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Abstract. We investigate a new diffuse-interface model that describes creeping two-phase flows (i.e., flows
exhibiting a low Reynolds number), especially flows that permeate a porous medium. The system of equa-
tions consists of a Brinkman equation for the volume averaged velocity field and a convective Cahn—Hilliard
equation with dynamic boundary conditions for the phase field, which describes the location of the two
fluids within the domain. The dynamic boundary conditions are incorporated to model the interaction of the
fluids with the wall of the container more precisely. In particular, they allow for a dynamic evolution of the
contact angle between the interface separating the fluids and the boundary, and for a convection-induced
motion of the corresponding contact line. For our model, we first prove the existence of global-in-time weak
solutions in the case where regular potentials are used in the Cahn—Hilliard subsystem. In this case, we can
further show the uniqueness of the weak solution under suitable additional assumptions. We further prove
the existence of weak solutions in the case of singular potentials. Therefore, we regularize such singular
potentials by a Moreau—Yosida approximation, such that the results for regular potentials can be applied,
and eventually pass to the limit in this approximation scheme.
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1. Introduction

The mathematical study of two-phase flows is an important topic in many areas of
applied science such as engineering, chemistry and biology. To predict the motion of
two fluids, it is crucial to understand how the interface between these fluids evolves. To
provide a mathematical description of this interface, two fundamental methods have
been developed: the sharp-interface approach and the diffuse-interface approach. In
the former, the interface is represented as a hypersurface evolving in the surrounding
domain. The occurring quantities (e.g., the velocity fields) are then described by a free
boundary problem. In the latter, the fluids are represented by a phase field function
which is expected to attain values close to 1 in the region where the first fluid is
present, and close to —1 in the region where the second fluid is located. However,
unlike in sharp-interface models, this phase field does not jump between the values
1 and —1, but exhibits a continuous transition between these values in a thin tubular
neighborhood around the boundary between the fluids. This tubular neighborhood is
referred to as the diffuse interface and its thickness is proportional to a small parameter
€ > 0. For a comparison of sharp-interface methods and diffuse-interface methods,
we refer to [6,34,45,70]. We point out that, even though the sharp-interface and the
diffuse-interface approach are conceptually different, they can, in general, be related
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by the sharp-interface limit in which a parameter related to the thickness of the diffuse
interface is sent to zero.

In the context of diffuse-interface models, such models in which the phase field is
described by a Cahn—Hilliard-type equation have become particularly popular. One of
the most widely used models for describing the motion of two viscous, incompressible
fluids with matched (constant) densities is the Model H. It was first proposed in [58]
and was later rigorously derived in [55]. The PDE system consists of an incompressible
Navier—Stokes equation coupled with a convective Cahn—-Hilliard equation. In terms
of mathematical analysis, the Model H was investigated quite extensively, see, e.g., in
[2,13,40,52]. Further generalizations of this model can be found in [14,33,39,45,56,
65,74,75].

One drawback of the Model H is that it can merely be used to describe the situa-
tion in which the fluids have the same individual density. To overcome this issue, a
thermodynamically consistent diffuse-interface model for incompressible two-phase
flows with possibly unmatched densities was derived in the seminal work [8]. This
model is usually referred to as the AGG model. Concerning mathematical analysis of
this model, we refer the reader to [4,5,7,9,48,49]. The connection between the AGG
model and the two-phase Navier—Stokes free boundary problem is explained in [6,8].

Even though the AGG model and the Model H subject to the classical boundary
conditions (i.e., a no-slip boundary condition for the velocity field and homogeneous
Neumann boundary conditions for the convective Cahn—Hilliard equation) are well
suited to describe the motion of the fluids in the interior of the considered domain, they
still inherit some limitations from the underlying (convective) Cahn—Hilliard system
with homogeneous Neumann boundary conditions. The main limitations are:

(L1) The homogeneous Neumann condition on the phase field enforces that the diffuse
interface always intersects the boundary at a perfect ninety degree contact angle.
This will not be fulfilled in many applications. In general, the contact angle might
even change dynamically over the course of time.

(L2) The no-slip boundary condition on the velocity field makes the model not very
suitable to describe general moving contact line phenomena. As the trace of
the velocity field at the boundary is fixed to be identically zero, any motion of
the contact line of the diffuse interface can be caused only by diffusive but not
directly by convective effects.

(L3) The mass of the fluids in the bulk is conserved. Therefore, a transfer of material
between the bulk and the boundary (caused, e.g., by absorption processes or
chemical reactions) cannot be described.

A more detailed discussion can be found in [51].

To overcome the aforementioned restrictions (L1) and (L2), a class of dynamic
boundary conditions was derived in [71]. It involves an Allen—Cahn-type dynamic
boundary condition for the phase field coupled to a generalized Navier-slip boundary
condition for the velocity field. The Model H subject to this boundary condition was
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analyzed in [41], whereas the AGG model subject to this boundary condition was
investigated in [42].

Recently, a thermodynamically consistent generalization of the AGG model subject
to another class of dynamic boundary conditions was derived in [51]. Here, the bound-
ary condition consists of a convective surface Cahn—Hilliard equation and a generalized
Navier-slip boundary condition. Compared to the models studied in [41,42,71], the
Navier—Stokes—Cahn-Hilliard system introduced in [51] provides more regularity for
the boundary quantities, and therefore, the uniqueness of weak solutions can be estab-
lished in two space dimensions. Moreover, due to the fourth-order dynamic boundary
condition of Cahn—Hilliard type, the model in [51] is not only capable of overcoming
the limitations (1) and (L2) but also (L3).

In the present paper, we particularly want to consider the situation of creeping flows
meaning that the Reynolds number

ul
Re = —
v

associated with the fluids is very small (Re « 1). This occurs if the flow speed u
and/or the characteristic length L of the flow are small compared to the kinematic
viscosity v. In this situation, it is not necessary to describe the time evolution of the
velocity field by the full Navier—Stokes equation. Since advective inertial forces are
small compared to viscous forces, the material derivative can be neglected. This leads
to the Stokes equation. If a creeping flow through a porous medium is to be considered,
an additional term accounting for the permeability needs to be included. The velocity
field is then usually determined by Darcy’s law or the Brinkman equation. For a
derivation of these velocity equations via homogenization techniques, we refer, for
instance, to [10,37,53,57,66] and the references therein.

Therefore, in this paper, we study the following Cahn—Hilliard—Brinkman system
with dynamic boundary conditions:

—divQ2v(p)Dv) + A(p)v + Vp = uVe in Q, (1.1a)
div(v) =0 in Q, (1.1b)
3¢ + div(pv) — div(Ma(p) Vi) = 0 in Q, (1.1c)
n=—eAp+1F(p) in Q, (1.1d)
&V + dive (Y v) — dive (M (¥)Vro) =0 onx, (1.1e)
6 = —erAry + 2-G'(¥) + dng onx, (1.1f)
Koo =% —¢ on X, (1.1g)
Mg (@)opu =v-n=0 on X, (1.1h)
[2v(g) Dvn+ y (Y)vle = [y Vro], on X, (1.13)
®(0) = ¢o in €2, (1.1j)

¥ (0) = o onT. (1.1k)
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It can be regarded as a variant of the Navier—Stokes—Cahn—Hilliard model derived
in [51], where the incompressible Navier—Stokes equation is replaced by the incom-
pressible Brinkman/Stokes Egs. (1.1a, (1.1b)) to describe the situation of a creeping
two-phase flow. Such Cahn-Hilliard—Brinkman models for creeping two-phase flows
through porous media have applications in petroleum engineering, especially con-
cerning oil recovery from hydrocarbon reservoirs (see, e.g., [38,80]). They are also
commonly used to describe two-phase mixtures in Hele-Shaw cells (see, e.g., [31,50]).
Furthermore, Cahn—Hilliard—Brinkman models are used in mathematical biology, es-
pecially in the context of tumor growth (see, e.g., [35,63] and the references therein).
For derivations of Cahn—-Hilliard—Brinkman-type models, we refer to [18,72,73] and
the references cited therein.

In system (1.1), Q C R? with d € {2,3} is a bounded domain with boundary
I' :=0R, T > 0is a given final time, and for brevity, the notation Q := Q x (0, T)
and ¥ =T x (0, T) is used. The vector-valued function v : Q — R stands for the
volume averaged velocity field associated with the fluid mixture and

Dv = %(Vv +(Vo)")

denotes the associated symmetric gradient. For the sake of simplicity, we will usually
refrain from writing the trace operator. For instance, we will often simply write v
instead of v|r. Nevertheless, in some instances, where confusion may arise, we will
employ the explicit notation. For any vector field w on the boundary, we will write
w; := w — (w - n)n to denote its tangential component. The symbols Vr and divr
denote the surface gradient and the surface divergence, respectively, and Ar stands
for the Laplace—Beltrami operator.

The functions ¢ : 0 — Rand u : O — R denote the phase field and the chemical
potential in the bulk, respectively, whereas ¥ : ¥ — R and 8 : ¥ — R represent
the phase field and the chemical potential on the boundary, respectively. Furthermore,
the parameters € and er are positive real numbers which are related to the thickness
of the diffuse interface in the bulk and on the surface, respectively. Therefore, these
constants are usually chosen to be quite small. However, as their values do not have
any impact on the mathematical analysis, we will simply fix ¢ = er = 1 in the
subsequent sections. The phase fields ¢ and i are directly related by the coupling
condition (1.1g), where K is a given nonnegative constant.

From a physical point of view, the kinematic viscosity v(¢) and the permeability
coefficient A(¢) in the Brinkman/Stokes Eq. (1.1a) can be expressed as

=19 g rMe) = @,

v(e)
where 1n(¢) > 0 denotes the dynamic viscosity, and the constants o > 0 and »x > 0
stand for the porosity and the intrinsic permeability of the porous medium, respec-
tively. If both v(¢) and A(¢) are positive, (1.1a) is the (quasi-stationary) Brinkman
equation which describes the flow through a porous medium. It is equipped with the
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incompressibility condition (1.1b) and the inhomogeneous Navier-slip boundary con-
dition (1.11) in which the slip parameter y (¥) > 0 may depend on the surface phase
field 1. However, if the porosity x is large compared to the viscosity n(¢), the func-
tion A(¢) is very small and can be neglected. In this case, we enter the Stokes regime,
where no porous media is considered (or the effects of the porous medium are at least
negligible). In the formal limit » — oo or L(¢) — 0, (1.1a) degenerates to the Stokes
equation. In our analysis, we will be able to handle the Brinkman case (v(¢) > 0 and
A(p) > 0) and the Stokes case (v(¢) > 0 and A(¢) = 0) simultaneously. On the other
hand, if A(p) remains positive and the porosity o is large compared to the dynamic
viscosity 1(¢) such that v(¢) can be neglected, (1.1a) degenerates to Darcy’s law.
However, we are not able to handle this case in terms of mathematical analysis as due
to the absence of spatial derivatives of the velocity field in (1.1a), we would not obtain
enough regularity to define the trace of v on the boundary in a reasonable manner.

The functions F’ and G’ are the derivatives of double-well potentials F and G,
respectively. Especially in applications related to materials science, a physically rel-
evant choice for F and/or G is the logarithmic potential, which is also referred to as
the Flory—Huggins potential. It is given by

® O, 2
Wigg(s) = 3[(1 +s) In(1+5)+ (1 —s) In(1 —s)]+ 7(1 —5%), (1.2)

forall s € (—1, 1). Here, ® > 0 is the absolute temperature of the mixture, and ® is
a critical temperature such that phase separation will occur in case 0 < ® < ©,. The
logarithmic potential is classified as a singular potential since its derivative F’ diverges
to oo when its argument approaches +1. It is often approximated by a polynomial
double-well potential

Wiol (s) = %(s2 —1)? foralls € (—1,1), (1.3)

where @ > 0 is a suitable constant. Another very commonly used singular potential
is the double-obstacle potential, which is given by

7= ifls| <1,

Wobst () =
+00 else.

(1.4)

In the case K = 0, the convective bulk-surface Cahn—Hilliard subsystem (1.1c)-
(1.1h) is a special case of the one introduced in [51] since for the chemical potential
W, a homogeneous Neumann-type boundary condition is imposed in (1.1h). This cor-
responds to the choice L = oo in [51]. Therefore, by system (1.1), we describe a
situation where no transfer of material between bulk and boundary occurs. However,
it is important that due to the boundary conditions (1.1e)—(1.11), the model (1.1) allows
for dynamic changes of the contact angle as well as for a convection-induced motion of
the contact line. This means that the limitations (L1) and (L2) explained above can be
overcome. It is worth mentioning that this setup of dynamic boundary conditions for
the Cahn—Hilliard equation (without coupling to a velocity equation) was originally



J. Evol. Equ. Two-phase flows through porous media Page 7 of 55 85

derived in [64] by the energetic variational approach. This system was further investi-
gated in [24,43,59,67]. For similar works on the Cahn—Hilliard equation with Cahn—
Hilliard-type dynamic boundary conditions, we refer to [19,22,23,44,54,60,62,79].

In contrast to the model introduced in [51], the phase fields ¢ and ¢ are not just
coupled by the trace relation ¢|x = ¥ on X, but by the more general Robin-type
coupling condition Ky = ¢ — ¢ with K > 0 (see (1.1g)). This also includes the
trace relation via the choice K = 0. The coupling condition (1.1g) was first used in
[21] for an Allen—Cahn-type dynamic boundary condition and later in [59] for a Cahn—
Hilliard-type dynamic boundary condition. In particular, it was rigorously shown in
[59] that the Dirichlet-type coupling condition ¢|x = i on X can be recovered in
the asymptotic limit K — 0. From a physical point of view, the boundary condition
(1.1g) with K > 0 makes sense if the materials on the boundary may be different from
those in the bulk. For instance, this might be the case if the materials on the boundary
are transformed by chemical reactions.

An important property of the system (1.1) (for any K > 0) is its thermodynamic
consistency with respect to the free energy functional

e [ (v + L T vy 4
Ex(p. V) .—fg(zwm +6F“"))+/F(z Vv P+ Gp)
K
+ 22 [ -2, 15)
r

where 0(K) = K1 if K > 0 and 0(K) = 0 if K = 0. This means that sufficiently
regular solutions of (1.1) satisfy the energy dissipation law

d
4 i, vf)=—/QA(@W—LMQ@)wP—fFMr(l/f)wrmz

dr
—2/ v(¢)|Dv|2—/y<w)|v|2,
Q r

on [0, T], where all the terms on the right-hand side are non-positive and can be
interpreted as the dissipation rate. Compared to the model in [51], the additional term
fQ A) |v|? arises due to dissipative effects caused by the porous medium.

As mentioned above, due to the usage of the no-mass-flux condition Mg (¢)dpu = 0
on X (see (1.1h)), we do not describe any transfer of material between bulk and surface.
This entails that the bulk mass and the surface mass are conserved separately, i.e.,
sufficiently regular solutions satisfy the mass conservation laws

1 1
|Q|/Q<o(r> |Q|/Q<Po mo (1.6)

1 1

_ - 1.7

|F|/r‘”(’) mfrwo mro (1.7)
forallr € [0, T].

Goals and novelties of this paper. After collecting some notations, assumptions, pre-
liminaries and important tools, we introduce our main results in Sect.2. Let us now
briefly discuss the results with the emphasis on the objectives of this work.
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(I) Our first main goal is to establish the weak well-posedness to system (1.1) in the
case of regular potentials F' and G for all choices K > 0.
Here, the case K = 0 is the most delicate one, because then the boundary con-
ditions (1.1g) and (1.1h); are very difficult to combine. The reason is that the
Dirichlet-type boundary condition (1.1g) already fixes one degree of freedom in
the space of test functions, whereas the Neumann boundary condition (1.1h),
does not. Therefore, it is not possible to directly construct a weak solution by a
Faedo—Galerkin approach.
In previous works in the literature (e.g., [43,59,60]), where the bulk-surface
Cahn—Hilliard system was considered without any velocity field, such issues of
unmatched boundary conditions could be overcome by exploiting the gradient
flow structure of the system and employing a minimizing movement scheme for
the construction of a weak solution. However, as in our case the bulk-surface
Cahn—Hilliard system is coupled to a velocity equation, the whole system is not
a gradient flow anymore, and therefore, a minimizing movement technique is
not applicable.
To overcome this issue, our strategy is to first prove the existence of weak so-
lutions to (1.1) for any K > 0. In this case, (1.1g) is a Robin-type boundary
condition, which, in contrast to the Dirichlet-type boundary condition associated
with K = 0, does not fix any degree of freedom in the space of test functions.
Therefore, it can be combined very well with the Neumann boundary condition
(1.1h);. Having a weak solution to (1.1) for any K > 0 at hand, we can finally
prove the existence a weak solution to (1.1) with K = 0 by passing to the as-
ymptotic limit K — 0.
The existence of a weak solution to (1.1) for any K > 0 is stated in Theorem 2.6.
For the proof, we use a semi-Galerkin scheme, where only the phase fields and
the chemical potentials are discretized using a Galerkin scheme, but the corre-
sponding velocity field is obtained by directly solving the Brinkman subsystem
on the continuous level. For a Cahn—Hilliard—Brinkman model without dynamic
boundary conditions, such an approach had already been employed in [35]. Based
on this ansatz, a sequence of approximate solutions can be constructed by means
of the Cauchy—Peano theorem, and eventually, after deriving suitable uniform
bounds, we show that this sequence converges to a weak solution of (1.1) with
K > 0. A posteriori, we establish higher regularity of the phase field functions
provided that the domain is sufficiently smooth. The corresponding proof can
be found in Sect. 3.1.
In Theorem 2.7, we construct a weak solution to (1.1) in the case K = 0 by
using the result of Theorem 2.6 and passing to the limit K — 0 on the level of
weak solutions. A posteriori, as in the case K > 0, higher regularity of the phase
fields can be shown if the domain is sufficiently regular. The proof is given in
Sect. 3.2.
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(I) The second main goal is to prove the uniqueness as well as the continuous
dependence on the initial data of the weak solution to (1.1) with regular potentials
Fand G inall cases K > 0, provided that the mobility functions and the viscosity
function are constant and the domain is sufficiently regular.

The result is stated in Theorem 2.8 and the proof is presented in Sect. 3.3. To
prove the assertion, we adapt the uniqueness proof devised in [51] for a Navier—
Stokes—Cahn—Hilliard model to our situation. We point out that the proof in [51]
only worked in two dimensions, whereas our new proof for the system (1.1)
is also valid in three dimensions. Moreover, our new proof requires a certain
bulk-surface chain rule for time derivatives that is established in Proposition A.1
in the Appendix.

(IIT) Our third main result is to prove the existence of a weak solution to system (1.1)
in the case of possibly singular potentials F and G for all choices K > 0.
The result is stated in Theorem 2.10 and the proof is presented in Sect.4. The
idea of the proof is to approximate the convex parts of the singular potentials F'
and G by regular potentials F, and G, (with ¢ > 0) that are constructed via a
Moreau—Yosida regularization. For the approximate regular potentials, the ex-
istence of a corresponding weak solutions is already known from Theorem 2.6.
The most technical part of the proof of Theorem 2.10 is to derive uniform bounds
on the potential terms involving F/ and G,. This requires a certain condition on
the singular potentials, namely that G’ dominates F’ in a suitable way (cf (S2)).
Eventually, by passing to the limit ¢ — 0, the claim of Theorem 2.10 is estab-
lished.

2. Preliminaries and main results
2.1. Notation

Throughout the manuscript, €2 is abounded domain in RY.d e {2, 3}, with Lipschitz
boundary I' := 92 and n is the associated outward unit normal vector field. We write
|2] and |T"| to denote the Lebesgue measure of €2 and the Hausdorff measure of I,
respectively. For any given Banach space X, we denote its norm by || - || ¥, its dual space
by X* and the duality pairing between X* and X by (-, -) x. Besides, if X is a Hilbert
space, we write (-, -)x to denote the corresponding inner product. Forevery 1 < p <
00,k > 0 and s > 0, the standard Lebesgue spaces, Sobolev—Slobodeckij spaces and
Sobolev spaces defined on 2 are denoted by L?(2), W57 (€2) and H*(2), and their
standard norms are denoted by || - | Lr (@) | - lwkr(q) and | - | s (@), respectively. It is
well known that the spaces HY(Q) = L*(Q) and HK(Q) = WrF2(Q) forall k € N
can be identified, and these spaces are Hilbert spaces. The Lebesgue spaces, Sobolev—
Slobodeckij spaces and Sobolev spaces on the boundary I" are defined analogously. For
more details, we refer to [77,78]. We usually utilize bold letters to represent spaces for
vector- or matrix-valued functions. For example, we denote L” (€2) instead of writing
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LP(S2; RY) or LP(Q; R?*4) and so on. Moreover, for any Banach spaces X and Y,
their intersection X N Y is also a Banach space subject to the norm

Ivllxay = llvlix +lvlly, veXnY.
As some spaces will appear very frequently, we introduce the following shortcuts:

H:=L%(Q), Hr = L*(I), v:=HY(Q), Vi = HY(D),
H:=L*@QRY), Hp:=L*T;RY, V:i=H'(QRY), H:=L*Q;R¥*,
Hon:={weH:divw) =0 inQ, wlr-n=0 onT}, Vo pn:=VNHyp,
Va:={weV:wr-n=0onT}, Wy:={we H2(Q): dqw =0 onT}.
We point out that in the definition of Hy p, the relation div(w) = 0 in 2 is to be
understood in the sense of distributions. This already implies w|r -n € H 12y,
and therefore, the relation w|r - n = 0 on I" is well defined. As Hy , and V, p are

closed linear subspaces of the Hilbert spaces H and V, respectively, they are also
Hilbert spaces. We further introduce the bulk-surface product spaces

H:=Hx Hpr, V=V xVp,

A% if K >0,
VKZZ

{(w,wr) e V:wr =wlronl'} ifK =0,

and endow them with the corresponding inner products

((w,vr), (w, wr)) g := (W, W)y + (vr, wr)y,  forall (v, vr), (w, wr) € H,

((v, vr), (w, wF))V = (v, w)y + (vr, wr)y, for all (v, vr), (w, wp) €V,
so that H, V and Vg are Hilbert spaces. It is straightforward to check that
VE=V*x VL,
Vg CV and V' CVy ifK =0,
Vg =V and V*=Vy ifK >0.

For any v € V* and vr € V¥, we define the generalized mean values by

1 1
(Vg :=-— (v, )y, (vr)r:=—(vr, Dy, 2.1

|€2] T
where 1 represents the constant function assuming value 1 in €2 and on I', respectively.
To introduce a weak formulation of (1.1), it will be useful to define the function

L ifr > o,

: [0, 0, 00), =1’ 2.2
0 :[0,00) = [0,00), a(r) 0 ifr—0 2.2)

to handle the cases K > 0 and K = 0 simultaneously.
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2.2. General assumptions

(A1) The set @ C R? with d € {2, 3} is a bounded Lipschitz domain.

(A2) The mobility functions Mg : R — Rand Mr : R — Rare continuous, bounded
and uniformly positive. This means that there exist positive constants M1, M»,
Mr 1 and Mt such that

0< M <Mqg(r) <Mz, 0<Mr1<Mr@)<Mr, forallr eR.

(A3) The viscosity function v : R — R, the permeability function A : R — R and the
friction parameter y : R — R are continuous and nonnegative. There further
exist constants v, v2, A2, 2 > 0 as well as y; > 0 such that

O<visvr)<wv, 0=A(r)<A, 0=y <y@) <y, forallreR.

Moreover, we assume that one of the following conditions holds:

(A3.1) Itholds y; > 0.
(A3.2) The domain €2 has the following property:

If d = 2, Q is not a circle. 2.3)
If d = 3, Q is not rotationally symmetric. '

2.3. Preliminaries

In our mathematical analysis, we will need the following versions of Korn'’s in-
equality.
Lemma 2.1. Suppose that (A1) holds.

(a) There exists a constant Ckom depending only on 2 such that

IVl < Ckom (IDvlla + vlu.) forallveV. 24

(b) If Q additionally fulfills the condition (2.3), then there exists a constant C¢_ .,
depending only on 2 such that

IVollg < Cgom DVl forallv e V. 2.5

Both (a) and (b) can be found in [3, Appendix]. In the three-dimensional case, (b)
had already been established before in [69, Theorem 3.5]. As illustrated in [3], the
two-dimensional version can be proved analogously.

Moreover, besides the standard Poincaré—Wirtinger inequality in €2, we need a
Poincaré-type inequality on I

Lemma 2.2. Suppose that (A1) holds. Then, there exists a constant Cp > 0 depending
only on 2 such that

lv—(urla: < CplVvlay forallve Vr. (2.6)
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This result follows directly from the bulk-surface Poincaré inequality established in
[61, Lemma A.1] (with the function in the bulk being chosen as © = 0 and the
parameters being chosenas K =2, 0 = = 1).

We further recall the following result on interpolation between Sobolev spaces:

Lemma 2.3. Let U C R™ withm € N be a bounded Lipschitz domain, and suppose
that 0 € (0, 1) and r, so, 51 € R satisfy

r=(1—80)sy+0s;.

We further assume that U is of class C ¢ ywith an integer £ > max{so, s1}. Then, there
exist positive constants Cy and Cyy depending only on U, r, so, s1 and 6 such that
the following interpolation inequalities hold:

LF ey < Cul f g o 1 15 oy 2.7)
LA N @vy < Coull £l igsg oun 1 Wst oy - 2.8)

Inequality (2.7) follows from an interpolation result shown in [77, Sect 4.3.1, Theo-
rem 1 and Remark 1], whereas (2.8) follows from an interpolation result presented in
[78, Sect 7.4.5, Remark 2].

2.4. The Cahn—Hilliard—Brinkman system with regular potentials
First, we present our mathematical results for system (1.1) in the case of regular
double-well potentials F and G. As mentioned above, we simply sete = er = 1,as the

exact values of these interface parameters do not have any impact on the mathematical
analysis as long as they are positive.

2.4.1. Assumptions for regular potentials

(R1) The potentials F : R — [0, 00) and G : R — [0, 00) are continuously differ-
entiable, and there exist exponents p, g € R with

[2,00) ifd =2,

c and ¢ € [2, 00) (2.9)
[2,6] ifd =3, i

p

as well as constants cgr, ¢’ > 0 such that
|F' ()| < epr(Q+1r1P7h), (2.10)
|G'()| < car(1+r197h 2.11)

for all r € R. This implies that there exist constants cr, cg > 0 such that F and
G fulfill the growth conditions

F(r) <cr(1+1rl?), (2.12)
G(r) =cc(I +1r|?) (2.13)

forall r € R.
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(R2) In addition to (R1), F and G are twice continuously differentiable and there
exist constants cg», cg» > 0 such that
[F"()| < epr (14171772, (2.14)
[G"(] < cor(1+1r|"7?) (2.15)
for all r € R, where p and g are the exponents introduced in (2.9).
2.4.2. Definition of weak solutions for regular potentials
Definition 2.4. Let K > 0 be arbitrary. Suppose that (A1)—(A3) and (R1) are fulfilled
and let (¢o, ¥o) € Vi be any initial data. A quintuplet (v, ¢, i, ¥, 0) is called a weak

solution of the Cahn—Hilliard—Brinkman system (1.1) if the following conditions are
fulfilled:

(i) The functions v, ¢, 1, ¥ and 0 have the regularity

ve L*(0,T;Von), vlr € L*0,T; Hr),
(p, %) € H'(0,T; V)N CO([0, T]; ) N L>(0, T; Vi),
(14,60) € L*(0,T; V).

(i) The variational formulation

2/ v(gp)Dv:Dw—i—/A((p)v-w+/y(w)v~w
Q Q r

(2.16a)
:—/(pV,u~w—/1er9~w,
Q r
(0, &)v —/Qwv-VCJr/QMQ(so)W-VC =0, (2.16b)
@ v —/Fl/fv'VrCr-i-/er(lﬁ)VF@-Vrﬁ o, (2.160)
fun+/9nr=/ V(ﬂ-Vn+f F/(fp)n+/Vrtﬂ~Vrnr
Q r Q Q r (2.16d)

+/FG/(1/f)nr +U(K)/F(1/f —@)(nr —n)

holds a.e.in [0, T]forall w € Vo, ¢ € V, ¢r € Vr and (1, nr) € V.
(iii) The initial conditions are satisfied in the following sense:

0(0) =¢o ae.inQ, Y(0) =1vYo ae.onl.



85 Page 14 of 55 P. COLLI ET AL. J. Evol. Equ.

(iv) The weak energy dissipation law

t t t
EK(¢<z),1//(r))+2/ [v(¢)|Dv|2+/ /x<¢>|v|2+/ /y(vf)|v|2
0 JQ 0 JQ 0 JI

t t
+/ /MQ(‘/’)|VM|2+/ /Mmmwreﬂ
0 Q 0 T

< Ex (90, ¥0) (2.17)
holds for all ¢t € [0, T].

Remark 2.5. We point out that the pressure p does not appear in the weak formulation
(2.16a) as the test functions are chosen to be divergence-free. However, provided that
Q2 is connected, the pressure can be reconstructed in the following way.

Suppose that (v, ¢, 1, ¥, 6) is a weak solution in the sense of Definition 2.4. We
define

F: Wp — R, ?(@):f 2v(<p)Dv:DV<I>+/ /\(w)v.vq>+/y(¢)v.v<b
Q Q r

“1‘/(,0V/L-VCD+/I//VF9-VCD.
Q r

Note that in the integrals over I', we can actually replace V® by Vi ® as v and V6 are
tangential vector fields, i.e., their normal component is zero. In view of the regularities
in Definition 2.4(i), it is straightforward to check that 7 € W;I. Hence, according to
[1, Lemma 3.6.1], there exists a unique function p € Lz(Q) such that

/ pAD =F (D) forall d € Wy (2.18)
Q

Let now w € Vy be arbitrary. As € is additionally assumed to be connected, there
exists a Leray decomposition w = w + V® with w € V,, and ® € Wy, (see, e.g.,
[15, Theorem IV.3.5.]). In particular, we thus have diviw = div(V®) = A®. Hence,
combining (2.16a) and (2.18), we conclude that the variational formulation

2/ v(go)Dv:Dﬁ—f pdivﬁ+/ A(w)v-ﬁ+/y(1ﬁ)v-f5
Q Q Q r

:_/govu.a—/wvre-w
Q r

holds for all W € V;. We have thus reconstructed the pressure p € L3(Q).
2.4.3. Existence of a weak solution in the case K > 0

We first show the existence of a weak solution to the Cahn—Hilliard—Brinkman
system (1.1) in the case K > 0.

Theorem 2.6. Let K > 0 be arbitrary. Suppose that (A1)—(A3) and (R1) are fulfilled
and let (po, Vo) € Vg be any initial data. Then, the Cahn—Hilliard—Brinkman system
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(1.1) possesses at least one weak solution (v, ¢, i, W, 0) in the sense of Definition 2.4,
which further satisfies (i, 0) € L*(0, T; H).

Let us now assume that the domain Q is of class C* with £ € {2,3}. Ifd = 3, we
further assume p < 4, and if £ = 3, we further assume that (R2) holds. Then, we have
the additional regularities

(0, ¥) € LY0,T; H*(Q) x HX(I))  incase £ € {2, 3}, (2.19a)
(0, ¥) € L*(0,T; H*(Q) x H*(I))  incase t =3, (2.19b)

and Egs. (1.1d), (1.1f) and (1.1g) are fulfilled in the strong sense, that is, almost
everywhere in Q and on %, respectively. In the case £ = 3, we further have

(¢, ) € CO([0, T1; V). (2.20)

2.4.4. The limit K — 0 and existence of a weak solution in the case K = 0

We now investigate the limit K — 0 in which the boundary condition (1.1g)
formally tends to the Dirichlet condition ¥ = ¢|r almost everywhere on X. In the
following theorem, we send K — 0 in system (1.1) to prove the existence of a weak
solution to (1.1) in the case K = 0, and we further specify the convergence properties
of this asymptotic limit.

Theorem 2.7. Suppose that (A1)—(A3) and (R1) are fulfilled and let (pg, ¥o) € Vo
be any initial data. Let (K,)neN be a sequence of positive real numbers such that
K, — 0asn — oo. Foranyn € N, let (vK", (pK", MK", 1//’(”, QK") denote any weak
solution corresponding to K, > 0 in the sense of Definition 2.4. Then, there exists a
quintuplet of functions (v°, ¢°, 10, ¥°, 0°) with ¢°|r = ¥° a.e. on T such that for
any s € [0, 1),

vEKn 90 weakly in L*(0, T; Vg ), (2.21a)
vEr i > 00 weakly in L?(0, T; Hr), (2.21b)
oK — (po weakly-*in L*°(0, T; V), weakly in H'Y 0, T; V"),
strongly in CO([O, T1; H*(Q)), and a.e. in O, (2.21¢)
yKn 5 g0 weakly-* in L0, T; Vr), weakly inH' (0, T; V;¥),
strongly in CO([O, T1; H*(I')), and a.e. on X,

(2.21d)
wkn — 40 weakly in L>(0, T; V), (2.21e)
oK» — g0 weakly in L>(0, T V), (2.21f)

¢K’l|r — lﬂK" — 0 strongly in L*°(0, T; Hr), and a.e. on X, (2.21g)

asn — ooalong anon-relabeled subsequence. Moreover, the limit (vo, (po, ,uo, wo, 90)
is a weak solution of the Cahn—Hilliard—Brinkman model (1.1) in the sense of Defini-
tion 2.4 with K = 0.
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Let us now assume that the domain <2 is of class Ctwith t € {2,3). Ifd =3, we
further assume p < 4, and if ¢ = 3, we further assume that (R2) holds. Then, we have
the additional regularities

@, v% e L2(0, T; H* () x HX(I))  incase £ € {2,3}, (2.22a)
@, v% e L2(0, T; H3(Q) x H*(I))  incase £ =3, (2.22b)

and Egs. (1.1d) and (1.1f) are fulfilled in the strong sense. Moreover, in the case { = 3,
we further have

@°, ¥ e ([0, T1; Vo) N L*(0, T; H*() x H*(I")), (2.23)
1°, 6% e L*(0, T; H). (2.24)

2.4.5. Stability and uniqueness of the weak solution in the general case K > 0

In the case of regular potentials, constant mobilities and a constant viscosity, we
are able to prove the uniqueness of the weak solutions established in Theorem 2.6
provided that the following assumption on the potentials F and G holds.

(R*) The potentials F : R — [0, 00) and G : R — [0, c0) are three times continu-
ously differentiable, and there exist exponents p, g € R with

[3,00) ifd =2,
pE and ¢q €[3,00), (2.25)

[3,4] ifd =3,
as well as constants cg@3), ¢ > 0 such that the third-order derivatives satisfy
FOW| < o (41177, (2.26)
‘G(S)(r)‘ <com (1 +[rl973) (2.27)

for all r € R.
We point out that (R*) implies (R1) and (R2) with p and g being chosen as in (2.25).

Theorem 2.8. Suppose that (A1) and (R*) are fulfilled with Q being of class C3, and
let K > 0 be arbitrary. In addition to (A2) and (A3), we further assume that y and
A are Lipschitz continuous and that the functions v, Mg and Mr reduce to positive
constants denoted by the same symbols. For any i € {1,2}, let (¢o.i, Yo,i) € Vi be
any pair of initial data, and let (v;, i, i, Vi, 0;) be a corresponding weak solution
in the sense of Definition 2.4.

Then, the stability estimate

lvi —vallz20,7.v) + o1 — @2ll L0, 7:v)
+llwr = w2llp20,7,vy + 11 = Y2ll Lo, 7; vy
+ 161 — 02l 20,7 vy < Cs([lwo.1 — wo.2|y + [¥o.1 — o2 Vr) (2.28)
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holds for a constant Cs > 0 depending only on K, 2, T, the initial data and the
constants introduced in (A1)—(A3) and (R*). In particular, choosing (¢o.1, ¥o.1) =
(¢0.2, ¥0.2), this entails the uniqueness of the corresponding weak solution.

2.5. The Cahn—Hilliard-Brinkman system with singular potentials

We now consider the system (1.1) for a general class of singular potentials. For those,
we manage to establish just existence of weak solutions due to the lower regularity at
disposal. Recall that € = e = 1 as mentioned above.

2.5.1. Assumptions for singular potentials

For the potentials ' and G, we now make the following assumptions.

(81

(S2)

The potentials F and G can be decomposed as F = B+ 7 and G = Br + 7r.
Here, g8, Br : R — [0, oo] are lower semicontinuous and convex functions with
B(0) = 0 and Br(0) = 0. For brevity, we define

B = 83 and fr := 8,:3},

where 0 indicates the subdifferential of the respective function. Moreover, we
suppose that 7, 71 € C!(R) with Lipschitz continuous derivatives 7 := 7’ and
Tr = TTf.

We point out that 8 and Sr are maximal monotone graphs in R x R whose
effective domains are denoted by D(,B) and D(Br), respectively. In particular,
as 0 is a minimum point of both ;6 and ,81-, it turns out that 0 € B(0) and
0 € Br(0). Finally, we denote by 8° the minimal section of the graph g, which
is defined as

Bo(r) = {r eR:|r*| = min |s|} for all r € D(B)
sep(r)
(see, e.g., [16]). The same definition applies to Bp for Br.
We also assume the growth condition
im 2 _ oo, (2.29)

r—+oo |r|?

Moreover, we demand D(8r) € D(B) and postulate that the boundary graph
dominates the bulk graph in the following sense:

k1,60 >0: |B°(r)| < «k1|Bp(r)| + k2 forevery r € D(Br). (2.30)

Here, 8° and B[ are the minimal sections introduced in (S1).

Note that all the examples of potentials given in (1.2)—(1.4) fulfill the assumptions
(S1) and (S2), provided that the boundary potential dominates the one in the bulk as
demanded in (2.30). In particular, the only scenario where a singular and a regular
potential may coexist is the case in which the boundary potential is the singular one.
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This assumption has first been made in [17] and was used afterward in several con-
tributions in the literature, see, e.g., [19,20,22-24,26-30]. However, in some other
works such as [46,47] different compatibility conditions were assumed.

2.5.2. Definition of weak solutions for singular potentials

Definition 2.9. Let K > 0 be arbitrary. Suppose that (A1)-(A3), (S1) and (S2) are
fulfilled and let (¢g, Y¥0) € Vg be any initial data satisfying

B(go) € L1(%), mo = (po)q € int(D(B)), (2.31a)
Br (o) € L'(I), mro = (Yo)r € int(D(Br)). (2.31b)

Then, (v, ¢, &, i, ¥, &r, 0) is called a weak solution of the Cahn—Hilliard—Brinkman
system (1.1) if the following conditions are fulfilled:

(i) The functions v, ¢, &, u, ¥, &r and 6 have the regularity
ve L?(0,T; Von), vlr € L?(0,T; Hy),
(9. ¥) € H'(0, T; V) n ([0, T1; 3) N L0, T; Vi),
(6, &r) € L*(0, T; 30),
(1, 0) € L*(0, T; V).

(ii) The variational formulation

2/ v(<p)Dv:Dw+/A(gp)v~w+/y(1/f)v-w
Q Q r

(2.32a)
=—/ goVM-w—/lﬁVr9~w,
Q r
(09, v —fgcpv V¢ +/QMQ(€0)VM .V =0, (2.32b)
(0: Y, Cr)vr —/va - Vrir +/FMr(w)vr9 -Vrer =0, (2.32¢)

/Mn+f9nr=/Vw-VnJr/§n+/n(¢)n+/vrw~vmr
Q r Q Q Q r

+/r§r77r +/Fnr(1/f)nr +G(K)/F(1ﬂ —@)(nr —n)
(2.32d)

holds a.e. in [0, T] forall w € Vo, ¢ € V, ¢r € Vr and (1, nr) € Vi, where

EepB(p) ae.inQ, &r e Pr(y¥) ae.on X.

(iii) The initial conditions are satisfied in the following sense:

90) =¢o ae.inQ, ¥(O0)=1yp ae.onTl.
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(iv) The weak energy dissipation law

t t t
EK(¢<z>,w<r))+2/ /v(w>|Dv|2+/ /W)|v|2+/ /y(vf)lvﬁ
0 Q 0 Q 0 r

t t
+[ fMQ<¢>|W|2+f /Mr(wwreF
0 Q 0 r

< Ek(¢o, ¥0)
holds for all ¢t € [0, T].

Notice that, if €2 is connected, the pressure p can be reconstructed from (2.32a) by
proceeding as in Remark 2.5.

2.5.3. Existence of a weak solution

Theorem 2.10. Let K > 0 be arbitrary. Suppose that (A1)—(A3) and (S1)—(S2) are
Sulfilled. Let (o, Vo) € Vi denote any initial data satisfying (2.31). Inthe case K = 0,
let the domain Q be of class C?. Then, the Cahn—Hilliard—Brinkman system (1.1)
admits at least one weak solution (v, ¢, &, i, ¥, &r, 0) in the sense of Definition 2.9.
In all cases, if the domain Q is at least of class C?, it holds that

¢ € L*0,T; H*(Q)), ¢ € L*(0, T; H*(I")) (233)
and the equations
w=—-Ap+§&+m(p) in Q, (2.34)
0 = —Ary +&r + 0 (Y) + Ony on X, (2.35)
Kohp =9 —Y ony (2.36)

are fulfilled in the strong sense.

3. Analysis of the Cahn-Hilliard—-Brinkman system with regular potentials
3.1. Existence of weak solutions in the case K > 0

Proof of Theorem 2.6. We intend to construct a weak solution to system (1.1) by
discretizing the weak formulation (2.16) by means of a Faedo—Galerkin scheme. In
this proof, the letter C will denote generic positive constants that may depend on K,
Q, T, the initial data and the constants introduced in (A1)-(A3), and may change
their value from line to line. Recall that, as K is assumed to be positive here, we have
o(K) = %. O
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3.1.1. Construction of local-in-time approximate solutions

It is well known that the Poisson—-Neumann eigenvalue problem
—Au=Aiqu inQ, qu=0 onI" 3.1

possesses countably many eigenvalues and a corresponding sequence {u;}ieny C V
of H-normalized eigenfunctions which form an orthonormal basis of H and an or-
thogonal Schauder basis of V. Similarly, invoking the spectral theorem for compact
self-adjoint operators, it follows that the eigenvalue problem

—Arv=Arv onTI 3.2)

for the Laplace—Beltrami operator possesses countably many eigenvalues and a cor-
responding sequence {v;};en C Vr of Hr-normalized eigenfunctions which form an
orthonormal basis of Hr and an orthogonal Schauder basis of Vr. For any k € N, we
now define the finite-dimensional subspaces

Vi i=span{y; : 1 <i <k} CV,
Ve :=span{v;: 1< j<k}CVr,
Vi := span{(u;, vj)):1<i,j< k} C V.

We point out that, due to the above considerations, the inclusions

Uwev., Uvecw, Uy

keN keN keN

are dense. In order to construct a sequence of approximate solutions, we use a semi-
Galerkin approach. This means that only the quantities ¢, 1, u and 6 are approximated
by a Galerkin scheme, and the approximate velocity field is obtained by directly solving
the corresponding Brinkman subsystem. This approach has already been employed in
[35] for a Cahn—Hilliard—Brinkman model without dynamic boundary conditions and
a no-friction boundary condition for the velocity equation. Compared to the present
paper, some of the steps are carried out in [35] in more detail, so we recommend it as
a reference work.
To construct a sequence of approximate solutions, we now make the ansatz

k k
or(x, 1) =Y af(Dui (), Yrx, 1) =Y bEOvi(x),

i=1 i=1 (33)

k k
(e, 1) =Y Ouix), e, =Y df (i (x)

i=1 i=1

for every k € N, where the coefficients ak .= (a’f, R a,’(‘)T, p* = (bk, R b’,ﬁ)T,
ck = (c’f, el cllg)T, dt = (dk, ...,d,’(‘)T are still to be determined.
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Letnow k € Nand ¢ € [0, T'] be arbitrary. For any choice of ak R b¥ s cf and d¥ , and
(¢r, Y, 1k, Ox) as defined in (3.3), we consider the bilinear form

Bit:Von X Von — R,

3.4
(v, w)r—>2/;2v((pk(t))Dv:Dw—i—/ﬂk((pk(t))v'w—l—/l:y(llfk(t))v-w, G4

which is related to the weak formulation of the Brinkman equation with Navier-slip
boundary condition. It is obvious that By ; is symmetric, and in view of (A3), it is
easy to see that By, is continuous. We further recall that every v € V, , satisfies
div(v) = 0 a.e.in Q,and v -n = 0 a.e. on I". Now, if (A3.1) holds, we use Korn’s
inequality (Lemma 2.1(a)) to deduce

Bro.w) = 20 [ DoDoy [ 1o = min2ur ) (1001 + olfy,) = Clol}
3.5)

for all v € V5. On the other hand, if (A3.2) holds, we use Korn’s inequality
(Lemma 2.1(b)) to conclude

Br.:(v, v) > 21)1/ Dv:Dv > Clpoly (3.6)
Q

for all v € V4 5. This means that the bilinear form By ; is coercive in V, . Hence, the
Lax—Milgram lemma implies that there exists a unique function v, () € V4 n solving

B (v (1), w) = _/Qﬁl’k(f)vﬂk(t) W — /r Yk Vro(r) - w (3.7

forall w € Vo pn. Ast € [0, T'] was arbitrary, this defines a function vg : [0, T] —
Vs.n. We point out that by construction, v; depends continuously on the coefficients
ak, bk, cX and d*.

We now want to adjust the coefficient vectors af, b*, ¢k and d* such that the
discretized weak formulation

2f v(gok)ka:Dw+/A(gok)vk-w+fy(wk>vk-w
Q Q T

= —f orVig - w —/ Yk Vroy - w, (3.8a)

Q r
010k, C)v —fﬂwkvk -V¢ +/QMQ(<Pk)VlLk -V¢ =0, (3.8b)
(Or ¥k, Cr)vp — /r Yrv - Vrir + /r Mr (i) Vrbk - Vrir =0, (3.8¢)

/Mk77+/9k77F:/ Vwk-Vn+/ F’(wk)nJr/ Vi - Venr
Q r Q Q r

1
+ / G/ + / We—etr —n) (38d)
r I
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for all test functions w € Vyn, ¢ € Vi, {1 € Vi and (9, nr) € Vi, and the initial
conditions

wk(0) = @o k = Py, (po) and Y (0) = Yo := Py, (Yo) (3.9

are fulfilled. With the symbol Py, we denote the H-orthogonal projection of V onto
Vi, whereas Py;., denotes the Hr-orthogonal projection of Vi onto Vr .

Choosing ¢ = u; in (3.8b) and {r = v; in (3.8¢) for j =1, ..., k, we infer that
(@*, bX) T is determined by a system of 2k nonlinear ordinary differential equations
subject to the initial conditions

[a"];(0) = af (0) = (po. ui)yy and [b*];(0) = b (0) = (o, vi) pyr

foralli € {1, ..., k}. In particular, since the functions Mg and M are continuous
and vy depends continuously on the coefficients ak, b*, ¢k and d*, the same holds for
the right-hand side of this ODE system. Moreover, choosing (1, nr) = (u;, 0) and
(m,nr) = (0,v;)for j =1, ..., kin (3.8d), respectively, we find that the coefficients
ck and d* are explicitly given by 2k algebraic equations whose right-hand side depends
continuously on a* and b¥. This allows us to replace ¢* and d* in the right-hand side
of the aforementioned ODE system to obtain a closed ODE system for the vector-
valued function (a¥, b*)T whose right-hand side depends continuously on (ak, 9T,
Consequently, the Cauchy—Peano theorem implies the existence of at least one local-
in-time solution

@, 57" [0, 1) N[0, 7] - R*

to the corresponding initial value problem. Here, we take 7;" > 0 as large as possible
meaning that [0, 7;*) N [0, 7] is the right-maximal time interval of this solution. We
can now reconstruct

. d9T [0, H N0, T] — R*

by the aforementioned system of 2k algebraic equations. Without loss of generality,
we now assume T;* < T to simplify the notation. Recalling the ansatz (3.3) as well as
the construction of v, we obtain an approximate solution (v, @k, i, Vi, Ok) with

vp € CO0, T7): Von).  (9k. i) € CL0, T): V), and (g, 6) € CO([0, T): V),

which fulfills the discretized weak formulation (3.8) on the time interval [0, Tk*).

3.1.2. Uniform estimates

Letnow T} € (0, T;F) be arbitrary. We derive suitable estimates for the approximate
solutions (vk, ¢k, Uk, Vi, k) that are uniform in k£ and 7. These estimates will allow
us to extend the approximate solutions onto the whole interval [0, 7] and to extract
suitable convergent subsequences.
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First estimate

We first test (3.8a) by vy, (3.8b) by g, (3.8¢) by 6 and (3.8d) by —(9; @k, 0 ¥k).
We then add these equations and integrate the resulting equation with respect to time
from O to an arbitrary ¢ € [0, Ty]. We obtain

t t t
Ex (00 (D), (1)) +2 / / b(@p) |ka|2+f f x(gok)|vk|2+/ / y (0 [0 2
0 Q 0 Q 0 r

t 13
[ Mot 1wt + [ [ M 9608 < Extone von) G.10)
0 Jo 0o Jr
for every ¢ € [0, Ti]. Due to (3.9) and the assumptions on the initial data, we have

leoxly = Cligolly <€ and  [yox|,. < Clvolly < C. (3.11)

In view of the growth conditions from (R1), this directly implies

HF(QDO,k)”Ll(Q) <C, ”G(Ilfo,k)HLl(p) <C, andthus, Ek(®ok, ¥ox) <C.
3.12)

Hence, using the conditions in (A2) and (A3), a straightforward computation yields

V2 ”ka“Lz(O,Tk;H) + Vi ”vk"Lz(O,Tk;H[‘) + IVl Lo, 13:1) + IVr ¥kl L0, 73 H)
+ IVl 20,11 + Vel 220, 7307y = C- (3.13)

Invoking Korn’s inequality (see Lemma 2.1), we directly infer
lvkll 20,73V, m =< C- (3.14)

Next, taking ¢ = ﬁ in (3.8b), and {r = ﬁ in (3.8¢), we infer

(M) = (pro)e, Wr@®)r = (Yro)r forallr e [0, Ty].

Hence, in view of (3.11) and (3.13), we use the Poincaré—Wirtinger inequality in €2
and Poincaré’s inequality on I" (see Lemma 2.2) to conclude

@il oo, 7 vy + 1Vkll Lo, 735 vy < C- (3.15)

Second estimate

Let now ¢ € L?(0, T; V) and {r € L?(0, Ty; Vi) be arbitrary test functions.
Testing (3.8b) with E := Py, (¢) and exploiting (3.13)—(3.15) along with Sobolev’s
embeddings, we obtain

T T _
V o, Oy ='/ Bron Ty
0 0

T _ Tk _
/ /¢kvk-V§—/ /MQ(QDk)VMk'Vf‘
0 Q 0 Q
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< (lkll Lo 0. 73: L8y 10kl 20,7332y + M2 IV ikl 20, 7:8) € ] 120,73 v)
= Cl¢ll20,7:v) - (3.16)

Hence, taking the supremum over all ¢ € L%(0, Ty; V) with ||¢ lz200.7:v) < 1, we
deduce

||at§0k||L2(o,Tk;v*) <C. (3.17)

Proceeding similarly and testing (3.8c) with ¢ - := Py, (¢r), we obtain the estimate

Tk
/ (01 ¥k, Cr)vr
0

= (C 1kl oo 0.7 viey 10kl 220,71V m) + M2 ”VF@k”Lz(o,Tk;Hr)) 120 220100
< Cli¢rllz201:vr) - (3.18)

Taking the supremum over all ¢ € L2(0, Ty; V) with Ierll20m:ve < 1, we

conclude

19 Yl 20,73 v) < C- (3.19)

Third estimate

Next, we want to derive uniform bounds on py in L4(0, T, H) N LZ(O, T V)
and on 6 in L* (0, Ty; Hr) N LZ(O, Tx; Vr). Therefore, we choose arbitrary functions
n e LI(O, Ty; V) and nr € LY0, T; Vi) and we set n = Py, (n) and - =
Py . (nr). Testing (3.8d) by (7, 7r), recalling the growth conditions from (R1) as well
as the uniform bounds (3.13) and (3.14), we use Holder’s inequality and Sobolev’s
embedding theorem to derive the estimate

Ty Ty
‘/ (e 0. (7, 100 '/ (et 6. (7. 7))y

T
< / [nwan IVTlla + [ F @0 | Loss g 1Tl Loy + VPl IVETF I,
0
+ 6 |y 17 + 4 19 = okl 7 = T |
<Ccd+ ||<Pk||LoO(0 T V) + ”wk”Loc(O Ti: Vl")) I (m, nF)HLl(O,Tk;V)

in [0, Tx]. Taking the supremum over all (n,nr) € L0, Ty; V) with
I, no)ll 1o, 73 v) < 1, and using (3.15), we infer

ek O Nl oo 0,795 < C. (3.20)

‘We further have

1k 115 = (ks 00D, (e, 66)) v
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< C (s 00 = (N (ks B lla¢ + 1Y ik, Vb1 ey )

1
= 5 I, 0015 + C (e 0 ps (Y bk, VO ey

+ C (1, 6 13 -

Hence, squaring and integrating this estimate with respect to time, we use (3.13) and
(3.20) to conclude

(ks O 24 0,7:90) < C- 3.21)

In particular, we thus have

il 220, 7:v) + 10kl 20,73 vy < C- (3.22)

Overall estimate
Combining (3.13)—(3.15), (3.17), (3.19), (3.21) and (3.22), we obtain the overall
uniform estimate

1okl 220,13V mn220, 780 + €kl 10,73 vynLoe 0,715 v)
+ Wkl g 0.1 vy oL 0.7 vi)

+ ekl L4 0.1 mynz2 0.1 vy + 10kl L4073 HrynL2 0. 105 V) = € (3.23)

3.1.3. Extension of the approximate solution onto the whole time interval [0, T]

In Step 1, we constructed the coefficients (a*, bX) T as a solution of a nonlinear
system of ODEs existing on its right-maximal time interval [0, Tk*) N[0, T]. We now
assume that 7;* < T'. By the definition of the approximate solutions given in (3.3) and
the uniform bound (3.23), we infer that for any 7} < [0, Tk*), all r € [0, Tx], and all
ief{l,... k},

laf )] + bEO] = | (o), upd g | + | W @), vi) gy |

< llokllLe,7: 1) + 1kl Lo 0,13 Hr) < C.

This means that the solution (ak, b")—r is bounded on the time interval [0, Tk*) by a
constant that is independent of 7 and k. Hence, according to classical ODE theory,
the solution can thus be extended beyond the time Tk*. However, as the solution was
assumed to be right-maximal, this is a contradiction. We thus have Tk* > T, which
directly implies [0, Tk*) N [0, T] = [0, T]. This means that the solution (ak , bk)T
of the ODE system actually exists on the whole time interval [0, T']. As the coeffi-
cients ¢* and d* can be reconstructed from a* and b* by the corresponding system
of algebraic equations, they also exist on the whole time interval [0, T']. Recalling
(3.3) and the construction of vy, this directly entails that the approximate solution
(vk, @k, Uik, Yk, Ok) actually exists in [0, T]. Hence, choosing T = T in (3.23), we
eventually conclude
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lvkllz20,7:v, L2 0,781 T 1kl g1 0,7, vonLe©.1;v)
+ 1kl 0.7 vz 0.7: v

+ il La0,7: mne20.7:v) + 16kl 40, 7: 02 0.7:v0) < C- (3.24)
3.1.4. Convergence to a weak solution as k — 0o
Considering the uniform estimate (3.24), we use the Banach—Alaoglu theorem and

the Aubin—Lions—Simon lemma to infer that there exist functions v, ¢, u, ¥ and 6
such that for any s € [0, 1),

v — v weakly in L2(0, T; Vo n), (3.252)
vl — vlr weakly in L2(0, T; Hr), (3.25b)
O —> @ weakly-* in L>(0, T; V), weakly in H' (0, T; V*),
strongly in CO([O, T1; H°(2)), and a.e.in Q, (3.25¢)
Y = weakly-*in L°°(0, T; V1), weakly in H'0, T; V),
strongly in CO([O, T); H*(I')), and a.e. on X, (3.25d)
Wi — 1 weakly in L>(0, T; V) N L*(0, T; H), (3.25¢)
O — 6 weakly in L2(0, T; V) N L*(0, T; Hr), (3.25f)

as k — oo along a non-relabeled subsequence. In particular, this shows that the
functions v, ¢, ¥, u and 0 have the regularity demanded in Definition 2.4(i).

Due to the trace theorem, the strong convergence from (3.25c) (with s > %) directly
yields

olr = ¢lr  strongly in C°([0, T1; Hr). (3.26)

Recalling the growth conditions from (R1), we further deduce from the uniform bound
(3.24) that

” F/((pk)”LG/S(Q) < C and ||G/(¢k)||L2(E) < C

Hence, there exist weakly convergent subsequences in the respective spaces. As F’
and G’ are continuous, we use the pointwise convergences from (3.25c) and (3.25d)
to conclude
F'(¢r) — F'(¢) weakly in L%3(Q) and a.e. in Q, (3.27)
G (Yp) —» G'(¥) weakly in L?(¥) and a.e. on & (3.28)
since the weak limit and the pointwise limit must coincide (see, e.g., [32, Proposi-

tion 9.2c]). Furthermore, it follows from the pointwise convergences in (3.25¢) and
(3.25d) that, as k — oo,

Ma(er) — Ma(e), vigr) = v(@),  Ae) = Alp)  aeinQ, (3.29)



J. Evol. Equ. Two-phase flows through porous media Page 27 of 55 85

Mr (W) — Mr(¥),  y(¥) - y(¥) aeonX (3.30)

as the functions Mg, Mr, v, A and y are continuous. Since, due to (A2) and (A3),
these functions are also bounded, we use Lebesgue’s dominated convergence theorem
along with the weak convergences in (3.25) to infer that

V(pr)Dvi — v(p)Dv weakly in L2(Q; ]RdXd), (3.31)
Mo v = Al@)v weakly in L?(Q; RY), (3.32)
Ma(p0)Vur — Ma()Vu weakly in L*(Q; RY), (333)
yWve = y(W)v weakly in L?(2; RY), (3.34)

Mr (Vi) Vrbx — Mp () Vro weakly in L2(Z; RY). (3.35)

Combining the convergences (3.25a)—(3.25f), (3.26)—(3.28) and (3.31)—(3.35), it is
straightforward to pass to the limit as k — oo in the discretized weak formulation
(3.8) to conclude that the quintuplet (v, ¢, u, ¥, 0) fulfills the variational formulation
(2.16) for all test functions w € Vg,

celJwcv, welUveacve, el eV
keN keN keN

Hence, because of density, (2.16) holds true for all test functions w € Vypn, ¢ € V,
¢r € Vrand (n, nr) € V = Vg. This verifies Definition 2.4(ii).
Moreover, we deduce from (3.9) that

(¢x(0), ¥i(0)) — (o, ¥o) strongly in K

as the orthogonal projections converge strongly in H and in Hr, respectively. On the
other hand, it follows from the strong convergences in (3.25¢) and (3.25d) that

(¢(0), Y1 (0)) — (9(0), ¥(0)) strongly in It

Hence, due to the uniqueness of the limit, this verifies Definition 2.4(iii).

We still need to establish the weak energy dissipation law. Therefore, let p €
C°°([0, T]) be an arbitrary nonnegative test function. Employing the convergences
(3.25¢) and (3.25d), the weak lower semicontinuity of the mappings

T
L0, T;V)5¢ /0 VeI p(0),

T
L20,T; Vi) > € > /0 IVrE@IE, p(0),

as well as Fatou’s lemma, we deduce

T

T
fo Ex (p(0).¥(1)) p(t) < liminf fo Ex (o). vi0) p(0. (336)
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Proceeding similarly as above, we derive the convergences

: 2 . dxd
k N 5 .
vV v(gr) Dvgy — /v(p) Dy weakly in L(Q; R“™%) (3.37)
. 2 . od
k ] s .
VA(r) v = VA(@) v weakly in L“(Q; RY) (3.38)
VMa(oi) Vi — VMa(p) Vi weakly in L2(Q; RY), (3.39)
VY@ v = Vy @) v weakly in L?(X; RY), (3.40)
VMr(¥) Vrbx — /Mr () Vo weakly in L2(; RY). (3.41)

Hence, employing (3.10), (3.36) and weak lower semicontinuity, we eventually obtain
T
/OEK(fp(t),lﬁ(t))p(t)

T

+ [ [ [20@ D08 p0)+ 2400 0P p0)+ Mar) 9P 00
T

+ [ [ [y o+ mecw) 9602 o)
0 Jr

T
< nminf{ /O Ex (o). () p (1)

k— 00

T
+A A |:2U((Pk) |ka|2 p(t) 4+ Alpr) |vk|2 () + Mo (¢r) |Vﬂk|2 p(t)]

T
+/0 /F[VW")|”k|2p(f)+Mr(¢k)|Vr6k|2p(t)”

T T
< lim Ek (¢o.x, Yo.x)p(t) = f Ek (90, ¥0)p(1).
k—o00 Jo 0

Here, invoking the growth conditions from (R1), the equality in the last line follows by
means of Lebesgue’s general convergence theorem (see [11, Section 3.25]) since the
orthogonal projections in (3.9) converge strongly in V and in Vr, respectively. As the
nonnegative test function p was arbitrary, this proves that the weak energy dissipation
law stated in (2.17) holds for almostall # € [0, T]. As the time integral in this inequality
is continuous with respect to ¢ and since the mapping ¢ — Eg (ga(t), 1//(t)) is lower
semicontinuous, we conclude that (2.17) actually holds true for all ¢ € [0, T']. This
means that Definition 2.4(iv) is verified.

We have thus shown that the quintuplet (v, ¢, u, ¥, 0) is a weak solution in the
sense of Definition 2.4.

3.1.5. Additional regularity for the phase fields

It remains to prove the additional regularities. Without loss of generality, we merely
consider the case d = 3 as the case d = 2 can be handled analogously but is even easier
due to the better Sobolev embeddings in two dimensions. We deduce from (2.16d)
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written for the solution (v, ¢, i, ¥, 0) that there exists a null set N' C [0, T'] such that
1
/ Vo(t) - Vn +/ Vry(#) - Vror + —/ (v (@) —o@®)r —n)
Q r K Jr
= [ (wor = Flow))n+ [ (601 &' (ww))nr (3.42)
Q r

holds for all ¢ € [0, T]\N and all test functions (5, nr) € V.
Let now ¢ € [0, T]\N be arbitrary. We infer from (3.42) that the pair ((p(t), lp(t))
is a weak solution of the bulk-surface elliptic problem

—Ap(t) = £(1) in Q, (3.432)
— APy () + dne(t) = g(t) onT, (3.43b)
Konp(t) = ¥ (t) — (1) onT, (3.43¢)

where

f(@0) = pu@0) = F'(p®) and g() :=0(t) — G'(y(1)).

For the definition of a weak solution to such bulk-surface elliptic problems, we refer
to [61, Definition 3.1].

Let us first consider the case £ = 2. As we assumed that the growth conditions
in (R1) are fulfilled with p < 4, we have

[F'(e)]y = €+ Cligljeg, = C. (3.44)
16" (W) = €+ CIW N2y = C (3.45)

Hence, applying regularity theory for elliptic problems with bulk-surface coupling
(see [61, Theorem 3.3]), we find that (¢(t), ¥ (1)) € H*(Q) x H*(T') with

lo@1320y + 1Y Oy < CUFOIF + C g,
<SC+Cludly +ClomlE, -
Since € L*(0, T; H) and 6 € L*(0, T; Hr), this proves (2.19a).
We now consider the case £ = 3. Recalling that the growth conditions in (R1) are
fulfilled with p < 4, we use (3.53) to derive the estimates
[F" ()¢ = CIVe0lu +C |lo®P Voo |

<C+C ||<P(f)||i6(9) Ve llLsw)
< C+Clle®Illy2g
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and

|6 (@) Vev )y, = CIVE Ol +C 100172 vy )|

< C+C YOI o VYOl
<CH+CIYyOlur)-

Hr

In combination with (3.44) and (3.45), these estimates directly imply

IF'(e®)], = C+CleDlpr@, |G WD)y, =C+CI¥YOlpr)-

Now, applying regularity theory for elliptic problems with bulk-surface coupling (see
[61, Theorem 3.3]), we infer

lo@ 133y + 1¥ O3y < CIFOIT + Cllg@IIT,
< C+Clr®Iy + CIOOIT. + C e Fnq + C IV O -

Recalling 1 € L*(0,T;V), 0 € L?>©,T; Vr) and that (2.19a) with £ = 2 is al-
ready verified, this proves (2.19b). By means of Proposition A.1(b), we directly infer
(@, ¥) € C°([0, T1; Vo), which proves (2.20).

This means that all assertions are verified, and thus, the proof is complete.

3.2. The limit K — 0 and existence of a weak solution in the case K = 0

Proof of Theorem 2.7. In this proof, the letter C will denote generic positive constants
that may depend on €2, T, the initial data and the constants introduced in (A1)—(A3),
but not on K, or n. Such constants may also change their value from line to line.

First of all, as the initial data were prescribed as (¢, ¥o) € Vo, they satisfy the
Dirichlet-type coupling condition ¢g|r = v a.e. on I'. In view of the definition of
the energy functional in (1.5), this means that the K, -depending term in the energy
Ek, (¢0, ¥o) vanishes. It thus holds

Ek, (90, ¥0) = Eo(go, Yo) < C foralln € N. (3.46)

According to Definition 2.4(iv), the solutions (vK7, @&n, 1 Kn Kn gKn) satisfy the
weak energy dissipation law. By the definition of Ek,, we have

t t
Ex, (¢ @), v 5 @) +2 / / (@K Dukn|? 4 / / A(Kmyfn?
0 Q 0 Q

t t t
+f /y<wk")|v’<"|2+/ /Mg<<p"">|w’<"|2+/ /MF(WK”)IVFQK"Iz
0 T 0 Q 0 r
< Ek, (9o, Yo) < C
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forallz € [0, T] and all n € N. In particular, recalling that the potentials F' and G are
nonnegative, this directly yields

2
HwK” —yk||” <ck, foralls e[0,T]andalln € N. (3.47)

Hr

Testing (2.16b) and (2.16¢) written for (vE», @&n pKn Kn @Kn) by the constant
functions ﬁ and ﬁ, respectively, we infer

(@ " ())q = (po)q and (Y5 (1)) = (Yol

for all + € [0, T] and all n € N. Hence, proceeding similarly as in the proof of
Theorem 2.6 (Sect. 3.1.2, First and Second estimates), we derive the uniform bound

H oK Kn Ky

P[5

L2(0,T;V4,n)NL2(0,T;Hr) L%(0,T;H)

|

L%(0,T;Hr)

<C. (348

ot :
Hl(O,T;Vlf)ﬂLOO(O,T;VF)

HY(0,T;V¥)NL®(0,T;V)

We now test (2.16d) written for (vXn, (pK", /,LK", lﬂK", oKn) by (n,0), where n €
C2°(R2) is an arbitrary test function. Using (3.48) along with Holder’s inequality, we
infer that

‘/ Ky
Q

Fixing a function n € C°(2) with (n)q # 0, we deduce

)

by means of a generalized Poincaré inequality (see, e.g., [36, Lemma B.63]). Hence,
in combination with (3.49), we conclude

< HwK”

ity + [ Fe| ol < Clinlly. (349)

L6/5 ()

Ky
L =C(1+ |V

i

Ky

< 3.50
”'u L2(0,T;V) — ( )

In order to derive an analogous estimate for 6%7, we first choose 7 = 1 and nr = 0 in
(2.16d). Employing (3.48), we obtain

1 Kn _  Kn
‘K_n/r(w ")

Let us now take n = 0 and nr = 1 in (2.16d). Using (3.48) and (3.51), we deduce

1
QKn + ‘_/ Kn _ Kn
/I: LI(T) K, F(w o)

Employing Poincaré’s inequality on I" (see Lemma 2.2), we thus infer

HGKn

+ |Ffn

= Cfu
L@ — H

< ||k C.
< | ot

(3.51)

LY(©)

+C.
H

3 )

<C HMK

+C.

<C H VoK
Hp

€ e
Hr+ ®

H
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Squaring and integrating this estimate with respect to time over [0, T'], we eventually
conclude

Jo*

<c. (3.52)
L%(0,T;Hr)

In summary, combining (3.48), (3.50) and (3.52), we have thus shown

|+

” K,

o

L2(0,T;V)
Ky

L2(0,T;Vr)

<C. (353
H'(0,T;V)NL>®(0,T; Vr)

L2(0,T;V4n)NL2(0,T;Hr)

o

)H'(O,T;V*)HLOO(O,T;V) H

Asin Sect. 3.1.4, we deduce the existence of functions (vo, <p0, MO, wo, 90) such that
the convergences (2.21a)—(2.21f) hold along a non-relabeled subsequence. Moreover,
the estimate (3.47) directly implies (2.21g), and thus, all convergences in (2.21) are
established. In particular, due to the trace theorem, we also have

oKrip — K @O — 0 strongly in €°([0, T1; Hr). (3.54)

In combination with (3.47), this proves that @°r = ¥%ae.on X dueto uniqueness of
the limit. Proceeding further as in Sect. 3.1.4, we eventually show that the quintuplet
@, @0, 10, ¥°, 6°) is a weak solution of the Cahn—Hilliard—Brinkman system (1.1)
in the sense of Definition 2.4.

It remains to verify the additional regularity assertions. Therefore, we proceed sim-
ilarly as in Sect. 3.1.5. Without loss of generality, we merely consider the case d = 3.
The case d = 2 can be handled analogously but is even easier as the Sobolev em-
beddings in two dimensions are better. We infer from (2.16d) written for the solution
(O, (po, MO, wo, 00) and K = 0 that there exists a null set N' C [0, T'] such that

/Qw%) Vi + fr vry2(t) - Vrnr
= (o -F@o)r+ [ (C0-c@o)r 65
Q r
for all t € [0, T]\N and all test functions (7, nr) € V.

Letnow ¢ € [0, T]\N be arbitrary. We infer from (3.55) that the pair (¢°(), ¥°(1))
is a weak solution of the bulk-surface elliptic problem

—A (1) = £ (1) in Q, (3.56a)
—Ary (1) + dng’(t) = g (1) onT, (3.56b)
o°OIr = v°0) onT, (3.56¢)

where

@) =10 = F'(¢°®) and g(0) :=0°1) — G'(¥°(0)).
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Let us first consider the case £ = 2. Proceeding exactly as in Sect. 3.1.5, we deduce

that (¢°(1), ¥°(1)) € H*(Q) x H*(I) with
2 2

el +clsof],

ol

0
t
H2(Q) + HW ( )‘ H2(I)

<C+cC Huo(t)H; +C Heo(r)‘

2
Hr
thanks to regularity theory for elliptic problems with bulk-surface coupling (see [61,

Theorem 3.3]). Since u° € L?(0, T; H) and 0° € L?(0, T'; Hr), this proves (2.22a).
We now consider the case ¢ = 3. Proceeding analogously as in Sect. 3.1.5, we infer

0+ 990, = 0 w0,
zcreenf selrof, seldoll,, vl

by means of regularity theory for elliptic problems with bulk-surface coupling (see [61,
Theorem 3.3]). Recalling u° € L?(0, T; V), 0° € L?(0, T; Vi) and that (2.22a) with
¢ = 2 is already verified, this proves (2.22b). With the help of Proposition A.1(b),
we directly infer (900, wo) e CY(0, T1: Vo). Moreover, via interpolation between
L>®(0, T; Vo) and L>(0, T; H*(Q) x H3(I'")) (cf. Lemma 2.3), we further get

@°, v%) e L*0, T; HX(Q) x HX(I)).

This means that (2.23) is established. Eventually, a simple comparison argument based
on (2.16d) yields (2.24).
This means that all assertions are verified, and thus, the proof is complete. 0

3.3. Uniqueness of the weak solution for regular potentials
In this subsection, we are going to prove Theorem 2.8 for regular potentials and
K > 0. To prove the theorem, we use some ideas devised in [51].

Proof of Theorem 2.8. In this proof, the letter C will denote generic positive constants
that may depend on €2, T, the initial data and the constants introduced in (A1)-(A3).
Such constants may also change their value from line to line. We first introduce the
following notation for the differences of the solution components:

VISV — 02, Q=@ —@2, WiI=p1— 2, Y=Y -y, 0:=0 -0

Recall that M, Mr and v are assumed to be constant. We thus infer that the quintuplet
(v, @, 1, ¥, 0) satisfies the variational formulation

21}/ Dv:Dw—i—/()»((Pl)—)»((/)z))vl'w
Q Q

+f9?»(<pz)v~W+fr(V(l/f1)—V(lﬂz))vl-W+/FV(1//2)v~w
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=— /Q(<PV/L1 + Vi) -w— /F(I/fvrﬁ +Y2Vro) - w, (3.57a)
(. Chy /Q(qovl o) Ve +M/QV“ Ve =0, (3.57b)
O, Cr) vy — /;.Wvl +Yv) - Vrir + Mr /r Vré -Vrir =0 (3.57¢)

almost everywhere in (0, T') for all test functions w € V4 5, ¢ € V and ¢{r € Vr, and
the equations

1=—Ap+F'(p1) = F'(p2) inQ, (3.58)

6 = —Ary + G (Y1) — G'(Y2) + dny on ¥ (3.59)
are fulfilled in the strong sense due the higher regularities established in Theorem 2.6
and Theorem 2.7.

We now test (3.57a) by v, (3.57b) by ¢ + 1, (3.57¢) by ¥ + 6, and add the resulting
equations. After some cancelations and rearrangements, we obtain

2v ||Dv||]%ﬂ+/ /\(¢2)|v|2+/ y @) v* + (30, ¢ + 1)y
Q r
+ MVl + @y, ¥ + 0)ve + Mr [ Vrol,

_ —/Q(wl) )1 v — frmwl) W) v

_-/QUVILI'”_/WVFHI'U
Q r

+/(<pv1+<ﬂ2v)-vw+/§0v1-vu
Q Q

+/F(¢vl+lﬁzv)'vr¢+/r¢vl-vr9
10

—M/ vu.w—Mr/ Vrf - Vry =y I (3.60)
Q r

i=1
We point out that, as a consequence of Theorem 2.6 and Theorem 2.7, it holds that
(gi, V) € L*>(0,T; (H*(Q) x H3(I')) N Vk), i = 1,2. Next, by using (3.58) and
(3.59), along with the chain rule formula in Proposition A.1, we observe that the duality
terms on the left-hand side can be reformulated as

(Orp, @ + 1)y + (0, ¥ +O)vp

1d
= <1903 + 113 ) + (@, 0. (= A, =Ary + dug))v
+ (39, F'(01) — F' (@) + (0, G' W) — G' W) we

1d
53 (el + 1w, + ot 1w = 0l )
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+ (0. F'(@1) — F'(@2))v + (3%, G' (Y1) — G'(¥2)) vy - (3.61)
Using (A2) and (A3) as well as (3.61), we deduce from (3.60) that

1d
53 (Nl + 1R, + o (O 1y — ol )

+ 20 [Dollg; + Ay vl + v1 lolfy. + M IVl + Me lIVeo [,
10
< —(dhg. F'(91) = F'(¢2))v — (0. G' (Y1) — G’ W))vr + Y _ .

i=1

‘We now intend to control the terms /;,i = 1, ..., 10, by means of Holder’s inequality,
Young’s inequality, the Lipschitz continuity of A and y, and integration by parts along
with Sobolev’s embeddings and the trace theorem. For a positive § yet to be chosen,
we derive the following estimates:

I = C el 4o Iv1llpsg 1vla < 8lvlg + Cs o113 el .

L < ClIY sy vty olae < 8110l + Cs ol ¥ 1,

13+I4=/Q/L1V<P-v—/rllfvr91~v
< lmilliza IVella lvllips @) + 1Vl zaay 1Vebilla vllps
= Cllutlly llelly lvlly + Cli0tlve ¥ 1ve lvlly
<28 [0l§ + Cs lwally el + Cs 61115, ¥ 113 .
Is+ 16 < (ll@llpaq) Iv1llLs) + l@2llpa@) IvllLs@) IVella
+llellza ) il IVilla

IA

M 2 2 2 2 2
T IVullg + 8 llvlly + (Cllvilly + Cllvilly + Cs llg2lly) llelly

A

I7 4+ I < (1Yl 2y i llpary + W2l sy 1vllps ) 1VEY gy
+ ||1/f||L4(r) ||vl||L4(r) ||VF9||H1~

< M o 4 5 10l + (€ Cllotll3 + Cs I1al2) 1912
= ro g, vlly + (Cllvilly + Cllvilly + Cs I¥2lly) 111y,
Lo+ Io < Ly + M0y Ol .+ ClIVel3 \RIAIES

9+ 1o < ) IVellyg + ) IVrollg,. + ClIVellg + C Ve g, -
Furthermore, the terms in the last line of (3.61) can be estimated by

(39, F'(@1) = F'(@p))v | + [(3: 9, G'W1) = G' (W) v |
F'(p) = F'(@2) |y + 18 llys [ G0 = G’ |, - (3.62)

= lIorellvs

By means of a comparison argument in (3.57b), we obtain

0:plly« = sup [(3p, ¢)vl
gy =<t

= Cllelia lvillysg) + lle2lla@) vl + 1IVrlip)
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= Clelly llvilly + lle2lly llvlly + 11Vielig)-

Similarly, using (3.57c), we derive the estimate

10: il = sup |8, {r)ve|

lerlly, <1

< CI¥ vy llotlly + 1¥2llv lolly + 1IVeOliag)-

By employing equation (3.57b) as well as (R*), we can bound the norm on the right-
hand side of (3.62) as follows:

2 / 2 2
|F' (1) — F'(p2) |y, = | F'(01) = F'(@2) ||y + | F (@) V1 — F"(92)Ver |y
= / |F'(p1) — F'(p2)* + / |F"(¢1)Vel* + / IF"(¢1) — F"(92)|*|Veal|?
Q Q Q
! 2, 2(p-2) 2
sfg}/o F'(sp1 + (1= )02)ds| 0 + Cliarl22 + 1) IVeliy

1 2
+/ \/ FO(sg1 + (1 = 9)g)ds| ¢ Vg2
Q 0

2(p=2 2(p=2 2(p-2
< CUil283) o + 1020252 o) + D llely + Cllgr 7L g + D llel}

L3(P=-2)(Q) L3P=2(Q)
2(p-3 2(p—3
+ Cllerly s g + 102175075 ) + D 021l 1.40q el - (363)

We now recall the restrictions on p and ¢ demanded in (2.25). In particular, we have
p < 4if d = 3. In the case d = 2, we assume, without loss of generality, that
p > 5. Using Agmon’s inequality as well as interpolation between Sobolev spaces
(see Lemma 2.3), we derive the estimates

2(p—-2 2(p—2 2p—8
le1 178 = Cllerlzle; < Cligilihg, lotltpg = Clletllpg, ford =2,
-2 2
le1172 ) = Clloy ||§5’1(S§) 2 ||§52(Q)) Cligi g ford =3,
1 3 3
le23y140) = € lle2ll ;,1(9) g2l ;,z(m < Cle2l g, ford = 2.3,

where, in the first inequality, s = 2( € (1, 2). We thus infer from (3.63) that

2
|F' (@) - F’(¢2>Hv < CAllely
with a the time-dependent function A that is given by

3
5 2(p—2 2(p-3
A=+ lelhpg) + 1+ 1920000 2 L+ 101553 o) + el o))

i=1,2

From (2.19a) and (2.23), we know that ¢, € L*(0, T; H*(2)).
In the case d = 2, we simply have

@i € L0, T; L*P=2(Q)) N L=, T; L"*P73(Q)), i=1,2,
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due to the Sobolev embedding HYQ)—L"(Q) forall r € (1, 00).
In the case d = 3, we use interpolation between Sobolev spaces (Lemma 2.3) along
with the continuous embedding H @+p)/p () L.0P/(P—8) () to derive the estimate

T
/O 1O -1y = € /0 [OTANEYe /0 ()23 1O 110,

2
S C”””L2(0,T;H3(Q)) ||u||LOO(0 T; HI(Q))

for any p > 8 and any function u € L*°(0, T; H'()) N L?(0, T; H3()). This
proves the continuous embedding

6
L0, T; H'(Q) N LX0, T; H3(Q))—> L0, T; L75(R)) forany p > 8.
(3.64)

Since ¢; € L®(0, T; H'(Q)) N L*(0, T; H3(Q)), i = 1, 2, we infer
@i € L0, T; L'™(Q)), i=12,

by choosing p = 16 in (3.64).
In summary, by means of Holder’s inequality, we conclude

t+— A() e LY0,T) ford =2,3.

Arguing in a similar fashion, and recalling (2.27) as well as the regularity in Theo-
rem 2.6, we find that

|G ) - G w7,
< (IR + 1232 + DI I, + CAvlZ4 ) + DIl IR,
+C(L+ I + 120 ) 1l 191

2 2
< CUITE R + a2y + D I IR,

In view of (2.25), we assume, without loss of generality, that ¢ > 5. Recalling that
the boundary I" is a (d — 1)-dimensional submanifold of R? with d € {2, 3}, we have
H*(I')— L°°(T") for every s > 1. Hence, via interpolation between Sobolev spaces
(see Lemma 2.3) we obtain the estimate

2(qg—2 2(qg—2
W17 < CIlE < CIIRs Wl < C vl »
where s = 2( 5 € (1, 2). We thus conclude that

|G’ - G w5, < CoOlvI},

with a time-dependent function ® that is given by

I ®(t) - C(l + ”wl(t)”H2(r) + ||1ﬁ2(f)||H2(r)) € Ll(()’ T)
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Therefore, upon collecting the above computations, the integral in (3.62) can be
estimated with the help of Young’ inequality as

— (B, F'(@1) — F'(92))v — (0¥, G' (Y1) — G (¥2)) vy
< Cldrgly« | F'(o0) = F' (@) |y, + Cldvllvs [ G’ (w1 = G' ) |,
< 813913+ + 18,0130 + Cs (| F'to1) = Fga) [, + |6 w0 = G ) [3,)
< 8CIVullgy + 1VrOlf.) + 8C @2l 7o vy IV15 + Cslvilly + A) ol
+8C [V2ll7 0. 7:v0 1215 + Cs (o111 + ©) ¥ 113,

for a constant § > 0 yet to be chosen. Finally, we adjust § € (0, 1) in such a way that

"
smax {4, C. Clealiq v, - € Waliq vy | < 7 min{M. Mr. C.o ).

Here, the constant C, (v, y1) results from Korn’s inequality (see Lemma 2.1) and is
chosen such that 2v ||Dv||%1 + ¥ ||v||%IF > Cy(v, 1) ||v||%,. Thus, we integrate over
time and employ Gronwall’s lemma to deduce that

lvg — ”2||L2(0,T;V) + lle1 — (/’2||L°°(0,T;V) + IV — VM2||L2((),T;H)
+ Y1 — Y2l oo, ;v + 1VEO1 — Vol 20, 7.8y
< C(|eo.1 — o2y + [¥o.1 — oz V)

Finally, by a comparison argument in (3.58) and (3.59), we infer that (u, 6) is bounded
in L>(0, T'; 5) by the same right-hand side as the above inequality. This leads to (2.28),
and thus, the proof is complete. g

4. Analysis of the Cahn-Hilliard-Brinkman system with singular potentials

We are now dealing with the proof of the existence of weak solutions for singular
potentials. Our strategy is to approximate the convex parts of the singular potentials F'
and G satisfying (S1) and (S2) by means of a Moreau—Yosida regularization. In this
way, the approximate potentials are regular and exhibit quadratic growth and we can
thus use Theorems 2.6 and 2.7 to obtain suitable approximate solutions. We then derive
uniform estimates with respect to the approximation parameter and eventually pass to
the limit. In the forthcoming analysis, the splitting ¥’ = g 4+ 7 and G’ = Br + ar
from (S1) will be adopted.

4.1. Yosida regularizations

As mentioned, we rely on a Yosida regularization acting on the graphs 8 and fr.
For any ¢ € (0, 1), we approximate the maximal monotone graphs 8 and Br by

1 - 1 -
Bolr)i=—(r = (I1+68) "' (1), Brot)i=—(r—(1+2pr) '), rek.

& &
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It is well known that B, and fr . are single-valued and can be interpreted as monotone
functions B; : R — R and fr : R — R. Moreover, the condition in (2.30) implies
that

|ﬂs(")| = Kl‘ﬂr,g(i’)| + Ky forallr e Randalle € (0, 1) “.1)

(see, e.g., [20, Appendlx]) where x| and x, are the constants introduced in (2.30).
Next, we define F, := ,3,s +7, Gg := ﬂr ¢ + 7r, where

Be(r) == /O Be(s)ds, PBre(r):= /O Bre(s)ds, reR

are actually the Moreau—Yosida regularizations of the singular parts B\and ,/B\F of the
potentials F and G. Now, it is well known that for every r € R,

0< /§;(V) < E(V) Ve € (0, 1), B;(r) V4 3(}") monotonically as ¢ — 0,
(4.22)

1B = 1B°(|  Vee O, 1), Be(r) > p°(r) ase—0. (4.2b)

Analogous properties hold for Br . Moreover, owing to the growth condition (2.29),
B fulfills the following growth condition:

For every M > 0 there exist Cy; > 0 and €7 € (0, 1) such that

~ 4.3
,Bg(r)ZMrZ—CM for every r € R and every ¢ € (0, ey) . “3)

This property is checked in detail in the paper [25, beginning of Section 3]. Obviously,
as a consequence, a similar condition holds for fBr . since (4.1) entails that

Be(r) < k1Br.e(r) + kalr] foreveryr € R, & € (0, 1), (4.4)

thanks to B¢ (0) = Br,.(0) = 0 and since B\g and B\r,g have the same sign. Due to their
construction by the Yosida approximation, 8¢ and Br . are Lipschitz continuous and
have at most linear growth. Hence, ,B; and El“, ¢ have at most quadratic growth.

In the following, we assume that ¢ € (0, £1), where ¢ is given by (4.3) with M = 1.
Then, (4.3) with M = 1 and (4.4) along with the (at most) quadratic growth of 77 and
7r (cf. (S1)) imply that both F, and G are bounded from below by negative constants
independent of ¢ € (0, 7). We can thus assume, without loss of generality, that F;
and G, are nonnegative. (Otherwise, we add the modulus of their lower bounds to 77
or 7T, respectively.) In summary, this entails that the approximate potentials F, and
G satisfy assumption (R1) with p =g = 2.

Now, the approximating system we aim to solve consists of (2.32a)—(2.32d) with
B = B¢ and Br = Pr . The regularity of the approximate potentials, in particular,
implies that the inclusions & € B.(¢.) a.e.in Q and &r . € PBr(¥,) a.e. on X turn
into the identities & = B:(¢,) a.e. in Q and &r . = Pr..(¥) a.e. on X, respectively.

Therefore, as an immediate consequence of Theorems 2.6 and 2.7, we obtain the
following existence result.
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Corollary 4.1. Let K > 0, suppose that (A1)—(A3) hold, and let (¢g, Yo) € Vi be
arbitrary initial data. Then, for every ¢ € (0, 1), the approximate problem described
above admits at least a weak solution (ve, @g, e, Ve, 0;) in the sense of Definition 2.4
with

& = Pe(pe) € L0, T; V),
&re 1= Pr.e(Ye) € L0, T; V).
Moreover, if the domain Q is of class C?, it additionally holds
(¢, ¥e) € L*(0, T; H*(Q) x H*(I)),

and equations (2.34)—(2.36) are fulfilled in the strong sense by @, &, [Le, Ve, &r ¢ and
Ok.
4.2. Uniform estimates

This section is devoted to derive estimates, uniform with respect to &, on the ap-
proximate solutions (ve, @¢, &, e, Ve, &T.¢, 0¢). Those will be a key point to obtain
suitable convergence properties that allow us to pass to the limit as ¢ — 0 later on. In
the following, the letter C will denote generic positive constants that may depend on
Q, T, the initial data and the constants introduced in (A1)-(A3), but not on &. These
constants may also change their value from line to line.
First estimate

To begin with, we test (2.16b) by ﬁ and (2.16c¢) by ﬁ to infer that mass conser-

vation for both ¢, and ¥, holds as claimed in (1.6)—(1.7). Recalling (2.1) and (2.31),
we have

(pe())a = (po)o =mo, (Ye(®))r = (Yo)r =:mro forall 1 € [0, T]. (4.5)

This property is intrinsically independent of ¢.
We now consider the weak energy dissipation law, already proved in the cases of
regular potentials, to (v, @e, e, Ve, O ), Which reads as

1
5 IVee ()1 + / Fo@e0) + 2 5 IVrve (0,

/ Ge(Ye (1)) + g 1(We — @) (O,

+2//v<<og>|Dv£|2 //x(%)wz //y<wg>|vg|2
// Ma(90)|Vite +//Mr(l/fs)|vr98|
( )

1
S IVeollz + | Felgo) + = IIVrI/foIIHF + G W0) + —— 1o — ol 7,
2 Q 2

(4.6)
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for all t € [0, T']. Now, recalling that F,; and G, satisfy assumption (R1) with p =
q = 2, we observe that

1 5 1 5 o (K) s
EIIV¢0||H+ Fs(cpo)JrEIIVFI/follHF + Gs(I/fo)JrT||l00—</)o||HF <C
Q r

()]
since (¢, Yo) € Vi satisfies (2.31) and (4.2a) holds. At this point, we recall that the
potentials F, and G, were assumed (without loss of generality) to be nonnegative.
Hence, in view of (A2) and (A3) and thanks to (4.5) and the Poincaré—Wirtinger

inequality in €2 and Poincaré’s inequality on I" (see Lemma 2.2), it is not difficult to
infer that

l@ell Loo0,7:v) + ”FE((/)E)”LOO(()’T;LI(Q)) + 1¥ell Lo, 7 vr) + ||G5(Ws)||LOC((),T;LI(r))
+ llve ”LZ(O,T;V)QLZ(O,T;Hr) + Ve ||L2(0,T;H) + Vo ”LZ(O,T;Hr) <C. (4.3)

Second estimate

We proceed as in the derivation of (3.17) and (3.19) in the proof of Theorem 2.6.
Indeed, let us take an arbitrary test function ¢ € L?(0, T; V) in (2.16b), then integrate
over time and use Holder’s inequality to obtain that

T T
\f <at¢g,;>v\56[ (lgell Loge) 106 I3y + M2 1V ttell) 1196 I
0 0

=C (||<Pe||L<><>(0,T;V) lvellz20,7:v) + ||Vﬂe||L2(o,T;H)) 1SN z20,7:v)

= Cligl2,1;v) -

Taking the supremum over all ¢ € L%(0, T: V) with ||§||L2(0,T;V) < 1, we infer

19 ¢ellL20,7;v%) = C. (4.9)

The same argument, acting on Eq. (2.16c¢), leads us to infer as well that

||3t1/fe||L2(o,T;v;) <C. (4.10)

Third estimate
To handle the cases K > 0 and K = 0 simultaneously, we introduce the following
notation:

) 0 ifK >0, @i
o = .
1 ifK=0.

We now test (2.16d) by the pair

(e —mo, e —mg) if K =0,

m,nr) = .
{((06 —mog, Yo —mprg) if K >0,
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which clearly belongs to V. After some rearrangements, as well as adding and sub-
tracting the constant m multiple times in the case K = 0, we deduce

Vsl + /Q Be(9e) (9e — mo) + IVr e [1Fy, + /F Br.e (W) (We — mro)
=/Q(Me—(I«Ls)sz)(%—mo)-i-/r(@s—(@e)r)(l/fs—mro)
+o(K) /F (Ve — 0 (¢ — Ve — (mo — mro))
- /Q 7(9e) (e — mo) — fr 1 () (e — mro)

+Ol(K)/F(GQ(x/fg)—93)(MO—mro)- (4.12)

Note that the subtracted mean values (it¢)q and (6¢)r in the first two summands on
the right-hand side of (4.12) do not change the values of these integrals since, due to
(4.5), we have (¢, — mo)o = 0 and (Y, — mro)r = 0.

To deal with the terms on the left-hand side of (4.12), we recall that due to assumption
(2.31), mg and mrg lie in the interior of the domains D(8) and D(fr), respectively.
We can thus exploit a useful property (see, e.g., [68, Appendix, Prop. A.1] and/or the
detailed proof given in [46, p. 908]), namely there exist positive constants ¢, c2 and
a nonnegative constant c3 such that

C1 ”:88((;08)”[,1(9) +c2 ||ﬂr,8(w8)”l‘l(r) —C3
< /9,38(%)(% —mo) + /F Br.e(Ye) (Ye — mro). (4.13)

For the integrals in the second line of (4.12), we employ Holder’s inequality along with
the Poincaré—Wirtinger inequality in €2 and Poincaré’s inequality on I" (see Lemma2.2)
to obtain that

/ng (1)) (e — mo) + fr(eg — (06)r) (W — mro)

= C(IV el 1 90e i + 1906 I [0l ). (4.14)

Moreover, integrals in the third and the fourth line of (4.12) can be bounded by virtue
of estimate (4.8) as well as the Lipschitz continuity of 7 and 71, so that

o(K) /F (We — 9)(@e — Ve — (mo — mro))

—/Qﬂ(%)(%—mo)—/rﬂr(%)(lﬁa—mro) < CllgellFy + el +1).

It remains to estimate the integral in the last line of (4.12), which is only present in the
case K = 0. Recall that if K = 0, we assumed £ to be of class C2. Hence, we know
from Corollary 4.1 that (¢, V) € L*(0, T; H*(2) x H*(I')), and that the equations

e = —A@s + FL(@e) ae.in Q, (4.15)
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0 = —Arvre — GL(V¥e) + Onoe a.e.on X (4.16)

hold in the strong sense. Then, with the help of (4.16) and a simple integration by
parts, it is not difficult to conclude that

a(K) /F(G;(Iﬂs) — 0g)(mo — mro)
= —o(K) [ duelmo—mro) = ColK) longsle - (17
In the following, we write ®, to denote generic nonnegative functions
1 ®.(t) € L*(0,T)  with [®ellf2¢0,7) < C foralle >0 (4.18)

i.e., the L?-norm is bounded uniformly in e. Here, “generic” means that the explicit
definition of the function ®, may vary throughout this proof.
All in all, collecting the inequalities (4.12)—(4.14) and (4.17), we conclude that

1Be @Dy + [Brc We )| 11y < Pe0) + C (K [Ine (@)l (4.19)

for almost all ¢ € (0, T'). Having shown (4.19), now we aim to prove additional L2-
bounds for the terms B. (¢,) and Br (). For that, we take advantage of the growth
condition (4.1), which follows from (2.30) in (S2). However, the related analysis has
to be performed differently for the cases K > 0 and K = 0.

Further estimate in the case K > 0

As @(K) = 0 1in this case, (4.19) yields
1Be @l 20, 7:00 @ + [ Bre o) | 20201y < C- (4.20)
Of course, thanks to (4.8) we also have
7 (@)l L20.7: 1)) + T Wl L200.7: 1)) = C
since 7 and zrr are Lipschitz continuous. In combination with (4.20), this entails
I Fé(‘pe)HLZ(o,T;Ll(Q)) +| G/s(‘/fs)”LZ(o,T;L'(r)) =C.

Consequently, by testing (2.16d) first by (1, 0) and then by (0, 1), one easily realizes
that

Kuedelliz2o,7) + 10l L200,7) = C, 4.21)

whence, using (4.8), the Poincaré—Wirtinger inequality in €2 and Poincaré’s inequality
on I" (see Lemma 2.2), we infer that

Il ee ”LZ(O,T;V) + ||98||L2(0,T;Vr) <C. (4.22)
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Next, recalling that o (K) = % we test (2.16d) by (0, Br..(¥,)) obtaining
2 ’ 2
|Br.eWe) | . + fr Br.e (W) I Vr el

1
= /(95 —rr (We))Br.e(We) — & / (Ve = @e)Br.e (Ye).
r r

Observe now that the second term on the left-hand side is nonnegative due to the
monotonicity of Br .. For the terms on the right-hand side, we use Holder’s inequality,
Young’s inequality and the trace theorem to infer that

1
/ (O = A WNBre(be) — / (Ve — 9)Br.e (V).
T I

1 2
= 5 |Bre@o iy + CUIONy + el + el +1).
Hence, rearranging the terms and integrating over time we conclude that

”ﬂ[‘,s(l/fe)”Lz(o’T;Hr) S C (423)
Next, proceeding similarly, we test (2.16d) by (B (¢.), 0). This leads us to

1
1B (@) 13 + / BL(pe)|Vee|* = / (e = (@B (0e) + & f (Ve — 0e) Be (e).
Q Q I

Again, the second term on the left-hand side is nonnegative owing to (S1), whereas
the first term on the right can be easily controlled by Young’s inequality as

_ 1 2 2 )
Q(Ma 7T (Pe)) Be (@) < ) ”ﬂs(‘ﬂ)”H + C(“He”]—[ + ”(pe”H + 1).

Besides, we handle the last term by combining the monotonicity of 8, with the property
in (4.1). Namely, it holds that

1
E /r:(‘/fs — @¢) Be (@e)

1 1
= /F (P = VO Bel90) — Fe (W) + /r (W — 9B (W)

IA

1
E/r Ve — @el [Be(Ve)l

A

K1 K2
< ?ﬁ(|¢s| + @ DIBr.e (Ve)| + ?/r(sz' + l@e D)

2
|Bre @) [y, + C Il + eIl +1).
Hence, with the help of (4.23), this shows the corresponding estimate

I1Be @)l 20,71y = C- (4.24)

Further estimate in the case K = 0

Recall that, as K = 0, it now holds that o (K) = 0, «(K) = 1 and ¢¢|r = ¥,
a.e. on X, along with (4.15) and (4.16). Here, in our argumentation, we follow in parts
the procedure devised in [24].

A
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Multiplying (4.15) by 1/|€2| and integrating over €2, we find that
1

= (1Be (@)l L1y + 17 (@)l L1 () (4.25)

ue)al < C llongellpy +

Similarly, multiplying (4.16) by 1/|T"| and integrating over I, we infer that
1

[{Be)r| < C l|On@ell py + N

(IBre@ol iy + 7 @ollLir)- (4.26)

Then, combining (4.25) and (4.26), on account of the estimates (4.8) and (4.19) along
with the Lipschitz continuity of = and 71, we deduce that

[{me)al + 1{0e)r| < C(Cbs + ||3n§08||H1~)- (4.27)

Combining (4.6) and (4.7), we obtain the estimate
IViellg + IVroe ”Hp < ®..

Hence, with the help of the Poincaré—Wirtinger inequality in & and Poincaré’s in-
equality on I" (see Lemma 2.2), we arrive at

ey + 10Ol < C(Pe @) + 11800 () 1) (4.28)

for almost all # € (0, T'). Now, we multiply (4.15) by B:(¢.) and integrate by parts.
This yields

1B (@) I +/Qﬁ;(%)|v%|2
- f (e — 7 (0e)Be (@) + / Ons e (02).
Q r
1 1
<3 / e = 7D+ 5 1Bl + / I RORY (4.29)
Q I
Similarly, multiplying (4.16) by —Br (), it is straightforward to deduce that
| Br.c o3, + fr Bl (W) Ve e |2
_ /F 6 — 1 (Ye)) Bre (V) — /F OneBrs (V)

1
< / 0: =7 () + 7 B |7, - / dngePre(e).  (4.30)
Q r

Recalling (4.1), we observe that

‘ / Bae B (¢2) — f Bage Bre ()
r r

< lBn@ell gy | (k1 + DIBre o)l + 2|y
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1 2 2
=7 ||ﬂr,s(1ﬂs)||ﬁ,F + C (1| 9nge 7. + 1).
Hence, adding (4.29) and (4.30), and using (4.8) as well as (4.28), we conclude that

1Bs @e g + || Bre We ) | . < C(Pe@) + 1809 ()l 1) (4.31)

for almost all ¢ € (0, T'). Now, recalling again (4.15) and (4.16), we observe that ¢,
solves the following bulk-surface elliptic problem:

—A@e = e — Be(@e) — 7 (Pe) in ,
—Aryg + Onpe =6 — IBF,a(wa) —ar(Ye) onl,
@elr = Ve onI’

a.e. in (0, 7). Due to (4.8), (4.28), (4.31) and the Lipschitz continuity of = and 7,
it is clear that the right-hand sides in the above system belong to LZ(Q) and Lz(F),
respectively. Hence, applying regularity theory for elliptic problems with bulk-surface
coupling (see [61, Theorem 3.3]), we deduce that the estimate

el g2y + 1Well g2(ry
< C (e = Belpe) = 7o)l + 106 = Broe (o) + v — 1, W) )

holds a.e. in (0, 7). Now, in view of (4.8), (4.28), (4.31) we can completely control
the above right-hand side and infer that

lee Ol 2 () + Ve Ol g2y < C(Pe®) + 19nge () 1) (4.32)

for almost all + € (0, T). On this basis, at this point we can use the standard trace
theorem for the normal derivative concluding that for some fixed 3/2 < s < 2 there
is a positive constant C such that

1009e (Dl 1 < Cs ll@e(Dll s ()

foralmostall 7 € (0, T). Hence, as H2(2) C H*(2) C V with compact embeddings,
we infer from (4.32) by means of the Ehrling lemma that

l@e Ol g2y + Ve Ol g2y + 100@e (Ol -
< C(®e(t) + Cs oDl s ()) + Cs @Ol s
<8 esll 2y + C @) + C5 gDy (4.33)

forall t € (0, T) and any § € (0, 1). Eventually, from (4.8) (4.33), it follows that
||§0a||L2((),T;H2(Q)) + ||We||L2(0,T;H2(F)) + ||3n¢s||L2(0,T;HF) <C, (4.34)

and consequently, recalling (4.28) and (4.31), we also have

||Ms||L2(0,T;V) + ”95||L2(0,T;Vr)
1B @e ) 20,71y + | Broe W) | 120,72 1y < C- (4.35)
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4.3. Passage to the limit and conclusion of the proof

The final step consists in passing to the limit as ¢ is sent to zero. As the line of
argument resembles the one presented in Sect.3.1.4, we proceed rather quickly just
pointing out the main points and differences.

Owing to the above uniform estimates and to standard compactness results, we
obtain that there exist a subsequence of ¢ and a seven-tuple of limits

(0, Q" &5 Wt Yt ER, 67)
such that, as ¢ — 0,
v, > v* weakly in L0, T; Von),
strongly in CO([O, T1; H°(R2)), and a.e. in Q,

velr — v|p weakly in L>(0, T; Hr),
strongly in c°([0, T]; H*(T)), and a.e. on %,

0 — ¢* weakly-*in L*°(0, T; V), weakly in H' (0, T; V*),
strongly in C°([0, T1; H*(R)), and a.e. in Q,
Ye — Y weakly-*in L°°(0, T; Vr),weakly in H'Y0,T; Vi),
strongly in C°([0, T]; H*(I')), and a.e. on %,
Be(pe) — &F weakly in L2(0, T; H),
Br.e(Ye) — & weakly in L*(0, T; Hr),
e = p* weakly in L0, T; V),
g, — 0% weakly in L0, T; Vp),

for all s € [0, 1). In the case K = 0, we further infer from (4.34) the convergences

0 — o weakly in L2(0, T; H*(Q)),
Ve —> Y* weakly in L2(0, T; H*(I')).

Repeating the arguments employed in Sect.3.1.4, we can easily show that the above
weak and strong convergences suffice to pass to the limit in the variational formulation
(2.32a)—(2.32d) written for 8 = B, and fr = Br .. Furthermore, the inclusions

" e B9 ae. inQ and & € Br(y*)ae onX

follow directly from the maximality of the monotone operators 8 and Br, and the facts
that

T T T T
lim f f Be(pe)ge = f f 0", lim f f Bro(We)vrs = f f gy
=0 Jo Ja 0 Ja e—=>0Jo Jr 0 Jr
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(see, e.g., [12, Prop. 1.1, p. 42]). Due to the aforementioned strong convergences
of ¢, and v, it is straightforward to check that condition (iii) of Definition 2.9 is
fulfilled. Moreover, condition (iv) of Definition 2.9 can be established by proceeding
analogously as in Sect. 3.1.4.

Finally, if the domain is of class C2, we need to establish the higher regularity
properties of the phase fields ¢, and V. In the case K = 0, this directly follows
from the above convergences. In the case K > 0, these properties can be proved as in
Sect. 3.1.5 by taking advantage of the regularities L(0, T'; H) for & and L>(0, T; Hr)
for &r. This concludes the proof of Theorem 2.10.
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Appendix: Some calculus for bulk—surface function spaces

Proposition A.1. Let T > 0 and K > 0 be arbitrary.

(a) Let (u,v) € L*(0, T; Vi) and suppose that the weak time derivative satisfies
(8;u, 3,v) € L¥(0, T; V). Then, the continuity property (u, v) € CY(0, T1; H)
holds, the mapping

e [l O N5 = lu®lF + v,

is absolutely continuous in [0, T, and the chain rule formula

d
[ @1 + 10O, | = 2@ 000, @ o), (A1)

holds for almost all t € [0, T].

(b) Let (u,v) € L*(0,T; H*(Q) x H3(I")) with Kdyu = v — u a.e. on X, and
suppose that their weak time derivative satisfies (0:u, 0;v) € L2(0, T: V*). Then,
the continuity property (u, v) € C([0, T1; Vi) holds, the mapping

t > IVu@® g + IVrollg, + o (K) v — u@®)|13,

is absolutely continuous in [0, T, and the chain rule formula

d
[ IVHO B+ 19000 i, + 0 () o) = w1y, |
= 2((0yu, 0,v) (1), (—Au, —Arv + 0u) (1)), (A.2)

holds for almost all t € [0, T].

Proof. Proof of (a). Since Vg and H are separable Hilbert spaces with compact em-
bedding Vg <> H and continuous embedding H<>V*% , the assertion follows directly
from the Lions—Magenes lemma (see, e.g., [76, Chapter III, Lemma 1.2]).

Proofof (b). We first fix u and v as arbitrary representatives of their respective equiva-
lence class. Recall that due to (a), we have u € C%([0, T]; H) andv € C°([0, T; Hr).
We can thus extend the functions # and v onto [—T, 0] by defining u(¢) and v(¢) by
reflection for all ¢t < 0.

Let p € C2°(R) be a nonnegative function with suppp C (0, 1) and || ol ;1 ® =1
For any k € N, we set

pr(s) :=kp(ks) foralls € R.
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For any Banach space X and any function f € L?(—1, T; X), we define

k

t
Jie(®) = (por * )() :/ Pt —s) f(s)ds
t

for all ¢+ € [0, T] and all k € N. By this construction, we have f; € C*°([0,T]; X)
with fx — f strongly in L>(0, T; X) as k — oo.

For any k € N, we now choose X = H3() to define uy and X = H3(I") to define
v as described above. By this construction, itholds d;uy = (9;u)x and 9; Vuy = Vo,uy
a.e. in Q as well as d;v; = (0;v); and 0;Vrvy = Vrosvr a.e. on X for all k € N.
Moreover, as k — oo, we have

up — u strongly in L2(0, T; H*(R)), (A.3)

Ve — v strongly in L(0, T; H>(I')), (A.4)

(ug, vg) — (u, v) strongly in LZ(O, T:;Vk), (A.S5)

(B uk, dvi) — (du, dv) strongly in L?(0, T; V*). (A.6)

In the following, the letter C will denote generic positive constants that are inde-
pendent of k and may change their value from line to line. Now, for any £ € N, we
derive the identity

4 IVurlld + [ Veoeldy. + o (K) lug — ull?
dr Ukllg NI k — Ukl gy
= 2((drus, Bve), (—Auge, —Arvg + dnu))y (A.7)

in [0, T'] by differentiating under the integral sign, applying integration by parts and
employing the relation

K o k=0 -
o Vi — U = a.c. on .
T T Vo ifK = 0.

Let now j, k € N be arbitrary. Proceeding as above, we calculate
d
L1V = Ve + [ Vv = Veudf o+ o (K) 0 = o) = 0 = w3, |

= 2((0: (uj — u), 8 (vj —vi)). (= Alwj — ug), —Ar(vj — vp) + dnuj — up)))y,

< (ot — 0. 06w —00) o, + s — gy + o = el )
(A.8)

in [0, T']. Here, we have used the embedding H 3(Q)— H*(IN) resulting from the trace
theorem, which yields

“ On(uj — ”k)“ ve = ””J — Uk ”HZ(F) =C H”J — Uk HH3(SZ)'
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Letnow s, t € [0, T] be arbitrary with s < ¢. We then integrate inequality (A.8) with
respect to time from s to ¢. This yields
|(Vut; = V)3 + [ (Vrvj — Veo )|,
+ 0 (K) [|(vj (1) = v (1) = (uj (1) = btk(t))||fﬁ,F
< [(Vuj = Vu)®)| g + [ (Vrv; = Vevd©) [

+ 0 (K) [|(vj(s) = ve(9)) = (uj(s) — u/<(S))||?LIr

t
+Cf [ @t = o) 30 (vj = v)|

2 2 2

yet H“J — U HH3(Q) + ij — Uk HH3(F)'
(A9)

Since (uk, vk) — (u,v) strongly in L>(0, T; (H3(Q) x H3(I"))), we can fix s €

[0, 1] such that (uy, vi)(s) — (u, v)(s) strongly in H3(Q) x H3(T"). Recalling the

convergences (A.3)-(A.6), we thus infer that the right-hand side in (A.9) tends to zero

as j, k — oo. Consequently, (Vuy)ren is a Cauchy sequence in CO([O, T]; H) and
(Vup)ren is a Cauchy sequence in ([0, T1; Hr). We thus conclude

Vur — Vu strongly in CO([O, T]; H), (A.10)
Vrur — Vru strongly in CO([O, T1; Hr) (A.11)
as k — oo. Together with (a), this proves
(u, v) € CO([0, T1; V).

Let now s,¢ € [0, T] be arbitrary. Without loss of generality, we assume s < t.
Integrating (A.7) with respect to time from s to #, we obtain

IVur® g + I Vroe® Iy, + o (K) o) — w13,
= IVur®) Iy + IVror()llg, + 0 (K) vels) — ur(s) |17,
t
+ 2/ ((@ru, Bve), (—Aug, —Apvg + nutg))sy-
N
Invoking the convergences (A.3)—(A.6), (A.10) and (A.11), we pass to the limitk — oo
in this identity. This yields
IVullg + IVro Iy, + o (K) [lv(@) — u@)ll,
= [IVu@®)lIf + IVrv©)llgy,. + o (K) lv(s) — u) |17,

t
+ 2/ ((8,u, Btv), ( — Au, —Arv + 8,114))\7.
s

As the integrand of the integral on the right-hand side belongs to L' (0, T'), we con-
clude that the mapping t +— ||Vu(t)||%{ + ||V1~v(t)||%{F + o (K) |v() — u(t)ll%,r is
absolutely continuous in [0, T']. It is thus differentiable almost everywhere in [0, T']
and its derivative satisfies the formula (A.2). This verifies (b), and thus, the proof is
complete. g
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