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0. Introduction
0.1. The challenge of coherent mathematics

The concept of equality has firmly established itself as an important part of mathematical foundation
and enables us to define a variety of mathematical objects, particularly algebraic ones, such as groups or
rings. However, in recent decades we are more and more confronted with objects whose structure cannot be
captured via equalities. A simple example is given by the loop space; we can compose loops, however the
two possible compositions of three loops are only homotopic rather than equal.

These encounters have motivated the rise of coherent mathematical structures. Intuitively, the notion of a
coherent structure is easy to convey: one simply replaces equalities with an appropriately chosen data, which
could be a path in a topological space, a quasi-isomorphism of two chain complexes or a term in an identity
type in a given type theory. However, making this idea precise turns into a challenge. Indeed, each layer
of data that witnesses an equality necessitates one higher layer of data that guarantees all previous choices
are appropriately compatible. This can already be witnessed in the definition of a monoidal category whose
associator, the isomorphism witnessing associativity, needs to satisfy the pentagon identity. As a result, any
effort to explicate coherent structures results in an infinite and interlocked tower of intractable data.

In certain situations the infinite tower of data that arises in such situations can be tackled effectively via
modern machinery, such as operads. For example, we can give a precise definition of a homotopy group via
the A,.-operad and then show loop spaces are an example of such coherent groups. These methods using
operadic techniques have, among others, been effectively used by Haugseng and various collaborators, to
study a wide range of homotopy coherent settings [9,20,23,27].

0.2. Homotopy coherent nerve

Despite those advances, we cannot always tackle the issue of defining coherent structures by hand and we
need to find a more conceptual approach that can generalize a given (algebraic) structure to its appropriately
defined coherent analogue. Here we can benefit from the well-known observation that algebraic structures
can be characterized via appropriately chosen functors. For example, the category of monoid objects in
a finitely complete category C is precisely given via a full subcategory of simplicial objects in C. This
suggests that an important first step towards defining homotopy coherent structures consists of developing
an appropriate notion of homotopy coherent functors out of small categories, such as A. Similar to above,
intuitively a homotopy coherent functor should satisfy functoriality only up to appropriately chosen data.
However, again it is challenging to translate this intuition into a precise mathematical definition and there
are two broad ways we can approach this problem:

(I) We can adjust a given indexing category in a specific way so that functors out of this category now
incorporate the desired coherence.

(IT) Instead of solving the problem one category at a time, we identify an appropriate homotopy coherent
generalization of the notion of a category itself. Then a coherent diagram would simply be a functor in
this generalized setting.

A first comprehensive solution following the line of thinking outlined in (I) was employed by Cordier and
Porter [13,14]. They constructed an adjunction

SetA" L sSet-Cat |
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known as the homotopy coherent categorification and homotopy coherent nerve adjunction between simplicial
sets and simplicially enriched categories. In particular, for a given (1-)category C, in the simplicially enriched
category ¢ N"C, every pair of composable morphisms is now only related by a path to its original composite
in C, and any original instance of associativity in C is now witnessed by higher simplices. Hence a homotopy
coherent functor out of C can be defined very precisely as a simplicially enriched functor out of ¢"N"C,
resting assured that the simplicial enrichment takes care of the desired coherence.

A proper development of a fully coherent category theory realizing approach (II) did follow not long
after. Starting in the 90s we saw the rise of various weak models of (00, 1)-categories, prominent among
them quasi-categories [31] and complete Segal spaces [45]. There the (oo, 1)-categories are defined as certain
simplicial objects and functors are defined as simplicial morphisms, meaning the coherence is built into
the definition of a functor via simplicial identities. In fact early versions of quasi-categories were precisely
introduced with the goal of characterizing homotopy coherent data [7].

A priori this suggests two different definitions of a homotopy coherent diagram, however, closing this long
developmental arc, it was proved first by Joyal, then Lurie [37], and also Dugger—Spivak [16,17] that the
adjunction ¢ 4 N in fact gives us an equivalence, by establishing a Quillen equivalence of model categories,
which in particular means the two notions of homotopy coherent data are appropriately equivalent. As a
consequence, every quasi-category is (up to equivalence) of the form N"C for some Kan-enriched category
C and so for a given simplicial set K a homotopy coherent diagram in sense above ¢ K — C is the same as
a homotopy coherent diagram in the sense of quasi-categories K — N"C.

To summarize, as a result of this extensive work, we can now very precisely define a homotopy coherent
diagram as a functor of quasi-categories or, equivalently, as a simplicially enriched strict functor out of the
categorification of the homotopy coherent nerve, each approach having shown their advantages in a variety
of settings.

(1) Classifying diagrams in (0o, 1)-categories: The homotopy coherent nerve enables us to give explicit
descriptions of homotopy coherence via classifying objects. For example, in [37, §4.4.5], Lurie uses the
homotopy coherent nerve to construct the homotopy coherent idempotent classifier and uses that to
prove that homotopy coherent idempotent completion is an infinite operation, meaning (unlike the
1-categorical case) there are finitely complete categories that are not idempotent complete.

(2) Coherent diagrams valued in spaces: The same way that the category of sets plays a central role in
classical category theory, the (0o, 1)-category of spaces plays an analogous role in (0o, 1)-category theory,
being the natural codomain of representable functors. As a result, defining and studying homotopy
coherent diagrams of spaces plays a central role. However, there is no direct non-technical way to
construct the quasi-category of spaces given all the higher coherences it entails and the most standard
construction is given by the Kan-enriched category of Kan complexes. That means we cannot use
method (II) to study homotopy coherent diagrams of spaces, and need the homotopy coherent nerve,
an important example being the first construction of the Yoneda embedding for quasi-categories; see
[37, Proposition 5.1.3.1].

(3) Straightening construction for (co, 1)-categories: In [37] Lurie uses the homotopy coherent nerve in an
essential manner to define the straightening construction, which for a given simplicial set K identifies
homotopy coherent diagrams out of ¢” K°P valued in spaces with right fibrations over K’; see [37, Theorem
2.2.1.2]. The straightening construction provides us with the most effective method to analyze coherent
diagrams and particularly identify representable functors. It is hence the key step in the development
of (00, 1)-category theory, such as the study of limits or presentability; see [31] and [37, §4-5].

(4) (00, 1)-limits: When working with (oo, 1)-categories modeled by strictly Kan-enriched categories, we
can rely on the extensive literature regarding simplicially enriched colimits; see e.g. [47]. However,
this approach is computationally unfeasible as it necessitates constructing free contractible homotopy
coherent diagrams (concretely modeled by the cofibrant replacement of the terminal diagram). Therefore,
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instead of studying limits for diagrams valued in a category strictly enriched over spaces, one prefers to
use the notion of a limit for diagrams valued in the corresponding quasi-category, as defined by Joyal
[31], using quasi-categories of cones.

While studying limits via cones is much more effective, it creates the possibility of a mismatch between
the two possible notions of limits. However, using the interplay between homotopy coherent nerves
and homotopy coherent diagrams permits Riehl and Verity [51] and the third author [49] to describe
limits in a quasi-category as a weighted simplicially enriched limits of its corresponding homotopy
coherent diagram, which has both demonstrates that the notions agree appropriately as well as aids
with computations.

0.3. Developing a theory of (0o, n)-categories

While many structures (such as groups) by default assemble into categories, some naturally exhibit more
data, the prime example being categories, which assemble into a 2-category given by categories, functors,
and natural transformations. Proceeding inductively we can more generally define a strict n-category as
consisting of objects, 1-morphisms, 2-morphisms between 1-morphisms, up to n-morphisms between (n—1)-
morphisms, or, more succinctly a category enriched over strict (n — 1)-categories. Similar to before we are
confronted with objects that satisfy equalities only in a coherent manner, an example being monoidal n-
categories, and hence would like to define and study coherent structures in this setting.

As before there are two main ways to tackle this problem:

(I) We can work with a notion of weak n-category that is strictly enriched and adjust the chosen diagram
so that strictly enriched functors already encode the desired homotopy coherence.
(II) We can develop a notion of weak n-categories, such that functors are by definition coherent.

For historical reasons, we will start with approach (II) as it has been developed much more extensively.
There is now a wide range of weak models of (oo, n)-categories, explicitly given as presheaves on appropri-
ately chosen diagram categories, such as (saturated) n-complicial sets [12,53], n-fold complete Segal spaces
[2], complete Segal ©,,-spaces [46], n-quasi-categories [1], and saturated n-comical sets [10,15]. Hence, rely-
ing on the existing literature we can define already homotopy coherent diagrams as functors in these weak
models.

The situation regarding approach (I) has as of yet remained unclear. We can generalize simplicially
enriched categories (that we used in the (0o, 1)-categorical setting) in a way that incorporates n-categories,
by strictly enriching categories over any of the weak models of (co,n — 1)-categories introduced above.
While we know that this strictly enriched model is abstractly equivalent to a weak model via an intricate
zig-zag of equivalences [4,5], we currently do not have a homotopy coherent categorification and homotopy
coherent nerve adjunction that can help us adjust a given n-category in a manner that incorporates homotopy
coherence. This is despite the fact that such a construction would be key in obtaining several further results,
analogous to the work done for (0o, 1)-categories.

(1) Classifying diagrams in (0o, n)-categories: Similar to the (0o, 1)-categorical situation we would like to
have the ability to construct classifying objects for important diagrams with the goal of understanding
the data of a diagram by analyzing its classifying object. There are successful examples in (00, 2)-
category that managed to avoid the nerve, such as the construction of the free homotopy coherent
adjunction due to Riehl and Verity, which benefited from the fact that the free homotopy coherent
adjunction happened to be a simplicial computad, which guarantees the required coherence [50]. This
does not hold for general diagrams of interest (for example the classifying diagram of a bimonad [8])
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and hence any further advances in this direction requires a deep understanding of more general coherent
diagrams.

(2) Coherent diagrams valued in (oo,n — 1)-categories: Arguably the most important (oo, n)-category
is the (o0, n)-category of (co,n — 1)-categories and any advance in the theory of (0o, n)-categories,
particularly the study of representable functors and the Yoneda embedding, necessitates a conceptual
and computational understanding of homotopy coherent diagrams valued in (co,n — 1)-categories.
Similar to the case of (oo, 1)-categories existing constructions of this (0o, n)-category are given via
strict models and so we need a homotopy coherent nerve to be able to define homotopy coherent
diagrams valued in (co,n — 1)-categories.

(3) Straightening construction for (co,n)-categories: Any advances in the theory of (oo, n)-categories ne-
cessitates an ability to analyze functors valued in the (oo, n)-category of (co,n — 1)-categories, and
particularly computationally feasible criteria when such a functor is representable. As discussed above,
in the (oo, 1)-categorical context this has mainly been achieved via the straightening construction,
which studies presheaves via fibrations. We hence anticipate the existence of a similar straightening
construction for (oo, n)-categories, the construction of which should similarly fundamentally hinge on
an appropriately defined categorification functor.

(4) (o0, n)-limits: Similar to the (oo, 1)-case, the correct notion of a limit for diagrams valued in an (oo, n)-
category presented by an enriched category over a model of (0o, n — 1)-categories is already established
as part of a more general pattern for enriched categories; see [52]. However, similar to the (oo,1)-
categorical case discussed above, this approach is often computationally unfeasible, suggesting the need
for an alternative, more computationally feasible, approach to limits via cones. However, any such
approach would need to be compatible with limits in the strictly enriched setting, which similar to the
case for (0o, 1)-categories necessitates an appropriately defined homotopy coherent nerve.

0.4. A homotopy coherent nerve of (co,n)-categories

To summarize the previous paragraph, we already have a weak notion of (co,n)-categories and their
corresponding notion of functor. However, we lack the ability to strictify coherent data in a way that gives
us an equivalence between weak and strict functors, although having such an ability is a key component
towards further advancing (oo, n)-category theory. The goal of this paper is to precisely address these two
shortcomings.

Concretely we construct in Definition 2.3.1 an adjunction € -4 91 consisting of the homotopy coherent
categorification and homotopy coherent nerve between a strictly enriched model of (oo, n)-categories (cat-
egories strictly enriched over complete Segal ©,,_1-spaces) and a weak model of (oo, n)-categories (Segal
category objects in complete Segal ©,,_1-spaces), and show that it is a Quillen equivalence in Theorem 4.3.3.

Theorem. There is a Quillen equivalence

op op
®7L71 67 —1

A —
Sset(m77l71)'cat % Pcat(SSEt(ooL.nfl))inj

Q°P
between the model structure sSet oL, -Cat of which the fibrant objects are the categories enriched over

(co,mn—1)

e°r
complete Segal ©,,_1-spaces, and the model structure PCat(sSet )", )inj of which the fibrant objects are the
injectively Segal category objects in complete Segal ©,,_1-spaces.

The Quillen equivalence enables us to realize all of the goals outlined above.
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(1) First of all we can now define a homotopy coherent diagram out of a category C as a strictly enriched

functor out of Qﬁ‘ﬁC where the enrichment guarantees the desired homotopy coherence. Moreover, given

a (fibrant) sSet(oo .. 1y-enriched category C, we can use this explicit Quillen equivalence to represent the
same (00, n)-category as the Segal category object 9C in complete Segal ©,,_1-spaces. Furthermore,
every diagram W — DC can be represented as a diagram €W — C. This precisely establishes that the
two possible notions of homotopy coherent diagrams coincide with each other.

(2) As a particular application of the previous item, the category of complete Segal 0,,_1-spaces is enriched
over itself, meaning we can define a homotopy coherent diagram valued in complete Segal ©,,_1-spaces
as a functor of precategory objects valued in its homotopy coherent nerve.

(3) In follow-up work [40] we use the homotopy coherent categorification to construct a straightening

construction, which for every W € PCat(sSet(wpn 1)inj constructs an equivalence between strictly
enriched functors €W — sSet®=~1 and double (00,n — 1)-right fibrations over W. This is a direct
generalization of the (0o, 1)-categorical straightening construction in [37], and is expected to play a
similar fundamental role in all of (0o, n)-category theory.

(4) In [41], we develop a notion of limit for (oo, n)-categories via double (co,n — 1)-categorical cones that
does correctly coincide with the strict definitions, generalizing work done in the 2-categorical setting by
clingman-Moser [12], Grandis [26], Grandis—Paré [24,25], and Verity [54]. Combining our results here
with work done in [40] we will show in upcoming work that this notion of limit for (co,n)-categories is
independent of the model.

0.5. Necklace calculus

In two seminal papers Dugger and Spivak developed a theory of necklaces, as an effective tool to study
hom spaces of homotopy coherent categorifications of quasi-categories [16,17]. The power of the necklace
machinery can be witnessed in the widespread applications it has found in several other (related) contexts,
such as [6,11,28,35].

As part of our effort to study and construct the homotopy coherent nerve, we describe effective tools to
make computations via necklaces in a context suitable for (co,n)-categories; this necklace calculus could be
of independent interest. In particular, we characterize a broad class of simplicial sets that play an important
role in the study of (0o, n)-categories, the 1-ordered simplicial sets, for which the computation of the hom
space via necklaces can be reduced to the colimit over a poset. See Corollary 2.2.4 for a more explicit
statement.

The theory of 1-ordered simplicial sets and their associated necklace calculus gives us a concrete method
to compute hom objects of homotopy coherent categorifications of relevant objects. For example, given
m > 0 and a ©,_;-space X, one can consider the Segal category object L(F[m] x X), which models
an (0o, n)-category with m + 1 objects 0,1,...,m and hom ©,,_;-spaces X between consecutive objects
(see Lemma 3.1.1). Here, the simplicial set F[m] models the category [m], and its homotopy coherent
categorification €F[m] = c"F[m] is classically understood (see Definition 2.2.1). The canonical projection
L(F[m]x X) — F[m] induces a family of discrete fibrations which relate the categories of necklaces obtained
from L(F[m] x X) and the category of necklaces of F[m] (see Proposition 3.2.5). The necklace calculus
developed in this paper allows us to compute the hom objects of €L(F[m] x X) from those of €F[m] (see
Proposition 3.4.2), which is a key ingredient for the proof of the main theorem.
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1. Preliminaries and background

In this section we recall the relevant model structure for (co,n — 1)-categories in Section 1.1, the model
structure for categories enriched over (co,n — 1)-categories in Section 1.2, the model structure for Segal
categories in (0o, n — 1)-categories in Section 1.3, and the diagonal model structure in Section 1.5. We also
recall in Section 1.4 the Quillen equivalence between models of (0o, n)-categories given by the strict nerve
of categories enriched over (co,n — 1)-categories.

1.1. Model structures for (co,n — 1)-categories

We recall the model structure sSet?jEl,l) on sSet®n-1 for (00, n — 1)-categories given by Rezk’s complete
Segal ©,,_1-spaces [46].

For n > 1, recall from [30] Joyal’s cell category ©,,. For n = 1, then ©,,_1 = O is the terminal category,
and for n > 1, the category ©,,_; is the wreath product A ©,,_5 (see e.g. [3, Definition 3.1]).

Throughout the paper we will use the following notational conventions.

Notation 1.1.1. We write:

o F[m] € Set™™ for the representable at m > 0, and Sp[m] = F|[1] Hp) - - Opjo) F[1] for the spine of
Flm),

e 0,1[0] € Set®n-1 for the representable at 0 € ©,,_1,

o A[k] € sSet for the representable at k > 0,

o O,_1]0] x A[k] € sSet®=1 for the representable at (6, [k]) € ©,_1 x A,

o Fm] x 6,_1[0] € Set®=~1*A" for the representable at ([m],0) € A x ©,,_1,

o Fm] x 6,_1[0] x A[k] € sSet®-1*2™ for the representable at ([m], 0, [k]) € A x ©,_1 X A.

The categories Set®” , Set®1, sSet, sSet® -1, and Set®"1*2" are all naturally included into sSet®n -1 %4
and we regard all the above as objects of it without further specification. We refer to an object of sSet®n"1
as a ©,_1-space.

Roughly speaking, we think of F[m] as the standard m-simplex living in the categorical direction and
of A[k] as the standard k-simplex living in the spacial direction. More generally, we follow the convention
that, given any small category A, the simplicial direction in A2"" is considered to be categorical, whereas
the simplicial direction in sA is considered to be spacial.

op
n—1

e
The model structure sSet,

co,n—1)

is defined recursively as a localization of the injective model structure
(S)e . .

(sSet@,O))in;’l on the category of ©,,_;-presheaves valued in sSet.. o, with respect to a set S, ,,_;, of maps
in Set®n"1.

The set S(...0) is the empty set, and for n > 1 the set S, .., consists of the following monomorphisms:
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o the Segal maps
@nfl[l; 91] H[O] . H[O] @nfl[l; 9@] — @nfl[f; 01,... ,9@],

forall >1and 60q,...,0, € O,_o,
e the completeness map

F[0] < NI

seen as a map in Set®n 1 through the inclusion Set®” — Set®n"1 induced by pre-composition along
the projection ©,,_1 — A given by [(;01,...,0;] — [¢], where I denotes the free-living isomorphism,

o the recursive maps
O,-1[1; A] — ©,,_1[1; B],

op . .
where A < B € sSet©n—2 ranges over all monomorphisms in S, ,_».

oyr . .. .. .
Note that by [46, Theorem 8.1] the model structure sSet”.',, obtained by localizing the injective model
e°P
structure (sSet (w0 )i, | With rebpect to the set S.._1y is cartesian closed. This is enough to guarantee

that the model structure sSet(og oL, is excellent in the sense of [37, Definition A.3.2.16].

1.2. Enriched model structures for (co,n)-categories

Since the model structure sSet(OO n_1 is excellent, the category sSetOn1-Cat supports the left proper

model structure sSet(oo +L1)-Cat from [4, §3.10], obtained as a special instance of [37, Proposition A.3.2.4,
Theorem A.3.2.24]. The main features of this model structure rely on the notion of homotopy category from
[37, § A.3.2], which we now recall.

Definition 1.2.1. Let C be a sSet®n1-enriched category. The homotopy category of C is the category HoC
such that

o its set of objects Ob(HoC) is ObC,
e for a,b € ObC(, its hom set is given by

(HoC)(a,b) == Ho(sSet< » L) (A0], Home(a, b)),

oco,n—1)

where Ho(sSet(Oan 1) is the homotopy category of the model category sSet(oc 1y
e composition is induced from that of C.

. . oyr
Finally, we recall some of the data defining the model structure sSet ", -Cat.

op °
Recall 1.2.2. In the model structure sSet?OZ,;l,l)—Cat, a sSet®n-1-enriched category C is fibrant if, for all

op °
a,b € ObC, the hom ©,_;-space Hom¢(a,b) is fibrant in sSetij;f,l), and a sSet®"-1-enriched functor
F:C—Dis:

o a weak equivalence if the induced functor Ho F': HoC — HoD between homotopy categories is essen-
tially surjective on objects, and for all a,b € ObC the induced map
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F,: Home(a,b) — Homp(Fa, Fb)

op
is a weak equivalence in sSet(@;;l,m

e a fibration between fibrant objects if it the induced functor Ho F': HoC — HoD between homotopy
categories is an isofibration of categories, and for all a,b € ObC the induced map

F,: Home(a,b) — Homp(Fa, Fb)

. . or
is a fibration in sSet /"),
e a trivial fibration if it is surjective on objects, and for all a,b € ObC the induced map

F,p: Home(a,b) — Homp(Fa, F'b)

OP

a trivial fibration in sSet r

(c0,n— 1)

n—1
oco,n—1)

The homs of the homotopy category of a fibrant sSet< -enriched category admit a more explicit

description in terms of m: sSet — Set, the left adjoint to the inclusion Set — sSet.

Proposition 1.2.3. Let C be a fibrant sSet(oo niyy-enriched category. Then, for all a,b € ObC, there is a
natural isomorphism of sets

(HoC)(a, b) = mo(Home (a, b)o))-

e°P
Proof. Since the model structure sSet(Do w51 is simplicial, as a consequence of [29, Proposition 9.5.24] we

nl

have that, for every object A € SSGt(OC ~—1, and every fibrant object X € sSet(w »_1), an isomorphism of sets
Ho(sSet™" -1 | )(A, X) = 7o M (A, X)
O($0€1 (oo m—1) ’ = To apssetf—)‘:b‘il ’ )

where Map Sor® (=, —) denotes the hom space functor. Hence, if C is fibrant sSet(oo w_1)-Cat, then, for
Soe n—

every a,b € Ob(, the hom ©O,,_1-space Home¢(a, b) is fibrant in sSet@;iU and so we get an isomorphism

of sets

Ho(C)(a,b) = mg Map . oo, (A[0], Home (a, b)) = mo(Home (a, b)g)). O

Many of the sSet®n"1-enriched categories that feature in this paper have the following property, so we
introduce a terminology that streamlines the exposition.

Definition 1.2.4. A sSet®"1-enriched category C is directed if

o its set of objects ObC is {0,1,...,m}, for some m > 0,
e for 0 < j <i < m, the hom 0,,_;-space Home (%, j) is given by

0 ifj <i
Home(i,5) = J

Al0] ifj=i.
In particular, composition maps in a directed sSet®n"1-enriched category C involving the above hom ©,, ;-
spaces are uniquely determined. Moreover, the value of a 5Set®n-1-enriched functor from a directed sSet®n—1-
enriched category is also uniquely determined on these hom ©,,_1-spaces.
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The assignment (C, a, b) — Home(a, b) of the hom ©,,_1-space to every two objects a and b of a sSetOn1-
enriched category C defines a functor Hom: {01}/ sSet®n"1-Cat — sSet®n-1, where {01}/ sSet®n"1-Cat denotes
the category of bi-pointed s8et®n"1-enriched categories. This functor admits a left adjoint, the suspension
functor ©: sSet®n-1 — {01}/ s8et9" 1 Cat. Given an object X € sSet®n1, the sSet®n 1-enriched cate-
gory XX is the directed sSet®n"1-enriched category with object set {0,1} and hom ©,,_1-space given by
HOIIIEX (O 1) X.

The model structure sSet(oo ~_1)-Cat is designed so that the adjunction ¥ - Hom has good homotopical

properties. Here {0-1}/ sSet "1, -Cat denotes the slice model Structure, in which cofibrations, fibrations, and

(co,n—1)

weak equivalences are created by the forgetful functor to sSet " -Cat.

(co,m—1)
Proposition 1.2.5. The adjunction

b
—_—
sSet<o:n1 e+ {0, 1}/886t
Hom

-Cat ,

(oo, n— 1)

1s a Quillen pair.

Proof. This follows directly from [32, Lemma E.2.13] and the local properties of trivial fibrations and
fibrations between fibrant objects. O

The following lemma gives a useful criterion to recognize when a 58et®n"1-enriched functor is a (trivial)

cofibration in sSet<oc 1)
Lemma 1.2.6. Let P and Q be directed sSet®" -1 -enriched categories such that

o they have the same set of objects ObP ={0,1,...,m} = Ob Q,
e for 0 < j—i<m, they have the same hom ©,,_1-spaces Homp (i, j) = Homg(i, 7).

Let F: P — Q be a sSet®n 1 -enriched functor such that

e on objects, it is the identity at {0,1,...,m},
e for all 0 < j —1i <m, the map F;; on hom ©,_1-spaces is the identity.

Then the following is a pushout in sSet®n"1 Cat.

Y Homp (0, m) e P

r

Y Homg(0,m) —Q

Moreover, if Fy., is a (trivial) cofibration in §>1Set(o§n1 s then F: P — Q is a (trivial) cofibration in
o
sSet oL, -Cat.

Proof. In order to show that Q satisfies the universal property of the desired pushout, we show that there
is a unique sSet®n"1-enriched functor H: Q — C making the following diagram commute.
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Y Homp (0, m) o,

ZFOMJ(

Y Homg(0,m) —

K
First, we construct H. For 0 < i < m, we set H(i) := G(i), for 0 < j — i < m, we set
H;; =G, ;: Homg(i,j) = Homp(i,j) — Home(G(7), G(5)),
and we set
Hoy,m = Ko1: Homg(0,m) — Home(G(0), G(m)).

The maps H; ;, H; 1, H; j, are compatible with composition for all 0 < ¢ < j < k < m with k — i < m since
the corresponding maps of G' do. It remains to show that Hg ;, H; y, Ho m are compatible with composition
for all 0 < i < m. For 0 <4 < m we have that the following diagram commutes,

©0,i,m

Homg(0,7) x Homg (i, m) Homg(0,m)
/ wy
Homp(0,7) x Homp (i, m) Soim Homp (0, m) Koy = Hom
Hoo x Hop = Gou ¢ G\ G\
Hom¢(G(0), G(i)) x Home (G(i), G(m)) Er— Home (G(0), G(m))

where the top rectangle commutes by compatibility of F' with composition, the bottom one by compati-
bility of G with composition, and the right-hand triangle since G o ¢, = Ko,1 © XFp . This shows that
Hy;, Hi m, Ho o are compatible with composition for all 0 < ¢ < m. Moreover, observe that H is the unique
sSet®n"1-enriched functor with the desired properties. This shows that Q is the pushout

Q=Plly Homp (0,m) by HOHIQ(O, m)

Finally, the “moreover” part follows directly from the facts that, if Fy,, is a (trivial) cofibration in

sSet(O:n 1, then ¥ Fy ,, is a (trivial) cofibration in sSetont | Cat by Proposition 1.2.5, and that (trivial)

(co,m—1)

cofibrations are closed under pushout. 0O

Notation 1.2.7. For m > 0 and X € sSetGip—l, we denote by X,,X the pushout of m copies of ¥X along
consecutive sources and targets:

EmX =2X H[o] ‘e H[o] ¥ X.

By convention XpX is the terminal enriched category [0]. This construction extends to a functor
Yom: sSetn-1 — sSet®n1-Cat.

The sSet®-1-enriched category %, X admits the following description.
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Proposition 1.2.8. Let m > 0 and X € sSet®n~1. Then the sSetOn1 -enriched category 3, X is the directed
sSet®n 1 -enriched category such that:

e its set of objects Ob(%,, X) is {0,1,...,m},
e for0<i< j<m, the hom ©,_;-space is Homs, x(i,7) = X <0~
o for 0 <i < j<k<m, the composition map is given by

HomEmX(iaj) X HomEmX(ja k) = XX(jii) X XX(kij)

Homy, x (i, k) = X <=0

1.8. Weakly enriched model structures for (oo, n)-categories

Let PCat(sSet®n~1) denote the full subcategory of sSet®n-1*2" spanned by those (A x ©,_1)-spaces
W such that Wy is discrete, i.e., such that Wy in the image of Set — sSet®1. As also mentioned in [4,
§7], one sees that the inclusion I: PCat(sSet®n-1) — sSet®n-1*A" admits a left adjoint L, so there is an
adjunction

PCat(sSet®n-1)

In [4], Bergner—Rezk construct two model structures on the category PCat(sSeten 1): the ¢ prOJectlve—hke

n—1

and the “1njectlve like” model structures. Here, we denote these two model structures by ’PCat(sSet(oo 1)) proj
and PCat(sSet " )inj- As shown in [4, Proposition 7.1], these model structures are Quillen equivalent via

(co,mn—1)

the identity functor.

Proposition 1.3.1. The adjunction

op, |  —— o,
PCat(sSet .01 )proj < — PCat(sSet 2711 )inj
1

18 a Quillen equivalence.

We now describe the main features of the injective-like model structure PCat(sSet(m 211y )inj: the fi-
brant objects, a set of generatmg cofibrations, a fibrant replacement, and weak equivalences between

fibrant objects. Let (sSet n-1

(omme 1))InJ denote the injective model structure on the category (sSet®n-1)A" =

@Op XAO oP
sSetFn—1 of simplicial objects in 5&315(0o 1)

co,n—1)

Recall 1.3.2. An object W is fibrant in PCat(sSet(oo L1 )ing if W is fibrant in (sSet( rt )ﬁ;p and the Segal
map

Wi — Wi x4 ox3 W,

e°r
is a weak equivalence in sSet".',), for all m > 1. Here, the ordinary pullbacks are homotopy pullbacks
because they are taken over the discrete object Wy (see [4, §4.1]).
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Recall that L: sSet®n-1*2" — PCat(sSet®n-1) denotes the left adjoint functor to the inclusion.

Notation 1.3.3. Let A — B and X — Y be two maps in a presheaf category. We denote by (4 — B)X(X —
Y) the pushout-product map

(A= B)X(X =»Y)=(AxY Il x BxX - BxY).

Recall 1.3.4. By [4, §6.1], a set of generating cofibrations for the injective-like model structure
eor
PCat(sSet 2" 1) )inj is given by the set containing the map

(00,n—1)
0 — F[0]
and all maps of the form
L((9F[m] < F[m])x(8©n-1[0] — O,—1[0]) % (JA[K] = A[K]))
form>1,0€0,_1,k>0.
Recall 1.3.5. Using standard model categorical techniques, we see that a fibrant replacement functor

(=)0 PCat(sSet®n—1) — PCat(sSet®n-1)

o

for the injective-like model structure PCat(sSet ) ") )inj can be realized by running the small object argu-

ment to the set containing all maps of the form
L((Splm] = F[m])X(00,-1[0] = ©,—1[6]) X (DA[k] — A[k]))
form>1,0 € ©,_1,k > 0 and all maps of the form
L(OF[m] = Flm])X(X = Y))

form > 1, X - Y € 7J, where J is a set of generating trivial cofibrations for sSet(@oZ‘El_l). This is
briefly mentioned in [4, §6.7] and is discussed explicitly in [4, §5] for the case n = 1. In particular, for
W e PCat(sSeteZ{l), the fibrant replacement map W — WP is a transfinite composition of pushouts of
the above maps.

e°r
The notion of weak equivalences in PCat(sSet )" ,))inj relies on the notion of Dwyer-Kan equivalences
from [4, §3.12], which are in turn phrased in terms of the homotopy category and mapping objects for

objects of PCat(sS@t?”p’l )inj.- We briefly recall these.

oco,n—1)

Definition 1.3.6. Let W be a fibrant object in PCat(sSet(@;,;l,l))inj. For a,b € Wy, the mapping ©,,_1-space
Mapyy (a,b) is the following pullback in sSetOn1.,

Mapy, (a,b) ——— W,
| |
A[O] T WO X WO
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The following description of the homotopy category for an object in PCat(sSet<oo »L1))inj can be extracted
from [4, Lemma 7.5] and a similar argument to Proposition 1.2.3.

op
Definition 1.3.7. Let W be a fibrant object in PCat(sSet?;,;l,l))inj. The homotopy category of W is the
category Ho W such that

o its set of objects Ob(Ho W) is Wy,
o for a,b € Wy, its hom set is given by (Ho W)(a,b) = mo(Mapyy(a, b)[o)),
e composition comes from the Segal maps.

The weak equivalences between fibrant objects have a similar flavor to the weak equivalences in the
enriched setting and are given by the Dwyer-Kan equivalences from [4, Definition 3.15].

Definition 1.3.8. A map f: W — Z between fibrant objects in ’PCCLt(sgS?et(oo 2L1))ing is a Dwyer-Kan equiva-
lence if the induced functor HoW — Ho Z is an equivalence of categories and, for all a,b € Wy, the induced
map

Mapy, (a,b) — Mapy(fa, fb)

I

is a weak equivalence in sSet(oo 1)

Having discussed a construction for a fibrant replacement, and having fixed the weak equivalences between
fibrant objects, the weak equivalences between ordinary objects are then enforced.

Recall 1.3.9. A _map f: W — Z in PCat(sSet®n1) (with W, Z not necessarily fibrant) is a weak equivalence
in PCat(sSet(oo »L1))inj if and only if the induced map fAb Wb 5 78 g a Dwyer-Kan equivalence.

1.4. The strict nerve

There is a canonical inclusion N: sSet®n-1-Cat — PCat(sSet®+-1) that admits a left adjoint
¢: PCat(sSet®n-1) — sSet®n-1-Cat.

At a sSet®n1-enriched category C, the strict nerve NC is the (A x ©,,_1)-space given at m = 0 by
(NC)o = ObC — the set of objects of C seen as an object in sSet®"-1 — and at m > 1 by the object in
sSetOn"1

(NC)p, == HC()’H"CmeObCHomc(co,cl) x Home(e1,¢2) X ... x Home(¢m—1, ¢m)

= MorC Xopc MorC Xope ... Xobe MorC,

where Mor C is the object of sSet®n-1 given by Mor C := ]_[CO e cob e Home(co, c1).
The following appears as [4, Theorem 7.6].
Proposition 1.4.1. The adjunction

c
_

PCat(sSet(;,f 1)) proj % sSet<m oy ~Cat

is a Quillen equivalence.
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However, the following example shows that the analog statement fails when replacing the projective with
the injective model structure.

Remark 1.4.2. The adjunction

c
—_—

oor 037
PCat(sSet(ofjl_ 1) )inj % Sset(o:,;l 1)_Ca’t

e
is not a Quillen pair. Indeed, given a fibrant sSet "', -enriched category C, Example 1.4.3 shows that the

A°P

. . o
nerve NC is generally not fibrant in (sSet .0, ) -

Example 1.4.3. Let X be a fibrant object in sSet( "1, that is not in the image of the inclusion

oco,n—1)

. . e
Set®n 1 < sSet®n1. The sSet®n-1-enriched category EX is by construction fibrant in sSet 7%, -Cat,

however its strict nerve NXX is not fibrant in (sSet(o: nl 1)) . To see this, we first observe that the

inj

o op
model structure (sSet(; nl 1))ﬁjp is enriched over sSet(oo L1 (see e.g. [39, Theorem 5.4]), and we denote
by Hom . ecr v aop(—,—) its hom ©,_j-space functor. Now, the map OF[2] — F[2] is a cofibration in
(sSet<;n1 1))ﬁjp, but the map

Hom oo | waon (F[2), NEX) = Hom _ oor aon (OF[2], NX),

is isomorphic to the map
AQIX T X ITA0] —» A0] I (X x X) I (X x X)) IT A[0],

induced by the diagonal map of the non-discrete ©,,_1-space X. As the diagonal map of a ©,,_1-space X is

@0
a fibration in ($Set(w.0))im; = if and only if the ©,,_;-space X is discrete, the above map is not a fibration

inj
. eyr . . eyr . .
in (sSet o, 0))m3""1 and hence also not a ﬁbratlon in sSet”..',,. This contradicts the fact that the model

n 1 P n 1
structure (sSet<oo ni1))inj 1S enriched in sSet(oc a1y

1.5. Diagonal model structures

Now consider the diagonal functor §: A — A x A given by sending [k] — ([k], [k]) and either projection
m: A X A — A. These induce adjunctions

o* T*
_—

L sSet sSet

5. 2

ssSet ssSet

where ssSet is the category of bisimplicial sets. We think of both simplicial directions in ssSet as spacial
directions.

We now lift these adjunctions to Quillen equivalences. Let ssSetqiag be the diagonal model structure on
ssSet from [44, Theorem 2.11], in which the cofibrations are the monomorphisms and the weak equivalences

are created by the functor 0*: ssSet — sSet .. o). By construction, it is a localization of the injective model

A°P
inj

structure (sSet(so.0))ini - By [44, Theorem 2.13] we have the following result.
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Proposition 1.5.1. The adjunctions

o* T*
_ _—
55Set diag 1 5S€t (0.0 58€t(00.0) L 55Set diag
% ? .<7
Ox T

are Quillen equivalences.

They induce by post-composition adjunctions

diag := (%), L= (T%)s

op — op op —————» op
$5Set®n-1 ¢ L sSet®n-1 sSet®n—1 ¢ L $5Set®n 1
(6:)+ ()

o°P
We denote by (ssSetdiag)in;

inj
in ssSetqiag. As a consequence of [37, Remark A.2.8.6] and Proposition 1.5.1, we obtain:

the injective model structure on the category of ©,,_1 -presheaves valued

Proposition 1.5.2. The adjunctions

diag L
il e OnZ =
(sssetdiag)in; P S (38€t<oo,o>)in5 ' (356t<oo,o>)in? P S (Sssetdiag)in} '

(6*)* (ﬂ'*)*

op

are Quillen equivalences.

. o, .
We denote by ssSetdlag (con—1) the localization of the model structure (ssSetdiag)ip: ! with respect to the

inj

maps in S, ._;, from Section 1.1. As a consequence of [29, Theorem 3.3.20(1)(b)] and Proposition 1.5.2,
we have:

Proposition 1.5.3. The adjunctions

diag L
op > OP
n—1 n—1
SSSEtdla,g (co,m—1) <7 SS t(oo n—1) SS t(oo n—1) % sssetdmg (co,m—1)

(6:)+ (72)
are Quillen equivalences.
2. The homotopy coherent categorification and its description

This section is devoted to constructing the homotopy coherent categorification-nerve adjunction

¢
PCat(sSeteZp—l) L $sSetOn1_Cat
N

and describing the left adjoint €. To this end, building on work by Dugger—Spivak, we introduce the notion
of a 1-ordered simplicial set in Section 2.1 and study its category of necklaces. In Section 2.2 we recall the
classical homotopy coherent categorification ¢ by Cordier-Porter, and the descrlptlon of its hom spaces in
terms of necklaces. In Section 2.3 we define the desired functor € using ¢, and in Section 2.4 (resp. Sec-
tion 2.5) we give explicit formulas for the hom ©,,_1-spaces (resp. the homotopy category) of the homotopy
coherent categorification €.
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2.1. Necklaces and 1-ordered simplicial sets

We recall the main terminology about necklaces, introduced in [18, §3].
A necklace is a simplicial set, i.e., an object in Set®™, given by a wedge of representables

obtained by gluing the final vertex m; € F[m;] to the initial vertex 0 € F[m;41] for all 1 <¢ <¢—1. By
convention, if ¢ > 1, then m; > 0 for all 1 < i < ¢. We say that F[m;] is a bead of T, and an initial or a final
vertex in some bead is a joint of T. We write B(T) for the set of beads of T'; in particular, we have that
|B(T)| =t.

We consider the necklace T' to be a bi-pointed simplicial set (T, «,w) where « is the initial vertex
a =0 € F|mg] = T and w is the final vertex w = m; € F[m;] — T. We write N ec for the full subcategory
of the category Setﬁip of bi-pointed simplicial sets spanned by the necklaces.

Given a simplicial set K and a,b € Ky, we denote by K, ; the simplicial set bi-pointed at (a,b): F[0] II
F[0] — K. A necklace in K, is a bi-pointed map T — K, 3. We denote by Nec(K)qp = Necg, , the
category of necklaces T' — K,; in K from a to b, obtained as a full subcategory of the slice category
Setﬁ:p Ky

Definition 2.1.1. Let K be a simplicial set and a,b € K. A necklace
f:T=Fmi|V...VF[m] — Kap
is totally non-degenerate if, for all 0 < i < ¢, the restriction of f to the i-th bead
Flmi] = Flmi] V...V Flmg) =T 5 K
is a non-degenerate m;-simplex of K.

We write Nec(K)&™! for the full subcategory of Nec(K)q,, spanned by the totally non-degenerate neck-
laces.

We now recall the notion of ordered simplicial sets presented in [17, §3.1] and introduce the weaker notion
of 1-ordered simplicial sets.

Notation 2.1.2. Let K be a simplicial set. Denote by < the relation on the set of 0-simplices Ky given by
x =<k y if and only if there is a necklace of the form f: Sp[m| = F[1] V...V F[1] — K such that f(a) =
and f(w) =y for some m > 0.

Definition 2.1.3. A simplicial set K is

(m+1) 4 injective, for all

o ordered if the relation <k is antisymmetric and the canonical map K,, — KOX
m>1,
e 1l-ordered if the relation < is antisymmetric and, for all m > 1, the restriction of the Segal map to

the set K9 of non-degenerate m-simplices of K
K:;Ld CK,, - K; XKy -+ XK, K

is injective and, for every non-degenerate m-simplex F[m] — K, its restriction along the inclusion
Splm] < F[m] is a monomorphism Sp[m| — K.
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Remark 2.1.4. Note that the definition of ordered simplicial sets coincides with that of Dugger—Spivak from
[17, Definition 3.2].

Lemma 2.1.5. Fvery ordered simplicial set is 1-ordered.

Proof. Suppose that K is an ordered simplicial set. For m > 1, consider the following commutative triangle

K;;LdgKm*}Kl XKO"'XKOKl

T~

K(T(m_‘—l)

where the composite K? C K,, — KOX(mH) is injective by assumption. Then the top map K4 C K,,, —

K Xk, ... XKk, K1 is also injective by cancellation of injective maps.
Next, we show that, for every non-degenerate m-simplex F[m] — K, its restriction along Sp[m] < F[m]
is a monomorphism Sp[m] — K. By the injectivity of the map K; — Ky x K), it suffices to prove that its

restriction along [[, ., F[0] < F[m] is a monomorphism [ | F[0] — K. We prove this by contraposition.

m+1 m—+1

Let o: Flm] — K be an m-simplex whose restriction (¢(0),...,0(m)): [1,,;, F[0] — K is not a
monomorphism. Then we have an ordered tuple 0(0) <k ... <k o(m) and, as (¢(0),...,0(m)) is not
a monomorphism, there is 0 < ¢ < m — 1 such that o(i) = o(i + 1). Consider the m-simplex given by
oodios’: Flm] — K. Then the image of oo d' o s* under K,, — KOX(mH) is also (¢(0),...,0(m)). Hence,
by injectivity of K, < KOX(mH), we get that 0 = 0 o d’ o s is degenerate. O

Remark 2.1.6. By [17, Lemma 3.3], we have that every necklace is ordered and that every simplicial subset
of an ordered simplicial set is ordered. Hence, it follows from Lemma 2.1.5 that the simplicial sets F[m],
OF[m], and Sp[m], for m > 0, and all necklaces are 1-ordered.

We now aim to characterize the totally non-degenerate necklaces of a 1-ordered simplicial set as the
monomorphisms. For this, we first need the following.

Lemma 2.1.7. Let K be a 1-ordered simplicial set. Then an m-simplex o: F[m] — K is non-degenerate if
and only if it is a monomorphism.

Proof. We show that an m-simplex o: F[m] — K is degenerate if and only if it is not a monomorphism.
First note that, if an m-simplex o: F[m] — K is degenerate, then o is not a monomorphism as it factors
through a map F[m| — F[m/] with m’ < m that is not a monomorphism.

Now, suppose that o: F[m| — K is not a monomorphism. We show that its restriction to 0-simplices
(0(0),...,0(m)): [I,,41 FI0] — K is not a monomorphism, showing that the induced map Sp[m] —
F[m] % K is also not a monomorphism. As K is 1-ordered, this implies that o is degenerate.

Since ¢: F[m] — K is not a monomorphism, we can choose 0 < m’ < m the smallest integer such that
there are monomorphisms «, 8: F[m'] < F[m| with a #  and 0 o & = o o 8. Suppose by contradiction
that m’ > 1. As 0 oa = 0 o 3, we have that o(a(i)) = o(B(i)) for all 0 < ¢ < m’. As o is injective on
0-simplices by minimality of m/, we get that a(i) = B(¢) for all 0 < i < m/. Hence «, 8 are two m/-simplices
of F[m] such that their restrictions to 0O-simplices are equal, and so we must have o =  as F[m] is an
ordered simplicial set. This gives a contradiction and shows that m’ = 0, as desired. O

Lemma 2.1.8. Let K be a 1-ordered simplicial set and x € Ky. Let K<, and K», be the simplicial subsets
of K given at m > 0 by
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(K<g)m ={0 € Ky, | 0(i) =k x for all 0 <i <m},

(Keg)m ={0 € K, | © <k 0(3) for all 0 < i <m}.
Then the map K<,V Kvy — K induced by the canonical inclusions is a monomorphism.

Proof. Since K<, and K, are simplicial subsets of K, to establish the desired monomorphism, we only
need to prove that for m > 0, except for the degenerate m-simplex at the 0-simplex z, no m-simplex of
K lies in the image of both simplicial subsets. If such an m-simplex o of K existed, then we must have
x <k o(i) <k z, for all 0 < i < m, and so o(i) = z, for all 0 <4 < m, by antisymmetry of <.

Hence, in order to finish the proof it suffices to show that, for every o: F[m] — K such that o(i) = z,
for all 0 < i < m, then o is the degenerate m-simplex F[m] — F[0] = K. If m = 0, there is nothing to
prove. Now, let m > 1. As o: F[m] — K is not a monomorphism and K is 1-ordered, by Lemma 2.1.7, we
have that o is degenerate. Hence it factors as

o: Fim] = Flm']| & K

for some 0 < m’ < m. As 7(i) = z for all 0 < ¢ < m’, then by induction 7 is the degenerate m’-simplex
F[m'] — F[0] & K. Hence ¢ is the degenerate m-simplex constant at x, as desired. O

Lemma 2.1.9. Let K be a 1-ordered simplicial set. Then a necklace T — Kgp is totally non-degenerate if
and only if it is a monomorphism.

Proof. First, if a necklace f: T"— K, is not totally non-degenerate, then there is a bead F[m;] of T such
that the induced map

Fim] T4 K
is a non-degenerate m;-simplex of K. Then the above map is not a monomorphism by Lemma 2.1.7, and
so f is also not a monomorphism.

We now show that if a necklace f: T'— K, is totally non-degenerate, then it is a monomorphism. We
do this by induction on the number of beads t of T. If ¢ = 1, this follows directly from the definition of
totally non-degenerate necklaces and Lemma 2.1.7.

Now, let t > 1. We can write T = T" V F[m;], where T" is a necklace with ¢t — 1 beads. As f: T — K is
totally non-degenerate, so are the induced necklaces

T sTLK and Flm]—T K.
By induction, the above maps are monomorphisms. Then f factors as the composite of two monomorphisms
T=TV Flmy] — Kjf(i) \ Kif(i) — K,

where 7 is the last vertex of T”, and the second map is a monomorphism by Lemma 2.1.8. Hence f is a
monomorphism. O

Using this characterization of totally non-degenerate necklaces in 1-ordered simplicial sets and results by
Dugger—Spivak, we show that the inclusion ./\/ec(K)g‘};} — Nec(K),, is final, in the sense of [38, §IX.3].

Remark 2.1.10. Let K be a simplicial set and a,b € Kj. As explained in the paragraph before Proposition
4.7 in [17, §4], for every necklace T' — K, ;, there is a totally non-degenerate T — K, and an epimorphism
of simplicial sets T — T over Kgp.
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Proposition 2.1.11. Let K be a 1-ordered simplicial set and a,b € Ky. Then the inclusion functor
J: Nec(K )tnd — Nec(K)ap
1s final.

Proof. We show that, for every necklace U — K, 5 in Nec(K)qp, the comma category U | J is non-empty
and connected.

We first show that the category U | J is non-empty. Using Remark 2.1.10 for the necklace U — K, 4,
there is a totally non-degenerate necklace U — K, ; and an epimorphism U — U over K, ;. This defines a
map U — U in Nec(K)qp from the given necklace U — K, p to a totally non-degenerate necklace U— Kap.
Hence the comma category U | J is non-empty.

We now show that the category U | J is connected. Let U — T be a map in Nec(K), from the
necklace U = K, to a totally non-degenerate necklace ' — K, ;. Using Remark 2.1.10 for the necklace
U — T,., there is a totally non-degenerate necklace T > T, and an epimorphism U — T over Tow-
By Remark 2.1.6, the necklace T is 1-ordered, so by Lemma 2.1.9 the map T — T is a monomorphism
of simplicial sets. Moreover, the simplicial set K is 1-ordered by assumption, so by Lemma 2.1.9 the map
T — K is a monomorphism, too. Hence the composite T < T < K, is also a monomorphism, and by
Lemma 2.1.9 it defines a totally non-degenerate necklace T — K, ;. By [17, Proposition 4.7(b)], there is a
map U — T making the following diagram commute.

/\

v

b

«7Q

Then the composite U — T — T defines a map in U | J from the totally non-degenerate necklace
U — K, to the totally non-degenerate necklace T — K, , which shows that the comma category U | J
is connected. O

2.2. The classical homotopy coherent categorification-nerve

We first recall the homotopy coherent nerve construction by Cordier—Porter [14].

Definition 2.2.1. Let m > 0. Define ¢”"[m] to be the directed sSet-enriched category such that

e its set of objects Ob(c*[m]) is {0,1,...,m},
e for 0 < i < j < m, the hom space is

Hom [y, (4,7) = H[H—l,j—l] A[l],
where [i + 1,7 — 1] € {0,1,...,m} denotes the interval between i + 1 and j — 1,
o for 0 <i < j <k <m, the composition map is given by
Hom n ) (i,7) x Hom [y (j, k) = H[i+1,j71] A[l] x H[j+1,k71] All]
oj,{ ln[im_l] idagy % (1) * Tl 4 idap)
Homch[m} (i, k) = H[i+1,k71] A[l] .
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Remark 2.2.2. By [37, Definition 1.1.5.3], the assignment [m] + c[m] extends to a cosimplicial object
A — sSet-Cat. In particular, by unpacking definitions, the coface map d’: [m — 1] — [m] for 0 < ¢ < m is
sent to the sSet-enriched functor c*d’: ¢[m — 1] — ¢"[m] given on objects by

d*:{0,1,...,m -1} = {0,1,...,m}
and on hom spaces, for 0 <i < j < m — 1, by the identity if j < £ or ¢ > £, and by

Homch[m_l] (i,5) = H[i+1,j]\{5} Al
(chdf)i,jl l(nliﬂ‘,eu ida) x (0) x (H[HMJ idap)

Homch[m] (i, +1) = H[H-Lj] All] .
ifi <<y

By taking the left Kan extension of the assignment A — sSet-Cat given by [m] ~ c[m], we obtain an
adjunction

(Jh

_—

SetA™” L sSet-Cat

N h

Dugger—Spivak provide in [16, Proposition 4.3] the following explicit description of the hom spaces of the
categorification ¢” in terms of necklaces.

Theorem 2.2.3. Let K be a simplicial set and a,b € Ky. Then there is a natural isomorphism in sSet
Hom,n g (a,b) = colimpeprec(k), , Homenp(a, w).

In the case of l-ordered simplicial sets, the above result refines to a description in terms of totally
non-degenerate necklaces.

Corollary 2.2.4. Let K be a 1-ordered simplicial set and a,b € Ky. Then there is a natural isomorphism in
sSet

Hom . ¢ (a,b) & colimpe s eo(xymg Homeny (o, w).
Proof. This follows from Proposition 2.1.11 and Theorem 2.2.3 together with [38, Theorem 1X.3.1]. O

We denote by Set(AO: i> Joyal’s model structure on simplicial sets, in which the fibrant objects are the
quasi-categories. Then, in the case of a quasi-category, [16, Corollary 5.3] shows that the hom spaces of its

h

categorification ¢ are further related to its mapping spaces, as follows.

Theorem 2.2.5. Let K be a fibrant object in Set™., and a,b € Ky. Then there is a natural zig-zag of weak

(001)
equivalences in sSet ., oy connecting the spaces

HomchK(a7 b) ~ Mapg (a7 b)a

where map g (a,b) = {a} xx x KM x5 {b}.
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2.8. The homotopy coherent categorification-nerve

The adjunction ¢® 4 N* from Section 2.2 induces by post-composition an adjunction

ct

o o o _— o o
(Set*" YA *O L (sSet-Cat)™""*On"1
NI

We consider the category $5Set®n 1 of ©,,_1-bi-spaces and also the category s5Set®n1-Cat of ssSet®n-1-
enriched categories.

Recall that the category of 55Set®n"1-enriched categories can equivalently be seen as the full subcategory
of (sSet-Cat)>""*©n"1 spanned by those functors C: O, x AP — sSet-Cat that are constant at the level of
objects, i.e., such that Ob(Cy ) = Ob(Cy,0) for all € ©,,_1 and k > 0. The inclusion can be implemented
in a similar way to [47, §3.6].

Moreover, recall that PCat(sSetQ?fl) is the full subcategory of s8et®n-1*A" gpanned by those (A x
©,,_1)-spaces W such that Wy o = Wy, for all § € ©,,_; and k > 0. Moreover, observe that there is

op

an identification sSet®n 1XA% = (SetA™)ATXO L which sends W € sSet®n -1 %A to W: ©%, x AP —
Set™” given at 0 € ©,,_1 and m,k > 0 by (W@k)m = W0k So we can regard PCat(sSetGipfl) as a full
subcategory of (Set®™)A" xOn%1

Then the above adjunction restricts to an adjunction

ct

PCat(sSet®n"1) 1 s5Set®n-1-Cat .

Ny
Next, recall the functor diag: 55SetOn1 — sSet®n1 from Section 1.5. Given that it is also a right adjoint
functor, it preserves products, hence the adjunction diag = (d.)« induces by base-change an adjunction
between enriched categories

diag,

o — o
ssSet®n-1-Cat L " sSet®"1-Cat .
((6:))«

Definition 2.3.1. We define the homotopy coherent categorification-nerve adjunction to be the following
composite of adjunctions.

ch diag,
op | — o _— o
¢: PCat(sSet®n1) L 55Set®n1-Cat ¢ L s8et®n-1-Cat + M
NI ((0:)+)-

In order to develop intuition on the action of €, we compute here some of its values.
Example 2.3.2. As a first example, we can see that, for m > 0, we have
CF[m] = "[m)],

where ¢/ [m] is the sSet-enriched category from Definition 2.2.1 seen as a 58et®n1-enriched category through
base-change along the canonical inclusion sSet — sSetOn1.

« When m = 0, we get that €F[0] is the terminal sSet®=—1-enriched category [0].
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e When m = 1, we get that €F[1] is the directed sSet®n"1-enriched category with object set {0,1} and
hom ©,,_1-space Homgpp)(0,1) = A[0] and so it is the sSet®n"1-enriched category generated by the
following data

OLH

e When m = 2, we get that €F'[2] is the directed sSet®n"1-enriched category with object set {0,1,2} and
hom ©,,_-spaces

HOHIQF[Q](O, 1) = HOHIQF[Q](I, 2) = A[O] and HOIHQF[Q] (0, 2) = A[l]

and so it is the sSet®»-1-enriched category generated by the following data
1
'
0 — 2

together with a homotopy between h and the composite ¢gf.

Example 2.3.3. We also study the sSet®n-1-enriched category €L(F[m] x ©,,_1[1;0]) for small values of
m > 0, where we recall that L: sSet®=-1*2™ — PCat(sSet®n-1) denotes the left adjoint functor to the
inclusion. These can be computed using the techniques developed later in Section 3.

e When m =0, as L(F[m] x ©,_1[1;0]) = F[0], we get that €L(F[0] x ©,,_1[1;0]) = €F[0] = [0].

e When m = 1, using Lemma 3.5.1 applied to the case where X = 0,,_1[1;0], we get that CL(F[1] x
©,,_1[1;0]) is the directed sSet®n"1-enriched category £0,_1[1;0] with object set {0, 1} and hom ©,,_1-
space

Homer(riijxe,_,1;0)(0,1) = ©,1[1;0]

and so it is the sSet®»-1-enriched category generated by the following data

e When m = 2, using Proposition 3.4.2 applied to the case where m = 2 and X — Y is the identity at
©,_1[1;0], we get that CL(F[2] x ©,,_1[1;0]) is the directed sSet®»-1-enriched category with object set
{0,1,2} and hom ©,,_;-spaces

Homerrigjxe,_[1:0)(0, 1) = Homer (2o, 1150 (1, 2) = 5115 0]
and

Home 1, (pi2)x@,_1[1:0))(0,2) = (©n-1[1;0] x ©,,1[1;0]) e, _,[1;0) On—1[1; 0] x A[1]

and so it is the sSet®»-1-enriched category generated by the following data
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together with a homotopy between v and the horizontal composite Sa, which in particular gives ho-
motopies between h and the composite gf and between h’' and the composite g’ f’.

2.4. The homs of the homotopy coherent categorification

Using the description of the hom spaces of the homotopy coherent categorification ¢ of a simplicial
set, we can compute explicitly the hom ©,,_;i-spaces of the homotopy coherent categorification € of an
object in PCat(sSet@?fl). The following two results are obtained by applying level-wise Theorem 2.2.3
and Corollary 2.2.4.

Proposition 2.4.1. Let W be an object in PCat(sSeteZ?—l) and a,b € Wy. Then there is a natural isomorphism
in sSet®n1

HOIII@W (CL, b) = dia‘g(COhmTeNec(Wf,*,*)a,b HOHlChT(Oé, (.d))

where colimpepreew_ , ,),., Homenp (o, w) is the ©,_1-bi-space given at 0 € ©,_1 and k > 0 by the colimit
in sSet

coliMpenec(W_ 4 )., HOMenp(Q, W).

Corollary 2.4.2. Let W be an object in PCat(sSet@Zp—l) and a,b € Wy. Suppose that, for all § € ©,,_1 and
k > 0, the simplicial set W_ g 1, is 1-ordered. Then there is a natural isomorphism in sSetOn1

Homew (a,b) = diag(colimpe yreow_, , yina Homeny(a, w))

where colimpe nreew_ , |, yemg Hom (o, w) is the ©,_1-bi-space given at § € ©,,_1 and k > 0 by the colimit
in sSet

COlMperee(w_ g 404 Hom np (o, w).

We now aim to compare the hom ©,,_1-spaces of the categorification €W with the mapping ©,,_1-spaces
of W in the case where W is fibrant. For this, we first need the following.

Lemma 2.4.3. Let W be a ﬁbmnt object in ’PCat(sSet(x wi1))inj- For every 0 € ©,_1 and k > 0, the simplicial
set W_ g 1 1s fibrant in Set?

(0, 1)

Proof. Recall that, if W is fibrant in PCat(sSet<0;Ln1 1 )inj, then it is fibrant in (sSet(o;L . 1>)ﬁ;p and it satisfies
the Segal condition, i.e., it is fibrant in the localization (sSet(oc nl 1))sAe2) of (sSet(Q: ot 1))f;3)p with respect to
the Segal maps

(Sp[m] = F[m]) x ©,,_1[0]
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for all m > 1 and 0 € ©,_;1. By [33, Lemma 3.5], if a saturated class of monomorphisms satisfying the
right cancellation property contains the Segal maps Sp[m] < F[m] — which is the case of the class of trivial

cofibrations of (sSet(w nl 1))SAQZ then it must contain the inner horn inclusions Lf[m] < F[m)], for all m > 2

and 0 < t < m. Furthermore, as the model structure (sSet(o: W 1))56(:5 is cartesian closed by [5, Theorem 5.2],
the maps

(L'[m] < Fm]) x ©,,_1[0] x A[k]

are trivial cofibrations in (&S‘et(;n1 1))Seg yforallm>20<t<m,0€0,_1,and k> 0.
Now, forallm > 2,0 <t <m, 0 € ©,_1,and k > 0, a lift in the below left diagram in Set®” corresponds

to a lift in the below right diagram in s8etOn-1 XA , which exists by the above discussion.
Lt[m e W_ 0.k Lt[m] X O,-1[0] x AlK] ﬂ[ w
F[m F[m] x ©,_1[0] x A[k]

This shows that W_ g 1 is fibrant in Set as desired. 0O

1)7

Definition 2.4.4. Let W be a fibrant object in PCat(sSet?QT_l))mj. For a,b € Wy, we define homyy (a,b) to
be the following pullback in sSet®n-1*A""

homy (a,b) ——— WwFll
I |
Al —————— W x W

(a,b)

Remark 2.4.5. Since homyy (a,b) is homotoplcaﬂy constant, i.e., for every m > 0, the map homy (a,b)o —

homyy (a, b),, is a weak equivalence in sSet(oc ~_1)> We equivalently regard it as an object of $5SetOn 1 through
the canonical isomorphism sSetOn 1 XA o 58etOn’

Note that Mapy;(a,b) = homw (a, b)o. We then have the following.

op
Proposition 2.4.6. Let W be a fibrant object in PCat(sSet(@o:;l,l))inj and a,b € Wy. Then there is a natural
op

. ) . oo
zig-zag of weak equivalences in (85t w o) )in;

~ connecting the ©,,_1-spaces
Homeyy (a,b) ~ diag homyy (a, b).

Proof. For 0 € ©,,_; and k£ > 0, as W_ ¢ ;. is fibrant in Set by Lemma 2.4.3, by Theorem 2.2.5 we have
a natural zig-zag of weak equivalences in sSet .. o

Hom nyy (a,b)o,x = Homenw_ ,,)(a,b) ~ mapy, , (a,b) = homw (a,b)_ g .

Oy | x A°P

Hence, we obtain a natural zig-zag of weak equivalences in (sSet . 0))in]

Homci‘W(aa b) ~ homy (a7 b)a
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oo | . oo, o, .
i - As diag: (ssSetdiag)in] | > (8Set(wo.0))in] | Preserves weak equiv-
S

inj

and so in its localization (ssSetqiag)

alences by Proposition 1.5.2, we obtain the desired natural zig-zag of weak equivalences in (sSet(o.0))
Homew (a,b) = diag Homnyy (a, b) ~ diaghomy(a,b). O

Thanks to the previous result, in order to compare Homew (a, b) with Mapy, (a, b), it is enough to compare
Mapy, (a, b) with diaghomyy (a,b).

op
Proposition 2.4.7. Let W be a fibrant object in PCat(sSet?o:,;l,l))inj and a,b € Wy. Then there is a natural

n—1

weak equivalence in (&S’et((x,,o))inj

Mapyy (a,b) = diag homyy (a, b).
Proof. As W is a fibrant object PCat(sSet@’“”p‘1 )inj (see Recall 1.3.2), by [43, Theorem 2.30] the map
7: {a} xw WFI — W in s8et®n-1*2" is a ©,,_;-left fibration in the sense of [43, Definition 2.1]. By
[43, Lemma 2.10], ©,,_1-left fibrations are stable under pullbacks. So the pullback of 7 along b: F[0] — W,
which is by Definition 2.4.4 precisely

(oco,n—1)

homyy (a,b) — F[0],
is a ©,_1-left fibration. It then follows from [43, Lemma 2.6] that the map

Mapy (a,b) = homw (a, b)o — homw (a, b)

Oy | X A°P

. L oyr
in] , and hence also in its localization (ssSetdiag)i,; - As

is a weak equivalence in (sSet. ) i)

O OP o
Onfl

() P
diag: (ssSetdiag)in; = — (5S€t(oc.0))inj = Preserves weak equivalences by Proposition 1.5.2, we obtain the

n—1

desired weak equivalence in (sSet (. 0))in]

Mapyy (a, b) = diag Mapy, (a,b) = diaghomyy (a,b). O
Combining Propositions 2.4.6 and 2.4.7, we get the following.

Corollary 2.4.8. Let W be a fibrant object in PCat(sSet(eoZ;l,U)mj and a,b € Wy. Then there is a natural

. ) ) oor. )
zig-zag of weak equivalences in (85t w 0))iyj = connecting the ©,,_1-spaces

Homgw (a,b) ~ Mapy, (a,b).
2.5. The homotopy category of the homotopy coherent categorification
We now compare the homotopy category of €W with that of W in the case where W is fibrant.

op .
Lemma 2.5.1. Let W be a fibrant object in PCat(sSet(@to;l,l))inj and a,b € Wy. If EW — (EW)EP is o fibrant

op P
n—1 671.71

replacement in (sSet o 0)) -Cat, then there is a natural zig-zag of weak equivalences in (sSet(w.0))

inj inj

between the ©,,_1-spaces

Hom(cw)ﬁb (Cl7 b) ~ MapW (a, b)
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Proof. This follows from Corollary 2.4.8 and the fact that by definition of the fibrant replacement (€W)fP

~ . . . orr
the map Homew (a,b) — Homepysn (a,b) is a weak equivalence in (sSet (o o))in] - O

Lemma 2.5.2. Let W be a fibrant object in PCat(s(S'et(oc> L 1))mJ If €W — (€W)E® s a fibrant replacement
in (sSet(ooyo)) - ' Cat, then (€W)EP s in fact fibrant in sSetot | Cat.

inj (co,n—1)

Proof. Let a, b € Wy. Since (€W)fiP is a fibrant object in (55615(00,0))521J -Cat and W is a fibrant object

op
in PCat(sSet(oc no1))inj, then Hom ey e (a,b) and Mapy,(a,b) are fibrant in (SSet(oo,(]))iOnj’ . Moreover, by
oo,

Lemma 2.5.1, we have a zig-zag of weak equivalence in (sSet(w o) )in;

HOm(Cw)ﬁb (a, b) ~ MapW (G;, b)

op
SI
inj

As both ©,,_1-spaces are fibrant in (sSet..q))
op
through fibrant objects of (sSet(oom)@

an

, we can assume that the above zig-zag only passes
(by fibrantly replacing the intermediate objects if necessary). As
Mapyy (a,b) is further fibrant in sSet(of; 1), then by [29, Lemma 3 2.1] we have that Hom gy s (a, b) is also
fibrant in sSetm-t . It follows that (€W)f® is fibrant in sSeton -Cat, as desired. O

(c0,n—1)" (o0,n—1)

Proposition 2.5.3. Let W be a fibrant object in PCat(sSet(x ~L1))inj- Then there is a natural isomorphism of
categories

Ho(€W) 2 HoW.

Proof. By construction, the homotopy categories Ho(€W) and Ho W have the same set of objects Wy, hence
it is enough to show that their hom sets are isomorphic.
) e°r
Let €W — (¢W)fiP be a fibrant replacement in (8Set(o.0))int

inj

'_Cat. By Lemma 2.5.2 we have that (€W )P

op
is in fact a fibrant replacement in sSelon—1 | Cat. As CW — (€W)fP is a Dwyer-Kan equivalence, we have

(co,mn—1)

an equivalence of categories Ho(€W) ~ Ho((¢W)fib).

e
Let a,b € Wy. By Lemma 2.5.1, we have a natural zig-zag of weak equivalences in (sSet(o.0))in "

inj
Hom (g e (a,b) ~ Mapy,(a, b).

. . o, . . . .
As weak equivalences in (sSet .0 )i, & are level-wise, we get a natural zig-zag of weak equivalences in

n
inj

585€t (0
Hom gp s (a, b) o) ~ Mapy, (a, b)[g)-
As mp: sSet — Set sends weak equivalences in sSet ., o, to isomorphisms, we obtain

Ho(€W)(a, ) = Ho((CW)™)(a, b) = mo(Hom ey (a, b))
= mo(Mapyy (a, b)jo)) = Ho(W)(a,b),

where the isomorphism Ho((€W)")(a,b) = mo(Homepryms (a,b)(g)) holds by Proposition 1.2.3. This con-
cludes the proof. O
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3. Explicit computations of the homotopy coherent categorification

In order to show in Section 4 that € is left Quillen, we need to understand the image of the (trivial)
oor
cofibrations in PCat(sSet !

(co,n—1)

)inj from Recalls 1.3.4 and 1.3.5, which are of the form

Pp(X = Y) < L(F[m] X Y) := L((8F[m] — F[m])X(X < Y))
and L((Sp[m] = F[m])X(X — Y))
for m > 1 and X < Y a monomorphism in sSet®»-1, where L: sSet®n-1*2"" PCat(sSeteifil) denotes
the left adjoint to the inclusion. In this section, we collect the technical results regarding these maps, and
the reader is encouraged to skip this section on a first read.

In Section 3.1 we introduce P, (X — Y) and in Section 3.2 we describe the category of necklaces in
P, (X — Y). In Section 3.3 we discuss how the category of necklaces in P,,,(X — Y) is a discrete fibration
over the category of necklaces in F[m], and then describe the hom ©,,_;-spaces of €FP,,(X —Y) as a
certain weighted colimit. This relies on results that will be postponed until Section 5. In Section 3.4 we
use this to describe the sSet®"-1-enriched category €P,,(X < Y) and study the sSet®n1-enriched functor
¢(P(X = Y) < L(F[m] xY)). Finally, in Section 3.5 we construct and study a sSet®=-1-enriched functor
C(L(F[m] x X)) = L, X, related to the image under € of the second type of monomorphisms.

3.1. Study of Pp(X —Y)

We denote by m: sSet®n1 — Set the left adjoint to the inclusion Set — sSet®n"1. Also recall the left
adjoint L: sSet®n 174" PCat(sSete?fl) to the inclusion. We get the following description.

Lemma 3.1.1. For m > 1 and X € sSet®-1, we can compute L(F[m] x X) and L(OF[m] x X) as the

following pushouts in 5SetOn—1 XA

[y X ———— Fm] x X py X ————— 0F[m] x X
g 10X —— L(FI—[m] x X) 1 70X —— L(BFr'[m] x X)

In this section we want to understand the object P,,,(X < Y’) that we now define.

Notation 3.1.2. For m > 1 and X < Y a monomorphism in sSete?Lpfl, we write P, (X < Y) for the following
pushout in PCat(sSet®"-1) (hence also in sSet®n-1%A"),

L(OF[m] x X) —— L(F[m] x X)

K¢
L

(F[m] x Y)

By the universal property of pushout, it comes with a map I in PCat(sSete?ﬂl) as depicted above.
Note that, if we consider the identity Y < Y, then P,,(Y — Y) = L(F[m]| x Y).
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Lemma 3.1.3. Let m > 1 and X < Y be a monomorphism in sSet®-1. Then P (X <= Y) is the following

. op op
pushout in sSet®n—1*A""

i Y —— OF[m] x Y Mopppex Flm] x X

| |

]_[mJr1 mY —————————— P (X —Y)

Proof. This is an instance of pushouts commuting with pushouts, using Lemma 3.1.1. O
Remark 3.1.4. For m > 1 and X — Y a monomorphism in sSetQZp—l, the map

OF[m] x Y Hpppmxx F[m] x X — OF[m] Uyp[m) F[m] = F[m]
induced by the projection maps gives a commutative square

1Y ——————— OF[m] x Y Hgppmixx Flm] x X

J |

Herl WOY — Herl F[O] - F[m] .

By Lemma 3.1.3, as P,,,(X < Y) is the pushout of the above span, we get an induced map
Q: Pph(X —=Y)— F[m].
We particularly care to study P,,(X < Y) in the case where Y is connected.
Definition 3.1.5. A ©,,_1-space Y is connected if there is an isomorphism of sets moY = {x}.

Remark 3.1.6. For § € ©,,_; and k > 0, the representable ©,,_1[0] x A[k] is a connected ©,,_;-space. In
particular, this says that all monomorphisms in s8et®n1 of the form

(00n-1[0] = ©,—1[0]) X (DA[K] — A[K])
are monomorphisms with connected target.
In the case where Y is connected, we can describe P, (X < Y) as follows.

Lemma 3.1.7. Let m > 1, Y be a connected ©,,_1-space, and X — Y be a monomorphism in sSetOn1
Then there is an isomorphism in sSetOn1

Pp(X —=Y),={0,1,...,m}.
Proof. First note that, as X C Y, we have an isomorphism in sSetOn1

(OF[m] X Y Woppmpxx Flm] x X)o =[], Y-

m—+1

By applying the (colimit-preserving) functor (—)g: s8et®n 1 XA 5 58etOn"1 to the pushout of Lemma 3.1.3,
we obtain that P,,(X — Y), =[], FI0]={0,1,...,m}. O
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Remark 3.1.8. Let m > 1, Y be a connected ©,,_1-space, and X < Y be a monomorphism in sSetOn 1, By
Lemma 3.1.3, we obtain that, for 6 € ©,,_1 and k > 0, the simplicial set P,,(X < Y)f,e,k is the following
pushout in Set®™ .

i1 Ly, , O] —— (Iy, o\ x,, OF[m) T (I, , Flml)

| y!

L1 F10] Pn(X = Y)_ 44

Moreover, the component Q— g,k Prn(X = Y)_ o, — F[m]_ o x = F[m] of the map from Remark 3.1.4 is
induced by the fold map

(HYg,k\Xg,k OF[m)) II (HXS,k F[m]) —» OF[m] I Flm] — F[m] I F[m] — F[m].
The object P, (X < Y') satisfies the following useful property introduced in Section 2.1.

Proposition 3.1.9. Let m > 1, Y be a connected ©,,_1-space, and X — Y be a monomorphism in sSetOn1
For all § € ©,_1 and k > 0, the simplicial set Pp,(X —Y)_,, is 1-ordered.

Proof. By Lemma 3.1.7, we have that P, (X < Y),,, = {0,1,...,m} and by construction every 1-simplex
goes from ¢ to j where i < j. Hence the relation 2P (XY, is precisely the linear order 0 <1 < ... < m,
and so it is in particular anti-symmetric.

For m' > 1, we first show that, for every m'-simplex F[m'] — Ppn(X —Y)_,,, its restric-
tion along the inclusion Sp[m/] < F[m/] is a monomorphism Sp[m/] — Pu(X —=Y)_ ,,. Let
o: Fm'| = Pp(X < Y)_,, be a non-degenerate m'-simplex of Py,(X < Y)_,,. By the description
of Pp(X < Y)_ 4, given in Remark 3.1.8, such an m/-simplex comes from a non-degenerate m/-simplex

a: Flm'] = (O)F[m] = (Ly, ,\x,,, 9Fm) L (I, , Flm]).

Since the simplicial sets OF[m] and F[m] are 1-ordered by Remark 2.1.6, it follows that the induced map

Splm'] < F[m'] < (9)F[m] is a monomorphism. Now, as the composite

@)F[m] = (Iy, ,\x, , OF[m) (I, , Flm]) = Pn(X = Y)_ g4

is also a monomorphism, it follows that the induced map Sp[m’] < F[m/] < P,(X —Y)_,, is the
composite of monomorphisms

Splm'] < Fim'] T (8)F[m] < Pp(X < Y)_,

sV

and so is also a monomorphism.
Next, we show that the restriction of the Segal map

Pm(X — Y)m’,@,k - Pm(X — Y)l,G,k XP,,”(X'—>Y)O=9,,C T XPWL(X;)Y)O,G,k Pm(X - Y)LQJG
to the subset P, (X <—>Y)nmd,)07,C of non-degenerate m'-simplices of Pp,(X —Y)_,, is injective. Let
o,7: Flm'] = Pp(X < Y)7,97k be non-degenerate m/-simplices of P, (X — Y)—,G,k such that their re-

strictions along Sp[m'] < F[m/] coincide. As before, they come from non-degenerate m’-simplices

o: Fim'] = {y} x (0)F[m] and 7: F[m'| = {y'} x (0)F[m],
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where y,y' € Yo, and {y} x (0)F[m], {y'} x (0)F[m] are the corresponding factors of the coproduct
(Iy, s\x , OF[m]) I (L x, , F'lm]). As the restrictions of o and 7 along Sp[m] < F[m] coincide, and the
map

(HYG,k\XG,k BF[m]) il (]_‘[Xgﬁ;C F[m]) — Pm(X — Y),,g k

)

is injective on 1-simplices, it follows that y = 3'. So @ and T are two non-degenerate m’-simplices of
{y} x (0)F|m] whose restrictions along Sp[m’] < F[m/] coincide. Hence, as 0F[m] and F[m] are 1-ordered
by Remark 2.1.6, it follows that @ =7 and so o =7. O

3.2. Study of necklaces in Pp(X — Y)

In this subsection, we study the category of necklaces in P, (X < Y) in the case where Y is connected.

Remark 3.2.1. Let m > 1, Y be a connected ©,,_;-space, and X — Y be a monomorphism in 5Set®n1,
As Pp(X < Y)f,e,k is l-ordered for all 8 € ©,,_1 and k > 0 by Proposition 3.1.9, in order to study the
homotopy coherent categorification of P,,,(X — Y), by Corollary 2.4.2 it is enough to study the totally
non-degenerate necklaces in P, (X < Y)f,e, &

Lemma 3.2.2. Let m > 1, Y be a connected ©,,_1-space, and X — Y be a monomorphism in sSet®n"1. For
alld € ©,_1, k>0, and all 0 < j—1i < m, then the canonical map I: P, (X — Y) — L(F[m] xY) induces
a natural isomorphism of categories

Nee(Pr(X = Y)_ g,)8 = Nee(L(F[m] x Y)_ .0)%

Proof. Recall that P, (Y — Y) = L(F[m] x Y) and that by Lemma 3.1.7
Pr(X = Y)ggr ={0,1,....om} 2 Pp(Y = Y) o, = L(F[m] X Y)o,0,k-

We denote respectively by (P (X <= Y)_ o) ) and (L(F[m] X Y)_ k)  the simplicial subsets of
P (X — Y)—,e,k and L(F[m] x Y)_ g, spanned by the O-simplices ¢,i + 1,...,7. Using the description
of Pp(X <= Y)_ 4, given in Remark 3.1.8, we get that (Pn(X < Y)_ 4, )i  is the following pushout in
Set™™.

Hj—i+1 HYM FI0] —— (Hyg,k\xg,k OF[m] [z’,j]) inl (HXM F[m] [z’,j])

| N

Hj7i+1 F[0] (P (X — Y)f,e,k)[i’j]

Similarly, as L(F[m] X Y)_gx = Pp(Y = Y)_ o, we get that (L(F[m] x Y)_ gx)
A",

i,j] is the following

pushout in Se

ijiJrl HYM FlO] —— HYM F[m] [i,4]

| y!

i1 FIO] ———— (L(F[m] X Y)—0.k)(i.1
As OF[m]}; 51 = F[m]}; 5 as 0 < j — 4 < m, there is an isomorphism in Set?”"

(Iy, o\ xo. OF [mli0) W (I, , Flmlig) = Iy, , £l
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and so the two pushouts must be isomorphic. This gives an isomorphism in Set?”"
(Pro(X = Y)_ g )iy = (L(F[m] X Y)_ g.k)pi,50-

The desired isomorphism of categories follows from the fact that the order = P (XY)_ 0 (resp.
jL(F[m]XY)—,G,k) are given by 0 < 1 < ... < m, and so every necklace from i to j has to be fully con-
tained in (P (X = Y)_ 4 1)) (vesp. (L(F[m] X Y)_ 1) ) O

)

We now aim to show that the projection Q_ g x: Prn(X — Y)_,, — F[m] induces a functor between
their categories of totally non-degenerate necklaces and that this functor is a discrete fibration. We first
need the following.

Lemma 3.2.3. Let m > 1, Y be a connected ©,,_1-space, and X — Y be a monomorphism in sSet®n"1. For
0 € 0,1 and k >0, the map

Q—,Q,k5 Pm(X — Y)—,G,k — F[m]
sends a non-degenerate simplex of P, (X — Y)_797k to a non-degenerate simplex of F[m).

Proof. Consider an m'-simplex F[m'] = P, (X — Y)_ ;. By the description of P, (X < Y)_ ;. given in
Remark 3.1.8, this amounts to an m’-simplex of the form

Flm'] — HYO,k\XO,k OF[m] or F[m']— HXM F[m].
By Remark 3.1.8, these are sent by Q_ g 1 to an m/-simplex
Fim'] — HYs,k\Xs,k OF[m] — OF[m| < F[m] or F[m'] — HXs,k F[m] — F[m].

In particular, an m/-simplex of P, (X < Y)_ , . is non-degenerate if and only if its image under Q_ g 1, is
non-degenerate in F[m]. O

Proposition 3.2.4. Let m > 1, Y be a connected ©,,_1-space, and X — Y be a monomorphism in sSetOn1.
For 6 € ©,_1 and k >0, the map Q_ g x: Pn(X —=Y)_,, = Fm] induces by post-composition a functor

(Q-0.0)r: Nee(Pr(X = Y)_ g 1) — Nee(F[m])g,-

Proof. By post-composing with the canonical map Q_ g : Ppn(X = Y)_, . — F[m], we get a functor

(Q—01)1: Nec(Pr (X = Y)_ 5 1)o,m — Nec(Fm])o,m.-

sV

Furthermore, by Lemma 3.2.3, the map Q_ g sends a non-degenerate simplex of P, (X —Y)_,, to a

non-degenerate simplex of F[m]. It then follows that (Q_ ¢ ) sends a totally non-degenerate necklace of

(Pr(X < Y)f’e’k)()’m to a totally non-degenerate necklace of F[m]g . Hence (Q_ g )1 restricts to a functor
Q-0 )1: Nec(Prn(X = Y)_ 1 )60, — Nec(F[m))g,

as desired. O

Recall from e.g. [36, Definition 2.1.1] the notion of a discrete fibration.
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Proposition 3.2.5. Let m > 1, Y be a connected ©,,_1-space, and X — Y be a monomorphism in sSetOn1.
For 0 € ©,_1 and k > 0, the functor

(Q-0)1: Nee(Pn(X = Y)_ g, )50 — Nec(Flm])gh,
is a discrete fibration.

Proof. Let T — (P (X <= Y)_ 4, )om be an object in Nec(Pn(X — Y)_ 797k)t“d and consider its image

0,m

T — F[m]o,m under (Q_ g5 Given a map f: U — T in Nec(F[m])5d | the composite

0,m»

UL T (Pu(X 5 Y)_y)om:

is the unique lift of f via (Q_ ¢.%):. Hence (Q_ g,x) is a discrete fibration. 0O

As a consequence, to study the category of totally non-degenerate necklaces in P, (X < Y)_ FRIRLES
enough to study the category N ec(F[m ])tnd and compute the fibers of the discrete fibration (Q_ ¢ k;)l which
we now do.

Remark 3.2.6. Recall from Remark 2.1.6 that F'[m] is a 1-ordered simplicial set, and so every totally non-
degenerate necklace T — F[m]o,m in Nec(F[m])§, is a monomorphism by Lemma 2.1.9. Then every map
in Nec(F[m ])t“d has to be a monomorphism as well by the cancellation property of monomorphisms. Hence

Nec(F [m})gngl is a poset. For a combinatorial description of this category, see Section 5.1.

Remark 3.2.7. Recall from Section 2.1 that B(T) denotes the set of beads of a necklace T' € AN ec. Now,
given a monomorphism f: U < T in Nec, by [17, Lemma 3.3] each bead F[m;| of U is mapped into a
unique bead of T, which we denote B(f)(F[m;]). So we get a well-defined map of sets B(f): B(U) — B(T),
and the assignment f — B(f) is functorial in all monomorphisms f. Note that the assignment B(f) is not
well-defined in general, because if f is not a monomorphism, it might map a whole bead of U to a joint of
T, which does not belong to a unique bead of T.

As a consequence, since every map in A ec(F [m])gngl is a monomorphism by Remark 3.2.6, we get a

functor
B: Nec(F[m])i, — Set, (T < Flmlom) — B(T).

Proposition 3.2.8. Let m > 1, Y be a connected ©,,_1-space, and X — Y be a monomorphism in sSet®n1,
For 8 € ©,_1 and k > 0, the fiber of the discrete fibration

(Q-p.0)1: Nee(Prn(X = Y)_ g )% — Nec(Flml)g,

at an object T — F[m]o.m in Nec(F[m])§d is given by the set

,m

HB(T)YGk if T # F[m]

fibres pimlo,, (Q—0,1)1) = {XM if T = F[m]

Proof. Let T'= F[m4] V...V F[mi] < F[m]om be a totally non-degenerate necklace in F[m]. If T # F[m],
we show that there is an isomorphism of sets

fibre, pim ((Q 0,k)1) = HB(T)YQ:k'
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Given a totally non-degenerate necklace T — (P (X < Y)_ 4 )o,m which is sent by (Q- ) to the
totally non-degenerate necklace T' < F[m]g,, then, for each 1 < ¢ < ¢, the restriction of T —
(Pr(X = Y)_ 51 )om to the bead Fm;] corresponds by the description of Pr,(X < Y)_ ;. given in Re-
mark 3.1.8 to a non-degenerate m;-simplex

Flmi] = {yi} x 9F[m] = (y, ,\x, , OF[m]) I (I1x, , Flm]),

for some y; € Yp . Then the data (T — F[m]om, (yi)1<i<¢) uniquely determine the necklace T —
(Pr(X <= Y)_ g 1)o,m, hence giving the desired isomorphism.

Now, if T = F[m], necessarily T = F[m| — F[m]om is the identity, and we show that there is an
isomorphism of sets

fibres Pim)o.. (Q—0,6)1) = Xo k-

This follows from the fact that a non-degenerate m-simplex of P, (X —Y)_,, comes from a non-
degenerate m-simplex F[m| — {z} x Flm] < [[x, , Flm], for some z € Xy, and a similar argument
to the one above. 0O

We further record the following.

Proposition 3.2.9. Let m > 1 and X be a connected ©,_1-space. For § € ©,_1 and k > 0, there is an
isomorphism of categories

Nec(L(Splm] x X)_ gx)i'm = X1,
where the set X(;,T is seen as a discrete category.
Proof. Using that there is an isomorphism of categories
Nee(Splm])i, = {idspim)} = {Splm] < F[m]}
and by Proposition 3.2.8 applied to the identity map X < X, there are isomorphisms of categories
Nee(L(Sp[m] x X)— 0,6)5m = N ec(Spm])§i X nree(mm)yga N ec(L(F[m] x X)—0.5)50

= fibspm)— Fm) (@ -0, )1 = XGX,ZL' =

tnd

8.8. Auziliary results about weighted colimits over N ec(F[m])y"s,

Recall from [36, Theorem 2.1.2] that there is an equivalence between the categories of functors
(Nec(F[m])id )P — Set and of discrete fibrations over Nec(F[m])§%,. We now identify the set-valued
functor corresponding to the discrete fibration (Q— ¢ ) under this equivalence.

Notation 3.3.1. Let m > 1, Y be a connected ©,,_1-space, and X < Y be a monomorphism in sSet®n1,
We define a functor

G(X = Y): (Nec(F[m])§d )P — sSet®

given on objects by
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HB(T) v if T'# F[m]

T Flmlom
(T Flm )H{X(QHB(F[m])X) i T = Flm],

and on morphisms by

B(f)*: HB(T)Y—>HB oY if UT # Flm]

(f:U—=>T)— B .

XY —— HB(U if U# F[m|, T = F[m)],

where B(f)* is given by pre-composition with B(f): B(U) — B(T') from Remark 3.2.7.
For 6 € ©,,_1 and k > 0, we write G(X — Y)g for the composite

G(X = Vgp: (Nee(Flm])ndyor CXZY, cgeporr, Clor, oo

Proposition 3.3.2. Let m > 1, Y be a connected ©,,_1-space, and X — Y be a monomorphism in sSetOn 1.
For 0 € ©,_1 and k > 0, the discrete fibration

(Q-0)1: Nee(Pn(X = Y)_ g, )00 — Nec(Flm])g,
corresponds to the functor
GX = Y)g: (Nec(F[m})gﬁg@)c’p — Set.

Proof. We show that there is a natural isomorphism between the functor obtained from (Q_ g 1)1 by taking
fibers and the functor G(X < Y)g ;. In Proposition 3.2.8, we have shown that, for every T'— F[m]q, in

Nec(F[m])§'s,, there is an isomorphism of sets

HB ng 1fT7éF[m]

Xok R G(X = Y)gu(T < Flmlom)-

ﬁbT<—>F[m]o m((Q ,G,k) ) {

It remains to show that these isomorphisms are natural. For this, note that if f: U — T is a map in
Nec(F[m])id | then by the proof of Proposition 3.2.5, the map f acts on the fibers of (Q_ 1)1 by pre-

0,m»
composition

I by pimy, . ((Q— 0,6)1) = by pim), ., (Q—0,5)1)-

A direct computation using this description and the definition of G(X < Y)g ; on morphisms shows that
the isomorphisms of Proposition 3.2.8 assemble into a natural isomorphism. O

We now use this to express the hom 0,,_;-spaces of €F,,,(X < Y) in terms of certain weighted colimits.
We refer the reader to e.g. [34, § 3.1] for an account on the theory of weighted colimits.

Remark 3.3.3. Here we will be interested in two cases of weighted colimits: the ordinary weighted colimits
and the simplicially enriched weighted colimits. We recall the definition of these weighted colimits in our
case of interest.

Let A and D be small categories. Given functors W: AP — (s)Set and F: A — (5)SetP” | the weighted
colimit of F by W can be computed using [34, (3.70)] as the coequalizer in (s)Set?”

colimy F = coeq([I, qrea Fla) x W(a') = [1yeq Fla) x W(a)).



36 L. Moser et al. / Journal of Pure and Applied Algebra 228 (2024) 107620

We first introduce the following notation.
Notation 3.3.4. For m > 1, we define a functor

Hy,: Nec(Flm))id — sSet

0,m

given on objects by
(T — F[m]om) — Homnr (o, w)
and on morphisms by
(f:U—=T)= (("faw: Homeny(a,w) — Homenp(a,w)).

Given the description of the hom ©,,_;-spaces of € from Corollary 2.4.2, we are interested in understand-
ing the colimit featured in the following proposition.

Proposition 3.3.5. Let m > 1, Y be a connected ©,,_1-space, and X — Y be a monomorphism in sSetOn1.
Then there is an isomorphism in sSetOn1

G(X—=Y )

Nec(Flm])gs, Hn,

: ~ s
COhmTENeC(Pm(XHY)ﬂ*.*){'{‘f}t Homnp (o, w) = colim

where coliMreprec( P, (XsY)_ . e, HOMenp(, w) ds the ©,_1-bi-space given at 0 € ©,_1 and k > 0 by the
colimit in sSet

COlimTeNec(Pm(X%Y)_’eyk),,,1;, Hom np(a, w),

and colimf/(x(?[y)]*);*nd H,, is the ©,_1-bi-space given at 0 € ©,,_1 and k > 0 by the colimit in sSet of H,,
ectiim])o m

weighted by G(X — Y)g .

Proof. Let 6 € ©,,_1 and k& > 0. Recall from Proposition 3.3.2 that the category of elements of the functor
G(X — Y)g,k is given by the discrete fibration

(Q-p.k)r: Nec(Pr(X = Y)_ g )i — Nee(F[m))g,

0,m-*

So by [48, (7.1.8)] we have isomorphisms in sSet

. o~ 1
colimpe yrec(p, (xv)_, id, Homenr (@, w) = colimyrec(p,, (xsv)_, ia Hm 0 (Q— 0.k
. G(X=Y)on
= colim & ).k H,. O

Nec(Flm])§s,

Lemma 3.3.6. Let A and D be small categories, and F: A — sSet and W : A% — Set®” be functors. Write
v: SetP” — sSetP” for the canonical inclusion and note that sSet®” is canonically enriched over sSet.
Then there is an isomorphism in sSetP”"

colimzlv* F= colimior, W

where colimz‘v* F: D°P — sSet is the functor sending an object d € D to the colimit of the functor F weighted
by
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Wy = A°P W, SetP™ 2V, Set
and colirnfzop JW is the sSet-enriched colimit of W : A% — sSet®” weighted by F.

Proof. Using Remark 3.3.3, for every d € D, there is an isomorphism in sSet

colimy* F 2 coeq ([, _,urca Wala) x F(a') = [1,c 4 Wala) x F(a))

natural in d € D. Hence this yields an isomorphism in sSet?""

colim'}* F 2 coeq (HusswreaWia) x F(a') = [,ea W(a) x F(a)) .
On the other hand, again by Remark 3.3.3, we have an isomorphism in sSet?”"

colim’o, (W 2 coeq (Hu s aeaor Fa) x W(a) = 1,4 F(a) x W(a))
= coeq ([T, area W(a) x F(a') = [yeq W(a) x F(a)).

Hence, we get the desired isomorphism. O

Remark 3.3.7. Let ¢: sSet®>™ *On"1 2 558et®n1 be one of the two canonical isomorphism, and consider the
inclusion

oOP op , O°P op op ¥ op
L: sSetOn-1 = SetA T XONTY g gSethT X OnT X g5SetOn

op °p . . . . . °pP .
Then sSet™”"*®n~1 is canonically enriched over sSet and we consider the sSet-enrichment of ssSet®»-1 via
op  @°P o °P
@1 sSetA” O = 55SetOn-1,

Proposition 3.3.8. Let m > 1, Y be a connected ©,,_1-space, and X — Y be a monomorphism in sSetOn1.
We have the following isomorphism in s5SetOn1

COhmTeNec(Pm(X%Y)je‘k)gf‘gl Homnp (o, w) = colim(HN’"ec(F[tho?gn)op G(X —=Y),

where COlimg\}nec(F[m])tnd yov 1G(X <= Y) is the sSet-enriched colimit of |\G(X — Y) weighted by H,,.
0o,m

Proof. This is obtained by taking in Lemma 3.3.6 A = Nec(F[m])§’y, D = ©,-1 X A, F = H,,, and

W = G(X — Y) and combining with Proposition 3.3.5. O

We further compute the colimit of the functor G(X < X), which will be useful to describe the hom
©,,_1-spaces of the categorification €(L(Sp[m] x X)).

Proposition 3.3.9. Let m > 1 and X be a connected ©,,_1-space. Then there is an isomorphism in sSetOn1

. ~ . A[0] ~ m
COllmNeC(F[m])Bf‘,SL G(X — X) = COhm(./\fec(F[m])f,"‘ﬁL)of’ G(X — X) ~ XXM,
Proof. Consider the canonical inclusion Sp[m] < F[m]o.m,. Then |B(Sp[m])] = m and there is a canonical
isomorphism J] 5 (g X = X ™ in 58et®n"1,
We define a natural cone v under G(X «— X) with summit X*™ as follows. Given a necklace T <

Flm]o,m of (Nec(F[m])§s,, we construct a necklace T < F[m]o,, with the same set of joints as T', but
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with vertex set all vertices of F[m]o . Then there are canonical inclusions j: Sp[m] < T and T < T, and

~

moreover B(T) = B(T). We define the component vz to be the composite

V= (G(X‘%X)( ) =1l X =1l X — 200, [ s(sppmpy X = X )

Note that v is natural in T < F[m]o,m in N'ec(F[m])§. Indeed, this follows from the fact that, if f: U < T
is a map in (Nec(F[m]){’, then it induces a map f: U < T under Sp[m)].

We show that v is a colimit cone. Let & be a cone under G(X < X) with summit Y € sSet®+-1. Define
amap d: X*™ — Y to be the following composite

1= (X0 = sy X = GX = X)(Spim) 2% )

Then, by naturality of ¢, we have that d o v = §. Moreover, the map d is the unique map X *™ — Y with
this property as ygp[m] is given by the canonical isomorphism ] B(spim]) X =X xm_og

Finally, we record here the following useful facts that depend on results postponed to Section 5.

Proposition 3.3.10. For m > 1, the functor

o (Nee(F[m])§™,)°P
cohm(Nec(F[m])anl)op(—): (&s‘Setdlag on—1))inj ’ — ssSerfd1

op
n—1
ag,(co,m—1)

given by taking the sSet-enriched colimit weighted by H,, is left Quillen.

Proof. As we will see in Theorem 5.3.12, the functor Hy,: Nec(F[m])§%, — sSet(w 0, is projectively cofi-

Qor

brant, and so the result follows from [21, Theorem 3.3] by considering the model structure ssSetdlag (con—1)
as enriched over sSet.. o, in the correct variable as in Remark 3.3.7. O

Proposition 3.3.11. Let m > 1 and X be a connected ©,,_1-space. The functor

(N ec(Flm)§,)°" o,

inj

. (—) .
O e mpmpip oo LG > X2 (55l o)

given by taking the sSet-enriched colimit of the functor 1«G(X — X) weighted by a functor ./\/’ec(F[m])Bf‘% —
sSet is left Quillen.

Proof. As we will see in Corollary 5.2.11, the functor

1G(X <= X): (Nec(F[m])gfgL)Op — ssSetdlag o1
is prOJectlvely cofibrant, and so the result follows from [21, Theorem 3.3] by considering the model structure
n—1

sssetdlag,(oc,n—l)

as enriched over sSet,.. ) in the correct variable as in Remark 3.3.7. O
3.4. Study of €CPp (X —Y) = 6,,Y

We are now ready to give an explicit description of €P,,(X < Y) and study the image under € of the
canonical map I: P, (X = Y) — L(F[m| xY).
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Notation 3.4.1. For m > 0, we write &,,, for the functor

o F — o o o o
Gyt 5SetOn I D), o Geg@raxa™ Ly PCat(sSetOn-1) %5 5Set®n1-Cat

and 06,, for its boundary

op  OF - 0 o o o
OGpm : sSetOn-1 OFImIT), Qe ®5 <A™ Ly ’PCat(sSetenpfl) %5 58et®"1-Cat.

By applying € to the diagram of Notation 3.1.2, as € commutes with colimits, we have the following
diagram in sSet®n1-Cat.

06, X —— 6,,X

|

06, Y —— CP,(X =Y)

Proposition 3.4.2. Let m > 1, Y be a connected ©,,_1-space, and X — Y be a monomorphism in sSetOn1
Then the sSet®n-1 -enriched category €P,, (X < Y) is the directed sSet®n1 -enriched category such that:

o its set of objects Ob(CP,, (X — Y)) is {0,1,...,m},
e for 0 <j—i<m, the hom ©,_;-space Homep, (x—y)(i,J) is given by

Homgp,, (x—v)(4,7) = Home,, v (4, j),
e the hom ©,_1-space Homep, (x—y)(0,m) is given by

Homep,, (x—y)(0,m) = diag(COhmg\T/nec(F[m])3{‘;‘1)0P 1G(X = Y))

Proof. By Lemma 3.1.7, we have that Ob(€P,,(X <= Y)) = P, (X = Y), ={0,1,...,m}. Now recall from
Proposition 3.1.9 that P, (X — Y)fﬁ,k is l-ordered for all 8 € ©,,_; and k > 0. Hence, we can apply
Corollary 2.4.2 and so we get that, for all 0 <i < 7 < m,

Homep,, (x—v)(4,7) = diag(colimTeNec(Pm(X;)Y)ﬁm)md Homnp (o, w)).
As L(F[m] xY) 2 P,(Y <= Y), we also get that, for all 0 <i < j < m,
Home,,, v (i, j) = diag(colimpe e (r(rpm]xy) ., )ims Homeng (o, w)).
Now, if 0 < j — i < m, by Lemma 3.2.2, we have a natural isomorphism of categories

Nee(Pp(X <= Y) ind > Aec(L(F[m] x Y)_ ., )i"d

I irj
so that Homep,, (x—y)(i,j) = Home,,y (i, ). Finally, by Proposition 3.3.8, we get that
Homep,, (x<y)(0,m) = diag(colimTeNec(Pm(X_)y)i7*,*)6?;1” Hom np(o,w))
>~ diag(colim’X S G(X =Y))

Wee(F[m)§,)°

which concludes the proof. O
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Proposition 3.4.3. Let m > 1, Y be a connected ©,_1-space, and X — Y be a (trivial) cofibration in
sSet®"-1. Then the map

Homgp,, (xv)(0,m) — Homg,, v (0,m)

op

. ., . . O,
is a (trivial) cofibration in sSet )" .

Proof. By Proposition 3.4.2 applied once to X < Y and once to the identity Y < Y, we have the following
isomorphisms.

Homep,, (xov)(0,m) —— diag(colimﬁ?lec(F[m])g?%)Op G(X =Y))

J |

Home,,y(0,m) ———— dlag(cohmf}'\[ec(mm])tnd Jo G(Y = Y))

1

As X — Y is a (trivial) cofibration in sSet(oc iy and ¢ sSet(oo iy — ssSetdl” ! is left Quillen by

ag,(co,n—1)

n—1
ag,(co,n—1)"

Proposition 1.5.3, then «(X — Y) is also a (trivial) cofibration in ssSetd1
(Nec(F[m])g",)°P

inj

As (trivial) cofibrations

are defined level-wise in (ssSetdl" ! ); , it is straightforward to check by unpacking the

ag,(co,n—1)
definitions that

G(X = X) = 1G(X —=Y)

o, Wee(Flm])ia, )P

is a (trivial) cofibration in (ssSetgihe o 1) )inj %™’ By Proposition 3.3.10, the functor

(Nec(F[m])g™;,)°"

H n n
COhm(N (F[m])f{‘i)oi’(_): (SSS@tdlagl(oo n— 1))111] - Sssetdlag l(oo n—1)
is left Quillen, and so
colim’m nd vop LG(X —=Y) — colim’m lGY =)

(Nec(F[m])§23,)or WNec(Fm])g, )P

is a (trivial) cofibration in ssSet " Finally, by Proposition 1.5.3, we have that the functor

diag,(cc,n—1)"
op op
diag: ssSetdlag (com—1) sSet(oo n_1) is left Quillen, and so we conclude that the map

diag(colim’Z

(N ec(Flm])§d, yor 1G(X < Y)) — diag(colim™

Wee(rpmpi oo LG = 1))

. .. . orr .
is a (trivial) cofibration in sSet ) ',,, as desired. O

3.5. Study of 6, X = X, X

We now show that the categorification of L(Sp[m]x X) is £,, X. Then we construct and study a sSet®n-1-
functor 6,, X — X,, X, which will be shown in Section 4.2 to be a retract of the image under € of the map
L(Splm] x X) — L(F[m] x X).

Lemma 3.5.1. Let X be a connected ©,,_1-space. There is a natural isomorphism in sSet®n"1 Cat

S X =YX,



L. Moser et al. / Journal of Pure and Applied Algebra 228 (2024) 107620 41

Proof. We need to show that, if X € sSet®+-1 is connected, then &1 X = €(L(F[1] x X)) is isomorphic to
YX. We first compute ¢! (L(F[1]x X)). For this, we apply the colimit-preserving functor ¢’: sSet®n-1*4" —
sSet-Cat™”" *©n1 to the pushout in sSet®n1*2” from Lemma 3.1.1 describing L(F[1] x X). At 6 € ©,,_;
and k > 0, as ¢ commutes with colimits, we have

(X )o = M(Xop) = ([, , FIO) =1y, , 0]
and we have
(cl(F[] x X))ox = "(F[1] x Xo ) = "(I1x,, FI1) = lx,, "F[] =1, SA[0].
Hence c"(L(F[1] x X))g. is the below pushout in sSet-Cat.

*

Hz er‘k[o] — HXM ZA[O]

| 3

[o[0] ———— cH(L(F[1] x X))o.x

s

As ¥: sSet — {01}/ sSet-Cat commutes with colimits, it takes the coproduct Xp 5, = [1x, , A[0] to the above
pushout, and so

H(L(F[1] x X))o = X([Iy,,, Al0]) = X(Xo k).

This shows that ¢! (L(F[1] x X)) is the ssSet®=-1-enriched category %(:X) and, by applying diag,, we get
that &1 X = diag,c?(L(F[1] x X)) is the sSet®n"1-enriched category $X, as desired. O

Corollary 3.5.2. Let m > 1 and X be a connected O,_1-space. Then there is a natural isomorphism in
sSet®n1-Cat

C(L(Sp[m] x X)) = Xpn X.

Proof. Given X € sSet®"-1 connected, since € commutes with colimits and &; = ¢(L(F[1] x (=))), we
have a natural isomorphism in sSet®n1-Cat

C(L(Sp[m] x X)) = €(L((F[1] Upp ... Hpjo F[1]) x X)) =2 &1 X g ... g 61X,
As on connected objects &; coincides with ¥ by Lemma 3.5.1 and X, = ¥ ) ... Ijg) 3, we have
S 1 X ... Uy 61 X = XX gy ... U ZX = 5, X
and so we get the desired result. O

Remark 3.5.3. Let m > 1 and X be a connected O,,_;-space. By Propositions 1.2.8 and 3.3.9 there are
natural isomorphisms in sSet®n1

~ m A . A[0]
Homy,, x(0,m) = X > = COhm(/\/ec(F[m])g{*;in)OP G(X — X)

Al0]

o dlag(cohm(Nec(F[m])5,’,:31)013

LG(X = X)).
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We now build the desired sSet®»-1-enriched functor &,,X — %, X and show that it is a Dwyer-Kan
equivalence.

Proposition 3.5.4. Let m > 0 and X be a connected ©,,_1-space. Then there is a natural sSet®n1 _enriched
functor 6, X — ¥, X such that

e it is the identity on objects,
o for 0 < j—i < m the following diagram commutes

HOmeX(Z,j) ; Homej—ix(ia j)

| |

Homs , x (1, 7) B vE— Homzj—iX(ihj)

for full subcategories &;_; X C 6, X and ¥;_; X C X,, X spanned by the objects i,i+1,...,7,
e the following diagram commutes

Home, x(0,m) _= . diag(colimg\’/"ec(F[m])tnd yov 1G(X = X))

0,m

J !

Homy,,, x (0,m) ———— diag(colim(AA[/Ojc( 1G(X — X))

Flm])g,)°P

where the right-hand map is induced by the unique map Hy,, — A[0] and the horizontal maps are the
isomorphisms from Proposition 3.4.2 applied to the identity at X and from Remark 3.5.5.

Proof. The desired sSet®»-1-enriched functor can be constructed by induction on m > 0. If m = 0, it is the
identity at [0] and, if m = 1, it coincides with the isomorphism from Lemma 3.5.1. If m > 1, the construction
is fully determined by the conditions. 0O

Proposition 3.5.5. Let m > 1 and X be a connected ©,_1-space. Then the sSet®n-1-enriched functor
CH

(co,n—1)

G X — XX from Proposition 3.5./ induces a weak equivalence in sSet
Homg , x(0,m) — Homsy, x(0,m).
Proof. By Proposition 3.5.4, we have the following isomorphisms.

Home,, x(0,m) = . diag(colimg\’[”ec(l,[ nd Jop 1G(X — X))

J m])o,

Homg,, x (0,m) ——(——— diag(colim(Aj\[foe]C(F[nﬂb])%%)op 1G(X <= X))

Since the values of H,, are contractible by [17, Corollary 3.10], then H,, — A[0] is a weak equivalence in
(N ec(F[m])gd yop
(sSet (00 .0y)

0,m
inj

. Hence, by Proposition 3.3.11, the functor

ec m])tnd yop op
colim{ WG(X = X): (Ssetwo,m)i(rjl:'[ Flmom) — sséfezfc?"i1

(NEC(F[W])B?ydn)Dp iag,(co,mn—1)
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preserves weak equivalences, and so

G(X = X)— colim®? op LG(X — X))

colim’® (Nec(FIm])§s)

(Nee(F[m m])§s,)oP

op
n—1
ag,(oco,n—1)"

is a weak equlvalence in ssSetd1 Finally, by Proposition 1.5.3, we have that the functor

diag: ssSetdlag (com—1) s&zt(oo ~_1, Preserves weak equivalences, and so we conclude that the map
dlag(cohm(N e(Flm])ipd yor G(X — X)) — dlag(cohm(/\[/oe]c(F[m])tnd yop 1G(X — X))

. . . N .
is a weak equivalence in sSet " ', , as desired. O

Corollary 3.5.6. Let m > 1 and X be a connected ©,_1-space. Then the s8et®n1 -enriched functor from

OP
Proposition 3.5./ defines a weak equivalence in sSet<OQ ooy -Cat

G X = T, X.
Proof. We show this by induction on m. If m = 1, then &; X = XX by Lemma 3.5.1. If m > 1, first observe

that &,,X and ¥,,X are directed sSet®n 1-enriched categories with set of objects {0,1,...,m} and the
map Ob(&,,X) — Ob(X,,X) is the identity. So it is enough to show that

Homgmx<i7j) — Homzmx(i,j>
forall 0 < ¢ < j <m.Ifi=0andj = m, this is the content

of Proposition 3.5.5. If 0 < j — ¢ < m, using the isomorphisms from Proposition 3.5.4 for corresponding
subcategories 6m,1X CG6,X and X, 1 X C ¥, X, we can conclude by induction. O

is a weak equlvalence in sSetm m—1)s
4. The homotopy coherent categorification is a Quillen equivalence

The goal of this section is to prove the main theorem. Precisely, we show that & preserves cofibrations,
respectively weak equivalences, in Section 4.1, respectively Section 4.2, so that the adjunction € 4 91 is a
Quillen pair. Finally, in Section 4.3, we show that € - 91 is further a Quillen equivalence.
4.1. € preserves cofibrations

In order to show that the functor € is left Quillen, we first prove that it preserves cofibrations.

ocr [Shed .
Theorem 4.1.1. The functor €: PCat(sSet 0.1, )inj — sSet .1, -Cat preserves cofibrations.

op
Proof. By Recall 1.3.4, a set of generating cofibrations in PCat(sSet?;;il))inj is given by the map () — F[0]
together with all maps of the form

L((9F[m] = F[m])x(9©n-1[0] < ©,—1[0]) % (OA[K] < A[K]))

form>1,0€0,_1,and k > 0.
First observe that the 1mage of the map ) — F[0] under € is the sSet®»-1-enriched functor § — [0],

which is a cofibration in sSet<oo ~1y-Cat.
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Now, let m > 1, 6 € ©,,_1, and k > 0. If we write
(X = Y) = (00,-1[0] = ©n_1[0])x (OA[K] — Alk]),
the image under € of the map L((OF[m] < F[m])X(X < Y)) is the sSet®-1-enriched functor
¢l: CP(X =Y)—6,Y.

By Remark 3.1.6, the map X — Y is a monomorphism in s8et®"1 with Y connected. Hence, by Propo-
sition 3.4.2, we have that Ob(€P,, (X — Y)) = {0,1,...,m} = Ob(6,,Y) and, for all 0 < j —i < m, we
have that

Homep,, (xsv)(i,7) = Home,, v (i, )

Moreover, by Proposition 3.4.3, the map
HomQPm (X—=Y) (Oa m) - HOmey(07 m)

@0}7 o
is a cofibration in sSet..",,. Applying Lemma 1.2.6, we conclude that the s8et®n-1_enriched functor €¢I

. .. eocr. .
is a cofibration in sSet /7", -Cat, as desired. O
4.2. € preserves weak equivalences

We now show that the functor € preserves weak equivalences. For this, we first prove that it sends
Dwyer-Kan equivalences between fibrant objects to weak equivalences.

Proposition 4.2.1. The functor €: PCat(sSet(oo 2l )ing — sSezf(oc L1y -Cat sends Dwyer-Kan equivalences be-
tween fibrant objects to weak equivalences.

Proof. Let f: W — Z be a Dwyer-Kan equivalence between fibrant objects in 77(3(115(38615(oo +L1))inj- By
definition, the functor Ho f: HoW — Ho Z is an equlvalence of categories and, for all a,b € Wy, the map

n, 1
(co,n—1)"

Mapy, (a,b) — Map,(fa, fb) is a weak equivalence in sSet By Proposition 2.5.3, we obtain that the

functor

HoCf: HoCW — Ho€Z

is an equivalence of categories. By 2-out-of-3, using Corollary 2.4.8 and the fact that weak equivalences in
9 P
(5S€t(0.0))imi

inj ! are in particular weak equivalences in &S‘et(oo w1y, We get that the map

Homgw (a,b) — Homez(fa, fb)

. . . S op . . .
is a weak equlvalence in sSet.)7',,. Hence the sSet®n—1-enriched functor €f: €W — €Z is a weak equiva-

lence in sSet " -Cat, as desired. 0O

(co,m—1)

We now aim to prove that the functor € sends ﬁbrant replacements in ’PCat(sSet )inj as con-

(1)
structed in Recall 1.3.5 to weak equlvalences in sSet(oc ~_1)-Cat. For this, we first show that € sends the map
L((Sp[m] < F[m])x(00,,_1[0] < ©,,_1[0]) X (DA[k] — Alk])) to a trivial cofibration.
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Lemma 4.2.2. Let m > 1 and X be a connected ©,,_1-space. Then the functor € sends the map L((Sp[m] —
F[m]) x X) to a sSet®"-1 _enriched functor ¥, X — &,,X such that the induced map on hom ©,,_1-spaces

Homy,, x(0,m) — Homg,, x (0, m)

m

is given by the diagonal of the leg of the weighted colimit

H,,(Sp[m]) x 1G(X — X)(Sp[m]) — cohm(j\’/" (Flm)s, )or 1G(X — X).

Proof. By Corollary 3.5.2, the image under € of the map L((Sp[m] — F[m]) x X) in PCat(sSet®n-1) is a
sSet®n"1-enriched functor of the form £, X — &,,X. Then, by Corollary 2.4.2, we have that the map in
sSetOn-1

Homgy,  (0,m) — Homg,, x (0, m)

m

is the diagonal of the map in $5SetOn 1

cOlMpe v ee(L(Spim)x x) . )ged, Homeny (@, w) = colimepe nree(L(Fim)x x) ., ygma, Homenr (o, w)
induced at 8 € ©,,_; and k > 0 by the inclusion of categories
Nec(L(Sp[m] x X)_797k)t“d — Nec(L(F[m] x X)_ g k)tnd

Under the isomorphisms from Propositions 3.2.9 and 3.3.8, this map in 55SetOn 1 corresponds to the leg of
the weighted colimit

A[0] x 1 X ™ = H,,(Sp[m]) x 1G(X — X)(Sp[m]) — colim”, 1G(X — X),

(N c(Fm])§ns, )P
as desired. O

Lemma 4.2. 3 Let m > 1 and X be a connected ©,,_1-space. Then the functor € sends the trivial cofibration
in PCat(sSet n-1 )in

(c0,m—1)
L((Splm] < F[m]) x X)
eor
to a trivial cofibration in sSet "', -Cat.

Proof. By Theorem 4 1.1, the cofibration L((Sp[m] < F[m]) x X) in PCat(sSet(m 210 )inj 15 sent by € to a

cofibration in sSet " -Cat. It remains to show that it is also a weak equivalence in sSet " -Cat.

(c0,m—1) (o0,n—1)

By Lemma 4.2.2, the image under € of L((Sp[m] < F[m]) x X) is a sSet®=-1-enriched functor of the
form ¥,, X — &,,X. We show by induction on m > 1 that its composite

LnX = G X S5, X

op
with the weak equivalence in sSet(@ooj, 1,-Cat from Corollary 3 .6 is the identity. Then, by 2-out-of-3, we

can deduce that ¥,, X — &,,X is a weak equivalence in sSet(oo ~_1)-Cat, as desired.
When m = 1, this follows from Lemma 3.5.1. If m > 1, recall that 3,,X and &,,X are directed sSetOn=1-
enriched categories with set of objects {0,1,...,m} and both s8et®"1_enriched functors act on objects as
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the identity. So it remains to show that, for all 0 < i < j < m, the following composite is the identity in
sSetOn=1,

Homy,, x (4, j) — Homg,, x (i, j) — Homs, x (i, j)

If : = 0 and j = m, by Proposition 3.5.4 and Lemma 4.2.2, the above composite can be identified with the
diagonal of the following commutative triangle in s5SetOn1 .,

Hy (Splml) % 1G(X = X)(Splm]) —— oMM 110 o 1GX = X)

|

. A[0
colim1Y) i

Wee(Ffm])na yor LG(X = X)

Hence it is the identity. Now, if 0 < 7 — ¢ < m, we conclude by induction using the isomorphisms from
Proposition 3.5.4 for corresponding subcategories 6,1 X C &,,X and ¥, 1 X C ¥, X. O

Lemma 4.2.4. Let m > 1 and X — Y be a monomorphism in sSetOn1 of the form
(00n-1[0] = ©n_1[0]) X (DA[K] — A[K])
for0 € ©,_1 and k > 0. Then the functor € sends the trivial cofibration in PCat(sSet(ooLn 1)inj
L((Splm] = Flm])x(X < Y))

to a trivial cofibration in SSet " -Cat.

(ocn 1)

Proof. By Theorem 4.1. 1 the cofibration L((Sp[m] — F[m])x(X < Y)) in ’PCat(sé«’ez‘,(;,:f,q1 1)inj })S sent by

¢ to a cofibration in sSet -Cat. It remains to show that it is also a weak equivalence in sSet(x ao1)-Cat.

(ocn 1)

We first deal with the cases where X < Y is not one of the following maps in sSetOn1
0 — A[0], A[0]ILA[0] — A[1], or A[0]IIA[0] < ©,,_1[1;0]

so that X and Y are both connected ©,,_;-spaces. In this case, using Corollary 3.5.2, the functor € sends
the pushout-product map L((Sp[m] < F[m])x(X < Y)) to the canonical sSet®n1-enriched functor

SnY s, x G X — 6,,Y.

m

This S‘S'et@i)tp 1-enriched functor is the unique dashed arrow that fits into the following commutative diagram
in sSet' " -Cat,

(oco,n—1)

Y X — = 5, X

| 3

LY ——— 5, Y1y x &, X
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where the top and bottom horizontal s8et®n 1 enriched functors are the trivial cofibrations from
Lemma 4.2.3, and the middle s8et®n1-enriched functor is a trivial cofibration as a pushout of a triv-
ial coﬁbration By 2-out-of-3, it follows that the dashed s8et®n"1-enriched functor is a weak equivalence in
sSet(o:; 1-Cat, as desired.

If instead X = A[0]II A[0] and Y = ©,,_1[1;0] or ¥ = A[1], one could adjust the argument above. The
key fact is to observe that, in this case, the top horizontal sSet®n1-enriched functor in the relevant diagram

op
is replaced by the coproduct of trivial cofibrations in sSetij’;f_U—Cat
YA I8, Al0] = &,,A[0] 11 &,,Al0],

which is a trivial cofibration, too.
Finally, if X = () and Y = A[0], one could also adjust the argument above noticing that the top horizontal
sSet®n-1-enriched functor in the relevant diagram is the identity at §. O

We now show that € sends the map L((&F[ ] < F[m])X(X < Y)) to a trivial cofibration, where
X — Y is a trivial coﬁbratlon in sSet( » ' ,,. For this, we first need to identify a generating set of trivial

co,n—1)"*

cofibrations X < Y in sSet " , with connected Y.

(co,n—1

Remark 4.2.5. Every object Y in sSet®1 can be written as a coproduct Y = H[y]eﬂ.oy Y}y in 83615@?‘})‘1,
where Y[, is the fiber of Y — 7Y at [y] € moY and is connected.

eor
Lemma 4.2.6. There exists a set J of generating trivial cofibrations in sSet [ .', such that every map
X =Y inJ hasY connected.

e
Proof. Let J' be a generating set of trivial cofibrations in sSet.’.',,, and f: X — Y be a map in J'.
Using Remark 4.2.5, the map f can be rewritten as a coproduct

fi X = H[y]Eﬂ'OY fﬁl(}/[y]) — H[y]Eﬂ'OY Y[y] =Y.

For every [y] € 7T0Y observe that the map f_l(Y[y]) < Y}y is a retract of f: X < Y, hence a trivial
P

cofibration in sSet.” By setting

(o)
T ={f""Yy) =V | (f: X=Y)e T, [y €mY}

we see that J generates the same class as J’, namely the class of trivial cofibrations of sSet(oo ~_1,- Moreover,
note that 7 is a set as it is indexed by the set [[x.,y ¢ mY. O

Lemma 4.2.7. Let m > 1 and X ‘—> Y be a trivial cofibration in SSet Then the functor € sends the

(oon 1)°

trivial cofibration in ’PCat(sSet(oo i1 )inj

L((OF[m] < F[m])X(X < Y))

e°P
to a trivial cofibration in sSet(m niyy-Cat.

Proof. Without loss of generality we can assume that X < Y belongs to J, where J is a set of generating
op

trivial cofibrations in sSet?o:;l,l) as in Lemma 4.2.6. Then the functor € sends the map L((OF[m] —
FIm])X(X < Y)) to the sSet®=~1-enriched functor
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CP (X —=Y)—6,Y.
By construction of the set 7, the map X — Y is a monomorphism in sSet®"1 with Y connected. Hence, by

Proposition 3.4.2, we have that Ob(€P,,(X — Y)) ={0,1,...,m} = Ob(&,,Y) and, for all 0 < j —i < m,
we have that

Homep,, (xv) (7, j) = Home,, v (4, 7).

Moreover, by Proposition 3.4.3, the map
Homgp,, (x<v)(0,m) — Homg,,y (0,m)

. . L ey . , o .
is a trivial cofibration in sSet /", . Applying Lemma ] 2 6, we conclude that the sSet®~1-enriched functor

CP,(X —Y)— 6,,Y is a trivial cofibration in sSeton -Cat, as desired. O

(co,m—1)

By assembling the above results, we get the following.

Proposition 4.2.8. Let W be an object in PCat(sSetefﬁl). Then the functor € sends the fibrant replacement
o
W — WP in ’PCat(sSet(O; 2L1))inj to a weak equivalence in sSet )", -Cat.

%P
Proof. If 7 is a set of generating trivial cofibrations for sSet".', , by Recall 1.3.5, a fibrant replacement
W — WP is obtained as a transfinite composition of pushouts of maps of the form

L((Sp[m] < F[m])x(00,_1[0] < ©,,_1[0]) X (DA[k] — AlK]))
form>1,0€ ©,_1, and k > 0, and of the form
L((OF[m] = F[m]))X(X <= Y))

form>1and X — Y € J. By Lemmas 4.2.4 and 4.2.7, we have that € sends every such map to a trivial
cofibration in sSet(e" ', -Cat. As € commutes with colimits, the sSet®n—1- enrlched functor €W — ¢(W1b)

oco,n—1)

is a transfinite composition of pushouts of trivial cofibrations in sSet -Cat, and so is also a trivial

o°r

(ocn 1)

cofibration in sSet<oc on-Cat. O
We can now deduce the desired result.

ocr [S)ed
Theorem 4.2.9. The functor €: PCat(sSet 0,1, )inj — sSet .., -Cat preserves weak equivalences.

op
Proof. Let W — Z be a weak equivalence in PCat(s‘S‘et(Gi;‘fL1 1)inj- By Recall 1.3.9, this means that the
induced map Wfb — Zfib between fibrant replacements is a Dwyer-Kan equivalence. Then, we have a

commutative square in sSet(oo wiyy-Cat,

W — ¢Z

R
%

Wiy —— ¢(z8)
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where the vertical sSet®n-1-enriched functors are weak equlvalences in sSet -Cat by Proposition 4.2.8,

(oon 1)

and the bottom horizontal one is a weak equivalence in SSetm;,l)—Cat by Proposition 4.2.1. Hence €W — €2

is also a weak equivalence in sSet< "1 ,-Cat by 2-out-of-3, and this shows the desired result. O

oco,n—1)

4.8. € is a Quillen equivalence

By assembling Theorems 4.1.1 and 4.2.9, the functor € preserves cofibrations and weak equivalences and
so it is a left Quillen functor. Hence we have the following.

Theorem 4.3.1. The adjunction

P
1—

« = e°
SSet(ognl b Cat +> PCG,t(SSEt(OQ n— 1))1nj

is a Quillen pair.

The goal of this section is to show that the Quillen pair € 491 is in fact a Quillen equivalence. For this,
we first compare it to the Quillen equivalence ¢ 4 N recalled in Section 1.4.

Proposition 4.3.2. Let C be a fibrant &S'et@o ~_1y-enriched category. The natural canonical map

NC — NC

OoP | X A°P

in] , and so a weak equivalence in (sSet " VA" and PCat(sSet " )proj-

(o0,n—1)/inj (co,mn—1)

is a weak equivalence in (sSet . o))
Proof. By Proposition 1.4.1 and Theorem 4.3.1, the following functors are right Quillen
N: sSet(o;‘n1 H-Cat — ’P(,’at(sSet(oo 2Li))proj and N &S'et(o;ln1 H-Cat — ’PCat(sSet(O; 210 )ings

op

and so, as C is fibrant in sSet(@oZ;ll)—Cau then NC is fibrant in PCat(sSet(of]nl 1»)proj and NC is fibrant in

PCat(&S‘et(oo L1))inj- In particular, they both satisfy the Segal condition and are such that, for every m >0,
op

the ©,,_1-spaces (NC),, and (MC),, are fibrant in sSet?o:;l,l).

Next, observe that there is a canonical map NC — 0MC induced by the s8et®n"1-enriched functors
G (0n-1[0] x A[K]) = 2,0(0,_1[0] x Alk])
from Proposition 3.5.4, for m >0, 8 € ©,_1, and k > 0. At m = 0, 1, this map induces equalities

(NC)O =0b( = (m(:')() and (NC)l = MorC = (‘ﬁC)l

op
n—1
oco,n—1)

Given m > 1, there is a commutative diagram in sSet<

(me > (NO1 %Ny, -+ X (Neyy (NOR
(NC)m ———=—— (MC)1 X ey, -+~ X oy, (MO
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where the horizontal maps are weak equivalences as NC and 9C satisfy the Segal condition. Then by 2-out-

of-3, the left-hand map is also a weak equivalence in sSet(@OO ._1)- Since the ©,,_1-spaces (NC),, and (NC)n,

op
are fibrant in 35@75(@: w1, the map (NC)p, — (MC),y, is in fact a weak equivalence in (&Sf(flf(ocm)mJ . This
QoP AP
shows that NC — 91C is a weak equivalence in (sngzzf(omc,))in}"1>< . O

We can deduce from this result the desired Quillen equivalence.

Theorem 4.3.3. The adjunction
e — e°P
sSet oty Cat L PCat(sSet ') )inj
N

is a Quillen equivalence.

Proof. We have a triangle of right Quillen functors from Propositions 1.3.1 and 1.4.1 and Theorem 4.3.1

/ IP(":G’]S(S‘S.et(oo n— 1))1nj
sSet, On”s -Cat Elid

oco,n—1) ~

N PCat(sSetS™ 1 ) prog

(co,n—1)

which commutes up to isomorphism at the level of homotopy categories by Proposition 4.3.2. Moreover, the
functor NV and id are Quillen equivalences by Propositions 1.4.1 and 1.3.1. Hence, by 2-out-of-3, we conclude
that 91 is also a Quillen equivalence. 0O

5. Projective cofibrancy results

In this section we provide the proofs for some technical facts that have been used in the previous sections.
As a preliminary tool, in Section 5.1 we give an alternative combinatorial description of the category
Nec(F[m])i's, as the category Cubey,. Then in Section 5.2, respectively Section 5.3, we show that the
functor

Hp: Neco(F[m])is — sSet .0,
respectively the functor
1G(X <= X): (Nec(Flm ])t“d )P — ssSetdla; (om1?
is projectively cofibrant.
5.1. Combinatorics of necklaces

Recall that Nec(F[m])i, is the category of totally non-degenerate necklaces in F[m]om. By Re-
mark 3.2.6, its objects are monomorphisms T < F[m]g,, with T a necklace and its morphisms are
monomorphisms over F[m]o,, and so it is a poset. We now describe this category in a more combina-

torial way.



L. Moser et al. / Journal of Pure and Applied Algebra 228 (2024) 107620 51

Definition 5.1.1. Let m > 1. We define the category Cube,, to be the poset such that

« its objects are pairs (I,S) of subsets I C S C {1,...,m — 1},
o there is a morphism (', S") — (I,S) if and only if I’ C [ and S = S"UI.

By convention, the category Cube; is the terminal category.

Remark 5.1.2. The category Cube,, is generated by two different kinds of morphisms, namely

I\{j},8) = U,5) and (I\{j},S\{j}) = (L,9)
for every object (I,S) € Cube,, and every element j € I.

Proposition 5.1.3. For m > 1, there are assignments

(T < Flmlo,m) = (Ir,St)
(Ti1.5) = Flmlom) < (1,5)

that define an isomorphism of categories
Nec(F[m])i, = Cubey,.

Proof. We first construct the functor Nec(F[m])§d — Cube,,. Given f: T < F[m]g, in Nec(F[m])§d

0,m 0,m»

we set (I1, St) to be the object of Cube,, given by
St = {f(v) [veTo} \{0,m} S {1,...,m =1} = Flmo \ {0,m}
and It = St \ Jr, where
Jr = {f(v) | visajoint in T} \ {0,m} C Sr.

Then, given a map g: 7" — T in Nec(F[m])g‘};i, as ¢ is a monomorphism by Remark 3.2.6, we have that
St C Sy and Jp C Jpr; thus Ip» C Ip. It remains to show that Sp = Sp/ U Ip. For this, it is enough
to see that each element of St that is not in Sy is in Iy, i.e., is not the image of a joint of T'. But since
Jr C Jp C S, then any image of a joint in 7T is contained in St/. Hence we get a map (It/, St/) — (I, St)
in Cube,,.

We now construct the functor Cuben,, — Nec(F[m])is. Given a pair (I,5) in Cubey,, we set T(; g) <
F[m]o,m to be the necklace such that T\; gy has set of vertices SU{0, m} and set of joints (S\I)U{0, m}. Then,
given a map (I',S") — (I,S), we need to show that there is an induced monomorphism T(;/ gy < T(1,s).

Indeed, as I’ C I and S = S’ U I, we have that S’ C S and
S\I="uD\IC(SUI\I'=5\T.

Hence the set of vertices of T/ gy is contained in that of T{; s, and the set of joints of T g) is contained
in that of T(;/ /). In particular, this says that every bead of T{; gy is sent in a bead of T(; gy and so there
is a monomorphism T/ gy < T(1 s)-

Clearly, the two constructions are inverse to each other and so we get the desired isomorphism of cate-
gories. [
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We now aim to give a description of the bead functor B: Nec(F[m])i’, — Set from Remark 3.2.7 as a
functor Cube,,, — Set.

Definition 5.1.4. We construct a functor
B: Cube,,, — Set.

Given an object (I,S) in Cubey,, as S\ I C {1,...,m — 1}, write S\ I = {s1 < s2 < ... < $4_1}, and set
so == 0 and s; == m. We define B(I, S) to be the set

B(I,S)={{s€S|si-1<s<s}|1<i<t}
and we refer to its elements as interval in S.
Given a morphism (', S") — (I, S) in Cube,,, there is an induced assignment B(I’,S") — B(I,S) sending
an interval in S’ to the interval in S that contains it. This is well-defined as S" C S and S\ I C S"\ I'.

Lemma 5.1.5. For m > 1, the following diagram of categories commutes up to isomorphism.

Nec(F[ ]) —>Cubem

LN/

Proof. Given a necklace T < F[m]o , we have a canonical natural isomorphism of sets
B(T) = B(Ir, St),

which can be constructed using the fact that the set (St \ I7) U {0, m} corresponds to the set of joints of T’
and so an element of B(Ir, St) corresponds to the data of all vertices of F[m| contained in a bead of T. O

Using this, we can now describe the functor G(X < X): (Nec(F[m]){s )P — s8et®n1 introduced in
Section 3.3 as a functor Cube®® — sSet®n-1.

Definition 5.1.6. Let m > 1 and X be a connected ©,,_1-space. We define a functor
G(X): Cube®® — sSet®n
given on objects by
(1,8) = Ilps) X
and on a morphism (I’,5’) — (I, S) by the map
HB(I,S) X = HB(I/,S’) X
induced by pre-composition along the induced map B(I’,S") — B(I, S).

Proposition 5.1.7. Let m > 1 and X be a connected ©,,_1-space. The following triangle of categories com-
mutes up to isomorphism.
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(/\/'ec(F[m])Bf‘%)OP = Cubel?

G(X = X)\N /g(X)

op
sSetOn—1

Proof. This follows directly from Lemma 5.1.5. O

tnd
0,m

We now aim for a more combinatorial description of the functor Hy,: Nec(F[m])§, — sSet introduced

in Section 3.3 as a functor Cube,, — sSet.
Remark 5.1.8. Given a morphism (I’,S") — (1, S) in Cube,,, there is a partition of I as
I=TT{In(S'\I"N)I((Tus)\9).
Definition 5.1.9. Let m > 1. We define a functor
H,pn: Cube,, — sSet
given on objects by the map
(Z,8) = I, Al
and on a morphism (I’,5") — (I, S) by
Hm(I',S") = 11, A[1]

l JH[/ AL X [Trnsnay (1) x Hzuss (0)
Hm(L,9) =11, AN,
By a [17, Corollary 3.10], we have the following computations for the hom spaces of the categorification

of necklaces.

Lemma 5.1.10. Let T = F[my| V...V F[my] be a necklace with t > 1 and m; > 1 for 1 <i <t. Then there
s a natural isomorphism in sSet

Y t Y
Homnp(o,w) = [iy H[Lmi—l] All] = H]_[7::=1[1,mi_1] Afl].
Proposition 5.1.11. For m > 1, the following triangle of categories commutes up to isomorphism

Nec(F[m])is, = Cube,,

Hﬁ\ /{m

sSet
Proof. Recall that H,, sends a necklace T' = F[my]| V...V F[my] < F[m]o,m to

Hom np (o, w) = HHt':1 [T,mi

AL

where the isomorphism holds by Lemma 5.1.10. Note that the set [[\_,[1,m; — 1] can be made into a poset
with the lexicographic order. Moreover, a direct computation shows that the posets HE:I [1,m; — 1] and It
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have the same cardinality, namely Zle(mi —1), and so there is a unique isomorphism Hle [1,m; —1] = Ir
preserving the order. This induces an isomorphism sSet

Ho(T) = Tljge - AL 2 T, AL = Hon (I, S1)-

It remains to show that this isomorphism is compatible with morphisms.

By Remark 5.1.2; it is enough to check that it is compatible with the generating morphisms (I1 \
{j},Sr) = (Ir,St) and (Ir \ {j}, St \ {j}) = (Ir,Sr) of Cube,, for all j € Ir. Note that an element
J € It corresponds to a vertex £ € F[m;] with 0 < £ < m; for some 1 < i < t.

In the case (It \ {j}, St) = (I, ST), by definition of H,,, the induced map is given by

Hin(Ir \ {7}, S1) = 11,0 5y Al
l J/(HIT\{]‘} AL]) x (1)
Hum (I, ST) = [[;, All]
Then, the necklace U < F[m]o,, corresponding to (It \ {7}, Sr) is the subnecklace of T given by
UXFm)V...VF[m_1|V F[{]V Flm; — €]V Flm;1] V...V Fmy]
and the inclusion U < T is induced by F[¢] V F[m; — {] < F[m;]. The latter induces a map

Homch[g]u[olch[mi,a (oqw) = Hom,n [mi](o, f) X HOInch[,m](Z7 mz) — Homn [m ](0, mz)

i

which corresponds to the composition map of ¢"[m;] as in Definition 2.2.1. Hence the image under H,, of
the inclusion U — T' is given by

Hpn(U) = Tpe_ poms 1oy A1
J J{(H(Hizl[l-,mfl])\{é} AfL]) x (1)
Hin(T) = pe_, 1,m,-1 A1

This shows that the isomorphisms are compatible with this first type of generating morphisms.
In the case (I \ {j}, ST\ {j}) = (Ir, ST), by definition of H,,, the induced map is given by

Hon (I \ {5, 7\ {3}) = T gy AL

J J{(HIT\{]'} A[L]) x (0)
Hm(I7,S7) =[1;, All]
Then, the necklace U < F[m]o.m, corresponding to (It \ {j}, St \ {j}) is the subnecklace of T' given by
UZFm]V...VFE[m_1)V Flm; = 1]V Flmq]...... V Fmy]
and the inclusion U — T is induced by the coface map d*: F[m; — 1] — F[m;]. The latter induces a map

Homn [y, —17(0,m; — 1) — Homn p,,1(0,m;)

as described in Remark 2.2.2. Hence the image under H,, of the inclusion U — T is given by
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Ho(U) = I q1e_, (1mi— 1\ ey AL

i=1

J J(Hm::lnﬁmﬂn\{f} Af1]) x (0)
Hm(T) = HHFL:l[lvmq‘,—l] A[l] )

This shows that the isomorphisms are compatible with this second type of generating morphisms, and
concludes the proof. O

5.2. Projective cofibrancy of G(X)

@0P O
In this section, we aim to show that the functor G(X) is cofibrant in (sSet(o:;l_m)gffje"f. For this, all

the results in this section are towards proving that G(X) satisfies the left lifting property against all trivial

. . orr Cube)?
fibrations in (sSet 7 ,L1)) o ™ -

Let Py, :==P({1,...,m — 1}) be the poset of subsets of {1,...,m — 1} ordered by inclusion. Then there
is an embedding

0: Pm = Cube,, I~ (I,{1,...,m—1})
which admits a retraction
r: Cubey, — P, (I,S)—TU{L,...,m—1}\5).

Note that r is well-defined since, given a morphism (I’,S") — (I,.5) in Cube,,, then there is a morphism
r(I',S8") = r(I,S) in Py, as, using that S = 5" U I, we have

FU({L...,m—1\S)CIU{L,....om—1}\S)=TU({L,....,m—1}\S).

It is straightforward to check that ro = idp,,. Moreover, we have a natural transformation a: idcype,, —
or given at (I, S) by the morphism in Cubey,

(I,S) - ({TU({1,....,m—1}\9),{1,...,m—1}) =0r(1,9)
which exists as T CTU ({1,...,m—1}\ S)and {1,...,m -1} =SUTU{L,...,m—1}\9).

Lemma 5.2.1. Let m > 1 and (I,S) be an object in Cube,,. Then the component (I,S) — or(I,S) of «
induces a natural isomorphism of sets

B(I1,S) = B(or(1,95)).

Proof. First note that {1,...,m —1}\(TU{L,...,m—=1}\ ) =({1,....m—=1}\I)NS =5\ I. Write
S\I={s1 <...<st_1}. Then we have

B(I,8)={{s€S|si-1<s<s;}|1<i<t},
B(UT(LS)):{{se{l,...,m—l}|si,1gsgsi}|1§z’§t}.

So the map (I,S) — or(I,S) induces a canonical isomorphism between these sets given by

{s€S|si_1<s<s}t—~{se{l,....om—1}|s-1<s<s;}. O
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Lemma 5.2.2. Let m > 1 and X be a connected ©,,_1-space. Then the natural transformation G(X) o
a°P: G(X) 0 0ProP — G(X) is an isomorphism in (sSet®n—1)Cuben’

Proof. The component at (I,S) in Cube,, of G(X) o aP is given by the map

Har,s)) X = Hau,s X

induced by pre-composing with the isomorphism of sets B(I,S) = B(or(I,S)) from Lemma 5.2.1. Hence,
this is an isomorphism. 0O

Corollary 5.2.3. Let m > 1, X be a connected ©,,_1-space, and F: Cube,? — sSet®n"1 be a functor. There
s a natural isomorphism of sets

(58etOn=1)Cuben (G(X), F) = (s8et®n—1)Pm (G(X) 0 0°P, F 0 0°P).

Proof. We define maps in both directions by sending 8: G(X) — F to f00°P: G(X) 00°? — F 00°P, and
by sending v: G(X) 0 0°P — F 0 ¢°P to the composite

Foa®P

X opy—1 op
(G X)oa®), G(X) o oProP X2 fogoPpor 220 4

g(X)

where G(X) o a°P is invertible by Lemma 5.2.2. The fact that these constructions are inverse to each other
is a consequence of the relation ro = idp,, and the naturality of a. O

The following is a straightforward verification.
Lemma 5.2.4. Let m > 1. Write P52 and P2 for the sub-posets of Py, given by
PL2—{1C{l,...om—1}||[I|=1,2} and P2'={IC{l,...,m—1}||I] >1}.
Then the inclusion PL? < P21 is cofinal, and so (PL2)°P — (PZ1)°P is final.

Lemma 5.2.5. Let m > 1, X be a connected ©,,_1-space, and I C {1,...,m —1}. Then there is an isomor-
phism in sSet®n1

colimrc jep,, G(X)(0J) = coeq (ngJer G(X)(oJ) = [icier., Q(X)(UJ)> .
[J|=]1]+2 [J|=]1]+1

Proof. Note that we have isomorphisms of posets
{(ICTePu T =I+1[I+2}=P2 , and {ICJeP,}= Pil_m
Hence, by Lemma 5.2.4, the inclusion
{ICTEPy ||J|=I|+1,I|+2}° < {ICJEP,}P

is final. Using the formula for colimits in terms of coequalizers as in the dual of [38, Theorem V.2.2]), we
obtain the desired result. O
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Remark 5.2.6. Let m > 1 and I C {1,...,m —1}. Write {1,...,m —1}\ I = {s1 < ... < s,—1} and set
so = 0, s; = m. Recall that

B(ol) ={[si-1,s] S{1,...,m =1} |1 <i <t}
Then, for 1 < j <t —1, the map
B(ol) = B(o(I 1 {s;}))
is given by
SRR {[si_l,si] if1<i<ti#jj+1
[sj-1,8j4+1] ifi=j,j+1.

Lemma 5.2.7. Let m > 1, X be a connected ©,,_1-space, and I C {1,...,m—1}. For all jo,j1 € {1,...,m—
1} \ I, there is a pullback square in sSet®n 1

G(X)(o(I T {jo, jr})) — G(X)(a(I T {j1}))
G(X)(e(I I {jo})) ————— G(X)(al)
Proof. Recall that G(X)(cI) = [lg, ) X. Hence, to show that the desired square is a pullback, as

[Ty X: Set™” — 58et®7“1 sends colimits in Set to limits in sSet® -1, it is enough to show that the
following square is a pushout of sets.

B(oI) B(o(IT{j1}))

| |

B(o(I T {jo})) ———— B(a(I U {jo,51}))
Now, as jg,j1 € {1,...,m — 1} \ I, by Remark 5.2.6, for e = 0,1, the map
B(ol) = B(o(I 1 {jc}))
identifies the intervals with end point j. and starting point j., and the map
B(o(I T {jc})) = Blo(I T {jo,j1}))

identifies the intervals with end point jj._;| and starting point jj_y|. It is then clear from these descriptions
that the above square is a pushout. 0O

Lemma 5.2.8. Let m > 1, X be a connected ©,_1-space, and I C {1,...,m — 1}. Then the induced map

COlim[g‘]epm g(X)(O'J) — g(X)(O'I)

. . . op
is a monomorphism in sSet®n-1.
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. . . op
Proof. By Lemma 5.2.5, we have an isomorphism in sSet®n—1

COlim]gJEpm G(X)(oJ) = coeq (H[gjepm G(X)(oJ) = H ciep,, (X )(O’J)) .

|JT=|T|+2 | JT=11]+1

Then the fact that the map

coeq (ufgepm G(X)(0) = Wi ser, g<X><0J>) L G(X) (o)

[J]=|1]+2 [J]=I1]+1

is a monomorphism in sSet®1 follows from the following observations. First we have that, for j €
{1,...,m —1}\ I, the map

G(X)(e(I1{j})) = G(X)(aI)

is a monomorphism in sSet®n"1 as it is the image under H( )X : Set? — sSet@?—l of the epimorphism
B(oI) = B(o(IT1{j})) described in Remark 5.2.6. Then, for jg,j1 € {1,. —1}\ I, by Lemma 5.2.7,
the intersection of the images of the monomorphisms

G(X) (eI T {jo})) = G(X)(ol) and G(X)(o(I 1 {j1})) = G(X) (o)

is precisely the image of the monomorphism G(X)(o (I II {jo,j1})) <= G(X)(oI). Hence they are identified
in the coequalizer. O

Theorem 5.2.9. Letm > 1 and X be a connected ©,,_1-space. Then we have that the functor G(X): Cube)P —
sSet " is projectively cofibrant.

(c0,n—1)

Proof. Let p: F — G be a trivial fibration in (sSet(ojnl 1))103;136?5, , for all (I,S) in Cube,,, the map

pa,s): F(I,S) — G(I,S) is a trivial fibration in sSet(oo L1 We show that there is a lift v in the below

left diagram in (sSet@n 1)Cuber? which is equivalent by Corollary 5.2.3 to showing that there is a lift in the

below right diagram in (sSet@n 1)7)311).

F F o co°P
7 op. -
Jp ’YO/U/’/ Jpoaop
X) =56 GX) oo™ G Goo®
To this end, for I C {1,...,m — 1}, we construct the components 7,5 by reverse induction on |I| < m — 1
in such a way that the below right diagram commutes and, for every I C J € P,,, the below left diagram
commutes.
Q(X)(UJ)—>F(JJ) F(ol)
J J 2 de
g(X)(UI)TF(O’I) g(X)(O'I)T)G(O'I)
If \I| =m — 1, then I = {1,. — 1}. As there exists no J 2 I and G(X)(oI) = X is cofibrant in

sSezf(oc sy, we get a lift vop1 o1y satisfying the desired conditions. Now suppose that |I| < m — 1 and
assume that the components of yoo°P have already been constructed for all J C {1,...,m—1} with |J| > |I|
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and satisfy the induction hypothesis. Then there is an induced map colim;c jep,, G(X)(oJ) — F(oI) in
the following diagram given by the universal property of colimit.

Yoo

G(X)(oJ) ———— F(oJ)

| l

COlim[gjepm g(X)(O'J) **3*!*9 F(O’I)

-
YoI .~
\[ ,// lp(rl

G(X)(oI) T G(ol)
SEY

(co,n—1)

As colimrc jep,, G(X)(0J) <= G(X)(ol) is a cofibration in sSet
above diagram. This builds the desired lift v o o°P. O

by Lemma 5.2.8, there is a lift in the

As a consequence of [37, Remark A.2.8.6], the Quillen equivalence ¢ 4 (). from Proposition 1.5.3 induces
by post-composition the following Quillen equivalence.

Proposition 5.2.10. The adjunction

Cube)?

@0P CubelP %
n—1 ) uoe,
proj

0574
proj % (sssetdiag,(oo,n—n)

((me))s

(sSet

(c0,m—1)

is a Quillen equivalence.
The fact that ¢, is left Quillen together with Theorem 5.2.9 gives the following.

Corollary 5.2.11. Let m > 1 and X be a connected ©,_1-space. Then we have that the functor
op
tG(X): Cubey? — ssSet?i’;g’l(mvn_l) is projectively cofibrant.

5.3. Projective cofibrancy of H,

Cube,,

To prove that the functor H, is cofibrant in (sSet (. o)) pro;

statement at [22], there attributed to [19].

, we apply the following criterion; see the

Theorem 5.3.1. Let F: D — sSet be a functor. For every k > 0, write Fy for the composite
Fi:D Fy sSet ﬂ) Set,
and suppose that the following conditions are satisfied:
(i) the functor F), can be written as a coproduct of representables in Set?
Fr = HieID(dfa _),

where {d¥};cr is a family of objects in D,
(ii) the functor Fy splits as a coproduct in Set?

F), = N, 11 Dy,
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where Ni: D — Set (resp. Di: D — Set) are functors such that, for every d € D, the set Ni(d)
(resp. Dy(d)) consists exactly of the non-degenerate (resp. degenerate) k-simplices of F(d).

Then F is cofibrant in (5Set (. o)) o5

To apply Theorem 5.3.1 to F' = H,,, and D = Cube,,, we first want to verify Condition (i).

Notation 5.3.2. Let m > 1 and k > 0. Denote by 0: [k] — [1] (vesp. 1: [k] — [1]) the constant maps in A at
0 (resp. 1). We write

A([K], [1]) = A([K], [1]) \ {0, 1}

for the subset of A([k],[1]) consisting of the non-constant maps. With this notation, we denote by (Fy,)x

tCubem

the presheaf in Se given by

(Fm)k = 1 sryecuve,, L1, ane o, Cubem (', 57), =)
We now show that (H,,), can be written as the coproduct of representables in Set€“**m given by (Fp, k.
Proposition 5.3.3. Let m > 1 and k > 0. Then there is an isomorphism in SetCubem
M)k = (Fm)-
To show this, we need to construct for each (I,5) € Cube,, an isomorphism
(Hm)(1,8) = (Fm)i(L, S) = H(I’,S’)eCubem H]‘[,, Ane([k],[1]) Cuben,((I',5"), (1, 5))
that is natural in (I, S).
Remark 5.3.4. Recall that, for (I,S) € Cube,,, we have
(Hm)r(1,5) = (IT; ADx = I ACK], [1)-
Moreover, as Cube,, is a poset, the set Cube,,((I’,5"),(I,S5)) is either a point or empty, for all (I’,S’) €
Cube,. In particular, we can identify an element of (F,,)x(I,S) with a tuple ((I’,5"), (73)ier) with (I’,5")
an object of Cube,, such that Cube,,((I',5"),(I,S)) = {*} and (7;)icr- an element of [],, A([k], [1]). Hence
(F)e(I,8) = {((I",9"), (Ti)icr) € Cubey, x [, A([k],[1]) | I'C I, S=S"UI}.
We construct a natural map oz,sy: (Hm)x(I,S) = (Fm)r(I,5) and an inverse (s gy of a(r g).

Construction 5.3.5. Let m > 1, k > 0, and (I, S) € Cube,,. Given a tuple (0;)icr € [[; A([k], [1]), we define
(I?,57) to be the object of Cube,, given by

I’ ={iel|o; € A"([k],[1])} and S°=S\{ie€l]|o; =0}
Observe that 17 C §7, 17 C I, and S = S7 UI. We further set (77);cs- to be the tuple in [[,, A™([k], [1])

given by 77 = o; for all i € I?; note that this is well-defined by definition of /7. We then define (s g5 to
be the map
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o,y (Hm)r(1,8) = (Fn)r(L, ), (0i)ier = ((17,57), (77 )ier~)-
These assignments assemble into a natural transformation a: (M, )k — (Fn)k-

> 1 and k& > 0, and consider an object (I,S) € Cube,. Given a tuple
((I',8"), (1i)ier) € (Fm)r(1,S), we define (07 )ier € [[; A([k], [1]) to be given at i € I by

2

Construction 5.3.6. Let m

T ifiel
ol =41 iieln(S'\T)
0 ifie(IUuS)\S.

We then define 3(; sy to be the map

Bia,sy: (Fm)e(L,8) = (Hm)i(1,9),  ((I',S"), (ri)ier) = (0] icr-

Proof of Proposition 5.3.3. A direct computation shows that, for all (I,S) € Cube,,, the maps a(; g) and

B(1,s) are inverse to each other, and so the natural transformation a:: (Hm ) =N (Fm )k provides the desired
natural isomorphism. 0O

We now prove Condition (ii) of Theorem 5.3.1. For this, we first study the non-degenerate simplices of

[T, AL

Lemma 5.3.7. Let k > 0 and I be a finite set. A k-simplex in the product [[; A[l], i.e., a tuple (0;)icr €
I1; A([k], [1]), is non-degenerate if and only if A™([k], [1]) € {o; | i € I}.

Proof. A non-constant map o: [k] — [1] is uniquely determined by an integer 0 < ¢ < k such that o(i) =0
for 0 <i<{land o(i) =1 for £ +1 < i < k. In other words, it is uniquely determined by an integer
0 < £ < k such that o(f) # o(€ 4+ 1). We denote the map associated to 0 < £ < k by py: [k] — [1], and so
we have A" ([k],[1]) = {p¢ | 0 < ¢ < k}.

Now, by definition, a k-simplex in [[; A[1], i.e., a tuple (03)icr € [[; A([K],[1]), is degenerate if and
only if there is 0 < ¢ < k and (0})icr € [[; A([k — 1],[1]) with seo} = oy, i.e., 0;({) = o3(£ + 1) for all
i € I. Hence, by negation, we get that (0;)icr € [[; A([£],[1]) is non-degenerate if and only if, for all
0 < ¢ < k, there exists an ¢ € I such that 0;(¢) # 0;(£ + 1). By the above arguments, this is equivalent
to saying that, for all 0 < ¢ < k, there exists an ¢ € I such that o; = p;,. Hence, this proves that
AM([K][]) ={pe [0 <t <k} CH{oi[1 €T} O

Notation 5.3.8. Let m > 1 and k£ > 0. For (I, S") € Cube,,, we define subsets of [, A™([£], [1])

Ne(I') = A{(mi)ier € I Am((k], 1) | AM((K], [1]) S {7 [ i € I'}},

Dy (I') = (T, A™([K], 1)) \ Ne(1").

With these notations, we denote by (N;,)x and (D,,)s, the sub-presheaves of (F,,)x in Set€“bem given by
(N = T (17 s1ecuven, Ln 1) Cubenm (I, 8"), =),
D)k = H(I’,S')ECubem HDk(I,) Cube,, ((I',5"),—).

We also write (Hu)x(I,S9) (resp. (Hm)i(I,S)9 for the subsets of non-degenerate (resp. degenerate)
k’—SimphCQS of H'm(17 S) = HI A[l]
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We show that (M) splits as non-degenerate and degenerate simplices as follows.

Proposition 5.3.9. Let m > 1 and k > 0. Then there is an isomorphism in SetCubem

(Hm)k = (Nm)k Il (Dm)k7
and, at every object (I,S) in Cube,,, it restricts to isomorphisms
(Ho)i (I, 8)™ = (N k(1,S)  and  (Hom)r(I,8)%8 = (D,,)i(1, S).

Remark 5.3.10. Using Proposition 5.3.3 and the fact that, by definition, for every (I’,S’) € Cube,,, we have
1, A([k], [1]) = Ng(I") I Dy(I"), there are isomorphisms in Set®“vem

Recall that the first natural isomorphism has component at an object (I,S) € Cube, the map
ai,sy: (Hm)e(l,S) = (Fm)k(I,S) from Construction 5.3.5 with inverse f(; g) from Construction 5.3.6,
and note that the second isomorphism is just a re-ordering of the coproduct.

Lemma 5.3.11. Let m > 1 and k > 0. Given an object (I,S) in Cube,, the inverse assignments
sy (Hm)k(1,8) = (Fn)r(1,S) and  B,sy: (Fm)el,S) = (Hm)r(L,S)
restrict to assignments
a,sy: (Hm)k(1,9)" = (Nm)e(I,S)  and  Br,s): (Nom)e(I,8) = (Ham ) (1, S)™.

Proof. This is straightforward from the definition of (A,,)r and the characterization of non-degenerate
k-simplices of [[; A[1] from Lemma 5.3.7. O

Proof of Proposition 5.3.9. By Remark 5.3.10, we have an isomorphism (H,)r & (Nn)i LI (Dpy)k, which,
at every object (I,S) € Cubey,, restricts by Lemma 5.3.11 to an isomorphism

(Hm)i (1, 9)™ 2= (Nip)i (1, S).
Hence, it also restricts at every object (I,5) € Cube,, to an isomorphism

(Hm)i(1,8)%8 2 (D )i(L, S).
This shows the desired result. O

Finally, by Propositions 5.3.3 and 5.3.9, the functor H,, satisfies the condition of Theorem 5.3.1, and so
we get the following.

Theorem 5.3.12. Let m > 1. The functor H,,: Cube,, — sSet .. o, is projectively cofibrant.
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