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Zusammenfassung 3

Zusammenfassung

In der Allgemeinen Relativitéitstheorie wird die Raumzeit des Universums als vierdimen-
sionale Lorentz-Mannigfaltigkeit beschrieben, deren metrischer Tensor die Einstein-Glei-
chungen erfiillt. Diese sind nichtlinear und somit schwer 16sbar. Kleine Stérungen der
Metrik kénnen aber gut auch mithilfe der linearisierten Einsteingleichungen modelliert
werden. Dies ermdoglicht zum Beispiel die Beschreibung der Ausbreitung von Gravitations-
wellen im Vakuum.

In dieser Arbeit sollen die Einsteingleichungen linearisiert und dann Existenz und Ein-
deutigkeit ihrer Losungen fiir das Cauchy-Problem studiert werden. KEs handelt sich
dabei im mathematischen Sinn nicht um Wellengleichungen. Aufgrund einer linearisierten
Diffeomorphismus-Invarianz besitzen sie viele “Eichlésungen”, die nicht messbar sind und
zu physikalisch ununterscheidbaren Raumzeiten fiihren. Das Eindeutigkeitsresultat gilt
deswegen nur “bis auf Eichung”, und um das Existenzresultat zu zeigen, muss eine Hilfs-
Wellengleichung gelost werden.

Es ist physikalisch nicht zu erwarten, dass die Anfangsdaten oder die Losung der Glei-
chungen glatt sind. Aus diesem Grund werden die Resultate fiir Tensoren mit beliebigem
reellen Sobolev-Grad gezeigt.

Summary

In General Relativity, the space-time of the universe is described as a four-dimensional
Lorentzian manifold whose metric tensor satisfies the Einstein equations. These are non-
linear and therefore hard to solve. However, small perturbations of the metric can also
be modelled using the linearised Einstein equations. This allows, for example, for the
description of the propagation of gravitational waves in the vacuum.

In this paper, the linearised Einstein equations shall be derived, and afterwards the ex-
istence and uniqueness of their solutions for the Cauchy problem shall be studied. Math-
ematically, these are not wave equations. Due to a linearised diffeomorphism invariance,
they admit many “gauge solutions”, which are not measurable and yield physically indis-
tinguishable space-times. Therefore, the uniqueness result only holds “up to gauge”, and
to prove the existence result, an auxiliary wave equation must be solved.

On physical grounds, it need not be expected that the initial data or the solutions of
the equations are smooth. For this reason, the results are shown for tensors with arbitrary
real Sobolev degree.
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1. Preliminaries

As stated in the introduction, we want to derive and study the linearised Einstein equations,
following the treatment given in the paper [I] by Lindblad Petersen. Due to the “gauge
invariance”, the resulting Cauchy problem is ill-posed for Sobolev sections. As shown in
[1], one can however obtain a well-posed Cauchy problem in suitable quotient spaces (the
spaces of “solutions modulo gauge solutions” and “initial data modulo gauge-producing
initial data” are isomorphic). The next step would then be to study the initial data
(“modulo gauge-producing initial data”) to obtain a classification of the possible solutions,
see [I], theorem 6.2. However, as stated above, here we restrict ourselves to the derivation
of the equations and the proofs of existence and uniqueness “up to gauge”. In the last
section, we will study a simple example motivated by physics.

In the following, some notation is defined that shall be assumed throughout the rest of
the text unless otherwise stated. (Some standard notation, for the sake of completeness,
is also defined in Appendix )

Setting 1.1. We denote by (M, g) the underlying smooth Lorentzian Einstein manifold,
where we assume M to have vanishing Einstein Constantﬂ The dimension of M shall be
n + 1, where n > 2. Thus the Einstein equations read as

ricg = 0.

We use subscripts or superscripts to distinguish the various objects associated with the
metric, e.g. like above we write ricy for the Ricci tensor of g, but these are dropped if they
should be clear from the context.

We assume M to be globally hyperbolicﬂ

Definition 1.2. 1. A hypersurface . C M is called a Cauchy surface, if every inex-
tensible timelike curve in M meets X exactly once. Here a vector V € TM is called
timelike resp. spacelike if g(V,V) < 0 resp. g(V,V) > 0, and a submanifold N C M
is called timelike resp. spacelike if all vectors tangent to it are timelike resp. spacelike.

2. By [2], there exists (due to the global hyperbolicity of M) a smooth Cauchy temporal
function t : M — R, i.e. for all T € t(M), &, := t~1(7) is a smooth spacelike Cauchy
hypersurface and grad(t) := (dt) is timelike and past directed. Thus the metric can
be written as

g = —a’(dt ®dt) + gr,

where  : M — R is a positive function and g, is the positive definite metric on
Y, depending smoothly on 7 € ¢(M). This may also be regarded as a tensor on
M when composing it (implicitly) with the projection onto ((dt)?)*. We abbreviate
V= vg,‘rad(t)'

3. The future pointing unit normal v to X, is then given by v = —égrad(t)b

e

4. For a subset K C M, we denote by J(K) the union of its causal past and future,
i.e. the set of all points in M that can be reached from K by timelike or spacelike
curves.

In the following definitions, we choose one of the Cauchy surfaces ¥, and denote it by
3.

!The word “smooth” is here used for “as often differentiable as needed”.
2We do not define this term here, as we will only need the properties of M stated in the following,.
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Definition 1.3. The first fundamental form on X shall be denoted by g and the second
fundamental form by k For the second fundamental form we use the definition

k(X’Y) = Q(VXVa Y)
for X,Y € T[]

Definition and Remark 1.4. 1. Let T% M := (TM)® @ (T*M)®’ be the bundle of
(i,j)-tensors on M (for nonnegative integers i, 7). We will need to consider different
spaces of sections in this bundle (also called tensor fields resp. by abuse of nota-
tion simply tensors). Precise definitions will be given below, together with suitable
topologies.

2. We note that C°(M,T*OM) = C°°(M) (the space of smooth R-valued functions
on M), C®(M,T"YM) = X(M) (the space of smooth vector fields on M), and
C®(M, T M) = QY (M) (the space of smooth 1-forms on M).

3. We denote the bundle of symmetric (0, 2)-tensors on M by S2M C T%2M (i.e. for
S € T%2M, we have S € S°M & Vyxyern : S(X,Y) = S(Y, X)). We define the
symmetrization sym : TO2M — S2M by

ym(S)(X,¥) = (S(X,¥) + S(¥, X))

for S € T92M, X,Y € TM.

4. We introduce a short-hand notation which will be useful later: For S € S2M, let
— 1
Si=85- itrg(S)g

which can also be applied pointwise to sections of S2M).
1YY 1%

Definition 1.5. We define the divergence 69: For S € C*°(M,T%/ M), where j > 1, let
§9(5) = —(trg) (V.5 - +)),

where the first tensor slot is here the one in V. If {¢;}o<i<n is a local orthonormal frame,
this means that for Xi,..., X;_; € TM, we have

59(5)()(1, PN ,Xjfl) = — Zei(veiS)(ei,Xl, PN ,Xjfl),
1=0
where €; := g(e;, €;).

Definition 1.6. The Lichnerowicz operator 7 on smooth symmetric (0, 2)-tensor fields
shall be defined as follows: For S € C*(M,S2M), let

o

098 := V*VS +ricg 0 S+ S oricg — 2R,S,

where

V*VS = —(trg)lz(V?,.S(w )

3In general, we decorate tensors on ¥ by tildes.
4The first fundamental form is the restriction of g to TY, as usual.
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is the connection-Laplace operator and

RyS 1= (tr)1a(S(Ry(-,)-,-))

is the action of R on symmetric (0, 2)-tensor fields. We note that 09 is a wave operator
(defined below). Sometimes we will also need the Laplace-Beltrami operator (39, which is
defined by

09 f = —trg(VAf).

This is a wave operator as well.

2. Topological vector spaces of sections

We will need to work with distributional sections of vector bundles, which shall be defined
in this section. The definitions are mostly quoted from [3], Sections 2.3 and 2.4, and [1],
Section 3.

Setting 2.1. We remain in Setting [I.I] Furthermore, we choose an auxiliary Riemannian
metric g on M, with associated Levi-Civita connection ﬁ For simplicity we choose g
such that the volume elements dvol, and dvolg coincide.

Additionally, in the following, let £ — M be a real vector bundle over M which is
equipped with an (auxiliary) fiberwise scalar product gg that depends smoothly on the
basepoint. One chooses a connection V¥ on E and combines it with the Levi-Civita
connection V on T*M to obtain connections on (T*M)®/ @ E for all integers j > 0, still
denoted V. Furthermore the scalar products g and gg induce norms |-| on (T*M)®/ @ E
for all integers 7 > 0. Let I = {1,...,m} for m € N or I = N be an index set, and for
i € 1, let K; C M be compact subsets, such that K; C int(K;41) for ¢ € I (in the finite
case, for m # i € I) and M = (J;c; Ki.

Definition 2.2 ([3], Section 2.3). The space of smooth sections in E is denoted by
C*®(M,E).

For f € C°(M, E) and j € Ny, the j’th covariant derivative (VE)i f := VZ...VE f is a
7 times
smooth section of (T*M)®/ @ E. For K C M compact, we define the seminorm
1 g :=  max max [(VE)! f(x)].

7=0,....m z€eK
These seminorms shall define the topology of C*°(M, E), which is called the C*°-topology.
We have:

Lemma 2.3. The topology defined on C°°(M,E) defined above turns this space into a
Fréchet space, i.e. a complete topological vector space which is Hausdorff and whose topology
can also be defined using a countable family of seminorms. This topology does neither
depend on the choice of the connection V¥, nor on the choice of the scalar products gg
andg.

The statement can be proven analogously to Theorem 1.1.5 in [4]. The countable family
of seminorms which induces the same topology is given by {|-|| ., ; }ier-

5The purpose of this metric is to obtain e.g. a positive operator (VE)*VE +1id, see below. We only need
it in this section.
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Definition 2.4 (|3], Section 2.3). 1. For K C M compact, we define
CR (M, E) = {f € C(M, E) |supp(f) € K},
the space of smooth sections in E supported in K.
2. The space of compactly supported smooth sections in E is defined as

CX(M,E):= |J CR(M,E).

KcM
compact

This is the same as (J;c; O (M, E). The topology on Cg°(M, E) is defined to be the
strict inductive limit topology induced by the inclusions CF (M, E) — C*(M, E),
where 7 € I.

Remark 2.5. 1. By definition, the strict inductive limit topology on C°(M, E), in-
duced by the inclusions CF (M, E) — C°(M, E), is the finest locally convex vector
space topology that makes these inclusions continuous. As C’j’("i (M, E) are Fréchet
spaces for all ¢ € I, this turns C°(M, E) into a so-called LF-space (see e.g. [9],
Chapter 13). This topology on CS°(M, E) can also be proven to be independent of
the choice of the Kj;.

2. There is a continuous inclusion C°(M,E) — C*°(M,E), but the topology on
C(M, E) defined above is finer than the subspace topology induced by this in-
clusion.

Definition 2.6 ([3], Section 2.4). The space of distributional sections in E is denoted
D'(M, E).

As a set, this is the set of continuous linear functionals on C°(M, E*), where E* is the
dual bundle of E. Tt is topologized by the weak* topology. The evaluation of u € D'(M, E)
on ¢ € C(M, E*) is denoted u[g].

Definition 2.7 ([3], Section 2.5). For f1, fo € C°(M, E), we define the L?-scalar product
of f1 and f5 by

(f1, f2)r2(m,m) = /M 9e(f1, f2) dvolg,

where dvol, is the volume element of the semi-Riemannian metric g (which coincides with

dvolg). We define the L*-norm of f € C(M, E) by

1 2,y = A/ (s Frzouey = \//M ge(f, f) dvol,.

We define L?(M, E) to be the completion of C2°(M, E) with respect to this norm, the
space of square integrable sections in E.

Remark 2.8. 1. We have a continuous inclusion L?(M, E) — D'(M, E), defined by
f= (¢ = (f, ¢)L2(M,E)) .

We consider elements in L?(M, E) as functions (which are only defined up to the
L?-equivalence relation, identifying all functions which coincide outside of a set of
measure zero). Then this can also be written as

fes <<z> - /M g5(f.9) dvolg) |
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2. Analogously to the smooth case, we could also consider for fixed K C M compact
a space L%((M , E) of square integrable sections in E supported in K, and a space
L2(M, E) of square integrable compactly supported sections.

Definition and Remark 2.9 ([3], Section 2.6.2). 1. Let K C M be compact and let
s € R. Let K1 C M be compact such that K C int(K7) and the boundary of K is
smooth. Let K’ := Kj Ugg, K2 be the double of K (as a smooth manifold). This
means that we let K5 to be simply another copy of K1 and glue the two copies along
their boundary 0K = K5. Analogously, we double E|, to a bundle F' — K’  and
we extend the given metrics and connections on K to smooth metrics and connections
on K’. Then we can consider elements of C32 (M, E) also as elements of C*°(K', E’)
(extending them by zero to Ks).

The operator (VE)*VE 1+id : C®°(K', E') — C®(K', E') is positive and essentially
self-adjoint with respect to the L?(K’, E')-scalar product, hence its closure is a pos-
itive self-adjoint extension. (Here (VE)* is the formal adjoint of V¥ : L2(K’, E')
C®(K',E') - C®(K',T*K' ® E') C L*(K',T*K' ® E'), where the scalar product
on L*(K', T*K' ® E') is induced from the Riemannian metric on TK’ and the scalar
product on E’. See the next section for the definition of the formal adjoint.)

The square root of this extension shall be denoted D. Then we define the s’th Sobolev
norm of f € C¥ (M, E) by

115 a1,y = D Fll L2 (rer vy

The space of sections of Sobolev regularity s supported in K shall be defined to be
the completion of C3°(M, E) with respect to this norm and denoted by Hj (M, E).
It does not depend on the choices of K; and the scalar products and connections
on K’ (i.e. neither on the choice of the extensions from Kj to K’ nor on the scalar
products and connections on K; themselves). We note H% (M, E) = L% (M, E).

2. We define for s € R the space of sections of Sobolev regularity s with compact support
in E by
H}(M,E):= | ) H}(M,E),

KCcM
compact

where for K C L compact subsets of M and s € R, the inclusion CP(M, E) —
C?° (M, FE) induces an inclusion Hj, (M, E) — Hj (M, F). Analogously to the smooth
case, this is the same as (J;c; Hy, (M, E) and shall carry the strict inductive limit
topology induced by the inclusions H (M, E) < HZ(M, E). The resulting topology
is again independent of the choice of the K.

Remark 2.10. 1. For 7 > s € R, there exist continuous inclusions Hy (M, E) —
H3.(M,E) and HI (M, E) — H(M, E).

2. Here we only considered the compactly supported case, analogously we could define
spaces of possibly non-compactly supported Sobolev sections H*(M, E). (However,
these depend on the choices of gg and V¥ if M is not compact. For H (M, E),
where K C M is compact, and for HZ(M, E), this is not the case, see definition and
remark below. We will only use H*(M, E) in the case that M is compact, when
it equals H(M, E) anyways.)
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3. We note that the spaces Hj, (M, E) (for K C M compact, for s € R) embed con-
tinuously into D'(M, E): The pairing CP(M,E) x C*(M,E*) — R, (f,¢) —
[y #(f) dvoly extends uniquely to a bicontinuous pairing Hj. (M, E) x C°(M, E*) —
RP| Using this, every f € Hj- (M, E) defines a continuous functional on CZ° (M, E*)
similar to the L?-case, yielding continuous embeddings H3 (M, E) < D'(M, E) and
H3(M, E) < D'(M, E).

The preceding remark allows for the definition of local Sobolev spaces:

Definition and Remark 2.11 ([3], Section 2.6.4). 1. The space of sections with local
Sobolev regularity s € R in E is defined by

Hi) (M,E):={f €D (M,E)|xf € H{(M,E)for allx € C*(M,R)} .

For x € C(M,R), the map

f — ||Xf||HS(SUPP(X)7E‘SHPP(X))

defines a seminorm on Hy} (M, E). The family of such seminorms is used to define a
topology on Hy (M, FE). By considering cutoff functions (x;);en such that the sets
{x; = 1} exhaust M, we note that the same topology can also be defined using a

countable family of seminorms. This turns H; (M, E) into a Fréchet space.

2. We define
HIOC(M E m Hloc M E) COO(M7E)
seR

(the last equality by the Sobolev embedding theorem).

3. Similarly to lemma one can show that the topologies on Hj (M, E) (where K C
M is compact), HI(M,E), HY and H% (M, FE) are independent of the auxiliary

loc
metrics § and gg and the connection V¥ (since on compact subsets of M, one can

5To prove this, it needs to be verified that if (f,)nen C C3 (M, E) is a Cauchy sequence with respect to
the Hi (M, E)-norm and ¢ € C°(M, E*), then (fM &(frn) dvol ) ey 18 a Cauchy sequence in R. This
is done as follows: There exists u € Cc°(M, E) such that ¢(p)(v(p)) = gr(u(p),v(p)) for all p € M,
ve C¥(M,E). Let K := KU supp(¢). We calculate, where D, K’ , B’ are constructed as D, K’, E' in
definition and remark [2.9) . but with K instead of K,

‘/M ¢(fn) dvoly — /M ¢(fm) dvolg

— ’/ 9E(u, ﬁisf)sfn — f)isf)sfm) dvoly
K

= ‘(%Disﬁsfn - Disﬁsfm)m(i{',};“’ﬂ
=[((D)'u, D fu =D fim) 1227 )|

< H(f)_s)*u D’ fo — Dsfm) =0

L2(K',E") L2(R',EY)

for n,m — oco. Here in the second-to-last step, we used the Cauchy-Schwarz inequality, and the last

expression converges to 0 for n,m — oo because (D’ fy)nen is a Cauchy sequence in L?(K’, E') (by
continuity of the embedding Hy (M, E) — Hyj (M, E) and the definition of the norm on the latter

space), and H(]ﬁ_s)*u < oo.

L2(K',E")

(Here (1375)* is the Hilbert space adjoint of the unbounded pseudodifferential operator D the
theory of such operators is e.g. described in [6], chapter II1.3. Since D™’ is constructed using only
real functions it follows from the functional calculus that it is actually the same as (D™ °)*. Since u €
C>(K,E|z) C H_ *(M, E), therefore by definition (D *)u e L*(K',E'), i.e. H(f)fs)*u

L2(K',E’)
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estimate the Sobolev norms resulting from different choices against each other). In
particular, when we later consider subbundles of tensor bundles, we will not specify
this data any more. Instead we will usually work with the semi-Riemannian metric
g and the Levi-Civita connection V.

As we want to study wave equations, it will be natural to consider sections whose dif-
ferentiability properties in the time direction are different than the ones in the spatial
directions. For this, we define time-dependent function spaces, adapted to the Cauchy
temporal function ¢t : M — R.

Definition 2.12 ([3], Section 2.7, [I], Chapter 3). For s € R, observe that the family
{H};(Xr, Els, ) }ret(ary is a bundle of Fréchet spaces over the interval ¢(M) C R. The
space of m-times continuously differentiable sections of this bundle is denoted by

Cm(t<M)7 HfZC(E., E’E-))7

which is a Fréchet space when endowed with a topology induced by the C"™-seminorms on
compact intervals in t(M). We define the space of sections of finite energy of infinite order
in F by

CH, (M, E, 1) ﬂ C7 (HM), Hy (5, Bl)) -

These intersections carry an induced Fréchet topology.

The spaces CHj (M, E,t) will be the natural spaces to work with when solving the
linearised Einstein equations. We note that they depend on the time function. It can be
shown (as in [3], Corollary 18) that the solutions to the linearised Einstein equations will
not do so.

As final remarks of this section, it shall be noted how some standard tensor operations
can be defined for distributional tensors.

Remark 2.13. 1. If X € D'/(M,TM) and Y € C°(M,TM), then the distribution
g9(X,Y) is defined as follows: For ¢ € C°(M,R) (where R is the trivial bundle with
fiber R), we let
(which is well-defined as ¢g(-,Y") is compactly supported and smooth). By density

of the smooth sections in the distributional sections, this extends to a bicontinuous
and symmetric mapping g : D'(M,TM) x D'(M,TM) — D'(M,R).

2. Similarly, we can insert vector fields in distributional tensors: If S € D'(M, T%?M),
X, Y € CX(M,TM), ¢ € C°(M,R), then we define

S(X,Y)[g] := Slp(X @Y.

3. Furthermore, for S € D'(M,T%2M), T € C*(M,T*2M) and ¢ € C*(M,R), we
let

which again extends also in the second slot to distributional sections. In particular,
we can define the trace of S by

trg(S) := g(S,9)-
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3. Differential operators

Setting 3.1. We remain in Setting [I.]] Furthermore, in the following, let £ — M and
F — M be real vector bundles over M, with nondegenerate bilinear forms ¢gg, gr which are
here (contrarily to Setting not required to be scalar products. These do in general not
induce a norm any more, but the nondegenerate bilinear forms (-, -)12(ar,z) and (-, ) 2(ar,7)
remain defined.

Definition 3.2 (6], Definition 1.1, [7], Appendices E, F). 1. A (linear) differential op-
erator P : C*°(M,E) — C>®(M, F) of order k € Ny is an R-linear map such that for
every point in M, there exists a neighbourhood U with local coordinates (x, . .., z,)
and local trivializations F|y = U x RP, F|y = U x RY (for p,q € N) in which it can
be written in the form

Hlel
P = Z Aa(l')%,

la|<k

where each A% is a (¢ X p)-matrix and A% # 0 for some « with |a| = k.

2. The formal adjoint operator P* : C*°(M,F) — C*°(M, E) of P is the unique linear
differential operator which satisfies

(Pf1, f2)2u,ry = (f1, P* f2) L2 (1,
for all fi € C®(M,E), fo € C°(M,F) with supp(f1) N supp(f2) compact. (An

explicit form of P* can be derived by iterated partial integration and an application
of Stokes’ resp. Gauft’ theorem. Note that this depends on the metrics g, gg and gp
by definition of the L2-scalar products.)

3. The (principal) symbol o¢(P;x) : B, — F, of P at x € M, where £ € T*M, and
E., F, are the fibers of I/, F' over x, is a linear map defined as follows: For z € E,,
let w € C*®(M,E) with u(x) = 2. Let furthermore ¢ € C*(M) with ¢(x) = 0,
do(x) = £ and then set

1
oe(Pya)z = HP(qbkuﬂx
This definition is independent of the choices of u and ¢.

Remark 3.3. 1. Using the formal adjoint, one can define weak derivatives and extend
any differential operators also to distributional sections. Namely for f; € D'(M, E)
and a differential operator P, one defines Pf; € D'(M, F) to be the unique distribu-
tion satisfying the equation from the definition of P* above (i.e. (Pfi, fo)r2(m,r) =
(f1, P*f2)r2(m,py) for all fo € CX(M,F). (If P = VE for a connection V¥ on
E, then the so-defined Pf; is often called the weak derivative of fi.) We obtain a
continuous map P : D'(M,E) — D'(M, F).

2. Furthermore, this construction is compatible with the Sobolev spaces, i.e. if P has
order k, then for all s € R and K C M compact, the maps P : H? (M,E) —

loc
HEF(M,F), P : Hy(M,E) — Hy7"(M,F) and P : H}(M,E) — H: %M, F)
defined by the formula above are well-defined and continuous. Analogous statements

hold for the finite energy sectionsm

"Every distribution is infinitely often differentiable in the weak sense defined above. The actual “smooth-
ness” of distributional sections is, by the Sobolev embedding theorem, expressed by the Sobolev degree.
(Note that every compactly supported distribution is, by a standard result, of some Sobolev regularity
s€eR.)
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Example 3.4. One calculates that § : C°°(M, TH M) — C®°(M,T*~1M) is the formal
adjoint of V : C°(M, T ~1M) — C®(M, Ti’jM).lﬂ On the other hand, ¢, when restricted
to the smooth sections of S?M, can also be seen as the formal adjoint of the symmetrized
covariant derivative sym oV : C°(M, T% M) — C>(M,S?>M).

An important class of differential operators are the wave operators.

Definition 3.5 ([I], Definition A.6). A linear differential operator P : D'(M,E) —
D'(M, E) is called a wave operator if in local coordinates, it takes the form

n 2
P=- 4 _—— 4 lower order terms,
‘Zo I 0wior
17]:

where g/ are the coefficients of the semi-Riemannian metric on M (in the considered local
coordinate system). Equivalently, the principal symbol of P is given by this metric, i.e.

oe(P;x)z = ((—976&)2) 2
forallz e M, € T*M, z € E,.

As already stated, Dric is not a wave operator (it does indeed describe the propagation
of gravitational waves, but it cannot be a wave operator due to the gauge solutions).
However, in the proofs of existence and uniqueness of the solutions to the linearised Einstein
equations, in many places “auxiliary” linear wave equations will be crucial. For these, an
existence and uniqueness theorem is known:

Theorem 3.6 (|I], Theorem A.7). Let s € RU {oo} and let P be a wave operator. Let
(uo,u1, f) € HY (S, Els) @ HE N(Z, Els) ® CH (M, E,t). Then there is a unique u €
CH; (M, E t) such that

loc

Pu =,
uly, =uo,
Vouls =u;.

Moreover, we have finite speed of propagation, i.e.

supp(u) C J (supp(ug) U supp(ug) U K)
for any subset K C M such that supp(f) C J(K).

This theorem can be proven using standard techniques from the theory of partial dif-
ferential equations. In [§], a similar one is proven using Riesz distributions in the smooth
case. In [3], it is extended by approximation arguments to the distributional, but spatially
compactly supported case. For the general theorem stated above, one needs to argue by
finite speed of propagation to translate the proofs given there.

Furthermore, as a technical aid, we will need some elliptic differential operators.

Definition 3.7 ([7], Appendix G). A linear differential operator P : D'(M,E) — D'(M, F)
is called an elliptic operator if at every x € M and { € T* M, its principal symbol o¢(P; x) -
E, — F, is an isomorphism. It is called an overdetermined resp. underdetermined elliptic
operator, if for every x € M, £ € T*M, the principal symbol o¢(P;x) : E, — F, is injective
resp. surjective.

8The connection-Laplace operator V*V can now also be seen as the composition of V* = § and V, which
gives the same resulting formula (as desired).
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We will need elliptic operators (of first order) to show the regularity of certain functions.
Here the following theorem is crucial:

Theorem 3.8 (cf. [9], Theorem 1.2.A, [6], Theorem II1.5.2). Assume M to be compact.
Let P:D'(M,E) — D'(M,F), defined locally by the formula in definition[3.3, be a linear
elliptic operator of order k, and assume that A* € C°(M,R?*P) for all a. Let u €
H*(M, E) satisfy (almost everywhere) in M in the distributional sense the equation Pu =
f, where f € HS(M,F) for s € R. Then

we HK(M,E).
Furthermore, the H***(M, E)-norm of u can be estimated by
lull grorrar,my < CNFllsarry + Ol s ar ).
where C,C" are constants independent of u and f.

The first part of the theorem (i.e. u € H**(M, E)) follows e.g. from the more general
Theorem 1.2.A in [9]. A proof of the second part (the norm estimate) can e.g. be found
in [6], Theorem III.5.2. Both proofs use so-called parametrices.

Remark 3.9. 1. We note as a corollary that there is a similar statement for local
Sobolev spaces over possibly noncompact manifolds and the corresponding seminorms
on them.

2. If P is an overdetermined elliptic operator, then P* P is elliptic. Noting that if u solves
Pu = f, then u solves also P*Pu = P* f, we can conclude from the elliptic regularity
theorem above an analogous statement for overdetermined elliptic operatorsﬂ

4. Linearisation of the Einstein and Constraint equations

Setting 4.1. We remain in Settings and (now with concrete bundles instead
of the placeholders E and F'). We start out with the (non-linear) Einstein equation of
the vacuum with vanishing cosmological constant for globally hyperbolic spacetimes of
dimension at least 3 (|I], Section 4.1):

ricy = 0. (4.1)

These can be derived using the formulas from this section by a variational principle from
the Einstein-Hilbert functional (JI0], Section 5):

SM:/ scaly dvoly.
M

Einstein metrics turn out to be extremal points of this functional.
The induced first and second fundamental forms on ¥ need to satisfy the Constraint
equations ([I], Section 4.2):

®1(g, k) :=scaly — g(k, k) + (trzk)* = 0, (4.2)

Dy(§, k) :=—69(k) — d(trg/%) =0. (4.3)
The first equation here is often called the energy constraint, the second one the momentum
constraint. See e.g. [11] for more elaboration.

°In the estimate, we get then at first the H*~"(M, E)-norm of P*f instead of the H*(M, F)-norm of f,
but the former is bounded by a multiple of the latter as P* : H*(M, F) — H* *(M, E) is continuous.
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Definition and Remark 4.2. For h € C°(M,S?M) and sufficiently small t € R, g + th
is again a semi-Riemannian metric on M. The differential of the Riemannian curvature
tensor on (M, g) in the direction of h is then defined by

1
DRy(h) := lim E(Rg-i-th —Ry).

t—0

This means that for all X,Y, Z € TM, we have

d

| Reran(X,Y)Z.

1
DRy (h)(X, Y, Z) = lim - (R (X, Y)Z —Rg(X.Y)Z) =
t=0

This is again a (1,3)-tensor. (Instead of ¢ — g + th, also any other curve ¢ — 7(t), where
~7(0) = g, %L«;Ov(t) = h, could have been used. This is a Gateaux differential, where
one considers R. as a map from H":"*(M,S?M) to H™ (M, T'*M) for some m > 0.
Existence of the differential follows then from the local formula for Ry, see [7], 1.173. We
simply calculate the pointwise limit, recognizing that this must then also be the limit with
respect to the Sobolev seminorms, since this is unique.) Analogously D(g~1)(h), Dricy(h),

Dscalg(h), DV9(h) and Dé9(h) shall be deﬁnedm
We have:

Proposition 4.3 (cf. [10], Proposition 5.1, and the proof of [7|, Proposition 1.184). Let
h € C*(M,S?M). The differentials of R, ric, scal, V, and § at g, in the direction of h,
are determined by the formulas

1. Levi-Civita connection

g(Dvg(h)(X, Y), Z) = % ((ngh)(Yv Z) + (ngh)<X, Z) - (ngh)(X7Y)) ) (4'4)
2. Divergence on 1-forms
1
D9 (h)(a) = g(h, VIa) — g <a, 09 (h) + 2d(trgh)> , (4.5)

3. Riemann curvature tensoi ]
DRy (h)(X,Y)Z = (VIx(DVI(W))(Y, Z) = (VIy (DV?(h)))(X, Z), (4.6)
4. Ricci tensor
Dricy (h) = %Dih _ (sym o V9)(69h) — %ng(trgh), (47)
which can also be written as

N | —

For DVY(h), we note that V™" — V9 is the difference of two connections on M, hence a (1, 2)-tensor.
Therefore, DVY(h) will be a (1,2)-tensor as well, where the limit is taken with respect to a Sobolev
norm just as for DRy (h), Dricg(h) and Dscalg(h).

The notation D(g~")(h) is actually slightly inconsistent to improve readability.
11Some of the brackets will be omitted if they should be clear from the context.
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5. SCQl(ZT’ curvature
Dscaly(h) = 09(tr h) + 69(5%h) — g(ricy, h) (4.9)

for all X,Y,Z € TM, o € Q' (M).

A proof is given in Appendix [B]
Equation (4.8]) motivates the following definition.

Definition 4.4 ([I], Definition 4.3). The linearised Ricci curvature Dric : D' (M, T%?M) —
D'(M, T%2M) is defined by

) 1
Dric(h) := 3 <DLh — E((Sg(ﬁ))ﬁg> (4.10)
for all h € D'(M,T%2M). If h € D'(M,T%2M) satisfies Dric(h) = 0, it is said to satisfy
the linearised Einstein equations (of the vacuum with vanishing cosmological constant).

Remark 4.5. 1. We note that the Lie derivative can be defined also for distributions,
using the formula (A.1]).

2. It shall be emphasized that Dric is not a wave operator. (This follows e.g. from the
existence of the “gauge solutions” proven below.)

3. We omit the dependency of Dric on ¢ in the notation for brevity.
Analogously, we have to linearise the Constraint equations.

Proposition and Definition 4.6 ([I], Definition 4.6). Let (g, k), (h,m) € D' (X, T%2%) x
D'(%, TY2%). We define

D®(h,m) := <D@1<%’ m)) (4.11)

with

G(k ok — (trzk)k, h) — 2g(k,m — (trzm)g), (4.12)

gk, V xh) +d(g(k, 1))(X) = 69 — (trgim)g)(X) (4.13)

for all X € TS. Here V := V9 denotes the induced Levi-Civita connection on ¥ (which
is compatible with g) and the metric composition k o k is done using g. We say that
the tuple (h,mn) satisfies the linearised Constraint equations, linearised around (g,k), if
D®(h,m) =

0.
If (§, k), (h,m) are smooth and (h,m) is compactly supported, then

D®; (h,m) = % ®1(§ + th, k + tm), (4.14)
t=0
- d - -
D®y(h,m) = —| o+ th ki + tin) (4.15)
t=0

with ®1, o defined in equations , .
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Only equations (4.14), (4.15)) require a proof. This can be found in Appendix Bl
We consider now the first and second fundamental form (g, k) on ¥ which are induced

by the metric g. If g changes infinitesimally (but the embedding of ¥ into M remains the
same), these will also change infinitesimally. We recall

for all X,Y € TX.

Proposition and Definition 4.7 ([I], Definition 4.7). Let h € D'(M, S2M). We define
(Dg(h), Dk(h)) € D'(%,8%%) x D'(%,S%%) by

Dj(h)(X,Y) :=h(X,Y), (4.16)
DE(h)(X,Y) := — %h(y, VE(X,Y) — %Vxh(u,Y) — %Vyh(u,X) + %Vl,h(X,Y) (4.17)

for X,Y € TS. We call Dg(h) and Dk(h) the linearised first and second fundamental
forms induced by h.

If h € C®(M,S2M) and we consider §, k as maps from C(M,S2M) to C°(%, S?Y)
which assign to g the first and second fundamental form on ¥ resulting from g (and the
embedding of ¥ in M ), we have

(g + th), (4.18)
t=0

dt

k(g + th). (4.19)
t=0

Only equations (4.18), (4.19) require a proof, which is again done in Appendix
We recall that the first and second fundamental form g and k£ on ¥ must satisfy the
equations ([II], equations (16), (17))

dt

St

2ricy (v, v) + trg(ricy) =P (

);
ricg(v,-) =Pa(g, k).

N}

i

!

We can linearise this equation around g in the direction of h. Using ric, = 0 and
the previous calculations, we obtain for h € C°(M,S2M) and Dg(h), Dk(h) defined by

equations , E
2(Dric(h)) (v, v) 4 try(Dric(h)) = D®1(Dg(h), Dk(h)), (4.20)
Dric(h) (v, -) = D®y(Dg(h), Dk(h)). (4.21)

In particular, if Dric(h) = 0 (i.e. h satisfies the linearised Einstein equations), then the
induced initial data (Dg(h), Dk(h)) must satisfy D®(Dg(h), Dk(h)) = 0. The existence
theorem proven later may be seen as the converse statement.

We conclude this section with the “gauge invariance” of the linearised Einstein equations,
which explains their large kernel and the fact that they are not uniquely solvable. We will
later also only prove a uniqueness result “up to gauge”.

Lemma 4.8 ([I], Lemma 4.5). Let V. € D'(M,TM). Then Lyg solves the linearised
FEinstein equations, i.e. Dric(Lyg) = 0.

2Note that we have product rules for the differentiation in the direction of h, similar to eq. Also, by
definition of the differential, we have a chain rule.
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Proof. As the smooth sections in TM lie dense in the distributional sections and the map
Dric o (£.g) : D'(M,TM) — D'(M,S2M) is continuous, it suffices to prove the claim
for smooth V. So assume V' to be smooth; let then ¢; be its flow. By definition of the
differential of ricy, we have
Dric(L =i !
ric(Lyg) = lim ~ (ricys(

9 — ricg),

since f(9) = 9, S|, 1 (9) = Lvg.
However, we have

ricyx(g) = ¢; (ricg) = 7 (0) = 0 = ric,

by assumption on g. Hence Dric(Lyg) = %H% 7 =0. O
ﬁ

5. Existence of solutions

We remain in the situation of the previous sections. Recalling again that the linearised
Einstein equations are not wave equations, the existence of a solution can not directly
be concluded. However, we can search for solutions of [J; h = 0. For such a linear wave
equation, an existence theorem is known (theorem . We will show that for suitable
initial conditions, the solution of O;h = 0 also satisfies §9(h) = 0, thus it will solve
Dric(h) = 0 as well.

As a first step, we need to translate the condition on h to induce a given first and
fundamental form on the Cauchy surface ¥ into conditions on hly and V,hly, i.e. initial
conditions for a linear wave equation. Furthermore, we show that 69(h) vanishes at least
on X if these initial conditions are chosen suitably.

Lemma 5.1 ([I], Lemma 5.1). For s € R, let (h,1m) € H; .
Assume that for h € CH} (M,S?*M,t), its restriction to S*M s, satzsﬁeﬂ

(3,82%) x HE 1%, 82%).

loc

hX,Y)=h(X,Y), V,h(X,Y)=2m(X,Y)— (hok+koh)(X,Y),
h(v, X) = 0, Vo h(v, X) = —69 ( — Ltrzh)g ) (X),
h(v,v) =0, Vo,h(v,v) = —2trgm,

for all X, Y € TY (where the composition is defined using g instead of g). Then h,m are
the first and second linearised fundamental forms induced by hE and

89(R)|s = 0.

A proof can be found in Appendix [B]
We are now able to formulate and prove the existence theorem.

Theorem 5.2 ([I], Theorem 5.2). Let s € RU{oo} and assume that (h,m) €
H:1(%,8%%) satisfies

loc

(2, 925)

loc

®(h,m) = 0.

Then there exists a unique
h e CH;  (M,S*M,t),

13Note that this restriction is an element of Hf (X, S?M|s) by definition of CH}, (M, S?>M,t). In partic-
ular, we do not need to define a trace operator here, as we would have to do for Sobolev sections.
8pelled out, this means h = Dg(h), m = Dk(h).
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Figure 1: Situation in theorem in flat Minkowski space

inducing (iL, m) as linearised first and second fundamental forms, such that hls, and V,h|x
are as in Lemma[51] and

I:'Lh :0,
§9(h) =0.
In particular,
Dric(h) = 0.

Moreover,
supp(h) C J (supp(ﬁ) U supp(rh)) .
The situation of the theorem is sketched in figure [I], where M is taken to be flat, two-

dimensional Minkowski space.

Remark 5.3 ([I], Remark 5.3). We note that an arbitrary solution to the linearised Ein-
stein equations inducing the given linearised first and second fundamental forms need not
have finite speed of propagation, only the specific one considered here. Any gauge solution
with arbitrary support could be added to it without changing the induced linearised first
and second fundamental forms, while changing the support of the solution.

In the proof, we will need two lemmas.

Lemma 5.4 ([1], Lemma 5.5). If h € D'(M,S*M), then

59 <Dric(h) - ;trg(Dric(h))g> ~ 0. (5.1)

Proof. We recall the contracted second Bianchi identity: For any Lorentzian metric § on
M, we have

A 1
09 <1“ng — 2trg(1‘iC§)§> =0.

A linearisation of this equation around g, using ric; = 0, proves the lemma for smooth h.
Since the smooth sections are dense in D’(M, S? M) and Dric is continuous, this proves the
equation for general h. O
Lemma 5.5. Let (N, g) be a semi-Riemannian manifold with Levi-Civita connection V.
Then .

9 (Lva - Jung(Lva)a) = (V) — ricy(1.) (5.2
for all V€ D'(N,TN).
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The proof is again given in Appendix [B]
Proof of Theorem[5.3 Consider the Cauchy problem
Oph =0,

where h\g and V,h|x shall satisfy the conditions of Lemma . We note (h|s, Vo hlx) €
HE (3,82 M\g) x HY(%,8%2M|x). By Theorem there exists a unique solution h €

loc

CH; .(M,S*M,t) to this Cauchy problem. Furthermore, this solution satisfies supp(h) C
J (supp(ﬁ) U supp(fh)) (by the same theorem).

It remains to show 69k = 0 to prove the theorem. This will be done by showing that
89h solves a linear wave equation with vanishing initial conditions, and then apply the
uniqueness part of Theorem [3.6]

We have 690 € CH; (M, T*M,t) (since h € CHE (M, S*M,t)). The lemmas and

loc

imply together with 00, h = 0 and ric, = 0 that
1
0 =69 (Dric(h) - 2trg(Dric(h))g)>

1 1
=59 (—%g(h»ﬁg + 5t (£eme9) 9)

_ %59(V(69(E))). (5.3)

Now we want to show V,(d9(h))|s = 0. In the following, we calculate on ¥ (but sup-
press this in the notation). Because of the linearized Constraint equations and the initial
conditions from Lemma we deduce

0 = D&y (h,1n) =try(Dric(h)) + 2Dric(h)(v, v)
1
2 (trg(_ﬁ(t?g(ﬁ))”g) = 2L (50 my:9 (v, V)) (5.4)

The trace can be evaluated pointwise, using a local geodesic frame {e; }1<i<, on TS which
is extended by v to a local geodesic frame on TME We note that for X, Y sections of T
with vanishing covariant derivative, we have

L p9(X,Y) = = g(Tx (8(R)%,Y) = g(X, Vy (6/(R)))
= — 0x(9((89(R))", Y)) — v (X, g((69(h))*))
= — Ox((87(A)(Y)) = Oy ((67(R))(X).

In particular, we recognize that this vanishes for X =Y = e;, as 69(h) is identically zero on
3. Thus in eq. 1) the trace term simplifies to E(ég (E))ug(% v) (where the sign vanished

because of g(v,v) = —1). We obtain

0= — 5L, ipe () =5 (O ()W) + B (F)()))
=(V. (8 (h))(v) (55)

5Recall that this means that the orthonormal sections {ei}1<i<n are chosen to have vanishing covariant
derivative at some given point p € M. Actually we need to replace v by some vector field which
coincides only at p with v, but has vanishing covariant derivative there. The calculation below is true
only at p, but the resulting tensor equations must be true regardless of the particular choices made,
and at every point on 3.
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(recalling that we can assume Vv = 0 for the last equation, as these are tensor equations).
Furthermore we have, again using eq. |D and that 69(h) vanishes on X:

o ‘ 1
0 = D®5(h, m)(X) = Dric(h)(v,X) = _55(59(5))11(1/7)()

= S0 (R)(X) — 50x (B (R)) = L (Vu(ERNX). (5.

We summarize the results of the previous calculations: Equation (5.3) implies that
§9(h) € CHM(M,T*M, t) satisfies

§9(V (59(R))) = 0.

From the equations (5.5)), (5.6]), we deduce

V(5 (R))ls = 0.
Furthermore, in Lemma [5.1] we have shown
§9(h)|s = 0.

As 69 o V is a wave operator, the uniqueness part of Theorem thus applies to yield

09(h) = 0 (as 0 certainly also satisfies these initial conditions). This finishes the proof of
the theorem. O

6. Uniqueness up to gauge

In the situation of the previous sections, having now solved the linearised Einstein equa-
tions, we continue by showing a uniqueness result “up to gauge”. This means that we will
show that a solution inducing vanishing linearized first and second fundamental forms, can
be written as a suitable Lie derivative of the metric.

Theorem 6.1 ([I], Theorem 5.7). Let s € RU {oo}. Assume that h € CHj (M,S*M,t)
satisfies
Dric(h) =0

and that the induced first and second linearized fundamental forms vanish. Then there
exists a vector field V€ CHSTY (M, TM,t) such that

loc
h=_Lyg.

If supp(h) C J(K) for some compact K C X, then we can choose V' such that supp(V') C
J(K).

Proof. We define V' as the solution of a suitable wave equation. We know that 69(h) €
CHS Y(M,T*M,t). Thus the Cauchy problem

loc

1
vVVv|Z] = 5]1(1/, V)V + h(”? )ﬁ (61)

admits a unique solution V' € CHj, (M, TM,t) by theorem , since 09 o V is a wave

loc

operator. This also satisfies supp(V') C J(K) if supp(h) C J(K) for some compact K C X.
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By Lemma [5.5], using the Ricci-flatness of M and the defining properties of V' we have
89(Lyg) = 0%(VV’) = §9(h) (6.2)

(where we used that b commutes with 69). Hence (using Dric(h) = 0 and Dric(Lyg) = 0,
the latter by Lemma , we obtain

0 =2Dric(h — Ly g)
=0p(h—Lvg) - E((sg(ﬁfﬁ,g))ug =0p(h—Lvyg). (6.3)
We now want to apply the uniqueness part of Theorem to the wave operator [; to
deduce that h — Ly g = 0. This will be implied by (6.3) if we can show
(h=Lvg)ls =0, (6.4)
Vy(h - ,Cvg)‘z =0. (6.5)

Note also that we know Ly g € CH? 1 (M,S?M,t) since V € CHi,.(M,TM,t), so we have

loc

h—Lyge CH lso_cl (M,S?M,t) and the uniqueness theorem for linear wave equations can

indeed be applied. We show first eq. (6.4). By the properties of V given in (6.1)), and
Dg(h) = 0 (by the assumption on h), we get for all X, Y € T:

hX,Y) =Dg(h)(X,Y) =0=g(VxVY) +g(VyV,X) = Lyg(X,Y).
(Here we used VxV = VyV =0, since X, Y € TY and V|y =0.) Also
MX,v) =g(V,V,X) =g(V,V, X) + g(VxV,v) = Lyg(v, X),
and
hv,v) =29(V,V,v) = Lvg(v,v)

recall g(v,v) = —1 for the calculation of the last equation). These three calculations show
(6.4). We continue by showing eq. (6.5). Since Dk(h) = 0, we get for X,Y € T, using
its defining formula (4.17)):

V,W(X,Y) = h(v,)k(X,Y) + Vxh(,Y) + Vyh(v, X). (6.6)

On the other hand, we have V xv € T3, since
1
9(Vxv,v) = iaxg(u, v)=0. (6.7)

We can extend X to a vector field on X, which then commutes with . Then V, X = V xv—
[X,v] = Vxv € TE. Therefore, the second covariant derivatives of V' in the directions of
v and X can be written simply as compositions of first covariant derivatives, V,(VxV) =
VixV, Vx(V,V) = V%QVV, since Vi|y = 0 (thus Vy,,V = 0 as Vxv € T3, etc.).
Furthermore (Vxh)(v,Y) = Oxh(v,Y) — h(v, VxY') by the product rule for tensors (since
hls(Vxv,Y) = Dg(h)(Vxv,Y) = 0 as Vxv,Y € TY). Analogous statements can be
made for Y. Thus, using the defining properties of V', we can calculate

VuLyg(X,Y) =g(VixV,Y) +g(ViyV, X)
=9(V%,V.Y) +9(V3, V. X) + R(v, X, V,Y) + R(1,Y, V, X)
:an(VuVa Y) - Q(V,,VY, VXY) + aYg(VVV7 X) - Q(VVV, VYX)
1
:aXh(V7 Y) - h(Vv VXY) - §h(V7 V)Q(V, VXY)

+ Oyh(v,X) - h(r,VyX) — %h(u, v)g(v,Vy X)

=Vxh(v,Y)+ Vyh(v,X)+ h(v,v)k(X,Y). (6.8)
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(In the last step, we also used g(v, VxY) = dxg(v,Y) —g(Vx1,Y) = —k(X,Y) by defini-
tion of k and since g(v,Y") identically vanishes, and analogously g(v, Vy X) = —k(X,Y).)
A comparision of and yields

Vo (h— Lyg)(X.Y) =0 (6.9)

for X, Y € TY. It remains to show V,(h — Lyg)(v,-) = 0. Eq. (6.2) is equivalent tﬂ
1 1
0 (Lyg)(W) + iawtrg(ﬁvg) =§9(h) (W) + iawtrg(h) (6.10)

for all W € TM. Now eq. (6.4) already implies that try(Lyg)|s = trg(h)|s. Thus for
X € T, we have Oxtry(Lyg) = Oxtry(h) and the above equation then yields

69(Lyvg)(X) = 67(h)(X).

If we evaluate the divergence using a local orthonormal frame {e; }1<ij<p, on T'Y, extended
by v to a local orthonormal frame on TM |y, we note that Ly g|s(e;, X) = hls(e;, X) =
Dg(h)(ei, X) = 0 (the first equation again by (6.4), the third one by assumption on k).
Thus the equation above implies —(V,(Lyg))(v, X) = —(V,h)(v, X), so

Vo (h— Lyg)(v, X) = 0. (6.11)

Finally, to calculate V,(h — Ly g)|x(v,v), we use again eq. (6.10), now with W =
v. Commuting covariant derivatives with metric traces (where the partial derivative on
functions is just the same as the covariant derivative), and using and to simplify
the divergence and the trace, this yields (on X):

0 =6/(Zvg)(v) — 39(R)(v)
=39(Lyg — M) + GOulixy(Lyvg) — trg(h)

=69(Ly g — h)(v) + %trg(vu(ﬁvg — h))
=V, (Lvg—h)(v,v) — %Vy(ﬁvg = h)(v,v)
=S VulLrg — W)w,v).

Thus V,(h—Lyg)(v,v) = 0. Together with eq. and eq. , this implies eq. (6.5)).

As already stated, the uniqueness part of now shows that h = Ly ¢g. This concludes
the proof of uniqueness “up to gauge”. The regularity of V' is shown in the following
lemma. O

Lemma 6.2 ([I], Lemma 5.8). Let V € CH} (M, TM,t) with Lyg € CH} (M,S?M,t).
Then'V € CHSTY (M, TM,t).

loc

Proof. The proof is based on elliptic regularity theory. Let j € Ng. We have

Vi WV eC M), H (S, TM]s.))

» T loc

and need to show that V{_,V € COt(M), Hy 't (2, TM]s.)).
Let 7 € t(M). The projection of vectors onto their parallel and normal components to

¥ induces a split TM |z, 2 ROTE,. Write V] Vs, = (Vgr._’tV)HETVT +(V]_Ws,
16Cf. eq. .
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with (V] W)lls, € HY (3., TS,), (Vi _,V)ts, € Hy (S, R). We show that

loc loc

T — (V{’MtV)”k;T and 7 — (V{,...,tv)HZT are two continuous sections of the bundles
(H 72, T%;))rer(m) and (H;;]+1(ET7K)>T€t(M)7 which then proves the lemma
By commuting derivatives, we note that
Lop yalX.Y) =g(Vx(Vi_V).Y) +g(Vy (V] V). X)

:(vt)j‘CVg(X7 Y) + PJ(V)(X’ Y)

,,,,,

for X,Y € C°°(M, TM), where P; is some differential operator of order j. By assumption
on V, this shows that

Loy o€ CH; 7 (M,S*M,1). (6.12)

.....

The induced first and Asecond fundamental forms on ¥, shall be denoted g, and 12:7-. For
X,Y eTY, W e CH*7(M, TM,t), we have by definition

(Lwg)ls, (X,Y) =gz (VXWY) + glz. (X, VY W). (6.13)
The first term here is equal to

s (VXW,Y) =gls, ((VxW s, + @ W5 )ls,ve + W5, Vi Y)

=3 (Vx(Wls ), V) + Whis, g(Vxv,Y)
=3:(Vx(Wls ), Y) + Whs k(X,Y),

where in the second-to last equation, the second term vanished because Y € T, and for
the same reason we could replace g|y,, with g, and V with V := V9 in the first term.
Analogously, the second term in (6.13]) equals

gl (X, VyW) = §-(X, Vy (Wl ) + Whs, k- (X, Y).
Thus

(Lwg)ls, (X, Y) =5 (Vx(Wl|s,), V) + §-(X, Vy (Wl ) + 20 |5 &, (X, Y)
=Ly, 3r(X,Y) +2W s, b (X,Y) (6.14)

(where in the last equation, we could use the fact that for vectors tangential to ¥ and
tensors on ¥, we may also define the Lie derivative using V).
If we now use eq. |D in eq. |D with W :=V{ ,V, we observe that

(7’ — 'C(v{ t)”\zTgT) € CHIS(;J'(M, S2¥.,t) C CO(t(M),HfO;j(Z., S23)).

,,,,,

This holds since the left-hand side and the second term on the right-hand side of eq.
have the needed regularity, hence also the first term on the right-hand side must have this
regularity.
Now
W 'CWQT

is a linear differential operator from TY; to S?%, of injective principal symbol. Thus by
elliptic regularity theory, we conclude (cf. Remark [3.9)

(V1. W) e o), By 7 (2, TS.) (6.15)

» T loc

"Note that the assumption means that these are already continuous sections of the corresponding Hlsozj -
bundles.
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for all integers j > 0. (In passing we note that the elliptic theory does not only yield
that (V{ju_,tV)”(T) € Hﬁ;jH(ET,TET) for all 7 € t(M), but also the elliptic estimates
for all seminorms defining the topology of Hi)zﬂ *H($,, TS,), which depend continuously
on 7 € t(M). Using this, one recognizes that (V{W,tV)” is even a continuous section of
(Hs*jJrl(ETvTET))TEt(M)')

loc

We recall v, = —Lgrad(t), thus (ngﬂtV)L = g(V{jth, Lorad(t)). For X € TS,, we

- «

have, using that X and V x (1grad(t)) are parallel to ETE
A A 1
d((ngth)J‘)(X) :aX(g(Vg,...,tVa agrad(t)))
1 ; ; 1
=—g(Vx(V]_,V).grad(t) + g((V] V)| Vx(grad (1))
1 :
:—Evz tvg(X, grad(t)) — ag(vt(Vi_._,tV),X)
; 1
+ g((Vi,.‘.,tV)”aVx(agrad(t)))- (6.16)

The first term here lies in Co(t(M),Hs_j(Z.,R) by eq. 1' (as CHS_j(M, S2M,t)

loc loc

c CO(t(M), Hf’;);j(E., S2M|x))). The last one does so by eq. 1} For the second one,
we note that although V' might not be (j+ 1)-times continuously differentiable in the time
direction, this term actually only contains derivatives of V up to order j, as X is parallel

to X, (so the highest-order derivatives drop out). Thus we obtain d((V{WJV)J‘)(X) €
CO(t(M), H: (3., R). As X € TS, was arbitrary, this implies

» “Tloc

dlrs, (V],_,V)*") € CO((M), Hy, ) (S, T°E.)).
As d|ry, is a first-order linear differential operator mapping functions on ¥, onto one-
forms, whose principal symbol is injective, we can conclude again, by Remark .9, that
(Vg}_“’tV)L € CO(t(M), H:T'77(2.,R)) for all integers j > 0. Assembling this together

» **loc

with (6.15]), it follows that

Vi L €CO(M), Hy (2, TM]x)

» *Tloc

for all integers j > 0. This is equivalent to V € CH: (M, TM,t). O

loc

7. Example: Plane waves in Minkowski space

In this last section, we want to show a simple example motivated by physics. The treatment
is based on [12], Kapitel 32.

Setting 7.1. We consider Minkowski space (M, g), where M := R* ¢ := —d2® ® da® +
dz! ® do! + do? ® dz? 4 dz® ® d2? in cartesian coordinates z := id. In the following, all
components are considered with respect to cartesian coordinates, and we adopt the usual
physics notation and summation convention. The greek indices shall run from 0 to 3.

Let h € C*(M,S?M). By adding a suitable (physically irrelevant) gauge solution,
we can assume that d9h = 0: As in the proof of Theorem using an auxiliary wave
equation, one can show that for any h € C*°(M,S2M), there exists V € C*°(M, TM) such
that 69(h — Ly g) = 0. By replacing h with h — Ly g, we can thus assume 69h = 0.

8For the latter one, recall eq. .
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In the following, we assume h to take on the particularly simple form of a plane wave,
i.e. there exist 0 # p € R* = T, M, 0 # A € O*(R*) = O*(T,M) (for all z € M, where
(O*(V) denotes the symmetric (0,2)-tensor product of the vector space V with itself)
such that '

hyuw(x) := Re(AyeP")

(where poz® := g(p,x) = —p°2° +plal +p?2% + p?z3 under the isomorphism T, M = R* =
M for x € M)ﬂ
Abbreviate 9, := 8%, o* = g"0, for p = 0,1,2,3. As Minkowski space is flat, we
have 00, = §,0" = 95 — 87 — 95 — 93. Then
. 1
(Dric(h))uw :§DLhW
1 B
=5 Re(Au e (= (") + (1) + (0")° + (0)%))
1 o
ziRe(AWpo’BeZp“‘” ).

In particular, Dric(h) = 0 holds if and only if pﬁpﬂ = 0. Thus p must be a lightlike
vector; plane gravitational waves indeed propagate with the speed of light.lﬂ.
The condition 69h = 0 is (using again the flatness of Minkowski space) equivalent to

_ _ oo 1 i 0
0= (89R), = —0"hy, = —0"Re (Awe%z - 5Aggwe%ﬂf )
— _R in’ A iPaT® 1 uAﬂ Do T
= el wp Aype 22]9 g9vu€
for £ =0,1,2,3. We conclude

12 1 vV
P Ay — ip Aggw = 0. (7.1)

A priori, it could have been assumed that A consisted of 10 independent numbers (degrees
of freedom), since a symmetric (0,2)-tensor on R* has 10 independent components. The
constraints (|7.1)) impose four conditions and reduce these to 6.

¥ The letter z is used for points and for the chart, but there should not be a risk of confusion.

2ONote that the concept of a plane wave on an arbitrary manifold is not well-defined, since it depends
on charts via the isomorphisms R* = T,M and O*(R*) = O*(T,M) for x € M. The definition
of the plane wave above and the underlying physical concept imply that the components of p and A
are constant with respect to a given chart. In Minkowski space, we can however use a preferred class
of charts to define the plane waves, namely those where the metric takes on the usual diagonal form
diag(—1,1,1,1). They can all be related by global Lorentz transformations, so in particular if a vector
resp. tensor field has constant components in one of them, it has constant components in all of them.

The relevance of this example is justified by the Fourier transform; many physically realistic waves can
be written as superpositions of such plane waves. However note that some, also physically imaginable,
solutions to the linearised Einstein equations might be not square-integrable, such that the Fourier
transform is not well-defined. Also they might be so irregular that the interpretation of the Fourier
transform as a decomposition into plane waves is not possible.

Also we first had to impose the “gauge condition” §%h = 0 and afterwards wrote down the plane-wave
ansatz. Hence we can not even claim that all plane-wave solutions to the linearised Einstein equations
can by addition of a gauge solution brought into a plane-wave form with 694 = 0. (The addition of
the gauge solution Ly g might spoil the plane-wave form, as there is no reason why Ly g should be a
plane wave. On the other hand, one could try to interpret this as first imposing the gauge condition
on an arbitrary solution and afterwards doing a Fourier transformation, i.e. decomposition into plane
waves. The addition of the gauge solution might however make the second step impossible, if the gauge
solution is not decaying at infinity fast enough or is too irregular.)

Here the plane waves just serve as an example.

21Until now, we only knew that they could not propagate faster



7. Example: Plane waves in Minkowski space 26

By eventually performing a Lorentz transformation, we can assume p* = p for 4 = 0,3
and p#* = 0 for p = 1,2, where 0 # p € R. Then the equations ([7.1)) read explicitly

1
pAgo + pAsp — 529(/100 — Ay — Ay — A3zz) =0,
pAp1 +pAz1 =0,
pAp2 +pAzz =0,

1
pAgz + pAss + 5]?(1400 — Ay — Agy — A3zz) = 0.

Thus we can write all 16 components of A,, in terms of the six independent variables
Aoo, A11, A2, A1s, Ags, Azs. Namely,

Ao1 = —Asi, Ag2 = —A3a, Ay = ————, Agr = —An

(and the rest is determined by symmetry). Furthermore, some of the remaining degrees of
freedom are unphysical, as we have some residual gauge freedom even after imposing the
condition §9h = 0:

Let v € CY. The vector field VA(x) := Re(v’ePo®") satisfies

(Lv ) = 0V )3 + 0,V )gus = Re (iv"pugane™ " +iv"puguec™") . (72)
Also we calculate, using Lemma ric, = 0 and p,p? = 0:
(69Lvg)s = (09(VV?))g = (95 — 0F — 05 — 05)Re(vge™™") = Re(p,pvge™") = 0

for B = 0,1,2,3. Thus if h satisfies d9h = 0, also 09(h — Ly g) = 0. This shows that we
can replace the plane wave h with the plane wave h — Ly g, where V' is as above, without
spoiling the divergence condition. They are physically equivalent.

The calculation shows that this replacement of h by h — Ly g corresponds to the
replacement

Ay — Ay — ivﬁpuggl, — ivﬁp,,gug.

Since p? = p3 = p, p' = p? = 0, this corresponds to the replacements

Ago — Ago — 2iv"p,
A — Aqg,

Ajg — Ajo,

Ayz — Az —iv'p,

Agz — Ao — iv’p,

Asgg — Asz — 2iv3p

(note pg = —p", goo = —1). Therefore, we can reduce the number of degrees of freedom
from six to two physically relevant ones. Namely, choosing v¥ := ‘3791‘;, L= %3, v? = %3,
V3= ‘;‘T?’;, we can arrange that the amplitude (still denoted A,,) takes on the form
0 O 0 0
Ao |0 An A 0
0 O 0 0
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There are two independent parameters, corresponding to two different polarization states.
There is no gauge transformation which can reduce the number of degrees of freedom
further. Furthermore, the gravitational wave is transverse (i.e. divergence-free, which
follows from 69h = 0 and h = h here) and trace-free. Such a tensor is also called TT-
tensor.

Without being able to go into depth here, it shall be noted that the structure of the plane
wave amplitude found above has direct physical consequences. For example, it implies that
hypothetical quanta of gravitational waves (gravitons) need to have spin 2 (due to their
transformation behavior under rotation, cf. [12], Kapitel 32). For further study, the reader
should consult the extensive physics literature.
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Conclusion and Outlook

In the preceding work, we have been able to study infinitesimal deformations of Ein-
stein metrics on Lorentzian manifolds. The linearised Einstein equations were derived and
solved. Given initial conditions on a Cauchy surface satisfying the linearised Constraint
equations, it was shown that there exists a solution inducing this initial data. The Cauchy
problem for the linearised Einstein equations in the spaces of Sobolev sections is neverthe-
less not well-posed: The solution is only unique “up to gauge”, as proven as well in this
work.

A further study of the Cauchy problem can be found in [I]. There it has been shown
that the uniqueness “up to gauge” can be used to derive a well-posed Cauchy problem in
suitable quotient spaces. Furthermore, it is interesting to study further the spaces of the
initial data (modulo “gauge producing initial data”), as this allows for a classification of
the possible waves as well. This is done as well in the reference given above, but only in
the case of vanishing scalar curvature. A classification result for the general case is yet to
prove, but it will probably be complex.

The interest for Einstein metrics and their infinitesimal deformations can be justified by
pure mathematics and they can be studied by mathematicians for its own sake. However,
in particular the Lorentzian case is highly relevant for the physical reality, the world we
live in. This was hinted at in the preceding example, but the actual problems to be solved
in physics are far more complex.

However, in any case the linearised Einstein equations are only an approximation to
reality. The real problem is non-linear and has been studied for decades. Abstract results
are also known in this case, but the study of these is hard. It may be hoped that a better
knowledge of the linearised Einstein equations can also help to understand the non-linear
ones.

For the working physicist, the abstract results derived here are “obvious”. Nevertheless,
in a certain sense they deepen the understanding of our world as it is.



A. Basic definitions of differential geometry and some formulas 29

A. Basic definitions of differential geometry and some formulas

For the sake of completeness, we record here some definitions used in the text, to be
applied in Setting Most of them are standard, but nevertheless they differ in some of
the literature.

Definition A.1. For a = (o, ..., ay) € N, where n € Ny, we write o] := a1 + - + o,

and % =1, (a‘zi)ai (where (azi)o =id fori=1,...,n).

Definition A.2. 1. The canonical volume form on M is denoted dvol,.
2. For the curvature tensor we use the definition
R(X,Y)Z =ViyZ—-VyxZ
for all X,Y,Z € TM P Here
VivyZ:=Vx(VyZ)—Vy,vZ
is the second covariant derivative.

Definition and Remark A.3. 1. A (generalized) orthonormal basis {e;}o<i<m—1 of
some m-dimensional vector space with a scalar product (-,-) shall be vectors such
that (e;, ej) = €;0;; for all 0 <4, j < m—1 and numbers ¢; € {1} (for 0 <i <m—1).
(These equations serve as a definition of the numbers ;.)

2. For any p € M, there exists a neighbourhood U of p and sections {e; }o<i<n of TU
such that these form a orthonormal basis with respect to g|, at each ¢ € U (a local
orthonormal frame). Local orthonormal frames on ¥ will be denoted by {e;}1<i<n
instead of {ei}OSign—L

3. We call a vector field X synchronous at p if (VX)|, = 0. We note that for any
p € M, there even exists a local orthonormal frame in a neighbourhood of p which
is synchronous at p; such a frame is called a local geodesic fmme@

Definition and Remark A.4. 1. Viewing elements of C>°(M, 7%/ M) as C*°(M)-mul-
tilinear maps from (TM)7 to (TM)®!, we define their trace (resp. contraction): For
S € C®(M, T"M) withi,j>1and 0 <k <i,0<1<j we define with respect to

local coordinates (zY,...,2"), for all vectors X1,...,X,;_1 € TM:
- 0
(tréS)(Xl, ce anfl) = Zdl‘a(S(Xl, ey %, ce ,Xjfl)),
a=0

where the vector fields 82a are inserted at the k’th position and the dual basis

elements dx® are paired with the I’th tensor factor. This defines an element of
C®(M, T 19=1M) which does not depend on the choice of coordinates. It could
just as well have been defined using a local orthonormal frame {e,}o<q<n and its
(algebraic) dual frame {GZ}OSaSn@ Furthermore the trace commutes with covariant
differentiation.

?2Here and often else, X,Y,Z € TM are interpreted as vectors over some given point; as R is a tensor,
R(X,Y)Z is well-defined if X,Y, Z are all vectors corresponding to the same basepoint. This shall be
implied in such a statement. Analogously, in the next formula we implicitly assume Z to be a vector
field on M.

ZThese can be defined by parallel transport of an orthonormal basis of T, M along geodesics in a normal
neighbourhood of p.

24The dual frame is characterised by e (er) = 0ap for 0 < a,b < n.
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2. We can also define a metric trace (resp. contraction) for (i,j)-tensors, where we
contract two covector slots: For S € C°(M, T M) with j > 2and 0 < k <[ < j,
we define, using an orthonormal frame, for vectors Xy,..., X, o € TM:

((trg)eS) (X1, ., Xj2) = Y €aS(X1,. - €ar- - s€ar. -, Xj2),
a=0

where the vector fields e, are inserted at the k’th and [’th position. This defines an
element of C°°(M,T*/~2M) which does not depend on the choice of orthonormal
frame ([I3], Lemma 1.2.5); also tr, commutes with covariant differentiation like the
other trace. When they are clear from the context, the indices k,[ will be omitted
when writing both kinds of traces.

Definition and Remark A.5. 1. The metric g can be extended to 1-forms (i.e. (0,1)-
tensor fields) and (0,2)-tensor fields: If o, 3 € QY(M), we define, using a local
orthonormal frame {e; }o<i<n:

n

g(a, B) ==Y eiafer)Bler).

i=0
If S, T € C®°(M,T%2M), we define

n

g(S,T) ==Y €ic;S(ei ;)T (eie5).
i,j=0

(These definitions are independent of the choice of frame.)
2. We define the “musical isomorphisms”
b o T — T bt i o= t1h 0 (- ®yg)
(for 1 < k <, where i > 1 is assumed) and
f 0 TH — TitLI—L fr = tr?jl o(-® g_l)

(for 1 < k < j, where j > 1 is assumed). When applied point-wise, these commute
with covariant differentiation as the traces do, and g and ¢~! are parallel. By defi-
nition, b; is the inverse of f;, wherever this statement is well-defined. We also write
wh := #1(w) for one-forms w and V? := by (V) for vector fields V.

3. For S € C®(M, T M), T € C®°(M, T M) with j, k > 1, we define the composition
C®(M, TH1HM) 5 So T = i (S @ T),

i.e. one contracts the last covector slot of S with the first vector slot of T. Sometimes
also two (0,2)-tensors will have to be composed: For S,T € C*®(M,T%2M), we
define S o T € C®°(M,T%2M) by
(S © T)(Xa Y) = g(S(Xa ')7 T(Ya )) = Z EiS(Xa ei)T(Y7 67;) = tl“g(S(X, ')7 T(Y> ))
i=0

for X,Y € TM |

% Consequently, a more appropriate symbol would actually be o? as it depends on g via the orthonormal
frame.



B. Calculations 31

4. We note that
(trg)pS = tritri(g ' @ 9).

Here the traces shall be applied from the right to the left, and ¢g~! is the inverse of

g, where g is interpreted as a map from TM to T*ME If S is a (2,0)-tensor field,
one can also write try,S = tr(g=! o S).

5. Also we have for smooth (0, 2)-tensor fields S and 7"
g(S,T) =tr(g7 o SogtoT)

and
SoT:Sog_loT

(where the composition on the left-hand side is the metric-dependent one while the
one on the right-hand side is metric-independent).

Definition and Remark A.6. The Lie derivative is denoted L, as usual. We recall that
L commutes with contractions as well, and the definitions of £ and V on functions (simply
the partial derivative), and that both derivatives satisfy a product rule for tensor fields.
Noting that inserting a vector field X on the k’th position into a (i, j)-tensor S (where
1 < k < j) is equal to the contraction ¢} (S ® X), we obtain the product rules for the
covariant differentiation and Lie derivatives of (0, j)-tensors: For Xi,..., X, vector fields
on M, we have

Ox(S(X1,....X;)) = (LxS)(X1,.... (X1, Lx X1, X)),

Ox (S(X1,..., X)) = (VxS) (X, ...,

J
Xj) —1—25
=1
j
X))+ ) S(X1,...,.VxXi,..., X))
=1

(where X € X(M) in the former and X € TM in the latter equation). In particular, using
the torsion-freeness and a product rule (for g) for the Levi-Civita connection, we obtain
for vector fields X,Y, Z on M:

(Lxg)(Y,Z) =0x(9(Y,2)) —9g(VxY —=VyX,Z) —g(Y,VxZ -V zX) =

=9(VyX,Z)+g(Y,Vx2). (A1)
Note that this formula defines £x g also for distributional X.

These definitions here were stated for M only, but if needed, analogous definitions for
other manifolds will be used.

B. Calculations

This appendix is devoted to the proof of the various computations used in the main body
of the text. Much of the treatment follows [I3] and [10], which are based on [7].

2Thus gt is a (2,0)-tensor field such that gog ! =idp«a and ¢~ og = idTas; using a local orthonormal

frame {e;}o<i<, one can write g~' = Y7 €ie; ® e.



B. Calculations 32

Proof of Proposition[[.3, 1. We abbreviate g; for g+th and V* for VI (wherever this is
well-defined); then V9 = V. In the following we choose some p € M and only calculate at
this point, but this is often suppressed in the notation. Recalling that DVY(h) is a tensoﬂ
we note that for vector fields X, Y, Z on M, the value of g(DVY(h)(X,Y), Z)|, only depends
on the values of X, Y, Z at p. Thus we can assume that X, Y, Z are synchronous at p (with
respect to V°). By torsion-freeness of VY this implies that the commutators of X,Y and
Z also vanish at p.
The Koszul formula yields

20:(V'xY, Z) =0x(9:(Y, Z)) + Oy (9:(X, Z)) — Dz(g:(X,Y))
—g(X, Y, Z]) + g (Y, [Z, X]) + ge(Z, [X, Y])
for all ¢t where this is a well-defined statement. The second line vanishes as the commutators

of X,Y, Z are zero. Thus we obtain, inserting g; = g + th, go = g and subtracting the two
resulting formulas,

2(g + th)(V'xY, Z) - 29(V°xY, Z)
=0x((g +th)(Y,2)) — 0x(g(Y, 2)) + 9y ((9 +th)(X, Z))
— 0y (g(X,2Z)) —0z((g + th)(X,Y)) + dz(9(X,Y))
=t (Ox(h(Y, Z2)) + 0y (WX, Z)) — 0z(h(X,Y))) .

However on the left-hand side of this equation, the second term actually is zero due to
synchronousness. Therefore,

(9-+ th)(V'xY, 2) = St (Dx (h(Y, 2)) + By (h(X, 2)) ~ 02(h(X, Y)))

and upon differentiating, we obtain
d
dt

Here on the left-hand side, the first term equals g(DVY(h)(X,Y), Z) by definition of V*
and since differentiation with respect to ¢ commutes with g. We note that, since h is a
tensor and the vector fields are all synchronous at p, the right-hand side can be rewritten
as

g(V'yxY, Z)) + <§t th(V'xY, Z))

t=0 t=0

_ % (Ox (h(Y, Z)) + Oy (h(X, Z)) — 07(h(X,Y))) .

5 (O (h(Y, 2)) + 0y (h(X, 2)) — 02(h(X, V)

(Vxh)(Y,Z)+ (Vyh)(X,Z) — (Vzh)(X,Y)).

N =

28 So

g(DVY(R)(X,Y), Z) th(V'xY, Z)

+ -
dt],_o
- % (Vxh)(Y,Z)+ (Vyh)(X,Z) — (Vzh)(X,Y)).

27See the notes above the statement of Proposition

28This follows since h(VxY, Z) = h(Y,VxZ) = h(Vy X, Z) = (X, VyZ) = h(VzX,Y) = h(X,VzY) =
0. In the end we need to have a tensor equation to make the formula valid; otherwise the assumption
of synchronous vector fields would have been invalid.
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To prove the claimed equation (4.4]), it only remains to show that the second term on the
left-hand side of the above equation vanishes. This follows from

d

1
—|  th(VixY, Z) = lim —th(V'xY, Z) = lim h(V'xY, Z) = h(V°xY, Z) = 0,
dt =0 t—0 t t—0

as taking the limit with respect to t commutes with h, and Y is synchronous at p (with
respect to V0 = V). O
For the proof of part 2., we first show an auxiliary lemma.

Lemma B.1 (cf. [10], Lemma 5.4). For h € C*°(M,S*M) and r € C*°(M,T*?M), we
have

&l trg4en(r) = —g(h,7).

Proof. At first we note that ¢ : I — C®°(M, T M), t — (g +th)~t o (g + th) (where
I C R is a sufficiently small interval) is the composition of the map ¢ : I x I —
C(M, T M), (t1,t2) — (g +t1h)~! o (g + t2h) with the diagonal map A : I — I x I,
t +— (t,t). Thus the chain rule yields

d d
el ) = (d — A
dt |, #() ( A(O)d)) (dt t=0 )
_ _ 1
= (d% o9t leg, it wood 0 (g+t2h)> (1)
d d
=—(g+th)" °og+ — g ' o(g+tah)
dty t1=0 dt2[;,—9
=(D(g () og+g toh. (B.1)

This can be seen as a product rule for differentiation with respect to t. However, by
definition ¢ is a constant function (taking as value the (1, 1)-tensor corresponding to the
identity map on TM). Hence the left-hand side of eq. (B.1)) is zero, implying that

D(g")(h) = —g tohog™! (B.2)

and therefore

d d -
G| )= g wlgrmton)

—tr((D(g~)(R) o) = —tx(g~ o hogLor)
= - g(h, T‘),

where it was used that the limit ¢ — 0 commutes with the metric-independent trace. [

Proof of Proposition[[.3, 2. We recall §9(a) = —try(V.a(-)) for « € QY(M). In Lemma
[B.1] we found

@l trgrn(V.a()) = —g(h, V.a()).

Thus we get
Dé?(h)(a) = = (=g(h, V.a(-)) 4 trg(DV?(R)(e))) (B.3)

by a product rule which can be proven as eq. (B.1)).
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We use now a generalized orthonormal frame {e; }o<i<p to evaluate the metric trace. By

eq. , we have for all X, Y € TM (as DVI(h)(X,Y) = >0 €;9(DVI(h)(X,Y), ej)e;)):

DVIR)(X,Y) = 3 26 (Vxh)(¥ieg) + (Vyh)(X,e) — (Ve i)(X,V)) ey (BA)
=0

By the product rule and since V commutes with traces, we have

dx(a(Y)) =Vx(tri(a®Y))
=tr}((Vxa)®@Y) + tri(a ® (VxY))
=(Vxa)(Y)+a(VxY).

As the partial derivatives are unchanged when changing the metric, we deduce from this

0= S (V9 hya)(X) + (VI YY) = (DVY()(0))(X, Y) + a(DV#()(X, V).
t=0
Thus

(DVI(h)(a))(X,Y) = — a(DVI(h)(X,Y))

J=0

=—« (Z %ej (Vxh)(Y,e;) + (Vyh)(X,ej) — (Ve,h)(X,Y)) ej) :

If we use the same generalized orthonormal frame {e; }o<i<y to evaluate the metric trace,
we get

n

—trg(DVI(h)(a)) =« (Z %qej ((Veih)(eig ej) + (Ve h) (e e5) — (Vejh)(ei, 6@')) ej)

1,7=0

= Z %eiejoz(ej) (2(veih)(ei76j) - (vejh)(ei’ei))
1,7=0

== 30 Seale) 7)) ) + Ve, 1r,h)
j=0

— (e, 59(h)) - %g (a, d(trgh)) . (B.5)

(Wenote 31" g €,(Ve;h)(es, ) = Ve, (trgh) = O, (trgh) = d(trgh)(e;), since V., commutes

with metric traces and the covariant derivative for a function equals the partial derivative.)

Equations (B.3]) and (| - together yield . O

Proof of Proposition[f.3, 3. As in 1. we choose p € M and assume X,Y,Z to be vector
fields synchronous at p (which is valid as DRy(h) is a tensor). We have

(DRy(h))(X,Y, Z) = % Vix(VlyZ) = V'y(V'xZ) = V' ix v Z. (B.6)
t=0
Arguments as in the proof of eq. yield product rules for the first and the second term
in eq. . We obtain
(DRy(h))(X,Y, Z) =(DV?(h))(X,Vy Z) + Vx((DVg( (Y, 2))
— (DVI(R)(Y,VxZ) = Vy ((DV(h))(X, Z)) — (DVI(h))([X,Y], Z)
=Vx((DVI(n))(Y, Z)) = Vy ((DV?(h))(X, Z))
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by synchronousness of X and Y at p. As X,Y, Z are synchronous at p, similar arguments
to the ones made in the proof of 1., using the product rule for V, show that the right-hand
side coincides (at p) with

(Vx(DVI()(Y, Z) = (Vy (DVI(h)))(X, Z).
This proves equation (4.6)) (since both sides are tensorial). O

To continue with the proof of Proposition we need three auxiliary calculations, which
are done in the following lemmata.

Lemma B.2 ([10], Lemma 5.2). Let h be a symmetric (0,2)-tensor field, and let {e; }o<i<n
be a locally defined generalized orthonormal frame. Then for any X € TM,

n
Z Eih(vXei, ei) =0.
i=0
Proof. We write V xe; = Z?:l aj;ej. Differentiation of the orthogonality relation yields
0= 0x(g(ei, ex)) =9(Vxei, ex) + glei, Vxey)

n
= E (aji€j0jk + ajrejdsi)

=i €k + OGEE;-

Consequently
n n
Z vXe’Hel Z ak’zekaez
=0 k=
1 n
) Z (eiak; + exair)h(ek, ;)
i,k=0
1 n
=3 eick (ke + qir€i) hieg, e;)
i,k=0 ~
=0.

In the second equality, it has been used that the sum is symmetric under exchange of the
indices ¢ and k. O

Corollary B.3 ([10], Corollary 5.3). Let h be a symmetric (0,2)-tensor field. Then Rh is
also a symmetric (0, 2)-tensor.

Proof. Let {e;}o<i<n be a local orthonormal frame and let X,Y € TM. By definition,

n

RA)(X,Y) =3 eh(R(es, X)Y, ).

=0

Because of the Bianchi identity, this is equal to

- Zez R(Y,e)X,e;) = > eh(R(X,Y)ei, €:).
=0
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o
Due to antisymmetry of R in its first two arguments, the first sum equals (Rh)(Y, X).
Thus to prove the corollary, we need to show that the second sum is zero. We calculate

n n

D GhR(X,Y)eie) =Y e (W(Vx(Vye),e) — M(Vy(Vxe),ei) = h(Vxyei ei))
=0 1=0

= e (0x(M(Vyei &) — (Vxh)(Vyei, e) — h(Vxe, Vye;)
1=0
— ay(h(VXei, 62)) + (VYh)(vX€i7 ei)
+h(VY6i, VXeZ-) — h(V[va]ei, 61)) .

The third and the sixth term in the bracket add up to zero. For the other terms, we apply
the previous lemma to the symmetric (0,2)-tensors h, Vxh and Vyh to show that the
whole sum becomes zero. This concludes the proof. O

Lemma B.4. We define the Riemannian curvature tensor on (0,2)-tensor fields by
R(X,Y)h = Vi yh— Vi xh
for all h € C°(M,T%2M), X,Y € TM. Then for all A, B,V,W € TM, we have
(R(A,B)h)(V,W) = —=h(R(A, B)V,W) — h(V,R(A, B)W). (B.7)

Proof. The map R(-,-)h(-,-) is tensorial in all of its slots since already the tensor derivatives
are tensorial in all of their slots. The same holds for the right-hand side of the claimed
equation. Thus it suffices to prove it at a point p € M, where it can be assumed that
A, B, V,W are synchronous at p. We have (where the traces are applied from the right to
the left)
(R(A, B)h)(V, W) =tritr3(R(A, B)A(-,-) @ V @ W)
=tritr3(Vi5h) @ V@ W) — tritr3 (Vi 4h) @ Ve W).  (B.8)

A twofold application of the product rule yields

Vip(h@VeW)=(Vigh)@V oW+ (Vah)® (Va(V e W))
+(Vh) ® (Va(V@W))+h® (V4 (V@ W)).

After again applying the product rule in the second and the third term, they are recognized
to be zero at p by synchronousness of V, W there. Using this, and an analogous equation
with the roles of A and B interchanged, in eq. (B.8]), we obtain

(R(A, B)h)(V, W) =tritr3(V4 p(h @ V @ W)) — tritry(h @ (V (V@ W)))
—tritr3(VEA(h @V @ W)) + tritr3(h @ (Vi 4(V @ W))). (B.9)

As V%L p commutes with contractions, the first term here equals
Vap(tritr3(h @V @ W)) = Vi p(h(V,W)).

However, we have h(V, W) € C*°(M), hence these covariant derivatives are partial deriva-
tives and this term equals 94(9p(h(V,W))). Analogously, the third term in eq. is
equal to —0p(0a(h(V,W))). Thus the first and the third term in eq. add up to

A0 (h(V,W))) — 0p(0a(h(V,W))) = 04,5/ (R(V,W)) =0
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at p, since A, B are synchronous there.

We note VI%LB(V(@W) = (V?q,BV) QW+ (VAV)R (VW) +(VeV)@ (VAW)+V ®
(V(%L W), where the second and the third summand are zero at p. Therefore, eq. |mb
can at p also be rewritten as

(R(A, B)R)(V,W) = —tritr3(h ® (V4 V) @ W) — tritr3(h®@ V @ (V3 gW))
+trjtr3(h @ (VB 4V) @ W) + tritr3(h @ V @ (Vi 4W))
= — (V4 EV, W) = h(V,Vi W)+ h(VE 4V, W) + h(V,VE W)
= — h(R(A, B)V,W) — h(V,R(A, B)W).

O

Proof of Proposition[[.3, 4. We recall that taking the trace of a linear map does not depend
on the metric, hence it commutes with differentiation with respect to t. For XY €
TM, we obtain, using eq. (4.6) (where we note that taking the trace tri of (X,Y,Z) ~
(VyDV9(h))(X, Z) is the same as taking the trace tr} of (Y, X, Z) — (VyDV9(h))(X, 2),
which is (V.DVY(h))(-,-) by definition):

(Dricg(R))(X,Y) =(D(tr1Ry)(h))(X,Y)
=(tr{(DRg(h)))(X,Y)
= (tr1(V.DVI(Rh)(-,-)) — tr5(V.DVY(R)(-, ")) (X,Y).

We use now a local generalized orthonormal frame {e; }o<i<p to evaluate the traces, where
we note e = €;g(-,e;). Thus

(Dricy (h)(X,Y) = > €;(V.DVI(h)(-, ) (e X, Y)) = ef (V.DVI(R)(- ) (X, €, Y))
1=0

_Zez ((V.DVY(h)(-,-)), ) (e X, Y, €;)
- ((V'Dvg(h)('v'))7')(Xvei7yyei))'

Now by the product rule for V, using that V commutes with contractions (up to index
shifts) and g is parallel, we get

g((V.DVI(R)(,-)), ) =tri((VDV?(h)) ® g)
=V (tr3(DV(h) @ g)) — try(DV?(h)) ® (V g))
=V (tr3(DVI(h) © g)) = V(Cyh)
where Cyh := tr3(DVI(h) ® g), or in other words Cyh(X,Y, Z) = g(DVY(h)(X,Y), Z) for
all XY, Z € TM where this is is a syntactically valid statement. Thus we can rewrite

(Dric ()(X.Y) = 3" & (V(Cgh)) (i, X. Y1) — (V(Cyh)) (X1, Y. 2)
1=0

= (Ve (C)(X.Y.e) = (Vx(Cp))(en Yie)) . (B.10)
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In the following, as the equation to be proved is a tensor equation, we can choose p € M,
assume X, Y and the e; to be synchronous at p and calculate only at p. Using part 1., i.e
eq. (4.4), the second summand in eq. (B.10]) is then readily calculated to be

n

> a(Vx(Coh))(ei, Yyei) = = eidx ((Cgh)(es, Y, e:)
=0

=0

% €i0x (Ve M) (Y, e:) + (Vyh)(eiei) — (Ve h) (e, Y))
1=0

= %8)( (Z €0y (h(ei, ei))>
i=0

=— %8X8y(trgh)

- %(Vd(trgh))(X, Y). (B.11)

(We used the synchronousness in the first and in the last step; in the third step we used
that V¢, h is a symmetric tensor to cancel the first with the last term in the bracket.)
In the first term of (B.10)), we again apply eq. (4.4) and obtain

n

Y (Ve (Cgh))(X, Y, e)

1=0

7261 2 xh(Yye) + (V2 yh) (X, e) — (V2 ., h)(X,Y)). (B.12)

In the first summands in eq. (B.12)), we commute the covariant derivatives using the
Riemannian curvature tensor on (0, 2)-tensor fields. This yields

n

5 (V2 (o) =3 3 6 (T (Y e0) + (R(er, XOR)(Y )
=0

=0

== Z e (Vi) (Y e) — h(R(e;, X)Y, e;) — B(Y, R(es, X)e;))

(B.13)
by Lemma [B-4]
On the other hand we calculate
;(rlcg oh)(X,Y) Z eicjg(R(ej, )X, e5)h(Y, e;)
1 - 1<
:2%:1 ciejg(R(X, e;)ej, e)h(Y, ;) = o ;ejh(Y,R(X, ej)e;), (B.14)

which we use, together with the antisymmetry of R in its first two arguments, in eq. (B.13|)
to deduce

n

,ZQ 2 B)(Vie) = — ;(ﬁh)(X,YH;(ricgoh)(X,YH;gq(vmh)(y,ei).
(B.15)
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Similarly we deal with the second summands in eq. (B.12)) and obtain

[

€V 1) (X, ).

N |
]

Il
=)

- 1 o 1
) (V2 yh) (X e) = —5 (RA)(Y, X) + 5 (ricg 0 h)(Y, X) +
=0

\)

K2

By Corollary Rh is a symmetric tensor. Also we note (ricyoh)(Y, X) = (horicy)(X,Y).
Thus this can be rewritten as

n

€i(Vi,e, 1) (X, ei).

% S (V2 (X, ) = —%(f{h)(Y, X) + %(h o ricy)(X,Y) +

=0 =

N | =
=

(B.16)
The third summands in eq. (B.12)) are recognized to add up to half of the connection
Laplacian V*Vh of h, applied to X and Y. Using this and equations (B.11)), ,

(B.15)), (B.16) in (B.10)), we obtain

Dricy(h)(X,Y) = — %(Vd(trgh))(X, Y)
+ % <V*Vh +ricg o h 4+ h oricy — 2PO{h> (X,Y)
1 n
+5 D (Vieh) (Y e) + (Vi h) (X, e)) . (B.17)
=0

By definition

0%h == €i(Ve,h)(ei, ),
=0
which leads to

n

((sym o VYEN(X,Y) = =5 D e (Ve )i ¥) + (T (e X)),
1=0

That is, by symmetry of h, up to a sign the last term in eq. (B.17). As the second term
of eq. (B.17) is one half of the Lichnerowicz operator, we obtain in total

Dricy (h) = %DLh ~ ((sym o V)(69h)) — %(Vd(trgh)).

This proves equation [4.7] O
The proof of equation [4.8 requires another auxiliary lemma.
Lemma B.5. Let w € QY(M). Then
L9 =2(symo V)(w). (B.18)
Proof. Let VW € TM. Then

(Los9)(V, W) =g(Vywh, W) + g(V, Viyw?)
—0y (g(wh, W) — g(wt, VW) + w (g(V, ) — g(V iV, wh)
=0y (w(W)) —w(VyW) + oy (w(V)) —w(VwV)
=(Vyw)(W) + (Vww)(V)
=2(sym o V) (w)(V, W).
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Proof of Proposition[].3, 4., continued. We recall h := h — %trg(h)g. By Lemma we
have

L Ly =(sym o V) (89(F)

—(sym o V) (0%(h)) — 3 (sym o V) (~(trg)u V. (1, (W)g(-. )
(sym 0 V) (b, )11V (11 (1)) © 9(-, )
+ 5 (svm o V)((irg ) (in, () @ (V. 9)(-, )

=(sym o V)(67(h)) + %(Sym © V)((trg)119.(trg(h)) @ g(-,-))

=(sym o V)(6?(h)) +

N =N =

=(sym o V)(8(h)) + 5 (sym o V)(@.(trg()))
=(symo V)(6?(h)) + %(sym o V)(d(trg(h))). (B.19)

(We also used Vg = 0 and V = 0 on C*(M).) We note that for vector fields V, W
synchronous at some p € M, we have at p:

5 (sym 0 V) (d(trg))(V, 1) = (3 (O (txgh) + Dy (O (g ))

1 1
:§8V(8W (trgh)) — Za[v,w] (trgh)

1

=5 0 (O ()

1
= 5 (Valtrgh))(V, ).
As both sides are tensorial in V, W, this shows (sym o V)(d(trgh)) = Vd(trgh). Inserting

this in eq. (B.19) and comparing with eq. (4.7), we obtain eq. (4.8). This concludes the
proof of part 4. of Proposition [£.3] O

Proof of Proposition[f.3, 5. We have by Lemma part 4. of the proposition and a
product rule that is proven similarly to eq. (B.1):

d .
DSCEng(h) = E trg-l—th(rlcg—l—th)
t=0

(4
S \dt

= — g(h,ricy) + trg <;DLh — (symo V)(69h) — ;Vd(trgh)> . (B.20)

trgteh (ricg)> + trgen(Dricg(h))

We recall O9f = —try(Vdf) for f € C®°(M), so the last term here is 2039(tryh). Further-
more for any 1-form w and X,Y € TM, we have

((symo V)w)(X,Y) = 2 (Vw)(X,Y) + (Vw)(Y, X)),

1
2
so, using a local orthonormal frame {e; }o<i<n, We get

n

trg((symo V)w) = Zei(Vw)(ei, ei) = —0Jw.
i=0
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Inserting this in eq. (B.20)), we get
1 1
Dscalg(h) = —g(h,ricg) + itrg(DLh) +9(6%h) + §Dg(trgh). (B.21)

Now we want to compute try(CJ; k). We first note that

trg(Rh) = &(Rh)(es, e5)
i=0
= Z €i€jh(R(€j, ei)€i7 ei)u
i,5=0
while we also have

try(ricg o h) = Z ei(ricg o h) (e, €;)

=0
n
= Z eiekricg(ei, ek)h(ek, 62')
1,k=0
n

= Z eiejekg(R(ei, 6]')6]', ek))h(ek, 62')
%,7,k=0

n
= eih (Z erg(R(ei e ej,ek)ek,&)

1,7=0

= Z eicjh(R(ei, ej)e;, €;).

i,j=0
Interchanging 7 and j in the latter calculation and comparing it with the one above, we
[¢]

obtain try(Rh) = try(ricy o h). Using this and cyclic invariance of the trace, we also get

try(h oricy) =try(ho g™t oricy)
=tr(g tohoglo ricg)

=tr(g ' oricyjog ' oh)
=try(ricg o h) = trg(f{h).
Together with the definition of [J; , these calculations show
trg(Oph) = trg(V*Vh). (B.22)
On the other hand, g~ is parallel, so

09 (trgh) :Dg(tr( “Loh))

= Zezvgm “Lop)

)

=trg(V*Vh).
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Inserting eq. (B.22]) in this equation shows

¥ (trgh) = try(dph). (B.23)
We insert eq. in eq. (B.21)) and obtain
Dscalg(h) = O9(trgh) + 69(67h) — g(h, ricy).
Using symmetry of g on the bundle of (0, 2)-tensors, this proves eq. . O

Proof of Proposition[{.6 We note that by a product rule which is proven similarly to eq.
(B.1)), we have for i = 1,2:

d - d - - d
—| @G Hthk+tm)= —| i(G+th k) + —
i, G +thk+tm)= » (G +th k) + & »

D;(g, k + tm).

Thus to prove the equations (4.14), (4.15) we need to show that the sum of the partial
derivatives of ®; with respect to g in the direction of h and with respect to k in the direction
of m is equal to D®; (for i = 1,2). We write D; for the differentiation with respect to

the g-variable (so e.g. Discalz(h) = %‘tzo scal; etc.) and Do for differentiation with

+tho
respect to the k-variable (so e.g. Da(trgk)(m) = %‘t:o trg(k + tm) = trgm). With this
notation, the above formula reads D®;(h,m) = D1 ®;(h) + Dy®;(1n).

We start with the proof of eq. (4.14), where we recall the energy constraint equation

E2):

®1(g,k) = scaly — G(k, k) + (trgk)? = 0. @-2)
We found in Proposition (now decorating everything with tildes, and with Dy instead
of D):

Dlscalg(ﬁ) = O9(trgh) + §7(69h) — g(ricg, h). (B.24)
Here we note that i 3 . 3 i 3
O9(trgh) = —trzg(Vd(trgh)) = —67(dtrgh). (B.25)

Furthermore, we calculate, using the product rule, cyclic invariance of the trace and eq.

B2):

=2G(kog ok, h) =2G(kok,h) (B.26)

(where in the last formula, we used a metric-dependent composition instead of the metric-
independent composition in the formula before).
From Lemma [B:I] and by the product rule we obtain

D, ((trgfc)2> (h) = —2(txzk)g(h, k) (B.27)

Thus, using equations (B.24)), (B.25), (B.26), (B.27), we get

D1 ®y(h) = —89(dtrgh) 4 89(69h) — g(ricg, h) + 2g(k o k, h) — 2(trzk)g(h, k).  (B.28)
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We now compute D2<I>1(ﬁz). The first term in eq. (D is independent of k, hence its
derivative with respect to k is zero. For the derivative of the second term, we obtain by
the product rule and cyclic invariance of the trace:

D, (k. k) () =Dy (~tr(5" 0k o g~" 0 k)) ()
= —2tr(§ 'okog Lom)=—25(k,m).

Also we have, by the product rule and since the trace is linear:

Dy ((trg (R))?) (1) = 2(trg () (b5 (17)) = 23k, (trg77)3).

Altogether

Da®s (1) = —2§(k, ) + 2g(k, (trgm)g),
which, together with (B.28) and D®;(h,m) = D;®1(h) + Da®, (1), yields (4.14)).
We continue with the proof of eq. (4.15)), recalling the momentum constraint equation

[E3).

o (g, k) = —67(k) — d(trgk) = 0. @3)
Let X € TX; without loss of generality X is extended to some vector field on ¥ (still
denoted X). It suffices to compute only at one specific point and assume X to be syn-
chronous there. In proposition it was found (again decorating everything with tildes
now and writing D; instead of D) that
. - . -1 -
Dié9(h)(a) = g(h,Va) — g(a, 8% + §d(tr§h))

for « € Q'(X). In particular, this also holds for o := k(-, X) = tri(k @ X).

We now use an orthonormal frame {e;}i1<i<n to evaluate the divergence of o (where
g(ei,ej) = +0;; as g is Riemannian, hence we drop the signs ¢;). Using the product rule
and that V commutes with contractions, we ge

o == (V. (ko X))(e)

i=1

Rearranging terms, we get

(69E)(X) = 6%+ k(es, Ve, X). (B.29)

=1

Differentiating the first term here with respect to g yields by the above formula and the
definition of «:

Dy (69%)(X) = §(h,V.k(-, X)) — g </2;(-,X), 69h + ;d(trgﬁ)) . (B.30)

2Here on the left-hand side § is the divergence of a 1-form, while on the right-hand side it is the divergence
of a (0, 2)-tensor.
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For the second term in eq. (B.29)), we note that by eq. (B.4), we have

(DY () (e X) = Y % (Veh(X.e5) + ¥ xh(esef) — Ve, (X)) e
=1

Thus the second term in (B.29)), differentiated with respect to g, becomes

n n
L 1/ - _ _. B
D, (Zk‘(&ﬁ,VgX}) = Z 9 (vﬁz‘h(Xa ej) + th(eiaej) - vejh(X7 61)) k(eiaej)
i=1 ij=1

1 - -~ ~
= §VXh(ei)6j)k(ei7ej) =

,j=1

mWe use (B.30) and (B.31)) in (B.29) to deduce

(D1 (678)(R)(X) = 3R, V(- X)) — § <z;<.,x>, 55 + ;d(trgﬁ)> 2oV xh ). (B32)

G(Vxh, k). (B.31)

Let {e; }1<i<n be a local orthonormal frame. Let Y € TE. We calculate, using Vg = 0:

n

d(trgh)(Y) = Oy (trgh) = > _ €0, (trgh)g(e:, V)
=1

=Y (Vel(trgh)g))(es, Y) = =69((trgh)3)(Y ).
i=1

Thus

d(trzh) = —69((trzh)g). (B.33)
We now want to differentiate the second term in (4.3)) with respect to g. We note that

d commutes with differentiation with respect to g (as d does not depend on the metric).
Thus we find

Di(d(trgk))(h) = —d(g(h, k) (B.34)

by Lemma [B.I] We apply this to X and assemble this, the definition of ®3 and equations
(B.33), (B.32) to get

(D1®a()(X) = = (0. T, X))+ (HC X677~ 107 (e
3(Vxh,k)+d(g(h, k))(X). (B.35)

To calculate the derivative with respect to k, we note first that due to linearity of 69
and since ¢Y does not depend on k, we have

(D2(67(k)) (m))(X) = (67(m))(X).

%Note that also the orthonormal basis vectors depend on §. One can rewrite . E(ei, Ve, X) =tr(§7'®
15(-, ﬁX)) and then use eq. to deduce that on the right-hand side of the first equality one needs
to add a term of the form —tr(§ ' oho g ! ® k(-,V.X)) = — =1 B(e“ej)l;:(ei,ﬁe].X). However
this vanishes since X is assumed to be synchronous at the considered point.

In the third equality, we used symmetry of 15, such that upon an index renaming in the negative
summands they cancel with the first positive summands.



B. Calculations 45

Also
(Da(d(trgh)) (M) (X) = (d(trgm))(X) = —87((trgm)§)(X)

(using (B.33) with 77 instead of h) and we obtain, summing up and applying the signs:

(D2®a(17))(X) = — (89 (170) ) (X) + 6((trgr7)g) (X). (B.36)
We now use equations and in D®y(h,m) = D1 ®9(h) + Da®a(10) to deduce
@15). O

Lemma B.6. Regarding the unit normal vector field v to the hypersurface ¥ C M as a
function of g, its derivative in the direction of h is given by

Du(h) = —h(v, ) — %h(u, "

Proof. Let X € TY, then we have 1 = g(v,v) and 0 = g(v, X ). These equations are readily
differentiated to yield (together with the product rule and symmetry of g)

0 =h(v, v) + 29(Du(h), v),

0 =h(v, X) + g(Du(h), X).
Let {e;}1<i<n be an orthonormal frame on TY (which satisfies g(e;, e;) = +0;; by the sign
convention for ¢g). Using this and g(v,v) = —1, we calculate (expanding Dv(h) in terms

of the basis vector fields {v,e1,...,e,} and inserting the above equations, where we insert
the vectors e; in place of X):

Dv(h) = — g(Dv(h),v)v + Zg(Du(h), ei)e;

n

1
:§h(y, Vv — Zz; h(v,e;)e;

O

Proof of Proposition[{.7 Equation (4.18)) follows directly from the definition. We prove
equation (4.19).

By the product rule for the Levi-Civita connection and g, Y)=0forall Y € TY, we
have k(X,Y) =¢g(Vxv,Y) = —g(v, VxY). We differentiate this in the direction of h and
apply a product rule to obtain

Dk(h)(X,Y) = —h(v, VxY) = g(v,DV (h)(X,Y)) — g(Dv(h), VxY). (B.37)
We decompose TM |y = R @ TY into vector components perpendicular and tangential to
Y. Using this decomposition, we can write Z = ZIl — g(v, Z)v for Z € C®(2, TM]|s),
where ZIl e C>(x, TE). Then the third term in eq. (B.37) is equal to
1
—g(Du(h), (VxYV)I = g(VxY,v)v) =h(v, (VxY)I) - Fhw,vV)g(VxY,v)

b, (VY + %h(u, WX, Y)

31Note the sign in front of the second term due to the metric.



B. Calculations 46

by again the product rule for g and (the proof of) Lemma
For the first term in eq. (B.37)) we find

(1, VxY) = — h(v, (VxY)) + h(v,1)g(v, Vx V)
— — b1, (VaY)!) = h(v, )k(X,Y)

(again using the product rule for g). Thus the first and the third term in eq. (B.37)
combine to

— g R(X,Y). (B:38)

For the second term in eq. (B.37), we found in Proposition |4.3 E that 1t is equal to

—2((Vxh) (v, Y)+(Vyh)(v,Y)—(V,h)(X,Y)). Thus, inserting this and (B.38) in ,

we get
DE(h)(X,Y) = —%h(u, WX, Y) - %(Vxh)(y, y) - %(Vyh)(X, V) + %(Vyh)(X, Y),

which is eq. (4.19). O

Proof of Lemma[5.1 We calculate the formulae for smooth sections of the tensor bundle.
As these lie dense in the Sobolev sections, the lemma then follows also for Sobolev sections.
In the following, we denote by {e;}1<i<n a local orthonormal frame on TY (defined where
necessary). The signs ¢; are here all equal to +1. Let X,Y € TX.

Clearly h is the linearised first fundamental form induced by h. Furthermore we have

(Vyh)<v, X) = 8yh(V, X) - h(Vyl/, X) — h(V, VyX) = —h(VyV, X)
(because h(v, -) identically vanishes on ). On the other hand, we calculate:
(Xv ')7 ];(7 Y))

(X, e), k(e;, V) = (X, k(Y,e)e;)
1

(hok)(X,Y) =

Il
. N}
M3 /-\I

s
Il
—

=+

WX, g(Vyv,e)e;) =
1 7

h(X,9(Vyv,ei)e;) = h(X,Vyv),

FI%S

1

.
Il

where it has been used that X is tangential to replace h with h. Thus
(Vyh)(v,X) = —(ho k)(X,Y). (B.39)
Analogously we obtain (V xh)(v,Y) = —(k o h)(X,Y). Therefore,
Die(h) = — %h(u, WX, Y) — 1(th)(y V) — 1(vyh)(u X) +
—0— %(Vxh)(y, v) - (Vyh)(z/ X) + (X, Y) — 7(;3 F+ R oR)(X,Y)
=m(X,Y)

by the properties of h, so m is indeed the linearised second fundamental form induced by
h.

We continue by showing §9(h)|s; = 0, which we do by showing that §9(h)|sx(X) = 0 for
all X € T, and then §9(h)|x(v) = 0.
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We note that
MVyY,X) =h(VyY,X) + h(—g(VyY,v)r, X) = h(VyY, X)

and

h(Y,VyX) = h(Y,VyX) + (Y, —g(Vy X)v) = h(Y, Vy X)
(since by assumption, h(v, -) is zero on ¥, and for tangential vectors, h equals h). Therefore,
(Vyh)(Y, X) =0y (h(Y, X)) = h(VyY,X) = h(Y,Vy X)
=0y (h(Y, X)) = (VyY, X) = b(Y,Vy X) = (Vyh)(Y, X).
The same argument shows (Vy ((tryh)g)) (Y, X) = (Vy ((tryh)§))(Y, X). Furthermore,

extending {e; }1<i<n by v to a generalized orthonormal frame on TM, and using this to
calculate the metric traces, one recognizes (tryh)|y, = trgh, because (h(v,v))|s = 0. Also

(Vu((trgh)g)) (v, X) = ((Ou(trgh))g + (trgh)(V.g)) (v, X) = 0,

because g(v, X) = 0 and g is parallel (so both terms vanish).
These preliminaries can then be used to calculate §9(h)|s(X): We get

n

$9()5(X) = (Vulh = 2(trgh)g) ) 0. %) = 3 (Vs = 2 (trgh)g) ) (€1, X)
2 2

1=1
() X) = 3 (Tl 53000 ) (e )
=1
=49 (ﬁ — ;(trgiz)g> (X) + o9 (71 — ;(trgiz)g> (X)=0 (B.40)

by the properties of h. So ¢7 (h)|x, applied to any vector tangential to X, is indeed zero.
Now we calculate 69(h)|x(v). We obtain

n

P WIs) = (Vulh = 3D 0:0) = 3 (V= geh)a) ) (). (Bt
=1

The terms not involving traces of h add up to

(V,h)(v,v) — Z;(veih)(y, ei) = —2trzm + z; %(ﬁ ok+koh)(ee), (B.42)
where we recall (Vyh)(v,X) = —(ho k)(X,Y) and (Vxh)(v,Y) = —(k o h)(X,Y) for
tangential X and Y 7|

For the terms involving the traces, we calculate, noting that ¢ is parallel, hence its

32Cf. eq. (B.39). Using this and the fact that we plugged in two times the same tangential vector, we
obtain the “symmetric” formula above.
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covariant derivative vanishes, and g(v,¢e;) =0 for all 1 <i < n:

N
Il
—

b3 D@ (h gl ) + 5 D €l (hles,e5))g(v: 1)

i=1 ij=1

= 5(8,,(h(1/, V) + = Z(au(h(eja €j)))-

=1

As the result must be a tensor, we may assume that {e;}i<j<, and v all have vanishing
covariant derivative at p. (We may replace them with vector fields which coincide with
{ej}i<j<n and v at p, but are synchronous there.) Then 0,(h(v,v)) = (V,h)(r,v) and
9y (h(ej,e5)) = (Vuh)(ej, €5).

Thus the terms involving the traces become, by the properties of h,

1 I
- 5(—2trgm) + B Z(2m — (hok+Fkoh))(ej,ej)
j=1
ITe~ - ~ - =
= trgim + trgi — = > (hok+koh)(eje;). (B43)
j=1

[\

Inserting equations (B.42)), (B.43) into eq. (B.41), we obtain that the terms cancel and
09(h)|s(v) = 0. Together with eq. (B.40)), we deduce from this §9(h)|s = 0, and this
finishes the proof of the lemma. O

Proof of Lemma[5.5. Let X € D'(N,TN). Let {e;}1<i<n be a local orthonormal frame
with respect to g. We may assume Ve e =10 throughout the calculation below, as the
result must be a tensor equation. We calculate, using eq. (B.33) with (try Ly g) g in the first
equation, trglyg = 2377, ejg(V V., e;) in the second equatlon and that V commutes
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with b in the last equation:

&9 <£Vg — ;trg(ﬁvﬁ)f}) (X)

Il

|
VRS
Il 3
—_

61(@%5\/@)(617)()) + %d(tl"gﬁvg)(X)

- <Z€%(@ei£\/§)(€iax)> + Ox (Zejg(@e]V, ej))

=1

vel»CVg(eza ) + an(@ei‘/a 61))

:Zez ( (V V X) (@;XV, ei) — g(ﬁezu ﬁeiX) - Q(@XV, @eiei)

F3(VieVre) +§(VeV, Ve X))

2 a2
( (v V X) (Vei,Xva 61') +g(vX,eiV7 61))

6 (~(Ve (Ve V) (X)) = (Ry(es, X)V,er))
=69(VV°)(X) — ricy(V, X).

This is eq. (5.2]). O
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