Some Investigations on the
Ephemerides of the Babylonian
Moon Texts, System A
by
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In the Babylonian lunar theory, system A, a series of variable time
intervals were recorded: time intervals as 1, 6 and 12 synodic months.
These time intervals depend on the velocities of both sun and moon.
In the Babylonian approach they were calculated as a sum of two
terms: one depending only on the lunar velocity and the other only
depending on the solar anomaly.

In the present work we demonstrate how using the modern
ephemerides one can separate these time differences in a good ap-
proximation into two such terms. By comparing those with the ones in
the Babylonian tables, we can then check the Babylonian approach. In
this approach the terms stemming from the moon anomaly are all
calculated from column ®. This column is normally interpreted as the
lunar contribution to the duration of a Saros:

1 Saros = 6585 days + @,

the velocity of the sun is assumed to be 30°/month. A supposed sec-
ond term taking the solar anomaly into account has not been found in
the Babylonian texts.

Our analysis of the time intervals gives the following results: In case
of 1, 6 and 12 synodic months, the lunar term is the dominating one,
the solar term just being a smaller correction. But in case of the Saros,
the solar term is important while the lunar term plays a minor role.
This throws doubt on the previous interpretation of column ®.

* Am Miihigraben 1, D-8403 Matting, W-Germany.
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The Babylonians were among others concerned with some astronomi-
cal quantities q(v¢, vp) which depend on the irregularities in the
movements of moon and sun. The duration of the synodic month can
be mentioned as an example. According to system A (we are here
using the terminology of A.C.T. [1]), this variable time interval was
calculated as the sum of two independent contributions: one depend-
ing only on the variable moon velocity and the other only depending
on the variable sun velocity. This method of separating the influence
of the sun and moon anomalies into two additive terms was used by
the Babylonians also in calculations of other interesting time intervals.

In the present work we will demonstrate a method to find out how
quantities of the above mentioned type, q(v¢, vs), depend on the
lunar and solar anomalies. In this connection, we will shortly recall
some of the properties calculated in the ephemerides of the moon,
system A, mentioning only the columns of interest for the present
investigation and stating their traditional interpretations (i.e. the in-
terpretations that are offered in A.C.T. [1] and Neugebauer [2]).

Column T: Dates (i.e. year and month) of successive new moons (or
full moons; we will here concentrate on the new moon texts).

Column ®: Under the assumption of a constant velocity of the sun
of 30°/month, the length of a Saros is [3]:

223 synodic months = 1 Saros = 6585¢ + ®. (D

(@ is measured in units of large hours, where 1¢ = 6" (large hours) =
6,0° (time degrees).)

Column B: Longitude of the moon at conjunction with the sun.
(Hence the difference column to column B can be understood as the
velocity function of the sun: v, given in °/synodic months. Its period,
equal to 12;22,8 synodic months, we will call £ .)

Column F: The moon velocity in units of °/day. But since v¢ is only
tabulated once each synodic month (namely at mean conjunction), the
period Pr of this function equals P; = p,/(1-p,) = 13;56,40 synodic
months, see ref. [2], p. 476. Here p, is the anomalistic month meas-
ured in units of synodic months.

Column G: 29 + G is the length of the synodic month in the first
approximation, where only the variation of the moon velocity is taken
into account.
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Column J: Correction of column G stemming from the variation of
the solar velocity.

We recall that the periods P4, Pg, and Py of the three functions @,
G and F are identical, and that function G is derived from ® and not,
as one could suspect, from function F (which represents the lunar
velocity).

In the recent years, some other functions of the same type as G
(with corrections of type J) have been found and identified in Babylo-
nian sources. (The understanding of these functions is mainly due to
the work of Aaboe [4-6].) Starting out with function ®, the three
functions G, W and A are derived such that

1 synodic month = 29¢ + GH
-« 6 synodic months = 1774 + W¥ (2)
12 synodic months = 354¢ + AH.

As in the case with @, the functions G, W and A take only the ano-
maly of the moon into account. The relations (2) are thus only valid on
the “fast arc” of the ecliptic where the velocity of the sun is constant
and equal to 30°/synodic month. Parallel to the correction J, correc-
tions Z and Y are applied on the “slow arc” of the ecliptic such that
177¢ + WH + Z¥ = 6 synodic months, while 354¢ + A" + Y# = 12
synodic months [5,6]. We see how these time intervals are calculated
as the sum of two terms, one depending on the variable moon velocity
and the other depending on the variable sun velocity only. We will
now try to demonstrate how one can separate the influence of the sun
and moon velocity variations on such functions g(v¢, ve). As to the
duration of the synodic month, At, and the length of the synodic arc,
A (i.e. the difference in longitude between consecutive new moons),
an old well-known method can give us an idea of their dependence
upon v¢ and vy {7].

We consider two geometric models in which (for the sake of
simplicity) the sun and the moon are assumed to move in circles, the
centre of which is the earth:

Model ¢: The velocity of the moon is variable whereas the velocity of
the sun is constant.

Model e: The velocity of the sun is variable whereas the velocity of the
moon is constant.
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Knowing the maximal, minimal and mean velocities of moon and sun,
we can now with model ¢ calculate the variation of Ar and AA due to
the variation of v¢. Results:

O¢(At) = At (max) — At (min) = 0.41 days
8(A)) = AM (max) — A\ (min) = 0.4°.

Similarly using model o, we get the variation of Ar and A due to the
variable sun velocity vp:

do(At) = At (max) — At (min) = 0.17 days
do(AN) = Ar(max) — AA(min) = 2.2°.

From these results we can conclude that the irregularity of the sun
movement is mainly determining the variation of AA. As to At, both
v¢ and vy have quite an influence on its variation. Still, v¢ has the
largest influence on the function At.

This method gives only a rough qualitative estimate of the depend-
ence of At and AA onv, and ve. It can only be used for these particu-
lar functions and not e.g. for the duration of 12 synodic months or a
Saros. Therefore, we will now demonstrate another method to deter-
mine the dependence of a function of the type q(v¢, Vo) onv¢ and ve.
To this purpose, we will introduce a new terminology. Let the times of
consecutive new moons (i.e. conjunctions of sun and moon) be

fo by by .. (3)
and the longitude of consecutive new moons be

Mo, A1, Mg, ... 4)
These quantities can be found by means of Goldstine’s tables for new

and full moons [8].
From the ¢ and A\; we define

A"t =t—t, ie{0,1,...) (5)
AN =M—-MN, ne{l,2,...} (6)
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Figure 1: A', A"\ and A*?% plotted as functions of the lunation number.

A’t; is thus the total duration of n consecutive synodic months and
A"\, the length of the ecliptic arc covered by the sun during this time.
For a fixed n, {A™} shall denote the sequence {A"ty, A™t,, . ..}.

If we now plot A't; and A\, as functions of the number i of the
lunation, we find an interesting result which is shown in figure 1. The
curves A't and A'A show a typical “beating” pattern, which results
from a superposition of two periodic functions with slightly different
periods. The curves oscillate rapidly with slowly varying amplitudes.
Let us call these amplitudes (i.e. the differences between the two
envelopes of the curves Al and A*A) F1 (¢) and F1()), respectively. We
remark that they both seem to have the same period D~=109.5 synodic
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months. This we suspect to be the time of one revolution of the apside
line in the ecliptic. (This is indeed the case, as shall be shown later.)
Furthermore we see how A't and A"\ oscillate with variable periods. If
we, however, abstract from this variation of the periods and calculate
the mean period (of the rapid oscillations), taken over one large
period D, we find an interesting result: The mean period of A't is
equal to 13.94 synodic months (=Fr), while the mean period of A"\ is
equal to 12.37 synodic months (=Fg ).

We shall now try to understand why this is so and extract some more
information from figure 1. The curves A't and A"A reminded us of the
sum of two periodic functions, say sine .functions. Let us therefore
briefly examine the behaviour of such a sum:

glt) = —‘%— sin at + —123— sin . (7N
In the simplest case, where A = B, we get:
go(t) = A sin ((%'_ﬁ)t cos (Ol_g__ﬁ)t. (8)

The graph of such a function go(¢) is shown in the central part of figure
2. The typical pattern of the curve g, is immediately recognized from
eq. (8) if a is not too different from f: It is a product of a sine function
with a small period P, and a cosine function with a long period P;
given by

1 _3@+P)_, (i L)

Po  2n P\p. TP ©)
_1_=11"(G—B)=1/2 i__l_’

P] 2J17 PCL P

The section of the enveloping cosine from one zero to the next we will
call one period (or one section) of the envelope. Its length, D, is of
course equal to Y2 Py, i.e. half the period of the cosine in eq. (8):

1 1 1

= — - = 10

D P, Pg ’ (10)

The period of the rapid oscillations is constant and equal to P,. In the
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Figure 2: G ph of fun of the yp e g(t) of eq. (7).
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P, = 2m/a PO 12; 228 syno d months,

Pg = 2n/B = P = 13;56,40 synodic montbhs.

In the middle graph, g,: A/2 = B/2 = 1.2.

Forg,: A>B, here A/2 = 1.4,B/2 = 1.

Forgq: A<B, here A/2 =1,B/2 = 14.
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case of A # B, g(t) shows a slightly different pattern, see figure 2
(g,(t) for A>B and g,1(¢) for A<B.).

We notice that in these cases, the function g(f) oscillates rapidly
with a variable period while the period of the envelope is the same as
in go(?), namely D.

We will now point at three characteristics of the function g(t) eq.
(7), which are important for our understanding of A't and Al)» and
which will be proved in detail in the appendix.

I) If A>B, the rapid and irregular oscillations of g,(t) will be such
that their mean period, taken over one period D of the envelope,
equals exactly P,, i.e. the period of sin at. (And, of course, corre-
spondingly for the case A<B.)

IT) The amplitudes of g(¢) vary between the limits of ¥ = A + B and
v = |A - B|.

III) If the periods P, = 2m/a and Py = 2m/B of the sine functions in
eq. (7) are chosen as P, = 12.37 synodic months and P = 13.94
synodic months, the period D of the envelopes will be exactly equal to
T, the time of revolution of the moon’s apside line in the ecliptic.

We now can, of course, turn the argument around: Suppose a func-
tion f(t) is known by its graph which shows a typical beating pattern.
One can then, in a reasonably good approximation, write f(¢) as a sum
of two sine functions as in eq. (7). The four parameters A, B, a and 8
can then be uniquely determined from the graph: The length D of one
section of the envelopes can be directly measured. The mean period of
the oscillation of f(f), taken over one period D, can be deduced from
the graph, too, by simple counting. It equals the period of the
dominating term (corresponding to the larger of the amplitudes A and
B), say P,. From (10) one then calculates Pg. Finally, from the
amplitude of the envelopes (measuring V and v from the graph), the
amplitudes A and B themselves are determined from the rule II
above.

We will now apply this method to the curves A't and A\ in fig. 1. By
comparing them with the curves on fig. 2, one can conclude that A't
and A\ in a good approximation can be written as functions of the
type (7) (apart from an additive constant given by their mean values).
We have already remarked that the mean rapid period of A't equals
P, while that of A’A is P,. We also stated above that the period D of
their envelopes equals the revolution time of the apside line in the
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ecliptic. We now understand that this is so because both Alt and A*A
are results of a superposition of two periodic functions with periods P
and By, respectively. In the case of A"z, the term with the period P, is
the dominating one, while for A'A, the term with the period P, domi-
nates. The amplitudes A and B of the oscillations in each curve we
interpret as the variations of A't and A\, caused by the sun and the
moon. We therefore call them 8o(A%) and 8¢ (A'%), do(A™), and
3¢ (A'A) respectively. As we have demonstrated, they can be found
from figure 1. The results are:

8¢ (Alf) = 900 do(AY) = 415
8¢ (A\) = 0°38 So(A™h) = 2918

It is appropriate to compare these values with the corresponding val-
ues calculated with the geometric models ¢ and o. We repeat those
results:

8¢ (Ar) = 0741 = 98 do(Af) = 0917 = 4%1
8¢ (AL) = 0°4 - So(AN) = 222

Knowing that the geometric models only give a rough estimate, we can
say that the agreement is excellent. The graphic analysis gives much
more information and in addition, it has the advantage of being more
precise and generally applicable.

Encouraged by these results, we will now go on to investigate other
functions using the same graphic method. Inspired by the Babylonian
columns W (+Z), A (+Y) and &, we have, using Goldstine’s tables
[8], calculated the following sequences: {A%}, {A'*t} and {A%*%}. In
figure 1, we show the graph of A??%; the others are similar to A in
fig. 1. A remarkable result for all these sequences is, that the
amplitudes vary with the same period of 109.5 synodic months, which
is the revolution time of the moon’s apside line in the ecliptic. Furth-
ermore, in all cases the mean period of the rapid oscillations equals
within an uncertainty of & 0.02 to either Py = 12.37 synodic months
or P¢ = 13.94 synodic months. This justifies the approach of writing
each of these functions as a sum of two contributions, one with the
period P, of vp, and the other with the period P¢. We further notice
that A"\ and A**% [sic/] have the same mean period, namely P, while
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A't, A% and A"t all have the longer mean period P . Hence, we can
conclude that A*?% as well as A'A mainly depend on the sun, the moon
playing only a minor role, while A° and A'’t as A't mostly depend on
v¢ . This means that our function A*?**t and the Babylonian ® do not
alternate with the same (mean) period (column @ being in phase with
column F).

From what we have seen so far, it follows that 1 Saros approxi-
mately can be written as a constant plus two terms:

1 Saros = A??% = const. + Ag + By,

where Ap is the dominating term. According to the traditional in-
terpretation, however, column ® then states the less important term,
i.e. the correction By . This raises an important question: Which kind of
observation can have led the Babylonians to the function ®? — It is
hard to imagine. This may throw a little doubt on the previous in-
terpretations of column ®. A new interpretation, connecting column
® more directly to the anomalistic month, would be much preferable.
Remembering, that column F (i.e. the lunar velocity) as well as col-
umn G both are derived from column @, one should try to explain &
as an astronomical quantity which the Babylonians could observe di-
rectly — and which contains information on the lunar velocity.

We have justified the approach of writing all the functions A%, men-
tioned above, as sums of constants plus two periodic terms:

o A, (2w B, . (_22)

AtﬁC,-+Ts1n (Po t) + = sin P, t
The amplitudes A; and B; can, as we have demonstrated above, be
found from the graphs of At. The constant C; is of course easily deter-

mined as the mean value of A% In the following we state the results of
this investigation:

4 Centaurus XXIV
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B A C
The variation due The variation due Constant:
" to the anomaly of to the anomaly of mean value
the moon the sun of Al
AY 9"00 410 29%12"44
At 37%51 16%28 1774 424
A 16"31 145 3547 849

APy ©os7 137 658597142

The Babylonian approach was also to calculate these time intervals as
a constant plus the sum of two independent contributions, one de-
pending on'v¢ and the other depending on vg. For comparison, we
have below stated the amplitudes of those terms:

amp. G: 8"64  amp. J: 3%48
amp. W:  37"48  amp.Z: 22722
amp. A: 17" amp. Y: 1724

We see that the agreement is quite good.

In case of @ we get an interesting result: The amplitude of the
zig-zag function @ is 0719,17 =~ 1"17 which is far too much compared
to B = 0"57. If we, however, look at the truncated ®, the function
which was first postulated by van der Waerden [3] (p. 148 ff.) and
later indeed found by Aaboe [4] (p. 6 ff.), the agreement is much
better: ® was truncated by 2713,20 and 1%58,31,6,40 which results in
an amplitude of =~ 014,49 = (0"59. (This seems to support the com-
mon interpretation of column &.)

At this point we mention a difference between our and the Babylo-
nian approach. In our splitting up A7 we use a constant C; plus two
oscillating terms, the mean value of which is zero (i.e. the mean value
of At equals C,). The Babylonians, however, split up these time inter-
vals into two oscillating terms plus a constant which always equals an
integer number of days, and therefore is slightly different from the
mean value of At. To compensate for this, they must use oscillating
terms with a mean value different from zero. Indeed, they are chosen
such that the sum of their mean values plus the constant (the number
of whole days) approximate the correct mean value quite well. An
example:
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(AY) = 29953059 = 29¢ + 12%44
29 + uG + pJ = 29¢ + 1432 — 1%45,16 = 29 + 1247.

In the case of 1 Saros = A*** one has in the texts only found the term
@ which corrects for the variable moon velocity, and no second term
which could take vy into account. Aaboe [5] (pp. 11-15) remarked
that 6585 days + e does not approximate (A?*%) well. He therefore
constructed (parallel to the termsJ, Z and Y) such a second oscillating
term S, so that 6585% + ug + u, equals {(A??). This S is then the
correction to ® taking the variable sun velocity into account, and its
amplitude is bigger than that of ®. This is in complete agreement with
our conclusions.

Appendix.
Proof of 1, II and III.

We are concerned with functions of type

g) = -‘;‘— sin af + % sin Pt )
In the simplest case where A =B, the function g(¢) can be written as
go(t) = A sin (%ﬁ) t cos ((l'zip—))t 8)

It has already been remarked that this function oscillates with the

period
2n

P, 0o - G,T[;
2
)
1_1 ( 1,1 )
while the amplitudes of g, vary periodically with the period D given by

P, P, (10)

4*
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If A # B we use the following identity

2 2
p= 9B _ of
2 2

to transform (7) into:

0= (455) s (238) s 55

+ (%) cos (9—;—6—) t - sin (%ﬁ—) t (11)

Hence we have written g as the sum of two functions g; and g, of the
type go discussed above. The rapid oscillation of g; and g,

(A48 in (S8 ) g (AB) cos (928

2 2 2 2

have the same period, namely P,; but they are out of phase by + or —
n/2 (depending upon A>B or A<B). The envelopes are also out of
phase: at the times ¢t = n'D, n = 0,1,2 ... the difference of the en-
velopes of g, is maximal, namely A +B while that of g, is zero and to
the times ¢t = Y2 D+nD, the difference of the envelopes of g; is zero
and the difference of the envelopes of g, is maximal, namely |[A-B|.

Knowing this, it is easy to convince oneself of II: The amplitude of
g(r) will vary with the period D between the limits v = |[A-B| and V =
A + B

Also, we see that if A>B, then g,(¢) will over the period D have
fulfilled exactly 1/2 oscillation more than the function

sin (#) t,

which on the other hand will have fulfilled exactly 1/2 oscillation more
than a function g,(t) with A<B. From (9) and (11) we get:
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_ P(l-I)ﬁ _ l _ . _ 1
D= ————PB_PQ—Pu(R+2)—POR—PB(—5) - (2)

where

R = P,+Pg — Py _
2(PeP,) PP,

1
2

R is the number of oscillations fulfilled by sin atf t
( y 5

during the time D. It is, of course, an irrational number in most cases.)
We see now from (12) that g,(¢) has fulfilled exactly as many
oscillations as sin af during the time D, namely R + Y2. Or with other
words: If A>B, the rapid and irregular oscillations of g,(¢) will be such
that its mean period (taken over one period D of the envelopes)
exactly equals P, Similarly: If A<B, the mean period of g,(t) is
exactly equal to Pg. This proves L

Proof of III: Let p, be the duration of the anomalistic month and p,
the duration of the tropic month. A simple reasoning will show that
the revolution time 7T of the apside line in the ecliptic is

e T (13)

However, the time periods with which we are concerned, are Fy, the
tropical year measured in synodic months, and P¢ = P which is the
period of the function tabulating the lunar velocity each mean con-
junction (of ¢ and o). Let us assume p, and p, to be given in units of
synodic months. We then have the following relation (see, e.g. [2],
Vol. I, pp. 476 and 375):

=5 =1 (14)
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Furthermore, ‘
1_1_ (15)

which can be demonstrated by use of period relations: Let A, B and C
be integers so that (in a good approximation)

A tropic months = B synodic months = C tropic years.

Then A = B + C. But B, the length of the tropic year measured in
units of synodic months, is B/C, while p, = B/A. Using this, one easily
gets (15).

Combining (13), (14) and (15) we get

1_1 1 (16)

F, and Pg by P, we get: 1/D = 1/T.

But this means that for a function g(t) where P, = R, and P, = F,
the period D of the envelopes will be exactly 7, the revolution time of
the apside line. g.e.d.
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