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1. Introduction

Interactions of fluid flow, elastic effects and phase-separation can be observed in diverse natural, biological and mechanical
situations with many practical applications of relevance. Due to the intricate interplay between several physical laws and
thermodynamic relations, accurate mathematical models of such are often challenging and require subtle techniques to analyze.
A prime example is the flow of a fluid through a deformable porous medium consisting of different phases with distinct properties,
as exhibited in, e.g., biogrout processes and tumor growth.

This paper is concerned with the analysis of a diffuse interface, Cahn-Hilliard-Biot model recently proposed on this topic by
Storvik et al. [1] and aims to establish the existence of weak solutions under general assumptions on material parameters, boundary
conditions and source terms. While the quasi-static Biot equations are a standard model to describe single-phase flow through porous
materials subject to linear elasticity, the coupling to the Cahn-Hilliard equation allows for the inclusion of phase changes in the
solid, where the resulting elastic deformations, changing material properties and fluid pressure all mutually affect each other. This
leads to a three-way coupled system of parabolic-elliptic type featuring several nonlinearities. Moreover, we account for viscous
effects by augmenting the equation for linear elasticity with a visco-elastic term that has a dampening effect on the system and
allows us to deduce higher regularity. The analysis is further aided by an underlying generalized gradient flow structure, cf. [1],
which is crucial for the derivation of a priori estimates. We note that the visco-elastic term is purely dissipative and therefore retains
this property.

The Cahn-Hilliard equation was originally proposed in [2] as a model for phase separation in nonuniform, binary alloys and
has been studied extensively over the past decades, cf. e.g. [3-5]. The coupling of this system with linear elasticity goes back to
Cahn and Larché [6] and Onuki [7], for which analytical results can be found in [8-11]. Moreover, there are various extensions of
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these models to describe different phenomena. In particular, for well-posedness results which also incorporate flow fields, we refer
to [12-16].

Poroelasticity, as proposed by Biot [17], combines Darcy’s law for fluid flow within a saturated porous medium with elastic
effects and has many applications ranging from petroleum engineering to biological tissues. Fundamental analytical results on these
equations can be found in [18-20], while more recent works include [21-23]. We particularly refer to [24] and the references cited
therein. Moreover, results that include nonlinear relations in the Biot model can be found in [25-28].

As mentioned earlier, we include a visco-elastic regularization in the equation for linear elasticity, which is not only an established
approach in nonlinear poroelasticity, cf. e.g. [20,21,29], but can also be justified in view of physical applications, as we observe
both elastic and visco-elastic behavior in biological tissues, cf. [24,30,31]. Moreover, poro-visco-elasticity was already discussed by
Biot in [32] and a chapter in Coussy’s book [33] is dedicated to this subject.

The principle unknowns we consider in this work are the phase-field variable ¢ with an associated chemical potential y, the
displacement u of the solid due to (visco-)elastic deformations and the volumetric fluid content § along with the pore pressure p.
The full system, including a detailed derivation, can be found in Section 2.

The main difficulties in the analysis arise due to the nonlinear coupling of the Cahn-Hilliard equation with linear elasticity and
fluid flow. As we will discuss later on, the equation for the chemical potential y includes quadratic dependencies on the displacement
u and the volumetric fluid-content 6. We also allow for phase-field depended material properties, mixed boundary conditions on
the displacement u, body forces and external loading, as well as general source terms, which will further complicate the analysis.

Our strategy can be briefly summarized as follows: We will first consider a regularized system, featuring an additional bi-
Laplacian of ¢ in the equation for y along with an additional Laplacian of 6 in the equation for y, and employ a semi-Galerkin
scheme to show existence of weak solutions. This includes splitting the equations into two subsystems and solving these separately
in a first step utilizing both ODE methods and maximal regularity. Finding an approximate solution to the whole system is then
reduced to a fixed-point problem, which we solve by using the Leray-Schauder principle. With the help of the Aubin-Lions-Simon
theorem (in the version with translation), we can deduce strong convergence for the pressure p, which in turn yields the strong
convergences of u. Finally, we pass to the limit in which the previously added regularization vanishes.

At this point, it is important to point out that a Faedo—-Galerkin ansatz should also suffice for the existence proof. Our approach,
however, exploits the evolutionary structure of the visco-elastic equation, which allows us to consider the problem in the framework
of maximal regularity and establish well-posedness results, while also providing useful tools for further investigations regarding
higher regularity and the existence of strong solutions.

We would like to discuss two other recently published, independent papers [34,35], which also study the Cahn-Hilliard-Biot
system we present here. While both discuss well-posedness of these equations, [34] also includes numerical experiments and
highlights its application in tumor growth. A study of solution strategies can also be found in [36] and a structure-preserving
approximation is the subject of [37]. Since the present work is merely concerned with existence of weak solutions, the following
comparison of results is limited to this aspect.

In the paper by Fritz [34], the underlying assumptions are very general and permit all material parameters and source terms
to depend on the phase-field ¢. Moreover, he considers mixed boundary conditions for the displacement u, albeit restricted to the
homogeneous case, and forgoes any regularization in the form of visco-elastic terms. To obtain existence of solutions, he uses a
Faedo—-Galerkin ansatz and derives a priori estimates from energy methods, exploiting the gradient flow structure. However, the
treatment of the nonlinearities in the equation defining the chemical potential contain erroneous arguments for the limit passage
from the discrete to the continuous problem. In particular, there are quadratic dependencies on the gradient of the displacement u
and the volumetric fluid content 0 but the author merely discusses weak convergence for the involved functions.

On the other hand, Riethmiiller et al. [35] enhance the Cahn-Hilliard-Biot model with the regularizing, visco-elastic term
V - (n9,(V - u)), which is a slightly weaker assumption compared to V - (C,(p)£(9,u)), controlling the full H!-norm, we use. We
note that they also mention general laws of our form, but only consider homogeneous visco-elastic properties. We further remark
that while some of our arguments would not work in their visco-elastic setting due to missing ellipticity (cf. Theorem 7), it is easy
to see that the main arguments yielding the necessary convergence properties in our study also work in their setting.

Moreover, unlike our analysis, the source terms in [35] are assumed to be independent of the evolution, and homogeneous
Dirichlet boundary conditions are prescribed for the displacement u. Our results further differ in the notion of weak solutions,
where we use a weak identity for the pressure p, while the formulation of Riethmiiller et al. exploits the fluid flux.

Most significant is the dependency of the Biot-Willis coefficient « and the compressibility M on the phase-field ¢ in our model,
whereas a, M are assumed to be constant by the other authors. This relaxation is also discussed in their work, cf. [35, Rem. 4,
Rem. 5, §5]. Taking advantage of the weaker assumption, a Faedo-Galerkin ansatz is employed by Riethmiiller et al. to show the
existence of weak solutions, where the strong compactness result for the projected pressure 7z, in [35, Lem. 12] follows with the help
of the Aubin-Lions-Simon theorem. However, they proceed by trying to establish the convergence ||p, — 7, || — 0 of the difference
between the pressure p, and its projection, which would yield the crucial strong convergence of p,. To this end, they use that the
orthogonal projection converges to the identity in operator-norm, see [35, Lem. 12], which does not hold. Hence, the compactness
arguments are insufficient, rendering the proof in the current version of [35] incomplete.

While we encounter a similar problem in Lemma 25, we exploit the additional regularity of ¢, originating from the regularization,
which allows us to apply another version of the Aubin-Lions-Simon theorem, utilizing translations in time instead of derivatives,
and consider these in a weaker space, thus obtaining the strong convergence of p. We further point out that at this point the
regularization is necessary since the projection I7 2’ is not regular enough due to the mixed boundary conditions.
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Before concluding the discussion of related literature, let us mention that the results on uniqueness and continuous dependence
in both [34,35] are limited to quite restrictive cases and assume M,k,a, M and C to be constant. Moreover, there are also further
restrictions to y, 7 and in [35] it is assumed that the partial visco-elastic regularization vanishes. Since, in general, uniqueness even
for the Cahn-Hilliard equation with variable mobility is still an open problem, better results seem to be out of reach for now. While
some results concerning weak-strong uniqueness for systems which include the Cahn-Hilliard equation are known, e.g. [38,39], the
complexity of the system at hand adds many difficulties to finding an appropriate relative entropy functional and could be subject
of future investigations.

A main novelty of our work is that we use maximal regularity theory to obtain an existence result under very general assumptions
on the constitutive relationship between material properties and coefficient functions, while also allowing for the physically more
relevant mixed boundary conditions.

This paper is structured as follows. We start in Section 2 with the derivation of the system as a generalized gradient flow,
especially focusing on the constitutive relations, balance laws and Kelvin-Voigt visco-elastictiy. This is followed by the precise
formulation of the required assumptions and our main theorem in Section 3. Before starting with the analysis, Section 4 introduces
notation and the principle spaces for our solutions along with relevant results on elliptic regularity theory. Moreover, we recall
an important theorem on maximal L?-regularity of non-autonomous abstract Cauchy-problems, for which an additional bound is
shown under suitable assumptions.

The main part of this article starts in Section 5, where the Cahn-Hilliard-Biot system is enhanced with regularizing terms and
a semi-Galerkin ansatz is employed to show existence of weak solutions. More precisely, we use ODE-methods to find solutions
of one subsystem in linear subspaces, while maximal regularity theory yields solvability on the whole space for the other. After
reducing the problem to a quasi-linear partial differential equation, a fixed-point argument exploiting the Leray-Schauder principle
establishes the existence of consolidated approximate solutions. We proceed with the derivation of a priori estimates, relying on the
generalized gradient flow structure, and deduce first compactness properties. Next, we derive additional strong convergence for p,
which follows immediately with the help of a version of the Aubin-Lions-Simon theorem once we have found an estimate for the
differences of time-translations of p in the space W~3?(£2). This allows us to also deduce strong convergence for u.

It is in Section 6 that we obtain a solution to our original problem as the limit of weak solutions to the regularized problems.
Without being restricted to a projection identity for the pressure, strong convergence for p can be derived without the aid of a more
regular ¢. Finally, it remains to show strong convergence of § without relying on the regularization, for which we exploit that the
operators (—o4 + 1)~! pointwise converge to the identity in L*(£2) as o \, 0.

2. Derivation of the system

In this section, we carefully introduce all principle variables and derive the full Cahn-Hilliard-Biot system under investigation.
In particular, we highlight the underlying balance laws, thermodynamic relations and constitutive assumptions, especially stressing
the generalized gradient flow structure and inclusion of visco-elastic effects.

Free energy
The total energy of the system can be split into the following three parts:

F(@.u,0) = Fg (@) + Fei(@.uw) + F(@. u. 0),

where ¢ is a phase-field variable acting as an order parameter of the diffuse interface, u is the displacement of the solid with respect
to a reference configuration and 0 is the volumetric fluid content.
Here, Fy is the Ginzburg-Landau interfacial energy defined by

3 1
Fale) :i= [ 2|V ~w(p)dx,
(@) /Qzl oI" + Zw(p)dx

which penalizes rapid changes of concentration through the first term and deviations from the pure phases through the second one.
Note that the small parameter £ > 0 is proportional to the thickness of the interface between the phases. A typical choice for the
free energy density v is

w(p) =a(l —¢?)?, aeRy,,

featuring a double-well shape with global minima at y(—1) = w(1) = 0. Other examples include the so-called logarithmic potential,
which becomes singular as |¢| — 1 and was already considered by Cahn and Hilliard in the original derivation [2], as well as
the obstacle potential, see [3,40], as its pointwise limit. For the promising application of the Cahn-Hilliard-Biot system in tumor
growth simulations, this diffuse interface approach allows us to model malignant and healthy tissue by associating them with the
values +1 of the order parameter ¢, respectively. Moreover, the system is also fit to account for interactions between the elastic
displacement in the cellular matrices and the interstitial fluid flow and pressure, which will be discussed below.

The second contribution to the energy is due to inherent elastic effects and takes the form

Feilo,uw) = /Q(C(co)(f(u) —T(@) : (Ew) — T (p))dx,

where £(u) = %(Vu + Vu”) denotes the symmetrized gradient of the displacement u, corresponding to the linearized strain tensor
under the assumption of infinitesimal deformations. The function 7 is a suitable interpolation of the eigenstrains of the pure phases,
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i.e., the strain the material would attain if it was uniform in the phases associated with the values ¢ = +1 and unstressed. Moreover,
we denote by C(p) the elasticity tensor, characterizing the stiffness of the material depending on the order parameter ¢.
Lastly, the fluid energy F; is given by

Fe(@.u,0) :=/ M(e—a((p)v.u)zdx,
o 2

where the compressibility M (¢) and the pressure-deformation coupling coefficient a(¢), usually referred to as Biot—-Willis coefficient,
cf. [20,41], are functions of the phase-field.

Note that in order to exploit the gradient-flow structure of the system, this study assumes uniform positivity for the compress-
ibility coefficient M, i.e., M > ¢ > 0; since the fluid content is usually given as 6 = cyp+aV -u, other treatments of the Biot equation
also consider the degenerate case ¢, = 0, cf. e.g. [20,24] and the references cited therein.

Balance laws
We assume the evolution of the phase field to adhere to
0,p+V-J=R,

where J is the phase-field flux and R is a reaction term. Denoting by q the fluid flux and by .S, some source term, we impose the
following volume balance law on the fluid

00+V-q=S5;.

With the assumption that the mechanical equilibrium is attained at a much faster time scale than the diffusion processes take place,
we obtain the quasi-static law

-V-o=f,

where o is the stress tensor, describing the balance of elastic forces within the medium and external body forces f.

Thermodynamic relations
We start by defining the chemical potential as the derivation of the total energy with respect to the phase-field variable ¢

1 =0,F(0.u,0) = 5,Fq(@) +6,Fea(p.u) +8,F(q.u,0)

where
5,Fg1(0) = —edo + ' (@),
0, Fei(@,u) = %‘C/((p)((‘:(u) —T (@) : Eu-T(@)—C@)EW-T (@) : T'(p),
_ M () 2 ’
6,F(p,u,0) = O —a(@)V-u)” — M(p)(0 — a(p)V - w)a ()V - u.

2

Assuming the solid material to exhibit Kelvin—Voigt type visco-elastic behavior, we can decompose the total stress o into the
elastic stress o, and a visco-elastic part ¢, where the former is defined by

6, =0,F(p,u,0)=06,Fe(p,u)+6,F@,u,o)
with
SuFei(@,u) = C(p)(Em — T (),
6, Fi(p,u,0) = M(p)a(e)(O — a(@)V - wl.
Denoting by C,(¢) the phase-field dependent modulus of visco-elasticity, the viscous contribution is given as
o, =C,(@Eu).

For the inclusion of viscous effects in this manner, we to refer to [42, Sec. 2.1] and the references cited therein. These ideas are
also exploited in [21] for the analysis of a nonlinear poro-visco-elastic model. Moreover, similar assumptions are made in [43, Sec.
4], with the difference that the authors distinguish between the standard elastic strain and stored visco-elastic energy.

Lastly, the pore pressure is given as the derivation of the total energy with respect to volumetric fluid content

p=6¢Fe(p,u,0) = M(9)(0 — a(p)V - u).

Constitutive equations
We assume the phase-field flux to be given by
J =-m(p)Vu
according to Fick’s law. Moreover, the fluid flux is required to obey Darcy’s law, i.e.,
q =—k(@)Vp.
Here, the mobility m(¢) and the permeability x(¢) are both functions of the phase-field.
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Gradient flow structure

The system at hand was derived by Storvik et al. in [1] as a generalized gradient flow of the energy

M)
2

F(p,u,0) = / §|Vrp|2+ Ly@yax + / W (@, Ew)) dx + / (0 — a(@)V - u)* dx, @
Q 3 Q Q

modeling the flow of a fluid through a deformable porous media consisting of multiple phases. We wish to point out that they did
not include the linear visco-elastic term V - (C,&(d,u)), which is purely dissipative and therefore preserves the generalized gradient
flow structure.

This work investigates the following system of partial differential equations:

0,0 =V - (m(@)Vu)+ R(p, Ew),0) in (0,T) X £, (2a)
H=—edp+ éw’(co) + W (0, EW)~M(@)(0 — a(@)V - wa' (@)V - u+ M;((p) (6 - a(@)V - u)? in (0,7)x £, (2b)
Vie=f in (0,7) x 2, (2¢)
6 =We(p,EW) + C (9)E(0u) — a(@)M (p)(0 — a(@)V -w) T in (0,7)x @, (2d)
0,0 =V - (k(@)Vp) + S;(p, E(), 0) in (0,7) X £, (2e)
p=M(9)0 - a(@)V -u) in (0,T)x 2 (2

together with the boundary conditions
Vo-n=0 and Vu-n=0 on (0,T) X 0£2, (2g)
u=0 and p=0 on (0,T)x I'p, (2h)
on=g on (0,7)X Iy, (2i)
Vp-n=0 on (0,T)x I'y 2))

and the initial conditions

9(0)=¢, and u(0)=u, and 6(0)=6, in Q. (2k)

Note that here, we split the boundary in a Dirichlet part I';, and a Neumann part I'y.
For sufficiently smooth solutions, we obtain the following energy dissipation differential inequality

d 2 2 2 2 2 2

Er((p, u,0)+ ||0zu||H1 +IVull, +1IVell;, <C ., R, E@), O)p dx + ||S; (. E@), O}, + ||f||L2 + ”g”LZ(FN) -
Note that since we can only use the Poincaré-Wirtinger inequality for y, in order to obtain an estimate for the term |, o R(@, EW)u dx,
we first have to estimate the mean value f y := £, p dx.

Remark 1.

(i) Note that in contrast to the partial visco-elastic regularization V - (#9,(V - u)) employed by Riethmiiller et al. in [35], which
only accounts for volumetric effects, we exploit full Kelvin-Voigt visco-elasticity via V - (C,(¢)£(d,u)), utilizing the full stain
rate tensor. Though this assumption is slightly stronger, we obtain the fully parabolic evolution Eq. (2c) for the displacement
u, giving us the chance to apply maximal regularity theory and set up helpful tools for further investigations regarding the
existence of strong solutions.

Moreover, we stress that visco-elastic effects are physically meaningful and do not only serve as a mathematical regularization.
Lastly, let us point out that full visco-elasticity is sorely needed to deduce invertibility and boundedness of the operators
[ f_Q C,(@)E() : E(-)dx in suitable spaces, cf. (24), which is essential for the application of maximal regularity and the
fixed point argument. In particular, the main arguments yielding compactness for the pressure p, and hence for u and 9, cf.
Lemmas. 25, 26, 27, 28, do not rely on this property and can easily be adopted for the more general case in [35].

(ii) We continue with a short discussion, whether other nonlinear dependencies, specifically in the permeability «, could be
allowed, as is the case in other studies, e.g., [21,23,25]. While there are some technicalities, in particular in the proof
of the “Uniqueness and continuous dependence”-part of Lemma 17, our strong convergence results could accommodate a
permeability of the form

Kk =x(p,V-u,b,p).

Permitting similar dependencies in a, M would give raise to chain rules due to the gradient flow structure and (possibly)
significantly complicate the system.

(iii) Observe that by inserting (2f) into (2e) we could eliminate the pressure p altogether, but would obtain an equation that is of
third order in the displacement u. As regularity theory for the elastic subproblem is rather intricate, splitting the system as
in (2a)-(2f) is analytically preferable.
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3. Assumptions and main theorem

We start by introducing all necessary assumptions and the notion of a weak solution to the Cahn-Hilliard-Biot system. Moreover,
we precisely state the main theorem we aim to establish in this work.

(A1) Let 2 c R" be a bounded and connected C'-'-domain in dimension » < 3; additionally, we assume that the subset I'p coQ
is relatively closed and satisfies H"~!(I'p) > 0. Setting I'y := Q2 \ I'p, it holds that

I'nnIp=0 and I'yUlp=02,
which we further require to be regular in the sense of Groger, cf. [44, Def. 2], Remark 2(i).
(A2) The potential is of the form
w(p) =y (@) +yy(p) forall ¢eR,
with vy, w, € CI(R,R) and y, convex. Moreover, y’ is required to be Lipschitz continuous on all bounded intervals.
(A2.1) The potential is non-negative, i.e.,
w(z)>0 forall zeR.

(A2.2) We further require y, to satisfy the following growth conditions: there exist y,,,,c,, > 0 and p > 2 such that

Cyy
Yo l2lP = ¢y, Sv(2),

’
v (DI <oy W) +Cp

forall z e R, Py, >0 and constants y,»C

oy 0, where the latter may depend on Py,
1

(A2.3) There exists a constant C, > 0 such that
ly)(2)] <C, forall zeR.
(A3) The elastic free energy density W € C!(R x Rg’yxg) is of the form
W', &) =C")E -T(@)) : (&' -T (@),

where C : R — E(R’;;;) is a bounded, Lipschitz continuous and differentiable tensor whose derivative C’ is also bounded
and Lipschitz continuous. We require it to fulfill the standard assumptions of linear elasticity, i.e., C(¢’) is symmetric and
uniformly positive definite on R’;yxg, mapping symmetric matrices to symmetric matrices such that
€ Cp)E > c|&)?,
D C(¢)e=Clg)D: €
for all symmetric matrices £,D € R?;,ﬁ and all ¢’ € R.
The eigenstrain 7 : R — R:’;‘; is a Lipschitz continuous, differentiable, matrix-valued function with Lipschitz continuous
derivative 7”, such that 7(¢) is symmetric for any ¢’ € R.
(A4) The modulus of visco-elasticity C, satisfies the same assumptions as the elasticity tensor C.
(A5) The function g : I'y — R”, modeling applied outer forces, fulfills g € LI W)
(A6) The function f : 2 — R”, modeling body forces, satisfies f € L>(L2).
(A7) There exist constants m, m > 0 such that the mobility m € CO1(R) fulfills

m<m(z)<m forall zeR.

(A8) There exist constants «,x > 0 such that the function x € C%!(R) fulfills
k<k(z)<x forall zeR.

(A9) The maps a, M € C"(R) are non-negative and satisfy

a(z)+|a'(z)] <@ forall zeR and somea >0,

M <Mz <M forall zeR andsome M,M > 0.
We further assume M’ to be bounded, i.e.,
IM'(z)] < M for all z€R.

(A10) The source terms R,.S , are in the space C*!(R x R"™*" x R). Moreover, we require R to be a bounded function.
(A11) The initial datum ¢, satisfies

@y € H'(©2) and / w(@p)dx < co.
Q
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Remark 2.
(i) The subset QU I'y is regular in the sense of Groger, cf. [44, Def. 2], if for every y € 042 there exists an open neighborhood
U c R" of y and a bi-Lipschitz map @ : U — R" such that @(y) = 0 and @(U n (2 U I'y)) equals one of the following sets:

E :={xeR":|x| <1,x, <0},

<0},

n =

E, :={xeR":|x|<1,x
E; :={xeR":x,<0orx; >0}

In particular, it is explicitly allowed that Tp, N Ty # 8.
(i) The following results are immediate consequences of the assumptions above.

(A3.1) The mapping &' = We(¢', &) is strongly monotone uniformly in ¢’ in the following sense: there exists a C; > 0 such
that for all symmetric &/, Eé € R™" it holds,

(We@, &)= Wel(e',€)) : (& - &) 2C €l - 5£|2~
(A3.2) There exists a constant C, > 0 such that for all ¢’ € R and all symmetric £ € R"™",
W@ EN <G (1EF +10'F +1).
W@ &N < C (1€ +10/F +1).
Wele' . EN < C (1€ +19'1 +1).

(ii.i) Using the fundamental theorem of calculus, (A3.1), (A3.2) and Young’s inequality, it easily follows that

C
W&z~ (107 +1)+Fer. @

A weak solution of the system derived in Section 2 is defined as follows, where the notation for the function spaces will be
defined in the following section.
Definition 3 (Weak Solutions). For any T > 0 a quintuple (¢, u,u, 0, p) with the properties
¢ € L’O0.T;H (@)nH'(0.T: H'(Q)),
ue L*0.T:H Q)
1 !
ue H'(O.T;H}, (),
0 € L@ nH'O.T;(Hp (D)),
2 Ll
pE€ L0, T;Hp ()
is a weak solution to the Cahn-Hilliard-Biot system if the following equations are satisfied:

r
/ (Hl)r(d,(p,g)H] dt :/ —m(@)Vu - V¢ + R(p, Ew),0)¢ d(t,x) (4a)
0 Qr

for all ¢ € L*(0,T; H'(Q));

M/
/ W dit,x) = / Vo e+ [ 1w @1 W (0. Ew) + 2("’)<e—a((p)w)2 ~ M@0 - a@)V - wa' @)V -u | ¢ d@.x)
Qr Qr
(4b)
for all ¢ € L®(Q7)n L*(0,T; H'(2));
/ C (@)EOu) : EmM) + We(p,EW)) @ Em) — M(@)a(p)(0 — a(@)V -w)V - nd(t, x)
Qr
T
= f-nd(t,x)+/ / g-ndH" " dt (40)
Qr o Jry
for all n € L*(0,T; HIFD(.Q));
T
/() (H}_D)’<070’ 6)[-]}1_1) dt = /_Q —k(@)Vp-VE+ Sf((Ps Ew),0)¢ d(1,x) (4d)
T
forall ¢ € L*(0.T: H, (Q);
p=M(@)0—a(p)V-u) ae in Qp (4e)
and
0O =0, in (H} () and (p,w)_=(po.uy) ae in Q (49)

7
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The primary goal of this work is to show the following existence theorem. In what follows, we refer to later sections for the
definitions of the function spaces involved.

Theorem 4. Assume T > 0 and that (A1)~(A11) hold. Moreover, suppose that 6, € L*(2) and u, € H ;.D(.Q). Then, there exists at least
one weak solution to the Cahn—Hilliard-Biot system in the sense of Definition 3 such that

@€ L O T;H'(@)n H'(0.T;: H'(Q)"),
u e LX0,T; H'(),
1 gl
ue H'(O.T:H}. (),
0€ L*(0.T: L* (@) n H' (0. T: (H} (),
pe L*0,T; H}D(Q)) N L®0,T; L*(Q)).
Moreover, the weak solution satisfies the following estimate
”(P”Lw(Hl) + ”(P”HI((HI)/) + ||H||L2(H1) + ||W((P)||Lco(Ll) + ”u”HI(H]rD) + ”0”L°°(L2) + ||9||H1((H11_D>r) + ”p”L2(H1]"D) <C,
where C > 0 only depends on the data and on T.
Ifu, e er; (L) with r > 2, then there exists some 2 < q < p such that u € L*(0,T; W;Z (£2)).

4. Notation and preliminaries

This section begins with the introduction of relevant function spaces, particularly Sobolev spaces and Bessel potential spaces,
along with associated notation and embedding properties. We proceed by recalling a theorem on elliptic regularity theory, which will
be used later on. This is followed by a brief excursion into maximal L?-regularity theory, where we revisit an existence theorem
for non-autonomous abstract Cauchy-problems by Arendt et al. [45] and, under similar assumptions as we will encounter when
investigating the Cahn-Hilliard-Biot model, extend the proof by an additional estimate for the solutions in terms of the right-hand
side. Lastly, we also recall the Leray—-Schauder principle.

For brevity we write £, instead of (0,7) x £ for any T > 0.

Notation
For p € [1, 0], we denote by W () the usual Sobolev spaces and use the abbreviations

H'(Q) =W (Q), HXQ) :={feW*®Q):Vf-n=0 onoQ},

where n is the outer normal vector on 90£2. Moreover, we define

Mytp - .
Wi = fjg + [ € CR®\R), supp /Ty =0 7", WP = (W)

and set

X@ =w2@, W@ =Wl X@:=wie.
i=1

We further denote by W;;” (£) the duals of the vector-valued Sobolev spaces and also use the abbreviation X’(2) and H'(Q)' for
the duals of X(2) and H'!(Q), respectively.

Finally, we write (-,-). for the duality product between spaces specified in the indices and denote by (-,-) the L?-inner product.
For a given function, e.g., f(x,y) with multiple variables x,y, we express the directional derivatives by f, = f, = a_dx f and

fx=/1y= ;—y f, respectively.
Definition 5 (Bessel-Potential Spaces, [46, Def. 2.42], [47, Thm. 2.3.3], [48, Sec. 4]).
(i) Let s € R and let 1 < p < o0. Then the (L”)-Bessel potential space of order s is denoted as H*?(R").

(i) For L <s <1+ set
V4 14

H;*I‘)’(R") = {f € H*’([R") : lim

— fdy=0 for H* lae xerl
™0 |B.(X)| J,x) b

with || - ”H;;IF)(RII) =" ”HW(R")'
(iii) Finally, set
HP(@) = {fjg 1 f € H?®RY)
endowed with the norm

. . 5P (TR —
”f”n;g(g) = mf{”g”[{;'Z(Rn) g€ HI‘D(R ), 80 = f}

8
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Remark 6.
(i) As before, we define HSEZ(Q) =11, H}’l”'(.@).
. . s e yS2 . . : : s
(ii) To shorten notation, we set H Iy (2):=H rD(“Q) and || - || Hy = Il H;_lz) @ with the analogous conventions for H rD(Q).

(iii) As discussed in [48, Prop. 1], [49, Cor. 3.8], the spaces WFIZ’)Z(Q) and H}D (£) are isomorphic. Therefore, it holds X () =~
Hj (2) and X(Q) = H], (Q).

cpt
(iv) It is well known, e.g. cf. [50, Ch. 2.5], that the embedding H'+%,(Q) LoH LP(Q) is compact.

Elliptic regularity
Treating problems in linear elasticity with classic elliptic theory yields a unique solution in H er(*Q)' The following theorem is

more subtle, allowing us to find solutions in W;’; (£2), and provides uniform estimates in terms of the right-hand side.

Theorem 7 ([51, Thm. 1.1, Prop. 1.2]). Assume that Q satisfies (A1) and let M be a set of (nonlinear) measurable functions
¢ QXR™  RXM gych that for all ¢ € M it holds

sym sym

@ c(-,0) € L®(Q,R™m),

sym
(ii) c(-,&") is measurable for all &' € ngxg,
(ii) (c(x.&)) = c(x, &) : (€] = ) > cpl€] = &7,
@) le(x, &) —e(x, ED| < CpylE] = &1
for almost all x € Q and all &', 8; S R;’yxrﬁ with constants 0 < c,, < C, independent of ¢ € M. Then there exists some p* > 2 such that
for all p € (2, p*] the operators

. Lp -Lp .
W@ WLQ), ve /Qc(x,é'(v)) D E()dx
are continuously invertible. Moreover, their inverses share a uniform Lipschitz constant, i.e., there exists some L, > 0 such that for all
-1
fi. € WFD“’(.Q)

IS =€ Pallyrr < Ly = Flly o
D

I'p

Remark 8. Since the functions C and C, satisfy (A3) and (A4), respectively, the assumptions of Theorem 7 are fulfilled with
constants c,,,C,, independent of ¢’ € L%(£2). Moreover, as C(¢'),C,(¢') are linear maps on ]Rg';; for all ¢’ € R, the induced

operators are topological isomorphisms of erg (2) and W}L” () with a common bound for the inverses.

Maximal LP-regularity
The following definitions and results are taken from [45]. Here, we assume D,Y to be Banach spaces such that the embedding

D ri Y is dense.
Definition 9. An operator A € £(D,Y) is said to have L?-maximal regularity for p € (1,0) if for some interval (a,b) and all
f € LP(a,b;Y) there exists a unique u € W'P(a, b;Y) N L?(a, b; D) satisfying
du+Au=f a.e.on(a,b), u(a)=0.
In this case, A already has L?-maximal regularity for all bounded intervals and all p € (1, ), cf. [45], and we write A € MR.
The following theorem is a modification of [45, Thm. 2.7] and yields a uniform estimate for the solution under some additional

assumptions.

Theorem 10. Let the family A; : [0,7] — L(D,Y), i € T, be strongly measurable, = > 0, and suppose that there are t; € [0,T] such that
A;(t7) € MR with A,(t]) - Aj(tj.‘) € L(Y) and ||A,(5}) — Aj(tj.‘)llﬁ(y) < Cy for some C; > 0 and any two i, j € I. Moreover, assume that
there exists n = n(M) > 0 such that for all x € D and s,t € [0,T], i € T

1
4;0x = Ay()xlly < o= lxllp +alixlly- (5)

where M is the constant from Lemma 31. Then A; € MR = MR ,(0,T) for all p € (1,00) and all i € T.
In particular, for each f € L?(0,7;Y) and each x € (Y, D) 1 , there exists a unique function u € W'-?(0,7;Y) n L?(0, r; D) satisfying
P

Ju+A,Hu=f ae on(0,1),
u(0) = x.

Moreover, there exists a constant C > 0, independent of i € 1, such that

llellvrory < Clixlly,py, + 4Me”||f||u(a,b;y)= ()
va

where C, M, A depend on Cj.



H. Abels et al. Nonlinear Analysis: Real World Applications 81 (2025) 104194
Proof. The proof of this theorem can be found in Appendix. []

Remark 11. Comparing this theorem to [45, Thm. 2.7], we would like to point out that while we only require A() € MR for a
single * € [0, T], our assumption (5) is much stricter than in the original, where a similar estimate is only required to hold in small
neighborhoods. However, without any further assumptions, an estimate as in (6) could not be obtained.

Leray-Schauder principle
The Leary-Schauder principle, which is sometimes also referred to as Schaefer’s theorem, is a well-known consequence of
Schauder’s fixed point theorem. The following formulation was taken from [52, II Lem. 3.1.1].

Definition 12. A, not necessarily linear, operator B : Y — Y is called completely continuous if
(i) B is continuous;
(ii) for each bounded sequence (y,),cn C Y the sequence (By,),cn contains an in Y strongly converging subsequence.

Theorem 13 (Leray-Schauder Principle). Let Y be a Banach space and B : Y — Y be a completely continuous operator. Assume there
exists some r > 0 such that for all x € Y, 4 € [0, 1] satisfying x = ABx it holds ||y||y < r. Then there exists at least one y* € Y such that
y* = By* and ||x*|ly <r.

5. Existence of weak solutions to a regularized system

The goal of this section is to prove the existence of weak solutions to a regularized Cahn-Hilliard-Biot system with an additional
bi-laplacian of ¢ in the equation for the chemical potential y. To this end, we employ a semi-Galerkin ansatz, solving the subsystem
consisting of (2a), (2b), (2e), (2f) and some fixed u for ¢, u,6, p in subspaces of H!(2) and X(), respectively. Here, we reduce
the differential-algebraic system to a system of ordinary differential equations for ¢, # and exploit a Lipschitz-estimate along with
a Gronwall-type argument to show uniqueness and continuous dependence on the data. On the other hand, for fixed ¢, p, maximal
Li-regularity yields a unique solution u to (2c) and we use a fixed-point argument relying on the Leray-Schauder principle to find
an approximate solution to the whole system.

Exploiting the generalized gradient flow structure, we derive a priori estimates and deduce first compactness results. Since these
are not sufficient to pass to the limit, we use a lesser known version of the seminal Aubin-Lions-Simon theorem to deduce strong
convergence of p in L?>(€2;), which in turn allows us to establish strong convergence of u in L>(0,T; H 1rD (£2)) and of 0 in L2(Q;).

The main result of this section is the following theorem.

Theorem 14 (Existence of Weak Solutions to the Regularized Problem). Assume that List (A1)—(A11) are fulfilled. Further, let ¢, € H,%(.Q),

uy € H er (L), 6y € X(£2) and o > 0. Finally, let ¢ € CX(R") be a standard convolution kernel. Then, there exist functions (¢, u,u, 0, p)

such that
¢ € L¥O,T; Hy(@)n H'(0,T; H'(2)),
ue L*0,T; H'(Q),
ue H'(0,T; X(Q)).
0 € L0, T; LX) n H'(0,T; X' (Q)),
pe L*0,T; X(2)n L®0,T; L*(2))

satisfying the following equations:
/OT 1y 09, O dt=/QT —m(@)Vu - VE+ R(p, Ew),0)¢ d(t, x) (72)
for dll ¢{ € L*(0,T; H'(Q));
/ utd@, x) = / eV -V + 0P ApAC
Qr Qr

M (@)
2

+ [2W @+ W0 e@) + O = a(@)V - W’ = M(@)O — @V - W (@Y -u | ¢ dit,) (7b)

for all ¢ € L¥(Qp) N L0, T; HX());
/ Cl(@EQ@u) : EM + We(p.EW) : E — al@)p(V - 1) * pd(t, x)
Qr
T
= fond(,x) +/ / g -ndH" " dr - o/ VO - V(a(@)(V - 1) * $) d(t, x) (79)
Qr 0 I'y Qr
for all n € L*(0,T; X(Q));

r
/ x140,0,&)x dt =/ —k(@Vp-VE+.S5,(p,E@),0)¢ d(t,x) (7d)
0 Qr

10
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for all £ € L*(0,T; X(2));
/ pEd(t, x) = / oVl - VE+ M(9)0 —a(@)V -w)§d(1, x) (7e)
Qr Qr

for all £ € L*(0,T; X(2)); and
(9,0, w)—0 = (@9, 0,uy) ae in Q. (79
Moreover, the weak solution satisfies

e, OIE,, +1l0/* 40,011, + lw (@)Dl 11 + Ol + 16,0115, + ll0'/V6,0113,

+ 0,0, 100,013 5 ) + it lI5 ?
) )

L2((HY L2(X! L2(H) + ”po”Lz(X) C,

2
10,12, ) <

for almost every t € (0,T) and some C = C(T) > 0 independent of (¢, i, u,0, p) and ¢ € (0, 1).
5.1. Definition of the discretized problem
As discussed before, we want to employ a semi-Galerkin ansatz, discretizing parts of the system in space while solving the other

on the whole function space. First, we give a precise formulation of the approximate problems we investigate, for which we consider

* {z;};en a subset of eigenfunctions to the Neumann-Laplace operator with homogeneous boundary conditions. It is well known
that these can be chosen as an orthonormal Schauder basis of L2(£2), which is simultaneously orthogonal in H'(£) such that
z; = |Q|+/2 Moreover, it was shown in [53, Sec. 3] that these also form a Schauder basis of H,%(Q);

* {y;}ien @ subset of eigenfunctions to the corresponding eigenvalue problem with mixed boundary conditions

—Ay= Ay in Q,
y=0 on I'p,
Vy-n=0 on I'y.

Spectral theory for self-adjoint, compact operators implies that these can be chosen to form an orthonormal basis of L?(£2),
which is simultaneously a dense subset of X(£2).

Using the notation
Z, :=span{z; : i < k}, Y, :=span{y; : i <k}

and defining 177, IT’ as the orthogonal L2-projections onto the spaces Z, and Y,, respectively, the goal is to find functions of the
g k g Pproj P k k P y g

form
k k
P, x) = Y af(Dz(x), %) = Y BEDz(x), (8a)
i=1 i=1
k k
01, %) = Y cf Oy (), pt,x) = ) ek (z,(x), (8b)

i=1 i=1

together with a function u, € H'(0,T; X(£2)) with u,(0) = u, such that for all # € [0, 7] and all j < k the following equations hold:

0= (0,0, z;) + (M(@)V ., Vz;) — (R(@y, EWy), 0y), ;) (%9a)
0 =(uy - é‘l/((l’k)s z;)—(eVey, Vz;) - o'*(4py, Azj) — (W (@, Ewy)), 2;)
+(M (@), = al)V - u)a (@) -ty z;) (©b)
— (M (0, — alg)V w2 z)),
0= (0,01, y;) + k(@) VPr: Vy;) = (Ss (@, Ewy). 0,). y)), (90)
0=(pry;) = o{VO. Vy;) = (M (@ )0 — a(@)V - uy), y;), (9d)
@1(0) = @o = I (@), (%¢)
0,(0) = 6y := 11} (6), (9f)

where (-, -) denotes the L2-inner product. Moreover, for all n € X(£2) the following equation has to be satisfied for almost all t € (0, T)
/ C(@E@uy) = Em) + W e(py, E@y)) * E() — al@p)pr(V - 1) * pdx
Q

=/Qf~ndX+/ g-ndH"! —o/ Vo, - V(a(p)(V - ) * §) dx. (9g)
Q

Ip

11
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Remark 15. Owing to the properties of the projection, it follows from (9d) that for all & € H'(2)
/Q pédx = /Q P dx = /Q oV, - VIT'E + M(@)(0, — a(@)V - u)(IT'E) dx
= /Q 0V - V& + I (M (@ )0y — a()V - uy)) & dx (10
5.2. Energy estimates
Exploiting the gradient flow-like structure of the Cahn-Hilliard-Biot system, we will now derive the energy estimates on which

all a priori estimates in this work rely on. Note that we will frequently refer to this section instead of repeating these computations.
Let us first point out that

4 / W (@0 E @) dX = (W, (@0 E@), 0,01 + (W@, E@)), EQy),
Q

and
d € s 1 1,
7 | Ve + cviw)dx = (V@ Vo,0,) + ;(u/ (@1): 0,0y)-
We further find
d M) M’ (p,)
7 ) d (0 — al@)V - u)* dx = ) k (0 — (@) VU2, 0,0) — (M()(0; — al@)V - u)a (9 )V - uy, 0,0,)
Q

— (M (@ )a(@ )0 — a(p)V - uy), V - uy ) + (M (@) (0 — a(@)V - 1), 0,0,).

To obtain suitable a priori estimates for solutions to the system of differential-algebraic equations, we test (9a)-(9d) with suitable
functions under the assumption that u, € H'(0,T;X(£2)) is given. In particular, we multiply (9a) with bjc and (9b) with (”;c), .
Moreover, we multiply (9¢) with di and (9d) with (Ci), . Finally, summing from j = 1 to k yields

0= (0,0, Hy) + M@V pye, Vi) — (R(@ye Euy), 0), py)s
0= (py — éu/((pk), 0,01)—(eV 0. VO,0,) — 0"/ % Aoy Ad,0,) — (W o( @, EWy)), 0:01c)
(M (@) — al@V - w ) @)V - uy, 0,9) — <W(9k - (@) V), 0,0;),
0= 0,0, pi) + (k(@ )V Dy, Vi) = (Sy(py, Ey), 0,), pyc),
0= (px, 0,0) — 0V, V9,0) — (M (9, ) (6 — a(@)V - uy), 0,0y).

Summing over these equations while adding and subtracting the term
(W@, E@y)), EQuy)) — (M ()0 — al@p)V - ualey), V - ouy)
leads to

lm(@)' 2Vl + () >Vl

d 1 12 M(g))
o [/ L Ve P+ wip) + S| Ag, 2 + 3|V9k|2dx+/ W (@, Ey)) dx + / 0 — al@)V - uy ) dx]
11 /o2 € 2 2 o o 2
= (R(@g, EUp), ), i) H(S (@1, E@), 01), Pic) + W e (@, EWy)), EQy)) — (M (@ )(0 — a(@p)V - upa(@y), V - ). (an
Estimates for the right-hand side
Observe that the function which is constant with value |!2|+/2 is an eigenfunction associated with the eigenvalue 0 of the Neumann-

Laplace operator. Hence, testing (9b) with this function and invoking Young’s inequality yields, together with Poincaré’s inequality
and (A2.2),

1 U
|Q|1/2‘][ ”k‘ N ||/ |/ v (@) + Wy (0 Ey) + Y (zw)(ek — a(@V - u) = M(@)(6; — a(@)V - u)a (@)V - u dx
Q

< CUW @Ol + Il + 1002, + IE@OIR, + 1V - w2, +1)
< Clly (@l + II(ﬂkIIZLZ + ||9k||2Lz +llully + 1. (12)
We rewrite the first term on the right-hand side of (11) as
<R((Pk, Euy), 0y), ,uk) = <R((Pk, E(uy), 0,), my, —][ ,uk) + <R((ka E(uy), Gk),][ Ilk>
and deduce from the fact that R is bounded

[(R(@p. Euy), 0), ][ i)l < CUlyw @l + il + 1017, + lluell + 1.

12
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The inequalities of Young and Poincaré further imply

[(R(@rs E@y), 6, py —f i)l < C +p, Il —][ #ellZ s < C+p, Gl Va3 5

where p, > 0 is a small parameter yet to be determined.
Recalling the growth conditions for S, similar arguments as above show for all p, > 0

(S £ (@1 E@), 0), P < CIIS (@i E@), 0N, + p,llpel 5
< CUlells, + 10,117, + luell) + 2, Gyl Vil

where the constant C = C(p,) may depend on p,,.
It remains to estimate the terms we added artificially. Here, the growth conditions on the elastic energy along with Young’s

inequality imply that, for some small parameter p,, > 0,

Py

“ 2
— 1191l -

(W (s @), E@u)) | < Cllpely, + Nl + 1)+ =

Invoking Young’s inequality once again leads to
5 5 Pou P
(M(@)(0) — alpp)V - u)a(@), V - )| < C(lluglly + 16, 117,) + T”atuk”X'
Thus, the right-hand side can be estimated from above as
[{R(@s E@r), O1), i) |HI(S (@1, EW), 01), Pic) | + W e (@, E@y)), EQ)| + KM (@) (O — a( @)V - w)a(@y), V - Oy )|

< Cllw @l + lloel, + 16612, + luelly + D+ p,Coll Vol + , CollV eI, + ool Iy -

Remark 16. We wish to point out that the term C||0,uk||§( only appears because we had to artificially add certain terms, which is
not necessary when deriving a priori estimates for the full system. In the application of Gronwall’s lemma later on, this term can be
bounded by a constant.

Estimates for the left-hand side
To establish the crucial estimates from below, we remind ourselves of the decomposition of the total energy into three
components, as discussed in Section 2, and treat each contribution separately.

Interface energy:
Recalling the assumptions (A2.2) and (A2.3), we calculate with the help of Young’s inequality for some p,, > O and all r € [0, 7]

/Q w(pp)dx = /Q vi(@p) +wa(p) dx > /g Yo |@kl? — ¢y — Coloyl* - C,, dx

2 (ry, = pp)lloll?, = C.

Note that this is well-defined, as can be seen from ¢, € Z, & H*(Q) & L*(R). Using this, we compute for all ¢ € [0,T]

f3 1 I3 2 1 Yy ~ Py, p
/Q FIVerl™ + “wl@dx 2 S1IVely, + - llvedlli + ———llegli, - C. (13a)
On the other hand, it holds
3 2 1 £ 2 1
/_{2 §|V(Po,k| + EW((Po,k)dX < §||(Po,k||H1 + g”ll/((ﬂo,k)”LL (13b)

Elastic energy:
Taking advantage of the estimate derived in (3) along with Korn’s inequality and Young’s inequality, we see

C
/ W (@, E(uy)) dx > / T‘lswk)l2 = C' (o> + D dx > Cyllug 15 = p,lloilly, - C. (14a)
Q Q

where the last step holds due to

1 2
el = /Q(pi dx < /!2 — L et ax = el + G,
7' (pyq) ¢
with ¢ > 1 such that 2¢ = p. We remark that p, > 0 can be chosen as small as necessary.
Moreover, the growth conditions (A3.2) imply

/ W (@00 i) dx < Clloos 2, + gl + 1. (14b)
0

13
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Fluid energy:
Using Young’s inequality and the positivity of M, we calculate

1
—0x (2 (al@V - uy)) = —pob; + p—(a((ﬂk)v “u)
0
for all p, > 0, from which we deduce
M@0 9, - al@V - up? dx > [ (02 - 260, (a(@)V - up) + (@ @)V - )]
o 2 k Pk k =/, 2 Uk 1\ @y k Pk k

>

(S

1 M M 1 .=
((1 = pp)ll6; 7, = (7 = Dllate)V - uknzz) > S (1= ppllOll3, + T (1 = E)azuukni (15a)

if we choose py < 1.
Moreover, similar arguments show

/ M(zfﬂk)(ekvo — a(@y )V - up)? dx < C(||90»k||2L2 + llugli%). (15b)
Q

Full energy estimate
Integrating (11) with respect to time and invoking the fundamental lemma of calculus along with the estimates (13b)-(15a)
finally yields

t 1
(m— p,C,) /0 IVl di + (s = 2,C,) /0 IVl di

U

1/2 -p
I3 P 1 4 2 v 13
+ SIVeLOI, + - vl + S l1dall, + (5= = pp) o0,

+(C, - g#(i — D)llu N3 + g(1 — o012, + 21IV0, 0112 (16)
u 2 20 k X 2 0 2 2 k 2

t
<c / Iy @l 1+ N2, + 1012, + i 12, + poulldu Il +1de
0

2 1/2 2 2 1 2 2
+ Cllgoklly, +o / 149 ll7, + 0l VO il + ;llll/((ﬂo,k)llu + gl + 00,17, + 1.

Choosing p,,. p,, Pyy> Pou > 0 small enough and 0 < p, < 1 sufficiently close to 1 will allow us to find a priori estimates by
means of Gronwall’s lemma.

5.3. Existence of approximate solutions

This section contains three major arguments. Firstly, we consider the system of differential-algebraic Egs. (92)-(9f) and reduce
it to a system of ordinary differential equations for the coefficient functions a and d with continuous right-hand side. Applying
Peano’s theorem, we obtain local in time solutions ¢, 4, 6, p on some interval, which can be extended to global solutions due to a
priori estimates relying on the energy estimates derived in the last section. In order to apply a fixed point theorem, the solution
has to be unique and continuously depend on the data. We prove these properties by showing a Lipschitz-type estimate for the
difference of the coefficient functions a;,d;, i = 1,2, of two solutions and an application of Gronwall’s lemma.

Secondly, we define an abstract Cauchy-problem with unique solution which continuously depends on the data and also solves
(9g). Here, we apply maximal LP-regularity theory using Theorem 10, where regularity in space is a consequence of Theorem 7.

Building on these results, we can define an operator T and apply the Leray-Schauder principle to find a fixed-point of ¥, which,
by definition, gives rise to an approximate solution of the regularized system (9a)—(9g).

Lemma 17. For any given u € H'(0,T; X(£2)) there exist unique functions
(@, p1,0,p) € C1([0,T1; Z,) x C°(10, TT; Z,) x C'([0, T Y;.) x C°([0, T1; Y;)

satisfying the system (9a)—(9g) and continuously depend on u. Moreover, the weak derivative o,p, exists and is in the space L2(0,T; L*(Q)).

Proof (Existence). We define the functions a := (q;, ... ,ai)T, b=, ... ,bi)T, c = (c]l, .., T and d 1=}, ... ,d]’(‘)T. Exploiting the
orthonormality of the chosen basis, the system (9a)-(9d) reduces to
%HL = —(m(@)Vuy, Vz;) + (R(py, EW), 01, z;), (17a)
b;; = (%v/’((pk), z;) +(eVey, Vz;) + 0'*(Apy, Az;) + (W, (o, EW)), 2;) (17b)
— (M@0 — al@p)V -0 @)V -u.2;) + (X220, — a(pV - w?. z;).
%ci = ~(k(@)VPi, Vy;) + (S (@p, EW), 0p), ¥;)s (170)
d,’; =0(V0,Vy;) + (M (@) — a(@)V - u),y;) 17d)

14
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for all 1 < j < k and all fixed k € N. We observe that the right-hand side of the last Eq. (17d) only depends on a, ¢ and due to the
continuity of M, and u € H'(0,T; X(2)) & C%([0,T]; X()), the function H, defined as
H,: RxRFxR* - RF,
koo koo koo koo k
(t.a,c)~ <0<V X ety Vi) H (MY @z )Y ey = a(Y, alz))V - u(@), y,>)
j=1 j=1 j=1 j=1 =1

is continuous. Moreover, we define H J(ta.c) similarly and note that due to the continuity of y’, W, M, M " a,a’ and H o this map
is also continuous. Substituting the identities

b() = H ,(t,a(®), c(1)), d(r) = H ,(t,a(t), c(1)

into (17a) and (17c), we arrive at

k k k k
a0 = —<m(; a’k(r)z,W(Zl, HI (1, a(t), c(t)z)), Vz;) + <R(_Z1 a,()z;. @),

J
€2
Jj Jj= 1

Jj=

k
PN
e

k
= J

k
%ci(n = —<:<<_Z1 a{;(nz,-w(zl HI (1, a(t), ¢(0)y), Vy,) + (S (
J J=

k
Y @z, Ew),
j=1

i.e., the differential-algebraic system (17a)-(17d) reduces to a system of ordinary differential equations for a,c¢ with continuous
right-hand side and initial conditions

al(0)=(pg.z;) forallj=1...k 0 =(6.y) forallj=1 .. k

Thus, we can apply Peano’s theorem and obtain the existence of a, possibly small, T* € (0, T) and local solutions a, c € C'([0, T*]; R¥)
giving rise to b,d € CO([0,T*]; R¥).
Making use of the energy estimate (16) established above, we find for all applicable t € R*

ek @I, + 02140, DI, + Iy (@)l 1 + 10 DI, + 0l VOO,

t
< c/ loall2, + lw@ll 1 + 1612, + lul’y + loully + 1 dr
0

1
+ Cligoslly, + 02 lAg0.l2, +6lIVO I, + < 1w (@oll + 160,12, + llugll + 1

By estimating the contributions from the fixed function u with its norm in the space H'(0,T; X(£)), this expression simplifies to

t
oI, + 0?14 I, + lly (@)l L1 + 10D, + 0l VO DI%, < C /0 l@ill2, + lw(@Ollr + 16,112, di + €
and Gronwall’s lemma yields for all applicable ¢ € [0, T] the uniform estimate

o3, + (@)l L1 + 10,011 < C. (18)

Since ¢, 0, lie in finite dimensional subspaces of H'!(£2) and L?(f2), respectively, where all norms are equivalent, this implies the
boundedness of a, ¢ on [0, T*]. Hence, well known theorems for ordinary differential equations let us extend the local solution to
the whole interval [0, T] and we obtain functions

(@rs s B ) € CHI0,TT; Z,) x CO[0,T1; Z,) x CL([0, T1; Yy) x €O([0, T1; Y,)

satisfying the system (9a)-(9g).
To establish 9,p, € L*(0,T; L*(£2)), we consider the derivative

d
yr / oVO, - Vy; + M(@ )0 — a(p)V -u)y; dx
Q
= / oVo,0; - Vy;dx + / M (9)0,00, — a(@,)V - wy; + M()(9,0 — o (90,0, V - u— a(p)V - ou)y; dx.
Q Q

We take note of the fact that the basis functions satisfy z; € H,%(Q) for all j € N and recall the continuous embedding
Hf(.Q) o C(Q) & L®(Q) for n < 3. Therefore, 0,9, € C([0,T]; L®(£2)), implying that the expression above is well defined for

all + € [0, T]. In particular, an application of Holders’s inequality yields the estimate
d .
IEdil S CUI0 @il oo 12y, D Ul 2 + 110,0i Ml 12 + 011V O, 0l 12 + Nl x + 110,ull x)-

Thus, we deduce from 6§, € C'([0,T1];Y,) and u € H'(0,T; X(2))
T k T k 2
2 d i 2 d 2
||a,pk||L2<L2)=/0 IETET dt=/0 AT
= i=
T
< CUI9 @il oor2y: k) / 164113, + 10,6117, + @l VO, 6,117, + llull + lloul’y dr
0
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and therefore 9,p, € L*(0,T; L*(R2)).

Uniqueness and continuous dependence: So far we have established the existence of at least one solution to the Galerkin
system for any given u € L*(0,T; X(£2)). We proceed to show uniqueness of this solution and continuous dependence on the data.
To this end, let u;,u, € L>(0,T; X(£2)) and (¢;, u;,6;,p;) i = 1,2, be two solutions to the corresponding differential-algebraic system
for some fixed k € N. The aim is to find estimates for the differences |a{ - a£| + |c{ - cél, such that an application of Gronwall’s
lemma yields the desired result. Note that here, in general, the constants C = C(k) > 0 cannot be chosen uniformly in k € N.

Ad d: Exploiting the orthogonality of our basis, the Lipschitz continuity and boundedness of M along with the embedding
z; € HX(Q) & L®(2), we find

k
(M (@)0) = M(9:)05.y,)] < (M(1) Y (e} = by ) + (0:(M (1) = M (), y)

i=1
<Mle) = Ky, + L Y lah = dhllz,116,1, 1y 1) < €Y la} = d| +Ie] = ). (19a)
i=1 i=1
Exploiting the Lipschitz-continuity of a, M imposed in (A9) along with the fact that the product of two bounded Lipschitz functions
is still Lipschitz continuous, we compute
k
IM(@)a(@)V - uy = M(@)a(@)V - uy] < C(V - () —up)| + Y |ah = abl1z]|V - uy)).
i=1
Since u; € H'(0,T; X()) < C([0,T]; X(£2)) implies an uniform bound on |lu;(t)||x for all € [0,T], i = 1,2, we arrive at
k
KM (p)a(@)V - uy — M(@)a(@2)V - 4y, y;)| < C(IV@u; —up)l, |y;1) + C Z @ — s [{12; 11V - usl, 1y;1)

i=1
k

< CQY lay = dyl + lluy —wslx), (19b)
i=1
where we also used z; € H2(2) & L®(%).
We further obtain
k k
ol (V(O, = 0,), Vy ) <0 ) leh = ch|[(Vy, Vy)l <C Y lel = ch] (190)

i=1 i=1
Taking the difference of (17d) for the two solutions, we conclude with the help of (19a) and (19b)
|d{ - dé| < ol{V(0, = 0,), Vy)| + (M (@)0, — M(92)0,,y;)| + KM (@)@ )V - u; = M(@y)a(@,)V - uy, y;)|
k

SCUOY, la) — bl +le] = 5| + lluy —uylly)- (19d)
i=1

Ad b: To derive a similar estimate for the differences |b{ - bél, we consider the terms in (17b) separately. Taking advantage of

orthogonality, it follows that

k
e(V(p; —9,), Vz;)| <€ 2 |ai - aéll(Vzi,sz)l < C|aj1 - aél, (20a)
i=1
k k
0" A(@y — @), A7) < 07 Y |a} - d}l14z,]%,8,; < C ) |a} —db. (20b)
i=1 i=1

Since the boundedness of a;,a, in [0,T] and the continuity of the basis functions z;, j = I,...,k, in Q imply |p;| < C in ﬁT,
we find along with (A2), which stipulates that € C?(R) and therefore implies local Lipschitz continuity, that |y’(¢,) — v'(@,)| <
Clp, — ¢,|. Hence,

la) —db). (20¢)

k
=1

k
1 L . .
Sl @D - '@z < 7 21 la} = ab |zl |z < €

i

Consider

M ()0, — a(@)V - u)* = M'(0,)(0, — a(@,)V - uy)*
= (M'(@)07 — M'(0,)03) — (M'(9)0,V - u; + M'(92)0,V - uy) + M'(@)a(e))*(V - u))* = M'()a(py)* (V - )
= I+II+1II.

For I, it holds that

k k k
IM' ()0 = M'(9,)05] < M0;1 Y Ie} = chlly;| + M16,] Y Iel = chlly | + ClO31 Y 1d} = dl1z,1,

i=1 i=1 i=1
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which, along with our a priori estimates, leads to

k k
(M (@)07 = M(9,)63,2,)| <C(Y |d} —dy| + Y |} = ch]. (20d)
i=1 i=1

i= i=
Since I1 is of a similar structure, we proceed analogously, computing
. o k k
IM'(@)0,V - uy = M'(9)0,V - uy| < MIO,[IV -y =V -y + M|V -uy| Y |k = chlly;| + ClO,[IV - uy| Y |} — ah]|z]
i=1 i=1
and we arrive at
k k

(M (@0, V - uy = M'(9,)0,V - uy, ;)| < C(Z |ai1 - aél + Z |Ci - C£| + lluy —uyllx). (20e)
i=1 i=1

i= i=

Finally we observe that 11 can be treated similarly to I, yielding the estimate

k
(M (@)a(@)2(V - u))? = M (92)a(@)*(V - up), 2))| < C(Y la} = ay| + llu; — sl ), (20)
i=1
such that, along with (20d) and (20e), we can conclude
k k
(M (@1)(01 = al@)V - u))? = M (92)(0, — alg)V - wp)’, 2)| < C(Y 1} = dil + Y lef = ch| + lluy = wpllx)- (20g)

i=1 i=1

Next, we look at the difference
M(p)(0; — a(p)V - ul)a,((pl)V cup — M(@y)(0; — a(@y)V - uz)a,((pz)V cUy

and observe that the structure of this difference is identical to the cases /1 and [I11 from above. We therefore omit the relevant
calculations and simply state the estimate

(M ()0, — a(@)V - ul)a’((pl)V “up — M ()6, — a(@y)V - uz)a/((pz)V sUp, Zj>|
k k
<COQld, —ah|+ Y leh = b1+ lluy —usllx)- (20h)
i=1 i=1
At last, it remains to find suitable estimates for W, (¢, Eu,)) — W, (¢,, E(uy)). Since

2W (0, E@) = C'(@9)EW) : E@) —2C(PEM) : T(p) +C'()T (@) : T(p) —2C(@)EW) : T'(p) +2C(@)T' (@) : T (9),

we, once again, proceed termwise. Taking advantage of the boundedness and Lipschitz continuity of C,C’ imposed in Assumption
(A3), we see with the help of the Cauchy-Schwarz inequality

IC' (@)EM)) : Ey) — Cl(@r)EWy) = E(uy)l
= |Cl@DEy) : (Euy) — Euy) + C(@EWy) @ (E)) — EWy)) + (Cl(@)) — Cl(@)EWy) = Euy)
< CUIE@PI + 1E@)IDIEm)) = E@DI + CNE@II* @) — @, 1.

Moreover, Assumption (A3) further requires 7 to be Lipschitz continuous, which along with (18) yields the uniform bound
I7(@,)ll < C. Hence,

IC"(@EW@y) = T(@y) = Cl@)EWy) 1 T (@)l < CUIE@PI + IE@)IDI@y = @3] + CllE@y) — E@y)I.

We note that C’, 7 are Lipschitz continuous functions and ¢,, ¢, are bounded in £, which implies the following Lipschitz property
for their product

IC(@NT (@) : T(@p) = C'(@)T (92) : T(@)| < Clopy = @3
Treating the fourth and fifth term analogously to the second and third, respectively, yields the necessary estimates to deduce
W (@1, E@) = W (@, E@p))| < CIEw))| + 1EW)| + 1E@)I* + Dlgy — @3] + CUEW))| + |E)| + DIEW,) - Ewy)
and we can conclude

(W (@1, E@))) = W (0, EWs)), z,)|
k
<C Y ld) - d (€] + [E@)] + 1E@) I + Dzl |21) + C{UE@] + [E@y)] + DIEW) — Ewy), 12,1
i=1
k s N
<Yl — a5l + lluy —uylly)- (20i)

i=1
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Finally, taking the difference of Egs. (17b) for the corresponding solutions b,, b, and employing (20a)—(20i), we obtain
k
B = bl <C(Y lal = ay| + Ie} = e + lluy = wyllx). (20)
i=1

Ad c: Exploiting the Lipschitz continuity of x along with (19d) gives

|K((P1)VP1 - K((Pz)VP2| < ;W(Pl —P2)| + |VP2||K(§01) - K(<ﬂ2)|
k k k

! ! 1 1 i i
<C X 1Vnl e — eyl +1ef =yl + s = sl + CIVps] Fla |

and therefore
k

(k@D p1 = K@)V V3| < C( X lay = abl +Ief = chl + lluy = wall ). (21a)

i=1
Moreover, the Lipschitz continuity of S, leads to

k
Sy (@1, EM),0)) = Sp(@r, Ey), 05), ;)| < C(Z |a1 —a;| + |Ci - C£| + lluy — "2||x>-

i=1

By taking the difference of (17¢) and integrating with respect to time, we obtain

3 s t 2 N
le] = eyl s/ Kk(@))Vpy = k(@) VD3, VI + (S (@1, EW)), 0)) = S (02, EW3), 0), y;) | d1 + |e] = ¢5(0)
0

.k
< c/0 Y ldl = ayl +le} = 5| + lluy —usllx di + |e] = ] |(0). (21b)
i=1
Ad a: At last it remains to establish a similar estimate for the differences |a{ - 0£|~ Here we use the Lipschitz continuity of m
together with (20j) to compute

Im(@)Vuy = m(@)Vius| <m|V(uy — pp)l + [Vl Im(ey) — m(ey)]
k k k
SC Y IVzl Y la) - dsl+lef — il + lluy —wyllx +CI V| Y la) = abllz],

i=1 I=1 i=1
yielding
k
|(m(@)V iy = m(@)Vhs, V2)] < C( D 1a} = | +Iel = ¢+ lluy = sl )-
i=1

Taking advantage of the Lipschitz continuity of R, cf. (A10), and arguing exactly as above, we arrive at

la] — )| < /0 [(m(@))V sty = m(@))V . V2| + [(R(py . E(u1).0)) = R(@pa. E(wr). 0,). )| dit + |} — ] | (0)

1 . .
< C/ z la) — a3l +lc] — eyl + lluy —uyllx dt + |a/1 - aél(O). (22)
i=1
Summing over (22) and (21b) for all j < k leads to
. l|af1 - d|0+1e] -l < c/0 2{|a’1 - d|@) +¢) = Iy di + Clluy —uy | 1 x) + Z‘; || = d}1(0) + |c] = c]1(0).
J= J= J=

With the help of Gronwall’s lemma we can thus conclude that for any u € H'(0, T; X(£)) and matching initial conditions the solution
(@, p. 0, p) is unique. Moreover, if |lu; — u,ll ;2 7.x) = 0, then the corresponding solutions also converge in their respective spaces,
i.e. the solution continuously depends on u. []

The lemma above gives rise to the continuous operator G* defined by
H'(0,T; X()) > C'([0,T]: Z,) x C°([0.T1; Z,) x C' ([0, T): ;) X C°([0, T]; Y;) n W0, T; LA()),
u G(u) = (¢, 1,9, p),

mapping any given u to the unique solution of the corresponding system of differential-algebraic equations for some fixed k € N.
Observe that the embeddings

cpt ) c 1 cpt 4 P
Zy— HXQ) = H'(@) and Y, — X(@) = LX)
satisfy the assumptions of the Aubin-Lions-Simon theorem, implying compactness for the following operator

G H'(0,T; X(Q) 2 €0, T}; H2(£2)) X C°([0, T]; X(£2))) x C°([0, T]; X (£2)),
u - (Giu,Gu,Gu) = (9,6, p).

(23)
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Before we can state the theorem that will allow us to derive solutions to the linear elasticity Eq. (9g) for any given (¢, u, 0, p),
some preparations are necessary.
For a fixed function ¢ € L?*(22) and some g € R close to 2, we denote by B(p) and C(p) the operators

B(p) : W;z(g) - W;;“’(.Q), v /Q C,(@E®) 1 E()dx,
Clp): W@ = W@, v /Q C(@E®) : £()dx.

As observed in Remark 8, the assumptions for linear elasticity suffice to find Theorem 7 to be applicable, i.e., for all ¢ € L*(2) the
operators B(¢), C(p) are topological isomorphism between W;Z(_Q) and W};"’(.Q) and there exists a common bound for the norm
of the inverse. In particular, it holds

sup (IB@)| 0 10y + IBTD 10 iy + NC@ o -1y + 1CT @ py-10 10 ) < C.
vel2() cow W LW W) cow W cow W) 24)

Hence, the operator
Al@) : W@ W Q). ve BT @)Cw
is a well-defined automorphism of er"’ ().

For the application of fixed-point methods, it is crucial that these operators are continuous, which we investigate in the following
lemma.

Lemma 18. Suppose (¢,),en C L*(2) is a convergent sequence with limit ¢ and assume that (¢,),ey and ¢ are bounded in L%(2). Then
it holds for dll f W;Z(.Q) and dll f € W;L"’(.Q), respectively,

Bl - B@f and  Clo)f - C@] i Wi,
Bl @)f = By and Co)7'f = C@7'f in W@,

Proof. As the proof for C is comple;tely analogous, we restrict ourselves in the following to the operator B and its inverse. By
definition, we obtain for all 7 € WIF’Z Q)

\(B@)] = Bl = | /Q [Co@n) ~ CL@IED) : £ dx| < IIC,(@,) — CL@IED I alEDIl

allowing us to deduce

IB@)F = B@)flly-1a = sup 11 / [Cu(@,) = Cu@IEW) 1 Em dx| < [I1C,(@,) = C(@IEWDII 1o
)= Q

Ip [I=ll
wid
I'p

which tends to zero as n — oo. To see this, recall that {ho : he CPR",R"),supp f N Ip = @} is dense in WIFZ (). Therefore, for
any fixed fe W;Z () and any ¢ > 0, there exists some smooth fe such that || f — fe ”w 1, < € and we compute with the help of
I'p

the Lipschitz continuity of C, that
IIC, (@) = CU@IED s < T (@,) — CL@IEF = Fllpa + [T, (@,) = C(@IEF I Lo
SCIT = Fellyry +1ETIN L= NICu(@) = Col@llLe
D
<Ce+ LIEG =N, = oll), o, = oll S, (25)

where C,, L only depend on C, and 9 = 62—7. Since ¢, — ¢ in L*(2) and this sequence is also bounded in L°(£2), we obtain for
sufficiently large n € N

IICy (@) = C@IED)ILs < Cpe +e.
As e > 0 was chosen arbitrarily, this entails the convergence
[Cy(ey) = Cy(@]E(f) = 0 in LI(Q).

It remains to show strong convergence for the inverse B~!. Recalling that by (24) the norms of 3~! are uniformly bounded, a
standard argument shows for all f € W;ll)"’

1B @] =B~ @ lly1a = 17 (@B = BB (@)l 1
D D
< IBT @)l -1 1 I1B@) = Bl )BT @Dl 10 < CllLB@) = BB @)Dl -1a-

Thus, the result follows from the strong convergence of B. []
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Given these operators, we now turn to study an abstract Cauchy-problem and already note that for the appropriate right-hand
side, the solution also solves (9g).

Lemma 19. Let ¢ € C°([0,T]; L%(2)), J € L*(0,T; WIFZ (2)) and uy € WIFZ (). Then the non-autonomous, abstract Cauchy-problem
ou(r) + Alp(t)u(®) = F) ae. on (0,T),
u(0) = uy
has a unique solution u € H'(0,T; W;Z(_Q)).
Proof. Once we have verified that the assumptions of Theorem 10 are indeed satisfied, the result will follow immediately. We start
by examining .4 and note that the discussion above already implies A(f) € IZ(W1 "(Q)) for all t € [0, T]. Moreover, the continuity

of ¢ in time together with the uniform estimates (24) yields that the map ¢ — A(t) in [0,T1] is strongly measurable.
Concerning relative continuity, it holds for all w € W}.Z(Q) and any t,s € [0,T]

I AOW = A wlly 1o < 1B @O)C@0) = B @@ gy 10 911
< “B_l((p(t))llﬁ(w;g",wi_‘:’))”C(q}(l))HC(W}z,W;L’") ||W||W}-ZJ + ”B_l((p(s))llt(w;;‘q,Wﬁ))”C((p(s))llﬁ(w}';’),W};"))”w“W}LZ

< Clwlly, o

I'p
Setting D = Wl"’ =Y in Theorem 10, we can choose n = C.

Moreover, A((p(l)) is a bounded, linear operator which is defined on the whole space wh "(.Q) and therefore closed for every
t € [0,T]. It is well known that under these conditions A(g(?)) € MR, on every bounded mterval and for all ¢ € (1, ), cf. [54].
Hence, A(¢p(t)) € MR for all ¢ € [0,T], cf. [45]. In particular, we can choose t*asany t € [0,T].
Observing that u, € W;Z(.Q) = (WIFZ (Q), W;Z(Q))%, =(D.X)1 concludes the proof. []
q o

In particular, Lemma 19 establishes that for all ¢ € C°([0,T]; L?(f2)) the bounded linear operator
)t H'O.T; W (@) = LPO.TW (@)X W (@), ue Qu+ Al@)u, u(0)
is invertible. Moreover, we deduce from (6) and (24) that the operators
£ pug) : LO.T;W (@) > H'O.T; W @), Jrou
are uniformly bounded in ¢, i.e.,

-1
<
£ (o, "0)”£<L2(0,T:ij)<a>>xWLj)<a>,H1(QT:WLZ(Q») <C (26)

for some C > 0 independently of ¢. To see this, observe that since Y = W}_Z (£2) = D, it holds that A(¢p;) — A(g,) € L(X) for any
@1., € LX(Q) with [ A(e)) - A@)N gy s ) <€ =2 Cr

As we shall see in the following lemma these estimates imply that the dependency of £~! on ¢ is also continuous.

Lemma 20. Let (¢,),eny C C°([0,T]; L2(£2)) be a convergent sequence with limit ¢. Then it holds for all (f,uy) € L*(0,T; W;Z (2)) x
W (@)

£ @y u) () = £ @u)(Foug) in H'O.T:W ().

Proof. We start by observing that
127" @, u0)(F) = £ (0. uo)(bllHuWk;’)) = 1£71 (@ up)[£(0) = L(@)IE™ (@, up) ()] ')
-1 -1 .
<L (o, uO)”ﬁ(LZ(W}:ZJ)XW}:ZJ’HI(W;;z))||[2((p) - 2((/7")](2 (o, uO)(f))”LZ(W;Z)XW;Z
o o -1 %
< ClllL(e) — L@ )L (o, uo)(f))”Lz(W}t;f))xW}Z’
where the last estimate is due to (26). Therefore, it is sufficient to establish the convergence
L@, )v— @ in LX0,T; W}Z () x WIF;’) 19)) 27)
forallve H'(0,T; WIFZ (£2)). Since by definition
(&(@,)v) = Qv + A(p,)v, v(0)),
the only term depending on ¢, is .A(¢,)v. Hence, the result will follow immediately from

Al@v = Al@w in L20.T; W1 ().
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As by definition (A(@,)v)() = B~ (@, ®))C(@,®)v(1), Lemma 18 together with (24) imply for all ¢ € [0, T] the convergence
I(Alp,)0)(@) — (A((/’)v)(’)uwiz;
= 1B (@,()C(p,0)w(t) - B ((P(I))C((p(f))v(t)llwyz
< ||B_]((Pn(l))llt(w;;q’wkz)||C((Pn(l))v(l) - C((ﬂ(l))v(l)llw;ll).q + LB (9, (1) = B~ (@(t)IC(@(e)w()]| — 0.

Observing that (24) yields a uniform bound for the norm || A(g,)I| we estimate

1,
C(Wr;’))’

4@, POl ,, < CleOl? . (28)

rp rp
which allows us to deduce (27) with the help of Lebesgue’s convergence theorem, cf. [55, Sec. 3.25]. []
Lastly we need to define the appropriate right-hand side for our abstract Cauchy-problem. Therefore, we set
§ 1 L¥O0.T: Hy () x LX(O.T; X(2) X LX0.T: X () = LXO.T; W 2 Q). (9.6.p) = §(@.0.p).
where
3(@.0.p)(0) = B~ (0(1) f* (. 0. p)(1),
f*(@.0.p)(0)n = /QC(rp)T(rﬂ) D Em) + al@)p(V - ) * ¢+f-ndX+/ g-ndH"! —o/g VO - V(a(@)(V - 1) * ¢) dx.

I'y
Lemma 21. The operator § is well-defined and strongly continuous.

Proof. To verify that § is well-defined, i.e., §(@,p) € L*(0,T; erg (£2)) for all admissible ¢, 8, p, we recall the uniform bound on
B~!(¢), which implies that it suffices to show f*(¢,p) € L*(0,T; W;Ll)’q(.Q)). To this end, let n € W;Z’ (£2) and compute

|/2<C(<p>r(<p> : €(n)+a((p)p(V~n)*¢+f~ndX+/ g-ndH"
e

I'y
< Cll@llLa + DIEMI  + ClipllLallV - il o + Cllnll o + Clinll o
<Clollgr + Dlinll 1 + Cliplixllnll g -
H Wi_qD X Wi_qD

Using Holder’s inequality and Young’s inequality for convolutions, we further obtain

’/ VO - V(a(o)(V - n) * ¢) dx
Q

/ VO - (' @V@(V 1) % ¢) + VO - (a(@)(V - 1) * V) d(1, x)
Q

<C(IVOI2MV@ll L ll(V - m) % bll s + VO 21V - 1) + Vbl 2)
< C(IVOll 2 IV 4 IV - 1l o Il s + VO 2V - 71l o 1V D)

-4 _ 2
where s = gy and r = W Hence,
||f*((/7,9,17)(f)||w;1‘q = | HSHP . 1f*(@. 0, p)(Onl < ClleOll 1 + el x + IVOll 211Vl s + VOl 2 + 1), (29)
b 1=
w
p

which in turn yields, due to ¢ € L®(0,T; H()), that

T T
1@ 0PI, yr = [ 1@ 0PI, dr < [ U + 100y + V02Tl + 19012 + 17 dr < oo
2w o Wi o

To see that § is strongly continuous, we take a convergent sequence
(@ O Pudnen © L¥(O0, T3 H'(2)) x L2(0,T: X(2)) x L2(0.T; X(£2))
and start by considering the convergence
I @00 p)O) = f*(@.0.9)(0) in W) (30)

for any ¢ € [0, T], where ¢, 6, p are the respective limits. Similar to the calculation above, we obtain the estimate
‘/ VO, - V(a(@, )V -1) * ¢p) — VO - V(a(p)(V - ) * ¢p) dx
Q

<10 (@,)V0, - Vo, =@ @V0 - Vollonll(V - 1) % $ll s + la(@,)V6, = a@)VOll 2 (V- 1) = Vbl 2
< C(11d'(@,)V0, - Vo, = @)V0 - Voll o + 1(@,)V6, — a@)VOl 2 ) Il 1.
Iy

D
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This leads to
|f*(@ns 0 DO — (0,0, D)D)
< NICe)T (@,) = C@OT @l allnll 10 + llal@,)p, — al@)pll palinll e
+ C(lla'(co,,)V@n Vo, = (@)VO - Vol 43 + lla(e,)V0, — a(co)V9||L2)||'1||W1,q'
and thus

1 @ns 0 P)O) = f5 (0.0, D)Dl y-10 = sup [ F* (@, 0. p)(OM = f* (00,6, p)O)1|

I'p lImll 1 7 =1
<@ )T (@,) — C@T (@)l pa + lla(@,)p, — a(@)pll o + C(II“'(%W% Vo, = (@)V0 - Vol 4 + l|a(p,)V0, — a(@)VO| 2 )

From the assumptions, it follows that for every subsequence (n;).ey there exists another subsequence (1 ),y such that for almost
allr € (0,T)

Pny, ) - @) in Hf(!z) and a.e.in Q and V(p,,k[ ) - Vo) ae. in £,
9% ®H -0 in X(Q) and a.e.in £ and Ve,,kl ) —» Vo) ae. in Q, 3D
Pu, - pt) in X(2) and a.e. in Q.
The continuity of C,7,a, e’ therefore implies that for almost every ¢ € (0,T)
C(wnk, (I))T((P,,k[ 1) = CleM)T (p(1)) —» 0 and a(%,,q (f))Pnk, @) — a(p®)p(1) = 0,
pointwise a.e. in £, along with the pointwise a.e. convergences
a'((ﬂnkl (f))V9nk[ - V(Pnk[ ) — & (@0)VO() - V(1) — 0,
a((pnk[ (T))Vgnk, (1) — alp)Vo() — 0.

Hence, the growth conditions on C,7,a,a’ and Lebesgue’s generalized convergence theorem, cf. [55, Sec. 3.25], along with (31)
yield the strong convergences

||(C((Pnk, (f))T(%k[ ) = CleNT (@)l ga = 0,
||01((Pnkl O)py,, ) = ale®)p®lize = 0,
||a'(<ﬂnk, V6, - Ve, @) - & (@)HVOQ) - Vo)l a3 = 0,
||d((ﬂnk/ V6, 0~ alp®)VOD)|l 2 - 0
for almost all ¢ € (0,T). Along with Lemma 18 and the uniform bound (24), we infer, again for almost all 7 € (0,T),

—1 —1
187 @ )Py, Oy s Pu ) = B~ (@) (@, H,p)llwnr.g
S UB @ )@ O P ) = L@ 0.D 10 + 1B @y, ) = B @) S (@.0: D)l 10
D D
S CIS" @y, O, P ) = I @0 D)ly=10 + 1087 @y, ) = B @) *(@.0: P10 = 0.
D D

i.e., the chosen subsequence converges pointwise almost everywhere in (0, 7).
Utilizing the convergences of (p,),ey in L2(0,T; X(€2)) and (¢,),ey in L2(0,T; H2(R)) and (6,),ey in L*0,T; X(£2)), the estimate
(29) and the uniform bound on B~!(¢,), we infer with the help of Lebesgue’s generalized convergence theorem, cf. [55, Sec. 3.25],

F@n, O, D) = F@.0.p) in L2O.T:W 2 ().

In summary, we obtain that every subsequence (n;),cy of contains yet another subsequence such that the desired convergence holds.
In particular, (F(¢,, p,)),en is precompact with a unique accumulation point, which yields the assertion. [

Suppose we have found (¢, p, u) in the corresponding spaces such that
£1(@)u =5, 0, p) (32)
almost everywhere, or equivalently,
du+ B~ (@)C(ou = B~ (9)f*(9.0.p).
Multiplying B(¢p) from the left side then yields that the equation

/ CU@EQW) @ Em) + W (@, EW) + Em) — al@)p(V - 1) * pdx
Q

=/f-ndx+/ g-ndH"‘l—o/ VO - V(a(@)(V - ) * ¢) dx
Q Q

I'y

22



H. Abels et al. Nonlinear Analysis: Real World Applications 81 (2025) 104194

holds for all n € W;Z/(.Q), i.e., the functions (¢, p, u) satisfy (9g) for almost all + € (0,T). Rewriting (32) with the help of G and
exploiting that £ is invertible leads to the fixed point equation

u=£71G u,up) (Fou) =: Su (33)

where T : H'(0,T; X(2)) » H'(0,T; X(2)) with u = £71(G,u,uy) (FGu) .

Note that the initial condition for the displacement is incorporated in the definition of the operator ¥. It is apparent from the
discussion above that for a solution of (33), the quintuple (¢, u,0, p,u) = (G*u,u) satisfies (9a)—(9g), i.e., it is a solution to the
semi-discretized system.

Lemma 22. There exists at least one u € H'(0,T; X(2)) such that u = Tu.

Proof. Since this is a direct consequence of the Leray—Schauder principle, it remains to verify that
(i) ¥ is completely continuous;
(ii) there exists r > 0 such that for all v satisfying v = A%v for any 4 € [0, 1] we have ||v]|41x) < R.
Ad (D): Let (u,),ey C H'(0,T; X(£2)) be a bounded sequence. Due to the discussion above (23), we already know that the mapping

u, = Gu,) = (¢,.0,.p,) € CO((0, T]; H2(2)) x C°([0, T]; X (2)) x C°([0, T]; X(£2))
is compact, allowing us to extract a convergent subsequence. Without relabeling, we can now apply Lemma 21 and deduce

§Cu, = §(@,.0,.p,) = §(@.0.p) in L*0.T: X()). (34)
Hence, Lemma 20 along with the uniform estimate (26) yield

127 @ u)F (@ 0, ) — £ (0 1) F @0, 0. P | 1 )

<17 @ ol 207 x 02011 01X @) 1T (@ns O ) = F(0.0. )| 123 + 1€ (@0 49) = £ (00, up))F(@. 0. Pl 1 x) = O

and we conclude that, along a suitable subsequence,

Tu, - Tu in HY0,T; X(Q)).

Ad (ii): Suppose 4 € [0, 1] and assume v satisfies the equation v = A%w, or equivalently that £,(Gv)v = AFGv, which follows from
the definition of T and the linearity of £~!. By definition, the functions (¢, u,, p) := G*v are a solution to the system (17a)-(17d)
of differential-algebraic equations with the corresponding initial conditions. Similar to above, we further obtain

B(p)o,v + C(e)v = Af* (9, p)

for almost all 7 € [0, T] and therefore
/ C(@EQ) : Em +Cl@)E) : Em)dx
Q

=/1/ CoT (o) : €(n)+a(<p)p(V-n)*¢+f~11dX+/1/ g -ndH"! —/1/ oVO - V(a(p)(V - 1) * ¢p) dx
Q Q

I'y
for all n € X(£2). Adding to and subtracting from the right-hand side the term

(1- i)/ﬂﬂ(ﬂ)ﬂ(ﬂ) Em dX+/Q M ()0 — a(@)V - w)a(p)V - ndx
leads to

/Q(Cv(w)é'(@rv) PEM+ W, EW)) 1 Em) — M(@)(0 — a(@)V - wa(p)V - ndx

=/1/f'n+a(<p)p(V'n)*¢dX+/1/ g ndH"™!
Q T

N
+(4- 1)/ C@)T (@) : Em) — M(9)(0 — a(@)V - wa(@)V - ndx (35
Q
—/1/9 oV - V(a(@)(V - 1) * $) dx.

After testing the system of differential-algebraic Eqgs. (17a)-(17d) just like in Section 5.2 and (35) with d,v, we arrive at
Im@) 25 ul%, + @) V51, + [ (00w : e ax
Q
AT Evop+ 22 a0l + v + L
[ £190 + S tagl + £190P + Lt ix
n—1 M(o) 2
+ | W, e@) = Af -vdx—1 ]| g-vdar™'+ [ =L@ -a@)V-v) dx]
Q Iy o 2
= (R(@, EW),0), u) + (S; (@, EW), 0), p)+ / (A= DC(@T (@) : E0,v) — M(9)(0 — a(@)V - v)a(p)V - J,vdx
Q

(36)
+/1/Q a(@)p (V- 0,v) % ¢ — 0V - V(a(p)(V - 0,v) * ¢) dX,

23



H. Abels et al. Nonlinear Analysis: Real World Applications 81 (2025) 104194
which only slightly differs from (11). Employing the Cauchy-Schwarz inequality and invoking a trace theorem yields for all p,, > 0
—A/Q fovax- A/F g vdH"™ > —Ap 0l — AC(o,. £.8) 2 01 — Cloy. 8.
N
where we used 4 € [0, 1]. Hence, instead of (14a), we obtain for suitably small p, and all € [0,T7, 4 € [0, 1]
[ we.ewn-isvax=i [ goar > Glvli - ool - .
Q I'n
Moreover, instead of (14b), we estimate
/Q W (o E@o)) dx = Af - vy dx — A /r g ug dH"™ < Clllgorl, + vl + 1.
N
Finally, we exploit the properties of the tensor C, and invoke Korn’s inequality to obtain
/!2 C(@)EW@w) : E@)dx > C, 0]

It remains to estimate the right-hand side uniformly in A. Since |1 — 4| < 1, we find with the help of Assumption (A3) and Young’s
inequality

6
-1~ A)/ C@T (@) : E@Idx < 1= AC Il 2 + DIdwllx) < Gl + 1D+ Z ol
Q
Taking note of the fact that a(p)(V - 9,v) * ¢ € H' (L), the identity (10) allows us to rewrite the last term in (36) as
A/ pa(@)(V -0,v) * pdx = A/ oVO - V(a(p)(V - 0,v) * p)dx + ﬂ/ H,f(M(q))(B —a(@)V - v)a(p)(V - 0,v) * pdx
Q Q Q
and find that the first integral cancels out against the last term in (36). For the second term, we compute
A 6,
ﬂ/g H,f(M((ﬂ)(9 —a(@)V - v)a(e)(V - 9,v) * pdx < Ellﬂz(M(t‘) —a(p)V - V))llsz + ?UH@lel?{,
6,
< Coa(llON, + w150 + S 10l
where we used (A9) and the stability estimate || 17 f(-)ll 2 < I+ ll ;2. Similarly, we further obtain
(] M@0 - a@V - 0@V - dpdx) < Cpa(lOI2, + 013 + % o1
A t =Cp3 12 X 3 19Vl

We wish to point out that the constants C,;,C,,.6, in the inequalities above are independent of 1. Hence, we can use the
computation from Section 5.2 to obtain

I3 t t
(m-9,C)) /0 IVl di + (- p,C,) /0 IVpIP di +(C, —6,) /0 o0l dr

1 p
+5IV0I3, + 0" lAeOI, + -l @i + (5= = p)lleI],
M. 1. 2 M 2 L0 2
+(Cy = 1= NIy + A= pp)IOOI, + ZIVOOI,

t t
sc/ lw @l + Nl + vl + 1dt +/ (Cp1 +Coa + Cu)I0N17, + 0y + D dt
0 0
1
+Cllposllyy + 02140l + Zllw(@o0llr + lleolly + 160,117, + 0l Vool + 1.

As before, we can choose all parameters p,,, p,,, > P9 Py, and §,, suitably, such that this simplifies to

T t
eI, + Iy (@@l + 10D, + le®ly + /O loll?, di < C /0 @I, + Iy (@)l 1 + 116112, + NIl di +C

with some constant C > 0 independent of 4 € [0,T]. Hence, Gronwall’s lemma in particular yields the existence of some r > 0 such
that

”V”Hl(x) <r

independently of 1. Thus, the Leray-Schauder principle (Theorem 13) is applicable and we deduce the existence of a fixed-point u,
as desired. []

5.4. A priori estimates and compactness results
The following is concerned with the derivation of a priori estimates and the extraction of (weakly) convergent subsequences
of the approximate solutions whose existence we showed in the section above. These results heavily rely on the estimates from

Section 5.2, the properties of the orthogonal projections II;, as well as standard compactness theorems.
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Lemma 23. Suppose that (@, py, uy, 0y, p,) is a solution to the system (9a)—(9g). Then there exists a constant C > 0, independent of
k € N, such that

”(Pk”Lw(Hl) + ||01/4A¢||Loo(L2) + ||¢k||H1((H1)f) + ”llk”LZ(Hl) + ”‘I/((Pk)”Lw(Ll) + ”uk”Hl(x)

+ ||‘9k||Loo(L2) + ||01/2V0k||L°o(L2) + ||9k||[-11(x’) + ||Pk||L2(X) + ||Pk||L°0(L2) <C.

Proof. We use the same testing procedure as in Section 5.2 and Lemma 22, i.e., we test (9a) with y;, (9b) with 9,¢,, (9¢) with p;
and (9d) with 9,0,. Moreover, we test (9g) with d,u and perform the same computation as before to arrive at

lm(@)' 2V, + (@) PVl + / Cu(@)EQ@uy) : E@,uy) dx
Q

d 12 1
| [ S190 + Sl + EI90P + Loy dx
n—1 M((ﬂk) 2
+ W, Ew) — f - up dx — g-u dH" + T(Hk—a((pk)v-uk) dx]
Q Iy Q
=(R(@ys Ewy), 0p), i) + (S p(@p Ewy), 0), pie)
+/ a(@)pi(V - ouy) % p—oVO - V(a(@)(V - 0,0) * ) — M (9, )(0) — a(@)V - u)a(@,)V - ou; dx.
Q

Similar estimates as in Section 5.2 now lead to
t t t
=0,y [ Wl are =0, [ 1VnIE €, =5y [ ol ar
1/2 Yoy =P
I3 2 4 2 1 2 123
+ EHV(Pk(t)”Lz + T”A(pk(t)”Lz + Z”V/((pk(t))”LI + (T - pq,)ll(pk(f)ll'ip

o, L, 1z 2 M 0012, + 21V, )12
+(C, — 7( - E)a Mu Oy +?( —r)lOOII, + 5” kO
1
< C/ ly (@l + ||<Pk||2Lz + ||9k||2Lz + ”uk”i[] +1drt
0

+ C(lp0slRy, + 0ll4p0,IR + T1w ool + gl + 100,12 +0lIVO I, +1)- 37)
We recall that the eigenfunctions {z;}, {y;} form an orthogonal basis of L?(£2) and that the projections satisfy
leoill?, = 1wl < llwoll;,
and
1901172 = 160113, < 1607,

Moreover, due to orthogonality, it holds that ||yl ;1 < ClIVe@gll 5. Since by assumption we have ¢, € H, 3(9), it follows from [53,
§3] that

ﬂ]f(po - @y in H,%(.Q).
The embedding H,%(Q) < L*°(£) and the properties of our basis imply, cf. [16, Sec. 3.2], [53, §31,
490,113, = 1AL @013, = 1T Awqll7, < CllAgoll3 .
looillLo < ClT@oll g2 < Cliggll 2.

and due to the continuity of y, we assert |y (¢, )|l ~ < C for a constant C > 0 independent of k. Now, the strong convergence of
Qo in H,QI(Q) implies uniform convergence of y (¢ ;) to w(¢,) and we conclude with the help of Lebesgue’s theorem that

w(@gr) = wigy) in L'(Q).

Finally, note that with the help of spectral theory and due to the choice of our basis {y;}, we can deduce || 1T ,f ¢llxy < Cli¢lly for all
¢ € X(R), k € N, which entails

60,1l x = T8l x < Clipllx-
Hence, without loss of generality, it holds

ek @I, + llo'* 4O, + Iy (@l 1 + 16 DI, + 10" >V0, DI, + Il 0l
t t t
+/0 ||Vuk||izdt+/o ||Vpk||izdt+/0 llo,uell% di

t
< c/ okl + Iy @Ol + 1612, + llug 1% + 1 dr
0

2 1/2 2, 1 2 2 2
+C(Ilpol2, + 021140012, + < lw(@o)lls + luglly + 16112, + ollg I3 +1)

25



H. Abels et al. Nonlinear Analysis: Real World Applications 81 (2025) 104194

and Gronwall’s lemma yields for almost all ¢t € (0,T)

loc®IR,, + 14 A, I, + I (@)Dl L1+ [u®I,, + 16,0117, + ll0'>V8, (117,

+ ”V”k”iz(Lz) + ”Vpk”iz(Lz) + ”atuk”iz(x)
1
< C(llgoll, + 0" Agoll2, + < v ool + ol + 160112, +elloolly +1). (38)

With the help of the Poincaré inequality, we can deduce
1
1212y < CCloll, + 0ol + ~llw(@o)ll o + luglly + ol ol + 1. (39)
Similarly to (12), it follows that
| | < (W@l + 1@l + 10,112, + g Iy +1
= L kllg2 kllg2 kil x

and with the help of the Poincaré-Wirtinger inequality, we get

2 2
2 2
<c( _][ H +\|]l | <cav +|)][
””k”LZ(LZ) ( Hi Hi s Hi LZ(LZ)) all Mk”LZ(LZ) Hi

Using the L*®-estimates in (38), we infer

2
).
L2(L2)

T 2
I ey < [ (COM@OOIL + 1001, + 10,12, + Il + 1) as
T 1
< / C(lpols,, + ollagolly, + < Iwi@o)l2, + llugll + 160113, + o101 + 1) a
0
1
< C(llgolly, + elldaollt, + v @oll2, +11611L, + luo Iy + 611y +1)
and hence
1
1602 2 1) < CI@oY, + 0400 + <5 1w @02, + 100115, + 00 + uglfy + 1. (40)

Finally, it remains to find estimates for the time derivatives d,¢, and 9,6;. Since {z;} is an orthogonal system in L?(£2), we derive
from (9a) that for all ¢ € H!(2)

(0,0, §) = (0,0, TTEEY = —(m(@ )V py, VIIEE) + (R(py, Ey), 0,), TTEE)
and exploiting (A7) along with M N g < CHE Nl g for all ¢ € H'(R), we find

10, @i llcgrry < mllpellgn +C. (41)
Recalling the orthogonality of {y;} in L?(¢2), the identity (9¢) leads to

(0,64, ¢) = (0,04, I, ¢) = =(k (@) V iy, I'E) + (S p (@, Euy), 6,), IT}E)

for all { € X(£2). With the help of spectral theory and due to the choice of our basis {y;}, we deduce |/IT, : ¢llx < Cli¢|ly for all
¢ € X(2), k € N and therefore

19,0, llxr < CCllpgllx + gl 2 + 10kl 2 + llull x + 1. (42)

Together with the estimates from above, we arrive at
ol i ayy + 10llgxny < €. O

Lemma 24. The volumetric fluid content satisfies the regularity 6, € L*(0,T; H 11.;7(.(2)) with
104l 2 5120, < €

for some C(g) > 0, y > 0 independent of k € N.

Proof. Elliptic regularity theory, cf. [48, Thm. 1, Cor. 1], tells us that there exists some y > 0 such that the operator
—od: HM(@)— HI W), ve <w - /ng.vwdx>

is a topological isomorphism between H ;ZV(.Q) and H;;l(.Q). Since L%(Q) & H;;l(Q), cf. [48, Rem. 2], this entails that for any
f € L*(Q) the weak solution v to the mixed boundary-value problem with variational formulation

/pVU~Vde=/fde forall we H, ()
Q Q D
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is in the space H ;;’(.Q) and that there exists some C > 0 independent of f € L?(2) such that
loll 1er < CIFHl 2 (43)
I'p
For 07 = (—o4)™! (p — IT; (M (9, )(6; — a(@y)V - u,))) it therefore holds that
/ oVv - Vindx = / pito — IT) (M ()0 — @)V - w))wdx forall we H};’(Q)
Q Q
and since X(Q2)c H ;;V (£2), (10) implies that 6, and 0; both solve the mixed boundary value problem

—04v = p; — ”,f(M((Pk)(gk —a(pV-uy)) in Q,
v=0 on [,

Vvo-n=0 on Iy.

As the solution is unique, we have 6, = 6} and (43) along with Lemma 23 yields

2 Y _ . 2 2 2 2
10402, s, < Cllp = M@, = a0V D, < C (Il + W, Wil ) < € O
D

Moreover, elliptic regularity theory yields the existence of some C > 0 such that
llorll gz < CUIAQL 2 + @l 1)
and together with Lemma 23, we find
Il gy < CUlA@L I Les 12, + 0l poogary) < CCo). (44)
With these estimates, we can invoke the Aubin-Lions-Simon theorem to obtain
o~ in COO.TLW'(Q), (45)
0, — 60 in CO0,TT; L"(£2)) n L*(0,T; X (£2)), (46)

where r < o arbitrarily if n <2 and r < 6 if n = 3. By passing to an appropriate subsequence, we can also assume that ¢, converges
to ¢ pointwise almost everywhere. Hence, we can deduce the existence of functions (¢, u, 0, p) such that, along a not relabeled
subsequence,

@ =@ in L0, T;H*Q)nH'0,T; H(Q)),

uy = u in L20,T; H(Q)),

w—u in H'OTH} (Q), (47)
6, =06 in L*0,T;X(Q)nH'0,T; X'(Q)),

pe—=p in L*0,T; X(2)).

Pointwise convergence of ¢, almost everywhere along with the continuity of y’ further implies
v () » w'(®) pointwise a.e. in Q.

To prove convergence for this term in L!(€2;), we use the decomposition y = y, +, from (A2) and treat the two cases separately.
First of all, we note that due to (A2.2), the family {W;((pk)} is uniformly integrable over ;. Indeed, due to Lemma 23, it holds for
all subsets E C @ that

/E|w;<<pk>|d(r,x>s/1%/E|w1<(pk>|d<r,x>+cpm|E|Sp.,, /Q Vi@Vl d.x) + C,, 1| <, C+C, |EL

which converges to Py, C uniformly in k € N as |E| — 0. Since Py, can be chosen arbitrarily small and the constant C does not
depend on k € N or the set E C 2, we obtain uniform integrability. After applying Vitali’s convergence theorem, we find

v (@) = wi(e) in L'(Qp).

Moreover, the growth (A2.3), the pointwise convergence and Lebesgue’s generalized convergence theorem, cf. [55, Sec. 3.25], yield
Wé((pk) - y/2’((p) in L?(27) so that we can conclude

V(@) = y'(@) in L'(Qp). (48)
5.5. Additional compactness results

Taking advantage of (4e), we can show a uniform estimate for the differences 7, p, — p, such that an application of a version of
the Aubin-Lions-Simon theorem yields strong convergence in the space L*(0,T; L*(R2)).
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Testing (4c) with both u, — u and the time derivatives o,u;, — o,u further yields an estimate for the difference |lu, () — u(®)|lx
such that an application of Gronwall’s lemma allows us to derive pointwise a.e. convergence in X. Here, we crucially rely on the
strong convergence of p,, which was shown before. Finally, an LP-L? compactness property delivers the strong convergence of u,
in L%(0,T; X).

Lemma 25. There exists some subsequence of k — oo such that, along this not relabeled subsequence,
pr—p in LX0,T; LY (Q)).
Proof. Due to the a priori estimates we already know a uniform bound for all p,, k € N in L?(0, T; H'(£2)). For any suitable function
f>let 7, f(1) := f(t+h) and define W;’Z(Q) = Cf"(Q)lles‘z, with W=32(Q) denoting the dual space (W03’2(.Q))’. If we can show that
lzhpk = Picll 1o 7w -32¢0) 4t = 0 as h — 0 uniformly in £,
for some subsequence of k — oo, then [56, Thm. 5] already yields the assertion, since
cpt 2 c 32
X(Q) — LXQ) = W ().

Recalling the isomorphism L'(0,T — h; W~32(Q2)) = (L*(0,T — h; WO3’2(.Q)))’ , it suffices to show that

sup
1

/ (tppr — pr)Ed(t,x)| > 0 as h — 0 uniformly in k.
Qrp

lien LM(O,T—h;Wg'Z(Q))=

With the help of (10) and the boundary conditions in the space WO3’2(.Q), we obtain

/ péd@, x) = / 0VO - V& + M(@)(0 — al@p)V - uy) I Ed(1, %) = /2 —00 AE + M(@)(0y — alp)V - wy) I} Ed (1, X)
Qr_p T—h <

T—h

for all £ € L®(0,T — h; W,;"*(£2)). Setting 4/ :=1,f — f, it follows that

/ App éd(t,x) = / —04,0, Aé‘d(t,x)+/ ThM(¢k)Ah0kHz§d(t,x)+/ 9kAhM((pk)HZ§d(t,x)
Qr_p Qr_p Qr_p

Qr_p

+ / Th(M(@)a(@)4,(V - uk)H,ff d(t, x) + / & ukAh(M((ﬂk)a((Pk))H,fif d(t, x)
Qr_p Q

T—h
= I+I1I+1I1+1V+V,

which we need to treat separately.
Ad (IV): Due to the well-known stability property || IT ,f (Illz2 < Il ;2 of the projection operator and since M, « are bounded functions,
we find

‘/Q Tp(M (@) a(@ ) Ay(V - w) I d(t, %)
T—h

S lzp(M (@ al@)) A,V - uk)“Ll(o,T_h;LZ)” H,'rf”Leo(o,T_h;LZ)

< ARV - uk)”L'(O,T*h;LZ)”5”L°°(O,T—h;wo3'z)' (49)

Ad (ITD&(V): Recalling the continuous embedding X () < L°(), we deduce with the help of Holder’s inequality and a duality
argument that L%(Q2) & X'(2). As mentioned before, {y,} is a basis of X(£) satisfying the stability property | II;()llx < C| - lIx

and W;*(2) & X(€). Thus, it holds that

< ||9kAhM((Pk)”Ll(o,T_h;X/)||Hf‘§”L°°((),T—h;X) < C||9kAhM((/’k)”Ll(O,Tfh;Lﬁ/S) ||§||L°°(0,T—h;X)

/ 6,4, M ()T Ed(1, )
Qr_p

< C”ek”Lw(o,T_h;LZ) ||AhM((Pk)||Ll(0,T_h;L3) ||§”L°°(O,T—h;WU3'2)’ (50)

Similarly, we find for (V)

<V - we Ay (M (@)@ 10,7 x) T Ell oo 0.7 i)

/ V- Ay (M (@ )@)€ d (1, x)
Qr_p

<C||V- ukAh(M((Pk)a((Pk))”Ll(o,T_h;Lﬁ/S) ||§||L°°(O,T—h;X)

<C|Vv- uk||Loc(o,T_h;L2) ||Ah(M((Pk)a((ﬂk))||Ll(o,T_h;LS) ||§||Loo(0,r,h;%3»2)- (51)
Ad (11): Due to the uniform bound on ¢, in L®(0,T; H2(£2)), see (44), and the continuous embedding H%(22) & W'6(Q), we deduce

e M@OITLEN x < 1oy M(@OTTLEN 2 + lea(M (@ )V @I EN 12 + 12, M@V ITLEl 12
S MElly + Mz Vol N s+ MITTEx < Ml + Mzl gz liellx + CMIELy < CliEl 2
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for all £ € WO3 ’2((2). Exploiting this estimate, we infer

< ||Ah9k||L1(0,T_h;x')||ThM(€0k) ”,’:f”LW(O,T—h;X) < CllAhekllLl(O,T—h;X’)”5”1‘00(0’7*,;1;]/[/032)' (52)

/ th((pk)Athﬂlf’;’d(t,x)
Qr_p

Ad (I): Since A¢ € X() for all ¢ € VV02‘3(Q), it holds

/ —04,0, AE d(t, x)
Qr_p

< ollAp 0l 1o r—px ) 1A Lo 0.7 —nsx) < C||Ah9k||L1(o,T_n;x/)||§||L°°(07T_h;W03-2)~ (53)

Here, we want to emphasize that this estimate is independent of all ¢ < 1.
Along with (49), (50), (51), (52) and the Lipschitz continuity of « and M, see (A9), as well as the uniform bounds on u, in
L®(0.T: H} (2)) and 6, in L=(0,T; L*(12)), we conclude

sup
ceL® (().T—h:Wg’z(Q)]
ligll=1

Wenpic = Pill Lo w320y =

/ (thpr — P& d(t, %)
Qr_p

< sup Cc (||Ah9k||L1(0,T—h;X/) + 14, M@ L1 7-psr3) + 1AV - Wl 1 0,7-p:12)
§EL°°(0.T—h:W0372(.(2))
llgl=1

+ 14, (M (@)@ DNl 10, 7—h: 13 ) ”{:”LN(O,T—h;WOS'Z)
< C(||Ah9k||Ll<0,T—h;x/) + 14,V - ul 1o r—psr2) + ||Ahfﬂk||L1<0,T—h;L3))
Recalling the estimates

||Ah9k||L1(o,T—h;X/) = lltpby — 9k||L1(0,T—h;x/) < hCllek”Hl(O,T;X’)’
[14,(V - uk)”Ll(o,T_h;LZ) =V tu =V uk“Ll(o;r_h;LZ) <hC|V- uk”Hl(o,T;LZ)

from [56, Lem. 4], together with the a priori estimate 00kl g1 o.7:x7y + el oo, pr1y < €, we obtain

iug(”Ahgk”Ll(O,T—h;x’) + 144V - “k)”Ll(O,T—h;LZ)) -0 ash-0. (54)
€
t

Moreover, due to the compact embedding L®(0,T; H'(2)) n H'(0,T;(H'(Q)")) i C%([0,T]; L3()) it holds that, along a
subsequence,

o — @ in C[0,T]; L3(2)) ask — oo.
The Azela-Ascoli theorem for Banach space valued functions asserts that this implies uniform equi-continuity, i.e.,

sup (1190 = @l 2 ) = 0 as |t = s = 0.

keN
Thus, we conclude (|4, ¢l 11 1-p;13) = 0, which, along with (54), implies 25. [

With this convergence result, we finally turn to show the strong convergence of u,.

Lemma 26. There exists a subsequence of k — oo such that, along this not relabeled subsequence,

u, »u in L*0,T; X ().

Proof. Recall that the weak formulation for the approximate problems (9g) asserts that for all test functions 7 € L0, T; X(R)) it
holds

/Q Clo)E@uy)  Em) + W el Emy) + EM) — ale)pi(V - 1) « pd(t, X)

T
= f-r]d(t,x)+/ / g’ﬂdanldt—O/ VO - Via(g)(V - 1) = ¢)d(t,x).
Qr o Jrp Qr

Due to our a priori estimates, we can pass to the limit and obtain the analogous equation for the weak limit u, cf. Section 5.6.
Here we need to use that W (@, Euy)) = Cle)(Ey) — T (@,)). Testing with the difference u; yj0,) — uxjo, € L?(0,T; X(£2)) and
subtracting the equations leads to

/Q [C\(@)E@u;) — C(@)E@w)] : Euy —u) + [Clp)Ewy) — Cl@)EW)] = E(uy —u)
+ [Cle)T (@) — CUDT (@)] : E@y —u) d(t, %) — (a(@)p, — al@)p)V - (U —u) * $d(t, x)

= —o/ VO - V(a(@)(V - (uy —u)) + ) = VO - V(a(@)(V - (uy — ) * $) d(t, x).

t
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For the first term, we calculate

/ [C (@ )EQuy) — C (@)EO@W] = E(uy —u)d(t, x)
2
t
= / dilllé'(uk - u)||22 dt+/ 0,Ewy —u) : (C(p)EWy —u)— Euy —u)d(t,x)
o dt2 L Q

- / (C(@) = C (@)E@u) : E(uy —w)d(t, x).

2

And for the second we have

[Cl@)€;) — Clp)E)] = E(wy —u)d(t, x) = / Cloéw —w) : Ewy —u) = (Clo) — Cle))EM) : E(uy —u) d(t, x).
2, 2

We leave the remaining terms for now and test the weak formulations with d,u; xj0,) — 9,410, to obtain
/ [Clp)E@uy) — C(@)EQW] = 0,E; —u) + [Cle)E ;) — C@)EW)] = 0,E(uy — u)
‘QI
+ [Clp)T (@) — C(@T (9)] © 9, €y — u)
— (a(@p — a(@)p)V - Ouy — du) * pd(t, x)

= —Q/Q Vo, - V(a(@)(V - (0,uy — o,u)) * ¢) — VO - V(a(p)(V - (0,u; — o,u)) * p)d(t, x)

t

Again, we want to rewrite the first two terms as
/ [C (@ )E0uy) = C (@)EQW] : 0,Euy —u)d(t, x)
QI

= / C (@0 Ewy —u) = 0,Euy —u) — (C (¢) — C (@)EOu) : 0,Emy —u)d(t, x)

1

and

/ [Clp)Ew;) — CUp)EW)] = 0,E(uy — ) d(t, x)
2

= /0 %%Hf(uk — w2, di+ (Cle)0,E (uy — ) = 0, Ewy —w)) : E(uy —u)
—(Co) - C@)EW) : 0,Emy —u)d(t, x).

Using that the tensors C,, C are uniformly positive definite and applying Korn’s inequality, we find

/ Clop)Euy —u) : Euy —u)dx +/ C (@), E(uy —u) 2 0,E(uy —u)dt > C(|luy, — ullZLZ(X) + [0, (uy, — u)llzLZ(X))'

2 t

With the help of Young’s inequality, we further estimate
—/ 0,y —u) : (C(p)EWy —u)— Ey —uw) + Ey, —u) @ (Clpr)d,Euy —u) — 0,E(uy, — u)) dx
Q
< pulloyuy = w5 + Clluy —ully

and remark that for sufficiently small p, the first term can be absorbed on the right-hand side. Moreover, we observe that the last
two integrals can be dealt with similarly to Lemma 21. Invoking the fundamental theorem of calculus and Korn’s inequality therefore
yields

_ 2 _ 2 _ _ 2
g = w3 + Nl =l )+ (1= g0y =0

t
<c /0 it — wll% (2) d + . — ulfy (0)
+C)/ [C (@) = C(p]EOW) - Euy —u) + [Clp) — Clp)]EM) @ E(uy —u)
'QI
+1C,(®) = Col@IEQW) : €@, —w) +[Clpy) — C@IEW) : 0,Ew, —w)d(t,x)|
+| /Q [C@)T (@) = C@T (@] : E@y —u) + [al@)py — al@)p)(V - (g —w) * ¢
HC@OT (@) = C@T ()] : 0@, = w) + [a(@)py — a@pI(V - Oy = o) % $d(t,)|

+0||a,((Pk)V0k -V, — a,((P)VH . V(p”Lz(O’t;LA/})||¢”L°°(O!t;L4/3)”uk - u”Hl(o,;;X)
+ola(@OVO, — a(@)VOll 120,12 IV oo 16k = ll 1100
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Observe that we can again employ Young’s inequality on the last three integrals and obtain after absorbing some of the resulting
terms on the left hand side that

t
g — ull%, (1) < C/O g — ull%, (2) e + . — ull%0)

+C (IC0) - CU@IEQWIL, o +IIC@) - Clo I, )

L2(L?) L2(L?)

+C ( NC@OT @) = COT@IIR, o + llatop, — a@hpli, ) )

+C (10 @V, - Vo, —d @V0- Vol s + a0 V0, —a@)VOI2, |, ). (55)

On account of the strong convergence 8, — 6 in L*(0,T; X(£2)), see (46), and the strong convergence of the phase-field variable
@, — @ in CO([0, T]; W4(Q)), see (45), along with the embedding W 1#(2)) & L*(£2) and the continuity of o/, we deduce that

(@ @)V, - Vo)1) » (@ @)V - Vo)1) in L*O0,T; L*3()),
(@) VO = (a(@VO(®) in  L*0,T; LA(£)).

Since u,(0) — u(0), cf. Section 5.6, the strong convergences of ¢, — @ and p, — p in L>(2;) and Gronwall’s lemma yield that along
a suitable subsequence |lu, — u||x(#) — 0 a.e. in [0, T]. Reminding ourselves of the embedding H!(0,T; X(£2)) — C°([0,T]; X(£2)), we
can employ L?-L9-compactness to obtain u, — u in L2(0,T; X(2)). [

5.6. Limit passage

After all the preparation above, we are finally in the position to pass to the limit in the semi-Galerkin system (9a)-(9g).
Ad (7a): Starting with (9a), we choose some z { and an arbitrary function 9 € C(0,T) to obtain 9z ;€ L%(0,T; Z,) for all k > j.
Hence, integration with respect to time leads to

T
/ @y (0@ 92;) dt=/ —m(@)Vuy - 9Vz; + R(gy, Euy), 0,)9z; d(t,x)
0 or

for all k > j. The weak convergence ¢, — ¢ in L*(0,T; (H'(£2))) and 9z ; € L2(0,T; H'(£)) allow us to pass to the limit on the left-
hand side. Since m is uniformly bounded and (¢, ),cn converges pointwise, we obtain with the help of dominated convergence that
m(p)9Vz; » m(@)9Vz; in L2(0,T; L*(2)). Together with Vy, — Vu in L%(0,T; L*(2)) and the weak-strong convergence principle,
we can pass to the limit in the first term on the right-hand side.

At last, we deduce the strong convergence R(g,E(uy),0,) — R(p,Ew),0) in L*(27) from the bound on R and the strong
convergences of ¢, Vu, and 0, in L?(2;), allowing us to pass to the limit in the last term.

Ad (7b): Similarly, testing (9b) with 9z; and integrating with respect to time yields

/ w9z; d(t, x) :/ eV - 9Vz; + ol/quok - 94z;
Qr Qr

M (@)
2
Since y;, — p in L*(0,T; H'(2)) and ¢, — ¢ in L?(0,T; H*(Q)) and 9z; € L*(0,T; H*(£2)), limit passage on the left-hand side and

in the first two terms on the right-hand side is possible.
Exploiting z; € H,%(.Q) < L*(L2) along with the strong convergence (48), we can invoke the dominated convergence theorem to
find y'(¢)9z; — v'(9)9z; in L'(2;) and hence,

+ [ 1@+ W ew) + O — al@)V - ) — M)y — al@)V - u)d @)V -uy | 9z; d(t,x).

1 1
/ ~y/(9)9z; d(t, ) — / —y/(9)9z; (1, x).
Qp € Qp €

Along with the strong convergence of u, in L?(0,T; X(£2)) and the growth condition (A3.2) imposed on W, generalized dominated
convergence implies W (@1 EWy)) = W, (@, Ew)) in L'(©2;) along a not relabeled subsequence. Since 9z ; € L®(L2r), we can also
pass to the limit in this term. Similarly, the strong convergences of u, in L?(0,T; X) and py, 6, in L*(2;) imply

M’
;(pk) (O — al@)V - u)? = M )(0; — al@)V - u)a (9 )V - uy
M'(p) 2 ’ ; 1
— — @ —a(@)V-u)—M(@)(0—al@)V - -wa(p)V-u in L (27),

along some subsequence, and we can pass to the limit in the last two terms just as before.
Ad (7c): For an arbitrary n € X(£2), we obtain from (9g) along with the identity W (¢, W) = C(o)(Em,) — T (¢,)) that

/ Colo€@mu) : 9EM) + Clo)(Emy) — T (@) : IEM — ale)pi(V - In) * ¢ d(1, %)
Q

T
= / f-9Ind@, x) +/ / g-9dH" " di - g/ VO, - V(a(p)(V - 1) = p)d(t, x).
o o Jry Qr
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Using the properties of the tensors C,C,, we can rewrite the first two terms as
/ C(@)E@uy) + IEmM) + Clp)E(uy) = IEm) d(1, x) =/ E@uy) : C (@ )IEm) + E(uy) = Clp)IEMm) d(t, x).
o o
Once again we deduce from the strong convergence ¢, — ¢ in L?(€2;) together with the boundedness of the tensors that, along a
suitable subsequence, C,(¢;)9&(n) — C, ()€ and C(p,)IEM) — Clp)IE(y) in L?(2;). By the same arguments, it follows that
Cle)T (@) = C@)T () in L*(2y).

Taking advantage of the weak convergence u, — u in H'(0,T; X(£2)), we obtain the desired limit.
Moreover, we deduce that a(@,)9(V - 1) * ¢ — a(p)9(V - 1) * ¢ in L*>(2;) and exploit the weak convergence of p, to get

/Q Pr(@)IV - ) x pd(t,x) — /Q pa(@)I(V - ) * pd(t,x) as k — oo.

Lastly, the strong convergence ¢, — ¢ in C°([0, T]; W'#(2)) implies
V(a(g)(V 1) * ) > V(a(@)V-m) *¢) in L*O0,T; L))

Along with 6, — 0 in L*(0,T; X(£2)), this entails

0/ VO, - V(a(p)(V - 1) * ) d(t,x) > 0/ VO - V(a(e)(V - 1) * ¢)d(t, x).
Qr

Qr

Ad (7d): For any fixed y;, we obtain from (9¢) that

T
/ x 00k, 9y;) x dt=/ =K@V - OVy; + Sp(pp, Euy), 0,)9y; d(1,x)
0 o

for all k > j. The assumptions on x and S, along with the compactness results for 6, and p, allow us to argue analogously to the
first Eq. (7a). Ad (7e): At last, we test (9d) with 9 V; and find the postulated identity by similar arguments as above.

Recall that span{z; : j € N} is a dense subset of H,%(.Q) and span{y; : j € N} is dense in X(£2). Since Cr0.T)isa dense subspace
of L%(0,T), the discussion above already suffices to conclude that the limit (@, u,u, 8, p) satisfies (7a)-(7e) for all applicable test
functions ¢,n and &, as postulated in Theorem 14.

Recovery of initial conditions
Due to the a priori estimates from Lemma 23, the Aubin-Lions-Simon theorem yields
o~ in CO0.T] LX),
w,—u in C°0,T]; LX), (56)
0, =0 in C°0,T]; L2(Q)).
In particular, this implies
©,(0) > @0) and u,(0) > u®) and 6,(0) - 6(0) in L*(Q).
Recalling that as k — o
?(0) = @g = I (p)) > @y and  6,(0) =6y, = IT(6y) > 6, in LX(Q),
the uniqueness of limits yield
p(0)=¢, and 6(0)=6, ae. in Q.
Lastly, we observe u;(0) = u, for all k € N and deduce u(0) = u; a.e. in L.
A priori estimates
We start by collecting some results from Lemma 23. Inserting (40) into (41), we obtain
100421y, < (1ol +oll Aol + 5 Mool + gl + 6ol + 026l +1): (57)

Moreover, we insert (39) into (42) and deduce together with the estimates (38) that

2 2 2 2 1 2 2 2
||5;9k||L2((H1),) < C(ll(ﬂollHl +o" l4goll;, + E|IW((P0)||L1 + llugllx + 116117, + ollbolly + 1)~

Thus, these two estimates together with (38) establish

eI, + llo'* 4, DIF, + Iw (@)Dl 1 + @Iy + 16, DI, + llo'>V0, 03,

2 2 2

LZ(H]) LZ(H1)+ ”at"klle(X)

R L A XN [ A [ T

LZ((H])’ LZ(X'

4 4 1 2 4 4 2 4
< Cll@olly,, +olldgll;, + E—zllll/((Po)llLl + lluolly + 116115, + 0" ll6olly + D
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for almost all # € (0,T) and all o < 1.
Recall that (A2.1) stipulates w(¢’) > 0 for all ¢’ € R. Hence, w(¢,) is a nonnegative, continuous function and since ¢, — ¢
pointwise a.e. in £, applying Fatou’s lemma yields

/ w(p()dx < lim inf/ v (@i (1) dx
Q k—oc0 Q

for almost all + € (0,T). By taking the limit inferior on both sides above and exploiting weak/weak* lower semi-continuity, we
conclude

eI, + 0”2 4012, + lw @Ol 1 + @I + 10012, + llo'>Von)?,

2 2 2 2 2
+ ||f3f(P||L2((H1),) + ”a’HHLZ(X’) + ||14||L2(H]) + ||P||L2(H1) + ||l3,u||L2(X)
4 4 1 2 4 4 2 4
< Cli@olly;, +olldgoll;, + e—zllw(q’o)llLl + lluglly + 116117, + 0 6ol + 1). (58)

6. Existence of weak solutions

We now aim to establish the existence of weak solutions to the Cahn-Hilliard—Biot system without regularizations. To this end,
we consider a family of weak solutions (Pgs Hps Uy, 0y, D) TO the regularized system and pass the limit ¢ — 0.

To recover our initial conditions, these need to be approximated in the corresponding spaces. In particular, we need to find a
family {¢,0}, with @, — @ as o \, 0 such that |ly(¢,¢)|l;1 can be bounded by ||y (@¢)ll;1. We note that this is not necessary for
6, but refer to Section 6.5 for a more detailed discussion.

Moreover, since we can no longer rely on the additional regularity for ¢,, we need to slightly change the arguments which
allowed us to deduce the strong convergences for p and u in the previous section.

Most importantly, we will deduce the strong convergence of 6 in L?(£2;) even for the case that ¢ \, 0.

6.1. More general initial conditions

To obtain weak solutions for the regularized problem, we had to assume that the initial conditions satisfy ¢, € H ,%(_Q). We would
like to weaken these assumptions and allow for more general initial conditions better fitted to the problem.

Suppose ¢, € H'(Q2) such that w(p,) € L'(£2). We want to employ a strategy by Colli, Frigeri and Grasselli [57], which was
also used by Garcke, Lam and Signiori [53], to find a family of functions {¢,,} C H,%(Q) that converges to ¢, in a suitable manner,
while simultaneously the integral over y(¢,,) remains bounded. To this end, consider the elliptic problem

—0'2 40,0+ @,0 =@y in 2,
Vo,0-n=0 on .

(59)

Employing the Lax-Milgram theorem, we find that these problems admit unique weak solutions and elliptic regularity theory further
implies ¢, , € H, 3(.(2). We test the weak formulation with ¢, , and obtain with the help of Young’s inequality

2021V 0,012, + 1040112, < llooll,.- (60)

On the other hand, integration by parts and the fundamental lemma of the calculus of variations imply that (59) already holds
almost everywhere in Q. Multiplication with 4¢,, and integration by parts further yield

2021140, 0112, + V@011, < IV l12,. (61)
Together with (60), this implies
I@o0ll%,s + 02 140,0I%, < Cliggll?,,- (62)

In summary, this tells us that the family {¢,(} is uniformly bounded in H 1(©2) and we deduce the existence of some function
¢* € H'(Q) such that

90— In H'(Q
along a not relabeled subsequence. Exploiting ¢Vg,, — 0 when passing to the limit in the weak formulation gives
/ @ Cdx = / @otdx forall ¢e H'(Q)
Q Q

and invoking the fundamental lemma of the calculus of variations, we find ¢* = ¢,. Moreover, the Rellich-Kondrachov theorem
and the uniqueness of weak limits imply

@p0 = o In L) 63)

We proceed by defining the function G(s) := w(p)+ %Czrpz, which is nonnegative due to (A2.1). Moreover, using (A2.2) and (A2.3),
we compute

G"@) =y (@ +y) (@) +C, 20
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and find that G is convex. Lastly, we would like to remark that due to (A11), we have G(¢p,) € L'(£2).
From the embedding H2(2) & L*(£2), we deduce G’ (p,0) €H 1(Q), which is therefore a valid test function in (59). Hence,

/((ﬂg,o AR —/ 0G" (9,0)|V@,01* dx < 0
Q Q0

and together with the convexity of G and the characterization [55, E4.7(1)], we find

/ G(@,0)dx < / G(po) + G (@,0) (@, — pg) dx < / G(gg) dx < 0.
Q Q Q

Thus, by the strong convergence (63), we infer

c C
limsup/y/((poo)dxslimsup/G((poo)dx—lim/ —2¢20dx5/0(¢0)——2(p§dx=/w((po)dx.
-0 Jo ! 0—0 Jo ’ =0/ 2 70 Q 2 Q

6.2. A priori estimates and compactness results

Suppose ¢, € H'(€) such that y(g,) € L'(€2) and assume u, € H'!(£). Moreover, we choose a family {¢p,,} ¢ H2(£) as
in Section 6.1 and obtain from Theorem 14 the existence of weak solutions (P> Hps Uy, 0y, D) 1O the regularized Cahn-Hilliard-Biot
system with corresponding initial conditions (¢, ¢, 4y, 6;). Moreover, the energy estimate (58) along with yield the uniform estimate

oo IR, +110'* 40,01, + v (@)Dl 11 + O + 16,012, + ll0'/>V6,0112,

2 2 2 2 2
+ 19,0, 1918,z ) + Il I

L2((H'Y) 2(x’ L2(HY) + “pg”Lz(x) + “a’ualle(X)

4 1 2 4 4 > 4
< Clleolly, + 8—2||W(<00)||L1 + lluglly + 16117, + o 6l + 1)
or more concisely,

1/2
l@oll ooty + llo / A9l o2y + NPl aryy + ol L2ty + 1w (@l oo 1)
+ ||up||Hl(X) + ||90”L00(L2) + ||01/2V90”Lw(L2) + ”90”]-{1()(') + ”POHLZ(X)

1
< Cllwollyy + = (@l + lluo Iy + 16117 + %100 1% + 1, (64)

where C > 0 does not depend on ¢ € (0, 1).
Hence, we deduce the existence of functions (¢, u,u, 6, p) such that, along suitable subsequences as ¢ — 0,
@, —~ @ in LXO,T;H(Q)nH'O,T; H'(Q)),
0'4p, =0 in L*0,T;L*(Q)),
o= p in L*(0,T:H'(Q),
N ; 1 .l
u,~u in H (O,T,HFD(.Q)),
0,—~ 0 in L*0.T;L*()n H'(0.T; X"(Q)).
oVe, ~0 in L*0,T;L* (),

p,—p in L*0,T;H (). (65)

As in Section 5.3, we further find
) in  C%([0,T]; L"()), (66)
v'(9,) = w'(@) in L'(Qr), (67)

where 1 <r <o if n <2 and 1 <r <6 if n =3. Lastly, we apply elliptic theory, which entails that, cf. [58, Prop. 5.7.2]

Vg, 112 < C(lle'* 4e,II2 + o'/

Lo(HD) L®(L2) <C, (68)

2
”0 (pﬂllLoo(Hl))

where C > 0 independent of ¢ € (0, 1).
6.3. Additional compactness results

As mentioned above, for the limit ¢ — 0 we need a different argument to obtain the necessary compactness result for p. Observe
that for the weak solutions to the regularized problem the identity (10) already holds without the projection and that the functions
on the right-hand side are weakly differentiable with respect to time. Taking advantage of these properties, we can show an uniform
estimate for the differences z,p, — p, and an application of a version of the Aubin-Lions-Simon theorem yields strong convergence
in the space L%(0,T; L*(2)).

Lemma 27. There exists a subsequence of ¢ — 0 such that, along this subsequence,

p,—p in L*0,T; L))
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Proof. Due to the a priori estimates, we already have p, € L2(0,T; X(£2)). Recall that, if we can further show
17hPe = Poll L1 —nw-32() 4t = 0 as h — 0 uniformly in k, (69)
for some subsequence ¢ — 0, then [56, Thm. 5] already yields the assertion due to the compact embedding
cpt c
X(Q) — LY(Q) o> W32(Q).

Using the notation from Lemma 25, the identity (7e) gives rise to

/ 4,p,&d(t, x)
Qr_p

/Q —oAhOOAfd(t,x)+/ rhM((pa)Ahﬁoéd(t,x)+/ 0,4, M (¢,) & d(t,x)
T—h

Qr_p Qr_p

+ / WM (@)@ ) AV - u,) Ed(t, x) + / V- u, Ay (M (@,)a(@,)) £d(1,x)
Qr_p Q

T—h

I+ 1T+ 11T+ 1V 4V,

for all ¢ € L®(0,T — h; WO3’2(.Q)) and observe that I11,1V and V can be treated analogously to the previous arguments. The same
is true for I since (53) holds independently for all ¢ € (0, 1). For 11, we note that W03’2(.Q) & L®(2) and compute

M (@)dllx < IzuM(@)El 2 + 7 (M (9, )V0,)Ell 12 + 7, M(9)VEN 12 < MIENl 12 + Mz, Ve, ll 12 €]l oo + M| VEl 2
<SMEN 2 + MllTp0, |l 1 el 2 +MElly < Cllelly 2.

Now we can argue just as before to find

/_{2 ThM((pg) Ahep &d(t,x)| < 14,6 “LI(O,T—h;X’) Iz, M (@) f||L°°(0,T—h;X) < Cll4,0y ”Ll(O,T—h;X’)”§||Loc(0,T_h;W(;~2)‘
T—h

and conclude the proof. []

As in the previous section, we would now like to deduce u, — u in L%0,T; X) and 6, - 6 in L%(227). along suitable
subsequences of ¢ \, 0. Due to missing uniform estimates for 6, in L%0,T; H ;;7(.(2)), the respective arguments need to be modified.

Lemma 28. There exists a subsequence of ¢ — 0 such that, along this not relabeled subsequence,
u,—>u in L*0,T;X(Q)).

Proof. First of all, we obtain for ¢ \, 0 that

0/9 Vo, - V(a(@,)(V - n) * ¢)d(t, x)
T
= 0/ lX/((Po)VGO Vo, (V-m)* d+alp,)V0, - (V-n)x Vpd(,x)
Qr

<oC (”vep”Loo(Lz)”V(pp”L2(L4)||n”L2(X)||¢”L°°(L4/3) + ”a(C%)”Lw(LW)”VH(;”LZ(I})||V¢||Loc(Ll)||'I”L2(x) )
< chm)(||o“2veo||LW(L2)||o‘/4rpo||W,g) + ||o‘/zveo||Lm(Lz)) -0, (70)

since ||gl/2V9(,||Lw(Lz) + ||ol/4qoo||Lw(Hz) < C for some C > 0 independent of ¢ > 0, cf. (64) and (68). As this holds for all
n € L*0,T; X(R)), the compactness results (65) and similar arguments as in Section 5.6 allow us to pass to the limit in (7¢)
and we arrive at

T
/ CU@EQU) = Em) + W (@, EW)) = Em) — al@)p(V - 1)  d(t, x) = / Fonda.x+ / / g ndH" 1 dr,
Qr Qr 0 Jry

which again holds for all n € L%*(0,T; X(2)). As in Lemma 26, we test this equation and (7c) with both u y;0q — uyp, and
0,uy X101 — 9Ux0,)- The same computations as before now lead to

t
la, — ullZ() < € /0 la, — ull2 (0) d + llu, — ulfs (0)

+C (1 IC@) - C@IEG@WIL, . + @) - Clo eI, )

L2(L? L2(L?)
+C ()T @) = C@OT @I, ;0 + lat@,)p, — a@pls ) )

+ 0/ )vag -V (alg )V - (u, —u) * ¢))‘ d(t, x)
Qr

+ o/ )veg V(@ )V - 0,(u, — u) * ¢))| d(t, x).
Qr
Hence, (70) and the arguments from above yield the assertion. []
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Finally, we have to show the strong convergence of the volumetric fluid content 6,. Here, we exploit that for all ¢ > 0 Eq. (10)
defines an elliptic problem, whose solution operators, considered as an operator from L?(£2) - L?(£2), are uniformly bounded and
strongly continuous.

Lemma 29. There exists a subsequence of ¢ — 0 such that, along this not relabeled subsequence,

0,0 in L*0,T;L*()).

Proof. We define the family of operators
—04+ M(¢,(1) : X(2) — X'(Q), v~ <w > / oVu - Vw + M(¢,())vw dx)
Q

and deduce with the help of the Lax-Milgram theorem that these are bijective. Let f € L*(2) c X'(£2) and set & = (—pA+M (<p0(t)))‘1,
then we can test with & € X(£2) and obtain

o/ V- Vo + M(g, ()5 dx = / fodx.
Q Q
Recalling that M is uniformly positive, an application of Young’s inequality implies
1212, + ol Voll;, < CISI,. (71)

where C > 0 is independent of + € [0,T] and ¢ > 0. In particular, the family of linear operators (—p4 + M (<,o(,(t)))‘1 is uniformly
bounded, i.e.,

(—od+ M(p, ()" : L*(Q) - L* ().  [l(—~ed+ M(p,0) " lz12) < C. (72)

On account of the separability of X (£2) and with the help of the fundamental lemma of the calculus of variations, it follows from
(7e) that for all £ € X(2)

/Q 0;V0, (1) - VE+ M(p, (D)6, (Edx = /Q (Po, () + M(, (D@, NV -u, (1)) & dx
for almost all 7 € (0,T) and all (¢,),y in some subsequence with o, \, 0, i.e.,
0,,(1) = (=04 + M (@, (1)) (py, (1) + M (@, (D)@, DV - u,, ().
We will now show the convergence
(oA + M(p, )"/ = M~ )f as j— oo (73)

for all f € L?(22) and almost every ¢ € (0, T), which implies pointwise a.e. convergence of ‘90,- in L%(£2). To this end, let f € CX(Q)
and set v; := (-oA+ M(p,, ®)~'f for all j € N, as well as v := M~ (@(t))f. Since ¢ € L*(0,T; H'(R)), it follows that v € X () for
a.e. t € (0,T) and hence,

0,-/VU~V§+M(%I(I))U§dX=/f€+0,-VU~V§+(M(fpgl)(t)—M((p(t)))védx
Q Q

for all ¢ € X(2). On the other hand, all v}, j € N, satisfy a similar equation by definition and we obtain after subtraction

/ 0,V =) VE+ M(@, (v = v))Edx = / 0,0+ VE+ (Mg, (1) = M@0)é dx
Q Q0
for all £ € X(£2). Testing this equation with v — v; € X(R) yields
Mllo = 0,1, + 0,1V = Vo, 12, < 02190l 2 (1o} *Voll 2 + 102V, 2 ) + (M (g, O = M@@)oll 2 llo = o)1l 2.

Since the term ||Vu|| ;. <||pjl_/2vz)||L2 + ”0/1-/2Vl)j”L2 is bounded, which easily follows from (71), it vanishes as ¢; — 0. Due to the
strong convergence ¢, — @ in ([0, T]; L*(Q)), cf. (66), a similar argument as for (25) shows (M((pgj)(t) — M(pM)v — 0in L2(Q).
Thus,

v; > in L*Q) as Jj — oo.

As C®(£) is dense in L*() and the family (—od+ M (%j ()" is bounded in £(L?), we deduce the convergence postulated in (73).
This implies

0, (1) = (=04 + M@, () (p,, () + M@, (0)a(@, (V- u,, (1))
= (=od+ M@y, )" (o, 1)+ M(g, )@ DV -y (1) = ) = M{E)a(@O)V - u(r) )
+ (o4 + Mg, 1) (p(0) + M(g0)a(@)V - u())
- M) (p(t) + M(p1)a(@O)V - u(®)),
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where the first term vanishes due to (72) and since the compactness properties for p,u and ¢ allow us to assume that without loss
of generality

Py, (1) + M@, (D), ()Y -, (1) = p(t) + M(@()a(@)V -u(®) in  LA(Q).

In particular, 9,, converges to M (@71 (p(t) + M(e(M))a(p(1))V - u(?)) = 6 pointwise a.e. in L2(«2). Finally, we test (7e) with 99,, with
9 € C*([0,T]) and apply the fundamental lemma of the calculus of variations to obtain

16,0113, < Clitp,, + M@y )@, )V - u, YOI,
for almost all 7 € (0, T). Since
I(po, + M (@,)a(0, )V -4, YOI, = llp+ M(@)a(@)V -ull;, in L'0.7),

we can apply Lebesgue’s generalized convergence theorem, concluding the proof. []
6.4. Limit process

Limit passage is now very similar to Section 5.6, with the difference that we do not have to restrict ourselves to test functions
in linear subspaces. We also point out that the regularizations ¢!/ 2A(p0 and ¢V vanishes in the limit, which can be seen by using
the weak convergences ¢!/ 2A<p0 — 0 and ¢V6, = 0 when passing to the limit in

/ 0'?Ap,A¢ d(1,x) - 0 and / oVO,4¢d(t,x) = 0,
Qr Qr

forall ¢ € L%(0,T; H,%(.Q)) and ¢ € L*(0,T; X(£)), respectively. Keeping these differences in mind, we can pass to the limit and find
that (¢, u,u, 0, p) satisfy the Egs. (4a), (4b), (4d) and (4e), but as we saw in Lemma 28, we only obtain

T
/ Cy@E@u) : Em) + Welp,Ew) @ E(m) — al@)p(V - 1) * dd(t, x) =/ f'ﬂd(f,x)+/ / g-ndH" ' dr,
Qr Qr 0 Jry

instead of (4c). Below, we briefly remark on how to pass to the limit in which this convolution vanishes.
Moreover, since H>(2) is dense in H!(Q), we can infer that (4b) also holds for all ¢ € L*(0,T; H'(£2)) n L®(2y). Similarly, we
find that (4e) also holds for all & € L*(2;).
As before, the strong convergences
@, — @ in C°0,T]; L*(Q)),
u, ~u in C°(0,T]; LX),
0,0 in C0,T]; X'(Q) 74

follow with the help of the Aubin-Lions-Simon theorem. Along with (63), this implies that the initial conditions (4f) are also fulfilled.
Lastly, we exploit weak/weak* lower semi-continuity and Fatou’s lemma on (64) to find

o™, + @Ol L1 + a5 + 10O, + 10,017 5 ) + 10,0175 0y + NEI 5 gy + 1015 0, + 10,217 )
4 1 2 4 4
< Cligollys + 5 lwi@olll, + ol + 100117, + 1, (75)

for almost all + € (0,7) and some C > 0 which only depends on the initial conditions. In particular, the right-hand side is now
independent of ||6,l| y, which will be important for more general initial conditions.

6.5. Vanishing convolution

Concerning the initial conditions, we can choose an arbitrary sequence {6,,}, C X(£2) such that 6,, — 6, in L%(0) and since the
right-hand side of (75) is independent of ||6, ||y, we still obtain uniform a priori estimates. The embedding L*(Q) < X'(Q) along
with (74) then imply that we obtain 6(0) = 6, for the limit.

As we already remarked in the preliminaries, if ¢ is a standard convolution kernel it holds that n * ¢, — # for all n € LP(£),
p €1, ), as 0 — 0. Along with the estimate || * ¢,ll» < Inllz»ll®,ll,1 and the fact that |[¢,|| ;1 = 1, we obtain that

(V-mx¢,—>V-n in L*Qp)

for all n € L*(0, T; X(£2)). Therefore, we only need to verify that the same compactness properties as before can be deduced. Firstly,
we remark that our a priori estimates are independent of the convolution kernel ¢. Moreover, it is obvious that the argument for
the strong convergence of p in L?(0,T; L?>(£2)) remains valid. For the strong convergence of u, we find that

| /Q [a(@i)p, — a(@)pl(V - (u, —w)) * ¢, + [a(@)p, — a(@)pl(V - (du, — ou)) * ¢, d(t, x)

< Clla(pi)p, — al@)pll 212y + pullug — wll 20 1ol Loocrr)
< C”a((Pk)Pg - a((P)P”LZ(LZ) + Pu”uo - u”LZ(x)
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for some C = C(p,) > 0 and p, > 0 sufficiently small. We emphasize that ||@, |l =1, = | independently of o > 0. Hence, a similar
estimate as in (55), but without the last line, holds with constants that are independent of the convolution kernel and we infer the
desired strong convergence for u.

Lastly, we take advantage of the identity p, = M(¢,)(0, — a(p,)V - u,), which follows from (4e) and holds pointwise almost
everywhere, and deduce strong convergence for ¢ from the compactness properties of ¢,,u,, p,.

After passing to the limit it only remains the use the pointwise identity for p and replace the respective terms in the other
equations.

Remark 30. Lastly, we point out that maximal regularity theory as applied in Section 5.3 also yields the regularity u €
L2(0,T; W?Z(.Q)) ifuy e W;Z(.Q) with ¢ > 2 sufficiently small, cf. Lemma 19.

For regularized problems, one can even show u, € L%, T; H };‘3 (2)), where H 'F;‘g(.Q) is some Bessel potential space and § > 0.
Again, the proof relies on maximal regularity theory as well as elliptic regularity in Bessel potential spaces, cf. [48, Thm. 1]. Note
that since these arguments utilize the L*(0,T; H,f(.Q)) norm of ¢,, we do not obtain an uniform estimate in the Bessel potential
spaces.
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Appendix. Proof of Theorem 10

The following lemma studies the inverse operators to families of perturbed autonomous abstract Cauchy-problems associated
with a family of operators {A4;}.

Lemma 31. Assume that {A; : i € 1} C L£(D,Y), for some index set 1, is a family of linear operators such that A’ € MR and
A;— A; € LOY) with ||A; — Ajllgyy < Cp for all i, j € 1. Moreover, define the operator £, as

D(QA‘_) = {u € MR(0,T) : u(0) = 0} where MR(a,b) := W'P(a,b;Y)n L?(a, b; D),
and || llayr = Nwro@eyy + U N Legap:n)s
4 u(t) = du(t) + Au(o).

Then, there exists a constant M > 0 such that
[[(A+ QA,)_I lecrrapyyMR@py S M and |[(1+ H(A+ SA,)_I lecrapyy <M

for all intervals (a,b) € (0,T), alli € T and all A > 0.

Proof. From the arguments in [45, Sec. 1] it follows for all i € T that the operators —£, have empty spectrum and generate
nilpotent C%-semigroups (7" ()50 on LP(0,T:Y). In particular, there exist constants w; > 0 and M; > 1 such that, cf. [59, Thm. 2.2],

IT Oll rrayy < M;e®' forall 1> 0.

For any two indices i, j € T, we compute for all u € D(-L,) = D(—£Aj)
(’EA, - QAJ- u(®) = (A; = Aju(r).

Since D(-L,) is dense in LP(0,T;Y) and A; — A; € L(Y), this implies Ly, — EAJ € L(LP(0,T;Y)) with
€4, = La, lecrorry < Cr

Therefore, —£ 2, = =Ly +(Ly, - L Aj) is a perturbation of the generator of a Cj-semigroup by a bounded, linear operator and [60,
Thm. 3.2] implies

I Ol e porry < Mye® " forall 120,

where o* = o; + M;||I£,, - La;lleroryy < @; + Cr. Hence, there exists some constant C > 0 such that

sup IT' @l geroorsvy < C
i€l

te[0,T]
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and since the semigroups (T" ()50 are nilpotent, i.e. Ti(t)=0forall t > T and all i € I, we find some M > 1 such that
IT Oll rporyy < Me™ forall >0

for all i € I. The generation theorem for semigroups [61, II Thm. 3.8] now yields

_ M
N+ L4007 N eroryyMroTy < — <M,
A+1
N+ DA+ L0 N eroray <M
for all 4 > 0. Now the result follows analogously to [45, Lem. 1.2]. [

Now, we fix an operator A € £(D,Y) and perturb the associated abstract Cauchy-problem with a time-dependent, operator
valued, function B. This lemma is a modification of [45, Prop. 1.3] and includes an additional bound for the solution u in terms of
the right-hand side and the initial value.

Lemma 32. Let (a,b) C (0,T) and A € L(D,Y) with A € MR. Suppose that B : (a,b) - L(D,Y) is strongly measurable and that there
exists some n > 0 such that

1
1B@ylly < 5313l +nllylly
foradll y € D, t € (a,b), where M is the constant from Lemma 31. Then, the abstract Cauchy problem
ou+Au+ Btu=f ae. on(ab), u(a)=x (76)

has a unique solution for all x € (Y, D) 1 » f € LP(a,b;Y) where p € (1,0) and p’' = rﬁ' Moreover, there exists a constant C > 0 such
that

~,

lellvrian < Clylpyy,  +4Me ML oy,

»
p/

where 4 > 0 only depends on M.
The following proof closely follows the arguments by Arendt et al. in [45].
Proof. For now we assume y = 0 and define the operator B € £L(MR(a, b), L(a, b;Y)) by
(Bu)(t) = B(1)u(t).

The assumption on B along with Minkowski’s inequality then gives rise to

1
- b » 1
[1Bull Lo(apyy < (/ I BOu@)I5, df) < (m”u“um,b;u) +'1||u||Lp(a,b;Y))~
a
Defining the operator £ analogously to above, we see with the help of Lemma 31 that

~ T 1 _ _
1B+ 7 fll oy < (m 1A+ 27" Fll tocappy + nll(A+ L) lf”LP(a,b;Y))

A

1 _ nM
< (5716 + O Fllarcan + 1o 1 Nioanr) )

A

1 nM
=< E”f”Ll’(a,b;Y) + m||f||LP(a,b;Y)

for all 4 > 0. In particular, there exists some A = A(M,#n) > 0 such that

1BG+ 2 enoran < 3
which implies that the operator I + B(1+ £)~! is invertible. A simple calculation further yields the invertibility of
A+ L+ B=I+BA+L8 ™)+ L) e L(DE), L (a,b; y))
and therefore the unique solvability of the problem
v+ (A+ v+ B(Hv=g ae.on (a,b), va@)=0
for all g € L?(a, b;Y). Moreover, it holds that
GA+L+B ' =0+97 '+ BO+&™H,

from which we deduce

N+ £+ B Ml errapryney < 1A+ D N eoapyymrasy U + BA+ ™) g Lo@pry < 4M.
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Hence,

[lollMR@p) < 4MIEN Lo(a,:v)-

To get back to our original problem, we consider g(r) = e=*(=9 f(r) and y = 0. Then, the function u(r) = e*"~?u(t) is the unique
solution of (76) for x = 0 with

lullvreap < €™ vllvreas < 4MeP £l Lo py)-

In order to treat non-trivial initial conditions, i.e. y € (D,Y) 1 » Ve introduce the space
P

Tr := {u(a) : u € MR(a,b)} with the norm ||x|ltg = inf{||ullyprap : ¥ = u(a)} (77)
and note that, cf. [62, Prop. 1.2.10],

(D,Y)1  =Tr. (78)
P

Moreover, for any w € MR(a, b) with w(a) = y, the results from above give rise to a unique v € MR(a, b) such that
v+ (A+Bt))v=—0,w—(A+ Bt)w+ f ae.on (a,b), v(a)=0.
Therefore, u := v + w is the unique solution of (76) and it holds that

Nullpreas) < 10+ Wlivrs < 4MeP™ 4 = 0,0 — (A + BOW + £l oy + 1@l Logapy)
< Cllwllyreas + 4Me" N £l Logapy)-

Since this holds for all w € MR(a, b) with w(a) = y, definition (77) and (78) lead to

b—ali
llellvreapy < Clixllpyy , +4Melt~a 1/ o (a,:v s
‘7%’

which concludes the proof. []

As an immediate consequence, we obtain Theorem 10.
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