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"When the facts change, | change my mind.

What do you do, sir?"

(John Maynard Keynes)
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Einleitung
A,VW ,KU 6HOEVWWHVW SRVLWLY" 'DV EHGHXBs¢istherGDVV 6LH Z

foderaler 6ffentlicher Dienst, 2023 ositive Testergebnisse und demgedpretation sind ein
taglicher Bestandteiin der Medizin(Gigeranzer et al., 2007)und spatestenslurch den
Ausbruch derCoronaPandemie wurdén der jlingsten Vergangenheit etrof3teil der
Bevolkerungmit dieser Thematikonfrontiert.Falsche Interpretationeron Testergebnissen
konnen jedoch zu Uberdiagnosen fiihrdie, erhebliche Konsequenzen fiir die betroffenen
Patienta! nach sich ziehen kdnnen, einschlieBlich schwerwiegender Auswirkungen bis hin
zum Suizid(Stine, 1996) Aber nicht nur in der Medizispielt statistisches Denken eine
zentrale Rolleauch in der Rechtsprechung ist kiierekteEinschétzung von Indizigianalog

zu Tesergebnissengntscheidendum beispielsweis€ehlurteile aufgrund vofehlerhaften
statistischa Denkenvermeidereu konnen(Barker, 2017; Schneps & Colmez, 2013)

Angesichtsder hohen Relevandieses Themasglas regelmaligogarzu Publikationen in
renommierten Fachzeitschriften wieiencgz. B. Tversky & Kahneman, 1974ind Nature
(z.B. Goodie & Fantino, 1996fiihrt, ist es notwendig, dass ein mindiger Bur{ber
grundlegende Fahigkeiten igtatistischa Denkenverfligtundin der Lage istadaquat mit
statistischen Informationemzugehen und diese interpretiermnkénnenAllerdings zeigen
zahlreicheStudien, dasweder Laier(Binder, Steib & Krauss, 2022pchExperten(Lindsey
et al., 2003) bei welchen fehlerhafte Einschatzungen besonders schwerwiegende

Konsequenzen haben kénngafim statistischen Denkesind.

Aus diesem Gruntlatdas DFGProjektTrainBayeddas Zie| BayesianischeDenken in den
beiden Doméanen Medizin und Juoptimal zu fordernund explizit zu trainierenDie
vorliegende Dissertatioarfolgteim Rahmen deBrojeks TrainBayesweshalb zunéchslie
urspriingliche Ausgangslageor dem Projekt(in 1.) sowie das DFGProjekt (in 2.)
beschrieben werden bevor auf die einzeém Artikel der kumulativen Dissertation

eingegangen wird.

1 Aus Griinden der Ubersicht wird in der vorliegenden Dissertation die mannliche Schreibweise
verwendet. Selbstversténdlich sind damit aber immer alle Geschlechter gleichberechtigt gemeint.
2 Das ProjekfTrainBayeswvurde von der Deutschen Forschungsgemeafsgiefordert.
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1. Ausgangslaggor dem DFGProjektTrainBayes

Bayesianische Denkenist der ProzessWahrscheinlichkeiten fiir eine Hypothes# ; auf

Basis vorhandener Informationert, neu zu bewerterum Schlussfolgerungen zu ziehen
(z.B. Einschatzung degatsachlichen Gesundheitsstatus einer Person auf Basis eines
Testergebnisse¥in et al., 2020. In Bayesianischen Aufgabenstellungeie der inTabellel
dargestelltersind typischerweisedrei Wahrscheinlichkeitelyegeben:Basisrate, Richtig
PositivRate und FalscRositiv-Rate Essoll der positiv pradiktive Wetbestimmt werden

Die LOosung kann beispielsweise mit der Formel von Bderschnetwerden Wenn die
statistischennformationenin Form von Wahrscheinlichkeiten gegeberdgivgl. Tabellel,

links), kdnnen laut einer Metastudie retwa 5% der Person@enpositiv pradiktiven Wert
bestimmer(McDowell & Jacobs, 2017)

Tabelle 1

Bayesianische Aufgabenstellung mit deiiblicherweise gegebenen statistischen
Informationenm Wahrscheinlichkeitsforméglinks) undim Haufigkeitsformatrechts)
Beispiel [XP .RQWH[W-ABERERQ@WHVWYV3
Seit Mé&rz 2021 gibt es in deutschen Supermarkten SB&%2 Selbsttests zu kaufen. Solche
Selbsttests kdnnen von jedermann eigenstandig durchgefiihrt werden, um eine Infektion mit
SARSCoV-2 festzustellen.
Stellen Sie sich vor, Sie arbeiten als Allgemeadii@iner£in in lhrer eigenen Praxis. Sie beraten soeb:
einen Patienten aus einem Hochinzidenzgebiet mit Erkaltungssymptomen, der den AESKU.RAPI
Selbsttest durchgefihrt hat. Ihr Patient hat beim S&RS-2 Selbsttest ein positives Testergebnis
erhalten md méchte von Ihnen wissen, was dieses Ergebnis bedeutet.
Aus Statistiken zu Personen, die ebenfalls aus einem Hochinzidenzgebiet stammen und
(UNIOWXQJVV\PSWRPH DXIZHLVHQ HLQH VROFKH 3HUVRQ L
gesprochen wit) und dem AESKU.RAPID Selbsttest sind folgende Informationen bekannt:
Gegebene statistische Informationen

Wabhrscheinlichkeiten Naturliche Haufigkeiten
Basisrate Die Wahrscheinlichkeit betragt 5%, da 50 von 1.000 Personen die einen Coro
P(H) eine Person mit SARSoV-2 infiziertist. Selbsttest machen, sind mit SARS®V-2
infiziert.
Richtig- Wenn eine Person mit SARSoV-2 48 von den 50 Personen, die mit
PositivRate infiziert ist, dann betrdgt die SARSCoV-2 infiziert sind, erhalten im
P(1[H) Wahrscheinlichkeit 96%, dass sie € CoronaSelbsttest ein positives Testergebr
positives Testergebnis erhalt.

Falsch Wenn eine Person nicht mit 19 von 950 Personen, diaicht mit
PositivrRate SARSCoV-2 infiziert ist, dann betrdg SARSCoV-2 infiziert sind, erhalten i
P(I| o die Wabhrscheinlichkeit 2%, dass < CoronaSelbsttest dennoch ein positiv:

dennoch ein positives Testergebnis erh Testergebnis.
Fragestellung
Positiv Wenn eine Person ein positivi Wie viele der Personen, die ein positiv
pradiktiver  Testergebnis erhélt, wie grofl3 ist dann Testergebnis erhalten, sind mit SARSV-2
Wert (PPW) Wahrscheinlichkeit, dass sie mr infiziert?
SARSCoV-2 infiziert ist?

0% 4 = T:A; , T:AA; .
Méglicher © T TALTAA > TAG TIAAG 48 von 67(= 48 + 19)
LOsungs L 489,45
algrithmus 489,45 :>:5 449,446
N 71,6%



Vor allem zwei Strategien, die sich beide auf Darstellung der gegebenen statistischen
Informationen beziehen, kénnen Bayesianisches Denken unterstitdemWechsel des
Informationsformats zu nattrlichen Haufigkeiten utié Prasentation der Informatien

mithilfe von Visualisierungn
Natirliche Haufigkeiten

Wechselt marvon Wahrscheinlichkeitefbzw. relativen Haufigkeitengum Informations
format dersogenannte natirlichen HaufigkeiteriGigerenzer & Hoffrage, 1995; Krauss et
al., 2020 vgl. Tabelle2), kdnnenbereits25% der Versuchspersonen den positiv pradiktiven
Wert korrekt bestimmen(McDowell & Jacobs, 2017)Dies kann auf dendeutlich

vereinfachterLdsungsalgathmuszuriickgeftihrt werde(iTabellel, rechts).

Tabelle 2
Unterscheidung dreier Haufigkeitsbegriffe in der Stakisti
Haufigkeits- | Absolute Haufigkeiten | Natlrliche Relative Haufigkeiten
begriffe Anzahl a der Merkmals| Haufigkeiten (normiert)
trager(a BIN) (nicht normiert)
a von bh mit a, b BIN
XQG D " E
Beispiel 50Personen sind infizierf 50 von 1000 Personern 504 pzw. —~  der
sind infiziert. 244
Personen sind infiziert.

Visualisierungen

Neben demWechsel desinformationsbrmat hat sich auch die Nutzung geeignmete
Visualisierungn als hilfreiche Strategie fiir das Bayesianische Denken herausgestgllt (
Brase, 2008; Reani et al., 2018abeisind wiederumVisualisierungen, di@uf absoluten
bzw. naturlichen Haufigkeiten basieremnterstitzendealssolche die Wahrscheinlichkeén
visualisieren(z. B. Binder et al., 2016 Aus dem Stochastikunterricht der Sekundarstufe sind

beispielsweisBaumdiagramme und Vierfeldertafeln bekaribljildung 1).



Abbildung 1

9LVXDOLVLHUXQJHQ |]XP-SHRGWWMYWH V VB&R\JEGRDM und
Vierfeldertafel (jeweils schuliiblich); UntenDoppelbaum und Einheitsquadrdfeweils
kompletiert mit absoluten Haufigkeiten)

Baumdiagramm Vierfeldertafel

Personen infiziert nicht infiziert

5% 950 —
positiver 4,8% 1,9% 6,7%
Test

infiziert nicht infiziert

negativer o o 9
%%N/“ 2%/\38% Test 0,2% 93,1% 93,3%

5% 95% 100%

positiver Test negativer Test positiver Test negativer Test

Doppelbaum Einheitsquadrat
1.000 insfgszien nicht infiziert
Personen
5% positiver 4 19 % 67 positiver
Test 2 Test
&
infiziert nicht infiziert
96%
| 48
infiziest un
positier T
negativer || negativer
Test 2 931 933 Test
Persanen 50 950 1.000

In den letzten Dekaden wurdetas Baumdiagramm und die Vierfeldertafiel Rahmen
mathematikdidaktischer Forschung zum Doppelbduma. an derUniversitatRegensburg)
und zum Einheitsquadrafv. a. an der UniversitaKassel)weiterentwickelt Beide Visuali
sierungen sinahoch nicht regelméaRig in Lehrplane und Schulblicher implementiedren
sichjedochals hilfreich erwiesenund kénnenmit Wahrscheinlichkeiten, Haufigkeiten oder
auch beida Informationsformaten gleichzeitig Ubersichtlich dargestellt werden
(Abbildung1; Binder et al., 2020; Binder, Steib & Krauss, 2022; Bocherader & Eichler,
2019; Eichler et al., 2020

Der in Abbildung 1 dargestellte Doppelbawenthaltan den Asten die drei gegebenen
Wahrscheinlichkeitereiner typischen Bayesianischen Aufgabe (vipbellel). Dartber
hinaus wurderalle absoluterHaufigkeitenerganzt Diese Komplettierungiist auf Basis der

drei gegebenen Wahrscheinlichkeiten in Bayesianischen Aufgaben aofreenfache Weise
moglich (Binder et al., 2018)'LH /|VXQJ A Y Ré< N7L,6%bXann leichin der

unteren Halfte deBoppelbaurs abgelesen werden

DasEinheitsquadrastellt eineErweiterung detypiscrerweise im Schulunterricht genugnt
Vierfeldertafel dar. Dabei werden die Wahrscheinlichkeitervon Ereignissa zusétzlich
geometrisch visualisiert (Abbildungl; Eichler & Vogel, 201} Je hoher eine

Schnittwahrscheinlichkeit, desto grof3erdst entsprechendElacheninhalt im Inneren des
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Quadratgz. B. Flachainhaltdes Quadratsben links= :*; , :+*;=0,05,0,96 =0048

= 5;Z4= 3 + @.,Dadurchist beispielsweise auf einen Bliad erkennen, dass der Grof3teil

der Personen nicht infiziert ist und negativ getestet wird (= 931 vo00)}l da der

Flacheninhalt des Quadrats unten rechtggifiten ist

Mit diesenbeidenVisualisierungertjeweilsbasierend auf nattrlichen Haufigkeitesteigen
bei Bayesianischeufgabendie Performanzen der Versuchspersoaehetwa 60% an
(Binder et al., 2020; Boécherdinder & Eichler, 2019)

Explizites Trainieren

Die vorgestellten Strategiemdtirliche Haufigkeiterund Visualisierungeh unterstitzen
BayesianischeDenkenohne vorherige InstruktiorDa den Experterin der Schule oder im
Berufsalltag aber in der Regel (niehisualisierte Wahrscheinlichketangaben vorliegen, ist
es notwendigBayesianisches Denkef Basis dieser Ausgangslageplizit zutrainieren
und dabei zu verdeutlichen, wie die gegebenen Wahrscheinlichkeiten flir ein besseres
9HUVWIQGQLV ADXIEHU HY Wildan beZekis bii ¢teQT rainiQustierum
Bayesianischen Denkaurchgefihrtmeist jedochmit gewisserEinschrankungeheziiglich
der nternen Validita{z. B. keine Implementation einer echten Kontrollgruppa&e Training
oder kein Pr&PostFollow-Up-Design fur weitere Desiderate siehe Artikeld der
vorliegenden Dissertatign Weiterhin ist es maoglichnicht nur ein Training mitiner
Kontrollgruppe, sonderganzim Sinne eines betting moddMéerschaffel, 2018¥lie beiden
an den genannten Standorten jeweisaferierten Visualisierungen Doppelbaum
(Forschunggruppe Regensburg)und Einheitsquadrat (Forsclunggruppe Kassel)

gegeneinandantreten zu lassen.
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2. Rahmen deDissertationDFG-ProjektTrainBayes

Die groRe Herausforderung des FGProjeks TrainBayes (http://www.bayesian

reasoning.de/br_trainbayes.hymbestand darin,vielversprechendeVisualisierungen zu

optimieren,explizit in Trahingskurse zu implementieremdin den Domanen Medizin und

Jurasystematisch unchdglichstintern valide zu vergleichefvgl. Abbildung2).

Abbildung 2
Studiendesign vofrainBayes
Tag 2
Tag 1 (nach ca. 8 Wochen)
Pratest Training Posttest Follow-up-Test
Doppelbaum Training zum
Lev:el.-Z + Konventionelles * Konventionellen » Konventionelles » Konventionelles
Trainings Bayesianisches Bayesianischen Bayesianisches Bayesianisches
Einheitsquadrat Denken Denken Denken Denken
(Calculation) (Calculation) (Calculation) (Calculation)
Nattirliche .
Haufigkeiten + Erweitertes * Erweilerten + Erweitertes + Erweitertes
Level-1 Bayesianisches Bayesianischen Bayesianisches Bayesianisches
Trainings | Curricular Denken Denken Denken Denken
(Wahrscheinlich- (Communication; (Calculation) (Communication; (Communication;
keitsbaurm) Covariation) Covariation) Covariation)
kein Training
Level-0 | Wartekontrollgruppe (arbeitsten an nicht
Aufgaben)

Pro DomanewU GHQ GD EHL-2Z M D IAQ&®tbIdation der Strategiefatirliche
A/HYUH DL Q LKratégie Aatirliche
Haufigkeiten® oder Visualisierung sowie eine A/H Y R\@artekontrollgruppe (ohne

Haufigkeiten® und Visualisierung), ]ZHL

Training) implementiertum Gelingensbedingungen fir BayesianiscBenkenableiten zu
kénnen(Abbildung?2). Die beiden LevePk-Trainings tDoppelbaum grsis Einheitsquadrat,
jeweils basierend auf naturliaoheHaufigkeiten * treten dabeigegeneinander arDie
Implementation der beiddrevel-1-Trainingserlaubteinerseitslie Kontrolle de€kffektsder
natirlichen Haufigkeiten in den Leve{Trainings (durch das Level-Training mit der
6WUDWHILH AQDW.UOLFKH +IXILJNHLWH®S ARdSaetiber VXDOLVLH!
den reinen Visalisierungséekt des jeweiligen Level2-Trainings gewonnen werden
Andererseits kann dérernerfolgmit einerschultypischa, curricular@é Trainingsumsetzung
(Wahrscheinlichkeitsbaunohne absolute Haufigkeiten) mit den aus Forschungssicht
optimalenLevel2-Trainings verglichen werdemurch die Implementation des Trainings
konnen Ruckschlusse flur den Stochastikunterricht gezogen werdenbeisifielsweisein

Level2-Training besser als das Training mit der curricetaldmsetzung abschneiden.

Eine weitere zentralénnovation des Projektist, dass neben detalculation (bisheriges

konventionelleBayesianisches Denkeauch dieCovariation (d. h. die Einschatzung von

Parametdinderungenund derenAuswirkung z.B. von der RichtigPositivRate auf den

positiv pradiktiven Wert) und die adressatengerechienmunication(ExpertenLaien

Kommunikation) als Bestandteile degu konzeptualisiertererweiterten Bayesianischen
12
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DenkengCCC) untersucht werde(Binder, Vogel et al., 2022; Blichter, Eichler et al., 2022)
Sowohl die Covariation als auchdie Communicationwurdenin diesem Zusammenhang
bisher kaum empirisch untersuchbDie vorliegendeDissertationadressiertdie Aspekte

Calculationund Covariation(fur CommunicatiorsieheBocherefLinder et al., 202p
Zur Umsetzung des Studiendesigngssenm Vorfeld folgende Fragen geklart werden:

1. Wie kann marlie VisualisierungemittelsDoppelbaum und Einheitsquadogtimal
gestaltef? ( EArtikel 1)
Wie kann marCovariationmessen?® AArtikel 2)

3. Welche Trainingskurse zur Calculation und Covariation sollten miteinander
verglichen werden und welche Ausgestaltung dieser Trainings erlaubt einen

maoglichst objektiven, reliablen und validen Verglél¢hfEArtikel 3)
Nach KlarungdieserFragernkann in der Hauptstudie die Kernfrage untersucht werden:
4. Welches Trainingrzieltden groRten Lernerfolg?EArtikel 4)

Die logische Abfolge der vier Artikel ist iAbbildung3 dargestellt.

3. Uberblickdervier Artikel der kumulativerDissertation

Zentraler Forschungsschwerpunkt der gesamten Dissertadtodie Konzeption und
Erprobung von Visualisierungen zur Verstandnisférderung bei Bayesianischen
Aufgabenstellungerfvgl. Tabelle 3) Ausgangpunke als zentrle Elemente waren hierbei
derDoppelbaum undasEinheitsquadrat ohne jegliche Farbung@egl. Abbildung 3.

Im ersten Artikel (publiziert in Education Sciencgswird beschrieben, wiebeide
Visualisierungen unter Beriicksichtigungn einschlagigeMultimediaprinzipien Schritt fr
Schritt optimiert und zueiner statischen und einer dynamischen Version weiterentwickelt
werden konntenDer zweite Artikel(erschienen irrrontiers in Psychologynutztdieseneu
konzipierten Visualisierungen(Doppelbaum und Einheitsquadrat)s Grundlage fur die
Untersuchung zweiemdglicher Messmethodenzur Covariation (SingleChoice vs.
Schiebereglermit N=229 Lehramtsstudierende um die ideale Messmethode fir die
Hauptstudiezu identifizieren Im dritten Artikel (Mathematicy werdendie Konzeptionder
Level2-Trainings zu den Aspekte@alculation(in Form einer Slidé&Show)und Covariation

(in Form von Erklarvideos)beschriebensowie erste Pilotierungsergebnisseu den
Trainingskursen vorgeste(lN = 16). Der vierte Artikel(Learning and Instructiopbeinhaltet
schlieBlich dieErgebnisse deHauptstudiemit N =515 Studierenden aus den Domé&nen

Medizin und Jura bezuglich deernerfolge zuiCalculation
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Abbildung 3

Uberblickund Zusammenharagr einzelnen Artikel der kumulativen Dissertation

a Ausgangslage I
SQE. Weiterentwicklung des =
l Baumdiagramms zum
Doppelbaum und der l
@ Vierfeldertafel zum
K Einheitsquadrat ] /

Artikel 1 (Education Sciences)

Optimierung der

o= Visualisierungen bezliglich
— O Calculation und Covariation
nach Multimediaprinzipien

Artikel 2 (Frontiers in Psychology)

8: VR — Erprobung
o— verschiedener
Single-Choice vs. Schieberegler Messmethoden zur
zur Messung der Covariation Covariation
/ Artikel 3 (Mathematics) \
Calculation Covariation Entwicklung und

Pilotierung der
% ﬁ @ Level-2-Trainings
L zur Calculation und
Covariation

/

/ Artikel 4 (Learning and Instruction) \

Hauptstudie
Untersuchung der Calculation
in fiinf Experimentalgruppen (zwei Level-2-
Trainings, zwei Level-1-Trainings
und eine Wartekontrollgruppe) in den
Domaéanen Medizin und Jura

Calculation
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Tabellarischer Uberblick tiber die vier Artikel der kumulativen Promotion

Tabelle 3

Uberblick tiber die vier Artikel detumulativen Promotion

Artikel 1 Artikel 2 Artikel 3

Artikel 4

Biichter, T., Steib, N.,
BocherefLinder, K.,

Steib, N., Krauss, S.,
Binder, K., Blichter,

Blchter, T. Eichler,
A., Steib, N., Binder,

Steib, N., Biichter, T.,
Eichler, A., Binder, K.

Autoren |Eichler, A., Krauss, S|T., BochererLinder, |K., BocherefLinder, |Krauss, S., Bécherer
(Jahr) Binder, K. & Vogel, |K., Eichler, A. & K., Krauss, S. & Linder, K., Vogel, M.
M. (2022) Vogel, M. (2023) Vogel, M. (2022) & Hilbert, S.
(eingereicht)
_ Designing OHDVXULQJ
Visualisations for - . .
. . Covariational How to Train Noviceg How to Teach
Titel Bayesian Problems L . . . . .
. reasoning in Bayesia in Bayesian Reasonir Bayesian Reasoning
According to situations
Multimedia Principles
Journal Education Sciences Frontiers in Mathematics Learnmg. and
Psychology Instruction
1 - -
Schwerpunk Psychologle. (Kognitions) . Ps.ycholog|e'
der und Erziehungswisse Psvchologie Fachmathematik |[undErziehungswisser
Zeitschrift schaft y 9 schaft
Sprache englisch englisch englisch englisch
PeerReview 6 6 6 6
Openaccess 6 6 6 6
Impactfactor
7 2,4
(Stand: 2023 3 38 ' 6.6
Instrumert Trainingskonzeption Emflugs. versch|eQen(
Instrument . . Trainings auf die
. entwicklung: zur Calculation
entwicklung: ) Performanz der
Forschungs i Untersuchung (konventionells .
) Optimierung der ) L Calculation
inhalt verschiedener Bayesianischen .
Gestaltung von (konventionelles
. . Messnethoden zur Denken) und o
Visualisierungen . L Bayesianisches
Covariation Covariation
Denken)
Art dgr keine Vorstudie P|Iot|grgng der Hauptstudie
Studie Trainings
Teil- N = 229 N = 16 Studierende | N =515Studierend:
nehmende / Lehramtsstudierendy (n=8 Jura; (n=255Jura;
n =8 Medizin) n = 260Medizin)
Zentrale Visualisierungen
Elemente

Doppelbaum und Einheitsquadrat
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3.1Kurzzusammenfassung deisten Artikes (Education Sciencgs

Ziel

Der ersteArtikel A'HVLIQLQJ 9LVXDOLVDWLRQV IRU %D\HVLDQ 3UREO}

3 UL QF lin$ Qodria Education Scietes untersucht theoretisctwie Visualisierungen
gemalder Theoriendesmultimedialen Lernemgestalté werden kdnnenum (erweitertes)

Bayesianisches Denken bestmdoglictfordern.

Entwicklung

In dem Artikel werden fachdidaktische Uberlegungeam Bayesianischen Denkemie
beispielsweiselie Berticksichtigung gangiger Fehlai derCalculation(z. B. Binder et al.,
2020 sowie grundlegenderinzipien de multimedialan Lerners (Mayer, 2009beschrieben
um darauf aufbauenddas optimale Design der Visualisierunger insbesondere von

Doppelbaumen und Einheitsquadratefchritt fr Schritizu entwickeln

Es wurden statischeVisualisierungenals Grundlage fir konventionefleBayesianische
Denkenentworfen(Calculationy Abbildung4). Dabei wurde beispielsweise beriicksichtigt

dasddie Identifikation der Personen mit positivem Testergebnden Visualisierungeaine
Schwierigkeitdarstellen kann Aus diesem Grund wurde im Doppelbaubim Sinne des

A + L JK O L-PHnids@ayer, 2009)+GLH )OIFKHQIIUEXQJ GHU A.QRWHQ3
die Merkmalsauspragungen (posr Test vs. negativer Tésgewdhlt. Die farblichen
Umrandungerder Rechteolk wiederum entsprechetien beiden Ausprégungen des ersten
Merkmals (oben im Doppelbaum), welche aufgrund der Anknipfundagschultypische

Baumdiagramm im Vergleich weniger stark hervorgehoben wurden.

Abbildung 4

Statischer Doppelbaum und statisches Einheitsquadrat zémikel 1 genutzten Kontext
A$SWHPDONRKROW H VBlicHiter, St@esal, 6P W QD FK

100

10% Personen alkoholisiert nicht alkoholisiert

10%

90

" : 3 v
alkohalisiert nicht alkoholisiert] K 9 45 2

negativer — negativer
Test 1 45 46 Tegst

100
Personen 10 90

Daruber hinaus wurde beispielsweise auch das Wissen uUber typische Fehler beim

Bayesianischen Denken einbezogen,haisim Einheitsquadrat selstarkdie Identifikation
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der horizontalen Beziehung durch die Farbgebung betont wurde, da diese Bepgietaaey

fur diese Visualisierungls schwierigkeitsgenerierend bekann{ithler et al., 2020)

Aufbauend auf den Neuentwickungen von Doppelbaumund Einheitsquadrafolgt die
Konzeptiondes Designs vodynamischerVisualisierungen mit Schieberegleutie sich zur
Exploration von Covariation eignen (Abbildung5). Durch die Anbringung von
Schiebereglerkonnen die gegebenen WatiginlichkeitenBasisrate(hellblau) Richtig
PositivRate (orange) und FalscHPositivRate (lila) verandert werden wodurch
entsprechend@uswirkungenauf den positiv pradiktiven Wennithilfe der Visualisierung
veranschaulicht werdekdnnen. Der grundlegnde Unterschied zwischen den beiden
dynamischen Visualisierungen ist, ddgsVeranderung einer gegebenen Wahrscheinlichkeit
im Doppelbaum lediglickineAnderung von Zahlen auslést. Das Einheitsquadrat kommt bei
Anderungen der Eingangswahrscheinlichéeisogar ohne die Darstellung von Zahlen aus,
dahierdie Flachenproportionalitélazugenutzt werden kandie Auswirkungrein qualitativ
AD X1 HL Q HéhetaDkbifii 3Beispielsweise wird die Flache détichtig-Negativer?
(blaue Flacheunten rechts) durch die Vergrof3erung der FaRasitiv-Rate (die lila
gestrichelte Linie verschiebt sich nach untddginer, was gleichbedeutend mit einer

VergroRBerunglesAnteils der FalschPositiven unter allen Personish

Abbildung 5

Dynamischer Dppelbaum und dynamisches Einheitsquadrat rufrtikel 1 beschriebenen
.RQWH[W A$W H R@iapheR KRB WHttY, Btails et al., 20p2

100

Personen

alkoholisiert nicht alkoholisiert

90

w
=
=
nicht alkoholisiert

45

50%

negativer
45 46 Test

20

negativer
Test

100

Personen

Produktund Folgerungen
Die Uberlegungen fur das Design des DoppelbaumsdesEinheitsquadrats dienen als
Grundlage fir den zweiten Artiketur Untersuchung deCovariation Aufgrund der
Ublicherweise geringen Performanzen kein der Realitdt meist vorliegendest Wahr
scheinlichkeitersolltesodie Calculationerleichterwerdenumfundiertiiber dieCovariation
nachdenken zu kénneBariber hinaus werdesowohldie neu entwickeltestatischen als
auch dynamischen Visualisierungébbildungen4 und5) als Grundlage fudie Konzeption
der Level-2-Trainingsbezuglichder zwei AspekteCalculation und Covariationim dritten
17



Artikel genutzt. Die theoriebasierte Entwicklung der statischen und dynamischen
Visualisierungen kann afsindamentaleAusgangspunktifr alle weiteren Uberlegungen in

TrainBayeaund als ersteMeilensteingesehen werden.
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3.2Kurzzusammenfassung des zweiten ArtiK€iontiers in Psychology

Ziel
Der zweiteArtikel 0 HDV XU L Q JCOHARBAINVIHDVRQLQJ LQ %DWVLDQ VLWXI
JournalFrontiers in Psychologhetritt Forschungsneulanéhdemin einer Studieintersucht

wurde wie der AspekderCovariationvalide gemessen werden kann

Methode

In eing empirischa Studie werdenerschiedenéufgaben zuCovariationimplementiert

um Aussagen Uber Schwierigkeitsnivedesartiger Aufgaberzu erhaltenAls Kernaspekt

des Beitragsverdenzweiverschiedene Messmethode8ingle ChoiceundSchieberegir +
untersucht,wobei de Messmethode Schieberegler (v@bbildung6) klar von den
eingesetzten Schieberegiein den dynamischen Visualisierungen afstikel 1 zu
unterscheiden istIm Gegensatz zu der dynamischen, visuellen Darstellung des
Schiebereglers wird idrtikel 2 exdizit eine Messmethode zuCovariation vorgestellt
(unabhangig davon, ob eine Visualisierung zusatzlich als Unterstiitzung mit oder ohne

Schieberegler prasentiert wird).

Die Messung vorCovariationist allerdingsnicht trivial. Bei einerAufgabenstellung er Art
A'LH %DVLVUDWH ZLUG XP YHUNOHLQHUW :LH ZLUNW VLFK ¢
D X VKBhnte beispielsweiseinfachein neue positiv pradiktive Wert berechnet werden,

was abedannlediglich einer neuen Aufgabe zGalculationentspechen wiirde

EswurdenN = 229 Lehramtsstudierendmrit zwei typischen Bayesianischen Situatioaah
der Basis von Doppelbaum oder Einheitsquadtmifrontiert und jeSituation wurden
zunachst eine Aufgabe z@alculationund anschlieRendrei Aufgaben zurCovariation
gestelt (Abbildung6). Im Studiendesign wurdeegle der drei gegebenen Wahrschein
lichkeiten (Basisrate, RichtigPositivRate und FalscRositivRate)einzelngeandertund
die Probanden sollteanschlieRenddie Auswirkung auf den positiv pradiktiven Wert
einschatzenBeidereinen Bayesianischen Situation wurde MessnethodeSingle-Choice
verwendet, bei der anderdie MessnethodeSchiebereglengl. Abbildung6).

Ergebnisse

Es zeigt sich, dass mit der Présdion einer Visualisierung di€ovariation prinzipiell
beherrschiwerden kann(Losungsrate von 64% uber alfaufgaben vgl. Abbildung7).
AulRerdem unterscheidet sich der Schwierigkeitsgrad bei den verschiedenen Aufgaben
(Anderung der Basisrate vRichtig-PositivRate vs. FalscPPositivRate). Dabei fallt es
offenbar am leichtesten, die Folgen einer Anderung der RiBlasifiv-Rate einzuschitzen,

am schwierigsten scheint dies bezlglich der FasuitivRate zu sein.
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Abbildung 6
Aufgaben zuCalculation (oben) undCovariation X QWH Q

]XP .RQWH[W A$SWHPDONF

Bei den Aufgaben zuovariationwird jeweils einé/eréanderung der FalseRositiv-Rate
abgebildet(Zunahmeim SingleChoiceFormat und Abnahmém SchieberegleFormat

adaptiert nachSteib et al., 2023

Atemalkoholtest

In Verkehrskontrollen wurden in Regensburg im August bei
1.000 Autofahrern Atemalkoholtests zur Uberprifung des
Alkoholpegels eingesetzt. In Regensburg ist nur ein kleiner
Teil der Autofahrer alkoholisiert unterwegs. Das Testmodell
Drager-6510 hat folgende Eigenschaften: von den
alkoholisierten Personen werden die meisten mit dem
Atemalkoholtest erkannt und deshalb positiv getestet. Von
den nicht alkoholisierten Personen wird ein groRer Teil

100

alkoholisiert

N

1.000
Autofahrer

900
nicht alkoholisiert]

< | félschlicherweise ebenfalls positiv getestet. 90 10 450 450
S alkoholisiert und alkoholisiert und nicht alkoholisiert méhl alkoholisiert
= positiv getestet negativ getestet und positiv getestet, ind negativ getestet
=
_§ Wie groR ist die Wahrscheinlichkeit, dass eine Person
3 tatsichlich alkoholisiert ist, wenn sie mit dem
Atemalkoholtest positiv getestet wird?
Um diese Wahrscheinlichkeit zu bestimmen, mussen Sie
einen Bruch (Zihler/Nenner) bilden. Bitte bestimmen Sie:
Zahler (als ganze Zahl):
Nenner (als ganze Zahl):
Wabhrscheinlichkeit (in Prozent, 2 Nachkommastellen): %
Single-choice
Stellen Sie sich vor: Die Wahrscheinlichkeit, dass eine nicht alkoholisierte Person falschlicherweise positiv getestet wird, ist
eigentlich groRer als 50 %. Die anderen Werte sind die gleichen wie oben in der Abbildung..
Wie verdndert sich dann die Wahrscheinlichkeit, dass eine Person tatsachlich alkoholisiert ist, wenn sie positiv getestet wird
(im Vergleich zur Ausgangssituation in der Abbildung oben)?
Die Wahrscheinlichkeit... wird kleiner bleibt gleich wird groRer
5 Schieberegler
2
£ Stellen Sie sich vor: Die Wahrscheinlichkeit, dass eine nicht alkoholisierte Person falschlicherweise positiv getestet wird, ist
% eigentlich um 3 % kleiner als 50 %. Die anderen Werte sind die gleichen wie oben in der Abbildung.
(&)

Was schitzen Sie: Wie groB ist dann die Wahrscheinlichkeit, dass eine Person tatséchlich alkoholisiert ist, wenn sie positiv

getestet wird (im Vergleich zur Ausgangssituation in der Abbildung oben)

Antworten Sie so schnell wie méglich.

Ausgangssituation in der Abbildung oben

verstrichene
Zeit

00:00

0%

Wenn Sie den Schieberegler nicht bewegen, bleibt die Wahrscheinlichkeit unverandert.

100%

Auch in Bezug auf die Messmethode (SinGleoice vs. Schieberegler) haben sich

Unterschiedegezeig (Abbildung 7). Beispielsweise wurden die Aufgaben,denender

Schiebereglefirr die korrekte Einschatzung der Anderumach rechts geschoben werden

musste prinzipiell bessergeltstals die der SingleChoiceMessmethodeEin méglicher

Grund hierfur kbnnte sein, dass in authentischen Medi®riehungsweisdurakontexten

der positiv pradiktive Wert haufig sehr klein (gt h. wie in Abbildung6 zu sehenveit links

positioniert isfwasbei den Probanden eiher nachechtsSchieber? nahelegt
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Abbildung 7

Ergebnisse zu€ovariationin Abhangigkeit von den drei Anderungen und der jeweiligen
Messmethodédaptiert naclhSteib et al., 2023

Performanz der Versuchspersonen beziiglich der Covariation
Single-choice Schieberegler (%)
Anderung
der
Basisrate
61%
[60%; 62%] [78%; 69%]
Anderung
der
Richtig-
Positiv-
Rate
62%
79% %: 705
[56%; 70%]
[77%; 83%]
Anderung
der
Falsch-
Positiv-
Rate
50% 55%
[35%; 67%] [43%; 70%]
% 64%
B Korrekte Richtungsinderung
Beurteilung Klammer bedeutet: [vorherige Aufgabe zur Calculation wurde
der Versuchs- fals?h gel?st; vorhel:lzge Aufgabe zur Calculation wurde korrekt gelost]
personen: B Keine Richtungsinderung
@ Falsche Richtungsianderung
Folgerung

Unter anderemaufgrund der genannten Einschrankungen bei der Beurteilung und
Interpretation der Antworteder Versuchspersonanit dem Schieberegler wurde in der
Hauptstudie die Singi€hoiceMessmethode verwendet
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3.3Kurzzusammenfassung destten Artikels (Mathematic}

Ziel

Derdrite SUWLNHO A+RZ WR 7UDLQ 1RY LimRaurmaathénatdoédL DQ 5SHDVR
beschreibt die Entwicklung der beiderLevel2-Trainings (Doppelbaum und

Einheitsquadrat, jeweils basierend auf naturlich¢iufigkeiten) sowohl zum Aspekt

Calculationals auch zumispektCovariation :HLWHUKLQ ZHU GH-G IEHLGIHQAZSWLPD
mit einer kleinen Stichprobe pilotiert.

Trainingskonzeption

Fur die Konzeptionder Trainings wurdeein InstruktionsdesigiModell verwendet,das
speziell auf komplexe Lernprozessmigeschnitten ist(Frerejean et al., 2019; van
Merriénboer et al., 2002Dariiber hinaus wurden auch ber @estaltung der Trainingke
Prinzipienzum multimedialen Lernegenutzt(Mayer, 2009) Eswurdeeine Alide-Show?3
fur die Trainingsinhalte zu€Calculation fir eine OnlineUmgebungkonzipiert die per
Mausklick im individuellen Tempodurchgearbeitetverdenkann Ausgehend von einer
Bayesianischen Aufgabe mit Wahrscheinlichkeiftsrmationen wird die jeweilige
Visualisierung Schritt fir Schritt erstellt und erkldsie man mihilfe eines Doppelbaurs
beziehungsweiseEinheitsquadrat die Aufgabe I6sen kann Abbildung8 zeigt einen
Ausschnitt aus defoppelbaumiainingin der Doméane Juraur Calculation. Hier wird die
neu berechnete Haufigkelurch die Farbéila (links im Text und rechts im Doppelbayim
hervorgehobenwodurch daslighlighting-Prinzipumgesetztvurde

Abbildung 8

Ausschnitt aus demoppelbauntaining zu Calculation Lila gefarbt ist imrar der neue
Inhalt, der einerseits links in Textform beschrieben wird und rechts in der Visualisierung
(Klick fur Klick) erganzt wirdadaptiert nactBichter, Eichler et al., 2022

2. Haufigkeiten berechnen

AnschlieBend kann berechnet werden: 1.000
Fille

8% 92%

® Bei 15% von den 920 Fillen mit falschem Tatvorwurf,
also 0,15 - 920 = liegt ein belastendes Indiz vor (und der

Tatvorwurf ist falsch). 80 920
Tatvorwurf wahr Tatvorwurf falsch

* Bei 85% von den 920 Fillen mit falschem Tatvorwurf,

also 0,85 - 920 = liegt kein belastendes Indiz vor (und der 90% 10% 15% 85%
Tatvorwurf ist falsch).
(oder:[920]- [138] =[782)) 72 8 138 782

Tatworwurf wahr Tatvorwurf wahr Tatvorwurf falsch Tatvorwuri falsch
und bel. Indiz und kein bel. Indiz und bel. Indiz und kein bel. Indiz

bel. Indiz kein bel. Indiz

1.000

Fille

Im Anschlussfolgt eine Ubungsphasein welcherindividuelles Feedback zur eigenen

Losung gegebewird. Bei der Konzeption der Ubungsphaserden typische Fehler im
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Zusammenhang mit Bayesianisoh®enken(z. B. Verwechslung des positiv pradiktiven
Werts mit der RichtigPositivRatg bertcksichtigtDas Training zuCovariationbeinhaltet
Erklarvideos in welchen mit einem dynamischen Dopgelin (oder Einheitsquadrat
erklart wird, wie sich die Anderung einer der gegebenen Wahrscheinlichkeiten auf den
positiv pradiktiven Wert auswirk@bbildung9 zeigt einen Ausschnitt aus dem Erklarvideo
zur Anderung der RichtiositivRate Hier wurde mit einer RichtigPositiv-Rate von 0%
gestartet (Doppelbaum linksim Anschlusswurde die RichtigPositivRate auf 50%n
einem dynamischen DoppelbawergroRertwodurchsichdie betroffenen Haufigkeiten im
Doppelbaumandern Zuletzt wurdedie RichtigPositivRatenoch weiter aufl00% erhght
und die Auswirkungen erlautert (Meehiung der RichtigPositivensowieVergré3erung des
positiv pradiktiven Wertespuch her folgte eine Ubungsphase nmitlividuellemFeedback
und Erklarvideosin denen autlie Anderung der fiir den positiv pradiktiven Weatevanten
Haufigkeiteneingegangen wird

Abbildung 9

Screenshot aus einem Erklarvideo Begppelbaumtrainings zuCovariation Hier wird
ein dynamischer Doppelbaum genutzt, um die Anderungen (der RRugit\-Rate) zu
verdeutlicher(adaptiert naciBlichter, Eichler et al., 2032

Richtle- 0% 50% 100%

Positiv-Rate

Doppel-
baum

Bruch

]
Totvorwurf wohr | +
und bel. Indiz

Tatvorwurf falsch
und bel. Indiz

Positiv

pradiktiver = 0% ~ 22% ~ 37%

Wert

Ergebnisse
In einer formativen Evaluation miN = 16 Studierenderaus den Zielgruppelledizin und
Jurawurden diebeidenTrainingspilotiert. Neben demprinzipiellen Machbarkeit zeichnet

sichbereits hieein Lernerfolg sowohl fur di€alculationals auchCovariationah

Folgerung
Die entwickelten Trainings dienen als Grundlage fir die empiristégptsudie in den

Doménen Medizin und Juraur Calculation (Artikel 4), aber auclzur Covariation
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3.4Kurzzusammenfassung deégrten Artikek (Learning andnstruction)

Ziel

Der viete SUWLNHO A+RZ WR 7HD FK ettgereithin DarmaHaamiRgQ L Q J°
and Instruction beschreibt dieDurchfihrungder Hauptstudie sowie die statistischen
Analysen in Bezug auf di€alculation Es soll tunter finf Experimentalbedingungeh
systematischdas beste Training zur Calculation beziglich kurz- und mittelfristige
Lernerfolgeidentifiziert werden

Methode
Auf Basis der VorarbeitefArtikel 1 bis 3) werdenin einem PraPostFollow-Up-Design
mit N=515 Studierenden aus den Doménen Medizimd Juradie folgendenfinf

Experimentalgruppewerglichen(vgl. Studiendesigim Abbildung2):

- Zwei Level2-Trainings: Doppelbaum und Einheitsquadrat, jeweils basierend
auf natlrlichen Haufigkeiten

- Zwei Levell-Trainings: Curriculare(d.h. schulibliche) Umsetzung mit
Wahrscheinlichkeitsbaum (ohne natirliche Haufiggn) sowie AQX U3
naturliche Haufigkeiten (ohne Visualisierung)

- Wartekontrollgruppe ohne Training

Ergebnisse

Das Hauptergebnis der Studie war, dass @esining mit dem Ublicherweise im
Schulunterricht nicht genutztddoppelbaum allen anderé@ivainings(auch denmmit dem
Einheitsquadratpeziiglich der Calculation tiberlegen ist Ein Posttest zeigte, daste
Performanz bei authentischen Bayesianischen Aufgaben im Wahrscheinlichkeitsformat
kurzfristig von 13% auf 70% ansteigt (vghbbildung10). Auch mittelfristig (Follow-Up)

ist ein Lernerfolg mit diesem Training zu beobachten (58%sungsrate
Uberrasbenderweiseunterscheidesich der Lernerfolgoezuglich derCalculation beim
Einheitsquadratdem zweiten LeveR-Training) nicht von den Level-Trainings

Interessanterweise starten die Jurastudierenden bereits im Pratest mit einer deutlich
geringeren Réormanzals die Medizinstudierenden. Derartige Unterschiedetsitetallen
Experimentalbedingungen undiber alle Messzeitpunkte hinweg zu beobachten
beispielsweise beiroppelbaumtraining im Pratest 5% (Jugggenibef0% (Medizin),

im Posttest 55% (Jurajegeniibei85% (Medizin)oderim Follow-Up-Test 38% (Jura)
gegeniuber4% (Medizin).
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Abbildung 10

Ergebnisse zuCalculation

100 %

N=515

80% _|

60% —

Experimentalgruppen

—@— Doppelbaumtraining
basierend auf natdrlichen
Haufigkeiten
Einheitsquadrattraining

“~B - pasierend auf natiirlichen
Haufigkeiten
Training mit natdirlichen
Hiufigkeiten (ohne
Visualisierung)

40% —|

Curriculares Training mit &
Wahrscheinlichkeitsbaum

__A-- Wartekontroligruppe ohne
Training (WKG)

20% |

Durchschnittliche Performanz in den Bayesianischen Aufgaben

Fehlerbalken geben den
Staradfehler des Mittelwerts an

0%

':':':' B2 LA we £ [l B LA we ':':':' 'S AL we

Prétest Posttest Follow-Up-Test Messzeitpunkt
AnmerkungDie verschiedenen Experimentalbedingungen pro Messzeitpunkt sind versetzt
dargestellt Diesbedeuteaber nicht, dass eine zeitliche Verzégerung zwischen denddedien
stattfand
Weiterhin konnte festgestellt werden, daSwdierende mithéheren mathematischen
Fahigkeiten auch grofRere Lernerfolge erzieBiesbeziglichzeig sich allerdingseine
Interaktion mit derverschiedenen Trainingsgrupp@&eispielsweise ist der Lernerfolg beim
Doppelbaumtraining kurzfristigelativ unabhangig von der vorherigen mathematischen
Leistung was bedeutet, dass von diesem Trainéie grof3e Bandbreite von Personen

profitieren kann.
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4. Zusammenfassungnd Ausblick

Aufgrund der geschilderten Ausgangslage und stdmwerwiegenden Folgedie durch
fehlerhaftesBayesiansisclee Denken entstehen kdnneist die Forderungerweiterte)
Bayesianische Denkers unbedingtotwendig.Dies geschahm Rahma dervorliegenden
kumulativen Proration nach theoriebasierter Grundsteinlegurdurch innovative
Weiterentwicklungen sowie Neukonzeptionen die durch empirische Untersuchungen

umfangreich erprobt wurden

1. Die Visualisierungen (Doppelbaum und Einheitsquadratjurden unter
Berticksichigung von Multimediarinzipien bestmaoglich weiterentwickelt und
optimiert Dartiber hinaus wurden die beiden Visualisierungssbenfalls unter
Berucksichtigungyon Multimedigprinzipien xdynamisiert(Artikel 1).

2. In einer empirischen Studie wurde erstmalig Covariationumfassend empirisch
adressiert. Es wurdein systematis@r Vergleich von zwei unterschiedlichen
Messmethoden (Singl€hoice vs. Schiebereglaturchgefiihrt, wobainterschied
liche Schwierigkeitsgradir Anderungen in den drei InputparameteBagisrate,
Richtig-PositivRate und FalscPRositiv-Raté festgestdt werden konnten

3. Die EntwicklungundKonzeptionstandardisierteLevel2-Trainings (Doppelbaum
und Einheitsquadrat) z@alculationund Covariationstelleneinenweiteren
Meilensteindar (Artikel 3). Diese wurden in eine empirische Stud@ben zwei
Level1-Trainings und einer Wartekontrollgruppe implementient auch
Synergien undlie Additivitat von Effekten in den Blick nehmen zu kénnen
(Artikel 4).

4. Die Kernergebnissder Dissertatiosind:

a. Theoriebasiert&ntwicklung statischer und dynamischésualisierungen
mit optimalem Design

b. IdentifikationunterschiedlicheSchwierigkeitsgrade belien drei
Aufgabernypenzur Covariation(z. B. hohe Losungsrate bei d&nderung
der RichtigPositivRate geringe Losungsrate bei dénderung der
FalschPositivRatg und Vergleich vorzwei Messmethoden (keine
Empfehlung fur den Schieberegler bei authentischen Kontexten mit
kleinen positiv pradiktiven Wesgn)

c. Konzeptionvon AptimalersLevek2-Trainings zurCalculationund
Covariationmit den ne desigrien Visualisierungen ausrtikel 1

d. ZentralesErgebnis der umfassenden Hauptstumlieflinf

Experimentalbedingungeiachweislich kurzund mittelfristige
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Steigerung des Lernerfolgs bezuglichlculationdurch da

Doppelbaumtraining (hdher als beim Training deémEinheitsquadrat)

Da sich in deHauptstudig(Artikel 4) dasDoppelbaumtrainindpeztiglich derCalculation
als besonders hilfreich erwieseat kanndieses Trainingachdricklicempfohlenwverden
Durch die digitale Umsetzungt das Training jederzeit verfligbaskannleicht eingesetzt
undauch flachendeckergenutztwerden

Selbstverstandlich kann umdussbereitsin der Schule Bayesianisches Denlgaitrdert

werden Dieses Themist beispielsweseim bayerischenLehrplanLP 7KHPHQIHOG AEHGLQJV
:DKUVFKHL Q Qdr&nKed(tsB\V2A2E) Schiler kdnnen im Rahmen daskiinftigen
Stochastikunterriclst ebenso von den Weiterentwicklungen und Neukonzeptionen

profitieren. Die statischen Visualisierungen a@gikel 1 lassen sich problemloin

Schulblcher integrieen, wahrend die dynamischen Visualisierungen fir die
Unterrichtsgestaltungenutzt werden konmeDie Visualisierungen stehewf der Website

des DFGProjekts (http://www.bayesiafteasoning.de/br_material.nfmkur Verfligung.

Dartber hinaus ist es ddrde, de neu konpierten Trainings im Unterricht erusetzenda

das Training zurCalculation lediglich etwa 30 Minutenn Anspruch nimmtDurch die
digitale Umsetzung ist es auRerdem mdoglich, das Training im Selbststudium und somit
aul3erhalb des Unterrichts zu bearbeiten.

Zusammenfassend bietet diese Dissertation vielseitige theoretische und methodische
Erkemtnisse zur Forderung des Véistinissesrweiterten Bayesianischen Denkebarch

die theoretisch fundierten und empirisch Uberpriften Weiterentwicklungen sowie
Neukonzeptionen im Bereich deswveiterte BayesianischeBenkers kann das Lehren und

Lernen in desem Bereich durch die Nuing der entwickelten Materiali@ptimiertwerden.
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8. Darlegung des eigenen Anteils

Die vier Artikel der vorliegenden Dissertation sind alle im Rahmen des-Bxe{ekts
TrainBayes mit den Projektmitgliedern Stefan Krauss, Karin Binder, Theresa Blchter,
Andreas Eichler, Katharina Béchetlender und Markus VogelArtikel 1 bis3) sowie
extern mit Sven Hilbert (nur aArtikel 4 beteiligt) entstanden. Alle Artikel basieren auf
zaHreichen intensiven Diskussionsrunden mit den Mitgliedern der Arbeitsgruppe.
Nachfolgend soll dargelegt werden, welche Arbeitsschritte bei der Entstehung der vier

Artikel von mir durchgefuhrt wurden.

Im ersten Artike(Education Science$nd von mir eie ausfihrliche Literatursichtung mit

GHP 6FKZHUSXQNW APXOWLPHGLDOHV /HUQHQ3® VWDWW EHYR!
des statischen und dynamischen Doppelbaums mitwirkte. Den Artikel verfasste ich in enger
Zusammenarbeit mit Theresa Blchtdre n Kassel bei Prof. Dr. Andreas Eichler im

Rahmen des ProjekisrainBayespromoviert.Karin Binder und Markus Vogel waren bei

dem Schreibprozess ebenso beteiligt.

Der zweite Artikel (Frontiers in Psychology)beinhaltet eine Studie milN =229

Studierenden. Die Idee flir diese Studie entstand in einem der Projekttreffen. Aufgrund der

Tatsache, dass dieovariationbisher kaum empirisch untersucht wurde, habe ich vorab in

anderen Forschungsgebieten Bz. KognitLRQVSV\FKRORJLH ]XP %HJULII AFF
DVVHVVPHQW?3 DXVI*KUOLFKH /LWHUDWXUUHFKHUFKH EHWUL
des Doppelbaums wurden von mir erstellt. Die Implementation auf Unipark erfolgte in enger
Zusammenarbeit mit Theresa Bicht®ie Rekrutierung der Versuchspersonen und

Erhebung an der Universitat Regensburg habe ich personlich durchgefiihrt. Dartiber hinaus

habe ich die erhobenen Daten fir den Artikel ausgewertet und analysiert. Die Erstversion

des Artikels wurde von mir verfasfiese Version habe ich in enger Zusammenarbeit mit

Stefan Krauss weiterentwickelt. Karin Binder wirkte vor allem bei der Auswertung der

Daten mit.

Im dritten Artikel (Mathematics) wurde von mir zunachst eine ausfihrliche
Literatursichtung durchgefuhrt, bar ich die Doppelbaumtrainings z@alculation und
Covariationfir eine digitale OnlinddmgebungnaRgeblictkonzipierte. Dabei habe ich die
Trainings (eine Art Slidé&Show zurCalculationund Erkléarvideos zu€ovariation) selbst
gestaltet. Die Pilotierundes Doppelbaumtrainings mit Studierenden aus den Zieldoménen
Medizin und Jura wurde ebenfalls von mir durchgefihrt. Die Erstversion des Artikels
entstand in enger Zusammenarbeit mit Theresa Bichter und Andreas Eichler. Dabei
verfasste ich vor allem die Atisnitte zur Konzeption des Doppelbaumtrainings

(Calculationund Covariation und erstellte alle Abbildungen des Artikels.
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Die Idee dewierten Artikels (Learning and Instructionpildete die Grundlage des DFG
Projekts weshalb dieser Artikelas Herzstlickler Dissertationdarstellt Der GrofR3teil der
authentischen Aufgaben fir die Medizinstudierenden wurde von mir in enger
Zusammenarbeit mit Experten aus der Medizin entwickelt. Das Doppelbaumtraining wurde
auf Basis der (im dritten Artikel beschriebenen)of@rungsergebnisse sowie sde
individuellen Feedbackder Studierenden von mir angepasst. Dartber hikansipierte

ich das Levell-Training mit naturlichen Haufigkeiten federfihrend. Vor allem thei
Erstellungder Erklarvideos zu€ovariation wurde ich von einer studentischen Hilfskraft
unterstitzt. Dabei wurddfxperenfir das Einsprechester Erkléarvideos von mir engagiert.
Daruiber hinaus habe ich den Grof3teil der Aufgaben fir die Kontrollgruppe, welche kein
Training erhalten hat, erstellhd implementiertDie Rekrutierung und Durchfiihrung der
Studie mitN = 515 Medizir und Jurastudierenden am Trainingstag und etwa acht Wochen
spater erfolgtean den Standorten Regensburg, Wirzburg und Minchen durch Theresa
Buchter und mich in gleichem AnkeDie Auswertung und Analyse der Daten erfolgten in
enger Zusammenarbeit mit Theresa Buchter und Sven Hilbert. Die erste Fassung des
Artikels wurde gemeinsam mit Andreas Eichler und Theresa Biichter geschrieben. Diese
Fassung wurde anschlieBend von miZimsammenarbeit mit Stefan Krauss und Theresa

Buchter weiterentwickelt.
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Abstract: Questions involving Bayesian Reasoning often arise in events of everyday life, such
as assessing the results of a breathalyser test or a medical diagnostic test. Bayesian Reasoning
is perceived to be dif cult, but visualisations are known to support it. However, prior research

on visualisations for Bayesian Reasoning has only rarely addressed the issue on how to design
such visualisations in the most effective way according to research on multimedia learning. In
this article, we present a concise overview on subject-didactical considerations, together with the
most fundamental research of both Bayesian Reasoning and multimedia learning. Building on
these aspects, we provide a step-by-step development of the design of visualisations which support
Bayesian problems, particularly for so-called double-trees and unit squares.

Keywords: visualisation; double-tree; unit square; Bayesian Reasoning; multimedia learning

1. Introduction

Exercises in schoolbooks are often presented with a supporting visualisation, as in
Figure 1, where a task on Bayesian Reasoning is presented along with a probability tree
diagram as a structure of the Bayesian situation.

With digital tools such as e-books and animations being used more and more often,
opportunities arise to examine different realisations and designs of visualisations, such as
the tree diagram provided [ 1]. Thus, the question emerges of how these visualisations can
be designed in order to increase their suitability for the exercise at hand, e.g., by highlighting
speci c attributes or adding sliders in order to make the visualisation dynamic. To design
such visualisations appropriately, multiple perspectives need to be combined. Firstly,
subject-didactical aspects should be recognised, e.qg., for identifying the speci c demands
and dif culties of the particular task, which should be supported by a visualisation from
a theoretical as well as empirical perspective [2,3]. Secondly, results from research on
multimedia learning can be applied, to clarify the (previously identi ed) speci ¢ demands
or overcome dif culties of the task [4].

In this paper, we focus on the design of visualisations for Bayesian Reasonin@s in
Figure 1). The task provided in Figure 1 is an example of a Bayesian Reasoning task, as a
hypothesis (e.g., being under the in uence of alcohol, “A”) needs to be evaluated based
on an indicator for that hypothesis (e.g., positive test result in a breathalyser test, “+”;
cf. [5]). Bayesian Reasoning is unintuitive and causes many misunderstandings, especially
if presented without any additional support[ 6]. However, a bene cial strategy for Bayesian
Reasoning is to display the structure of the situation in a visualisation (for a short overview
on possible visualisations for Bayesian Reasoning, see Figure 2 below; for a comparison
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of these visualisations, see Sections 2.1 and 2.2)7]. It has previously been shown that the
application of multimedia principles and design features of the visualisation affect the
performance of Bayesian Reasoning (see, e.g., [8—11]).

Figure 1. Exercise on Bayesian Reasoning with a probability tree as a supporting visualisation, in a
form typically found in schoolbooks.

Previous studies have already addressed isolated features of the visualisation. Addi-
tionally, studies have been carried out which focused on the effects of adjusting the text
of the Bayesian situation according to multimedia principles. For instance, Khan et al. [ 8]
applied the principles of multimedia instruction to text describing the Bayesian situation. They
thus demonstrated that adding features such as coherence, signalling, segmenting or spatial
contiguity (among others) to the textual description of the situation improves performance.
Furthermore, Clinton et al. [ 11] have empirically tested the effects of labelling and colour cod-
ing in an instructional setting for Bayesian problems with text and 2 2 tables, and showed
that labelling seems to be especially beneficial, whereas colour coding of text and tables did
not improve the learning outcome. Moreover, Binder et al. [ 9] have proposed arguments for
specific design decisions regarding visualisations in a Bayesian situation according to multime-
dia principles. However, when doing so, they focused on isolated design features, i.e., pruning
the tree diagrams to the most relevant aspects according to the redundancy principle or em-
phasising the relevant aspects using the highlighting principle [ 12]. Moreover, previous works
have implicitly used promising designs of visualisations for Bayesian Reasoning based on
multimedia principles, such as in Budgett and Pfannkuch [ 13] or in Martignon and Kunze [ 14]
orin Khan et al. [ 15]. In these specific contributions, the focus is on the use of the particular
(well-designed) visualisations, as opposed to explicitly spelling out how multimedia principles
have been applied to them. In this paper, we wish to add to these studies by systematising
such designs according to results from research on multimedia learning. Previously, also other
design elements (apart from aspects resulting from multimedia principles) have been studied
with regard to visualisations of Bayesian situations, e.g., how the combination of visualisations
with text affects performance (e.g., [16]), how the context-specific labelling in the visualisation
affects performance (e.g., [L7]), how interactivity in the visualisation affects performance
(e.g., [18,19]), how personal-dependent variables (e.g., spatial ability, numeracy) affect the
performance with a specific design of the visualisation (e.g., [ 20-22]). However, in this paper
we intend to focus on the effect of combining multimedia principles with visualisations of
Bayesian situations.
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Figure 2. Different visualisations which have been studied regarding Bayesian Reasoning, without
speci c design elements according to multimedia principles (rows 1-3) and with added speci c
design elements for the double-tree and unit square (row 4).

The speci cally new approach within this paper is designed, therefore, to provide
a systematic and concise overview on criteria from a multimedia perspective, which are
important from a theoretical point of view for the design of visualisations of Bayesian
situations, and to provide a step-by-step development on how to concretely apply these
criteria in designing the visualisations. We illustrate this application of multimedia prin-
ciples in two visualisations that have previously been identi ed as particularly helpful
for Bayesian Reasoning: the so-called double-tree, and the unit square (compare Figure 2
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and Section 2.2). Thus, we rst consider empirical and theoretical aspects of Bayesian
Reasoning and multimedia instruction (Section 2) and then apply these to the creation of
double-trees and unit squares, respectively (Section 3). This results in a stepwise develop-
ment of the visualisations, with advantages and disadvantages discussed from a theoretical
point of view. We argue that this systematic and comprehensive approach improves the
design of static and dynamic visualisations, which prove particularly helpful for in-depth
understanding of a Bayesian situation and can easily be transferred to visualisations for
other contents (not only Bayesian Reasoning) as well.

2. Theoretical Background
2.1. Bayesian Reasoning

Bayesian Reasoning lies at the root of solving Bayesian problems in which a hypothesis
(e.g., whether a person is under the in uence of alcohol, “* A”) is evaluated based on an
indicator for the hypothesis (e.g., that this person has received a positive test result, “+”, in
a breathalyser test). We understand a Bayesian problem as a task whose solution can be

determined using Bayes' formula: P(Aj+) = A P(f(ji))f(;(%) TR Thus, the presence

of an indicator (positive test result) is used to make inferences on the risk of a hypothesis
(being under the in uence of alcohol). In a Bayesian problem (as in the given example in
Figure 1) the following three parameters are usually provided [23]:

The so-called base ratethe a priori probability that the hypothesis is true (prior to the
presence of an indicator). In the example above, this corresponds to the probability
of a person stopped by the police being under the in uence of alcohol on a Saturday
night, P(A).

The so-calledtrue-positive ratethe probability that an indicator is present when the
hypothesis is true. In the example above, this corresponds to the probability that the
result of a person's breathalyser test is positive, if that person is indeed under the
in uence of alcohol, P(+jA).

The so-called false-positive ratethe probability that an indicator is present even though
the hypothesis is false. In the example above, this corresponds to the probability that
the result of a person's breathalyser test is positive even if that person is not under the
in uence of alcohol, P(+ A).

Most often, Bayesian Reasoning is studied concerning the ability to calculate a condi-
tional probability with these given parameters. Usually, one of the following two probabili-
ties is to be determined in a Bayesian problem:

The so-called positive predictive valugPPV): the probability that a hypothesis is actually
true, if an indicator is given. In the example above, this corresponds to the probability
that a person is actually under the in uence of alcohol, if the breathalyser test is
positive, P(Aj+) .

The so-callednegative predictive valugPV): the probability that a hypothesis is actually
false, if no indicator is given or information is given which suggests that the hypothesis
is false. In the example above, this corresponds to the probability that a person is
actually not under the in uence of alcohol, if the breathalyser test is negative, P(A ).

With the probabilities given in the exercise in Figure 1, the application of Bayes' formula
results in P(Aj+) = 519533z  17%forthePPVand P A = ;o922 .~ 98%
for the NPV.

A large variety of studies have contributed to the research on Bayesian Reasoning
by studying the in uence of different variables on the ability to calculate the PPV or
NPV. However, calculating an outcome (e.g., in this case, the PPV) is only one facet
of operating with the formula. Another desired facet of operating with a formula is
described by Sokolowski [ 24]. He points out “it is believed that teaching students how
to perceive formulas as covariational entities based on the provided context is essential.
This skill can enable them to consider formulas as dynamic functions” [ 24] (p 184). Even
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though Sokolowski has emphasised the importance of “formulas as dynamic functions” for
understanding physics, we consider it to be of equal importance in the Bayes' formula with
regard to understanding conditional probabilities. For example, Borovcnik [ 25] demands
that opportunities should be created to “investigate the in uence of variations of input
parameters on the result* (p. 21) in order to develop a conceptual understanding of
conditional probabilities. Adopting the perspective of Bayes' formula as a function (of three
variables, which is rarely taken in empirical research) opens up the possibility of applying
insights from research about the understanding of functions to Bayesian Reasoning as well.
With Bayes' formula at the root of Bayesian Reasoning, we propose to generalise the idea
of using Bayes' formula as a “dynamic function” by relating the different aspects of the
concept of functional thinking to Bayesian Reasoning:

Static aspect of Bayesian Reasoning: interpreting the formula's structure in the sense
that the given parameters (e.g., base rate, true- and false-positive rate) directly corre-
spond to one result (e.g., PPV), which is calculated. This relates to the aspect ofmapping
in the concept of functional thinking [ 26,27] or the action conception of a function [ 2§,
because three given parameters, e.g., the base rat®(A), the true-positive rate P(+ jA)
and the false-positive rate P(+ A), interpreted as independent variables, are used to
calculate the requested dependent variable PPV P(Aj+) . Thus, the solution P(Aj+)
is a function value mapped to the three given variables P(A), P(+jA), and P(+ A)
via the Bayes' formula. In Bayesian Reasoning, we refer to the ability to map three
given parameters to the solution of Bayes' formula as the aspect of performancéwith
or without the explicit use of Bayes' formula).

Dynamic aspect of Bayesian Reasoning: interpreting the formula's structure in the
sense that changes in the given parameters (e.g., base rate, true- or false-positive-rate)
in uence the result (e.g., the PPV). This relates to the aspect of covariation of the
concept of functional thinking [ 26,27] or the process conception of a function [ 28]
because a variation in one (or more) of the parameters being interpreted as indepen-
dent variables (e.g., base rateP(A), true-positive rate P(+ jA) or false-positive rate
P(+ A)) alters the dependent variable (e.g., PPV P(Aj+) ) when P(Aj+) is under-
stood as a function value of the Bayes' formula, which is seen as a three-dimensional
function with the given parameters (e.g., base rate, true- and false-positive rate) as
the independent variables. Consequently, we refer to the ability to evaluate the in u-
ence of changes to the given parameters on the result of Bayes' formula as the aspect
of covariation

Thus, the static and dynamic aspects (of Bayesian Reasoning and the concept of
functional thinking) describe different ways of thinking (about Bayesian situations and
functions) while performance and covariation relate to different abilities (in Bayesian
Reasoning and working with functions). To the best of our knowledge, Bayesian Reasoning
has (so far) been studied almost exclusively with regard to the static aspect by measuring
performance. It has been shown that without any supportive strategies, performance in
Bayesian Reasoning is generally very poor [6]. However, successful strategies have been
identi ed to support performance in Bayesian Reasoning: The rst one is the use of so-called
natural frequenciesas the format of the given statistical information (see, e.qg., [5,6,29-33)])
improves the performance of Bayesian Reasoning. In this strategy, a pair of natural numbers
is used to describe the probabilistic information and can represent an expected frequency in
a ctitious sample [ 33]. The concept of natural frequencies was introduced by Gigerenzer
and Hoffrage [ 33] and a comparison of the given information in form of probabilities and
natural frequencies is given in Table 1. The second successful strategy is to use adequate
visualisations as a representation of the Bayesian situation (see, for example, [7,15,34-37)).
This strategy is explained in more detail in Section 2.2.
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Table 1. Information provided in a Bayesian situation in form of probabilities and natural frequencies.

Probabilities

Natural Frequencies

base rate

The probability is 10% that a
person stopped by the police
is under the in uence of
alcohol on a Saturday night.

10 out of 100 people are under
the in uence of alcohol when
stopped by the police on a
Saturday night.

true-positive rate

If a person who is under the
in uence of alcohol is tested,
the probability is 90% that the
breathalyser test is actually

In 9 out of 10 people who are
under the in uence of alcohol,
the breathalyser test is
actually positive.

positive.

If a person who is not under
the in uence of alcohol is
tested, the probability is 50%
that the breathalyser test is
positive nevertheless.

In 45 out of 90 people who are
not under the in uence of
alcohol, the breathalyser test
is nevertheless positive.

false-positive rate

The dynamic aspect of Bayesian Reasoning, e.g., by measuring covariation, has only
rarely been studied. Yet, Bécherer-Linder et al. [38] showed that the visualisation also
affects covariation in Bayesian problems. Hence, (adequate) visualisations are a supportive
tool for the static, as well as dynamic, aspect of Bayesian Reasoning. We propose that
dynamic visualisations can be particularly supportive for tasks which address the dynamic
aspect (dynamic tasks) while static visualisations are preferable for tasks which address the
static aspect (static tasks) in Bayesian problems, in order to closely tie the speci ¢ demands
of the task to its supportive strategy.

With this introduction on Bayesian Reasoning, we aim to highlight that specic
Bayesian problems can differ with regard to the aspect of Bayesian Reasoning (static
or dynamic) which is addressed by a speci ¢ task. Additionally, the support that is pro-
vided in the problem can be varied by using different strategies (i.e., natural frequencies
and visualisations).

2.2. Visualisations and Bayesian Reasoning

An overview of typical visualisations for Bayesian situations can be found in Spiegel-
halter et al. [7] or Binder et al. [ 29]. Furthermore, Khan et al. [ 15] have categorised these
visualisations into three groups: (1) nested-style, (2) frequency-style, (3) branch-style. In
Figure 2 (compare Section 1), an overview of some of the visualisations discussed here
is given. They are presented without particularly supportive design-elements from a
multimedia point of view (upper three rows). However, they already provide an idea
of what visualisations may look like when designed according to multimedia principles
(lowest row). Empirical studies have investigated a wide variety of visualisations that have
been proven to support Bayesian Reasoning: tree diagrams (e.g., [L3,29,39,40]), double-
trees (e.g., [L5,34,41]), unit squares (e.g., [42-44]); 2 2 tables (e.g., B545]), icon arrays
(e.q., [36,46,47]), frequency nets [34,48] and others were all found to increase performance in
Bayesian Reasoning. However, there are also visualisations that provide little or no support
(e.g., Euler diagrams as in [49]). Moreover, comparisons between the helpful visualisations
showed that some of these are more helpful than others. For example, tree diagrams help
only when absolute frequencies are displayed within the diagram, rather than probabilities
as in Figure 1 [29]. The double-tree and unit square are signi cantly more helpful than
the common tree diagram (even if absolute frequencies are used in the tree diagram) [50].
Both the aforesaid visualisations (double-tree and unit square) are comparably helpful,
with around 60% of participants revealed as able to solve a Bayesian problem when it is
displayed in a double-tree or unit square with frequencies. Empirical results suggest that
other visualisations such as a frequency 2 2 table and icon arrays may even outperform



Educ. Sci2022 12, 739

7 0of 29

the double-tree and unit square regarding performance [ 34,50], yet we consider them less
supportive for covariation (see below).

We wish to point out that, in this and the following analyses, we regard visualisations
as a support for Bayesian problems in which the base rate, true- and false-positive rates in
form of probabilities represent the given information, as this is the most common case in
authentic situations. Moreover, we only refer to the statistical information given directly
within the visualisations. In concrete tasks, there may be further information in the text
surrounding the visualisation. However, we focus on the design of the visualisations here
(for designing textual information according to multimedia principles, also see [8]).

As well as taking into account empirical results, subject-didactical and educational
perspectives also need to be considered when selecting a particular visualisation as a
supportive strategy in a Bayesian problem. For instance, some visualisations require time-
consuming drawing and are therefore not very suitable in a context where the subsets
change or the visualisation needs to be self-drawn, at least when large sample sizes are
given (e.g., icon arrays). Therefore, we do not focus on icon arrays in this paper as a
supporting visualisation. Additionally, an analysis of the demands of the Bayesian problem
can help to identify characteristics of the visualisation that are necessary to solve the
problem. Consequently, we will now evaluate (from a theoretical point of view): which
relationships does a visualisation ideally display for (1) supporting the static aspect of
Bayesian Reasoning (in static tasks), and (2) supporting the dynamic aspect of Bayesian
Reasoning (in dynamic tasks)?

Static tasks: Static tasks address the static aspect of Bayesian Reasoning. Therefore, in
static tasks, the three given parameters are used to calculate the PPV (for example with
Bayes' formula). Bayes' formula for two dichotomous events can be simpli ed to two

; e ; — P(A) P(+jA) _ P(A\ +) _
conceptually simpler ratios: P(Aj+) = B(A) P JAVF POA) PHA) — POAV )+ PLAVE)

P(A\ +)

P(+)
Both transformations have a simpler structure than the original Bayes' formula. As a
consequence, we argue that a visualisation that represents the equivalence of these
algebraic transformations can more easily lead to simpler (and correct) calculation of
the result (even if the formula is not explicitly used in the teaching process). In order to
do so, two equivalences should be observable in the visualisation: rst, the equivalence
of the product of the simple and conditional probability to the joint probability ( rst
equal sign), and second, the equivalence of the sum of the two intersects (the true-
and false-positives) to their shared superset (all positives; second equal sign). Conse-
quently, in order to be supportive for static tasks, we argue (from a subject-didactical
perspective) that it is important that the visualisation (in addition to the three pieces
of information given in the task itself) shows these two intersections (or associated
joint probabilities), and also makes it transparent that they both belong to the same
superset. In doing so, the solution to static tasks of Bayesian Reasoning should become
easier from a theoretical point of view.
Dynamic tasks: Dynamic tasks address the dynamic aspect of Bayesian Reasoning.
The question here is how modi cations in the given parameters affect the result (PPV,
NPV). Therefore, from a subject-didactical perspective, we regard it as important that
the three pieces of information, which are given in the task itself, can be represented at
all, and that the structure of the visualisation can visually represent how a change in
these parameters affects the result (or the relevant intersections/joint probabilities).

The aspects relevant to static and dynamic tasks are implemented differently in the
various visualisations (Table 2).
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Table 2. Different realisations of the aspects relevant for static and dynamic tasks in simple tree
diagrams, double-trees, 2 2 tables and unit squares.

Tree Diagram

Double-Tree

2  2Table

Unit Square

Static tasks

Given probabilities

Represented on the
branches

Represented on the
branches

Not directly represented

Represented as the ratio
of the division of the
sides

Representation of the
two relevant
intersections (joint
probabilities)

Joint probabilities can
stand at the end of one
path (probability tree)
or intersections as
frequencies in the
nodes at the end of one
path (frequency tree)

Intersections given in
in the nodes of the
middle level as
frequencies

Intersections given in the
inner elds as
frequencies (2 2 table
with frequencies) or joint
probabilities given as
probabilities (2 2 table
with probabilities)

Intersections given as
frequencies inside the
inner areas andas the size
of the inner areas

Belonging of the
intersection (joint
probability) to the
superset

Expressed through the
connection of the
intersection to the
superset by a branch;
only given for one
superset (node above
the intersection)

Expressed through the
connection of the
intersection to the
superset by a branch;
given for bothsupersets
(node above and below
intersections)

Expressed through the
adjoining positions of the
inner elds: next to each
other (as a row) or
underneath each other
(as a column)

Expressed through the
adjoining positions of the
areas (asinthe2 2table)

Dynamic tasks

Dependence of the
intersection (joint
probability) on the
given information

Connectedness of the
nodes with the
branches reveals the
in uence of the
parameters on the
associated absolute
frequencies

Connectedness of the
nodes with the
branches reveals the
in uence of the
parameters on the
associated absolute
frequencies

Cannot be visualised, as
given probabilities are
not directly represented

Size of the inner areas
(i.e., intersections)
depends on its length
and width, which
correspond to the ratios
of the divisions on the
sides (i.e., the given
probabilities)

In Table 2 we provide two pairs of related visualisations, which differ regarding
their support for the static and dynamic aspects: the double-tree is a progression of the
simple tree diagram and the unit square can be seen as a 2 2 table with additional
geometric features of area-proportionality [ 51] (please also see Figure 2 for an overview
of the relevant visualisations). All four visualisations can represent the two relevant
intersections. Additionally, the pairs of visualisations share certain characteristics. Both

types of tree-diagrams (simple tree diagrams and double-trees) express membership of
the superset through a connection by a branch. In contrast, in the unit square and the
2 2 table, belonging to the superset is expressed through the adjoining positions of
the inner elds. Apart from that, both the unit square and double-tree represent aspects
that cannot be represented in their related visualisation: The double-tree can represent
membership of both supersets (which is not possible in the simple tree diagram) and the
area-proportionality of the unit squares can represent given (conditional) probabilities
and also their in uence on the intersections (which is not possible in the 2 2 table).
Thus, regarding the theoretical analysis of requirements of a visualisation for a Bayesian
problem from a subject-didactical point of view, the nature of 2 2 tables seems problematic
for dynamic tasks especially, since the true- and false-positive rates (typically given in a
Bayesian problem) cannot be visualised directly. Hence, even though empirical results have
shownthat2 2 tables are a supportive visualisation for static tasks of Bayesian Reasoning,
we argue against them for dynamic tasks especially. However, two visualisations that have
been identi ed as supportive for static tasks from an empirical perspective also stand out
for their favourable characteristics in theoretical analysis: the double-tree and unit square.
They both represent the relevant subsets, which are necessary for static tasks of Bayesian
Reasoning, and also display the dependence of the intersections or joint probabilities on the
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given parameters. Therefore, they are (unlike the other visualisations discussed) suitable
for Bayesian Reasoning from both empirical and theoretical perspectives. Therefore, in the
following sections of this paper, we focus on describing how to design these two options.

2.3. Aspects of Multimedia Learning

Working with multiple representations (such as the textual description of a Bayesian
problem together with a visualisation of the Bayesian situation) can serve different functions.
Ainsworth [ 52] distinguishes three essential functions. Firstly, multiple representations
can complement each other (complementary function Secondly, the multiple linkage of
representations is also suitable for explaining a little-known, or completely unknown, rep-
resentation with a more accessible representation (constraining functior. Finally, multiple
representations can support the construction of deeper understanding ( constructing functior)
by revealing underlying structures of a content concept through their different forms of
presentation and the way they are linked. These functions are not mutually exclusive, but
one set of representations can ful | multiple functions [ 53]. All in all, multiple representa-
tions can support the process of extraction and transferral that takes place when learners
recognise that a concept represented in a certain way can also be represented in another
way, and learn how to do so on their own. Arguments for this bene cial effect of using
multiple representations can be found in theories of multimedia learning.

2.3.1. Processing Multimedia Material

According to Schnotz [ 54] (p. 72), the term "multimedia’ at the level of presentation
format refers to “the use of different forms of representation such as text and pictures”.
Text can be in printed or spoken format and the pictures include static pictures (photos,
gures, diagrams, ... ) and/or dynamic pictures (videos, animations). Therefore, solving a
Bayesian problem with the help of a visualisation implies the use of multimedia.

Two theories of multimedia learning are at the forefront of research: Mayer's [ 55
Cognitive Theory of Multimedia Learning (CTML), and the Integrated Model of Text and
Picture Comprehension (ITPC) of Schnotz [54]. Both of these theories propose arguments
as to why using multimedia fosters learning, a consequence which is also known as the
multimedia-effec{a “benchmark nding” according to Schweppe et al. [ 56] (p. 24)) and
which may occur when solving a Bayesian problem, for example.

According to Mayer's [ 55 CTML, working memory has two channels in which exter-
nally represented information can be processed via mental representations: one channel for
(printed or spoken) verbal information and one for non-verbal information. The capacity
of these channels is limited but their independence from each other means that they are
not competing to achieve greater capacity [55]. Separate mental representations of two
channels are integrated into a coherent mental model when appropriate prior knowledge is
retrieved from long-term memory. If, for example, a non-verbal graphical representation of
given textual representation is generated, this means that two, instead of one, channels are
involved. As cognitive capacity is limited, using both channels means that more working
memory resources are available and can be used to, e.g., deepen understanding.

By problematising the assumption of parallel text and image processing of Mayer's
CTML [ 55] within a theoretical point of view the ITPC model of Schnotz [ 54] points out
the fundamental assumption that texts and images are based on different sign systems and
therefore follow different principles of representation. However, from a practical point of
view, the ITPC model [ 54] is consistent with the CTML regarding its outcomes for designing
multimedia-based learning environments.

This means that, according to CTML as well as ITPC, it can be theoretically reasoned
that the use of double-trees or unit squares (which complement the text of a Bayesian
problem) results in more available and sophisticated mental models compared with use
of the text of the Bayesian situation alone. However, it is important to recognise that
combinations of representations, such as the description and depiction of a Bayesian
situation, are not helpful per se, but processing multiple external representations (MERS)
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can evoke translation processes between single representations which may be dif cult
and cognitively demanding. Thus, such translation processes should be carefully planned,
designed and implemented in the learning setting, i.e., the Bayesian problem.

2.3.2. Cognitive Load

One theoretical reference theory for planning and designing learning scenarios, (par-
ticularly regarding cognitive demand), by using MERs is Sweller's Cognitive Load theory
(CLT; [57)). This theory integrates knowledge about limited working memory capacity
with design principles for instructions, to reduce unnecessary cognitive load in order to
enhance learning. It is often used in combination with Mayer's [ 55 CTML. According to
CLT, the cognitive load imposed on working memory originates from three categories of
cognitive load [ 57]: intrinsic cognitive load (ICL), extraneous cognitive load (ECL) and
germane cognitive load (GCL). The ICL of a subject matter derives from its complexity
and the learner's prior knowledge. The ECL refers to the cognitive load of aspects that are
irrelevant to learning. This depends in particular on how the external representation of
learning materials is designed. GCL refers to the cognitive load relevant to learning; in
this approach, it is a desirable type of load. However, according to latest research, GCL is
no longer assumed to contribute to the total cognitive load by assuming that GCL “has a
redistributive function from extraneous to intrinsic aspects of the task rather than imposing
aload in its own right” [58] (p. 264).

For our purposes, this means that: if either ICL and/or ECL in the Bayesian situation is
high, working memory can become overloaded and inhibit successful learning [ 59]. Unlike
ICL, which is inherent to the Bayesian problem itself, ECL can be reduced by changing the
design of instructions [ 58]. Thus, the cognitive processing of any surface features (such as
the visualisation which depicts the Bayesian situation) that are non-essential to the content
can be reduced.

2.3.3. Design Principles

There are several design principles and guidelines for the design of educational
material which different researchers derive from theories of multimedia learning (e.g.,
CTML) on the one hand and from CLT on the other hand with the goal of supporting
multimedia learning and reducing ECL.

In this paper, we do not report all the principles of multimedia learning and design
guidelines to optimise cognitive load (for an overview see [ 55,60]), but we refer to those
features which are of special interest from a theoretical viewpoint regarding the design of
visualisations, such as the unit square and double-tree used in Bayesian problem situations.

Split-attention: When learners are required to split their attention between at least two
sources of information (e.g., text and diagram), one is speaking of a split-attention effect [ 61].
Split-attention can be caused by either spatial or temporal separation and increases ECL,
which might inhibit learning (e.g., [ 62]). Research results suggest that a split-attention
design has negative consequences and should be replaced by an integrated-format design,
where relevant data are presented close to each other B3]. This could be an additional
argument (alongside the empirical and theoretical reasonings from Section 2.2) against tree
diagrams, as the two intersecting paths that belong together are not close to each other and
therefore hard to recognise as belonging together, since the observer's attention is split.
Thus, in Section 3, we present design realisations of the double-tree and unit square, where
the relevant information is not, or as little as possible, spatially separated.

RedundanceThe redundancy effect (similar to Mayer's redundancy principle [ 12])
suggests that learning is hindered when learners are presented with the same information
in two or more forms, and/or with additional information that is not relevant for solving
the task [64]. Processing redundant information takes up working memory capacity that
could be put to better use. Research shows that eliminating redundant information from
tasks results in enhanced learning (e.g., [65]). Consequently, we pay attention to designing
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the visualisations in Section 3 in such a way that each information is presented in one
form only.

CoherenceSimilarly to the redundancy principle, the coherence principle states that
people learn better when extraneous material is excluded rather than included [ 12]. This
means that words, audio and graphics that do not support instructional goals should
be removed since they cause irrelevant cognitive load as learners' working memory is
overloaded with distracting details that do not contribute to the learning goals. The aim
is to support coherence formation [ 66] between different multiple representations, since
knowledge acquisition requires creating referential connections between corresponding
representational elements in different formats. The coherence principle may be particularly
important for learners with low working-memory capacity or low domain knowledge [  67].
Therefore, in the realisations of the double-tree and unit square in Section 3, we speci cally
emphasise aspects of the visualisations concerning design features which support the goal
of the learning scenario (e.g., the identi cation of the relevant subsets for calculating the
PPV) but are mindful not to insert additional design features for irrelevant aspects of the
Bayesian problem.

Signalling: According to van Gog [ 68], the signalling principle refers to the nding
that people learn better with multimedia when supported by attention-guiding cues to the
relevant elements of the learning material (e.g., via highlighting). Research reports on three
different kinds of cues: picture-based cues (e.g., [69,70)), text-based cues (e.g., 71,72]) and
cueing of corresponding elements in written text and pictures (e.g., [ 73,74]). Throughout
research on signalling, colour coding is important because it is a frequently used element
in all three different kinds of cueing mentioned previously. Although there were mixed
ndings regarding signi cance and effect sizes in studies of different kinds of cueing, it can
generally be stated that most studies reveal cueing to have a positive effect on cognitive
load and learning outcomes (cf. [68]). As a result, we use the signalling principle as a means
to design the double-tree and unit square in Section 3 by highlighting particularly relevant
elements of the visualisation for solving Bayesian problems.

Summing up Section 2, it becomes apparent that Bayesian Reasoning, where the Bayesian
situation is characterised by text as well as visualisations, refers immediately to learning
with multimedia material including symbolic representations (e.g., Bayes formula and its
verbalisation) as well as different graphical representations, i.e., visualisations such as double-
trees and unit squares on which we focus because they appear to be particularly advantageous.

3. Designing the Double-Tree and Unit Square

In this section we outline how we have integrated the above-mentioned implications
from research on multimedia learning into digital realisations of the double-tree and unit
square, which are used to support work on Bayesian problems. Thereby, we differentiate
between static and dynamic realisations.

3.1. Static Visualisations

Static visualisations are used for Bayesian problems in which the static aspect of
Bayesian Reasoning is addressed. There are many authentic scenarios in which the static as-
pect of Bayesian Reasoning is hecessary, e.g., in the scenario when the police rst stop a mo-
torist. Unfortunately, probabilistic information (such as the characteristics of a breathalyser
test or other diagnostic instruments) in the “real world” is most often given in probabilities
and not in the more easily comprehensible frequencies. Thus, we adapt the visualisations
so that both formats of statistical information are presented. According to Ainsworth [ 57,
this could be regarded as the complementary function of visualisations. Therefore, the
given probabilities (base-rate, true- and false-positive rate) as well as the complementary
information in frequencies are displayed in the visualisation (Figure 3).
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Figure 3. Double-tree (left) and unit square (right ) with frequencies and probabilities given in the
Bayesian situation.

A Bayesian situation is usually characterised by two attributes (e.g., 1. intoxication
of the person, 2. result in the breathalyser test) with two outcomes each (e.g., 1a. under
the in uence of alcohol, 1b. not under the in uence of alcohol, 2a. positive test result, 2b.
negative test result). Their combination results in four subsets (e.g., i. under the in uence
of alcohol andpositive test result, ii. under the in uence of alcohol andnegative test result,
etc.). These subsets are visualised in the double-tree as the four nodes in the middle level,
and in the unit square as the four inner areas. Their relations to each other are expressed
by the connectedness to different supersets, via the branches in the double-tree, and by
being nested into to geometrically different superordinate structures (e.qg., different rows
and columns) in the unit square.

Generally, there are various ways to illustrate this 2-attributes ~ 2-outcomes structure
in a multimedia context. In designing the double-tree and the unit square, we focused on
the use of colours in the visualisations to highlight this structure by using different colours,
different methods of colouring (colouring the surface vs. the border of a node, using
different transparencies of the same colour, etc.) and different styles of the borders (colours
or dashed vs. solid lines). In the following sections, the resulting different multimedia
realisations are presented and directly evaluated with the principles of multimedia learning
outlined above.

3.1.1. Static Double-Trees

The double-tree represents a node-branch structure that can be seen as an extension
of the simple tree diagram. A major advantage of node-branch structures is that there is a
xed place for the frequencies (in the nodes) and a xed place for the probabilities (on the
branches). Through this structure, the helpful strategy of frequencies can be used to better
understand the probabilities. In the double-tree (unlike the simple tree diagram), there are
also nodes for the outcomes of the second attribute (e.g., positive vs. negative result in the
breathalyser test) see Figure 2.

First, we considered whether the labelling in the double-tree should take place inside
or outside of a node (see Figure 4).

Due to the split-attention principle, it makes sense from a multimedia point of view to
position the text, i.e., the label, inside the representative node (double-tree on the right-hand
side in Figure 4). Thus, the respective node is better linked with the label (i.e., the respective
outcomes). Since the space in the node is limited, abbreviations must be used in some cases.
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Figure 4. Double-tree with labelling outside the nodes, (not selected, on ( left)) or inside the nodes,
(selected, on ¢ight )).

One dif culty of the double-tree is that two branches cross each other in the lower half.
Thus, the number of individuals with positive tests is not composed by the frequencies
directly above the node “positive breathalyser”. Consequently, in a second step, we set out
to counteract the dif culty of crossing branches in the lower half by using different methods
of highlighting according to the signalling principle (e.g., colouring the nodes). There are
several different possibilities for highlighting, including the use of different colouring in
the nodes or colouring the borders of the nodes. In addition, it would be conceivable to
vary the type of lines linking the nodes.

Figure 5 shows two double-trees in which only colouring of the nodes according to
the highlighting principle is used to clarify their belonging to different supersets.

Figure 5. Double-trees with each outcome of an attribute in a different colour; ( left ,right ) tree show
two different variants of displaying two colours in each node of the middle row (neither one selected).

In both cases, one colour is used for each outcome of an attribute. In this colouring
method, however, the use of four different colours means that it is not possible to recognise
which two outcomes belong to the same attribute. Thus, neither signalling method in
Figure 5 is ideally suited for labelling the two attributes with two outcomes each. This
disadvantage can be eliminated by working with one basic colour for each attribute and
marking the outcomes of one attribute by a lighter or darker colouring (Figure 6, left).
However, in those double-trees with two colours in one node (Figure 6, left; Figure 5), the
impression could be conveyed that the number of people is always distributed in the same
proportion. For example: half of the individuals under the in uence of alcohol produce a
positive breathalyser test and the other half of individuals under the in uence of alcohol
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produce a negative breathalyser test. This impression is created by the equal proportions of
the coloured areas in the middle level. Since the proportions of colourings of the inner nodes
(50:50) do not correspond to the proportions of individuals with the respective outcomes of
the attributes (as is the case with the unit square), this could represent a cognitive hurdle,
which is why this signalling method would not appear to be optimal. Additionally, the
redundancy principle suggests that this colouring method is not supportive, because two
forms (two colours plus split area) are used to represent the intersections and therefore
may elicit wrong interpretations. Thus, this form of misleading representation (a split area)
is unnecessary and should be avoided. To avoid such misinterpretation, another method
besides colouring only the inner part of the nodes must be used for highlighting, such as
colouring the borders of the nodes (compare Figure 6, right).

Figure 6. Double-tree with one basic colour for each attribute and coding the outcomes based on the
transparency of the colours, (not selected, on (left)) and double-tree with colouring of the borders for
one attribute and colouring of the inner part of the nodes for the other attribute, (selected, on ( right)).

The two different colouring methods (colouring the borders of the nodes vs. colouring
the inner part of the nodes) highlight the two attributes differently. In the selected realisation
(Figure 6, right) the result of the breathalyser test (positive vs. negative) is marked by the
colouring of the inner part of a node, while the intoxication of a person (alcohol vs. no
alcohol) is highlighted by colouring the border of a node. Reverse colouring methods would
also be possible, i.e., a person's intoxication is illustrated by colouring the inside of the node
and the result of the breathalyser test is illustrated by colouring the border of the node.
However, we chose the rst option (Figure 6, right) because the upper part of the double-
tree is analogous to the simple tree diagram and thus does not need to be emphasised
to any particular degree. Furthermore, studies have shown that the crossed branches in
the lower half make it dif cult to correctly assign probabilities to the branches [ 34]. Thus,
by colouring the inner parts of the nodes in the lower half of the double-tree it should
be clear which two nodes belong to the node “positive breathalyser result” (or “negative
breathalyser result”).

Furthermore, variations of the line types (rather than colouring of the border of the
nodes) would have been conceivable. However, we decided against this highlighting
method as it could cause confusion with regard to the lines from the branches. Presumably,
one would then need several different types of lines to be able to differentiate clearly and
this would unnecessarily increase the cognitive load.

3.1.2. Static Unit Squares

The unit square is related tothe 2 2 table, as the same additional structure of the
rows and columns is inherent in the unit square. An advantage of the unit square is that
this structure is geometrically expressed by the area-representation. Thus, the areas of
neighbouring inner elds always add up to the value of one row or column. The columns
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are just as easy to identify in the unit square as in the well-known 2 2 table. However, the
rows are harder to recognise in the unit square since the horizontal division is usually (in
the case of the two attributes not being stochastically independent) not on the same level
for the neighbouring areas which add up to the value of one row. Consequently, there is no
single division line which separates the upper from the lower row. In research on Bayesian
Reasoning with unit squares, identifying the row has also been empirically identi ed as a
dif culty of unit squares [ 35]. Therefore, we have used different design methods, which
are speci cally used to overcome this dif culty.

First, we altered the position of the labels in the unit square in order to more clearly
illustrate the “rows” in the unit square. Thus, we aligned the labels on the left- and right-
hand side of the unit square so that they are both on the same level as their counterparts
and not displaced to a mid-height position adjacent to the area to which they correspond
(compare Figure 7).

Figure 7. Unit squares with labelling of the rows either in the mid-height position adjacent to the
area to which they correspond, not selected (left) or on the same level for both labels of one row,
selected fight ).

The split-attention principle suggests that recognition of the row should be easier in
the second version of the unit square, as the left and right labels are now at the same height
and therefore easier to identify as belonging to the same row.

Another way to highlight the rows in the unit square is to colour the areas of one row
in the same colour and thereby make use of the highlighting principle. Two examples with
different colours are displayed in Figure 8.

After colouring the rows it makes sense (a) to colour the labelling of the corresponding
row (on the left- and right hand side) in the same colour as the areas which belong to this
row (Figure 8) and (b) to use colours which are also clearly visible (such as green and blue,
cf. [75]). Consequently, the colouring system with green and blue seems more appropriate.

The colouring method used so far only highlights the belonging of the inner area to the
row. Thus, it neglects any membership of the inner area to the column. While the intention
was to focus on the relation of the inner areas to the row, it might nevertheless be bene cial
to use unobtrusive methods for signalling belonging to the column, in order to make the
structure clearer.

In the rst realisation (Figure 9, left), a line style was used in order to differentiate
between the left and right columns. In the second realisation (Figure 9, right), the colour
shade was varied to differentiate between the left and right columns. Both methods are less
noticeable than the colouring of the areas itself (used to express their belonging to the row).
As such, they correspond to the redundancy principle, since information which is already
easy to identify (belonging to the column) is not reinforced in a second ostentatious way.
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Figure 8. Unit squares with rows coloured yellow and blue, (not selected, on ( left)) or green and blue,
(selected, on ¢ight )).

Figure 9. Unit squares with unobtrusive methods of signalling belonging of an area to the column:
line style (not selected, on (left)) vs. transparency of the colours (selected, on ight )).

Finally, the frequencies in the unit square are so far only given for the intersections,
not for the supersets. Even though the supersets are geometrically represented in the unit
square (as the sum of both inner areas, which belong to the superset), it might be bene cial
to also explicitly add this relation by adding the sums of the rows and columns (compare
Section 2.2). However, according to the split-attention principle, it is important to also add
the numbers in the vicinity of what they represent. We have considered two different ways
of doing so (compare Figure 10).

While in the left realisation, the frequency is closer to the label of the attribute (the text),
in the right realisation the frequency is closer to the geometrical feature of that attribute (the
row or column). Depending on the context in which the visualisation is used, either one of
these realisations can be more useful. In accordance with the split-attention principle, we
propose focusing on the second realisation, if the geometrical aspects of the unit square
are necessary or highlighted. Additionally, the left realisation seems unfavourable, as two
numbers (frequencies and percentages) are right on top of each other. Furthermore, as
the added frequencies represent sums (of the inner areas), the positioning in the right
realisation is more natural in so far as sums usually appear in the lowest line (e.g., of
addition by hand), or on the right-hand side of the equation. Finally, the positioning in the
right-hand realisation makes the relation of the unit squaretothe 2 2 table more evident.



Educ. Sci2022 12, 739 17 of 29

Figure 10. Unit squares with different positions of the frequencies which represent the rows and
columns: close to the label (not selected, on (eft)) vs. close to the geometrical feature (selected,
on (right)).

To summarise, in Section 3.1 we have shown that different design techniques can be
used in order to emphasise the related nature of the different (sub-)sets of the structure
of the Bayesian situation. Some of these techniques (e.g., colouring areas) are more eye-
catching than others (e.g., line styles of borders, transparency of colours). Thus, they
should be implemented carefully in order to facilitate recognition of more dif cult relations
(with use of more obtrusive methods) and easily understandable relations (with use of less
ostentatious methods).

We have analysed the dif culties in the double-tree and the unit square in order to
implement these different methods effectively. In doing so, we hope to have presented
a design of each of the visualisations which clari es the relations in the structure of the
Bayesian situation. Consequently, this design should support identi cation of the relevant
subsets which are needed in order to calculate a required probability (e.g., PPV or NPV).
In the next section, we will discuss design possibilities for dynamic realisations of the
same visualisations.

3.2. Dynamic Visualisations

The dynamic visualisations are relevant for assessing the in uence of changes in the
given parameters on the PPV. As the PPV is calculated with the ratio comprising the two
relevant subsets (e.g., true-positives and false-positives), it is necessary rstly to assess the
in uences of changes in the given information on these subsets and, secondly, to identify
the consequences of these changes for the ratio.

Thus, assessing changes in a Bayesian situation is fairly complex as, for instance,
changes in the base rate affect all four subsets simultaneously. As a consequence, the ICL
when evaluating the change of the base rate (for example) is assumed to be fairly high. A
dynamic visualisation where the changes within the structure are observable through the
employment of a slider can help to identify those changes [ 76,77]. Yet, as it is a demanding
task where multiple changes are observable and ICL is high, it needs to be very carefully
designed in order to minimise ECL.

3.2.1. Dynamic Double-Tree

In the double-tree, the probabilities given in a typical Bayesian task are found as
percentages on the branches in the upper half of the visualisation (e.g., Figure 11). Various
positions are conceivable for the arrangement of a slider with which the three percentages
can be changed. Basically, two different positions can be discussed: (1) A slider along
a branch (2) A horizontal slider (on a node). We argue that these different positions of
the slider may represent different conceptual ideas about percentages and, therefore, also
probabilities. Thus, we rely on two fundamental mental representations about fractions
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(here: realised as percentages) T8 (i) fraction (or percentage) as a part—whole relationship
and (ii) fraction (i.e., percentage) as the idea of odds. Then, by applying these conceptual
ideas to the interpretation of probability, the rst idea of a part—-whole relationship leads

to the understanding that a probability represents a smaller part of a reference group (i.e.,
the whole). In that case, the given percentage for a probability (e.g., 10% for the base rate)
speci es the proportion of the whole (i.e., all the people who are tested) for whom the
attribute of the probability (i.e., being under the in uence of alcohol) applies, i.e., 10% of
all people are under the in uence of alcohol. On the other hand, the second conceptual
idea of odds leads to the understanding that a probability speci es the chances for both
outcomes of a particular attribute by way of a ratio of the two subsets simultaneously.
Then, the given percentage (e.g., 10% for the base rate) stands for a ratio of 10% to 90% by
which the chances for the different outcomes (i.e., the state of being or not being under the
in uence of alcohol) are assigned. The two proposed positionings aim at deploying these
two different ideas of probabilities, i.e., the part—-whole relationship and the idea of odds
(see Figure 11).

Figure 11. Double-tree with sliders along branches (not selected, on (left)), with horizontal sliders
between two branches (not selected, in (middle )) or on the nodes (selected, on fight )).

The slider along a brancihe branch in the double-tree connects the part with the whole.
Thus, positioning the slider on the branch, results in an emphasis of the part—whole relation-
ship. Moreover, colouring the percentage of the branch which corresponds to the probability
on the branch also highlights this feature. Therefore, increasing the percentage on the branch
with a movement of the slider directly illustrates that more of the whole (i.e., the node at the
upper end of the branch) now belongs to the part (i.e., the node in the lower end of the branch).
However, in the double-trees, there are always two branches that stem from one node, which
means that with one probability P(A), also its complement P A —despite not being depicted
as a percentage—is visualised (i.e., on the adjacent branch). Therefore, a second slider must be
arranged at the adjacent branch, which represents the complement. This second slider then
moves automatically when the first slider is changed. This might result in the learning effect
that you can observe: a probability and its complement always change inversely to each other
and always add up to 100%. Yet, this is a relatively basic concept which we consider rather
simple, so this simultaneous move could be eliminated here. Moreover, this representation has
major disadvantages from a multimedia point of view: many changes occur simultaneously
(as well as all numbers, which need to change, also two sliders move at the same time) and,
moreover, one slider moves automatically which is counter-intuitive as usually the concept
of a slider is that it only changes if you drag its handle. Therefore, this realisation increases
cognitive load and diverts attention away from the essential concept, namely the change in
the relevant frequencies for the PPV.

The horizontal slider (on a node)n the other hand, the positioning of the horizontal
slider (on a node) relates to the idea of odds (e.g., 10:90). The considered quantity (in the
upper node) is divided into two disjoint outcomes by only one slider, and thus a change of
one percentage number. The ratio of the given probability is immediately observable on
the slider itself, which shows clearly (compared to the slider along a branch) that the sum
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of the probabilities of event and counter-event is 1. Thus, it also illustrates how the sample
in the Bayesian situation (i.e., all people tested) is divided into the different subsets (by the
respective ratio). Furthermore, with this positioning—in contrast to Figure 11, left—only
one slider per pair of branches is necessary. Thus, cognitive resources can be saved and
applied to the observation of changes in the relevant frequencies.

With this type of slider, we believe there are two possible different arrangements.
One, where the slider is between the two branches of the respective probability (Figure 11,
middle) and another, where the slider is attached directly to the nodes (Figure 11, right).

In the illustration (Figure 11, middle) where the horizontal slider is positioned between
the two branches, an additional line is required for the slider. This may cause confusion
because each branch (which is marked by a line) stands for a concrete probability. However,
due to the node-branch structure in the double-tree, the horizontal lines in the node itself
can be used (in order to avoid confusion, Figure 11, right). Therefore, in the realisation
on the right of Figure 11, the bottom horizontal line of a node is used to place the slider
directly on this border of the node. Then, it is also clearly evident that the population (from
the node) is divided into the two following subsets (given in the nodes beneath) by the
ratio of the slider. Thus, we prefer the double-tree on the right-hand side of Figure 11 as a
positioning of the slider.

In addition to the positioning of the sliders, it is also useful to highlight the sliders and
the associated percentage on the respective branch by colouring. This makes it easier to see
which percentage can be changed by the slider (compare Figure 12, left). Since changing one
of the three probabilities (such as the base rate) in the double-tree can change up to eight
frequencies (all except the number of the sample) at the same time, it makes sense to also
focus attention on the frequencies that are relevant to the task at hand (coherence principle).
For example, if the effect of change of the true positive rate on the PPV is concerned, it
makes sense to highlight only the changing probability and the relevant frequencies in the
visualisation (compare Figure 12, right).

Figure 12. Additional changes made: Double-tree with coloured sliders ( left) and with highlighted
values relevant for the speci c task of evaluating changes of the true-positive rate on the PPV ( right ).

3.2.2. Dynamic Unit Square

Similar matters need to be given consideration in the design of dynamic unit squares.
Here, changes in the given parameters result in different positions of the dividing lines
in the unit square. Thus, due to the area representation of the unit square, changes to
the Bayesian situation are linked to changes in size of the inner areas in the visualisation
(compare Figure 13).
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Figure 13. Unit squares with different proportions: base rate of 10% ( left) and 50% (right ).

This feature makes the positioning of the slider more straightforward than in the
double-tree, as the sliders should be clearly associated with the dividing line (which is
“moved” by a change to its value). Thus, the use of a slider makes this change even more
dynamically “observable”.

There are basically three possible locations for the slider: (1) next to the dividing lines,
(2) inside the unit square on the line they are moving, (3) on the side of the unit square
(see Figure 14).

Figure 14. Unit squares with sliders next to the dividing lines (not selected, on the ( left)), inside the
unit square (not selected, in the (middle )) or, on the side of the unit square (selected, on the (right )).

According to the split-attention principle, the slider should be spatially as close to the
changing object as possible. Consequently, we prefer the second and third realisation of
the slider as the sliders in these versions are closer to the dividing line they move. In the
second realisation, the handle of the slider is further away from the percentage it changes
than in the third. Moreover, sometimes (as in the example in Figure 14 in the middle) the
position of the handle on the vertical line is unfortunate, as it is at the same height as one
(or both) of the horizontal lines and thus it might be unclear what the slider is actually
changing. Finally, the most crucial change is to the division on the sides (with changes of
the given parameters), as the movement of the inner dividing lines are only a consequence
of the changes in ratios on the side of the square. Therefore, our preferred version is the
third realisation, where the handle of the slider is closest to the relevant changing feature.

As well as positioning the slider, its colour can be used to facilitate recognition of its
connection to the percentage and line segment, which the slider changes (as already spelled
out in the double-tree). We need to bear in mind that the slider changes three aspects
simultaneously: (i) the percentage, (ii) the line segment on the side of the unit square,
(i) the position of the corresponding dividing line inside the unit square. By colouring
the slider in a speci c way, the reference to some, or all, of these aspects can be spelled out
(see Figure 15).
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Figure 15. Unit squares with different colouring of the sliders: highlighting the changing line segment
on the side of the unit square (not selected, on the (left)) or the dividing line inside the unit square
(not selected, in the (middle )) or both (selected, on the (right )).

In the colouring of the rst two realisations, only two of the features which change are
highlighted. However, the third realisation highlights the relation to all relevant features
that are linked to, and changed, by the slider. Therefore, we argue that this is the easiest
dynamic realisation of the unit square, where it is clearly evident which properties of the
visualisation are affected by a change in the percentage.

Finally, we now discuss whether the frequencies in the unit square can or should be
removed in a dynamic version of the unit square. The redundancy principle suggests that
learning is hindered if information is presented in two or more forms. The four subsets in
the unit square are represented by the size of the inner area as well as the frequency, which
is inside that area. While the frequency is crucial in being able to determine the PPV (hence
the static aspect is addressed), it is not necessary to be aware of concrete numerical changes
in order to assess the in uences of changes to a given percentage (when the dynamic aspect
is addressed). Therefore, we argue that frequencies are redundant for the dynamic setting,
and should be removed from the visualisation.

Removing the frequencies from the unit square has another advantage. If the per-
centages are close to 0% or 100%, one or multiple inner areas become so small that the
number of the frequency no longer ts into the inner area. This would result in an am-
biguity about what the number actually represents (see Figure 16, left). This problem is
avoided by removing the frequencies but not the percentages (see Figure 16, right). This is
particularly important for the dynamicvisualisation since, in the dynamic aspect, the focus
is not on concrete numbers (unlike in the static aspect, where the concrete numbers are
indeed relevant and should not be removed).

Figure 16. Unit square with frequencies (not selected, on the (left)), where the proportions seem
ambiguous, as the frequency of the upper right area is not fully in this section, and without frequencies
(selected, on the ¢ight )), without the ambiguity of the frequency for the upper right-hand area.
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4. Discussion

We have presented an approach for designing visualisations, which is based on the
following elements. Firstly, it is necessary to analyse the speci ¢ demands of the mathe-
matical tasks. We showed this in Section 2.1 through a discussion of the different aspects
of Bayesian Reasoning, which demand different types of visualisations: tasks addressing
the static aspect of Bayesian Reasoning should be supported with a static visualisation,
whereas tasks addressing the dynamic aspect of Bayesian Reasoning should be supported
with a dynamic visualisation. Secondly, it is necessary to select a visualisation type. We
argue that two types of considerations should be involved in this decision: previous em-
pirical results and subject-didactical considerations. In Section 2.2, we have rst provided
empirical results of comparisons between different visualisations for Bayesian problems.
Afterwards, we have discussed probability tree diagrams, double-trees, 2 2 tables and
unit squares from a subject-didactical perspective, by comparing how different subsets and
their relations to each other are represented in the different visualisations. Through the
combination of both considerations, we opted for the double-tree and the unit square [ 50].
The third element of our approach is the actual design process of the visualisations. For that,
we used principles of multimedia learning [ 55,60], which were presented in Section 2.3 [79)],
and applied them to the design of the visualisations in Section 3. In the design process, the
multimedia principles are used primarily for two goals. First, they are used for reducing dif-
cult aspects of the visualisations, which have previously been identi ed (e.g., identifying
the “rows” in the unit square, which was a recommended nding from previous empirical
studies). Second, the multimedia principles are used to highlight the task-speci ¢ aspects
within the visualisation (e.g., the sliders are coloured in the same colour as the number they
alter). Finally, subject-didactical considerations are also relevant in the design process, e.g.,
for positioning the sliders in the double-tree. We have presented the different decisions
relevant within the design-process in a step-by-step development of the double-tree and
unit square. In doing so, we discussed the advantages and disadvantages of every option
arising in the decision-making process.

In the following passages we demonstrate brie y how this approach can be applied to
other visualisations that can be used to represent a Bayesian situation, and thereby broaden
and generalise the results presented in Section 3.

As mentioned at the beginning, probability tree diagrams as representations of
Bayesian situations are commonly used. However, as their bene t is inferior to the use of
double-trees and unit squares (cf. Section 2.2), a careful design of the tree diagram is of
particular importance.

The most dif cult feature of the regular tree diagram concerning Bayesian problems is
that the belonging of the different joint probabilities represented by paths is given to only
one superset, while membership of the second superset is completely ignored. A colouring
method such as that in Figure 17 can support the identi cation of one path to the second
superset. Here, two features are explicitly used to make the relations in the tree diagram
more explicit: (1) the complete path (e.g., rst and second branch) is coloured in order to
clarify that the joint probability relates to both branches, (2) the belonging of two paths to
their respective superset is highlighted by the same colour in different intensities of shade.

The design of this tree diagram can also be implemented as a dynamic tree diagram
with sliders for the given parameters in a Bayesian situation (Figure 18).

Additionally, 2 2 tables could be designed according to considerations made in this
article. For instance, in Figure 19, we have added a colouring of the rows (and columns) based
on the different colouring methods proposed for the double-tree and unit square. For the
2 2table, we suggest the third colouring method (even though we decided against it in
the double-tree). The reason is that, unlike in the double-tree and unit square, the set—subset
relations are equally strong for both supersets (rows and columns) inthe 2 2 table. Therefore,
we do not select an option where belonging to one superset is emphasised less strongly than
belonging to the other superset. This also illustrates the necessity for a didactical analysis of
the structure of the visualisation to be designed (see Section 2.2).
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Figure 17. Static tree diagram with supportive colouring of the paths to express belonging to the
second superset.

Figure 18. Dynamic tree diagram with supportive positioning and colouring of the sliders.

Figure 19. Static2 2 table with different colouring methods: double-tree colouring (not selected,
(left)), unit square colouring (not selected, (middle )), colouring with equally highlighted set—subset
relations for both supersets (selected, (ight )).

Designing a dynamic 2 2 table is challenging, as the given probabilities (which
change) are not directly provided in the visualisation. Therefore, they have to be added
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outside the visualisation with sliders (see Figure 20). In our realisation of a dynamic
2 2 table, it can be seen that the in uence of the changing percentages is in no way
(visually) linked to changes within the visualisation, which is unfavourable from the
perspective of the split-attention principle and the reason why we argued against their use
in dynamic tasks of Bayesian Reasoning.

Figure 20. Dynamic 2 2 table with changing percentages added outside the visualisation, but
without any (visual) link between the changing parameters and changing values inside the 2 2 table.

Furthermore, discussing the design aspects of the double-tree and unit square also
paves the way for adapting known visualisations or creating new ones.

For instance, the geometrical aspect of the unit square seems to be of particular
advantage for identifying changes within the visualisation. Therefore, it might be worth
considering how an area representation can be added to a node-branch-like visualisation.
Thereby, a visualisation such as that in Figure 21 is conceivable, realized similarly in
Brock [80] and Gigerenzer and Hoffrage [33].

Figure 21. A node-branch-like structure with area proportionality.

Here, the structure is similar to a tree diagram with frequencies. Additionally, the
area representation is inherent in this visualisation as the widths of the “nodes” depend on
the percentage on the “branch”. Therefore, the idea of probabilities as chances becomes
observable. However, there are also disadvantages to this realisation; for instance, with a
change to the division of the top level (100), both sliders in the consecutive level move as
well. This might be unintuitive and result in a high cognitive load.

Furthermore, the area-representation may be added to the frequency net (Figure 22),
another bene cial Bayesian visualisation (see, e.g., [34]).

These implications are intended to illustrate how the consideration of multimedia
aspects when designing visualisations can be transferred to other forms apart from the
double-tree and unit square. Thus, they should inspire to acknowledge similar design
decisions when working with visualisations as a supportive tool for mathematical problems.
Of course, they cannot represent a fully comprehensive overview on designing the variety
of Bayesian and/or mathematical visualisations.
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Figure 22. Area-proportionality within a frequency net.

The presented approach to designing visualisations adds to current research on
Bayesian Reasoning, as it provides guidance on how to develop such visualisations, step-
by-step, in order to boost understanding. Previously, the support of individual design
elements has been empirically tested (e.g., B-11]), yet we are aware of no other contribution
that provides a similarly systematic approach to designing visualisations in the eld of
Bayesian Reasoning by using principles of multimedia learning. Moreover, the presented
approach can also be used more generally, and thereby assist in the design of various
visualisations for mathematics education. With the presentation of our approach, it should
have become apparent that the potential of a visualisation to increase understanding de-
pends on its speci ¢ design. Therefore, differences in design may also be one factor which
can explain the varying results regarding performance with the same visualisation. For
instance, performance with frequency tree diagrams varies between 32% in a study with a
non-coloured tree diagram [ 50] and 68% with a coloured tree diagram whose colouring
emphasises the belonging to the whole path [9]. Yet, there are certainly also other variables
which explain differing performances, such as the sample of the study (e.g., [ 32]), the
context of the Bayesian problem (e.g., [31]), the numerical information (e.g., [ 81]), and the
guestion format, etc.

Naturally, the presented approach and methods also have certain limitations. Firstly,
we have not made use of the whole spectrum of opportunities for applying principles
of multimedia learning. Other approaches are also feasible. For example, an interactive
visualisation (beyond a dynamic variation of the values or [sub]sets) could be another way
to highlight relevant aspects of the visualisation. Previous empirical results for interactivity
with the visualisation are diverse. For instance, Tsai et al. [ 19] used checkboxes to colour and
show the values of the different subsets of a unit square and suggest that this interactivity
feature helped participants to solve (static) Bayesian tasks. However, Mosca et al. [1§]
compared icon arrays without any opportunity to interact, with other icon arrays with
different opportunities to interact (checkboxes, drag and drop, hover) and could not
replicate any bene t of interactivity for the static Bayesian task.

Secondly, we have only applied principles of multimedia learning in the design process
in order to boost the design of visualisations (as illustrated above). However, other methods
are also conceivable. Therefore, future research should also analyse implications deriving
from different research areas. For instance, it might be worth discussing the speci ¢ colours
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which are used for highlighting the relevant relations in the visualisations. For this, it might

be necessary to consider the effect of certain colours themselves (e.g., that some are calming
whereas others excite emotion or catch the observers' attention). Additionally, it might
also be important to regard a colour's compatibility with the represented outcome in the
speci ¢ context. For example, a positive test result in a breathalyser test or even a medical
diagnostic test often does not entail a positive outcome (in the context) for the tested person
and therefore should possibly not be represented in colours which often have positive
connotations, such as green. These considerations could then bene cially complement the
aspects presented in this article.

Thirdly, while we consider the approach presented here as fruitful for creating un-
derstanding, we acknowledge that the approach may not be suitable in all circumstances.
For instance, the proposed designs for the static aspect are (from our perspective) particu-
larly useful for instructional purposes. However, they may be neglected when students
themselves create or draw the visualisations. Additionally, the design features we have
developed for the dynamic aspect are of special importance in the instructional setting, yet
may also be fruitful when students interact with the dynamic representation. Thus, the
presented step-by-step development is most likely not used for designing every visualisa-
tion in mathematics lessons. We do assume, however, that they always add a scaffolding
for understanding of the structure represented by the visualisation. This is based on the
fact that a design created according to the steps we have suggested can help to reduce
extraneous cognitive load and thereby free up resources for the actual learning process.

Finally, further empirical studies are needed to study the effects of using the presented
elements of this approach on understanding of the visualisations.

5. Conclusions

Bayesian Reasoning and multimedia aspects in teaching mathematics are two areas
that have been intensively researched in the past. Surprisingly, however, there are very few
analytical studies that examine both aspects joined together. With the present theoretical
analysis, we have tried to nd overlaps between the two elds of research.

As we have indicated in this article, there is a variety of concrete implementations
that could be further explored. These implementations of multimedia aspects could also
produce a positive impact on teaching probability in schools and universities, because
thinking about design features always implies re ection on the visualised content.

An empirical study wherein these carefully designed visualisations have been imple-
mented in a training course on Bayesian Reasoning has already been carried out, with more
than 500 students from law or medicine faculties. Within the study, training courses on
Bayesian Reasoning with different visualisations are compared, and the learning material
of the training courses (as well as the visualisations used as the central element within
the training courses) have been developed in accordance with multimedia principles [ 51].
The results of the study are described by referring to the effect of the different training
courses on the static aspect of Bayesian Reasoning, i.e., performance and on the dynamic
aspect of Bayesian Reasoning, i.e., covariation separately. Interesting further research
questions would now of course, deal with the effect that individual design elements have
on the understanding of corresponding probabilities or changes of probabilities. Therefore,
additional empirical studies are needed to gain further insights from data analyses.
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