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1 | INTRODUCTION AND MAIN RESULT

Diffuse interface models are an important modeling approach to describe two- or multi-phase flows in fluid mechanics.
In comparison with classical sharp interface models they have the theoretical and practical advantage that surfaces sep-
arating the fluids do not need to be resolved explicitely. In the case of two fluids the (diffuse) interface is described as the
region, where an order parameter, which will be the concentration difference of the two fluids in the following, is not
close to one of two values, which describe the presence of only one fluid (+1 in the following).

In this contribution we consider the relation between two diffuse interface models for a two-phase flow of viscous
Newtonian fluids. The first one is for the case of compressible fluids and leads to the Navier-Stokes/Cahn-Hilliard system
for compressible fluids:

00,Vv+ ov-Vv—divS + ]\l/IVP = —div(Vc@Vc— @H), (1.1
00 + div (ov) = 0, (1.2)
00;c+ov- Ve = Ayp, (1.3)
op = o%j—f; - Ac, (1.4)
in Q x (0, T), where Q C R? is a bounded C?-domain and p = 02%(0, ¢) and
S = 2v(c)Dv + (c)divv 1, (1.5)

Dv= %(Vv+ vvl) — %divvﬂ.
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Here ¢ : Q% (0,T) - R describes the concentration difference of two partly miscible compressible fluids, p : QX
(0, T) — [0, o) is the density of the fluid mixture and v : Q x (0, T) — R? its (barycentric) mean velocity. Moreover, 4,74 :
R — [0, o0) are functions describing the shear and bulk viscosity of the mixture, f : [0,00) X R — R is a homogeneous
free energy density of the mixture and M > 0 is an analogue of a Mach number. Precise assumptions will be given below.
This system is a variant of the model derived by Lowengrub and Truskinovsky [34] in a non-dimensionalized form, com-
pare of also [4]. Here we have set the Reynolds and Peclet number to one for simplifity and the Cahn number proportional
to M, compare of [34, eq. (3.35)] for the details. We note that in the present variant the total free energy is given by

Bins(0:) = [ (ef0.0)+ 319l 1.6
Q

while in [34] there is an additional factor p in front of | Vc|2. The system is closed by the initial and boundary conditions

V]ga = Ve -n|go = V- n|yo =0, (1.7)
(V3 c)|t=0 = (VO, CO)’ (18)

where n is the exterior normal of Q. Existence of weak solutions for this system was proved by Feireisl and the first
author in [2]. This result was extended to the case of certain dynamic boundary conditions by Cherfils et al. [6]. Existence
and uniqueness of strong solutions for this system was shown by Kotschote and Zacher [30], see also [29]. Existence of
dissipative martingal solutions of a stochastically perturbed version of this system was shown by Feireisl and Petcu [18].
In the time-independent, stationary situation existence of weak solutions was shown by Liang and Wang [31, 32]. Exis-
tence of weak solutions for a similar Navier-Stokes/Allen-Cahn system for compressible fluids was shown by Feireisl
et al. [21], while an entropy stable finite volume method for this instationary system was proposed by Feireisl, Petcu and
She [20], where also existence of weak solutions of the discretized system was shown. For this system Feireisl, Petcu, and
Prazak [19] studied a relative entropy and obtained results on weak-strong uniqueness and on a low Mach number limit
similar to our result in the following.

It is the goal of this contribution to study the low Mach number limit M — 0 for (1.1)-(1.4) and show convergence to
solutions of the system

0v+v-Vv—div(2v(c)Dv) + Vz = —div(Vc ® Vo), (1.92)
divv =0, (1.9b)

oc+v-Ve=Aypu, (1.9¢)

u=—Ac+ G (c). (1.9d)

under suitable assumptions and well-prepared initial data. We note that we consider a situation, where the two fluids in
limit M — 0 have the same density (or the density difference is neglected). The latter system is known as “model H” and
is one of the basic diffuse interface models for the two-phase flow of incompressible fluids. It first appeared in Hohenberg
and Halperin [26] and was later derived in the framework of rational continuum mechanics by Gurtin et al. [24]. A first
analytic result on existence of strong solutions, if Q = R? and G is a suitably smooth double well potential was obtained
by Starovoitov [36]. More complete results were presented by Boyer [5] in the case that Q ¢ R¢ is a periodical channel
and a smooth double well potential G and the first author in [1] in the case of a bounded smooth domain and singular
double well potential. We refer to Abels, Giorgini, and Garcke [3] for recent analytic results for an extension of this model
to different densities and further references.
We note that, using (1.9d), one observes that (1.9a) is equivalent to

ov+v-Vv—div(2v(c)Dv) + Vzr = uVec — VG(c).

The mathematical study of the low Mach number limit for systems of equations describing a motion of fluids gets
back to the seminal work of Klainerman and Majda [27]. Studying various types of singular limits allows us to eliminate
unimportant or unwanted modes of the motion as a consequence of scaling and asymptotic analysis. The aim of the
mathematical analysis of low Mach number limits is to fill up the gap between compressible fluids and their "idealized”
incompressible models. There are two ways to introduce the Mach number into the system, which are different from
the physical point of view, but from the mathematical one-completely equivalent. The first approach considers a varying
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equation of state as well as the transport coefficients see the works of Ebin [12], Schochet [35]. The second way is to
evaluate qualitatively the incompressibility using the dimensional analysis. We rewrite our system in the dimensionless
form by scaling each variable by its characteristic value, see Klein [28]. The mathematical analysis of singular limits in the
frame of strong solutions can be referred to works of Gallagher [22], Schochet [35], Danchin [8] or Hoff [25]. The seminal
works of Lions [33] and its extension by Feireisl et al. [17] on the existence of global weak solutions in the barotropic case
gave a new possibility of a rigorous study of singular limits in the frame of weak solutions, see the works of Desjardins
and Grenier [9], Desjardins, Grenier, Lions and Masmoudi [10].

The relative energy inequality was introduced by Dafermos [7] and in the fluid dynamic context was introduced by
Germain [23]. Deriving the relative energy inequality for sufficiently smooth test functions and proving the weak-strong
uniqueness it gives us very powerful and elegant tool for the purpose of measuring the stability of a solution compared to
another solution with better regularity. This method was developed by Feireisl, Novotny and co-workers in the framework
of singular limits problems (see e.g., [13-16] and references therein).

The structure of this contribution is as follows: In Section 2 we summarize our assumptions, basic definitions and
state our main result on the low Mach number limit. Then in Section 3 we prove the main result with the aid of a relative
entropy method.

Notations
In the manuscript, we denote the usual Lebesgue and Sobolev spaces by LP and W*? respectively for 1 < p < o0, k > 0.

The corresponding norms are || - ||z» and || - ||y«. In particular, we define H* := W*2, Throughout the paper, the letter
C will indicate a generic positive constant that may change its value from line to line, or even in the same line.

2 | ASSUMPTIONS AND MAIN RESULT
‘We assume that f is given in the form
flo.0) = fe(o) + MG(c). 2.1)

This choice coincides with the assumptions in [2] with H = 0 therein. We only added the factor M in front of G, which
can be incorporated in G. This yields

df (0, ¢) ?pe(2)
plo.c) =0’ fa = pe(0), fe(0) = / PeX 4z (22)
0 1 <
where p. € C([0, 00)) N C1(0, o0). Moreover, it was assumed that
Pe(0)=0. p 0" =p <pulo) <P +0") 2.3)

for a certain y > % and

G"(c) > —x forsome k €R, Gc—G, <G'(c) < G(1 +o0),
|G'(c1) = G'(c2)| < Gler — eal, |G (e1) — G"(c2)| < Gley — ol (2.4)

forall c,c1,c, € R. Hence (1.1)—(1.4) reduce to

Oeatvs + OeVe - VVE - le Se + %V(pe(OE) - pe(l)) = OEﬂEVCE - OEG,(CE)VCE’ (253-)
13

010 + div (e Ve) = 0, (25b)

0e0iCe + 0cVe - Ve = Ay, (250)

OcHe = OEG/(CE) — Ac,, (25d)
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subject to the boundary conditions
Veloo = Vee - nog = Vi - nfpq = 0. (2.5¢)

Let us recall the definition of weak solutions in the sense of [2, theorem 1.2] (with H = 0 there):

Definition 2.1. Let T > 0,Qr = Q x (0, T), 0o € L*() with gy, > 0almost everywhere,andmg, : Q — R3
be measurable such that o 'my|* € L(Q). Then ¢, € L*(0, T; L"(Q)) with ¢, > 0, v, € L*(0, T; H'(Q; R?)),
¢, € L*(0, T; H(Q)) are a weak solution of (2.5) if the following holds true:

1. Forevery ¢ € D(Q X (0, T); R?)

- /Q (ogvg - 01 + (ogvg ®V, + ﬁpe(og) I- Sg> : V(p) dxdt

[Veel ..
= (Ve ® Ve,) : Vo — levq) dxdt, (2.6)
Qr

where S, = 2v(c,)Dv, + n(c.)divv, I.
2. o, is a renormalized solution of (2.5b) in the sense of DiPerna and Lions [11], that is,

(0:B(0:)0:@ + 0:B(0:)Ve - Vo — b(o,)div v, @) dxdt =0 2.7
Qr

for any test function ¢ € D(ﬁ X (0, T)), and any

Blo) = B+ /1 ") g 28)
where b € C°([0, o)) is a bounded function.
3. Forevery ¢ € D(Q % (0,T))
o (0¢Ce 01 + 0.CV, - V) dxdt = /Q Vue - Vo dxdt (2.9)
and
/ 0c e dxdt = / (0:G'(ce)p + Ve, - Vep) dxd. (2.10)
4. The energy inequality
E(t)+/Q (Se : VVe + |Viuel?) dxdr < E(s) (2.11)

holds for almost every 0 < s < T including s = 0 and all t € [s, T], where

2
E(t) = / oa(t)@ dx + Efree(0e (1), ¢ (1)), (2.12)
Q

_y Img |2
EQ)=E, = / 00; 26 dx + Efree(o(],sv CO,£)~ (213)
Q

5. 0, 0¢ Ve, e are weakly continuous with respect to ¢t € [0, T] with values in L1(Q) and o |i=0 = 00.¢, 0 Ve |t=0 =
my,, C. |t=0 = Coe-
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We note that existence of weak solutions follows from [2, theorem 1.2] and the well-posedness result of the limit
system (1.9) is referred to [1].
Our main result in this contribution is:

Theorem 2.2. Let y > 1—52 Q C R3 be a bounded domain with C2-boundary, T > 0, M = €2, £ > 0, and let
(v, ¢, u) be a (sufficiently) smooth solution of (1.9). Moreover, we assume that oo, € L7(Q), Vo, € L*(Q)3,¢co €
H(Q) are given such that gp, =1+ g()gz and

1
“()E)’E)“L‘”(Q) + ”VO,E”LZ(Q) + ”VCO,E”LZ(Q) <C (214)
and 082 —¢500 in L®(Q), Vo,e -0 Vo in LZ(Q)3, Co,e —e—0 Co in HI(Q) Then
Oe(ts ) —emo 1 in Ll(g)’ Ve(t7 ) —es0 V in L2(9)3’ ce(t» ) —e=0 C(t, ) in Hl(g)

uniformly in ¢t € [0, T].

Remark 2.3. Here the restriction of y > % comes essentially from addressing the nonconvex part of the poten-
tial G, cf. (3.11). If one considers a convex potential G, we may relax it to y > 2, which is due to the convection
0: UV - Ve, compare of (3.27).

3 | LOWMACH LIMIT
3.1 | Relative energy inequality

To compare (2.5) and (1.9), we proceed with the so-called relative energy (entropy):

8(057"5, C£|1,V, C) = /

i [Soclve —vit+ eiz (Feo0) = FiDec = 1) = Fu(D) ] dx

2

+ [ [319e = Vel + 0u(Gt@) - G0 - 0 - G| d.
Q 2

where F,(0.) = 0.f2(0¢). Here (0., Ve, cc) is a weak solution to (2.5) depending on ¢ in the sense of Definition 2.1, while
(1,v, ¢) is a pair of smooth test functions which is then chosen as the solution to (1.9).
By the weak formulation of (2.5a) for v,, that is, (2.6), with v as the test function we obtain for every = € [0, T]

t=t7
- [/ 0£V£de] = _/ OeVe * atVdth
Q =0 Q

T

—/ (0eVe ® V. — 2v(ce)Dv,) : Vvdxdt (3.1
Q.

—/ oEyEch-vdxdt+/ 0.V - Ve G (¢, ) dxdt.
Q Q

T T

Let %lvl2 be the test function in the weak formulation of continuity Equation (2.5b). This yields
t=t
[/ &|v|2dx] = / (0eV - OV + 0.V, - Vv - v)dxdt 3.2)
Q2 =0 Q.
for every r € [0, T]. Summing (3.1), (3.2) and the energy inequality of weak solutions, one ends up with

t=1
[/&lvg—vlzdx]
Q2 t=0
t=t t=t1
1 N 1
+ [/Q <05G(cg)+ EIVCSI ) dx] + [/Q ;Fe(og)dx]tzo

t=0
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+/ 2v(cg)|DVE|2dxdt+/ |V e |* dxdt (3.3)
Q Q.

T

< —/ 0:(Ve = V) - (Ov+ V- Vv)dxdt—/ 0:(Ve = V) - Vv - (Vv —v,)dxdt
Q. Q,

+/ 2v(c,)Dv, : Vvdxdt—/ TRV -vdxdt+/ 0.V - Ve G (c,) dxdt.
Q. Q. Q.

In view of the weak formulation of (2.5c), we have

t=t7
[/ OcCec U dx] _/ (0cCeOu + 0cCeV, - Vu)dxdt = _/ Ve -V dxdt. 3.4
Q =0 Q. Q

T

Moreover, with 4 = G’(c) — Ac one gets

/ 0:Ce Oy dxdt = / 0:¢:0:(G'(c) = Ac) dxdt. 3.5)
Q. Q.

Adding (3.4) and (3.5) and integration by parts gives

t=t1

[— / 0.¢c.G'(¢c)— Ve, - Ve dx]
Q

t=0

t=t1
= [/(05 - 1)C5ACdx] —/ 0:CeVe -V dxdt
Q t=0 Q

T

+ / Ve - Vyudxdt — / 0:¢.(G"(c)o,c — Adc) dxdt. (3.6)
Q Q

T T

Direct calculations yield

t=1 t=1 T
[/ 0:¢G’(c) dx] = [/(og — 1cG'(c) dx] +/ i/cG'(c) dxdt
Q =0 Q =0 Jo dt Jg

t=1
= [/(Oe - 1)eG'(c) dx] +/ 0:¢G'(¢c) dxdt+/ cG" (¢)dsc dxdt.
Q t=0 Q Q

T T

Then we have

t=t

t=1
[ / 0:¢G'(c) — 0:G(c) dx] = [ / (0: — 1)eG'(0) dX]
Q =0 Q =0

t=1
+ [/(1 — 0:)G(0) dx] +/ cG" (c)d;c dxdt.
Q t=0 Q

T

(3.7

It follows from the strong formulation of (1.9) that

=1
[/1|VC|2dx] =—/ G’(c)atcdxdt—/ |V,u|2dxdt—/ v - Veu dxdr. (3.8)
Q2 =0 Q, Q, Q

T

Now we summarize from (3.3), (3.6), (3.7), (3.8) that

t=t1 t=1
e 1
[ / %|v5—v|2dx] ¥ [ / —2Fe<oe>dx]
Q =0 Q€ =0

+ [/ <05(G(c5) - G'(o)(c, — ) — G(o) + lchg - VCIZ) dX]
o 2

t=7

t=0
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+/ 2v(c,)Dv, : (Dv, —Dv)dxdt+/ |V, — Vul? dxdt
Q Q.

T

< —/ 0:(Ve = V) - (Ov+ V- Vv)dxdt—/ 0:(Ve = V) - Vv (v —v,)dxdt
Q. Q;

t=1 t=1
+ [ / (0e — DeeAcdx / (0 —1)eG'(c) dx] + [ / (1 - 0.)G(c) dx]
Q Q t=0 Q t=0

—/ os,uchE-vdxdt+/ 0.V - Ve G (c,) dxdt
Q. Q.

t=t1
+
t=0

- / 0:CeV, -V dxdt — / 0:¢:(G"(c)o;c — Adic) dxdt
Q Q

T T

+/ cG”(c)atcdxdt—/ G’(c)d,cdxdt—/ v - Ve dxdt.
Q. Q. Q.

In view of the strong formulation of (1.9a),

_/ 0:(Ve = V) - (0pv+ v - Vv) dxdt
Q

T

= —/ 0:(Ve — V) - (div 2v(c)DV) — Vz + uVc — VG(c)) dxdt
Q

= —/ (0 — 1)(ve = V) - (div 2v(c)DV) + uVc) dxdt
Q.
- / 0:(Ve = V) - V(7 + G(c)) dxdt
Q

T

- /Q (Ve — V) - (div 2v(c)DV)) dxdt — /Q (Ve — V) - uVedxdt.
By integration by parts, one obtains
- /Q (Ve — V) - (div (2v(c)Dv)) dxdt
= T/Q (Dv, — Dv) : 2v(c)Dv) dxdt
= /Q T(DVg —Dv) 1 (2v(c.)Dv) dxdt + /Q (Dve — Dv) @ (2(v(c) — v(c))Dv) dxdt

Then adding all together with (2.5b) multiplied by F(¢.) entails that

[€ (0e, Ve, Ce| 1, v, 0)]155

+/ 2v(c6)|Dv£—Dv|2dxdt+/ |Vue — Vu|? dxdt
Q Q.

T

t=1 t=t t=t1
/(05 - 1)chch] + [/(Oe - 1DcG'(0) dX] + [/(1 — 0:)G(0) dX]
Q t=0 Q t=0 Q t=0

- / (0 — 1)(ve — V) - div (2v(c)Dv) dxdt
Q;

<

- / 0:(Ve = V) - Vv - (v—v,)dxdt — / 0:(Ve — V) - V(xr + G(c)) dxdt
Q. Q.

- / 05(V5 - V) : V(Cﬂ) dxdt — / Os(vs - V) : V/’l(cs - C) dxdt
Q Q

T T

70f15
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- /Q (0e = DV - Vuce dxdt - /Q v - V(ce — o) (e — p) dxdt
- /Q T(oe — DucVee - vdxdt + /; (0e — DV - Ve G'(c.) dxdt
+ /Q T(Dve —Dv) @ (2(v(0) - V(cg;)DV) dxdt

+ /Q | 0:0:¢ (G'(ce) = (cc —0)G"(¢) = G'(0)) dxdt

- / (0 = 1) (G"(©)ca,c — G'()dre) dxds
Q,

— / (0¢ — 1)c. Adsedxdt — / (0e — D pe0:cdxdt, 3.9
Q. Q.
where we used

/ 0.V - V.G (c,) dxdt = / (0, — D)V - Ve G'(c,) dxdt +/ v - VG(c,) dxdt
Q Q. Q

T T

= / (0e — v - Ve G'(c.) dxdt.
Q.

Concerning the potential part of G, here due to the assumption (2.4) we employ the decomposition of G such that
2
G(c) = Go(c) + G1(c) with Gy(c) = —K% for k > 0 where Gy(c) is convex. Then we have

/ 0:(Go(ce) — Gy(e)(ce =€) = Go(e)) dx > 0,
Q

and

t=1 t=1
- [/ 0:(Gi1(ce) — Gi(0)(ce — ©) — Gi(c)) dx] = [/ Osg(cs -y dx] : (3.10)
Q Q

t=0 =0

As Gi(c) is a nonconvex part, in the following we would like to justify the following identity to ensure a suitable relative

energy inequality:
t=7
[/ &(cg —c)? dx]
Q 2 t=0

= —/ (Vus = Vu) - (Ve — Ve)dxde — / (0 — 1)(ce — c)o,cdxdt
Q. Q.

- / (ce —c)(ve = V) - Vedxdt — / (0e — (¢, — ¢)v, - Vedxdt. (3.11)
Q. Q.

We give an essential claim for the justification.
Claim: It holds that

2 t=1
[ / 0e dx] =_ / VY, - Ve, dxdt. (3.12)
Q 2 t=0 Q

T

Proof of the claim. Let 0 <t < t+ h < T. Integrating (2.5b) over [t,t + h] in its weak formulation (using a standard
approximation argument) and testing with %cg (t + h)c.(t) yields

/ (0:(t+ h) — 0. (1)) (t + h)c. (1)
Q

t+h
= dx = /Q % / 0 (TWVe(7) AT - V(ea(t + hee(1)) dx.
t
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Similarly, integrating (2.5c) on [¢, t + h] in its weak formulation (using a standard approximation argument) and testing
with = (c. (¢ + h) + c.(¢)) yields

/ (0:(t+ M) (t + h) — 0c(D)ce(D)(ce(t + h) + (D)) dx
o 2h

t+h
= /Q i / (0e(7)Ce(T)Ve(T) = Vue(7)) d7 - V(ce(t + h) + ¢ (1)) dx.
t

Now subtracting the first from the second identity gives

/ 0c(t+ h)CA(t + h) — 0. (£)cA (1) e
o 2h

t+h
= /Q % / (0e(7)Ce(T)Ve(T) = Vpe(z)) dr - V(ce(t + h) + c.() dx
t
1 t+h
- / o / 0:(T)Ve(7) d7 - V(ce(t + h)ce (1)) dx.
Q t

To pass to the limit & — 0+ in the first term on the right-hand side it is essential that V(c.(. + h) + ¢.) € L?(0, T; L(Q))
and ﬁ ftt+hog(r)c£(r)v6(r)) dr € L0, T; L¥ (Q)) are bounded, where % = % - % compare of (3.26) below. This is the case if

% + % + % <1- % + % which is equivalent to y > % This is where we need an extra restriction on y. The same estimates
can be applied for the second term on the right-hand side. Hence we can pass to the limit # — 0+ and obtain

d/ < g = /V Ve, dx in D'(0,T)
dt 9052 - Q ﬂe £ 9 ’

which yields the claim by the fundamental theorem for Sobolev functions and integrating over (0, T). O
Taking c as the test function in the weak formulation of (2.5¢) and employing the strong formulation of (1.9¢), we find

t=t1
[/ oecgcdx] = / (=Vue + 0.cev,) - Vedxdt + / 0:C.0;cdx
Q t=0 Q. Q

= / (0 — De.v, - Ve dxdt+/ c.(Ve —Vv) - Vedxdt (3.13)
Q. Q

T

—/ VME-Vcdxdt—/ V,u~Vc£dxdt+/(g$—l)ceatcdxdt.
Q Q. Q

T

Similarly, taking 02—2 as the test function in the weak formulation of the continuity Equation (2.5b), together with (1.9¢),

yields
(:2 =t
[/ og—dx] =/ 0:CV, - Vcdxdt+/ o.co;cdxdt
o 2 t=0 Q; Q,

= / (0 — 1)ev; - Vcdxdt+/ c(vy —v) - Vedxdt
Q. Q

T

—/ Vu - Vedxdt + /(05 — 1)coc dxdt. (3.14)
Q Q

T

Summing (3.12), (3.14), and subtracting (3.13) from the resulting equation entail the desired identity (3.11).
Now we define a modified relative energy £ by eliminating the nonconvex part of the chemical potential

g(OE,VE, Cgll,V, C) =& (05’ Ve, C5|1’ v, C) - / Qs(Gl(Ce) - G,I(C)(CE - C) - Gl(c)) dx.
Q
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Adding (3.9) and (3.11), one obtains relative energy inequality

~ t=t1
[8 (0¢ Ve, € |1, V, C)]t_o

+/ 2v(c5)|Dv5—Dv|2dxdt+/ |Vue — Vu|? dxdt
Q Q,

T

t=1 t=1 t=1
/ (0e — l)ceAch] + [ / (0e — 1)eG'(c) dX] + [ / (1 - 0:)G(c) dX]
Q t=0 Q t=0 Q t=0

- K/ (Vue —Vp) - (Ve — Ve)dxde — K/ (0e — 1)(c, — ¢)oscdxdt
Q Q.

T

<

- "/ (€e =O)(Ve = V) - Vedxdt — K/ (0c — 1)(ce — )V, - Vedxdt
Q. Q,
- / (0 — D)(ve — V) - div (2v(c)Dv) dxdt
Q.

- / 0:(V, —V) - Vv- (v—v,)dxdt — / 0:(Ve — V) - V(zr + G(c)) dxdt
Q Q

T T

- / 0:(Ve — V) - V(ep) dxdt — / 0e(Ve — V) - Vu(c, — ¢)dxdt
Q, Q,

- / (05 - l)V : V,uce dxdt - / \ A V(ce - c)(ﬂe - /4) dxdt
Q; Q

T

- / (0 — DuVee .vdxdt+/ (0, — )v- Ve, G'(c,) dxdt
Q. Q.

+ / (Dv, — Dv) : 2(v(c) — v(c,))Dv) dxdt
Q.

+ / 0:9,¢ (G'(ce) — (cc —©)G"(c) — G'(c)) dxdt
Q

T

- / (0 = 1) (G"(c)carc — G'(c)rc) dxdt
Q.

—/ (0 — 1)c . Adicdxdt —/ (0¢ — 1) 0;,cdxdt.
Q. Q.

3.2 | Uniform estimates

Letv=0and c =1 in (3.15). Then one obtains

~ t=1
£ (00, c|1,0, 1)] +/ 2v(c5)|DvE|2dxdt+/ Ve |2 dxdt < C
=0 Jq, Q.

for every = € [0, T]. In a similar way as in [13, 19], we obtain the uniform estimates

<C,

L2

13

esssup /
t€0.7) Jon{1/2<0,<2}

esssup/ (1 + loc|") dx < €2C,
te(0.T) JQ\{1/2<0,<2}

esssup||Veell 2 < C,
te(0,T)

T
2
| 19mlg d<c

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)
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where C > 0 depends on the bounds for the initial data. Moreover, via Korn’s inequality (cf. [16, theorem 11.21]) and
Ve < v(ce) < v¥, one has

T
2
</0 ”VVEHLz(Q) dt S C

In view of a generalized Korn-Poincaré inequality (cf. [16, theorem 11.23]), we obtain

T
[ g i< (3.21)
0

Incorporating with (3.19) and the conservation of ¢.c,, that is, for a.e. = € (0, T),

/ogcg(f)dX=/OOCodx,
Q Q

proceeding in a similar way as in [2, lemma 2.1] yields

esssup||ce(H)llpr2q) < C. (3.22)
t€(0,T)

Moreover, it follows from (2.4), (2.5d), (3.22) that

/05/43 dx‘ =
Q

which, in accordance with (3.20), implies

[ oo < Cllodiy (1+ el ) <€
Q

T
/ IOl At < C- (3.23)
0

With Sobolev embedding in 3D, we have y, € L*(0, T; L5(Q)). Combining with the fact o, € L®(0, T; L7 (2)), one obtains
0: M € L?(0, T; LY(2)) uniformly, with é = % + % Then by means of the elliptic estimates of ¢, in (2.5d), namely,

—Ac, = OcHe — OEG,(CE)’
we get
¢, € L*(0, T; W*4(Q)) (3.24)

foralll <g< 6satisfyingé = % + %

3.3 | Incompressible limit

Now we are in the position to control the right-hand side terms of (3.15) and derive the desired limit passage. First,

2

/og(vg—V)-Vv-(v—vg)dxdtS/ IIVVIILoo(m”\/@(Vg—V)
Q 0

T

dt<C / Ewde.
2 o

By v. < v < v*, the Lipschitz continuity of v(c), and Young’s inequality, we have

/ (Dve — Dv) @ (2(v(c) — v(ce))Dv) dxdt
Q

T
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1 _ T
z / v(ce)|Dve — Dvlz dxdt + C(v; 1)/ ||Dv”ioo(g)”c£ - C”iZ(Q) dt
Q. 0

I\

IA

% / v(¢c.)|DVe — Dv|? dxdt + C(v;h) / E) dt.
Q. 0
Moreover,

/ 0:(Ve — V) - Vyu(ce — ¢) dxdt
Q.

T
< / ol IV All e Ve = Vilzellce — llzoy dt
0

< % / v(c)|Dv, — Dv|? dxdt + C(v;h) / E)dt,
Q. 0

for all y > 3/2, where we used the energy boundedness of o,, the Sobolev embedding of W'? — LS in three dimensions
and the Poincaré inequality. Analogously, it follows

- / V- V(ce — ) (e — p) dxdt = / V- V(ue — pu)(ce — ¢) dxdt
Q; Q,

f 1
< [ Vel = el dt+ 3 [ 1900 =Vl avar
0 4 Jo,
< l/ IV e — Vp|? dxdt + c/ Eod,
4Jq, 0
and
- K/ (Vue —Vu) - (Ve, — Ve)dxdt — K/ (ce —c)(ve —V) - Vedxdt
Q. Q.
<1 / Ve — V) dedt + 2 / v(c.)|DV, — Dv|? dxdt + C(v,:l)/ Ewm .
4 Jq, 2 Jo, 0
By direct calculations and weak formulation of continuity equation for o,,

/ 0:(Ve —V) - V(x + cu + G(c)) dxdt
Q

T

=—¢ / O ~ lat(n + cu + G(c)) dxdt
Q &

T

=1
+e [/ % =1z + e+ Gle) dx] € / O =Ly Vix + cu+ G(e) dxd. (3.25)
o ¢ t=0 e ¢

3

For sufficiently smooth (v, z, ¢, u), it follows from (3.17) and the Holder inequality that (3.25) is controlled by

/ 0:(Ve = V) - V(r + cp + G(c)) dxdt < €C,
Q

3

where C depends on the initial data and (v, p, ¢, ), but is independent of £ > 0.
Concerning the terms associated with (¢, — 1), it follows from (3.17) and (3.18) that

/ (0 — 1)f dxdt < €C,
Q.
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for all f € L'(0, T; L*() N L1 () with y > 2. Similarly,

t=t t=t
[/(ge - l)cEAcdx] + [/(og —1)eG'(c) dx]
Q t=0 Q t=0

=1
+ [/(og — 1eG'(c) dX] + [/(1 — 0:)G(c) dx
Q t=0 Q

However, for the term /Q (0 — Dy Ve, - vdxdt, we know from (3.22) and (3.23) that u, Ve, € L*(0, T;LE(Q)), which is

not sufficient for all y > % By (3.24) and Sobolev embedding W24 — WS with % = é — % = % — %

t=1
<eC.
t=0

, one obtains
Ve, € L2(0, T; LS (Q)) (3.26)

for all s satisfying % = % - % Then
/ (0e = D Ve, - vdxde < / lloe — |yl e lls@ Vel e IVl o) dt < eC (3.27)
Q. 0

for1>1+ % + % = %,which holds for all y > 2.
Furtilermore,

/ 0:9,¢ (G'(ce) = (cc = ©)G"(c) = G'(0)) dxdt
Q

3

< C/ lc, — c|® dxdt + / (0c — Dore (G'(ce) — (ce — ©)G"(c) — G'(¢)) dxdt
Q Q.

T

< C/ Ew)dt+eC.
0

Collecting all the estimates above, we then obtain a Gronwall’s type inequality:

t=1

[g(og,vg,cgll,v,C)] SC/ E (06, Ve, |1, v, 0) (t) dt + €C
0 0

t=

for all r € (0, T), which yields
E (06, Ve |1, v,0) (1) < C (5(00,5,%,5, Coell, Vo, co) + e) e’

for all r € (0, T). If additionally one has for the initial data

Voe = Vo, in L*(Q),

05, =0, inL™(Q),

Veoe = Ve, in LA(Q),

as € — 0, one concludes the low Mach number limit immediately, which finishes the proof of Theorem 2.2.

ACKNOWLEDGEMENTS

This work was initiated when H. Abels and Y. Liu visited the Institue of Mathematics of the Czech Academy of Science
in Prague during November 2022. The hospitality is gratefully appreciated. The work of S. Ne¢asova has been supported
by the Czech Science Foundation (GACR) through projects project 22-01591S and also by Praemium Academiae of S.
Necasova.

CONFLICT OF INTEREST STATEMENT
The authors declare that there are no conflicts of interest.

850807 SUOWWD aA 8.0 (el (dde au Aq pausenob ae sejone VO ‘@S J0 3N 1o A%eiq)8uljuO A3|IA UO (SUORIPUOO-pUe-SLLRILI0O" A8 |Im Ae1q 1 pUIUO//:SANY) SUORIPUOD pue Sw | 8y} 88S *[202/60/TT] uo AriqiTauluo Ae|im ‘Bingsusbiey BeIseAIlN A 8000/+202 Wweb/z00T 0T/I0p/Wo0" A8 1M Ake.d jeuljuo//Sdny Wouy pepeo|umod ‘0 ‘809222ST



140f15 (E; M .ceingen ABELS ET AL.

ORCID

Helmut Abels (© https://orcid.org/0000-0002-6606-4352
Yadong Liu ‘© https://orcid.org/0000-0003-3636-9523
Sarka Ne¢asova © https://orcid.org/0000-0003-3853-4633

REFERENCES

1]
(2]
(3]
[4]

[5]
6]

[7]

(8]

[9]
(10]
[11]
[12]
(13]
[14]
[15]
[16]

(17]

(18]
(19]

[20]
[21]
[22]
[23]
[24]

[25]

[26]
[27]

(28]
[29]
[30]

[31]

H. Abels, On a diffuse interface model for two-phase flows of viscous, incompressible fluids with matched densities, Arch. Rat. Mech.
Anal. 194 (2009), 463-506.

H. Abels and E. Feireisl, On a diffuse interface model for a two-phase flow of compressible viscous fluids, Indiana Univ. Math. J. 57 (2008),
659-698.

H. Abels, H. Garcke, and A. Giorgini, Global regularity and asymptotic stabilization for the incompressible Navier-stokes-Cahn-Hilliard
model with unmatched densities, Math. Ann. 389 (2024), 1267-1321.

D. M. Anderson, G. B. McFadden, and A. A. Wheeler, “Diffuse-interface methods in fluid mechanics,” Annual review of fluid mechanics,
Vol 30, Annual Reviews, Palo Alto, CA, 1998, pp. 139-165.

F. Boyer, Mathematical study of multi-phase flow under shear through order parameter formulation, Asymptot. Anal. 20 (1999), 175-212.
L. Cherfils, E. Feireisl, M. Michélek, A. Miranville, M. Petcu, and D. Prazak, The compressible Navier-stokes-Cahn-Hilliard equations
with dynamic boundary conditions, Math. Models Methods Appl. Sci. 29 (2019), 2557-2584.

C. M. Dafermos, The second law of thermodynamics and stability, Arch. Ration. Mech. Anal. 70 (1979), 167-179.

R. Danchin, Zero mach number limit for compressible flows with periodic boundary conditions, Am. J. Math. 124 (2002), 1153-1219.

B. Desjardins and E. Grenier, Low Mach number limit of viscous compressible flows in the whole space, R Soc. Lond. Proc. Ser. A Math.
Phys. Eng. Sci. 455 (1999), 2271-2279.

B. Desjardins, E. Grenier, P.-L. Lions, and N. Masmoudi, Incompressible limit for solutions of the isentropic Navier-stokes equations with
Dirichlet boundary conditions, J. Math. Pures Appl 78 (1999), no. 9, 461-471.

R. DiPerna and P. Lions, Ordinary differential equations, transport theory and Sobolev spaces, Invent. Math. 98 (1989), 511-547.

D. B. Ebin, The motion of slightly compressible fluids viewed as a motion with strong constraining force, Ann. Math. 105 (1977), 141-200.
E. Feireisl, B. J. Jin, and A. Novotny, Relative entropies, suitable weak solutions, and weak-strong uniqueness for the compressible
Navier-stokes system, J. Math. Fluid Mech. 14 (2012), 717-730.

E. Feireisl and A. Novotny, Singular limits in thermodynamics of viscous fluids, advances in mathematical fluid mechanics, Birkhduser
Verlag, Basel, 2009.

E. Feireisl and A. Novotny, Weak-strong uniqueness property for the full Navier-stokes-Fourier system, Arch. Ration. Mech. Anal. 204
(2012), 683-706.

E. Feireisl and A. Novotny, Singular limits in thermodynamics of viscous fluids, advances in mathematical fluid mechanics, second ed.,
Birkhduser/Springer, Cham, 2017.

E. Feireisl, A. Novotny, and H. Petzeltova, On the existence of globally defined weak solutions to the Navier-stokes equations, J. Math.
Fluid Mech. 3 (2001), 358-392.

E. Feireisl and M. Petcu, A diffuse interface model of a two-phase flow with thermal fluctuations, Appl. Math. Optim. 83 (2021), 531-563.
E. Feireisl, M. Petcu, and D. Prazak, Relative energy approach to a diffuse interface model of a compressible two-phase flow, Math.
Methods Appl. Sci. 42 (2019), 1465-1479.

E. Feireisl, M. Petcu, and B. She, An entropy stable finite volume method for a compressible two phase model, Appl. Math. 68 (2023),
467-483.

E. Feireisl, H. Petzeltova, E. Rocca, and G. Schimperna, Analysis of a phase-field model for two-phase compressible fluids, Math. Models
Methods Appl. Sci. 20 (2010), 1129-1160.

I. Gallagher, Résultats récents sur la limite incompressible, Astérisque, Séminaire Bourbaki 299 (2005), 29-57.

P. Germain, Weak-strong uniqueness for the isentropic compressible Navier-stokes system, J. Math. Fluid Mech. 13 (2011), 137-146.

M. E. Gurtin, D. Polignone, and J. Vifials, Two-phase binary fluids and immiscible fluids described by an order parameter, Math. Models
Methods Appl. Sci. 6 (1996), 815-831.

D. Hoff, Dynamics of singularity surfaces for compressible viscous flows in two space dimensions, Commun. Pure Appl. Math. 55 (2002),
1365-1407.

P. Hohenberg and B. Halperin, Theory of dynamic critical phenomena, Rev. Mod. Phys. 49 (1977), 435-479.

S. Klainerman and A. Majda, Singular limits of quasilinear hyperbolic systems with large parameters and the incompressible limit of
compressible fluids, Commun. Pure Appl. Math. 34 (1981), 481-524.

R.Klein, N. Botta, T. Schneider, C. D. Munz, S. Roller, A. Meister, L. Hoffmann, and T. Sonar, Asymptotic adaptive methods for multi-scale
problems in fluid mechanics, J Eng Math 39 (2001), 261-343.

M. Kotschote, “Local and global existence of strong solutions for the compressible Navier-stokes equations near equilibria via the maximal
regularity,” Handbook of mathematical analysis in mechanics of viscous fluids, Springer, Cham, 2018, pp. 1905-1946.

M. Kotschote and R. Zacher, Strong solutions in the dynamical theory of compressible fluid mixtures, Math. Models Methods Appl. Sci.
25 (2015), 1217-1256.

Z. Liang and D. Wang, Stationary Cahn-Hilliard-Navier-stokes equations for the diffuse interface model of compressible flows, Math.
Models Methods Appl. Sci. 30 (2020), 2445-2486.

850807 SUOWWD aA 8.0 (el (dde au Aq pausenob ae sejone VO ‘@S J0 3N 1o A%eiq)8uljuO A3|IA UO (SUORIPUOO-pUe-SLLRILI0O" A8 |Im Ae1q 1 pUIUO//:SANY) SUORIPUOD pue Sw | 8y} 88S *[202/60/TT] uo AriqiTauluo Ae|im ‘Bingsusbiey BeIseAIlN A 8000/+202 Wweb/z00T 0T/I0p/Wo0" A8 1M Ake.d jeuljuo//Sdny Wouy pepeo|umod ‘0 ‘809222ST


https://orcid.org/0000-0002-6606-4352
https://orcid.org/0000-0002-6606-4352
https://orcid.org/0000-0003-3636-9523
https://orcid.org/0000-0003-3636-9523
https://orcid.org/0000-0003-3853-4633
https://orcid.org/0000-0003-3853-4633

ABELS ET AL. A M ceiingen 150f15

[32] Z.Liang and D. Wang, Weak solutions to the stationary Cahn-Hilliard/Navier-stokes equations for compressible fluids, J. Nonlinear Sci.
32(2022), 25.

[33] P.-L. Lions, Mathematical topics in fluid mechanics. Vol. 2, Oxford Lecture Series in Mathematics and its Applications, The Clarendon
Press, Oxford University Press, New York, 1998.

[34] J.Lowengrub and L. Truskinovsky, Quasi-incompressible Cahn-Hilliard fluids and topological transitions, R Soc. Lond. Proc. Ser. A Math.
Phys. Eng. Sci. 454 (1998), 2617-2654.

[35] S.Schochet, The mathematical theory of low Mach number flows, M2AN Math Model Numer. Anal. 39 (2005), 441-458.

[36] V.N. Starovoitov, On the motion of a two-component fluid in the presence of capillary forces, Mat. Zametki 62 (1997), 293-305.

How to cite this article: H. Abels, Y. Liu, and S. Neasova, Low Mach number limit of a diffuse interface model for
two-phase flows of compressible viscous fluids, GAMM-Mitteilungen. (2024), €202470008. https://doi.org/10.1002
/gamm.202470008

850807 SUOWWD aA 8.0 (el (dde au Aq pausenob ae sejone VO ‘@S J0 3N 1o A%eiq)8uljuO A3|IA UO (SUORIPUOO-pUe-SLLRILI0O" A8 |Im Ae1q 1 pUIUO//:SANY) SUORIPUOD pue Sw | 8y} 88S *[202/60/TT] uo AriqiTauluo Ae|im ‘Bingsusbiey BeIseAIlN A 8000/+202 Wweb/z00T 0T/I0p/Wo0" A8 1M Ake.d jeuljuo//Sdny Wouy pepeo|umod ‘0 ‘809222ST


https://doi.org/10.1002/gamm.202470008
https://doi.org/10.1002/gamm.202470008
https://doi.org/10.1002/gamm.202470008
https://doi.org/10.1002/gamm.202470008

	Low Mach number limit of a diffuse interface model for two-phase flows of compressible viscous fluids 
	1 INTRODUCTION AND MAIN RESULT
	2 ASSUMPTIONS AND MAIN RESULT
	3 LOW MACH LIMIT
	3.1 Relative energy inequality
	3.2 Uniform estimates
	3.3 Incompressible limit


	ACKNOWLEDGEMENTS
	CONFLICT OF INTEREST STATEMENT
	ORCID
	REFERENCES

