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Abstract
Let X → C be a flat k-morphism between smooth integral varieties over a finitely generated
field k such that the generic fiber X is smooth, projective and geometrically connected.
Assuming that C is a curve with function field K , we build a relation between the Tate-
Shafarevich group of Pic0X/K and the geometric Brauer groups of X and X , generalizing a
theorem of Artin and Grothendieck for fibered surfaces to higher relative dimensions.
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1 Introduction

For any regular noetherian scheme X , the cohomological Brauer group Br(X) is defined to
be the étale cohomology group H2

et(X ,Gm).
Let C be the spectrum of the ring of integers in a number field or a smooth projective geo-

metrically connected curve over a finite field with function field K . LetX be a 2-dimensional
regular scheme and π : X −→ C be a proper flat morphism such that the generic fiber X of
π is smooth and geometrically connected over K . Artin and Grothendieck (cf. [18, § 4] or
[42, Prop. 5.3]) proved that there is an isomorphism

X(Pic0X/K ) ∼= Br(X )

up to finite groups. Assuming the finiteness of X(Pic0X/K ) or Br(X ), Gordon [17], Milne
[28], Gonzales-Aviles [16], Liu-Lorenzini-Raynaud [24, 25], Geisser [14] and Lichtenbaum-
Ramachandran-Suzuki [21] gave a precise relation between their orders.

In this paper, we will generalize the above result of Artin and Grothendieck to fibrations
of higher relative dimensions over arbitrary finitely generated fields. As an application, we
give a simpler proof of Geisser’s Theorem 1.1 in [15] and reprove the reduction theorem of
the Tate conjecture to prime fields due to André [2] and Ambrosi [1].
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1.1 Main results

For any field k, denote by ks the separable closure. Denote by Gk = Gal(ks/k) the absolute
Galois group of k. For a torsion abelian groupM and a prime number p, let M(non-p) denote
the subgroup of elements of order prime to p. We also define M(non-p) := M for p = 0.
For two abelian groups M and N , we say that they are almost isomorphic if there exists a
subquotient M1/M0 of M (resp. N1/N0 of N ) such that M0 (resp. N0) and M/M1 (resp.
N/N1) are finite and M1/M0 ∼= N1/N0. Let f : M → N be a homomorphism with a finite
cokernel and a kernel almost isomorphic to an abelian group H , in this situation, we say that
the sequence 0 → H → M → N → 0 is exact up to finite groups.

Theorem 1.1 Let k be a finitely generated field of characteristic p ≥ 0. Let X be a smooth
geometrically connected variety over k andC be a smooth projective geometrically connected
curve over k with function field K . Let π : X −→ C be a flat k-morphism such that the
generic fiber X is smooth projective geometrically connected over K . Let K ′ denote Kks

and write P for Pic0X/K ,red. Define

XK ′(P) := Ker(H1(K ′, P) −→
∏

v∈|Cks |
H1(Ksh

v , P)),

where |Cks | denotes the set of closed points in Cks and K sh
v denotes the fraction field of a

strictly henselian local ring of Cks at v. Then there is an exact sequence up to finite groups

0 → XK ′(P)Gk (non-p) → Br(Xks )
Gk (non-p) → Br(XKs )GK (non-p) → 0.

In the case that k is a finite field of characteristic p andX is projective over k, the above result
gives a generalization (up to p-torsion) of Artin-Grothendieck’s theorem to higher relative
dimensions in positive characteristics:

Corollary 1.2 Let π : X −→ C be a proper flat k-morphism, where C is a smooth projective
geometrically connected curve over a finite field k of characteristic p with function field K .
Assuming thatX is smooth projective over k and the generic fiber X of π is smooth projective
geometrically connected over K , then there is an exact sequence up to finite groups

0 → X(Pic0X/K ,red)(non-p) → Br(X )(non-p) → Br(XKs )GK (non-p) → 0.

In Theorem 1.1, when k is finite, the canonical mapsX(P)(non-p) → XK ′(P)Gk (non-p)
and Br(X ) → Br(Xks )

Gk have finite kernels and cokernels (cf. Proposition 2.5 and [43, Cor.
1.4]). Thus, Corollary 1.2 follows from Theorem 1.1.

Remark 1.3 Two natural questions not pursued in our Theorem 1.1 and Corollary 1.2 are

• the relation between p-primary part of those groups in characteristic p > 0 and
• formulas which express the discrepancy in the exact sequence.

For the first question, one may ask if the p-primary torsion of Br(XKs )GK is still the obstruc-
tion of the Tate conjecture for divisors. D’Addezio [10] proved that for an abelian variety
A/K , the p-primary torsion of Br(AKs )GK is of finite exponent. To address the p-torsion, one
must delve into the flat cohomology of X over an imperfect field. Establishing connections
between flat cohomology over an imperfect field and crystalline or rigid cohomology poses
a challenge. Thus, our existing approach cannot be extended to encompass the p-torsion
scenario. For the second question, one may ask for an explicit bound for the cokernel of
Br(X) → Br(XKs )GK . In this direction, Colliot-Thélène and Skorobogatov [8, Thm. 2.2]
gave interesting bounds for the cokernel of Br(X) → Br(XKs )GK for some specific varieties
over number fields.
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1.2 Applications

Let us first recall the Tate conjecture for divisors over finitely generated fields.

Conjecture 1.4 (Conjecture T 1(X , �))Let X be a projective and smooth variety over a finitely
generated field k of characteristic p ≥ 0, and � �= p be a prime number. Then the cycle class
map

Pic(X) ⊗Z Q� −→ H2
et(Xks ,Q�(1))

Gk

is surjective.

The conjecture is proved for abelian varieties by Tate [41] (over finite fields), Zarhin [45,
46] (over positive characteristics) and Faltings [11, 12] (over characteristic zero), for K3
surfaces over characteristic zero by André [3] and Tankeev [36, 37], for K3 surfaces over
positive characteristics by Nygaard [31], Nygaard-Ogus [32], Artin-Swinnerton-Dyer [4],
Maulik [27], Charles [6] and Madapusi-Pera [26].

By a well-known result (cf. [34, Prop. 2.5] or [43, Thm. 1.2] ), T 1(X , �) is equivalent to
the finiteness of Br(Xks )

Gk (�). Thus, Corollary 1.2 implies the following Theorem of Geisser
[15]:

Corollary 1.5 Notations as inCorollary 1.2. Let � �= p be a prime, then T 1(X , �) is equivalent
to the finiteness ofX(Pic0X/K ,red)(�) and T 1(X , �).

Remark 1.6 Geisser [15] first studied fibrations of higher relative dimensions over finite
fields by using étale motivic cohomology theory. He proved Corollary 1.5 (cf. [15, Thm.
1.1]) and gave a precise relation between the orders of the Tate-Shafarevich group of the
Albanese variety of the generic fiber and the Brauer group of X (cf. [15, Thm. 1.2]) under
the assumption of the finiteness of Br(X ). For fibrations over the spectrum of the ring of
integers in a number field of relative dimension > 1, the above question was first studied by
Tankeev (cf. [38–40]). In [33], we will prove a version of Corollary 1.2 over the spectrum of
the ring of integers in a number field.

Since Brauer groups are the obstruction of the Tate conjecture for divisors, in combination
with a spreading out argument, Theorem 1.1 will imply the following reduction theorem of
the Tate conjecture due to André [2] and Ambrosi [1]:

Theorem 1.7 Let k be a prime field and K be a finitely generated field over k. Let � be a prime
different from char(k). Assuming that T 1(X , �) is true for all smooth projective varieties X
over k, then T 1(X , �) holds for all smooth projective varieties X over K .

Remark 1.8 T 1(X , �) for smooth projective varieties over finite fields has been reduced to
T 1(X , �) for smooth projective surfaces X over finite fields with H1(X ,OX ) = 0 by the
work of A.J. de Jong (unpublished), Morrow [30, Thm. 4.3] and Yuan [44, Thm. 1.6]. In [20],
Kahn proved that Tate conjecture in codimension 1 over a finitely generated field follows
from the same conjecture for surfaces over its prime subfield.

In [34], Skorobogatov and Zarhin conjectured that Br(Xks )
Gk is finite for any smooth

projective variety X over a finitely generated field k. In [34, 35], they proved the finiteness of
Br(Xks )

Gk (non-p) for abelian varieties and K3 surfaces(char(k) �= 2). By our Theorem 1.1,
we reduce the question about the finiteness of Br(Xks )

Gk (non-p) to the question over prime
fields:
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Theorem 1.9 Let k be a prime field and K be a field finitely generated over k. Then the
following statements are true.

• If k = Q and Br(Xks )
Gk is finite for any smooth projective variety X over k, then

Br(XKs )GK is finite for any smooth projective variety X over K .
• If k = Fp and the Tate conjecture for divisors holds for any smooth projective variety

over k, then Br(XKs )GK (non-p) is finite for any smooth projective variety X over K .

1.3 Sketch of the proof of Theorem 1.1

For the proof of Theorem 1.1, the left exactness will follow from Grothendieck’s argument
in [18, § 4]. The tricky part is to show that the natural map

Br(Xks )
Gk (non-p) −→ Br(XKs )GK (non-p)

has a finite cokernel. The key idea is to use a pull-back trick developed by Colliot-Thélène
and Skorobogatov (cf. [8] or [43] ) to reduce it to cases of relative dimension 1. Choose an
open dense subset U ⊆ C such that π−1(U ) −→ U is smooth and proper. Write V for
π−1(U ). By purity for Brauer groups, the natural map

Br(Xks )
Gk (non-p) −→ Br(Vks )

Gk (non-p)

is injective and has a finite cokernel. It suffices to show that

Br(V)(non-p) −→ Br(XKs )GK (non-p)

has a finite cokernel. For simplicity, we assume that X(K ) is not empty. By the spectral
sequence

E p,q
2 = H p(U , Rqπ∗Gm) ⇒ H p+q(V,Gm),

we get an exact sequence

H2(V,Gm) −→ H0(U , R2π∗Gm)
d0,22−→ H2(U , R1π∗Gm).

And we will show there is a canonical isomorphism

H0(U , R2π∗Gm)(non-p) ∼= Br(XKs )GK (non-p).

So the question is reduced to show the vanishing of d0,22 . In the case of relative dimension
1, this is obvious since R2π∗Gm = 0 by Artin’s theorem [18, Cor. 3.2]. In general, taking a
smooth projective curve Y ⊆ X , then spreading out, we get a relative curve π ′ : Y −→ C
and a C-morphism Y −→ X . This gives a commutative diagram

H0(U , R2π∗Gm) H2(U , R1π∗Gm)

H0(U , R2π ′∗Gm) H2(U , R1π ′∗Gm)

We hope that the second column is injective. In fact, we need finitely many π i : Yi −→ C
such that the induced morphism of abelian sheaves

R1π∗Gm −→
⊕

i

R1π i∗Gm
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is split up to abelian sheaves of finite exponent. The splitting implies that the natural map

H2(U , R1π∗Gm) −→
⊕

i

H2(U , R1π i∗Gm)

has a kernel of finite exponent. It follows that d0,22 has an image of finite exponent. This
shows that the cokernel of the natural map at the beginning is of finite exponent. Since the
groups are cofinitely generated (cf. §2.3), this property of finite exponent translates to finite
cokernel.

To get this splitness, we will choose Yi as the complete intersection of very ample divisors
on X such that there exists an abelian variety A/K and a GK -equivariant map

Pic(XKs ) × A(Ks) −→
⊕

i

Pic(Yi,Ks )

with finite kernel and cokernel (cf. [43, §3.3, p17]).

Notations

By a finitely generated field, we mean a field which is finitely generated over a prime field.
By a variety over a field k, we mean a scheme which is separated and of finite type over k.
A morphism between varieties over k is a k-morphism. For a smooth proper geometrically
connected variety X over a field k, we use Pic0X/k to denote the identity component of the

Picard scheme PicX/k . Denote by Pic0X/k,red the underlying reduced closed subscheme of

Pic0X/k . The default sheaves and cohomology over schemes are with respect to the small étale

site. So Hi is the abbreviation of Hi
et. For any abelian group M , integerm and prime �, we set

M[m] = {x ∈ M |mx = 0}, Mtor =
⋃

m≥1

M[m], M(�) =
⋃

n≥1

M[�n].

2 Preliminary results

2.1 The Galois invariant parts of geometric Brauer groups

In this section, we will show that the Galois invariant part of the geometric Brauer group of
a smooth variety is a birational invariant up to finite groups. This will allow us to shrink the
base of a fibration without changing the question.

The following results in the case of characteristic 0 were proved in [8] (cf. [8, Prop. 6.1
and Thm. 6.2 (iii)]).

Proposition 2.1 Let X be a smooth geometrically connected variety over a finitely generated
field k of characteristic p ≥ 0. Let U ⊆ X be an open dense subset. Then the natural map

Br(Xks )
Gk (non-p) −→ Br(Uks )

Gk (non-p)

is injectie and has a finite cokernel.

Proof The injectivity follows from that Xks is regular and irreducible. To show that the cok-
ernel is finite, we need the lemma below. Let Y denote X −U with reduced scheme structure.
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By purity for Brauer group (cf. [5, Thm. 1.1]), removing a close subset of codimension ≥ 2
will not change the Brauer group. Thus, by shrinking X , we may assume that Y is regular
and of codimension 1 in X . Let � �= p be a prime. By purity for Brauer group (cf. [18, §6]
and [13]), there is a canonical exact sequence

0 −→ Br(Xks )(�) −→ Br(Uks )(�) −→ H1(Yks ,Q�/Z�).

Thus, it suffices to show that the group

H1(Yks ,Q�/Z�)
Gk

is finite and vanishes for all but finitely many �. This follows from the lemma below. �

The following lemma in characteristic 0was proved byColliot-Thélène andSkorobogatov (cf.
[8, Prop. 6.1]). For completeness,wepresent the proof for the cases in arbitrary characteristics,
following their arguments.

Lemma 2.2 Let U be a regular variety over a finitely generated field k. Let � �= char(k) be
a prime. Then

H1(Uks ,Q�/Z�)
Gk

is finite and vanishes for all but finitely many �.

Proof Firstly, we will show that it suffices to prove the claim for smooth varieties over k.
Notice that we can replace k by a finite separable extension. Thus, we may assume that Uks

is irreducible. Let V be an open dense subset of Uks . By semi-purity (cf. [13, §8]),

H1(Uks ,Z/�n) −→ H1(V ,Z/�n)

is injective. We may assume that V is defined over k. Therefore, it suffices to prove the claim
for an open dense subset. SinceUks andUk̄ have the same underlying toplological space, by
shrinking Uks , we may assume that (Uk̄)red is irreducible and smooth over k̄. So there exists
a finite extension l/k such that (Ul)red is irreducible and smooth over l. We may assume
that l/k is purely inseparable. Then ls = l ⊗k ks and Gl = Gk . Let V denote (Ul)red. Thus
Vls = V ×Spec k Spec ks . The k-morphism V −→ U induces a Gk-equivariant isomorphism

H1(Uks ,Z/�n) ∼= H1(Vls ,Z/�n),

so it suffices to prove the claim forV . Thuswemay assume thatU is smooth and geometrically
connected over k.

By above arguments, we can always replace k by a finite extension and shrink U . By de
Jong’s alteration theorem, we may assume that there is a finite flat morphism f : V −→ U
such that V admits a smooth projective geometrically connected compactification over k.
Since the kernel of

H1(Uks ,Z/�n) −→ H1(Vks ,Z/�n)

is killed by the degree of f (cf. [7, Prop. 3.8.4]), it suffices to prove the claim for V . Thus
we may assume thatU is an open subvariety of a smooth projective geometrically connected
variety X over k. Let Yi be irreducible components of X − U of codimension 1. Let Di be
the regular locus of Yi . By extending k to a finite separable extension, we may assume that
Di is geometrically irreducible. By purity, there is a canonical exact sequence

0 −→ H1(Xks ,Z/�n) −→ H1(Uks ,Z/�n) −→
⊕

i

H0(Di,ks ,Z/�n(−1))
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Taking Gk-invariants, we get an exact sequence

0 −→ H1(Xks ,Z/�n)Gk −→ H1(Uks ,Z/�n)Gk −→
⊕

i

H0(Di,ks ,Z/�n(−1))Gk .

It suffices to show that the size of the first and third group are bounded independent of n and
is equal to 1 for all but finitely many �. Since Di,ks is connected, we have

H0(Di,ks ,Z/�n(−1)) = Hom(μ�n ,Z/�n).

By the lemma below, the size of the third group is bounded independent of n and is equal to
1 for all but finitely many �. Since

H1(Xks ,Z/�n) ∼= PicX/K [�n](−1)

and

0 −→ Pic0X/K ,red[�n] −→ PicX/K [�n] −→ NS(Xks )[�n]
is exact, it suffices to show that the size of (Pic0X/K ,red[�n](−1))Gk is bounded independent

of n and is equal to 1 for all but finitely many �. Let A be the dual of Pic0X/K ,red. By the Weil
pairing,

Pic0X/K ,red[�n](−1) ∼= Hom(A[�n],Z/�n).

Taking Gk-invariants, we get

(Pic0X/K ,red[�n](−1))Gk ∼= Hom(A[�n],Z/�n)Gk .

By the lemma below, the claim follows. �

Lemma 2.3 Let A be an abelian variety over a finitely generated field K of characteristic
p ≥ 0. Let � �= p be a prime. Then the sizes of

Hom(A[�n],Z/�n)GK and Hom(μ�n ,Z/�n)GK

are bounded independent of n. Moreover, for all but finitely many �, these two groups vanish
for any n.

Proof We will only prove the claim for the first group, since the second one follows from
the same arguments. Firstly, we assume that K is finite, then we will use a specialization
technique to reduce the general case to the finite field case.

If K is finite, then we have

Hom(A[�n],Z/�n)GK = Hom(A[�n]GK ,Z/�n),

which has the same size as A[�n]GK . Then the claim follows from the finiteness of A(K ).
In general, choose an integral regular scheme S of finite type over SpecZ with function

field K . By Shrinking S, we may assume A/K extends to an abelian scheme A /S. Fix a
closed point s ∈ S. For any � �= char(k(s)), we can shrink S such that � is invertible on S and
s ∈ S. Then the étale sheafA [�n] is a locally constant sheaf of Z/�n-module sinceA [�n] is
finite étale over S. Thus

H om(A [�n],Z/�n)
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is also a locally constant sheaf of Z/�n-module and its stalk at the generic point can be
identified with

Hom(A[�n],Z/�n).

Set F = H om(A [�n],Z/�n), we have

Hom(A[�n],Z/�n)GK = H0(S,F ) ↪→ H0(s,F ).

Since H0(s,F ) = Hom(As[�n],Z/�n)Gk(s) and k(s) is finite, thus the claim holds for
� �= char(k(s)). In the case char(K ) = 0, we can choose another closed point s′ such that
char(k(s′)) �= char(k(s)), then by the same argument, the claimalso holds for � = char(k(s)).
This completes the proof. �


2.2 The Tate-Shafarevich group

In this section, first, we will study a geometric version of the Tate-Shafarevich group for
an abelian variety over a function field with a base field k. Then, we will prove that the
Galois fixed part of the geometric Tate-Shafarevich group is canonically isomorphic to Tate-
Shafarevich group up to finite groups in the case that k is a finite field. The idea is reducing
the question to the relation between arithmetic Brauer groups and geometric Brauer groups
which was studied in [8] (cf. [43]).

Proposition 2.4 Let C be a smooth projective geometrically connected curve defined over a
finitely generated field k of characteristic p ≥ 0. Let K be the function field of C and A be
an abelian variety over K . Denote Kks by K ′. Let U ⊆ C be an open dense subscheme.
Define

XUks (A) := Ker(H1(K ′, A) −→
∏

v∈|Uks |
H1(Ksh

v , A))

Then the natural map

XCks (A)Gk (non-p) −→ XUks (A)Gk (non-p)

is injective and has a cokernel of finite exponent.

Proof By definitions, the injectivity is obvious. It suffices to show that the cokernel is of finite
exponent. Since there exists an abelian variety B/K such that A× B is isogenous to Pic0X/K
for some smooth projective geometrically connected curve X over K (cf. [8, p10]), it suffices
to prove the claim for A = Pic0X/K . Without loss of generality, we may replace k by a finite
extension l/k. This is obvious if l/k is separable. For l/k a purely inseparable extension of
degree pn , the quotient A(Ksls)/A(Ks) is killed by pn . Then H1(K ′, A) −→ H1(Kls, A)

has a kernel and a cokernel killed by pn . It follows that XUks (A) −→ XUls (A) has a
kernel and a cokernel killed by some power of p. By resolution of singularity of surfaces (cf.
[23]), X −→ Spec K admits a proper regular model π : X −→ C . By extending k, we may
assume that X is smooth proper geometrically connected over k. Write V for π−1(U ). By
the Leray spectral sequence

E p,q
2 = H p(Uks , R

qπ∗Gm) ⇒ H p+q(Vks ,Gm),
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we get a long exact sequence

H2(Uks ,Gm) −→ Ker(H2(Vks ,Gm) −→ H0(Uks , R
2π∗Gm))

−→ H1(Uks , R
1π∗Gm) −→ H3(Uks ,Gm).

By [18, Cor. 3.2 and Lem. 3.2.1], R2π∗Gm = 0 and Hi (Uks ,Gm)(non-p) = 0 for i ≥ 2.
Thus, we have a canonical isomoprhism

H2(Vks ,Gm)(non-p) ∼= H1(Uks , R
1π∗Gm)(non-p).

Let j : Spec K ′ −→ Cks be the generic point. By the spectral sequence

H p(Uks , R
q j∗( j∗R1π∗Gm)) ⇒ H p+q(K ′,Pic(XKs )),

we have

H1(Uks , j∗ j∗R1π∗Gm) = Ker(H1(K ′,Pic(XKs )) −→
∏

v∈|Uks |
H1(Ksh

v ,Pic(XKs ))).

Let D be an effective divisor on X with deg(D) > 0. Since the quotient Pic(XKs )/

(Pic0X/K (Ks) ⊕ Z[D]) is finite, the natural map induced by the inclusion Pic0X/K (Ks) −→
Pic(XKs )

XUks (Pic
0
X/K ) −→ H1(Uks , j∗ j∗R1π∗Gm)

has a kernel and a cokernel of finite exponent. Thus, the question is reduced to show that the
natural map

(H1(Cks , j∗ j∗R1π∗Gm)(non-p))Gk −→ (H1(Uks , j∗ j∗R1π∗Gm)(non-p))Gk

has a cokernel of finite exponent. Without loss of generality, we may shrinkU such that π is
smooth on π−1(U ). Then, by Lemma 3.1, the natural map

R1π∗Gm −→ j∗ j∗R1π∗Gm

is an isomorphism on U . It follows that

H2(Vks ,Gm)(non-p) ∼= H1(Uks , R
1π∗Gm)(non-p)

∼= H1(Uks , j∗ j∗R1π∗Gm)(non-p).

Consider the following commutative diagram

Br(Xks )(non-p) H1(Cks , j∗ j∗R1π∗Gm)(non-p)

Br(Vks )(non-p) H1(Uks , j∗ j∗R1π∗Gm)(non-p).

Since the map on the bottom is an isomorphism, it suffices to show that the natural map

Br(Xks )
Gk (non-p) −→ Br(Vks )

Gk (non-p)

has a finite cokernel. This follows from Proposition 2.1. �
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Proposition 2.5 Notations as in the above proposition. Assuming that k is a finite field, define

XK ′(A) := Ker(H1(K ′, A) −→
∏

v∈|Cks |
H1(Ksh

v , A)).

Then the natural map

X(A)(non-p) −→ XK ′(A)Gk (non-p)

has a kernel and a cokernel of finite exponent.

Proof We use the same arguments as in the proof of the previous lemma. It suffices to prove
the claim for A = Pic0Y/K where Y is a smooth projective geometrically connected curve
over k. Y admits a projective regular model Y −→ C . Then we have

Br(Y) ∼= X(Pic0Y/K )

and

Br(Yks ) ∼= XK ′(Pic0Y/K )

up to finite groups. Thus the question is reduced to show that

Br(Y) −→ Br(Yks )
Gk

has a finite kernel and a finite cokernel. This follows from [43, Cor. 1.4]. �


2.3 Cofiniteness of Brauer groups and Tate-Shafarevich groups

Let � be a prime number. Recall that a �-torsion abelian group M is of cofinite type if M[�]
is finite. This is also equivalent to that M can be written as (Q�/Z�)

r ⊕ M0 for some integer
r ≥ 0 and some finite group M0. We also say that a torsion abelian group M is of cofinite
type if M(�) is of cofinite type for all primes �. It is easy to see that a morphism M → N
between abelian groups of cofinite type has a kernel and a cokernel of finite exponent if and
only if the kernel and cokernel are finite.

In the following, we will show the cofinitness of geometric Tate-Shafarevich groups and
geometric Brauer groups defined in previous sections.

Lemma 2.6 The groupXUks (A)(�) defined in the Proposition 2.4 is of cofinite type for any
� �= p.

Proof We may shrink U such that A extends to an abelian scheme A over U . By the exact
sequence

0 −→ A [�] −→ A
�−→ A −→ 0

we get a surjection

H1(Uks ,A [�]) −→ H1(Uks ,A )[�].
Since H1(Uks ,A [�]) is finite, H1(Uks ,A )[�] is also finite. Thus, it suffices to show

H1(Uks ,A ) ∼= XUks (A).

This follows fromA ∼= j∗A, sinceA is aNéronmodel of A overU , where j : Spec K −→ U
is the generic point. �
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Lemma 2.7 Let X be a smooth variety over a separable closed field k of characteristic p ≥ 0.
Let � �= p be a prime. Then Br(X)(�) is of cofinite type.

Proof The Kummer exact sequence

0 −→ μ� −→ Gm
�−→ Gm −→ 0

induces a surjection

H2(X , μ�) −→ Br(X)[�].
Then the claim follows from the finiteness of H2(X , μ�). �


3 Proof of themain theorem

3.1 The left exactness in Theorem 1.1

In this section, we will prove the left exactness of the sequence in Theorem 1.1 by following
Grothendieck’s arguments in [18, §4].

Lemma 3.1 Let U be an irreducible regular scheme of dimension 1 with function field K . Let
π : X −→ U be a smooth proper morphism with a generic fiber geometrically connected
over K . Let j : Spec K −→ U be the generic point of U. Then we have

• (a) the natural map

R1π∗Gm −→ j∗ j∗R1π∗Gm

is an isomorphism,
• (b) the natural map

R2π∗Gm(�) −→ j∗ j∗R2π∗Gm(�)

is an isomorphism for any prime � invertible on U.

Proof It suffices to show that the induced maps on stalks are isomorphism. Thus, we may
assume that U = Spec R where R is a strictly henselian DVR.

Let X denote the generic fiber. Let s ∈ U be the closed point. Then we have

(R1π∗Gm)s̄ = Pic(X ) and ( j∗ j∗R1π∗Gm)s̄ = PicX/K (K ).

SinceXs admits a section s −→ Xs and π is smooth, the section can be extended to a section
U −→ X . Thus X(K ) is not empty. So

PicX/K (K ) = Pic(X).

Since X is regular, the natural map

Pic(X ) −→ Pic(X)

is surjective and has a kernel generated by vertical divisors. It suffices to show that Xs is
connected. This actually follows from π∗OX = OU (cf. [19, Chap. III, Cor. 11.3]). This
proves (a).

Let I denote GK . For (b), the induced map on the stalk at s is

Br(X )(�) −→ Br(XKs )I (�).
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Since π is smooth and proper, we have

H2(X , μ�∞) ∼= H2(XKs , μ�∞) = H2(XKs , μ�∞)I .

Consider

0 Pic(X ) ⊗ Q�/Z� H2(X , μ�∞) Br(X )(�) 0

0 NS(XKs ) ⊗ Q�/Z� H2(XKs , μ�∞) Br(XKs )(�) 0

Since NS(XKs ) ⊗ Q�/Z� is I -invariant and Pic(X ) = Pic(X). It suffices to show that

Pic(X) ⊗ Q�/Z� −→ (NS(XKs ) ⊗ Q�/Z�)
I

is surjective. Write NS(XKs ) f ree for NS(XKs )/NS(XKs )tor. The action of I on NS(XKs )

factors through a finite quotient I ′. Consider the exact sequence

0 −→ (NS(XKs ) f ree)
I ′ ⊗ Z� −→ NS(XKs )I

′ ⊗ Q� −→ (NS(XK̄ ) ⊗ Q�/Z�)
I

−→ H1(I ′,NS(XKs ) f ree ⊗ Z�).

H1(I ′,NS(XKs ) f ree ⊗ Z�) is killed by the order of I ′. Since (NS(XKs ) ⊗ Q�/Z�)
I =

NS(XKs ) ⊗ Q�/Z� is divisible, so the image of the last map is zero. Since

Pic(X) ⊗ Q� −→ NS(XKs )I ⊗ Q�

is surjective (cf. [43, §2.2]), the claim follows. By the Snake Lemma, the natural map

Br(X )(�) −→ Br(XKs )I (�)

is an isomorphism. �

Lemma 3.2 Let U be a smooth geometrically connected curve over a field k of characteristic
p ≥ 0 with function field K . Let π : X −→ U be a smooth proper morphism with a generic
fiber X geometrically connected over K . Let K ′ denote Kks . Define

XUks (PicX/K ) := Ker(H1(K ′,Pic(XKs )) −→
∏

v∈|Uks |
H1(Ksh

v ,Pic(XKs ))).

Then we have a canonical exact sequence

0 → (XUks (PicX/K ))Gk (non-p) → Br(Xks )
Gk (non-p) → Br(XKs )GK (non-p).

Moreover, the natural map

(XUks (Pic
0
X/K ,red))

Gk −→ (XUks (PicX/K ))Gk

has a kernel and cokernel of finite exponent.

Proof We may assume that k = ks . By the Leray spectral sequence

E p,q
2 = H p(U , Rqπ∗Gm) ⇒ H p+q(X ,Gm),

we get a long exact sequence

H2(U ,Gm) −→ Ker(H2(X ,Gm) −→ H0(U , R2π∗Gm))

−→ H1(U , R1π∗Gm) −→ H3(U ,Gm)
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By [18, Lem. 3.2.1], Hi (U ,Gm)(non-p) = 0 for i ≥ 2. Thus, we get a canonical exact
sequence

0 → H1(U , R1π∗Gm)(non-p) → H2(X ,Gm)(non-p) → H0(U , R2π∗Gm)(non-p).

Let j : Spec K −→ U be the generic point. By Lemma 3.1, we have canonical isomorphisms

H1(U , R1π∗Gm)(non-p) ∼= H1(U , j∗ j∗R1π∗Gm)(non-p)

and

H0(U , R2π∗Gm)(non-p) ∼= H0(U , j∗ j∗R2π∗Gm)(non-p).

Since j∗Riπ∗Gm corresponds to the GK -module Hi (XKs ,Gm), we have

H1(U , j∗ j∗R1π∗Gm) = XU (PicX/K ) and H0(U , j∗ j∗R2π∗Gm) = Br(XKs )GK .

This proves the first claim.
For the second claim, consider the exact sequence

0 −→ Pic0(XKs ) −→ Pic(XKs ) −→ NS(XKs ) −→ 0.

Since NS(XKs ) is finitely generated, there exists a finite Galois extension L/K such that
Pic(XL) −→ NS(XKs ) is surjective. Taking cohomoloy, we get a long exact sequence

0 −→ H0(K ,Pic0(XKs )) −→ H0(K ,Pic(XKs )) −→ H0(K ,NS(XKs ))
aK−→ H1(K ,Pic0(XKs )) −→ H1(K ,Pic(XKs )) −→ H1(K ,NS(XKs )).

We have a similar long exact sequence for Hi (L,−). Since Pic(XL) → NS(XKs ) is surjec-
tive, we have aL = 0 and

H1(L,NS(XKs )) = Hom(GL ,NS(XKs )) = Hom(GL ,NS(XKs )tor).

aL = 0 implies that the image of aK is contained in

Ker(H1(K ,Pic0(XKs )) −→ H1(L,Pic0(XKs )))

which is killed by [L : K ]. Similarly, one can show that H1(K ,NS(XKs )) is killed by
[L : K ]|NS(XKs )tor|. Therefore, the kernel and cokernel of

H1(K ,Pic0(XKs )) −→ H1(K ,Pic(XKs ))

are killed by [L : K ]|NS(XKs )tor|. The claim also holds for

H1(Ksh
v ,Pic0(XKs )) −→ H1(Ksh

v ,Pic(XKs )).

By diagram chasings, the kernel and cokernel of

XU (Pic0X/K ,red) −→ XU (PicX/K )

is of finite exponent. This completes the proof. �
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3.2 The pull-back trick

In this section, we will introduce a pull-back trick initially developed by Colliot-Thélène and
Skorobogatov in [8] which allows us to reduce the question to cases of relative dimension 1.

Let U be a regular integral excellent scheme of dimension 1 with function field K . Let
π : X −→ U be a smooth projective morphism with the generic fiber X geometrically
connected over K . The Leray spectral sequence

E p,q
2 = H p(U , Rqπ∗Gm) ⇒ H p+q(X ,Gm)

induces canonical maps

d1,12 : E1,1
2 −→ E3,0

2 ,

d0,23 : E0,2
3 −→ E3,0

3 ,

d0,22 : E0,2
2 −→ E2,1

2 .

Lemma 3.3 Assuming that X(K ) is not empty and the natural map Pic(X) → NS(XKs ) is
surjective, then the canonical maps d1,12 and d0,23 vanish and E3,0

3 = E3,0
2 . Moreover, there

exists an open dense subscheme V ⊆ U such that the canonical map d0,22 has an image of
finite exponent when replacing U by V . As a result, the natural map

H2(π−1(V ),Gm) −→ H0(V , R2π∗Gm)

has a cokernel of finite exponent.

Proof Let s ∈ X(K ). Since π is proper, it extends to a section s : U −→ X . Let Ẽ p,q
2 denote

the Leray spectral sequence for the identity map U −→ U . Then s induces a commutative
diagram

E1,1
2

d1,12
E3,0
2

Ẽ1,1
2 Ẽ3,0

2

The second column is an isomorphism since E3,0
2 = H3(U ,Gm) = Ẽ3,0

2 . Since Ẽ1,1
2 = 0,

thus d1,12 = 0. By definition, d3,02 = 0, it follows that E3,0
3 = E3,0

2 . By the same arguments,

we have d0,23 = 0.
For the proof of the second claim, we will use the pullback method for finitely many

U -morphisms Yi −→ X where Yi is of relative dimension 1 over U . Let i E p,q
2 denote the

Leray spectral sequence for πi : Yi −→ U . There is a commutative diagram

E0,2
2

d0,22
E2,1
2

⊕i
i E0,2

2 ⊕i
i E2,1

2

By shrinkingU , we can assume that πi is smooth and projective for all i . By Artin’s theorem
[18, Cor. 3.2], R2πi,∗Gm = 0. Thus, to show that d0,22 has an image of finite exponent, it
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suffices to show that the second column has a kernel of finite exponent. The second column
is the map

H2(U , R1π∗Gm) −→
⊕

i

H2(U , R1πi,∗Gm).

By Lemma 3.1(a), we have a canonical isomorphism

R1πi,∗Gm ∼= j∗ j∗R1πi,∗Gm,

where j : Spec K −→ U is the generic point. It suffices to show that there exists an étale
sheaf F on Spec K and a morphism F −→ ⊕i j∗R1πi,∗Gm such that the induced map

j∗R1π∗Gm ⊕ F −→
⊕

i

j∗R1πi,∗Gm (1)

has a kernel and a cokernel killed by some positive integer. This will imply that the induced
map

H2(U , j∗ j∗R1π∗Gm) ⊕ H2(U , j∗F ) −→
⊕

i

H2(U , j∗ j∗R1πi,∗Gm)

has a kernel and a cokernel of finite exponent. Since j∗R1π∗Gm corresponds to the GK -
modulePic(XKs ), (1) can be interpreted as that there is aGK -moduleM and aGK -equivariant
map M −→ ⊕iPic(Yi,Ks ) such that

Pic(XKs ) ⊕ M −→
⊕

i

Pic(Yi,Ks )

has a kernel and a cokernel of finite exponent. In [43, §3.3, p17], Yuan proved that there exist
smooth projective curves Yi in X which are obtained by taking intersection of very ample
divisors and an abelian subvariety A of

∏
i Pic

0
Yi /K

such that the induced morphism

Pic(XKs ) × A(Ks) −→
∏

i

Pic(Yi,Ks )

has a finite kernel and a finite cokernel. Taking Yi to be the Zariski closure of Yi in X , then
shrinking U , we get smooth and proper morphisms π : Yi −→ U . This proves the second
claim.

For the last claim, consider the following canonical exact sequences induced by the Leray
spectral sequence,

E2 −→ E0,2
4 −→ 0,

0 −→ E0,2
4 −→ E0,2

3

d0,23−→ E3,0
3 ,

0 −→ E0,2
3 −→ E0,2

2

d0,22−→ E2,1
2 .

Since d0,23 vanishes and d0,22 has an image of finite exponent, it follows that

E2 −→ E0,2
2

has a cokernel of finite exponent. This completes the proof. �


123



18 Page 16 of 20 Y. Qin

3.3 Proof of Theorem 1.1

Now we prove Theorem 1.1. Let U be an open dense subscheme of C such that π is smooth
and projective over U . By Lemma 3.2, the natural map

(XUks (Pic
0
X/K ,red))

Gk (non-p) → Ker(Br(π−1(Uks ))
Gk (non-p) → Br(XKs )GK (non-p))

has a kernel of finite exponent. By Lemma 2.6 and 2.7, all groups here are of cofinite type,
thus the kernel is actually finite. By Proposition 2.1 and 2.4, it suffices to show that the natural
map

Br(π−1(Uks ))
Gk (non-p) −→ Br(XKs )GK (non-p)

has a cokernel of finite exponent.
Firstly, wewill prove this under the assumption that X(K ) is not empty and the naturalmap

Pic(X) → NS(XKs ) is surjective.We still useX to denoteπ−1(U ). By Proposition 2.1, with-
out loss of generality, we can always replace U by an open dense subset. By Lemma 3.1(b),
we have

H0(U , R2π∗Gm)(non-p) ∼= H0(U , j∗ j∗R2π∗Gm)(non-p) = Br(XKs )GK (non-p),

so it suffices to show that the natural map induced by the Leray spectral sequence for π

H2(X ,Gm) −→ H0(U , R2π∗Gm)

has a cokernel of finite exponent. By shrinking U , the claim follows from Lemma 3.3.
Secondly, we will show that the question can be reduced to the case that X(K ) is not

empty and the natural map Pic(X) → NS(XKs ) is surjective. There exists a finite Galois
extenion L/K such that X(L) is not empty and the natural map Pic(XL) → NS(XKs ) is
surjective. Let W be a smooth curve over k with function field L . By shrinking U and W ,
the map Spec L −→ Spec K extends to a finite étale Galois covering map W −→ U . Let
XW −→ W be the base change of X −→ U toW . By the above arguments, the natural map

Br(XW )(non-p) −→ Br(XKs )GL (non-p)

has a cokernel of finite exponent. Let G denote Gal(L/K ). The above map is compatible
with the G-action. Taking G-invariant, we have that

Br(XW )G(non-p) −→ Br(XKs )GK (non-p)

has a cokernel of finite exponent. Then the question is reduced to show that the natural map

Br(X ) −→ Br(XW )G

has a cokernel of finite exponent. Consider the spectral sequence

H p(G, Hq(XW ,Gm)) ⇒ H p+q(X ,Gm).

Since H p(G,−) is killed by the order of G, by similar arguments as in Lemma 3.3, we can
conclude that the cokernel of

H2(X ,Gm) −→ H2(XW ,Gm)G

is of finite exponent. This completes the proof of the theorem.
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4 Applications

4.1 Proof of Theorem 1.9

Firstly, note that in the case that k is finite, by [22, Thm. 2.3], the finiteness of
Br(Xks )

Gk (non-p) is equivalent to the Tate conjecture for divisors on X .
We will prove the finiteness of Br(XKs )GK (non-p) by the induction on the transcendence

degree of K/k. If K/k is of transcendence degree 0, a smooth projective variety over K can
be view as a smooth projective variety over k. So the claim is true by assumptions.

Assume that the claim is true for all extensions l/k of transcendence degree n. Let K/k be a
finitely generated extension of transcendence degree n + 1. Let X/K be a smooth projective
connected variety over K , by extending K , we may assume that X/K is geometrically
connected. K can be regarded as the function field of a smooth projective geometrically
connected curve C over a field l of transcendence degree n over k. X −→ Spec K can be
extended to a smooth morphism π : X −→ C . By Theorem 1.1,

Br(Xls )
Gk (non-p) −→ Br(XKs )GK (non-p)

has a finite cokernel. It suffices to show that Br(Xls )
Gl (non-p) is finite. By Proposition 2.1,

we may shrink X such that there is an alteration f : X ′ −→ X such that X ′ admits
a smooth projective compactification over a finite extension of l. Replacing l by a finite
extension will not change the question, so wemay assume thatX ′ admits a smooth projective
compactification over l. By shrinkingX , wemay assume that f is finite flat. Then the kernel of

Br(Xls )(non-p) −→ Br(X ′
ls )(non-p)

is killed by the degree of f (cf. [7, Prop. 3.8.4]) and therefore is finite. SinceBr(X ′
ls )

Gl (non-p)
is finite by induction, so Br(Xls )

Gl (non-p) is finite. This completes the proof.

4.2 Proof of Theorem 1.7

Let � �= p be a prime, the the claim in Theorem 1.9 also holds when replacing the prime to
p part by the � primary part in the statement. So by the same argument as in the proof of
Theorem 1.9, Theorem 1.7 is true.

4.3 Brauer groups of integral models of abelian varieties and K3 surfaces

Proposition 4.1 Let C be a smooth projective geometrically connected curve over a finite
field k of characteristic p > 2. Let π : X −→ C be a projective flat morphism. Let X denote
the generic fiber of π . Assuming that X is regular and XKs is an abelian variety over K s,
then there is an isomorphism up to finite groups

X(Pic0X/K ,red)(non-p) ∼= Br(X )(non-p).

Proof By [34, Thm. 1.1], Br(XKs )GK (non-p) is finite, the claim follows directly fromCorol-
lary 1.2. �

Proposition 4.2 Let C be a smooth projective geometrically connected curve over a finite
field k of characteristic p. Let π : X −→ C be a projective flat morphism. Assuming that
X is regular and the generic fiber X of π is a smooth projective geometrically connected
surface over K with H1(XKs ,Q�) = 0 for some prime � �= p, then the natural map
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Br(X )(non-p) −→ Br(XKs )GK (non-p)

has a finite kernel and cokernel. As a result, Br(XKs )GK (non-p) is finite if and only if
Br(XKs )GK (�) is finite for some prime � �= p.

Proof Pic0X/K ,red = 0 since H1(XKs ,Q�) = 0. It follows that

X(Pic0X/K ,red) = 0.

Then the claim follows from Corollary 1.2. �

Corollary 4.3 Notations as above, if X/K is a K3 surface and p > 2, then Br(X ) is finite.

Proof Since Tate conjecture for X is known by work of lots of people (cf. Conjecture 1.4 ),
so Br(XKs )GK (�) is finite for some prime � �= p. By the above proposition, Br(X )(�) is also
finite. Then by [29, Thm. 0.4], Br(X ) is finite. �

Proposition 4.4 Let X be a K3 surface over a global field K of characteristic p > 2. Then
Br(XKs )GK (non-p) is finite.

Proof By previous results, it suffices to show that X admits a projective regular model. By
resolution of singularity of threefolds (cf. [9]), X does admit a projective regular model. �
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