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Preliminary Note

Parts of this thesis have already been published in the works [13] and [15] (sometimes
in a slightly modified version) and are mostly joint work with the respective co-authors.

Similarly, some parts of this thesis will likely soon be published in the work [14]
(sometimes in a slightly modified version) and are mostly joint work with the respective
co-authors. Here the references are with respect to the unpublished version of January
29, 2024.

Abstract

In this thesis we define and study the fermionic entanglement entropy for spatial
subregions in Schwarzschild and Minkowski spacetime. Our starting point is always
the Dirac propagator corresponding to the vacuum state (for an observer at infinity).
We then introduce an ultraviolet regularization and rewrite the respective propagator
as pseudo-differential operator.

In Schwarzschild spacetime we consider the entanglement entropy of a black hole
horizon. We use separation of variables, an integral representation of the propagator
and methods from pseudo-differential operator calculus to explicitly compute the en-
tanglement entropy of the horizon in the limiting case that the regularization tends
to zero. It turns out that it equals a numerical constant times the number of angular
momentum modes occupied at the horizon. A similar result is proven to hold for the
Rényi entanglement entropies with Rényi index s > %

In the case of Minkowski spacetime we study the entanglement entropy of bounded
spatial subregions. We consider two limiting cases: one where the regularization goes
to zero and one where the regularization is fixed and the size of the region tends
to infinity. The corresponding limiting coefficient is obtained by applying a more
general result from [I5]. We then show the positivity of this coefficient and prove
that it is proportional to the area of the considered region, giving an area law. The
positivity is also proven to hold for the Rényi entanglement entropies with Rényi
index 0 < s < 2, the other main results in this part even apply for arbitrary Rényi
entanglement entropies (with s > 0).

Zusammenfassung

Wir definieren und untersuchen die fermionische Verschrankungsentropie fiir raumliche
Teilmengen in Schwarzschild- und Minkwoski-Raumzeit. Unser Ausgangspunkt ist in
jedem Fall der Dirac Propagator fiir den Vakuumzustand (aus der Sicht eines Beob-
achters im Unendlichen). Wir fithren dann eine ultraviolett-Regularisierung ein und
driicken den Propagator als Pseudodifferentialoperator aus.

In der Schwarzschild-Raumzeit betrachten wir die Verschrinkungsentropie des Ho-
rizonts des schwarzen Lochs. Wir verwenden Trennung der Variablen, eine Integ-
raldarstellung des Propagators und Methoden aus der Theorie der Pseudodifferen-
tialoperatoren um die Verschriankungsentropie des Horizonts in dem Grenzfall, dass
die Regularisierung gegen Null strebt, explizit zu berechnen. Es stellt sich heraus,



dass diese bis auf eine numerische Konstante proportional zur Anzahl der der besetz-
ten Winkelmoden am Horizont ist. Ein dhnliches Resultat ergibt sich fiir die Rényi
Verschrinkungsentropien mit Rényi Index s > 2/3.

Im Fall der Minkowski-Raumzeit beschéftigen wir uns mit der Verschriankungsentro-
pie von beschriankten rdumlichen Teilmengen. Wir betrachten zwei verschiedene Grenz-
falle: Im einen lassen wir die Regularisierung gegen null gehen, im anderen fixieren
wir die Regularisierung und lassen das Gréfle der betrachteten Region gegen unendlich
streben. Wir erhalten einen Ausdruck fiir die fithrende Ordnung durch ein allgemeineres
Resultat aus [15]. Wir zeigen dann, dass dieser Ausdruck positiv ist und proportional
zur Oberfliache der betrachteten Region skaliert, was zu einem Oberflichengesetz fiihrt.
Die Positivitdt wird auflerdem fiir die Rényi Verschriankungsentropien mit Rényi Index
» < 2 bewiesen. Die anderen Hauptresultate in diesem Teil kénnen sogar auf alle Rényi
Verschriankungsentropien (mit » > 0) angewendet werden.
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1. Introduction

This chapter is based on [13, Section 1 and 2.3.1 and Notation 6.1] and [I5] Sections 1
and 2.1] (partly with similar or same phrasing).

Entropy is often said to be a measure of the disorder of a physical system. However,
there are various different notions of entropy and while the connection to disorder
might still be evident for the entropy in classical statistical mechanics as introduced
by Boltzmann and Gibbs, it is not so clear anymore for more abstract definitions
of entropy like the Shannon and Rényi entropies in information theory or the von
Neumann entropy for quantum systems. A more general way to phrase it would be
that entropy measures the lack of knowledge or information about a physical system.

In this thesis our main objective is the so called entanglement entropy, which tells
about non-classical correlations between subsystems of a composite quantum system [,
26]. Moreover, our methods also apply to some cases of Rényi entanglement entropies.
One reason, entanglement entropy is an interesting topic of current research is the
discovery of the so-called black hole information paradox [23]. In this paradox a black
hole and its outside is considered as composite quantum system, which in total is in
a so called pure state. For such a state, the von Neumann entropies of the inside and
outside coincide and the entanglement entropy of the composite system equals this
quantity. This holds at all times due to the principle of unitary time evolution, which
ensures that the overall state always stays pure. Now there are two main discoveries
that lead to the paradox. One was Bekenstein’s and Hawking’s finding that black
holes behave thermally if one interprets surface gravity as temperature and the area
of the event horizon as entropy [3, 22]. The other one was the discovery of Hawking
radiation and the resulting “evaporation” of a black hole [20, 2I]. This evaporation
leads to the decrease of the black hole itself and an increase of Hawking radiation over
time. This implies that over time the Bekenstein-Hawking entropy of the inside of the
black hole decreases and the von Neumann entropy of the outside increases. However,
this leads to a contradiction of the above mentioned principle for the entanglement
entropy of a pure state, if one identifies the Bekenstein-Hawking entropy of the inside
with its von Neumann entropy. This paradox inspired the holographic principle [43] 45]
and the current program of attempting to understand the structure of spacetime via
information theory, entanglement entropy and gauge/gravity dualities [36, 25]. A
crucial point in the paradox is the question whether the von Neumann entropy of the
inside of a black hole really is proportional to its area. The largest part of this thesis
(Chapter [4]) is dedicated to this problem.

The idea that the entropy of a black hole scales like its area gave rise to the question
if a so called area law holds for the entropy of other physical systems as well. This can
be understood with the following thought experiment as described in |19 Section 6.1]
with reference to [44]: Consider a system with mass M contained in a ball with radius
R, which is not a black hole. Therefore, its mass M must be smaller than the mass of
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a black hole with radius R. Now let a spherical shell with this mass difference collapse
onto the original system, leading to the formation of a black hole with radius R. Thus
the Bekenstein-Hawking entropy of the resulting system is proportional to R%. Then,
employing classical thermodynamical principles like the positivity and additivity of
entropy together with the second law of thermodynamics (stating that entropy can
only increase), it follows that the thermodynamical entropy of the original system
must be smaller or equal to the resulting one, i.e. bounded by a constant times RZ.
This leads us to the question, if such an area bound or even an area law holds for the
von Neumann entropy of the original system as well. Chapter [5] is dedicated to this
problem in Minkowski spacetime.

As previously mentioned, this thesis is concerned with entanglement entropy. We
here consider the fermionic case, where the many-particle system is composed of
fermions satisfying the (Pauli-)Fermi-Dirac statistics. Moreover, for simplicity we con-
sider the quasi-free case where the particles do not interact with each other. This makes
it possible to express the entanglement entropy in terms of the reduced one-particle
density operator [24] (for details see Section [2.1.2). This setting has been studied ex-
tensively for a free Fermi gas formed of non-relativistic spinless particles [24] [3T], 32]
(for more details see the preliminaries in Section . In the present thesis, we turn
attention to a relativistic system formed of particles with spin.

The first main part (Chapter [4]) of this thesis is based on the work [13]. It is devoted
to the mathematical analysis of the entropy of the horizon of a Schwarzschild black hole
with mass M. More precisely, we compute the entanglement entropy of the quasi-free
fermionic Hadamard state which is obtained by frequency splitting for the observer in
a rest frame at infinity, with an ultraviolet regularization on a length scale €. We find
that, up to a prefactor which depends on €M, this entanglement entropy is given by
the number of occupied angular momentum modes, making it possible to reduce the
computation of the entanglement entropy to counting the number of occupied states. A
similar result is obtained for the Rényi entanglement entropies with Rényi index s > %
We choose the one-particle density operator as the regularized projection operator to
all negative-frequency solutions of the Dirac equation in the exterior Schwarzschild
geometry (where frequency splitting refers to the Schwarzschild time of an observer
at rest at infinity). Making use of the integral representation of the Dirac propagator
in [I1] and employing techniques developed in [311, [49, [40] [4T], 39], it becomes possible
to compute the entanglement entropy of the black hole horizon explicitly.

More precisely, the general definition of the Rényi entanglement entropy is given
as follows. First of all, we denote by II®) the regularized projector to the negative
frequency solutions of the Dirac equation in a given spacetime (in our cases this will
either be Schwarzschild or Minkowski spacetime). Moreover, for each s > 0 we intro-
duce the Rényi entropy function, which is defined as follows. If ¢ ¢ [0,1] then we set
N.(t) := 0. For t € [0, 1] we define

M (t) == 1_1%111(15%4-(1—75)%) for »x#1,

(1.1)

n(t) :==ni(t) ;== lim 0,y (t) = —tlnt — (1 —¢)In(1 —¢) for x=1,

»'—1
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Figure 1.1.: Plot of the Rényi entropy functions 1, 72, 13/2 and mo for ¢ € [0, 1].
Note that all displayed functions are non-negative and vanish at ¢t = 0 and
t = 1. Further, 1, 11/, and 73/, are concave. Moreover, the derivatives of
n and 7,/ tend to infinity for ¢ \, 0 and t 7 1.

(for a plot see . Where 1 = n; describes the von Neumann entropy of the corre-
sponding fock state. Therefore the case » = 1 describes the ordinary entanglement
entropy, which we are mainly interested in. Similarly, the functions 7,, describe the
Rényi entropies of the corresponding fock state (a detailed derivation of both these
cases can be found in [14, Appendix A]). Now, for any spatial subset A C R? (always
assumed non-empty) we can define the Rényi entanglement entropy associated with
the bi-partition A U A° (see e.g. [30, Section 3)):

S (TTE)A) i= tr (1 (xa TI® xa) — x4 7. (TT)) x4) - (1.2)

In the Schwarzschild case we denote the regularized projection operator to the neg-
ative frequency solutions of the Dirac equation by H](B?I. In order to obtain the entropy
of the horizon, we choose A as an annular region around the horizon of width p and
denote it by K, i.e. using the Regge-Wheeler coordinate u € R,

K := (ug — p,ug) x S? (1.3)

usin 9 cos
u sin ¥ sin ¢ up—p<u<uy, 0<d<m 0<p<2r
u cos ¥

(see also Figure on page . In these coordinates, the horizon is located at
u — —oo. Therefore, the Rényi entanglement entropy is given by S,, (Hgl){, I@) in the
limit ug — —oo. We shall prove that, to leading order in the regularization length ¢,
this trace is independent of p. It turns out that we get equal contributions from the
two boundaries at ug — p and ug as ug — —oo. Therefore, the fermionic entanglement
entropy is given by one half this trace.

Before stating our main result, we note that the trace of the entropic difference

operator can be decomposed into a sum over all occupied angular momentum modes
(we will make this precise in Section 4.2.1)), i.e.
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S (IEHK) = 3 tr (1 (0O ((M5)kn) i) = X4 (0P (T k) 0k )

(k)
occupied
(a
Z S HBH kn> ]C) )
occupled

where (H](BEI){) kn can be thought of as diagonal block element of H](BEI){ acting on a subspace

of the solution space corresponding to the given angular mode. As a consequence of
the mode decomposition, the characteristic function x ¢ goes over to xx with

K = (uo — p,uo) - (1.4)

We define the mode-wise Rényi entanglement entropy of the black hole as

1 lim lim — ! lim S%((Hgl){)kn,lc), (1.5)

SBH . —
»kn 2 p—ooe\0 f( )u0—>—oo

where f(e) is a function describing the highest order of divergence in € (we will later
see that here f(e) = In(M/e) where M is the black hole mass). Finally, the resulting
fermionic Rényi entanglement entropy operator of the black hole can be written as the
sum of the entropies of all occupied modes,

S =" S (1.6)
(k,n)

occupied
Our main result shows that SE%H has the same numerical value for each angular mode.

Theorem 1.0.1. Let » > f, n €Z and k € Z + 1/2 arbitrary, then

1 1 241

ﬁU(l;m{)Z*i?

1 e
lim lim S%((HJ(BI){)knvIC): 12

e\0 up——00 ln(M/E)
where M is the black hole mass.

In simple terms, this result shows that each occupied angular momentum mode gives
the same contribution to the Rényi entanglement entropy. This makes it possible to
compute the entanglement entropy of the horizon simply by counting the number of
occupied angular momentum modes. This is reminiscent of the counting of states in
string theory [42] and loop quantum gravity [2]. In order to push the analogy further,
assuming a minimal area €2 on the horizon, the number of occupied angular modes
should scale like M?2 /2. In this way, we find that the entanglement entropy is indeed
proportional to the area of the black hole. More precisely, the factor In(M/e) in the
above theorem can be understood as an enhanced area law. We point out that, in our
case, the counting takes place in the four-dimensional Schwarzschild geometry.
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In the second main part (Chapter [5)), which is based on the work [I5], we consider a
free Dirac field in a bounded spatial subset of Minkowski spacetime. We compute the
entanglement entropy for the quantum state describing the vacuum with an ultraviolet
regularization on a length scale €. The corresponding one-particle density operator
turns out to be the regularized projection operator to all negative-frequency solutions
of the Dirac equation. Making use of the explicit form of the Dirac propagator and
employing the techniques developed in [15], it becomes possible to compute the limiting
coefficient of the entanglement entropy of bounded spatial subregions in Minkowski
spacetime. Using the Lorentz invariance of the Dirac equation and the concavity of
the Rényi entropy functions we prove an area law in two limiting cases: that the
volume tends to infinity and that the regularization goes to zero.

More precisely, let Hl(\fﬂ be the projection onto the negative frequency subspace of
the Dirac operator in Minkowski spacetime. Our main objective is to analyze the
asymptotic behavior of the entropy S%(Hl(\f[)I,LA) as the regularization parameter e
tends to zero and/or the scaling parameter L tends to infinity.

The following theorem constitutes the main result of this chapter — it provides the
area law for the asymptotics of the entanglement entropy.

Theorem 1.0.2. Let A C R? be a bounded open spatial region of Minkowski spacetime
with Ct-boundary consisting of finitely many connected components. Then, as Le~! —
oo and € — 0, the following asymptotics hold:

lim L262 S,,(TIE), LA) = M, voly(A) | (1.7)

where M, is some explicit constant.
If L — 00 and € > 0 is fized, then

lim L2 5, (TI{E), LA) = ME) voly(9A) (1.8)
where szf) is some explicit constant such that zmﬁf) — M, ase — 0.
If 0 < 3¢ < 2, then both coefficients IM,, and imﬁf) are strictly positive.

The definitions of the coefficients 2, and zmﬁf) require more technical preliminaries
and are given in Section [5.5

The technical core of the results in this thesis relies on rewriting the regularized
projector in each spacetime as pseudo-differential operator of the form

(Opal0) () = (55)" [ [ €80 Ay, ) wiy)dy de.

for suitable functions 1 from R? to C". The parameter o € R will play the role
of the limiting parameter (e.g. ¢! or Le~!). The matrix-valued function A €
LL (R34 C"™ ™) is referred to as the symbol of the pseudo-differential operator (for
more details on this see Section [2.2.1)). In the case that Op,(A) defines a self-adjoint
operator on L?(R? C"), we define for measurable functions f and subregions A C R?

the operator

Da(f, A, A) = f(xaOpa(A)xa) — xaf(Opa(A))xa - (1.9)
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When rewriting 1) as pseudo-differential operator, its symbol usually depends on the
regularization length . We denote this by a super- or subscript €, e.g.

H(E) = Opa(A(a)) )

for a suitable symbol A) and suitable a choice of a. Then, we may also rewrite the
Rényi entanglement entropy as

S, (TI) A) = tr Do (n,., A, A®) .

We are then usually interested in the limit where € \, 0 and o — oo at the same time
(except for the result ) There are some previously established results, which give
more explicit formulas for in the limit o — oo, but often only for symbols that
do not depend on ¢ (or «) and/or only for functions f which are more regular than
the Rényi entropy functions (for example in [49] or [47]).

Therefore, in Chapter [] the idea is to generalize one of these results and apply it to a
simplified limiting symbol which is related to the limit of the symbol A as e N\ 0 and
does not depend on € anymore. The error cased by replacing the symbol in such a way
then needs to be estimated. To this end we employ several different techniques and
previously established estimates mostly from the theory of pseudo-differential operator
calculus.

In Chapter [5| (i.e. the Minkowski case) the procedure presented in this thesis is a
little different. This is because we take the limiting coefficient (which is established in
[15] with methods related to the ones just described) as given and focus on proving
that it is positive and proportional to the area of the considered region, resulting in
the area law. As we will see, the proportionality to the area can be derived using
the symmetry of the Dirac equation. The positivity follows using a well-known result
going back to Berezin from [4] together with the fact that the Rényi entropy functions
7, are strictly concave for 0 < 3 < 2.

The thesis is structured as follows. We start with some general preliminaries in
Chapter 2| The physical preliminaries (Section contain general information on the
Dirac equation (Section and on the entanglement entropy of a fermionic quantum
fock state (Section [2.1.2). The second part of this chapter (Section is concerned
with some technical preliminaries such as the precise definition of Op,(A) and some
useful norms (Section . Moreover, we collect some previously established esti-
mates mainly on pseudo-differential operators (Section and Section , which
we will need among others to generalize a result for in the limit @ — oo as well
as estimate the error terms.

Some more helpful tools for working with pseudo-differential operators are estab-
lished in Section [3l

Chapter[4is dedicated to the analysis of the entanglement entropy of a Schwarzschild
black hole. The chapter begins by providing necessary preliminaries on the Schwarz-
schild Propagator in Section Then (Section , the regularized projection op-
erator to the negative-frequency solutions of the Dirac equation is defined and de-
composed into angular momentum modes. For each angular momentum mode, the
resulting functional calculus is formulated and the corresponding operator is rewritten
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in the language of pseudo-differential operators. Moreover, the symbol will be fur-
ther simplified at the horizon. After these preparations, we can give a mathematical
definition of the entanglement entropy of the black hole (Section |4.3). Following the
preparations, the core of the work begins in Section [£.4] where we calculate the entropy
corresponding to a simplified limiting operator (in the sense that the regularization
goes to zero) at the horizon by generalizing a theorem by Widom (Theorem .
Afterwards (Section we estimate the error caused by using the limiting operator
instead of the regularized one. It turns out that it drops out in the limiting process.
Subsequently (Section we complete the proof of the main result (Theorem
by combining the results from the previous sections.

In Chapter [5| we analyze the entanglement entropy of bounded spatial regions in
Minkowski spacetime. Again we start our analysis by recalling a few physical prelim-
inaries on the Dirac equation in Minkowski spacetime (Section . In Section
we provide some mathematical background of our analysis including an asymptotic
formula by H. Widom, see Proposition Moreover we state two results from
[15] giving a formula for the liming coefficient. Using these results we prove an ab-
stract area law in Section In Section we use a well-known result going back
to Berezin from [4] for concave functions to examine the positivity of the asymptotic
coefficient. Afterwards, in Section the results of Sections and are applied
to the entanglement entropy S%(H(E), LA) to complete the proof of our main result,
Theorem

We finally discuss conclusions and open problems (Section @

Moreover, note that some detailed computations and proofs have been moved to the

appendices [A] [B] and [C]

Units and notational conventions.

e We work throughout in natural units A = ¢ = 1. Then the only remaining unit is
that of a length (measured for examples in meters). It is most convenient to work
with dimensionless quantities. This can be achieved by choosing an arbitrary
reference length £ and multiplying all dimensional quantities by suitable powers
of £. For example, we work with the

X u €
dimensionless quantities mb, wl, &0, ki, AR etc.. (1.10)
For ease in notation, in what follows we set £ = 1, making it possible to leave out
all powers of £. The dimensionality can be recovered by rewriting all formulas
using the dimensionless quantities in ({1.10]).

In the Schwarzschild case we will think of ¢ as the black hole mass M.

e For two non-negative numbers (or functions) X and Y depending on some pa-
rameters, we write X <Y (or Y 2 X) if X < CY for some positive constant C
independent of those parameters. To avoid confusion we may comment on the
nature of (implicit) constants in the bounds. If X <Y < X, we write X ~ Y.
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By F we denote the unitary extension of the Fourier transform to L?(C% R"),
which for any ¢ € L'(C? R") is given by

(Fv)(€) : T (x) dx .

In the following we can sometimes factor out a characteristic function in £ in the
a symbol A, i.e. )
A(X7y7 E) = XQ(&) A(X7y7 E) :

In this case, we will sometimes denote the characteristic function in & corre-
sponding to the set ) by In. This is to avoid confusion with the characteristic
functions y in the variables x or y.

For any two bounded self-adjoint operators A and B on the Hilbert space H the
inequality A < B is understood in the standard quadratic form sense:

(Au,u) < (Bu,u), forallu e H.

For any matrix B the notation |B| stands for its Hilbert-Schmidt norm. In the
case that B = B(£),€ € R?, is a smooth matrix-valued function then we write

VeBE)I =) 108B(),
|m|=l
where 8‘5”‘ is the standard partial derivative of order m € Zi.

For operators on a normed space we denote the ordinary operator norm by ||. |-

For n-component functions ¢ : R* — R™ the pointwise norm in C" will be
denoted by | .|, the canonical inner product on L?(R¢,C") by (.|.) and the cor-
responding norm by ||.||. In particular this holds for d = 1, n = 2 and the
two-component functions of the form

4 (jj) ,

which will come up in Chapter [4]

For ¢ € R? we denote

(&) =Vv1+[gP.

The symbol vol,,(€2) with n = 0,1,...,d stands for the induced n-dimensional
Lebesgue measure of the measurable set Q ¢ R9,

We call Q € R? a region if it is a non-empty open set with finitely many connected
components such that their closures are disjoint.

The symbol C™** denotes the space of all (n x k)-matrices.
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e Let f:R? — C™*¥ be a function, then we denote the operator

{¢|¢:R" - CF} = {¢|y:R" - C"},
(x = 9(x) = (x = F(X)Y(X) ,

in some cases (for simplicity) again by f, or in other cases (for clarity) by M.

e We denote the characteristic functions of the half-spaces R™ and R~ by
X+ = XR+ > X— = XRr- -
e For any vector space V' we denote

L(V):={f:V = V| f bounded and linear} .



2. General Preliminaries

2.1. Physical Preliminaries

2.1.1. The Dirac Equation in Globally Hyperbolic Spacetimes

This section corresponds to [I3] Section 2.2] (with slight modifications).

The abstract setting for the Dirac equation is given as follows (for more details see for
example [16]). Our starting point is a four-dimensional, smooth, globally hyperbolic
Lorentzian spin manifold (/, g), with metric g of signature (+,—, —, —). We denote
the corresponding spinor bundle by SA(. Its fibres S, # are endowed with an inner
product <.|.>, of signature (2,2), referred to as the spin inner product. Moreover,
the mapping

3 .
v Tpl — L(Sg M), U Zj:o Yuj,
where the 7/ are the Dirac matrices defined via the anti-commutation relations

Y(u)y(v) + () y(u) = 2g(u,v) Ls, ) »

provides the structure of a Clifford multiplication.

Smooth sections in the spinor bundle are denoted by C* (M, SA). Likewise, the
space Cg° (M, SA) are the smooth sections with compact support. We also refer to
sections in the spinor bundle as wave functions. The Dirac operator D takes the form

3
Di=iY IV, : CO(M, SM) — C(M, SA)
j=0

where V denotes the connections on the tangent bundle and the spinor bundle. Then
the Dirac equation with parameter m (in the physical context corresponding to the
particle mass) reads

(D—m)y =0,

(for more details on the Dirac equation see [46] or [12], Sections 1.2-1.4 and 4.2-4.4]).

Due to global hyperbolicity, our spacetime admits a foliation by Cauchy surfaces
M = (N)ter. Smooth initial data on any such Cauchy surface yield a unique global
solution of the Dirac equation. Our main focus lies on smooth solutions with spatially
compact support, denoted by C (M, SA). The solutions in this class are endowed
with the scalar product

3
(616) :j; /Jv < |y b din ()| (2.1)

10



2. General Preliminaries

where N is a Cauchy surface with future-directed normal v and dp_y denotes the
measure on A induced by the metric g (compared to the conventions in [16], we here
preferred to leave out a factor of 27). This scalar product is independent on the choice
of N (for details see [16, Section 2]). Finally we define the Hilbert space (77, (.|.)) by
completion,

A =L, S (2.2)

2.1.2. The Entanglement Entropy of a Quasi-Free Fermionic Quantum
State

The first part of this section corresponds to the first part of [I5, Section 2.2] and the
second part to [I3, Remark 2.1] (both with slight modifications).

Given a Hilbert space (J7,(.|.),r) (the “one-particle Hilbert space”), we let
(%, (.].)#) be the corresponding fermionic Fock space, i.e.

ﬂzé JON--- NI
k=0

k factors

(where A denotes the totally anti-symmetrized tensor product). We define the creation
operator Ut by

Ut S L(F), W) (1A Ap) = AL A Aty

Its adjoint is the annihilation operator denoted by W(1)) := (¥ (¢)))*. These operators
satisfy the canonical anti-commutation relations

(@), U (¢)} = (W]¢) and  {U(),¥()} =0={Ti(y),T(4)}.

Next, we let W be a statistical operator on .%, i.e. a positive semi-definite linear
operator of trace one,

W . % -7, W>0 and trge(W)=1.

Given an observable A (i.e. a symmetric operator on .%), the expectation value of the
measurement is given by

(A) == trgy (AW).

The corresponding quantum state w is the linear functional which to every observable
associates the expectation value, i.e.

w: A trg (AW).
The von Neumann entropy of the state w is defined by
Si(w) :=—trgy (W hW).

In this thesis, we restrict our attention to the subclass of so-called quasifree states,
fully determined by their two-point functions

wa (v, @) == w(\II(@) \I/T(qb)) , for any ¢, ¢ € .

11



2. General Preliminaries

Definition 2.1.1. The reduced one-particle density operator D is the positive
linear operator on the Hilbert space (H,(.|.) ) defined by

W2($;¢):<¢|D¢>%’a fO?” any w7¢€%-

The von Neumann entropy Si(w) of the quasi-free fermionic quantum state can be
expressed in terms of the reduced one-particle density operator by

S1(w) = trn(D), (2.3)

where 17 = 11 is the von Neumann entropy function defined in . This formula
appears commonly in the literature (see for example [35, Equation 6.3], [27, [, [33]
and [24, eq. (34)]). A detailed derivation can be found in [14, Appendix A]. Similar
to also other entropies can be expressed in terms of the reduced one-particle
density operator. Namely, the Rényi entropy and the corresponding entanglement
entropy can be written as S,.(w) = trn,.(D) and (L.2), respectively. These formulas
are also derived in [I4], Appendix A].

We here consider a quasi-free state formed of solutions of the Dirac equation. Thus
we choose the Hilbert space 77 as the solution space of the Dirac equation with scalar
product (.|.) » = (.|.). Moreover, we consider the regularized vacuum state, in which
case the reduced two-particle density operator is equal to the regularized projection
operator onto all negative-frequency solutions of the Dirac equation in the respective
spacetime, i.e.

D=1

with TI9) as in (5.5)). We point out that, in the limiting case € \, 0, the operator D
goes over to the projection operator to all negative-frequency solutions ([5.4). The
corresponding quantum state w is the vacuum state in the corresponding spacetime.

Remark 2.1.2. [I3] Remark 2.1] (with slight modifications)

We point out that our definition of entanglement entropy differs from the conventions
in [24, [30] in that we do not add the corresponding term for the complement of A
in . This is justified as follows. On the technical level, our procedure is easier,
because it suffices to consider compact spatial regions in the cases of Schwarzschild
and Minkowski spacetimes (indeed, we for example expect that 7, (Xléc H}(BEI){ X;@c) —

Xjce M (H](BEI){) X is not trace class). Conceptually, restricting attention to S, (I1®), A)
can be understood from the fact that occupied states which are supported either inside
or outside A do not contribute to the entanglement entropy. Thus it suffices to consider
the states which are non-zero both inside and outside. These “boundary states” are
taken into account already in .

This qualitative argument can be made more precise with the following formal com-
putation, which shows that at least for the unregularized fermionic projector (denoted
by II_) the value of S, (II_, A) is the same as S,.(II_, A€): First of all note that n,.(t)
vanishes at t = 0 and ¢ = 1. Since II_ is a projection this means that

n.(II-) =0 and therefore tr (xa 7(I1-) xa) = 0 = tr (xae 7 (I1-) xac) -

12



2. General Preliminaries

Moreover, if we assume that both ya II_ ya and II_ ya II_ are compact operators,
we can find a one-to-one correspondence between their non-zero eigenvalues: Take any
eigenvector ¥ of xa II_ xa with eigenvalue A # 0, then we must have

1
XAY = XX?\ O_xap =+ and Il #0,
which yields
M= (xal-xa)Y = (xaIl-)0.

Then II_v is an eigenvector of I1_ x II_ with eigenvalue A because

(I e T) () = T (xa 1)t = ATL 4

Since the same argument also works with the roles of II_ xa II_ and xa II_ xp in-
terchanged, this shows, that the nonzero eigenvalues of both operators (counted with
multiplicities) coincide. Then the same holds true for 7, (II_ xAII_) and n,.(xaATI-xa),
proving that

trns(xa - xa) = tro(I1- xa 1) .

Due to the symmetry of 7,,, namely
M (t) =1, (1 — 1) for any t e R,
this then leads to
tr 7. (xa TT- xa) = trop (TT- xa T1-) = tro, (Tl — T xa T1-) = trn (T xae T1-)
Repeating the same argument as before with xac II_ xac finally gives

trm,(xa o xa) = trm, (1= xpe TIZ) = trm, (xae I xac) -

Regularizing this expression suggests that the entanglement entropies of the inside
and outside as defined in coincide. Then, our definition of entanglement entropy
would agree (up to a numerical factor) with the one in [24 [30].

Note that the above formal computation corresponds to the fact, that for a pure
bipartite state, the von Neumann entropy of both parts coincide. O

2.2. Technical Preliminaries

2.2.1. Definitions
Singular Values and Schatten-von Neumann Classes

This section is based on [I5 Section 4.1], [I4, Section 2.3.2] and [13, Sections 2.4
and 7.1] (with similar phrasing).

Given a separable Hilbert space H we denote the space of compact operators on
it by Se. For any A € S, we denote by sg(A), £ = 1,2,..., its singular values
i.e. eigenvalues of the self-adjoint compact operator v/ A* A labeled in non-increasing

13
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order counting multiplicities. For the sum A + B the following inequality holds (see
[T, Sec. 11.1 Eq. (14)]):

sok(A+ B) < syp_1(A+ B) < sp(A) + sp(B).

We say that A belongs to the Schatten-von Neumann class S, p > 0, if

JAlL = (tr]Ap)"” = (Zsk )" < oo

The functional ||Al|, defines a norm if p > 1 and a quasi-norm if 0 < p < 1. With
this (quasi-)norm, the class S, is a complete space (see also [7, Sections 11.4.2 and
11.5.4]). Note that for p = 1 this coincides with the trace norm. For 0 < p < 1 the
quasi-norm is actually a p-norm, that is, it satisfies the following “triangle inequality”
for all A, B € S, (see [7, Section 11.5.4]):

A+ Bl < Al + 1Bl (2.4)

This inequality is used systematically in what follows. We point out a useful estimate
for individual eigenvalues for operators in Spﬂ

su(A) < k7 Al k=1,2,....

Moreover, as explained in [7, Section 11.4.1}EL for any two bounded operators Bi, By
on H,p>0and A €S, it holds that B1AB> € S, with

1B1ABz|lp < [|Allpl| B1llo ]| Balloo » (2.5)
and for any two 0 < p; < p2 < 0o, we have S, C S, and for any A € S,
[Allps < [1Allp - (2.6)

Finally (also according to [7, Section 11.4.1]), for any p > 0 and A € S, the adjoint
A* € S, with

1A, = | Allp - (2.7)
Remark 2.2.1.

(i) Note that for any p > 0, the norm ||. ||, is invariant under unitary transformations:
Let H and G be separable Hilbert spaces, U : G — H unitary and A € S, C L(#),
then

(UTTAU)*'UYAU = (U*AU)*U AU = U*A*UU AU = U 1A% AU

which is unitarily equivalent to A*A and thus has the same eigenvalues showing
that
-1
[All, = [UT" AU, .

This follows by definition since ks?(A) < 3°F | s;(A)P < || A% (see also [7, Section 11.6.1]).
2There is a typing error in the source for (2.6)), but the similarity to the IP-spaces makes it clear.

14
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(ii) Let k£ € N be a number and H a separable Hilbert space. Denote S, as the

p-Schatten-von Neumann class in L(H,H) and let Sgc) be the p-Schatten-von-
Neumann class in L(H*, #*). Moreover, let A = (a;j)1<i j< be a formal block
operator such that each block a;; € S,. Denote by a; ; is the block operator with
zeros everywhere except for position (i, j), where it coincides with a; j. Since for

any i,j € {1,...,n}, the operator a .a; ; is also a formal block operator with the

Z?]
(k)
P

only non-zero entry a; ;a;; we conclude that a;; € Sp™ and

laijllp = llaijllp, foranyi,je {1,...n},

where the norms on the left hand side are with respect to sﬁ)’“) and the ones on
the right hand side with respect to S,. Then, applying the triangle inequality

(2.4) we see that A € SI(Dk) as well and its p-norm can be estimated by

n n n n
AL <> Naasls => 0 llaiglh,

i=1 j=1 i=1 j=1
where the norms on the very left hand side are with respect to Sz(,k) and on the
very right hand side with respect to S,,.
%

We refer to [7, Chapter 11] for more details on singular values.

Pseudo-differential Operators

This section is based on [13] Sections 3.3 and 6.2], [14] Section 2.3.1] and [I5, Section 1]
(with similar phrasing).

Let n,d € N be two parameters. We will often rewrite operators on L?(R%, C") as
Pseudo-differential operators of the form

(Opa) ) o= (=) [ [ o6 Ay, wiy) dy d
for any ¢ € CSO(Rd, c™y.

(2.8)

The so called symbol A is a suitable measurable matrix-valued map A : (R%)? — C?*"
such that the operator on C°(R%, C") defined by can be extended continuously
to all of L?(R?,C"). The parameter d € N can be thought of as the spatial dimension
and the parameter n € N as the number of components of the wave function .

Note that symbols denoted with lowercase letters in this thesis usually indicate that
the symbol is scalar-valued.

Moreover, the symbols sometimes additionally depend on ¢ or other parameters. We
usually denote this by corresponding super- or subscripts.

For some symbols A the integral representation extends to all Schwartz- or even
all L2-functions. If this condition is assumed for specific results, we will mention it
explicitly. We will also establish some conditions on A that guarantee such extensions.

15
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The notation of the arguments of the symbol A is often adapted to the application
in mind. In particular, if the arguments are not boldface this usually implies that they
are scalar-valued, i.e. d = 1.

Furthermore, note that for any measurable set U C R? we can identify Op,(A) as
an operator on L2(U, C") by restricting the y-integral in to U and only evaluating
for x € U. Moreover, given an operator on L?(U, C") with integral representation
but with the y-integral restricted to U, we can identify it with a pseudo-differential
operator on L?(R? C") by integrating in y over all of R? and replacing A(x,y, &)
with xu(x)A(x,y,&)xv(y). We will sometimes make use of this identification later on
without specifically mentioning it.

For self-adjoint operators Op,,(A) we recall the definition of Dy (7, A, A) from (L.9):

Do(f, Ay A) = f(xaO0pa(A)xa) — xaf(Opa(A))xa

where A C R? is some measurable set which will be specified later and f is a measur-
able function on the spectrum of Op,(A). For technical purposes it is also useful to
introduce the truncated operator:

Wa (A, A) := xa Opa(A)xa-
Moreover, in what follows we will often use the notation

Pﬂ,a = Opa(XQ)

for some measurable set Q C R which emphasizes that this is a projection operator
(this and its well-definedness will follow from Lemma . In Lemma we will
see that the integral representation of such operators always extends to all Schwartz
functions.

Norms on Symbols and Functions

This section is based on [I3], Defintion 2.7] and [15] Section 4.2] (with similar phrasing).
We will frequently use the following function norms.

Definition 2.2.2. (see for example [39, Section 2.1] with slight modifications)

Let SURD(R) with j, k,1 € Ny be the space of all complez-valued functions on (R%)3,
which are continuous, bounded and continuously partially differentiable in the first
variable up to order j, in the second to k and in the third to | and whose partial
derivatives up to these orders are bounded as well. For a € SUFD(RY) and 5,6 > 0 we
introduce the norm

N(]’k’l) (Cl, s, 5) = m?,X sup SJJrk(Sl‘Vf(V?,VéCL(Xay,E)‘ .
0<j<j x,y,&
0<k<k
o<i<i

Similarly, SUD(RY) with j,1 € Ny denotes the space of all complez-valued functions on
(R)2, which are continuous and bounded and continuously partially differentiable in
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the first variable up to order j and in the second to l and whose partial derivatives up
to these orders are bounded. For a € SUD(RY) and 5,8 > 0 we introduce the norm

NUY (a;s,6) := max sup sjéi‘Vivga(x,ﬁ){ .
0<7<j %,
o<i<li

Finally, by S(l)(Rd) with I € Ng we denote the space of all complex-valued functions
on R%, which are continuous and bounded and continuously partially differentiable up
to order 1 and whose partial derivatives up to this order are bounded. For a € S®O(R?)
and 6 > 0 we introduce the norm

N®(a;8) := max sup (ﬂVéa(E)’ .
0<i<l ¢

Note that any function a € SU)(RY) may be interpreted as element of in SU*) (R%)
for any k& € Ny by the identification

a(x,y, &) = a(x, &) for any y € R?.
Then, for any s,0 > 0 one has
NUHED (g;5,8) = NUD (g5 s,0) .

And similarly for a € SO (R?).
Another useful functional is given as follows.

Definition 2.2.3. (see [{0, Section 2.1] with similar phrasing)
Let C = [0,1)¢ and for any u € R? set Cy, :=C +u. Let h € L _(R?) and p € (0, 00),
then we denote

) 1
p|3s
Ihlp,az[znezd(cf rh<x>\pdx)”] C0<b<oo
" 1

Ihlp,w:supuew(fh(x)\pdx) . s
Cu

Sometimes these functionals are called lattice quasi-norms (norms for p,é > 1).
We say h € I°(LP)(R?) if |h|,s5 < oo

2.2.2. Abstract Estimates

In this section we list a few (mostly) previously established results, which can mostly
also be found in a similar (or sometimes same) form and phrasing in several chapters
of the works [13], [14] and [I5].

Consider an arbitrary separable Hilbert space H. Let A be a bounded self-adjoint
operator and let P be an orthogonal projection on H. Given a measurable functionﬂ
f we define the operator

D(A, P; f) := Pf(PAP)P — Pf(A)P. (2.9)

3We use the convention that if the function is initially not defined on the entire spectrum of A, we
simply extend it by 0.
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Sometimes for ease of notation we leave out some of the arguments of D, ie. we
sometimes write D(A; f) = D(A, P; f) or D(A) = D(A, P; f).
In the following we establish a few estimates for this operator.

Theorem 2.2.4. [/1, Corollary 2.11] (Simplified and adapted to our notation)
Let H be a separable Hilbert space, q, R > 0 parameters, k > 2 a natural number and
f € CE(—R,R). Let o € (0,1] such that

(k—o)t<qg<.

Given a bounded self-adjoint operator A on H and an orthogonal projection P on H
such that PA(I — P) € Sy, the following estimate holds

|F(PAP)P — PF(A)ly S mas, (B1/9 =) R |[PA(L = P)]7,

with an implicit constant independent of A, P, f and RE

In what follows it is convenient to require that the function f satisfies the following
condition, which can for example be found in [41, Theorem 4.4] (with similar phrasing).

Condition 2.2.5. Let T := {to,...,tx} be a finite set and g € C3(R\ T) N C°(R) be
a function such that there exists a constant v > 0 and in the neighborhood of every t;
there are constants c, > 0, k = 0,1,2 satisfying the conditions

99 (@) < ex [t —t:77F.
For technical purposes we will also make use of the following related condition.

Condition 2.2.6. [13, Condition 5.1] The function f € C*(R\ {to}) N C(R) satisfies
the bound
— (k) - —y+k
FABE Orggg%s;ltlzlf ()|t —to| 7 < 00
for some v € (0,1], and it is supported on the interval (to — R,to + R) with some finite
R > 0.

Remark 2.2.7. Note that if T contains only one element, the two conditions coincide.
Moreover, if f satisfies Condition and (¢ )o<k< is suitable partition of unity such
that the support of each v, only contains exactly one of the elements in T, then each
[y satisfies Condition [2:2.6] O

Example 2.2.8. As shown in detail in Lemma|[C.0.1] for any s # 1, the Rényi entropy
function 7),, satisfies Condition with T = {0, 1} for any v < min{s, 1}. Moreover,
1 = 1 satisfies Condition with T = {0,1} for any v < 1. O

The next proposition follows from a more general fact proven in [41, Theorem 2.4],
see also [31), Proposition 2.2] (note that we used similar phrasing).

“The independence on f and R is not explicitly stated in [41], Corollary 2.11], but &I} Corollary 2.7
plus the proofs of both corollaries make it clear.
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Proposition 2.2.9. Suppose that f satisfies C’ondition with some v € (0,1] and
some tg € R, R > 0. Let q € (1/2,1] and assume that o < min{2 — ¢~ ',v}. Let
A be a bounded self-adjoint operator on a separable Hilbert space H and let P be an
orthogonal projection on H such that PA(1 — P) € Syq. Then

IDA, P; H)llg S 1 fl2 B [[PAL = P)|I3

oq’
with an implicit constant independent of A, P, f, R and ty.
Applying Proposition [2.2.9] with
A:Opa(A)7 P:XAa

we obtain the following Corollary (we again use similar phrasing as in |41, Theorem 2.4]
and [31), Proposition 2.2]).

Corollary 2.2.10. Suppose that f satisfies Condition [2.2.6 with some ~ € (0,1] and
some tg € R, R > 0. Let q € (1/2,1] and assume that 0 < min{2 — ¢~ v}. Let
A be a bounded, Hermitian matriz-valued symbol and A C R? such that the operator
XAOP, (A)(1 = xa) € Sgq. Then

[Da (A xa5 Pllg S 12 B Ixa0pa (A)(1 = xa)ll74: (2.10)

with a positive implicit constant independent of A, A, the function f and the parameter
R.

In order to estimate the Schatten norm on the right hand side of ([2.10), we will
sometimes use estimates of the Schatten norm of the commutator [xa, Op,(A)]. The
next Lemma shows that this is indeed equivalent.

Lemma 2.2.11. Let 0 < p <1 and H a separable Hilbert space.

(i) If A, B are bounded self-adjoint operators on H such that BA(1 — B) € S, then
also [A,B] € S, and
I[A, Bllp < 2([BA(L = B)|p -

(i1) If B is a projection on H and A some operator on H such that [A, B] € S, then
also BA(1 — B) € S, and

IBA(L = B)lp < [I[4, Blll

Proof. (1): We apply the triangle inequality,
I[A, Bl||} = ||[AB — BAB + BAB — BA|} = ||(1 — B)AB — BA(1 — B)|[}
< [|(1 = B)AB||; + [|BA(L = B)[[; < 2| BA(1 - B) |3
where we also used that
((1 — B)AB)* = BA(1 — B),

together with ([2.7)).
(ii): We make use of (2.5 and the fact that B is a projection,

IBA = BAB||, = | B(BA = AB)||, < | Bllo|[[A; Blll, < I[A; Bl -

19



2. General Preliminaries

2.2.3. Estimates for Pseudo-Differential Operators

In this section we list a few previously established results, which can also be found in
a similar (or sometimes same) form and phrasing in several chapters of the works [13],
[14] and [15].

The first lemma shows that Op,(a) is bounded with respect to the operator norm
uniformly in « as long as the symbol a is suitably regular.

Lemma 2.2.12. [39, Lemma 3.9] (with slight modifications)

Let k := |d/2] + 1 be a parameter, ag > 0 a constant and s, > 0 such that asd > «y.
Moreover, let a € SEFAT(R) be o symbol. Assume that Op,(a) is well defined, its
integral representation extends to all Schwartz functions and the y- and E-integrals in
the integral representation are interchangeable for any Schwartz function. Then

10pg (a)[loo S NEFH D (a;5,6)
with an tmplicit constant only depending on d and .

Proposition 2.2.13. [39, Proposition 3.8] with reference to [6, Theorem 11.1], [3,
Section 5.8] and [38, Theorem 4.5] (with slight modiﬁcationsﬂ

Let a,h € 19(L%)(R™) for some q € (0,2). Assume that the integral representation of
Op;(a) extends to all Schwartz functions and that the y- and &-integrals in the integral
representation are interchangeable for any Schwartz function. Then h Op,(a) € S, and

[hOpi(a)]|, £ IPlag lalzg
with an tmplicit constant independent of a and h.

The next Corollary helps us to estimate the error caused by interchanging charac-
teristic functions in position and momentum space.

Corollary 2.2.14. [40, Corollary 4.7](case d = 1, with slight modifications)
For any two open bounded intervals K, J C R as well as numbers q € (0,1] and o > 2,
the following estimate holds,

X Pra(l = xx)llg S (lna)'/,
with an tmplicit constant independent of o > 2.

The next proposition gives an estimate for terms of the form ||xAOp,(a)(1—xa)llq,
which will come up when applying Theorem [2.2.4] or Proposition It follows from
the more general result [31, Proposition 3.2] (see also [40], Corollary 4.4]). We adapted
it to the cases needed and to our notation, moreover the coefficient in k was corrected
(in comparison to the version in [31, Proposition 3.2]), after talking it over with one
of the authors (Alexander V. Sobolev).

Proposition 2.2.15. Let d = 1 and K C R be and open bounded interval and let
ap > 0 be a constant. Let q € (0,1] and

E=|2¢'+1.

"There is a typing error in [39, Proposition 3.8], but [6, Theorem 11.1] makes it clear.
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Let a be a scalar-valued symbol independent of x and y, i.e. a(z,y,§) = a(§) with
support contained in Bs(C) for some ¢ € R and § > 0. Assume that a € S®)(R) and
Op,(a) is well defined with integral representation extending to all Schwartz functions.
Then for any ad > aq,

XK OP4(a)(1 — xx)llg S N®(a;9),

with implicit constants independent of a, o, § and (.
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3. Further Properties of
Pseudo-Differential Operators

This section is based on [13, Section 5] and [14], Section 2.3.1] (with similar phrasing).
We establish a few general results for pseudo-differential operators.

Lemma 3.0.1. Let A be a is Hermitian matriz-valued symbol which is measurable,
independent of x and 'y, i.e. A(x,y,§) = A(§) and bounded in §, then Op,(A) is well-
defined and self-adjoint. Moreover, for any Borel function f defined on the spectrum

of Op,(A), we have
f(Opy(A)) = Op,(f(A)) -

Proof. Note that for a symbol A as in the claim
Op,(A) = FA(.Ja) F71, (3.1)

since holds for all C5°(R?, C")-functions and the right hand side defines a bounded
operator on L?(R? C"). This also shows, that Op,,(.A) is bounded (and therefore well-
defined) and self-adjoint. Since for any & € RY, the matrix A(£/a) is Hermitian
matrix-valued the spectral theorem for matrices yields a unitary matrix V(€) such
that

V(E)AE/a)V(€)™" = diag(bi(€),. .-, ba(€)) = B(E) .

Then, using the identification L?(R%, C") = LQ({l,...,n} X Rd,(C), the operator
V(-)71F~! can be interpreted as the unitary transformation form the multiplicative
version of the spectral theorem for the operator Op,(A) and B as the corresponding
function. Thus we have

F(Opo(A) = F V() f(B(-/a)) V()H F~H = F f(A(-/a)) F~ = Opa(f(A)) .
O

A similar argument as in the above proof can be used to prove a criterion on when
the integral representation of Op, (A) extends to all Schwartz functions.

Lemma 3.0.2. Let A be a symbol which is independent of x and y such that for any
Schwartz function ¢ € S(R?, C"), the vector-valued function A(-/a)vy(-) € LY(R?,C"),
then the integral representation of Op,(A) extends to all Schwartz functions. In par-

ticular this holds for any measurable symbol A which is independent of x and y and
bounded in &.

Proof. Just as in the proof of Lemma we conclude that

Op,(A) = F 1 A(-/a) F.
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3. Further Properties of Pseudo-Differential Operators

Now take an arbitrary Schwartz function ¢ € S(R? C"), then F4 is defined by the
usual integral representation. Moreover we have Fv» € S(R?, C"), since F is an auto-
morphism on the Schwartz space. Furthermore, since the map & — A(&/«) (F1)(€) is
in L'(RY,C"), the inverse Fourier transform is again given by the usual integral rep-
resentation meaning that the integral representation of Op,(A) extends to . Since
Y € S(R?, C") was chosen arbitrarily, the claim follows. O

The next lemma will be needed for consistency reasons when considering the limit
ug — —00Q:

Lemma 3.0.3. Let Op,(A) as in Section let U,V C R be arbitrary Borel sets
and ¢ € R an arbitrary vector. For any x,y,& € R we transform a given symbol A

by
Te(A)(x,y,€) = Alx+c,y +ck).

Then there is a unitary transformation t. on L?(R%,C") such that
te XUt+e OPa (T-c(A)) Xvicts' = xu Opa(A) xv - (3.2)

Moreover, assuming in addition that Op,(A) is self-adjoint, we conclude that for any
Borel function [ on the spectrum of A,

F(xv Opa(A) xv) = te f(XU+e OPa(T—c(A)) XU+e) to - (3.3)

Proof. We will show that the desired unitary operator is given by the translation
operator
te: L*(RY) — L*(R?), [ f(-+e),

(which is obviously unitary). Note that for any Borel set W C R?
XW+e =t—c XW te s (3.4)
and therefore
XU OPa(A) XV = te XU+e t—c OPa(A) te Xviet—c -
By a change of variables we obtain for arbitrary ¢ € C5°(R%,C")
(t—c OPa(A) tet) (x)
= (Opa(A) teth) (x — €) = (20‘7; / 3 / dy e ST A(x — ey, €) ¥y + )

at

— W / dE / dy e—iOCE(X_Y) A(X —C,y —C, 57 ) w(}’) = (Opa (ch(-A))w) (X) .

This shows (3.2)).

For (3.3) we make use the multiplication operator version of the spectral theorem.
This provides a unitary transformation ¥ and a suitable function g such that

XU Opa(A) xu =V 1 g V.
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3. Further Properties of Pseudo-Differential Operators

Combined with the previous discussion this implies

XU-+e Opg (T—C(A)> XUte = (V tc)il g (Vte),

which is the multiplication operator representation of Xy e Opg (T-c(A)) XU4e, be-
cause V t. is also a unitary operator. Therefore

f(XU-i-c Op,(T-c(A)) XU+C) = (V tC)il (fog) (V tt:) = tgl f(XU Op,(A) XU) le s

concluding the proof. O

Remark 3.0.4. A similar result as Lemma [3.0.3] holds for translations in the
&-variable: Let ¢ € R? be an arbitrary vector. For any x,y,& € R? we transform
a given symbol A by

RC(A)(X7 Yy, 5) = A(X) Yy, 5 + C) .
Then, for any 1 € C3°(R?,C") and x € R? we have

ot

(OpalReld)0) () = oy [ e [ dy o) Ay, +eputy)

o

= o —io(€—c)(x~y)
(27)d /Rd de R dy e A(x,y,€)(y)

o

— —iaex —ia€(x—y) iacy
e [ ae [ aye A%y, €) € i(y).

Denoting the function f(x) := ¢/*°*, this shows that

Opa(RC('A)) = f Opa(A) fil )

which implies similar consequences for trace and Schatten-norms since the multiplica-
tion by f is a unitary operator. O

The following result can (at least for scalar-valued symbols) also be found in [39,
Eq. (2.10)] using a slightly different notation and a slightly different definition of
Op,(+). Nevertheless we decided it would be helpful to give a proof and reformulate
it here.

Lemma 3.0.5. Let A be a symbol such that Op,(A) is well defined on L?(R%, C"), let
A C R be some measurable set and «, 6 > 0 some arbitrary constants. Then,

(i) There is a unitary operator Vs on L?(R%,C") such that

Vi ' XA Opa(A) xa Vs = Xoa OPa/s(A) xsa -
We refer to this as rescaling in position space.

(i) By rescaling in momentum space we mean the equality

Opa(A) = Ops, (A(6-)) .
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3. Further Properties of Pseudo-Differential Operators

Proof. First, (ii) simply follows by changing coordinates in the &-integral.
For (i) consider the unitary operator Vj, which is for any ¢ € L?(R?,C") defined by

(Vsp)(x) := 62 4p(0x),  foranyx € R .
Then, for any 1 € L?(R%,C") and x € RY,
(Vs 'xaVsy) () = 692 (Vs 'xath(8)) (%) = xa (x/8)(x) = (xsa) (%)
and for any 1 € S(R?, C")

ol

(Vi " Opa(AWow) ) = 5 [ de [~ dy e em 0 A uiay)

2T
_ (afd)f
21

/ e / " dy €19 A(€)i(y) = (Opas(A))(x)

where in the second step we applied a change of variables in the y-integral. O

Lemma 3.0.6. Let Op,(A) as in Section such that A satisfies

/ dg \// dyH.A(x,y,ﬁ)Han<oo, for any x € RY
Rd Rd

(where ||.|lnxn is the ordinary sup-norm on the n X n-matrices). Then the integral-
representation of Op,(A) may be extended to all L>(R%, C")-functions and the y and
the € integrations may be interchanged. Thus for any ¢ € L*(R% C") and almost any
x € R%, the following equations hold,

(0}

(Oralw) ) =(55)" [ de [ dy o€t Ay, ) wiy)

:(%)d /Rd dy /Rd dé e ¢ A(x, . €) Y(y) -

Proof. Let 1 € L?(R? C") arbitrary. We first show that, applying the Fubini-Tonelli
theorem and Holder’s inequality, the integrations may be interchanged, by estimating

/ de [ dy |e7€ Y Ax,y, €0 (y)|
Rd Rd

< [ e\ [ av Ay 0, o] <.

Next, we want to show that we can extend the integral representation to all L2(R¢, C")-
functions, i.e that the above integral indeed corresponds to (Op,(A)¢)(u). To this
end let (1 )nen be a sequence of C3°(RY, C™)-functions converging to v with respect
to the L2(R?, C")-norm. Then Op,(A)v is by definition given by

Op, (A)y = lim Op,(A)ihn , (3.5)
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3. Further Properties of Pseudo-Differential Operators

where the convergence is with respect to the L?(RY C")-norm. However, going over
to a subsequence we can assume that this convergence also holds pointwise outside of

a null set N C R? (see for example [37, Theorem 3.12]). Moreover for any x € R\ N
and we can compute

™

lim ’ (;)d /]Rd ag y dy e (x=y) Ax,y,€) ¥(y) — (Opa(A)”(/Jn) (x)

d .
— lim ’( 20‘ ) / de | dy e €Y A(x,y,€) Awn(}’)‘
n—oo i Rd ]Rd

<(5)" [ e \//]R dy |46y, )7, Jim 1Al =0,

with Ay, := 1) — 1b,,. Combining this estimate with the pointwise convergence (3.5|)
in R\ N yields the claim. O

Remark 3.0.7. Let A be a symbol such that for any x € R¢ the function

max |A(x,y, )| € L}(R%)
yER4

Then, the &- and y-integrals in (2.8)) are interchangeable for any ¢ € L'(R? C") by
the Fubini-Tonelli theorem.

Note that this is in particular the case for symbols A € L'(R? C™*") which are
independent of x and y. O

Lemma 3.0.8. Let A(x,y, &) = A(x,&) (i.e. A is independent of y) and B(x,y, &) =
B(y,&) be symbols such that Op,(A) and Op,(B) are well-defined and the following
two conditions hold:

(i) The operator A defined for any 1 € L*>(R?, C") by

(A9)(x) = / e A(x, &/a) p(€) dE

is bounded on L*(R?,C").
(ii) The operator B defined for any 1 € C(R?,C") by

1

(BUNE) = gz [ @ Bly.&/e) u(y) dy

may be continuously extended to L?(RY,C").

Then
Opa(A) Opa (B) = Opa(AB) .

Proof. We first note that, due to condition (i),

Op,(A) =AF1,
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3. Further Properties of Pseudo-Differential Operators

as both sides define continuous operators on L?(R%, C") and agree on the C°(R%, C")-
functions. Similarly, we conclude that

Op,(B) =F B.

This yields
Op,(A) Op,(B) = AB,

and for any 1 € C(R% C") we have

(O (A)Op, (B)) (x) = (ABY) (x)
at -
_ o /R e [ dy e A, €)BLy, €0 (y).

(2m)4 R"

Note that as Op,(A) and Op,(B) are bounded operators, so is Op,(A) Op,(B). This
concludes the proof by continuous extension and by the definition of Op, (AB). O

Remark 3.0.9.

(i) In what follows we often apply the previous Lemma in the case that B is inde-
pendent of both x and y and bounded by a constant C' > 0. Then condition (ii)
of Lemma is obviously fulfilled, because for any ¢ € C5°(R¢, C") we have

By =B(-/a) F ',

and thus
IBY|| = ||B(-/a) F~1y[| < CI|F 1| = Cllvll -

(ii) Moreover, in the following, the symbol A is sometimes also independent of both x
and y and bounded by a constant C' > 0 (with respect to the matrix sup-norm),
then for any ¢ € L?(R%,C") it follows that

A = F A(.Ja)y
and moreover
[AY[| = |7 A( /)l = A( /)l < Cllo]l -
Therefore, condition (i) in Lemma [3.0.8] is also fulfilled.

(iii) Another case we will consider later is that A = a is scalar-valued, independent
of y and continuous with compact support

suppa C By(v) x Bs(() .

Then from the following argument we conclude that A also fulfills condition (i)
from Lemma m Take ¢ € L?(R%) arbitrary and consider

/ A (2)? da
_ / du / de | de' e €O GE) p(¢') alw, Ea) alz, €' )
By (v) Bs(¢) Bs(¢)
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3. Further Properties of Pseudo-Differential Operators

Here we may interchange the order of integration due to the Fubini-Tonelli The-
orem since

[oanf ac [ ae[F@u) aw ) ale € fa)
Bi(v) Bs(¢) Bs(Q)
< Cvol(Bi(v)) [ (g (0).c2) < 0
where C' is a bound for the absolute value of the continuous and compactly

supported function a. Note that L?(Bs(¢),C?) C L'(Bs(¢),C?) since Bs(() is
bounded. We then obtain

e
= / dé (&) / de’ (&) / dw e ™8 a(x,¢/a) a(w, ¢ [a)

= (&8

)
< I%!)H/Izb(ﬁ)l la(€, )l d€ < |!¢H2\//d€/d£’ ja(&. &7,

where the function a is again continuous and compactly supported, which makes
the last integral finite. We remark that in the last line we again applied Holder’s
inequality twice.

This estimate shows that condition (i) from Lemma is again satisfied. ¢
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4. The Fermionic Entanglement Entropy
of a Schwarzschild Black Hole

4.1. Further Preliminaries: The Dirac Propagator in the
Schwarzschild Geometry

This section corresponds to [I3] Section 2.3] (with some modifications).

4.1.1. The Integral Representation of the Propagator

We recall the form of the Dirac equation in the Schwarzschild geometry and its sepa-
ration, closely following the presentation in [I1] and [I7]. Given a parameter M > 0
(the black hole mass), the exterior Schwarzschild metric reads

dr? —r? dy? — r? sin? 9 d<,02 ,

> A(r)
ds? = E g dz? da® = dt? —
J,k=0 ’ r? A(r)

where
A(r) :==r? —2Mr.

Here the coordinates (¢, 7,7, ¢) take values in the intervals
—o00 < t < 00, re<r < oo, 0< ¥ <m, 0<p<2m,

where r1 := 2M is the event horizon.
In this geometry, the Dirac operator takes the form (see also [17, Section 2.2]):

0 0 o By
0 0 p. a_
a —p+ 0 0
—5_ (oS 0 0

Bi_z(8+cotﬁ>i 1 0 and

D= with

T\ 2 rsind %
. ir 0 A(r) ,g+,r—M+i’
= A(r) ot T or T 2A(r) 2r )

It is most convenient to transform the radial coordinate to the so called Regge- Wheeler-
coordinate u € R defined by

du r2

u(r) =r+2MlIn(r — 2M) , so that & = AL
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4. The Fermionic Entanglement Entropy of a Schwarzschild Black Hole

In this coordinate, the event horizon is located at u — —oo, whereas u — oo corre-
sponds to spatial infinity i.e. 7 — co. Then the Dirac equation can be separated with
the ansatz

XEr (it u) YR (9)

nw =1 1 an(tvu)ykn(ﬁ)
Yt 9) = e WW X1, )Y (9)
Xk (t,u)YE(9)

with k € Z+1/2, n € N and w € R. The angular functions Y}" can be ex-
pressed in terms of spin-weighted spherical harmonics and form an orthonormal basis
of L*(((—1,1), d9cos¥),C?) (see [I7, Section 2.4] with additional reference to [18]).
The radial functions X:kt” satisfy a system of partial differential equations

(Vo' Py Ra ) (i) =0, "

where m denotes the particle mass and

P A )
T o AW ot

for details see [I1], Section 2|. Moreover, employing the ansatz
Xin(ta ’LL) = X:ktnw (u) )

equation goes over to a system of ordinary differential equations, which admits
two two-component fundamental solutions labeled by a = 1,2. We denote the result-
ing Dirac solution by X/ —= (Xff’f,X M) (for more details on the choice of the
fundamental solutions see Section below).

As implied by [11, Theorem 3.6], one can then find the following formula for the
mode-wise propagator:

Theorem 4.1.1. Given initial radial data Xo € C°(R,C?) at time t = 0, the corre-
sponding solution X € C22(R2 C?) (i.e. smooth with spatially compact support) of the
radial Dirac equation (4.1) can be written as

1
X(tu) = — / duw e~ Z the Xame (u) (X Xo)
- a,b=1

for any u,t € R. The X (u) are the fundamental solutions mentioned before. Here
the coefficients tk”w satisfy the relations

k _ gknw
ta;)zw = tpq

and
tl;gw = 5(1,1 51,1 Zf |w| S m

knw 1

(4.2)
t11 = t9g = 5 )

}tk"“" if lw| >m

l\Q\H
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4. The Fermionic Entanglement Entropy of a Schwarzschild Black Hole
4.1.2. Hamiltonian Formulation
We may rewrite the Dirac equation in Hamilton form, i.e.

Z;X’m(t ) = (Hin X*,) ()

XE(t,u) YF(9)
— 1 an(tau)ylm(ﬁ) -
— (D-m)e ™ (A Jr X_’ﬁ"(t,u)YJ_'rm(l?) -
XF(t, u) Y (0)

where the Hamiltonian Hy, is an essentially self-adjoint operator on L?(R,C?) with
dense domain Z(Hy,) = C°(R,C?). We identify it with its self-adjoint extension.
This makes it possible to write the solution of the Cauchy problem as

X(t,u) = (e n Xo)(u)  withu eR.

Here, the initial data can be an arbitrary vector-valued function in the Hilbert space,
i.e. Xo € L%(R,C?). If we specialize to smooth initial data with compact support, i.e.
Xo € CF°(R, C?), then the time evolution operator can be written with the help of
Theorem [£.1.1] as

2
. 1 [ ,
(e Xa) () = = [~ e S b X ) (X1X0)
T /=00 b=1
“ for Xo € C°(R,C2) .
We point out that this formula does not immediately extend to general Xy € L?(R, C?);
we will come back to this technical issue a few times in this thesis.
4.1.3. Connection to the Full Propagator

In this section we explain, why it suffices to focus on one angular mode instead of the
full propagator and why we can use the ordinary L?-scalar product instead of (.|.).
To this end, we introduce the function

S = A(r)YAr.
Moreover, for each fixed k € Z + 1/2, n € Z we denote by (7)k, the completion of

Vin = spann{S1 e~ ke X =(X,,X_)eL*R, Cz)} ,

with respect to (.|.), i.e.
()i = Ver .

This space can be thought of as the mode-wise solution space of the Dirac-equation at
time ¢t = 0. Note that the entire Hilbert space of solutions at time ¢t = 0, namely

H =0 =: Hp
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4. The Fermionic Entanglement Entropy of a Schwarzschild Black Hole

has the orthogonal decomposition

€N

(again with respect to (.|.)), where ((k;,n;))ien is an enumeration of (Z + 1/2) x Z.
Furthermore, each space (%), can be connected with L?(R, C?) using the mapping

S ((H)kn» () = LAR,C?),
which for any (Y1, ,14) € (J)kn is given by
(g(wlv U 7¢4))1

= /1 dv 00519/027r dp <(¢2(u,19,g0), wg(u,ﬁ,go)) ’ e~k (Yf"(ﬂ) , Y_’m(ﬁ))> ,

-1 C2

(g(wla T 177/)4))2
1 27 )
= [ v cosw [ o ((wntu 0,00, w0, ) [ € (Vi) V) )
0

—1 C2 ’

It has the inverse

STULAR,C?) = ((H)kn s (1),

(X4, X_) s S temthe

(where (., .)c2 is the canonical scalar product on C?). Then a direct computation shows
that the scalar products transform as

(S| S¢)p2 = (1h|¢)  for any ¢,v € (HQ)kn

This implies that S is unitary and we can identify the two spaces.
Now recall that the Dirac-equation can be separated by solutions of the form

X_(t, w)Y* (9)

R I e (A7) S )
b= ST T ) |

X (t,u) YL (9)

and can then be described mode-wise by the Hamiltonian Hy,, on the space L?(R, C?).
Therefore denoting

Hy, = S_lHan”
the diagonal block operator (with respect to the decomposition (4.3]))
H:= diag(ﬁ(kl,m) ’ ﬁ(kmm) v ) ’

defines an essentially self-adjoint Hamiltonian for the original Dirac equation on the
space 4.
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4. The Fermionic Entanglement Entropy of a Schwarzschild Black Hole

Moreover, any function of H is of the same diagonal block operator form. The same
holds for any multiplication operator by a characteristic function x;, where Uis a
spherically symmetric set

U:=UxS*CRx S%.

In particular, such an operator has the block operator representation

XU:diag(XU, Xg )

We therefore conclude that when computing traces of operators of the form

xgfM xg ot fixgHxg) .

(for some suitable function f), we may consider each angular mode separately and then
sum over the occupied states (and similarly for Schatten norms of such operators).

Moreover we point out that instead of (%)), we can work with the correspond-
ing objects in L?(R,C?), as the spaces are unitarily equivalent. Note, that then the
multiplication operator x; goes over to the operator xy, i.e.

g_l)(US = XU -
In particular this leads to
tr (xg S (B)xg ) = Yt (X f Hin)xg ) = S tr (v f (Hin)xo)
k,n kn

and

tr f(xgHxg) = Z tr f (xgHinXg) = Z tr f (xv Hknxv ) -
kn k,n

4.1.4. Asymptotics of the Radial Solutions

We now recall the asymptotics of the solutions of the radial ODEs and specify our
choice of fundamental solutions. Since we want to consider the propagator at the
horizon, we will need near-horizon approximations of the X*"%“’s. In order to control
the resulting error terms, we now state a slightly stronger version of [I1, Lemma 3.1],
specialized to the Schwarzschild case.

Lemma 4.1.2. For any us € R fized, in Schwarzschild spacetime every solution
X (u,w) = X*"(u) for u € (—oo,us) is of the form

fd‘re—iwu

Xmm:(%éw>+m@@

where the error term Ry decays erponentially in u, uniformly in w. More precisely,
writing

) = (L))
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4. The Fermionic Entanglement Entropy of a Schwarzschild Black Hole

the vector-valued function g = (g%, g~) satisfies the bounds
du d du
lg(u,w)| < ce™, d—g(u,w) < dce for all u < ug ,
u

with coefficients ¢,d > 0 which can be chosen independently of w and u < ug (only
depending on M, m, k, n and us).

The proof, which follows the method in [I1], is given in detail in Appendix

We can now explain how to construct the fundamental solutions X, = (X, X))
for a = 1 and 2 (for this see also [I1, Section 3] and [I7, Section 2.4]). In the case
that |w| > m we choose X7 and X» such that the corresponding functions fy from the
previous lemma are of the form

fo= (é) for X3 and fo= <(1]> for X5 .

In the case |w| < m we consider the behavior of solutions at infinity (i.e. asymptotically
as u — 00). It turns out that there is (up to a prefactor) a unique fundamental solution
which decays exponentially. We denote it by X;. Moreover, we choose X» as an ex-
ponentially increasing fundamental solution. We normalize the resulting fundamental
system at the horizon by

U——00

Representing these solutions in the form of the previous lemma we obtain

e—iwuf—i-
X1/2(u) = ( eiwufooil//;

) + Ro,1/2(w)

with coefficients fg—Ll /o € C. Due to the normalization, we know that

|f071/2| =1 and in particular |f3[1/2| <1.

Note however, that fy and Ry from the previous Lemma may in general also depend
on k and n, but we will suppress to corresponding indices for ease of notation.

4.2. The Regularized Projection Operator

This section corresponds to [13, Section 3] (with some modifications).

4.2.1. Definition and Basic Properties

As previously mentioned, the entropy is computed using the mode-wise regularized

projection operator to the negative frequency space (H](BEI){) gn- This operator emerges
from e~k from Section by setting ¢ = ie (the “ie”-regularization) and restrict-
ing to the negative frequencies. So more precisely, for any X € Ci°(R,C?) and u € R

the operator (H](;I){)kn is defined by

1 /0 2
(@5 X) (u) = = / dwe™ Y thre XA (u) (XF™|X) . (4.4)

7T
a,b=1
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4. The Fermionic Entanglement Entropy of a Schwarzschild Black Hole

Moreover, we only consider finitely many occupied angular momentum modes. This
can be thought of as an additional regularization, which we now make precise. Let
O C (Z+1/2) x N be an arbitrary finite subset (the “occupied” modes). We then

define the regularized projection operator to the negative frequency space H](;){ in the
spirit of Section as diagonal block operator

H](?i?l = diag«H](;I){)kml ) (H](BEI){)/QM > ) ) with
o {(Hgﬁmn, (ki) € 0
(HBH)kn = )
0, else
where again ((kj,n;))ien is an enumeration of (Z + 1/2) x Z. Similar as explained
in Section [£.1.3] for operators of this form it suffices to consider the corresponding
operator for one angular mode (Hggl) kn-
Since in this section we focus on one angular mode, we will drop the superscripts
kn on the functions X" and t’;g“” in . Moreover, we will sometimes write the
w-dependence of X f”w or t’;g“’ as an argument, i.e.

anw(u) = X (u) = Xu(u,w) foranyu € R.

The asymptotics of the radial solutions at the horizon (Lemma [4.1.2)) yield the
following boundedness properties for the functions X¥:

Remark 4.2.1. Given us € R and a constant C' > 0, we consider functions X, 7 €
L>®(R,C?) with the properties

supp X, supp Z C (—00, ug] and | X || oo, || Z]| e < C'.
Then the estimate in Lemma yields

D It 1X ()] X8 (u,w)] X5 (', w)] | Z(u))] < 2C2 (1 4 ce™) (14 ce™)
a,b

for almost all u,u',w € R and with constants ¢, d only depending on k,n and uy (as
well as M and m).

If we assume in addition that X and Z are compactly supported, then for any
g € L'(R) the Lebesgue integral

oo © ] o
/ du / ™ / du’ £, X (u) X8 (u,w) X¢ (o', w) Z(u),
—00 —00 7'(' —00

is well-defined. Moreover, applying Fubini we may interchange the order of integration
arbitrarily. O

Furthermore, we will need the following technical Lemma, which tells us that testing
with smooth and compactly supported functions suffices to determine if a function is
in L? and to estimate its L?-norm:
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Lemma 4.2.2. Let N be a manifold with integration measure . Given a function f €
LL (N,C™) (with n € N), we assume that the corresponding functional on the test
functions

B CEN.C) ST v [ )] f@)er duto)
is bounded with respect to the L?-norm, i.e.
‘@(v)‘ < C|vllr2vem for all v e C°(N,C").
Then f € L*(N,C") and | f||r2(ncny < C.

Proof. Being bounded, the functional ® can be extended continuously to L?(N,C").
The Fréchet-Riesz theorem makes it possible to represent this functional by an L2-
function f i.e. [|f]|2(n,cn) < C and

/N<v(x), (f(z) — f(m)))(cn du(x) =0 for all v € Cg°(N,C") .

The fundamental lemma of the calculus of variations (for vector-valued functions on a
manifold) yields that f = f almost everywhere. O

Now we have all the tools to prove the boundedness of the operator (H](_;I){) kn-

Lemma 4.2.3. Equation (4.4)) defines a continuous endomorphism (H](;){)kn on the
space L*(R,C?) with operator norm

T oo < 1

Proof. Let X,Z € C3°(R,C?) be arbitrary. We apply (Hgl){)kn to X and test with Z,
i.e. consider

<Z ’ 717/0 dw e i tey Xa(u,w) (X | X>> =: (x).
—© a,b=1

Applying Remark we may interchange integrations such that
2

0
(*)zl/mdwesw Z 2, (Z| XY (X¢ | X) .

s
a,b=1

Moreover, from [I1, proof of Theorem 3.6] we obtain the estimate

L5
oo T | 5

2
St (X | XV (XP | Z>\ < Ix1izl, (45)
=1

which yields
ol < I XAl1Z]) -

Now by Lemma |4.2.2| we conclude that
(M5 X € AR, CY)  and [ X < [1X]]-

This estimate shows that (H](;I){) kn extends to a continuous endomorphism on L?(R, C?)

with operator norm H(Hgl){)anoo <1. O
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4. The Fermionic Entanglement Entropy of a Schwarzschild Black Hole

4.2.2. Functional Calculus for H;,,
e

In order to derive some more properties of (II5j)kn We need to employ the functional
calculus of Hy,,, as we want to rewrite

(Hgl){) (Hkn) ;

for some suitable function g.
The following two Propositions constitute the main result of this section.

Proposition 4.2.4. Let g € L'(R) be a bounded real-valued function. Then for any
X € CP(R,C?), the operator g(Hyy,) has the integral representation

2
(o) X)) = [ gt) [l St Xalww) (X 0) [ X))o s (46)
o > a,b=1
valid for almost any u € R. Moreover, for any Z € CP(R,C?),
@19t x) = [~ % O3 8 XTI, (47)
- a,b=1

Proposition 4.2.5. Let g € L'(R) be a bounded real-valued function. Then the oper-
ator g(Hyy) has the following properties:

(1) g(Hyy) extends to a continuous endomorphism on L*(R,C?) with operator norm
19(Hgn)lloo < [lgll oo () -
(ii) The operator g(Hyy,) is self-adjoint.

Note that the above proposition also follows from the spectral theorem for the (pos-
sibly unbounded) self-adjoint operator Hy,,, however we give another proof later, using
the integral representation which will follow from Proposition

Proof of Proposition[{.2.4, We proceed in two steps.

First step: Proof for g € C5°(R): Since the Fourier transform is an automorphism on
the Schwartz space, for any g € C§°(R) there is a function § € S(R) such that

g(w) = /g(t) et dt for any w € R.

We evaluate the right hand side of (4.6)) for X € C5°(R, C?) arbitrary. Note that, when
testing this with some Z € C°(R, C?), we may interchange the u- and w-integrations
due to an argument similar as in Remark We thus obtain

<Z‘71T/ Z tap(w) X (XE]X) dw>

a,b=1

= / Ztab (Z | X2) (X | X) dw

a,b=1
- i/dw (/dt i(t) e—W> agltab(w) (Z ]| X3) (X | X) = (%)
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4. The Fermionic Entanglement Entropy of a Schwarzschild Black Hole

Using the rapid decay of § together with (4.5)), we can make use of the Fubini-Tonelli
theorem which leads to

1
(x) == [ dtg(t) [ dwe ™ tq Z|XH(Xp|X
> oo | abzlb<>>br>

It is shown in [I1] that

(%) = /g(t) (Z | em™Hin X\ dt .

Now we can again apply Fubini’s theorem due to the rapid decay of g and the bound-
edness of the operator e~*Hkn (which follows from , leading to

() = <Z’ ( / G(t) e—“Hkndt> X).

Next we use the multiplication operator version of the spectral theorem to rewrite Hy,,
as
Hy=U fUT",

with a suitable unitary operator U and a Borel function f on the corresponding measure
space (0(Hpp), %, pt). Then

e—ZtHkn —U e—ltf U—l ’

and thus for any X € L%(R,C?) and almost any = € o(Hjy,) it holds that

(([atwea)u1%) @) = ( [ attre " @ar) W %)@) = (7(0) (U1 (a)

which leads to
() =(Z|Ulgo NUT'X) = (Z| g(Hi)X)

Thus we conclude that for any X, Z € C°(R, C?),

<Z‘/ Zt X Xb|X>:<Z\g(H;m)X>.
Then Lemma [4.2.2] (together with similar estimates as before) yields that

“ 2
/ Zt J(XP|X) € L*(R,C?),

a,b=1

and therefore

o(Hpn) X Z / 1, X2 (X¥]X)

abl

almost everywhere.
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4. The Fermionic Entanglement Entropy of a Schwarzschild Black Hole

Second step: Proof for bounded g € L}(R): We can find a sequence of test functions
(gn)nen in C3°(R) which is uniformly bounded by a constant C' > 0 such thatﬁ

gn — ¢ in L'(R) and pointwise almost everywhere .

Then with f and U as before (where we applied the spectral theorem to Hy,) we
obtain for any X € L?(R,C?)

In (f(.T))(U_lX)(:L‘) — g(f(:v))(U_lX)(x) for almost all x € o(Hyy,) .
Moreover, with the notation Ag, := g, — g we can estimate
‘Agn(f(x)) (U_lX)(as)‘ < (C’+Hg|]Loo(R)) ’(U_1X)(£L’)‘ for almost all x € o(Hy,),

note that a we can use ||g||zoc(r) instead of ||g[| oo (o(f,,),u), Pecause g is bounded on
all of R. The previous estimate shows that the functlon (C + llgll o) UTLX]| €
L?*(0(Hpn), ) dominates the sequence of measurable functions (Mag,or(U 1 X) )neN
which additionally tends to zero pointwise almost everywhere. Therefore, making use
of Lebesgue’s dominated convergence theorem, we conclude that

My ofU X = My ULX in L (0(Hy), 1)

and thus
gn(Hkn)X — g(Hkn)X in L2(R7C2) :

In particular, this implies that for any X, Z € C°(R, C?),
(Z | gn(Hgn)X) = (Z | g(Hgn) X) - (4.8)

Next we need to show that the corresponding integral representations converge. To
this end, we note that, just as in the first case, we may interchange integrations in the
way

Z‘/ dw Agn(w Zt X Xb|X>>

a,b=1

:/Oodegn Zt (Z|XOWXE|X) = (%) .

o0 a,b=1

Now keep in mind that Remark also yields the bound

Zt (Z)XEWXP|X)| < Cgx,
a,b=1

SNote that such a sequence can always be constructed from an arbitrary sequence (gn)nen € C5°(R)
converging to ¢ in L*(R) by smoothly cutting off the values of the function whenever its absolute
value is larger than ||g||Le®) + 1 (to ensure uniform boundedness) and then going over to a
subsequence (to get pointwise convergence a.e., see for example [37, Theorem 3.12]).
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4. The Fermionic Entanglement Entropy of a Schwarzschild Black Hole

which holds uniformly in w. Using this inequality, we obtain the estimate

|(**|</ dw| Agy(w \‘ Zt (Z| Xk (x| x)
- a,b=1

<Czx /OO | Agn(w)] dw 0.

Combined with (4.8), this finally yields for any X, Z € C°(R, C?)

(Z | g(Hin) X Z’Z/ dw g(w Zt X (Xp1X)).

a,b=1

We obtain (4.6)) just as in the first case using Lemma Finally, (4.7) follows by
testing with Z and again interchanging the integrals as explained before. O

Proof of Proposition [{.2.5

(i) This follows directly from (4.7]) together with (4.5), because

21t 0l B | [ S 5021 X)X | X)

ab 1
< gl ZIIX] -

(ii) Using (4.6]), the following computation shows that the operator g(Hgy,,) is self-
adjoint because for any X, Z € C3°(R,C?) we have

(Z | 9(Hign) X)

~ [au [ % g [au Zt W) | Xp(u,0)) o (X (. 0) | Z(w))
Fubml/ / /duZt w') | Xo(u',w)) oo (Xo(u,w) | Z(u)) o

a,b=1

<X ’ g<Hkn)Z> <g<Hkn)Z ’ X> )

where in the second step we interchanged the names of the variables a and b.
Note that applying Fubini is justified in view of Remark[£.2.1] From this equation
the self-adjointness follows by continuous extension.

O

Now we apply these results to the operator H( e).
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4. The Fermionic Entanglement Entropy of a Schwarzschild Black Hole

Corollary 4.2.6. Consider the function

EwW

g:R—>R, W X(—o00,0) (W) €,
then
(5 = 9(Hin) -

Moreover, for n,, as before we have:

e (T30 kn) = (1 © 9) (i) - (4.9)
Proof. First of all note that
(5t = 9(Hrn) -
as both operators clearly agree on the dense subset C°(R, C?) C L?(R, C?) (see Propo-

sition 4.2.4)) and are bounded (see Lemma and Proposition 4.2.5)). Equation (4.9))

then follows by applying the functional calculus of Hy,, (which is applicable due to
Proposition |4.2.5]). O
4.2.3. Representation as a Pseudo-Differential Operator

The general idea is to rewrite H}(g?l in the form of Op,(A) and identify « with the
inverse regularization constant.

With the help of (4.6), we obtain for any ¢ € C°(R, C?)

(5 knt) (1)
1

0o dw o0 du/efzw u—u') |:< ae,ll(w) a5712(u7w)>

—00 —00 a&,21(u,w) a5722(w) (4.10)

+ Rac(uad )] ().
with
0 11 () = (\foﬁ () [* Xm0 @) + 5 X(—o0-m(®))
fe,12 (1) = €7 €29 (5 (=) (=) X0.m) (@) + t12(=) Xomo0) (@)
e 1 (1,0) = € 2 ((fi (@) F37 (@) Xm0y () + 121() X( e, m) (@)
e 2(w) = e (|753)  Xt0um(®) + 3 X))

2

and some error matrix R . (u, v/, w) related to the error term Ry (u,w) in Lemmam
A more detailed computation is given in Appendix [Bl Moreover, a more precise form
of Ry :(u,u,w) can be found in Section

In order to bring (H}(;gl)kn in the form of Op,(A), we need to rescale the w-integral
by a parameter o. As previously mentioned the idea in this chapter is to use ¢! for
the role of a.. Introducing the notation

£ =ew,
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4. The Fermionic Entanglement Entropy of a Schwarzschild Black Hole

we thereby obtain for any 1 € C°(R, C?)

_ s ue —i&(u—u')/e ae,ll(é/e) as,lQ(U,é-/g)
B df/ ¢ [<ae,21(%§/5) az22(&/€) >

+ Ro(u, ' /2)[p ()

(4.11)

and set
R (u, 0, €) := Roe(u, o, € /e)

() L 05,11(5/5) aa,lQ(uaf/E)
A (w, §) = <a8721 (€)2)  avan(é)e) ) . (4.12)

Note that for the Schwarzschild case we always replace the arguments x and y in the
definition of Op, (A) by v and v’ to emphasize that we are working with Regge-Wheeler
coordinates.

4.3. Definition of the Entropy of the Horizon

This section corresponds to [I3] Section 4] (with some modifications).
We now explain in more detail what we mean by the Rényi entanglement entropy
of the horizon. Our starting point is the Rényi entropy operator from (|1.2])

e (e i) — X (55 Xe (4.13)

where for the area we take an annular region K around the horizon of width p as

defined in (1.3)): 3
K := (uo — p,ug) x 52,

see also figure Note that in the Regge-Wheeler coordinate u the horizon is located

at u — —o0, so ultimately we want to consider the limit ug — —oo and p — oo.
As explained in Section we can compute the trace of the operator (4.13]) mode
wise going over to the subregions C:

tr (- Qo) — e (i) xie )

= Z tr (n%(X/C(Hl(gsgl)an/c) - Xnnx((ngl){)kn)X’C) ’
(kn)eo

where 0 C (Z + 1/2) x N denotes the set of occupied modes as introduced in Sec-
tion .2.71
Thus we consider the mode-wise Rényi entropy of the black hole as defined in (|1.5):

1 1
SPhn == lm lim —— lim trS,((1 ](31){)kn,lC)

»kn 2 p—ooe\0 f( )uoﬁ 00

where f(e) is a function describing the highest order of divergence in € (we will later
see that here f(e) =1In(1/¢)).
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4. The Fermionic Entanglement Entropy of a Schwarzschild Black Hole

Figure 4.1.: Cross section visualizing the set K = K x S? (similar to [I3, Figure 2]).

The complete entanglement entropy of the black hole is then the sum over all occu-
pied modes (see equation ((1.6))).
In order to compute this in more detail, we will prove that

1 . c
Jim lim - G ylm b (n%(XIC(H}(BI)-I)anIC) - chn%((ﬂl(gﬂ)kn)m) (4.14)

N 1
= lim lim —— lim tr (n%(xchpl/g(Ql( Nxi) — x;cn%(Opug(Ql(O)))X/c), (4.15)

p—00 e\,0 f( )u0—> fe'e)

with the symbol

¢
0 ¢y .— [ € X(=00,0)(€) 0
A0 (€)= < > 6_5X(0,oo)(§)> : (4.16)

(We will later see that the operators in (4.14]) and (4.15) are well-defined and trace
class). The notation 2A©) is supposed to emphasize the connection to the e — 0 limit

of .,4](351){. Since A is diagonal the computation of (4.15) is much easier than the one
for (4.14). In fact we have

1
([@.15) = th hmf lim tr (n%(X’COpl/a(aod)XlC) XlCn%(Opl/a(aO,j))XK>

P—00 £ \00 (5) ug—r—00

with the scalar functions

00,1(8) =X (oo (©)  and  ap2(€) == e Cx(0,00)(€) - (4.17)

This reduces the computation of (4.15)) to a problem for real-valued symbols for which
many results are already established.

4.4. Trace of the Limiting Operator

This section corresponds to [13, Section 6] (with some modifications).
In this section we will only consider the operator Opy /.(ap,1) in (4.17). Of course,
the same methods apply to Opy /.(ao,2).
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4. The Fermionic Entanglement Entropy of a Schwarzschild Black Hole

Remark 4.4.1. Note similar as in the proof of Lemma the operator Opy /. (ao,1)
can be rewritten as

Opl/a(ao,l) =Fapi(e-) Fi ,

and is therefore well-defined on all of L?(R). Moreover, due to Lemma its integral
representation extends to all Schwartz functions. Furthermore, if we add characteristic
functions xp for some bounded subset U C R, the integral representation of the
operator xuOpy /. (a,1)xv holds on all of L?(R) due to Lemma O

4.4.1. A Theorem by Widom and Proof for Smooth Functions

The general idea is to make use of the following one-dimensional result by Widom
in [49] (adapted to our notation).

Theorem 4.4.2. Let K,J C R be intervals, f € C®(R) a smooth function with
f(0) =0 and a € C*°(R?) a complex-valued Schwartz function which we identify with
the symbol a(z,y,§) = a(x,§&) for any z,y,§ € R. Moreover, for any symbol b we
denote its symmetric localization by

A®) = 5 (v Opa (1) xic + (x1c0pa (1) x1) ) (4.18)

(recall that 1 is the characteristic function corresponding to J C R with respect to the
variable £). Then

tr (JA(@) = xic Opa (I (@) 1) = 17 ) YU (0w 1) +O(1),

where v; are the vertices of K x J (see Figure and

(tc) —t
/f letf dt for any c € R.

Remark 4.4.3. (i) To be precise, Widom considered operators with kernels

@ Fiag(z—y)
5= [y [ de et o)

but the results can clearly be transferred using the transformation & — —¢&.

(ii) Moreover, Widom considered operators of the form Op,(a) whose integral rep-
resentation extends to all of L2(K). We note that, in view of Lemma this
assumption holds for any operator Op,(a) with Schwartz symbol a = a(z,§),
even if, a-priori, the integral representation holds only when inserting smooth
compactly supported functions. O

We want to apply the above theorem with
a=¢1, J=(-00,0)=2J, K=K=(up—p,up),

where we choose f as a suitable approximation of the Rényi entropy function 7,
(such that f(0) = 0) and a as an approximation of the diagonal matrix entries ag ;
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(a) Vertices if K and J are both finite: There (b) Vertices if K is finite and J is infinite:
are in total four vertices. There are only two vertices.

Figure 4.2.: Illustration with examples of the “vertices” in Theorem m (see [13,
Figure 3]).

with j = 1,2 in (4.17)). For ease of notation, we only consider a ~ ag 1, noting that
our methods apply similarly to ap 2. To be more precise, we first introduce the smooth
non-negative cutoff functions ¥, ® € C*°(R) with

)1, £<0 )1, ue[-p,0]
%)_{0, e>1 ™ q)(“)_{o, wg (—p-1,1),
and set ®,,(x) := ®(z — up). Then we define
a(u, ) = U(E) Dy, (u) € (4.19)

this will play the role of a in Theorem Note that then a is a Schwartz function
and

Xk Opy/:(17 a) xic = xxc Op1/:(@0,1) Xk -

Moreover, the resulting symbol clearly fulfills the condition of Lemma[3.0.6] so we can
extend the corresponding integral representation to all L?(R, C)-functions. In addition,
the operator is self-adjoint, because of Lemma [3.0.1] This implies that we can leave
out the symmetrization in , ie.

A(a) = xx Opy/:(I7 a) xxc = xxc Op1/c(d0,1) XK -

Furthermore, due to Lemma [3.0.1], we may pull out any function f as in the above
Theorem [4.4.2]in the sense that

xx Opy /(17 (@) xx = xx Op1/e (f(a0,1)) xxc = xx f(Op1/:(00,1)) Xk »

where we used that ag; vanishes outside J and that f(0) = 0.
The vertices of K x J are (similar as in Figure (B)) given by

v1 = (ug,0) and vy = (up — p,0),
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4. The Fermionic Entanglement Entropy of a Schwarzschild Black Hole

and thus
a(v)) =1, for any 1 =1,2,

leading to

tr <f(X1cOp1/5(a0,1)Xic) - chf(Opue(ao,l))X/c)

_ ngrz In(1/¢) U(1; f) + O(1) ,

(4.20)

valid for any f € C*°(R) with f(0) = 0.

Note that, using Lemma and the fact that ag; does not depend on u or v/, the
O(1)-term does not change when varying ug, and therefore the result stays same when
we take the limit ug — —oco. We need to keep this in mind because we shall take the

limit ug — —oo before the limit € \, 0 (see (|1.5)).

4.4.2. Proof for Non-Differentiable Functions

Note that from now on we will use the scaling parameter a (which is simply a math-
ematical parameter) for more abstract results. In the end results we then apply this
to a = 1/e (with the regularization length ), as in the following theorem, which
constitutes the main result of this section.

Theorem 4.4.4. Let K = (ug — p,ug) (as in (L.4)) and ag1(€) = et X(=o00,0)(§) as
in [E17). Moreover, let g € C2(R\ {to,...,t;}) N C°(R) satisfy Condition W with
g9(0) =0. Then

1 1
lim lim l—trDa(g,lC,ao,l) == U(L9).

a—00 ug——00 |N 2T

In particular for oo =1/e,

1 1
lim lim — tr Dy (g, K, a01) = —= U(L; g) . 4.21
B 0 (i) T Pvel0 K 001) = 55 ULig) (4.21)

In the proof of Theorem we will apply Theorem and Proposition [2.2.9
In order to complete the error estimates, we need to control the term ||PA(1 — P)||4q
in the end. This can be done with the following lemma.

Lemma 4.4.5. Let ug € R arbitrary and K = (ug — p, up). Choose numbers q € (0,1],
a >3 and p > 2. Then the symbol ag 1 from (4.17) satisfies

[[xic Opg(a0,1) (1 = xic)|7 S e
with implicit constants independent of a > 3 and ug.

Proof. First of all we make use Lemma [3.0.3] in order to replace the region K by the
interval Ko := (—p, 0):

Ixx Opa(a0,1) (1= xi)llF = IIxio Opaldo) (1= xxo)lg -
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Next, let (¥;)jez be a partition of unity with V;(x) = Wo(z — j) for all j € Z

and supp ¥ C (—1,3). For any j € Z we consider the symbols

22
a;(§) = (€) e,

Using the notation J; := (j — 1,7j) for any j € Z<o we obtain with the help of
Lemma together with Remark

Xko OPa(17;80,1) (1= Xxo) = Xico OPa(17;05) (1= Xico) = Xk P70 OPa () (1= xico ) »
so with the triangle inequality (2.4 we conclude that

ko OPa(a0,1) (1= xx) 1§ < Y Xk Py0 Opalas) (1= xxo)[1d - (4.22)
J€Z<o

In the next step we want to interchange Pg, o and xi,. To this end we make use of

Lemma [2:2.17] giving
11P7;,0 Xxcolllg < 2011 = Xxco) Py axico I -

Moreover, using Remark together with Corollary we conclude that for any
j € ZS():

(X = Xco ) Pz axicollg = [1(1 = X0 )OPa (L7, ) xK0lg = [1(1 = X0 )OPa (L) XK [lg < In v,

with an implicit constant independent of j € Z<g, @ > 2 and ug. Moreover making
use of Lemma [2.2.12| together with Lemma and Remark and the fact that

with an implicit constant independent of j we obtain for any a > 1,
10pa(aj)[I5 < e,

again with an implicit constant independent of j and «. Using ({2.5]), this allows us to
estimate

IXKco P70 Opg(as) (1= xxco) I

< lxxos Py el Opalas) (1= xxo)llg + 1P7;,0 Xro OPal(a)) (1 — xico) 14

< lxxos Pg;.allld 0P (a5) (1 = xrco) |12 + 1P7;,0ll% IXKco OPa () (1 — xxco) I
Se¥Ina+ |xic, Opa(a;) (1= xico) I, (4.23)

with an implicit constant independent of j € Ny and a > 2. Thus it remains to estimate

the term |\xic, Opa(a;) (1 — xi,)|la- To this end we want to apply Proposition [2.2.15
to a;j. So choose d =2 and ( =j —1/2 and k = |2¢7!| + 1, then

N®(aj;6) S el
with an implicit constant independent of j. This yields

HX’CO Opa(aj) (1 - X/Co)Hg < HX’CO Opa(aj) (1 - XICO)”Z S./ ¥ ) (4'24)
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with an implicit constant independent of j and o > 2. Then, summarizing (4.22)),

[{23) and ([E24) yields

Ixic Opa(ao,1) (1= xi)llE < D llxico Prya Opalag) (1= xo) 1
J€Z<o

o0
S Ze_qj (na+1) <Ina,
5=0

with an implicit constant independent of a > 3 and wy. O

In the proof of Theorem [4.4.4] we will also make use of the following continuity result
for U(1; f).

Lemma 4.4.6. Let f be a function on [0,1] with f(0) = 0.
(i) If f € C*([0,1]) denote

_ Q
fllcz = max max [F#()].

Then,
9
U< S fllee -

(ii) If f satisfies Condition[2.2.5 with T = {z} where z =0 or z = 1 and is supported
in [z — R,z + R|N0,1] for some R < 3, then

RY
U< b

Proof. First split the integral in the definition of U(1; f) as follows:

U1 6) <

_|_

Lo
/1/2 t(1 —t) (f(t) —tf(1))dt| .

=:(I) =:(II)

/2 4
| gt - )

(i) For the estimate of (I) consider the Taylor expansion for f around ¢ = 0 keeping
in mind that f(0) = 0:

ft) =tf'(0) + t;f”(ﬂ for suitable € [0,1]

and therefore

1/2 1 , ys 1/2 1
mﬁA My%ﬂﬁﬂw+ygu@0w+ﬁ gl iy ar
T SWle st sl —— <Vl

9
< 2 Il
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(note that ¢ is actually a function of ¢, but this is unproblematic because f” is
uniformly bounded).

Similarly, for the estimate of (II) we use the Taylor expansion of f, but now
around ¢t = 1,

f) =f)+t—-1)f 1)+ _Tf”(f) for suitable € [0,] .
We thus obtain
! 1 ! |1 - t|2 1" (3
= | gl (=i a1l S5 a

| _t‘ e 9
< [ (ol ) a < e,

S22 <flfllee <||ch2 <i/a Sflle

(ii) (a) Case z = 0: First note that

IO < [l for any t € (0,1/2).

This yields for R < 1/2,
/2 4 R )
I = t)dt| < t|Y 7 dt
1= | [ o] < [ = 1k
H/—’
<1/(1-R)

1 R Ry
- 71 gt < -

:R'Y/’Y

IN

Moreover, the integral (II) vanishes for R < 1/2.

(b) Case z = 1: Similarly as in the previous case, we now have
=0 for R <1/2.
Moreover, just as before, we can estimate
FOI S Ifll =t forany te (1/2,1).
This yields for R < 1/2,

_ RY
()] < | fl2 / 0 11— ¢! 7dt<|f|2ﬁ.

Now we have all the tools to prove Theorem [4.4.4
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4. The Fermionic Entanglement Entropy of a Schwarzschild Black Hole

Proof of Theorem[{.4.4 Before beginning, we note that the ug-limit in may be
disregarded, because the symbol is translation invariant in position space (see Lemma
3.0.3, noting that ag; does not depend on u =x or v’ =y).

The remainder of the proof is based on the idea of [41], Proof of Theorem 4.4] Let a
be the symbol in . By Lemma together with Lemma we can assume

that the operator norm of Op,(a) is uniformly bounded in «. Next, we want to apply
Lemma with A = a and B = I (recall that J = (—00,0)). In order to verify
the conditions of this lemma, we first note that, Remark (1) yields condition (ii),
whereas condition (i) follows from the estimate

/du‘/dﬁ e 6 () W (E) <I>u0(u)‘2 S/u

<(p+2) [IX(—o01) e'HZLz(R@) H¢H%2(R,(C) 7

ug+1

u ([ de o © e @)

0o—p—1

(which holds for any ¢ € L?(R)). Now Lemma yields
Opa(IJ CL) = Opa(a) Pa,] :

Since P, 7 is a projection operator, we see that [|Op, (17 a)|cc < [|Op,(a)]|so for all c.
In particular, the operator Op, (I a) is bounded uniformly in . Hence,

[ xKOpa(a0,1)xk ||, = |Ixx Opa (L7 a) xk|| . < 10pa(a)loc =: C1,

uniformly in . Moreover, the sup-norm of the symbol ag; itself is bounded by a
constant Cy. We conclude that we only need to consider the function g on the interval

[— max{C1,Ca}, max{Cl,C'Q}] )
Therefore, we may assume that
suppg C [-C, C] with C :=max{Cy,Ca} +1,
possibly replacing g by the function
g=VYcg
with a smooth cutoff function ¥ > 0 such that
Vol—cri,c-11 =1, and supp V¢ C [-C,C].

For ease of notation, we will write g = g in what follows.

We remark that the functions 7,, which we plan to consider later already satisfy this
property by definition with C' = 2. From Proposition and Lemma [4.4.5| we see
that Dy (g,/K, ap,1) is indeed trace class. We now compute this trace, proceeding in
two steps.

First Step: Proof for g € C*(R).
To this end, we first apply the Weierstrass approximation theorem as given in [34],
Theorem 1.6.2] to obtain a polynomial gs such that fs := g — gs fulfills

k) (| <
0211?%{2 ﬁ]fllgé ’f(s (t)’ <4. (4.25)
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4. The Fermionic Entanglement Entropy of a Schwarzschild Black Hole

Figure 4.3.: Visualization of the cutoffs and approximations in the first step of the
proof of Theorem for C = 2. We start with a function g, which is
first multiplied by the cutoff-function ¥, giving g. This function is then
approximated by a polynomial gs. Multiplying g5 by the cutoff function
Ve results in a function which is here called gs (but does not directly
appear in the proof). The function fs is then given by the difference
between ¢ and g5 (see [13], Figure 5]).

Without loss of generality we can assume that fs(0) = 0 (otherwise replace f5 by
the function t +— f5/2(t) — f5/2(0)). In order to control the error of the polynomial
approximation, we apply Theorem with k =2, R = C, some 0 € (0,1), g =1
and 3

A=0py(a01), P=xx, g=1fs=/fsYc

(note that here g is the function in Theorem [2.2.4]) where ¥¢ is the cutoff function
from before (the cutoffs and approximation are visualized in Figure |4.3)). This gives

|| /5 (xx Opala0,1) xic) — xi f5(Opalao)) xxl|;
= || fs (xic Opa(a0,1) xx) — Xk f5(Opalaoa)) xill,
S 6 |[xx Opa(ao) (1= xx)||7 -

with an implicit constant independent of § and a. Moreover, applying Lemma
we conclude that for « large enough

| £5 (xx Opalao1) xk) — xk f5(Opala01)) Xk, S0 Ina,

(again with an implicit constant independent of § and «). Using this inequality, we
can estimate the trace by

tr Do (g, KC,a0,1) <tr Do(gs, K, a0,1) + [[Dalfs, IC,a0,1) |11
<trDq(gs, C, 0071) +C36 Ina,

with a constant Cs independent of § and «. In order to compute the remaining trace,
we can again apply Theorem m (exactly as in the example (4.20])). This gives

1
tr Do (95, K, a0,1) = 272111(04) U(l;95) +0O(1),
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4. The Fermionic Entanglement Entropy of a Schwarzschild Black Hole

and thus
tr Da(g, K, a0,1) < 55 In(a) U(l; g5) + C30 Ina + O(1),
which yields,
lim su L‘ch (9,K,a )<LU(1‘ )+ C50 (4.26)
a—>oop In o alg, v, 001) > 271'2 ;96 30. .

Moreover, applying Lemmam (i) to fs we obtain due to (4.25])
lim |U(1; g5) — U(L;9)| = lim [U(1; f5)] = 0.
6—0 6—0

Therefore, taking the limit § — 0 in (4.26)) gives

) 1 1
hmsupl—trDa(g,lC, ap,1) < 9.2 U(l;9).

a—oo MO

Analogously, using

1
52 In(a) U(1;95) + O(1) = tr Do (g5, K, a0,1) < tr Do(g, K, a0,1) + || Da(fs5, K, a0,1)1
<trDy(g9,K,a01)+C30 Ina,
we obtain

1 1
lim inf — tr Dy (g, KC, a0,1) > 52 U(1l;95) +Cs36 .
7r

a—oo In o

Now we can take the limit § — 0,

N 1 1
lim inf . Du(9,K,0a0,1) > 3.3 U(l;g).
Combining the inequalities for the limsup and lim inf, we conclude that for any func-
tion g € C*(R),

aliﬁ\ngo ﬁtr Do(9,K,a0,1) = # U(l;9) . (4.27)
Second Step: Proof for g as in claim.

By choosing a suitable partition of unity and making use of linearity, it suffices to
consider the case T' = {z} meaning that g is non-differentiable only at one point z.
Next we decompose ¢ into two parts with a cutoff function & € CF°(R) with the

property that
1, |t <1/2
e = M=
0, |t|>1

and writing

9= gg) + gg) ;
with
gD @) = gt)¢((t—2)/R) = suppgly) C[z— R,z +R],
g2 (1) = g(t) — g (2) = suppg?d C [-C.C);
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A ——~
0.5+ ,’ \
/ \
/ \
1
\
1
0.25 1 :
1
1
1
\
\
t A, 4
0 0.25

Figure 4.4.: Schematic plot of a function g (blue) with diverging derivative for ¢ \, 0
with the corresponding functions g()

1 1 1

1/ (red), gbzl (orange) and 95/)10
(green): They are cutting out the non-differentiable point (see [13, Fig-
ure 6)).

see also Figure Note that the derivatives of g( ) satisfy the bounds

k
(gS’)(’a>—f§£jcxn £ g

= 3 el B) %) €0 (6~ 2)/R) -
n=0

(with some numerical constants c(n, k)) and therefore the norm |.|2 in Condition -
can be estimated by

k
1) (k=n) ¢y e ((¢ — _ |tk
lgts |2 = max sup Z% c(n, k) g* ) (8) € ((¢ Z)/R) St — 2"
S B, iipD e(m, K)] g @) [t = 27 € (¢ = 2)/ R)| -
Noting that on the support of ( ( ))( ) we have
|t — 2|
R <1,

we conclude that

g% 12 < Calgls (4.28)
with Cy independent of R (also note that |g|2 is bounded by assumption)
For what follows, it is also useful to keep in mind that

0 =gy’ (0) = g%(0).

Now we apply (4.27)) to the function gg) (which clearly is in C?(R)),

2
Jim ——tr Do o(9%) K a01) = U(L; g}y

9k ) -
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Next, we apply Proposition to gg) with A and P as before, ¢ = 1 and some
o < min{1,7},

1Da(9r(1), K, “011)H1 < Colgl2 B |[xkc Opq(ao,1) (1= x| -
Then applying Lemma {4.4.5| (for o large enough) yields
| Do (9r(1),K,a0,1)]], < C5 |gle B Ina.

where the constant C is independent of R and «. Just as before, it follows that

1
hmsupl—trD a(9,K,001) < U(l g%)) +C5 gl R,

a—0o0

hmlnf—trD (9, K, a0,1) > U(l g%)) +Cs gl R

a—oo In o

The end result follows just as before by taking the limit R — 0, provided that we
can show the convergence U(l;gg)) — U(1;g) for R — 0. To this end note that if

z ¢ {0,1} we have
U(1;9%)) = U(L:9)| = |U(1;95))] < CsR

for some Cg > 0 independent of R provided that R is sufficiently small (more precisely,

so small that g( ) vanishes in neighborhoods around 0 and 1; note that the integrand
is supported in [z — R,z + R] and bounded uniformly in R). These estimates show
that limp_o U(1;9 — gg)) = 0 in the case that z is neither 0 nor 1. In the remaining
cases where z is either 0 or 1 we can apply Lemma which also yields due to

@29,

4D U1 g)| = 1 _ RY
lim [U (L g") = U(Ls9)| = Il%lglolU(l D) = Culgl ey TR
This concludes the proof. O

We finally apply Theorem to the functions 7,, and the matrix-valued symbol A°

(see (TT) and (L.16)).
Corollary 4.4.7. For any » > 0, 0,,, K and A©) as before,

1 1 1x+1
(0) . — =
il\r‘r(l)u})ligo ln 1/ trDl/a(n%”C A ) 72 U(l’n%) 6 x

Moreover, in the case that »x =1, i.e. n,, = n, we can explicitly compute the coefficient
U(1;n) to give

1 1
i (0) —U(l:n) = =
il\‘Ou(l)l—mo 111(1/ ) tr Dl/e(n”C 2 ) 2 (1»77)
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Proof. As explained in Example the functions 7,, satisfy Condition with
for any v < min(1, »). Moreover, we have 7,,(0) = 0 for any s > 0. Therefore we can
apply Theorem and obtain

1 1

lim lim tr D ey ICs =—U(1;n,).

lg Yim G 1/, Ky 00,1) = 55U (L)
Repeating the procedure analogously for ag o gives

lim lim ! tr Dy .(n.., K, a0,2) = iU(l' )

N0 uo—00 ln(l/ ) 1/e\Tle s G0,2) = om? 1)
and therefore

lim lim —— tr D (15, IC, A0)) = ! U(1;7,.)

2N\,0 1 —00 11'1(1/ ) 1/e Mses 7_‘_2 sMe) -

By [29, Appendix], evaluating U(1;7,,) yields

1 2
. o 77%(75) . 1%'}— 1

and therefore

1 1x+1
lim i tr D %ICQ[() —U(l:n,) = =
EI\‘O uognoo ln(]_/ ) r /e (n ) ) 2 ( 5N ) 6
This concludes the proof. B

Corollary [4.4.7] already looks quite similar to Theorem The remaining task is
to show equality in (4.15)). To this end, we need to show that all the correction terms
drop out in the limits ug — oo and a — co. The next section is devoted to this task.

4.5. Estimating the Error Terms

This section corresponds to [I3], Section 7] (with slight modifications).

In the previous section, we worked with the simplified kernel and computed
the corresponding entropy. In this section, we estimate all the errors, thereby proving
the equality in (4.15). Our procedure is summarized as follows. Using , the

regularized projection operator (H](S?I) kn can be written as
(T = Opyc (2 (Ah +RY7))

and “4](321 as in (4.12) and the error term
RE (w1, €) = Ro(u,u',€/e),
We denote the corresponding symbol by

((afull)lj)1<z g<2 T Afull = 2(“4 + RE) )) :
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4. The Fermionic Entanglement Entropy of a Schwarzschild Black Hole

In preparation, we translate KC to Ky with the help of the unitary operator T;,, making

use of Lemma together with (3.4). Moreover, we use that the operators (Hgﬁl) kn
and Opl/a(Ql(O ) are self-adjoint. We thus obtain

Dl/E (n%’ K’ Aigi%l) - Dl/s (77%7 IC? Q’l(o))
= Dy /e (0, Ko, Toug (AfGh)) = D1y (1, Ko, Tup (A®))

where 2% is the kernel of the limiting operator from (#.16]). Note that T, (2A©) = 2A©)
since the symbol 2 is independent of v and v/. Now we can estimate

1Dy e (11 Ko T (ASD)) = Dy (s Koy A |1

< |Gk 0P e (Tuo (AD) k) = (k0 Op1 @A) )| (O
o (me(Op1 2 (Tug (AGD)) = 1 (12 (A)) ) s | - (1)

In the following we will estimate the expressions (I) and (II) separately.

4.5.1. Estimate of the Error Term (1)

The following Theorem follows from [41, Theorem 2.4] (we use similar phrasing). It is
related to Proposition [2.2.9

Theorem 4.5.1. Let H be a Hilbert space and f a function which satisfies Condi-
tion with some v,R > 0. Let 0 € (0,1) with o < ~y. Let A, B be two bounded
self-adjoint operators on H. Suppose that |A — B| € S, then

1F(A) = FB)r S R7 | fl= (A - B[]
with an implicit constant independent of A, B, f and R.

In order to apply this theorem to the functions 7,, we use a partition of unity as
explained in Remark As explained in Example we need to choose 7 < 1
for > = 1 and v < min{s, 1} otherwise. We will later see that with the methods in
this thesis we can only estimate the error terms if s > 2/3. Thus we assume that
2/3 < v < 1 allowing us to treat all these cases simultaneously. This gives rise to the

constraint 5
o e (f , 1) .
3

Setting A = xx,O0p1 /e (Tuo (Agl))x;co and B = XICOOP1/5(9l(O))XICO (which are
clearly bounded and self-adjoint) by Theorem we obtain
7 (xico O (Tug (ASG)) xico) — ¢ (x1c0OP1 1 (A @) X, ) [
< o Opye (T (AR —2) xic, 7

g

with implicit constant independent of our choices of A and B (and thus in particular
independent of ug and ¢).

56



4. The Fermionic Entanglement Entropy of a Schwarzschild Black Hole

For ease of notation, from now on we will denote

(A(aiﬂg?)lsm,g = AAR) =T, (Agl) -,

Note that the symbol AAl(fo) is matrix-valued, but applying Remark (ii), we
obtain

[

)
g

2
oo 0P/ (AAD o [12 < 37 [0 Opa e (Aai) ) xco
ij=1

with the scalar-valued symbols A(aij)&?.

We now proceed by estimating the Schatten norms of the operators

Xico OD1 /e (A(0i)'5)) xico -

This will also show that these operators are well-defined and bounded on L?(Ky, C).
For the estimates we need the detailed form of the symbols given by

(D)2 (1, 0,€) = X Cane(@ (22 (2) 1) (w0, 0, %) (4.29)

(D)), €) = 20 €200/ [ (T8) oty (T2 0, )

:

+ (%)X(mm) (g)} + 71 (u + g, + w0, g) (4.30)
(Do) 20, ) = 26526000 1 (SY 7 (S ) e ©

+ a1 (g) X(-oe,-me) ()] + 721 (w4 w0, u' + wo, g) (4.31)
(8a) 2 1, 0,€) = —¢ x0,0(©) (215 2(2) 1)

+ 799 (u—l—uo,u'—l—uo,g> , (4.32)

with r;(u, v/, §) = (Roe(u, v, §))i; for any 1 < i,j < 2. Note that these equations
only hold as long as w is smaller than some fixed us which we may always assume as
we take the limit ug — —oo.

One can group the terms in these functions into three classes, each of which will be es-
timated with different techniques: There are terms which are supported on “small” in-
tervals [—me/M, 0] or [0, me/M]. There are terms that contain the factor e2M#(utuo)/e
which makes them oscillate faster and faster as u < ug — —oo. And, finally, there are
the r;;-terms which decay rapidly in u and/or /. Due to the triangle inequality ,
it will suffice to estimate each of these classes separately.

Error Terms with Small Support

We use this method for terms which do not depend on u and v’ and which in £ are
supported in a small neighborhood of the origin. More precisely, these terms are of
the form

EXCmeo (O (2FF1 €/ 1) in Aew){d]

—¢ X0me)(©) (2o P(~¢/e) = 1) in Az
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Since these operators are translation invariant, we do not need to apply the translation
operator T,,. This also shows that the error corresponding to these terms can be
estimated independent of ug. For the estimate we will apply Proposition As
an example, consider

a©)(€) = eX(me)() (21112 E/e) = 1))

and

h:=xk ,
which are both in L2 (R) because | f(f 1| is bounded. Moreover, applying Lemma W

(rescaling in momentum space) we obtain:

Opl/z—:(a(s)) = Opl(aE) ’

for

ac(€) = a® (&) = €= X(Lm,0)(&) (2\f$1(5)‘2 - 1) )

which is again in L2 (R) for the same reasons as a'®). Moreover, since ] fOJf 1| is bounded,
so is a'® and therefore by Lemma m the integral representation of Opa(a(s)) ex-
tends to all Schwartz functions for any o > 0. Further, due to Remark [3.0.7] and the
exponential decay of the symbol in &, the u/- and &-integrals in the integral represen-
tation are interchangeable for any Schwartz function.

Therefore we can now apply the estimate together with Proposition for
p € (0,1) arbitrary to obtain

17 < koI 13k O e (@) 7 < [l xaco Opy () |7

S IXICO Ig,p IaEIZQ),p ’

I xico OP1/e () X,

with an implicit constant independent of €. Next, noting that

it follows that

0
IXKolg,p < Z 1= Tp].
—[pl

Similarly, since |az(w)| is bounded by one,

0
Iaflg,p S Z 1 S |Vm-| .
—[m]

Combining the last two inequalities, we conclude that
Ixico OP1/=(a)) xico 15 < [p][m] - (4.33)

Completely similar for

EL(E) (5) = _e_€X(0,m€) (5)
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we obtain
Ixico OP1 2 (@®) xico 15 < o1 [m] (4.34)

for any p € (0, 1) so in particular for p = 0. The estimates (4.33)) and (4.34)) show that
the error terms with small support are independent of ug and bounded in €. Therefore,
dividing by In(1/e) and taking the limits ug — —oo and € N\, 0 (in this order), these
error terms drop out.

Rapidly Oscillating Error Terms

After translating the symbol by wug, these error terms are of the form

b (1, €) = &€ SO/ g (¢ /2) x(g.00)(€) or
b (u, ) = f XETIE Gl fe) X 0)(€)

(€)

for some functions g, § which are measurable and bounded. They appear in A(a12)q,

and A(a21)( 2 For simplicity, we restrict attention to the symbols of the form @), but
all estimates work for () in the same way. We make use of the result below, which
follows from [7, Theorem 11.8.4 and Section 11.6.1] (we use similar phrasing).

Theorem 4.5.2. Let | € Ny, Ko = (—p,0) and K be an integral operator on L*(Ko)
with kernel k, i.e. for any v € L*(Ky):
(o)) = [ k) o) di
Ko

If k(.,u') € W(Ko) for almost all u' € Ko with

02(t) ;:/K Hk(.,u')HﬁVQZ(,CO) du' < oo,
0

then
KeS, forp>(1/2+D)71

and

1Ky < 02()

with an tmplicit constant independent of k.

We want to apply this theorem for p € (0,1) arbitrary, thus let | € N arbi-
trary. Moreover, in view of Lemma the integral representation corresponding
to XICOOP1/g(b(E))XIC0 may be extended to all of L?(R) and we may interchange the
d¢ and du’ integrations. Thus we need to estimate the norm 6, of the kernel of this
operator. Therefore we consider kernels of the form

g < (u u,) — i = o€ pib(utu’+uo)/ € g(&/e) de 1 /OO o€ pik(utu’+uo) g(&) d¢
YR ome S o ’

where we used the change of variables £ — £/¢ (note that we could leave out the
Xi,-functions because in Theorem we consider the operator on L?(Kg)). Since g
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is bounded and the factor e ¢ provides exponential decay, these kernels are always
differentiable up to arbitrary orders with

d? 1 > . ,
e, 0) = /0 (i€)" ¥ € Tw0) g(¢) de | for amy s € N.

Our goal is to show that the limit ug — —oo of 65 (kuo,g) is uniformly bounded in €.
To this end, we first note that for any s € Ny,

s
%kuoﬁ(ua u,) = f(hs,(a))(_u —u' — uO) )
with

1

V2r

Now note that hs. € L'(R) for any s € Ny, so the Riemann-Lebesgue Lemma (see for
example [8, Theorem 1]) tells us that for any ¢ > 0 we can find R = R(s,e) > 0 such
that for any [ € Ny,

hs,& (5) =

(i€)* €= g(&) X(0,00)(€) -

Fuge(u, /)| <6 for lu+u +ug| > R.

dS
’dus

Keeping in mind that for ug <0,
|u 4+ "+ ug| > |uol for any u, v € Kg ,

this is satisfied for up < —max{R(s,e)|0 < s <l}. This yields

Hkuma(.,y)Hf,VQl(,Co) <182,

which in turn leads to
92(ku0,6 S \[l(5p,

and so
iy Oy (6) xiollp S V00

for any p € (0,1), so in particular this holds for p = ¢. As ¢ is arbitrary, we conclude
that the rapidly oscillating error terms vanish in the limit vy — —oco. We note for
clarity that, since we take the limit uy — —oo first, we do not need to worry about
the dependence of the above estimate on e.

Rapidly Decaying Error Terms

Finally, we consider the rapidly decaying error terms. In order to determine their
detailed form, we first note that the solutions of the radial ODE have the asymptotics
as given in Lemma [£.1.2] with an error term of the form

mo) = (g o))
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with

R*(u) == f*(u) — fg
and f* as in (A.I)). Using these asymptotics in the integral representation, the error
terms in (4.29)—(4.32)) can (similar as explained in Appendix be computed to be

2
Tll(uv ula 5) = X(—00,0) (5) 685 Z tab(é)

a,b=1

X | Fial€) B (0, €) + Ry (u,€) S (&) + R (u, ) Ry (€|

2
r12(u, 0, €) = X(0,00)(§) €25 € D tap(—E)

a,b=1

X | (=€) By (W, =€) + R (u, ~€) Jo (=€) + B (u, ~€) By (0, —€) |

2
Pan (1,0, €) = X(—.0)(€) 25 €% 3 tn(€)

a,b=1

X [ foal®) B (W, €) + Ry (w,) J,(6) + Ry (u,€) B (0, 6)]

2
7422(“7 ula é) = X(0,00) (5) 6_55 Z tab(_g)

a,b=1
X | Foal=€) By (W, =€) + Ry (u,—€) Jo, (=€) + Ry (u,—€) By (w, )] .
Where by RF we denote the function R* corresponding to X, for each a = 1,2. In
order to estimate these terms, the idea is to apply Theorem m (as well as the triangle
inequality (2.4))) to each of these terms (with u and u’ shifted by ug) and then take
the limit ug — —oo. We will do this for the first few terms explicitly, noting that the

other terms can be estimated similarly.
Given ug, we know from Lemma that for all © < us,

|R*(u,w)| < ce™, [0, R* (u,w)| < cde™ (4.35)

with constants ¢, d > 0 that can be chosen independently of w. Now for any a,b € {1,2}
we consider the symbol

(w1, €) 1= X(o00) (&) € tan(€/2) fofu(&/2) R (0, €/2) xic () xxc (W)

which is contributing to 711 (u,u’,£/e) (note that we again rescaled here in order to
get the correct prefactor e~#€(u—u)/e ). Translating by ug as before gives

E(E)(u, u &) = C(a)(u + ug, v’ + g, €)
o0 ©) €€ abl€/2) F7a(6/2) R (& 00 €72) ko ) o).

By Lemma the corresponding integral representation can be extended to all of
L%(Ky), since RT is bounded uniformly in ¢ when restricted to the compact interval Ko
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due to Lemma and the eS-factor provides exponential decay in £&. Moreover,
Lemma [3.0.6| again implies that we may interchange the d¢ and du’ integrations when
restricting to Ko.

In order to estimate the corresponding error term, we apply Theorem to the
kernel

0 E—
R () = — / e ) e 1 (€) fora(€) Ry (w/ + uo, €) dE

27 J o
(note that we rescaled back as before). This kernel is differentiable for similar reasons
as before and

d - / 1 0 : —ié(u—u') g€ + DYl L )
L ey u) = / (—it) e €€ oy (&) £ (6) R (o + o, €) de

du 2 J_ o

(note that we always normalize the solutions by |fo| = 1). Using again the estimates
for R* in ([4.35) yields for any u,u’ € Ky:

d(u'4up) 0 d(u'4uo)
~ ce ce
g, )] < [ et

27 oo 2me
d(u'4up) 0 d(u'+ug)
~ ce ce
—k "NN< — e = —
‘du uo,E(ua U ) — 27_(_ /_OO ‘5’ € § 27'('82 bl

where we used that |t | foi1 /2] < 1. Therefore,

2 ,2d(u'+uo)
7 NI __ ce 2
Hk’uovf("“)ng(Ko) TP 24 (1+¢%),

and thus )
03 (kue) < C5 (L4 M
which makes clear that the corresponding error term vanishes in the limit ug — —oo.

We next consider a u-dependent contribution to r1; for some a,b € {1,2} whose
kernel is (by similar arguments as before) of the form

0
g () 1= — / emIE) o5 1 (6) R (u+ w0, €) [ (€) dE

=5 -

Differentiating with respect to u gives

d ; / 1 0 —ié(u—u') g€ FERPEN
A o () / e €€ 104(€) 13,(6)

du T o oo
(0u s (o, €) — i€ Ry (u+ w0, ) de

so that, similarly as before,

d(u+uo)
¥ ce
kuo,s(uaul)’ < T ome

C
o edlutuo) (1 4 ¢)

kuoﬁ(uv u/) <

SIS
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4. The Fermionic Entanglement Entropy of a Schwarzschild Black Hole

This gives for u < ue < 0,
Hkuoﬁ('?u/)

and thus
O3 (kugc)” < p* C2 210

with a constant C. independent of ug. This shows that the corresponding error term
again vanishes as ug — oo.

All the other error terms contributing to 7;; can be treated in the same way: The
absolute value of the corresponding kernels (and their first derivatives) can always be
estimated by a factor continuous in u and u’ times a factor exponentially decaying
in ug like e, This makes it possible to estimate #, by a function which decays
exponentially as ug — —oo.

Note that since we only have estimates for R* and its first derivative in w, these
estimates only apply for o € (2/3,1), i.e. 2 € (2/3,1).

4.5.2. Estimate of the Error Term (Il)

It remains to estimate the error terms on page First of all note that due to
Lemma |3.0.3]

H XKo (n%(Opl/s (Tuo (AR)))) — U%(Opl/s(m(o)))) X’C0H1

- szc (%((Hgﬁ)kn) - 77%(0131/8(9‘(0)))) XICHI

Luckily, in this case we can directly compute 77%((1_[](351){) kn) and 1, (Opy /. (A©)), which
simplifies the estimate. As explained before in Lemma we have

15:(0p1 /- (A?)) = Opy /. (1.(A?)) .

Moreover, from Proposition and Corollary we conclude that for any function
X € CP(R,C?),

(e) 10 -
(n%((HBEH),m)X) (u) = / 1e(€) S tap(w) Xa(u,w) (Xp(ow) | X) dw .
—o° a,b=1
Therefore we can rewrite
1 (0D1 /(a0)) — 1 (k) = Opy /e (AA©) | (4.36)

where the entries of the symbol AA®E) = (A&g?)lgmgg are given by

A (w0, €) = 1. () e (Aarn) S (€)
NG (u, !, €) = . (e78) f Aara) ) (u,€),
AGS) (o, €) = 0o (¢) €€ (Aaz)§(€) |
A& (u, ', €) = . (€7€) ¢ (Aaga) (u,€)
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4. The Fermionic Entanglement Entropy of a Schwarzschild Black Hole

note that Op, /E(A/i(a)) is well defined, because the left hand side of is a bounded
operator which has the same integral representation on CJ°(R,C?). Thus these error
terms are almost the same as before, except that the factor ¢ has been replaced by
n,.(ef) etc. and without translation by ug. Therefore, after applying Lemma in
order to again translate by wug,

Hch (n-. ((Hgﬁ)kn> — 1, (Op, (A1) chHl = Hx;co Opg (Lo (AA®)) Xk,

)
1
we can use the same techniques as before since the functions 7,.(e*¢) have similar

decay-properties for ¢ = —oco and £ 0 as e%¢, as the following lemma shows.

Lemma 4.5.3. Let s»,a > 0 arbitrary and denote 3 := min{s, 1}, then

X(o00) (E)Ml€%) 2 X(oc0)(€)™ (4.37)
lim 1(e") = 0 (4.38)

By symmetry reasons this also implies corresponding decay properties for 77%(6*5 )
for £ — oo and & N\, 0.

Proof of Lemma[{.5.3 We start with the case that »x = 1 and first rewrite these
functions in more detail as

n(e™) = —ag e — (1 —e %) In (1 —e®).
The term —a€ e clearly satisfies the claim. Moreover,

_ CL§ ’ _ o ZZ§ —1 (l£
tim (1 e%€) In (1 - ) ) = g (L) i o (L) T
£/0 £/0 (1 — eaE) £E/0 ¢ (1 _ 6“5) eat

:-%j}%(l—eaf)zo,

(where “L’H” denotes the use of L’Hopital’s rule) showing that these terms are
bounded near £ = 0. Next,

- In (1 — e“g) L'H .. —a (1 - ea‘“)fl e . -1
lim ———~= "= lim = lim —— =
£——00 eaé £——o00 a e £5—00 1 — €8

717

showing that as & — —oo this term decays like —e®. This yields the claim for s = 1.
Now let > # 1, then

N5e(e®) = — In (e’mé +(1- eag)”) :
Thus (4.38)) is evident. Moreover, (4.37)) follows from
e(z—l)a{_(l_eag)%—l a& wa€ _ a€
T () L K
£ 00 %€ 1— e aze*a€ (1 —5)3¢s—00 €8
B P
=i
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4. The Fermionic Entanglement Entropy of a Schwarzschild Black Hole

4.6. Proof of the Main Result

This section corresponds to [I3], Section 8] (with some modifications).
We can now prove our main result.

Proof of Theorem [1.0.1 Having estimated all the error terms in trace norm and know-
ing that the limiting operator is trace class (see the proof of Theorem |4.4.4)), we con-
clude that the operator

77%(XIC (H](BEI){)kn X/C) — XK n%((H](?fl){)kn) XK

is trace class. Moreover, we saw that all the error terms vanish after dividing by In(1/¢)
and taking the limits ug — —oo and € ~\, 0 (in this order). We thus obtain by

Corollary [4.4.7]

. 1 (©) N (&)
lm lim e (n% (e (Mggkn xic) — Xk 7 (Mg kn ) x;c>

1 1 L n(t)
=l li ———trD Oy = —u(1; :/ *
B i Tty TPy ) = 5 Uin) = 23 | i
Moreover since by [29, Appendix],
/1 75(1) gt — x4 7
expressing € in dimensionless way yields the claim. O
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5. The Fermionic Entanglement Entropy
of Bounded Regions in Minkowski
Space

We begin by noting that in this section, all symbols are independent of x and y.
Since for any such measurable and bounded symbol, the integral representation
automatically extends to all Schwartz functions (due to Lemma [3.0.2)), we will leave
out this distinction in this chapter.
Moreover, note that for any x- and y-independent symbol A € L'(R?), the y- and
&-integrals in the definition of Op, (A) are interchangeable for any Schwartz function
due to Remark [3.0.7

5.1. The Dirac Equation in Minkowski Spacetime

This section corresponds to [15], Section 2.1] with some parts from [15, Section 1] (both
with some modifications).

Minkowski spacetime (A, (.,.)) is described by a real four-dimensional vector space
endowed with an inner product (.,.) of signature (+ — — —). For 4 one may always
choose a basis (e;)i=0,... 3 satisfying (eg,ep) = 1 and (e;,e;) = —1 for i = 1,2,3. Such
a basis is called pseudo-orthonormal basis or reference frame, since the correspond-
ing coordinate system (z°) describes time and space as observed by an observer in a
system of inertia. We also refer to ¢ := 20 as time and denote spatial coordinates by
x = (2!, 22, 23). Representing two vectors x,y € J in such a basis as z = Z?:o zle;
and y = Z?:o y'e;, the inner product takes the form

3
(@y)= > gwal ¥,
jh=0

where g;;, the Minkowski metric, is the diagonal matrix g = diag (1, —1,—1,—1).
The Dirac equation for a wave function ¢ € C®(AM,C*) of mass m > 0 in the
Minkowski vacuum (i.e. without external potential) reads

(i@ —m)(x) =0, (5.1)

where we use the slash notation with the Feynman dagger @ := Z?:o o 0; (for more
details on the Dirac equation see [46] or [12, Sections 1.2-1.4]). In this chapter we work
with the Dirac matrices in the Dirac representation

Tz 0 0 &
0 __ C N
7‘(0 —11@)’ 7‘(—5 0)’
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5. The Fermionic Entanglement Entropy of Bounded Regions in Minkowski Space

and & are the three Pauli matrices

0 1 0 —i 10
1 _ 2 _ 3 _
U B U B O

The wave functions at a spacetime point x take values in the spinor space S, a
four-dimensional complex vector space endowed with an indefinite inner product of
signature (2,2), which we call spin inner product and denote by

4
<Plge =D sa ¥ (2)¢%(z),  s1=sy=1, s3=s4=-1,

a=1

where 91 is the complex conjugate wave function (in the physics literature, this inner
product is often written as ¥¢ with the so-called adjoint spinor 1) = 1)T40).

Since the Dirac equation is linear and hyperbolic (meaning that it can be rewritten as
a symmetric hyperbolic system; for details see for example [12], Chapter 13]), its Cauchy
problem for smooth initial data is well-posed, giving rise to global smooth solutions.
Moreover, due to finite propagation speed, starting with compactly supported initial
data, we obtain solutions which are spatially compact (meaning that their restriction
to any Cauchy surface has compact support). Then, the Hilbert space ¢ is defined as
explained in Section m (see ) by completion of the space of smooth solutions
with spatially compact support with respect to the scalar product (.|.) as defined
in . In Minkowski spacetime we choose the Cauchy surface N in the definition of
(.|.) as a surface with fixed time ¢, such that

016) = [ <6h 0l . (52)

In this setting, it is most convenient to write the Dirac equation in an equivalent
way which resembles the Schrédinger equation. To this end, we multiply the Dirac
equation (5.1)) by 7° and isolate the ¢-derivative on one side of the equation,

iOpp = Hp  where  H := —~°(i7V —m) (5.3)

(note that Z?:o ¥0; = 09y + ’_yﬁ) The operator H is referred to as the Dirac
Hamiltonian, and is the Dirac equation in the Hamiltonian form. By direct
computation one verifies that the Hamiltonian is a symmetric operator on the Hilbert
space . Working at fixed time ¢t = 0, in view of , the Hilbert space .7 can be
identified with with the square-integrable spinors,

H# = L*R3,CY).

In what follows, we shall always work with this identification.
Applying the unitary extension of the Fourier transform F, the Hamiltonian H may

be rewritten as X
H = ]:_1<Zk‘5’}/6 —i—m) W F.
p=1
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5. The Fermionic Entanglement Entropy of Bounded Regions in Minkowski Space

Using that the Hermitian 4 x 4-matrix (22:1 k:lwﬂ + m) 7? is trace-free and that
its square can be computed with the help of the anti-commutation relations to be
k% + m? times the identity matrix, we conclude that its eigenvalues are +v'k2 + m?2,
both with multiplicity two. Hence, diagonalizing this matrix with a suitable unitary
matrix S gives

3
(Zkf;vBer)'yO:S_lJS with J:=vVkZ+m? diag(—l,—l,l,l) .

B=1

Therefore, the projection onto the negative spectral subspace of H is given by

My = (S F) ™! ;(]1 — \/ﬁ J) SF. (5.4)

Inserting the regularizing factor e=¢V K24+m?  where £ > 0 is the regularization length
we obtain the regularized projection operator

1 1
G o= (57)7! eV (1 - e ) S F

5.5
=F! 1 o—eVkZtm? (1 _ (Z%:l kgy? +m) 70) e (5.5)
2 VIZ T m?
Changing the variable k = £&=~" we can rewrite Hl(\j[)l as
I = Opy /. (Al). with (5.6)

3
E &wﬁ —&m
(&) gy . L =1 0\ /&1 (em)?
Avi(§) = 5 (11 + T om g ) e ; (5.7)

Rescaling in position space, i.e. applying Lemma [3.0.5] (i) this yields
S%(Hl(\i)l, LA) =tr D, (-’41(\51)17 A; 7]%), where aw = Le ™! .

Remark 5.1.1. (Connection with the kernel of the fermionic projector) For
simplicity, we here restrict attention to the Hamiltonian formulation and work exclu-
sively with operators acting on the spatial Hilbert space L2(R3,C4). Nevertheless,
the operator Hl(\i)l is closely related to kernels in spacetime, as we now explain. The
subspace of negative-energy solutions of Dirac equation in Minkowski spacetime can

be described by the kernel of the fermionic projector P©)(z,y) defined by
1 3
j 2 0 0y ,—ilk,z—y) 74
PO (z,y) :/W<jzokﬂa —|—m> 5((k, k) —m?) O(—k") exp(ek®) e k== gl

where the parameter € > 0 again describes the regularization (and (-, -) is the Minkowski
inner product). This kernel plays a central role in the theory of causal fermion systems
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(for more details see [10), Section 2.4.1] or [12, Chapters 15 and 16]). If we choose both
arguments on the Cauchy surface {t = 0}, i.e.

x=(0,x), y=(0,y) with x,y € R?

and carry out the integral over k°, we obtain

PE((0,%), (0,y)) = (2;)4 / 2|1w‘ (o m) explew)| e ik

Comparing with (5.5)), one sees that

¥ (x,y) = =2 PO((0,x),(0,y)) 7°.
Hence the integral kernel of the spatial operator Hl(\i)l is obtained from the regularized
kernel of the fermionic projector simply by multiplying with a prefactor and with the
matrix 7Y from the right. This matrix 7 will appear frequently in our formulas; it can

be understood as describing the transition from the setting in a Lorentzian spacetime
to the purely spatial formulation on a given Cauchy surface. ¢

5.2. Widom'’s Formula and its Generalizations

This section is based on [I5], Section 3] (with similar phrasing).

In [15] a formula for the asymptotic coefficient was established starting from a result
by Widom. In order to state these results, we need to describe first the asymptotic
coefficient. For a vector e € $7~1, we represent £ € R? as

E=¢+te, whereteRand € € Te:={£|€&-e=0}.

Instead of A(&) we sometimes write

A(E:t) := A(E + te).

For a function f : R — C denote

A~ A~

M(E& e A; f) = tr [xo fF(WL(AE )i Ry)) x4 — Wi (F(A& )i Ry)], €€ Te,

and introduce
Mie; A f) = ——— | M(Ere; A f) dé 5.8
(ea 7f) T (27T)d_1 /I‘e (5767 af) E ( . )

Finally, denoting the outer unit normal to A at x € OA by ny, we can define the
main asymptotic coefficient:

B(A; f) == ” M(nyx; A; f) dSx - (5.9)

In what follows we will need the following condition.
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Condition 5.2.1. Let A € C®(R%C™ ™), d > 2, be a matriz-valued symbol (not
necessarily Hermitian) such that

IVEAE)I S ()7, n=0,1,..., pu>d

Our analysis stems from the following result for smooth symbols A due to H. Widom
[47]. The following is Widom’s result stated in the form adapted for our needs.

Proposition 5.2.2. Let d > 2, and let A C R% be a bounded C'-region. Suppose
that A € C*®°(R%; C™ ™) is a matriz-valued symbol satisfying Condition|5.2.1 Let f be
a polynomial with f(0) = 0. Then

d
tr f(Wa(A; N)) = (;) volg(A) /Rd tr f(A(€))d€ + ' B(A; f) + o(a®h). (5.10)

Remark 5.2.3. (i) If the symbol A is independent of x and y and bounded in
€ (as for ezample in Proposition [5.2.9), we may rewrite Do (A, A; f) due to
Lemma 301 as

Doz(A7A; f) = XAf(Wa(AaA))XA - Wa(f o Aa A) : (5‘11)

(i) Under the conditions of Proposition both operators in are trace class,
and the first term on the right-hand side of is exactly tr Wo(f o A, A).
In this case we also have the equality xaf(Wa(A,A))xa = f(Wa(A,A)), and
therefore the formula (5.10) can be rewritten as

lim o'~ tr Do (A, A; f) = B(A; f). (5.12)

a—0o0

On the other hand, if f is a polynomial such that f(0) # 0, then (5.10) does not
make sense, but (5.12)) still holds.

(i1i) One should mention that in contrast with the matriz case, for scalar symbols
A = a the coefficient B(a; f) can be found explicitly, see [48] and [50].

In [I5] the above result is extended to non-smooth symbols A and non-smooth
functions f. Remembering the relation Hl(\f[)l = Opy /. (-’41(\?1) (see (5.6), the idea was

to study symbols that model the symbol Al(\?l (as defined in (5.7])) and its limit as € \ 0.
More precisely, this is mimicked by symbols satisfying the following condition.

Condition 5.2.4. Consider symbols A that are C*° outside of a fixed finite set
2={eW @ NN cRe and satisfy the bound

IVEAG) S (€)7HdE)™, d(€):= min { dist(¢,E),1}, n=0,1,...,

where (&) = /1 + [€]2.

Moreover, we introduce families of symbols that converge in the following sense.
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Condition 5.2.5. Let 2 C R? be a finite set. We assume that the family of Hermitian
symbols A®) € C°(R?\ E;C™™), € € [0, 1], satisfies the bounds

Ve AD ()| <€) dE)™, k=0,1,...,

for some p > d, uniformly in e. Away from = the symbols A converge to A := A
uniformly, i.e. for each h > 0 we have

sup \A(E)(ﬁ) —A)] =0, ase\0.
gd(e)>h

Using these conditions we can now state the previously mentioned generalizations of
Proposition from [I5]. The first of them deals with fixed non-smooth symbols .A.

Theorem 5.2.6. [15, Theorem 3.4/ (adapted to our notation)
Letd > 2, and let A C R? be a bounded Ct-region. Assume that the function f satisfies
Condition for some ~v € (0,1]. Suppose that a Hermitian matriz-valued symbol
A € C®(R?\ &;C™*") satisfies Condition for a finite set 2 C R* and p > 0
with puy > d. Then the formula

lim o' %tr Do (A, A; f) = B(A; f) (5.13)

a— o0

holds.
The next theorem considers families of convergent symbols.

Theorem 5.2.7. [15, Theorem 3.5] (adapted to our notation)

Let d > 2, and let the region A C R? and the function f be as in Theorem . Sup-
pose that the family of Hermitian matriz-valued symbols A©) satisfies C’onditionm
for some p > 0 with uy > d. Then, as a — oo and € (0, we have

lim o'~ tr Do (A A; f) = B(A; f).

5.3. An Abstract Area Law

This section is based on [I5, Sections 3 and 7.3] with a result from [I5, Section 5.2]
(we use similar or sometimes the same phrasing).

As the next Proposition shows, if the symbol A is “radially symmetric”, then the
integral is independent of the unit vector e, which simplifies the expression for
the coefficient B(A; f) resulting in an abstract area law.

Proposition 5.3.1. [15, Propoistion 3.6] (adapted to our notations)

Let d > 2. Suppose that f satisfies Condition[2.2.5 with some v € (0,1], and that OA
is a union of finitely many bounded piece-wise C-surfaces. Suppose that a Hermitian
matriz-valued symbol A € C®(R%\ E; C"™*") satisfies C’ondition with some p >
0 such that puy > d. Suppose also that for each R € SO(d) there exists a matriz
Q = Qr € SU(n) such that

A€) = QARE) Q” for a.e. £ € R?. (5.14)
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Then E = {0}, and the integral (5.8) does not depend on the vector e € S*1 and
B(A; f) = M(A; f) volg—1(0A) , (5.15)
where we have denoted M(A; f) = M(e; A; f) for an arbitrary e.

The identity = = {0} is an immediate consequence of the symmetry . Indeed
if 2 contained a singular point &, # 0, then by the symbol A would have a
singularity on the sphere |&| = [£;|, which is not a finite set.

Note that in Proposition the region A corresponding to the boundary A does
not need to be bounded. In fact, any A satisfying the following condition, would be
suitable:

Condition 5.3.2. The set A C R% d > 2, is a region with piece-wise Cl-smooth
boundary, and either A or R%\ A is bounded.

We note that A and R?\ A satisfy Condition simultaneously. The boundedness
of A in Theorems [5.2.6] and [5.2.7] is assumed only because both of them are derived
from Proposition where A is supposed to be bounded. We remark that many of
the intermediate results in [I5] hold for the regions satisfying Condition m

For the proof of Proposition[5.3.1]and what follows we will need the following Lemma
from [15].

Lemma 5.3.3. [15, Lemma 5.5] (with slight modifications)

Let d > 2. Suppose that [ satisfies Condition with some v € (0,1], and A
satisfies Condition [5.3.2.  Moreover, let A satisfy Condition with some u > 0
such that uy > d. Then for any o € (du~',~) we have

M(&e; 4 ) S |FL R (E)# n (r(€) " +2),
fOT’ EETG7 é%Ee,
where B = B denotes the projection of the set B onto the hyperplane Te and
r(é) — min { dist(é, ée), 1} .

The bound is uniform in A and e € $4-1.
Furthermore,

M (e; A; ) S | fl2R77, (5.16)
uniformly in A and e € S, and
B(A: N S IR,

uniformly in A. The implicit constants in these bounds do not depend on the set E,
but on the number N = card E only..

We can now prove Proposition [5.3.1]
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Proof of Proposition[5.3.1] First, note that the coefficient M(e; A; f) is finite by (5.16)).
Let e,b € ST! be two arbitrary unit vectors. Let R € SO(d) be a matrix such that
Re =Db, and let Q = Qgr € SU(n) be such that (5.14) holds. Thus

A(&t) = A€ +te) = QARE+th)Q ™,

and hence, by cyclicity of trace, M(€; e; A; f) = M(RE; b; A; f). Integrating in £, we
get

M(e; A; f) =

G [ MRED: A ) dE

1

)

1
b; d b

= ey, MDA ) e =m0 A ),

Thus M(e; A; f) is indeed e-independent. Now it is clear that the formula (5.9) rewrites

as (p.15)), as claimed. O

5.4. Positivity of the Coefficient B(A; f)

This section corresponds to [I5] Section 8] (with slight modifications).

The goal of this section is to investigate under which conditions on the function f
and on the matrix-valued symbol A the asymptotic coefficient B(A; f) defined in
is strictly positive.

5.4.1. An Abstract Result

Our starting point is the following abstract fact stated in [32, Proposition 3.2] with
reference to [28, Theorem A.1] and [4]. Below # is a complex separable Hilbert space,
P an orthogonal projection on H and A a self-adjoint operator on H. The opera-

tor D(A, P; f) is defined in (2.9).

Proposition 5.4.1. Suppose that the spectrum of A is contained in the interval I C R,
and f : I — R is a concave function. Assume that D(A, P; f) is trace class and
that PAP compact. Then tr D(A, P; f) > 0.

Using this proposition we can prove the following bound in the spirit of [28, Theo-
rem A.1].

Theorem 5.4.2. Suppose that the spectrum of A is contained in the interval I C R and
that AP € So and D(A, P; f) € S1. Assume also that f : I — R is a Wi;io(l)—function
such that

ess-sup f”(t) = —lp, with some Iy > 0.
tel

Then, with the notation fo(t) = —% t?, we have

tr D(A, P; f) > lotr D(A, P; fo) = %0 |(I — P)AP|3. (5.17)
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Proof. We essentially follow the proof of [28, Theorem A.1]. Denote D(f) = D(A, P; f)
and

g(t) = f(t) = lofo(t),
so that ess-sup; ¢”(t) = 0. Thus g is concave on I, and by Proposition
tr D(f) —lo tr D(fo) = tr D(g) =0,
The first trace on the left-hand side is finite by assumption, and the second one equals
2tr D(fo) = tr (PA*P — PAPAP) = tr (PA(I — P)AP) = ||(I — P)AP|3,

and hence it is also finite. This leads to the required bound ([5.17)). O

5.4.2. Application to Pseudo-Differential Operators

Now we can apply the above results to the operator D, (A; f). We do not intend to
consider the most general functions f satisfying Condition with some v € (0, 1],
but assume that f is real-valued, the set T consists of two points, i.e. T = {t1,t2}
with 1 < to9, and that

ess-sup f"(t) = —lp, where Iy > 0.
te(t,t2)

We want to prove the following theorem.

Theorem 5.4.3. Let d > 2, and let f be as described above. Let A C R? be a bounded
region with a C-boundary. Suppose that A is a non-zero Hermitian matriz-valued
symbol that satisfies Condition [5.2.7] with some p > 0 such that py > d. Assume also
that the for all € the spectrum of A(E) belongs to the interval [t1,t2]. Then B(A; f) > 0.

We precede the proof with two lemmata.
Lemma 5.4.4. Let A € C3(R;C™ ™), be a Hermitian matriz-valued symbol satisfying
dl
e se (5.18)

for some > 1 and 1 =0,1,2. Then the operator x— Op;(A)xy is Hilbert-Schmidt.
If A(€) is a non-zero operator function, the Hilbert-Schmidt norm ||x— Op; (A)x+ ]2
is strictly positive.

Proof. Denote the kernel of the operator Op;(A) by

- 1

Aw) = 5- / e A(E)de |

meaning that for any Schwartz function ¥ and almost any = € R,

O (A)(@) = [ Alw = p)tw) dy. (5.19)
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(due to Remark [3.0.7]). Moreover, because of ([5.18]),
[A(@)] < (2) 7%,

so by a similar argument as in the proof of Lemmam (applying Holder’s inequality in

(5.19) with v replaced by A, ), we see that the representation ((5.19) can be extended
to all ¥ € L2(R).
Then, the (squared) Hilbert-Schmidt norm

[x— Op; (A X+||2—/ / y)2dydx
0 SSIENS
- [ [ -y v,
ij Y 0

is finite. Assume now that there is an interval I C R such that A(§) # 0 for all £ € 1.
Without loss of generality we may assume that the matrix entry A; ;(£) with some 4, j,
is not zero for all £ € I. Since A is Hermitian, we also have

Aij(€) =Aij(§) #0, £el.

As a consequence, A; j(—z) = Ai,j (x), so that the function

F(x) = % (Mr (@) + [Ae(2)]?)

is even and not identically zero. Therefore there is an interval J C R_ such that
F(z) > 0 for all z € J. Estimating
/ / y) dy dx

> // ) dt d,

we conclude that the Hilbert Schmidt norm on the left-hand side is strictly positive,
as required. O

v

Ix— Opy (A)x+3

Using the above lemma we can now show the positivity of the asymptotic coefficient

B(A; fo) for the function fo(t) = —t2/2.

Lemma 5.4.5. Let A c C°(R?\ E;C"*"), d > 2, be a non-zero Hermitian operator-
valued symbol satisfying Condition with > d. Then denoting the function
fo(t) = —t2/2 we have B(A; fo) > 0.

Recall that the coefficient B(A; fo) is finite due to Lemma [5.3.3

Proof. By definition (5.9) it suffices to show that 9 (e; A; f) > 0 for each e EASd_l.
Fix a vector e and rewrite the integrand in (5.8)) using the notation A = Op; (A(; -)),
P = x4. Asin the proof of Theorem we obtain (also making use of Lemma|3.0.1])

2M(&;e; A; fo) = tr (PAP — PAPAP) = tr (PA(I — P)AP) = ||(I — P)AP|3 > 0.
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Since A is a non-zero symbol, there is a ball BcC T, \ = such that for all é’ € B the
symbol A(E; -) is in C*°(R; C™*™), non-zero and satisfies

k
aAGY| SO k=0l teR

with a constant uniform in € € B. Thus by Lemma M(&;e; A; fo) > 0 for
all £ € B. This leads to the positivity of B(A; fo). O
5.4.3. Proof of the Positivity of the Limiting Coefficient

Proof of Theorem[5.4.3. In order to use Theorem we check that Op,(A)xa is
Hilbert-Schmidt:

1
2 _ 1 2
10pa(Apalf = s [ @) P e [ dx< o

where we have used that [A(€)| < (&) ™* with p > py > d. Now, by Theorem [5.4.2]

tr Da(A: ) 2 o tr DalAifo), - folt) = —3 £

Using the asymptotics ([5.13|) established in Theorem we obtain
B(A; f) > loB(A; fo) -

The latter is positive by Lemma This completes the proof. O

5.4.4. Corollaries for the Functions 7,

Let the functions n,, be as defined in (L.1)). As computed in detail in Lemma each
function 7, satisfies Condition [2.2.5| with T = {0, 1}, with v < min{s, 1}, if 2 # 1,
and v < 1if s =1.

Corollary 5.4.6. Let A and A be as in Theorem and such that 0 < A(€) < 1.
If € (0,2), then B(A;n,.) > 0.

Proof. By Theorem it suffices to show that for s € (0,2) the derivative

ess-sup 7. (t) < 0.
te(0,1)

If 5 = 1, then one easily finds that n}(t) = —t~1(1 —¢)~! < —4. For s # 1 we use a
slightly modified version of the proof of [32, Lemma 3.1]. One checks directly that

Lo -n7R (5.20)

O+ (1= 1)) = (1= )] = =

For 3¢ < 1 the right-hand side is clearly negative for ¢ € (0,1) and ess-supn.(t) < 0,
as required.
It remains to consider the case s € (1,2). We rewrite (5.20) as

76
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O+ (1 =P = = g (0).
gp(t):= plt(L = )P~ — [t — (1 = )],

for p:= 2 —1 € (0,1). Since the term [t* + (1 — t)*]? is strictly positive and bounded
for t € [0,1], it suffices to show that g,(t) > ¢ with some positive ¢. This claim is
equivalent to

B =) P[P+ (1 — ) +c] <2t(1—t) +p. (5.21)
Using the notation

277 if 0<p<1/2

M,=2P"1 max [t?? + (1 — )*] = }
P [ (1=07] -l if 1/2<p<1

te(0,1]

the (elementary example of the) Young inequality

v 1 1
abga——i-—, a,b>0, uw,v>1,—+-—-=1
U v u v

fora=[2t(1-t)]*P,u=(1-p)tandb=1,v=p! yields

B =) P[P+ (1 —t)* 4] < (M, +2°7"e)[2t(1 — )]
< (Mp+2°7 ) [(1 —p)(2t(L — ) +p] -
Since M, < 1 for p € (0,1), the number
c=(1— M,)2""?

is positive. With this choice of ¢ the above inequality becomes

B - P[P+ (1 -2 +c] <(1-p)(2t(L—t) +p<2t(1 —t) +p,
so (b.21]) holds. This completes the proof of the inequality €SS-Sy (0,1) n’(t) < 0 and
hence entails that B(A;7,.) > 0. O

5.5. Proof of the Main Theorem

The main part of this section corresponds to [15, Section 9] with some parts from [15),
Section 1] (with slight modifications).

We are now in a position to complete the proof of Theorem In order to use
Theorems and we begin with the relation derived already in Section [5.1

S (1), LA) = tr Do (AS), Asnp,), a=Le ™,

where the symbol A®) is given by

3 B _
A9y = 1 (1+ 2p=1%07 Emyo) o~ VEFEm?
2 A /52 4 e2m2
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The symbol .AI(\?I is Hermitian 4 x 4-matrix-valued and it satisfies Condition with
the limiting symbol

A (€ % (1+ Z |§B| P0) e, (5.22)

with the finite set Z = {0} and for arbitrary p > 0. Note that in the case m = 0,

the symbol -’41(\51)1 coincides with the limiting symbol for all € > 0. Moreover,
as we have already observed earlier, each function 7,, satisfies Condition [2.2.5| with
T ={0,1}, with v < min{s¢, 1}, if ¢ # 1, and v < 1 if 5 = 1 (see also Lemma [C.0.1].
Thus, according to Theorem [5.2.6] as L — oo and € > 0 is fixed, we have

lim (Ls_l)_QS%(HI(\?I,LA) =lima 2 tr D, (AI(\Z)I,A; 7]%) = B(AI(\Z)I;U%) ,

for any bounded Cl-region A C R3. Similarly, if ¢ \, 0 and o = Le~!

Theorem leads to the formula

— 00, then

lim L2625, (1), LA) = B(Avm; 7s.)

for any bounded Cl-region A C R3®. To complete the proof of (1.7) and (I.8) we
will check that the symbols A©), A satisfy the conditions of Proposition The
following lemma is the first step in this direction.

Lemma 5.5.1. Let R € SO(3) be arbitrary. Then there exists a matric Q = Qr €
SU(4) such that for any v € R3:

3 3
QY Rv)y" Q=D v’, and Q°Q ' =
p=1 B=1

Proof. The foundation for this proof can for example be found in [12, Lemma 1.3.1
and its proof].
It suffices to prove this lemma for rotations around the three coordinate axes, since
any other rotation may be written as a product of those three rotations.
Without loss of generality assume that R is a rotation around the z-axis. Then it
is given by
cosf —sinf 0
R =|sinf cosf® 0],
0 0 1

where 6 € R is the rotation angle. We claim that
o—i0/2
¢i0/2
Q:= o—i0/2
10/2

is the sought matrix. Indeed, note that
Q’'Q7'=9", QY Q=+
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nyl Q_l = 0 ’

QY Q' = . i0

Then, by a straightforward computation we see that
3
Q D> (Rv)s7”
B=1

cosf Q' Q7! 4 sinf Q A2 Qil) —i—vg(—sin@Q’yl Q '+ cosh Qr? Q*1>

|

<

il
/N

+ 'U373 = Z UB’Yﬁ 3
B=1

which concludes the proof. O

Lemma ensures that the symbols Ay and ‘Al(\fl)l satisfy the conditions of Propo-

sition Therefore for any bounded Cl-region A with finitely many connected
components,

B(Aﬁ?ﬁ M) = ME) vola (OA), B (Awm; 1) = M. vola(OA),
where

me) .= M (e; A%\f{)ﬁ ), M, := M (e; Awmr; 7x),

with an arbitrary unit vector e. The convergence i)ﬁgf) — M, as € \( 0, follows from
the next lemma from [15].

Lemma 5.5.2. [15, Lemma 7.2] Let f and A be as in Theorem and let the
family A®) satisfy Condition|5.2.5. Then

B(A®; f) = B(A; f), as &\ 0.

Finally, since the matrix symbols Ay and Al(\i)l satisfy the bounds 0 < Ay(€) <1
and 0 < A)(€) < 1 for all &, it follows from Corollary that B(Awmr; ) > 0

and B(Al(\i)l;ﬁz) > 0 for » € (0,2). This immediately implies that me > 0 and
M., > 0 for » € (0,2), as claimed. The proof of Theorem is now complete.
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6. Summary and Outlook

We finally summarize this thesis and give some perspectives for future research. The
first part of this section is based on [13, Section 9] (with some modifications) moreover
some of the remaining section is based on [15], Sections 1 and 3].

In the Schwarzschild case we introduced the Rényi entanglement entropy of a Schwarz-
schild black hole horizon based on the Dirac propagator as

1 . . 1
SBH = B gli% uOgHjOO n(M/2) tr (n%(x;c(ﬂgﬁl)knx;c)—x;cn%((ﬂ](gfl){)kn)x;c), (6.1)
(k,n)

occupied

(we left out the p-limit here since we have seen, that the p-dependence drops out after
taking the ug- and e-limits). We have shown that we may treat each angular mode sep-
arately. This transition enables us to disregard the angular coordinates, which makes
the problem essentially one-dimensional in space. Furthermore, in the limiting case we
were able to replace the symbol of the corresponding pseudo-differential operator by
A0 in provided that » > % Since this symbol is diagonal matrix-valued, this
reduces the problem to one spin dimension. Moreover, because A9 is also independent
of &, the trace with the replaced symbol can be computed explicitly. It turns out to
be a numerical constant independent of the considered angular mode.

This leads us to the conclusion that the fermionic entanglement entropy of the
horizon is proportional to the number of angular modes occupied at the horizon,

1
SBH — Z SEER =5 #{(k,n) ‘ angular mode (k,n) occupied} ,
(k)
occupied

and a similar result holds for the Rényi entropies with s > % This is comparable to
the counting of states in string theory [42] and loop quantum gravity [2]. Furthermore,
assuming that there is a minimal area of order €2, the number of occupied modes at
the horizon were given by M?2 /&2, which would lead to

1 M?
6 g2’

Bringing the factor In(M/e) in (6.1]) to the other side, this would mean that, up to
lower orders in €', we would obtain the enhanced area law

BH
S

Z lim tr <77(XA(H§I){)anA) - XAW((HI(BEI){)kn)XA >

(k) 07
occupied
1 M? 9, 9
= ég—zln(M/e)—i—o(M /e*In(M/e)) , as e\, 0.
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An interesting topic for future research would be to determine the number of occupied
anuglar momentum modes at the horizon in more detail, for example by considering a
collapse model.

Moreover, since initially we only had the entanglement entropy (i.e. the case » = 1)
in mind, we only established estimates for R* and its first derivative in . This had the
consequence that were not able to estimate the corresponding error terms for Rényi
entropies with » < % with the same methods. However, those methods would in prin-
ciple also apply for » < % as well if suitable estimates for higher derivatives of R*

were worked out. This is another topic for future research.

In the second part of this thesis we considered the Rényi entanglement entropy
operator S%(HIEVH, LA) of bounded spatial regions LA with C!-boundary and finitely
many connected components in Minkowski spacetime. We considered two limiting
cases. The first where L is kept fixed and the regularization tends to zero, which is the
usual definition of entanglement entropy. Furthermore we considered the case where
the regularization is fixed and the parameter L describing the size of LA tends to
infinity. This gives under the assumption of a fixed regularization (for example when
identifying it with the Planck length) the behavior of the entanglement entropy when
the volume gets larger and larger. We started by rewriting Hl(\fl)l as pseudo-differential
operator and then applying results from [15] to obtain the limiting coefficient. The
symmetry of the Dirac equation then allowed us to factor out the area and finally the
strict concavity of the function 7, for 0 < » < 2 together with a result going back
to Berezin from [4] lead to the positivity of the Rényi entanglement entropy. This
resulted in an area law for the Rényi entanglement entropies in both liming cases.
Namely in the first case where Le~! — co and ¢ \, 0

lim L262 S,,(TIE), LA) = M, voly(A) |
where 91, is an explicit constant. And for L — oo and € > 0 is fixed,

lim L2 5, (T, LA) = M) voly(AA) .

where smﬁif) is some explicit constant such that imﬁf) — M, as € — 0. Moreover, for
0 < 2 < 2, both coeflicients I, and zmﬁf) are strictly positive.

Since as mentioned before, many interim results in [I5] hold for any region satisfying
Condition [5.3.2, an interesting topic for future research would be to investigate if a
similar result holds for unbounded regions A satisfying Condition [5.3.2
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A. Proof of Lemma 4.1.2

We follow the proof of [I1, Lemma 3.1]. As explained there, employing the ansatz

e—iwuf+ (U)>
X(u) = o , Al
w= (S (A1)
the vector-valued function f must satisfy the ODE
d ,  A(r) 0 2w (imr — \)
@f - 7"2 <€2iwu (—zm'r _ )\) 0 f, (AQ)

where A is an eigenvalue of the operator

d cot ¥ k+1/2
A= 0 do + 2 + sin ¢
: _i_cotﬁ+k+1/2 0

dy 2 sin ¥

(see [11L Appendix A]) and thus does not depend on w (in contrast to the Kerr-Newman
case as explained in [I1, Appendix A]). Estimating (A.2)) gives

—2M A
R e (e R 1]

Next, we transform r — 2M to the Regge-Wheeler-coordinate,
r—2M =2M W (e"/ M= j20r) |

where W is the inverse log function, i.e. the inverse function of x — xe®. An ele-
mentary estimateﬂ shows that 0 < W(z) < z for any x > 0 and therefore we can
estimate

‘;Zf' < 6u/2M71( | |)|f| (A.3)

Setting
A ) 1
= — d:=—
“ ( Y 2M
we can proceed just as in [I1), Proof of 3.1]:
Without loss of generality we can assume that |f| is nowhere vanishingﬂ and divide

(A.3) by [f| giving
d/du
dfduf| _,
£
"Since the function f(x) := xze® is strictly increasing (and differentiable) on (0, 00), so is W = f~!
on (f(0), f(c0)) = (0,00). So from ze® > z for any = > 0 follows z = W (ze”) > W (x). Moreover,
due to the monotony and since W (0) = 0, we have W (z) > 0 for any = > 0.

8If f(@) = O for one @& € R, then due to (A.2) also (j£)|u = 0 and thus by the Picard-Lindel6f
theorem, f vanishes identically on R.
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This yields for any v < wg,

vz ()P + ()P 2 /
] (u)) = | )| = | [ B wl|<a [T e au
4
— %(edvn _ edu) )
From this we conclude that
401

T (et — ) > (| f(un)]) — “ote

| (u)]) = 1 (u2)]) — = :
(70 < IS + 2 (6 — ) < (i) + e

which yields

Fu)] exp (= 2t} < ()] < [F )] exp (“het=) . (A)

Using this inequality in (A.3]), we obtain

d 401 d d
< U u .
’duf’cl |f(u2)| exp (—d e )e , (A.5)

which shows that % is integrable. Moreover due to (A.4), f(u) converges for u — —oo

to
(A.4)
fo:r= lim f(u) ? 0.

U—r—00

Now integrating (A.5)) from —oo to u < ug, we get

7) — ol < & )] exp (FLeta) . (A.6)

Finally, in order to get rid of the factor |f(ug)|, we make use of (A.4]) in the limit
u — —00,

461

F(uz)] < |fol exp (™). (A7)
Substituting this in (A.6]), we end up with the desired result
lg(u)] < ce™,

with .
C C
g(w):=f(u)~fo. and = |fol exp (—ledW) .

d
Similarly, removing |f(u2)| from (A.5) using (A.7) we obtain
d
<o

which completes the proof. O
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B. Computing the Symbol of (Hg,);m

In this section, we give a more detailed computation of the symbol of the operator

') kn for given k and n. Recall that e in is for any function v € C°(R, C?
BH BH 0

given by,

((H](3H ;m¢ /dw/due ew Z tepXa(u,w) Xb |1/J>

a,b=1

The main task is therefore to determine

2

Dt Xa(u,w) Xp(u,w)t = (+). (B.1)
a,b=1

To this end first note that the details of the coefficients ¢4, in (4.2)) give

(%) = X(=m,0) (@) X1(u,w) X1(/,w)" (B.2)
+ X(=o00,—m) (W) [ % X1 (u, w) Xq (o, w)T + % Xo(u,w) X2(u’,<,u)Jr (B.3)
12 X (1, w) Xo(u!, )T+ 85, Xo(u,w) X (o, w)! ] . (B.4)

Moreover, using the asymptotics of the radial solutions given in Lemma the
matrix X, (u,w) Xp(v/,w)! can for any a,b € {1,2} be written as

Xo(u,w) Xb(u/,w)T
_ (f&ra(w) f(fb(w) e~ iw(u—u’) f(fa(w) f(;b(w) e—iw(u—i-u’))
F3:a(@) S () 0D fi @) fo(w) )

—iwu’ f —iwu
+Ro,a(u,w)<f0+=b(°")e. > +<f(f3<°")e. )Ro,b(u’,wﬂ (B.6)

(B.5)

fO,b(w) et f07a(w) et

+ Ro#l(u? W) RO,b(uI7 w)T . (B?)

Where by fo and Ry, we denote the functions fo and Ry corresponding to X, for

each a = 1,2. The terms in . will result in the error matrix R . and will be

computed in Section Here we are mainly interested in the terms in
Combining our choices of fo from Section [4.1.4]with (B.5) and m-m, we obtain

@) e =) () fou () e-w(uﬂ’))

fo (W )f(;,rl(w) eh(ut’) |fo_,1 (W)|2 elwlu=u’)
%efzw(u u') t —iw(utu') - ,

+ X(=00,—m) (w) <tf§; eiw(utu’) iw(u—u') > + Ro(u, v, w),

(%) = X(=m,0) (@) (

e
(&

—
l\"\’—‘l\JE
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B. Computing the Symbol of (Hgf){)kn

where Ro(u,u’,w) consists of the terms — inserted in the sum .

In order to rewrite (H](BEH) rn as a pseudo-differential operator, we need a prefactor of
the form e~ (%) hefore the symbol. The matrix components in () indeed involve
such plane waves. However, the (2,2)-components oscillate with the wrong sign. In
order to circumvent this issue, we can use the freedom of coordinate change w — —w
in the dw integration of the (2,2) and (1,2) components. This yields (4.10).
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C. Regularity of the Functions 7,

We now verify in detail that the functions 7, satisfy Condition [2.2.5]

Lemma C.0.1. Consider the functions n,, in (1.1). Then for any s» # 1, n,. satisfies
Condition with T = {0,1} for any v < min{s, 1}. Moreover, n = n1 satisfies
Condition with T ={0,1} for any v < 1.

Proof. We start with the case that > = 1. Then, in order to prove that
ne CR\{0,1}) N C(R),
it suffices to show the continuity at ¢t = 0 and ¢ = 1, which follows from

In(t) ’a t=t
lim (- tIn(t) — (1 — t)In(l — ¢)) = —lim —2 "2 lim — =
ggg( tln(t) — (1 —t)In(1 — 1)) lim ~75 = lim o = 0,

(where “L’H” denotes the use of L’Hopital’s rule) and

lim (—tln(¢) — (1 —¢)In(1 —¢)) = —lim ———= "= lim !

——— =0.
£ t,1(1—t)7! t1(1—1t)2
Moreover, for any t € (0,1) we have
() = —In(t) + In(1 — 1),
1 1
1/
H)=—-——
(*) t 1-—t
Thus, for any v < 1
Int In(1—1) i tt 1—1)~?
limn(t)t™7 = — lim 2 lim ( ) 2 im——— 4 1lim a-y-
N0 SN0t N0 Y N0 (y— 1)t 2 o At
1— tlf'y

—— 4+ lim——— =0
t\01—7+t{%’y(1—t> ’

and obviously

limn(t)t™7 = 0.
;%UU

Therefore, there exists a neighborhood Uy of tp = 0 and a constant Cp such that

for any t € Up,o,
In(t)| < Coplt] .

Similarly we obtain for t; = 1,
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C. Regularity of the Functions n,,

1 In(1 —
limn(t)(1 —¢)77 = —lim nt lim ul tj
t 1 to1(L—¢)Y (1=t
tt (1—¢)~t
= lim —————— — i
AT A1 — 1)1 A (y — 1)(1 — )2

=0,

yielding a neighborhood U g of t; = 1 and a constant C o such that for any ¢t € U o:
In(t)| < Crolt =117

The other estimates follow analogously by computing the limits

1 -1 1—v
hmn()tl_7:—hm@ o= ! = lim ! =0,
N0 N0 71 t\O( N2 N0l —7
In(l—1¢) 1 1—-t)! 1—t)l=
w(1=0) pry Q-0 -

1 1—t)177 =1i = =
00 =0 =l T~ G a1

lim 7" (t)t*™7 = = limt'™7 =0,

N0 N0
li 1—4)27=—lim(1—-#t)'""7"=0
tgqn()( ) tgq( ) ,
1 Ot =lim ' ()(1 — )77 = lim 7" (Ot = lim " (1) (1 — )> 7 = 0.
t%n() t{r}n()( ) t%n() tl{j}ﬁ()( )

This concludes the proof for the case that » = 1.
Next, consider s # 1. It is evident that

n. € C3(R\ {0,1}) N C°(R).

Moreover, note that for any v < s,

“ » —14c—1
limn%()— 1 lim In(t*+1) LH 2 (t*+1)"'t
N0 1Y 1— 20 6N\0 tY 1 — 2 \0 tr-1
limt*7 < 00,
1—%t\0
_ _ 4\ —1 _ 4\x—1
fim (1) _ 1 iml(l—i—(l t)*) 1 L% lim(l—i—(l H*) (1 —1t)
to1 (1=t 1—stn (1—1¢) 1—st (1—¢)—1t
lim(1 — )7
1—%155‘1%( ) <0,

Furthermore, the derivatives of n,, for t € (0,1) are given by
x 77— (1—
() = —umr
- t*+(1-t)~
_ _ 1\ 2
) = et o)
” trt(1=t)7 1= (pry(1-1)%)°

Thus we conclude that for 2 < 1:
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C. Regularity of the Functions n,,

M) =T () =T for t\,0,
n(t) ~ (1 —t)* 1, ni(t) ~ (1 —t)* 2, fort /1,

Ve

so that we may choose v < 3. For 1 < s < 2 first note that the first derivatives in
=0 and ¢t = 1 are bounded but non-zero, so we have

M) ~1, L) =t fort \,0,
M) =1, L) =1-t*?,  fort M1,

and therefore we have to take take v < 1. Similarly for s > 2 we have

M) =1, () =1,  fort\0,
M) =1, g(t)~1,  fort "1,
so we can only take v <1 as well. O
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