as our notation already suggests, is that it is the motive for a Hecke character
Ξ, which essentially is obtained from χ by precomposing with the reflex norm. This makes it
possible to give an alternative construction of M(Ξ) in terms of an abelian variety with complex
multiplication by L. The construction shows that the Eisenstein-Kronecker classes of Kings-
Sprang naturally live in the de Rham realization M(Ξ)dR and they are admissible for computing
the reflex period. By giving an explicit presentation, in terms of the alternative construction of
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M(Ξ), of those Betti classes which are needed to calculate the reflex period and slightly extend-
ing results of Kings-Sprang, we show that the reflex period coincides with the L-value L(χ, 0).
Deligne’s conjecture then follows from Blasius’ period relation.

We now give a more detailed outline of the above argument. Let us fix the following notations:
For any number field L, we let JL denote the set of embeddings L ↪→ C and let IL denote the
free abelian group generated by JL. For any element µ =

∑
σ µ(σ)σ in IL we let d(µ) =

∑
σ µ(σ)

denote its degree. If ` ∈ L, we write `µ :=
∏
σ σ(`)µ(σ). Moreover, we let Lµ denote the number

field generated by the elements `µ for ` ∈ L. Let Lf denote the ring of finite adeles of L.

Blasius’ period relation. The condition that χ is critical can be entirely expressed in terms of its
infinity-type χa ∈ IL: There exists a CM-type Φ of L, induced from a CM subfield of L, such
that χa can be split up in the form

χa = β − α,
where α (resp. β) is supported on Φ (resp. Φ) and such that α(σ) ≥ 1 and β(σ) ≥ 0 for all σ ∈ Φ.
Let E denote the reflex field of (L,Φ) and Φ∗ denote the reflex CM-type of Φ. Then, Φ∗ gives
rise to a continuous homomorphism Φ∗ : E×f → L×f and we define a Hecke character (cf. (6.4))

Ξ = (χ ◦ Φ∗)−1‖·‖−d(β)εΦ : E×f → T×,

where ‖·‖ is the idele norm and εΦ is a certain sign character attached to Φ (cf. Definition 6.3).
Attached to Ξ there is a motiveM(Ξ) over E with coefficients in T . For any motive, let If denote
the comparison isomorphism between the Betti and the finite adelic realization. One can show
the following result about the existence of a certain basis of RM(Ξ)B :

Proposition (cf. Proposition 6.6). For any embedding η of E and any element τ ∈ Gal(Q/Q),
define the elements ξ(τ, η) ∈ T×f as in (6.5). There exists a system of T -basis elements aη ∈
M(Ξ)ηB such that

If (aη)τ = ξ(τ, η) · If (aτη).

The following theorem expresses the period c+(χ) in terms of the motive RM(Ξ). For every
embedding η of E let e(η) ∈ T ⊗ C denote the idempotent, which singles out the coordinates
indexed by the embeddings restricting to η under the identification T ⊗C ∼= CHom(T,C).

Theorem (Blasius, cf. Theorem 6.7). The subspace F d(α)+d(β)RM(Ξ)dR is a 1-dimensional T -
vector space. Let {aη} be a system as in the previous proposition. For any non-zero element
ω ∈ F d(α)+d(β)RM(Ξ)dR, one has

I∞(ω) = (2πi)d(β)c+(χ) ·
∑
η∈JE

e(η)aη mod T×.

We give an exposition on Blasius’ proof of this theorem in Appendix A. The result may be
seen as the starting point of our proof. It allows to shift the focus from the motive M(χ) to the
motive M(Ξ). We now explain how to give a more geometric construction of M(Ξ).

Relation to CM abelian varieties. Let F/E be a finite extension and A/F an abelian variety of
CM-type (L,Φ) with CM-character ψ : A×F → L×. The dual abelian variety A∨ canonically
acquires a CM-structure from A and has CM-character ψ. We assume that T contains Lα and
Lβ . Consider the algebraic Hecke character ψα : A×L → T× given by ψα(x) = ψ(x)α for x ∈ A×L ,
and similarly ψβ : A×L → T×. By comparing the infinity-types, it follows that for sufficiently
large F/E, one has

(0.1) Ξ ◦NF/E = ψαψβ .

Such an equality of Hecke characters should have a counterpart on the level of motives. By
definition, the motive h1(A) over F with coefficients in L is a motive for ψ. From this motive,
one can construct a motive h1(A)α for the Hecke character ψα by considering a suitable direct
summand in

Sym
d(α)
Q (RL/Qh

1(A)),

where RL/Q denotes restriction of coefficients (cf. Chapter 8). In the same way, one obtains
a motive h1(A∨)β for the Hecke character ψβ . Extending a method of Goldstein-Schappacher,
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[GS81], to motives (cf. Theorem 4.1), the above identity (0.1) allows to recoverM(Ξ) as a suitable
direct summand in

RF/E(h1(A)α ⊗T h1(A∨)β),

where RF/E denotes restriction of scalars (cf. Chapter 9).

Special values of L-functions. With the above construction of M(Ξ) at hand and in view of
Blasius’ theorem, the strategy is now as follows:

• Find a presentation for the special basis elements {aη | η ∈ JE} in terms of Betti classes
of the motive h1(A). This is done in Section 9.2 of Chapter 9.

• Construct an element in F d(α)+d(β)RM(Ξ)dR, which admits a relation to the L-values
L(χ, 0). This is provided by taking a suitable linear combination of the Eisenstein-
Kronecker classes constructed by Kings-Sprang, cf. Chapter 10 and the discussion below.

The construction of the basis elements aη roughly goes as follows: By construction of the
motive h1(A)α, one can canonically attach to every element γ ∈ h1

B(A) an element γα ∈ h1(A)αB .
For every embedding σ of F , we choose an L-basis γσ of h1

B(Aσ) and let γ∨σ ∈ h1
B(Aσ,∨) denote

dual basis with respect to the canonical pairing h1
B(Aσ)⊗h1

B(Aσ,∨)→ (2πi)−1L. Then, for every
η ∈ JE , one defines aη as the image of∑

σ∈JF,η

tσ · γασ ⊗ (γ∨σ )β ∈ RF/E(h1(A)α ⊗T h1(A∨)β)ηB

in M(Ξ)ηB . Here tσ ∈ T× is a certain factor depending on the choice of {γσ | σ ∈ JF }, cf.
Definition 9.4. Let us just remark that the tσ are similarly defined as the ξ(τ, η). The following
theorem shows that the elements aη constructed above are in fact suitable for applying Blasius’
theorem. Let us remark that the first part of the theorem is the more difficult one.

Theorem (cf. Theorem 9.6). The elements {aη}η∈JE form a system of basis elements of M(Ξ)ηB.
For any τ ∈ Gal(Q/Q), one has If (aη)τ = ξ(τ, η) · If (aτη).

As for the de Rham realization of M(Ξ)dR we have the following theorem, which is based on
results of Kings-Sprang:

Theorem (cf. Theorem 10.21 and Theorem 11.6). There is a class EK ∈ F d(α)+d(β)(h1(A)α ⊗
h1(A∨)β)dR such that

I∞(EKσ) = tσ · (2πi)d(β)e(σ|E) · L(χ, 0) · γασ ⊗ (γ∨σ )β.

As the de Rham realization of RM(Ξ)dR is just M(Ξ)dR regarded as a T -vector space, the
element EK gives rise to an element in RM(Ξ)dR which we denote by the same letter. By the
above theorem, we have

I∞,RM(Ξ)(EK) =
∑
σ∈JF

I∞(EKσ)

= (2πi)d(β) · L(χ, 0) ·
∑
η∈JE

e(η)aη,

and Blasius’ theorem then implies

L(χ, 0) = c+(χ) mod T×,

as desired.

Overview. Let us give a chapterwise overview of the thesis.

Chapter 1: Types. In this chapter, we recall basic constructions with what we call types. These
are simply elements in the free abelian group IL generated by the embeddings JL := Hom(L,C)
of a number field L. Later on, they will naturally arise as the infinity-types of algebraic Hecke
characters. We usually write such elements in the form µ =

∑
σ∈JL µ(σ)σ. There is an obvious

Galois action of GQ = Gal(Q/Q) on IL. If µ is a type, we define its field of values to be the fixed
field of the stabilizer {τ ∈ GQ | τµ = µ}. If K ⊂ L is a subfield and κ ∈ IK is a type on K, we
define its induced type InfL/K(κ) ∈ IL by InfL/K(κ)(σ) = κ(σ|K) for all σ ∈ JL. We show that
for any type µ ∈ IL there exists a unique minimal subfield, the minimal field of definition, from
which µ is induced. For a given type µ ∈ IL, we define the reflex type µ∗, which is defined on the
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field of values Lµ, and show some basic properties. This construction plays an important role
since the Hodge structure of a motive attached to a Hecke character χ will be determined in terms
of the reflex of its infinity-type. We proceed to recall basic facts about CM-fields and CM-types.
Finally, we discuss those types which arise as infinity-types of algebraic Hecke character. They
are precisely those types µ ∈ IL which are induced from a totally real or CM-subfield and which
admit a weight, i.e. µ(σ) + µ(σ) = w for a fixed integer w ∈ Z. The results of this chapter are
mostly based on [Bla86], chapter 0. They are entirely elementary and well-known but we write
down detailed proofs for the sake of completeness.

Chapter 2: Algebraic Hecke characters. Let T be a number field. An algebraic homomorphisms
is a homomorphisms L× → T× which is given by ` 7→ `µ for a type µ ∈ IL. We define an
algebraic Hecke character as a continuous homomorphism χ : A×L → T× such that its restriction
to the principal ideles L× is an algebraic homomorphism. The type in IL which describes χ|L×
is the infinity-type χa of χ. Examples include finite abelian characters of L via class field theory
or, if L is totally complex, the idele norm. We then give an equivalent definition in terms of
ideals. From this perspective an algebraic Hecke character is a homomorphism χ : If → T× on
the group of fractional ideals coprime to a fixed ideal f ⊂ OL whose value on a principal ideal
(α) with α ∈ L× totally positive and α ≡ 1 mod ×f is given by αµ for a fixed type µ. This
is the classical definition of algebraic Hecke characters and we briefly explain how to pass from
one perspective to the other. Finally, we define for every embedding ι of T the Hecke L-function
Lf(χι, s) =

∑
a

(ι◦χ)(a)
Nas , where the sum ranges over all integral ideals coprime to f, and, by putting

them together, a T ⊗C-valued L-function Lf(χ, s). We also introduce partial L-functions. Again,
all results of this chapter are well-known and the main purpose is to collect the facts we need
and to fix notation.

Chapter 3: CM-Motives. In this chapter we collect facts about the category of motives that will
be used in this work. First, we recall motives for absolute Hodge cycles and that they may be
fully faithfully embedded into a category of compatible systems of realizations. We recall the fact
that a morphism ϕ : M ×L L′ → N ×L L′ descends to L if and only if its étale realization ϕf
is Gal(L/L)-equivariant. We then introduce the cateory CML of CM-motives over L, which is
the Tannakian category generated by the motives of potentially CM abelian varieties and Artin
motives. By using the above descent result and Deligne’s theorem that over an algebraically
closed field every Hodge cycle on an abelian variety is absolute Hodge, we show that the category
CML embeds fully faithfull in an even simpler category of compatible systems of realizations.
We recall extension and restriction of scalars and of coefficients. We define the L-function of a
motive as well as the period c+(M) and formulate Deligne’s conjecture on the critical values of
such L-functions. Finally, we discuss the correspondence between motives of rank 1 and algebraic
Hecke characters.

Chapter 4: On a result of Goldstein-Schappacher. Let E/F be an elliptic curve over a number
field F with CM by an imaginary quadratic field K. A theorem of Goldstein-Schappacher, [GS81]
asserts that the Weil restriction ResF/K E acquires complex multiplication if and only if its CM-
character factors via the norm NF/K through a Hecke character of K. By a theorem of Shimura,
[Shi94] the latter condition is equivalent to the fact that the field F (Etor) generated by the torsion
points of E is an abelian extension over K. We give a generalization of this theorem to motives
of rank 1. More precisely, let ψ : F×f → K× be an algebraic Hecke character and let E ⊂ F be
a subfield containing the minimal field of definition of ψa such that F/E is Galois. Let M be
the motive attached to ψ. We show that the restriction of scalars RF/EM acquires coefficients
in a commutative semisimple K-algebra over which RF/EM is of rank 1 if and only if F/E is
an abelian extension and the Hecke character ψ factors via the norm NF/E through an algebraic
Hecke character of E. In analogy to Shimura’s theorem, we also prove that this is the case if and
only if the Galois representation RF/E(M)f is abelian. The proof works completely analogously
as the one given by Shimura and Goldstein-Schappacher.

Chapter 5: Abelian varieties with complex multiplication. We recall basic facts about abelian
varieties with complex mutliplication. We then use the result of Chapter 4 and a Theorem of
Casselman to construct CM abelian varieties with favourable properties. We recall the main
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theorem of complex multiplication for general automorphisms which do not necessarily fix the
reflex field.

Chapter 6: Blasius’ period relation. In this chapter, we first introduce the Hecke characters we
will be interested in throughtout the rest of the thesis. We fix a Hecke character χ : L×f → T×

which is critical with respect to a CM-type Φ on L. We attach to it a Hecke character Ξ : E×f →
T× defined on the reflex field E of (L,Φ), essentially by precomposing χ with the reflex norm
Φ∗ : E×f → L×f . Let M(Ξ) be a motive for the Hecke character Ξ. We state a theorem of Blasius,
which expresses Deligne’s period c+(χ) in terms of a period of M(Ξ). Finally, we give a slight
refinement of the construction of well-behaved CM abelian varieties in Chapter 5 to satisfy a few
extra conditions related to our setup.

Chapter 7: Algebraic TL,F -modules. For a number fields L and F , we recall basic facts about
algebraic TL,F -modules, i.e. representations of the algebraic torus TL,F = ResL/Q Gm × F .
Any such representation decomposes into eigenspaces indexed by the GF -orbits of the character
group IL of TL,F . We discuss an imporant, although trivial, example: Any L ⊗ F -module V
gives rise to a TL,F -module and similarly the symmetric powers Symd

F (V ) of such a module
acquires the structure of a TL,F -module. Given a type α ∈ I+

L of degree d(α), we define V α to
be the eigenspace in the TL,F -module Sym

d(α)
F (V ) defined above corresponding to the GF -orbits

occuring in the full GQ-orbit of α. We explain how to equip V α with the structure of an Lα⊗F -
module and study basic properties of the assignment V 7→ V α. The contents of this chapter are
elementary and the formalism developed in this chapter is not strictly necessary. In fact, Galois
descent alone is completely sufficient. We choose this presentation because it is more clean and
it highlights the connection to the results in [KS19], 1.1.

Chapter 8: The motive Mα. Let M be a motive attached to a Hecke character ψ : F×f → L×.
Let α ∈ I+

L be a type. We use the construction of the previous chapter to build a motive Mα

from M which corresponds to the Hecke character ψα. In each realization, the motive Mα is
given by applying the functor V 7→ V α to the corresponding category of modules. We describe
a canonical way to attach an element γα in the Betti realization of Mα for any given element γ
in MB . Similarly, we construct de Rham classes ωα for Mα for every element ω ∈MdR. Finally,
we express the periods relating the elements γα and ωα in terms of the period relating γ and ω.

Chapter 9: A motive for Ξ. The infinity-type of a critical Hecke character χ can be canonically
decomposed in the form χa = β−α with certain types α, β ∈ I+

L . The results of Chapter 5 (resp.
its refinement in Chapter 6) show that there is an abelian extension F/E and an abelian variety
A/F with complex multiplication by L such that its CM-character ψ satisfies Ξ ◦NF/E = ψαψβ .
Based on this observation, we use the results of Chapter 4 to construct a motive M(Ξ) for the
Hecke character Ξ as a suitable direct summand of RF/E(h1(A)α⊗h1(A∨)β). We then investigate
its Betti realization more closely. By using the elements γα constructed in Chapter 9, we give
an explicit presentation of the elements aη, η ∈ JE which are used in the alternative description
of c+(χ) given in Blasius’ Theorem.

Chapter 10: Eisenstein-Kronecker classes. We recall properties of the Eisenstein–Kronecker
classes defined by Kings–Sprang in [KS19]. In particular, we formulate results on their be-
haviour under conjugation. We recall their analytic description in terms of Eisenstein–Kronecker
series and the relation to Hecke L-functions. We give an extension of a result in loc. cit., which
intimately links the Eisenstein–Kronecker classes with the special values of Hecke L-functions, to
include all conjugates of the EK-classes as well.

Chapter 11: Deligne’s conjecture for Hecke characters. We show that the Eisenstein-Kronecker
classes naturally live in the de Rham realization of h1(A)α ⊗ h1(A∨)β . We define a normalized
class EK as a suitable linear combination. The results of Chapter 8 and Chapter 10 allow to
reinterpret the L-value L(χ, 0) as a certain period of RM(Ξ). The main result of Chapter 9
identifies the Betti class in this period construction with the Betti class occurring in Blasius
Theorem. Deligne’s conjecture for algebraic Hecke characters follows.

Appendix A: Proof of Blasius’ Theorem. Following [Bla86] closely, we give an exposition on the
proof of Blasius’ Theorem.
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Appendix B: Equivariant Cohomology. Basic facts about equivariant sheaf cohomology for a
discrete group Γ are established. In particular it is shown that associated with a decomposition
of a (ringed) space with Γ-action into a Γ-invariant closed and open part, there is a localization
sequence for equivariant cohomology.

Appendix C: Eisenstein-Kronecker classes and base change. In this technical Appendix, we re-
call the construction of the (equivariant) Eisenstein–Kronecker class and show that its formation
is compatible under base change. Our presentation closely follows [KS19] but slightly deviates
from it in the following point: Instead of working with the completion P̂ of the Poincaré bundle,
we consider each "finite stage" Pn, given by the restriction of P to the nth infinitesimal neigh-
bourhood of A × A∨ along the unit section idA × e∨, regarded as a sheaf of modules over OA.
The reason is that the sheaf P̂ is not quasi-coherent which we believe to cause certain technical
problems.
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Notation and conventions. We assume throughout this text that number fields are embedded
into C. We let Q denote the algebraic closure of Q in C. In particular, complex conjugation
on C restricts to an automorphism of Q which we denote by the letter c or α 7→ α for α ∈ Q.
For a number field L we let JL := Hom(L,C) = Hom(L,Q) denote the set of embeddings into
C (equivalently, into Q) and let IL := Z[JL] denote the free abelian group generated on JL.
We denote the fixed embedding of L into C (or Q) by 1L. If K ⊂ L is a subfield and σ ∈ JE ,
we denote by JL,σ the set of those embeddings in JL which restrict to σ on K. We also write
JL/K instead of JL,1K . For any element µ =

∑
σ∈JL µ(σ)σ ∈ IL, we let d(µ) =

∑
σ∈JL µ(σ) ∈ Z

denote the degree of µ. We let I+
L := {µ ∈ IL | µ(σ) ≥ 0}. For any integer d ≥ 0, we write

I+,d
L = {µ ∈ I+

L | d(µ) = d}. For any number field L, we use the notation AL to denote its
ring of adeles and A×L for the group of ideles. We denote the ring of finite adeles by Lf and the
group of finite ideles by L×f . The idele norm of L will be denoted by | · |L. If | · |v denotes the
normalized absolute value on the completion Lv for any place v of L, one has |(αv)|L =

∏
v |αv|v.

If x ∈ L×f is a finite idele, we denote its associated fractional ideal in L by [x]L. If L/K is a
Galois extension, we sometimes denote its Galois group by GL/K . The absolute Galois group of
a field L will be denoted by GL. We denote the closure of the commutator subgroup [GL, GL] by
GcL and let Gab

L denote the Galois group of the maximal abelian extension of L in Q. There is
an isomorphism Gab

L = GL/G
c
L. If L is a number field, we use the geometric normalization of the

Artin homomorphism and denote it by rL : A×L → Gab
L . If L is totally complex, rL factors through

L×f and its kernel is the closure of L× embedded diagonally in L×f . We let χcyc : GQ → Ẑ× denote
the cyclotomic character, i.e. the character which is characterized by σ(ζ) = ζχcyc(σ) for every
root of unity ζ in Q. It satisfies rQ(χcyc(σ)) = σ|Qab .

Let R be a commutative ring and M an R-module. For an integer n ≥ 0, we let SymnM
denote the nth symmetric powers, i.e. the coinvariants of M⊗n under the permutation action of
the symmetric group Sn, and we let TSymn(M) denote the R-module of symmetric tensors in
M⊗n, i.e. the Sn-invariants of M⊗n. For k, l ≥ 0 define

Sk,l := {σ ∈ Sk+l | σ(1) < . . . < σ(k), σ(k + 1) < . . . < σ(k + l)}.
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For x ∈ TSymk(M) and y ∈ TSyml(M) define x · y :=
∑
σ∈Sk,l σ(x⊗ y). This turns TSym•(M)

into a commutative graded R-algebra. For m ∈M we set

m[n] := m⊗ . . .⊗m ∈ TSymn(M).

This equip TSym•(M) with the structure of a divided power algebra. The inclusion M =
TSym1(M) ↪→ TSym•(M) induces a canonical map

(0.2) Sym•(M)→ TSym•(M)

by the universal property of the symmetric algebra. For fixed n ≥ 0, it is induced by the
symmetrisation map ϕ : M⊗n → TSymn(M), x 7→

∑
σ∈Sn σ(x). There is also the canonical map

(0.3) ψ : TSymn(M) ⊂M⊗n � Symn(M)

and one checks that ϕ◦ψ and ψ ◦ϕ are given by multiplication by n!. Hence, if R is a Q-algebra,
the map (0.2) is an isomorphism, under which an element of the form m[n] corresponds to 1

n!m
n

in Symn(M). The isomorphism (0.3) sends m[n] to mn. The drawback of (0.3) is that it does not
define a morphism of graded algebras. Still, let us fix the convention that we identify TSym and
Sym via (0.3). The reason is that it saves us to write down denominators in Definition 10.14.

We fix a square root i of −1. This will be convenient from Chapter 9 onwards. All results will
be independent of this choice.

1. Types

To large parts of this section, we closely follow [Bla86], section 0. Let L ⊂ C denote a number
field.

1.1. Basic definitions and the field of values.

Definition 1.1. A type on L is an element µ ∈ IL and we write

µ =
∑
σ∈JL

µ(σ)σ.

The subset |µ| := {σ ∈ JL | µ(σ) 6= 0} of JL is called the support of µ. For any extension L/K
of number fields, we call NL/K :=

∑
σ∈JL/K σ the norm type for L/K.

The group of types IL acts on L× by

`µ :=
∏
σ∈JL

σ(`)µ(σ) ∈ Q
×

for ` ∈ L× and µ ∈ IL. The absolute Galois group GQ acts from the left on the abelian group
IL by

(τ · µ)(σ) = µ(τ−1σ)

where τ ∈ GQ, µ ∈ IL and σ ∈ JL. In fact, this turns IL into a discrete GQ-module: If µ ∈ IL
and τ ∈ GQ fixes the Galois closure of L in Q, then clearly τ · µ = µ, so that the stabilizer
{τ ∈ GQ | τµ = µ} is open. Note that for every ` ∈ L× one has `τµ = τ(`µ).

Definition 1.2. Let µ ∈ IL be a type on L. The number field Lµ generated by the values of µ
is defined to be the fixed field of the open subgroup {τ ∈ GQ | τµ = µ} in GQ.

Note that, by definition, for τ ∈ GQ and µ ∈ IL, the type τµ only depends on the restriction
τ |Lµ . Therefore, the following notation makes sense:

Notation 1.3. Let T be a number field containing Lµ. For an embedding τ ∈ JT , we define
τµ ∈ IL to be the type τ̃µ where τ̃ denotes any lift of τ to an element of GQ.

Remark 1.4. The terminology in Definition 1.2 is justified as follows: The field Lµ is the
smallest subfield of Q which contains the the values `µ for all ` ∈ L×. Indeed, let F denote the
subfield of Q generated by the elements `µ for all ` ∈ L×. If τ ∈ GQ satisfies τµ = µ, then one has
τ(`µ) = `τµ = `µ, so that τ also fixes F . This show F ⊂ Lµ. Let conversely τ ∈ GF . Let L = Q(θ)
for a primitive element θ ∈ L×. Consider the polynomial f(X) =

∏
σ∈JL(X − σ(θ))µ(σ) ∈ Q[X].

Then, for any rational number a ∈ Q, one has f(a) = (a − θ)µ ∈ F . It follows that f actually
has coefficients in F (e.g. by evaluating on sufficiently many distinct points and using that the
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Vandermonde matrix is invertible). Thus, the automorphism τ fixes f . On the other hand, one
has

τ(f(X)) =
∏
σ∈JL

(X − σ(θ))(τµ)(σ).

and since the conjugates σ(θ) for σ ∈ JL are pairwise distinct, comparing the orders of the zeroes
yields τµ = µ, as desired.

1.2. Change of fields. Let L and K be two number fields with K ⊂ L. Then the map

InfL/K : IK → IL,

defined by
(InfL/K(κ))(σ) = κ(σ|K)

for any κ ∈ IK and σ ∈ JL, is a injective GQ-equivariant homomorphism. Moreover, there
is a surjective GQ-equivariant homomorphism ResL/K : IL → IK given by ResL/K(µ)(σ) =∑
σ′|K=σ µ(σ′) if µ ∈ IL and σ ∈ JK . The composites InfL/K ◦ResL/K and ResL/K ◦ InfL/K are

given by multiplication by [L : K] on IL and IK , respectively.

1.3. Minimal field of definition. We will sometimes say that an infinity type µ ∈ IL is induced
(or extended) from a subfield K ⊂ L if there exists a type κ ∈ IK such that

µ = InfL/K(κ).

The following lemma shows that for every type µ ∈ IL there exists a minimal such subfield.

Lemma 1.5. Let µ ∈ IL. There exists a minimal subfield L0 ⊂ L such that there exists a type
µ0 ∈ IL0

satisfying
µ = InfL/L0

(µ0).

We call L0 the minimal field of definition of µ.

Proof. Let L′ be a Galois extension over Q which contains L and let µ′ = InfL′/L(µ). Consider
the subgroup

H := {τ ∈ Gal(L′/Q) | µ′(σ ◦ τ) = µ′(σ) for all σ ∈ JL′}
and define

L0 := (L′)H .

We can define a type µ0 ∈ IL0
as follows: For every σ0 ∈ JL0

choose an extension σ′ ∈ JL′ and
put

µ0(σ0) := µ′(σ′).

This is independent of the choice of the embedding σ′ since any other such extension is of the
form σ′τ with τ ∈ Gal(L′/L0) = H and by construction, one has µ′(σ′τ) = µ′(σ′). We now claim
that µ ∈ IL is induced from µ0 ∈ IL0

. First, one indeed has L0 ⊂ L′ since for any τ ∈ Gal(L′/L)
and σ ∈ JL′ , one has

µ′(σ ◦ τ) = µ((σ ◦ τ)|L) = µ(σ|L) = µ′(σ).

Now let σ ∈ JL and σ′ ∈ JL′ an extension to an embedding of L′. Then σ′ clearly is also an
extension of σ|L0

and we obtain

InfL/L0
(µ0)(σ) = µ0(σ|L0) = µ′(σ′) = µ(σ),

i.e. InfL/L0
(µ0) = µ. Finally, let K ⊂ L be a subfield such that there exists a type κ ∈ IK with

µ = InfL/K(κ). Just as before, if τ ∈ Gal(L′/K) and σ ∈ JL′ , one has

µ′(σ ◦ τ) = κ(σ ◦ τ |K) = κ(σ|K) = µ′(σ),

so that τ ∈ H. Thus, L0 ⊂ K. Both InfK/L0
(µ0) and κ induce µ on L, hence

κ = InfK/L0
(µ0),

as desired. �
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1.4. Composition of types. Let µ ∈ IL and let T be a number field containing the field of
values Lµ. Recall that, for any embedding τ ∈ JT , we can form the type τµ in IL, cf. Notation
1.3. For any type π ∈ IT , we define

π ◦ µ := µπ :=
∑
τ∈JT

π(τ) · (τµ) ∈ IL.

For any ` ∈ L×, one has `π◦µ = (`µ)π and clearly Tπ ⊂ Lπ◦µ. Moreover, one immediately checks
that d(π ◦ µ) = d(π)d(µ).

1.5. The reflex type. If L is a number field which is Galois over Q and µ ∈ IL, we denote by
µ∗ ∈ IL the type defined by

µ∗(σ) = µ(σ−1)

for σ ∈ JL and where we identify JL with Gal(L/Q) via the fixed embedding L ⊂ C. Now let L
be an arbitrary number field and µ ∈ IL. Let L′ denote a Galois extension of Q containing L.
Note that L′ also contains the field of values Lµ.

Lemma 1.6. The minimal subfield of definition of the type

InfL′/L(µ)∗ ∈ IL′(1.1)

coincides with the field of values Lµ.

Proof. If τ ∈ Gal(L′/Q) and σ ∈ JL′ ∼= Gal(L′/Q), one calculates

InfL′/L(µ)∗(σ ◦ τ) = InfL′/L(µ)((σ ◦ τ)−1)

= µ(τ−1 ◦ σ−1|L)

= (τµ)(σ−1|L).

It follows that τ ∈ Gal(L′/Q) satisfies InfL′/L(µ)∗(σ ◦ τ) = InfL′/L(µ)∗(σ) for all σ ∈ JL′ if and
only if τµ = µ. This proves the claim. �

Definition 1.7. The unique type µ∗ ∈ ILµ which induces (1.1) is called the reflex of µ. If T is
a number field containing Lµ, we call InfT/Lµ(µ∗) the reflex of µ relative to T . We still denote
it by µ∗ and simply call it the reflex of µ if the field T is clear from the context.

Concretely this means the following: If σ ∈ JT , then

µ∗(σ) = µ(σ̃−1|L)

where σ̃ ∈ JL′ is any extension of σ to an embedding of L′. Let us record some further properties
of the reflex construction. Let µ ∈ IL be a type and τ ∈ GQ. Then there is a type µ ◦ τ−1 ∈ ILτ
given by

(µ ◦ τ−1)(σ) = µ(σ ◦ τ |L)

for all σ ∈ JLτ . Then, for any x ∈ (Lτ )×, one has xµ◦τ
−1

= τ−1(x)µ.

Lemma 1.8. Let µ, µ1 and µ2 be types of L. Let L0 be the minimal field of definition of µ and
µ0 ∈ IL0

such that µ = InfL/L0
(µ0).

(i) For every a ∈ Z, one has (aµ)∗ = aµ∗.
(ii) If T is a number field containing both Lµ1 and Lµ2 , then

(µ1 + µ2)∗ = µ∗1 + µ∗2,

where every reflex is taken relative to T .
(iii) If L′/L is an extension of number fields, then

(InfL′/L(µ))∗ = µ∗.

(iv) Let τ ∈ GQ. Then, relative to any number field T containing Lµ, one has

(µ ◦ τ−1)∗ = τµ∗.

(v) Let T be a number field containing Lµ and µ∗ ∈ IT be the reflex of µ relative to T . Then

Tµ
∗

= L0 and (µ∗)∗ = µ0.
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(vi) For any τ ∈ GQ, one has
(τµ)∗ = µ∗ ◦ τ−1

relative to any number field containing Lτ .

Proof. Assertions (i)–(iii) immediately follow from the definition of the reflex type. Note that
(Lτ )µ◦τ

−1

= Lµ. Let L′ denote a Galois extension of Q containing L (and hence also Lτ and
Lµ). Let σ ∈ JLµ and let σ̃ ∈ JL′ denote a lift. Then one has

(µ ◦ τ−1)∗(σ) = (µ ◦ τ−1)(σ̃−1|Lτ )

= µ(σ̃−1 ◦ τ |L)

= µ((τ−1σ̃)−1|L)

= µ∗(τ−1σ)

= (τµ)(σ).

This shows (iv). Hence, an element τ ∈ GQ satisfies τµ∗ = µ∗ if and only if (µ ◦ τ−1)∗ = µ∗, or
equivalently (InfL′/L(µ) ◦ τ−1)∗ = InfL′/L(µ)∗ by (iii). This is equivalent to InfL′/L(µ) ◦ τ−1 =
InfL′/L(µ), i.e. to τ |L0

= id by construction of the minimal field of definition. This shows
Tµ
∗

= L0 and (µ∗)∗ = µ is a straightforward consequence. Assertion (vi) follows from (iv) and
(v). �

1.6. CM-fields and CM-types.

Definition 1.9. A number field K is called a CM-field if it satisfies one of the following equivalent
conditions:

(i) K is an imaginary quadratic extension of a totally real number field.
(ii) There exists an automorphism cK 6= idK such that

σ ◦ cK = c ◦ σ
for all embeddings σ ∈ JK .

(iii) K ⊂ Q is totally imaginary and fixed by all commutators

[τ, c] = τcτ−1c−1 ∈ GQ

for all τ ∈ GQ.

Proof. If K satisfies (i) with totally real subfield F , then there is a unique non-trivial automor-
phism cK fixing F satisfying (ii). Conversely, an automorphism cK as in (ii) is of order 2 and
its fixed field must be totally real. Note that K is an imaginary quadratic extension of this field
since cK 6= idK . Assertion (ii) readily implies (iii) since cK is necessarily induced by complex
conjugation c ∈ GQ. Conversely, let us assume (iii). It follows that for any τ ∈ GK , one has
cτc−1|K = 1K , i.e. cGKc−1 = GK . Passing to fixed fields implies c(K) = K, so that complex
conjugation c descends to an automorphism of K. It is non-trivial since K is assumed to be
totally imaginary. For any τ ∈ GQ, we have τ−1c−1τc|K = 1K , hence τ |K ◦ cK = c ◦ τ |K . This
shows (ii). �

Remark 1.10. If one drops the conditions that cK 6= idK in (ii) and that K is totally imaginary
in (iii) of Definition 1.9, one precisely obtains the number fields which are totally real or a
CM-field.

Lemma 1.11. The composite of CM-fields is a CM-field. In particular, the Galois closure of a
CM-field is a CM-field.

Proof. This follows immediately using the characterization (iii) in Definition 1.9. �

Let L be a number field containing a CM-field. It follows from Lemma 1.11 that L contains a
unique maximal CM-subfield.

Definition 1.12.
(i) Let K be a CM-field. A subset Φ ⊂ JK satisfying

Φ ∪ Φ = JK and Φ ∩ Φ = ∅
is called a CM-type of K.
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(ii) Let L be a number field containing a CM-field and let K denote its maximal CM-subfield.
A subset Φ ⊂ JL is a CM-type of L if there exists a CM-type ΦK of K such that

Φ = {σ ∈ JL | σ|K ∈ ΦK}.
Remark 1.13. Let L be a number field with maximal CM-subfield K and let Φ be a CM-type
of L.

(i) Just as in the CM-case, one has

Φ ∪ Φ = JL and Φ ∩ Φ = ∅.
Nevertheless, we are only interested in such subsets which are moreover induced from a
CM-subfield.

(ii) We freely identify the CM-type Φ with its characteristic function in IL and simply denote
it by Φ or, if we want to stress that it is a type, by 1Φ.

Lemma 1.14. Let L be a number field and µ ∈ IL a type. Assume that µ is induced from a
totally real field or a CM-field. Then Lµ is totally real or a CM-field.

Proof. Let K ⊂ L be a totally real or CM-subfield such that there exists a type κ ∈ IK with
µ = InfL/K(κ). By definition of Lµ, it suffices to show that, for every τ ∈ GQ, one has

τcτ−1c−1µ = µ.

Let σ ∈ JL. Then
(τcτ−1c−1µ)(σ) = κ(τ−1c−1τcσ|K)

= κ(σ|K)

= µ(σ),

as τ−1c−1τcσ|K = σ|K by the assumption that K is totally real or a CM-field. �

Definition 1.15. Let L be a number field containing a CM-field and Φ a CM-type of L. The
field of values E := LΦ is called the reflex field of (L,Φ). The reflex Φ∗ ∈ IE of Φ is called the
reflex CM-type of Φ.

By Lemma 1.14, the reflex field E = LΦ indeed is totally real or a CM-field. As Φ 6= Φ, it is
in fact a CM-field. By definition of the reflex, the type Φ∗ takes on the values 0 or 1. Moreover,
using Lemma 1.8, (cΦ)∗ = Φ∗ ◦c−1 = cΦ∗ since E is a CM-field, so that Φ∗+cΦ∗ = Φ∗+(cΦ)∗ =
(Φ + cΦ)∗E = (NL/Q)∗E = NE/Q. It follows that Φ∗ is actually a CM-type as its name suggests.

1.7. Hecke character types. We single out two conditions that a type needs to satisfy if it is
the infinity type of an algebraic Hecke character.

Definition 1.16. Let L be a number field. A type µ ∈ IL is a Hecke character type if it satisfies
the following two conditions:

(i) µ is induced from a subfield of L which is totally real or a CM-field.
(ii) µ admits a weight, i.e. there exists an integer w ∈ Z such that

µ(σ) + µ(cσ) = w

for all σ ∈ JL. In other words, µ+ cµ = w ·NL/Q.

Lemma 1.17. Let T ⊃ Lµ be a number field and µ∗ ∈ IT denote the reflex of µ relative to T . If
ψ is a Hecke character type of weight w ∈ Z, then so is ψ∗.

Proof. Lemma 1.14 implies that ψ∗ is induced from a totally real field or a CM-field. Let L0 be
the field of definition of µ and µ = InfL/L0

(µ0) for µ0 ∈ IL0
. By assumption, L0 is a totally real

or a CM-field and one immediately verifies in this case that µ0 ◦ c = cµ0. Then

µ∗ + cµ∗ = µ∗0 + cµ∗0

= µ∗0 + (µ0 ◦ c)∗

= (µ0 + cµ0)∗

= (w ·NL0/Q)∗

= w ·NT/Q,
and the assertion follows. �
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Remark 1.18. The Hecke character types on L in the sense of Definition 1.16 are precisely
the types which arise as infinity types of algebraic Hecke characters of L. If µ ∈ IL is a Hecke
character type and T a number field containing Lµ it is not necessarily true that there exists an
algebraic Hecke character of L with values in T whose infinity type is µ. In general, this is only
true after enlarging the field T .

There is the following characterization of Hecke character types:

Proposition 1.19. Let µ ∈ IL be a type. The following conditions are equivalent:
(i) µ is a Hecke character type.
(ii) There exists a finite index subgroup Γ ⊂ O×L such that µ(Γ) = 1.

Proof. If µ is a Hecke character type which is induced from a totally real field, it is necessarily
of the form N

w/2
L/Q for even w ∈ Z. Clearly, it vanishes on a finite index subgroup of O×L in this

case. Let µ be a Hecke character type which is induced from a CM-field. For any ` ∈ O×L and
τ ∈ GQ, one has

|τµ(`)|2 = τµ(`) · τµ(`) = NL/Q(`)w = 1.

Since µ(`) is an algebraic integer, it follows that µ(`) is a root of unity. Since O×L is finitely
generated by Dirichlet’s unit theorem, the image µ(O×L ) has to be of finite order and hence µ
vanishes on a finite index subgroup of O×L . For the converse, we refer the reader to [Sch88], §0,
section 3. �

Definition 1.20. For any finite index subgroup Γ of O×L we let

HCharL(Γ) := {µ ∈ I+
L | µ(Γ) = 1}

denote the set of Hecke character types which are trivial on Γ.

Finally, let us define critical Hecke character types:

Definition 1.21. Let (L,Φ) be a CM-type. A Hecke character type µ ∈ IL is said to be critical
with respect to Φ if it can be written in the form

µ = β − α,

where α is supported on Φ, β is supported on Φ and satisfying

α(σ) ≥ 1 and β(σ) ≥ 0.

We say that µ is critical if it is critical with respect to some CM-type of L. Note that for critical µ,
the CM-type Φ is uniquely determined as the set of embeddings of L on which µ takes on negative
values. The set of all critical Hecke character types in HCharL(Γ) is denoted by CritL(Γ).

2. Algebraic Hecke characters

In this section we give two equivalent definitions for algebraic Hecke characters: One in terms
of ideles and one in terms of ideals. Afterwards we define the L-function associated to an algebraic
Hecke character.

2.1. Two definitions. Recall our convention that all number fields are embedded into C. Let
L and T be number fields. Recall that JL = Hom(L,C) = Hom(L,Q) denotes the (pointed)
set of embeddings of L into C (resp. Q) and that GQ acts on this set in a canonical way. We
first define algebraic homomorphisms which are homomorphisms L× → T× that are induced by
a homomorphism of algebraic tori:

Definition/Proposition 2.1. A group homomorphism θ : L× → T× is algebraic if the following
equivalent conditions are satisfied:

(i) There exists a homomorphism of algebraic tori

θ : ResL/Q Gm → ResT/Q Gm

which coincides with θ on Q-valued points.
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(ii) There exists a type µ =
∑
σ∈JL µ(σ)σ ∈ IL, which is invariant under the action of GT ,

such that
θ(`) = `µ =

∏
σ∈JL

σ(`)µ(σ)

for all ` ∈ L×.

Proof. A homomorphism θ : ResL/Q Gm → ResT/Q Gm uniquely corresponds by adjunction to
a homomorphism ResL/Q Gm × T → Gm,T , which in turn amounts to a GT -invariant character
µ : ResL/Q Gm ×Q→ Gm,Q. Now through the identification of GQ-modules

X∗(ResL/Q Gm) = IL,

the equivalence of assertions (i) and (ii) follows. �

We now can give our first definition of algebraic Hecke characters. In this form they arguably
fit most naturally in the theory of complex multiplication (cf. [ST68], section 7). They are
sometimes referred to as Serre-Tate characters in the literature.

Definition 2.2. Let T be a number field and equip it with the discrete topology in the following.
An algebraic Hecke character with values in T is a continuous group homomorphism

χ : A×L → T×

such that its restriction
χ|L× : L× → T×

is an algebraic homomorphism. We refer to this algebraic homomorphism (or its extension to
a homomorphism of tori) as the algebraic part of χ and denote it by χa. The corresponding
element in Z[JL], which we usually also denote by χa, will be called the infinity-type of χ.

More generally, if T =
∏r
i=1 Ti is a product of number fields, we say that a continuous homo-

morphism χ : A×L → T× is an algebraic Hecke character if each projection to T×i for i = 1, . . . , r
is an algebraic Hecke character in the above sense.

Remark 2.3. If χ : A×L → T× is an algebraic Hecke character and the number field L is totally
imaginary, then L×∞ = (L⊗R)× is connected, so that χ(L∞) = 1 and χ factors as a continuous
character χ : L×f → T× of the finite ideles.

Example 2.4. We collect a few easy but important examples of algebraic Hecke characters:
(1) If χ : A×L → T× is an algebraic Hecke character with trivial algebraic part, then it

factors through the idele class group CL = A×L/L× and hence through CL/C
0
L, where

C0
L denotes the connected component of the identity. By class field theory and continuity,

χ therefore corresponds to a finite abelian character

Gal(Lab/L)→ T×.

These Hecke characters will later correspond to abelian Artin motives with coefficients
in T .

(2) For a totally imaginary number field L, the idele norm character

‖·‖L : L×f → Q×, α 7→ |α|L

is an algebraic Hecke character. Its algebraic part is the inverse of the norm N−1
L/Q. This

Hecke character will later on correspond to the Tate motive Q(1) over L.
(3) More generally, if L is an arbitrary number field, the map

‖·‖L : A×L → Q×

given by
α 7→ NL/Q(α∞)−1 · |α|L =

∏
v real

sgn(αv) · |αf |L

defines an algebraic Hecke character with algebraic part N−1
L/Q. We still call it the idele

norm character.
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We now give the second and more classical definition in terms of ideals. Again, we fix number
fields L and T . Let f ⊂ OL be an integral ideal. Let If denote the group of fractional ideals of L
that are coprime to f and denote by P f the subgroup of fractional ideals of the form (α), where
α ∈ L× satisfies α ≡ 1 mod ×f and α is totally positive.

Definition 2.5. An algebraic Hecke character conductor dividing f with values in T is a homo-
morphism

χ : If → T×

such that there exists an algebraic homomorphism χa : L× → T× satisfying

χ((α)) = χa(α)

for all α ∈ L× with α ≡ 1 mod ×f and α totally positive.

Let us explain how to pass between Definition 2.2 and Definition 2.5. For more details we refer
the reader to [CCO14], 2.4.3. Let χ : A×L → T× be an algebraic Hecke character with algebraic
part χa : L× → T× as in Definition 2.2. By the continuity of χ, there exists an integral ideal
f ⊂ OL such that ker(χ) contains the open subgroup Uf := (L×∞)0×

∏
v|f(1 + fOLv )×

∏
v-f∞O

×
Lv

.
Let S denote the set of places dividing f and the archimedean places and let ASL denote the ring of
adeles away from S. Let [·]L : AS,×L → If denote the surjective homomorphism which associates
to a finite idele α its corresponding fractional ideal [α]L in L. One checks that, via [·]L, the
restriction χ : AS,×L → T× factors as χ′ : If → T× and that χ′ is an algebraic Hecke character of
conductor dividing f as in Definition 2.5. The smallest ideal f (with respect to divisibility) such
that ker(χ) contains Uf is called the conductor of χ.

Conversely, let χ′ : If → T× be given as in Definition 2.5 and let χ′a denote its associated
algebraic homomorphism. Let the notations be as above. For every α ∈ A×L there exist u ∈ Uf,
y ∈ L× and z ∈ AS,×L such that α = u · y · z by weak approximation. Then χ : A×L → T×,
χ(α) := χ′a(y)χ′([z]L) is well-defined and an algebraic Hecke character with algebraic part χ′a in
the sense of Definition 2.2. Let us note that the Hecke character ‖·‖ corresponds to the inverse
of the norm character NL/Q : If → Q×, which sends an integral ideal a to #OL/a.

Let us recall the following fundamental fact that algebraic Hecke characters admit a weight
and the resulting classification:

Proposition 2.6. Let L and T be number fields and χ : A×L → T× an algebraic Hecke character.
(i) There exists an integer w ∈ Z such that

χ · χ = ‖·‖−wL
We call w the weight of χ.

(ii) There is the following classification of algebraic Hecke characters:
(a) If L does not contain a CM-field, then χ is of the form

χ = % · ‖·‖−w/2L ,

where % is a finite Hecke character (as in Example 2.4, (i)), ‖·‖ is the idele norm
character and w ∈ 2Z is an even integer.

(b) If L contains a CM-field and K ⊂ L is the maximal one, then χ is of the form

χ = % · (ϕ ◦NL/K),

where % is a finite Hecke character and ϕ is an algebraic Hecke character of K.

Proof. E.g. by regarding χ as homomorphism χ : If → T× as in Definition 2.5, one sees that χ
vanishes on the finite index subgroup {` ∈ O×L | ` ≡ 1 mod ×f}. Proposition 1.19 thus implies
that the infinity-type of χ is a Hecke character type. From this assertion (ii) immediately follows.
For (i), observe that the character of ideals χ ·χ ·N−wL/Q vanishes on the finite-index subgroup P f

of If and takes values in R>0. Since R>0 is torsion-free, claim (i) follows. �

Finally let us make the following definition:

Definition 2.7. An algebraic Hecke character χ is critical if its infinity-type χa is a critical
Hecke character type in the sense of Definition 1.21
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2.2. Hecke L-functions. We recall a few facts about Hecke L-functions and fix some definitions.
Let f ⊂ OL be an integral ideal. Let χ : If → T× be an algebraic Hecke character of conductor
dividing f (cf. Definition 2.5). For an embedding ι ∈ JT , we set χι := ι ◦ χ and define the Hecke
L-function

Lf(χι, s) :=
∑
a∈If
a⊂OL

χι(a)

Nas
=
∏
p-f

(1− χι(p)Np−s)−1(2.1)

for all s ∈ C with Re(s) > w
2 + 1, where w denotes the weight of χ. The L-series Lf(χ, s) admits

a meromorphic continuation to C and satisfies a functional equation. For every fractional ideal
b ∈ If with associated class [b] ∈ If/P f, we also define the partial L-function

Lf(χι, s, [b]) :=
∑
a∈[b]
a⊂OL

χι(a)

Nas

for Re(s) > w
2 + 1. Again, the function Lf(χι, s, [b]) admits a meromorphic continuation to C.

Finally, we use the identification T ⊗C ∼= CJT , t ⊗ z 7→ (ι(t)z)ι∈JT to define the T ⊗C-valued
L-functions

Lf(χ, s) := (Lf(χι, s))ι∈JT

and, if b ∈ If,
Lf(χ, s, [b]) := (Lf(χι, s, [b]))ι∈JT .

3. CM-motives

We recollect some facts about motives for absolute Hodge cycles, cf. [Pan94], [DMOS82], I
and II §6 and [Jan90], Part 1. We define CM-motives and explain the formalism of [Bla86], 3.1.
We recommend the reader, who is only interested in the applications, to consult loc. cit., or to
briefly skim through the discussion after Corollary 3.7.

3.1. Motives for absolute Hodge cycles. Let L be a subfield of C and let L denote the
algebraic closure of L in C. Let X/L be a smooth projective variety. We have the following
cohomology theories:

(1) For every embedding σ ∈ JL, we have the Betti cohomology Hi
σ(X) := Hi(Xσ(C),Q).

It is a finite-dimensional Q-vector space and it is equipped with a rational Q-Hodge
structure Hi

σ(X) =
⊕

p,qH
p,q
σ . If σ is a real embedding, complex conjugation induces

an involution F∞,σ on Hi
σ(X). When σ = 1L is the fixed embedding, we denote it by

Hi
B(X).

(2) The algebraic de Rham cohomology Hi
dR(X) := Hi(X,Ω•X/L). It is a finite dimen-

sional L-vector space and equipped with the finite filtration F i := im(Hi(X,Ω≥iX/L) →
Hi(X,Ω•X/L), the so-called Hodge filtration.

(3) The finite adelic cohomology Hi
f (X) = (lim←−nH

i
et(XL,Z/nZ)) ⊗Z Q. It is a finite free

Qf -module equipped with a Qf -linear continuous action of GL.
(4) For every σ ∈ JL, there is a comparison isomorphism

I∞,σ : Hi
dR(X)⊗L,σ C

∼−→ Hi
σ(X)⊗C,

such that

I∞,σ(F pHi
dR(X)⊗L,σ C) =

⊕
p′≥p,q

Hp′,q
σ (X).

Let us simply write I∞ if σ is the fixed embedding L ⊂ C.
(5) For every embedding σ ∈ JL which restricts to σ ∈ JL, we have a comparison isomor-

phism

If,σ : Hi
σ(X)⊗Qf

∼−→ Hi
f (X),
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such that, for every ρ ∈ GL, the diagram

Hi
σ(X)⊗Qf Hi

f (X)

Hi
f (X)

If,σρ

If,σ
ρ

commutes. When σ is the fixed embedding L ⊂ C, we simply denote it by If .
(6) We define the Q-rational Hodge structure Q(1)B := 2πiQ with Q(1)B ⊗ C of pure

bidgree (−1.−1), the filtered L-vector space Q(1)dR := L with Q(1)dR = F−1 ⊃ F 0 = 0
and the GL-representation Q(1)f := (lim←−µn(L))⊗Z Q. For every σ ∈ JL, we identify

Q(1)dR ⊗L,σ C ∼= C ∼= 2πiQ⊗C = Q(1)B ⊗C

via the inclusion 2πiQ ⊂ C. For every embedding σ : L ↪→ C, we identify

Q(1)B ⊗Qf
∼= (lim←−

n

2πiZ/2πinZ)⊗Q
∼−→ (lim←−

n

µn(C))⊗Q ∼= Q(1)f

via the exponential map and σ : µn(L) ∼= µn(C). For every integer m ∈ Z, we put
Hi
σ(X)(m) := Hi

σ(X)⊗Q(1)⊗mB , Hi
dR(X)(m) := Hi

dR(X)⊗LQ(1)⊗mdR and Hi
f (X)(m) :=

Hi
f (X)⊗Qf

Q(1)⊗mf in the respective categories, and we define comparison isomorphisms
I∞,σ and If,σ for all σ ∈ JL and σ ∈ JL by using the above identifications for Q(1).

Definition 3.1. Let X/L be a smooth projective variety. Fix an integer p ≥ 0. An absolute
Hodge cycle on X is an element

x = (xσ, xdR, xf )σ∈JL ∈
∏
σ∈JL

H2p
σ (X)(p)×H2p

dR(X)(p)×H2p
f (X)(p)

satisfying
I∞,σ(xσ) = xdR, If,σ(xσ) = xf , xdR ∈ F 0H2p

dR(X)(p)

for all σ ∈ JL and σ ∈ JL extending σ. Denote the Q-vector space of absolute Hodge cycles by
CpAH(X).

One then defines the category ML of motives for absolute Hodge cycles in the usual way: Start
with the category whose objects are smooth projective varieties over L, where the morphisms
between connected varieties X and Y are given by Hom(X,Y ) = Cdim(X)(X × Y ) and pass
to the Karoubian envelope. The usual cohomological grading gives rise to a natural Z-grading.
Invert the Lefschetz motive H2(P1) and finally modify the commutativity constraint of the tensor
structure, which is induced by the Cartesian product of varieties. For details we refer the reader
to [DMOS82], II.6. One can show that ML is a semisimple Tannakian category over Q. Let VL
denote the category of smooth projective varieties over L. There is a canonical contravariant
functor

Vop
L → ML, X 7→ h(X)

and we let h(X) =
⊕

i∈Z h
i(X) denotes its canonical grading.

3.2. Realization functors. Define a category R̃L (cf. [Jan90], Definition 2.1) whose objects are
tuples

H = {Hσ, HdR, Hf , I∞,σ, If,σ}σ∈JL,σ∈JL,σ ,
consisting of the formal data (1)-(5) listed above and whose morphisms ϕ : H → H ′ are given by
tuples ϕ = (ϕσ, ϕdR, ϕf ) consisting of a morphism ϕσ : Hσ → H ′σ of rational Hodge structures,
a filtered morphism ϕdR : HdR → H ′dR and a GL-equivariant Qf -linear map ϕf : Hf → H ′f ,
which are compatible under the isomorphisms I∞,σ and If,σ for every σ ∈ JL and σ ∈ JL,σ.
Similarly, let us define a category RL, which is exactly defined as R̃L, but it only consists of
tuples {HB , HdR, Hf , I∞, If} and morphisms ϕ = (ϕB , ϕdR, ϕf ). There is an obvious forgetful
functor R̃L → RL. There are ⊗-structures on R̃L and RL, which are defined componentwise.
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The above cohomology theories give rise to ⊗-functors (−)σ, (−)dR and (−)f from ML into
the respective target categories and, for every M ∈ ML, there are induced comparison isomor-
phisms I∞,σ : MdR ⊗L,σ C → Mσ ⊗C and If,σ : Mσ ⊗Qf → Mf , which satisfy the analogous
compatibilities. In fact, we obtain a commutative diagram of ⊗-functors

ML R̃L

RL.

forget

For M ∈ ML, we denote the Betti realization with respect to the fixed embedding L ⊂ C by
MB and we simply write If for the comparison isomorphism with respect to the fixed embedding
L ⊂ C. For a smooth projective variety X/L, we sometime denote its realizations by hiσ(X),
hiB(X), hidR(X) and hif (X), respectively.

Proposition 3.2. The functor ML → R̃L is fully faithful.

Proof. This follows by unwinding the definition of ML, cf. [DMOS82], Ch.II, Theorem 6.7 (g). �

In the following sections, our aim is to show that the functor ML → RL becomes fully faithful
when restricted to the full subcategory CML of CM-motives (cf. Section 3.4 below).

Example 3.3 (Tate twist). There is a motive Q(1) in ML whose realizations are given exactly
as in (6) at the beginning of Section 3.1. In fact, one can define Q(1) = h2(P1)∨. For every
integer n ∈ Z, we set Q(n) := Q(1)⊗n. For M a motive in CML and n ∈ Z, we define

M(n) := M ⊗Q(n).

Remark 3.4. Of course, there are also the `-adic realizations M` for every prime `. They
are finite dimensional Q`-vector spaces with a continuous linear GL-action. Each M` may be
recovered from Mf by scalar extension along Qf → Q`. Let R̃′L and R′L denote the categories
of realizations analogous to R̃L and RL, where one uses the `-adic realizations for all ` instead
of the finite adelic one. Then the obivous functors R̃L → R̃′L and RL → R′L are fully faithful
and hence all results of the present and the following sections remain true if one replaces R̃L by
R̃′L and RL by R′L.

3.3. Descent. Let L′/L be an extension of subfields of C. Recall that the association X 7→
X ×L L′ defines a functor

(−)×L L′ : ML → ML′ ,

the extension of scalars functor from L to L′. Note that for M ∈ ML, there is a canonical
isomorphism (M ×L L′)f ∼= Mf of Qf -modules, so that (M ×L L′)f acquires an action of GL
(which extends the action of GL′). The following result is convenient for the purpose of defining
morphisms:

Proposition 3.5 (Descent). Let L′/L be an extension in L. Let M,N ∈ ML and let ϕ′ :
M ×L L′ → N ×L L′ be a morphism in ML′ such that the finite adelic realization ϕ′f is GL-
equivariant. Then there exists a unique morphism ϕ : M → N in CML such that ϕ′ = ϕ×L L′.

Proof. This is well-known, but let us recall an argument. Note that the claim follows from the
corresponding statement about absolute Hodge cycles (equivalently, one may use Proposition
3.2 and copy the following argument for a compatible system of morphisms (ϕσ, ϕdR, ϕf )σ∈JL′
in place of the absolue Hodge cycle x below): Let X/L be a smooth projective variety and
X ′ = X ×L L′. Let x = (xσ, xdR, xf )σ∈JL ∈

∏
σ∈JL′

H2p
σ (X ′)(p)×H2p

dR(X ′)(p)×H2p
f (X ′)(p) be

an absolute Hodge cycle on X ′ such that xf is GL-invariant. Note that GL acts on H2p
f (X ′) =

H2p
f (X)(p). Let σ, τ ∈ JL′ such that σ|L = τ |L. Then H2p

σ (X ′) and H2p
τ (X ′)(p) canonically

identify. Choose an embedding σ : L→ C which restricts to σ. There is an element ρ ∈ GL such
that σρ : L ↪→ C restricts to τ on L′. By the compatibility of the comparison isomorphisms If,σ
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and If,σρ for the variety X/L, one has the commutative diagram

H2p
σ (X ′)(p)⊗Qf H2p

τ (X ′)(p)⊗Qf

H2p
f (X ′)(p) H2p

f (X ′)(p),

=

If,σ If,τ

ρ

which shows that the elements xσ and xτ identify in H2p
σ (X ′)(p) = H2p

τ (X ′)(p), i.e. the element
xσ only depends on σ|L. Now the comparison isomorphism I∞,σ for X ′ = X ×L L′ only depends
on σ|L and it follows that the images of the element xdR ∈ H2p

dR(X ′)(p) ∼= H2p
dR(X)(p) ⊗L L′ in

(H2p
dR(X)(p) ⊗L L′) ⊗L′,σ C agree for all σ ∈ JL′ that restrict to the same embedding of L. We

may assume that L′/L is Galois. It follows that the element xdR ∈ H2p
dR(X) ⊗L L′ is invariant

under the action of Gal(L′/L) and hence comes from an element in H2p
dR(X). Hence, the absolute

Hodge cycle x = (xσ, xdR, xf )σ∈JL′ on X
′ is induced by a unique absolute Hodge cycle on X. �

3.4. CM-Motives. Now, let
CML ⊂ ML

denote the full Tannakian subcategory generated by the Artin motives over L, i.e. motives of
zero-dimensional varieties over L, and motives of the form h1(A), where A/L is a potentially CM
abelian variety. We remark that Q(n) for n ∈ Z lies in CML since Q(−1) can be obtained as
H2(E) for any potentially CM elliptic curve over L (cf. [Bla86], 3.3). Let us recall the following
consequence of Deligne’s theorem ([DMOS82], Ch.I, Theorem 2.11) that every Hodge cycle on
an abelian variety over an algebraically closed field is absolute Hodge. Let HodQ denote the
category of Q-rational Hodge structures.

Theorem 3.6 (Deligne). Let L be algebraically closed and σ : L → C a fixed embedding. Then
the functor

CML → HodQ, M 7→Mσ

is fully faithful.

Proof. We refer the reader [Sch88], Ch.1, Theorem 2.4.3, where it is explained how the result
follows from Deligne’s theorem. �

As an immediate consequence of Proposition 3.5 and Theorem 3.6, one obtains:

Corollary 3.7. The functor CML → RL is fully faithful. In fact, even more is true: For
specifying a morphism ϕ : M → N in CML, it is equivalent to give a morphism ϕB : MB → NB
of Q-rational Hodge structure and a GL-equivariant homomorphism ϕf : Mf → Nf such that ϕB
and ϕf are compatible via the comparison isomorphism If .

To fix notations, let us now recall the formalism from [Bla86], 3.1, which is justified in view
of Corollary 3.7: Attached to an object M in CML there are the following realizations and
comparison isomorphisms:

(1) A finite dimensional Q-vector space MB , the Betti realization of M , equipped with a
decomposition

MB ⊗C =
⊕
p,q∈Z

Mp,q
B ,

(the Hodge decomposition) into C-subspaces such that (Mp,q
B )1⊗c = Mq,p

B .
(2) A finite dimensional L-vector space MdR, the de Rham realization of M , equipped with

a decreasing filtration F pMdR.
(3) A finite free Qf -module Mf , the finite adelic realization of M , equipped with a contin-

uous linear action of the absolute Galois group GL. We denote the action by v 7→ vτ for
τ ∈ GL and v ∈Mf .

(4) A C-linear isomorphism I∞ : MdR ⊗L C
∼−→MB ⊗C satisfying

I∞(F pMdR ⊗C) =
⊕
p′≥p,q

Mp′,q
B .

(5) A Qf -linear isomorphism If : MB ⊗Qf
∼−→Mf .
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We write M = {MB ,MdR,Mf , I∞, If}. A morphisms ϕ : M → N is a triple ϕ = (ϕB , ϕdR, ϕf ),
where:

(a) ϕB : MB → NB is aQ-linear homomorphism such that ϕB(Mp,q
B ) ⊂ Np,q

B for all p, q ∈ Z;
(b) ϕdR : MdR → NdR is a L-linear homomorphism satisfying ϕdR(F pMdR) ⊂ F pNdR for

all p ∈ Z;
(c) ϕf : Mf → Nf is a GL-equivariant Qf -linear homomorphism;
(d) ϕf ◦ If = If ◦ ϕB ;
(e) I∞ ◦ ϕdR = ϕB ◦ I∞.

A motive is of weight w ∈ Z, if Mpq
B = 0 unless p+ q 6= w. To make up for the other embeddings

of L, we employ the following formalism: For every τ ∈ GQ and M ∈ CML, there is a motive
Mτ ∈ CMLτ , which is induced by taking the base change along τ : L → Lτ on the level of
varieties. There is a τ -semilinear bijection

MdR →Mτ
dR, ω 7→ ωτ

as well as a Qf -linear bijection
Mf →Mτ

f , v 7→ vτ .

For a morphism ϕ ∈ Hom(M,N), the morphism ϕτ ∈ Hom(Mτ , Nτ ) is the unique morphism
such that ϕτdR(ωτ ) = ϕdR(ω)τ and ϕτf (v) = ϕf (v)τ for all ω ∈ MdR and v ∈ Mf . The Qf -linear
homomorphism Mf → M c

f induced by complex conjugation corresponds via If to a Q-linear
isomorphism MB → M c

B . If L ⊂ R, this identifies with the involution F∞ : MB → MB . Note
that the object Mτ only depends on the restriction τ |L ∈ JL, but not the maps Mf → Mτ

f . If
τ ∈ GL, we recover the GL-action on Mf .

Convention. From now a motive over L is always understood to be an object in CML.

3.5. Extension and restriction of scalars. Let L′/L be an extension of subfields of C. Let
M be a motive in CML. For the extension of scalars M ×L L′ ∈ CML′ from L to L′, one has
(M ×L L′)dR = MdR ⊗L L′, (M ×L L′)f = Mf with the Galois action restricted to GL′ ⊂ GL
and all the other data is unchanged. Now assume that L′/L is an extension of number fields.
Let JL′/L ⊂ JL denote the set of embeddings of L which restrict to the fixed embedding L ⊂ Q.
For every motive N in CML′ , there exists a motive RL′/L(N) ∈ CML, the restriction of scalars
of N from L′ to L, such that

RL′/L(N)B =
⊕

σ∈JL′/L

Nσ
B ,

RL′/L(N)dR = NdR regarded as a L-module, and

RL′/L(N)f =
⊕

σ∈JL′/L

Mσ
f ,

where an element τ ∈ GL acts via the Qf -linear maps τ : Mσ
f
∼−→Mτσ

f , for σ ∈ JL′/L. One easily
checks that this GL-module is isomorphic to the induced representation of Nf along GL′ ⊂ GL.

Proposition 3.8. Let L′/L be a finite extension. The functors (−) ×L L′ : CML → CML′ and
RL′/L : CML′ → CML are left and right adjoint to each other.

Proof. By Corollary 3.7, everything can be checked on realizations. Now the result follows as in
[Jan90], Proposition 2.20. �

3.6. Motives with coefficients. Let T be a finite-dimensional commutative semisimple Q-
algebra, i.e. a finite product of number fields.

Definition 3.9. A motive M defined over L with coefficients in T is an object in CML together
with a ring homomorphism

T → End(M).

A morphism ϕ : M → N between motives with coefficients in T is a morphism in CML which is
compatible with the structure maps in the obvious way. We denote the category of motives over
L with coefficients in T by CML(T ). We call dimT MB the rank of the motive M .
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If M ∈ CML(T ) has coefficients in T , then the realisations MB , MdR and Mf acquire the
structures of finite free T -, T ⊗ L- and Tf := T ⊗ Qf -modules. Moreover the comparison
isomorphism I∞ (resp. If ) is T ⊗C-linear (resp. Tf -linear). Let T ′/T be an extension of number
fields. Let M ∈ CML(T ). There is a motive M ⊗T T ′ in CML(T ′), the extension of coefficients
of M from T to T ′, such that (M ⊗T T ′)B = MB ⊗T T ′, (M ⊗T T ′)dR = MdR ⊗T T ′ and
(M ⊗T T ′)f = Mf ⊗T T ′. Let N be a motive in CML(T ′). There exists a motive RT ′/TN , the
restriction of coefficients of N from T ′ to T , such that (RT ′/TN)B , (RT ′/TN)dR and (RT ′/TN)f
are given by NB , NdR and Nf regarded as T -, T ⊗ L- and Tf -modules. For any two motives
M,N ∈ CML(T ), one can define a tensor productM⊗T N , which in terms of realisations is given
by (M ⊗T N)B = MB ⊗T NB , (M ⊗T N)dR = MdR ⊗T⊗L NdR and (M ⊗T N)f = Mf ⊗Tf Nf .
Similarly, one can define T -linear symmetric and exterior powers in the category CML(T ).

3.7. Motivic L-functions. Let L and T be number fields and M an object in CML(T ). Let v
be a finite place of L. Fix a decomposition group Dv ⊂ GL of v and denote the inertia subgroup
by Iv. Let Frv ∈ Dv denote a geometric Frobenius element at v. For any prime p such that v - p,
we define the polynomial

Pv(M, t) := detTp(1− Frv · t|M Iv
p ) ∈ Tp[t],

where Tp := T ⊗Qp. The definition of the L-function of M relies on the following:

Conjecture 3.10 (Independence of p). The polynomial Pv(M, t) lies in T [t] and is independent
of the prime p with v - p.

Definition 3.11. Assume that Conjecture 3.10 is true for M . For every finite place v of L, let
Nv denote the cardinality of its residue field. We define the L-function of M as the Euler product

L(M, s) :=
∏
v

Pv(M,Nv−s)−1.

This converges for Re(s)� 0 and on its domain of convergence L(M, s) is a holomorphic func-
tion with values in T ⊗ C. Moreover, if S is a finite set of places of L, we put LS(M, s) :=∏
v/∈S Pv(M,Nv−s)−1

It follows from the definition that for any n ∈ Z one has

L(M(n), s) = L(M, s+ n).

In the study of the values of L(M, s) at integers, the above equality allows to restrict the attention
to the value at s = 0.

3.8. Critical values and Deligne’s conjecture. The L-function L(M, s) can be completed by
certain Γ-factors which depend on the Hodge realization MB and conjecturally this completed
L-function satisfies a functional equation. The motive M is called critical if the Γ-factors on
both sides of this functional equation do not have a pole at s = 0 (cf. [Del79], Definition 1.3). In
terms of the Hodge realization of M , this means the following: Let RM := RL/QM denote the
restriction of scalars of M to Q. Recall that complex conjugation induces a Q-linear involution
F∞ on RMB .

Definition 3.12. The motive M is critical if it satisfies the following conditions:
(i) RMpq

B = 0 unless (p, q) satisfies p = q, (p < 0, q ≥ 0) or (p ≥ 0, q < 0)
(ii) F∞ acts trivially on RMpp

B if p < 0 and via multiplication by −1 if p ≥ 0.

Remark 3.13. One can show that M is critical in the above sense if and only if the Γ-factors
on both sides of the conjectural functional equation for L(M, s) do not have a pole at s = 0, cf.
[Del79], Définition 1.3.

We let RM+
B denote the subspace of RMB which is fixed by F∞. Consider the composite

I+ : RM+
B ⊗C ⊂ RMB ⊗C

I−1
∞−−→
∼

RMdR ⊗C � RMdR/F
0RMdR ⊗C.

It is shown in [Del79], 1.7 that I+ is a T ⊗C-linear isomorphism if M is critical. Note that the
definition of I+ given here slightly differs from the one in loc. cit., but both definitions agree
when M is critical.
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Definition 3.14. Let M be a critical motive in CML(T ). We define

c+(χ) := det(I∞) ∈ (T ⊗C)×,

where the determinant is calculated with respect to T -bases of RM+
B and RMdR/F

0RMdR. Note
that c+(M) is only well-defined up to a factor in T×.

Conjecture 3.15 (Deligne conjecture). Let M be a critical motive over L with coefficients in
T . Then

L(M, 0) = c+(M) mod T×.

Note that the L-value L(M, 0) can be replaced by the value LS(M, 0) for any finite set of
places S without changing the conjecture.

3.9. Motives of Hecke characters. Let L and T be number fields and assume for simplicity
that L is totally imaginary. Following [Bla86], 3.2 (with references to [Sch88]), we briefly review
the tight relationship between motives in CML(T ) of rank 1 and algebraic Hecke character χ :
A×L → T×. Recall that, by our assumption on L, any such character factors through L×f .

Definition 3.16. Let χ : L×f → T× be an algebraic Hecke character. We say that a motive
M ∈ CML(T ) is of type (L, χ, T ) if M is of rank 1 and for every τ ∈ GL and ` ∈ L×f satisfying
rL(`) = τ |Lab , one has

vτ = χa(`)−1χ(`) · v
for all v ∈Mf .

Let M be a motive of type (L, χ, T ). Let f ⊂ OL be the exact conductor of χ. For any finite
place v|f, one has χ|O×Lv 6≡ 1 and hence M Iv

p = 0 for any prime p with v - p. If v - f, the inertia
group Iv acts trivially on Mp and any geometric Frobenius element Frv acts via multiplication
by χ(πv) ∈ T× where πv ∈ L×v ⊂ L×f is a uniformizer at v. This establishes Conjecture 3.10 for
M and shows

L(M, s) = Lf(χ, s),

where Lf(χ, s) is the Hecke L-function of χ defined in (2.1). If χ is of conductor dividing f, so
that f is not necessarily the exact conductor, and if S denote the finite set of places of L which
divide f, then one has LS(M, s) = Lf(χ, s). In particular, when it comes to Deligne’s conjecture,
we may enlarge the ideal f if necessary.

In the next theorem we summarize a tight relationship between CM-motives and algebraic
Hecke characters. In fact, there is a bijection between the isomorphism classes of rank 1 CM-
motives and algebraic Hecke characters:

Theorem 3.17 (Deligne, Langlands).
(i) Any two motives of type (L, χ, T ) are isomorphic in CML(T ).
(ii) For every algebraic Hecke character χ : L×f → T×, there exists a motive M(χ) of type

(L, χ, T ).
(iii) Every motive M ∈ CML(T ) of rank 1 is of type (L, χ, T ) for a unique algebraic Hecke

character χ : L×f → T×.

Proof. This is a consequence of a theorem of Deligne, cf. [DMOS82], IV, which identifies the
motivic Galois group of the Tannakian category CMQ (with respect to Betti realization as fibre
functor) with Langlands’ Taniyama group. Regarding (ii), we refer the reader to [Mil98], Section
15 for more information. The book [Sch88] contains a proof of the Theorem and, regarding (ii),
the motiveM(χ) is constructed in more down-to-earth terms from the cohomology of CM abelian
varieties. Assertion (i) is loc. cit., Theorem I.5.1, assertion (ii) is loc. cit., Theorem I.4.1 and
(iii) is loc. cit., Theorem I.6.6.1. Let us remark that the proof of the latter relies on loc. cit.,
Proposition I.1.4, which is deduced as a corollary of a result of Henniart ([Hen82]). This in turn
makes use of results of Waldschmidt in transcendental number theory. In [Kha03], Khare gives
a purely algebraic proof of [Sch88], Proposition I.1.4. �

The correspondence between T -isomorphism classes of motives of rank 1 in CML(T ) with
algebraic Hecke characters of L with values in T has the following nice properties:
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Proposition 3.18 (cf. [Bla86], Proposition 3.2.1). Let χ : L×f → T× be an algebraic Hecke
character of weight w(χ). Let M(χ) be a motive of type (L, χ, T ) and let σ ∈ GQ. Let L′/L and
T ′/T be finite extensions.

(i) M(χ) is pure of weight w(χ).
(ii) M(χ)σ is of type (Lσ, χ ◦ σ−1, T×).
(iii) M(χ)×L L′ is of type (L′, χ ◦NL′/L, T ).
(iv) M(χ)⊗T T ′ is of type (L, χ, T ′).

Proof. (i) follows from the proposition below. The remaining assertions are clear. �

Remark 3.19. Let χ : L×f → T× be an algebraic Hecke character and α ∈ I+
T . Later, we will

give a way of constructing a motive M(χ)α of type (L, χα, Tα) out of M(χ). This construction is
explained in the proof of [Bla86], Proposition 5.5.1. It will play an important role in this thesis.

Let χ : L×f → T× be an algebraic Hecke character. Let M(χ) be a motive of type (L, χ, T ).
The next proposition shows how the Hodge decomposition of M(χ) is governed by the infinity-
type χa ∈ IL of χ. For every embedding τ ∈ JT , let e(τ) ∈ T ⊗C = CJT denote the idempotent
corresponding to the embedding τ .

Proposition 3.20 (Hodge decomposition of M(χ)). Let χ∗ ∈ IT denote the reflex of χa relative
to T . For τ ∈ JT let MB,τ = e(τ)(MB ⊗C). Then

MB,τ ⊂Mχ∗(τ),χ∗(cτ)
B .

Proof. This is [Bla86], Proposition 3.2.2, also cf. [Sch88], Remark I.4.2. �

Proposition 3.21 (Critical Hecke characters). An algebraic Hecke character is critical in the
sense of Definition 2.7 if and only if M(χ) is critical.

Proof. This follows by using the functional equation for L(χ, s), which is not a conjecture in this
case, or by using Proposition 3.20. �

Example 3.22 (Tate motive). The motive Q(n) is of type (L, ‖·‖n,Q) since

χcyc(τ) = NL/Q(`) · ‖`‖L
for any τ ∈ GL and ` ∈ L×f satisfying rL(`) = τ |Lab .

4. On a result of Goldstein-Schappacher

In the following, we generalize a theorem of Shimura (cf. [Shi94], Theorem 7.44) and Goldstein-
Schappacher (cf. [GS81], Théorème 4.1) to motives of rank 1. The result gives sufficient and
necessary conditions for the restriction of scalars of a motive of rank 1 to acquire coefficients in
a commutative semisimple algebra such that it becomes of rank 1 again. The proof is essentially
the same as in [Shi94] and [GS81], but we still provide a detailed proof for the convenience of the
reader. Another valuable reference is [Den89], Section 2.

Theorem 4.1 (Shimura, Goldstein-Schappacher). Let F be a number field and M a motive of
type (F,ψ,K). Let E ⊂ F be a subfield such that there exists a type ϕa ∈ IE with ψa = N∗F/E(ϕa)

and such that F/E is Galois. Then the following conditions are equivalent:
(i) The extension F/E is abelian and there is an algebraic Hecke character ϕ of E such that

ψ = ϕ ◦NF/E.
(ii) The induced representation RF/E(M)f is abelian.
(iii) The restriction of scalars RF/EM acquires coefficients in a commutative semisimple

K-algebra T such that it is of rank 1 over T .

Proof. In the following, let G := Gal(F/E). Recall that the induced representation is given by

RF/E(M)f =
⊕
σ∈G

Mσ
f ,

where the action of GE is induced by the Kf -linear isomorphisms Mσ
f

τ−→ Mτσ
f for all τ ∈ GE .

We first show the implication (i) ⇒ (ii): Let σ ∈ G. By Proposition 3.18 and the assumption,
the motive Mσ is of type (F,ψ,K). We have to show that the (topological) commutator GcE acts
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trivially. As F/E is assumed to be abelian, we have GcE ⊂ GF . Let τ ∈ GcE and x ∈ F×f such that
rF (x) = τ |F ab . The restriction of RF/E(M)f to GF is just the direct sum of GF -representations⊕

σ∈GM
σ
f and each Mσ being of type (F,ψ,K), we obtain that τ acts via multiplication by

ψa(x)−1ψ(x) ∈ K×f .

By assumption, we have

ψa(x)−1ψ(x) = ϕa(NF/E(x))−1ϕ(NF/E(x)).

The character ϕ and ϕa (viewed as a homomorphism on E×f ) agree on the kernel ker(rE) = E×

of the Artin map. Hence, the claim follows from rE(NF/E(x)) = rF (x)|Eab = τ |Eab = 1, as τ was
lying in the commutator GcE .

We now show the converse implication (ii) ⇒ (i). Let ρ : GF → AutKf (Mf ) denote the
representation of GF on the finite adelic realization Mf and let us assume that the induced
representation

π : GE → AutKf

(⊕
σ∈G

Mσ
f

)
is abelian, i.e. the commutator GcE is contained in ker(π). Moreover, since for an element τ ∈ GE ,
the automorphism π(τ) carries the summand indexed by idF to the one indexed by τ |F , it follows
that ker(π) ⊂ GF . Therefore, GcE ⊂ GF and as G ∼= GE/GF is now a quotient of Gab

E , the
extension F/E must be abelian. Moreover, since the GF -representation Mf is a direct summand
of the restriction π|GF , we deduce GcE ⊂ ker(π) ∩GF ⊂ ker(ρ), so that

ρ factors through GF /GcE ∼= Gal(Eab/F ).(4.1)

We now use this observation to show that the assignment

E× ·NF/E(F×f )→ K×, x ·NF/E(y) 7→ ϕa(x)ψ(y)(4.2)

is well-defined. Indeed, let us assume that z ∈ E× is simultaneously of the form z = NF/E(y) for
y ∈ F×f . Basic properties of the Artin map imply

rF (y)|Eab = rE(NF/E(y)) = rE(z) = 1.

Therefore, by our observation (4.1), the element rF (y) ∈ Gal(F ab/F ) acts trivially on Mf . It
follows that ψa(y)−1ψ(y) = 1 since M is of type (F,ψ,K), and hence

ϕa(z) = ψa(y) = ψ(y).

Thus, the map (4.2) is well-defined. It is moreover continuous as its kernel contains NF/E(ker(ψ))
which is open by the continuity of ψ and the fact that the idele norm is an open homomorphism.
The group E× · NF/E(F×f ) is of finite index in E×f , and just as in [Shi94], Lemma 7.45, the
homomorphism (4.2) can be extended to a continuous homomorphism

ϕ : E×f → T×ϕ

where Tϕ is a number field (which may be obtained by adjoining roots of unity to K).
The implication (iii) ⇒ (ii) follows immediately from the fact that the representation factors

through AutTf (RF/EM)f , which is abelian as RF/E(M)f is a free Tf = T ⊗Qf -module of rank
1. It remains to show that the equivalent statements (i) and (ii) imply assertion (iii), which we
will show after we explain the construction of T . �

Construction of T : Assume the the equivalent hypotheses (i) and (ii) of the Theorem 4.1
hold. For each σ ∈ G, the motive Mσ is of type (F,ψ,K) since ψ ◦ σ−1 = ψ by (i). Thus,
for σ ∈ G, the motives Mσ are pairwise K-isomorphic and HomK(Mσ,M) is a 1-dimensional
K-vector space. We define the ring

T :=
⊕
σ∈G

HomK(M,Mσ) · σ

consisting of formal linear combinations
∑
σ∈G φσ · σ with φσ ∈ HomK(M,Mσ), where the

multiplication is determined by the rule

(φσσ) · (φττ) = (φτσ ◦ φτ )τσ
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for σ, τ ∈ G and φσ ∈ HomK(M,Mσ), φτ ∈ HomK(M,Mτ ). Since M is of type (F,ψ,K), it
comes equipped with an isomorphism K

∼−→ EndK(M), and this equips T with the structure of
a K-algebra. There is a K-algebra homomorphism

T → EndK(RF/EM)(4.3)

defined as follows: Let
∑
σ φσσ ∈ T with φσ ∈ HomK(M,Mσ) for σ ∈ G. Then the φσ induce

a morphism
M →

⊕
σ∈G

Mσ ∼= RF/EM ×E F

of motives over F with coefficients in K, and by adjunction (cf. Proposition 3.8(i)) this cor-
responds to a morphism RF/EM → RF/EM of motives over E with coefficients in K. It is
completely formal to check that this actually defines a K-algebra homomorphism.

Proof of (i),(ii) ⇒ (iii). Finally, let us discuss how the equivalent statements (i) and (ii) imply
(iii), i.e. that T is a commutative semisimple K-algebra and that RF/EM equipped with the
coefficients (4.3) is of rank 1. Let n := [F : E] and choose a finite place λ of K. Let Vλ =
(RF/EM)λ =

⊕
σ∈GM

σ
λ . By assumption (ii), the λ-adic realization

π : GE → AutKλ(Vλ)

is an abelian representation of GE on an n-dimensional Kλ-vector space. Let I denote the image
of the group algebra Kλ[GE ] in EndKλ(Vλ). By assumption this is a commutative Kλ-subalgebra
of EndKλ(Vλ).

Lemma 4.2. For each σ ∈ G, let σ̃ ∈ GE denote a lift of σ. Then the elements π(σ̃) for σ ∈ G
form a Kλ-basis of I.

Proof of the lemma. By definition of the representation π on Vλ =
⊕

τ∈GM
τ
λ , one observes that

for each σ ∈ G, the automorphism π(σ̃) induces an isomorphism

π(σ̃) : Mλ
∼−→Mσ

λ .

Let v ∈ Mλ be a Kλ-basis. Then the elements π(σ̃)(v) for σ ∈ G form a Kλ-basis of Vλ. Let
aσ ∈ Kλ for σ ∈ G such that ∑

σ∈G
aσπ(σ̃) = 0

in I ⊂ EndKλ(Vλ). Evaluating at v ∈Mλ ⊂ Vλ gives∑
σ∈G

aσπ(σ̃)(v) = 0

in Vλ, and by the above observation, it follows that aσ = 0 for all σ ∈ G. Thus, the elements
π(σ̃), σ ∈ G are Kλ-linearly independent in I.

It remains to show that the π(σ̃), σ ∈ G generate the Kλ-vector space I. Consider an element
of the form

π(τ) ∈ I

for τ ∈ GE . One has τ = τ ′ · τ̃ |F with τ ′ ∈ GF . Since π|GF is the direct sum of the GF -
representations Mσ

λ for σ ∈ G and since each Mσ is of type (F,ψ,K), the automorphism π(τ ′)
acts via multiplication by an element a ∈ K×λ (namely the λ-component of ψa(x)−1ψ(x) where
x ∈ F×f satisfies rF (x) = τ ′|F ab). Therefore,

π(τ) = a · π(τ̃ |F ),

and the claim follows. �

We now show that I is its own commutant in EndKλ(Vλ) and that it is a semisimple Kλ-
algebra.

Lemma 4.3. The Kλ-algebra I satisfies the following properties:
(i) I is its own commutant in EndKλ(Vλ).
(ii) I is semisimple.
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Before we give a proof of this lemma, let us show how it allows to finish the proof of Proposition
4.1. Note that (4.3) induces an injective Kλ-algebra homomorphism Tλ → EndKλ(Vλ) whose
image commutes with I. The above lemma now gives that Tλ = I and hence Tλ is a commutative
semisimple Kλ-algebra. It follows that T is a commutative semisimple K-algebra. Moreover,
the λ-adic realization Vλ =

⊕
σ∈GM

σ
λ of RF/EM is generated by any non-zero element in Mλ

(regarded as being in the id-component). Thus, there is a surjective Tλ-linear homomorphism
Tλ � Vλ which has to be an isomorphism since both source and target are of the same dimension
n over Kλ. It follows that RF/EM is of rank 1 over T . �

Proof of Lemma 4.3. (i) Fix a bijection G ∼= {1, . . . , n}. There is a simply transitive action of
G on {1, . . . , n} induced by the action of G on itself by multiplication. The diagonal action on
{1, . . . , n} is still simple and the set of orbits G\{1, . . . , n}2 is in bijection with {1, . . . , n} by
sending an element i ∈ {1, . . . , n} to the orbit of (1, i). We choose a Kλ-basis of Vλ. Together
with the fixed bijection G ∼= {1, . . . , n} this yields an identification EndKλ(Vλ) ∼= Mn×n(Kλ) and
we regard I as a Kλ-subalgebra. For each σ ∈ G let σ̃ ∈ GE denote a lift. Then the matrix
representing π(σ̃) is of the form

Pσ = (βi,σ · δiσ(j))i,j=1,...,n

where βi,σ ∈ K×λ and δiσ(j) denotes the Kronecker delta. By Lemma 4.2, the matrices Pσ form a
Kλ-basis of I. Let A = (aij)i,j ∈Mn×n(Kλ) be an element in the commutant of I inMn×n(Kλ),
i.e. A commutes with the Pσ for all σ ∈ G. For the entries of A this means that

βσ(j),σ · aσ(i)σ(j) = βi,σ · aij(4.4)

for all σ ∈ G and i, j ∈ {1, . . . , n}. Note that this condition is also satisfied if A is one of the
matrices Pτ for τ ∈ G since I is commutative by assumption. It follows from (4.4) and our
initial remark on the action of G on {1, . . . , n}2 that any matrix commuting with all Pσ, σ ∈ G
is determined by its first row. We claim that

A =
∑
σ∈G

a1,σ−1(1)β
−1
1,σ · Pσ.(4.5)

Indeed, the right-hand side lies in I and therefore also satisfies (4.4), so we only have to compare
the first rows. The first row of a1,σ−1(1)β1,σPσ is (0, . . . , 0, a1,σ−1(1), 0, . . . , 0) with the only po-
tentially non-zero element in the σ−1(1)-entry. Thus, the first row of the right-hand side matrix
in (4.5) is given by (a11, . . . , a1n) and assertion (i) follows.

(ii) Fix an algebraic closure Kλ of Kλ. Let σ ∈ G and σ̃ ∈ GE be a lift. Let N denote the
order of σ in the group G. Then σ̃N ∈ GF and π(σ̃)N acts via multiplication by an element
β ∈ K×λ . Hence, the minimal polynomial of π(σ̃) divides the separable polynomial XN − β and
therefore π(σ̃) is diagonalizable over Kλ. Since the endomorphisms π(σ̃) for σ ∈ G commute
with each other and they generate I as a Kλ-vector space by Lemma 4.2, it follows that every
element in I can be simultaneously diagonalized over Kλ, hence I ⊗Kλ Kλ is semisimple. It
follows that I is a semisimple Kλ-algebra. �

Remark 4.4.
(1) If K is an imaginary quadratic field, F/E a finite extension and E/F an elliptic curve

with complex multiplication by K, then applying Theorem 4.1 to M = h1(E) with
coefficients inK, one essentially recovers [GS81], Théorème 4.1. The equivalence between
assertions (i) and (ii) is due to Shimura, cf. [Shi94], Theorem 7.44.

(2) Taking M = h1(A) for an abelian variety A/F of CM-type (K,Φ), the minimal subfield
E ⊂ F satisfying the conditions of the theorem is precisely the reflex field of (K,Φ). In
general, the minimal such subfield E ⊂ F is the minimal subfield of definition of ψa, or
equivalently the field of values Kψ∗a where ψ∗a ∈ IK denotes the reflex of ψa relative to
K.

5. Abelian varieties with complex multiplication

5.1. CM abelian varieties. We recall some facts about abelian varieties with complex mutlipli-
cation. Let L be a totally imaginary number field of degree 2g over Q which contains a CM-field
K. Let F be a number field.
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Definition 5.1 ([ST68], section 4). An abelian variety with complex multiplication by L is an
abelian variety A/F of dimension g together with an embedding

i : L ↪→ End0
F (A) := EndF (A)⊗Z Q,

which we then refer to as the CM-structure of A/F .

If (A, i) is an abelian variety with complex multiplication by L over F , the ring

L ∩ EndF (A) = i−1(EndF (A))

is an order in L. If it is the maximal order OL, we say that (A, i) has complex multiplication by
OL. We usually drop the embedding i from the notation.

In the following, let π : A → F be an abelian variety with complex multiplication by L. We
denote its unit section by e. Let A∨ denote the dual abelian variety of A and equip it with the
CM-structure L→ EndF (A)

∨−→ EndF (A∨). As it is usual, we define

ωA/F := e∗Ω1
A/F
∼= π∗Ω

1
A/F

and let Lie(A/F ) = ω∨A/F denote the relative Lie algebra ofA/F . We letH1
dR(A/F ) (or sometimes

h1
dR(A)) denote the algebraic de Rham cohomology of A/F . We simply write H1(A/C), ωA/C

and Lie(A/C) instead of H1
dR(A×F C/C), ωA×FC/C and Lie(A×F C/C). Via the CM-structure

ωA/F , Lie(A/F ) and H1
dR(A/F ) acquire the structures of L ⊗ F -modules. There is a canonical

isomorphism R1π∗OA ∼= Lie(A∨/F ) and an exact sequence

(5.1) 0→ ωA/F → H1
dR(A/F )→ Lie(A∨/F )→ 0

of L⊗ F -modules (the "Hodge filtration").
Via the CM-structure, the singular cohomology H1(A(C),Q) is an L-vector space and it is

1-dimensional since its Q-dimension is 2g = [L : Q]. In particular H1(A(C),C) is a free L⊗C-
module of rank 1. By the Hodge decomposition theorem, one has H1(A(C),C) ∼= ωA/C ⊕ ωA/C
with respect to the real structure H1(A(C),R). It follows that there exists a CM-type Φ of L
such that L acts through the g embeddings in Φ on ωA/C. We say that A/F is of CM-type (L,Φ).

5.2. Weil pairing. For any abelian variety A/F with complex multiplication by L, there is a
perfect pairing (in fact, an isomorphism)

h1(A)⊗L h1(A∨)→ L(−1)

of motives over F with coefficients in L which induces the corresponding well-known pairings
in each realization: In the de Rham realization one has a canonical pairing H1

dR(A/F ) ⊗L⊗F
H1

dR(A∨/F ) → L ⊗ F , which is an L-linear version of the pairing given by [BBM82], Théorème
5.1.6. In the finite adelic realization, it induces a perfectGF -equivariant pairing 〈·, ·〉A : h1

f (A)⊗Lf
h1
f (A∨) → Lf (−1) which is an dual (and L-linear) version of the usual Weil pairing Vf (A) ⊗
Vf (A∨)→ Q(1). For later reference, let us observe that for any τ ∈ GQ the diagram

h1
f (A)⊗ h1

f (A∨) Lf (−1)

h1
f (Aτ )⊗ h1

f (Aτ,∨) Lf (−1)

τ

〈·,·〉A

τ

〈·,·〉Aτ

commutes. Similarly, there is a canonical pairing h1
B(A)⊗L h1

B(A∨) → (2πi)−1L and the above
pairings are compatible via the comparison isomorphisms. For further information, we refer the
reader to [Del74], 10.2.

5.3. Serre’s tensor construction. In this section, we collect a few facts about Serre’s tensor
construction. More details can for example be found in [CCO14], 1.7.4. Let A/F be an abelian
variety with CM by OL. For every finitely generated projective OL-module a, there is an abelian
variety

A(a) := A⊗OL a

defined over F which represents the functor

Schop
F → Ab, (A⊗OL a)(T ) = A(T )⊗OL a.
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If a, b are fractional ideals of L with a ⊂ b, one has a canonical isogeny A(a) → A(b) of degree
[b : a]. In the case where a ⊂ OL is an integral ideal, we denote the isogeny induced by the
inclusion OL ⊂ a−1 by

[a] : A→ A(a−1) = A⊗OL a−1

and define
A[a] := ker([a]).

Since we are working over a base field of characteristic zero, every isogeny is étale. In particular,
[a] induces an isomorphism

[a]∗ : ωA(a−1)/F
∼−→ ωA/F

Similarly, the dual isogeny [a]∨ induces an isomorphism

[a]# := ([a]∨)∗ : ωA/F → ωA(a−1)/F .

5.4. The associated Hecke character. As before, let A/F be an abelian variety with CM by
L. Let Φ be the CM-type of A/F and let E denote the reflex field of (L,Φ). Then F ⊃ E (and
in particular, F is totally imaginary). Let Φ∗ ∈ IE be the reflex CM-type of Φ on E.

Theorem 5.2 (Associated Hecke character). There is a unique algebraic Hecke character

ψ : F×f → L×

of infinity-type InfF/E(Φ∗) such that the motive h1(A) is of type (F,ψ, L).

Proof. This is a classical statement in the theory of complex multiplication, cf. [ST68], Theorem
10 or [CCO14], Theorem 2.5.1. �

Let us state a Theorem due to Casselman which achieves the converse.

Theorem 5.3 (Casselman). Let L be a CM-field of degree [L : Q] = 2g and Φ be a CM-type on
L. Let (E,Φ∗) be the reflex CM-pair of (L,Φ). Let F/E be a finite extension and ψ : F×f → L×

an algebraic Hecke character of infinity-type InfF/E(Φ∗). There exists a g-dimensional abelian
variety A/F together with a CM-structure L ↪→ End0(A) such that A/F is of CM-type (L,Φ)
and has associated CM-character ψ. The CM-abelian variety (A,L ↪→ End0(A)) is unique up to
L-linear isogeny over F .

Proof. [CCO14], Theorem 2.5.2. �

5.5. An application of Theorem 4.1. Let L be a totally imaginary number field containing
a CM-field. Let F be a number field and let A/F be an abelian variety equipped with a CM-
structure L ↪→ End0(A). Let Φ ∈ IL denote the CM-type of A and let E be the reflex field
of (L,Φ). Then F ⊃ E and we assume in the following that F/E is an abelian extension. Let
ψ : F×f → L× be the CM-character associated to A/F .

Corollary 5.4. The following assertions are equivalent:
(i) There exists an algebraic Hecke character ϕ of E such that

ψ = ϕ ◦NF/E .
(ii) The extension F (Ator)/E is abelian.

Here F (Ator)/F is the field extension of F generated by the torsion points of A, i.e. the fixed
field of the kernel of the representation of GF on the rational Tate module Vf (A).

Proof. As the infinity-type of ψ is induced from Φ∗ and F/E is abelian by assumption, the
equivalence of assertions (i) and (ii) follows from the equivalence of the corresponding assertions
(i) and (ii) in Theorem 4.1. Note that h1(A)f is the dual representation of Vf (A). �

Casselman’s theorem combined with Corollary 5.4 provides a powerful tool to construct CM
abelian varieties.

Proposition 5.5. Let L be a totally imaginary number field containing a CM-field. Let Φ be
a CM-type of L and E the reflex field of (L,Φ). Let a ⊂ OL be an integral ideal. There exists
a finite abelian extension F/E and an abelian variety A/F with complex multiplication by L
satisfying the following properties:

(i) A has CM by OL and is of CM-type (L,Φ).
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(ii) There is an algebraic Hecke character ϕ of E such that ψ = ϕ ◦NF/E.
(iii) There is an isomorphism ξ : OL ∼= H1(A(C),Z).
(iv) Every [a]-torsion point of A is defined over F .

Proof. Let K denote the maximal CM-subfield of L and ΦK the CM-type of K from which Φ is
induced. Let ϕ : E×f → T×ϕ be an auxiliary Hecke character with infinity type ϕa = Φ∗, which
takes values in an extension of K. Such a Hecke character always exists if one chooses Tϕ large
enough, cf. [Sch88], 0.3. Since ϕ is continuous, the preimage ϕ−1(K×) is an open subgroup of
E×f containing E×. By class field theory, there exists a finite abelian extension F/E such that
NF/E(CF ) ⊂ ϕ−1(K×)/E× and hence the Hecke character ψ := ϕ◦NF/E takes values in K×. By
Casselman’s Theorem 5.3, there exists an abelian variety B/F of CM-type (K,ΦK) whose Hecke
character is given by ψ. Here B/F with its CM-structure K → End0

F (B) is only determined up
to a K-linear isogeny. By using Serre’s tensor construction (cf. [CCO14], Proposition 1.7.4.5),
we may assume that the CM-order of B/F is given by OK . Then the OK-module H1(B(C),Z)
is invertible and by applying Serre’s tensor construction again, we may assume that there is an
isomorphism H1(B(C),Z) ∼= OK . The abelian variety A := B ⊗OK OL acquires CM by OL,
is of CM-type (L,Φ) and its first integral homology is a free OL-module of rank 1. Note that
CM-character of A/F is ψ with values regarded in L×. By construction A/F satisfies condition
(i) of Corollary 5.4, hence the extension F (Ator)/E is abelian. It follows that we may pass to a
larger extension F/E, so that every [a]-torsion point is defined over F and such that F/E still is
an abelian extension. �

5.6. The main theorem of complex multiplication.

The type transfer. In the following, let L denote a number field containing a CM-field and let
Φ be an induced CM-type of L. Let E denote the reflex field of (L,Φ) and let Φ∗ ∈ IE be the
reflex CM-type. For each embedding σ ∈ JL, we choose a lift wσ ∈ GQ such that cwσ = wcσ.
We define the type transfer

trΦ : GQ → Gab
L

by the formula
trL,Φ(τ) =

∏
σ∈Φ

(w−1
τσ τwσ)−1 mod GcL.

Proposition 5.6.
(i) trL,Φ is a well-defined continuous map which is independent of the choice of lifts wσ for

σ ∈ JL.
(ii) For all τ1, τ2 ∈ GQ, one has trL,Φ(τ1τ2) = trL,Φ◦τ−1

2
(τ1) · trL,Φ(τ2).

(iii) Let L′ ⊃ L be a finite extension and Φ′ = InfL′/L(Φ). Let trL′/L : Gab
L → Gab

L′ denote
the usual transfer map. One has trL′,Φ′ = trL′/L ◦ trL,Φ.

(iv) The restriction trL,Φ : GE → Gab
L is a homomorphism and the diagram

E×f L×f

Gab
E Gab

L

Φ∗−1

rK rL

trL,Φ

is commutative.

Proof. As (i) is usually proven in the literature under the condition that L is a CM-field, let us
give an argument. Any other choice of lifts for the σ ∈ JL is of the form w′σ = wσ · gσ with
gσ ∈ GL. It is compatible with complex conjugation if and only if

gcσ = gσ(5.2)

for all σ ∈ JL. Let τ ∈ GQ. Using the lifts w′σ, the defining expression for trΦ(τ) then changes
by the factor

∏
σ∈Φ(g−1

τσ gσ)−1 in Gab
L . It therefore suffices to show∏

σ∈τΦ

gσ =
∏
σ∈Φ

gσ
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in Gab
L . For this we decompose τΦ = (Φ ∩ τΦ) t (Φ ∩ τΦ). Complex conjugation carries Φ ∩ τΦ

bijectively to Φ ∩ τΦ and using (5.2), the claim follows. Part (ii) is straighforward from the
definition of trL,Φ. For (iii), recall that the usual transfer map trL′/L for the finite extension
L′/L can be calculated as follows: Let us choose a representative vρ ∈ GL for every coset
ρ ∈ GL/GL′ . Then, for any τ ∈ GL, one has

trL′/L(τ) =
∏

ρ∈GL/GL′

v−1
τρ τvρ mod GcL′ .

Additionally, choose lifts wσ for every σ ∈ JL satisfying cwσ = wcσ. We claim that the set

{wσ · vρ | σ ∈ JL, ρ ∈ GL/GL′}

forms a choice of lifts for the embeddings of L′ which is still compatible with complex conjugation.
Indeed, it has the same cardinality as JL′ and one checks that, by construction, the restrictions of
any two different elements to L′ give rise to different embeddings. Hence, these lifts run through
the lifted CM-type Φ′ of L′ if one lets σ runs through Φ. Moreover, observe that for τ ∈ GQ the
element

wτσv(w−1
τσ τwσ)·ρ

lifts τ(wσvρ)|L′ . Therefore, in Gab
L′ one has

trL′,Φ′(τ)−1 =
∏
σ∈Φ

ρ∈GL/GL′

(wτσv(w−1
τσ τwσ)·ρ)

−1τ(wσvρ)

=
∏
σ∈Φ

ρ∈GL/GL′

v−1

(w−1
τσ τwσ)·ρ(w

−1
τσ τwσ)vρ

=
∏
σ∈Φ

trL′/L(w−1
τσ τwσ)

= trL′/L(trL,Φ(τ))−1,

as desired. By (iii) and the injectivity of the transfer trL′/L, we reduce assertion (iv) to the case
where L is a CM-field and then the statement can be found in [Lan83], Ch.7, Theorem 1.1. Note
that the type-transfer VΦ defined in loc. cit. is the inverse of trL,Φ. �

The reciprocity law. If L is a CM-field and τ ∈ GQ, we define

L(Φ, τ) := {λ ∈ L×f | rL(λ) = trL,Φ(τ) and λλcχcyc(τ) ∈ L×}.(5.3)

It is shown in [Lan83], Ch.7, Theorem 2.2 that L(Φ, τ) is a L×-coset in L×f . If, more generally,
L is a totally imaginary field containing a CM-field K and Φ is a type of L which is lifted from
a CM-type ΦK of K, we define

L(Φ, τ) := L× ·K(ΦK , τ).(5.4)

By Proposition 5.6 (iii) and the compatibility of the Artin map with the transfer, this definition
is independent of the choice of (K,ΦK) and we have

rL(λ) = trL,Φ(τ)(5.5)

for any λ ∈ L(Φ, τ). We record two properties of the cosets (5.4) for later use:

Proposition 5.7. Let K be a CM-field and ΦK a CM-type. Let L be a number field containing
K and let Φ be the CM-type lifted from ΦK . Let E denote the reflex field of (L,Φ).

(i) For any τ1, τ2 ∈ GQ, one has L(Φ, τ1τ2) = L(Φ ◦ τ−1
2 , τ1) · L(Φ, τ2).

(ii) If τ ∈ GE and e ∈ E×f satisfies rE(e) = τ |Eab , one has L(Φ, τ) = L× · Φ∗(e)−1.

Proof. The assertions immediately reduce to the case where L is a CM-field. Statement (i)
follows from the definition (5.3) and Proposition 5.6 (ii). Assertion (ii) follows from Proposition
5.6 (iv). �
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Theorem 5.8 (Shimura-Taniyama, Tate, Langlands, Deligne). Let L be a CM-field and Φ a
CM-type of L. Let F be a number field and A/F be an abelian variety of CM-type (L,Φ). Let
a ∈ h1(A)B be an L-basis. Let τ ∈ GQ and λ ∈ L(Φ, τ). Then there exists a unique L-basis
b ∈ h1(Aτ )B such that the diagram

Lf h1(A)f

Lf h1(Aτ )f

af

λ τ

bf

commutes. Here af and bf are the Lf -linear isomorphisms corresponding to the bases If (a⊗ 1)
and If (b⊗ 1), respectively.

Proof. This is a dual version (without mention of polarizations) of [Mil98], Theorem 1.3. �

Remark 5.9. Equivalently, if a ∈ h1
B(A) and b ∈ h1

B(Aτ ) are given L-bases, there exists a unique
element λ ∈ L(Φ, τ) such that the diagram in Theorem 5.8 commutes.

Let us also state the following equivalent formulation of Theorem 5.8 in terms of complex
uniformizations:

Theorem 5.10. Let L be a CM-field and Φ a CM-type of L. Let F be a number field and
A/F be an abelian variety of CM-type (L,Φ). Let θ : CΦ/a → A(C) be a OL-linear complex
uniformization where a is a fractional ideal of L. Let τ ∈ GQ and λ ∈ L(Φ, τ). Then there exists
a OL-linear complex uniformization θτ : CτΦ/a[λ]−1

L → Aτ (C) such that the diagram

L/a A(Q)tor

L/a[λ]−1
L Aτ (Q)tor

λ−1

θ

τ

θτ

commutes.

Proof. This is part of [Mil98], Theorem 1.1. In loc. cit. Lemma 1.4 the assertion is shown to be
equivalent to Theorem 5.8. �

Recall the primary decomposition of L/a: For any finite place v, let av = aOLv . The ho-
momorphism L/a →

⊕
v Lv/av, induced by the canonical inclusions L ↪→ Lv, is an OL-linear

isomorphism (cf. [Sil94], Lemma II.8.1; one easily checks that the map is given as above). Now
an idele λ ∈ L×f induces a map λ :

⊕
v Lv/av →

⊕
v Lv/a[λ]L, (xv)v 7→ (λvxv)v and one defines

the homomorphism λ : K/a→ K/a[λ]L such that it makes the diagram

L/a
⊕

v Lv/av

L/a[λ]L
⊕

v Lv/λvav

∼

λ λ

∼

commute. Also, note that the inclusions Lv ↪→ Lf induce a canonical isomorphism
⊕

v Lv/av
∼=

Lf/a ⊗OL ÔL such that the map λ on the left-hand side corresponds to multiplication by λ on
the right.

Finally let us briefly discuss the compatibility of Theorems 5.8 and 5.10 with Serre’s tensor
construction. Let L be a totally imaginary field which contains a CM-field K and let Φ =
InfL/K(ΦK) be a CM-type lifted from a CM-type ΦK of K. Let F be a number field and B/F
an abelian variety of CM-type (K,ΦK) whose CM-order is the ring of integers OK . The abelian
variety A := B ⊗OK OL then has complex multiplication by OL and is of CM-type (L,Φ).

Corollary 5.11. As above, let A be an abelian variety which arises by Serre’s tensor construction
as above. Let L(Φ, τ) denote the coset in L×f as defined in (5.4). Then the statements of Theorem
5.8 and Theorem 5.10 holds true verbatim.

Proof. The analogue of Theorem 5.8 follows immediately from the definition of the coset L(Φ, τ)
and the canonical isomorphism h1

f (B ⊗OK OL) ∼= h1
f (B) ⊗OK OL. As before, the analogue of

Theorem 5.10 is equivalent to this. �
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Remark 5.12. For a nice generalization of the main theorem of complex multiplication to
motives for Hecke characters, we refer the reader to [Bla86], 4.1 and 4.2.

6. Blasius’ period relation

In the following, let L be a totally imaginary field containing a CM-field. Let K be the
maximal CM-subfield of L and ΦK a CM-type of K. Let E denote the reflex field of (K,Φ) and
let Φ∗ ∈ IE denote the reflex CM-type on E. Let Φ = InfL/K ΦK be the CM-type of L lifted
from ΦK . Let

χa = β − α ∈ IL
with α ∈ IΦ and β ∈ IΦ be a Hecke character type on L, i.e. there exist α0 ∈ IΦK , β0 ∈ IΦK such
that

α = InfL/K(α0) and β = InfL/K(β0)

and there is an integer w ∈ Z such that

β(σ)− α(σ) = w for all σ ∈ Φ,(6.1)

i.e. cβ − α = wΦ. Moreover, we assume in the following that the type χa is critical with respect
to Φ, i.e. that

α(σ) ≥ 1 and β(σ) ≥ 0 for all σ ∈ Φ.(6.2)

Remark 6.1. Our assumptions on χa are analogous to the condition [Bla86], (4.4.4) for µ = cβ.
In the notation of [Bla86], 4.4, we have α = −wΦ + µ and β = cµ. But note that the condition
in loc. cit. is only equivalent to the criticality of χ when the weight w is negative. We do not
make any assumptions on the weight.

Lemma 6.2. Let χa = β − α be a Hecke character type as above.
(i) The field Lα is a CM-field containing the reflex field E of (K,ΦK).
(ii) One has Lβ ⊂ Lα.

Proof. Since K is a CM-field, it is clear that Lα = Kα0 is either totally real or a CM-field. Any
τ ∈ GQ which fixes the type α0 ∈ IΦK also has to fix the CM-type ΦK on which α0 is supported.
It follows that E ⊂ Lα. In particular, Lα is a CM-field. For assertion (ii), consider τ ∈ GQ such
that τα = α. Since α is induced from a CM-field, it follows that τ fixes cα as well. Moreover, by
(i), τ fixes the CM-type Φ and hence also its complex conjugate Φ. Finally, β = wΦ + cα by the
weight condition (6.1) and thus τβ = β, which proves the claim. �

Now assume that T is a CM-field containing Lα and that

χ : L×f → T×

is an algebraic Hecke character with infinity type χa.

Definition 6.3. Let η ∈ JE. We define the map

εηΦ : GQ → {±1}

as follows: For τ ∈ GQ, we let εηΦ(τ) ∈ {±1} be the sign of the bijection

〈c〉\JL
∼−→ ηΦ

τ−→ τηΦ
∼−→ 〈c〉\JL,

where the first and the last bijection are induced from the inclusions Φ ⊂ JL and ηΦ ⊂ JL.

For τ1, τ2 ∈ GQ, one immediately checks that

εηΦ(τ1τ2) = ετ2ηΦ(τ1)εηΦ(τ2).(6.3)

In particular, the restriction εΦ : GE → {±1} is a character and we may regard it as a finite
Hecke character εΦ : E×f → T×.

Definition 6.4. Let Ξ : E×f → T× denote the algebraic Hecke character

Ξ = (χ ◦ Φ∗)−1‖·‖−d(β)
E εΦ.(6.4)

Note that the infinity-type of Ξ is given by Ξa = (Φ∗)α · (Φ∗)β.
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For any η ∈ JE , we have the coset L(ηΦ, τ), defined in (5.4), associated to the CM-type ηΦ of
L. For any τ ∈ GQ, let us define the elements ξ(τ, η) ∈ T×f by

ξ(τ, η) = χa(λ)−1χ(λ)χcyc(τ)−d(β)εηΦ(τ),(6.5)

where λ ∈ L(ηΦ, τ) can be chosen arbitrarily.

Proposition 6.5 ([Bla86], Proposition 4.4.1).
(i) For all τ1, τ2 ∈ GQ and η ∈ JE, one has

ξ(τ1τ2, η) = ξ(τ1, τ2η)ξ(τ2, η).

(ii) If τ ∈ GE and e ∈ E×f satisfies rE(e) = τ |Eab , one has

ξ(τ, 1E) = Ξa(e)−1Ξ(e).

Proof. The assertions follow readily from the definitions and Proposition 5.7. �

Proposition 6.6. Let M(Ξ) be a motive of type (E,Ξ, T ). For every η ∈ JE there exists a
T -basis aη ∈M(Ξ)ηB such that for any τ ∈ GQ the diagram

Tf M(Ξ)ηf

Tf M(Ξ)τηf

If (aη)

ξ(τ,η) τ

If (aτη)

is commutative, where the element ξ(τ, η) ∈ T×f is defined as in (6.5).

Proof. This is Corollary 4.4.2 in [Bla86]. Also cf. Corollary A.4 in the appendix. �

Theorem 6.7 (Blasius). Let Ξ be the Hecke character as defined in (6.4), M(Ξ) a motive of type
(E,Ξ, T ) and {aη | η ∈ JE} as in Proposition 6.6. Then F d(α)+d(β)RM(Ξ)dR is a 1-dimensional
T -vector space. If ω is a basis, there exists a unique element v(χ) ∈ (T ⊗C)× satisfying

I∞(ω) = v(χ) ·
∑
η∈JE

e(η)aη,

and one has
(2πi)−d(β)v(χ) ∼ c+(χ) mod T.

Proof. This is [Bla86], Proposition 5.3.4 in the case where L is a CM-field. For general L, the
result is [Bla97], Theorem H.3, where it is pointed out that the same proof as in the CM-case
works if one uses the sign from Definition 6.3 instead of a slightly different sign employed in
[Bla86]. We recall the proof in Appendix A, cf. Theorem A.10. �

Finally, for future reference, let us state the following minor extension of Proposition 5.5:

Proposition 6.8. Let L be a totally imaginary number field containing a CM-field. Let Φ be
a CM-type of L and E the reflex field of (L,Φ). Let a ⊂ OL be an integral ideal. Then there
exists a finite abelian extension F/E and an abelian variety A/F with complex multiplication by
L satisfying the following properties:

(1) A has CM by OL and is of CM-type (L,Φ).
(2) There is an isomorphism ξ : OL ∼= H1(A(C),Z).
(3) Every [a]-torsion point of A is defined over F .
(4) The character εΦ : GE → {±1} is trivial on GF .
(5) Ξ ◦NF/E = ψαψβ, where ψ : F×f → L× denotes the CM-character of A/F .

Proof. By Proposition 5.5, there exists a finite abelian extension F/E and a CM abelian variety
A/F which satisfies conditions (1)–(3) and whose CM character ψ is of the form ψ = ϕ◦NF/E for
a Hecke character ϕ of E. Note that any base change to a larger abelian extension of E still has
these properties. Since the character εΦ : GE → {±1} is abelian, we may enlarge F so that (4)
holds. For (5), let Tϕ be a number field containing L and the values of ϕ. Let α̃, β̃ ∈ ITϕ denote
lifts of α, β ∈ IL along the surjection ResTϕ/L : ITϕ → IL defined in , e.g. choose lifts σ̃ ∈ JTϕ for
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every σ ∈ JL and put α̃ =
∑
σ∈JL α(σ) · σ̃. Note that for any ` ∈ L×, one has `α̃ = `α, where on

the left ` is regarded as an element in Tϕ. It follows that

(6.6) ϕα̃ϕβ̃ ◦NF/E = ψαψβ

and this remains true after passing to the base change of A to a larger abelian extension F/E.
The infinity-type of ϕα̃ϕβ̃ is given by (Φ∗)α · (Φ∗)β , i.e. it coincides with the infinity-type of Ξ
(cf. Definition 6.4). It follows that we may enlarge the finite abelian extension F/E such that
ϕα̃ϕβ̃ ◦NF/E = Ξ ◦NF/E . By (6.6), we obtain ψαψβ = Ξ ◦NF/E , as desired. �

Remark 6.9. For the proof that condition (5) in the above Proposition can be achieved, it is
not enough to observe that ψαψβ has the same infinity-type as Ξ ◦NF/E . This only shows that
we can pass to an abelian extension of F such that the condition (5) holds. We actually need to
work with the character ϕ to ensure that F can be chosen to be abelian over E.

7. Algebraic TL,F -modules

7.1. Definition and decomposition results. Let L be a number field and F a field of charac-
teristic zero. Fix an algebraic closure F as well as an embedding Q ⊂ F . Let GF := Gal(F/F )
denote the absolute Galois group of F . The chosen embedding Q ⊂ F induces a homomorphism

GF → GQ(7.1)

by restriction. We consider the algebraic torus

TL,F := ResL/Q Gm ×Q F

over F . Its character group X∗(TL,F ) identifies with the free abelian group IL of types on L.
The canonical action of GF is induced by the GQ-action on IL via the homomorphism (7.1).
Equivalently, we can regard IL as the free abelian group on Hom(L,F ), on which GF acts in the
obvious way.

Definition 7.1. An algebraic TL,F -module or representation of TL,F is an F -vector space V
which, for every F -algebra R, is equipped with a R-linear action

ρR : TL,F (R) = (L⊗Q R)× → AutR(V ⊗F R)

that is functorial in R.

The representations of algebraic groups of multiplicative type, such as TL,F , can be described
as follows:

Proposition 7.2. Let V be an algebraic TL,F -module. There is a decomposition

V =
⊕

Θ∈GF \IL

VΘ(7.2)

indexed by the GF -orbits of the character group X∗(TL,F ). Here VΘ consists of those elements
v ∈ V such that there exists µ ∈ Θ with

ρF (l)(v ⊗ 1) = lµ · (v ⊗ 1) for all l ∈ L×.

Proof. See e.g. [Mil17], Theorem 12.30: One easily shows the Proposition after passing to the
separable closure F where the torus TL,F becomes split. The general case then follows by Galois
descent. �

Let V be an algebraic TL,F -module. Let F ′ be a field extension. Fix an algebraic closure F ′ of
F ′ and fix an embedding F ⊂ F ′. Again, there is a canonical homomorphism GF ′ → GF which
induces an action on IL (or we may use the identifications JL = Hom(L,F ) = Hom(L,F ′)).
Moreover, the group GF ′ acts on every GF -orbit of IL, which therefore decomposes itself into
a disjoint union of GF ′ -orbits. The F ′-vector space V ′ = V ⊗F F ′ acquires the structure of an
algebraic TL,F ′ -module in a canonical way. By Lemma 7.2, we have the decomposition

V ⊗F F ′ =
⊕

Θ′∈GF ′\IL

V ′Θ′ .(7.3)

The two decompositions (7.2) and (7.3) are related as follows:
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Proposition 7.3. For every GF -orbit Θ of IL, one has

VΘ ⊗F F ′ =
⊕

Θ′∈GF ′\Θ

V ′Θ′

as F ′-subspaces of V ⊗F F ′.

Proof. The case where F ′ = F is contained in the proof of Proposition 7.2. The general case is
immediate, e.g. by using the explicit description of the subspaces VΘ in Proposition 7.2. �

7.2. A basic example.

The general case. We now discuss an example which is essentially trivial but useful when we later
construct certain idempotent endomorphisms in various realizations of a motive. Let L/Q be a
finite extension and F a field of characteristic 0 together with a fixed embedding Q ⊂ F . Let V
be a L⊗Q F -module. For any F -algebra R, the extension of scalars V ⊗F R is a L⊗QR-module.
In particular, we obtain an action

ρR : (L⊗Q R)× → AutR(V ⊗F R)(7.4)

via R-linear isomorphisms, which is immediately checked to be functorial. In this way, V is
equipped with the structure of an algebraic TL,F -module.

More generally, let d ≥ 0 be an integer. Then the dth symmetric powers Symd
F (V ) acquire the

structure of an algebraic TL,F -module: For any F -algebra R, we have a functorial action

(L⊗Q R)× → AutR(Symd
R(V ⊗F R)), ` 7→ Symd

R(ρR(`))

via R-linear isomorphisms on Symd
F (V )⊗F R ∼= Symd

R(V ⊗F R). Hence, Proposition 7.2 implies
that we have a decomposition

Symd
F (V ) =

⊕
Θ∈GF \IL

Symd
F (V )Θ(7.5)

indexed by the orbits of the action of GF on IL through the homomorphism GF → GQ given by
restriction along Q ⊂ F .

The split case. Let us describe the decompositions in the split case. Assume that the Galois
closure of L in Q ⊂ F already lies in F , so that TL,F splits. Note that then GF acts trivially on
IL, so that GF \IL = IL. In this situation, let us fix the following notation:

Definition 7.4. Let V be an L⊗F -module and assume that F contains the Galois closure of L.
We write

V =
⊕
σ∈JL

V (σ),(7.6)

for the decomposition induced by the canonical isomorphism L⊗F =
∏
σ∈JL Fσ, where Fσ denotes

the L-algebra σ : L→ F . There are canonical isomorphisms

V (σ) = V ⊗L⊗F,σ F,

where the tensor product is taken with respect to the homomorphism σ : L⊗F → F , `⊗x 7→ σ(`)x.
For any type µ ∈ I+

L , we set

Symµ(V ) :=
⊗
σ∈JL

Sym
µ(σ)
F (V (σ)).(7.7)

Clearly, an element ` ∈ L× acts via the embedding σ on Vσ and hence the decomposition (7.2)
is given by (7.6) In terms of (7.6), the decomposition (7.5) of Symd

F (V ) is then given by

Symd
F (V ) = Symd

F

(⊕
σ∈JL

V (σ)
)
∼=

⊕
µ∈I+,d

L

Symµ(V )(7.8)



36 HAN-UNG KUFNER

7.3. The functor V α. In the following, let α ∈ I+
L be a type and let d = d(α) denote its degree.

Let Θα = GQ · α denote the GQ-orbit of the type α. For a L⊗ F -module V , we define V α to be
the direct summand

V α =
⊕

Θ∈GF \Θα

Symd
F (V )Θ.

of Symd
F (V ) in (7.5). This construction is functorial: Any L⊗F -linear homomorphism f : V →W

induces TL,F -equivariant homomorphisms f : V → W and Symd(f) : Symd
F (V ) → Symd

F (W ).
In particular, they are compatible with the decompositions (7.2) and hence there is an induced
homomorphism

fα : V α →Wα.

Change of the field F . Let F ′ be another characteristic 0 field containing F . Fix embeddings
Q ⊂ F ⊂ F ′. The construction V 7→ V α behaves as follows under extension of scalars along
F ⊂ F ′:

Lemma 7.5. For every L⊗Q F -module V , there is a natural isomorphism

(V ⊗F F ′)α ∼= V α ⊗F F ′.

Proof. By Proposition 7.3, we have the isomorphism

V α ⊗F F ′ =
⊕

Θ∈GF \Θα

Symd
F (V )Θ ⊗F F ′

∼=
⊕

Θ∈GF \Θα

⊕
Θ′∈GF ′\Θ

Symd
F ′(V ⊗F F ′)Θ′

∼=
⊕

Θ′∈GF ′\Θα

Symd
F ′(V ⊗F F ′)Θ′

= (V ⊗F F ′)α

which is immediately checked to be functorial in V . �

Module structure over Lα ⊗ F . Let us explain how V α canonically acquires the structure of an
Lα ⊗ F -module. Note that, by definition of the field of values Lα, one has

Θα = {ια | ι ∈ JLα}.

By Lemma 7.5 and the decomposition (7.8), we have the decomposition

V α ⊗F F =
⊕
ι∈JLα

Symια(V ⊗F F ).

We now let an element t ∈ Lα act on V α ⊗F F via multiplication by ι(t) on each summand
Symια(V ⊗F F ). For each τ ∈ GF , the semilinear isomorphism id ⊗ τ on V α ⊗F F induces
semilinear maps id ⊗ τ : Symια(V ⊗F F ) → Symτια(V ⊗F F ) for every ι ∈ JLα and it is
immediate to check that the diagram

Symια(V ⊗F F ) Symτια(V ⊗F F )

Symια(V ⊗F F ) Symτια(V ⊗F F )

id⊗τ

ι(t) τι(t)

id⊗τ

commutes. Hence, the action of t on V α⊗F F is GF -equivariant and therefore uniquely descends
to an F -linear endomorphism of V α. Clearly, the assignment Lα → EndF (V α) is a ring homo-
morphism and we thus have equipped V α with the structure of an Lα ⊗ F -module. One also
checks that the construction V 7→ V α promotes to a functor

(−)α : ModL⊗F → ModLα⊗F .
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8. The motive Mα

The following construction is outlined in the proof of [Bla86], Proposition 5.5.1. First of all
let us remark that instead of the finite adelic realization, we may use the `-adic realizations for
all primes ` by Remark 3.4. The reason for doing this is that it is more convenient to write down
the results over a field.

Let F be a totally imaginary number field and ψ : F×f → L× an algebraic Hecke character.
Let α ∈ I+

L and let d := d(α). Given a motiveM of type (F,ψ, L), we want to construct a motive
Mα of type (F,ψα, Lα). We define Mα as a direct summand in

N := Symd(RL/QM),

where RL/QM denotes the restriction of coefficients of M from L to Q, as follows: Applying the
functor (−)α constructed in Section 7.3 to the L-vector space MB , we obtain a direct summand
Mα
B in NB = Symd

Q(MB). Similarly, we obtain direct summands Mα
dR in NdR = Symd

F (MdR)

and, for each prime number `, a direct summand Mα
` in N` = Symd

Q`
(M`). Let PB , PdR and P`

denote the corresponding idempotent endomorphisms of NB , NdR and N`.

Lemma 8.1. The endomorphism PB ∈ End(NB) respects the Hodge structure, i.e. for all p, q ∈
Z, one has

PB(Np,q
B ) ⊂ Np,q

B .

Proof. By Proposition 7.3 and (7.8), we have a decomposition

NB ⊗C =
⊕

µ∈I+,d
L

Symµ(MB ⊗C)(8.1)

where Symµ(MB⊗C) =
⊗

σ∈JL Sym
µ(σ)
C (MB⊗L,σC), and PB is the projector onto the summand

indexed by the Galois orbit GQα. By Proposition 3.20, eachMB⊗L,σC is of pure Hodge bidegree
(ψ∗(σ), ψ∗(cσ)). Thus, every summand in (8.1) is of pure Hodge bidegree and from this the claim
follows. �

Lemma 8.2. For each prime `, the endomorphism P` ∈ End(N`) is GF -equivariant.

Proof. One has to show that the direct summandMα
` is stable under the action of GF . It suffices

to check this after base change to Q`. Then, by Lemma 7.3 and (7.8), one has

N` ⊗Q`
Q` =

⊕
µ∈I+,d

L

Symµ(M` ⊗Q`),

where Symµ(M` ⊗ Q`) =
⊗

σ∈JL Symd
Q`

(M` ⊗L⊗Q`,σ Q`). Since the GF -representation M` is
L-linear, this is a decomposition of GF -representations and the claim follows. �

Lemma 8.3. The comparison isomorphisms I∞ : NdR⊗F C→ NB ⊗C and I` : NB ⊗Q` → N`
are compatible with the projectors PdR, PB and P`.

Proof. Since I∞ : NdR ⊗F C → NB ⊗ C identifies with the dth C-linear symmetric power
of the L ⊗ C-linear comparison isomorphism I∞,M , it is a TL,C-equivariant isomorphism and
by construction it restricts to the isomorphism Iα∞,M : (MdR ⊗F C)α → (MB ⊗ C)α. The
desired compatibility follows from Lemma 7.5. The compatibility of I` with PB and P` follows
completely analogously since I` : NB ⊗Q` → N` is induced by the L ⊗Q`-linear isomorphism
I`,M : MB ⊗Q` →M` on dth symmetric powers. �

8.1. Definition of Mα. The discussion above shows that there is an idempotent endomorphism

P ∈ End(Symd(MQ))

which agrees with the projectors PB , PdR and P` in the respective realizations.

Definition 8.4. Let M be a motive of type (F,ψ, L) and α ∈ I+
L be a type of degree d. We define

Mα = P · Symd(MQ).
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Next, we show that Mα is a motive of type (F,ψα, Lα). For the proof of the upcoming propo-
sition, the following general observation about algebraic homomorphisms and types is useful: Let
α` : (L ⊗ Q`)

× → (Lα ⊗ Q`)
× denote the homomorphism obtained from the homomorphism

α : ResL/Q Gm → ResLα/Q Gm of algebraic tori corresponding to the type α on Q`-valued

points. Then, under the identification Lα ⊗Q`
∼= Q

JLα

` , the homomorphism α` is given by

α`(y) =
( ∏
σ∈JL

σ(y)ια(σ)
)
ι∈JLα

,(8.2)

where y ∈ (L⊗Q`)
× and σ : L⊗Q` → Q` denotes the homomorphism given by l ⊗ z 7→ σ(l)z.

Proposition 8.5. Let M be a motive of type (F,ψ, L). Then Mα is of type (F,ψα, Lα).

Proof. Recall that each of the realizations Mα
B , M

α
dR and Mα

` has the structure of a module over
Lα, Lα⊗Q F and Lα⊗QQ`, respectively. Moreover, it follows from the proof of Lemma 8.3 that
the comparison isomorphism I∞ : Mα

dR⊗FC→Mα
B⊗C is given, via the identifications of Lemma

7.5, by applying the functor (−)α to the L ⊗ C-linear isomorphism I∞,M . In particular, it is
Lα⊗C-linear. Similarly, the comparison isomorphism I` : Mα

B ⊗Q` →Mα
` is Lα⊗Q`-linear. It

follows that the motive Mα acquires coefficients in Lα such that the induced L-module structure
is given as in Section 7.3 in each realization. Let us now show that Mα is a motive for the Hecke
character ψα. By Lemma 7.3 and (7.8), one has

Mα
B ⊗Q =

⊕
µ∈GQ·α

Symµ(MB ⊗Q)

where each summand Symµ(MB⊗Q) =
⊗

σ∈JL Symµ(σ)(MB⊗L,σQ) is a 1-dimensional Q-vector
space sinceM is of rank 1, by assumption. As the orbit GQ ·α is of cardinality [Lα : Q], it follows
that Mα

B is a 1-dimensional Lα-vector space. Hence, Mα is a motive of rank 1. We now show
that, for a fixed rational prime `, the GF -representationMα

` is determined by the Hecke character
ψα. To check this, we may pass to the algebraic closure Q`. Then, by Proposition 7.3, (7.8) and
by using that the GQ-orbit of α is given by {ια | ι ∈ JLα}, we have

Mα
` ⊗Q`

Q` =
⊕
ι∈JLα

Symια(M` ⊗Q`
Q`),

where Symια(M`⊗Q`
Q`) =

⊗
σ∈JL Symια(σ)(M`⊗L⊗Q`,σQ`). The module Lα⊗Q` acts in the

obvious way via Lα⊗Q`
∼= Q

JLα

` . Let τ ∈ GF and x ∈ F×f such that rF (x) = τ |F ab . SinceM is of
type (F,ψ, L), the action of τ onM`⊗Q`

Q` is given via multiplication by ψ−1
a,`(x)ψ(x) ∈ (L⊗Q`)

×.
Thus, τ acts on Mα

` ⊗Q`
Q` via multiplication by( ∏

σ∈JL

σ
(
ψ−1
a,`(x)ψ(x)

)ια(σ)
)
ι∈JLα

∈ Q
JLα

` .

By the remark before the proposition, this coincides under Lα ⊗Q`
∼= Q

JLα

` with

α`(ψ
−1
a,`(x)ψ(x)) = ψ−αa,` (x) · ψα(x) ∈ (Lα ⊗Q`)

×.

This actually lies in (Lα ⊗ Q`)
× as ψa,`(x) lies in (L ⊗ Q`)

×. It follows that Mα is of type
(F,ψα, Lα). �

8.2. Construction of elements in Mα
B and Mα

dR. Starting from elements in MB and MdR,
we now explain how to construct elements in Mα

B and Mα
dR. In the de Rham realization, it is

sufficient for our purposes to restrict to the case where the field of definition F contains the Galois
closure of L, so that the torus TL,F is split. In this case, the de Rham realization becomes easier
to manage. More generally, one could define a map V → V α for any L⊗ F -module V .

Betti realization. As before, let F and L be number fields and M be a motive of type (F,ψ, L).
Let γ ∈MB . We will now construct an element γα ∈Mα

B via Galois descent. Recall that

Mα
B ⊗Q =

⊕
ι∈JLα

Symια(MB ⊗Q)
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where as usual Symια(MB ⊗Q) =
⊗

σ∈JL Sym
ια(σ)

Q
(MB ⊗L,σ Q). For every ι ∈ JLα , we define

the element
για :=

⊗
σ∈JL

(γ ⊗σ 1Q)ια(σ) ∈ Symια(MB ⊗Q)

and we set
γα := (για)ι∈JLα ∈M

α
B ⊗Q.

Here, we write γ ⊗σ 1Q for γ ⊗ 1 to indicate that it lies in MB ⊗L,σ Q. If τ ∈ GQ, one has
τ(γα) = γα. Indeed, under the action of τ , the element για gets sent to

⊗
σ∈JL(γ ⊗τσ 1)ια(σ) =⊗

σ∈JL(γ ⊗σ 1)τια(σ) = γτια. Taking the sum over all ι ∈ JLα gives the claim. Hence, we obtain
an element

γα ∈Mα
B .(8.3)

The reader hopefully takes notice of the bold font in the exponent. It should always be clear
from the context, whether γα or γα is meant. The latter usually appears as in the form για.

De Rham realization. We assume that F contains the Galois closure of L. Then the torus TL,F

is split and we may regard every embedding of L to take values in F . The de Rham realization
of Mα is given by

Mα
dR =

⊕
ι∈JLα

Symια(MdR)

where
Symια(MdR) =

⊗
σ∈JL

Sym
ια(σ)
F (MdR ⊗L⊗F,σ F ).

Now, if we are given an element ω ∈MdR and ι ∈ JLα , we define the element

ωια :=
⊗
σ∈JL

(ω ⊗σ 1F )ια(σ) ∈ Symια(ωA/F )

and set

ωα := (ωια)ι∈JLα ∈M
α
dR.(8.4)

Again, there should be no room for confusion between ωα and ωα.

Remark 8.6. Let M = h1(A) for an abelian variety A/F with CM by OL such that F contains
the Galois closure of L. For σ ∈ JL, the direct summand h1

dR(A)(σ) := h1
dR(A) ⊗L⊗F,σ F of

h1
dR(A) is denoted by H1

dR(A/F )(−σ) in the notation of [KS19]. The notation Symια(h1
dR(A))

is analogous to the notation introduced in [KS19], Definition 1.6. If ω ∈ h1
dR(A) decomposes as

ω =
∑
σ ω(σ) with ω(σ) ∈ h1

dR(A)(σ), the element ω[ια], as defined in loc. cit., gets mapped to
ωια under the identification TSymια(h1

dR(A)) ∼= Symια(h1
dR(A)) via (0.3).

8.3. Periods of Mα. LetM be a motive of type (F,ψ, L) and assume that F contains the Galois
closure of L. Let γ ∈ MB be an L-basis and ω ∈ MdR. Consider the L ⊗C-linear comparison
isomorphism

I∞,M : MdR ⊗F C→MB ⊗C

attached to the motive M . There is a unique element Ω ∈ L⊗C satisfying

I∞,M (ω) = Ω · γ.(8.5)

Notation 8.7. Let α ∈ I+
L . For an element Ω ∈ L⊗C and ι ∈ JLα , we define

Ωια :=
∏
σ∈JL

Ω(σ)ια(σ),

where Ω = (Ω(σ))σ∈JL under the canonical isomorphism L⊗C = CJL . Moreover, we put

Ωα := (Ωια)ι∈JLα ∈ L
α ⊗C,

where again, we use the identification Lα ⊗C = CJLα .

Proposition 8.8. Let M be a motive of type (F,ψ, L) and assume that F contains the Galois
closure of L. Let γ ∈MB be an L-basis, ω ∈MdR and Ω ∈ L⊗C as in (8.5). Then

I∞,Mα(ωα) = Ωα · γα.
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Proof. According to the canonical isomorphism L⊗C = CJL , the isomorphism I∞,M decomposes
into C-linear isomorphisms I∞,σ : MdR ⊗F⊗L,σ C→MB ⊗L,σ C, which satisfy

I∞,σ(ω ⊗σ 1C) = Ωσ · (γ ⊗σ 1C).

Since the Lα ⊗C-linear isomorphism I∞,Mα is induced by the L ⊗C-linear isomorphism I∞,M
by applying the functor (−)α, it now follows from the construction of the elements γα and ωα

that I∞,Mα(ωα) = Ωα · γα, as desired. �

9. A motive for Ξ

In the following, we work with setup introduced in Section 6: Let L be a totally imaginary
number field containing a CM-field. Let Φ be a CM-type of L and let χa be a critical infinity-type
with respect to Φ, i.e.

χa = β − α
with β ∈ I+

Φ
, α ∈ I+

Φ such that α(σ) ≥ 1 and β(σ) ≥ 0 for all σ ∈ Φ. Let T be a CM-field
containing Lα and let

χ : L×f → T×

be an algebraic Hecke character of infinity-type χa. Let E be the reflex field of (L,Φ) and let
Φ∗ ∈ IE denote the reflex CM-type of Φ. We define the algebraic Hecke character Ξ : E×f → T×

by

Ξ = (χ ◦ Φ∗)−1‖·‖−d(β)
E εΦ,

as in (6.4), where εΦ is the sign defined in Definition 6.3.

9.1. Construction. The following construction is based on results of Goldstein-Schappacher
([GS81], §4) and Deninger ([Den89], section 2). In fact, it will be clear that all of the following
can be more generally carried out in the context of Theorem 4.1.

Let F/E be a finite abelian extension and A/F an abelian variety of CM-type (L,Φ) satisfying
condition (5) of Proposition 6.8, i.e. the CM-character ψ : F×f → L× of A satisfies

(9.1) Ξ ◦NF/E = ψαψβ .

By the constructions and results of Section 8, we have the motives h1(A)α and h1(A∨)β of
types (F,ψα, Lα) and (F,ψβ , Lβ), respectively. Let h1(A)αT and h1(A∨)βT denote the extension
of coefficients to T . Then

N := h1(A)αT ⊗ h1(A∨)βT(9.2)

is a motive of type (F,ψαψβ , T ). We now use the results of Section 4 to construct a motive
for Ξ out of the motive (9.2). By (9.1), condition (i) of Theorem 4.1 is satisfied and hence the
restriction of scalars RF/EN acquires coefficients in the commutative semisimple T -algebra

T =
⊕

σ∈GF/E

HomT (N,Nσ) · σ,

such that it is of rank 1 over T . Theorem 3.17 implies that there exists an algebraic Hecke
character

Ξ̃ : E×f → T ×

such that RF/EN is of type (E, Ξ̃,T ).

Lemma 9.1. There is a canonical isomorphism

N ⊗T T
∼−→ RF/EN ×E F

of motives over F with coefficients in T .

Proof. Note that RF/EN ×E F =
⊕

σ∈GF/E N
σ. The canonical inclusion N ↪→

⊕
σ∈GF/E N

σ

then induces a morphism
ϕ : N ⊗T T →

⊕
σ∈GF/E

Nσ

and it suffices to check that it is an isomorphism in the Betti realization. Let σ ∈ GF/E and
vσ ∈ Nσ

B . Choose any non-zero θσ ∈ HomT (N,Nσ). Then θσ is an isomorphism and there exists
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v ∈ NB such that θσ,B(v) = vσ. Then one has ϕB(v ⊗ θσ) = vσ, so that ϕB is surjective. Since
source and target of ϕB are both of rank 1 over T , we deduce that ϕB is an isomorphism. �

The following result is an adaptation of [GS81], Lemme 4.8 to our setting:

Lemma 9.2. The algebraic Hecke character Ξ̃ satisfies the following properties:
(i) Ξ̃ ◦NF/E = ψαψβ.
(ii) As a T -module T is generated by the values of Ξ̃.
(iii) One has an equality

{ε ◦ Ξ̃ | ε ∈ HomT (T ,Q)} = {Ξ · λ | λ ∈ ĜF/E}

of subsets of Hom(E×f ,Q
×

), where ĜF/E = Hom(GF/E ,Q
×

) denotes the Pontryagin
dual of GF/E.

Proof. In terms of the corresponding Hecke characters, Lemma 9.1 implies that

Ξ̃ ◦NF/E = ψαψβ ,

where we regard ψαψβ as having values in T . This shows assertion (i). Note that in particular the
infinity types of Ξ̃ and Ξ agree. For (ii), let σ ∈ GF/E and eσ ∈ E×f such that rE(eσ)|F = σ. Since
RF/E(N) is of type (E, Ξ̃,T ) and rE(eσ) carries the id-component Nf to Nσ

f in RF/E(N)f , we
may regard Ξ̃(eσ) ∈ T × as a non-zero element in the 1-dimensional T -subspace HomT (N,Nσ)σ ⊂
T . From this claim (ii) follows. We now prove assertion (iii). For every ε ∈ HomT (T ,Q), one
has

(ε ◦ Ξ̃) ◦NF/E = ε ◦ ψαψβ = ψαψβ

since ψαψβ takes values in T . It follows that there exists a finite character λ ∈ ĜF/E such that
ε ◦ Ξ̃ = Ξ · λ. This establishes one inclusion in (iii). By (ii), both of the sets in question have the
same cardinality [F : E] = [T : T ], hence they are equal. �

By taking the trivial character λ = 1 in Lemma 9.2 (iii), we deduce the existence of a homo-
morphism ε ∈ HomT (T ,Q) such that

ε ◦ Ξ̃ = Ξ,

where Ξ is regarded to have values in Q via the fixed embedding T ⊂ Q. It follows from 9.2 (ii)
that the T -algebra homomorphism ε factors as ε : T → T . Since T is a product of finite field
extensions of T , it follows that T is one of the direct factors of T and that ε is the canonical
projection. In other words, there exists a primitive idempotent eΞ in T such that

eΞ ·T = T and eΞ · Ξ̃ = Ξ.

Hence, the motive

M(Ξ) := eΞ ·RF/E(h1(A)αT ⊗ h1(A∨)βT )(9.3)

is of type (E,Ξ, T ).

9.2. The Betti realization of M(Ξ). For each σ ∈ JF , let γσ ∈ h1
B(Aσ) be an L-basis. Via the

canonical L-linear pairing h1
B(Aσ) ⊗L h1

B(A∨,σ) → L(−1)B = (2πi)−1L, we can associate dual
basis vectors γ∨σ ∈ h1

B(A∨,σ). For each η ∈ JE , the Betti realization of M(Ξ)η is given by

M(Ξ)ηB = eΞ ·
⊕

σ∈JF,η

h1
B(Aσ)αT ⊗ h1

B(A∨,σ)βT .(9.4)

Recall the construction γ 7→ γα from (8.3). For each σ ∈ JF and any L-basis γσ ∈ h1
B(Aσ), we

consider the T -basis
γασ ⊗ (γ∨σ )β

of h1
B(Aσ)αT ⊗ h1

B(A∨,σ)βT .

Proposition 9.3. For σ ∈ JF and τ ∈ GQ, let λ(τ, σ) ∈ L×f denote the unique element satisfying

If (γσ)τ = λ(τ, σ)If (γτσ).

Then one has

If (γασ ⊗ (γ∨σ )β)τ = χa(λ(τ, σ))−1 · χcyc(τ)−d(β) · If (γατσ ⊗ (γ∨τσ)β).
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Proof. Let λ∨(τ, σ) ∈ L×f denote the coefficients obtained from the system of dual basis elements
{γ∨σ | σ ∈ JF }. By construction of the comparison isomorphism If for the motives h1(Aσ)α and
h1(Aσ,∨)β , it immediately follows that

If (γασ ⊗ (γ∨σ )β)τ = λ(τ, σ)α · λ∨(τ, σ)β · If (γατσ ⊗ (γ∨τσ)β)

and it remains to determine λ∨(τ, σ) in terms of λ(τ, σ). Recall Section 5.2. The Weil pairings

〈·, ·〉σ : h1
f (Aσ)× h1

f (A∨,σ)→ Lf (−1)

are compatible with the action of GQ, i.e. for any τ ∈ GQ, a ∈ h1
f (Aσ) and b ∈ h1

f (A∨,σ), one
has 〈a, b〉τσ = 〈aτ , bτ 〉τσ, where we use the full GQ-action on Lf (−1). It follows that

〈γσ,f , γ∨σ,f 〉τσ = 〈γτσ,f , (γ∨σ,f )τ 〉τσ
= 〈λ(τ, σ)γτσ,f , λ

∨(τ, σ)γ∨τσ,f 〉τσ
= λ(τ, σ)λ∨(τ, σ) · 〈γτσ,f , γ∨τσ,f 〉τσ

On the other hand, we have

〈γσ,f , γ∨σ,f 〉τσ = χcyc(τ)−1 · 〈γσ,f , γ∨σ,f 〉σ.

Since the Weil pairing is of motivic origin and by definition of the dual bases γ∨σ in terms of the
pairing in the Betti realization, the Lf -basis 〈γσ,f , γ∨σ,f 〉σ of Lf (−1) is independent of σ. Indeed,
if 〈·, ·〉B denotes the pairing in the Betti realization, we have 〈γσ,f , γ∨σ,f 〉σ = If (〈γσ, γ∨σ 〉B) for all
σ ∈ JF by virtue of the results stated in Section 5.2. By construction, 〈γσ, γ∨σ 〉B = (2πi)−1 ∈
L(−1)B is independent of the embedding σ. Thus

λ∨(τ, σ) = λ(τ, σ)−1χcyc(τ)−1

and one calculates

λ(τ, σ)α · λ∨(τ, σ)β = λ(τ, σ)α−βχcyc(τ)−β

= χa(λ(τ, σ))−1χcyc(τ)−d(β).

�

9.3. Basis elements in M(Ξ)ηB. As before, let F/E be a finite abelian extension and A/F an
abelian variety of CM-type (L,Φ) such that its CM-character ψ satisfies Ξ ◦NF/E = ψαψβ . Let
M(Ξ) denote the motive defined in (9.3). Fix a system {γσ | σ ∈ JF } of L-bases γσ ∈ h1

B(Aσ)
and, for every τ ∈ GQ and σ ∈ JF , let

λ(τ, σ) ∈ L×f
denote the unique elements such that

If (γσ)τ = λ(τ, σ) · If (γτσ).

Recall the definition of the elements ξ(τ, η) in (6.5). The aim of this section is to construct a
system of basis elements aη ∈M(Ξ)ηB for η ∈ JE satisfying

If (aη)τ = ξ(τ, η) · If (aτη).(9.5)

Essentially, we define the elements aη to satisfy (9.5) by design. The more involved part will then
be to show that these elements are in fact non-zero.

Definition/Proposition 9.4. Let σ ∈ GQ. The element

tσ := χ(λ(σ, 1F ))−1εΦ(σ) ∈ T×

only depends on the restriction σ|F .

Proof. Two element σ, σ′ ∈ GQ with the same restriction to F satisfy σ′ = στ for some τ ∈ GF .
We have

λ(στ, 1F ) = λ(σ, 1F )λ(τ, 1F )

and hence tστ = tσtτ . It therefore suffices to show tτ = 1. Since h1(A) is of type (F,ψ, L) and
ψa = Φ∗ ◦NF/E , one has

λ(τ, 1F ) = ψ(x) · Φ∗(NF/E(x))−1,
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for any x ∈ F×f with rF (x) = τ |F ab . Hence, one obtains

tτ = χ(λ(τ, 1F ))−1εΦ(τ)

= χa(ψ(x))−1χ(Φ∗(NF/E(x)))εΦ(τ)

= ψ(x)α−β · Ξ(NF/E(x))−1 · ‖NF/E(x)‖−d(β)
E · εΦ(NF/Q(x)) · εΦ(τ)

= ψ(x)α−β · ψ(x)−αψ(x)−β · ‖x‖−d(β)
F

= ψ(x)−βψ(x)−β · ‖x‖−d(β)
F

= 1,

which proves the claim. �

Let us introduce the following notation: Recall (9.4). For each σ ∈ JF , consider the element

b(γσ) := eΞ · γασ ⊗ (γ∨σ )β(9.6)

in M(Ξ)σB . Proposition 9.3 implies that

If (b(γσ))τ = χa(λ(τ, σ))−1χcyc(τ)−d(β)If (b(γτσ))(9.7)

for all σ ∈ JF and τ ∈ GQ.

Definition 9.5. For each η ∈ JE, we define the the element

aη :=
∑

σ∈JF,η

tσ · b(γσ)

in M(Ξ)ηB.

We can now prove the main result of this section:

Theorem 9.6. For every η ∈ JE, the element aη ∈ M(Ξ)ηB is non-zero. For all τ ∈ GQ and
η ∈ JE, one has

(9.8) If (aη)τ = ξ(τ, η) · If (aτη).

Proof. We first show that the elements satisfy (9.8). By (9.7), we have

If (aη)τ =
∑

σ∈JF,η

tσIf (b(γσ))τ

=
∑

σ∈JF,η

tσχa(λ(τ, σ))−1χcyc(τ)−d(β)If (b(γτσ)).

It now suffices to show that the elements tσ satisfy

tσ · χa(λ(τ, σ))−1χcyc(τ)−d(β = tτσ · ξ(τ, η)

for all σ ∈ JF,η and τ ∈ GQ. This follows essentially by construction: For every σ ∈ JF , we
choose an extension σ ∈ GQ. By making use of the equalities

λ(τσ, 1F ) = λ(σ, 1F )λ(τ, σ),

εΦ(σ)εηΦ(τ) = εΦ(τσ),

we obtain

tτσ · ξ(τ, η) = χ(λ(τσ, 1F ))−1εΦ(τσ) · χa(λ(τ, σ))−1χ(λ(τ, σ))χcyc(τ)−d(β)εηΦ(τ)

= χ(λ(σ, 1F ))−1εΦ(σ)χa(λ(τ, σ))−1χcyc(τ)−d(β)

= tσ · χa(λ(τ, σ))−1χcyc(τ)−d(β),

and the claim follows.
We now prove that for any η ∈ JE , the element aη in M(Ξ)ηB is in fact non-zero. For every

σ ∈ JF , we choose an extension σ ∈ GQ and abbreviate λσ := λ(σ, 1F ) ∈ L×f . Recall that
tσ = χ(λσ)−1εΦ(σ).
Step 1: First, we observe that the claim aη 6= 0 is independent of the choice of the basis elements
{γσ}σ∈JF,η used in the construction of aη. Indeed, a different choice {γ′σ}σ∈JF is of the form

γ′σ = uσ · γσ with uσ ∈ L×.
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Let σ ∈ GQ denote an extension of σ ∈ JF . We have

If (γ′1F )σ = u1F · If (γ1F )σ

= u1F λσ · If (γσ)

= u1F u
−1
σ λσ · If (γ′σ),

so that the coefficients λ′σ = λ′(σ, 1F ) for the system {γ′σ}σ are given by

λ′σ = u1F u
−1
σ · λσ.

It follows that χ(λ′σ) = (u1F u
−1
σ )β−α · χ(λσ). On the other hand, one has b(γ′σ) = uα−βσ · b(γσ),

and hence
χ(λ′σ)εΦ(σ) · b(γ′σ) = uα−β1F

· χ(λσ)εΦ(σ) · b(γσ).

This shows
a′η = uα−β1F

· aη
and the claim follows.
Step 2: It suffices to show a1E 6= 0, since for arbitrary η ∈ JE and any extension η ∈ GQ of
η ∈ JE , one has

If (a1E )η = ξ(η, 1E) · If (aη)

by design. Now ξ(η, 1F ) ∈ E×f and If is an isomorphism, so that a1E 6= 0 implies aη 6= 0 for any
η ∈ JE .
Step 3: By Step 1, we may choose the system {γσ}σ in the following way: For every σ ∈ JF/E
fix an extension σ ∈ GE and eσ ∈ E×f such that

rE(eσ) = σ|Eab .

Assume that id extends 1E and that e1E = 1. Recall the L×-coset L(Φ, σ) defined in section 5.6.
Since every extension σ fixes the reflex field, we have

L(Φ, σ) = L× · Φ∗(eσ)−1

by Proposition 5.7 (ii). Fix an arbitrary L-basis γ1 ∈ h1(A)B . For every σ ∈ JF/E , the main
theorem of complex multiplication (cf. Theorem 5.8) implies the existence of a basis vector γσ ∈
h1(A)σB satisfying

λσ = Φ∗(eσ)−1.(9.9)

On the other hand, the motive M(Ξ) is of type (E,Ξ, T ) and σ ∈ GE and hence

If (b(γ1))σ = Ξa(eσ)−1 · Ξ(eσ) · If (b(γ1)).(9.10)

Note that for the above it is essential that we passed to the direct summand cut out by eΞ. Recall
that Ξa = (Φ∗)α+cβ . Using (9.7), (9.9) and (9.10), we obtain

If (b(γσ)) = λα−βσ χcyc(σ)d(β)Ξa(eσ)−1Ξ(eσ) · If (b(γ1))

= Φ∗(eσ)α−βΦ∗(eσ)−α−cβχcyc(σ)d(β)Ξ(eσ) · If (b(γ1))

= NE/Q(eσ)−d(β)χcyc(σ)d(β)Ξ(eσ) · If (b(γ1))

= ‖eσ‖d(β)
E · Ξ(eσ) · If (b(γ1)),

and hence

b(γσ) = ‖eσ‖d(β)
E · Ξ(eσ) · b(γ1)(9.11)

in M(Ξ)B . Therefore, again by (9.9) and by definition of the Hecke character Ξ (cf. Definition
6.4), we obtain

a1 =
∑

σ∈JF/E

tσ · b(γσ)

=
∑

σ∈JF/E

χ(Φ∗(eσ))εΦ(eσ)‖eσ‖d(β)
E · Ξ(eσ) · b(γ1)

= [F : E] · b(γ1).

Finally, observe that
b(γ1) 6= 0
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in M(Ξ) as otherwise one has b(γσ) = 0 for all σ ∈ JF/E by (9.11). But the elements b(γσ)
for σ ∈ JF/E generate M(Ξ)B as a T -vector space and hence one would have M(Ξ)B = 0, in
contradiction to dimT M(Ξ)B = 1. �

The theorem provides an explicit presentation, in terms of the CM abelian variety A, of the
basis elements used in Blasius’ Theorem 6.7, which a priori are rather implicit in nature. This is
crucial in our approach: In the next sections, we will turn our attention to the de Rham realization
M(Ξ)dR and construct elements in F d(α)+d(β)RM(Ξ)dR by using Eisenstein-Kronecker classes as
defined by Kings-Sprang in [KS19]. The ultimate goal is then to compute the period v(χ) occuring
in Blasius Theorem and for this we need the explicit presentation of Definition 9.5.

10. Eisenstein-Kronecker classes

In this section, we briefly recall properties of the Eisenstein-Kronecker classes ("EK-classes"
in short) defined in [KS19]. The construction of these classes and their compatibility under
base change can be found in Appendix C. The results of this chapter are largely based on [KS19],
sections 2–4. In section 2.4 of [KS19], the EK-classes are further refined and we recall this process
in detail. It is at this point where base change by a Galois automorphism σ ∈ GQ introduces
a sign. As it turns out it is precisely the sign from Definition 6.3, cf. Proposition 10.12. Next,
we recall how the EK-classes relate to the special values of Hecke L-functions. For this we state
several results from [KS19] without proof, in particular the important Theorem 10.17 (cf. [KS19],
Corollary 3.23), which expresses the EK-classes analytically in terms of Eisenstein-Kronecker
series. For applications to special values of Hecke L-functions, one fixes a CM abelian variety
A/F such that H1(A(C),Z) ∼= OL. The main result of this section is Theorem 10.21, which
slightly generalizes results of [KS19], 4.2-4.4 to incorporate the conjugates of the abelian variety
A/F .

10.1. CM abelian varietes revisited. Let L be a totally complex number field and let F
be a Galois extension over Q which contains L. Let π : A → F be an abelian variety of
relative dimension g > 0 with CM by OL and Φ denote the CM-type of A. Let e denote
the unit section of A/F . We let A∨/F denote the dual abelian variety. As usual, we define
ωA/F = e∗Ω1

A/F
∼= π∗Ω

1
A/F and let ωgA/F := ΛgωA/F denote its top degree exterior power.

Moreover, we abbreviate
HA := H1

dR(A∨/F ).

We freely identify quasi-coherent modules on Spec(F ) with F -vector spaces. Let Γ ⊂ O×L be a
finite index subgroup. Then Γ acts from the left on A/F via automorphisms. This way the F -
vector spaces Lie(A/F ), ωA∨/F and HA acquire induced Γ-module structures by functoriality. On
ωA/F we consider the Γ-action dual to the one on Lie(A/F ). In fact, in this way the above modules
even become algebraic TL,F -modules one obtains decompositions (cf. [KS19], Proposition 1.11)

Lie(A/F ) =
⊕
σ∈Φ

Lie(A/F )[σ], ωA/F =
⊕
σ∈Φ

ωA/F [−σ],(10.1)

ωA∨/F =
⊕
σ∈Φ

ωA∨/F [σ], HA =
⊕
σ∈JL

HA[σ].(10.2)

For a type α ∈ I+
L , we use the notation of [KS19], Definition 1.6, i.e. we write

TSymα(ωA/F ) =
⊗
σ∈JL

TSymα(σ)(ωA/F [−σ])

and similarly for other TL,F -modules whose decomposition is indexed by elements of JL. For an
element ω ∈ ωA/F , we write

ω[α] =
⊗
σ∈JL

ω(−σ)[α(σ)]

if ω =
∑
σ∈JL ω(−σ) with ω(−σ) ∈ ωA/F [−σ].

Remark 10.1. Remark about sign conventions is in order.
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(1) There is a canonical left Γ-action on the dual abelian variety such that an element γ ∈ Γ
acts via (γ−1

A )∨ if γA denotes the induced automorphism of A. It induces the same
TL,F -module structure on ωA∨/F as defined above, because the two inverses cancel each
other out. This Γ-action on the dual abelian variety A∨/F does not agree with the
Γ-action induced by the dual CM-structure (which implicitly uses the commutativity of
OL), but they are inverse to each other.

(2) Note that for ωA∨/F , Lie(A/F ) andHA, on which Γ acts "covariantly", the TL,F -module
structure introduced above coincides with the one induced by the L⊗F -module structure
as defined in section 7.2. In contrast, the TL,F -module structure on ωA/F defined above
is inverse to the one defined as in loc. cit.

(3) It follows that the induced decompositions are the same up to obvious reindexing: If

ωA/F =
⊕
σ∈Φ

ωA/F (σ)

is the decomposition as an L⊗F -module as in (7.6), then for all σ ∈ Φ one has ωA/F (σ) =
ωA/F [−σ]. They only differ in their TL/F -module structures, which are inverse to each
other.

(4) The expression TSymα(ωA/F ) defined above is completely analogous to the notation
from Definition 7.4, cf. Remark 8.6.

It follows that the Hodge filtration 0→ ωA∨/F → HA → Lie(A/F )→ 0 splits, i.e.

HA = ωA∨/F ⊕ Lie(A/F ),(10.3)

and the via the Hodge decomposition HA ⊗F C = ωA∨/C ⊕ ωA∨/C (with respect to the real
structure induced by the period isomorphismHA⊗FC ∼= H1(A∨(C),C)), one obtains an induced
isomorphism

(10.4) Lie(A/F ) ∼= ωA∨/C.

10.2. Periods. First, let us introduce a little bit of notation for the following sections:

Notation 10.2. For an element z = (z(σ))σ∈JL ∈ CJL we write

z := (z(σ))σ∈JL .

Note that this corresponds to the involution id⊗ c on L⊗C. Recall from Notation 8.7, that for
any type α ∈ I+

L , we write zα :=
∏
σ∈JL z(σ)α(σ). Once we have fixed a CM-type Φ of L and are

given an element z = (z(σ))σ∈Φ ∈ CΦ, we write

Nz :=
∏
σ∈Φ

|z(σ)|2.

For any abelian variety A/F of CM-type (L,Φ), we let I∞,A : H1
dR(A/C)

∼−→ H1(A(C),C)
denote the period isomorphism and we let

〈·, ·〉 : H1
dR(A/C)×H1(A(C),C)→ L⊗C

denote the corresponding pairing.

Definition 10.3. Let A/F be as above. In the following, we identify L ⊗ C ∼= CJL . Let
ω(A) ∈ ωA/F and ω(A∨) ∈ ωA∨/F denote fixed L⊗ F -generators. Moreover, let γ be an L-basis
of H1(A(C),Q) and let γ∨ denote its dual basis with respect to the pairing H1(A(C),Q) ⊗L
H1(A∨(C),Q) → (2πi)−1L. In this situation, we denote by Ω ∈ CΦ and Ω∨ ∈ CΦ the unique
elements such that

I∞,A(ω(A)) = Ω · γ and I∞,A∨(ω(A∨)) = Ω∨ · γ∨.

Remark 10.4. Note that the period Ω defined above coincides with period defined in (8.5) for
the motiveM = h1(A) and by regarding ω(A) in h1

dR(A) via the Hodge filtration ωA/F ⊂ h1
dR(A).

Similarly, Ω∨ is associated to the motive h1(A∨).

The isomorphism (10.4) (for A∨ in place of A) induces a pairing

〈·, ·〉A : ωA/C × ωA∨/C → CΦ.
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Proposition 10.5. In the setup and notation of Definition 10.3 one has

Ω∨ =
2πi〈ω(A), ω(A∨)〉A

Ω
.

Proof. This is [KS19], Proposition 4.4. There it is assumed that γ comes from an isomorphism
OL

∼−→ H1(A(C),Z), but this is not used in the proof. �

Similarly as in Section 5.3, we write ϕ# := (ϕ∨)∗ : ωA∨/F → ωB∨/F for any isogeny ϕ : A→ B

over F . Let us also observe that the pairing 〈·, ·〉A : ωA/C × ωA∨/C → CΦ satisfies the following
functoriality property:

Proposition 10.6. Let ϕ : A→ B be an F -isogeny. For any ω ∈ ωB/C and η ∈ ωA∨/C, one has

〈ϕ∗ω, η〉A = 〈ω, ϕ#(η)〉B .

Proof. Recall that the pairing was induced by the composite ωA/C ⊂ H1
dR(A/C) � Lie(A∨/C).

Observe that the inclusion ωA/C ⊂ H1
dR(A/C) from the Hodge decomposition is compatible with

ϕ∗ since ϕ∗ respects the real structure. Since the Hodge filtration is functorial, the diagram

ωB/C Lie(B∨/C)

ωA/C Lie(A∨/C)

∼

ϕ∗ ϕ∨∗

∼

commutes and the claim follows. �

Finally, let us recall the notion of an a-structure of A for a fractional ideal a of L.

Definition 10.7. Let A/F be an abelian variety of CM-type (L,Φ) and let a be a fractional ideal
of L. An a-structure of A is an isomorphism ξa : a

∼−→ H1(A(C),Z). An L-structure is an
isomorphism ξL : L

∼−→ H1(A(C),Q), i.e. the choice of an L-basis.

If A/F admits an a-structure ξa and b is another fractional ideal of A, the Serre construction
A(b) = A⊗OLb admits an induced ab-structure becauseH1((A⊗OLb)(C),Z) ∼= H1(A(C),Z)⊗OL
b. Every a-structure ξa induces an L-structure via

L ∼= a⊗Z Q
ξa⊗Q−−−−→ H1(A(C),Q).

There also is a canonical isomorphism Lie(A(a)/F ) ∼= Lie(A/F )⊗Z a ∼= Lie(A/F ), which induces
a canonical isomorphism ωA(a)/F

∼= ωA/F . If ω(A) denotes an L ⊗ F -generator of ωA/F , we let
ω(A)⊗ a denote the corresponding generator in ωA(a)/F under the above isomorphism.

Proposition 10.8. Let ξ : OL
∼−→ H1(A(C),Z) be an OL-structure.

(i) Let a be a fractional ideal of L and let ξa denote the a-structure induced by ξ. Let ω(A)
be an L⊗ F -generator of ωA/F . Then one has

〈ω(A)⊗ a, ξa〉A(a) = 〈ω(A), ξ(1)〉A = Ω.

Moreover, the image of

H1(A(a),Z)→ Lie(A(a)/C)
ω(A)⊗a−−−−−→
∼

CΦ

coincides with aΩ ⊂ CΦ, where a is embedded CΦ via the injection L ↪→ CΦ, ` 7→
(σ(`))σ∈Φ. In particular, the generator ω(A) ⊗ a induces a complex uniformization
CΦ/aΩ ∼= A(a)(C).

(ii) Moreover, if f and b are coprime integral ideals of f, one has

ω(A)⊗ fb−1 = [f]∗([b]∗)−1ω(A),

where [f] : A(fb−1) → A(b−1) and [b] : A → A(b−1) denote the canonical isogenies as
defined in Section 5.3.

Proof. This is [KS19], Proposition 4.5. �
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10.3. Eisenstein-Kronecker classes and their conjugates. Let c ⊂ OL be an integral ideal
and let A[c] := ker([c]) ⊂ A denote the Γ-invariant closed subscheme of [c]-torsion points. Define

F [D]0,Γ := ker(H0(A[c],OA[c])
tr−→ F )Γ,

where tr denotes the trace homomorphism associated to the finite F -algebra H0(A[c],OA[c]). Let
b ⊂ OL be an integral ideal which is coprime to c and let x ∈ A[b](F ) be a [b]-torsion section.
Let a, b ≥ 0 be integers and let f ∈ F [D]0,Γ. By using equivariant cohomology and the Poincaré
bundle, Kings-Sprang define cohomology classes

(10.5) EKb,a
A,Γ(f, x) ∈ Hg−1(Γ,TSyma(ωA/F )⊗ TSymb(HA)⊗ ωgA/F ),

cf. Definition C.24. By the formal nature of their construction, one easily verifies that these classes
are compatible with conjugation: Let σ ∈ GQ. The canonical σ-semilinear homomorphism

(−)σ : TSyma(ωA/F )⊗ TSymb(HA)⊗ ωgA/F → TSyma(ωAσ/F )⊗ TSymb(HAσ )⊗ ωgAσ/F
is Γ-equivariant and induces a map on group cohomology, which we denote in the same way.

Lemma 10.9. One has
EKb,a

A,Γ(f, x)σ = EKb,a
Aσ,Γ(fσ, xσ).

Proof. This is Proposition C.26 in the appendix. �

Let a, b ≥ 0 be non-negative integers. The splitting (10.3) induces a projection

TSymb(HA)→ TSymb(ωA∨/F ).

Recall that CritL(Γ) denotes the set of Hecke character types with respect to Γ that are critical.
Recall that a type µ ∈ IL is of Hecke character type with respect to Γ if µ(Γ) = 1. Also recall
the notation of Remark 1.13 (ii). For every α, β ∈ I+

L , the group Γ acts on the 1-dimensional
F -vector space TSymα(ωA/F )⊗ TSymβ(ωA∨/F )⊗ ωgA/F via β − α− 1Φ. Therefore, one has

(TSyma(ωA/F )⊗ TSymb(ωA∨/F )⊗ ωgA/F )Γ ∼=(10.6) ⊕
β−α−1Φ∈CritL(Γ)
d(α)=a,d(β)=b

TSymα(ωA/F )⊗ TSymβ(ωA∨/F )⊗ ωgA/F

Note that the occurrence of CritL(Γ) merely comes from our assumption that a, b ≥ 0; more
crucially, β − α − 1Φ needs to be of Hecke character type. In particular, (TSyma(ωA/F ) ⊗
TSymb(ωA∨/F ) ⊗ ωgA/F )Γ is a direct summand on which Γ-acts trivially. Let prΓ denote the
induced projection map and consider

prΓ(EKb,a
Γ (f, x)) ∈

⊕
β−α−1Φ∈CritL(Γ)
d(α)=a,d(β)=b

Hg−1(Γ,TSymα(ωA/F )⊗ TSymβ(ωA∨/F )⊗ ωgA/F ).(10.7)

Proposition 10.10. For β − α− 1Φ ∈ CritL(Γ), there is a canonical homomorphism

Hg−1(Γ,TSymα(ωA/F )⊗ TSymβ(ωA∨/F )⊗ ωgA/F )→

TSymα+1Φ(ωA/F )⊗ TSymβ(ωA∨/F ).

Proof. This is [KS19], Proposition 2.24. Let us review their construction: Since the action of
Γ on TSymα(ωA/F ) ⊗ TSymβ(ωA∨/F ) ⊗ ωgA/F is trivial, it suffices (by the universal coefficient
theorem) to construct a canonical homomorphism

can : Hd−1(Γ,Z)⊗Z ω
g
A/F → TSym1Φ(ωA/F )

For this, first choose a subgroup Γ′ ⊂ Γ which is free of finite index; by Dirichlet’s unit theorem
it is of rank g − 1. Choose an ordering of the CM-type Φ. This induces an orientation on the
norm 1 hypersurface

L1
R,Φ :=

{
(rτ )τ∈Φ ∈ RΦ

>0 |
∏
τ∈Φ

rτ = 1
}
⊂ RΦ

>0
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on which the group Γ′ acts freely via γ · (rτ )τ∈Φ = (|τ(γ)|2rτ )τ∈Φ. This induces an isomorphism

Hg−1(Γ′,Z) = Hg−1(Γ′\L1
R,Φ,Z) ∼= Z.(10.8)

The choice of ordering on Φ also determines an isomorphism

ωgA/F
∼= TSym1Φ(ωA/F )(10.9)

whose inverse sends a basis element ⊗τ∈Φω(τ) for 0 6= ω(τ) ∈ ωA/F (τ) to
∧
τ∈Φ ω(τ) with

respect to the chosen ordering. The isomorphisms (10.8) and (10.9) together then give rise to an
isomorphism

can′ : Hg−1(Γ′,Z)⊗ ωgA/F
∼−→ TSym1Φ(ωA/F )

which is independent of the choice of the ordering of Φ.
In the general case, one shows first that the restriction map

res : Hg−1(Γ,Z)→ Hg−1(Γ′,Z)

is surjective. Let ξ′ ∈ Hg−1(Γ′,Z) be the generator corresponding to the isomorphism (10.8) and
ξ ∈ Hg−1(Γ,Z) an element satisfying res(ξ) = ξ′. Then, using the fixed ordering Φ, one obtains
a map

can : Hg−1(Γ,Z)⊗ ωgA/F
∩ξ−−→ TSym1Φ(ωA/F )(10.10)

and it is shown that the square

Hg−1(Γ,Z)⊗ ωgA/F TSym1Φ(ωA/F )

Hg−1(Γ′,Z)⊗ ωgA/F TSym1Φ(ωA/F )

res

∩ξ

[Γ:Γ′]

∩ξ′

is commutative. Since F is a field, the vertical maps in the diagram are isomorphisms and it
follows that (10.10) is an isomorphism which is independent of the choice of ξ and the ordering
of Φ. �

Definition 10.11. Let A/F be an abelian variety with CM by OL of CM-type Φ. Let β−α−1Φ ∈
CritL(Γ) be a critical Hecke character type and put a = d(α), b = d(β). Let f and c be coprime
integral ideals and let D := A[c] and x ∈ UD(F ) a f-torsion section. Let Γ ⊂ O×L be a finite index
subgroup fixing x. Let f ∈ F [D]0,Γ. Then define

EKβ,α
A,Γ(f, x) ∈ TSymα+1Φ(ωA/F )⊗F TSymβ(ωA∨/F )

as the image of the (α, β)-component of prΓ EKb,a
Γ (f, x) in (10.7) under the canonical homomor-

phism of Proposition 10.10.

Proposition 10.12 (Conjugates of EK-classes). Notation as in Definition 10.11. For any σ ∈
GQ, one has

EKβ,α
A,Γ(f, x)σ = εΦ(σ) EKσβ,σα

Aσ,Γ (f, xσ).

Proof. Let a = d(α) and b = d(β). The (α, β)-component of prΓ(EKb,a
Γ (f, x)) lies in

Hg−1(Γ,Symα(ωA/F )⊗F Symβ(ωA∨/F )⊗ ωgA/F ).

By Lemma 10.9, we have
EKb,a

A,Γ(f, x)σ = EKb,a
Aσ,Γ(fσ, xσ)

and the same holds true after applying prΓ. Moreover, note that the (α, β)-component is carried
to the (σα, σβ)-component. By construction of the class EKβ,α

A,Γ(f, x), it suffices to show that, for
some free subgroup Γ′ ⊂ Γ of finite index, the diagram

Hg−1(Γ′,Z)⊗ ωgA/F Sym1Φ(ωA/F )

Hg−1(Γ′,Z)⊗ ωgAσ/F Sym1σΦ(ωAσ/F )

canA

id⊗σ σ

canAσ
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commutes up to the sign εΦ(σ). Choose an ordering of the set of complex places 〈c〉\JL. This
induces an ordering of every CM-type Φ′ of L, in particular on Φ and σΦ. We get induced
orientations on L1

R,Φ and L1
R,σΦ. The canonical map

L1
R,Φ → L1

R,σΦ

which maps (rτ )τ∈Φ to the family

σΦ 3 τ ′ 7→

{
rτ ′ if τ ′ ∈ τΦ ∩ Φ

rτ ′ if τ ′ ∈ τΦ ∩ Φ

is a Γ′-equivariant isomorphism. Using the chosen orderings on Φ and σΦ, this isomorphism
identifies with the identity map on (Rg

>0)N=1, and in particular, the two induced isomorphisms

Hg−1(Γ′,Z)→ Z

coincide. On the other hand, we observe that with respect to our orderings the diagram

ωgA/F Sym1Φ(ωA/F )

ωgAσ/F Sym1σΦ(ωAσ/F )

σ σ

commutes up to the sign εΦ(σ). This proves the claim. �

Remark 10.13. As a sanity check, we note that for any σ ∈ GQ the sign εΦ(σ) only depends
on the restriction σ|F ∈ JF . This follows immediately from of our assumption that F contains
the Galois closure of L and the definition of εΦ.

Finally, let us define a slight modification of the class EKβ,α
A (f, x). As before, let f and c be

coprime integral ideals of L. Let moreover b be integral ideals of L which is coprime to f and c.
We consider the abelian variety A(fb−1) := fb−1 ⊗OL A. Note that A(fb−1) is also of CM-type
(L,Φ). Let D = A(fb−1)[c] and f ∈ F [D]0,Γ and let xb ∈ A(fb−1) be a f-torsion point. Associated
to the data (A(fb−1), f, xb), we have the Eisenstein-Kronecker class

EKβ,α−1
A(fb−1)(f, xb) ∈ TSymα(ωA(fb−1)/F )⊗F TSymβ(ωA(fb−1)∨/F )

In the following, we denote by [b] : A → A(b−1) = A ⊗ b−1 and [f] : A(fb−1) → A(b−1) the
canonical isogenies. They induce isomorphisms

[b]∗([f]∗)−1 : ωA(fb−1)/F
∼−→ ωA/F

([b]#)−1[f]# : ωA(fb−1)∨/F
∼−→ ωA∨/F ,

cf. section 5.3. For the following definition, let us recall our convention, that we use the isomor-
phism (0.3) to identify TSym and Sym.

Definition 10.14. We define

ẼK
β,α

A (f, xb) ∈ Symα+1Φ(ωA/F )⊗F Symβ(ωA∨/F )

to be the image of EKβ,α
A(fb−1)(f, xb) under the isomorphism

TSymα+1Φ([b]∗([f]∗)−1) TSymβ([b]−1
# [f]#)

followed by the canonical identification

TSymα+1Φ(ωA/F )⊗F TSymβ(ωA∨/F ) ∼= Symα+1Φ(ωA/F )⊗F Symβ(ωA∨/F ).

While the notation is slightly ambiguous, we hope that it will always be clear from the con-
text on which abelian variety the element f and the torsion point xb are considered. We note
that Proposition 10.12 implies that ẼK

β,α

A (f, xb)σ = εΦ(σ) · ẼK
σβ,σα

Aσ (fσ, xσb) via the canonical
isomorphism A(fb−1)σ ∼= Aσ(fb−1).
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10.4. Eisenstein-Kronecker series. Let ω(A) ∈ ωA/C be a fixed L⊗C-generator. This induces
an L⊗C-linear isomorphism Lie(A/C) ∼= CΦ, where L acts diagonally via the embeddings of Φ
on CΦ, and via the exponential sequence

0→ H1(A(C),Z)→ Lie(A/C)
exp−−→ A(C)→ 0,

the choice of ω(A) gives rise to a complex uniformization

θ : CΦ/Λ
∼−→ A(C).

For the following definition, recall the notation from Notation 10.2.

Definition 10.15 ([KS19], Definition 3.19). Let Γ ⊂ O×L be a finite index subgroup and let
β − α ∈ CritL(Γ) be a Hecke character type with respect to Γ which is critical with respect to Φ.
For any element t ∈ Λ⊗Q and s ∈ C with Re(s) > d(β)−d(α)

2 + g define

(10.11) Eβ,α(t, s; Λ,Γ) :=
∑′

λ∈Γ\(Λ+Γt)

λ
β

λαN(λ)s
.

Here the summation ranges over all non-zero Γ-cosets of Λ + Γt.

Remark 10.16. Note that for any non-zero element λ = (λσ) in the 1-dimensional L-vector
space Λ ⊗Q, one has λσ 6= 0 for all σ ∈ Φ. Also note that the summands in (10.11) do in fact
only depend on the Γ-coset since β−α is trivial on Γ and the norm is Γ-invariant. One can show
that

∏
σ∈Φ Γ(α(σ) + s) ·Eβ,α(t, s; Λ,Γ) admits an analytic continuation to C (cf. [KS19], Lemma

3.21).

For any integral ideal c ⊂ OL, the complex uniformization induces an isomorphism

A[c](C) ∼= c−1Λ/Λ.

Via the Hodge decomposition H1(A(C),C) ∼= ωA∨/C ⊕ ωA∨/C, the period pairing H1
dR(A/C)×

H1(A(C),C)→ L⊗C induces a pairing

〈·, ·〉 : ωA/C × ωA∨/C → CΦ.

The following result, which expresses the classes defined in Definition 10.11 in analytic terms, is
the key to relating these classes to special values of Hecke L-functions:

Theorem 10.17 (Kings-Sprang). Let β − α ∈ CritL(Γ). Let f and c be coprime integral ideals
in OL. Fix L ⊗C-generators ω(A) and ω(A∨) of ωA/C and ωA∨/C. Let Λ be the period lattice
associated to ω(A). Let x ∈ f−1Λ/Λ and let f : c−1Λ/Λ→ C be a Γ-invariant function such that∑
t∈c−1Λ/Λ f(t) = 0. Then there is an equality

EKβ,α−1Φ

A,Γ (f, x) =
(α− 1)!

〈ω(A), ω(A∨)〉βA

∑
t∈Γ\(c−1Λ/Λ)

f(−t)Eβ,α(t+ x, 0; Λ,Γ) · ω(A)[α] ⊗ ω(A∨)[β]

in TSymα(ωA/C)⊗ TSymβ(ωA∨/C).

Proof. This is [KS19], Corollary 3.23. �

In our applications, we will make use of specific choices of elements f ∈ F [D]0,Γ in the
definition of Eisenstein-Kronecker classes: Let c ⊂ OL be an integral ideal such that all [c]-
torsion points of A are defined over F . Then the finite étale F -scheme D := A[c] is isomorphic
to the coproduct of copies of Spec(F ) indexed by the set A[c](F ) of F -valued points. Note that
A[c](F ) = A[c](Q) = A[c](C). One then has F [D] ∼= Map(A[c](F ), F ) and one checks that

F [D]0,Γ = {f : A[c](F )→ F | f is Γ-equivariant,
∑

t∈A[c](F )

f(t) = 0}.

We now introduce the elements f ∈ F [D]0,Γ that we later use for our applications:

Definition 10.18. Let c ⊂ OL be an integral ideal and set D := ker([c]). Let Γ ⊂ O×L be a finite
index subgroup. Assume that all [c]-torsion points of A are defined over F . We define the element
f[c] ∈ F [D]0,Γ as

f[c] := Nc · 1e − 1ker [c],

where 1X denotes the characteristic function of a Γ-invariant subset X ⊂ ker([c]) in F [D]0,Γ.
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Let O×f denote the finite index subgroup of O×L consisting of those units which are congruent
to 1 modulo f. From now on, once an ideal f is fixed, we will always consider Γ = O×f and we
often drop it from the notation and, for example, just write EKβ,α

A (f, x) and Eβ,α(t, s; Λ).

Proposition 10.19 (Distribution relation). Let f, b and c be pairwise coprime integral ideals.
One has ∑

t∈O×f \fb−1c−1/fb−1

f[c](−t)Eβ,α(1 + t, 0; fb−1) = NcEβ,α(1, 0; fb−1)− Eβ,α(1, 0; fb−1c−1).

Proof. This is [KS19], Proposition 4.10. �

Now, following [KS19], 4.3 closely, we discuss how the Eisenstein-Kronecker series relate to
Hecke L-functions. Let f 6= OL be an integral ideal and set Γ = O×f . Let χ : If → T× be an
algebraic Hecke character of conductor dividing f and let ι ∈ JT be a fixed embedding. Then, for
every integral ideal b coprime to f with ray class [b] ∈ If/P f, there is a bijection

O×f \(1 + fb−1)
∼−→ {a ∈ [b] | a integral }, y 7→ yb.

Using this bijection, it follows that

Lf(χ, s, [b]) =
∑

a∈[b],a⊂OL

χ(a)

Nas

= χ(b)Nb−s ·
∑′

y∈O×f \(1+fb−1)

χ((y))

Nys

= χ(b)Nb−sEβ,α(1, s; fb−1,O×f ).

Evaluating at s = 0 gives

(10.12) Lf(χ, 0, [b]) = χ(b)Eβ,α(1, 0; fb−1).

10.5. Eisenstein-Kronecker classes and special values of Hecke L-functions. Let L be
a totally imaginary number field and Φ a CM-type of L. Let χ : L×f → T× be an algebraic Hecke
character whose infinity-type χa = β − α is critical with respect to Φ. Let f 6= OL be an integral
ideal such that χ can be regarded as a having conductor dividing f. Let E denote the reflex field
of (L,Φ). Let F/E be a finite extension such that F contains the Galois closure of L and let A/F
be an abelian variety of CM-type (L,Φ) whose CM-order is OL. We assume that H1(A(C),Z)
is a free OL-module and we fix an OL-structure

ξ : OL
∼−→ H1(A(C),Z).

We assume that all [f]-torsion points are defined over F . For example, one could choose an abelian
variety as in Proposition 6.8 for a = f and consider its base change to a field that contains the
Galois closure of L.

Let γ ∈ h1
B(A) denote the dual of the L-basis ξ(1) ∈ H1(A(C),Q). Let γ∨ ∈ h1

B(A∨) be the
dual basis of γ with respect to the canonical pairing h1

B(A) ⊗L h1
B(A∨) → (2πi)−1L. Let ω(A)

and ω(A∨) denote L ⊗ F -generators of ωA/F and ωA∨/F (cf. [KS19], Definition 1.15). Let Ω =

〈ω(A), γ〉 ∈ CΦ and Ω∨ = 〈ω(A∨), γ∨〉 ∈ CΦ denote the periods defined Definition 10.3. For any
integral ideal b which is coprime to f, the abelian variety A(fb−1) := fb−1⊗OLA still has complex
mulitplication by OL. By Proposition 10.8, the differential form fb−1 ⊗ ω(A) := [f]∗([b]∗)−1ω(A)
on A(fb−1) generates ωA(fb−1)/F and induces a complex uniformization of A(fb−1) such that the
f-torsion points are given by

A(fb−1)(C)[f] = b−1Ω/fb−1Ω.

Definition 10.20. Let xb ∈ A(fb−1)[f] denote the f-torsion point of A(fb−1) which correspond
to the point

Ω + fb−1Ω ∈ A(fb−1)(C)[f].

By our assumptions on A/F , the torsion point xb is defined over F . Note that xb depends on
the choice of OL-structure but not on the choice of ω(A).
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Recall the modified Eisenstein-Kronecker classes from Definition 10.14. The following theorem
links these classes to special values of Hecke L-functions. It is essentially a reformulation of the
results in [KS19], 4.4 in our setup.

Recall that we have fixed an OL-structure ξ, which determined elements γ ∈ h1
B(A) and

h1
B(A∨). Now let σ ∈ JF and choose a fixed extension in GQ, which we also denote by σ.

Similarly, we fix the following data corresponding to the abelian variety Aσ:
• Let γσ ∈ h1

B(Aσ) be an L-basis with dual γ∨σ ∈ h1
B(Aσ,∨).

• Let λσ ∈ L×f be the unique idele such that If (γ)σ = λσ · If (γσ).
• Let `σ ∈ L× such that `σ,vλσ,v ≡ 1 mod fv for every finite place v of L. The existence of
`σ is guaranteed by the primary decomposition of L/f, cf. the discussion after Theorem
5.10. Note that then `σ,vλσ,v ≡ 1 mod (fb−1)v for every integral ideal b coprime to f.

• Let ω(Aσ) and ω(A∨,σ) be L⊗ F -generators of ωAσ/F and ωAσ,∨/F , respectively.
• Let Ωσ ∈ CσΦ and Ω∨σ ∈ CσΦ denote the periods associated to γσ, γ∨σ and ω(Aσ),
ω(Aσ,∨).

Theorem 10.21. Let f 6= OL, b and c be pairwise coprime integral ideals of L. Let A/F be
as above and morever assume that all of its [c]-torsion is defined over F . Let χ an algebraic
Hecke character of conductor dividing f whose infinity-type β−α is critical with respect to Φ. Let
xb ∈ A(fb−1)[f](F ) be the torsion point defined in Definition 10.20. Let D = A(fb−1)[c] and let
f[c] ∈ F [D]0,Γ be defined as in Definition 10.18. Let ι ∈ JT,σ|E and assume that we are given the
data as listed above. Then

χι(b) · ẼK
ιβ,ια−1σΦ

Aσ (f[c], x
σ
b) =

(α− 1)!(2πi)d(β)

Ωιασ (Ω∨σ )ιβ
χι(λσ)−1

(
NcLf(χι, 0, [`σλσb])− χι(c)−1Lf(χι, 0, [`σλσbc])

)
·

ω(Aσ)ια ⊗ ω(A∨,σ)ιβ .

In particular, the element on the left hand side only depends on the class [b] ∈ If/P f.

Remark 10.22. Before we give a proof, let us make a remark on the various dependencies on
the input data.

(1) First of all, we note that the statement of the theorem is independent of the choice of
extension of σ to GQ. The only part of the data that changes are the λσ-elements. But
if σ′ ∈ GQ is another extension, one has χ(λσ′) = χ(λσ) by Definition 9.4 and Remark
10.13.

(2) Note that the right-hand side in the formula of the theorem is independent of the choice of
ω(Aσ) and ω(Aσ,∨). A different choice also changes the periods Ωσ and Ω∨σ accordingly.
Similarly, it is independent of the choices of γσ as both χι(λσ) and Ωιασ (Ω∨σ )ιβ vary in
the same way.

(3) If `′σ ∈ L× is a different choice for `σ, it follows that `σλσb and `′σλσb differ by an ideal
in P f, cf. the proof below.

(4) Note that both sides of the theorem depend on the choice of ξ. If ξ′ = u · ξ for u ∈ O×L
is a different choice, both sides change by a factor of uβ−α.

Proof. Fix σ ∈ GQ and simply denote `σ and λσ by ` and λ. By our assumptions on A and
choice of γ, there exists a uniformization

θ : CΦ/OL
∼−→ A(C),

which induces the isomorphism L
∼−→ H1(A(C),Q), 1 7→ γ1. By the main theorem of complex

multiplication (cf. Corollary 5.11), there exists a complex uniformization

θσ : CσΦ/[λ]−1
L

∼−→ Aσ(C),

inducing the isomorphism L
∼−→ H1(Aσ(C),Q), 1 7→ γσ on rational cohomology and such that

the diagram
L/OL Ator

L/[λ]−1
L Aσtor

θ

λ−1 σ

θσ
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is commutative. We also obtain an induced commutative diagram

L/fb−1 A(fb−1)tor

L/fb−1[λ]−1
L Aσ(fb−1)tor.

θ

λ−1 σ

θσ

By definition, the torsion point xb corresponds to the point 1 + fb−1 ∈ L/fb−1. Thus, the point
xσb corresponds to

`+ fb−1[λ]−1
L ∈ L/fb

−1[λ]−1
L .

Observe that the ideal `λb is an integral ideal coprime to f. Indeed, for the integrality it suffices
to show (`λb)v = `vλvbv ⊂ OLv for any finite place v of L. This is immediate, since by definition
of `, one has

`vλv ∈ 1 + fvb
−1
v .

Now let v be a place with v|f. Since f and b are coprime, this implies v - b, hence we get
`vλv ∈ 1 + fv ∈ O×Lv . This shows v - `λb and hence `λb is coprime to f.

The equality (10.12) with `λb in place of b gives

χι(`λb)−1 · Lf(χι, 0, [`λb]) = Eιβ,ια(1, 0; f(`λb)−1).(10.13)

We set

ω(Aσ(fb−1)) := `−1
σ · [f]∗([b]∗)−1ω(Aσ)

ω(Aσ(fb−1)∨) := [f]−1
# [b]#ω(Aσ,∨)

and abbreviate a := f(`λb)−1. By the above, the period lattice of Aσ(fb−1) associated with
ω(Aσ(fb−1)) is then given by

aΩσ.

and the f-torsion point xσb corresponds to the point Ωσ + aΩσ in

Aσ(fb−1)(C)[f] = f−1aΩσ/aΩσ.

The assertion of the Proposition now follows, just as in the Proof of [KS19], Theorem 4.6, from
Theorem 10.17. For the convenience of the reader, let us recall the argument in our setting:
Applying Theorem 10.17 to the abelian variety Aσ(fb−1) and the critical infinity-type ιβ − ια,
we obtain that

EKιβ,ια−1
Aσ(fb−1)(f[c], x

σ
b) =

(α− 1)!

〈ω(Aσ(fb−1)), ω(Aσ(fb−1)∨)〉ιβ
·∑

t∈O×f \c−1aΩσ/aΩσ

f[c](−t)Eιβ,ια(t+ Ωσ, 0; aΩσ)·

ω(Aσ(fb−1))[ια] ⊗ ω(Aσ(fb−1)∨)[ιβ]

(10.14)

in TSymια(ωAσ(fb−1)/F ) ⊗ TSymιβ(ωAσ(fb−1)∨/F ). Since the pairing 〈·, ·〉A behaves well under
isogenies (cf. Proposition 10.6), we have

〈ω(Aσ(fb−1)), ω(Aσ(fb−1)∨)〉ιβ = `−ιβ · 〈ω(Aσ), ω(Aσ,∨)〉ιβ .

Moreover, one has

Ω∨σ =
2πi〈ω(Aσ), ω(Aσ,∨)〉A

Ωσ
by Proposition 10.5, so that

〈ω(Aσ(fb−1)), ω(Aσ(fb−1)∨)〉ιβ = `−ιβ · Ω
ιβ

σ Ω∨,ιβσ

(2πi)d(β)
.(10.15)

Moreover, it follows from the definition of the Eisenstein-Kronecker series that

Eιβ,ια((t+ 1)Ωσ, 0; aΩσ) =
Ω
ιβ

σ

Ωιασ
· Eιβ,ια(t+ 1, 0; a).(10.16)
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for all t ∈ O×f \c−1a/a. The distribution relation Proposition 10.19 gives∑
t∈O×f \c−1a/a

f[c](−t)Eιβ,ια(t+ 1, 0; a) =

NcEιβ,ια(1, 0; a)− Eιβ,ια(1, 0; c−1a)

(10.17)

By putting together (10.13), (10.14), (10.15), (10.16) and (10.17), we get the equality

EKιβ,ια−1
Aσ(fb−1)(f[c], x

σ
b) =

(α− 1)!(2πi)d(β)

Ωιασ Ω∨,ιβσ

· `−ιβχι(`λb)−1·(
NcLf(χι, 0, [`λb])− χι(c)−1Lf(χι, 0, [`λbc])

)
·

ω(Aσ(fb−1))[ια] ⊗ ω(Aσ(fb−1)∨)[ιβ]

Recall the definition of ω(Aσ(fb−1)) and observe that

`ια−ιβχι(`λb)−1 = χι(b)−1χι(λ)−1

where we freely regard χι as a character of ideals and ideles. Passing to Symια(ωAσ/F ) ⊗
Symιβ(ωAσ,∨/F ) via the isogenies [f] and [b] and our identificaiton of TSym with Sym then gives
the claim. �

Remark 10.23. Note that we do not actually use the main theorem of complex multiplication
which is concerned with the explicit description of the L×-coset of λσ ∈ L×f . We only need that
λσ describes the action of σ on the torsion points, which it essentially does by definition.

11. Deligne’s conjecture for Hecke characters

11.1. The de Rham realization of h1(A)α⊗h1(A∨)β in the split setup. Let L be a totally
imaginary number field and let Φ be a CM-type of L. Let E denote the reflex field of (L,Φ).
Let F/E be a finite extension such that F contains the Galois closure of L and let A/F be an
abelian variety of CM-type (L,Φ). In this case, the de Rham realization of h1(A)αT ⊗T h1(A∨)βT
is particularly convenient. Under the assumptions on F , the torus TL,F is split and one has

h1(A)αdR =
⊕
ι∈JLα

Symια(h1
dR(A)).(11.1)

Proposition 11.1. Let T be a number field and assume that Lα ⊂ T ⊂ F . Then there is a
canonical isomorphism

(h1(A)α ⊗Lα T )dR =
⊕
ι∈JT

Symια(h1
dR(A)).

Proof. The decomposition (11.1) is one of Lα-modules, where Lα acts on Symια(h1
dR(A)) via the

embedding ι : Lα ↪→ F . By the assumption T ⊂ F , one has the canonical decomposition

F ⊗ι,Lα T =
∏

ι′∈JT,ι

F,

and hence

Symια(h1
dR(A))⊗ι,Lα T = Symια(h1

dR(A))⊗F (F ⊗ι,Lα T )

=
⊕

ι′∈JT,ι

Symια(h1
dR(A)),

from which the claim follows. �

Proposition 11.2. Let T be a number field and assume that Lα ⊂ T ⊂ F . There is a canonical
isomorphism (

h1(A)αT ⊗T h1(A∨)βT
)

dR
=
⊕
ι∈JT

Symια(h1
dR(A))⊗F Symιβ(h1

dR(A∨)).(11.2)
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Proof. For each ι ∈ JT , let us temporarily write Vι = Symια(h1
dR(A)) andWι = Symιβ(h1

dR(A∨)).
We regard Vι and Wι as T ⊗ F -modules via the homomorphism ι : T ⊗ F → F , t ⊗ x 7→ ι(t)x.
Then, for ι, ι′ ∈ JT , there is a canonical isomorphism

Vι ⊗T⊗F Wι′ = Vι ⊗F (F ⊗ι,T⊗F,ι′ F )⊗F Wι′ ,

and with the observation that

F ⊗ι,T⊗F,ι′ F =

{
F if ι = ι′

0 if ι 6= ι′

the assertion follows. �

Proposition 11.3 (Hodge Filtration). Let T be a number field and assume that Lα ⊂ T ⊂ F .
Under the canonical identification (11.2), one has

F d(α)+d(β)
(
h1(A)αT ⊗T h1(A∨)βT

)
dR

=
⊕
ι∈JT,E

Symια(ωA/F )⊗F Symιβ(ωA∨/F ).

Proof. This follows from the constructions of h1(A)α and h1(A∨)β and the fact that for the
abelian variety A/F , the Hodge filtration is given by h1

dR(A) ⊃ ωA/F ⊃ 0 (and analogously for
A∨). Note that Symια(ωA/F ) 6= 0 if and only if ι|E = 1E since ωA/F is of type Φ, i.e. ωA/F (σ) 6= 0
if and only if σ ∈ Φ, and ια has support Φ if and only if ι|E = 1E . �

11.2. The normalized class EK. Let L be a totally imaginary number field and let Φ be a
CM-type of L. Let χ : L×f → T× be an algebraic Hecke character whose infinity-type χa = β−α
is critical with respect to Φ. We assume T ⊃ Lα. Fix an integral ideal f 6= OL such that χ is of
conductor dividing f. Note that χ 6= N−1 as χ is critical. Fix an integral ideal c which is coprime
to f and satisfies χ(c) 6= Nc−1, so that Nc− χ(c)−1 ∈ T×.

Let E be the reflex field of (L,Φ). Let A/F be the base change of an abelian variety of CM-
type (L,Φ) as in Proposition 6.8 for a = fc to a finite extension F of E which contains the Galois
closure of L and T . Fix an OL-structure ξ : OL

∼−→ H1(A(C),Z). Recall from Proposition 11.3
that

F a+b(h1(A)αT ⊗T h1(A∨)βT )dR =
⊕
ι∈JT,E

Symια(ωA/F )⊗F Symιβ(ωA∨/F ).

Definition 11.4. We define the normalized Eisenstein-Kronecker class to be the element

EK := ((α− 1)!(Nc− χ(c)−1))−1 ·
∑

[b]∈If/P f

χ(b) · (ẼK
ιβ,ια−1

A (f[c], xb))ι∈JT/E

in F a+b(h1(A)αT ⊗T h1(A∨)βT )dR, where we let the sum range over a set of integral representatives
of If/P f which are coprime to c.

11.3. Descent to the abelian subfield. Let F0/E be a finite abelian extension and A0/F0 an
abelian variety of CM-type (L,Φ) as in Proposition 6.8 for the ideal a = fc. Let F ⊃ F0 be a
number field containing the Galois closure of L as well as T and set

A := A0 ×F0 F.

Let G := Gal(F/F0). Then

(h1(A0)αT ⊗ h1(A0)βT )dR
∼=
( ⊕
ι∈JT,E

Symια(ωA/F )⊗F Symιβ(ωA∨/F )
)G
,

where the semilinear action of G is induced by conjugation on ωA/F . We now show that the class
EK on A descends to a class on A0. Hence, for every CM abelian variety as in Proposition 6.8,
we have the class EK at our disposal.

Proposition 11.5. For any σ ∈ G, one has

EKσ = EK,

so that EK defines an element in F a+b(h1(A0)αT ⊗ h1(A0)βT )dR.



DELIGNE CONJECTURE FOR HECKE CHARACTERS 57

Proof. By definition of A in terms of Proposition 6.8, every f-torsion point of A is already defined
over F0 and εΦ is trivial on G. Hence, by Proposition 10.12, we have

ẼK
ιβ,ια−1

A (f[c], xb)σ = ẼK
σιβ,σια−1

A (f[c], xb).

for every σ ∈ G. This implies that (ẼK
ιβ,ια−1

A (f[c], xb))ι∈JT/E , and hence the class EK is invariant
under the action of G. �

11.4. The class EK and L-values. We now reformulate Proposition 10.21 in terms of the
motive h1(A)αT ⊗ h1(A∨)βT . This reinterprets the L-value L(χ, 0) as a period.

Let L be a totally imaginary number field and let Φ be a CM-type of L. Let χ : L×f → T×

be an algebraic Hecke character whose infinity-type χa = β − α is critical with respect to Φ. We
assume T ⊃ Lα. Fix an integral ideal f 6= OL such that χ is of conductor dividing f. As before,
fix an integral ideal c which is coprime to f and satisfies Nc− χ(c)−1 ∈ T×.

Let A/F be of CM-type (L,Φ) satisfying the conditions of Proposition 6.8 for the ideal a =
fc. As before, fix an OL-linear isomorphism OL ∼= H1(A(C),Z) and let γ ∈ h1

B(A) be the
corresponding element. Let σ ∈ JF . Let γσ ∈ h1

B(Aσ) be an L-basis and let γ∨σ ∈ h1
B(Aσ,∨) be

the dual basis with respect to the canonical pairing h1
B(Aσ)⊗Lh1

B(Aσ,∨)→ (2πi)−1L. Recall the
definition of the elements from Lemma 9.4: For every σ ∈ JF , choose an extension to GQ, which
we denote by the same letter. Let λσ ∈ L×f be the unique element such that If (γ)σ = λσIf (γσ).
Then

tσ := χ(λσ)−1εΦ(σ) ∈ T×

only depends on σ ∈ JF .

Theorem 11.6. Let σ ∈ JF and γσ and γ∨σ as above. Let η = σ|E ∈ JE. One has

I∞(EK) = (2πi)d(β)
(
Lf(χι, 0)

)
ι∈JT,η

· tσ(γασ ⊗ (γ∨σ )β)

in (h1(A)αT ⊗ h1(A∨)βT )B ⊗C.

Proof. Choose L ⊗ F -generators ω(Aσ) and ω(Aσ,∨) of ωAσ/F and ωAσ,∨/F and let Ωσ and Ω∨σ
denote the periods as in Definition 10.3. Proposition 8.8 implies

I∞(ω(Aσ)α ⊗ ω(Aσ,∨)β) = Ωα
σΩ∨,βσ · (γασ ⊗ γβσ ).

Now, for each σ ∈ JF choose an element `σ ∈ L× such that `σ,vλσ,v ≡ 1 mod fv for all finite
places v of L. Together with Proposition 10.12 and Theorem 10.21, we obtain

I∞(EKσ) = ((Nc− χ(c)−1)(α− 1)!)−1
∑
[b]

χ(b)εΦ(σ) · I∞
(

ẼK
ιβ,ια−1

Aσ (f[c], x
σ
b)
)
ι∈JT,η

= (2πi)d(β)(Nc− χ(c)−1)−1εΦ(σ)χ(λσ)−1·∑
[b]

(
(NcLf(χι, 0, [`σλσb])− χι(c)−1Lf(χι, 0, [`σλσbc]))

)
ι∈JT,η

(γασ ⊗ (γ∨σ )β)

= (2πi)d(β)
(
Lf(χι, 0)

)
ι∈JT,η

· tσ(γασ ⊗ (γ∨σ )β),

where the first and last equality follow by reindexing. �

The main result of this thesis is the following:

Theorem 11.7 (Deligne conjecture for χ). Let L and T be number fields and χ : A×L → T× a
critical algebraic Hecke character of conductor dividing f. Then

Lf(χ, 0) ∼ c+(χ) mod T.

Proof. Since χ is critical, L must be a totally real field or a totally complex field containing a
CM-field. In the case where L is totally real, the Theorem follows by classical results due to
Euler, Siegel and Klingen. In the totally complex case there exists a CM-type Φ of L such that
χa = β − α as in Section 6. We may assume that Lα ⊂ T since Deligne’s conjecture is invariant
under extension of coefficients (cf. [Del79], Remarque 2.10). Choose a finite abelian extension
F/E and an abelian variety A/F of CM-type (L,Φ) satisfying the conditions of Proposition 6.8
for a = fc. By Proposition 11.5, we have the normalized Eisenstein-Kronecker class EK on A.



58 HAN-UNG KUFNER

We can regard EK as an element in F d(α)+d(β)RF/Q(h1(A)αT ⊗ h1(A∨)βT )dR and hence we obtain
an element

eΞ · EK ∈ F d(α)+d(β)RM(Ξ)dR.

Note that I∞(EK) =
∑
σ∈JF I∞(EKσ), where on the left, we regard EK in RF/Q(h1(A)αT ⊗

h1(A∨)βT )dR and on the right, every EKσ is regarded as an element in (h1(Aσ)αT ⊗ h1(Aσ,∨)βT )dR.
Theorem 11.6 therefore implies

I∞(EK) = (2πi)d(β) · L(χ, 0) ·
∑
η∈JE

e(η)
∑

σ∈JF,η

tσ(γασ ⊗ (γ∨σ )β)(11.3)

and applying the idempotent eΞ gives

I∞(eΞ · EK) = (2πi)d(β) · L(χ, 0) ·
∑
η∈JE

e(η)aη,

with the elements aη from Definition 9.5. Now, Deligne’s conjecture follows from Theorem 9.6
and Blasius’ Theorem 6.7. �

Remark 11.8. Note that we do not have to check that eΞ · EK 6= 0. Indeed, if L(χ, 0) = 0, there
is nothing to show and if L(χ, 0) 6= 0, then eΞ · EK also does not vanish since no non-zero element
in T ⊗C annihilates

∑
η∈JE e(η)aη by Theorem 9.6.
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Appendix A. Proof of Blasius’ Theorem

In this section, we give a proof of Theorem 6.7. In the case where L is a CM-field, the result
is proven in [Bla86]. But as it is remarked in [Bla97], Theorem H.3, the proof in [Bla86] works
the same in the general case if one uses the signs of Definition 6.3 instead of the sign character
ε̃ of loc. cit., Theorem 4.5.2. In our treatment, we follow the chapter 4 and 5 of [Bla86] very
closely. The only difference is that we rearrange a few results and occasionally fill in some details.
Needless to say, no originality is claimed in anything that follows and the reader is advised to
consult the original source [Bla86]. Nevertheless, due to the key role that Theorem 6.7 plays in
this thesis, we decided to keep this section.

A.1. Setup. Let us recall the setup from Section 6: Let L be a totally imaginary number field
containing a CM-field. Let Φ be a CM-type of L and let χa be a critical infinity-type with respect
to Φ, i.e.

χa = β − α
with β ∈ I+

Φ
, α ∈ I+

Φ such that α(σ) ≥ 1 and β(σ) ≥ 0 for all σ ∈ Φ. Let T be a CM-field
containing Lα and let

χ : L×f → T×

be an algebraic Hecke character of infinity-type χa. Let E be the reflex field of (L,Φ) and let
Φ∗ ∈ IE denote the reflex CM-type of Φ. For every η ∈ JE , recall the sign εηΦ : GQ → {±1}
from Definition 6.3. Let Ξ : E×f → T× denote the algebraic Hecke character

Ξ = (χ ◦ Φ∗)−1‖·‖−d(β)
E εΦ,

as in (6.4). For any τ ∈ GQ and η ∈ JE , we define elements

θ(τ, η) = χa(λ)−1χ(λ)εηΦ(τ)(A.1)

ξ(τ, η) = χa(λ)−1χ(λ)χcyc(τ)−d(β)εηΦ(τ)

in T×f , where λ is an arbitrary element in the coset L(ηΦ, τ) defined in (5.4). They have the
following properties (cf. Proposition 6.5):

• For all τ1, τ2 ∈ GQ and η ∈ JE , one has

ξ(τ1τ2, η) = ξ(τ1, τ2η)ξ(τ2, η).

• If τ ∈ GE and e ∈ E×f satisfies rE(e) = τ |Eab , one has

ξ(τ, 1E) = Ξa(e)−1Ξ(e).

A.2. The reflex motive.

Convention. Throughout the remainder of Appendix A, we adopt the conventions of [Bla86],
3.3 regarding Tate twists: If M is the motive defined over L and n ∈ Z an integer, then M(n)

is is the motive with M(n)B = MB with Hodge structure M(n)p−n,q−nB = Mpq
B , M(n)dR = MdR

with Hodge filtration F p−nM(n)dR = F pMdR, and M(n)f = Mf with GL-action twisted by χncyc,
where χcyc denotes the cyclotomic character.

LetM(χ−1) be a motive of type (L, χ−1, T ). We will now describe a way to construct a motive
of type (E,Ξ, T ) from M(χ−1). Denote by RM(χ−1) the restriction of scalars from L to Q. Let
g := 1

2 [L : Q]. Consider the gth T -linear exterior power

N = ΛgRM(χ−1).

There is a canonical isomorphism

N ×Q Q ∼= Λg
(⊕
σ∈JL

M(χ−1)σ
)
.

Fix an ordering on every subset ∆ ⊂ JL with g elements. With this choice fixed, one obtains an
isomorphism

Λg
(⊕
σ∈JL

M(χ−1)σ
)
∼=
⊕

∆⊂JL
|∆|=g

⊗
σ∈∆

M(χ−1)σ.
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In the Betti realization, for example, this sends an element
⊗

σ∈∆ γσ on the right-hand side
to
∧
σ∈∆ γσ with the fixed ordering. For each g-element subset ∆ of JL, we therefore have a

projector
P∆ ∈ End(N ×Q),

which is independent of the choice of orderings. In order to descend the field of definition, we
need to understand the Galois action on the étale realization P∆

f .

Lemma A.1. For each τ ∈ GQ, one has

(P∆
f )τ = P τ∆

f .

Proof. This follows immediately from the fact that, for any motive M (with coefficients), the
functor M 7→Mτ as well as the natural Qf -linear isomorphism M →Mτ commutes with direct
sums and tensor products. �

For each embedding η ∈ JE , we have the CM-type ηΦ whose field of values is given by Eη.
By Lemma A.1, the corresponding idempotent endomorphism P ηΦ can already be defined on
ΛgRM(χ−1)× Eη. Moreover, the projector

P :=
∑
η∈JE

P ηΦ

is defined over Q, and we set

M∗ := P · ΛgRM(χ−1).(A.2)

We sometimes refer to the motive M∗ as the reflex motive of χ. We also set

M∗η := P ηΦ · (ΛgRM(χ−1)× Eη).

For τ ∈ GQ and η ∈ JE , one has (M∗η )τ = M∗τη.

Lemma A.2. There is a canonical isomorphism

M∗ ∼= RE/Q(M∗1E )

of motives over Q with coefficients in T .

Proof. For convenience abbreviate N := ΛgRM(χ−1). If Ẽ denotes a Galois extension of Q
containing E, we have a canonical isomorphism

RE/Q(M∗1E )×Q Ẽ = RE/Q(PΦ · (N ×Q E))×Q Ẽ

∼=
⊕
η∈JE

(PΦ · (N ×Q E))η ×Eη Ẽ

∼=
⊕
η∈JE

P ηΦ · (N ×Q Ẽ)

∼= P · (N ×Q Ẽ)

= M∗ ×Q Ẽ.

One immediately checks that on finite adelic realizations, this isomorphism is GQ-equivariant.
Indeed, in this case the "same isomorphism" also works without passing to Ẽ. �

Note that each of the T -vector spaces M∗η,B , for η ∈ JE , is 1-dimensional. We will now specify
a basis element in each M∗η,B . First, we fix an ordering on the set of complex places 〈c〉\JL of L.
This induces an ordering on each CM-type Ψ of L via the bijection

Ψ
∼−→ 〈c〉\JL

induced by the inclusion. For each σ ∈ JL, we choose a T -basis

γσ ∈M(χ−1)σB(A.3)

satisfying γcσ = γcσ. For each η ∈ JE we define

γηΦ :=
∧
σ∈ηΦ

γσ,
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where the wedge product is taken with respect to the ordering on the CM-type ηΦ as above. By
construction, for each η ∈ JE , the element γηΦ is a basis of M∗η,B . For each η ∈ JE and τ ∈ GQ,
there is a unique element c(τ, η) ∈ T×f such that the diagram

Tf M∗η,f

Tf M∗τη,f

If (γηΦ)

c(τ,η) τ

If (γτηΦ)

is commutative.
Recall the elements θ(τ, η) defined in (A.1). The following Theorem is the key to one "half"

of Blasius’ period relation, namely the part which establishes the connection between the reflex
motive M∗ and the Hecke character Ξ. This is formulated in Corollary A.5 below. Theorem
A.3 and its corollaries make up the remainder of this section and only reappear in the proof of
Blasius’ Theorem A.10. Let us remark that, within this thesis, the proof of the following result is
the only instance where the main theorem of complex multiplication for arbitrary automorphisms
is invoked.

Theorem A.3 ([Bla86], Theorem 4.5.2). For each η ∈ JE and τ ∈ GQ, one has

θ(τ, η) = c(τ, η).

Proof. We first construct basis elements δηΦ ofM∗η,f , which transform by the factor θ(τ, η) under
conjugation by τ . Afterwards, we show that If (γηΦ) = t · δηΦ for a constant t ∈ T×f , which is
independent of η. Once this is established, the claim follows. For each σ ∈ JL, we choose a lift
σ̃ ∈ GQ satisfying c̃σ = cσ̃. Fix an arbitrary Tf -basis δ ∈M(χ−1)f and set δσ := δσ̃ ∈M(χ−1)σf .
For σ ∈ JL and τ ∈ GQ, we define α(τ, σ) ∈ T×f by δτσ = α(τ, σ)δτσ, so that δτσ̃ = α(τ, σ) · δτ̃σ,
i.e. δτ̃σ

−1τσ̃ = α(τ, σ) · δ. Let
δηΦ :=

∧
σ∈ηΦ

δσ ∈M∗η,f

taken with respect to the ordering of CM-types specified above. Recall that εηΦ(τ) is the sign of
the permutation 〈c〉\JL ∼= ηΦ

τ−→ τηΦ ∼= 〈c〉\JL. Hence, one has

δτηΦ =
∧
σ∈ηΦ

δτσ

= εηΦ(τ) ·
∏
σ∈ηΦ

α(τ, σ) · δτηΦ.

We now want to express the product
∏
σ∈ηΦ α(τ, σ) in more familiar terms. The element β :=∏

σ∈ηΦ τ̃σ
−1
τ σ̃ lies in GL and by definition of the elements δσ for σ ∈ JL, one has

δβ =
∏
σ∈ηΦ

α(τ, σ) · δ.

The action of GL on M(χ−1)f is abelian and by definition of the type-transfer, one has δβ =

δtrL,ηΦ(τ)−1

. Let λ ∈ L(ηΦ, τ). By (5.5), we have rL(λ) = trL,ηΦ(τ). Since M(χ−1) is of type
(L, χ−1, T ), we obtain δβ = χa(λ)−1χ(λ) · δ, and hence∏

σ∈ηΦ

α(τ, σ) = χa(λ)−1χ(λ).

This proves
δτηΦ = χa(λ)−1χ(λ)εηΦ(τ) · δτηΦ = θ(τ, η) · δτηΦ.

It remains to show that we may replace the basis elements If (γηΦ), η ∈ JE by the elements δηΦ,
η ∈ JE . For each σ ∈ JL, let tσ ∈ T×f denote the unique element satisfying If (γσ) = tσ · δσ, so
that

If (γηΦ) =
∏
σ∈ηΦ

tσ · δηΦ.
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We need to show that the factor
∏
σ∈ηΦ tσ is independent of η. Note that by the choice of

{γσ | σ ∈ JL} and {δσ | σ ∈ JL}, one has

tcσ = tσ(A.4)

for all σ ∈ JL. Since Φ is a CM-type, there is a decomposition

ηΦ = (ηΦ ∩ Φ) t (ηΦ ∩ Φ).

Now complex conjugation carries ηΦ ∩Φ into ηΦ ∩Φ and Φ = (ηΦ ∩Φ) t (ηΦ ∩Φ), so it follows
from (A.4) that the product of the elements tσ indexed by ηΦ coincides with the product indexed
by Φ. �

Corollary A.4. There exists a motive M(Ξ) of type (E,Ξ, T ) and basis elements aη ∈ M(Ξ)ηB
for η ∈ JE, such that for all τ ∈ GQ and η ∈ JE the diagram

Tf M(Ξ)ηf

Tf M(Ξ)τηf

If (aη)

ξ(τ,η) τ

If (aτη)

commutes.

Proof. Note that ξ(τ, η) = θ(τ, η) · χcyc(τ)−d(β) for all τ ∈ GQ and η ∈ JE . It follows from
Theorem A.3 and Proposition 6.5 (iii) that M∗1E (−d(β)) is of type (E,Ξ, T ). Note that under
our conventions the Tate twist does not alter the underlying module of the Betti realisation.
The basis elements γηΦ ∈M∗η (−d(β))B = M∗1E (−d(β))ηB have the desired properties by Theorem
A.3. �

Corollary A.5. Let M(Ξ) be any motive of type (E,Ξ, T ) and let {aη | η ∈ JE} be a system of
basis elements aη ∈M(Ξ)ηB as in Corollary A.4. Then there exists a unique isomorphism

ϕ : RM(Ξ)(d(β))
∼−→M∗

such that
ϕB(aη) = γηΦ.

Proof. Let Ẽ be a Galois extension of Q containing E. Let η ∈ JE . By the proof of Corollary
A.4, the motive M∗η (−d(β)) ×Eη Ẽ is of type (Ẽ,Ξ ◦ η−1 ◦ NẼ/Eη , T ) and hence there exists a
unique isomorphism

ϕη : M(Ξ)η(d(β))×Eη Ẽ
∼−→M∗η ×Eη Ẽ

of motives over Ẽ and coefficients in T , such that ϕη,B(aη) = γηΦ. They assemble into an
isomorphism

ϕ : RM(Ξ)(d(β))× Ẽ ∼−→M∗ × Ẽ.
of motives over Ẽ with coefficients in T with ϕB(aη) = γηΦ for all η ∈ JE . Theorem A.3 implies
that ϕf is GQ-equivariant, and hence ϕ descends to an isomorphism

ϕ : RM(Ξ)(d(β))
∼−→M∗

satisfying ϕB(aη) = γηΦ for all η ∈ JE , as desired. �

A.3. The period relation. For any subset A ⊂ JT , we let eA denote the idempotent in T ⊗C
which singles out the direct factors indexed by A in the canonical decomposition T ⊗C = CJT .
If τ ∈ JT , we write eτ instead of e{τ}. If η ∈ JE is an embedding of the reflex field E, we
simply write e(η) for the idempotent which corresponds to the subset JT,η ⊂ JT . We write
(T ⊗C)η := e(η) · (T ⊗C).

Let χ : L×f → T× be a critical algebraic Hecke character as in Section A.1 and let M(χ) be
a motive of type (L, χ, T ). Let us write c+(χ) := c+(M(χ)) for Deligne’s period of the critical
motive M(χ) as in Definition 3.14. Recall that c+(χ) is the determinant of the T ⊗ C-linear
isomorphism

(A.5) I+ : RM(χ)+
B ⊗C ⊂ RM(χ)B ⊗C

I−1
∞−−→
∼

RM(χ)dR ⊗C � RM(χ)+
dR ⊗C,



DELIGNE CONJECTURE FOR HECKE CHARACTERS 63

where we abbreviate RM(χ)+
dR := RM(χ)dR/F

0RM(χ)dR. We now express the period c+(χ) in
terms of the motive RM(χ−1) which is dual to RM(χ). The dual of (A.5) identifies with the
composite

I∨+ : F 1RM(χ−1)dR ⊗C
I∞−−→ RM(χ−1)B ⊗C→ RM(χ−1)B/RM(χ−1)−B ⊗C,

where RM(χ−1)−B denotes the subspace of RM(χ−1)B on which the involution F∞ acts by
multiplication by −1. It follows that

c+(χ) = det(I∨+) mod T×,(A.6)

where det(I∨+) is calculated with respect to bases of the T -vector spaces F 1RM(χ−1)dR and
RM(χ−1)B/RM(χ−1)−B . Now, let

π+ : RM(χ−1)B ⊗C→ I∞(F 1RM(χ−1)dR ⊗C) =
⊕
p>0

RM(χ−1)p,qB

denote the canonical projection. Let {γσ | σ ∈ JL} with γcσ = γcσ be a basis of RM(χ−1)B as in
(A.3). Then

{γσ + γcσ | σ ∈ Φ}(A.7)

is a T -basis of RM(χ−1)+
B , and hence

{π+(γσ + γcσ) | σ ∈ Φ}(A.8)

is a T ⊗C-basis of I∞(F 1RM(χ−1)dR ⊗C). Define the period

p(χ) ∈ (T ⊗C)×

as the determinant of the isomorphism

I∞ : F 1RM(χ−1)dR ⊗C→ I∞(F 1RM(χ−1)dR ⊗C)

calculated with respect to a T -basis of F 1RM(χ−1)dR and the basis (A.8). Needless to say that
p(χ) is only well-defined up to elements in T×.

Lemma A.6 ([Bla86], Lemma 5.2.1). One has

p(χ) = c+(χ) mod T×.

Proof. By (A.6), it suffices to show that the determinant of the isomorphism

I∞(F 1RM(χ−1)dR ⊗C)→ RM(χ−1)B/RM(χ−1)−B ⊗C(A.9)

calculated with respect to the basis (A.8) and the image of the basis (A.7) in the quotient
RM(χ−1)B/RM(χ−1)−B (or any basis of this T -vector space) lies in T×. By Lemma A.7 (iii)
below, one has

π+(γσ) = eσΦ∗ · γσ
for all σ ∈ JL, and hence

π+(γσ + γcσ) = eσΦ∗ · γσ + ecσΦ∗ · γcσ.

On the other hand, there exist aσ, bσ ∈ T ⊗C such that

π+(γσ + γcσ) = aσ · (γσ + γcσ) + bσ · (γσ − γcσ)

= (aσ + bσ) · γσ + (aσ − bσ) · γcσ.

It follows that aσ + bσ = eσΦ∗ and aσ− bσ = ecσΦ∗ . Since eσΦ∗ + ecσΦ∗ = 1 as σΦ∗ is a CM-type,
one obtains

aσ =
1

2
and bσ =

1

2
(eσΦ∗ − ecσΦ∗).

As γσ − γcσ ∈ RM(χ−1)−B , one has π+(γσ + γcσ) = 1
2 (γσ + γcσ) in RM(χ−1)B/RM(χ−1)−B and

the isomorphism (A.9) has determinant 2−g ∈ T×. �

Lemma A.7 ([Bla86], Lemma 5.3.1). In the following, let Φ∗ denote the reflex of Φ relative to
T .

(i) For σ ∈ JL and τ ∈ JT , one has σ ∈ τΦ if and only if τ ∈ σΦ∗.
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(ii) If χ∗ ∈ IT denotes the reflex of χa relative to T , then, for any σ ∈ JL, one has

σΦ∗ = {τ ∈ JT | (χ−1 ◦ σ−1)∗(τ) > 0}.

Similarly, for any τ ∈ JT , one has

τΦ = {σ ∈ JL | (χ−1 ◦ σ−1)∗(τ) > 0}.

(iii) For σ ∈ JL and τ ∈ JT , the summand eτ · M(χ−1)σB ⊗ C is purely of Hodge type
((χ−1 ◦ σ−1)∗(τ), (χ−1 ◦ σ−1)∗(cτ)).

(iv) For σ ∈ JL and τ ∈ JT , the inclusion

eτ ·M(χ−1)σB ⊗C ⊂ I∞(F 1RM(χ−1)dR ⊗C)

holds if and only if τ ∈ σΦ∗, or equivalently σ ∈ τΦ.

Proof. Let L̃ be a Galois extension over Q containing L and T and let Φ̃ = InfL̃/L(Φ). Let σ̃ and

τ̃ denote extensions of σ and τ to L̃. Then, σ ∈ τΦ if and only if Φ̃(τ̃−1σ̃) 6= 0. By definition of
the reflex, this is equivalent to Φ̃∗(σ̃−1τ̃) 6= 0, which, just as before, holds if and only if τ ∈ σΦ∗.
This shows assertion (i). For (ii) observe that

(χ−1 ◦ σ−1)∗ = −σχ∗ = σα∗ − σβ∗.

The type σα∗ is supported on σΦ∗ and takes values ≥ 1 by the criticality of χ. Similarly, σβ∗
is supported on Φ∗ and takes non-negative values. It follows that an embedding τ ∈ JT satisfies
the condition

(χ−1 ◦ σ−1)∗(τ) > 0

if and only if τ ∈ σΦ∗. The other part of the statement then follows from (i). As M(χ−1)σ

is of type (Lσ, χ−1 ◦ σ−1, T ), assertion (iii) follows immediately from Proposition 3.20. Since
I∞(F 1RM(χ−1)dR ⊗C) =

⊕
p>0RM(χ−1)p,qB , statement (iv) follows from (ii) and (iii). �

Proposition A.8 ([Bla86], Proposition 5.3.2).

(i) ΛgF 1RM(χ−1)dR = F d(α)ΛgRM(χ−1)dR.

(ii)
∧
σ∈Φ π+(γσ + γcσ) = πd(α),−d(β)

(∧
σ∈Φ(γσ + γcσ)

)
.

(iii) Let η ∈ JE. For any CM-type Ψ of L, one has

πd(α),−d(β)(γΨ) =

{
e(η) · γηΦ if Ψ = ηΦ

0 else.

Moreover, e(η) · γηΦ is a (T ⊗C)η-basis of e(η) · I∞(F d(α)ΛgRM(χ−1)dR ⊗C).

Proof. We write

ΛgRM(χ−1)B ⊗C =
⊕
τ∈JT

Λg
(⊕
σ∈JL

eτ ·M(χ−1)σB ⊗C
)
,

where we use T ⊗ C-linear exterior powers on the right-hand side. Let τ ∈ JT and ∆ ⊂ JL
be a g-element subset. Since any element vσ,τ ∈ eτ ·M(χ−1)σB ⊗ C is of Hodge type ((χ−1 ◦
σ−1)∗(τ), (χ−1 ◦ σ−1)∗(cτ)) by Lemma A.7 (iii), an element of the form

∧
σ∈∆ vσ,τ is of Hodge

type (p∆, q∆), where

p∆ =
∑
σ∈∆

(χ−1 ◦ σ−1)∗(τ) and q∆ =
∑
σ∈∆

(χ−1 ◦ σ−1)∗(cτ).

As (χ−1 ◦ (cσ)−1)∗(τ) = (χ−1 ◦ σ−1)∗(cτ), it follows from Lemma A.7 (ii) that the index p∆

becomes maximal if ∆ = τΦ. Let us consider the case ∆ = τΦ and set p := pτΦ and q := qτΦ.
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Choose an extension τ̃ ∈ GQ of τ and, for each σ ∈ τΦ, an extension σ̃ ∈ GQ. Then, one has

p =
∑
σ∈τΦ

(χ−1 ◦ σ−1)∗(τ) = −
∑
σ∈τΦ

(σχ∗)(τ)

= −
∑
σ∈τΦ

χ∗(σ̃−1τ)

= −
∑
σ∈τΦ

χa(τ̃−1σ)

= −
∑
σ∈Φ

χa(σ)

= d(α)

and for weight reasons q = −wg − p = −d(χa) − d(α) = −d(β). Now, by Lemma A.7 (iv), the
an element vσ,τ as above lies in I∞(F 1RM(χ−1)dR ⊗C) if and only if σ ∈ τΦ. Hence

I∞(ΛgF 1RM(χ−1)dR ⊗C) = ΛgI∞(F 1RM(χ−1)dR ⊗C)

=
(
ΛgRM(χ−1)

)p,q
B

and by the maximality of p, this coincides with I∞(F pΛgRM(χ−1)dR). This proves (i) since
p = d(α). Moreover, we see that Λg(π+) = πp,q = πd(α),−d(β) and (ii) follows. For (iii), let Ψ be
a CM-type of L and τ ∈ JT . By the above, the element

eτ · γΨ =
∧
σ∈Ψ

eτ · γσ

acquires the Hodge type (p, q) = (d(α),−d(β)) if and only if Ψ = τΦ. Note that τΦ only depends
on the restriction τ |E . It follows that πp,q(γΨ) = 0 if Ψ 6= ηΦ for some η ∈ JE , and

πp,q(γηΦ) =
∑

τ∈JT,η

eτ · γηΦ

= e(η) · γηΦ.

Recall that {π+(γσ + γcσ) | σ ∈ Φ} is a T ⊗ C-basis of I∞(F 1RM(χ−1)dR ⊗ C). Thus, the
right-hand side in (ii) also is a basis. Since πp,q(γ∆) 6= 0 only if ∆ = ηΦ for some η ∈ JE , we get

πp,q
(∧
σ∈Φ

(γσ + γcσ)
)

= πp,q
(∑
η∈JE

γηΦ

)
=
∑
η∈JE

e(η) · γηΦ.

Note that, with the orderings we have chosen on the CM-types, no signs have to be introduced
while expanding

∧
σ∈Φ(γσ + γcσ) as above. Thus,∑

η∈JE

e(η) · γηΦ

is a T ⊗C-basis of I∞(ΛgF 1RM(χ−1)dR ⊗C) = I∞(F d(α)ΛgRM(χ−1)dR ⊗C). By applying an
idempotent e(η) for a fixed η ∈ JE , we obtain the remaining part of (iii). �

Let M∗ = P · ΛgRM(χ−1) be the reflex motive defined in (A.2). Then

F d(α)M∗dR

is a 1-dimensional T -vector space: By Proposition A.8 (iii), I∞(F d(α)ΛgRM(χ−1)dR⊗C) is free
of rank 1 over T ⊗C and

∑
η∈JE e(η)γηΦ is a basis. Since PB(γηΦ) = γηΦ by construction of the

idempotent P , we deduce that

I∞(F d(α)M∗dR ⊗C) = PB · I∞(F d(α)ΛgRM(χ−1)dR ⊗C)

= I∞(F d(α)ΛgRM(χ−1)dR ⊗C)

is a free T ⊗C-module of rank 1 and ∑
η∈JE

e(η)γηΦ
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is a T ⊗C-basis. Let ω ∈ F d(α)M∗dR be a T -basis. Define the period

q(χ) ∈ (T ⊗C)×

to be the unique element satisfying

I∞(ω) = q(χ) ·
∑
η∈JE

e(η)γηΦ.

Proposition A.9 ([Bla86], Proposition 5.3.3). One has

q(χ) = c+(χ) mod T×.

Proof. This follows from the definition of the period p(χ), Lemma A.6 and Proposition A.8. �

Theorem A.10 ([Bla86], Proposition 5.3.4, [Bla97], Theorem H.3). Let Ξ be the Hecke character
as defined in (6.4), M(Ξ) a motive of type (E,Ξ, T ) and {aη | η ∈ JE} a system of basis elements
aη ∈M(Ξ)ηB satisfying

If (aη)τ = ξ(τ, η) · If (aτη)

for all τ ∈ GQ and η ∈ JE.
(i) The T -vector space F d(α)+d(β)RM(Ξ)dR is 1-dimensional. If ω is a basis element in

F d(α)+d(β)RM(Ξ)dR, there exists a unique element v(χ) ∈ (T ⊗C)× satisfying

I∞(ω) = v(χ) ·
∑
η∈JE

e(η)aη.

(ii) One has
(2πi)−d(β)v(χ) ∼ c+(χ) mod T×.

Proof. By Corollary A.5, there is an isomorphism

ϕ : RM(Ξ)(d(β))
∼−→M∗

satisfying ϕB(aη) = γηΦ for all η ∈ JE . Together with the discussion after Proposition A.8,
it follows that the T -vector space F d(α)+d(β)RM(Ξ)dR

∼= F d(α)M∗dR is 1-dimensional and that∑
η∈JE e(η)aη is a T ⊗C-basis of I∞(F d(α)+d(β)RM(Ξ)dR ⊗C). This implies (i). Assertion (ii)

then follows from I∞(RM(Ξ)) = (2πi)d(β)I∞(RM(Ξ)(d(β))) and Proposition A.9. �

Appendix B. Equivariant cohomology

Let Γ be a discrete group and let (X,RX) be a ringed space. Denote the category of RX -
modules by Mod(RX). A left Γ-action on (X,RX) is a group homomorphism

Γ→ Aut(X,RX).

The image of an element γ ∈ Γ under this map will again be denoted by γ. For every γ ∈ Γ,
there are isomorphisms of sheaves of rings

γ−1RX → RX .(B.1)

Definition B.1. Let (X,RX) be a fixed ringed space with a left Γ-action. A Γ-equivariant
RX -module on X is a RX-module F together with a family of RX-linear isomorphisms

aγ : γ∗F ∼−→ F(B.2)

satisfying aγ1γ2 = aγ2 ◦ γ∗2 (aγ1) for all γ1, γ2 ∈ Γ. We will often suppress the data (B.2) from the
notation and simply say that F is an equivariant RX-module on X.

A homomorphism f : F → G of Γ-equivariant RX-modules is a morphism of RX-modules
such that f is comptatible with the Γ-actions, i.e. the diagram

γ∗F γ∗G

F G

γ∗(f)

aF,γ aG,γ

f

commutes for every γ ∈ Γ.
We denote the category of Γ-equivariant RX-modules with Γ-equivariant homomorphisms by

ModΓ(RX).
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The structure of a Γ-equivariant RX -module on a RX -module F is equivalent to specifying
isomorphisms

bγ : F ∼−→ γ∗F(B.3)

satisfying bγ1γ2 = γ1∗(bγ2) ◦ bγ1 for all γ1, γ2 ∈ Γ.
Let F be a Γ-equivariant RX -module. By passing to global sections in (B.2) or (B.3), we see

that H0(X,F) acquires the structure of a right Γ-RX(X)-module.

Remark B.2. Let us make a few remarks on how the above definition relates to definitions in
other works.

(i) IfX is a scheme andRX = OX , the above definition is immediately seen to be equivalent
to the definition given in [KS19], Definition A.1.

(ii) Let (X,RX) be a ringed space with a left Γ-action. The inverses of the maps (B.1)
equip RX with the structure of a Γ-sheaf of rings in the sense of [Gro57], 5.1. One
easily checks that our notion of Γ-equivariant RX -module is equivalent to the notion of
a Γ-RX -module in the sense of loc. cit. The need to pass to the inverses of the structure
maps reflects in the fact that in our setting the global sections are right Γ-modules.

Proposition B.3. Let (X,RX) be a ringed space with a left Γ-action.
(i) The category ModΓ(RX) is an abelian category with enough injective objects.
(ii) If F ∈ ModΓ(RX) is an injective equivariant sheaf, then H0(X,F) is H0(Γ,−)-acyclic

as a Γ-module (and as a Γ-RX(X)-module).
(iii) The canonical forgetful functor ModΓ(RX)→ Mod(RX) preserves injective objects.

Proof. In view of Remark B.2, (i) follows from [Gro57], Proposition 5.1.1 and Proposition 5.1.2
(or Théorème 1.10.1). Assertion (ii) follows from loc. cit., Lemma 5.6.1. Also note that group
cohomology of Γ-modules and Γ-RX(X)-modules coincides, cf. [SP], Tag 0DVD. Assertion (iii)
is [Gro57], Lemme 5.6.2. �

Definition B.4 (Equivariant cohomology). The pth derived functor of the left exact composite
functor

H0(X,Γ;−) : ModΓ(RX)
H0(X,−)−−−−−−→ ModΓ−RX(X)

H0(Γ,−)−−−−−→ ModRX(X)Γ

is denoted by Hp(X,Γ;−) and called the ith equivariant cohomology of X.

Proposition B.5 (Equivariant cohomology spectral sequence). Let F be a Γ-equivariant RX-
module. There is a convergent spectral sequence

Epq2 = Hp(Γ, Hq(X,F))⇒ Hp+q(X,Γ;F)(B.4)

of RX(X)Γ-modules.

Proof. This follows immediately from the definition and Proposition B.3 (ii). �

Let f : (X,RX) → (Y,RY ) be a Γ-equivariant morphism of ringed spaces and let G be a
Γ-equivariant RY -module. Then f∗G can be canonically equipped with the structure of a Γ-
equivariant RX -module: For every γ ∈ Γ, we have isomorphisms

γ∗(f∗G) ∼= f∗(γ∗G)
f∗(aG,γ)−−−−−→ f∗G,

which are easily checked to satisfy the necessary compatibilities. Similarly, if F is a Γ-equivariant
RX -module, there is a canonical way to equip f∗F with the structure of Γ-equivariantRY -module:
For every γ ∈ Γ, there are canonical isomorphisms

f∗F
f∗(bF,γ)−−−−−→ f∗(γ∗F) ∼= γ∗(f∗F),

and again one easily checks the obvious compatibilities. It is straightforward to check that the
functor f∗ : ModΓ(RY )→ ModΓ(RX) is left-adjoint to f∗ : ModΓ(RX)→ ModΓ(RY ).

Lemma B.6. Let f : (X,RX) → (Y,RY ) be a Γ-equivariant morphism between ringed spaces
with left Γ-action. Then the left exact functor

f∗ : ModΓ(RX)→ ModΓ(RY )

sends injective objects to H0(Y,Γ;−)-acyclic objects.
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Proof. Let F be an injective Γ-equivariant RX -module. We consider the equivariant cohomology
spectral sequence

Epq2 = Hp(Γ, Hq(Y, f∗F))⇒ Hp+q(Y,Γ; f∗F).

By Proposition B.3 (iii), F is injective as a RX -module. Hence f∗F is a flasque sheaf and
Hq(Y, f∗F) = 0 for q > 0. Moreover, H0(Y, f∗F) = H0(X,F) is H0(Γ,−)-acyclic by Proposition
B.3 (ii). It follows that Epq2 = 0 for p > 0 or q > 0. From this the claim follows. �

We simply denote the qth right derived functor of f∗ : ModΓ(RX) → ModΓ(RY ) by Rqf∗.
That this is justified, follows from taking the derived functors in the commutative diagram

ModΓ(RX) ModΓ(RY )

Mod(RX) Mod(RY )

f∗

f∗

and observing that the forgetful functor ModΓ(RX)→ Mod(RX) is exact and preserves injective
objects by Proposition B.3 (iii).

Remark B.7. Let F be a Γ-equivariant RX -module. Lemma B.6 also implies that the equivari-
ant cohomology groups Hp(X,Γ;F) do not depend on the RX -module structure: Let ZX denote
the constant sheaf. The Γ-action on (X,RX) induces a Γ-action on (X,ZX). The canonical mor-
phism of ringed spaces ι : (X,RX)→ (X,ZX) is Γ-equivariant and ι∗ : ModΓ(RX)→ ModΓ(ZX)
is the functor which forgets the RX -module structure. The functor ι∗ is exact and by Lemma
B.6 it maps injective objects to acyclic objects for the functor H0(X,Γ;−) : ModΓ(ZX) → Ab.
Taking derived functors of both composites in the commutative diagram

ModΓ(RX) ModRX(X)Γ

ModΓ(ZX) Ab,

H0(X,Γ;−)

ι∗

H0(X,Γ;−)

where the right vertical arrow is the forgetful functor, gives the claim.

Proposition B.8 (Leray spectral sequence). Let f : (X,RX) → (Y,RY ) be a Γ-equivariant
morphism between ringed spaces with Γ-action and let F be a Γ-equivariant RX-module. Then
there is a convergent spectral sequence

Epq2 = Hp(Y,Γ;Rqf∗F)⇒ Hp+q(X,Γ;F).

of RY (Y )Γ-modules.

Proof. This follows immediately from H0(Y,Γ; f∗F) = H0(X,Γ;F) and Lemma B.6. �

Let f : (X,RX) → (Y,RY ) be a Γ-equivariant morphism and n an integer. For every F ∈
ModΓ(RX) and G ∈ ModΓ(RY ) there are canonical homomorphisms

Hn(Y,Γ; f∗F)→ Hn(X,Γ;F)(B.5)

Hn(Y,Γ;G)→ Hn(X,Γ; f∗G).(B.6)

of abelian groups. Indeed, let us first assume that RX = ZX and RY = ZY , i.e. we restrict to
the case equivariant abelian sheaves. In this case, f−1 = f∗ is an exact functor and f∗ preserves
injective objects. For n = 0, the maps in question are just given by H0(Y,Γ; f∗F) = H0(X,Γ;F)
and the composite H0(Y,Γ;G) → H0(Y,Γ; f∗f

−1G) = H0(X,Γ; f−1G). Let us now construct
(B.6) for arbitrary n ≥ 0; the map (B.5) is then easily obtained via adjunction. Choose an
injective resolution G → I• in ModΓ(ZY ) and an injective resolution f−1I• → J •. Then J • is
an injective resolution of f−1G since f−1 is exact. We obtain (B.6) as the nth cohomology of

H0(Y,Γ; I•)→ H0(X,Γ; f−1(I•))→ H0(X,Γ;J •)
and one checks that this construction is independent of the choice of I• and J •. Now, for general
RX and RY , observe that there is a canonical homomorphism f−1G → f∗G of Γ-equivariant
abelian sheaves. By virtue of Remark B.7, we can define (B.6) as the composite

Hn(Y,Γ;G)→ Hn(X,Γ, f−1G)→ Hn(X,Γ; f∗G).
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Proposition B.9 (Functoriality). The canonical homomorphism (B.6) and its variant in usual
cohomology induce a morphism of spectral sequences

Hp(Γ, Hq(Y,G)) Hp+q(Y,Γ;G)

Hp(Γ, Hq(X, f∗G)) Hp+q(X,Γ; f∗G).

Similarly, there is a corresponding morphism for (B.5).

Proof. Let us sketch a proof based on results of [Del71], 1.4. It suffices to show the compatibility
for (B.6). As above, choose injective resolutions G → I• in ModΓ(ZY ), f−1I• → J • and
f∗G → K• in ModΓ(ZX). Choose a map J • → K• which lifts f−1G → f∗G. Then there is
an induced map H0(Y, I•) → H0(X, f−1I•) → H0(X,K•) which induces (B.6) after applying
H0(Γ,−) and taking cohomology. By Proposition B.3 (iii), it also induces the canonical map
Hn(Y,G) → Hn(X, f∗G) on cohomology. Equipping both sides with the canonical filtrations
τ≤−• (cf. [Del71], 1.4.6), we obtain a morphism

H0(Y, I•)→ H0(X,K•)

of biregularly filtered complexes. By loc. cit., 1.4.5, this induces a morphism between the associ-
ated hypercohomology spectral sequences with respect to the functor T = H0(Γ,−). As in loc.
cit., Exemple 1.4.8, one shows that, after reindexing by Epq1 7→ E2p+q,−p

2 , these hypercohomology
spectral sequences coincide with the equivariant cohomology spectral sequences (B.4) for G and
f∗G, respectively. �

B.1. Localization sequence. Let (X,RX) be ringed space equipped with a left Γ-action. Let
i : Z ↪→ X denote the inclusion of a Γ-stable closed subspace and let j : U = X \ Z ↪→ X
denote the inclusion of the complementary open subspace. It follows that U ⊂ X is also Γ-
stable. We write i : (Z, i−1RX) → (X,RX) and j : (U, j−1RX) → (X,RX) for the induced
morphisms of ringed spaces and we denote the pullback functors by i−1 and j−1. The ringed
spaces (Z, i−1RX) and (U, j−1RX) acquire induced Γ-actions and the morphisms i and j are
Γ-equivariant. If j : U ↪→ X is the inclusion of a Γ-stable open subset, there are canonical
isomorphisms γ−1j! ' j!γ−1. These allow to promote the usual j! functor to a functor

j! : ModΓ(j−1RU )→ ModΓ(i−1RX)

on the level of equivariant sheaves and one checks that it is left adjoint to the functor j−1 :
ModΓ(RX) → ModΓ(j−1RX). As it can be checked on the underlying sheaves, the counit of
adjunction

j!j
−1F → F

is injective. For every RX -module, we define as usual

H0
Z(X,F) = ker(H0(X,F)→ H0(U,F)).

If F is a Γ-equivariant RX -module, the restriction map H0(X,F) → H0(U,F) is Γ-equivariant
and hence H0

Z(X,F) is a Γ-module. In this case, we define

H0
Z(X,Γ;F) = H0(Γ, H0

Z(X,F)).

Observe that the canonical isomorphism HomRX (RX ,F) = H0(X,F) forRX -modules F induces
a canonical isomorphism

HomΓ(RX ,F) ∼= H0(X,Γ,F).(B.7)

Here HomΓ denotes the morphisms in the category ModΓ(RX). Let I be an injective object in
ModΓ(RX). Applying Hom(−, I) to the injective Γ-equivariant homomorphism j!j

−1RX ↪→ RX ,
we obtain a surjective homomorphism

HomΓ(RX , I)→ HomΓ(j!j
−1RX , I).

By (B.7) and adjunction, this homomorphism identifies with the restriction map

H0(X,Γ; I)→ H0(U,Γ, I).
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Hence, for any injective object I in ModΓ(RX), we have the short exact sequence

0→ H0
Z(X,Γ; I)→ H0(X,Γ; I)→ H0(U,Γ; I)→ 0.(B.8)

Proposition B.10 (Localization sequence). Let (X,RX) be a ringed space with left Γ-action.
Let Z be a Γ-invariant closed subspace and let U = X \ Z be its open complement. For every
Γ-equivariant RX-module, there is a functorial long exact sequence

. . .→ Hn
Z(X,F)→ Hn(X,F)→ Hn(U,F)→ Hn+1

Z (X,F)→ . . . .

Proof. Choose an injective resolution F ↪→ I• in ModΓ(RX). By (B.8), we obtain the short
exact sequence of complexes

0→ H0
Z(X,Γ; I•)→ H0(X,Γ; I•)→ H0(U,Γ; I•)→ 0.

Passing to cohomology groups then yields the desired exact sequence. The functoriality is clear.
�

Another consequence of the above is that there is also an equivariant cohomology spectral
sequence computing Hn

Z(X,Γ;−):

Proposition B.11. If I is an injective object in ModΓ(RX), then H0
Z(X, I) is H0(Γ,−)-acyclic.

In particular, for every F ∈ ModΓ(RX), there is a convergent spectral sequence

Epq2 = Hp(Γ, Hq
Z(X,F))⇒ Hp+q

Z (X,Γ;F),

which is functorial in F .

Proof. As I is in particular an injective RX -module, one checks as above that

0→ H0
Z(X, I)→ H0(X, I)→ H0(U, I)→ 0(B.9)

is an exact sequence of Γ-modules. By Proposition B.3 (ii), H0(X, I) and H0(U, I) are H0(Γ,−)-
acyclic. We have seen above in (B.8) that the map H0(X,Γ; I) → H0(U,Γ; I) is surjective.
Passing to the long exact sequence associated to (B.9) shows that Hn(Γ, H0

Z(X, I)) = 0 for all
n > 0, as desired. �

Lemma B.12. Let f : (X ′,RX′)→ (X,RX) be a Γ-equivariant morphism of ringed spaces. Let
I be an injective object in ModΓ(RX′). Then f∗I is H0

Z(X,Γ;−)-acyclic.

Proof. Let U ′ = f−1(U) and Z ′ = f−1(Z). Note that U ′ and Z ′ are Γ-invariant since f is
Γ-equivariant. In the usual localization sequence

0→ H0
Z(X, f∗I)→ H0(X, f∗I)→ H0(U, f∗I)→ H1

Z(X, f∗I)→ H1(X, f∗I)→ . . .

one has Hn(X, f∗I) = Hn(U, f∗I) = 0 for all n > 0 since f∗I is flasque by Proposition B.3 (ii).
Moreover, for the same reason, the map H0(X, f∗I) = H0(X ′, I) → H0(U, f∗I) = H0(U ′, I) is
surjective. Hence Hn

Z(X, f∗I) = 0 for all n > 0. Therefore the spectral sequence

Epq2 = Hp(Γ, Hq
Z(X, f∗I))⇒ Hp+q

Z (X,Γ; f∗I).

from Proposition B.11 degenerates and

Hn(X,Γ; f∗I) ∼= Hn(Γ, H0
Z(X, f∗I)).

Now, the Γ-module H0
Z(X, f∗I) = H0

Z′(X
′, I) is H0(Γ,−)-acylic by Proposition B.11 and we

conclude. �

In particular, just as in Remark B.7, the abelian groups Hn
Z(X,Γ;F) can be calculated by

regarding F as an equivariant abelian sheaf.

Lemma B.13. Let f : (X,RX)→ (X ′,RX′) be a Γ-equivariant morphism of ringed spaces. Let
Z ′ ⊂ Y be a Γ-invariant closed subset with open complement U ′ ⊂ X ′. Let Z = f−1(Z ′) and
U = f−1(U ′). Let G be a Γ-equivariant RX′-module. Then the homomorphisms (B.6) induce a
morphism

Hn
Z′(X

′,Γ;G) Hn(X ′,Γ;G) Hn(U ′,Γ;G) Hn+1
Z′ (X ′,Γ;G)

Hn
Z(X,Γ; f∗G) Hn(X,Γ; f∗G) Hn(U,Γ; f∗G) Hn+1

Z (X,Γ; f∗G)
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of exact sequences of abelian groups.

Proof. By the above, Remark B.7 and the construction of (B.6), we may assume that RX = ZX
and RY = ZY . Choose injective resolutions G → I• and f−1I• → J •. One immediately checks
that one has a commutative diagram with exact rows

0 H0
Z′(X

′,Γ; I•) H0(X ′,Γ; I•) H0(U ′,Γ; I•) 0

0 H0
Z(X,Γ;J •) H0(X,Γ;J •) H0(U,Γ;J •) 0,

and the claim follows by passing to long exact sequences. �

Appendix C. Eisenstein-Kronecker classes and base change

In this section we review the construction of the Eisenstein-Kronecker classes of Kings-Sprang
(cf. [KS19]).

C.1. Infinitesimal neighbourhoods. Let us begin with a remark on sheaves which are sup-
ported on a closed subscheme.

Remark C.1. In the following, let all schemes and morphisms be defined over a fixed base
scheme S. Let Z ⊂ X be a closed subscheme corresponding to the quasi-coherent sheaf of ideals
I and denote the associated closed immersion by i : Z ↪→ X.

(i) Let ShZ(X) denote the full subcategory of Sh(X) consisting of the abelian sheaves F
on X whose support is contained in Z. There is an equivalence of categories

i−1 : ShZ(X)
∼−→ Sh(Z)

with quasi-inverse i∗.
(ii) If F ∈ ShZ(X) had the structure of an OX -module (resp. algebra), then i−1F admits the

structure of a i−1OX -module (resp. algebra). Let π : X → S and πZ : Z → S denote the
structural morphisms. The restriction i−1F acquires the structure of an π−1

Z OS-module
(resp. algebra) via the canonical ring homomorphism

π−1
Z OS → i−1OX

obtained by applying the functor i−1 to the canonical homomorphism π# : π−1OS →
OX . In particular, in the case where i : S → X is a section of π, there is a canonical ring
homomorphism OS → i−1OX and i−1F is equipped with the structure of a OS-module
(resp. algebra). Moreover, one has π∗ = i−1 : ShZ(X)

∼−→ Sh(Z) in this case.
(iii) Let ModZ(OX) denote the full subcategory of Mod(OX) consisting of those OX -modules

such that I · F = 0. There is an equivalence of categories

i−1 = i∗ : ModZ(OX)
∼−→ Mod(OZ)

with quasi-inverse i∗.

Let X be a scheme. Let i : Z ↪→ X be a closed immersion with corresponding quasi-coherent
sheaf of ideals I ⊂ OX . Let F be a quasi-coherent OX -module. For each integer n ≥ 0, the
quasi-coherent OX -module

F ⊗OX OX/In+1

has support in Z. We usually identify it with its restriction to Z and regard it as an i−1OX -
module via the equivalence of Remark C.1. The nth infinitesimal thickening of Z in X is the
ringed space

Xn := (Z,OX/In+1).

It is a scheme which canonically identifies with the relative spectrum Spec(OX/In+1); we denote
the associated closed immersion by in : Xn ↪→ X. Let f : X → Y be a morphism of schemes and
Z ⊂ X and W ⊂ Y closed subschemes fitting into a commutative diagram

(C.1)
Z X

W Y.

i

g f

j
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Let I ⊂ OX (resp. K ⊂ OY ) be the quasi-coherent sheaves of ideals corresponding to Z ⊂ X
and W ⊂ Y . Then f∗(K)OX ⊂ I and hence f∗(Kn+1)OX ⊂ In+1 for all integers n ≥ 0. This
induces a homomorphism

(C.2) f∗(OY /Kn+1)→ OX/In+1

Hence, for any n ≥ 0, we obtain an induced morphism

fn : Xn → Yn

and by construction, the diagram

(C.3)
Xn X

Yn Y

in

fn f

jn

is commutative. If the square (C.1) is Cartesian, the induced map (C.2) is an isomorphism and
hence also the square (C.3) is Cartesian.

Lastly, let us discuss the infinitesimal behaviour of the mutliplication map of a group scheme.
Let S be a scheme and let π : G → S be a quasi-compact separated group scheme with unit
section e : S → G and multiplication map µ : G×SG→ G. Then e is a closed immersion and, for
every integer n ≥ 0, we let Gn denote the nth infinitesimal thickening of e in G. The unit section
factors as e : S → Gn. For all integers n,m, k ≥ 0, the composite Gn ×S Gm ↪→ G ×S G

µ−→ G
preserves the unit sections and we get an induced map

(Gn ×S Gm)k → Gk,

where (Gn ×S Gm)k denotes the kth infinitesimal thickening of e : S → Gn ×S Gm. We claim
that

(Gn ×S Gm)k = Gn ×S Gm
for all k ≥ n+m. Since everything is local on the base S, we may assume that S = Spec(R) is
an affine scheme. Let I ⊂ OG denote the sheaf of ideals associated to e. Then e−1OG/In+1 =

π∗(OG/In+1) is a quasi-coherent OS-algebra and of the form Ãn for an R-algebra An. Moreover,
one has Gn = Spec(An). The closed immersion e : S → Gn corresponds to an ideal In ⊂ An
such that Ĩn = e−1I/In+1. In particular, one has In+1

n = 0. With this notation, one has
Gn ×S Gm = Spec(An ⊗R Am) and the closed immersion e : S ↪→ Gn ×S Gm corresponds to the
ideal In ⊗Am +An ⊗ Im. Since In+1

n = Im+1
m = 0, it follows that

(In ⊗Am +An ⊗ Im)n+m+1 = 0,

and the claim follows. In particular, for all integers n,m ≥ 0, the multiplication map µ : G×SG→
G induces an S-morphism

Gn ×S Gm → Gn+m

on infinitesimal neighbourhoods.

C.2. Formal completion of abelian schemes. In the following let S denote a Noetherian
base scheme. Let π : A→ S be an abelian scheme and let π∨ : A∨ → S denote the dual abelian
scheme. Let π\ : A\ → S be the universal vectorial extension of A∨/S. It sits in a short exact
sequence of commutative S-group schemes

0→ ωA/S → A\ → A∨ → 0.

There is a canonical isomorphism ωA\/S ∼= H1
dR(A∨/S). Let P denote the Poincaré bundle on

A×SA∨ and let (P\,∇) denote the universal rigidified line bundle on A×SA\, equipped with an
integrable connection ∇ : P\ → Ω1

A×A\/A\ ⊗OA×A\ P
\, which satisfies the theorem of the square,

cf. [Lau96], section 2.

Notation C.2. For any abelian scheme A/S, we introduce some notations which will be used
throughout the following sections.

(1) In the following, all statements remain true if A∨ and P are replaced by A\ and P\.
For this reason, we restrict our treatment to A∨ and P. Only in definitions, we briefly
discuss the case of A\ and P\ to fix notation.
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(2) Let An, A∨n and A\n denote the nth infinitesimal thickening of the unit sections e, e∨
and e\ of A, A∨ and respectively A\. Let in : An → A, i∨n : A∨n → A∨ and i\n : A\n → A\

denote the canonical closed immersions.
(3) We let πn : An → S denote the composite An

in−→ A
π−→ S. Similarly, we define π∨n and

π\n.
(4) If abelian schemes other than A make an appearance, we use subscripts to indicate which

abelian scheme an object is associted to. E.g. if A and B are abelian schemes, then PA
and PB denote the Poincaré bundles on A×A∨ and B ×B∨, respectively.

(5) Throughout this section, we prove easy compatibility results with respect to base change.
For this, let us fix the following setup: Let σ : Sσ → S denote a morphism of noetherian
schemes. And let Aσ = A×S,σ Sσ denote the abelian scheme obtained by base change of
A along σ. By the universal properties of A∨ and A\, there are canonical identifications

A∨,σ ∼= Aσ,∨ and A\,σ ∼= Aσ,\,

which we will use freely. In particular, we have Cartesian squares

(C.4)
Aσ A Aσ,∨ A∨ Aσ,\ A\

Sσ S Sσ S Sσ S,

πAσ

σA

πA π∨Aσ

σ∨A

π∨A π\
Aσ

σ\A

π\A

σ σ σ

Let K ⊂ OA×A∨ denote the sheaf of ideals associated with the closed immersion

idA × e∨ : A ↪→ A×S A∨.

Similarly, one defines K\ in terms of id × e\. Regarding K/K2 as a quasi-coherent OA-module
(cf. Remark C.1 (iii)), we have an isomorphism

K/K2 ∼= (idA × e∨)∗Ω1
A×A∨/A

∼= π∗ωA∨/S

since idA × e∨ is a regular closed immersion (being a section of a smooth separated morphism).
Moreover, for any integer n ≥ 0, there is a canonical isomorphism of OA-modules

Kn/Kn+1 ∼= π∗ Symn(ωA∨/S).(C.5)

Definition C.3. For any integer n ≥ 0, we define

On := OA×A∨/Kn+1,

regarded as a sheaf on A (cf. Remark C.1 (i)). Similarly, we define O\n := OA×A\/K\,n+1

Note that A ×S A∨n = Spec
A

(On) is the nth infinitesimal thickening of idA × e∨. Note that
id × π∨n : A × A∨n → A is the identity on underlying topological spaces. In particular, it is an
affine morphism, cf. [GD71], Lemme 4.2.2.1 and one has

(C.6) On = (idA × π∨n )∗OA×A∨n .
By Remark C.1 (ii), each On admits the structure of an OA-algebra. It follows that the short
exact sequence

0→ K/K2 → O1 → OA → 0

splits. In particular, there is a decomposition

O1
∼= OA ⊕ π∗ωA∨/S(C.7)

of OA-modules. If one equips the right-hand side with the "square-zero" ring structure, this
becomes an isomorphism of OA-algebras.

Lemma C.4 (Base change). Assume the setup of Notation C.2 (5).
(i) For every integer n ≥ 0, there is a canonical isomorphism

σ∗AOA,n ∼= OAσ,n
of OAσ -algebras.

(ii) For every n ≥ 0, there is canonical isomorphism

σ∗A(KnA/Kn+1
A ) ∼= KnAσ/Kn+1

Aσ

of OAσ -modules.
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(iii) Using (i) and the canonical isomorphism σ∗Aπ
∗
AωA∨/S

∼= π∗AσωAσ,∨/Sσ , the spitting

OAσ,1 ∼= OAσ ⊕ π∗Aσ (ωAσ,∨/Sσ )

is obtained by applying σ∗A to the splitting (C.7).

Proof. (i) By passing to infinitesimal thickenings, the Cartesian square

Aσ A

Aσ ×Aσ,∨ A×A∨

σA

idAσ×e∨Aσ idA×e∨A
σA×σA∨

gives rise to a Cartesian square

Aσ ×Aσ,∨n A×A∨n

Aσ A,

σA×σ∨A,n

idAσ×π∨Aσ,n idA×π∨A,n
σA

in which the vertical morphisms are affine. By (C.6) and affine base change, it follows that

σ∗AOA,n ∼= σ∗A(id× π∨A,n)∗OA×A∨n
∼= (idAσ × π∨Aσ,n)∗OAσ×Aσ,∨n
∼= OAσ,n.

Assertion (ii) follows from the chain of canonical isomorphisms

σ∗A(KnA/Kn+1
A ) ∼= σ∗Aπ

∗
A Symn(ωA∨/S)

∼= π∗Aσσ
∗ Symn(ωA∨/S)

∼= π∗Aσ Symn(ωAσ,∨/Sσ )

∼= KnAσ/Kn+1
Aσ .

Assertion (iii) is an immediate consequence of (i) and (ii). �

As explained at the end of Section C.2, the group scheme structure on A∨ induces for every
n,m ≥ 0 cocommutative comultiplication maps

(C.8) On+m → On ⊗OA Om.
Definition C.5 (Moment map). For every integer n ≥ 0, the maps (C.8) and the splitting (C.7)
induce a OA-linear map

mom : On → TSymn(O1) ∼=
n⊕
b=0

π∗TSymb(ωA∨/S),

called the moment map. It is an OA-algebra homomorphism if the right-hand side regarded as a
quotient of the tensor symmetric algebra. Pulling back along the unit section gives an OS-algebra
homomorphism

mome : e∗On →
n⊕
b=0

TSymb(ωA∨/S).

Analogously, one defines mom and mome for A\.

Lemma C.6 (Base change). Assume the setup of Notation C.2 (5). Then, under the identifica-
tion σ∗Aπ

∗
A TSymb(ωA∨/S) ∼= π∗Aσ TSymb(ωAσ,∨/Sσ ) and Lemma C.4 (i), one has

σ∗A(momA) = momAσ

and σ∗(momA,e) = momAσ,e

Proof. Since the group scheme structure Aσ,∨ ×Sσ Aσ,∨ → Aσ,∨ canonically identifies with the
base change of A∨×SA∨ → A∨ along σ, one deduces that, for each n,m ≥ 0, the comultiplication
map OAσ,n+m → OAσ,n ⊗OAσ OAσ,m is obtained from (C.8) by applying σ∗A and using the
identifications of Lemma C.4 (i). Moreover, by Lemma C.4 (iii), the splittings (C.7) for A and
Aσ are compatible under σ∗A after identifying σ∗Aπ

∗
AωA∨/S

∼= π∗AσωAσ,∨/Sσ . The assertion about
mome is an immediate consequence. �



DELIGNE CONJECTURE FOR HECKE CHARACTERS 75

C.3. The Poincaré bundle and its completion. Let P denote the Poincaré bundle on A×S
A∨. It comes equipped with a rigidification

(C.9) rig : OA∨ ∼= (e× idA∨)∗P.

Let (P\,∇P\) be the universal line bundle with integrable connection on A ×S A\. The line
bundle P\ is the pullback of P along the canonical homomorphism A × A\ → A × A∨ and
its rigidification OA\ ∼= (e × idA\)

∗P\ is induced by (C.9). For an integer n ≥ 0, we define
Pn := P ⊗OA×A∨ OA×A∨/K

n+1, regarded as an OA-module. Note that

(C.10) Pn = (idA × π∨n )∗(P|A×A∨n ).

Similarly, we define P\n and there is a canonical isomorphism P\n = (idA × π\n)∗(P\|A×A\n). For
every n ≥ 0, the connection ∇ on P\ restricts to a connection ∇|A×A\n : P\|A×A\n → Ω1

A×A\n/A\n
⊗

P\|A×A\n . Since Ω1
A×A\n/A\n

∼= (id× π\n)∗Ω1
A/S , one obtains connections

(C.11) ∇n : P\n → Ω1
A/S ⊗OA Pn

via the projection formula. For every n ≥ 0, the rigidification (C.9) gives rise to a canonical
isomorphism

(C.12) rn : e∗On
∼−→ e∗Pn.

This follows from the descriptions (C.6), (C.10) and affine base change, cf. the proof of Lemma
C.4. Via (C.12), the unit 1 ∈ Γ(S, e∗On) induces a canonical section 1n ∈ Γ(S, e∗Pn). Similarly,
there are canonical isomorphisms r\n : e∗O\n

∼−→ e∗P\n giving rise to canonical sections 1\n ∈
Γ(S, e∗P\n).

Lemma C.7 (Base change). Assume the setup of Notation C.2 (5) and let n ≥ 0 be an integer.
(i) There is a canonical isomorphism σ∗A(PA,n) ∼= PAσ,n.
(ii) Under σ∗e∗A ' e∗Aσσ∗A and the identification of (i), one has σ∗(rA,n) = rAσ,n.
(iii) The canonical map σ∗ : Γ(S, e∗APA,n) → Γ(Sσ, e∗AσPAσ,n) maps the canonical section

1A,n to 1Aσ,n.
(iv) Via the \-version of (i), one has σ∗A(∇A,n) = ∇Aσ,n.

Proof. The canonical isomorphism

(σA × σ∨A)∗PA ∼= PAσ ,(C.13)

obtained from the universal property of PA, is an isomorphism of rigidified line bundles. By
using (C.10), assertion (i) then follows exactly as Proposition C.4 (i). Since (C.13) respects
the rigidifications, we have (σ∨A)∗(rigA) = rigAσ , where we suppress the natural isomorphism
(σ∨A)∗(eA × idA∨)∗ ' (eAσ × idAσ,∨)∗(σA × σ∨A)∗ from the notation. By passing to infinitesimal
neighbourhoods, we obtain

(C.14) (σ∨A,n)∗(rigA|A∨n ) = rigAσ |Aσ,∨n .

We now freely use the identifications (C.6) and (C.10). Consider the diagram

σ∗e∗A(idA × π∨A,n)∗OA×A∨n σ∗e∗A(idA × π∨A,n)∗PA|A×A∨n

σ∗(π∨A,n)∗OA∨n σ∗(π∨A,n)∗(eA × idA∨n )∗PA|A×A∨n

(π∨Aσ,n)∗(σ
∨
A,n)∗OA∨n (π∨Aσ,n)∗(σ

∨
A,n)∗(eA × idA∨n )∗PA|A×A∨n

(π∨Aσ,n)∗OAσ,∨n (π∨Aσ,n)∗(eAσ × idAσ,∨n )∗PAσ |Aσ×Aσ,∨n

e∗Aσ (idAσ × π∨Aσ,n)∗OAσ×Aσ,∨n e∗Aσ (idAσ × π∨Aσ,n)∗PAσ |Aσ×Aσ,∨n ,

σ∗(rA,n)

∼ BC ∼ BC
σ∗(π∨A,n)∗(rigA|A∨n )

∼ BC ∼ BC
(π∨Aσ,n)∗(σ

∨
A,n)∗(rigA|A∨n )

∼ ∼
(π∨Aσ,n)∗(rigAσ |Aσ,∨n )

∼ BC ∼ BC
rAσ,n
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in which we indicate by BC that the arrow is given by a base change transformation. The upper
square commutes by definition of rA,n, the upper middle square commutes by naturality of the
base change transformation σ∗(π∨A,n)∗ ' (π∨Aσ,n)∗(σ

∨
A,n)∗, the lower middle square commutes by

(C.14) and the lower square commutes by definition of rAσ,n. Therefore the outer diagram com-
mutes and one checks that the vertical composites coincides with the corresponding isomorphisms
obtained by using σ∗e∗A ' e∗Aσ (σ∨A)∗ followed by (σ∨A)∗(idA×π∨A,n)∗ ' (idAσ×π∨Aσ,n)∗(σA×σ∨A,n)∗.
This shows assertion (ii). From this, it follows that the diagram

Γ(S, e∗AOA,n) Γ(Sσ, e∗AσOAσ,n)

Γ(S, e∗APA,n) Γ(Sσ, e∗AσPAσ,n)

σ∗

rA,n rAσ,n

σ∗

is commutative. The upper map is a ring homomorphism and hence, by construction, the lower
arrow maps 1A,n to 1Aσ,n. Analogously to the proof of (ii), assertion (iv) follows from the fact
that the canonical isomorphism (σA × σ\A)∗P\A ∼= P

\
Aσ is an isomorphism of line bundles with

connection. �

C.4. Isogenies. Let S be a noetherian scheme. Let A/S and B/S be abelian schemes and let
ϕ : A → B be an isogeny defined over S. There are induced S-isogenies ϕ∨ : B∨ → A∨ and
ϕ\ : B\ → A\.

Lemma C.8. Let ϕ : A→ B be an S-isogeny. Let n ≥ 0 and ϕn : An → Bn denote the induced
morphism between the infinitesimal neighbourhoods of the unit sections. If ϕ is étale, then ϕn is
an isomorphism.

Proof. Let IA (resp. IB) denote the sheaf of ideals defining the unit section of A (resp. B). For
any n ≥ 0, the isogeny ϕ induces a OA-linear map ϕ∗(OB/In+1

B )→ OA/In+1
A . It suffices to show

that, for any n ≥ 0, the induced OB-linear homomorphism

OB/In+1
B → ϕ∗(OA/In+1

A )

is an isomorphism. Indeed, applying πB∗ then gives the assertion. We proceed by induction. For
n = 0, the above map identifies with the canonical isomorphism eB∗OS ∼= ϕ∗eA∗OS . Let n ≥ 1
and assume that the claim is proven for n− 1. There is a commutative diagram

0 InB/I
n+1
B OB/In+1

B OB/InB 0

0 ϕ∗(InA/I
n+1
A ) ϕ∗(OA/In+1

A ) ϕ∗(OA/InA) 0

'

Under the isomorphisms InB/I
n+1
B

∼= eB∗ Symn(ωB/S) and ϕ∗(InA/I
n+1
A ) ∼= eB∗ Symn(ωA/S),

the right vertical map identifies with eB∗ Symn(ϕ∗) where ϕ∗ : ωB/S → ωA/S is the morphism
induced by ϕ. The claim follows since, for étale ϕ, the map ϕ∗ is an isomorphism. �

Proposition C.9. For every integer n ≥ 0, the isogeny ϕ induces a canonical homomorphism

ϕ#,n : PA,n → ϕ∗PB,n

If ϕ∨ is étale, the map ϕ#,n is an isomorphism.

Proof. This is [KS19], Theorem 2.6. Let us recall the construction: By the universal property
of the Poincaré bundle, there is a canonical isomorphism (idA × ϕ∨)∗PA ∼= (ϕ × idB∨)∗PB and
hence an isomorphism

(C.15) (idA × ϕ∨n)∗PA|A×A∨n ∼= (ϕ× idB∨n )∗PB |B×B∨n .
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Now ϕ#,n is given by the composite

PA,n = (idA × π∨A,n)∗PA|A×A∨n
adj−−→ (idA × π∨A,n)∗(idA × ϕ∨n)∗(idA × ϕ∨n)∗PA|A×A∨n

(C.15)∼= (idA × π∨A,n)∗(idA × ϕ∨n)∗(ϕ× idB∨n )∗PB |B×B∨n
∼= (idA × π∨B,n)∗(ϕ× idB∨n )∗PB |B×B∨n
∼= ϕ∗(idB × π∨B,n)∗PB |B×B∨n = ϕ∗PB,n,

where the last isomorphism comes from affine base change. If ϕ∨ is étale, it follows from Lemma
C.8 that ϕn is an isomorphism and hence the unit of adjunction adj is an isomorphism as well. �

Let n ≥ 0 be an integer and let ϕ : A → B be an isogeny over S with étale dual. By the
above, we have the isomorphism ϕ#,n : PA,n

∼−→ ϕ∗PB,n. Together with (C.12) this induces an
isomorphism

PA,n|ker(ϕ)
∼−→ π∗ker(ϕ)e

∗
BOB,n,(C.16)

where πker(ϕ) denotes the structure morphism of ker(ϕ)/S.

Definition C.10. Assumptions as above. Let x : S → A be a ϕ-torsion section.

(i) We define %x to be the composite isomorphism

%x : x∗PA,n
x∗(ϕ#,n)−−−−−−→ x∗ϕ∗PB,n ∼= e∗Aϕ

∗PB,n
e∗A(ϕ−1

#,n)
−−−−−−→ e∗APA,n

r−1
A,n−−−→ e∗AOA,n.

(ii) We define

%momx := mome ◦ %x : x∗PA,n →
n⊕
i=0

TSymi(ωA∨/S)

and for an integer b ≥ 0 we define

%momb
x : x∗PA,n → TSymb(ωA∨/S)

as the projection of %momx onto the b-component.

Lemma C.11 (Base change). Assume the setup of Notation C.2 (5).

(i) Under the canonical equivalence σ∗Aϕ
∗ ' ϕσ,∗ and Lemma C.7 (i), one has

σ∗A(ϕ#,n) = ϕσ#,n.

(ii) Additionally using σ∗x∗ ' (xσ)∗, one has

σ∗(%A,x) = %Aσ,xσ .

(iii) Under the above identifications and σ∗ωA∨/S ∼= ωAσ,∨/S, one has

σ∗(%momA,x) = %momAσ,xσ ,

and similarly for %momb
A,x.

Proof. A proof of (i) is tedious to write out but essentially clear. The proof follows the usual
pattern: By the universal property of the Poincaré bundle, one checks that the canonical iso-
morphism (idA × ϕ∨)∗PA ∼= (ϕ × idB∨)∗PB is carried under (σA × σ∨B)∗ to the corresponding
isomorphism for ϕσ : Aσ → Bσ. Subsequently, one verifies all necessary compatibilities of e.g.
the unit of the adjunction for (−)∗ a (−)∗ and base change transformations with base change
along σ. Assertion (ii) follows from (i) and Lemma C.7 (ii). Finally, (iii) is a consequence of (ii)
and Lemma C.6.

�
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C.5. Vanishing of cohomology. As before, let S be a noetherian scheme and π : A → S an
abelian scheme with zero section e. Let Γ be a discrete group which acts from the left on A/S via
automorphisms of group schemes. We denote the automorphism associated to an element γ ∈ Γ
by γ as well. Note that both π and e are Γ-equivariant morphisms if we equip S with the trivial
Γ-action. As usual, let

ωA/S := e∗Ω1
A/S

denote the relative co-Lie algebra of A/S. For every γ ∈ Γ, we have a canonical OA-linear
isomorphism γ∗Ω1

A/S → Ω1
A/S by basic functoriality properties of differentials. One immediately

checks that this equips Ω1
A/S with the structure of a Γ-equivariant OA-module. Moreover, we get

an induced Γ-equivariant structure on ωA/S . We equip the dual abelian scheme A∨/S with the
left Γ-action given by

Γ→ Aut(A∨/S), γ 7→ (γ−1)∨.

As above, this canonically equips Ω1
A∨/S with the structure of a Γ-equivariant OA∨-module and

makes ωA∨/S into a Γ-equivariant OS-module. Let n ≥ 0 be an integer and let Pn be as in the
previous section. For every γ ∈ Γ Proposition C.9 then provides an isomorphism

(γ#,n)−1 : γ∗Pn → Pn
and one immediately checks that this equips Pn with the structure of a Γ-equivariant OA-module.
In the following, we will freely make use of the Γ-equivariant identifications π∗ωA/S ∼= Ω1

A/S and

ωgA∨/S
∼= ΩgA/S

∼= ωgA/S ,

cf. [Lau96], Lemme 1.1.3.
Before we state the next theorem, let us recall some facts about inverse systems: An N-indexed

inverse system (An) satisfies the Mittag-Leffler condition, or simply that it is Mittag-Leffler, if for
every n ∈ N there exists m ≥ n such that im(Ak → An) = im(Am → An) for all k ≥ m. Recall
that an inverse system (An) is ML-zero if for any n ∈ N there is a m > 0 such that An+m → An
is the zero map. The ML-zero systems form a Serre subcategory in the abelian category of all
inverse systems. In particular, ML-zero systems are stable under extensions.

Lemma C.12. Let
(An)→ (Bn)→ (Cn)→ 0

be a short exact sequence of N-indexed inverse systems of abelian groups. If (An) is ML-zero and
(Cn) satisfies the Mittag-Leffler condition, then (Bn) satisfies the Mittag-Leffler condition.

Proof. Let n ∈ N. By assumption, we may fix an integer m > 0 such that An+m → An is the
zero map. Then we may fix an integer k ≥ 0 such that im(CN → Cn+m) = im(Cn+m+k → Cn+m)
for all N > n + m + k. Fix N > n + m + k and let bn ∈ im(Bn+m+k → Bn). We claim that
bn ∈ im(BN → Bn). We have the commutative diagram

BN CN

Bn+m+k Cn+m+k

An+m Bn+m Cn+m

An Bn

0 fn

with BN → CN surjective. By assumption, there exists bn+m+k ∈ Bn+m+k, which maps to
bn ∈ Bn. Let bn+m denote the image of bn+m+k in Bn+m. The image cn+m of bn+m in Cn+m

lies in im(Cn+m+k → Cn+m). Hence, by choice of k, there is an element cN ∈ CN which maps to
cn+m. Choose a lift bN ∈ BN . Let b′n+m denote the image of bN in Bn+m. Then, b′n+m − bn+m

maps to zero in Cn+m. Hence, it comes from an element an+m ∈ An+m. The commutativity of
the lower left square implies that fn(b′n+m) = fn(bn). But this shows that bN maps to bn. �

The the construction of the equivariant Eisenstein-Kronecker classes relies on the following
computation of the cohomology of the Poincaré bundle:
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Theorem C.13. Let S be an affine Noetherian scheme. Let g denote the relative dimension of
the abelian scheme A/S. Let n ≥ 0 be an integer.

(i) The homomorphism

Riπ∗(Pn ⊗ ΩgA/S)→ Riπ∗(Pn−1 ⊗ ΩgA/S)

induced by the canonical map Pn → Pn−1 is the zero map for all i 6= g and an
isomorphism for i = g. Moreover, Rgπ∗(Pn ⊗ ΩgA/S) ∼= OS via the canonical map
Pn → P0 = OA and the trace isomorphism tr : Rgπ∗(Ω

g
A/S)

∼−→ OS.
(ii) The transition maps in the inverse system {Hi(A,Pn ⊗ ΩgA/S)} are all zero for i < g

and are all isomorphisms for i = g. One has

lim←−
n

Hi(A,Pn ⊗ ΩgA/S) ∼=

{
H0(S,OS) if i = g

0 if i < g.

(iii) The inverse system {Hi(A,Γ;Pn ⊗ ΩgA/S)} is ML-zero for i < g. For i = g it satisfies
the Mittag-Leffler condition. One has

lim←−
n

Hi(A,Γ;Pn ⊗ ΩgA/S) ∼=

{
H0(S,OS) if i = g

0 if i < g.

Proof. Assertion (i) is proven exactly as Theorem 1.2.1 in [Sch14]. Let us briefly summarize the
argument: By definition we have the exact sequence 0 → π∗ Symn(ωA∨/S) → Pn → Pn−1 → 0.
We define the finite decreasing filtration F iPn := ker(Pn → Pi−1). The graded pieces are given
by griF Pn = π∗ Symi(ωA∨/S) for 0 ≤ i ≤ n and griF Pn = 0 otherwise. This induces a filtration on
Pn⊗ π∗ωgA∨/S ; we simply denote it by F i and its graded pieces by griF . We obtain an associated
spectral sequence

(C.17) Epq1 = Rp+qπ∗(grpF )⇒ Rp+qπ∗(Pn ⊗ π∗ωA∨/S)

and we have Epq1
∼= Rp+qπ∗(π

∗ Symp(ωA∨/S)⊗π∗ωgA∨/S) ∼= Rp+qπ∗(OA)⊗Symp(ωA∨/S)⊗ωgA∨/S
by the projection formula. Using π∗ωgA∨/S

∼= ΩgA/S , Grothendieck duality and Riπ∗(OA) ∼=
ΛiR1π∗OA ∼= Λi Lie(A∨/S), we calculate

Rp+qπ∗(OA)⊗ Symp(ωA∨/S)⊗ ωgA∨/S ∼= Rp+qπ∗(Ω
g
A/S)⊗ Symp(ωA∨/S)

∼= Rg−p−qπ∗(OA)∨ ⊗ Symp(ωA∨/S)

∼= Λg−p−q(ωA∨/S)⊗ Symp(ωA∨/S).

One can show that, under the above identification, the differentials dpq1 : Epq1 → Ep+1,q
1 agree

with the corresponding differentials in the Koszul complex

(C.18) 0→ Λg−q(ωA∨/S)→ Λg−q−1(ωA∨/S)⊗ Sym1(ωA∨/S)→ . . .→ Symg−q(ωA∨)→ 0,

which locally is given as in [Lan02], chapter XXI, Corollary 4.14. By loc. cit., the Koszul complex
is exact. In total, we have now seen that the qth line in the spectral sequence (C.17) is given by the
naive cut-off σ≤n of the Koszul complex (C.18) since grpF = 0 for p > n. From this it follows that
the spectral sequence degenerates at the E2-page and that the only non-zero terms are given by
E0,g

2
∼= OS and potentially the terms En,q2 = (Rn+qπ∗(OA)⊗Symn(ωA∨/S)⊗ωgA∨/S)/ im(dn−1,q

1 )

for −n ≤ q < g − n. From this, one deduces (cf. [Sch14], Theorem 1.2.1):
• For all i 6= g, the inclusion π∗ Symn(ωA∨/S) ↪→ Pn induces an isomorphism Riπ∗(Pn ⊗
π∗ωgA∨/S) ∼= (Riπ∗(OA)⊗ Symn(ωA∨/S ⊗ ωgA∨/S)/ im(di−1,0

1 ).
• There is an isomorphism Rgπ∗(Pn⊗π∗ωgA∨/S) ∼= OS which is induced by the composite
Pn → Pn−1 → . . .→ P0 = OA and the trace isomorphism tr : Rgπ∗(π

∗ωgA∨/S)
∼−→ OS .

In particular, this implies assertion (i) since the composite Symn(ωA∨/S)→ Pn → Pn−1 is zero.
By considering the Leray spectral sequence, assertion (ii) follows immediately from (i). Let us
now explain how to obtain (iii): For every n ≥ 0 we have the equivariant cohomology spectral
sequence

(C.19) nE
pq
2 = Hp(Γ, Hq(A,Pn ⊗ π∗ωgA∨/S))⇒ Hp+q(A,Γ;Pn ⊗ π∗ωgA∨/S).
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Since the spectral sequence in functorial, we obtain a inverse system of spectral sequences. The
property for an inverse system to have only the zero map or only isomorphisms as transition
maps is passed on after applying any additive functor. Hence the transitions maps in {nEpq2 }n
are zero if q 6= g and isomorphisms if q = g. We claim that the same is true for the inverse system
{nEpqr }n for all 2 ≤ r ≤ ∞. Assume that the validity of the claim is established for a fixed r ≥ 2.
One has

nE
pq
r+1 =

ker(nd
pq
r : Epqr → Ep+r,q−r+1

r )

im(nd
p−r,q+r−1
r : Ep−r,q+r−1

r → Epqr )
.

Assume first that q 6= g. The map nE
pq
r+1 → n−1E

pq
r+1 is zero since it is induced by the corre-

sponding map on the Er-page, which is the zero map by assumption. Let q = g. By assumption
the system {nEpqr }n is constant up to isomorphism and hence the differential ndpqr factors as
nE

pg
r → lim←−m mE

p+r,g−r+1
r

can−−→ nE
p+r,g−r+1
r . As g − r + 1 < g, the limit vanishes and hence

ker(nd
pg
r ) = nE

pg
r . Furthermore, for all n ≥ 0, one even has nEp−r,g+r−1

r = 0 by the vanishing of
the coherent cohomology of A in the degree g+ r− 1 > g. Hence im(nd

p−r,g+r−1
r ) = 0. It follows

that

(C.20) nE
pg
r+1 = nE

pg
r

for all n ≥ 0 which, in particular, implies the claim for 2 < r <∞. As we are dealing with first
quadrant spectral sequences, we have Epq∞ = Epqr for sufficiently large r and the claim follows.

Let i ≥ 0. For every n ≥ 0, the spectral sequence (C.19) provides a filtration nF
p on

Hi(A,Γ;Pn ⊗ π∗ωgA∨/S) whose graded pieces are given by

ngrpF
∼= nE

p,i−p
∞ .

In particular, one has nF 0 = Hi(A,Γ;Pn ⊗ π∗ωgA∨/S) and nF
i+1 = 0. For i < g, it follows by

induction that the systems {nF p} are ML-zero for all p. In particular {Hi(A,Γ;Pn ⊗ ΩgA/S)}
is ML-zero for all i < g. For i = g, it follows by induction and Lemma C.12, that the inverse
systems {nF p} are ML-zero for p > 0 and that {nF 0} = {Hg(A,Γ;Pn⊗ΩgA/S)} is Mittag-Leffler.
Let us consider the filtration

F̂ p := lim←−
n

nF
p

on lim←−nH
g(A,Γ;Pn ⊗ π∗ωgA∨/S). Note that F̂ • is a finite filtration. Since {nF p+1} is Mittag-

Leffler, it follows that grp
F̂
∼= lim←−n ngrpF . As {nF p} is ML-zero for all p > 0, we have F̂ p =

lim←−n ngrpF = 0 for all p > 0. For p = 0, (C.20) implies that

lim←−
n

ngr0
F
∼= lim←−

n
nE

0g
∞ = lim←−

n
nE

0g
2

Part (ii) of the Theorem implies

lim←−
n

nE
0g
2 = H0(Γ, lim←−

n

Hg(A,Pn ⊗ ΩgA/S)) = H0(S,OS).

For the latter isomorphism, we note that tr : Rgπ∗(Ω
g
A/S)

∼−→ OS (with OS carrying the trivial
action) is Γ-equivariant by basic functoriality properties of the trace. �

C.6. The local cohomology groups. Now let D ⊂ A be a Γ-stable closed subscheme which is
finite étale over S. Let UD := A \D denote the open complement. We define

OS [D] := H0(D,OD),

OS [D]0 := ker(H0(D,OD)
tr−→ H0(S,OS)),

where tr denotes the trace homomorphism. Note that tr is Γ-equivariant is H0(S,OS) is equipped
with the trivial action. Let OS [D]0,Γ denote the Γ-invariants of OS [D]0. In the following, we will
always assume that D is of the form D = ker δ for an étale S-isogeny δ : A→ B with étale dual
δ∨. Consider the localization sequence

Hg−1(A,Γ,Pn ⊗ ΩgA/S)→ Hg−1(UD,Γ;Pn ⊗ ΩgA/S)→
Hg
D(A,Γ;Pn ⊗ ΩgA/S)→ Hg(A,Γ,Pn ⊗ ΩgA/S)
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in equivariant cohomology, cf. Proposition B.10. By Theorem C.13 (iii), the inverse system
{Hg−1(A,Γ,Pn ⊗ ΩgA/S)} is ML-zero and it follows that the sequence

(C.21) 0→ lim←−
n

Hg−1(UD,Γ;Pn⊗ΩgA/S)→ lim←−
n

Hg
D(A,Γ;Pn⊗ΩgA/S)→ lim←−

n

Hg(A,Γ,Pn⊗ΩgA/S)

is exact. Fix an integer n ≥ 0. Recall that D is of the form ker(δ) for an isogeny δ : A → B
with étale dual. Let ιD : D ↪→ A denote the canonical inclusion and πD : D → S the structure
morphism. Let J = JD ⊂ OA denote the quasi-coherent sheaf of ideals associated to ιD.

Proposition C.14. For every k ≥ 0, there is a canonical isomorphism

ExtqOA(J k/J k+1,Pn ⊗ ΩgA/S) ∼=

{
0 if q < g

Hq−g(D,HomOD (J k/J k+1, ι∗DPn) if q ≥ g.

In particular, there is canonical isomorphism

(C.22) H0(D, ι∗DPn) ∼= ExtgOA(OA/J ,Pn ⊗ ΩgA/S).

Proof. For the details we refer the reader to [KS19], Proposition 2.29. There is a canonical
isomorphism

Extq(J k+1/J k+1,Pn ⊗ ΩgA/S) ∼= ExtqOA(ιD∗OD,Pn ⊗ ΩgA/S)⊗ (J k/J k+1)∨.

The dualizing sheaf of the local complete intersection ιD : D ↪→ A (of relative codimension g)
is isomorphic to ωD/A ∼= ι∗D(ΩgA/S)∨ and by the fundamental local isomorphism in Grothendieck
duality theory (cf. [Har66], III, Proposition 7.2), one obtains

ExtqOA(J k+1/J k+1,Pn ⊗ ΩgA/S) ∼=

{
0 if q 6= g

ιD∗HomOD (J k/J k+1, ι∗DPn) if q = g.

where here J k/J k+1 is regarded as a OD-module, cf. Remark C.1 (iii). The assertion now follows
from the local-to-global spectral sequence

Epq2 = Hp(A,ExtqOA(J k/J k+1,Pn ⊗ ΩgA/S))⇒ Extp+qOA (J k/J k+1,Pn ⊗ ΩgA/S).

�

Note that the quasi-coherent sheaf of ideals J canonically is a Γ-equivariant OA-module since
ιD is Γ-equivariant by assumption.

Corollary C.15. For every k ≥ 0, there are canonical isomorphisms

ExtqOA(Γ;J k/J k+1,Pn ⊗ ΩgA/S) ∼=

{
0 if q < g

H0(Γ,ExtgOA(J k/J k+1,Pn ⊗ ΩgA/S)) if q = g.

Proof. This immediately follows from Proposition C.14 and the spectral sequence

Epq2 = Hp(Γ,ExtqOA(J k/J k+1,Pn ⊗ ΩgA/S))⇒ Extp+qOA (Γ;J k/J k+1,Pn ⊗ ΩgA/S),

cf. [Gro57], Théorème 5.6.3. �

Corollary C.16.
(i) For every k ≥ 0 and i < g, one has

ExtiOA(OA/J k,Pn ⊗ ΩgA/S) = 0.

(ii) For every k ≥ 0, the canonical map

ExtgOA(OA/J k,Pn ⊗ ΩgA/S)→ ExtgOA(OA/J k+1,Pn ⊗ ΩgA/S)

is injective. In particular, the canonical homomorphism

(C.23) ExtgOA(OA/J ,Pn ⊗ ΩgA/S)→ lim−→
k

ExtgOA(OA/J k+1,Pn ⊗ ΩgA/S)

is injective.
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Proof. This follows immediately by induction from Proposition C.14 and the long exact sequence
for Ext associated to the short exact sequence

0→ J k/J k+1 → OA/J k+1 → OA/J k → 0.

�

Now, by [Gro68], Exp. II, Théorème 6, there is a canonical isomorphism

lim−→
k

ExtgOA(OA/J k+1,Pn ⊗ ΩgA/S)
∼−→ Hg

D(A,Pn ⊗ ΩgA/S).(C.24)

It is constructed as follows: There is the canonical isomorphism (of ∂-functors)

ExtgOA(ιD∗ι
−1
D OA,Pn ⊗ ΩgA/S)

∼−→ Hg
D(A,Pn ⊗ ΩgA/S)

and for every k ≥ 0, there are canonical maps ιD∗ι−1
D OA → OA/J k+1, obtained by applying

ιD∗ι
−1
D to the canonical map OA → OA/J k+1. Thus, we obtain maps ExtgOA(OA/J k+1,Pn ⊗

ΩgA/S) → Hg
D(A,Pn ⊗ ΩgA/S) which are clearly compatible when varying k and hence assemble

to a map as in (C.24).

Corollary C.17. For every i < g, one has

Hi
D(A,Pn ⊗ ΩgA/S) = 0.

It follows that

Hi
D(A,Γ;Pn ⊗ ΩgA/S) ∼=

{
H0(Γ, Hg

D(A,Pn ⊗ ΩgA/S)) if i = g

0 if i < g.

Proof. The first part follows from Corollary C.16 and the isomorphism (C.24). The second part
then follows immediately from the equivariant cohomology spectral sequence

Epq2 = Hp(Γ, Hq
D(A,Pn ⊗ ΩgA/S))⇒ Hp+q

D (A,Γ;Pn ⊗ ΩgA/S),

cf. Proposition B.11. �

Remark C.18. In Theorem C.13 (iii) it was shown that

lim←−
n

Hg(A,Γ;Pn ⊗ ΩgA/S) ∼= lim←−
n

H0(Γ, Hg(A,Pn ⊗ ΩgA/S)).

By Corollary C.17, we also obtain

lim←−
n

Hg−1(UD,Γ;Pn ⊗ ΩgA/S) ∼= lim←−
n

H0(Γ, Hg−1(UD,Pn ⊗ ΩgA/S))

and the localization sequence (C.21) is obtained by applying lim←−nH
0(Γ,−) to the localization

sequences

Hg−1(A,Pn ⊗ ΩgA/S)→ Hg−1(UD,Pn ⊗ ΩgA/S)→ Hg
D(A,Pn ⊗ ΩgA/S)→ Hg(A,Pn ⊗ ΩgA/S).

Remark C.19. A slightly different approach is to use continuous cohomology as defined in
[Jan88]: For an inverse system of equivariant sheaves {Fn}, define the groups Hi(A,Γ; {Fn})

via the ith derived functor of the composite ModΓ(OA)N
H0(A,Γ;−)N−−−−−−−−→ AbN

lim←−−−→ Ab, where
ModΓ(OA)N denotes the abelian category of N-indexed inverse system of Γ-equivariant OA-
modules. Now, instead of considering the limit of cohomology groups, one may consider the
cohomology in the respective inverse systems instead. Provided by the Grothendieck spectral
sequence, there are various spectral sequence in this formalism, e.g. Hp(Γ, {Hq(A,Fn)}) ⇒
Hp+q(A,Γ; {Fn}) and Hp(Γ, Hq(A, {Fn})) ⇒ Hp+q(A,Γ; {Fn}), and one has the usual lim←−

1-
sequences. The benefit of this approach is that one unconditionally has a localization sequence.
Also, the proof of the result analogous to Theorem C.13 (iii) becomes way more clean. The
vanishing results Theorem C.13 (ii) and Corollary C.17 imply that

Hg(A,Γ; {Pn ⊗ ΩgA/S}) ∼= lim←−
n

H0(Γ, Hg(A,Pn ⊗ ΩgA/S))

Hg
D(A,Γ; {Pn ⊗ ΩgA/S}) ∼= lim←−

n

H0(Γ, Hg
D(A,Pn ⊗ ΩgA/S))

Hg(UD,Γ; {Pn ⊗ ΩgA/S}) ∼= lim←−
n

H0(Γ, Hg(UD,Pn ⊗ ΩgA/S)),
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and this allows to reformulate the results of this Chapter in this language. On the other hand, it
also suggests that there is nothing new gained from this perspective. In order to avoid introducing
more terminology, we do not use this approach here, even though it seems to be slightly more
natural to us.

C.7. The equivariant coherent Eisenstein-Kronecker class. As before, let S = Spec(R)
be an affine Noetherian scheme and A/S an abelian scheme with a left Γ-action.

Corollary C.20. There is a canonical injection

H0(D, ι∗DPn) ↪→ Hg
D(A,Pn ⊗ ΩgA/S).

Proof. This follows from (C.22), Corollary C.16 (ii) and the isomorphism (C.24). �

By (C.16), we have an isomorphism

ι∗DPn ∼= π∗De
∗
BOB,n.

As OB ⊂ OB,n is a direct summand, we obtain an OD-linear inclusion

(C.25) OD = π∗De
∗
BOB ⊂ π∗De∗BOB,n ∼= ι∗DPn,

which gives rise to an injection OS [D] = H0(D,OD) ⊂ H0(D, ι∗DPn). In particular, we obtain
an injection

(C.26) H0(D,OD) ↪→ Hg
D(A,Pn ⊗ ΩgA/S)

for every n ≥ 0.

Lemma C.21. The digram

H0(D,OD) Hg
D(A,Pn ⊗ ΩgA/S)

H0(S,OS),

(C.26)

tr

where the vertical arrow is given by the composite Hg
D(A,Pn ⊗ ΩgA/S) → Hg(A,Pn ⊗ ΩgA/S) ∼=

H0(S,OS), is commutative.

Proof. Let us only give a sketch: Since the isomorphism Hg(A,Pn ⊗ΩgA/S) ∼= H0(S,OS) factors
throughHg(A,Pn⊗ΩgA/S), we readily reduce the statement to n = 0. Unwinding the construction
of (C.26), one checks that the composite

H0(D,OD)→ Hg
D(A,ΩgA/S)→ Hg(A,ΩgA/S)

is induced by the trace morphism TrιD : RιD∗ι
[
DOA → OA as defined in [Har66] III, §6 (note

that the fundametal local isomorphism computes ι[D in the case of a local complete intersection).
The lemma then follows by the compatibility of trace morphisms under composition. �

In view of Remark C.18, applying lim←−nH
0(Γ,−) to the injections (C.26) defines an injective

homomorphism
H0(D,OD)Γ ↪→ lim←−

n

Hg
D(A,Γ;Pn ⊗ ΩgA/S).

It follows from Lemma C.21, that we obtain an injective homomorphism

OS [D]0,Γ → lim←−
n

ker(Hg
D(A,PA ⊗ ΩgA/S)→ H0(S,OS)) ∼= lim←−

n

Hg−1(UD,Γ;Pn ⊗ ΩgA/S).

Definition C.22 (Equivariant coherent Eisenstein-Kronecker class). We denote the above map
by

EKΓ,A : OS [D]0,Γ → lim←−
n

Hg−1(UD,Γ;Pn ⊗ ΩgA/S).

For f ∈ OS [D]0,Γ, the element

EKΓ,A(f) ∈ lim←−
n

Hg−1(UD,Γ;Pn ⊗ ΩgA/S)
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is called the equivariant coherent Eisenstein-Kronecker class associated to f . Moreover, we define

EK\
A,Γ : OS [D]0,Γ → lim←−

n

Hg−1(UD,Γ;P\n ⊗ ΩgA/S)

as the composite of EKA,Γ with the canonical homomorphism induced by Pn → P\n.

Let a ≥ 0 be an integer. By iterating the integrable connection ∇ = ∇P\n on P\n, one obtains
a map

∇a : P\n → TSyma(Ω1
A/S)⊗OA P\n.(C.27)

Remark C.23. The map (C.27) is obtained as follows: Let TA/S denote the sheaf of OS-linear
derivations on OA and let TA/S → Endπ−1OS (P\n), X 7→ ∇X denote the usual covariant derivative
associated to the connection ∇. One obtains an induced map Syma TA/S → Endπ−1OS (P\n) by
sending an element X1 · · ·Xa to ∇X1

◦ . . . ◦ ∇Xa . This is well-defined since the Lie algebra of A
is abelian, so that [∇X ,∇Y ] = ∇[X,Y ] = 0 for any X,Y ∈ TA/S . This induces the desired map
(C.27).

Let f ∈ OS [D]0,Γ. Via the map (C.27), we obtain an element

∇a EK\
Γ(f) ∈ lim←−

n

Hg−1(UD,Γ; TSyma(Ω1
A/S)⊗ P\n ⊗ ΩgA/S).(C.28)

Finally, we specialize these classes along torsion sections. Let ϕ : A → B be an isogeny with
étale dual and let x ∈ UD(S) a Γ-invariant ϕ-torsion section. Pulling back the class (C.28) along
the equivariant map x : S → UD and using the canonical isomorphism ωgA/S

∼= ωgA∨/S gives rise
to a class

x∗∇a EK\
Γ(f) ∈ lim←−

n

Hg−1(S,Γ; TSyma(ωA/S)⊗ x∗P\n ⊗ ω
g
A/S)

Let b ≥ 0 be an integer. There is a canonical isomorphism ωA\/S ∼= HA whereHA := H1
dR(A∨/S).

Recall the moment map momb
x : x∗P\n → TSymb(HA) from Definition C.5. This allows to define

the class

momb
x(x∗∇a EK\

Γ(f)) ∈ Hg−1(S,Γ; TSyma(ωA/S)⊗ TSymb(HA)⊗ ωgA/S).

Since S is affine, the equivariant cohomology spectral sequence degenerates and we obtain

Hg−1(S,Γ; TSyma(ωA/S)⊗ TSymb(HA)⊗ ωgA/S)(C.29)
∼= Hg−1(Γ,TSyma(ωA/S)⊗ TSymb(HA)⊗ ωgA/S).

Definition C.24 (Eisenstein-Kronecker classes). Let x ∈ UD(S) be a Γ-invariant ϕ-torsion
section of an isogeny ϕ : A→ B with étale dual. For every f ∈ OS [D]0,Γ, we let

EKb,a
Γ (f, x) ∈ Hg−1(Γ,TSyma(ωA/S)⊗ TSymb(HA)⊗ ωgA/S)

denote the image of momb
x(x∗∇a EK\

Γ(f)) under the map (C.29).

C.8. Conjugation. Let σ : Sσ → S be a morphism between affine noetherian schemes as in
Notation C.2 (5). Equip the conjugated abelian variety Aσ/Sσ with the obvious left Γ-action
Γ → Aut(Aσ/Sσ), γ 7→ γσ. With this action, the canonical morphism σA : Aσ → A is Γ-
equivariant. As before, let D = ker(δ) be a Γ-invariant closed subscheme of A. We have a
commutative diagram

H0(D,OD) H0(Dσ,ODσ )

H0(S,OS) H0(Sσ,OSσ )

σ∗D

tr tr

σ∗

of Γ-equivariant homomoprhisms. Hence, we obtain an induced map

σ∗ : OS [D]0,Γ → OSσ [Dσ]0,Γ.
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Lemma C.25 (Conjugation). Assume the setup of C.2 (5). The diagram

OS [D]0,Γ OSσ [Dσ]0,Γ

lim←−nH
g−1(UD,Γ;P(\)

A,n ⊗ ΩgA/S) lim←−nH
g−1(UσD,Γ;P(\)

Aσ,n ⊗ ΩgAσ/Sσ ),

σ∗D

EK
(\)
A,Γ EK

(\)
Aσ,Γ

σ∗A

where the lower horizontal map is induced by the equivariant homomorphism σA and Lemma C.7
(i), is commutative.

Proof. As the isomorphism Hg(A,Γ;PA,n ⊗ ΩgA/S) ∼= H0(S,OS) is compatible with σ∗A (which
follows since the trace is compatible under base change) and since the localization sequence is
functorial in the sense of Lemma B.13, one reduces the claim to the commutativity of the square

H0(D,OD) H0(Dσ,ODσ )

Hg
D(A,PA,n ⊗ ΩgA/S) Hg

Dσ (Aσ,PAσ,n ⊗ ΩgAσ/Sσ ).

σ∗D

σ∗A

for every n ≥ 0. Recall the construction of the map H0(D,OD) ↪→ Hg
D(A,PA,n ⊗ ΩgA/S).

In the first step, one uses the isomorphism ι∗DPA,n
ι∗D(δ#)−−−−→ ι∗Dδ

∗PB,n ∼= π∗De
∗
BPB,n

π∗D(rB,n)−1

−−−−−−−−→
π∗De

∗
BOB,n. It easily follows from Lemma C.7 (ii) and Lemma C.11 that this isomorphism is com-

patible with σ∗D in the obvious sense. Hence, also the composite OD = π∗De
∗
BOB ⊂ π∗De∗BOB,n ∼=

ι∗DPA,n and therefore H0(D,OD) ⊂ H0(D, ι∗DPA,n) is compatible with σ∗D. The second step is
the isomorphism H0(D, ι∗DPA,n) ∼= ExtgOA(OA/JD,PA,n ⊗ ΩgA/S). For this, one checks that the
edge isomorphism

Extg(OA/JD,PA,n ⊗ ΩgA/S) ∼= H0(A,ExtgOA(OA/JD,PA,n ⊗ ΩgA/S))

is compatible with base change; in fact, one shows, similarly as in Proposition B.9, that the
entire local-to-global Ext spectral sequence is functorial. Next, in our case, the fundamental
local isomorphism

Extg(OA/JD,PA,n ⊗ ΩgA/S) ∼= (PA,n ⊗ ΩgA/S)⊗ ιD∗ωD/A

is compatible under arbitrary base change, cf. the end of page 52 in [Con00]. One checks without
problems that the canonical identification ωD/A ∼= ι∗D(ΩgA/S)∨ given in the proof of [KS19],
Proposition 2.29 is compatible with σ∗D and from this the compatibility of the second step follows.
It remains to show the compatibility of the inclusion

ExtgOA(OA/JD,PA,n ⊗ ΩgA/S) ↪→ ExtgOA(ιD∗ι
−1
D OA,Pn ⊗ ΩgA/S) = Hg

D(A,PA,n ⊗ ΩgA/S)

with the obvious maps induced by σA. As the map is simply induced by the canonical map
ιD∗ι

−1
D OA → OA/JD by functoriality, this is an easy verification. �

Let us denote the σ-semilinear homomorphism induced by the Γ-equivariant σ-semilinear ho-
momorphism σ : TSyma(ωA/S)⊗TSymb(HA)⊗ωgA/S → TSyma(ωAσ/Sσ )⊗TSymb(HAσ )⊗ωgAσ/Sσ
on group cohomology by (−)σ.

Proposition C.26. Let a, b ≥ 0 be integers. Let x ∈ UD(S) be a Γ-invariant ϕ-torsion section
of an isogeny ϕ whose dual is étale. Let f ∈ OS [D]0,Γ. Then one has

EKb,a
Γ (f, x)σ = EKb,a

Γ (fσ, xσ).

Proof. This is straightforward in view of Lemma C.25 and the compatibility of the moment map
under base change, cf. Lemma C.11 (iii). �
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