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DELIGNE’S CONJECTURE ON THE CRITICAL VALUES OF HECKE
L-FUNCTIONS

HAN-UNG KUFNER

ABsTrACT. We give a proof of Deligne’s conjecture on the critical values of L-functions for
arbitrary algebraic Hecke characters. This is achieved by following the general strategy of
the proof in the CM-case due to Blasius, [Bla86|, and making use of the recently constructed
Eisenstein-Kronecker classes of Kings-Sprang [KS19].
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INTRODUCTION

Let x be an algebraic Hecke character of a number field L and of conductor dividing f. Let T’
denote the number field generated by the values of y. For every embedding ¢« : T'— C, one can

consider the Dirichlet series
tox)(a
L(x., s) E ( (@) )

Nas

0#£aCOp

(f,a)=1
which converges for any s € C with sufficiently large real part and defines a holomorphic function
on its domain of convergence. Let L(x,s) := (L(x.,s)), denote the T'® C = CHom(T:C)_yalued
L-function. The function L(x,s) admits a meromorphic continuation and satisfies a functional
equation. We say that y is critical if the I'-factors on both sides of the functional equation have
no pole at s = 0. For critical values to exist, it is necessary that L is either totally real or contains
a CM-field.

For every algebraic Hecke character y there exists a motive M (x) (for absolute Hodge cycles
and generated by abelian varieties and Artin motives) defined over L with coefficients in 7" whose
associated L-function coincides with L(y, s). Let RM(x) denote the restriction of scalars of M (x)
from L to Q, RM (X)Jlg, the subspace in the Betti realization fixed by the involution induced by
complex conjugation and let F'®* denote the Hodge filtration. If x is critical, the composite

-1
I, :RM(x)5®C C RM(x)p ® C = RM(x)ar ® C — RM(X)ar/F°RM(x)ar ® C,
1
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where I, denotes the comparison isomorphism between the de Rham and the Betti realization,
is an isomorphism between finite free T'® C-modules. This allows to define a period

ct(x) = det(Iy) € (T® C)*,

where the determinant is calculated with respect to bases of the T-vector spaces RM (X)Jg and
RM (x)ar/F°RM (x)ar- Note that ¢t () is only well-defined up to a factor in 7%. The goal
of this thesis is to show the following theorem, which verifies a conjecture of Deligne ([Del79],
Conjecture 2.8) for the motive M (x):

Theorem (Deligne conjecture for x, Theorem 11.7). Let L and T be number fields. Let x be a
critical algebraic Hecke character of L with values in T. Then L(x,0) coincides with c*(x) up
to a factor in T.

In the case where L is totally real, the above result follows from the work of Euler, Siegel,
[Sie37], and Klingen, [K1i62]. When L is an imaginary quadratic field, Damerell, [Dam70], showed
that the critical L-values agree with certain periods of CM elliptic curves up to an algebraic num-
ber. Deligne’s conjecture was settled in the imaginary quadratic case by Goldstein-Schappacher
in [GS81] and [GS83]. If L is a CM-field, algebraicity results were obtained by Shimura, [Shi75],
and Katz, [Kat78|. It was shown by Deligne, [Del79], that the results of Shimura are compatible
with his conjecture. In [Bla86], Blasius was able to prove Deligne’s conjecture for algebraic Hecke
characters of CM-fields. If L contains an imaginary quadratic number field, algebraicity results
have previously been obtained by Colmez, [Col89], and more recently by Bergeron-Charollois-
Garcia, [BCG23]. For arbitrary number fields L containing a CM-field, Kings-Sprang, [KS19],
were able to relate the L-value L(x,0) to periods of abelian varieties with complex multiplica-
tion by L up to an algebraic integer. This allowed them to establish Deligne’s conjecture up
to a factor in T ® Q. Central to their approach is a novel construction of equivariant coherent
cohomology classes attached to CM abelian varieties. For arbitrary L containing a CM-field
K, Deligne’s conjecture was announced by Harder-Schappacher, [HS85], but details were never
published. Roughly speaking, the strategy outlined in loc. cit. is to use results on the Eisenstein
cohomology for GL,,, where n = [L : K], to show that the ratio L(Xao)/L(X|A;(»0) behaves

exactly like the corresponding ratio between the ¢T-periods. This would reduce the general case
to the CM-case established by Blasius. For n = 2, the necessary theory is developed in [Har87]
and in this case one obtains unconditional results.

In our approach we combine the strategy of Blasius used in [Bla86] but instead of Eisenstein
series on Hilbert modular varieties, which are only available in the CM-case, we make use of the
Eisenstein-Kronecker classes of Kings-Sprang, [KS19|, which allow for a cohomological interpre-
tation of the value L(y,0) for Hecke characters x of arbitrary totally imaginary fields. We also
rely on ideas of Goldstein-Schappacher developed in [GS81].

Outline of the argument. Let us first give a quick summary of the proof presented in this
thesis, before we give a slightly more detailed sketch. Let L be a totally imaginary number con-
taining a CM-field and let x be a critical algebraic Hecke character of L. The classes constructed
in [KS19], which allow to access L(x, 0), live on abelian varieties with complex multiplication by
the field L. In contrast, the motive M (x) has L as its field of definition: A prototypical example
for such a motive would be the h' of a CM abelian variety defined over L. Thus, the question
arises, how to relate the motive M () and the period ¢*(x) to such abelian varieties with CM by
L. Tt is a seminal insight of Blasius how to establish this connection: From M (x) he constructs
a motive M (E), referred to as the reflex motive in the following, and recovers the period ¢t (x)
(up to a factor in T) in terms of another period of M (Z), which we call the reflex period for a
moment. The reflex motive M(Z) is defined over the reflex field of a certain CM-type of L and
the key point, as our notation already suggests, is that it is the motive for a Hecke character
=, which essentially is obtained from y by precomposing with the reflex norm. This makes it
possible to give an alternative construction of M (Z) in terms of an abelian variety with complex
multiplication by L. The construction shows that the Eisenstein-Kronecker classes of Kings-
Sprang naturally live in the de Rham realization M (Z)qr and they are admissible for computing
the reflex period. By giving an explicit presentation, in terms of the alternative construction of
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M (Z), of those Betti classes which are needed to calculate the reflex period and slightly extend-
ing results of Kings-Sprang, we show that the reflex period coincides with the L-value L(x;,0).
Deligne’s conjecture then follows from Blasius’ period relation.

We now give a more detailed outline of the above argument. Let us fix the following notations:
For any number field L, we let Jr denote the set of embeddings L — C and let I;, denote the
free abelian group generated by Jr,. For any element p =" _p(o)o in I, welet d(p) =, p(o)
denote its degree. If £ € L, we write ¢# := []_ o(£)*(®). Moreover, we let L* denote the number
field generated by the elements ¢ for £ € L. Let Ly denote the ring of finite adeles of L.

Blasius’ period relation. The condition that x is critical can be entirely expressed in terms of its
infinity-type xo € Ir: There exists a CM-type ® of L, induced from a CM subfield of L, such
that x, can be split up in the form

Xa = 6 - Q,
where « (resp. 3) is supported on ® (resp. ®) and such that a(c) > 1 and 3(7) > 0 for all o € ®.
Let E denote the reflex field of (L, ®) and ®* denote the reflex CM-type of ®. Then, ®* gives
rise to a continuous homomorphism ®* : EfX — L; and we define a Hecke character (cf. (6.4))

E=(xo®) || "eq : Ef — T,

where ||| is the idele norm and €4 is a certain sign character attached to ® (cf. Definition 6.3).
Attached to = there is a motive M (Z) over E with coefficients in T'. For any motive, let I; denote
the comparison isomorphism between the Betti and the finite adelic realization. One can show
the following result about the existence of a certain basis of RM (Z)pg:

Proposition (cf. Proposition 6.6). For any embedding n of E and any element 7 € Gal(Q/Q),
define the elements &(T,1m) € fo as in (6.5). There exists a system of T-basis elements a, €
M(E)} such that

Ip(an)" = &(m,m) - If(ary).

The following theorem expresses the period ¢*(x) in terms of the motive RM(Z). For every
embedding n of E let e(n) € T ® C denote the idempotent, which singles out the coordinates
indexed by the embeddings restricting to 1 under the identification 7' ® C = CHom(T:C),

Theorem (Blasius, cf. Theorem 6.7). The subspace FU)TUB) RM(Z) g is a 1-dimensional T-
vector space. Let {an} be a system as in the previous proposition. For any non-zero element
w € FUIHAB) RM (Z)qr, one has

Io(w) = 2m)* et (x) - > e(n)a, mod T,
neJg

We give an exposition on Blasius’ proof of this theorem in Appendix A. The result may be
seen as the starting point of our proof. It allows to shift the focus from the motive M (x) to the
motive M (Z). We now explain how to give a more geometric construction of M (E).

Relation to CM abelian varieties. Let F/E be a finite extension and A/F an abelian variety of
CM-type (L, ®) with CM-character ¢ : Ay — L*. The dual abelian variety A" canonically
acquires a CM-structure from A and has CM-character ©». We assume that 7' contains L* and
LP. Consider the algebraic Hecke character ¢ : A¥ — T given by 1% (x) = 1(x)* for x € A},
and similarly ¢? : A¥ — T*. By comparing the infinity-types, it follows that for sufficiently
large F'/E, one has

(0.1) Zo Np/p = *9°.
Such an equality of Hecke characters should have a counterpart on the level of motives. By
definition, the motive h'(A) over F' with coefficients in L is a motive for . From this motive,

one can construct a motive h'(A)® for the Hecke character ¢ by considering a suitable direct
summand in

d(a
Symg ™ (Re/qh' (4)),
where Rp/q denotes restriction of coefficients (cf. Chapter 8). In the same way, one obtains
a motive h'(AY)? for the Hecke character ¢?. Extending a method of Goldstein-Schappacher,



4 HAN-UNG KUFNER

[GS81], to motives (cf. Theorem 4.1), the above identity (0.1) allows to recover M (E) as a suitable
direct summand in

Rp/p(h' (A)* ®@r h'(AY)P),
where Rp/p denotes restriction of scalars (cf. Chapter 9).

Special values of L-functions. With the above construction of M(E) at hand and in view of
Blasius’ theorem, the strategy is now as follows:

¢ Find a presentation for the special basis elements {a,, | n € Jg} in terms of Betti classes
of the motive h'(A). This is done in Section 9.2 of Chapter 9.

e Construct an element in F¥*)+4(% RN (Z)4g, which admits a relation to the L-values
L(x,0). This is provided by taking a suitable linear combination of the Eisenstein-
Kronecker classes constructed by Kings-Sprang, cf. Chapter 10 and the discussion below.

The construction of the basis elements a, roughly goes as follows: By construction of the
motive h1(A)%, one can canonically attach to every element v € h5(A) an element v € hl(A4)%.
For every embedding o of F', we choose an L-basis v, of hl (A7) and let 7Y € hh(A%Y) denote
dual basis with respect to the canonical pairing hk(A%) @ hl(A%Y) — (27i) "' L. Then, for every
1 € Jg, one defines a, as the image of

Sty 1@ @ ()P € Rpyp(hH(A)° @ h1(AY)))
ocJp .y
in M(E)}. Here t, € T™ is a certain factor depending on the choice of {7, | o € Jp}, cf.
Definition 9.4. Let us just remark that the ¢, are similarly defined as the £(7,7n). The following

theorem shows that the elements a, constructed above are in fact suitable for applying Blasius’
theorem. Let us remark that the first part of the theorem is the more difficult one.

Theorem (cf. Theorem 9.6). The elements {a, }ne, form a system of basis elements of M(E)’}.
For any T € Gal(Q/Q), one has If(a,)™ = &(1,m) - If(arm).

As for the de Rham realization of M (Z)qr we have the following theorem, which is based on
results of Kings-Sprang:

Theorem (cf. Theorem 10.21 and Theorem 11.6). There is a class EK € FUITIB) (B1(A)> ®
h'(AV)P)ar such that

Io(EK7) =t - (2mi) Pe(a|p) - L(x,0) - 7& @ (7))P.

As the de Rham realization of RM (Z)4r is just M (Z)qr regarded as a T-vector space, the
element EXC gives rise to an element in RM (Z)qr which we denote by the same letter. By the
above theorem, we have

Io,rrM(=)(ER) = Z I.(EK7)
ceJp
= (2mi)"® - L(x,0)- Y e(n)ay,
neJg
and Blasius’ theorem then implies

L(x,0) = ¢*(x) mod T*,
as desired.

Overview. Let us give a chapterwise overview of the thesis.

Chapter 1: Types. In this chapter, we recall basic constructions with what we call types. These
are simply elements in the free abelian group I, generated by the embeddings J;, := Hom(L, C)
of a number field L. Later on, they will naturally arise as the infinity-types of algebraic Hecke
characters. We usually write such elements in the form p =3 _; p(c)o. There is an obvious
Galois action of Gq = Gal(Q/Q) on I,. If i is a type, we define its field of values to be the fixed
field of the stabilizer {7 € Gq | Tt = p}. If K C L is a subfield and x € Ik is a type on K, we
define its induced type Infy (k) € I by Infr/x(k)(0) = k(0| ) for all o € Jr. We show that
for any type p € Iy, there exists a unique minimal subfield, the minimal field of definition, from
which p is induced. For a given type u € I, we define the reflex type p*, which is defined on the
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field of values L*, and show some basic properties. This construction plays an important role
since the Hodge structure of a motive attached to a Hecke character y will be determined in terms
of the reflex of its infinity-type. We proceed to recall basic facts about CM-fields and CM-types.
Finally, we discuss those types which arise as infinity-types of algebraic Hecke character. They
are precisely those types p € I, which are induced from a totally real or CM-subfield and which
admit a weight, i.e. u(o) 4+ p(@) = w for a fixed integer w € Z. The results of this chapter are
mostly based on [Bla86], chapter 0. They are entirely elementary and well-known but we write
down detailed proofs for the sake of completeness.

Chapter 2: Algebraic Hecke characters. Let T be a number field. An algebraic homomorphisms
is a homomorphisms L* — T which is given by ¢ — ¢* for a type u € Ir. We define an
algebraic Hecke character as a continuous homomorphism x : A} — T such that its restriction
to the principal ideles L™ is an algebraic homomorphism. The type in Iy, which describes x|z x
is the infinity-type x, of x. Examples include finite abelian characters of L via class field theory
or, if L is totally complex, the idele norm. We then give an equivalent definition in terms of
ideals. From this perspective an algebraic Hecke character is a homomorphism x : IT — T on
the group of fractional ideals coprime to a fixed ideal f C O whose value on a principal ideal
() with @ € L* totally positive and o = 1 mod *f is given by a* for a fixed type p. This
is the classical definition of algebraic Hecke characters and we briefly explain how to pass from
one perspective to the other. Finally, we define for every embedding ¢ of T' the Hecke L-function
Li(x.,8) =), %, where the sum ranges over all integral ideals coprime to f, and, by putting
them together, a T'® C-valued L-function L;j(x, s). We also introduce partial L-functions. Again,
all results of this chapter are well-known and the main purpose is to collect the facts we need
and to fix notation.

Chapter 3: CM-Motives. In this chapter we collect facts about the category of motives that will
be used in this work. First, we recall motives for absolute Hodge cycles and that they may be
fully faithfully embedded into a category of compatible systems of realizations. We recall the fact
that a morphism ¢ : M x L' — N xp, L' descends to L if and only if its étale realization ¢
is Gal(L/L)-equivariant. We then introduce the cateory CMy, of CM-motives over L, which is
the Tannakian category generated by the motives of potentially CM abelian varieties and Artin
motives. By using the above descent result and Deligne’s theorem that over an algebraically
closed field every Hodge cycle on an abelian variety is absolute Hodge, we show that the category
CM}, embeds fully faithfull in an even simpler category of compatible systems of realizations.
We recall extension and restriction of scalars and of coefficients. We define the L-function of a
motive as well as the period ¢t (M) and formulate Deligne’s conjecture on the critical values of
such L-functions. Finally, we discuss the correspondence between motives of rank 1 and algebraic
Hecke characters.

Chapter 4: On a result of Goldstein-Schappacher. Let E/F be an elliptic curve over a number
field F' with CM by an imaginary quadratic field K. A theorem of Goldstein-Schappacher, [GS81]
asserts that the Weil restriction Resp, g E acquires complex multiplication if and only if its CM-
character factors via the norm Np, i through a Hecke character of K. By a theorem of Shimura,
[Shi94] the latter condition is equivalent to the fact that the field F(E;o,) generated by the torsion
points of F is an abelian extension over K. We give a generalization of this theorem to motives
of rank 1. More precisely, let ¥ : F fx — K be an algebraic Hecke character and let £ C F' be
a subfield containing the minimal field of definition of ¢, such that F/E is Galois. Let M be
the motive attached to 1). We show that the restriction of scalars Rp,pM acquires coefficients
in a commutative semisimple K-algebra over which Rp/pM is of rank 1 if and only if F/E is
an abelian extension and the Hecke character ¢ factors via the norm Np,p through an algebraic
Hecke character of E. In analogy to Shimura’s theorem, we also prove that this is the case if and
only if the Galois representation Ry, (M)y is abelian. The proof works completely analogously
as the one given by Shimura and Goldstein-Schappacher.

Chapter 5: Abelian varieties with complex multiplication. We recall basic facts about abelian
varieties with complex mutliplication. We then use the result of Chapter 4 and a Theorem of
Casselman to construct CM abelian varieties with favourable properties. We recall the main
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theorem of complex multiplication for general automorphisms which do not necessarily fix the
reflex field.

Chapter 6: Blasius’ period relation. In this chapter, we first introduce the Hecke characters we
will be interested in throughtout the rest of the thesis. We fix a Hecke character y : L; — T
which is critical with respect to a CM-type ® on L. We attach to it a Hecke character = : F fX —
T* defined on the reflex field E of (L, ®), essentially by precomposing x with the reflex norm
. E; — L;. Let M (Z) be a motive for the Hecke character Z. We state a theorem of Blasius,
which expresses Deligne’s period ¢t () in terms of a period of M(Z). Finally, we give a slight
refinement of the construction of well-behaved CM abelian varieties in Chapter 5 to satisfy a few
extra conditions related to our setup.

Chapter 7: Algebraic Ty, p-modules. For a number fields L and F', we recall basic facts about
algebraic T p-modules, i.e. representations of the algebraic torus Ty p = Resr/q Gm X F.
Any such representation decomposes into eigenspaces indexed by the G g-orbits of the character
group Iy, of Ty rp. We discuss an imporant, although trivial, example: Any L ® F-module V'
gives rise to a T p-module and similarly the symmetric powers Sym}i;(V) of such a module
acquires the structure of a Ty p-module. Given a type a € IL+ of degree d(a), we define V¢ to
be the eigenspace in the T p-module Symf,(a)(V) defined above corresponding to the G p-orbits
occuring in the full Gq-orbit of a. We explain how to equip V'* with the structure of an L™ ® F-
module and study basic properties of the assignment V +— V. The contents of this chapter are
elementary and the formalism developed in this chapter is not strictly necessary. In fact, Galois
descent alone is completely sufficient. We choose this presentation because it is more clean and
it highlights the connection to the results in [KS19], 1.1.

Chapter 8: The motive M“. Let M be a motive attached to a Hecke character 1 : fo — L*.

Let a € IZF be a type. We use the construction of the previous chapter to build a motive M®
from M which corresponds to the Hecke character ¢®. In each realization, the motive M is
given by applying the functor V — V< to the corresponding category of modules. We describe
a canonical way to attach an element v* in the Betti realization of M for any given element
in Mp. Similarly, we construct de Rham classes w™ for M® for every element w € Mygr. Finally,
we express the periods relating the elements v and w® in terms of the period relating « and w.

Chapter 9: A motive for =. The infinity-type of a critical Hecke character x can be canonically
decomposed in the form y, = f — a with certain types a, 5 € T Zr The results of Chapter 5 (resp.
its refinement in Chapter 6) show that there is an abelian extension F/E and an abelian variety
A/F with complex multiplication by L such that its CM-character 1 satisfies 2o Np,p = ¢*9P.
Based on this observation, we use the results of Chapter 4 to construct a motive M (E) for the
Hecke character Z as a suitable direct summand of R/ (h'(A)*®h!(AY)?). We then investigate
its Betti realization more closely. By using the elements v constructed in Chapter 9, we give
an explicit presentation of the elements a,, 7 € Jg which are used in the alternative description
of ¢t (x) given in Blasius’ Theorem.

Chapter 10: Fisenstein-Kronecker classes. We recall properties of the Eisenstein—Kronecker
classes defined by Kings—Sprang in [KS19]. In particular, we formulate results on their be-
haviour under conjugation. We recall their analytic description in terms of Eisenstein—Kronecker
series and the relation to Hecke L-functions. We give an extension of a result in loc. cit., which
intimately links the Eisenstein—Kronecker classes with the special values of Hecke L-functions, to
include all conjugates of the EK-classes as well.

Chapter 11: Deligne’s conjecture for Hecke characters. We show that the Eisenstein-Kronecker
classes naturally live in the de Rham realization of h'(A)® ® h'(AY)?. We define a normalized
class £K as a suitable linear combination. The results of Chapter 8 and Chapter 10 allow to
reinterpret the L-value L(x,0) as a certain period of RM(Z). The main result of Chapter 9
identifies the Betti class in this period construction with the Betti class occurring in Blasius
Theorem. Deligne’s conjecture for algebraic Hecke characters follows.

Appendix A: Proof of Blasius’ Theorem. Following [Bla86] closely, we give an exposition on the
proof of Blasius’ Theorem.



DELIGNE CONJECTURE FOR HECKE CHARACTERS 7

Appendiz B: Equivariant Cohomology. Basic facts about equivariant sheaf cohomology for a
discrete group I' are established. In particular it is shown that associated with a decomposition
of a (ringed) space with T'-action into a I-invariant closed and open part, there is a localization
sequence for equivariant cohomology.

Appendixz C: Eisenstein-Kronecker classes and base change. In this technical Appendix, we re-
call the construction of the (equivariant) Eisenstein—Kronecker class and show that its formation
is compatible under base change. Our presentation closely follows [KS19] but slightly deviates
from it in the following point: Instead of working with the completion P of the Poincaré bundle,
we consider each "finite stage" P,,, given by the restriction of P to the nth infinitesimal neigh-
bourhood of A x AV along the unit section id4 x eV, regarded as a sheaf of modules over O 4.
The reason is that the sheaf P is not quasi-coherent which we believe to cause certain technical
problems.
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Notation and conventions. We assume throughout this text that number fields are embedded
into C. We let Q denote the algebraic closure of Q in C. In particular, complex conjugation
on C restricts to an automorphism of Q which we denote by the letter ¢ or o — @ for o € Q.
For a number field L we let J;, := Hom(L,C) = Hom(L, Q) denote the set of embeddings into
C (equivalently, into Q) and let Iy := Z[J;] denote the free abelian group generated on J.
We denote the fixed embedding of L into C (or Q) by 1. If K C L is a subfield and o € Jg,
we denote by Jr, , the set of those embeddings in J; which restrict to o on K. We also write
Ji/k instead of Jr 1,.. For any element = 3> _; p(o)o € Ir, we let d(p) =3 o5 p(o) € Z
denote the degree of p. We let I} := {u € I, | u(o) > 0}. For any integer d > 0, we write
Izr’d = {p € I} | d(up) = d}. For any number field L, we use the notation A to denote its
ring of adeles and A} for the group of ideles. We denote the ring of finite adeles by L and the
group of finite ideles by L;. The idele norm of L will be denoted by |- |r. If | - |, denotes the
normalized absolute value on the completion L, for any place v of L, one has |(aw)|z, = [, |@|o-
If € L} is a finite idele, we denote its associated fractional ideal in L by [2]r. If L/K is a
Galois extension, we sometimes denote its Galois group by G'1,/x. The absolute Galois group of
a field L will be denoted by G,. We denote the closure of the commutator subgroup [Gr,G ] by
G$ and let G?P denote the Galois group of the maximal abelian extension of L in Q. There is
an isomorphism G‘zb = G /GS. If L is a number field, we use the geometric normalization of the
Artin homomorphism and denote it by rz, : A} — G, If L is totally complex, 7, factors through
L; and its kernel is the closure of L>* embedded diagonally in L;. We let xcye : G — 7 denote

the cyclotomic character, i.e. the character which is characterized by o(¢) = ¢Xeve(9) for every
root of unity ¢ in Q. It satisfies rq(Xcyc(0)) = o|Qab.

Let R be a commutative ring and M an R-module. For an integer n > 0, we let Sym™ M
denote the nth symmetric powers, i.e. the coinvariants of M®™ under the permutation action of
the symmetric group S,, and we let TSym" (M) denote the R-module of symmetric tensors in
M®" ie. the S,-invariants of M®". For k,l > 0 define

Spp={0€ Skt |oc(l) <...<a(k), o(k+1)<...<oa(k+1)}.
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For z € TSym"(M) and y € TSym'(M) define z -y := 3
into a commutative graded R-algebra. For m € M we set

o(x ®y). This turns TSym*® (M)

0ESK,1

m = m®...®m e TSym"(M).

This equip TSym®(M) with the structure of a divided power algebra. The inclusion M =
TSym' (M) < TSym®(M) induces a canonical map

(0.2) Sym® (M) — TSym® (M)

by the universal property of the symmetric algebra. For fixed n > 0, it is induced by the
symmetrisation map ¢ : M®" — TSym" (M), x — }__ .4 o(z). There is also the canonical map

(0.3) ¥ TSym™ (M) € M®™ — Sym™ (M)

and one checks that ¢ o1 and 1o p are given by multiplication by n!. Hence, if R is a Q-algebra,
the map (0.2) is an isomorphism, under which an element of the form ml™ corresponds to %m”
in Sym”(M). The isomorphism (0.3) sends m[®} to m”. The drawback of (0.3) is that it does not
define a morphism of graded algebras. Still, let us fix the convention that we identify TSym and
Sym via (0.3). The reason is that it saves us to write down denominators in Definition 10.14.

We fix a square root i of —1. This will be convenient from Chapter 9 onwards. All results will
be independent of this choice.

1. TYPES

To large parts of this section, we closely follow [Bla86], section 0. Let L C C denote a number
field.

1.1. Basic definitions and the field of values.

Definition 1.1. A type on L is an element u € I, and we write

p= wo)o.
oedyg,

The subset |p| := {o € Jr, | p(o) # 0} of Jr is called the support of p. For any extension L/K

of number fields, we call N,k 1= ZJGJL/K o the norm type for L/K.

The group of types Iy, acts on L™ by
= H a(0)H) g Q"

oeldr
for £ € L and p € Ir. The absolute Galois group Gq acts from the left on the abelian group
IL by
(- p)(o) = u(r™"0)
where 7 € Gq, ¢ € I, and o € Jy. In fact, this turns I, into a discrete Gq-module: If i € I,
and 7 € Gq fixes the Galois closure of L in Q, then clearly 7 - = g, so that the stabilizer
{r € Gq | Tt = p} is open. Note that for every ¢ € L* one has {7 = 7(¢").

Definition 1.2. Let u € I be a type on L. The number field L* generated by the values of p
is defined to be the fized field of the open subgroup {7 € Gq | Tu = u} in Gq.

Note that, by definition, for 7 € Gq and p € I, the type 71 only depends on the restriction
T|pu. Therefore, the following notation makes sense:

Notation 1.3. Let T be a number field containing L*. For an embedding T € Jr, we define
T € I, to be the type Ty where T denotes any lift of T to an element of Gq.

Remark 1.4. The terminology in Definition 1.2 is justified as follows: The field L* is the
smallest subfield of Q which contains the the values ¢ for all / € L*. Indeed, let F' denote the
subfield of Q generated by the elements £* for all ¢ € L*. If 7 € Gq satisfies i = p1, then one has
T(0*) = £™* = ¢*, so that T also fixes F'. This show F' C L*. Let conversely 7 € Gg. Let L = Q(6)
for a primitive element § € L*. Consider the polynomial f(X) =[], (X — a(0))*) € Q[X].
Then, for any rational number a € Q, one has f(a) = (a — 0)* € F. It follows that f actually
has coefficients in F' (e.g. by evaluating on sufficiently many distinct points and using that the
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Vandermonde matrix is invertible). Thus, the automorphism 7 fixes f. On the other hand, one
has

T(f(X)) = [[ (X —e(@) .

oelJr
and since the conjugates () for o € Jp, are pairwise distinct, comparing the orders of the zeroes
yields 7 = p, as desired.
1.2. Change of fields. Let L and K be two number fields with K C L. Then the map
IHfL/K g — I,
defined by
(Inf K ())(0) = k(o]k)
for any k € Ix and o € Jp, is a injective Gq-equivariant homomorphism. Moreover, there
is a surjective Gq-equivariant homomorphism Resy,x : I, — Ik given by Resy x(p)(0) =
ZU/|K:0 p(o') if p € I, and o € Ji. The composites Inf,/x o Resy/x and Resy i oInfy, x are
given by multiplication by [L : K] on I, and Ik, respectively.

1.3. Minimal field of definition. We will sometimes say that an infinity type p € I, is induced
(or extended) from a subfield K C L if there exists a type x € Ix such that

p=Infr, (k).
The following lemma shows that for every type p € Iy, there exists a minimal such subfield.

Lemma 1.5. Let p € Iy. There exists a minimal subfield Ly C L such that there exists a type
o € I, satisfying

p=Infrr,(1o)-
We call Ly the minimal field of definition of u.

Proof. Let L' be a Galois extension over Q which contains L and let p/ = Infy,,p(1). Consider
the subgroup

H:={reGal(l'/Q) |y (coT)=p(c) forall o € Jp/}
and define
Lo := (I)H.
We can define a type ug € Ir, as follows: For every oo € Jr, choose an extension ¢’ € Jr and
put
to(o0) = /().

This is independent of the choice of the embedding ¢’ since any other such extension is of the
form o'7 with 7 € Gal(L’/Lg) = H and by construction, one has p/(¢'7) = /(). We now claim

that p € I, is induced from pg € Ir,. First, one indeed has Ly C L' since for any 7 € Gal(L’/L)
and o € Jr+, one has

W(oor)=n((oo7)|) =mplol) =1 (0).

Now let 0 € J, and ¢’ € Jp/ an extension to an embedding of L’. Then o’ clearly is also an
extension of o]z, and we obtain

Infr/L,(10)(0) = pololL,) = w'(o’) = u(o),

i.e. Infy,r, (o) = p. Finally, let K C L be a subfield such that there exists a type x € I with
p=1Infr x(k). Just as before, if 7 € Gal(L'/K) and o € Jr/, one has

Wloor)=r(oot|k) =r(olk) = (0),
so that 7 € H. Thus, Lo C K. Both Infg 7 (1) and » induce p on L, hence

r = Infr/r, (ko).
as desired. O
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1.4. Composition of types. Let p € I, and let T be a number field containing the field of
values L*. Recall that, for any embedding 7 € Jr, we can form the type 7u in Iy, cf. Notation
1.3. For any type 7 € I, we define

mop:=p" = Z w(T) - (Tp) € Ir.
TeJT

For any ¢ € L™, one has (™" = ({*)™ and clearly T™ C L™*. Moreover, one immediately checks
that d(mo ) = d(m)d(u).

1.5. The reflex type. If L is a number field which is Galois over Q and p € I, we denote by
w* € Iy, the type defined by

(o) = p(o™")
for o € Jr, and where we identify Jy, with Gal(L/Q) via the fixed embedding L C C. Now let L

be an arbitrary number field and p € I;,. Let L’ denote a Galois extension of Q containing L.
Note that L’ also contains the field of values L*.

Lemma 1.6. The minimal subfield of definition of the type
(1.1) Infr,/p(p)" €I
coincides with the field of values L*.
Proof. It 7 € Gal(L'/Q) and o € J» = Gal(L’'/Q), one calculates
Infrp(w)*(oor) =Tnfr,L(w)((cor)™")

=p(r oo™ L)

= (r)(07"p).-
It follows that 7 € Gal(L'/Q) satisfies Infr. /1 (1)*(0 o 7) = Infr. /1 (1)* (o) for all o € Jr if and
only if 7y = p. This proves the claim. (]

Definition 1.7. The unique type pu* € Ipu which induces (1.1) is called the reflex of u. If T is
a number field containing L, we call Infp, . (pu*) the reflex of u relative to T'. We still denote
it by u* and simply call it the reflex of p if the field T is clear from the context.

Concretely this means the following: If o € Jp, then
(o) = p(@ e
where o € Jr/ is any extension of o to an embedding of I’. Let us record some further properties

of the reflex construction. Let p € I, be a type and 7 € Gq. Then there is a type po7 ! € I~
given by

(1o )(o) = ploorly)
for all o € Jp-. Then, for any z € (L7)*, one has 2#°7 = 77 1(z)".
Lemma 1.8. Let pu, 1 and po be types of L. Let Ly be the minimal field of definition of u and
po € Iz, such that p = Infr,p, (1o).
(i) For every a € Z, one has (ap)* = ap*.
(ii) If T is a number field containing both L* and L*2, then
(11 + p2)" = pi + p3,
where every reflex is taken relative to T .
(i) If L' /L is an extension of number fields, then
(Infp) ()" = "
(iv) Let 7 € Gq. Then, relative to any number field T containing L*, one has
(wor 1y =y,
(v) Let T be a number field containing L* and p* € It be the reflex of u relative to T. Then
T =Ly and (u*)* = po.
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(vi) For any T € Gq, one has
1

(r)* = o 7"
relative to any number field containing L.
Proof. Assertions (i)—(iii) immediately follow from the definition of the reflex type. Note that
(L7)#e™"" = L*. Let L' denote a Galois extension of Q containing L (and hence also L™ and
L*). Let 0 € Jpu and let o € Jr denote a lift. Then one has

(mor™1)*(0) = (no7™") (@ L)
=pu@ o)
= u((r7'%) L)
=p*(r" o)
= (tp)(0).

This shows (iv). Hence, an element 7 € Gq satisfies 7u* = p* if and only if (o 771)* = u*, or
equivalently (Infz/,p(u) o 771)* =1Infy,,p(u)* by (iii). This is equivalent to Infy//p(u) o771 =
Infy /p(p), ie. to 7|r, = id by construction of the minimal field of definition. This shows
TH = Lo and (p*)* = p is a straightforward consequence. Assertion (vi) follows from (iv) and

(v). O
1.6. CM-fields and CM-types.

Definition 1.9. A number field K is called a CM-field if it satisfies one of the following equivalent
conditions:

(i) K is an imaginary quadratic extension of a totally real number field.
(ii) There exists an automorphism cyx # idx such that

OOCK =COoC0

Jor all embeddings o € Jk.
(iil) K C Q is totally imaginary and fized by all commutators

1

[r,c] = Terle™! € Gq

forallT € Gq.

Proof. If K satisfies (i) with totally real subfield F', then there is a unique non-trivial automor-
phism ck fixing F' satisfying (ii). Conversely, an automorphism cx as in (ii) is of order 2 and
its fixed field must be totally real. Note that K is an imaginary quadratic extension of this field
since cx # idg. Assertion (ii) readily implies (iii) since ck is necessarily induced by complex
conjugation ¢ € Gq. Conversely, let us assume (iii). It follows that for any 7 € Gk, one has
cre g = 1k, i.e. ecGxce™! = Gg. Passing to fixed fields implies ¢(K) = K, so that complex
conjugation ¢ descends to an automorphism of K. It is non-trivial since K is assumed to be
totally imaginary. For any 7 € Gq, we have 7~ !c™!7¢c|x = 1k, hence 7|k o cx = co 7|k. This
shows (ii). O

Remark 1.10. If one drops the conditions that cx # idk in (ii) and that K is totally imaginary
in (iii) of Definition 1.9, one precisely obtains the number fields which are totally real or a
CM-field.

Lemma 1.11. The composite of CM-fields is a CM-field. In particular, the Galois closure of a
CM-field is a CM-field.

Proof. This follows immediately using the characterization (iii) in Definition 1.9. O

Let L be a number field containing a CM-field. It follows from Lemma 1.11 that L contains a
unique maximal CM-subfield.

Definition 1.12.
(i) Let K be a CM-field. A subset ® C Jk satisfying
dUD=Jx and dNId=0(
is called a CM-type of K.
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(ii) Let L be a number field containing a CM-field and let K denote its mazimal CM-subfield.
A subset ® C Jp, is a CM-type of L if there exists a CM-type P of K such that
(I):{O'EJL|U‘K€(I)K}.
Remark 1.13. Let L be a number field with maximal CM-subfield K and let ® be a CM-type
of L.
(i) Just as in the CM-case, one has

dUDP=J;, and PND=10.

Nevertheless, we are only interested in such subsets which are moreover induced from a
CM-subfield.

(ii) We freely identify the CM-type ® with its characteristic function in I, and simply denote
it by ® or, if we want to stress that it is a type, by 1.

Lemma 1.14. Let L be a number field and p € I, a type. Assume that p is induced from a
totally real field or a CM-field. Then L* is totally real or a CM-field.

Proof. Let K C L be a totally real or CM-subfield such that there exists a type x € Ix with
p = Infr /i (k). By definition of L*, it suffices to show that, for every 7 € Gq, one has

TCTﬁlcilu = U.

Let o0 € J,. Then

(rer et p) (o) = k(7 e treo|k)
= (oK)
= (o),
as 7 lclreo|x = 0|k by the assumption that K is totally real or a CM-field. O

Definition 1.15. Let L be a number field containing a CM-field and ® a CM-type of L. The
field of values E := L% is called the reflex field of (L, ®). The reflex ®* € I of ® is called the
reflex CM-type of ®.

By Lemma 1.14, the reflex field £ = L® indeed is totally real or a CM-field. As ® # ®, it is
in fact a CM-field. By definition of the reflex, the type ®* takes on the values 0 or 1. Moreover,
using Lemma 1.8, (c¢®)* = ®*oc™! = ¢®* since F is a CM-field, so that ®* +c®* = &* + (c®)* =
(®+c®); = (N/Q)s = Ne/q- It follows that ®* is actually a CM-type as its name suggests.
1.7. Hecke character types. We single out two conditions that a type needs to satisfy if it is
the infinity type of an algebraic Hecke character.

Definition 1.16. Let L be a number field. A type p € I, is a Hecke character type if it satisfies
the following two conditions:

(i) w is induced from a subfield of L which is totally real or a CM-field.
(ii) @ admits a weight, i.e. there exists an integer w € Z such that

pu(o) + pleo) = w
for all o € Jr. In other words, p+cp=w- Np/q-

Lemma 1.17. Let T D L* be a number field and p* € Iy denote the reflex of u relative to T. If
1 is a Hecke character type of weight w € 7Z, then so is ¥*.

Proof. Lemma 1.14 implies that ¢* is induced from a totally real field or a CM-field. Let Ly be
the field of definition of p and p = Infy 1, (o) for po € Ir,. By assumption, Ly is a totally real
or a CM-field and one immediately verifies in this case that pg o ¢ = cpg. Then
pept = g+ cpg

— 115+ (0 0 )"

= (po + cpo)”

=(w-Npy/Q)"

=w- Nr/q;

and the assertion follows. O
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Remark 1.18. The Hecke character types on L in the sense of Definition 1.16 are precisely
the types which arise as infinity types of algebraic Hecke characters of L. If u € Iy, is a Hecke
character type and T" a number field containing L* it is not necessarily true that there exists an
algebraic Hecke character of L with values in T" whose infinity type is u. In general, this is only
true after enlarging the field T

There is the following characterization of Hecke character types:

Proposition 1.19. Let p € Iy, be a type. The following conditions are equivalent:
(i) w is a Hecke character type.
(i) There exists a finite index subgroup T' C OF such that p(I') = 1.

Proof. If u is a Hecke character type which is induced from a totally real field, it is necessarily

of the form Niu/é for even w € Z. Clearly, it vanishes on a finite index subgroup of OF in this

case. Let p be a Hecke character type which is induced from a CM-field. For any ¢ € O} and
7 € Gq, one has

[Tu(0)]* = Tp(€) - Tp(l) = Ny jq(O)* = 1.
Since p(f) is an algebraic integer, it follows that x(¢) is a root of unity. Since O is finitely
generated by Dirichlet’s unit theorem, the image p(O;) has to be of finite order and hence p

vanishes on a finite index subgroup of Of. For the converse, we refer the reader to [Sch88], §0,
section 3. (]

Definition 1.20. For any finite index subgroup T' of OF we let
HChary(T) :={pu € I} | u(T) =1}
denote the set of Hecke character types which are trivial on T.
Finally, let us define critical Hecke character types:

Definition 1.21. Let (L, ®) be a CM-type. A Hecke character type p € I, is said to be critical
with respect to ® if it can be written in the form
p=p-a,
where o is supported on ®, B is supported on ® and satisfying
a(c)>1 and p(7) >0.

We say that p is critical if it is critical with respect to some CM-type of L. Note that for critical u,
the CM-type ® is uniquely determined as the set of embeddings of L on which i takes on negative
values. The set of all critical Hecke character types in HCharp (T) is denoted by Crity(T).

2. ALGEBRAIC HECKE CHARACTERS

In this section we give two equivalent definitions for algebraic Hecke characters: One in terms
of ideles and one in terms of ideals. Afterwards we define the L-function associated to an algebraic
Hecke character.

2.1. Two definitions. Recall our convention that all number fields are embedded into C. Let
L and T be number fields. Recall that J;, = Hom(L,C) = Hom(L, Q) denotes the (pointed)
set of embeddings of L into C (resp. Q) and that Gq acts on this set in a canonical way. We
first define algebraic homomorphisms which are homomorphisms L* — T that are induced by
a homomorphism of algebraic tori:

Definition/Proposition 2.1. A group homomorphism 6 : L* — T* is algebraic if the following
equivalent conditions are satisfied:

(i) There exists a homomorphism of algebraic tori
0: RQSL/Q G, — ResT/Q G,

which coincides with 0 on Q-valued points.
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(ii) There exists a type p =), c; p(o)o € I, which is invariant under the action of Gr,
such that

forall £ e L*.

Proof. A homomorphism 6 : Resy,,q G, — Resr/q G, uniquely corresponds by adjunction to
a homomorphism Resy,/q Gm X T — Gy, 7, which in turn amounts to a Gr-invariant character

p:Resp g Gm X Q-G q- Now through the identification of Gg-modules
X*(ReSL/Q Gm) = IL,
the equivalence of assertions (i) and (ii) follows. O

We now can give our first definition of algebraic Hecke characters. In this form they arguably
fit most naturally in the theory of complex multiplication (cf. [ST68], section 7). They are
sometimes referred to as Serre-Tate characters in the literature.

Definition 2.2. Let T be a number field and equip it with the discrete topology in the following.
An algebraic Hecke character with values in T is a continuous group homomorphism

XA - T~
such that its restriction
X|L>< L = T*
is an algebraic homomorphism. We refer to this algebraic homomorphism (or its extension to

a homomorphism of tori) as the algebraic part of x and denote it by x,. The corresponding
element in Z|Jr], which we usually also denote by X, will be called the infinity-type of x.

More generally, if 7' = [];_, T; is a product of number fields, we say that a continuous homo-
morphism x : A — T is an algebraic Hecke character if each projection to T} for i =1,...,r
is an algebraic Hecke character in the above sense.

Remark 2.3. If x : A} — T is an algebraic Hecke character and the number field L is totally
imaginary, then LY = (L ® R)* is connected, so that x(L.) = 1 and x factors as a continuous
character x : LT — T of the finite ideles.

Example 2.4. We collect a few easy but important examples of algebraic Hecke characters:

(1) If x : A} — T is an algebraic Hecke character with trivial algebraic part, then it
factors through the idele class group C, = AY/L* and hence through Cr,/C?, where
C? denotes the connected component of the identity. By class field theory and continuity,
X therefore corresponds to a finite abelian character

Gal(L*® /L) — T*.
These Hecke characters will later correspond to abelian Artin motives with coefficients
inT.
(2) For a totally imaginary number field L, the idele norm character

Il : Ly = Q" o alg

is an algebraic Hecke character. Its algebraic part is the inverse of the norm N /1Q' This
Hecke character will later on correspond to the Tate motive Q(1) over L.
(3) More generally, if L is an arbitrary number field, the map

Il - Af = QF
given by
—1 _
a = Nijglas) ™ -lale = T sen(a,) - laglz

v real
defines an algebraic Hecke character with algebraic part N /1q. We still call it the idele
norm character.
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We now give the second and more classical definition in terms of ideals. Again, we fix number
fields L and T. Let §f C Of, be an integral ideal. Let I' denote the group of fractional ideals of L
that are coprime to f and denote by P’ the subgroup of fractional ideals of the form (), where
a € L™ satisfies a =1 mod *f and « is totally positive.

Definition 2.5. An algebraic Hecke character conductor dividing § with values in T' is a homo-
morphism
x:IT = T%

such that there exists an algebraic homomorphism x, : L™ — T satisfying

X((@)) = Xa(e)
for all a € L™ with o =1 mod *f and « totally positive.

Let us explain how to pass between Definition 2.2 and Definition 2.5. For more details we refer
the reader to [CCO14], 2.4.3. Let x : A} — T be an algebraic Hecke character with algebraic
part xo : L™ — T as in Definition 2.2. By the continuity of y, there exists an integral ideal
f C Oy such that ker(x) contains the open subgroup U; := (LX) x [T, +50L,) x T o0 Or.-
Let S denote the set of places dividing f and the archimedean places and let A7 denote the ring of
adeles away from S. Let []1 : Ai’x — I denote the surjective homomorphism which associates
to a finite idele « its corresponding fractional ideal [a]r in L. One checks that, via [-]z, the
restriction y : Ai’x — T* factors as x’ : I' — T and that y’ is an algebraic Hecke character of
conductor dividing f as in Definition 2.5. The smallest ideal f (with respect to divisibility) such
that ker(x) contains Uy; is called the conductor of x.

Conversely, let X' : IT — T be given as in Definition 2.5 and let x/, denote its associated
algebraic homomorphism. Let the notations be as above. For every a € A} there exist u € Uy,
y € L* and z € Ai’x such that & = u -y - z by weak approximation. Then yx : A} — T,
x(@) == xL(W)x'([2]1) is well-defined and an algebraic Hecke character with algebraic part x/, in
the sense of Definition 2.2. Let us note that the Hecke character ||| corresponds to the inverse
of the norm character Ny q : I' — Q*, which sends an integral ideal a to #O7 /a.

Let us recall the following fundamental fact that algebraic Hecke characters admit a weight
and the resulting classification:

Proposition 2.6. Let L and T be number fields and x : A} — T an algebraic Hecke character.
(i) There exists an integer w € Z such that
x-x=z"
We call w the weight of .

(ii) There is the following classification of algebraic Hecke characters:

(a) If L does not contain a CM-field, then x is of the form

— 2
x=o- 7"

where o is a finite Hecke character (as in Example 2.4, (1)), ||| is the idele norm
character and w € 2Z is an even integer.
(b) If L contains a CM-field and K C L is the mazimal one, then x is of the form
x=0 (poNp/k),
where o is a finite Hecke character and ¢ is an algebraic Hecke character of K.
Proof. E.g. by regarding x as homomorphism y : IT — T as in Definition 2.5, one sees that y
vanishes on the finite index subgroup {¢ € Of | £ =1 mod *f}. Proposition 1.19 thus implies

that the infinity-type of x is a Hecke character type. From this assertion (ii) immediately follows.
For (i), observe that the character of ideals x -} - N E;fg vanishes on the finite-index subgroup P’

of I and takes values in Rxg. Since R is torsion-free, claim (i) follows. O
Finally let us make the following definition:

Definition 2.7. An algebraic Hecke character x is critical if its infinity-type xq s a critical
Hecke character type in the sense of Definition 1.21
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2.2. Hecke L-functions. We recall a few facts about Hecke L-functions and fix some definitions.
Let f C O, be an integral ideal. Let x : I’ — T be an algebraic Hecke character of conductor
dividing f (cf. Definition 2.5). For an embedding ¢ € Jr, we set x, := ¢t o x and define the Hecke
L-function

X.\a —s\—
(2.) Litves) = 3 X Ty o) np)
acl’ pif
aCOpr,
for all s € C with Re(s) > % + 1, where w denotes the weight of x. The L-series Lj(x, s) admits
a meromorphic continuation to C and satisfies a functional equation. For every fractional ideal

b € I’ with associated class [b] € I'/Pf, we also define the partial L-function

X\
Lilxos, o) == 3 X9
aclb]

acOpr

for Re(s) > § + 1. Again, the function L;(x,, s, [b]) admits a meromorphic continuation to C.
Finally, we use the identification T ® C = C’T, t ® z + (1(t)2),eJ, to define the T ® C-valued
L-functions

Lf(X7 S) = (LT(XM s))LGJT
and, if b € I7,
Lf(Xa S, [b]) = (LT(XM S, [b]))LGJT'

3. CM-MOTIVES

We recollect some facts about motives for absolute Hodge cycles, cf. [Pan94], [DMOS82], I
and IT §6 and [Jan90], Part 1. We define CM-motives and explain the formalism of [Bla86], 3.1.
We recommend the reader, who is only interested in the applications, to consult loc. cit., or to
briefly skim through the discussion after Corollary 3.7.

3.1. Motives for absolute Hodge cycles. Let L be a subfield of C and let L denote the
algebraic closure of L in C. Let X/L be a smooth projective variety. We have the following
cohomology theories:
(1) For every embedding o € J;,, we have the Betti cohomology H:(X) := H'(X?(C), Q).
It is a finite-dimensional Q-vector space and it is equipped with a rational Q-Hodge
structure H! (X) = D, ,Hy? If o is a real embedding, complex conjugation induces
an involution F , on H:(X). When o = 1y, is the fixed embedding, we denote it by
Hp(X). ‘ ,
(2) The algebraic de Rham cohomology Hip(X) := H'(X, Q%,r)- It is a finite dimen-
sional L-vector space and equipped with the finite filtration F* := im(H®(X, Q)Z(z/ ) —
Hi(X, QB(/L), the so-called Hodge filtration.
(3) The finite adelic cohomology H}(X) = (lim H! (X7,Z/nZ)) ®z Q. 1t is a finite free
Qs-module equipped with a Q-linear continuous action of Gp..
(4) For every o € J, there is a comparison isomorphism

Ioo: Hr(X)®L,C > HA(X)®C,

such that
Lo (FPHip(X) ®1,, C) = @ HY(X).
P'2p,q
Let us simply write I, if o is the fixed embedding L C C.

(5) For every embedding & € Jy which restricts to o € Jr,, we have a comparison isomor-
phism

Iz H(X)®Qp = H;;(X),
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such that, for every p € G, the diagram

Hi(X)® Qs 27 Hi(X)

\ )

Hi(X)

commutes. When @ is the fixed embedding L C C, we simply denote it by I i

(6) We define the Q-rational Hodge structure Q(1)p := 2miQ with Q(1)p ® C of pure
bidgree (—1.—1), the filtered L-vector space Q(1)4r := L with Q(1)qr = F* D F' =0
and the G';-representation Q(1)s := Qin wn(L)) ®z Q. For every o € Jy,, we identify

Q)ar®L, C=ZC=21iQRC=Q(1)p®C
via the inclusion 27iQ C C. For every embedding & : L < C, we identify

Q1) ® Qs = (lim 2miZ/2minZ) © Q = (lim 1, (C)) © Q = Q(1);

via the exponential map and & : pi,(L) = p,(C). For every integer m € Z, we put
Hg (X)(m) == Hy(X)®Q(1)F™, Hig(X)(m) = Hix(X) @1 Q(1)dg" and H}(X)(m) =
H(X)®q;, Q(l)%m in the respective categories, and we define comparison isomorphisms
I.o and Iy 5 for all o € Jp, and @ € J; by using the above identifications for Q(1).

Definition 3.1. Let X/L be a smooth projective variety. Fiz an integer p > 0. An absolute
Hodge cycle on X is an element

v = (2, xar, Tf)ocs, € [ HP(X)(p) x HI(X)(p) x H"(X)(p)
oelJr

satisfying
Loo(2o) = ar, I;5(ts) =25, zar € FOHIA(X)(p)

fo; all o € Jp, and & € Jt extending 0. Denote the Q-vector space of absolute Hodge cycles by
Can(X).

One then defines the category My, of motives for absolute Hodge cycles in the usual way: Start
with the category whose objects are smooth projective varieties over L, where the morphisms
between connected varieties X and Y are given by Hom(X,Y) = C4™(X)(X x Y) and pass
to the Karoubian envelope. The usual cohomological grading gives rise to a natural Z-grading.
Invert the Lefschetz motive H?(P!) and finally modify the commutativity constraint of the tensor
structure, which is induced by the Cartesian product of varieties. For details we refer the reader
to [DMOS82], I1.6. One can show that My, is a semisimple Tannakian category over Q. Let Vr,
denote the category of smooth projective varieties over L. There is a canonical contravariant
functor

VP M, X h(X)

and we let h(X) = .., h'(X) denotes its canonical grading.

i€Z
3.2. Realization functors. Define a category Ry, (cf. [Jan90], Definition 2.1) whose objects are
tuples

H = {Hda HdR7Hf7 IOO,(Ta If,E}JEJL,FGJLV(,a

consisting of the formal data (1)-(5) listed above and whose morphisms ¢ : H — H’ are given by
tuples ¢ = (¢4, Pdar, ¢s) consisting of a morphism ¢, : H, — H, of rational Hodge structures,
a filtered morphism ¢q4r : Har — H)p and a Gp-equivariant Qg-linear map ¢y : Hy — H },
which are compatible under the isomorphisms I, , and Iz for every o € Jy, and & € J7 .

Similarly, let us define a category Rp, which is exactly defined as ﬁL, but it only consists of
tuples {Hp, Har, Hf, I, I} and morphisms ¢ = (¢p, @dr, ). There is an obvious forgetful
functor Ry, — Rp. There are ®-structures on Ry, and R, which are defined componentwise.
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The above cohomology theories give rise to ®-functors (=), (—)d4r and (—)s from My into
the respective target categories and, for every M € My, there are induced comparison isomor-
phisms I 5 : Magr ®1, C = M, ® C and Iy : M, ® Qf — My, which satisfy the analogous
compatibilities. In fact, we obtain a commutative diagram of ®-functors

ML E— 'ﬁ,L
\ J{forget
Rr.

For M € Mp, we denote the Betti realization with respect to the fixed embedding L. C C by
Mp and we simply write Iy for the comparison isomorphism with respect to the fixed embedding

L C C. For a smooth projective variety X/L, we sometime denote its realizations by h’ (X),
hp(X), hig(X) and h%(X), respectively.

Proposition 3.2. The functor My — Ry is fully faithful.

Proof. This follows by unwinding the definition of My, cf. [DMOS82]|, Ch.II, Theorem 6.7 (g). O

In the following sections, our aim is to show that the functor M, — R becomes fully faithful
when restricted to the full subcategory CMy, of CM-motives (cf. Section 3.4 below).

Example 3.3 (Tate twist). There is a motive Q(1) in My, whose realizations are given exactly
as in (6) at the beginning of Section 3.1. In fact, one can define Q(1) = h?(P!)V. For every
integer n € Z, we set Q(n) := Q(1)®". For M a motive in CMy, and n € Z, we define

M(n) =M ® Q(n).

Remark 3.4. Of course, there are also the f-adic realizations M, for every prime {. They
are finite dimensional Q-vector spaces with a continuous linear G-action. Each M, may be
recovered from My by scalar~extension along Qf — Q. Let ﬁ’L and R/ denote the categories
of realizations analogous to Ry, and Rj, where one uses the f-adic realizations for all ¢ instead
of the finite adelic one. Then the obivous functors R L — 7€’L and Ry — R}, are fully faithful
and hence all results of the present and the following sections remain true if one replaces RL by
R}, and Ry, by R}.

3.3. Descent. Let L’'/L be an extension of subfields of C. Recall that the association X —
X x, L' defines a functor

(—) X L/ZML —)ML/,

the extension of scalars functor from L to L'. Note that for M € M;j, there is a canonical
isomorphism (M xp L")y = My of Qg-modules, so that (M xp L') acquires an action of G,
(which extends the action of G1/). The following result is convenient for the purpose of defining
morphisms:

Proposition 3.5 (Descent). Let L'/L be an extension in L. Let M,N € My and let ¢’ :
M xp L' — N xp L' be a morphism in My, such that the finite adelic realization np} is G-
equivariant. Then there exists a unique morphism ¢ : M — N in CMy, such that o' = ¢ xp, L.

Proof. This is well-known, but let us recall an argument. Note that the claim follows from the
corresponding statement about absolute Hodge cycles (equivalently, one may use Proposition
3.2 and copy the following argument for a compatible system of morphisms (o, @dr, ©f)ser,,
in place of the absolue Hodge cycle x below): Let X/L be a smooth projective variety and
X'= X xp L. Let @ = (2. 2ams v )oes, € [yey, HZ(X')(p) x HE(X)(p) x HZ(X')(p) be

o€Jy o

an absolute Hodge cycle on X’ such that z; is Gp-invariant. Note that G acts on H]%p (X =

H]%p(X)(p). Let 0,7 € Jp such that |, = 7|p. Then H?(X') and H2P(X')(p) canonically

identify. Choose an embedding o : L — C which restricts to 0. There is an element p € G, such
that 7p : L < C restricts to 7 on L’. By the compatibility of the comparison isomorphisms I;z
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and Iz, for the variety X/L, one has the commutative diagram
HZP(X')(p) ® Qp —— HZP(X')(p) ® Qg

| |12

HP (X)) (p) —"—— H{"(X")(p),

which shows that the elements z, and z, identify in H2P(X')(p) = H2P(X')(p), i.e. the element
z, only depends on o|r. Now the comparison isomorphism I, , for X’ = X x L’ only depends
on o|;, and it follows that the images of the element zqr € Hin(X')(p) = Han(X)(p) @1 L' in
(ng(X)(p) ®r L") ®p » C agree for all o € Jr, that restrict to the same embedding of L. We
may assume that L'/L is Galois. It follows that the element zqr € Hiﬁ(X ) ®p L' is invariant
under the action of Gal(L’/L) and hence comes from an element in H, gg(X ). Hence, the absolute
Hodge cycle © = (25, %ar, Zf)ocs,, on X' is induced by a unique absolute Hodge cycle on X. [

3.4. CM-Motives. Now, let
CM;, C My,

denote the full Tannakian subcategory generated by the Artin motives over L, i.e. motives of
zero-dimensional varieties over L, and motives of the form h'(A), where A/L is a potentially CM
abelian variety. We remark that Q(n) for n € Z lies in CMy, since Q(—1) can be obtained as
H?(E) for any potentially CM elliptic curve over L (cf. [Bla86], 3.3). Let us recall the following
consequence of Deligne’s theorem ([DMOS82|, Ch.I, Theorem 2.11) that every Hodge cycle on
an abelian variety over an algebraically closed field is absolute Hodge. Let Hodg denote the
category of Q-rational Hodge structures.

Theorem 3.6 (Deligne). Let L be algebraically closed and o : L — C a fized embedding. Then
the functor
CMy — HOdQ, M — M,

is fully faithful.
Proof. We refer the reader [Sch88|, Ch.1, Theorem 2.4.3, where it is explained how the result
follows from Deligne’s theorem. O

As an immediate consequence of Proposition 3.5 and Theorem 3.6, one obtains:

Corollary 3.7. The functor CMp — Rp is fully faithful. In fact, even more is true: For
specifying a morphism @ : M — N in CMp, it is equivalent to give a morphism ¢p : Mp — Np
of Q-rational Hodge structure and a Gr,-equivariant homomorphism ¢y : My — Ny such that pp
and @y are compatible via the comparison isomorphism Iy.

To fix notations, let us now recall the formalism from [Bla86], 3.1, which is justified in view
of Corollary 3.7: Attached to an object M in CMj there are the following realizations and
comparison isomorphisms:

(1) A finite dimensional Q-vector space Mp, the Betti realization of M, equipped with a
decomposition
Mp®C= P My,
P,qEL
(the Hodge decomposition) into C-subspaces such that (ME7)1®c = MEP.
(2) A finite dimensional L-vector space Mgr, the de Rham realization of M, equipped with
a decreasing filtration FP MyR.
(3) A finite free Qg-module My, the finite adelic realization of M, equipped with a contin-
uous linear action of the absolute Galois group G,. We denote the action by v — v” for
T € G and v € My.
(4) A C-linear isomorphism I, : Myr ®1 C — Mp ® C satisfying
Lo(FPMar ® C) = D My
' 2pq

(5) A Qy-linear isomorphism Iy : Mp ® Qp = Mjy.
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We write M = {Mp, Mar, My, I, Is}. A morphisms ¢ : M — N is a triple ¢ = (¢B, Pdar, ),
where:

(a) ¢ : Mp — Np is a Q-linear homomorphism such that o g(M5?) € NE9 for all p, ¢ € Z;

(b) war : Mgr — Ngr is a L-linear homomorphism satisfying @gr(FPMar) C FPNggr for

all p € Z;

(c) ¢ : My — Ny is a Gp-equivariant Qg-linear homomorphism;

(d) @yoly=1Is0pp;

(e) Ioo O @YPdrR = ¥B © Ioo
A motive is of weight w € Z, if M} = 0 unless p+ ¢ # w. To make up for the other embeddings
of L, we employ the following formalism: For every 7 € Gq and M € CMp, there is a motive
M7™ € CMp-, which is induced by taking the base change along 7 : L — L7 on the level of
varieties. There is a T-semilinear bijection

Mar = Mip,w — w™

as well as a Qg¢-linear bijection
My — Mg,ve= 0.

For a morphism ¢ € Hom(M, N), the morphism ¢ € Hom(M7,N7) is the unique morphism
such that fg (w") = @ar(w)” and @} (v) = ()" for all w € Myr and v € My. The Qy-linear
homomorphism My — MjF induced by complex conjugation corresponds via Iy to a Q-linear
isomorphism Mp — Mp. If L C R, this identifies with the involution F : Mp — Mp. Note
that the object M™ only depends on the restriction 7|;, € Jr, but not the maps My — M;. If
T € G, we recover the Gp-action on M.

Convention. From now a motive over L is always understood to be an object in CMp.

3.5. Extension and restriction of scalars. Let L'/L be an extension of subfields of C. Let
M be a motive in CMy,. For the extension of scalars M x; L' € CMy, from L to L', one has
(M X, L/)dR = Myr ®1, L/, (M X L/)f = My with the Galois action restricted to G C G,
and all the other data is unchanged. Now assume that L’/L is an extension of number fields.
Let Jr,1, C Jr, denote the set of embeddings of L which restrict to the fixed embedding L C Q.
For every motive N in CM/, there exists a motive Ry, /1 (N) € CMp, the restriction of scalars
of N from L' to L, such that

Ry,(N)p= €5 N,
o€Jp/p
Rp/(N)ar = Nar regarded as a L-module, and

Ry;(N)y= € M7,
O'EJL//L

where an element 7 € G, acts via the Qy-linear maps 7 : M7 = M77, for o € Jps)r. One easily
checks that this G r-module is isomorphic to the induced representation of Ny along G- C Gr.

Proposition 3.8. Let L' /L be a finite extension. The functors (—) xp L' : CMy — CMp, and
Rp/yp : CMp, — CMy, are left and right adjoint to each other.

Proof. By Corollary 3.7, everything can be checked on realizations. Now the result follows as in
[Jan90], Proposition 2.20. O

3.6. Motives with coefficients. Let T be a finite-dimensional commutative semisimple Q-
algebra, i.e. a finite product of number fields.

Definition 3.9. A motive M defined over L with coefficients in T is an object in CMy, together
with a ring homomorphism

T — End(M).
A morphism ¢ : M — N between motives with coefficients in T is a morphism in CMp which is

compatible with the structure maps in the obvious way. We denote the category of motives over
L with coefficients in T by CM(T). We call dimp Mp the rank of the motive M.
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If M € CM[(T) has coefficients in T, then the realisations Mp, Mar and M; acquire the
structures of finite free 7-, T'® L- and Tf := T ® Qs-modules. Moreover the comparison
isomorphism I, (resp. Iy) is T ® C-linear (resp. Ty-linear). Let T'/T be an extension of number
fields. Let M € CM(T). There is a motive M @7 T” in CM[(T"), the extension of coefficients
of M from T to T’, such that (M @7 T")p = Mp @1 T', (M &1 T')ar = Mar @7 T’ and
(M ®@7r Ty =My @7 T'. Let N be a motive in CMp(T"). There exists a motive Ry /7N, the
restriction of coefficients of N from T" to T, such that (Rp)rN)p, (Rp/jrN)ar and (R jrN)y
are given by Np, Ngr and N; regarded as T-, T'® L- and Ty-modules. For any two motives
M, N € CML(T), one can define a tensor product M @ N, which in terms of realisations is given
by (M@T N)B = Mp &1 Np, (M@T N)dR = Myr RTeL Ngr and (M@T N)f = Mf ®Tf Nf.
Similarly, one can define T-linear symmetric and exterior powers in the category CMp(T).

3.7. Motivic L-functions. Let L and T be number fields and M an object in CM(T). Let v
be a finite place of L. Fix a decomposition group D, C G, of v and denote the inertia subgroup
by I,. Let Fr, € D, denote a geometric Frobenius element at v. For any prime p such that v { p,
we define the polynomial

P,(M,t) := detr, (1 — Fr, -t|M1{“) € T,[t],
where T}, := T ® Q. The definition of the L-function of M relies on the following:

Conjecture 3.10 (Independence of p). The polynomial P,(M,t) lies in T[t] and is independent
of the prime p with v 1 p.

Definition 3.11. Assume that Conjecture 3.10 is true for M. For every finite place v of L, let
Nv denote the cardinality of its residue field. We define the L-function of M as the Euler product

L(M,s) = [[ Po(M, Nv=*)~".

This converges for Re(s) > 0 and on its domain of convergence L(M, s) is a holomorphic func-
tion with values in T ® C. Moreover, if S is a finite set of places of L, we put Lg(M,s) :=
vas Pv(Mv N'U_S)_l

It follows from the definition that for any n € Z one has
L(M(n),s) = L(M,s+n).

In the study of the values of L(M, s) at integers, the above equality allows to restrict the attention
to the value at s = 0.

3.8. Critical values and Deligne’s conjecture. The L-function L(M, s) can be completed by
certain I'-factors which depend on the Hodge realization Mp and conjecturally this completed
L-function satisfies a functional equation. The motive M is called critical if the I'-factors on
both sides of this functional equation do not have a pole at s = 0 (cf. [Del79], Definition 1.3). In
terms of the Hodge realization of M, this means the following: Let RM := Ry ,qM denote the
restriction of scalars of M to Q. Recall that complex conjugation induces a Q-linear involution
Fy on RMp.

Definition 3.12. The motive M is critical if it satisfies the following conditions:
(i) RMPZ' =0 unless (p,q) satisfiesp=g¢q, (p <0, ¢>0) or (p >0, ¢<0)
(i) Fw acts trivially on RMP’ if p < 0 and via multiplication by —1 if p > 0.
Remark 3.13. One can show that M is critical in the above sense if and only if the I'-factors

on both sides of the conjectural functional equation for L(M,s) do not have a pole at s = 0, cf.
[Del79], Définition 1.3.

We let RME denote the subspace of RMp which is fixed by F,. Consider the composite

—1
I, : RM# ® C C RMp ® C 2= RMyr ® C — RMag/F°RMug ® C.

It is shown in [Del79], 1.7 that I is a T ® C-linear isomorphism if M is critical. Note that the
definition of I, given here slightly differs from the one in loc. cit., but both definitions agree
when M is critical.
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Definition 3.14. Let M be a critical motive in CMp(T). We define
ct(x) :=det(l) € (T ® C)*,

where the determinant is calculated with respect to T-bases of RMg and RMdR/FORMdR. Note
that ¢™ (M) is only well-defined up to a factor in T*.

Conjecture 3.15 (Deligne conjecture). Let M be a critical motive over L with coefficients in
T. Then
L(M,0) =ct(M) mod T*.

Note that the L-value L(M,0) can be replaced by the value Lg(M,0) for any finite set of
places S without changing the conjecture.

3.9. Motives of Hecke characters. Let L and T be number fields and assume for simplicity
that L is totally imaginary. Following [Bla86], 3.2 (with references to [Sch88|), we briefly review
the tight relationship between motives in CMy(T) of rank 1 and algebraic Hecke character x :
A — T*. Recall that, by our assumption on L, any such character factors through L;.

Definition 3.16. Let x : L? — T be an algebraic Hecke character. We say that a motive
M € CML(T) is of type (L,x,T) if M is of rank 1 and for every 7 € G, and £ € fo satisfying
rp(€) = 7|pav, one has

for all v € Mjy.

Let M be a motive of type (L, x,T). Let f C Of, be the exact conductor of x. For any finite
place v|f, one has X|O§ # 1 and hence Mé” = 0 for any prime p with v t p. If v {f, the inertia

group I, acts trivially on M, and any geometric Frobenius element Fr, acts via multiplication
by x(m,) € T* where m, € L) C L; is a uniformizer at v. This establishes Conjecture 3.10 for
M and shows
L(Ma S) = Lf(Xa S)a

where L;(x,s) is the Hecke L-function of x defined in (2.1). If x is of conductor dividing §, so
that f is not necessarily the exact conductor, and if S denote the finite set of places of L which
divide f, then one has Lg(M,s) = L;(x,s). In particular, when it comes to Deligne’s conjecture,
we may enlarge the ideal f if necessary.

In the next theorem we summarize a tight relationship between CM-motives and algebraic
Hecke characters. In fact, there is a bijection between the isomorphism classes of rank 1 CM-
motives and algebraic Hecke characters:

Theorem 3.17 (Deligne, Langlands).
(i) Any two motives of type (L, x,T) are isomorphic in CMp(T).
(ii) For every algebraic Hecke character y : L; — T*, there exists a motive M(x) of type
(L,x,T).
(iii) Every motive M € CM(T) of rank 1 is of type (L, x,T) for a unique algebraic Hecke
character x : L; — T*.

Proof. This is a consequence of a theorem of Deligne, cf. [DMOS82|, IV, which identifies the
motivic Galois group of the Tannakian category CMgq (with respect to Betti realization as fibre
functor) with Langlands’ Taniyama group. Regarding (ii), we refer the reader to [Mil98], Section
15 for more information. The book [Sch88| contains a proof of the Theorem and, regarding (ii),
the motive M () is constructed in more down-to-earth terms from the cohomology of CM abelian
varieties. Assertion (i) is loc. cit., Theorem 1.5.1, assertion (ii) is loc. cit., Theorem 1.4.1 and
(iil) is loc. cit., Theorem 1.6.6.1. Let us remark that the proof of the latter relies on loc. cit.,
Proposition I.1.4, which is deduced as a corollary of a result of Henniart ([Hen82]). This in turn
makes use of results of Waldschmidt in transcendental number theory. In [Kha03], Khare gives
a purely algebraic proof of [Sch88|, Proposition 1.1.4. O

The correspondence between T-isomorphism classes of motives of rank 1 in CMp(7T") with
algebraic Hecke characters of L with values in 7" has the following nice properties:
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Proposition 3.18 (cf. [Bla86|, Proposition 3.2.1). Let x : Ly — T be an algebraic Hecke
character of weight w(x). Let M(x) be a motive of type (L,x,T) and let 0 € Gq. Let L'/L and
T'/T be finite extensions.
(i) M(x) is pure of weight w(x).
(i) M(x)7 is of type (L7, x 0 0 ~1, T%).
(iii) M(x) xr L' is of type (L', x o Ny /1, T).
(iv) M(x) @7 T is of type (L,x,T").

Proof. (i) follows from the proposition below. The remaining assertions are clear. O

Remark 3.19. Let x : L; — T be an algebraic Hecke character and o € I;C. Later, we will
give a way of constructing a motive M (x)® of type (L, x*,T%) out of M (x). This construction is
explained in the proof of [Bla86], Proposition 5.5.1. It will play an important role in this thesis.

Let x : L; — T be an algebraic Hecke character. Let M (x) be a motive of type (L, x,T).
The next proposition shows how the Hodge decomposition of M (x) is governed by the infinity-
type Xa € I, of x. For every embedding 7 € Jr, let e(7) € T ® C = C’7 denote the idempotent
corresponding to the embedding 7.

Proposition 3.20 (Hodge decomposition of M(x)). Let x* € It denote the reflex of x, relative
toT. Fort € Jr let M, = e(7)(Mp ® C). Then

MB,T C M]);)*(T)»X*(CT)'
Proof. This is [Bla&6], Proposition 3.2.2, also cf. [Sch88], Remark 1.4.2. O

Proposition 3.21 (Critical Hecke characters). An algebraic Hecke character is critical in the
sense of Definition 2.7 if and only if M(x) is critical.

Proof. This follows by using the functional equation for L(y, s), which is not a conjecture in this
case, or by using Proposition 3.20. O

Example 3.22 (Tate motive). The motive Q(n) is of type (L, ||-||", Q) since
Xeye(T) = Nij(f) - (||
for any 7 € G and £ € LY satisfying r1(€) = 7|p.

4. ON A RESULT OF GOLDSTEIN-SCHAPPACHER

In the following, we generalize a theorem of Shimura (cf. [Shi94|, Theorem 7.44) and Goldstein-
Schappacher (cf. [GS81], Théoréme 4.1) to motives of rank 1. The result gives sufficient and
necessary conditions for the restriction of scalars of a motive of rank 1 to acquire coefficients in
a commutative semisimple algebra such that it becomes of rank 1 again. The proof is essentially
the same as in [Shi94] and [GS81], but we still provide a detailed proof for the convenience of the
reader. Another valuable reference is [Den89|, Section 2.

Theorem 4.1 (Shimura, Goldstein-Schappacher). Let F' be a number field and M a motive of
type (F, 1, K). Let E C F be a subfield such that there exists a type v, € Ig with v, = N;/E(goa)
and such that F/E is Galois. Then the following conditions are equivalent:
(i) The extension F/E is abelian and there is an algebraic Hecke character ¢ of E such that
Y =¢oNp/Eg.
(ii) The induced representation Rp p(M)y is abelian.
(iii) The restriction of scalars Rp/pM acquires coefficients in a commutative semisimple
K-algebra 7 such that it is of rank 1 over .

Proof. In the following, let G := Gal(F/E). Recall that the induced representation is given by
Rp/p(M); = @ M7,
ceG

where the action of Gg is induced by the Ky-linear isomorphisms M7 5 M77 for all T € GE.
We first show the implication (i) = (ii): Let 0 € G. By Proposition 3.18 and the assumption,
the motive M7 is of type (F, 1, K). We have to show that the (topological) commutator G, acts
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trivially. As F//E is assumed to be abelian, we have G, C Gr. Let 7 € G and o € I/ such that
rr(x) = 7|pav. The restriction of Rp,g(M)s to G is just the direct sum of G p-representations
Doce M7 and each M? being of type (F,v, K), we obtain that 7 acts via multiplication by

Ya(x)'P(z) € KF.
By assumption, we have
Ya(x) () = pa(Nr/p(@) " o(Nr/B(2)).

The character ¢ and ¢, (viewed as a homomorphism on E;) agree on the kernel ker(rg) = EX
of the Artin map. Hence, the claim follows from 75 (Np/g(7)) = 77 (2)|ger = T|ga» = 1, as 7 was
lying in the commutator G'.

We now show the converse implication (ii) = (i). Let p : Gr — Autg,(My) denote the
representation of G on the finite adelic realization My and let us assume that the induced
representation

7m:Gp — Autg, (@ M?)
oceG
is abelian, i.e. the commutator G, is contained in ker(7). Moreover, since for an element 7 € G,
the automorphism 7(7) carries the summand indexed by idr to the one indexed by 7|, it follows
that ker(m) C Gr. Therefore, G4 C Gr and as G = Gg/GF is now a quotient of G%, the
extension F/E must be abelian. Moreover, since the G p-representation M; is a direct summand
of the restriction 7|¢,, we deduce G§, C ker(m) N Gp C ker(p), so that

(4.1) p factors through Gr/GS, = Gal(E*?/F).
We now use this observation to show that the assignment
(4.2) E* -NF/E(FfX)—>KX, z- Np/p(y) = wa(2)¥(y)

is well-defined. Indeed, let us assume that z € £ is simultaneously of the form z = Ny, g(y) for
yeF fX. Basic properties of the Artin map imply

rr(Y)|g> = re(Np/e(Y)) =1E(2) = 1.

Therefore, by our observation (4.1), the element rr(y) € Gal(F#?/F) acts trivially on M;. It
follows that 1, (y) 1 (y) = 1 since M is of type (F, 1, K), and hence

©a(2) = Ya(y) = Y (y).

Thus, the map (4.2) is well-defined. It is moreover continuous as its kernel contains Np, g (ker())
which is open by the continuity of ¥ and the fact that the idele norm is an open homomorphism.
The group E* ~NF/E(FfX) is of finite index in E;f, and just as in [Shi94], Lemma 7.45, the
homomorphism (4.2) can be extended to a continuous homomorphism

L X X
cp.Ef -1

where T, is a number field (which may be obtained by adjoining roots of unity to K).

The implication (iii) = (ii) follows immediately from the fact that the representation factors
through Aut g, (Rp,g M), which is abelian as Rp/p(M)y is a free Ty = .7 ® Q-module of rank
1. Tt remains to show that the equivalent statements (i) and (ii) imply assertion (iii), which we
will show after we explain the construction of .7. (I

Construction of .7: Assume the the equivalent hypotheses (i) and (ii) of the Theorem 4.1
hold. For each o € G, the motive M7 is of type (F,1, K) since 1) o 0=! = 1 by (i). Thus,
for o € G, the motives M7 are pairwise K-isomorphic and Homg (M7, M) is a 1-dimensional
K-vector space. We define the ring

T = @HOHIK(M,MJ)-U
oceqG

consisting of formal linear combinations ) .. ¢, - 0 with ¢, € Hompg (M, M?), where the
multiplication is determined by the rule

(0o0) - (¢r7) = (@5 © ¢7)TO
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for 0,7 € G and ¢, € Homg (M, M), ¢, € Homg (M, M7). Since M is of type (F, 9, K), it
comes equipped with an isomorphism K — End (M), and this equips .7 with the structure of
a K-algebra. There is a K-algebra homomorphism

(4.3) T — Endg (Rp/pM)
defined as follows: Let ) ¢,0 € J with ¢, € Homg (M, M) for 0 € G. Then the ¢, induce
a morphism
M — @ M° = RpjpM xp F
oeG
of motives over F' with coefficients in K, and by adjunction (cf. Proposition 3.8(i)) this cor-

responds to a morphism Rp/pM — Rp/pM of motives over E with coefficients in K. It is
completely formal to check that this actually defines a K-algebra homomorphism.

Proof of (i),(ii) = (iii). Finally, let us discuss how the equivalent statements (i) and (ii) imply
(iii), i.e. that .7 is a commutative semisimple K-algebra and that Rp M equipped with the
coefficients (4.3) is of rank 1. Let n := [F : E] and choose a finite place A of K. Let V) =
(Rp/pM)x = @B, cq My . By assumption (ii), the M-adic realization

m:Gg — AutKA(V)\)

is an abelian representation of Gg on an n-dimensional Ky-vector space. Let Z denote the image
of the group algebra K [Gg] in Endg, (V)). By assumption this is a commutative K -subalgebra
of EndKA (VA)

Lemma 4.2. For each 0 € G, let ¢ € Gg denote a lift of o. Then the elements w(c) for o € G
form a K-basis of T.

Proof of the lemma. By definition of the representation m on V), =
for each o € G, the automorphism () induces an isomorphism

(o) : My = M.

Let v € My be a Ky-basis. Then the elements w(c)(v) for o € G form a Ky-basis of V. Let
a, € Ky for o € G such that
Z a,m(c) =0

oeG
in Z C Endg, (V). Evaluating at v € My C V) gives

> apm(3)(v) =0

ceG

req M3, one observes that

in V), and by the above observation, it follows that a, = 0 for all ¢ € GG. Thus, the elements
m(0), o € G are Ky-linearly independent in 7.
It remains to show that the m(7), o € G generate the Ky-vector space Z. Consider an element
of the form
w(t)eT

for 7 € Gg. One has 7 = 7' - 7|p with 7/ € Gp. Since 7|g, is the direct sum of the Gp-
representations MY for o € G and since each M7 is of type (F, 1, K), the automorphism 7(7’)
acts via multiplication by an element a € K (namely the A-component of 9, (z) "¢ (z) where
x € F[ satisfies rp(z) = 7/|pav ). Therefore,

m(t) =a- w(1|F),

and the claim follows. O

We now show that Z is its own commutant in Endg, (V) and that it is a semisimple K-
algebra.
Lemma 4.3. The Ky-algebra T satisfies the following properties:

(i) Z is its own commutant in Endg, (Vy).
(if) T is semisimple.
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Before we give a proof of this lemma, let us show how it allows to finish the proof of Proposition
4.1. Note that (4.3) induces an injective Ky-algebra homomorphism .73 — Endg, (V) whose
image commutes with Z. The above lemma now gives that .7, = Z and hence .9}, is a commutative
semisimple Ky-algebra. It follows that .7 is a commutative semisimple K-algebra. Moreover,
the A-adic realization Vy = @, .o My of Rp/pM is generated by any non-zero element in My
(regarded as being in the id-component). Thus, there is a surjective Z)-linear homomorphism
I — V) which has to be an isomorphism since both source and target are of the same dimension
n over Ky. It follows that R pM is of rank 1 over .7. O

Proof of Lemma 4.3. (i) Fix a bijection G = {1,...,n}. There is a simply transitive action of
G on {1,...,n} induced by the action of G on itself by multiplication. The diagonal action on
{1,...,n} is still simple and the set of orbits G\{1,...,n}? is in bijection with {1,...,n} by
sending an element ¢ € {1,...,n} to the orbit of (1,7). We choose a K-basis of V). Together
with the fixed bijection G 2 {1,...,n} this yields an identification End g, (V) = My x»(K)) and
we regard Z as a K-subalgebra. For each 0 € G let ¢ € G denote a lift. Then the matrix
representing 7 (o) is of the form

P, = (Bi,a' . 5ia(j))i,j:1,...,n

where f3; , € K and d;,(;) denotes the Kronecker delta. By Lemma 4.2, the matrices P, form a
K)-basis of Z. Let A = (a;j)i,j € Mpxn(Ky) be an element in the commutant of Z in M, xr, (K ),
i.e. A commutes with the P, for all o € G. For the entries of A this means that

(4.4) 5a(j),a “ Qo (i)o(j) = Bi,o - 7]

for all 0 € G and 4,5 € {1,...,n}. Note that this condition is also satisfied if A is one of the
matrices P, for 7 € G since 7 is commutative by assumption. It follows from (4.4) and our

initial remark on the action of G on {1,...,n}? that any matrix commuting with all P,, o € G
is determined by its first row. We claim that
(45) A= Zal)g—l(l)ﬁi; 'Pa-.

ceG

Indeed, the right-hand side lies in Z and therefore also satisfies (4.4), so we only have to compare
the first rows. The first row of a; ,-1(1)81,6FP5 is (0,...,0,a1,6-1(1),0,...,0) with the only po-
tentially non-zero element in the o~!(1)-entry. Thus, the first row of the right-hand side matrix
in (4.5) is given by (a11,...,a1,) and assertion (i) follows.

(ii) Fix an algebraic closure K of K. Let 0 € G and & € G be a lift. Let N denote the
order of o in the group G. Then ¢V € G and 7(5)" acts via multiplication by an element
B € K. Hence, the minimal polynomial of 7(¢) divides the separable polynomial X N _ 3 and
therefore 7(7) is diagonalizable over K. Since the endomorphisms 7 () for ¢ € G' commute
with each other and they generate Z as a K -vector space by Lemma 4.2, it follows that every
element in Z can be simultaneously diagonalized over K, hence Z ®f, K, is semisimple. It
follows that 7 is a semisimple Ky-algebra. O

Remark 4.4.

(1) If K is an imaginary quadratic field, F//E a finite extension and E/F an elliptic curve
with complex multiplication by K, then applying Theorem 4.1 to M = h'(E) with
coefficients in K, one essentially recovers [GS81], Théoréme 4.1. The equivalence between
assertions (i) and (ii) is due to Shimura, cf. [Shi94], Theorem 7.44.

(2) Taking M = h'(A) for an abelian variety A/F of CM-type (K, ®), the minimal subfield
E C F satisfying the conditions of the theorem is precisely the reflex field of (K, ®). In
general, the minimal such subfield £ C F is the minimal subfield of definition of v, or
equivalently the field of values K%s where Yk € Ik denotes the reflex of v, relative to
K.

5. ABELIAN VARIETIES WITH COMPLEX MULTIPLICATION

5.1. CM abelian varieties. We recall some facts about abelian varieties with complex mutlipli-
cation. Let L be a totally imaginary number field of degree 2¢g over Q which contains a CM-field
K. Let F be a number field.
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Definition 5.1 ([ST68], section 4). An abelian variety with complex multiplication by L is an
abelian variety A/F of dimension g together with an embedding

i: L < End%(A) := Endr(A) @7 Q,
which we then refer to as the CM-structure of A/F.

If (A,4) is an abelian variety with complex multiplication by L over F, the ring
LNEndg(A) =i ' (Endp(A))

is an order in L. If it is the maximal order Oy, we say that (A, i) has complex multiplication by
Op. We usually drop the embedding ¢ from the notation.

In the following, let w : A — F' be an abelian variety with complex multiplication by L. We
denote its unit section by e. Let AY denote the dual abelian variety of A and equip it with the

CM-structure L — Endp(A) ~ Endp(AY). As it is usual, we define
WA/ = e*Q}L‘/F = W*QA/F

and let Lie(A/F) = wX/F denote the relative Lie algebra of A/F. We let Hiy (A/F) (or sometimes
higr(A)) denote the algebraic de Rham cohomology of A/F. We simply write H'(A/C), wa,c
and Lie(A/C) instead of Hiz (A xp C/C), wax .c/c and Lie(A x p C/C). Via the CM-structure
wa/r, Lie(A/F) and H}y(A/F) acquire the structures of L ® F-modules. There is a canonical
isomorphism R'm,O4 = Lie(AY/F) and an exact sequence
(5.1) 0= wa/p — Hig(A/F) — Lie(AY/F) = 0
of L ® F-modules (the "Hodge filtration").

Via the CM-structure, the singular cohomology H!(A(C), Q) is an L-vector space and it is
1-dimensional since its Q-dimension is 2¢g = [L : Q]. In particular H*(A(C),C) is a free L ® C-
module of rank 1. By the Hodge decomposition theorem, one has H'(A(C), C) = wa/c ©Wajc

with respect to the real structure H'(A(C),R). It follows that there exists a CM-type ® of L
such that L acts through the g embeddings in ® on wy,c. We say that A/F is of CM-type (L, ®).

5.2. Weil pairing. For any abelian variety A/F with complex multiplication by L, there is a
perfect pairing (in fact, an isomorphism)

h*(A) @ h'(AY) — L(-1)

of motives over F' with coeflicients in L which induces the corresponding well-known pairings
in each realization: In the de Rham realization one has a canonical pairing H}z(A/F) ®rgr
Hip(AV/F) — L ® F, which is an L-linear version of the pairing given by [BBM82|, Théoréme
5.1.6. In the finite adelic realization, it induces a perfect G p-equivariant pairing (-, ) 4 : h} (A)®r,
h}(AY) — Ly(—=1) which is an dual (and L-linear) version of the usual Weil pairing V(A)
Vi(AY) — Q(1). For later reference, let us observe that for any 7 € Gq the diagram

('7'>A
Bi(A) @ Bh(AY) 204 (-1

| f

T T ()at
hi (A7) @ h3(A™Y) =5 Ly(-1)

commutes. Similarly, there is a canonical pairing h;(A4) @1 hL(AY) — (2mi) 71 L and the above
pairings are compatible via the comparison isomorphisms. For further information, we refer the
reader to [Del74], 10.2.

5.3. Serre’s tensor construction. In this section, we collect a few facts about Serre’s tensor
construction. More details can for example be found in [CCO14], 1.7.4. Let A/F be an abelian
variety with CM by Op. For every finitely generated projective Op-module a, there is an abelian
variety

Ala) :=A®o, a
defined over F' which represents the functor

Sch?” — Ab, (A ®o, a)(T) = A(T) ®o, a.
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If a,b are fractional ideals of L with a C b, one has a canonical isogeny A(a) — A(b) of degree
[6 : a]. In the case where a C Op is an integral ideal, we denote the isogeny induced by the
inclusion Oy, C a~! by
[0 : A= A(a™!) = A®p, a™?

and define

Ala] := ker([a]).
Since we are working over a base field of characteristic zero, every isogeny is étale. In particular,
[a] induces an isomorphism

[a]* PWA(amY)/F —N—) WA/F
Similarly, the dual isogeny [a]" induces an isomorphism
[a}# = ([a]\/)* CWaA/F — WA(a—1)/F-

5.4. The associated Hecke character. As before, let A/F be an abelian variety with CM by
L. Let @ be the CM-type of A/F and let E denote the reflex field of (L, ®). Then F' D E (and
in particular, F is totally imaginary). Let ®* € Ig be the reflex CM-type of ® on E.

Theorem 5.2 (Associated Hecke character). There is a unique algebraic Hecke character
VP — L™
of infinity-type Inf g/ 5 (®*) such that the motive h'(A) is of type (F, 1, L).

Proof. This is a classical statement in the theory of complex multiplication, cf. [ST68]|, Theorem
10 or [CCO14], Theorem 2.5.1. O

Let us state a Theorem due to Casselman which achieves the converse.

Theorem 5.3 (Casselman). Let L be a CM-field of degree [L : Q] = 2g and ® be a CM-type on
L. Let (E,®*) be the reflex CM-pair of (L, ®). Let F/E be a finite extension and 1 : fo — L~
an algebraic Hecke character of infinity-type Inf g/ p(®*). There evists a g-dimensional abelian
variety A/F together with a CM-structure L — End"(A) such that AJF is of CM-type (L, ®)
and has associated CM-character . The CM-abelian variety (A, L — End®(A)) is unique up to
L-linear isogeny over F.

Proof. [CCO14], Theorem 2.5.2. O

5.5. An application of Theorem 4.1. Let L be a totally imaginary number field containing
a CM-field. Let F' be a number field and let A/F be an abelian variety equipped with a CM-
structure I < End”(A). Let ® € I, denote the CM-type of A and let E be the reflex field
of (L,®). Then F D E and we assume in the following that F//E is an abelian extension. Let
Y fo — L* be the CM-character associated to A/F.

Corollary 5.4. The following assertions are equivalent:
(i) There exists an algebraic Hecke character ¢ of E such that

Y =¢oNp/E.
(ii) The extension F(Aior)/E is abelian.

Here F(Aior)/F is the field extension of F generated by the torsion points of A, i.e. the fived
field of the kernel of the representation of Gp on the rational Tate module Vy(A).

Proof. As the infinity-type of ¢ is induced from ®* and F/F is abelian by assumption, the
equivalence of assertions (i) and (ii) follows from the equivalence of the corresponding assertions
(i) and (ii) in Theorem 4.1. Note that h'(A); is the dual representation of Vy(A). O

Casselman’s theorem combined with Corollary 5.4 provides a powerful tool to construct CM
abelian varieties.

Proposition 5.5. Let L be a totally imaginary number field containing a CM-field. Let ® be
a CM-type of L and E the reflex field of (L, ®). Let a C Op be an integral ideal. There exists
a finite abelian extension F/E and an abelian variety A/F with complex multiplication by L
satisfying the following properties:

(i) A has CM by Or, and is of CM-type (L, ®).
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(i) There is an algebraic Hecke character ¢ of E such that ¥ = ¢ o Np/p.
(iii) There is an isomorphism & : Op, = H,(A(C),Z).
(iv) Every [a]-torsion point of A is defined over F.

Proof. Let K denote the maximal CM-subfield of L and ®x the CM-type of K from which ® is
induced. Let ¢ : E; — T be an auxiliary Hecke character with infinity type ¢, = ®*, which
takes values in an extension of K. Such a Hecke character always exists if one chooses T;, large
enough, cf. [Sch88|, 0.3. Since ¢ is continuous, the preimage ¢~ '(K*) is an open subgroup of
EfX containing E*. By class field theory, there exists a finite abelian extension F//E such that
Np/e(Cp) C ¢~ H(K*)/E* and hence the Hecke character ¢ := ¢o Ny, takes values in K*. By
Casselman’s Theorem 5.3, there exists an abelian variety B/F of CM-type (K, ®x) whose Hecke
character is given by 1. Here B/F with its CM-structure K — End’%(B) is only determined up
to a K-linear isogeny. By using Serre’s tensor construction (cf. [CCO14], Proposition 1.7.4.5),
we may assume that the CM-order of B/F is given by O. Then the Ox-module H;(B(C),Z)
is invertible and by applying Serre’s tensor construction again, we may assume that there is an
isomorphism H;(B(C),Z) = Ok. The abelian variety A := B ®o, O acquires CM by O,
is of CM-type (L, ®) and its first integral homology is a free Op-module of rank 1. Note that
CM-character of A/F is 1) with values regarded in L*. By construction A/F satisfies condition
(i) of Corollary 5.4, hence the extension F(Ao)/E is abelian. It follows that we may pass to a
larger extension F'/E, so that every [a]-torsion point is defined over F' and such that F/E still is
an abelian extension. (]

5.6. The main theorem of complex multiplication.

The type transfer. In the following, let L denote a number field containing a CM-field and let
® be an induced CM-type of L. Let E denote the reflex field of (L, ®) and let ®* € Ir be the
reflex CM-type. For each embedding o € Jr, we choose a lift w, € Gq such that cw, = we,.
We define the type transfer

tre : Gq — Gib
by the formula
trr.e(7) = H (witTw,)™" mod GY.
oced
Proposition 5.6.

(i) trr,e is a well-defined continuous map which is independent of the choice of lifts w, for
oeJp.
(ii) For all 71,72 € Gq, one has trp o(T172) = tI‘L7¢)O7_2—1(Tl) trpa(T2).
iii) Let L' D L be a finite extension and ® = Inf;,,(®). Let try,,p : G — G2 denote
/ / L L
the usual transfer map. One has trp/ g = trp,jpotrp e.
iv) The restriction try, ¢ : Gg — G2 is a homomorphism and the diagram
; L

* —1
E X o] L X
f f
Gab tre.e Gab
E » G
15 commutative.

Proof. As (i) is usually proven in the literature under the condition that L is a CM-field, let us
give an argument. Any other choice of lifts for the o € Jy, is of the form w! = w, - g, with
go € Gr. It is compatible with complex conjugation if and only if

(52) 9eo = Yo

for all 0 € Ji. Let 7 € Gq. Using the lifts w/, the defining expression for tre(7) then changes
by the factor [, c4(97a90)"" in G3P. It therefore suffices to show

II 9 =11 9~

oeTd ced
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in G3P. For this we decompose 7® = (® N 7®) LI (® N 7®). Complex conjugation carries & N 7®
bijectively to ® N 7® and using (5.2), the claim follows. Part (ii) is straighforward from the
definition of trz s. For (iii), recall that the usual transfer map trz, /., for the finite extension
L'/L can be calculated as follows: Let us choose a representative v, € Gp for every coset
p € G /Gr:. Then, for any 7 € G, one has

trp (1) = H U:plTUp mod GY,.
pGGL/GL/

Additionally, choose lifts w, for every o € J, satisfying cw, = w¢,. We claim that the set
{’wg ) |oeJn,pe GL/GL/}

forms a choice of lifts for the embeddings of L” which is still compatible with complex conjugation.
Indeed, it has the same cardinality as Jr, and one checks that, by construction, the restrictions of
any two different elements to L’ give rise to different embeddings. Hence, these lifts run through
the lifted CM-type ®’ of L’ if one lets o runs through ®. Moreover, observe that for 7 € Gq the
element

WroV(wrtrwe)p
lifts 7(wyv,)|z/. Therefore, in G27 one has
trL,7¢l (T)_l = H (wTUv(w:,,lng)p)_1T(vaP)

ocd
pEGL/Gr/

o | G =

(wrdrw,)p
ocd
PEGL/GLr
-1
= H tI'L//L(U)TU T'LUO-)

ced

= trL//L(trL,é(T))_l’

as desired. By (iii) and the injectivity of the transfer trz. ., we reduce assertion (iv) to the case
where L is a CM-field and then the statement can be found in [Lan83], Ch.7, Theorem 1.1. Note
that the type-transfer Vg defined in loc. cit. is the inverse of try, 4. O

The reciprocity law. If L is a CM-field and 7 € Gq, we define
(5.3) L(®@,7):=={ € L} | r.(N) = trp,o(7) and A\ Xeye(T) € L™}

It is shown in [Lan83], Ch.7, Theorem 2.2 that L(®,7) is a L*-coset in L;. If, more generally,
L is a totally imaginary field containing a CM-field K and @ is a type of L which is lifted from
a CM-type @i of K, we define

(5.4) L(®,7):=L" - K(Pg, 7).

By Proposition 5.6 (iii) and the compatibility of the Artin map with the transfer, this definition
is independent of the choice of (K, ®x) and we have

(5.5) rr(A\) = trr e (7)
for any A € L(®, 7). We record two properties of the cosets (5.4) for later use:

Proposition 5.7. Let K be a CM-field and ®x a CM-type. Let L be a number field containing
K and let ® be the CM-type lifted from ®k. Let E denote the reflex field of (L, D).

(i) For any 71,72 € Gq, one has L(®,7172) = L(® o1y ', 7y) - L(®, 7).
(i) If 7 € Gg and e € Ef satisfies rp(e) = 7|gav, one has L(®,7) = L* - ®*(e) L

Proof. The assertions immediately reduce to the case where L is a CM-field. Statement (i)
follows from the definition (5.3) and Proposition 5.6 (ii). Assertion (ii) follows from Proposition
5.6 (iv). O
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Theorem 5.8 (Shimura-Taniyama, Tate, Langlands, Deligne). Let L be a CM-field and ® a
CM-type of L. Let F be a number field and A/F be an abelian variety of CM-type (L, ®). Let
a € h'(A)p be an L-basis. Let 7 € Gq and X\ € L(®,7). Then there exists a unique L-basis
b€ h'(AT)p such that the diagram

Ly —— h'(A)

Al I
Lf L) hl(AT>f

commutes. Here ay and by are the Ly-linear isomorphisms corresponding to the bases Ir(a ® 1)
and I;(b® 1), respectively.

Proof. This is a dual version (without mention of polarizations) of [Mil98], Theorem 1.3. O

Remark 5.9. Equivalently, if a € h5(A) and b € h};(A™) are given L-bases, there exists a unique
element A € L(®, 7) such that the diagram in Theorem 5.8 commutes.

Let us also state the following equivalent formulation of Theorem 5.8 in terms of complex
uniformizations:

Theorem 5.10. Let L be a CM-field and ® a CM-type of L. Let F be a number field and
A/F be an abelian variety of CM-type (L, ®). Let 0 : C*/a — A(C) be a Op-linear complex
uniformization where a is a fractional ideal of L. Let T € Gg and X € L(®, 7). Then there exists
a Op-linear complex uniformization 6, : C™® Ja[\|;' — AT(C) such that the diagram

L/a —_— A(Q)tor

0
b
L/a[)‘]il = AT(Q)tor
commutes.

Proof. This is part of [Mil98], Theorem 1.1. In loc. cit. Lemma 1.4 the assertion is shown to be
equivalent to Theorem 5.8. O

Recall the primary decomposition of L/a: For any finite place v, let a, = aOp,. The ho-
momorphism L/a — &, L,/a,, induced by the canonical inclusions L < L,, is an Op-linear
isomorphism (cf. [Sil94]|, Lemma II1.8.1; one easily checks that the map is given as above). Now
an idele A € LY induces a map \ : @, Lo/ay = @, Lu/a[AL, (z4)s = (Av¥y), and one defines
the homomorphism A : K/a — K/a[A]L such that it makes the diagram

L/ja —— @, L,/a,

)\l l/\
L/aNL —=— @, L,/Avay

o~

commute. Also, note that the inclusions L, < Ly induce a canonical isomorphism @U L,/a,
Li/a®o, (7)7; such that the map A on the left-hand side corresponds to multiplication by A on
the right.

Finally let us briefly discuss the compatibility of Theorems 5.8 and 5.10 with Serre’s tensor
construction. Let L be a totally imaginary field which contains a CM-field K and let & =
Infy x(Px) be a CM-type lifted from a CM-type ®x of K. Let F' be a number field and B/F
an abelian variety of CM-type (K, @) whose CM-order is the ring of integers O. The abelian
variety A := B ®o, Or then has complex multiplication by Of, and is of CM-type (L, ®).

Corollary 5.11. As above, let A be an abelian variety which arises by Serre’s tensor construction
as above. Let L(®, 1) denote the coset in L;f as defined in (5.4). Then the statements of Theorem
5.8 and Theorem 5.10 holds true verbatim.

Proof. The analogue of Theorem 5.8 follows immediately from the definition of the coset L(®, 1)
and the canonical isomorphism h} (B®o, Or) = h} (B) ®0, Or. As before, the analogue of
Theorem 5.10 is equivalent to this. O
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Remark 5.12. For a nice generalization of the main theorem of complex multiplication to
motives for Hecke characters, we refer the reader to [Bla86], 4.1 and 4.2.

6. BLASIUS’ PERIOD RELATION

In the following, let L be a totally imaginary field containing a CM-field. Let K be the
maximal CM-subfield of L and ®x a CM-type of K. Let E denote the reflex field of (K, ®) and
let ®* € Ir denote the reflex CM-type on E. Let ® = Inf; x Pk be the CM-type of L lifted
from ®x. Let

Xa = ﬂ —Qac IL
with o € I and 8 € I be a Hecke character type on L, i.e. there exist ag € Is,, Bo € I3, such
that

o = InfL/K(CV()) and 6 = InfL/K(ﬁo)
and there is an integer w € Z such that

(6.1) B(7) — a(o) = w for all o € P,

i.e. ¢f —a = wd. Moreover, we assume in the following that the type x, is critical with respect
to @, i.e. that

(6.2) a(c) > 1 and B(7) > 0 for all o € P.

Remark 6.1. Our assumptions on x, are analogous to the condition [Bla86|, (4.4.4) for p = ¢f3.
In the notation of [Blag&6], 4.4, we have & = —w® + p and S = cu. But note that the condition
in loc. cit. is only equivalent to the criticality of y when the weight w is negative. We do not
make any assumptions on the weight.

Lemma 6.2. Let x, = 8 — « be a Hecke character type as above.

(i) The field L* is a CM-field containing the reflex field E of (K, ®k).
(ii) One has L C L*.

Proof. Since K is a CM-field, it is clear that L® = K0 is either totally real or a CM-field. Any
T € Gq which fixes the type ag € Ig, also has to fix the CM-type ®x on which «ag is supported.
It follows that E C L*. In particular, L* is a CM-field. For assertion (ii), consider 7 € Gq such
that Tae = a. Since « is induced from a CM-field, it follows that 7 fixes ca as well. Moreover, by
(i), 7 fixes the CM-type ® and hence also its complex conjugate ®. Finally, 3 = w® + ca by the
weight condition (6.1) and thus 78 = 3, which proves the claim. O

Now assume that T" is a CM-field containing L* and that
x: Ly =T
is an algebraic Hecke character with infinity type xq.
Definition 6.3. Let n € Jg. We define the map
eno : Gq — {£1}
as follows: For 7 € Gq, we let €,6(T) € {£1} be the sign of the bijection
(N\JL = n® = @ = ()\Jr,

where the first and the last bijection are induced from the inclusions ® C Jp and n® C Jg.

For 71,7 € Gq, one immediately checks that
(6.3) €nd (T172) = E7yna (T1)Ena (T2).

In particular, the restriction € : Gg — {£1} is a character and we may regard it as a finite
Hecke character g : EfX — T,

Definition 6.4. Let = : E; — T denote the algebraic Hecke character
—_ | — —d
(6.4) 2= (xo @) 7" Vs,

*

Note that the infinity-type of Z is given by Z, = (®*)* - (& )5,
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For any n € Jg, we have the coset L(n®,7), defined in (5.4), associated to the CM-type n® of
L. For any 7 € Gq, let us define the elements &(7,7) € fo by

(6.5) §(myn) = Xa()‘)_1X()‘)chc(7—)_d(ﬁ)€n<b (1)
where A € L(n®, ) can be chosen arbitrarily.

Proposition 6.5 ([Bla86], Proposition 4.4.1).
(i) For all 7,7 € Gq and n € Jg, one has

§(mima,n) = &(11, T2m)&(72, ).
(ii) If e Gg and e € E; satisfies rg(e) = T|gav, one has

E(1,1p) = Zq(e) 12 (e).
Proof. The assertions follow readily from the definitions and Proposition 5.7. O

Proposition 6.6. Let M(Z) be a motive of type (E,Z,T). For every n € Jg there exists a
T-basis a, € M(Z)% such that for any T € Gq the diagram

Iy(ay)

Ty M(E)}

€(T>77)l

T 1y(ary)

M(E)}

is commutative, where the element &(7,m) € T} is defined as in (6.5).
Proof. This is Corollary 4.4.2 in [Bla86]. Also cf. Corollary A.4 in the appendix. (]

Theorem 6.7 (Blasius). Let Z be the Hecke character as defined in (6.4), M(Z) a motive of type
(E,Z,T) and {a, | n € Jg} as in Proposition 6.6. Then FUITAB)RM (Z)4r is a 1-dimensional
T-vector space. If w is a basis, there exists a unique element v(x) € (T @ C)* satisfying

Lo(w) =v(x) - Y e(may,
neJp
and one has
271) " P u(x) ~ e (x) mod T.

Proof. This is [Bla&6|, Proposition 5.3.4 in the case where L is a CM-field. For general L, the
result is [Bla97], Theorem H.3, where it is pointed out that the same proof as in the CM-case
works if one uses the sign from Definition 6.3 instead of a slightly different sign employed in
[Bla86]. We recall the proof in Appendix A, cf. Theorem A.10. O

Finally, for future reference, let us state the following minor extension of Proposition 5.5:

Proposition 6.8. Let L be a totally imaginary number field containing a CM-field. Let ® be
a CM-type of L and E the reflex field of (L, ®). Let a C Oy, be an integral ideal. Then there
exists a finite abelian extension F/E and an abelian variety A/F with complex multiplication by
L satisfying the following properties:

(1) A has CM by Or, and is of CM-type (L, ®).
2) There is an isomorphism & : Oy, = H,(A(C),Z).
3) Ewvery [a]-torsion point of A is defined over F.
4) The character e : Gg — {£1} is trivial on Gp.
5)

(5) EoNp/p = P where 1 : F]?( — L™ denotes the CM-character of A/F.

Proof. By Proposition 5.5, there exists a finite abelian extension F'/E and a CM abelian variety
A/F which satisfies conditions (1)-(3) and whose CM character ¢ is of the form ¢ = 9o Np,p for
a Hecke character ¢ of E. Note that any base change to a larger abelian extension of E still has
these properties. Since the character eg : Gg — {1} is abelian, we may enlarge F' so that (4)
holds. For (5), let T, be a number field containing L and the values of ¢. Let a, E € I7, denote
lifts of a, B € I, along the surjection Resr, /r, : I, — I, defined in , e.g. choose lifts o € Jr,, for
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every o € Jp and put @ = _; (o) . Note that for any £ € L*, one has (9 = (*, where on
the left ¢ is regarded as an element in 7,,. It follows that

(6.6) %’ o Np/p = ¢v*9°

and this remains true after passing to the base change of A to a larger abelian extension F/FE.
The infinity-type of ¢%%” is given by (®*)« - (5*)5, i.e. it coincides with the infinity-type of =
(cf. Definition 6.4). It follows that we may enlarge the finite abelian extension F/E such that
0P o Np/g =Z0 Np/p. By (6.6), we obtain ¢ = Z o N/, as desired. O
Remark 6.9. For the proof that condition (5) in the above Proposition can be achieved, it is
not enough to observe that ©*1)? has the same infinity-type as Z o Ng /e~ This only shows that

we can pass to an abelian extension of F' such that the condition (5) holds. We actually need to
work with the character ¢ to ensure that F' can be chosen to be abelian over E.

7. ALGEBRAIC T p-MODULES

7.1. Definition and decomposition results. Let L be a number field and F a field of charac-
teristic zero. Fix an algebraic closure F" as well as an embedding Q C F. Let Gr := Gal(F'/F)
denote the absolute Galois group of F'. The chosen embedding Q C F' induces a homomorphism
(7.1) Gr — Gq
by restriction. We consider the algebraic torus

TL,F = ResL/Q Gm XQ F

over F. Its character group X*(Tp, r) identifies with the free abelian group I, of types on L.
The canonical action of Gp is induced by the Gg-action on I, via the homomorphism (7.1).
Equivalently, we can regard I, as the free abelian group on Hom(L, F), on which G acts in the
obvious way.

Definition 7.1. An algebraic T p-module or representation of Ty, r is an F-vector space V
which, for every F-algebra R, is equipped with a R-linear action

PR : TL,F(R) =(L Rq R)X — Autr(V ®r R)
that is functorial in R.

The representations of algebraic groups of multiplicative type, such as Ty, r, can be described
as follows:

Proposition 7.2. Let V be an algebraic T, p-module. There is a decomposition

(7.2) V= P

©eGr\I1
indezed by the Gp-orbits of the character group X*(Tp r). Here Vg consists of those elements
v € V such that there exists u € © with

pr)(v@1)=1"-(v®1) foralll € L*.

Proof. See e.g. [hlill?], Theorem 12.30: One easily shows the Proposition after passing to the
separable closure I’ where the torus T, p becomes split. The general case then follows by Galois
descent. O

Let V be an algebraic Ty, p-module. Let F” be a field extension. Fix an algebraic closure F7 of
F’ and fix an embedding F' C F’. Again, there is a canonical homomorphism Gz — G which
induces an action on I, (or we may use the identifications J;, = Hom(L,F) = Hom(L, F")).
Moreover, the group Gg: acts on every Gp-orbit of I, which therefore decomposes itself into
a disjoint union of Gg/-orbits. The F’-vector space V' =V @ F’ acquires the structure of an
algebraic T _p/-module in a canonical way. By Lemma 7.2, we have the decomposition

(7.3) VerF'= P V.
0'eGp\IL

The two decompositions (7.2) and (7.3) are related as follows:
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Proposition 7.3. For every Gg-orbit © of I, one has
Vo ®@p F' = @ Vo
0'eGp\O
as F'-subspaces of V Qp F'.

Proof. The case where F’ = F is contained in the proof of Proposition 7.2. The general case is
immediate, e.g. by using the explicit description of the subspaces Vg in Proposition 7.2. (I

7.2. A basic example.

The general case. We now discuss an example which is essentially trivial but useful when we later
construct certain idempotent endomorphisms in various realizations of a motive. Let L/Q be a
finite extension and F a field of characteristic 0 together with a fixed embedding Q C F. Let V
be a L ®q F-module. For any F-algebra R, the extension of scalars V ®r R is a L ®q R-module.
In particular, we obtain an action

(7.4) pr: (L®q R)* — Autr(V ®@F R)

via R-linear isomorphisms, which is immediately checked to be functorial. In this way, V is
equipped with the structure of an algebraic T, p-module.

More generally, let d > 0 be an integer. Then the dth symmetric powers Sym%(V) acquire the
structure of an algebraic Ty p-module: For any F-algebra R, we have a functorial action

(L ®q R)* — Autp(Sym%(V @p R)), €+ Sym%(pr(0))

via R-linear isomorphisms on Sym‘fp(V) RrFrR= Syde(V ®p R). Hence, Proposition 7.2 implies
that we have a decomposition

(7.5) Symg(V)= € Symi(V)e
@GGF\IL

indexed by the orbits of the action of G on I, through the homomorphism Gr — Gq given by
restriction along Q C F.

The split case. Let us describe the decompositions in the split case. Assume that the Galois
closure of L in Q C F already lies in F', so that Ty, p splits. Note that then G acts trivially on
I, so that Gp\I;, = I1,. In this situation, let us fix the following notation:

Definition 7.4. Let V' be an L ® F-module and assume that F' contains the Galois closure of L.
We write

(7.6) V=~ Vi),
oelJr

for the decomposition induced by the canonical isomorphism LQF = ]|
the L-algebra o : L — F. There are canonical isomorphisms

V(O’) =V RLoF,o F,

vet, Fo where F, denotes

where the tensor product is taken with respect to the homomorphism o : LQF — F, {Qx — o({)x.
For any type u € Iz', we set

(7.7) Sym"(V) == X) Symp” (V ().
oeldr,

Clearly, an element ¢ € L* acts via the embedding o on V,, and hence the decomposition (7.2)
is given by (7.6) In terms of (7.6), the decomposition (7.5) of Sym% (V) is then given by

(7.8) symb(V) = symi (D V(o)) = @ sym(v)

oelJr ﬂejzﬁd
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7.3. The functor V. In the following, let o« € IZF be a type and let d = d(«) denote its degree.
Let ©, = Gq - a denote the Gq-orbit of the type a. For a L ® F-module V, we define V* to be
the direct summand

ve= P Symi(V)e.
[CIETACH

of Sym% (V) in (7.5). This construction is functorial: Any L® F-linear homomorphism f : V — W
induces T, p-equivariant homomorphisms f : V — W and Sym®(f) : Sym% (V) — Sym%(W).
In particular, they are compatible with the decompositions (7.2) and hence there is an induced
homomorphism

feve-we

Change of the field F. Let F " be another characteristic 0 field containing F'. Fix embeddings
Q C F C F’. The construction V +— V< behaves as follows under extension of scalars along
FcCF.

Lemma 7.5. For every L ®q F'-module V, there is a natural isomorphism
(Verp FY*2V*®p F'.
Proof. By Proposition 7.3, we have the isomorphism

Ve@p F' = @ Sym%(V)e @p F'
©cGFr\Oan

@ @ Sym%,(V @r e

0eGr\O, ©'eGr/\O

= @ Sym%/(v ®F F/)@/
0'€Gr\Oq

=(VerF)”

1%

which is immediately checked to be functorial in V. (|

Module structure over L* @ F'. Let us explain how V% canonically acquires the structure of an
L* ® F-module. Note that, by definition of the field of values L®, one has

On = {ta| € Jpat.
By Lemma 7.5 and the decomposition (7.8), we have the decomposition

Ve@p F = @ Sym**(V ®@p F).

LEJpa

We now let an element ¢t € L act on V® ®p F via multiplication by ¢(t) on each summand
Sym'*(V @p F). For each 7 € G, the semilinear isomorphism id ® 7 on V® ®p F induces
semilinear maps id ® 7 : Sym'*(V ®@p F) — Sym™*(V ®p F) for every ¢+ € Jpa and it is
immediate to check that the diagram

Sym“(V @5 F) 227, Sym™*(V @p F)

L(t)l l‘m(t)

Sym"(V @5 F) 227, Sym™*(V @p F)

commutes. Hence, the action of t on V*®p F is G p-equivariant and therefore uniquely descends
to an F-linear endomorphism of V*. Clearly, the assignment L* — Endz(V%) is a ring homo-
morphism and we thus have equipped V¢ with the structure of an L® ® F-module. One also
checks that the construction V' +— V¢ promotes to a functor

(_)a : MOdL@F — MOdLa@F.
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8. THE MOTIVE M%

The following construction is outlined in the proof of [Bla86], Proposition 5.5.1. First of all
let us remark that instead of the finite adelic realization, we may use the f-adic realizations for
all primes ¢ by Remark 3.4. The reason for doing this is that it is more convenient to write down
the results over a field.

Let F be a totally imaginary number field and ¥ : fo — L* an algebraic Hecke character.

Let a € I} and let d := d(«). Given a motive M of type (F, 1, L), we want to construct a motive
M® of type (F, 9%, L*). We define M“ as a direct summand in

N :=Sym*(Ry,qM),

where Rj ,qM denotes the restriction of coefficients of M from L to Q, as follows: Applying the
functor (—)* constructed in Section 7.3 to the L-vector space Mp, we obtain a direct summand
Mg in Np = SymdQ(MB). Similarly, we obtain direct summands MSy in Nar = Sym‘};(MdR)
and, for each prime number ¢, a direct summand M/ in N, = SymdQe (My). Let P, Pyr and P,
denote the corresponding idempotent endomorphisms of Ng, Ngr and Ny.

Lemma 8.1. The endomorphism Pg € End(Ng) respects the Hodge structure, i.e. for all p,q €
Z, one has

Pg(N%) C NG
Proof. By Proposition 7.3 and (7.8), we have a decomposition
(8.1) Ng®C= P Sym"(Mp®C)
uGIz’d
where Sym"(Mp®C) = @, ¢ s, Sym’é(o) (Mp®r1,,C), and Pp is the projector onto the summand
indexed by the Galois orbit Gqa. By Proposition 3.20, each Mp®p, , C is of pure Hodge bidegree

(¥*(0),¢*(co)). Thus, every summand in (8.1) is of pure Hodge bidegree and from this the claim
follows. U

Lemma 8.2. For each prime ¢, the endomorphism Py € End(Ny) is G p-equivariant.

Proof. One has to show that the direct summand Mj* is stable under the action of G'. It suffices
to check this after base change to Q,. Then, by Lemma 7.3 and (7.8), one has

Ni®q, Q= P Sym"(Mi®Qy),

+.d
nely

where Sym"(M; ® Q) = Q,c, Sym%z (My ®15q,.0 Q). Since the G p-representation M, is
L-linear, this is a decomposition of Gp-representations and the claim follows. (]

Lemma 8.3. The comparison isomorphisms I, : Nqr @ C = Ng® C and I; : N @ Q¢ — Ny
are compatible with the projectors Par, Pp and P;.

Proof. Since I, : Ngqr ®r C — Np ® C identifies with the dth C-linear symmetric power
of the L ® C-linear comparison isomorphism I as, it is a T c-equivariant isomorphism and
by construction it restricts to the isomorphism I 5/ : (Mar ®@F C)* — (Mp ® C)*. The
desired compatibility follows from Lemma 7.5. The compatibility of I, with Pg and Py follows
completely analogously since Iy : Ng ® Q — Ny is induced by the L ® Qg-linear isomorphism
Iov i Mp ® Q¢ — My on dth symmetric powers. O

8.1. Definition of M“. The discussion above shows that there is an idempotent endomorphism
P € End(Sym?(Mq))
which agrees with the projectors Pg, Pyjr and P, in the respective realizations.

Definition 8.4. Let M be a motive of type (F,v, L) and « € Iz' be a type of degree d. We define
M* = P-Sym%(Mgq).
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Next, we show that M“ is a motive of type (F, %, L*). For the proof of the upcoming propo-
sition, the following general observation about algebraic homomorphisms and types is useful: Let
ar: (L® Q)" — (L* ® Q,)* denote the homomorphism obtained from the homomorphism
a : Resp/q Gy — Respa,q Gy, of algebraic tori corresponding to the type a on Q,-valued

. . . . = —Jra . . .
points. Then, under the identification L® ® Q, = Q,"", the homomorphism «y is given by

(8.2) arly) = (] o))

)
cJ
ocJr e

where y € (L® Q;)* and 0 : L ® Q, — Q, denotes the homomorphism given by | ® z — o(1)z.
Proposition 8.5. Let M be a motive of type (F,1, L). Then M is of type (F,¢¥*, L%).

Proof. Recall that each of the realizations M7, My and M} has the structure of a module over
L, L“®q F and L® ®q Qg, respectively. Moreover, it follows from the proof of Lemma 8.3 that
the comparison isomorphism I, : M{y ®r C — M7z ®C is given, via the identifications of Lemma
7.5, by applying the functor (—)® to the L ® C-linear isomorphism I as. In particular, it is
L ® C-linear. Similarly, the comparison isomorphism I, : Mz ® Q — M/ is L* ® Qq-linear. It
follows that the motive M“ acquires coefficients in L® such that the induced L-module structure
is given as in Section 7.3 in each realization. Let us now show that M“ is a motive for the Hecke
character ¢®. By Lemma 7.3 and (7.8), one has

MieQ= @ Sw'(MpeQ)
MEGQ-(X
where each summand Sym"(Mp®Q) = @, ;. Sym"(?) (Mp®1, 5 Q) is a 1-dimensional Q-vector
space since M is of rank 1, by assumption. As the orbit Gq -« is of cardinality [L* : Q), it follows
that Mg is a 1-dimensional L®-vector space. Hence, M is a motive of rank 1. We now show
that, for a fixed rational prime ¢, the G'p-representation M;* is determined by the Hecke character
¥®. To check this, we may pass to the algebraic closure Q,. Then, by Proposition 7.3, (7.8) and
by using that the Gg-orbit of « is given by {va | ¢ € JL}, we have

Mj* ®q, QZ = @ Sym** (M, ®q, 6@);
eJpa
where Sym‘*(M; ®q, Q,) = (S Sym“*(?) (M, ®LoQ..0 Qr). The module LY ® Q, acts in the
obvious way via L*®Q, = Q'ZL& . Let 7 € G and € F}* such that 7p(2) = 7|pav. Since M is of
type (F, 1, L), the action of 7 on M;®q,Q, is given via multiplication by 1/);% (z)Y(z) € (LeQ,)™.

Thus, 7 acts on M§* ®q, Q, via multiplication by

(II oCb@u@) ) Qi

eJ
oeldr, e

By the remark before the proposition, this coincides under LY ® Q, = QZLQ with

(g (2)e(x) = v § (@) - ¥ (2) € (L ® Q).
This actually lies in (L™ ® Qg)* as tq¢(z) lies in (L ® Qg)*. It follows that M“ is of type
(F,y, L®). O

8.2. Construction of elements in M7 and M. Starting from elements in Mp and Mgr,
we now explain how to construct elements in M7 and MJ;. In the de Rham realization, it is
sufficient for our purposes to restrict to the case where the field of definition F' contains the Galois
closure of L, so that the torus T r is split. In this case, the de Rham realization becomes easier
to manage. More generally, one could define a map V — V¢ for any L ® F-module V.

Betti realization. As before, let F' and L be number fields and M be a motive of type (F,,L).
Let v € Mp. We will now construct an element v* € Mg via Galois descent. Recall that

ME©Q= (P Sym”(Mp® Q)

LEJpa
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(o)

where as usual Sym‘®(Mp © Q) = ®a€JL Sme (Mg ®r1., Q). For every ¢ € Jpo, we define

the element -
7= @) (18, 19/ € Sym' (M 9 Q)

celdg,
and we set
7= (V" )es. € Mo Q.

Here, we write v ®, 16 for v ® 1 to indicate that it lies in Mp ®r, » Q. Ifre Gq, one has
7(v*) = . Indeed, under the action of 7, the element ' gets sent to @, ;, (¥ @ 1)) =
Qe (V@0 1)7(@) = 47t Taking the sum over all + € Jp« gives the claim. Hence, we obtain
an element

(8.3) ~* e M3.

The reader hopefully takes notice of the bold font in the exponent. It should always be clear
from the context, whether v or v“ is meant. The latter usually appears as in the form ~+**.

De Rham realization. We assume that F' contains the Galois closure of L. Then the torus Ty p
is split and we may regard every embedding of L to take values in F. The de Rham realization
of M® is given by

Mg = € Sym"*(Mar)
LEJpa
where

Sym"(Mgr) = Q) Syms” (Mar @ a0 F).
oelJy,
Now, if we are given an element w € Myg and ¢ € Jp«, we define the element

o = (R (@ 8y L) € Sym'™ (wa )
oeldr,

and set

(8.4) w* = (W) ega € MR-

Again, there should be no room for confusion between w® and w®.

Remark 8.6. Let M = h'(A) for an abelian variety A/F with CM by Or, such that F' contains

the Galois closure of L. For o € Jp, the direct summand hiy(A)(c) := hig(A4) QLers F of

hir(A) is denoted by H}y(A/F)(—c) in the notation of [KS19]. The notation Sym‘®(hjg(A))

is analogous to the notation introduced in [KS19], Definition 1.6. If w € hlg (A) decomposes as

w=3_w(o) with w(a) € hiz(A)(c), the element wl®l, as defined in loc. cit., gets mapped to
w'® under the identification TSym‘®(hlg (4)) = Sym'*(hlg (A)) via (0.3).

8.3. Periods of M“. Let M be a motive of type (F, v, L) and assume that F' contains the Galois
closure of L. Let v € Mp be an L-basis and w € Myg. Consider the L ® C-linear comparison
isomorphism

TIoonr: Mgr @ C — Mp @ C
attached to the motive M. There is a unique element 2 € L ® C satisfying
(8.5) To (W) = Q- 7.
Notation 8.7. Let a € Iz'. For an element Q2 € L® C and ¢ € Jp«, we define

Lo — H Q(O,)La(o)’
oeldr,

where Q = ((0))ges, under the canonical isomorphism L @ C = C't. Moreover, we put

Q% = (2),eg0 € L*®C,
where again, we use the identification L* ® C = C/re,

Proposition 8.8. Let M be a motive of type (F,v,L) and assume that F contains the Galois
closure of L. Let v € Mp be an L-basis, w € Mgr and Q € LR C as in (8.5). Then

Ioo,M” (wa) =Q*- ,ya-
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Proof. According to the canonical isomorphism L®C = C7, the isomorphism I, s decomposes
into C-linear isomorphisms I » : Mar ®rgr,c C = Mp ®1 » C, which satisfy

Ioo,a(w Qo 1C) = QG : (7 Ko ]-C)

Since the L* @ C-linear isomorphism I ps« is induced by the L ® C-linear isomorphism I as
by applying the functor (—)%, it now follows from the construction of the elements v* and w®
that Ioo pre(w®) = Q% - v*, as desired. O

9. A MOTIVE FOR =

In the following, we work with setup introduced in Section 6: Let L be a totally imaginary
number field containing a CM-field. Let ® be a CM-type of L and let x, be a critical infinity-type
with respect to P, i.e.

Xa = 5 -«
with g € I%, o € I} such that a(oc) > 1 and B(7) > 0 for all o € ®. Let T be a CM-field
containing L and let

x:Lf =T
be an algebraic Hecke character of infinity-type y,. Let E be the reflex field of (L, ®) and let
®* € Ip denote the reflex CM-type of ®. We define the algebraic Hecke character = : E ? — T
by

2= (xo @) M5 Pes,

as in (6.4), where 4 is the sign defined in Definition 6.3.
9.1. Construction. The following construction is based on results of Goldstein-Schappacher
(|GS81], §4) and Deninger (|[Den89], section 2). In fact, it will be clear that all of the following
can be more generally carried out in the context of Theorem 4.1.

Let F/E be a finite abelian extension and A/F an abelian variety of CM-type (L, ®) satisfying
condition (5) of Proposition 6.8, i.e. the CM-character 1 : fo — L* of A satisfies

(9.1) ZoNpjp =9y’
By the constructions and results of Section 8, we have the motives h'(A4)* and h'(AY)? of

types (F,¢®, L) and (F,”?, L?), respectively. Let h'(A)% and hl(Av)g denote the extension
of coefficients to 7. Then

(9.2) N := h*(A)§ @ h*(AY)5.
is a motive of type (F,v*? T). We now use the results of Section 4 to construct a motive

for E out of the motive (9.2). By (9.1), condition (i) of Theorem 4.1 is satisfied and hence the
restriction of scalars Rp/p N acquires coefficients in the commutative semisimple T-algebra

7= @ Homp(N,N°)-o,
O'EGF/E

such that it is of rank 1 over 7. Theorem 3.17 implies that there exists an algebraic Hecke
character

[

: E;f — T
such that Rp g is of type (E,é, T).
Lemma 9.1. There is a canonical isomorphism
N@r T %RF/EN xg F
of motives over F with coefficients in .

Proof. Note that Rp/pN xg ' = @
then induces a morphism

N¢9. The canonical inclusion N @ N

UGGF/E UGGF/E

0:NQ®r T — @ N°¢
o€Gr/p
and it suffices to check that it is an isomorphism in the Betti realization. Let o € Gp/p and
vy € Ng. Choose any non-zero 8, € Homp (N, N?). Then 6, is an isomorphism and there exists
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v € Np such that 0, g(v) = v,. Then one has pp(v ® 0,) = v,, so that ¢p is surjective. Since
source and target of ¢p are both of rank 1 over .7, we deduce that ¢p is an isomorphism. [

The following result is an adaptation of [GS81], Lemme 4.8 to our setting:

Lemma 9.2. The algebraic Hecke character = satisfies the following properties:
() Eo Nryp = 423", )
(ii) As a T-module T is generated by the values of E.
(iii) One has an equality
{e0E|e e Homp (7, Q)}={E-A| N e @F/E}

of subsets of Hom(EfX,QX), where éF/E = Hom(GF/E,QX) denotes the Pontryagin
dual of Gpp-

Proof. In terms of the corresponding Hecke characters, Lemma 9.1 implies that

Zo Np/p = 9P,
where we regard ipa@ﬂ as having values in .7. This shows assertion (i). Note that in particular the
infinity types of = and = agree. For (i), let 0 € G/ and e, € E such that rg(e,)|r = 0. Since
Rp/g(N) is of type (E,Z,.7) and rg(e,) carries the id-component Ny to N¢ in Rp/p(N)s, we
may regard E(e,) € .7 as anon-zero element in the 1-dimensional T-subspace Homy (N, N?)o C

7. From this claim (ii) follows. We now prove assertion (iii). For every ¢ € Homr (7, Q), one
has

(e05) o N/ =0 g9 = 9"
since 1)®4)® takes values in 7. It follows that there exists a finite character A € G F/E such that
goE = =-\. This establishes one inclusion in (iii). By (ii), both of the sets in question have the
same cardinality [F': E] = [7 : T, hence they are equal. O

By taking the trivial character A = 1 in Lemma 9.2 (iii), we deduce the existence of a homo-

morphism € € Homp(.7, Q) such that
co=Z =15,
where Z is regarded to have values in Q via the fixed embedding T' C Q. It follows from 9.2 (ii)
that the T-algebra homomorphism ¢ factors as € : . — T. Since  is a product of finite field
extensions of T, it follows that 7' is one of the direct factors of .7 and that ¢ is the canonical
projection. In other words, there exists a primitive idempotent e= in 7 such that
ez I =T and ez-Z=2EZ.
Hence, the motive
(9.3) M(E) := ez - Rp/p(h' (A)F @ h'(AY)})
is of type (E,Z,T).
9.2. The Betti realization of M(Z). For each o € Jp, let 7, € h (A7) be an L-basis. Via the
canonical L-linear pairing h}(A%) @ hh (A7) — L(—1)p = (2mi) 'L, we can associate dual
basis vectors v € hL(AV:?). For each € Jg, the Betti realization of M(Z)" is given by
(9-4) ME)} =ez- @ hp(A)F @ hp(A)7.
o‘EJF,n

Recall the construction v +— v* from (8.3). For each o € Jr and any L-basis v, € hh (A7), we
consider the T-basis

78 @ (15)°
of h(A7)$ @ hl(AV9)].
Proposition 9.3. Foro € Jp and T € Gq, let A(1,0) € L; denote the unique element satisfying
If('VU)T = (7, 0'>If(7‘ro)-
Then one has

I (v © (17)°)" = XaA (1, 0) ™! Xeye (1) ™0 - I (97 © (1),)°).
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Proof. Let \V(r,0) € L; denote the coeflicients obtained from the system of dual basis elements
{7¥ | o € Jr}. By construction of the comparison isomorphism I; for the motives h'(A%)* and

h'(AZY)P it immediately follows that
Ii(7g ® (3)P)T = Mr,0)* - N (1,0)7 - I (73 @ (,))
and it remains to determine \Y (7, o) in terms of A(7, ). Recall Section 5.2. The Weil pairings
(1 )o s hp(A7) x hp(AV7) = Ly(=1)
are compatible with the action of Gq, i.e. for any 7 € Gq, a € h}(A”) and b € h}(AY>7), one
has (a,b)] = (a",b"),, where we use the full Gg-action on L¢(—1). It follows that
Vour+ Vo105 = (V.55 (Vo) )re

= <)‘(Ta U)’YTO',fa AY (7—7 J)7¥07f>70

= M7, 0)A(7,0) - (Yro,1, Vo f) 7o
On the other hand, we have

<707f770\r/,f>g = chc(7)71 ’ <’YU-,fa ’7;/,f>a-
Since the Weil pairing is of motivic origin and by definition of the dual bases 7 in terms of the
pairing in the Betti realization, the Ly-basis (v,,1,7y ¢)o of Ly(—1) is independent of o. Indeed,
if (-,-) p denotes the pairing in the Betti realization, we have (vo,r,7 ()0 = I1((70,7, ) ) for all
o € Jp by virtue of the results stated in Section 5.2. By construction, (v,,7Y)p = (27i)~! €
L(—1)p is independent of the embedding o. Thus

AV (r,0) = T, J)flxcyC(T)fl
and one calculates
AT, 0)* - AV (T, O’)ﬁ = (7, J)O‘fﬁxcyc(ﬂ*ﬁ

= Xa(A(7,0)) ™ Xeye (1))

O
9.3. Basis elements in M (Z)%. As before, let F/E be a finite abelian extension and A/F an
abelian variety of CM-type (L, ®) such that its CM-character ¢ satisfies 2o Np/p = P, Let
M(Z) denote the motive defined in (9.3). Fix a system {7, | ¢ € Jr} of L-bases 7, € h}(A)
and, for every 7 € Gq and o € Jp, let
A(r,0) € L

denote the unique elements such that

If(’YU)T = /\(T’ 0) : If(%a)-

Recall the definition of the elements £(7,n) in (6.5). The aim of this section is to construct a
system of basis elements a,, € M(Z)}, for n € Jg satisfying

(9-5) Ip(an)” = &(7,m) - I(arm).
Essentially, we define the elements a,, to satisfy (9.5) by design. The more involved part will then
be to show that these elements are in fact non-zero.
Definition/Proposition 9.4. Let 0 € Gq. The element
toe == x(\(o, 1)) tea (o) € T
only depends on the restriction o|p.

Proof. Two element 0,0’ € Gq with the same restriction to F' satisfy o’ = o7 for some 7 € Gp.
We have

)‘(0-7-7 1F) = /\(Uv lF)/\(T7 1F)
and hence t,, = t,t,. It therefore suffices to show ¢, = 1. Since h'(A) is of type (F, 1, L) and
e = ®* o Np/g, one has

A7, 1p) = ¢(x) - @ (Np/p(z) ™",
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for any « € F* with rp(z) = 7|par. Hence, one obtains
tr = x(A(1,1F)) " 'ea(7)
= Xa(®(2) " X(®* (Np 5(2)))ea (7)
= (@)~ E(Npy (@) " - INp @) 5" - ca(Nr/q (@) - 20 (7)

= (@) (@) ()8 - ] P
= () P P() 7 - ) 7P
= 17
which proves the claim. (I

Let us introduce the following notation: Recall (9.4). For each o € Jg, consider the element

(96) b(v0) = ez - 75 ® (15)°
in M(2)%. Proposition 9.3 implies that
(9-7) I;(0(70))" = Xa(A(7,0)) " Xeye (1) "M P I (b(774))

for all o € Jp and 7 € Gq.
Definition 9.5. For each n € Jg, we define the the element

an = Z to - b(7o)
O'EJF.n
in M(Z)}.
We can now prove the main result of this section:

Theorem 9.6. For every n € Jg, the element a, € M(E)}, is non-zero. For all 7 € Gq and
n € Jg, one has

(9-8) Ip(an)™ = &(7,m) - Ir(ary).
Proof. We first show that the elements satisfy (9.8). By (9.7), we have

Ii(ag)™ = Y tals(b(7s))"

o€Jr
= Z toXa(A(T, U))ilchC(ﬂid(ﬁ)If(b(’Y‘m))'
O'GJF,n

It now suffices to show that the elements ¢, satisfy

to’ - Xa()\<7_7 U)>_1chc(7)_d(ﬁ = t‘ra : 6(7-’ 77)

for all 0 € Jr, and 7 € Gq. This follows essentially by construction: For every ¢ € Jr, we
choose an extension o € Gq. By making use of the equalities

Mro,1p) = Mo, 1p)A(1,0),
€6 (0)ena(T) = €a(10),
we obtain
tro - £(r,m) = X(\(r0, 1)) 0(70) - Xa AT, ) "X, 0)Xeye(7) P (7)
= X(\(0,15)) "0 (0)Xa(A(T, 0)) " Xeye(r) 4P
= to - Xa(A(T,0)) ™ Xeye(T) 71,
and the claim follows.

We now prove that for any n € Jg, the element a, in M(E)}; is in fact non-zero. For every
o € Jp, we choose an extension o € Gq and abbreviate A\, := A(o,1p) € L;. Recall that

te = X(\o) " tea (o).
Step 1: First, we observe that the claim a,, # 0 is independent of the choice of the basis elements
{7o}oer, used in the construction of a,. Indeed, a different choice {7, }sc s, is of the form

Y =y v, with wu, € L*.
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Let 0 € Gq denote an extension of o € Jp. We have
If(%F)U =u Ip(ne)?
=u1 Ao I5(V0)
= U1FU;1)‘0 ’ If(’Yc/r)7
so that the coefficients X, = X' (o, 1F) for the system {7, }, are given by
LD

It follows that x(\.) = (u1,u;)?~% - x(\s). On the other hand, one has b(v.) = u2~? - b(7,),
and hence

N =wui,u

x(Xo)ea(0) - blry) = ul " x(Ar)ea(o) - b(vo).

This shows
! _ o a—pf
ap =uj, " - ay
and the claim follows.
Step 2: It suffices to show a1, # 0, since for arbitrary € Jg and any extension n € Gq of
n € Jg, one has
If(alE)’,7 = 5(777 1E) ’ If(an)

by design. Now &(n, 1) € E; and Iy is an isomorphism, so that a;, # 0 implies a, # 0 for any
ne JE
Step 3: By Step 1, we may choose the system {75}, in the following way: For every o € Jp/g
fix an extension o € Gg and e, € E; such that

rp(es) = o|gav.
Assume that id extends 15 and that e;,, = 1. Recall the L*-coset L(®, o) defined in section 5.6.
Since every extension o fixes the reflex field, we have
L(®,0) = L* - @ (es) ™"

by Proposition 5.7 (ii). Fix an arbitrary L-basis v; € h'(A)p. For every o € Jr/E, the main
theorem of complex multiplication (cf. Theorem 5.8) implies the existence of a basis vector v, €
h'(A)g satisfying

(9.9 Ao = D" (e,) L.
On the other hand, the motive M (E) is of type (E,E,T) and o € Gg and hence
(9.10) Ir(b(71))” = Baleo) ™" - Eleo) - 1r(b(1))-

Note that for the above it is essential that we passed to the direct summand cut out by e=. Recall
that 2, = (®*)**A. Using (9.7), (9.9) and (9.10), we obtain

I (b(7s)) = /\giﬁchc(U)d(ﬁ)Ea(ea)ila(eo) “Ip(b(11))
= 0% (e0)* 0" (e) " P Xeye(0) " PE(eo) - Iy (b(11))
= NE/Q(ea)_d(ﬁ)chC(U)d(B)E(eU) : If(b(’}/l))

= lleall5? - E(eq) - I¢ (b)),
and hence

dB) —
(9.11) b() = llea 5" - E(eo) - b(m)
in M(Z)p. Therefore, again by (9.9) and by definition of the Hecke character = (cf. Definition

6.4), we obtain
a; = Z ty - b(’ya)

c€Jr/E

= > x(®(e)zaler)lealln” - Eleo) - b(m)
oc€Jr/E

= [F: E]-b(m).

Finally, observe that
b(y) #0
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in M(E) as otherwise one has b(7y,) = 0 for all 0 € Jp g by (9.11). But the elements b(v,)
for o € Jp/p generate M(Z)p as a T-vector space and hence one would have M(Z)p = 0, in
contradiction to dimy M (E)p = 1. O

The theorem provides an explicit presentation, in terms of the CM abelian variety A, of the
basis elements used in Blasius’ Theorem 6.7, which a priori are rather implicit in nature. This is
crucial in our approach: In the next sections, we will turn our attention to the de Rham realization
M (Z)4r and construct elements in FH)+4B) R (Z)4g by using Eisenstein-Kronecker classes as
defined by Kings-Sprang in [KS19]. The ultimate goal is then to compute the period v(x) occuring
in Blasius Theorem and for this we need the explicit presentation of Definition 9.5.

10. EISENSTEIN-KRONECKER CLASSES

In this section, we briefly recall properties of the Eisenstein-Kronecker classes ("EK-classes"
in short) defined in [KS19]. The construction of these classes and their compatibility under
base change can be found in Appendix C. The results of this chapter are largely based on [KS19],
sections 2—4. In section 2.4 of [KS19], the EK-classes are further refined and we recall this process
in detail. It is at this point where base change by a Galois automorphism ¢ € Gq introduces
a sign. As it turns out it is precisely the sign from Definition 6.3, cf. Proposition 10.12. Next,
we recall how the EK-classes relate to the special values of Hecke L-functions. For this we state
several results from [KS19] without proof, in particular the important Theorem 10.17 (cf. [KS19],
Corollary 3.23), which expresses the EK-classes analytically in terms of Eisenstein-Kronecker
series. For applications to special values of Hecke L-functions, one fixes a CM abelian variety
A/F such that H;(A(C),Z) = Op. The main result of this section is Theorem 10.21, which
slightly generalizes results of [KS19], 4.2-4.4 to incorporate the conjugates of the abelian variety
A/F.

10.1. CM abelian varietes revisited. Let L be a totally complex number field and let F
be a Galois extension over Q which contains L. Let m : A — F be an abelian variety of
relative dimension g > 0 with CM by Op and ® denote the CM-type of A. Let e denote
the unit section of A/F. We let AY/F denote the dual abelian variety. As usual, we define
Wa/p = e*Q}q/F = W*Q}q/F and let wZ/F = Mwy, p denote its top degree exterior power.
Moreover, we abbreviate

Ha = Hig(AY/F).

We freely identify quasi-coherent modules on Spec(F') with F-vector spaces. Let I' C Of be a
finite index subgroup. Then I' acts from the left on A/F via automorphisms. This way the F-
vector spaces Lie(A/F), wav sr and H 4 acquire induced I'-module structures by functoriality. On
wa,r we consider the I'-action dual to the one on Lie(A/F). In fact, in this way the above modules
even become algebraic T, p-modules one obtains decompositions (cf. [KS19], Proposition 1.11)

(10.1) Lie(A/F) = @Lle (A/F)[a], wA/F:@wA/F[—U],
oged oed

(10.2) wav/r = P wav,/rlal, Ha= P Halo]
566 oceJr

For a type a € I}, we use the notation of [KS19], Definition 1.6, i.e. we write
TSym®(wa/r) = &) TSym™ ) (wa/p[—0])
oelJr
and similarly for other T p-modules whose decomposition is indexed by elements of Jr. For an

element w € wy/r, we write
wlol = ® w(—o)le@)]

o€l
ifw=>,c; w(—0o) with w(-0) € wp/p[~0].

Remark 10.1. Remark about sign conventions is in order.
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(1) There is a canonical left ['-action on the dual abelian variety such that an element v € T’
acts via ('ygl)v if v4 denotes the induced automorphism of A. It induces the same
T, F-module structure on wqv,r as defined above, because the two inverses cancel each
other out. This I'-action on the dual abelian variety AV/F does not agree with the
I-action induced by the dual CM-structure (which implicitly uses the commutativity of
Opr), but they are inverse to each other.

(2) Note that for wav,p, Lie(A/F) and H 4, on which I" acts "covariantly", the Tz, p-module
structure introduced above coincides with the one induced by the L® F-module structure
as defined in section 7.2. In contrast, the T p-module structure on w4/ defined above
is inverse to the one defined as in loc. cit.

(3) It follows that the induced decompositions are the same up to obvious reindexing: If

WA/F = @ wayp(o)
oced

is the decomposition as an L& F-module as in (7.6), then for all 0 € ® one haswy /(o) =
way r|—c]. They only differ in their T, sr-module structures, which are inverse to each
other.

(4) The expression TSym®(w4,r) defined above is completely analogous to the notation
from Definition 7.4, cf. Remark 8.6.

It follows that the Hodge filtration 0 — wav,p — Ha — Lie(A/F) — 0 splits, i.e.
(103) Ha :CUAV/F@Lie(A/F)7

and the via the Hodge decomposition H4 ®r C = wav,c ®© Wav,c (With respect to the real
structure induced by the period isomorphism H,®rC = H!(AY(C), C)), one obtains an induced
isomorphism

(104) Lle(A/F) g(JJA\//C.
10.2. Periods. First, let us introduce a little bit of notation for the following sections:

Notation 10.2. For an element z = (2(0))ses, € C't we write

Z = (2(9))oers-
Note that this corresponds to the involution id ® ¢ on L ® C. Recall from Notation 8.7, that for
any type o € I}, we write 2% := [lcs, 2(0)*@) . Once we have fized a CM-type ® of L and are
given an element z = (2(0)),eca € CT, we write

Nz := H |z(0)|?.

ced
For any abelian variety A/F of CM-type (L, ®), we let I, 4 : Hiz(A/C) = H'(A(C),C)
denote the period isomorphism and we let
-,y : Higr(A/C) x H(A(C),C) - L® C

denote the corresponding pairing.
Definition 10.3. Let A/F be as above. In the following, we identify L @ C = C’t. [Let

W(A) € wayp and w(AY) € wavp denote fized L ® F-generators. Moreover, let vy be an L-basis
of HY(A(C),Q) and let v denote its dual basis with respect to the pairing H'(A(C), Q) ®r,

H(AY(C),Q) — (2wi)~L. In this situation, we denote by Q € C® and Q¥ € C?® the unique
elements such that

T a(w(A)=Q v and Iav(w(AY))=QY ~Y.

Remark 10.4. Note that the period Q defined above coincides with period defined in (8.5) for
the motive M = h'(A) and by regarding w(A) in hjy (A) via the Hodge filtration w4 /p C hig(A).
Similarly, QY is associated to the motive h(AY).

The isomorphism (10.4) (for AV in place of A) induces a pairing

<'7'>A ‘wa/c Xwav/c — Cg.
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Proposition 10.5. In the setup and notation of Definition 10.3 one has
~ 2mi(w(A),w(AY))a

QY ah

Q
Proof. This is [KS19], Proposition 4.4. There it is assumed that v comes from an isomorphism
Op, = Hi(A(C),Z), but this is not used in the proof. O

Similarly as in Section 5.3, we write g4 1= (¢")* : wav,p — wpv,/p for any isogeny ¢ : A — B
over F. Let us also observe that the pairing (-,-)a : Wa/c X wav,c — C? satisfies the following
functoriality property:

Proposition 10.6. Let p : A — B be an F'-isogeny. For any w € wp,c and n € wuv ¢, one has

(P*w,ma = (@, ()5

Proof. Recall that the pairing was induced by the composite Wx,c C Hj(A/C) — Lie(AV/C).
Observe that the inclusion @y,c C H, Jr(A/C) from the Hodge decomposition is compatible with
©* since p* respects the real structure. Since the Hodge filtration is functorial, the diagram

wp;c —— Lie(BY/C)

| e

Wac —— Lie(4Y/C)

commutes and the claim follows. O

Finally, let us recall the notion of an a-structure of A for a fractional ideal a of L.

Definition 10.7. Let A/F be an abelian variety of CM-type (L, ®) and let a be a fractional ideal
of L. An a-structure of A is an isomorphism &, : a — Hi(A(C),Z). An L-structure is an
isomorphism &, : L = H1(A(C),Q), i.e. the choice of an L-basis.

If A/F admits an a-structure &, and b is another fractional ideal of A, the Serre construction
A(b) = A®p, b admits an induced ab-structure because H1 ((ARp, b)(C),Z) = H1(A(C),Z)®0o,
b. Every a-structure ¢, induces an L-structure via

L~2a®zQ £.89, H(A(C),Q).

There also is a canonical isomorphism Lie(A(a)/F) = Lie(A/F) ®z a = Lie(A/F), which induces
a canonical isomorphism wa(a)/r = wa/p. If wW(A) denotes an L ® F-generator of wa,p, we let
w(A) ® a denote the corresponding generator in w4(q)/7 under the above isomorphism.

Proposition 10.8. Let £ : O = H1(A(C),Z) be an Of-structure.
(i) Let a be a fractional ideal of L and let £, denote the a-structure induced by &. Let w(A)
be an L ® F-generator of wa,p. Then one has

(W(A) ® a,&a) a(a) = (W(A),E(1))a = Q.

Moreover, the image of

C<I>

Hi(A(a),Z) — Lie(A(a)/C) m

coincides with aQ) C C®, where a is embedded C® via the injection L — C?®, { —
(0(£))ocw. In particular, the generator w(A) ® a induces a complex uniformization

C? /a2 = A(a)(C).
(ii) Moreover, if f and b are coprime integral ideals of f, one has
w(A) @ fo~" = [ ([6]") " w(A),
where [f] : A(fo~1) — A(b™!) and [b] : A — A(b™') denote the canonical isogenies as

defined in Section 5.5.

Proof. This is [KS19]|, Proposition 4.5. O
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10.3. Eisenstein-Kronecker classes and their conjugates. Let ¢ C O be an integral ideal
and let A[c] := ker([¢]) C A denote the I'-invariant closed subscheme of [c]-torsion points. Define

F[D]"" := ker(H"(A[¢], Oa) = F)',

where tr denotes the trace homomorphism associated to the finite F-algebra H%(A[c], O a(q). Let
b C Or be an integral ideal which is coprime to ¢ and let x € A[b](F) be a [b]-torsion section.
Let a,b > 0 be integers and let f € F[D]%". By using equivariant cohomology and the Poincaré
bundle, Kings-Sprang define cohomology classes

(10.5) B (f,2) € H97H(T, TSym*(war) @ TSym"(Ha) @ w4 ),

cf. Definition C.24. By the formal nature of their construction, one easily verifies that these classes
are compatible with conjugation: Let 0 € Gq. The canonical o-semilinear homomorphism

(=) : TSym*(wa,r) ® TSym®(H,) ® wi/F — TSym*(war/r) @ TSym®(H a0 ) @ wiw/F
is ['-equivariant and induces a map on group cohomology, which we denote in the same way.

Lemma 10.9. One has
EK 3 (f.2)7 = EKGE 1 (f7,2°).
Proof. This is Proposition C.26 in the appendix. O

Let a,b > 0 be non-negative integers. The splitting (10.3) induces a projection
TSym®(H,) — TSymb(OJA\//F).

Recall that Crity (T') denotes the set of Hecke character types with respect to I' that are critical.
Recall that a type p € Iy, is of Hecke character type with respect to T' if u(I') = 1. Also recall
the notation of Remark 1.13 (ii). For every a, 3 € I}, the group I' acts on the 1-dimensional
F-vector space TSym®(wa/p) ® TSym” (Wav/r) ® wi’l/F via 8 — a — 1. Therefore, one has

(10.6) (TSym® (wayr) @ TSym®(wav/r) ®wf )" =

$H TSym®(wa,r) @ TSym” (wav/r) @ wh
B—a—1g€eCrity (I)
d(a)=a,d(B)=b

Note that the occurrence of Crity(I') merely comes from our assumption that a,b > 0; more
crucially, 8 — o — 1s needs to be of Hecke character type. In particular, (TSym®(wa,p) ®
TSym®(wav JF) ® WY / ' is a direct summand on which T-acts trivially. Let prp denote the
induced projection map and consider

(10.7) prp(EK2(f,2)) € b H~Y(T, TSym® (wa/r) © TSym” (wav/p) @ w4 ).
B—a—1g€Critr ()

d(a)=a,d(B)=b
Proposition 10.10. For 8 —a — 1¢ € Crity(T'), there is a canonical homomorphism
H™ (T, TSym®(wa/r) ® TSym” (wav/r) @ f ) =
TSym**'* (w4 /) ® TSym” (wav /p).

Proof. This is [KS19], Proposition 2.24. Let us review their construction: Since the action of
I' on TSym®(wa,r) ® TSym” (Wav/r) ® wi/F is trivial, it suffices (by the universal coefficient
theorem) to construct a canonical homomorphism

can: H (T, Z) @z WZ/F — TSym"* (wa,r)

For this, first choose a subgroup I C T" which is free of finite index; by Dirichlet’s unit theorem
it is of rank g — 1. Choose an ordering of the CM-type ®. This induces an orientation on the
norm 1 hypersurface

L%{’q) = {(TT)Teq) S Rio | H rr = 1} C Rio
Ted
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on which the group I acts freely via v - (r;)res = (|7(7)|?r+)rea. This induces an isomorphism
(10.8) H9 NI, Z) = H9" (I"\Lk 4, Z) = Z.

The choice of ordering on ® also determines an isomorphism

(10.9) wh p = TSym'™ (wa,r)

whose inverse sends a basis element ®,cew(7) for 0 # w(7) € wa/p(T) to A\, cpw(T) with
respect to the chosen ordering. The isomorphisms (10.8) and (10.9) together then give rise to an
isomorphism
can’ : H9" YT, Z) ® Wl p = TSym'* (wa, )
which is independent of the choice of the ordering of ®.
In the general case, one shows first that the restriction map

res: Hy_1(I,Z) = Hy,_1(I",Z)
is surjective. Let ¢’ € Hy_1(I",Z) be the generator corresponding to the isomorphism (10.8) and
£ € Hy_1(I',Z) an element satisfying res(§) = ¢’. Then, using the fixed ordering ®, one obtains
a map

(10.10) can: HNT,2) ® wi/F s, TSym'® (w4, r)

and it is shown that the square

HI~Y(T,7) ®W,€1/F _ne, TSyml‘P(wA/F)

resl l[F:F']

HI~Y T, 7Z) ®ng/F LN TSym'® (w4, )

is commutative. Since F' is a field, the vertical maps in the diagram are isomorphisms and it
follows that (10.10) is an isomorphism which is independent of the choice of ¢ and the ordering
of . O

Definition 10.11. Let A/F be an abelian variety with CM by Oy, of CM-type ®. Let f—a—1g €
Critr (') be a critical Hecke character type and put a = d(«), b = d(B). Let § and ¢ be coprime
integral ideals and let D := Alc] and x € Up(F) a f-torsion section. Let I' C OF be a finite index
subgroup fizing x. Let f € F[D]%Y. Then define

EK%,%(JC’ ) € TSym**'* (wa,r) @ TSym” (wav/r)

as the image of the (a, B)-component of prp EK?’a(f, x) in (10.7) under the canonical homomor-
phism of Proposition 10.10.

Proposition 10.12 (Conjugates of EK-classes). Notation as in Definition 10.11. For any o €
Gq, one has

EKYT(f,2)7 = ea(0) EKYT T (f,27).
Proof. Let a = d(a) and b = d(B). The (¢, 8)-component of er(EKlll’a(f, x)) lies in
H9(T, Sym™(wa, r) @F Sym” (wavp) ® wh/r)-
By Lemma 10.9, we have
b,a o b,a o .0

EKA,F(f’ z)7 = EKA",F(f ;x7)
and the same holds true after applying prr. Moreover, note that the («, 8)-component is carried
to the (o«, o8)-component. By construction of the class EKi’Ei(f, x), it suffices to show that, for
some free subgroup IV C T of finite index, the diagram

Hgil(FZZ) ®UJIQ4/F % Symlq’(wA/F)

soo] |-

HI~Y1,2)® wia/F canas, Syml"q’(wAa/F)
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commutes up to the sign eg(c). Choose an ordering of the set of complex places (¢)\Jr. This
induces an ordering of every CM-type ® of L, in particular on ® and ¢®. We get induced
orientations on L g and Ly 4. The canonical map

L%{,@ — L%{,mb
which maps (r;)rece to the family

re i erdN®

oc®>7 ] —_
r= ifrerdnN®

is a I'-equivariant isomorphism. Using the chosen orderings on ® and o®, this isomorphism
identifies with the identity map on (R‘;O)N =1 and in particular, the two induced isomorphisms

HYYI',Z) - 7Z
coincide. On the other hand, we observe that with respect to our orderings the diagram

Wi p — Sym'® (wa /)

"l i"

wia/p —_— Symlc"i’(on/F)
commutes up to the sign g (o). This proves the claim. O

Remark 10.13. As a sanity check, we note that for any o € Gq the sign €¢(0) only depends
on the restriction o|p € Jp. This follows immediately from of our assumption that F' contains
the Galois closure of L and the definition of cg.

Finally, let us define a slight modification of the class EK%O‘( f,x). As before, let f and ¢ be
coprime integral ideals of L. Let moreover b be integral ideals of L which is coprime to § and «.
We consider the abelian variety A(fo~!) := fo~! ®p, A. Note that A(fb~1) is also of CM-type
(L,®). Let D = A(fb~1)[c] and f € F[D]%" and let 7, € A(f6~!) be a f-torsion point. Associated
to the data (A(fb=1), f,zs), we have the Eisenstein-Kronecker class

EKi’g;}l)(ﬁ%) € TSym®(wa(jo-1),r) @p TSym® (wa(jo-1)v /r)
In the following, we denote by [b] : A — A(b™!) = A®b~! and [f] : A(jo~1) — A(b™!) the
canonical isogenies. They induce isomorphisms
[6]*([/]") ™" s wa(fo-1)/F —> wa/F
([6]) " Al : wago-1)yv/F — wav/r,

cf. section 5.3. For the following definition, let us recall our convention, that we use the isomor-
phism (0.3) to identify TSym and Sym.

Definition 10.14. We define
b a+le
EK, (f,e) € Sym* ™ (wa,r) ®p Sym” (wav r)

to be the image of EKﬁ’(O;b_l)(f, xy) under the isomorphism

TSym®**e ([o]*([]*) ") TSym” ([] ;' [fl4)
followed by the canonical identification

a+1q>(

TSym®™'* (wa,p) ®F TSym® (wav,r) = Sym wa/r) ®p Sym” (wav /r).

While the notation is slightly ambiguous, we hope that it will always be clear from the con-

text on which abelian variety the element f and the torsion point x, are considered. We note
[ege}%

—B,a ——0p,
that Proposition 10.12 implies that EK, (f,24)7 = ca(0) - EK 4, (f7,27) via the canonical
isomorphism A(fo~1)7 = A (f61).
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10.4. Eisenstein-Kronecker series. Let w(A) € wu,/c be a fixed L& C-generator. This induces
an L ® C-linear isomorphism Lie(4/C) = C®, where L acts diagonally via the embeddings of ®
on C?, and via the exponential sequence

0 — Hi(A(C),Z) — Lie(4/C) =25 A(C) — 0,

the choice of w(A) gives rise to a complex uniformization

6:C%/A = A(C).
For the following definition, recall the notation from Notation 10.2.
Definition 10.15 ([KS19], Definition 3.19). Let I' C Of be a finite index subgroup and let
B —a € Crit,(I') be a Hecke character type with respect to I' which is critical with respect to ®.
For any element t € A ® Q and s € C with Re(s) > M + g define
10.11 EP(t,s; AT X
( . ) ( y S5 4, ) E Z W()\)S

AET\ (A+T)

Here the summation ranges over all non-zero I'-cosets of A + T't.

Remark 10.16. Note that for any non-zero element A = ()\,) in the 1-dimensional L-vector
space A ® Q, one has A\, # 0 for all o € ®. Also note that the summands in (10.11) do in fact
only depend on the I'-coset since 8 — « is trivial on I' and the norm is I'-invariant. One can show
that [[ .o [(a(0) +s) - EP%(t, s; A,T') admits an analytic continuation to C (cf. [KS19], Lemma
3.21).

ced

For any integral ideal ¢ C Op, the complex uniformization induces an isomorphism
Al(C) = ¢ TA/A.
Via the Hodge decomposition Hy(A(C),C) = wav,c @ wav/c, the period pairing Hiy (A/C) x
H{(A(C),C) — L ® C induces a pairing
<', > ‘Wa/c XWwav/c — CCP.
The following result, which expresses the classes defined in Definition 10.11 in analytic terms, is
the key to relating these classes to special values of Hecke L-functions:

Theorem 10.17 (Kings-Sprang). Let 8 — « € Critr,(I"). Let § and ¢ be coprime integral ideals
in Op. Fiz L ® C-generators w(A) and w(AY) of wayc and wavc. Let A be the period lattice
associated to w(A). Let x € f7*A/A and let f : c71A/A — C be a I'-invariant function such that
Ytec-1a/a f(t) = 0. Then there is an equality

EK%}*l@(f,x):i(o‘;”’ > FEOEP (4 2,0,A.T) - w(A) @ w(AY)l

@A, 0N e s

in TSym®(wa/c) ® TSymﬂ(WA\//C).
Proof. This is [KS19], Corollary 3.23. O

In our applications, we will make use of specific choices of elements f € F[D]%! in the
definition of Eisenstein-Kronecker classes: Let ¢ C Op be an integral ideal such that all [c]-
torsion points of A are defined over F. Then the finite étale F-scheme D := A[c] is isomorphic
to the coproduct of copies of Spec(F') indexed by the set A[c](F) of F-valued points. Note that
A[c](F) = A[¢)(Q) = A[¢](C). One then has F[D] = Map(A[c](F), F) and one checks that

F[D|%" = {f : A[(](F) — F| f is T-equivariant, Z f(t) =0}
teA[c](F)
We now introduce the elements f € F[D]%!" that we later use for our applications:
Definition 10.18. Let ¢ C Oy, be an integral ideal and set D := ker([c]). Let T' C Of be a finite
index subgroup. Assume that all [¢]-torsion points of A are defined over F. We define the element
f[c] S F[D]O’F as
f[c} = Nc- 1, — 1ker[c]7
where 1x denotes the characteristic function of a T-invariant subset X C ker([c]) in F[D]%".
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Let (’)](X denote the finite index subgroup of O consisting of those units which are congruent
to 1 modulo f. From now on, once an ideal f is fixed, we will always consider I' = Ofx and we

often drop it from the notation and, for example, just write EKi’a(f, x) and EP<(t,s; A).

Proposition 10.19 (Distribution relation). Let §f, b and ¢ be pairwise coprime integral ideals.
One has

> BRI 0:67) = NeEPO(1,0:§671) = BR(1,0: 67 7).
teO \fo—tc—1/fo—1

Proof. This is [KS19], Proposition 4.10. O

Now, following [KS19], 4.3 closely, we discuss how the Eisenstein-Kronecker series relate to
Hecke L-functions. Let f # Or be an integral ideal and set I' = Ofx. Let x : I' — T* be an
algebraic Hecke character of conductor dividing § and let ¢ € Jr be a fixed embedding. Then, for
every integral ideal b coprime to f with ray class [b] € ZT/PT, there is a bijection

O;\(1+ f6=1) = {a € [b] | a integral }, y > yb.
Using this bijection, it follows that
x(a)
Lf(X757 [b]) = Z

Nas
a€lb],aCcOr

_ - o x((®)

= x(b)Nb > N
y€O\(1+fb-1)

= X(6)Nbo*E* (1, 57671, 0).

Evaluating at s = 0 gives
(10.12) Li(x, 0, [b]) = x(6) E*(1,0; 7o),

10.5. Eisenstein-Kronecker classes and special values of Hecke L-functions. Let L be
a totally imaginary number field and ® a CM-type of L. Let x : L]f — T be an algebraic Hecke
character whose infinity-type x, = 8 — « is critical with respect to ®. Let f # O, be an integral
ideal such that x can be regarded as a having conductor dividing f. Let E denote the reflex field
of (L, ®). Let F/E be a finite extension such that F' contains the Galois closure of L and let A/F
be an abelian variety of CM-type (L, ®) whose CM-order is Or. We assume that Hy(A(C),Z)
is a free Op-module and we fix an O -structure

£:0p = Hy(A(C),Z).

We assume that all [f]-torsion points are defined over F. For example, one could choose an abelian
variety as in Proposition 6.8 for a = f and consider its base change to a field that contains the
Galois closure of L.

Let v € hi;(A) denote the dual of the L-basis (1) € H1(A(C),Q). Let vV € hi(AY) be the
dual basis of v with respect to the canonical pairing hh(A) @1 hh(AY) — (2mi) L. Let w(A)
and w(A") denote L ® F-generators of wa,p and wav,p (cf. [KS19], Definition 1.15). Let Q =
(w(A),7) € C* and QY = (w(AY),7Y) € C? denote the periods defined Definition 10.3. For any
integral ideal b which is coprime to f, the abelian variety A(fo~!) := b~ ®0, A still has complex
mulitplication by Or. By Proposition 10.8, the differential form f6 = @ w(A) := [§]*([6]*) tw(A)
on A(fb~!) generates wa(jp-1),r and induces a complex uniformization of A(f6~") such that the
f-torsion points are given by

Ao~ (C)[f] = b~/ 0.

Definition 10.20. Let x, € A(fo~1)[f] denote the f-torsion point of A(f6=1) which correspond
to the point

Q+fo7'Q e A(Fo)(C)[fl.
By our assumptions on A/F, the torsion point xy is defined over F. Note that x, depends on
the choice of Of-structure but not on the choice of w(A).
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Recall the modified Eisenstein-Kronecker classes from Definition 10.14. The following theorem
links these classes to special values of Hecke L-functions. It is essentially a reformulation of the
results in [KS19], 4.4 in our setup.

Recall that we have fixed an Op-structure &, which determined elements v € hkL(A) and
hi(AY). Now let o € Jp and choose a fixed extension in Gq, which we also denote by o.
Similarly, we fix the following data corresponding to the abelian variety A%:

o Let v, € hh(A%) be an L-basis with dual 7 € hl(A%Y).
e Let A\, € L} be the unique idele such that I;(7)” = Ay - I4(70)-
o Let ¢, € L* such that {; ,As» =1 mod f, for every finite place v of L. The existence of
¢, is guaranteed by the primary decomposition of L/f, cf. the discussion after Theorem
5.10. Note that then ¢, Ay, =1 mod (fb_l)v for every integral ideal b coprime to f§.
o Let w(A%) and w(AY>7) be L ® F-generators of w0, and wye.v/p, respectively.
o Let Q, € C°® and QY € C°® denote the periods associated to ., 7Y and w(A%),
w(A%Y).
Theorem 10.21. Let f # O, b and ¢ be pairwise coprime integral ideals of L. Let A/F be
as above and morever assume that all of its [¢]-torsion is defined over F. Let x an algebraic
Hecke character of conductor dividing f whose infinity-type B — « is critical with respect to ®. Let
xp € AFo"H[f](F) be the torsion point defined in Definition 10.20. Let D = A(f6=1)[c] and let
Jlg € F[D]%" be defined as in Definition 10.18. Let 1 € JT,5)5 and assume that we are given the
data as listed above. Then

— B ta—1,9

X.(b) - EK 4o (fie,25) =
Xe(Ao) ™ (NeLi(x0, 0, [l Ao b]) — x. () " Li(x., 0, [loAsbe])) -

w(AG‘)LOL ®w(AV,O‘)Lﬁ.
In particular, the element on the left hand side only depends on the class [b] € IT/PT.

(o — 1)1(27i)4P)
Qg ()P

Remark 10.22. Before we give a proof, let us make a remark on the various dependencies on
the input data.

(1) First of all, we note that the statement of the theorem is independent of the choice of
extension of ¢ to Gq. The only part of the data that changes are the A,-elements. But
if o/ € Gq is another extension, one has x(\,/) = x(\,) by Definition 9.4 and Remark
10.13.

(2) Note that the right-hand side in the formula of the theorem is independent of the choice of
w(A%) and w(A%Y). A different choice also changes the periods Q, and QY accordingly.
Similarly, it is independent of the choices of 7, as both x,(\,) and Q4(QY)"? vary in
the same way.

(3) If ¢/ € L* is a different choice for £,, it follows that ¢, A, b and £, A, b differ by an ideal
in P', cf. the proof below.

(4) Note that both sides of the theorem depend on the choice of &. If & = u - & for u € OF
is a different choice, both sides change by a factor of u®~.

Proof. Fix 0 € Gq and simply denote ¢, and A\, by £ and A\. By our assumptions on A and
choice of v, there exists a uniformization
6:C*/0, = A(C),

which induces the isomorphism L = H'(A(C),Q), 1 — 7;. By the main theorem of complex
multiplication (cf. Corollary 5.11), there exists a complex uniformization

0, : C™ /Nt S A7 (C),
inducing the isomorphism L = H'(A°(C),Q), 1 + 7, on rational cohomology and such that
the diagram
L/OL 40) Ator

b T

L/~ A7

tor
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is commutative. We also obtain an induced commutative diagram

L/fo~t —2 s A(fo")ior

b

L/fo LY 22 A% (75 o

By definition, the torsion point z} corresponds to the point 1+ fb~! € L/fb~!. Thus, the point
x{ corresponds to
4+ o N e L/fo AL
Observe that the ideal \b is an integral ideal coprime to f. Indeed, for the integrality it suffices
to show (¢Ab), = £,\,b, C Of, for any finite place v of L. This is immediate, since by definition
of /, one has
luhy €1+ 1,050

Now let v be a place with v|f. Since f and b are coprime, this implies v t b, hence we get
lohy €1+, € Ofu. This shows v 1 £Ab and hence ¢\b is coprime to f.
The equality (10.12) with £Ab in place of b gives
(10.13) Xo(EA0) 1 - Li(x,, 0, [AB]) = E*7(1,0; §(¢Ab) ).
We set
w(A7(fo71)) = 51 - (] ([]") T w (A7)

w(A7(fo1)Y) = [ [blpw(A”Y)
and abbreviate a := f(/Ab)~!. By the above, the period lattice of A°(fb~1) associated with
w(A?(f6~1)) is then given by

aQl,.

and the f-torsion point z{ corresponds to the point {2, + af), in

Ag(fb_l)(c)[ﬂ = f_laQa/an

The assertion of the Proposition now follows, just as in the Proof of [KS19], Theorem 4.6, from
Theorem 10.17. For the convenience of the reader, let us recall the argument in our setting:
Applying Theorem 10.17 to the abelian variety A°(fb~1) and the critical infinity-type ¢3 — vc,
we obtain that

LBira—1 o\ _ (Oé _ 1)' .
B Ul 78) = ) tae (o))

(10.14) > fig (=) B2 (t + Qq, 0; a0y )-
tGOfX \c~1aQd, /a,
w(A7(fo~ ) @ w(A7(fo~ 1))

in TSym**(w 40 (55-1y/F) ® TSymLB(UJAU(fb—l)\//F). Since the pairing (-, )4 behaves well under
isogenies (cf. Proposition 10.6), we have

(w(A7 (fb=1)),w(A7(Fo ™))" = €77 (w (A7), w(A7Y))*7.

Moreover, one has
v 2mi{w(A%), w(A%Y)) 4

Q= =

Qy
by Proposition 10.5, so that
10.15 Ae(fo=1 A (fo" )Y )P = g7 9,0,
(10.15) {w(A7(fo1)),w(A7(f677) ")) = " 2ri)d®)
Moreover, it follows from the definition of the Eisenstein-Kronecker series that

o
(10.16) BB ((t +1)Q4,0;a0,) = =2 - BP9 (t +1,0;q).

- [Xe%
QO’
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for all t € O?\c_la/ a. The distribution relation Proposition 10.19 gives
Yo =Bt +1,050) =
(10.17) teOf \c la/a
NcE(1,0;a) — EY*(1,0;¢a)

By putting together (10.13), (10.14), (10.15), (10.16) and (10.17), we get the equality
(a0 — 1)1(27i) 4P
QuaQy?
(NeLi(xe, 0, [A]) = x. ()~  Li(xo, 0, [€AbC]))

w(A7(fo~ 1))l @ w(A”(fot) ")l
Recall the definition of w(A%(f6~1)) and observe that
ZLO&*LﬁXL(E)\b)fl _ Xb(b)fle()\)fl

EK' 00 (i 28) =

Ac (b1 Z_Lﬁxb(ﬂ)\b)_l

where we freely regard x, as a character of ideals and ideles. Passing to Sym"*(wa-/r) ®

Sym“? (w go.v /) via the isogenies [f] and [b] and our identificaiton of TSym with Sym then gives
the claim. 0

Remark 10.23. Note that we do not actually use the main theorem of complex multiplication
which is concerned with the explicit description of the L*-coset of A\, € LX We only need that
Ao describes the action of ¢ on the torsion points, which it essentially does by definition.

11. DELIGNE’S CONJECTURE FOR HECKE CHARACTERS

11.1. The de Rham realization of h'(A4)® @ h!(AV)? in the split setup. Let L be a totally
imaginary number field and let ® be a CM-type of L. Let E denote the reflex field of (L, ®).
Let F'/E be a finite extension such that F' contains the Galois closure of L and let A/F be an
abelian variety of CM-type (L, ®). In this case, the de Rham realization of h'(A4)% ®r hl(AV)é,%
is particularly convenient. Under the assumptions on F', the torus T  is split and one has

(1L.1) W (A)gr = @ Sym" (hir(4)).
1e€Jpa

Proposition 11.1. Let T be a number field and assume that L C T C F. Then there is a
canonical isomorphism

(' (A)* @La T)ar = €D Sym“*(hir(A)).
vedr

Proof. The decomposition (11.1) is one of L%modules, where L* acts on Sym**(h} (A)) via the
embedding ¢ : L* — F'. By the assumption 7' C F', one has the canonical decomposition

Fo,-.T= [] F

vedr,
and hence
Sym'*(hqr(4)) @, re T = Sym'* (hqr(4)) @F (F @, 1o T)
D sym(hir(4),
vedr,
from which the claim follows. O

Proposition 11.2. Let T be a number field and assume that L* C T C F. There is a canonical
isomorphism

(11.2) (R (A)F @1 B (AV)]) 4 = ED Sym" (Rl (A)) @F Sym*’ (hjr(AY)).

veJr
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Proof. For each 1 € Jr, let us temporarily write V, = Sym“*(h}y (A)) and W, = Sym“? (hlz (AY)).
We regard V, and W, as T ® F-modules via the homomorphism ¢ : T® F — F, t @ x — 1(t)z.
Then, for ¢,/ € Jp, there is a canonical isomorphism

V. @rer Wy =V, @r (F Qurer. F)Qr Wy,
and with the observation that
F ife=/

F®, o F =
T, {O if v £

the assertion follows. O

Proposition 11.3 (Hodge Filtration). Let T be a number field and assume that L* C T C F.
Under the canonical identification (11.2), one has

FAHHIE) (1 A)g @ W (AV)]) = €D Sym'*(wayr) @ Sym* (wavp).

vedr. B

Proof. This follows from the constructions of h'(A)® and h'(AY)? and the fact that for the
abelian variety A/F, the Hodge filtration is given by hjr(A) D wa/r D 0 (and analogously for
AY). Note that Sym"*(wa,p) # 0if and only if 1| p = 1 since w4 p is of type @, i.e. wa/p(0) # 0
if and only if o € @, and t« has support ® if and only if ¢|gp = 1g. ([l

11.2. The normalized class £K. Let L be a totally imaginary number field and let ® be a
CM-type of L. Let x : L; — T be an algebraic Hecke character whose infinity-type x, = 8 — «
is critical with respect to ®. We assume 7' O L®. Fix an integral ideal f # Oy, such that x is of
conductor dividing f. Note that x # N1 as x is critical. Fix an integral ideal ¢ which is coprime
to f and satisfies x(c) # Nc¢™1, so that N¢ — x(c)~! € T*.

Let E be the reflex field of (L, ®). Let A/F be the base change of an abelian variety of CM-
type (L, ®) as in Proposition 6.8 for a = fc to a finite extension F' of E which contains the Galois
closure of L and T. Fix an Op-structure & : O, — H;(A(C),Z). Recall from Proposition 11.3
that

Fer(h (A)g @r W' (A)])ar = @D Sym(wa/r) @F Sym*? (wav/p).

veJr B
Definition 11.4. We define the normalized Eisenstein-Kronecker class to be the element
_ _ ——Bra—1
EK = ((a=DINe—x(7 )7 Y x(0)-(BKs" (figsw6))iesr s
[b]eli /P

in FotP(h1(A)g @1 hl(AV)gw)dR, where we let the sum range over a set of integral representatives
of I' | PT which are coprime to c.

11.3. Descent to the abelian subfield. Let Fy/FE be a finite abelian extension and Agy/Fy an
abelian variety of CM-type (L, ®) as in Proposition 6.8 for the ideal a = fc. Let F D Fj be a
number field containing the Galois closure of L as well as T and set

A= AO X F, F.
Let G := Gal(F/Fp). Then
G
(1 (A7 @ B (A0)P)ar = (€D Sym™™ (wa/r) @ Sym*P(wav/r))
teJr. B

where the semilinear action of G is induced by conjugation on w4,r. We now show that the class
EK on A descends to a class on Ag. Hence, for every CM abelian variety as in Proposition 6.8,
we have the class £ at our disposal.

Proposition 11.5. For any o € G, one has
EK? = &K,
so that EK defines an element in FotP(h'(Ag)% @ h'(Ag)2)ar.
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Proof. By definition of A in terms of Proposition 6.8, every f-torsion point of A is already defined
over Fj and e¢ is trivial on G. Hence, by Proposition 10.12, we have

—1B,ta—1 ——o.B,0ta—1

EK 4 (fig,76)” = EK4 (fie)» o).
—— B, ra—1
for every o € G. This implies that (EKf (f1s Tb)) ez, > and hence the class EX is invariant
under the action of G. ]

11.4. The class £ and L-values. We now reformulate Proposition 10.21 in terms of the
motive h'(A)% @ h'(AY)5. This reinterprets the L-value L(x,0) as a period.

Let L be a totally imaginary number field and let ® be a CM-type of L. Let x : L; — T
be an algebraic Hecke character whose infinity-type x, = 8 — « is critical with respect to ®. We
assume T D L. Fix an integral ideal f # Oy, such that x is of conductor dividing f. As before,
fix an integral ideal ¢ which is coprime to § and satisfies N¢ — x(¢c)~* € T*.

Let A/F be of CM-type (L, ®) satisfying the conditions of Proposition 6.8 for the ideal a =
fc. As before, fix an Op-linear isomorphism O; = H;(A(C),Z) and let v € hh(A) be the
corresponding element. Let 0 € Jp. Let v, € hi(A%) be an L-basis and let v € hh(A%Y) be
the dual basis with respect to the canonical pairing hl (A7) @1, hl(A%Y) — (27i) 7' L. Recall the
definition of the elements from Lemma 9.4: For every o € Jr, choose an extension to Gq, which
we denote by the same letter. Let A\, € L} be the unique element such that I;(v)” = Ay I (7).
Then

to = x(A\o) tea(o) € T

only depends on o € Jp.

Theorem 11.6. Let o € Jp and v, and v, as above. Let n=co|g € Jg. One has

Lo(EK) = @n)" @ (Li(x,,0) o0, 1o (0 © (11)°)
in (h*(A)3 @ W (AV)E) s ® C.
Proof. Choose L ® F-generators w(A”) and w(A”") of wao/p and wye,v,p and let Q, and Q)
denote the periods as in Definition 10.3. Proposition 8.8 implies
Ino(W(A%)* @ w(A™Y)P) = QFQ0P - (73 @ 72).

Now, for each o € Jp choose an element ¢, € L* such that ¢, ,As» =1 mod §, for all finite
places v of L. Together with Proposition 10.12 and Theorem 10.21, we obtain
——uBta—1

Le(€K7) = (N = x(0) o= 1) S x(b)ea(0) - Lo (B (frg,40))
[b]

LeJr y
= (2mi) "D (Ne = x(0) ™) Tea(o)x(As) -

D ((VeLyx 0. [0 Aab)) = xa(6) T Ly, 0. [laAobe])) (4 @ (3)°)
[6] o

= @mi)" D (Li(x0,0)) e ., 1o (05 ® (15)7),
where the first and last equality follow by reindexing. O
The main result of this thesis is the following:

Theorem 11.7 (Deligne conjecture for x). Let L and T be number fields and x : A} — T* a
critical algebraic Hecke character of conductor dividing f. Then

L;i(x,0) ~ ¢ (x) modT.

Proof. Since x is critical, L must be a totally real field or a totally complex field containing a
CM-field. In the case where L is totally real, the Theorem follows by classical results due to
Euler, Siegel and Klingen. In the totally complex case there exists a CM-type ® of L such that
Xa = B — « as in Section 6. We may assume that L® C T since Deligne’s conjecture is invariant
under extension of coefficients (cf. [Del79], Remarque 2.10). Choose a finite abelian extension
F/E and an abelian variety A/F of CM-type (L, ®) satisfying the conditions of Proposition 6.8
for a = fc. By Proposition 11.5, we have the normalized Eisenstein-Kronecker class £ on A.
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We can regard EK as an element in FAI B Ry o (h1(A)F @ b (AV)2)4r and hence we obtain
an element
ez -EK € Fd(a)+d(B)RM(E)dR.
Note that Ioo(EK) = Y c;, Io(EKT), where on the left, we regard EK in Rpjq(h'(4)§ ®
ht (Av)g)dR and on the right, every £K7 is regarded as an element in (h'(A%)% ® hl(A“V)g)dR.
Theorem 11.6 therefore implies
(11.3) Lo (EK) = 2mi)"® - L(x,0)- > e(n) > te(1 @ (1)P)
neJe o€JFry
and applying the idempotent e= gives
Io(ez - EK) = (2mi)"D - L(x,0) - ) | e(n)ay,
neJe
with the elements a, from Definition 9.5. Now, Deligne’s conjecture follows from Theorem 9.6
and Blasius’ Theorem 6.7. (I

Remark 11.8. Note that we do not have to check that ez -EX # 0. Indeed, if L(x,0) = 0, there
is nothing to show and if L(x, 0) # 0, then ez - EK also does not vanish since no non-zero element
in T ® C annihilates }, . ; e(n)a, by Theorem 9.6.
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APPENDIX A. PROOF OF BLASIUS’ THEOREM

In this section, we give a proof of Theorem 6.7. In the case where L is a CM-field, the result
is proven in [Bla86]. But as it is remarked in [Bla97], Theorem H.3, the proof in [Bla86] works
the same in the general case if one uses the signs of Definition 6.3 instead of the sign character
g of loc. cit., Theorem 4.5.2. In our treatment, we follow the chapter 4 and 5 of [Bla86| very
closely. The only difference is that we rearrange a few results and occasionally fill in some details.
Needless to say, no originality is claimed in anything that follows and the reader is advised to
consult the original source [Bla86]. Nevertheless, due to the key role that Theorem 6.7 plays in
this thesis, we decided to keep this section.

A.1. Setup. Let us recall the setup from Section 6: Let L be a totally imaginary number field
containing a CM-field. Let ® be a CM-type of L and let x, be a critical infinity-type with respect
to @, i.e.
Xa = 5 -«

with 8 € I%, o € I} such that a(c) > 1 and B3(7) > 0 for all o € ®. Let T be a CM-field
containing L and let

X fo — T
be an algebraic Hecke character of infinity-type yo. Let E be the reflex field of (L, ®) and let
®* € Ip denote the reflex CM-type of ®. For every n € Jg, recall the sign ¢,6 : Gq — {1}
from Definition 6.3. Let =: FE Jf — T denote the algebraic Hecke character

== (o) " Vea,
as in (6.4). For any 7 € Gq and n € Jg, we define elements
(A1) 0(.1) = Xa(N) " X(Nega(7)
E(T,1m) = Xa(N) T XMW Xeye () Pega(r)

in T/, where X is an arbitrary element in the coset L(n®,7) defined in (5.4). They have the
following properties (cf. Proposition 6.5):
e For all 7,75 € Gq and ) € Jg, one has

§(mim2,n) = &(11, T2m)&(72, 7).
o If 7 € G and e € Ef satisfies rp(e) = 7|ga», one has
£(7,1p) = Zale) " 'E(e).
A.2. The reflex motive.

Convention. Throughout the remainder of Appendiz A, we adopt the conventions of [Bla86],
3.8 regarding Tate twists: If M is the motive defined over L and n € Z an integer, then M(n)
is is the motive with M (n)p = Mp with Hodge structure M (n)} ™" = MPZ!, M(n)ar = Mar
with Hodge filtration FP~"M (n)ar = FP?Mar, and M(n); = My with G -action twisted by Xgyc,
where Xcye denotes the cyclotomic character.

Let M (x~!) be a motive of type (L, x ™!, T). We will now describe a way to construct a motive
of type (E,Z,T) from M(x~!). Denote by RM(x~!) the restriction of scalars from L to Q. Let
g := 3[L: Q]. Consider the gth T-linear exterior power

N =ARM(x™ ).
There is a canonical isomorphism

N xqQ Ag( D M(X‘l)").

oeldr

Fix an ordering on every subset A C Jp, with g elements. With this choice fixed, one obtains an

isomorphism
MEB M) = B QM)

oeldrp, ACJ, c€EA
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In the Betti realization, for example, this sends an element &) . 7o on the right-hand side
to Ayca Vo with the fixed ordering. For each g-element subset A of .Jr, we therefore have a
projector

P2 € End(N x Q),

which is independent of the choice of orderings. In order to descend the field of definition, we
need to understand the Galois action on the étale realization PfA.

Lemma A.1l. For each 7 € Gq, one has
(PR)" = Pf2.
Proof. This follows immediately from the fact that, for any motive M (with coefficients), the

functor M — M7 as well as the natural Qg-linear isomorphism M — M7 commutes with direct
sums and tensor products. O

For each embedding 1 € Jg, we have the CM-type n® whose field of values is given by E".
By Lemma A.1, the corresponding idempotent endomorphism P"® can already be defined on
AIRM (x~1) x E". Moreover, the projector

is defined over Q, and we set
(A.2) M*:=P-ANRM(x™ ).
We sometimes refer to the motive M* as the reflex motive of xy. We also set

* L P -1

My = P"™ - (AYRM(x ") x E").
For 7 € Gq and 1) € Jg, one has (M;)" = M*,.
Lemma A.2. There is a canonical isomorphism
M* = Rg,q(M;,)

of motives over Q with coefficients in T .

Proof. For convenience abbreviate N := AIRM (x~1'). If E denotes a Galois extension of Q
containing F, we have a canonical isomorphism

Rp/q(M;,) xq E = Rg/q(P® - (N xq E)) xq E
= P (P*- (N xqE)" xpn E
neJe

@ P*- (N xqFE)
neJe

~P. (N xqkE)
::AJ*ZKQ.E.

1%

One immediately checks that on finite adelic realizations, this isomorphism is G'g-equivariant.
Indeed, in this case the "same isomorphism" also works without passing to E. O

Note that each of the T-vector spaces My g, for n € Jg, is 1-dimensional. We will now specify
a basis element in each M, p. First, we fix an ordering on the set of complex places (¢)\J, of L.
This induces an ordering on each CM-type ¥ of L via the bijection

U = (e)\Jr
induced by the inclusion. For each o € Jr, we choose a T-basis
(A.3) Yo € M(x™ 1%
satisfying v¢ = v.,. For each n € Jg we define

Tnd = /\ Yo

cend
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where the wedge product is taken with respect to the ordering on the CM-type n® as above. By
construction, for each n € Jg, the element ;¢ is a basis of My 5. For each n € Jg and 7 € Gq,

there is a unique element c(7,7) € T;* such that the diagram

Tf It (vne) M,;yf

c(rml lr

I¢(vr
Tf f(Yrne) M:mf

is commutative.

Recall the elements 6(7,7n) defined in (A.1). The following Theorem is the key to one "half"
of Blasius’ period relation, namely the part which establishes the connection between the reflex
motive M* and the Hecke character =. This is formulated in Corollary A.5 below. Theorem
A.3 and its corollaries make up the remainder of this section and only reappear in the proof of
Blasius’ Theorem A.10. Let us remark that, within this thesis, the proof of the following result is
the only instance where the main theorem of complex multiplication for arbitrary automorphisms
is invoked.

Theorem A.3 ([Bla86]|, Theorem 4.5.2). For each n € Jg and T € Gq, one has
0(r,n) = c(7,7).

Proof. We first construct basis elements 0,5 of M; Iz which transform by the factor 6(7,7n) under
conjugation by 7. Afterwards, we show that I¢(v,e) =t - 0ye for a constant ¢ € fo, which is
independent of 7. Once this is established, the claim follows. For each o € Jp, we choose a lift
7 € Gq satisfying co = cg. Fix an arbitrary Ty-basis § € M(x~!)s and set d, := 67 € M(x")F.
For o € Jp, and 7 € Gq, we define a(r,0) € T/ by 67 = a(7,0)dr,, so that 677 = a(r,0) - 077,
ie. 67 7% = a(r,0) - 5. Let
Ona = [\ 05 € M;;
oend

taken with respect to the ordering of CM-types specified above. Recall that €,5(7) is the sign of
the permutation (c)\Jp = n® 5 79® = (c)\J. Hence, one has

o=\ %

oend
= epa(T) - H a(r,0) - Orya.
oend
We now want to express the product Ha€n<I> a(7,0) in more familiar terms. The element 3 :=
[oens 70 '75 lies in G, and by definition of the elements &, for o € J;, one has

6 = H a(r,0) - 4.

oend

The action of G, on M(x~!); is abelian and by definition of the type-transfer, one has 68 =
e (M Let A € L(n®,7). By (5.5), we have r;(\) = tryo(7). Since M(x™1) is of type
(L,x~ %, T), we obtain 6° = y,(A)"1x()) - 6, and hence

[T (m.0) = xa(N) "X (V).

oend
This proves

Gne = Xa(N) " xNeya(7) - 0rpe = 0(1,n) - drya.

It remains to show that we may replace the basis elements I¢(v,s), 7 € Jg by the elements 0,4,

n € Jg. For each o € Jp, let t, € fo denote the unique element satisfying I;(v,) = t5 - 05, SO
that

Ii(ye) = ] to - bye

ocend
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We need to show that the factor HO,@7<I> t, is independent of 7. Note that by the choice of

{Vo |0 € Jp} and {6, | o € JL}, one has

(A4) teo = to

for all o € Jy. Since @ is a CM-type, there is a decomposition
n® = ndNe)U(ndne).

Now complex conjugation carries n® N ® into n® N ® and ® = (n® N @) U (n® N ®), so it follows
from (A.4) that the product of the elements ¢, indexed by n® coincides with the product indexed
by ®. O

Corollary A.4. There exists a motive M(Z) of type (E,Z,T) and basis elements a,, € M(2)’,
form € Jg, such that for all T € Gq and n € Jg the diagram

Tf Iy(an)

=\"
M(E)}
S(Tm)l lf
Tf If(ary) M(E)

TN
f

commutes.

Proof. Note that £(7,m) = 0(7,7) * Xeye(T) ™) for all 7 € Gq and n € Jp. It follows from
Theorem A.3 and Proposition 6.5 (iii) that M;,_(—d(B)) is of type (E,Z,T). Note that under
our conventions the Tate twist does not alter the underlying module of the Betti realisation.
The basis elements v,e € M, (—d(8))s = M7, (—d(B3))} have the desired properties by Theorem
A3. O

Corollary A.5. Let M(Z) be any motive of type (E,=,T) and let {a, | n € Jg} be a system of
basis elements a,, € M(Z)% as in Corollary A.4. Then there exists a unique isomorphism

o : RM(E)(d(B)) = M*
such that
eB(ay) = e

Proof. Let E be a Galois extension of Q containing E. Let n € Jg. By the proof of Corollary
A4, the motive My (—d(B)) xgn E is of type (E,Z o nlo NE/Ean) and hence there exists a
unique isomorphism

ot M(E)"(d(B)) xpn E =5 M xpn E
of motives over E and coefficients in T, such that ¢, g(a,) = v,6. They assemble into an
isomorphism
©: RM(Z)(d(B)) x E = M* x E.
of motives over E with coefficients in 7" with vg(ay) = vy for all n € Jg. Theorem A.3 implies
that ¢ is Gq-equivariant, and hence ¢ descends to an isomorphism

o RM(E)(d() = M*
satisfying ¢p(a,) = yne for all n € Jg, as desired. O

A.3. The period relation. For any subset A C Jr, we let e4 denote the idempotent in T'® C
which singles out the direct factors indexed by A in the canonical decomposition 7 ® C = C’7.
If 7 € Jr, we write e, instead of efry. If n € Jg is an embedding of the reflex field £, we
simply write e(n) for the idempotent which corresponds to the subset Jr, C Jr. We write
(T®C)y:=e(n) - (T®C).

Let x : L]f — T be a critical algebraic Hecke character as in Section A.1 and let M () be
a motive of type (L, x,T). Let us write ¢™(x) := ¢"(M(x)) for Deligne’s period of the critical
motive M(x) as in Definition 3.14. Recall that ¢*(x) is the determinant of the T'® C-linear
isomorphism

(A5) I :RM()}®CCRM(x)p®C = RM(x)ar ® C - RM(x){z ® C.
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where we abbreviate RM (x)1z := RM(x)ar/F°RM (x)ar. We now express the period c; (x) in
terms of the motive RM (x~1) which is dual to RM(x). The dual of (A.5) identifies with the
composite

IV : F'RM(x Yar © C == RM(x ") ® C — RM(x ")s/RM(x )5 © C,

where RM(x~')5 denotes the subspace of RM(x~!)p on which the involution F., acts by
multiplication by —1. It follows that

(A.6) cr(x) = det(Ii) mod T,
where det(IY) is calculated with respect to bases of the T-vector spaces F LRM(x 1)gr and
RM(x ')g/RM(x™')5. Now, let
T4 RM(x g ®C — Io(F'RM(x ")ar ® C) = @RM(XA)%(J
p>0

denote the canonical projection. Let {7, | o € Jr} with 7¢ = 7., be a basis of RM(x~!)p as in
(A.3). Then

(A7) {Vo + Yeo | 0 € @}
is a T-basis of RM (x~ ')}, and hence
(A8) {7T+ (’YU + 'Yca) ‘ S ‘I)}

is a T'® C-basis of Io(F'RM (x !)ar ® C). Define the period
px) € (T®C)
as the determinant of the isomorphism
Lo : F'RM (X ")ar ® C = Ioo(F'RM(x™")ar ® C)
calculated with respect to a T-basis of F*RM (x~')qr and the basis (A.8). Needless to say that
p(x) is only well-defined up to elements in 7.
Lemma A.6 (|Bla86]|, Lemma 5.2.1). One has

p(x) = c+(x) mod T™.
Proof. By (A.6), it suffices to show that the determinant of the isomorphism
(A.9) Io(F'RM(x ")ar ® C) = RM(x ")g/RM(x ") ® C

calculated with respect to the basis (A.8) and the image of the basis (A.7) in the quotient
RM(x ')g/RM(x~ )5 (or any basis of this T-vector space) lies in T*. By Lemma A.7 (iii)
below, one has

7T+(7(r) = €6d* " Vo
for all o € Jy,, and hence

T ('717 + 'Yca) = €od* " VYo T €cod* * VYeo-
On the other hand, there exist a,,b, € T ® C such that

7T+(’YU + ’Yco) = Qg (’YU + ,YCO') + ba . (’70 - ’Yca)
= (a6 +bs) Vo + (@6 — bs) * Veo-

It follows that a, + b, = €59+ and a, — by = €coap+. Since €,¢+ + €copx = 1 as 0®* is a CM-type,

one obtains ) )
Gy = 3 and b, = —(€gpr — Coodr)-

[\)

AS Vo —Veo € RM()(l)];,7 one has 71 (Vo + Yeo) = %(vg + Yeo ) In RM()(l)B/RM()(l);3 and
the isomorphism (A.9) has determinant 279 € T*. O

Lemma A.7 ([Bla86], Lemma 5.3.1). In the following, let ®* denote the reflex of ® relative to
T.

(i) For o € J, and T € Jr, one has o € 7® if and only if T € o D*.
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(ii) If x* € It denotes the reflex of x, relative to T, then, for any o € Jr,, one has
o®* ={reJr|(x oo ) (r) >0}
Similarly, for any T € Jr, one has
@={oeJ|(x " oo™)(r) >0}

(iii) For o € J, and 7 € Jr, the summand e, - M(x )% ® C is purely of Hodge type
(X too ) (1), (x oo™ 1) (cr)).
(iv) Foro € Jp and T € Jr, the inclusion

er - M(x 1% ® C C I (F*RM(x ™ )ar @ C)
holds if and only if T € 0®*, or equivalently o € 7.

Proof. Let L be a Galois extension over Q containing L and T and let = Ian/L(@). Let o and

7 denote extensions of o and 7 to L. Then, o € 7® if and only if &3(?*15) = (0. By definition of

the reflex, this is equivalent to &)*(5’1?) = 0, which, just as before, holds if and only if 7 € o®*.
This shows assertion (i). For (ii) observe that

—1 71)*:70_)(*:00[*70_6*'

The type ca™ is supported on 0®* and takes values > 1 by the criticality of x. Similarly, o3~
is supported on ®* and takes non-negative values. It follows that an embedding 7 € Jr satisfies
the condition

(x oo™ (1) >0
if and only if 7 € o®*. The other part of the statement then follows from (i). As M(x~!)7

is of type (L%, x ! oo™t T), assertion (iii) follows immediately from Proposition 3.20. Since
Io(F'RM(x ")ar ® C) = @, RM (x ")}, statement (iv) follows from (i) and (iii). O

Proposition A.8 ([Bla86], Proposition 5.3.2).
(i) AIF'RM (x Y)ar = FUYINIRM (X 1)ar.

(ii) /\aecb T+ ('70 + Yeo) = (@), =d(B) (/\g@(% + ’Vca))'
(iii) Let n € Jg. For any CM-type ¥ of L, one has

e(n) - if U =nd
7@, =d(8) () = {0(77) Tnd (j;se 7

Moreover, e(n) - o s a (T @ C),-basis of e(n) - Io(FUIAIRM (x 1 )ar ® C).
Proof. We write
MRM( s C= @ A (@ e Mg eC),
TeJr ocJr

where we use T' ® C-linear exterior powers on the right-hand side. Let 7 € Jpr and A C Jg
be a g-element subset. Since any element v, , € e, - M(x )% ® C is of Hodge type ((x~*
o 1)*(7),(x ' oo™ )*(e7)) by Lemma A.7 (iii), an element of the form A_.A vo,r is of Hodge
type (pa,qa), where

pa=Y (xloo ™) (r) and ga=> (x oo ') (er)

cEA cEA

o

As (x Lo (co)™H* (1) = (x ! oo H)*(er), it follows from Lemma A.7 (ii) that the index pa
becomes maximal if A = 7®. Let us consider the case A = 7® and set p := p;¢ and ¢ := ¢ .
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Choose an extension 7 € Gq of 7 and, for each o € 7®, an extension ¢ € Gq. Then, one has

p=Y (oo ) (1) == (ox")(7)

cetd oceTd

==Y x'@'n)

oeTd

==Y X7 '0)

oeTd

= Z Xa(a)

ced
= d(a)
and for weight reasons ¢ = —wg — p = —d(xa) — d(a) = —d(8). Now, by Lemma A.7 (iv), the
an element v, , as above lies in I.(F*RM(x~1)qr ® C) if and only if o € 7®. Hence
Io(AMF'RM (x Y )ar ® C) = Ao (F*RM(x™Y)ar @ C)
= (ARM(G)
and by the maximality of p, this coincides with I.(FPAYRM (x~')ar). This proves (i) since
p = d(a). Moreover, we see that A9(m,) = 7P = 7H»):=d(B) and (ii) follows. For (iii), let ¥ be
a CM-type of L and 7 € Jr. By the above, the element
Er Yo = /\ €r " Yo
oew

acquires the Hodge type (p, ¢) = (d(«), —d(B)) if and only if ¥ = 7®. Note that 7® only depends
on the restriction 7|g. It follows that 7P9(yg) = 0 if ¥ # n® for some n € Jg, and

7Tp7q(7n‘1>) = Z €r " Tnd
TGJT,U
=e(n) - e-

Recall that {74 (Vo + Vo) | ¢ € @} is a T ® C-basis of Io(FIRM(x 1)qr ® C). Thus, the
right-hand side in (ii) also is a basis. Since 779(ya) # 0 only if A = n® for some n € Jg, we get

Wp,q( /\ (Yo + 'Yca)) = 7Tp,q< Z 'YW‘I’)

gD neJg
= > e - me-
neJg

Note that, with the orderings we have chosen on the CM-types, no signs have to be introduced
while expanding A4 (7o 4+ Veo) as above. Thus,

> em) e

neJp
is a T ® C-basis of Ioo(AYF*RM (x Mqr ® C) = Io (FXIAIRM (x')gr ® C). By applying an
idempotent e(n) for a fixed n € Jg, we obtain the remaining part of (iii). O
Let M* = P- A9RM(x~!) be the reflex motive defined in (A.2). Then
M

is a 1-dimensional T-vector space: By Proposition A.8 (iii), Ioo (FHYAIRM (x~1)qr ® C) is free
of rank 1 over T® C and }, . ;. e(n)yye is a basis. Since Pp(y,e) = V5o by construction of the
idempotent P, we deduce that

Lo (FY@ M @ C) = Py - Lo (FUAIRM (x ™ )ar ® C)
= I (FUINIRM(x 1 qr ® C)
is a free T'® C-module of rank 1 and

Z 6(77)7174)

neJr
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is a T ® C-basis. Let w € Fd(o‘)M(j{R be a T-basis. Define the period
q(x) € (T®C)"
to be the unique element satisfying
Lo() =q(x) - Y_ e(m)me.
neJp

Proposition A.9 ([Bla86], Proposition 5.3.3). One has

q(x) = c4(x) mod T"™.
Proof. This follows from the definition of the period p(x), Lemma A.6 and Proposition A.8. O

Theorem A.10 ([Bla86], Proposition 5.3.4, [Bla97|, Theorem H.3). Let Z be the Hecke character
as defined in (6.4), M(Z) a motive of type (E,=Z,T) and {ay, | n € Jr} a system of basis elements
a, € M(2)}, satisfying
Iy(ay)™ =&(m,m) - I5(ary)
for allT € Gq and n € Jg.
(i) The T-vector space FU)+IB) RN (Z)ar is 1-dimensional. If w is a basis element in
FUI+HB) RM (E)gr, there exists a unique element v(x) € (T ® C)* satisfying

Io(w) =v(x) - Y e(n)ay.
neJr
(ii) One has
27i) " P u(x) ~ ep(x) mod T,
Proof. By Corollary A.5, there is an isomorphism
¢ : RM(E)(d(B)) = M*
satisfying ¢p(a,;) = vye for all n € Jg. Together with the discussion after Proposition A.8,
it follows that the T-vector space FU) TP RM(Z)gr = Fd("‘)M(’i‘R is 1-dimensional and that
> oners €(May is a T ® C-basis of I (FU) B RM(Z)qr ® C). This implies (i). Assertion (ii)
then follows from Io(RM(E)) = (2mi)* P I.(RM(Z)(d(5))) and Proposition A.9. O

APPENDIX B. EQUIVARIANT COHOMOLOGY

Let T' be a discrete group and let (X,Rx) be a ringed space. Denote the category of Rx-
modules by Mod(R x). A left I'-action on (X, Rx) is a group homomorphism

I = Aut(X, Rx).

The image of an element v € T' under this map will again be denoted by . For every v € T,
there are isomorphisms of sheaves of rings

(B.l) ’}/_LR,X — Rx.

Definition B.1. Let (X,Rx) be a fized ringed space with a left T'-action. A T'-equivariant
R x-module on X is a Rx-module F together with a family of Rx -linear isomorphisms

(B.2) ay Y F = F
SAtiSfYINg G,y = Ay, © Y3 (A, ) for all y1,v2 € T'. We will often suppress the data (B.2) from the
notation and simply say that F is an equivariant R x-module on X.

A homomorphism f : F — G of I'-equivariant Rx-modules is a morphism of Rx-modules
such that f is comptatible with the I'-actions, i.e. the diagram

T Y (f) G

a}',vl l‘lgﬂ

F—1-g

commutes for every v € T'.
We denote the category of T'-equivariant R x-modules with T'-equivariant homomorphisms by
Modr(Rx).
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The structure of a I'-equivariant R x-module on a Rx-module F is equivalent to specifying
isomorphisms

(B.3) byt F = 7 F

satisfying b,,~, = V1+(by,) 0 by, for all v1,7v2 €T
Let F be a I'-equivariant R x-module. By passing to global sections in (B.2) or (B.3), we see
that H°(X, F) acquires the structure of a right IR x (X )-module.

Remark B.2. Let us make a few remarks on how the above definition relates to definitions in
other works.

(i) If X is a scheme and Rx = Ox, the above definition is immediately seen to be equivalent
to the definition given in [KS19]|, Definition A.1.

(ii) Let (X,Rx) be a ringed space with a left T'-action. The inverses of the maps (B.1)
equip Rx with the structure of a I'-sheaf of rings in the sense of [Gro57], 5.1. One
easily checks that our notion of I'-equivariant R x-module is equivalent to the notion of
a I'“R x-module in the sense of loc. cit. The need to pass to the inverses of the structure
maps reflects in the fact that in our setting the global sections are right I'-modules.

Proposition B.3. Let (X, Rx) be a ringed space with a left T'-action.

(i) The category Modr(Rx) is an abelian category with enough injective objects.
(ii) If F € Modr(Rx) is an injective equivariant sheaf, then H°(X,F) is H°(T', —)-acyclic
as a T-module (and as a T-Rx(X)-module).
(iii) The canonical forgetful functor Modr(Rx) — Mod(Rx) preserves injective objects.

Proof. In view of Remark B.2, (i) follows from [Gro57], Proposition 5.1.1 and Proposition 5.1.2
(or Théoréme 1.10.1). Assertion (ii) follows from loc. cit., Lemma 5.6.1. Also note that group
cohomology of I'-modules and T'-R x (X )-modules coincides, cf. [SP], Tag 0DVD. Assertion (iii)
is [Gro57], Lemme 5.6.2. O

Definition B.4 (Equivariant cohomology). The pth derived functor of the left exact composite
functor

0 _ 0 _
HO(X,T; —) : Modr(Rx) 2252 Modr_g . (x) —— =% Modg  (x)r

is denoted by HP(X,T; —) and called the ith equivariant cohomology of X .

Proposition B.5 (Equivariant cohomology spectral sequence). Let F be a I'-equivariant Rx -
module. There is a convergent spectral sequence

(B.4) EY = H?(T,HY(X,F)) = H"T9(X,T;F)

of Rx (X)) -modules.

Proof. This follows immediately from the definition and Proposition B.3 (ii). O

Let f: (X,Rx) — (Y,Ry) be a I'-equivariant morphism of ringed spaces and let G be a
I'-equivariant Ry-module. Then f*G can be canonically equipped with the structure of a I'-
equivariant R x-module: For every v € I', we have isomorphisms

~ f£x * f(a s ) *
V(G = (G 5 G,
which are easily checked to satisfy the necessary compatibilities. Similarly, if F is a I'-equivariant

R x-module, there is a canonical way to equip f.F with the structure of I'-equivariant Ry -module:
For every v € T', there are canonical isomorphisms

foF 07 6 F) 2 (1),

and again one easily checks the obvious compatibilities. It is straightforward to check that the
functor f* : Modr(Ry) — Modr(Rx) is left-adjoint to f. : Modr(Rx) — Modr(Ry).

Lemma B.6. Let [ : (X,Rx) — (Y,Ry) be a I'-equivariant morphism between ringed spaces
with left T'-action. Then the left exact functor

f* : MOdp(Rx) — Modr (Ry)
sends injective objects to H°(Y,T'; —)-acyclic objects.
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Proof. Let F be an injective I'-equivariant R x-module. We consider the equivariant cohomology
spectral sequence

EY = HP(T, HY(Y, f.F)) = HPTU(Y,T; f.F).
By Proposition B.3 (iii), F is injective as a Rx-module. Hence f.F is a flasque sheaf and
HA(Y, f.F) =0 for ¢ > 0. Moreover, H(Y, f.F) = H°(X, F) is H°(T', —)-acyclic by Proposition
B.3 (ii). It follows that E5? = 0 for p > 0 or ¢ > 0. From this the claim follows. O

We simply denote the gth right derived functor of f. : Modr(Rx) — Modr(Ry) by R1f,.
That this is justified, follows from taking the derived functors in the commutative diagram

Modr(Rx) —2— Modr(Ry)

| l

Mod(Rx) —— Mod(Ry)
and observing that the forgetful functor Modr(Rx) — Mod(R x) is exact and preserves injective
objects by Proposition B.3 (iii).

Remark B.7. Let F be a I'-equivariant R x-module. Lemma B.6 also implies that the equivari-
ant cohomology groups HP(X,I'; ) do not depend on the R x-module structure: Let Zx denote
the constant sheaf. The I'-action on (X, R x) induces a I-action on (X, Zx ). The canonical mor-
phism of ringed spaces ¢ : (X, Rx) — (X, Zx) is I'-equivariant and ¢, : Modr(Rx) — Modr(Zx)
is the functor which forgets the R x-module structure. The functor ¢, is exact and by Lemma
B.6 it maps injective objects to acyclic objects for the functor H°(X,T;—) : Modr(Zx) — Ab.
Taking derived functors of both composites in the commutative diagram

H°(X,I;-)
—

MOdF(Rx) MOde(X)F
| o]
Modr(Zx ) — 7)o Ay,

where the right vertical arrow is the forgetful functor, gives the claim.

Proposition B.8 (Leray spectral sequence). Let f : (X,Rx) — (Y,Ry) be a I'-equivariant
morphism between ringed spaces with I'-action and let F be a I'-equivariant Rx-module. Then
there is a convergent spectral sequence

EY' = HP(Y,T; R1f.F) = HPTI(X,T; F).
of Ry (YT -modules.
Proof. This follows immediately from H°(Y,T; f,F) = H°(X,T; F) and Lemma B.6. O

Let f: (X,Rx) — (Y,Ry) be a I'-equivariant morphism and n an integer. For every F €
Modr(Rx) and G € Modr(Ry) there are canonical homomorphisms

(B.5) H (Y, T foF) = H"(X, T F)
(B.6) H"(Y,T;G) — H"(X,T; f*G).

of abelian groups. Indeed, let us first assume that Rx = Zx and Ry = Zy, i.e. we restrict to
the case equivariant abelian sheaves. In this case, f~! = f* is an exact functor and f. preserves
injective objects. For n = 0, the maps in question are just given by H°(Y,T; f,.F) = HY(X,T; F)
and the composite H(Y,T;G) — HO(Y,T; f.f~1G) = H°(X,T; f~1G). Let us now construct
(B.6) for arbitrary n > 0; the map (B.5) is then easily obtained via adjunction. Choose an
injective resolution G — Z* in Modr(Zy) and an injective resolution f’ll‘ — J*. Then J° is
an injective resolution of f~1G since f~! is exact. We obtain (B.6) as the nth cohomology of

HO(Y,T;Z%) — HO(X,T; f~(T*%)) = HO(X,I3.7°)
and one checks that this construction is independent of the choice of Z® and 7*. Now, for general

Rx and Ry, observe that there is a canonical homomorphism f~!G — f*G of I'-equivariant
abelian sheaves. By virtue of Remark B.7, we can define (B.6) as the composite

H"(Y,T;G) - H"(X,T, f'G) — H"(X,T; f*G).
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Proposition B.9 (Functoriality). The canonical homomorphism (B.6) and its variant in usual
cohomology induce a morphism of spectral sequences

HP(T,H(Y,G)) === H""1(Y,T;0)

| |

HP(T, HY(X, f*G)) == HPTY(X,T; f*G).
Similarly, there is a corresponding morphism for (B.5).

Proof. Let us sketch a proof based on results of [Del71], 1.4. It suffices to show the compatibility
for (B.6). As above, choose injective resolutions G — Z® in Modr(Zy), f~'Z° — J* and
f*G — K*® in Modr(Zx). Choose a map J°* — K*® which lifts f=1G — f*G. Then there is
an induced map H°(Y,Z®) — H°(X, f~'I*) — H°(X,K*) which induces (B.6) after applying
H°(T,—) and taking cohomology. By Proposition B.3 (iii), it also induces the canonical map
H™(Y,G) — H™(X, f*G) on cohomology. Equipping both sides with the canonical filtrations
T<_e (cf. [Del71], 1.4.6), we obtain a morphism

H°(Y,Z*) — H°(X,K®)
of biregularly filtered complexes. By loc. cit., 1.4.5, this induces a morphism between the associ-
ated hypercohomology spectral sequences with respect to the functor T = H°(I',—). As in loc.
cit., Exemple 1.4.8, one shows that, after reindexing by EP? — E2PT% P these hypercohomology

spectral sequences coincide with the equivariant cohomology spectral sequences (B.4) for G and
f*G, respectively. O

B.1. Localization sequence. Let (X, Rx) be ringed space equipped with a left T-action. Let
i : Z — X denote the inclusion of a I'-stable closed subspace and let j : U = X \ Z — X
denote the inclusion of the complementary open subspace. It follows that U C X is also I'-
stable. We write i : (Z,i"'Rx) — (X,Rx) and j : (U,j7'Rx) — (X,Rx) for the induced
morphisms of ringed spaces and we denote the pullback functors by i~! and j~!. The ringed
spaces (Z,i"'Rx) and (U, j 'Rx) acquire induced I'-actions and the morphisms i and j are
I-equivariant. If j : U — X is the inclusion of a I'-stable open subset, there are canonical
isomorphisms v~ !4, ~ 517~ !. These allow to promote the usual j, functor to a functor

41 : Modr(j7'Ry) — Modr(i ' Rx)
on the level of equivariant sheaves and one checks that it is left adjoint to the functor j—! :
Modr(Rx) — Modr(j 'Rx). As it can be checked on the underlying sheaves, the counit of
adjunction
G F > F
is injective. For every R x-module, we define as usual
HY(X,F) =ker(H*(X,F) = H(U, F)).
If F is a T-equivariant R x-module, the restriction map HY(X,F) — H°(U, F) is [-equivariant
and hence HY (X, F) is a I-module. In this case, we define
Hy(X,T; F) = H(T, Hy(X, F)).

Observe that the canonical isomorphism Hompg , (Rx,F) = H°(X, F) for R x-modules F induces
a canonical isomorphism

(B.7) Homr(Ryx,F) = H(X,T, F).

Here Homr denotes the morphisms in the category Modr(Rx). Let Z be an injective object in
Modr(Rx). Applying Hom(—,Z) to the injective I'-equivariant homomorphism jij 'R x < Rx,
we obtain a surjective homomorphism

Homp(Rx,Z) — Homr(j1j 'Rx, ).
By (B.7) and adjunction, this homomorphism identifies with the restriction map

HY(X,T;7) — H°(U,T,T).
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Hence, for any injective object Z in Modr(R x ), we have the short exact sequence
(B.8) 0— HY(X,I;Z) - H°(X,T;T) - H(U,T;T) — 0.

Proposition B.10 (Localization sequence). Let (X, Rx) be a ringed space with left T'-action.
Let Z be a T-invariant closed subspace and let U = X \ Z be its open complement. For every
T-equivariant R x -module, there is a functorial long exact sequence

o= HY(X,F) = HY(X,F) = H"(U,F) - Hy"' (X, F) - ...
Proof. Choose an injective resolution F < Z* in Modr(Rx). By (B.8), we obtain the short
exact sequence of complexes
0— Hy(X,I;Z*%) — H°(X,T;Z°%) — H°(U,T;Z°) — 0.

Passing to cohomology groups then yields the desired exact sequence. The functoriality is clear.
d

Another consequence of the above is that there is also an equivariant cohomology spectral
sequence computing H72 (X, T'; —):
Proposition B.11. IfT is an injective object in Modr(Rx), then HY(X,T) is H°(T', —)-acyclic.
In particular, for every F € Modr(Rx), there is a convergent spectral sequence

EY? = HP(T', HY(X, F)) = HY (X, T; F),

which is functorial in F.
Proof. As T is in particular an injective R x-module, one checks as above that
(B.9) 0— HY(X,T) — H°(X,T) - H°(U,I) = 0
is an exact sequence of I'-modules. By Proposition B.3 (ii), H°(X,Z) and H°(U,Z) are H°(T, —)-
acyclic. We have seen above in (B.8) that the map H°(X,T;Z) — HY(U,T;Z) is surjective.

Passing to the long exact sequence associated to (B.9) shows that H"(T', HY(X,Z)) = 0 for all
n > 0, as desired. O

Lemma B.12. Let f: (X', Rx/) = (X,Rx) be a T'-equivariant morphism of ringed spaces. Let
T be an injective object in Modr(Rx/). Then f.T is HY(X,T; —)-acyclic.
Proof. Let U’ = f~1(U) and Z' = f~1(Z). Note that U’ and Z' are I'-invariant since f is
T'-equivariant. In the usual localization sequence
0— HY(X, f.I) - H*(X, f.I) — H°(U, {.I) - HL(X, f.I) = H'(X, f.I) — ...
one has H"(X, f.Z) = H™(U, f.Z) = 0 for all n > 0 since f,Z is flasque by Proposition B.3 (ii).
Moreover, for the same reason, the map H°(X, f.Z) = H*(X',Z) — H°(U, f.Z) = H°(U', ) is
surjective. Hence HZ (X, f.Z) = 0 for all n > 0. Therefore the spectral sequence
E}" = HP(T,HL(X, £.7)) = HY (X, T; £.7).
from Proposition B.11 degenerates and
H™(X,T; f.T) = H"(T, Hy(X, f.T)).
Now, the I-module HY(X, f.Z) = HY,(X',Z) is H°(T, —)-acylic by Proposition B.11 and we
conclude. O

In particular, just as in Remark B.7, the abelian groups HZ(X,I'; F) can be calculated by
regarding F as an equivariant abelian sheaf.

Lemma B.13. Let f: (X,Rx) — (X', Rx/) be a I'-equivariant morphism of ringed spaces. Let
Z' C Y be a T-invariant closed subset with open complement U' C X'. Let Z = f~1(Z') and
U= f~YU"). Let G be a I'-equivariant Rx -module. Then the homomorphisms (B.6) induce a
morphism

HZ (X' T;G) —— H"(X',T;G) —— H"(U",T;G) —— H (X', T;G)

! ! | !

H(X,T; f*G) —— H"(X,T; f*G) —— H™"(U,T; f*G) —— Hy; (XTI} f*G)
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of exact sequences of abelian groups.

Proof. By the above, Remark B.7 and the construction of (B.6), we may assume that Rx = Zx
and Ry = Zy. Choose injective resolutions G — Z® and f~1Z® — J°. One immediately checks
that one has a commutative diagram with exact rows

0 — HY,(X',I;I%) — HY(X',T;I°%) — HO(U',T;I°%) —— 0

| | |

0 —— HY(X,T;J*) —— H(X,T;J*) —— H°(U,T;J*) —— 0,
and the claim follows by passing to long exact sequences. O

APPENDIX C. EISENSTEIN-KRONECKER CLASSES AND BASE CHANGE

In this section we review the construction of the Eisenstein-Kronecker classes of Kings-Sprang
(cf. [KS19]).

C.1. Infinitesimal neighbourhoods. Let us begin with a remark on sheaves which are sup-
ported on a closed subscheme.

Remark C.1. In the following, let all schemes and morphisms be defined over a fixed base
scheme S. Let Z C X be a closed subscheme corresponding to the quasi-coherent sheaf of ideals
7 and denote the associated closed immersion by i : Z — X.

(i) Let Shz(X) denote the full subcategory of Sh(X) consisting of the abelian sheaves F
on X whose support is contained in Z. There is an equivalence of categories

i~!:Shz(X) = Sh(Z)
with quasi-inverse 7.
(ii) If F € Shz(X) had the structure of an O x-module (resp. algebra), then i ~'F admits the
structure of a i~1Ox-module (resp. algebra). Let 7 : X — S and 7z : Z — S denote the

structural morphisms. The restriction i ~'F acquires the structure of an wgl(’)s—module
(resp. algebra) via the canonical ring homomorphism

—1 1
Ty OS*)’L OX

obtained by applying the functor i~! to the canonical homomorphism 77 : 7710g —
Ox. In particular, in the case where 7 : S — X is a section of 7, there is a canonical ring
homomorphism Og — i~ 1Ox and i1 F is equipped with the structure of a Og-module
(resp. algebra). Moreover, one has 7, =i~! : Shz(X) = Sh(Z) in this case.

(iii) Let Modz(Ox) denote the full subcategory of Mod(Ox) consisting of those O x-modules
such that Z - F = 0. There is an equivalence of categories

i~! =4* : Modz(Ox) = Mod(Oy)
with quasi-inverse 7.

Let X be a scheme. Let ¢ : Z < X be a closed immersion with corresponding quasi-coherent
sheaf of ideals Z C Ox. Let F be a quasi-coherent Ox-module. For each integer n > 0, the
quasi-coherent O x-module

F @0y Ox /T
has support in Z. We usually identify it with its restriction to Z and regard it as an i~ 'Ox-
module via the equivalence of Remark C.1. The nth infinitesimal thickening of Z in X is the
ringed space
X, = (Z,0x/T").

It is a scheme which canonically identifies with the relative spectrum Spec(Ox /Z"*1); we denote
the associated closed immersion by i, : X,, — X. Let f : X — Y be a morphism of schemes and
Z C X and W C Y closed subschemes fitting into a commutative diagram

7t X

(C.1) gl . lf

W LY.
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Let Z C Ox (resp. K C Oy) be the quasi-coherent sheaves of ideals corresponding to Z C X
and W C Y. Then f*(K)Ox C Z and hence f*(K"*1)Ox C Z"*! for all integers n > 0. This
induces a homomorphism

(CQ) f*(Oy/KTH—l) — Ox/In+1
Hence, for any n > 0, we obtain an induced morphism
fn: Xn 2 Y,

and by construction, the diagram

X, oy X

(C.3) nlo lf

Y, —“5 Y

is commutative. If the square (C.1) is Cartesian, the induced map (C.2) is an isomorphism and
hence also the square (C.3) is Cartesian.

Lastly, let us discuss the infinitesimal behaviour of the mutliplication map of a group scheme.
Let S be a scheme and let 7 : G — S be a quasi-compact separated group scheme with unit
section e : S — G and multiplication map p : G xgG — G. Then e is a closed immersion and, for
every integer n > 0, we let GG,, denote the nth infinitesimal thickening of e in G. The unit section
factors as e : S — G,,. For all integers n,m,k > 0, the composite G,, xg G < G xg G & G
preserves the unit sections and we get an induced map

(Gn Xs Gm)k — Gkv

where (G,, Xg Gy,)i denotes the kth infinitesimal thickening of e : S — G,, xg G,,. We claim
that
(Gn Xg Gm)k = Gn Xs Gm

for all k£ > n 4+ m. Since everything is local on the base S, we may assume that S = Spec(R) is
an affine scheme. Let Z C Og denote the sheaf of ideals associated to e. Then e *Og/Z"*! =
7.(Og/Z"M1) is a quasi-coherent Og-algebra and of the form Avn for an R-algebra A,,. Moreover,
one has G,, = Spec(A,). The closed immersion e : S — G,, corresponds to an ideal I, C A,
such that I, = e 1Z/I™*1. In particular, one has Z"*1 = 0. With this notation, one has
Gy, Xs Gy, = Spec(A, ®g Ar) and the closed immersion e : S — G, xg G, corresponds to the
ideal I, ® A, + A, ® I,,,. Since I = [ +1 = (), it follows that

(I, ® Ay + Ap @ I,)" ™™ =0,

and the claim follows. In particular, for all integers n, m > 0, the multiplication map u : GXgG —
G induces an S-morphism
G Xs G — Gpim

on infinitesimal neighbourhoods.

C.2. Formal completion of abelian schemes. In the following let S denote a Noetherian
base scheme. Let m: A — S be an abelian scheme and let 7V : AY — S denote the dual abelian
scheme. Let 7% : A" — S be the universal vectorial extension of AY/S. It sits in a short exact
sequence of commutative S-group schemes

0—wass — AT =AY = 0.

There is a canonical isomorphism w4:,s = Hi(AY/S). Let P denote the Poincaré bundle on
AxgAY and let (P, V) denote the universal rigidified line bundle on A x g A%, equipped with an
integrable connection V : P4 — leéleh/Ah Q0,45 P, which satisfies the theorem of the square,
cf. [Lau96], section 2.

Notation C.2. For any abelian scheme A/S, we introduce some notations which will be used
throughout the following sections.
(1) In the following, all statements remain true if AV and P are replaced by A% and PP.

For this reason, we restrict our treatment to AV and P. Only in definitions, we briefly
discuss the case of A% and P* to fix notation.
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(2) Let A,, AY and A% denote the nth infinitesimal thickening of the unit sections e, e
and €% of A, AV and respectively A%. Let i, : A, — A, i} : AY — AV and if, : A% — A
denote the canonical closed immersions. A

(8) Welet mr, : A, — S denote the composite A,, =+ A = S. Similarly, we define ©) and

n
.

(4) If abelian schemes other than A make an appearance, we use subscripts to indicate which
abelian scheme an object is associted to. E.g. if A and B are abelian schemes, then Py
and Pp denote the Poincaré bundles on A x AV and B x BY, respectively.

(5) Throughout this section, we prove easy compatibility results with respect to base change.
For this, let us fix the following setup: Let o : S — S denote a morphism of noetherian
schemes. And let A° = A x5, 57 denote the abelian scheme obtained by base change of
A along o. By the universal properties of AV and A%, there are canonical identifications

AV 2 AT and AR~ A%
which we will use freely. In particular, we have Cartesian squares

g

Ao %A, 4 AoV _TA L gV Arh _Th g
(C.4) e | [ I = |

S —2— S S5 —2— S S —2 = S

Let I C O 44 4v denote the sheaf of ideals associated with the closed immersion
idgy xe¥: A AxgAY.
Similarly, one defines K in terms of id x ef. Regarding K/K? as a quasi-coherent O 4-module
(cf. Remark C.1 (iii)), we have an isomorphism
K/K? = (ida x €¥)* Uy avja = T wavys
since id4 X e is a regular closed immersion (being a section of a smooth separated morphism).
Moreover, for any integer n > 0, there is a canonical isomorphism of O 4-modules
(C.5) Kr et = px Sym"™(wav,s)-
Definition C.3. For any integer n > 0, we define
Opn = O av /KL,

regarded as a sheaf on A (cf. Remark C.1 (i)). Similarly, we define OF := O 4, 4z /KF"H1

Note that A xg A;} = Spec ,(O,) is the nth infinitesimal thickening of id4 x e". Note that
idxwY : Ax AY — A is the identity on underlying topological spaces. In particular, it is an
affine morphism, cf. [GD71], Lemme 4.2.2.1 and one has

(C.6) On = (ida x 7))« Oaxay-

By Remark C.1 (ii), each O,, admits the structure of an O s-algebra. It follows that the short
exact sequence

0—=K/K*—= 01— 040
splits. In particular, there is a decomposition
(C?) Olgojq@ﬂ'*wAv/s

of O-modules. If one equips the right-hand side with the "square-zero" ring structure, this
becomes an isomorphism of O 4-algebras.

Lemma C.4 (Base change). Assume the setup of Notation C.2 (5).
(i) For every integer n > 0, there is a canonical isomorphism
UZOA,n = OA",n

of O 4o -algebras.
(ii) For every n > 0, there is canonical isomorphism

oh(KA/KRH) = Ko /K52

of O g0 -modules.
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(iii) Using (i) and the canonical isomorphism oy mhwav /g = Thowaov g0, the spitting
OAGJ = OAU D WZU (wAa,v/So)
is obtained by applying o’ to the splitting (C.7).

Proof. (i) By passing to infinitesimal thickenings, the Cartesian square

A° 7a A
idpo Xexgl J{idAXeX
A7 x A7V TAZTAY L f s AY
gives rise to a Cartesian square
TAXOY
A% x ATV = Ax AY
idgo XﬂXg,nJ/ lidA XwX,n

A° 74 A,

in which the vertical morphisms are affine. By (C.6) and affine base change, it follows that
0404n =04 (id x T4 )« Oaxay
2 (idas X Tho 1)+ O g0 a7
= Oxo p.
Assertion (ii) follows from the chain of canonical isomorphisms
oA (KA/K5T) 22 oy Sym™ (wav /s)

=~ mhe0" Sym"™ (wav/s)

1

The Sym" (wao.v /g0 )
>~ K, /KNG
Assertion (iii) is an immediate consequence of (i) and (ii). O
As explained at the end of Section C.2, the group scheme structure on AV induces for every
n,m > 0 cocommutative comultiplication maps
(C.8) Ontm — On @0, Op,.

Definition C.5 (Moment map). For every integer n > 0, the maps (C.8) and the splitting (C.7)
induce a O y-linear map

n
mom : O,, — TSym"(0;) = @7‘(* TSymb(wAV/S),
b=0
called the moment map. It is an O4-algebra homomorphism if the right-hand side regarded as a
quotient of the tensor symmetric algebra. Pulling back along the unit section gives an Og-algebra
homomorphism

n
mom, : €*0,, — @TSymb(wAV/S).
b=0
Analogously, one defines mom and mom, for Af.

Lemma C.6 (Base change). Assume the setup of Notation C.2 (5). Then, under the identifica-
tion ol TSymb(wAV/s) = e TSymb(on,V/Sa) and Lemma C.J (i), one has

o (momy4) = mom 4o
and o*(momy ) = momgo

Proof. Since the group scheme structure A% xg- A%Y — A%V canonically identifies with the
base change of AV x gAY — AV along o, one deduces that, for each n, m > 0, the comultiplication
map Ouo nim — Oaon Q0,0 Oaem is obtained from (C.8) by applying o% and using the
identifications of Lemma C.4 (i). Moreover, by Lemma C.4 (iii), the splittings (C.7) for A and
A9 are compatible under o7 after identifying o) miwav /s = 7)o waov s0. The assertion about
mom, is an immediate consequence. O
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C.3. The Poincaré bundle and its completion. Let P denote the Poincaré bundle on A xg
AV. Tt comes equipped with a rigidification

(09) rig : Oyv = (6 X idAv)*P.

Let (P% Vp:) be the universal line bundle with integrable connection on A xg A", The line
bundle P? is the pullback of P along the canonical homomorphism A x A% — A x AY and
its rigidification Q4 = (e x id4z)*P? is induced by (C.9). For an integer n > 0, we define
Pr =P Ro,, v Oaxav /KL regarded as an O 4-module. Note that

(C.lO) Pn = (idA X W,\{)*(PMXAx).

Similarly, we define P% and there is a canonical isomorphism P} = (id4 x 74).(P*|,, 4: ). For

. h . . . h 1
every n > 0, the connection V on P* restricts to a connection V|AxA51 :P |A><A51 — QAxAEL/AEL ®
1 ~

Ax A% /A5 T

(C.11) Vi Ph— Qs @0, P

P 4, 45 - Since Q (id x WEL)*Q}L‘/S, one obtains connections

via the projection formula. For every n > 0, the rigidification (C.9) gives rise to a canonical
isomorphism

(C.12) Tyt €O, = ¥ P,,.

This follows from the descriptions (C.6), (C.10) and affine base change, cf. the proof of Lemma
C.4. Via (C.12), the unit 1 € T'(S,e*O,,) induces a canonical section 1,, € T'(S,e*P,,). Similarly,
there are canonical isomorphisms 7f, : e*O% 5 e*P! giving rise to canonical sections 1% €
[(S,e*Ph).

Lemma C.7 (Base change). Assume the setup of Notation C.2 (5) and let n > 0 be an integer.

(i) There is a canonical isomorphism c*(Pan) = Pao n.
(ii) Under o*e’, ~ e*,0% and the identification of (i), one has 0*(ran) = rae .
(i) The canonical map o* : I'(S,e4Pan) — I'(S7,e4cPaon) maps the canonical section
1a, to1go,.
(iv) Via the g-version of (i), one has 0%(Van) = Vao .

Proof. The canonical isomorphism
(C.13) (04 % UX)*PA = Pao,

obtained from the universal property of P4, is an isomorphism of rigidified line bundles. By
using (C.10), assertion (i) then follows exactly as Proposition C.4 (i). Since (C.13) respects
the rigidifications, we have (0%)*(rig4) = rigyo, where we suppress the natural isomorphism
(0%)*(ea x idav)* ~ (eas x idaov)* (04 X o) from the notation. By passing to infinitesimal
neighbourhoods, we obtain

(C.14) (UX,n)*(rigAle) = 1"igAa|Az:V-
We now freely use the identifications (C.6) and (C.10). Consider the diagram

o (ra,n)

0'*6*A(idA X me)*oAxAx

+Jac

o™ (T4 )« Oay

oo

(ﬂ'xﬁ ,n)* (Gx,n)* OAX

orel(ida x w4, )« Palaxay

«Jac

a*(ﬂxyn)*(eA X idav)*Palaxay

oo

(T ) (04 ) (ea x iday)* Palaxay

! !

(71'1\407,”4)*OA7UL,V (ﬂ'Xg’n)*(er X idAZ‘v)*PAd ‘A"XA%'V

NlBC NlBC

. T y .
€% (idae x wxgvn)*OAngz,v e o (idas X WXa,n)*PAU|AvagvV»

a* (W,vq,n)*(rigMAyL)

(Wxa,n)*(axm,)*(rig,q|A7VL)

(mho n)w(rigac| 4o.v)
n
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in which we indicate by BC that the arrow is given by a base change transformation. The upper
square commutes by definition of r4 ., the upper middle square commutes by naturality of the
base change transformation o* (7 , )« =~ (74, ,,)«(0 ,,)*, the lower middle square commutes by
(C.14) and the lower square commutes by definition of 740 ,,. Therefore the outer diagram com-
mutes and one checks that the vertical composites coincides with the corresponding isomorphisms
obtained by using o*e% ~ e}, (01)* followed by (03)* (idax 7} )« = (idae X7 4o, )s(0aXx0] )"
This shows assertion (ii). From this, it follows that the diagram

(S, e40nn) —Z— T(S7, €% Ono )

T'A,nJ/ J/TAU,TL

T(S, ¢4 Puan) —2— (57, €5 Paon)

is commutative. The upper map is a ring homomorphism and hence, by construction, the lower
arrow maps 14, to 140 ,. Analogously to the proof of (ii), assertion (iv) follows from the fact

that the canonical isomorphism (o4 x O’i)*’Pi = Pia is an isomorphism of line bundles with
connection. g

C.4. Isogenies. Let S be a noetherian scheme. Let A/S and B/S be abelian schemes and let
¢ : A — B be an isogeny defined over S. There are induced S-isogenies ¢V : BY — AV and
o s B — AR,

Lemma C.8. Let ¢ : A — B be an S-isogeny. Let n > 0 and ¢, : A, — B, denote the induced
morphism between the infinitesimal neighbourhoods of the unit sections. If ¢ is étale, then @, is
an isomorphism.

Proof. Let Z4 (resp. Zp) denote the sheaf of ideals defining the unit section of A (resp. B). For
any n > 0, the isogeny ¢ induces a O 4-linear map ¢*(Op/Zpt") — O /T3 . Tt suffices to show
that, for any n > 0, the induced Op-linear homomorphism

Op/I5™ = ¢.(0a/Ti")

is an isomorphism. Indeed, applying 7. then gives the assertion. We proceed by induction. For
n = 0, the above map identifies with the canonical isomorphism eg,Og = p,e4,O0g. Let n > 1
and assume that the claim is proven for n — 1. There is a commutative diagram

00— I8/I0 — 5 OpJT 5 Op/TE ——— 0

| | I

0 —— @u(Z4/Z5) — @u(Oa/T5T) —— ¢u(Oa/Tf) — 0

~ ~

Under the isomorphisms 3% /T = ep, Sym"™(wp/s) and ¢, (T%/I5T") = ep. Sym™(was),
the right vertical map identifies with ep. Sym"(¢*) where ¢* : wp,g — wa,g is the morphism
induced by ¢. The claim follows since, for étale ¢, the map ¢* is an isomorphism. (]

Proposition C.9. For every integer n > 0, the isogeny ¢ induces a canonical homomorphism
@#,n : PA,n — QD*PB,VL
If oV is étale, the map p4 ,, is an isomorphism.

Proof. This is [KS19], Theorem 2.6. Let us recall the construction: By the universal property
of the Poincaré bundle, there is a canonical isomorphism (ida x ¢¥)*Pa = (p x idpv)*Pp and
hence an isomorphism

(C.15) (ida x @) Palaxay = (¢ x idpy ) Ps|px By -
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Now @4 is given by the composite

Pan = (ida X 74 ,)«Palaxay

dj . . . *
= (ida x Wx,n)*(ldA X @)« (ida X @) Palaxay
(C.15)

~

= (ida X mx )+ (1da X ©))u (@ X idpy ) PalxBY

> (ida x Wé,n)*(go X ide)*’PB|B><BX

1%

¢*(idp X 75 )« PelBxBY = ¢*PB/n,s
where the last isomorphism comes from affine base change. If ¢V is étale, it follows from Lemma,

C.8 that ¢,, is an isomorphism and hence the unit of adjunction adj is an isomorphism as well. [

Let n > 0 be an integer and let ¢ : A — B be an isogeny over S with étale dual. By the
above, we have the isomorphism ¢4 ,, : Pan — ¢*Pp,. Together with (C.12) this induces an
isomorphism

(016) PA,n|ker(<p) = ’/Tlter(ga)e*BOan’
where Ty, () denotes the structure morphism of ker(y)/S.

Definition C.10. Assumptions as above. Let x : S — A be a p-torsion section.
(i) We define o, to be the composite isomorphism

=1 _1
z* (0p,n) ealeyn) TAn
0p X Pan ———> 20" Ppp 2 e "Ppn ———— €4 Pan — €404 n.

(ii) We define
n .
oINOMg = 1NOMle © Qg : x*PA,n — @Tsymz(wAv/S)
=0

and for an integer b > 0 we define
pmom? : x*Py , — TSymb(wAV/S)
as the projection of ,mom, onto the b-component.
Lemma C.11 (Base change). Assume the setup of Notation C.2 (5).
(i) Under the canonical equivalence o p* ~ =* and Lemma C.7 (i), one has
oa(P#.n) = O% -
(ii) Additionally using o*x* ~ (x)*, one has
0" (0A,z) = 0A7 zo-
(iii) Under the above identifications and 0*w4v /s = waev /g, one has
0" (pMmomy ) = ,MOM go 4o,
and similarly for ;,mom? .

Proof. A proof of (i) is tedious to write out but essentially clear. The proof follows the usual
pattern: By the universal property of the Poincaré bundle, one checks that the canonical iso-
morphism (ida x ¢¥)*Pa = (¢ x idpv)*Pp is carried under (o4 x 0);)* to the corresponding
isomorphism for ¢? : A° — B?. Subsequently, one verifies all necessary compatibilities of e.g.
the unit of the adjunction for (—)* 4 (=), and base change transformations with base change
along o. Assertion (ii) follows from (i) and Lemma C.7 (ii). Finally, (iii) is a consequence of (ii)

and Lemma C.6.
O
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C.5. Vanishing of cohomology. As before, let S be a noetherian scheme and 7 : A — S an
abelian scheme with zero section e. Let I" be a discrete group which acts from the left on A/S via
automorphisms of group schemes. We denote the automorphism associated to an element v € T’
by ~ as well. Note that both 7 and e are I'-equivariant morphisms if we equip S with the trivial
T'-action. As usual, let
wa/s = 6*9114/3
denote the relative co-Lie algebra of A/S. For every v € T', we have a canonical O 4-linear
isomorphism fy*Q}4 /s Qh /s by basic functoriality properties of differentials. One immediately
checks that this equips 9}4 /s with the structure of a I'-equivariant O 4-module. Moreover, we get
an induced I'-equivariant structure on wy,s. We equip the dual abelian scheme AV /S with the
left T'-action given by
I — Aut(AY/S),y — (v HV.

As above, this canonically equips Q}qv /s with the structure of a I'-equivariant O 4v-module and
makes wyv g into a I'-equivariant Og-module. Let n > 0 be an integer and let P, be as in the
previous section. For every v € I" Proposition C.9 then provides an isomorphism

(’Y#,n)_l : ’Y*,Pn — Pn

and one immediately checks that this equips P,, with the structure of a I'-equivariant O 4-module.
In the following, we will freely make use of the I'-equivariant identifications m*w,,g = A /s and

Wfi\V/s = Q"Zx/s = W,gcx/sv
cf. [Lau96|, Lemme 1.1.3.

Before we state the next theorem, let us recall some facts about inverse systems: An N-indexed
inverse system (A,,) satisfies the Mittag-Leffler condition, or simply that it is Mittag-Leffler, if for
every n € N there exists m > n such that im(Ap — A,) = im(A,, — A,,) for all K > m. Recall
that an inverse system (A,,) is ML-zero if for any n € N there is a m > 0 such that 4,,,, — A,
is the zero map. The ML-zero systems form a Serre subcategory in the abelian category of all
inverse systems. In particular, ML-zero systems are stable under extensions.

Lemma C.12. Let

(An) = (Bn) = (Cr) =0
be a short exact sequence of N-indexed inverse systems of abelian groups. If (Ay) is ML-zero and
(Ch) satisfies the Mittag-Leffler condition, then (By,) satisfies the Mittag-Leffler condition.

Proof. Let n € N. By assumption, we may fix an integer m > 0 such that A, ,, — A, is the
zero map. Then we may fix an integer k > 0 such that im(Cy — Cpim) = Im(Crtmar — Crtm)
foral N >n+m+k. Fix N>n+m+k and let b, € im(Bptmi+r — Bn). We claim that
b, € im(By — B,). We have the commutative diagram

By —» Cn

l l

Bn+m+k — Cn+m+k

l l

Aner E— Bn+m EE— Cn+m

ol fnJ/
A, —— B,

with By — C surjective. By assumption, there exists bpim+r € Bntm+k, which maps to
b, € B,,. Let b1, denote the image of b, 1k in Byym. The image ¢y Of by in Crpm
lies in im(Cp4mtr — Cnim). Hence, by choice of k, there is an element ¢y € Cy which maps to

Cn+m- Choose a lift by € By. Let b, ,,, denote the image of by in By, 4,,. Then, b}, ., — bntm
maps to zero in Cy,4.,. Hence, it comes from an element a4, € Aptm. The commutativity of

the lower left square implies that f,,(0],,,,) = fn(bn). But this shows that by maps to b,. O

The the construction of the equivariant Eisenstein-Kronecker classes relies on the following
computation of the cohomology of the Poincaré bundle:
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Theorem C.13. Let S be an affine Noetherian scheme. Let g denote the relative dimension of
the abelian scheme A/S. Let n > 0 be an integer.

(i) The homomorphism
Rm. (P, ® Qfg/s) — R (Pt ® Qf’q/s)

induced by the canonical map P, — Pnp_1 is the zero map for all i # g and an

isomorphism for i = g. Moreover, RIm.(P, ® Qi‘/s) =~ g wvia the canonical map

P — Py = O4 and the trace isomorphism tr : ng*(Qi/S) = Og.
(ii) The transition maps in the inverse system {H' (A, P, ® Qi&/s)} are all zero fori < g
and are all isomorphisms for i = g. One has

; H°(S,05) ifi=g
lim H' (A, P, ® Q% ) = ’
& ( A/s) {0 ifi<g.
(iii) The inverse system {H'(A,T;P, ® Qix/s)} 18 ML-zero for i < g. For i = g it satisfies
the Mittag-Leffler condition. One has
HO(SvoS) ZfZ:g

im H'(A,T; P, ® Q9 o) =
%n ( ® Yas) {0 ifi<g.

Proof. Assertion (i) is proven exactly as Theorem 1.2.1 in [Sch14]. Let us briefly summarize the
argument: By definition we have the exact sequence 0 — m* Sym"(wav/s) = Pn — Pp_1 — 0.
We define the finite decreasing filtration F*P,, := ker(P,, — P;_1). The graded pieces are given
by grt. P, = 7* Sym® (wavys) for 0 <7 < nand gri- P, = 0 otherwise. This induces a filtration on
Pn @ m*why /5> We simply denote it by F and its graded pieces by gri.. We obtain an associated
spectral sequence

(C.17) EY? = R, (grh) = RPHm, (P, @ T 'wav /s)

and we have EY? = RP*r, (7% Sym” (wav /s) ®7r*wiv/s) > RPHar, (O4) ®Symp(WA\//vS) ®w%v/s
by the projectign formula. Using ﬂ*wiv/s = QZ/S, Grothendieck duality and R'm.(O4) =
AN R'7, 04 =2 A Lie(AY/S), we calculate
Rerq’iT*(OA) ® Symp(wAV/S) & wiv/s = Rp+qﬂ*(Q?4/S) ® Symp(wAV/S)

= Rgipiqﬂ'*(OA)v (24 Symp(wAV/S)

= Ag_p_q(UJA\//S) & Symp(wAv/S).
One can show that, under the above identification, the differentials d?¢ : EP? — EPTH9 agree
with the corresponding differentials in the Koszul complex
(C.18) 0— Ag_q(wA\//S) — Ag_q_l(wAv/S) ® Syml (LUA\//S) — ... = Sym? Y wav) = 0,

which locally is given as in [Lan02], chapter XXI, Corollary 4.14. By loc. cit., the Koszul complex
is exact. In total, we have now seen that the gth line in the spectral sequence (C.17) is given by the
naive cut-off =" of the Koszul complex (C.18) since grf. = 0 for p > n. From this it follows that
the spectral sequence degenerates at the Fs-page and that the only non-zero terms are given by
E99 = Og and potentially the terms Ey? = (R 7, (O 4) ®Sym"™(wav,s) ®wiv/s)/ im(d? )
for —n < ¢ < g — n. From this, one deduces (cf. [Sch14], Theorem 1.2.1):
e For all i # g, the inclusion 7* Sym"(w4v,s) <+ Pp induces an isomorphism Rim, (P, ®
Wy g) = (R (0a) @ Sym™ (wav /s ® why g)/ im(di ).
e There is an isomorphism R, (P,, ® ﬂ*wiv / g) = Og which is induced by the composite
Prn — Pp_1 — ... — Pg = O4 and the trace isomorphism tr : Rgﬂ'*(ﬂ'*wiv/s) = 0.
In particular, this implies assertion (i) since the composite Sym"(wav,s) — Pn — Pp_1 is zero.
By considering the Leray spectral sequence, assertion (ii) follows immediately from (i). Let us
now explain how to obtain (iii): For every n > 0 we have the equivariant cohomology spectral
sequence

(C.19) nB3t = HP(U, HY(A, Py @ T°w}y ) = HPTU(A T P @ m°why g)-
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Since the spectral sequence in functorial, we obtain a inverse system of spectral sequences. The
property for an inverse system to have only the zero map or only isomorphisms as transition
maps is passed on after applying any additive functor. Hence the transitions maps in {, E5?},
are zero if ¢ # g and isomorphisms if ¢ = g. We claim that the same is true for the inverse system
{nEP1}, for all 2 < r < oo. Assume that the validity of the claim is established for a fixed r > 2.
One has

BT, — ker(_ndfq :_Efq H_Ef”f”“) .

im(,db et pprnatrl L pray
Assume first that ¢ # g. The map ,EX{, — ,_1EP{, is zero since it is induced by the corre-
sponding map on the F,.-page, which is the zero map by assumption. Let ¢ = ¢g. By assumption
the system {,FEPF?}, is constant up to isomorphism and hence the differential ,dP? factors as
n BP9 — lim o, BREOTTH S8 JERHT9TTHl As g —r + 1 < g, the limit vanishes and hence
ker(,,dP9) =, EP9. Furthermore, for all n > 0, one even has ,, EP~"97"~1 = ( by the vanishing of
the coherent cohomology of A in the degree g+r —1 > g. Hence im(,,d2="9+t"=1) = 0. It follows
that

(C.20) WEPY | =, EP

for all n > 0 which, in particular, implies the claim for 2 < r < co. As we are dealing with first
quadrant spectral sequences, we have E?Y = EP9 for sufficiently large r and the claim follows.
Let ¢ > 0. For every n > 0, the spectral sequence (C.19) provides a filtration ,F? on

HY (A T;P, ® ﬂ*w%v/s) whose graded pieces are given by

ngrz})7 = nE&i_p'
In particular, one has ,F° = H'(A,T;P, ® ﬂ*wiv/s) and ,FT1 = 0. For i < g, it follows by
induction that the systems {, F?} are ML-zero for all p. In particular {H*(A,T;P, ® Q%/s)}
is ML-zero for all ¢ < g. For ¢ = g, it follows by induction and Lemma C.12, that the inverse
systems {,, [P} are ML-zero for p > 0 and that {,,F°} = {HI(A,T;P, ®Qi/s)} is Mittag-LefHer.
Let us consider the filtration

Fr.— @n,F P

on lim HI(A, TPy ® 7w, /5). Note that F* is a finite filtration. Since {,FP*'} is Mittag-
Leffler, it follows that gr% = lim werh. As {,FP} is ML-zero for all p > 0, we have FP =
im ngr =0 for all p > 0. For p = 0, (C.20) implies that

lim g1 = lim , B = lim ,, E5°

Part (ii) of the Theorem implies
lim, E99 = HO(T, lim HY(A, P, ® QY 5)) = H(S, Os).

For the latter isomorphism, we note that tr : R, (Q% / s) — Og (with Og carrying the trivial
action) is T'-equivariant by basic functoriality properties of the trace. O

C.6. The local cohomology groups. Now let D C A be a I'-stable closed subscheme which is
finite étale over S. Let Up := A\ D denote the open complement. We define

OS[D] = HO(Da OD)a

Og[D]° := ker(H*(D, Op) L5 HO(S, Og)),
where tr denotes the trace homomorphism. Note that tr is [-equivariant is H%(.S, Og) is equipped
with the trivial action. Let Og[D]%! denote the T-invariants of Og[D]°. In the following, we will

always assume that D is of the form D = kerd for an étale S-isogeny § : A — B with étale dual
§V. Consider the localization sequence

HI ™Y AT, P, ® Q%) = HYYUp,I; P, ® 0% /5) =

HY(A, T3Py @ QY jg) = HY(A,T, Py @ Q) )
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in equivariant cohomology, cf. Proposition B.10. By Theorem C.13 (iii), the inverse system
{HI"YA,T,P, ® QA/S)} is ML-zero and it follows that the sequence

(C21) 0= lm HYH(Up, [y @ g) — lm HE (A, T3P @9 ¢) — lim HI(A, T, P, @0 4)

is exact. Fix an integer n > 0. Recall that D is of the form ker(§) for an isogeny 6 : A — B
with étale dual. Let tp : D < A denote the canonical inclusion and 7p : D — S the structure
morphism. Let J = Jp C O4 denote the quasi-coherent sheaf of ideals associated to ¢p.

Proposition C.14. For every k > 0, there is a canonical isomorphism

0 ifg<g

E q k k+1 QO
XouTHTT Pu® Bays) = {H”(D,m%wk/ﬁ“,ﬁfm ifg>g.

In particular, there is canonical isomorphism
(C.22) H(D,tpPn) 2 Extl,, (04T, Pr @ Q) g)-

Proof. For the details we refer the reader to [KS19|, Proposition 2.29. There is a canonical
isomorphism

mq(Jml/Jml,Pn@Qi/S)%m‘gg (tD<Op, P @ QY /5) @ ® (T* )TV

The dualizing sheaf of the local complete intersection tp : D — A (of relative codimension g)
is isomorphic to wp/a = (2 / s)" and by the fundamental local isomorphism in Grothendieck
duality theory (cf. [Har66], III, Proposition 7.2), one obtains

0 ifqg#g

th k+1 k+1fp 0O
MO T PO Dass) 2 | Home, (75175, Pa) g =g

where here J%/ 7%+ is regarded as a Op-module, cf. Remark C.1 (iii). The assertion now follows
from the local-to-global spectral sequence

B} = HP(A,Extl, (T%/ T Py @ QY ) = Bxtl {(T*/TH, P @ QY ).
]

Note that the quasi-coherent sheaf of ideals J canonically is a I'-equivariant O 4-module since
tp is T'-equivariant by assumption.

Corollary C.15. For every k > 0, there are canonical isomorphisms

0 ifqg<g

E q F k k+1 Q
xto, (I3 T/ T7, Pr @ Q) g) = {HO(RExt%A(J’“/J’““,Pn®Q,g4/s)) ifg=g.

Proof. This immediately follows from Proposition C.14 and the spectral sequence
EYY = HP (T, Bxtd, (% /T4, P, @0 o)) = BxthiA(T; 7% T P, @ 0 o),
cf. [Gro57], Théoréme 5.6.3. O

Corollary C.16.
(i) For every k >0 and i < g, one has

Extp, (0a/T*, P ® QY 5) = 0.
(ii) For every k > 0, the canonical map
Extdy, (0a/T" P ® Q) 5) = Ext, (Oa/ T Pr @ QY 14)
1s injective. In particular, the canonical homomorphism

(C.23) Extd, (04/T,Pn @ QY g) = lmExtd, (04/T", P @ QY )
k

18 1njective.
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Proof. This follows immediately by induction from Proposition C.14 and the long exact sequence
for Ext associated to the short exact sequence

0= JY)THY 5 00T = 04/ T% — 0.

Now, by [Gro68|, Exp. II, Théoréme 6, there is a canonical isomorphism

(C.24) lim Extd,, (O4/T* P @ QY 5) = H)H(A, P @ QY )
k

It is constructed as follows: There is the canonical isomorphism (of 0-functors)
Extd, (tp«tp'Oa, P ® QY 5) = HH(A,Pr ® QY /)

and for every k > 0, there are canonical maps tp«tp oy — Oa/Jk*+1, obtained by applying
tp«tp to the canonical map O4 — O4/J*!. Thus, we obtain maps Ext{, (Op) TP, @
Q4 , g) = HL(A, P, @ Q) / ) which are clearly compatible when varying k and hence assemble
to a map as in (C.24).

Corollary C.17. For every i < g, one has

Hb(A, P, ®Q 0.

A/S)
It follows that

H5L(A,T; P, ©Q

{HO(F CHY (AP, ®0Q% 5)) ifi=g
hys) =

ifi <g.
Proof. The first part follows from Corollary C.16 and the isomorphism (C.24). The second part
then follows immediately from the equivariant cohomology spectral sequence
B3t = HP(T, H}(A, P @ QY /5)) = Hp (AT P @ Q) o),
cf. Proposition B.11. O

Remark C.18. In Theorem C.13 (iii) it was shown that
@Hg(A L Py © Q) ) yLnHO(F,Hg(A,Pn ® 9 /5))-

By Corollary C.17, we also obtain
lim H9™ (Up, I P @ Q%) g) = U HO(D, HY™H(Up, Pr @ 2 5))

and the localization sequence (C.21) is obtained by applying im H 9(T', —) to the localization
sequences

HI7H APy @ QY ) = H N (Up, Po ® QY 15) = HH (A, P @ QY ) = HI(A, P © QY g)-

Remark C.19. A slightly different approach is to use continuous cohomology as defined in
[Jan88]: For an inverse system of equivariant sheaves {F,}, define the groups H*(A,T;{F,})

Lim
via the ith derived functor of the composite Modr(O4)N % APN —, = -— Ab, where

Modr(O4)N denotes the abelian category of N-indexed inverse system of I'-equivariant O -
modules. Now, instead of considering the limit of cohomology groups, one may consider the
cohomology in the respective inverse systems instead. Provided by the Grothendieck spectral
sequence, there are various spectral sequence in this formalism, e.g. HP(I',{H9(A, F,)}) =
HPT9(A, T, {F,}) and HP(T', HY(A,{F,})) = HPT1(A,T;{F,}), and one has the usual hml—
sequences. The benefit of this approach is that one unconditionally has a localization sequence
Also, the proof of the result analogous to Theorem C.13 (iii) becomes way more clean. The
vanishing results Theorem C.13 (ii) and Corollary C.17 imply that

HI(A, TPy @ QY /g}) NLHO(F HI(A, Pn ® Q) 5))
HEH (AT {Pn ® Q) 5}) = @HO I' HE (A, P @ Q)

HY(Up,T;{P, @ /S})NLHO(F H(Up, Pn @ QY /),
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and this allows to reformulate the results of this Chapter in this language. On the other hand, it
also suggests that there is nothing new gained from this perspective. In order to avoid introducing
more terminology, we do not use this approach here, even though it seems to be slightly more
natural to us.

C.7. The equivariant coherent Eisenstein-Kronecker class. As before, let S = Spec(R)
be an affine Noetherian scheme and A/S an abelian scheme with a left T-action.

Corollary C.20. There is a canonical injection
H®(D,ipPn) = HH (A, Py ® Q) ).
Proof. This follows from (C.22), Corollary C.16 (ii) and the isomorphism (C.24). O

By (C.16), we have an isomorphism
(pPn = 1Hes0p n.
As Op C Op,, is a direct summand, we obtain an Op-linear inclusion
(C.25) Op =1hepOp C 1HepOp.n = 5Py,

which gives rise to an injection Og[D] = H°(D,Op) C H°(D,:}P,). In particular, we obtain
an injection

(C.26) H(D,0p) = H}(A, P, @ Q) g)
for every n > 0.

Lemma C.21. The digram

H(D,0p) 2% HY(A, P, 0 0 )

\ |

HO(S, Og),

where the vertical arrow is gien by the composite H (A, P, ® QA/S) — HI(A, P, ® QA/S) =
HY(S,05), is commutative.

Proof. Let us only give a sketch: Since the isomorphism HY(A, P, ® QA/S) H(S, Og) factors
through HY (A, P,®Q% / ), we readily reduce the statement to n = 0. Unwinding the construction
of (C.26), one checks that the composite

H°(D,0p) — H}(A,Q ) — HI (A, Q) 4)
is induced by the trace morphism Tr,, : RLD*LDOA — Oy as defined in [Har66] III, §6 (note

that the fundametal local isomorphism computes LbD in the case of a local complete intersection).
The lemma then follows by the compatibility of trace morphisms under composition. ([l

In view of Remark C.18, applying @n H%(T, —) to the injections (C.26) defines an injective
homomorphism

H(D,0p)" — lim HP, (A, T3Py @ Q) 6)-

It follows from Lemma C.21, that we obtain an injective homomorphism

0s[D]*T — Lker (HH(A,Pa® QY g) = H(S,05)) = hm HI ™ (Up, 5 Pr @ QY )

Definition C.22 (Equivariant coherent Eisenstein-Kronecker class). We denote the above map
b
! EKrp 4 : Os[D]*" — lim HY"H(Up, T; P, @ Y o).
For f € Og[D]°L, the element '
EKr a(f) € @Hﬂ*l(UD, I Pn ® Q) /)
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is called the equivariant coherent Eisenstein-Kronecker class associated to f. Moreover, we define

EKY, 1 : Og[D]" = lim H9™ (Up, T Ph @ 9 )

as the composite of EK 4 with the canonical homomorphism induced by P, — P§.

Let a > 0 be an integer. By iterating the integrable connection V = V_: on ’PEL, one obtains
a map

(C.27) V®: Ph — TSym* (R} 5) ®o, P

Remark C.23. The map (C.27) is obtained as follows: Let 74,5 denote the sheaf of Og-linear
derivations on O4 and let Ty/s — End,-104 (P%), X + Vx denote the usual covariant derivative
associated to the connection V. One obtains an induced map Sym® Ty,s — End -1, (P%) by
sending an element X; --- X, to Vx, o...0Vx,. This is well-defined since the Lie algebra of A
is abelian, so that [Vx,Vy] = V(xy] = 0 for any X,Y € T4,5. This induces the desired map
(C.27).

Let f € Og[D]%I'. Via the map (C.27), we obtain an element

(C.28) VOEKL(f) € lim B9~ (Up, T; TSym® (2} /5) © PL ® QY ).

Finally, we specialize these classes along torsion sections. Let ¢ : A — B be an isogeny with
étale dual and let x € Up(S) a I'-invariant ¢-torsion section. Pulling back the class (C.28) along
the equivariant map x : S — Up and using the canonical isomorphism wﬁl /s = wg‘v /s gives rise
to a class

2"V EKL(f) € lim B9 (S,T; TSym® (wa/s) @ 2*Ph @ ) /)

Let b > 0 be an integer. There is a canonical isomorphism w 45 g = H 4 where H 4 := Hlz (AY/S).

Recall the moment map mom?, : z*P% — TSym®(#4) from Definition C.5. This allows to define
the class

mom (z*V* EK}(f)) € HY™'(S,T; TSym“ (ways) ® TSym®(Ha) @ w ).
Since S is affine, the equivariant cohomology spectral sequence degenerates and we obtain
(C.29) HY™H(S,T; TSym®(ways) © TSym®(Ha) © o /g)
= {971, TSym“(wa,s) ® TSym"(Ha) @ wi/s).

Definition C.24 (Eisenstein-Kronecker classes). Let © € Up(S) be a T'-invariant @-torsion
section of an isogeny ¢ : A — B with étale dual. For every f € Og[D]%", we let

EK}(f,@) € H97H (D, TSym*(ways) ® TSym®(Ha) ® w? g)

denote the image of mom? (z*V* EK%(]‘)) under the map (C.29).

C.8. Conjugation. Let ¢ : S — S be a morphism between affine noetherian schemes as in
Notation C.2 (5). Equip the conjugated abelian variety A /S with the obvious left I'-action
I' — Aut(A?/S7), v — ~°. With this action, the canonical morphism o4 : A2 — A is I'-
equivariant. As before, let D = ker(d) be a I'-invariant closed subscheme of A. We have a
commutative diagram

HO(D,0p) ~725 HO(D?,Op)
o Jo
H(S,05) —Z— H(57,0s-)
of T'-equivariant homomoprhisms. Hence, we obtain an induced map

o OS [D]O’F — Osa [DU]O’F.
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Lemma C.25 (Conjugation). Assume the setup of C.2 (5). The diagram

5

Og[D]OT oo O [D7]OT
B | |B

lim, HO~H(Up, Ty PY), @ 0 ) = lim, HOHUR, T PIL 0 9 ),

where the lower horizontal map is induced by the equivariant homomorphism o4 and Lemma C.7
(i), is commutative.

Proof. As the isomorphism HI(A, T, P4 ® Qi‘/s) =~ H9(S, Og) is compatible with o% (which
follows since the trace is compatible under base change) and since the localization sequence is
functorial in the sense of Lemma B.13, one reduces the claim to the commutativity of the square

*

HY(D,0p) 7o H(D?,0p0)

[ [

*

HY) (A, Pan® 0 g) — Hpo (A%, Pacn @ Q% g.).

for every m > 0. Recall the construction of the map H°(D,Op) < H$ (A, Pan ® Qi/s).

b (9%) mh(rem)

In the first step, one uses the isomorphism ¢}, P4 0" Pn = mhHepPeon
75HepOB n. It easily follows from Lemma C.7 (ii) and Lemma C.11 that this isomorphism is com-
patible with o7, in the obvious sense. Hence, also the composite Op = 1e;0p C 1He0pn =
t5Par and therefore H°(D,Op) C H°(D,t3Pa,y) is compatible with o%,. The second step is
the isomorphism H®(D,15Pa ) = EXt%A (O4s/TD,Pan® Qi/s). For this, one checks that the
edge isomorphism

Ext?(Oa/JIp,Pan® Qi}/s) = HO(A’M%A (Oa/Ip, Pan® Qf]‘l/S))

is compatible with base change; in fact, one shows, similarly as in Proposition B.9, that the
entire local-to-global Ext spectral sequence is functorial. Next, in our case, the fundamental
local isomorphism

Mg(OA/jD»,PA,n & QgA/3) = (PA,n ® Qi/s) & LDxWp/A

is compatible under arbitrary base change, cf. the end of page 52 in [Con00]. One checks without
problems that the canonical identification wp/a = },(Q / g)" given in the proof of [KS19],
Proposition 2.29 is compatible with o7, and from this the compatibility of the second step follows.
It remains to show the compatibility of the inclusion

Extd, (0a/Tp, Pan © Q) ) = Extd, (tp-15' 0a, Po ® QY g) = HH (A, Pan @ QY 1)

with the obvious maps induced by o4. As the map is simply induced by the canonical map
L D*L;O A4 — O4/Jp by functoriality, this is an easy verification. O

Let us denote the o-semilinear homomorphism induced by the I'-equivariant o-semilinear ho-
momorphism o : TSym* (wA/S)®TSymb(’HA)®wi/S — TSym“(wAa/Sa)(EQTSymb(’HAa)®wia/sn
on group cohomology by (—)7.

Proposition C.26. Let a,b > 0 be integers. Let x € Up(S) be a T'-invariant p-torsion section
of an isogeny ¢ whose dual is étale. Let f € Og[D]|%Y. Then one has

EK}"(f,2)7 = EKp*(£7,2°).

Proof. This is straightforward in view of Lemma C.25 and the compatibility of the moment map
under base change, cf. Lemma C.11 (iii). O
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