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We apply the Nakajima-Zwanzig approach to open quantum systems to study steady-state transport across
generic multilevel junctions coupled to bosonic or fermionic reservoirs. The method allows for a unified
diagrammatic formulation in Liouville space, with diagrams being classified according to an expansion in the
coupling strength between the reservoirs and the junction. Analytical, approximate expressions are provided
up to the fourth order for the steady-state boson transport that generalizes to multilevel systems the known
results for the low-temperature thermal conductance in the spin-boson model. The formalism is applied to the
problem of heat transport in a qubit-resonator junction modeled by the quantum Rabi model. Nontrivial transport
features emerge as a result of the interplay between the qubit-oscillator detuning and coupling strength. For
quasidegenerate spectra, nonvanishing steady-state coherences cause a suppression of the thermal conductance.

DOLI: 10.1103/PhysRevB.110.085419

I. INTRODUCTION

Current advances in quantum technologies allow to ex-
plore quantum effects in the transport of charge and energy
through multilevel junctions in a fully controllable fashion
and in the presence of distinct transport regimes [1-6]. The
latter are determined by the relative magnitude of few im-
portant parameters, namely, the temperature, interactions, or
nonlinearities, and coupling between the parts of the setup
that exchange particles or energy. In a typical transport setup,
a number of large, noninteracting bosonic or fermionic en-
vironments, each with their own temperature and chemical
potential, are connected to a common, small central system,
which displays level quantization. Examples are quantum
dots, low-dimensional nanostructures where a small number
of electrons are confined in many-body bound states form-
ing artificial atoms [7,8], or superconducting qubits, quantum
two-level systems implemented by superconducting circuits
based on Josephson junctions [9]. In these two examples of
junctions, the Coulomb interaction and nonlinearity of the
spectrum, respectively, can give rise to nontrivial transport
features and render the transport problem generally hard to
treat. By now, several approaches have been devised, that
are best suited for specific parameter regimes. For example,
when the Coulomb interaction is absent or admits a mean
fieldlike treatment, the Green’s function approach provides
a convenient tool for studying transport with no limitation
on the coupling to the environments [10-12]. In the opposite
regime of strongly interacting/nonlinear junctions, the kinetic
equations for the reduced density operator are the tool of
choice in that the junction is treated exactly and the coupling
to the environments is addressed in some approximate, non-
necessarily perturbative, fashion [13—17].

In the kinetic equations approach, the junction is consid-
ered as an open quantum system and the relevant observables
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are calculated via the system reduced density matrix (RDM)
[17-24]. The method exploits the noninteracting nature of the
environments to trace them out exactly. This can result in a
formulation in terms of Feynman-Vernon influence functional
[25] which is at the basis of the numerically exact approach
of hierarchical equations of motion [26-29]. The dynamics of
the RDM can then be cast in the form of a generalized master
equation (GME) where environmental influences are encap-
sulated in a memory kernel [24,30]. A different route, based
on the projection operator formalism yields the dynamical
equation for the RDM in the form of the Nakajima-Zwanzig
(NZ) equation [31-33]. In this approach, the formal expres-
sion for the memory kernel is suitable for expansion in the
system-environment coupling. A leading-order expansion of
the NZ equation combined with a Markovian approxima-
tion yields the weak coupling master equation (ME) of the
Redfield type [23]. This is in turn suitable for further ap-
proximations, returning the celebrated master equation in the
Gorini-Kossakowski-Lindblad-Sudarshan form [34,35], and
improvements thereof [36—40]. An alternative route is the
time-convolutionless (TCL) master equation approach, where,
under appropriate conditions, a formally exact time-local
expression for the reduced dynamics is obtained using the pro-
jector operator technique. The resulting time-local generator
is well suited for a perturbation expansion in the system-bath
coupling [33,41,42]. The NZ and TCL formalisms are also
the starting points for nonperturbative approaches based on
numerical evaluation of the memory kernel or the TCL gener-
ator of the dynamics [43—46].

In steady-state transport, the topic of this work, the NZ is
a convenient approach, since the finite memory time of the
kernels renders the Markovian approximations not necessary.
In this case, the Redfield equation, with a partial or full secular
treatment, as required by consistency with perturbation theory
and according to the structure of the spectrum of the junction,
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provides a reliable tool with the only requirement of weak
coupling, in the appropriate temperature regime [39,47-49].

When considering transport across junctions, higher-order
processes might become important, even at weak coupling.
Higher-order phenomena involving the so-called cotunneling
processes, are well-studied in the context of charge trans-
port [17,20,50-53]: The virtual processes involved yield a
nonvanishing conductance at zero voltage bias whereas the
leading order (sequential tunneling) would predict a sup-
pressed conductance due to Coulomb interaction in the dot
(Coulomb blockade). In the context of bosonic heat transport,
a similar behavior is found at low temperatures, where the
sequential tunneling current is exponentially suppressed and
the dominant contribution to the thermal conductance of a
weakly coupled two-level system junction is the cotunneling
[54,55]. However, results beyond the sequential tunneling in
the context of bosonic heat transport are mostly limited to
two-level systems and are found with the generalized golden
rule or the Green’s function approach [54-58]. A diagram-
matic formulation based on the Dyson series was applied
to a harmonic oscillator junction in Ref. [59]. In Ref. [60],
a formalism based on the diagrammatic unravelling of the
TCL master equation is carried out and compared with the
results from Fermi’s golden rule. A different approach to
thermal transport, based on the reaction coordinate mapping
[61-65], can account for strong coupling to the baths. The
strong system-bath coupling is also captured by Redfield-type
MEs following from on a polaron transformation [66—68].
A review of several analytical and numerical approaches to
transport in different coupling regimes is provided, e.g., in
Ref. [69]. An exact expression for the heat current through a
qubit coupled to two bosonic baths for «; + ay = 1/2, where
«a; are the slopes of the linear low-frequency Ohmic behavior
of the baths’ spectral densities, has been found in [58].

In this work, we describe a generalized master equa-
tion formulation in Liouville space which allows one to treat
particle and/or heat transport in multilevel junctions cou-
pled to fermionic or bosonic setups on the same footing.
Specifically, we extend to the bosonic case a diagrammatic
formulation established for interacting fermionic junctions
[17]. The approach provides a method for calculating
fermionic and bosonic currents within an identical formalism
in the spirit of the theory of open quantum systems in Liou-
ville space. A similar point of view is adopted in Ref. [15]
to derive nonperturbative renormalization group equations for
the dynamics of the density operator. The starting points are,
in our case, the NZ equation for the RDM and the related
expression for the particle/energy current. The diagrammatic
formalism in Liouville space allows for a systematic pertur-
bation expansion in the system-environment coupling using
simple diagrammatic rules. Explicit expressions, up to the
fourth order, are given for bosonic heat transport in a generic
junction. Our considerations are then applied to a concrete
heat transport problem, in which the junction is composed by a
coupled qubit-oscillator system, a realization of the so-called
quantum Rabi model [70]: the junction between bosonic heat
baths is in this case the fundamental object of quantum elec-
trodynamics (QED), being the archetypal system to study
light-matter interaction. We consider a superconducting cir-
cuit realization of it [71] whereby a flux qubit is coupled to

an LC oscillator. Superconducting circuit platforms offer the
possibility to operate in a vast range of coupling strengths
g, from the weak to the ultrastrong coupling (USC) regime
[72-76]. In the latter case, the frequency associated to the
coupling strength is of the same order of magnitude of the
ones of the isolate constituents of the Rabi model and pertur-
bative approaches in g, e.g., the rotating wave approximation
(RWA), which are appropriate in quantum optical systems,
break down. We show that the heat transport properties of the
setup are determined by both the qubit-oscillator coupling and
detuning. The coupling induces a qubit-oscillator entangle-
ment that dictates the low-energy spectrum of the Rabi model
[77,78]. Application of a bias on the qubit can tune in- and
out- of resonance the two elements. When the coupling is not
too strong, this feature manifests itself in the so-called heat
valve behavior, namely, an enhancement (suppression) of the
heat current when the resonance condition is (not) attained
[6,79]. Quasidegeneracies in the spectrum yield steady-state
coherences that suppress the thermal conductance even at high
temperatures. At low temperature, when the Rabi system is
essentially in its ground state, transport occurs via virtual
(cotunneling) processes. In this regime, a universal power-law
dependence of the conductance on the temperature is found. In
addition, quasidegeneracies enhance multilevel interference
effects that, in turn, suppress the conductance.

This work is structured as follows. In Sec. II, we introduce
the transport setting described by the theory and the exact,
formal results from the NZ approach to quantum transport.
This is the starting point for developing, in Secs. III and 1V,
the diagrammatic unravelling of the RDM and current kernels,
the objects that encapsulate the effects of the coupling to
the environment on the system’s steady state and the current.
In Sec. V, the results from the diagrammatic formalism are
specialized to the steady-state bosonic heat transport, up to the
fourth order and for a generic junction. Finally, in Sec. VI, the
theory is applied to the concrete example of heat transport in
the Rabi model connected to bosonic heat baths. Conclusions
are left to Sec. VIIL.

II. NAKAJIMA-ZWANZIG APPROACH
TO QUANTUM TRANSPORT

A. Quantum transport setup

Our starting point is the partition of the time-independent
total Hamiltonian of an open quantum system /inearly coupled
to an environment of fermionic/bosonic baths (leads/heat
baths) possibly kept at different chemical potentials and/or
temperatures. The coupling term is denoted with V and
can be for example mediated by displacement operators
or by fermionic creation/annihilation operators (tunneling
Hamiltonian), according to the considered setup. The total
Hamiltonian reads thus

ﬁ=ﬁs+ﬁ3+ﬁv, ()

where the first term describes the open system (S), the por-
tion of the total system we are interested in describing via
the reduced density operator o(¢) = Trg{0w(¢)}. The second
term accounts for one or multiple (noninteracting) fermionic
or bosonic baths (B). The reservoirs are indexed by [ in the
following so that Hp = > H;. For a simple transport setup
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(b)
ar,

FIG. 1. Examples of fermionic and bosonic transport setups. An
interacting quantum dot connected to fermionic leads kept at differ-
ent temperatures and chemical potentials (a) and a nonlinear system
coupled to two heat baths at different temperatures (b).

often one chooses [ = L, R for left and right, respectively.
The third term is the coupling between S and B. We assume
it to be of the form Hy = > Hv’l = Z,’,-Du ® €, with D;
and C; defined in the system and environment Hilbert space,
respectively.

For definiteness, let us consider the two paradigmatic ex-
amples of open quantum systems, of interest in the present
transport context, which are depicted in Fig. 1. The first is
an interacting fermionic system, with creation/annihilation
operators c?: , dAs, tunnel-coupled to noninteracting fermionic
leads with operators éjka, Cixe Where {ﬁj , Clko } = {c?s, 6110} =
0. Here, s is the state of § where the fermion is
created/annihilated and k, o denote the momenta and spin of
the electrons in the leads [80]. The tunneling amplitude are
thus 7k 5. In the second setup, an open system with energy lev-
els E, is coupled to bosonic heat baths. Creation/annihilation
of an excitation in the bosonic mode j of bath / is given by
B}'j, l;lj, with [Blj, 13,,-,] =0, [13'1"., Blj/] = §;;. We assume the
coupling between system and {)ath | to be mediated by the
bath displacement operator lAJZT ;T by ; and the system operator

Q,. The coupling strength with the jth bosonic mode of bath
[ is quantified by the frequency A;;, see the Caldeira-Leggett
model [24,81]. The system Hamiltonian is left, at this stage,
unspecified except that it reads in the system energy eigen-
basis Hy = >, Exln) (n]. The environment and interaction
terms in the general total Hamiltonian (1) are then summa-
rized by

Hy+ By = €kolliolie + Y Nlikosliods + sl eis
lko lkos
)

for fermions, see Fig. 1(a), and

Hy +Hy = hoib) by + 1Y Qb + b)) 3

lj lj
for bosons, see Fig. 1(b). In the bosonic case the system cou-
ples to the collective bath operator B = > j 'y ,-(131 i+ l;;’.).
However, other types of coupling are possible as, e.g., with
the momentum operators of the bath oscillators, namely,
B = Z,’ Alji(l;}j — l;lj). As we shall see, in the perturbative

expansion with respect to the system-bath coupling, the bath
enters solely via the free correlation function (Bl ()B,(0)),
where the thermal average and evolution refer to the free
bath Hamiltonian. The approach applies to any linear bosonic
collective bath interaction.

Throughout the present work, we use the convention
[fermions
bosons

compactly written, for both setups, as

Hp = Zﬂ; = Zha)lelja
] 1)

Ay =) (€D, +DiCH =) [’f}éfjﬁz}’ﬂ
1j plj

]. The environment and interaction terms can then be

“

where p is the so-called Fock index p = &+, with the meaning
Ot = 0% and O- = 0. In Eq. (4), we defined the operators
C, D, and N as follows. For fermions, setting j = ko, we
have defined

AP _ P gp
D =) the,dls
)
For bosons, system and bath operators are defined as

D}, =nm; Q) Ch=0., N;=ClG; (6)

AP __ AP . — T A
Clj =Chor Nij= ClelJ' 5)

Since the Fock and lead indices will appear together, both in
the system and the bath operators, it is convenient to introduce
the compact notation +¢q := (£p, [, j), namely,

01 .= Olpj,

A

07 :=0,". ©)

B. Nakajima-Zwanzig equation and current

In what follows, superoperators are denoted by calligraphic
letters. The time evolution of the total density matrix Q. (?) is
provided by the Liouville-Von Neumann equation

étot(t) = _%[[—?’ Otot(1)] = LiotOror (1), (8)

where L = Ls + Lp + Ly. The action of the Liouvillian
superoperators is given by L;e = —(i/h)[I-Z, o] withi =S, B,
or V. Assume that the total density matrix at time t = 0 is
in the factorized initial condition 9\, (0) = 0(0) ® 05, where
o5 = @, &}". Here, j" := expl—p1(H; — w)1/Z;. with Z; =
Trg{exp[—B; (ﬂ, — )1}, is the thermal state of the reservoir
[ at inverse temperature B; and chemical potential w; (for
bosons u; = 0). Starting from Eq. (8) and using the projection
operator technique, the time evolution of the system reduced
density operator 9(¢) can be cast as the following formally
exact GME:

o(t) = Ls0(t) + / dr'K@ — 1o )
0

of the Nakajima-Zwanzig form [31,32], see Appendix A for
details. The exact kernel superoperator acts on 9 as
Kt —1he(") = Trg{PLyGo(t — 1)Ly (1) ® b},
Golt) = e(Ls+Lp+QLy Q)l’ (10)
where, the projection superoperators P and Q are defined by

Pe = Trylel @5, O=1—7P. (11)
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The above formal results do not rest on 9 being the tensor
product of the reservoirs thermal states. It suffices for g to be
a fixed reference state of the environment with the property
[Hg, 03] = 0. An extension of Eq. (9) to the case of time-
dependent Hamiltonians is straightforward, and yields a GME
where the kernel depends on the two times ¢ and ', and not
just on their difference [82].

1. Current

The general definition of current to the reservoir r is given
by the trace

I(t) = Tr{ir@tot(t)}v

where . is the relevant current operator. Specifically, the
particle and energy current operators are defined as

? =dN,/dt =i[H, N,]/h,

. o (12)
¥ =dH,/dt =i[H, H/h,

respectively. For example, the fermionic particle current
operator is f}) = (>{/h) Zj’s(trjséijcf(Y c,J) and the cor-
responding charge current to reservoir r reads —elf. The
associated heat current is then defined as I' = I¥ — p, 1P
This coincides, at the steady state, with IE, for 1, = ug, and
with IP, for T} = Ty [6,53,83]. In our setting, for bosonic
reservoirs, the heat current coincides with the energy cur-
rent, namely /" = [F, and is given by the operator /! =
i0, Z] Arjhio,; [b,j rj]. Let ¢,; be the quantity to be trans-
ferred. Then a general expression for the particle/charge/heat
current operator, in the fermionic or bosonic case, is

A i oy A
Ir=Z<:r,~E[H, Zér,[ ]Cf}Drf’, (13)
J

with ¢.; = —e for charge current in electron transport
(fermion reservoirs, &.; = 1 for the particle current) and ¢,; =
he,; — ., in the case of heat current (fermion or boson reser-
voirs, with ¢, = 0 in the latter case). A quantity of interest
in the context of heat transport is the linear thermal conduc-
tance, which gives the heat conduction properties for a small
temperature bias AT. Setting 7, = T and the temperature of
the other bath T+ AT, the thermal conductance is defined
as the derivative of the forward current with respect to the
temperature bias, in the limit of vanishing bias, namely,

r]v s

h
= lim L
AT—0 0AT

, (14)
r=0

where the constraint of zero particle current is specified for
the fermionic case [84].

Using the projection operator technique, with a similar
procedure as for the GME, the current can be cast in the
following form:

I(t) = TTS{/ dt' Ky, (t — t/)@(t/)} (15)
0

(details are given in Appendix A). The current kernel has the
exact expression

Kyt —t)e(t") = Trp{Z,Go(t —t)Lyo(t) ® 05}, (16)

which is the same as the one for the kernel of the GME,
Eq. (10), except that the last interaction Liouvillian (to the
left) is here substituted by the current superoperator. The latter
is simply the current operator acting from the left, Z,e = I,e.

The steady-state RDM and current are given by the
final value theorem as ©*° =lim,_.o+ A9(A) and I =
lim,_, o+ AL;(A), where the tilde denotes the Laplace transform.
Applied to the GME (9) and Eq. (15), this yields

0=Lsd™® +K(0)0®° and I® = Tr{K;,(0)0>}. (17)

Note that the steady state does not result from a Markovian
approximation. It nevertheless coincides with the steady-state
limit of a Markov-approximated GME, if the Markovian ap-
proximation is performed in the Schrédinger picture.

III. LIOUVILLE SPACE APPROACH

Our aim is to systematically expand the GME in the
system-environment coupling by associating diagrams to each
power. This is most conveniently achieved by operating in Li-
ouville space. To establish the connection between the system
or environment operators O and the corresponding Liouvillian
superoperators O, it is convenient to introduce the so-called
Liouville index v. The latter indicates the position of the
operators with respect to the object the Liouvillian acts upon.
Specifically, the action of the Liouvillian superoperators can
be expressed by

i i
Lie= _E[Hi’ o] = ~7 ; vHe,
where the Liouville index v = % has the effect 7" e = H;e
and H; e = oH;. Applied to the specific systems considered
here, the action of the interaction Liouville superoperator is

then [g = (p, 1, j), see Eq. (7)]
i —qv
ﬁV.:_ﬁZ[{jchD o, (18)
vq

Here, C and D are the superoperators corresponding to C and
D, respectively. Note that the Liouville index v in a superoper-
ator A”” does not multiply the Fock index p, i.e. A”*e = APe
and A”~e = eA”. The fermionic/bosonic (anti)commutation
relations between the operators A and B translate, in Liouville
space, into

— / ,
A'B” =[ . ]B“ A (19)
Finally, the current superoperator corresponding to the current

to the reservoir r, Egs. (13) and (16), in terms of Liouville
indices reads

i 1 _
=-; Z lersz,r[p}cﬁp g+ (20)
q

A. Trace over the environments

For a thermal reference state of the baths 95 = ) ; @}h, the
trace over the environment degrees of freedom yields, using
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the cyclic property of the trace, the result

Trp{C"CT" 05} = (Sp’,fpSIj,l’j’nlpv,(wj)’
n+(a)) — [eﬂl(hw*ll«l) + 1]71
n () =1Fn (»). 21

Here n, *(w) is either the Fermi-Dirac fi(w) or the Bose-
Einstein distribution n;(w) of bath [, according to the
environmental statistics, with @; = 0 in the latter case. Con-
trary to the case of a superoperator, the index pv appearing
in a function is simply the product of the two indices, e.g.,
ntT =n".

B. Second order

Expansion of the exact kernel superoperators, Eqs. (10)
and (16), in powers of V yields the perturbation expansion
of the GME and the current, see Appendix B. The inter-
action Hamiltonian Hy does not conserve the reservoirs’
particle number, thus Pﬂ‘z,”“P =0. As a result, all odd-
order contributions vanish and the leading order is the second.
It is obtained with Go(t) ~ Go(t) := e*sT4») The Heisen-
berg evolution of the baths operators, for noninteracting
baths, gives a;(t) = U} s (t)a;Up(t) = a;jexp(—iw;jt). Then the
environment propagator results in Gp(1)a; = e~ Aol aj =
UB(t)aJU @) =a;(—t)=a; ie®" which yields for the RDM
kernel

K2 — 1))
= Trp{Ly Go(t —1")Lyv0(t') @ 05}
1 prl 2V 2V
_;ZZ vy | TE B{CED PGyt — 1)

Vv q2q1 =

x CIMDIMR(") @ )

1
== D[ e

Vvt 4241 =

x D@v2 o(LsHpion )(t*t')'D*qwl@(t/)' (22)

Using the result (21) for the trace over the environments, we
obtain

—iz Z %251

vavigq

X D_qun;’VI (a)j )e(ﬁs-Hpa)lj)(t—t’)qul @(l/).
(23)

K2 — 1)) =

Note that Eq. (9) with this second-order kernel (GME with
Born approximation) is still nonlocal. The Markov approx-
imation 9(t') — o(t) gives the Redfield I master equation,
the time-local version of the GME (9) with time-dependent
rates. Further, extending the upper integration limit to t — oo,
one obtains the Redfield II master equation with constant
rates [69].

Proceeding similarly for the second-order current kernel,
we obtain for the RDM and current kernel to leading order, in

Laplace space, the following expressions:

nl I(a)l/)

KPMo) = —= Y vy D ™ —L——=_DMp),
vzzu;q e A —Ls —ipwy;
- 1 ny" (wr;)
KMok === Y 81,4;pm D4 —L—1—
o (o) ps) 2 1.-$1iPV1 A= L5 —ipor,
x D™ p(1). (24)

Diagrammatically, the action of the above kernel superoper-
ators for the steady-state GME and current, Eq. (17), can be
compactly defined as

- 1
K207 == 3 3 D26
q
25
1 o
) Z p&i1jdi, Dy 07,
q

(2) (O)

where the D, superoperators are rendered by the single
diagram

q

Dy =Y v Q , (26)

vav Vs 1

and D;r includes the constraint v, = +.

C. Fourth order

Using again PE%,"HP = 0, the fourth-order kernel super-
operator in Laplace space reads

K®)8(n)
= Trp{Ly Go(M) Ly Go(M) Ly Go(M)Lyd (L) ® Op}

— Trp{ Ly Go(M) Ly Go(MP Ly Go(M)Lyd (M) ® Op},
(27)

where the last term, due to the action of P, gives a so-called
reducible contribution. A similar result is obtained for the
current kernel by substituting the last tunneling Liouvillian Ly
with the current, Eq. (20). Using Eq. (19), the Wick’s theorem
yields for the (noninteracting) baths’ operators [15,60]

(C4C3CaC1) = (CsC3)(CaCy) + |: USUZ}(CAtCz)(@Cl)

+ [“3”2] (C4C1) (C5Ca). (28)

where C; = C%". Equation (27) implies subtracting the
reducible part form the correlator in Eq. (28), namely,

(C4C3C201) — <C4C3) (CzC1>, yielding

3 1\*
’C(4)(”@(“=(‘F) >

{vitai}
x D4Go 3(M)D3G02(0)D2Go 1 (MD18(1)
X [{C4C1){C3Cr) F (C4Ca)(C3Ch)], (29)

P4ap3P2P1V4Vy
V4V3V2V1

085419-5



L. MAGAZZU, E. PALADINO, AND M. GRIFONI

PHYSICAL REVIEW B 110, 085419 (2024)

wherei=1,...,4, D; = D™ %" and

M, -1
Go.i(M) = <)» —Ls — izpkwlkjk> ;
k=1

with the sum extending to the number M; of overlapping lines between the vertices i and i + 1. Diagrammatically, the action of
the kernels induced by the correlators is rendered by the two irreducible diagrams

q
/
q
m and
V4 V3 12} 144

q q
V4 V3 V2 Vi

Such diagrams display a system’s propagation line with four vertices, pairwise joined by an environmental arc. Using Eq. (21)
for the correlators, one finds for the fourth-order contribution to the RDM the current kernel (the latter is obtained along similar

lines) in Laplace space

~ 1 2 1 1 , np//vz(w '/) ) npv] (w)
IC(4)()L o(\) = <——> [ :IU v I D=9 : D9V r J g v i J D
)e() R ;% 3wy | A — Lg —ipwyj A—Ls—i(pw;+ porj) A — Lg —ipwyj
pv2 . p'v )
S — S (@) T R v PO 31
A —Ls —ipwy;j A= Ls—i(pory + pwij) A—Ls—ipwyj
and
K0 ( : )2 DD bk [ : ] Dt ! D n) " (@)
= |—— r . v - -
1r Q hz e 1,rSlj V3V 1p * — ACS — ipay; A — ﬁS _ l(pa)lj + p/wl’j’)
x DI —n;’w (@) DM DIt ! —q'vs n”(w;)
A —Ls —ipawy; A — Ls —ipawy; A —Ls—i(p'oyy + pwij)
n" (wir) ,
x DM —L T piviisin). 32

Upper/lower signs refer to fermions/bosons, respectively.
In analogy to Eq. (25) for the second order, the actions of
the fourth-order the kernels at the steady state are compactly
written as

N 1\*
K@ 00 =(—ﬁ) D D+ X410%,

2 qq (33)
~ 1
4 ~ N
R ©0)0> =<—?) > ptijsi, D + X510
99
where, as for the second-order diagrams, the superscript +
accounts for the current constraint vy = +.

D. Diagrammatic rules for a diagram of order 2n

An advantage of the diagrammatic approach is that it pro-
vides a systematic way to construct diagrams of any given
order according to simple diagrammatic rules [15,17]. In the
following, we present diagrammatic rules, valid for bosonic or
fermionic systems, to construct the RDM and current kernels
at any given order 2n. They can be easily verified on the
second- and fourth-order diagrams discussed in the previous
section.

(1) Draw a system’s propagation line with 2n vertices
connected pairwise by n fermion or boson arcs. From right to
left, associate to the vertices the Liouville indices vy, ..., vy,
and to each arc a composite index index ¢q; := {p;, I;, j;}, with
i=1,...,N.

(2) For each arc, associate to the starting (right) vertex i
the vertex superoperator D?” and the Fermi/Bose function
nlp (o) ;) and to the free (left) vertex f the superoperator
D=1, with —g = {—p, [, j}. The starting vertex, called an-
chor vertex, is identified by a dot.

(3) Multiply by (—1/A%)" ]_[lzll v; and, for fermions, by
the product —v;v, for each permutation of vertices i,k
needed to bring the diagram in the fully reducible form

ANATNA)

(4) To each segment connecting two consecutive vertices
associate the propagator [A — Lg — 1224:1 Pawi, ja]_l, where
the sum extends to the M fermion/boson arcs overlapping
within the segment.

(5) For the current to reservoir r: Multiply by ¢;; and by
the Fock index p, of the last fermion/boson arc and include
the constraints 8, +8;, ., where v, is the Liouville index of the
last vertex and /,, is the reservoir index of the last fermion line.

(6) Sum over the 2n Liouville indices {v;} and the n com-
posite Fock/reservoir indices {g;}.
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In order to give higher-order diagrams in compact form, we
generalize the treatment in [30] and introduce the boxes that
account for different diagrams with swapped fermion/boson

lines
2]-— X
[-= =X

o (34)

e IR
. — < T $><’

where the upper (lower) sign refers to fermion (boson) reser-
voirs. With this notation, the irreducible diagrams of order 2n
are compactly generated by enclosing with a fermion/boson
line each diagram of order 2n — 2 (reducible and irreducible)
and swapping the lines via the boxes as follows:

ond Q
o [ B

g [

3

1
ol
1%4:1%]
" 7
- :
8th V7V61/5I/4I/31/2:|
1

- i
V7V V3V
|1
32

r 2

1
s
vrvg
| 1

V7I/5I/4l/2:|

1

Here, we also accounted for the products of v’s required, in
the fermionic case, to bring the noncrossing versions of these
diagrams into the fully reducible form. Additional signs due
to the crossings are contained in the boxes [n], see Eq. (34).
To order 2, 4, 6, and 8, there correspond 1, 2, 10, and 74
irreducible diagrams, respectively. For example, to sixth order
there are 2 x 2 4+ 2 x 3 = 10 irreducible diagrams.

IV. PROJECTION IN THE SYSTEM ENERGY EIGENBASIS

For practical calculations, it is useful to project the equa-
tions for the RDM and the current in the system energy
eigenbasis {|n)}, where Hg |n) = hiw, |n). Resolving Eq. (17)
in this basis via (n|K(0)0%|m) =3, Kumwm (000,
where K (0) = (1| (K(0) |1 (m']) |m), we have for the
NZ equation and the current in Laplace space, the formal,
exact expressions

0=- iwan;}; + Z K:nmn/m/ (O)QZ’om’, 35)

n'm

where w,,, := w, — w,, are the Bohr frequencies of the sys-
tem, and

I}?o = Z K:Ir,nnn’m’(o)gi’cjn” (36)

nn'm’

respectively. The kernel EKmne fulfills the sum rule
> Kowme = 0, V1, m’, dictated by probability conservation,
and the property B = [Eommmrn 1% given by the hermitic-
ity of the RDM.

A. Perturbation theory
In the energy eigenbasis, the system operators are ex-
pressed as D7 =Y Db, |n) (m| with D, = (D},,)*. From
Eq. (24), this yields for the elements of the GME kernel tensor,
to lowest order,

Ko () = —h—lz > { > DD, Gl )8 wim
q

k

+ [, DL, Gl ()] 8]

km

- D1 D! G (0 — [DIDY G ()] T

m'm™~ nn' = nm’' n'n"mm' = mn’
(37)

Ijlere, we yave introduced, cf. ?q. (24), the function
Gim (1) := Gl (wy;), where Gi,,(1) is the free propa-
gator resolved in the system energy basis

1

Gy —
nm( ) A + iwnm - i[’wlj

(38)

and used G, ~"(1) =[G (M]*. Note that n}" (w;;) is either
the Fermi or the Bose function, according to the statistics of
the bath [, see Eq. (21). In particular, the (real) rates connect-
ing the populations p,, explicitly read

nnmm nm=— mn

)y 1 -
K® )= =2Re> DI D1G+*t(\) m+#n,
W)= ; ) m#£

Koo == D Ko, (). (39)
m(zn)
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One similarly obtains the second-order current kernel tensor
elements

~ 1 _ ~
lcﬁ)nmn’m/ ()\') = _ﬁ Z Slrglj |: Z panqDZn/ GZ;;’ (A.)(Sm/m
q k

+p[D,iD, Ghl (M]*} : (40)

With this, the steady-state current to the reservoir r reads, to
lowest order,

1 _ ~
1% = —52Re > 8101 Y pD,ADL, G0 )0,
q

nn'm’

=2Re Y Ki..(00%,. 41)
nm'n’ (#n)

The projection in the system energy eigenbasis of the fourth-
order RDM and current kernels is obtained starting form
the fourth-order kernel superoperators given in Eq. (33).
The explicit expression for the current kernel is provided in
Appendix C.

B. Partial and full secular second-order master equation

The starting point is the second-order steady-state Redfield
ME, see Eqgs. (17), (35), and (37)

0= _iwnmgﬁl + Z Ial%rin’m’ (O)Q:?m” (42)

n'm’

where the only approximation is leading order perturbation
theory in the system-environment coupling: No Markovian
or secular approximation have been invoked in its derivation.
Assume that we can separate the transition frequencies in
two classes. The first collects the Bohr frequencies w,,,, much
larger than the scale y set by the relevant Redfield tensor
elements. To the second class belong the frequencies that are
of the same order of magnitude of y or the ones with identical
indices, i.e. w,, = 0. Consistency with perturbation theory
to leading order entails that Eq. (42) splits into the set of
equations

Py = 0= pro =0, n#m and wu, >y,

0= —iwumppy+ Y K 00750

n',m'

Wpm 5 V-

(43)

Within this partial secular approximation [39,85-87], the sur-
viving coherences at the steady state are those associated to
the subspaces defined by the indices n, m of the small transi-
tion frequencies. The remaining coherences vanish to leading
order.

For a nondegenerate spectrum with well separated energy
levels, a full secular master equation is appropriate, where
populations and coherences are fully decoupled (the latter
vanish at the steady state) according to

O'—0 n#m,
and Y Tumppy, = 0. (44)

FIG. 2. Relevant heat transfer mechanisms for a weakly coupled
multilevel junction and the corresponding diagrammatic contribu-
tions to the current kernel. (a) Sequential (second order) processes
are dominant at intermediate to high temperature, compared to the
relevant energy scale of the system. (b) Virtual (fourth order) pro-
cesses constitute the main transport mechanism at low temperature.

The second of these equations gives the steady-state popula-
tions pgy to leading order. Here, we have used the definition

Iy = Zl r flm =K@ (0). Note that these rates are real

nnmm
and satisfy I'! = — > mn) '\, which guarantees probabil-

ity conservation.

V. STEADY-STATE BOSONIC HEAT CURRENT

We now specialize the general formalism developed in
previous sections to the problem of heat transport through
a central system connected to bosonic reservoirs. A simple
application to fermionic currents is given for completeness
in Appendix E. The method will be applied, in Sec. VI, to
the specific model of a qubit-resonator system (Rabi model)
coupled to Ohmic heat baths.

In Fig. 2, a scheme is provided that summarizes the dom-
inant transport mechanisms at weak coupling with the heat
baths. At intermediate to high temperatures, heat transfer oc-
curs mainly via second-order processes whereby the system
is sequentially excited and then decays absorbing and re-
emitting with a net of energy from the hot to the cold bath.
At low temperature though, the probability for the system to
be in an excited state is suppressed and the dominant mech-
anisms are of fourth order: energy transfer occurs via virtual
processes of the cotunneling type. Second- and fourth-order
contributions to the heat current are explicitly calculated in
the following two sections.

A. Second-order GME and heat current

In the boson transport setting, the operators D are indepen-
dent of the Fock index p (the system coupling operators Q;
are Hermitian). We assume Q,,,, € R. Then the GME kernel,
to second order, specializes to

~ 1
]szfn)n’m’ (0) = _? Z { Z[anlekn/vVlkm’(Sm’m
1 k
+ le’k Qlkmvvlzn/‘sn’n]

- ann’ le’m[vvlnm’ + "Vl:m,] } s (45)
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where, introducing the bath spectral density function J;(w) =
> j Alzjé(a) — w;), the sum over the reservoir states j becomes
the integral

IS r+
J,
Wiy = lim thf do"1 @@
A—0+ > 0 A+ 1wy, — 1pw
o A A .
=/ dt(B;(1)B;(0))e ", (46)
0

Here, (El(t)lg’l(O)) is the correlation function of the baths
operators B = > ; I j(l3, i+ 13; j), the time evolution being
with respect to the free bath Hamiltonian. The rates W,,,, are
explicitly calculated in Appendix F.

Similarly, according to Eq. (41), we have for the bosonic
heat current to bath r the expression

1 _
1;1(2) = _FzRe Z Qranrnm’ ran?ncf)m’ (47)
where

_ ©  hiwp n’ T () (@

Wi = lim ZEZ/ dw—p . ( )_l( )

A—0+ > 0 A+ 1wy, — 1pw
= 1 Wi, um + 11(B1(0)B,(0)), (48)
see also Ref. [88]. From Eq. (47), the zero-
time correlation function enters the current via

1100

(Z/h) me/ len anm/ (BZ (O)él (0))91/7/1?;’ where Om'm is
the imaginary part of o5 . This term vanishes due to
the hermiticity of ¢°°, which implies 0)7° = —o,> and
consequently (B,(0)B,(0)) does not contribute to the current.

In the full secular ME, coherences vanish to lowest order

and the heat current to bath r acquires the simple form
o = Z i, T p22 . (49)
n,m

Note that, due to w,, = 0, the nonvanishing contributions are
given by the rates I',,, with n # m. According to Egs. (39)
and (F5), for a Ohmic spectral density function such that
J(—w) = —J(w),

1
Mw=ﬁ¢&#mmm:hmwmmxwmmx

which is the transition rate m — n induced by the bath r as
given by Fermi’s golden rule [23].

B. Fourth-order heat current: low-temperature regime

At low temperature, the dominant contribution to the
bosonic heat current is given by the fourth order, as the
second-order current is exponentially suppressed. As shown
in Appendix D, the 4fourth-order current kernel has the sym-
metry

’eﬁ)nmm ()‘) = Z [’aﬁi)mm"” ()\')]*’ (50)
m#n

which gives (assuming the coherences to vanish at the steady
state),

' =2Re Y K. 000 (51)
n,m(;ﬁ*’l)

Note that this same result holds for the second-order current,
see Eq. (41), for vanishing coherences. The low-temperature
expression for the real part of the fourth-order current kernel,
in Eq. (51) is found in Appendix D to be (m # n)

2ReK) . (0) = 8 / dwolny (@) — n.(0)lJ,()J (@)
0

1
X Z Qr,ani,an?,ner,kna (52)
ke WppWkn

where 7 = L (R)if r = R (L).

Provided that the ground state energy is well separated
from the excited levels, which is the case in the systems con-
sidered below, we can set po. 2 8,9, namely, only the ground
state of the system is populated. This yields for the current
I ~2Re Y, oKD 0(0). Using

n#0
3 h 1

A R L — (53)
IAT |pr—o 4kgT? sinh?(Bhw/2)

and fooo dxx*/sinh®(x/2) = 167 /15, we readily find for the
fourth-order contribution to the linear conductance

K(4)~32a2ﬂ5k§T3 Z Or.m0Qr.0mQr.0k QR k0

T 15K g OmOWko

.5

where, due to the low-w cutoff imposed by sinh?(Bhiw/2) at
low temperature, we used J;(w) =~ aw (for Ohmic heat baths).
Note that the matrix elements of the coupling operators Q;
play an important role in Eq. (54) in that they determine the
overall sign for each contribution to the sum. This yields in-
terference effects—and a resulting coherent suppression of the
conductance—in the presence of quasidegenerate transitions,
as shown below for specific examples of multilevel junctions.
Equation (54) constitutes a major result of the application of
the Liouville-space formalism to bosonic heat transport with
Ohmic heat baths.

C. Recovering special cases: two-level system
and two coupled oscillators

In view of applying to the quantum Rabi model the general
theory formulated in the previous sections, it is helpful to sum-
marize the known results for the simpler cases. We consider a
weakly coupled spin-boson model (two-level system coupled
to harmonic heat baths) and also apply the formalism to a
multilevel system that admits and exact solution for the heat
current, namely a junction composed of two coupled quantum
oscillators.

1. Spin-boson model

Consider a two-level system (TLS) junction, with energy
eigenstates |0),|1) and of frequency w9, weakly coupled
to bosonic heat baths. The populations of the TLS are ob-
tained by solving the steady-state full secular master equation,
Eq. (44), specialized to the TLS with rates

Loy = y' (@) + 11, Tiy=T§e Pror,
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FIG. 3. Thermal conductance of the spin-boson model vs. the
temperature, rescaled with the Kondo-like temperature kg Ty = hiwo,
for three values of the applied bias €. The second-order conductance
KTLS shows a scaling behavior and is exponentially suppressed at
low temperature. In the latter regime, « is dominated by KTLS, which
displays the T3 universal behavior, with a bias-dependent prefactor.

where y! 1= ZJTJI(a)]O)QZzOl. Using Eq. (49), we obtain for the
current to the reservoir r [89,90]

hQ2) hwlOVRVL[nF(wIO) —n(w9)]

PSR 4 2ng(w10)] + yE[1 + 20, (010)]
To second order and for identical Ohmic baths with high-
frequency cutoff, J;(w9) =~ aw;g, giving yl ~ 2noza)10Ql20].
The conductance of the TLS is obtained applying Eq. (53)
and reads

(55)

(hwio/kgT )*
2nh sinh(fiw19/kgT)’
where 7 := ZJTQI%OIQ%OI/ (Q12e01 + Qim) is a dimensionless
asymmetry factor. It has been shown that, in the spin-boson
model, expansion of the conductance up to the fourth order
covers the whole temperature regime provided that the cou-
pling to the baths is weak [55]. Equation (54) recovers, for the
fourth-order conductance of the TLS, the known result [55]
@ 3202 m kT3 Ok 1001, 10

TS =T 553 w?

(2)

Kis = ankéa)lo (56)

(57)

As a concrete example, consider a TLS with Hamiltonian

ﬁTLS = _g(éé—z + Aax)’
coupled to Ohmic heat baths according to H =HAns + Hz +
Hy, see Fig. 3. Here, Hp and Hy are given by Eq. (3) and
the qubit coupling operators are Q; = &.. The TLS is defined
by the lowest energy doublet of a double-well potential. This
description is appropriate for a flux qubit [91], see Fig. 5
below, where the energy minima correspond to the flux states
associated to clockwise/anticlockwise circulating current
[circular arrows in Fig. 5(a)]. These states are coupled by a
tunneling amplitude A, which is the qubit frequency gap for
an unbiased potential. An energy bias /ie can be induced via
an applied external magnetic flux ¢.x. We choose identical
Ohmic-Drude spectral densities J;(0) = aw/(1 + »? /a)Z) for
the heat baths with coupling strength o = 1073 and cutoff
frequency w, = 5 w,.

In Fig. 3, the conductance as a function of the temper-
ature is shown for three values of the applied bias €. It is

insightful to introduce the Kondo temperature scale Tk, de-
fined in terms of the TLS frequency scale wjg = v/ A% + €2
via kgTx = hwyp. In general, this frequency scale is renor-
malized by the coupling « to the baths, whereby A — A, =
[T(1 = 2a) cos(ma)] V2T DA (A /)= where T'(x) is
the Gamma function [92]. In our case, this effect is negligible,
as we assume the coupling to be weak. The conductance
displays two distinct regimes: At intermediate to high tem-
perature, from 7 < 0.1 Tx upwards, it is dominated by K%}S,
Eq. (56). The latter gives a maximum at 7 /7Tx = 1/2. With
the present scaling, the curves corresponding to the different
values of bias collapse. At high temperature the conductance
scales as T~!' (a very good approximation of the nonper-
turbative result Tz""l) At low temperature, T <K Tk, the
second-order conductance is exponentially suppressed and «
is dominated by the fourth-order contribution KTLS, Eq. (57),
which decays algebraically as T3. Note that the latter does not
scale with the asymmetry factor 1 as K-E{)S due to the different
combination of the matrix elements of the coupling operators.
As a result, the universal behavior 73, as shown in Fig. 3, is
modulated by a bias-dependent prefactor: This is seen in the
decreasing conductance for increased €.

2. Two coupled oscillators

As a second application, to benchmark our multilevel for-
mula (54), we consider the case where the junction is formed
of two coupled oscillators placed in series between the heat
baths, see Fig. 4(a). Given this configuration, we identify each
oscillator using the bath label / = L, R of the bath it directly
couples to. We assume the same Ohmic baths and system-bath
couplings as for the TLS considered above. The linearity of
the system allows for an exact solution for the heat current,
as demonstrated in Ref. [93], where general expressions are
given for the heat current through harmonic networks. The
Hamiltonian of the two-oscillator junction reads

Hose = Z hwla;al + thLQR, (58)
[=L,R

where 0, = alT + a; and g is the coupling strength. The spec-
trum is characterized by nonequally spaced levels and, for
w; = wg, by quasidegeneracies at small g (the excited levels
form doublets with frequency splitting 2¢), see Fig. 4(b). The
baths” Hamiltonian Hp and the system-bath coupling term Hy
are given by Eq. (3) with O; the system operator that couples
to bath /. Form Ref. [93], in the weak coupling limit, the
exact expression for the current to bath r through an harmonic
network specializes to

4 .
m /O dow’[n:(@) = n(o)].
(59)

The corresponding conductance, in the low-temperature limit,
reads

I" ~ 87 ho?

3275kg T o 4g
K : 9
1587 (wrwg — 4g%)?
which is to be compared to the cotunneling formula (54).
In Fig. 4(a), the above expression is rendered, for w; =

wgr = wy, by the dashed-grey lines with 7 behavior and dis-
plays agreement with our general multilevel expression (54)

(60)
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FIG. 4. Thermal conductance of a two-oscillator junction.
(a) Thermal conductance of two coupled oscillators of frequency wy
for three values of the infernal coupling strength g. Dashed lines:
D and ki for a TLS truncation of the two-oscillator system.
Dashed-gray lines: Analytical expression from [93] in the limit
of low temperature and weak coupling, Eq. (60). (b) Spectrum of
the two-oscillator system as a function of their coupling strength.
The arrows point at the values of g chosen in panel (a). At small g,
the first and second excited states are quasidegenerate. This results
in the coherent suppression of the low-temperature conductance, as
given by the interference effect captured by Eq. (54).

(solid lines with 73 behavior). As shown in Fig. 4(b), for
weak internal coupling the first and second excited state are
quasidegenerate. In this regime, the cotunneling formula for
the conductance, Eq. (54), describes an interference effect
that results in a large coherent suppression of the conduc-
tance. This prediction is confirmed by the weak-coupling,
low-temperature limit, Eq. (60), of the exact formula for cou-
pled oscillators [93]. At intermediate to high temperatures,
the conductance, solid curves in the center and right part of
Fig. 3(b), is given by x ~ k®, obtained numerically from
Eq. (14) with I >~ ["® the current being calculated within
the full secular approximation, Egs. (44) and (49). The dashed
lines are obtained considering a TLS truncation formed of the
ground and first excited state of the two-oscillator system and
using again Eqgs. (56) and (57). Note that at strong coupling
the TLS truncation reproduces the conductance of the system
up to intermediate temperatures.

VI. APPLICATION: HEAT TRANSPORT IN THE
QUANTUM RABI MODEL

In this section, we apply the theory to the case of
heat transport in a qubit-oscillator system described by the

A2+62

O/R

Mp

M, L
| f\
E L" ¢e\t

FIG. 5. Heat transport setup where a qubit-oscillator system
(Rabi model), constitutes the junction between two heat baths.
(a) Scheme of the setup. (b) Simplified circuit model of the cor-
responding superconducting circuit realization. The qubit bias € is
induced via the applied flux ¢ey.

quantum Rabi model, see also Ref. [94]. In particular, we
wish to outline which features are unique to the Rabi model
and which are universal, in line with the findings in the two
archetypal examples of the previous section. This system is of
high relevance for current heat transport experiments involv-
ing coupled qubit-resonator systems [6].

A. Model

In panel (a) of Fig. 5, a schematic depiction of the heat
transport setup is given, where the junction between the
bosonic heat baths is formed of a qubit and an oscillator
(resonator), of frequencies w, and w,, respectively, coupled
with coupling strength g. This system is described by the
quantum Rabi model [95,96]. We consider a realization of
the setup based on a superconducting circuit [71]. Figure 5(b)
shows a simplified circuit model. The qubit resonator sys-
tem is realized by a flux qubit (the symbol x indicates a
Josephson junction) sharing a common tunable inductance L,
[72,97,98] with an LC circuit, the oscillator. The resulting
Rabi model is inductively coupled to RLC circuits that real-
ize the heat baths, the mutual inductance M; quantifying the
coupling strength [99-102]. The parameters of the RLC cir-
cuits realizing the heat baths should be chosen such that their
spectral density functions are approximately of the Ohmic
type at low frequency. The assumption of weak system-bath
coupling is realistic experimentally and allows for a pertur-
bative treatment of the system-bath interaction. The resulting
Hamiltonian of the setup is given by A = Hgayi + Hz + Hy,
where the baths and interaction Hamiltonians Hp and Hy are
defined in Eq. (3) while

Hravi = —g(eéz + A6,) + hw,d'a + hgs.(a' + ). (61)
The first and second terms of the junction’s Hamiltonian
describe the flux qubit (in the basis of persistent current
states, see also Sec. V C) and the resonator, respectively, with
o; the Pauli spin operators and &' and & bosonic creation
and annihilation operators. The third term gives the qubit-
oscillator coupling. The interaction with the heat baths L and
R is mediated by the oscillator and qubit coupling operators
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O; =a" + a and Qg = 6., respectively. In the literature on
ultrastrong coupling, the coupling regime is established by
comparing g to both the loss rates of the system and its
characteristic frequencies, see, e.g., Ref. [103]. Here, as in
Ref. [94], the coupling « to the heat baths is assumed to be
very small so that, for simplicity, we identify the coupling
regimes based on the value of the ratio g/w,. At weak cou-
pling, the counter-rotating terms in the coupling Hamiltonian
expressed in the qubit energy eigenbasis, namely 6,4’ and
6_a, can be safely neglected. The resulting RWA yields an
easily solvable block-diagonal Hamiltonian [104,105]. In the
opposite regime of USC the counter-rotating terms are rele-
vant and lead to peculiar nonperturbative effects [73,74]. This
regime is captured, for example, by perturbation theory in
the qubit splitting A, renormalized by the coupling to the
oscillator [77,78,106,107].

B. Thermal conductance of the quantum Rabi model

In the following, we analyze the steady-state heat transport
properties of the setup via the thermal conductance «, defined
in Eq. (14). Note that the formalism developed in the previ-
ous sections has no restrictions on the temperature/chemical
potential bias of the quantum transport setup and is able to
describe the nonlinear transport regime at no additional cost.
As in Sec. VC, we assume identical Ohmic-Drude spectral
densities J;(w) = aw/(1 + a)z/a)f) with « = 1073 and w, =
5 w,. The conductance is calculated up to the fourth order.
The leading-order contribution x® is given by Eq. (14) with
I ~ ["® the current being calculated using the partial sec-
ular, Egs. (43) and (47), or the full secular ME, Eqgs. (44)
and (49), depending on the spectral properties of the system.
For the fourth-order contribution ¥ we use the analytical
limiting expression (54).

1. Conductance as a function of the temperature: universality,
interference, and the USC regime

We start by considering the temperature behavior of the
conductance of the Rabi model up to the fourth order. The
results, scaled by the appropriate Kondo temperature 7x(g),
are shown in Fig. 6(a) (solid lines). A comparison is made
with the conductance ks of the TLS truncation of the Rabi
model, Eqgs. (56) and (57), namely, the TLS formed by the
ground and first excited state of the full Rabi model (dashed
lines). Similarly to the cases of TLS and coupled-oscillators
junctions, Figs. 3 and 4, we introduced also here a Kondo-like
temperature scale Tx(g) = hwio/kp, defined in terms of the
frequency scale wj9p = w; — wy associated to the lowest en-
ergy doublet of the quantum Rabi model. As shown below and
in Ref. [94], for T < Tk the Rabi model is well described by
its TLS truncation and a scaling behavior emerges in ¥ as a
function of 7" when both quantities are scaled with Tx. Indeed
K%:)S /Tx is a function of T /T, see Eq. (56). For T <« Tx the
system is essentially in the ground state. In this case, K-}-i)s dis-
plays an exponential suppression at low temperature. Indeed,
in this temperature regime, virtual processes, accounted for by
the fourth-order expression for the current kernel, Eq. (52),
allow for energy transfer with the system staying in its
ground state [55,58,92,94]. This results in the algebraic low-T

(a) - -

(/1)

k/anTy

10710 I

—04 -0.2 0 0.2 0.4 0.6 0.8 1
€/wy

FIG. 6. Universality and interference effects in the Rabi model
for A = 0.6 w,. (a) Thermal conductance vs the temperature rescaled
with the Kondo-like temperature Tx(g) = fiw,o/kp for three values
of the qubit-resonator coupling. The three panels show the con-
ductance for different values of the qubit bias €, see the arrows
in (b). The conductance of the full Rabi model is (solid lines)
is compared to the one of its TLS truncation (dashed lines). The
gray solid line at € = 0.8 @, shows the result of the full secular
approximation for g = 0.01 w,. The inset highlights the differ-
ence with the partial secular ME (black solid line). (b) Spectra
of the Rabi model as a function of the qubit bias. Quasi degen-
eracies for low g under qubit-resonator resonance conditions (here
for € /w, = 0.8) correspond to suppression of the low-temperature
conductance.
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behavior « o< T3, The three panels in Fig. 6(a) show different
values of the applied qubit bias for A = 0.6 w, and for the
same three chosen values of coupling strength g, ranging from
the weak to the USC regime. In particular, in moving from
the first to the third panel, the qubit and oscillator frequen-
cies approach resonance w, = w,, starting from far detuned.
This is reflected in Fig. 6(b) where the spectrum at weak
coupling displays, at resonance, quasidegenerate doublets of
excited levels. The latter in turn result in a large coherent
suppression effect of the low-7T" conductance, with respect to
the TLS counterpart. The same effect is obtained at zero bias
for A = w,, see [94]. This suppression is due to inherently
multilevel interference effects induced by the sum over the
states in Eq. (54), which is absent in the TLS truncation,
cf. Eq. (56). The analytical RWA treatment of the coupling
matrix elements, see the comment below Eq. (H11), provides
a simple explanation for this. At resonance, USC restores the
separation of the energy levels and yields an increased wjg
with «® approaching «}k.

As anticipated above, in the intermediate temperature
regime, where the conductance is dominated by «® but the
temperature is low enough so that k® ~ I{q({)s, the curves at
different g collapse for all values of detuning. The second-
order conductance Kﬁ)s of the TLS truncation of the Rabi
model has a maximum when the condition Ty = 27T is met,
as derived from Eq. (56). Note that, in the USC regime, the
scaling behavior k@ =~ {2 extends to higher temperatures.
Increasing further the temperature, higher energy levels are
involved and the TLS truncation breaks down: The curves de-
pend on the details of the spectrum (and the matrix elements of
the coupling operators) which are peculiar to the different val-
ues of the coupling. Deviations from the behavior k ~ T2¢~!,
predicted for a TLS and well approximated by the 7! lim-
iting behavior of Kﬁ)s, are found. It is worth noting that also
the second-order conductance is suppressed, at resonance and
for weak g, due to steady-state coherences, see also Ref. [87].
Indeed, the conductance predicted by the partial secular mas-
ter equation, solid, black curve for € = 0.8 w, in Fig. 6(a), is
smaller than the one calculated in the full secular approxima-
tion (solid gray line in the same panel, see the inset). Due to a
truncation to the first five levels used in the partial secular ME,
its high-temperature behavior is not reliable and thus omitted.
An illustration of the emergent steady-state coherences in the
presence of quasidegenerate levels at second order is provided
in Appendix G for a three-level truncation of the full Rabi
model. Likewise, the efficiency of quantum thermal machines
is impacted by coherences, as shown in Refs. [108,109].

2. Conductance versus qubit-oscillator detuning:
transition from resonant to shifted, broadened peaks

In Figs. 7 and 8, the conductance is shown as a function of
the qubit-oscillator detuning in a temperature regime where
k >~ k. The transport features shown in these figures re-
sult from the interplay between the qubit-resonator coupling
strength g and the detuning and also include coherent effects
at the level of second order.

In Fig. 7(a), « is plotted as a function of the qubit
splitting A, at zero qubit bias, for several values of the
qubit-oscillator coupling strength, well into the USC regime.

g/wr

— 00O i R = St =

0.4 0.6 0.8 1 1.2 1.4

Aw,
(b) 2
1.5 | 1
10 ]
=~
S ——a—]
<
3 ol ]
-0 M
S e
0.4 0.6 0.8 1 1.2 1.4
A/w,

FIG. 7. Thermal conductance as a function of the qubit-resonator
detuning from weak to USC coupling at zero bias, € = 0. (a) Con-
ductance vs. the splitting A at kg7 = 0.2 hiw,. In this temperature
regime, the conductance is dominated by «®. Weak qubit-oscillator
coupling, at resonance, gives w,; < w,. This, in turn, yields a lower
peak-conductance and a shift of the peak (Lamb shift) in the result
from the partial secular master equation with respect to the full
secular approximated version (gray lines). (b) Spectra of the Rabi
model as a function of A for two values of g. Circles highlight the
(quasi) degeneracies.

At weak coupling, the conductance is sharply peaked at
resonance, and suppressed elsewhere. At resonance, the weak-
coupling spectrum displays quasidegeneracies, indicated by
the black circles in Fig. 7(b). As already seen in Fig. 6, these
entail a deviation of the conductance from the full secular
approximation. The latter is depicted as a grey line. The partial
secular ME yields a suppressed peak and a Lamb shift (black
line). Increasing the coupling, the peaks broaden and move
towards values of A smaller than w,. However, in the nonper-
turbative coupling regime, the maxima are found at A > w,.
Intuition on these three regimes across the range of coupling g
considered in Fig. 7, namely resonant peak, broadened peaks
for A < w,, and maxima for A > w,, is given by the ap-
proximate treatments of the quantum Rabi model summarized
in Appendix H. At weak coupling, the RWA shows that the
matrix elements of the coupling operators Q; ; are suppressed
everywhere except at the resonance condition, see Eq. (H10).
Atlarger g, Van Vleck perturbation theory in g, a second-order
treatment which includes in a perturbative way the counter-
rotating terms in the qubit-oscillator coupling Hamiltonian
[110], predicts a shift of the resonance condition to negative
detuning A < w,, as pointed out below Eq. (H7). Finally, at
large coupling, in the nonperturbative regime, the generalized
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FIG. 8. Transition from resonant to USC regime. Thermal con-
ductance vs. the qubit bias € for A/w, = 0.6 and three values of the
temperature (in units of iw, /kg). In this temperature regime, the con-
ductance is dominated by «®. For weak qubit-oscillator coupling, at
resonance, wy; < ,, namely the first and second excited states of
the Rabi Hamiltonian are quasidegenerate, see Fig. 6(b). This in turn
gives a lower peak-conductance and a Lamb-shift of the resonant
peak in the partial secular master equation (black lines) with respect
to the full secular approximated version (gray lines).

rotating-wave approximation applies [106]. It requires a large
bare splitting, A > w,, in order to achieve the resonance con-
dition due to an effective dressing of the bare qubit splitting,
see Eq. (H22). For values of g larger than 0.01 w,, the results
from the full secular ME essentially reproduce those of the
partial secular ME, with the exception of the degeneracy at
A = 1.2 w, for g = 0.4 w,, see the dark-red circle in Fig. 7(b).
In this case, the partial secular approximation corrects an
unphysical jump given by the full secular approximation, as
highlighted by the dark-red circle in Fig. 7(a).

The behavior of the conductance as a function of the qubit
bias € with fixed A < w, displays, at low g, resonant peaks
when the qubit frequency w, = v/ A% + €2 matches w,. Upon
increasing g, k undergoes a transition from resonant peaks
to a broadened zero-bias maxima [94]. This is shown in
Fig. 8, where the case A = 0.6 w, is considered. Similarly to
Figs. 6 and 7, at resonance and weak coupling, the spectrum
presents quasidegeneracies, see Fig. 6(b), that entail nonzero
steady-state coherences. The latter result in a suppression of
the conduction peak, with respect to the full secular approx-
imation (gray curves) and a Lamb-shift to negative detuning,
see also Ref. [94]. This transition from resonant peaks to
broad zero-bias maxima is reproduced at different tempera-
tures: The suppression of the weak-coupling resonance peak is
proportionally larger at higher temperature, consistently with
increased steady-state coherences, see Fig. 9 in Appendix G,
and the onset of the zero-bias maxima occurs at larger g the
larger the temperature.

These results show how the conduction properties of the
quantum Rabi model, in a realistic implementation based
on superconducting circuits, can be tuned by acting on the
qubit parameters and on the qubit-oscillator coupling. The

application showcases the nontrivial features of quantum heat
transport of a system weakly coupled to heat baths which can
be easily accessed experimentally.

VII. CONCLUSIONS

In this work, we have presented a unified treatment of
quantum transport in nanojunctions coupled to fermionic or
bosonic baths. It is based on a generalized master equa-
tion approach in Liouville space to open quantum systems
and is suitable for a perturbation expansion in the system-
bath coupling. Nevertheless, nonperurbative results are also
possible with suitable diagram selections to all order [17].
While the fermionic case has already being extensively in-
vestigated in the context of charge transport in quantum dot
systems, bosonic heat transport beyond the leading order in
multilevel systems has not yet received the same attention.
The diagrammatic method described in this work allowed us
to obtain analytical, approximate expressions for the steady-
state bosonic heat transport in multilevel systems up to the
so-called cotunneling level, namely, to the fourth order in
the system-bath coupling. At the level of the second order,
projection in the system eigenbasis reproduces the Redfield
equation.

Though the method can be directly applied to the nonlin-
ear transport regime, we focused on linear transport: Known
results for the spin-boson model and for a two-oscillator
junction are reproduced, and novel results for generic mul-
tilevel systems are obtained. The low-temperature thermal
conductance is dominated by fourth-order processes where
heat transfer between the baths occurs via virtual transitions
in the system. Generically, a power-law behavior of the linear
conductance « ~ T3, is found. For quasidegenerate excited
states, interference effects yield a large suppression of the
conductance. This is an exquisite multilevel effect which is
not displayed by two-level-system junctions. Besides this,
system-specific properties are found, which depend on the
details of the multilevel spectrum.

This behavior is clearly observed for the case in which the
junction is formed of a qubit-oscillator system described by
the quantum Rabi model. The features of thermal transport
in this system are dictated by the qubit-oscillator detuning
and coupling strength. At resonance and weak coupling, the
multilevel structure of the system presents quasidegeneracies
in the excited levels that induce steady-state coherences at
second order and multilevel interference effects at the level
of cotunneling. This is shown by studying the conductance
as a function of the temperature at different detunings and by
changing the qubit splitting and bias in a temperature regime
where the sequential tunneling is the dominant heat transfer
mechanism. Heat transport regimes are crucially influenced
by the qubit-resonator coupling strength. Indeed, coherent
effects are removed at large coupling due to the pronounced
repulsion of the excited levels and a behavior that converge to
the one of the two-level system truncation of the Rabi model is
found in the USC regime. The conductance as a function of the
temperature displays in this case a scaling behavior which is
highlighted by introducing the Kondo-like temperature scale
corresponding to the separation internal to the lowest energy
doublet.
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The thermal conductance as a function of the detuning
shows instead a transition from a resonant peak behavior at
weak coupling to a broadened, shifted peaks in the USC
regime. In particular, when increasing the coupling at zero
applied bias on the qubit, the resonant peak broadens and
moves to negative detuning, i.e. the maxima occur at values of
the qubit splitting smaller than the oscillator frequency. Upon
a further increase of the coupling, in the non perturbative
regime, the maxima move to positive detunings as the Rabi
system behaves as an effective two-level system undergoing
a strong down-renormalization of its energy. When adjusting
the applied bias, the weak-coupling resonant peaks make a
transition to zero-bias maxima upon increasing the coupling.

The results obtained and the specific application to the
quantum Rabi model, which describes the core element of
circuit QED, are of relevance given the level of experimental
control and extreme parameter regime achieved in super-
conducting setups. These are among the leading platforms
for quantum information and simulation and, more broadly,
provide appealing technological applications [6,71,111,112].
Moreover, in our model, the qubit-oscillator system is placed
in series between the heat baths. This constitutes an inherently
asymmetric, nonlinear junction and thus satisfies the criteria
for displaying heat rectification [89,113].
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22() = 8(0) = Trg{LG (M) (0)}

APPENDIX A: NAKAJIMA-ZWANZIG FORMALISM
FOR QUANTUM TRANSPORT

The solution of the Liouville-von Neumann equation for
the total density operator is du(t) = €~ Pt (0), where £ =
Lo+ Ly, with Ly = Lg + Lp. In Laplace space

1 ~
Owt(X) = m@tot(o) = G(A)21ot(0). (Al
Let us introduce the projection superoperators
Pe=Trz{e}®pp and Q=1-"7P. (A2)

These definitions imply PQ = QP = 0 and PP="P, Q* =
Q(1 —P)= Q. Using (A — L)G(1) =1, we can obtain the
useful relation

QP =0= Q0 — LYG()P
= QL — LYP + QGM)P
= 1QPG(V)P + 1Q*G(M)P
— QLPGMP — QLAG(MP

= Q6P =2Q QLY PG(L)P. (A3)

1
A—0QLQ

1. Nakajima-Zwanzig equation for the reduced density matrix
From Eq. (A1),

(k - E)étot()‘) = @tot(o)a
)\étot()‘«) - @tor(o) = E@tot()\) = Eg(k)@tot(o)-

For a factorized initial condition 9y (0) = 0(0) ® 05, the
definitions (A2) entail P9y (0) = 90((0) so that Qo (0) =
(1 —P)010t(0) = 0. Thus, in Laplace space, the system RDM
0 = Trp{0} obeys the equation

(A4)

= Trp{L(P + QGA)(P + )di(0)}

= Trp{PLoPdiot(M)}

1
A— QLY

Q£v> PG (}\)P@tot(o)}

1 N
+TrB{P£va —Or s Qan(l - P)EVPQM(M}
= Ls0(\) + TrB{PﬁvQ)\ oy QEVQ&/@(M ® @B}
= Lsd(A) + K()d(R), (A5)
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where we used Eq. (A3) for QG(L)P, PLyP = 0, and Trz{Qe} = 0, along with LzPe = 0 if [Hz, 03] = 0. Also, since PLg =
LsP, QP =0, and Q> = Q, we have QLQ = Q(Ly + OLy Q). In the time domain,
t
o) = Lso() + [ dria - o)
0
K(t)e = Trp{PLy Qe P2y, o @05}
= Trp{Ly e “ T Ly 0 @), (A6)
where we used Trg{PLy (1 — P)e} = Trg{PLy e} = Trg{Lye}.

2. Current

The expectation value of an operator O reads
(0() = Tr{08 (M)} = Tr{OG (12 (0)}
= Tr(O(P + QG P (0)). (A7)

If O does not conserve the particle number in the reservoirs, as for the current 7, then Trz{OPe} = 0. Using again Eq. (A3),
similarly as for the Nakajima-Zwanzig equation for 9, we have

(V) = TrsTrp{l QG () P2 (0)}
= Trg{Ki(M)a (1)} (A8)

In the time domain,

(i) =Trs{ / dr’i@(r—t’)@(z’)},
0

Ki(t)e = Trp{le!“ T2 Ly 0 ®pj). (A9)

APPENDIX B: SERIES EXPANSION OF THE PROPAGATOR
Let us define Go (1) = expl(Lo + QLy Q)] and Gy(t) := exp(Lot). We have
3Go(t) = (Lo + QLY Q)Go(?).
Now consider

O [Go(=1)Ga(1)] = —LoGo(—1)Ga(t) + Go(—1)(Lo + QLY Q)G (1)
= Go(—1)QLy QG (7). (BI)
Integrating and multiplying from the left by Gy(#) one obtains

t
Go(t) = Got) + [ drGott ~ 1)QLVQ(t) (B2)
0
which qualifies QLy Q as the self-energy in the above Dyson equation. In Laplace space,

Go() = Go() + Go(M)QLy QG0 (1)
= Go(M) + Go(M)QLy QGo(2) + Go(M) QLY QGo(M)QLy Qo (3) + . .
= Go(1) Y [QLy QGo(M)I", (B3)
n=0

giving the perturbative expansion in the interaction V.
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APPENDIX C: FOURTH-ORDER CURRENT KERNEL IN THE ENERGY EIGENBASIS

The D and X diagrams of the fourth-order current kernel, Eq. (33), applied to |n) (n|, the projector in the system state |n),
result in

(D +X71In) (n|

=2 [Vzlvz] VD Go 3 (YD [G 3 (05D G (0H)D? F Gg3 (0)D™Gg 1" (0F)DT ] ) (n

V3 Vg

=y DY G (0D [GLH (0% —ipw)D! GEHOHDE, F GLT 0" —ip'o)DY , GLH(O0H)DE ] Iks) (n|

kaky kin

k,ky ko, k3

+ Y DGl ONDE[GLTOF —ipw)D] G OND], F Gl OF — ipe)DY G OTDE ] s) (ol
k,ky ko, k3

+ Y Dt Gl OND Gl (0% = ipw)Dl G (01)D], F Gy (0% — ip'@)DE G (0D, ] 1ks) (k|
k,ky ko k3

+ Y DG 0D [GL (0" —ipw)DL GLTONDY, F G (0% —ip')DEGLTO7)DY,] [ks) (ke
k,ki ko, k3

= Y DYGLOND Gl (O —ipw)D] Gl OIDY, F Gy (07 — ip'w)DY, Gl (07D ] 1ks) (k]
k,ky ko k3

F Y. DG ONOD[GLTOF —ipw)D]  Gh (0D F Gl (0F — ip')DY, Gl (01D ] ks) (ol
k,ky ko k3

F Y. Dk Gl MDD Gl (0" —ipw)Df G (MDY, F Gl (07 = ip'w)DY, GIy™ (MDY ] Iks) (ki
k,ky ko, k3

— Y DG ONDL[GLT(O0F — ipw)DYy, G (00D, F Gl (07 — ip'e)DY, G4 (01D ] 1ks) thal . (C1)
k,ky ko, k3

where, according to the definitions in Eqgs. (38) and (29),
n" (wr;)

: - =G, —ipo)n (o).  (C2)
A+ iwyy —1(p'ory + poy;j) nm pon; (wr;)

GLY () = Goanl* (@), GLY( —ipa) =

In the continuum limit, the sums over j and j’ turn into integrals over @ and «’, respectively. At low T, the Bose-Einstein
functions are different from zero only for small arguments. Thus, the processes with Gi_ (1 —ip'w’) give the leading
contributions by approximating the central fractions of Eq. (31) as

[w1 — wr + pi0T] ' = lir&[a’l —wy 4 plin]™ > —ip'w8(w) — wy),
n—)

which easily solves the integral over o’ (neglecting the principal part). The contributions to K;finmnn(k) with the constraint that

the system transition frequency in the central free propagators vanish, i.e., the system is in a diagonal state between the second
and third vertexes, are thus given by

(mU{ID 4+ X ldiag In) (]} Im)
= D D,AGL,(OND 1 [Go (0% = ipw)Df, G ON)D, F Gl (0F = ip'@)Df Gt (09D, s

k,ky

£ DG, (09D G4 (0% — ipw)D?, G O0T)DY, F G2 (0F — ip'w)DEL GL T (09D, ]
k

+ YD, 1G, (0D [G (0% — ipw)DE, 5ot (01D, F G,y (07 — ip'e)DE,, G0t (07D, ]
k

+ ) DG (0D G (0T — ipw)DE, Gt (01D, F G4, (0F — ip'e))DL, G2 (07D, ]
k

— > DG ONDI G (0F — ipw)DE, G (0M)DL, F G2H(0F —ip'e)DE, G (07D, ]
k

km mn = nm

FY D,IG! (OHDI[GLHOT — ipw)DL, Gl (OHDS, F Gt (0F — ip'w)DS, Gl (01D, ]
k
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Y Dy G (0MHDA[GL (0" — ipw)DY G (0H)DE, F G (0% — ip'@)DY, G4~ (01D 18

kon nn nk
kky
=Y D86, (0D, [GL,7 (0" — ipw)Df, G4 (0F)DY, F G4 (0" — ip'w)D], G4~ (0H)DE] . (C3)
k

APPENDIX D: BOSONIC HEAT CURRENT TO FOURTH ORDER

In the bosonic case, the third and fourth lines in Eq. (C3) cancel each other as well as the 5th and 6th lines. At the steady state,
A — 0%, we canset G, (07 — ip'ow) = n!" (0)78(0' + pp'w) and G4 (0% — ipw) = n;’/‘}’ (0" 8(e’ + pp'®). Moreover, since
both the integrals are over the positive frequencies «’ and w, this results in the constraint p’ = — p. Finally, for the heat current
to bath r, we fix the bath index of the last transition to r. This yields

(m{ID} + X diag In) (1|} [m)
=7 Y D5 G (D), [0 (@)D, hGlE (0D, + (@)D, G 1 (0D 18
k,ka#n
+m Y DG (OND! [n (@)D kG (0N)DL |+ n P (@)D, G b (0F)D; 5 6
k,kyn

-7 ZD;gnt:nm(O+)Dlpnm [nl_p(w)Dl_kaﬁkt(0+)Dlpkn + nf(a))DfnkGl_/Z;+(0+)Dl_,lcpn]
k

m#n

l,nm ),knGl_,rfI;_(oJr)Dl_,rfk]m;én’ (D1)

= > DG OID], [ @)D £, Gl (01D + P (@)D
k

where the cases k; = n in the first two lines and m = n in the third and fourth lines cancel each other and we conveniently
excluded them. Including also Zp p and swapping p — —p in the last two lines of Eq. (D1),

> p (mI{ID] + X laiag |n) (nl} Im)
P
=7 )01 2 DGl OD] [ " (@)D, G (00)DY, + @)Dy, Gy 1 (05D, 7,
)4 k,ky#n
+ nf(w)D;ISIan;(O+ )Dznk + nr_p(w)Df,knGlTrfl;7 (0+)D;r[l)k]8m”
+Y D4,,G. 0, 00D b [nf()D],, G L OND,L +n P (@)D, 1 Gl (09)D)
k

r,mn = r,nm l,nm rkn r,nk

+ nlip(w)Df,knGini((ﬁ—)Dip + n{”)(w)D;lfnG?n;(oJr)D{),nk]m;én : (DZ)

r,nk r,nk
Use of the symmetry properties D;,2 = (D%,)* and G2~ (1) = [GE,F (M)]* shows directly that
K;i)nmm()”) = Z [’Cii)mmnn ()\)]* (D3)
m#n

Using this result, we have for the fourth-order current (assuming the coherences to vanish at the steady state)

4 c(4)
I;S )= Z K:Ir,mmnn(o)pr[l)ft

m,n

= D Km0 + Y Ki O

n,m#n

=2Re Y K{,..(005. (D4)

n,m#n
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Thus, assuming Q; um = Qr.mn € R, we have form # n

K i@ = =Y "> OrnQr.um Qr.nk Crken / dwhwl) ()] (@)n!” (@) (o)
vp 1 k 0

1 1 1
X
0% + wpy — po |:i0Jr — VW, — pw + 10t — vy, + pa):|

e D) ) D W /O doeod (@), @ @} @)
v 1 k

1 1 1
X
[iOJr + Wy + @ |:iOJr — Vo, + + 10t — vy, — a):|

1 1 1
- . D5
i0++a)mn—a)|:i0++va)kn—a)+i0++va)kn+a):|} (D3)

After some algebra, using the properties of the Bose-Einstein function, which gives >, >~ vn; "n! = >, (nf —nf) = n, — nz,

where to r = R (L) corresponds 7 = L (R), we obtain for the real part (A — 0T)

0

Relag,)mmnn(o) ~wh Z Qr,anF,anF,ner,kn / dowl,(0)J;(w)[ny(w) — n ()]
k

mn n b
y Z Wyn + aw Wrn + bw

= (0 + aw)? + 12 (o + bo)* + 12 (m #n)
1 00
(kBT < Fl(!)ij) ~4nh Z Qr,anF,ani",ner,kn / da)a)J,(w)J;(w)[n;(w) _ nr(w)] (D6)
WDmnWikn 0

k#n

Note that if k = n or m = n, then the resulting expression vanishes due to the sum over b = %1, or a = %1, respectively, in the
first equality.

APPENDIX E: STEADY-STATE HEAT CURRENT FOR FERMIONIC BATHS

Charge transport in fermionic systems has been thoroughly investigated with diagrammatic techniques (see Ref. [17] and
references therein). Much less attention, however, has been devoted to bosonic heat transport in multilevel systems beyond the
leading order. For this reason, in applying the general machinery developed so far, our main focus in the present work will be the
bosonic heat transport. Nevertheless, we provide here, as an illustration, some basic results of the theory specialized to fermionic
transport.

From the definition of the system coupling operators D in the fermionic case, Eq. (5), the second-order rates in Eq. (39)
specialize to

~ 2
an = K:;%q)mm(o) = ﬁ Z Dl|tl|2|dnm|2fl(wnm)7 (El)
1

where D; is the density of state of bath /, which we assume energy-, spin-, and state-independent for simplicity and d,,,, =
> (n|d|m), with s, n, m denoting the states of the system, see also (F12).

Let us consider now a quantum dot described by the Hamiltonian Huor coupled to fermionic leads with Hy + Hy given by
Eq. (2). For definiteness, along the lines of one example discussed in Ref. [53], we choose

Ay = BA Y g + Uiy,
with U much larger than the other setup parameters, so that the energetically unfavorable doubly occupied configuration is
essentially forbidden. For this system, the transition rates between the unoccupied state |0) and the singly occupied dot states
|1,) read T, = ! fi(A) and T}, = y'[1 — fi(A)], with y! = 27Dyt |?/R*. The states |1,) and |1;) cannot be connected by a
rate to second order, namely, ) (14 |d,|1 1) = 0, as the resulting spin-flip would require higher-order processes. The full secular
treatment applied to Eq. (41) yields for the current to bath r, to leading order,

Ir(z) = 2Re Z K}izmmm (O)Q;om ’ (Ez)
n,m(F#n)=0,1.|
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where, from Eq. (40),

2ReK?) [ 00(0) = —¢y" fr(A),
- (E3)
2ReK (), (0) = ¢y [1 — f(A)],

with ¢ =1 (¢ = hA) for particle (energy) current. Solving the full secular master equation (44) with the symmetry pf = o}
and the conservation of the total probability, we obtain for the steady-state populations of the dot pg5 = I'os /(I'0s + 2I'50) and

02 = T40/(Tos + 2T40). Using these results, the heat current /M@ = 5@ — ;; 1P® 10 bath r is found to be

YEVRLH(A) = f1(A)]
YEIL 4+ fL(A)] 4+ yR[1 + fr(A)]
where 7 = L (R) for r = R (L). More general results for heat transport in interacting quantum dots weakly coupled fermionic
baths are provided, e.g., in Refs. [53,83,84]. Let us now set uy, = ug = 0with 7, =T and T; = T + AT. The thermal conduc-
tance, Eq. (14), corresponding to the current formula (E4) is obtained using da7 f7(A)|ar=0 = hA[4kgT? cosh?(hA [2kgT)H]™!
and reads (at zero thermal bias f; = fr = f)

M = 2(hA — ) (E4)

o hA yLyR 1
© 2kgT? yL + yR[1 + f(A)]cosh?(AA/2kgT)

(E5)

K
As for the bosonic case, see Eq. (56), this expression also shows exponential suppression at low temperature, kgT << AA.

APPENDIX F: EVALUATION OF W,,,,, AND (fh (O)E, 0))
Specializing the general expression (40) for the second-order kernel to the bosonic case, the rates W}, are defined as
" (w;)
Wim = lim hing )Y —L—
fm 0+ §( 1) A+ oy, — ipo;

Using the definition of bath spectral density function J;(w) = Y ; klzjé(w — w;), the sum over the reservoir states j becomes the
integral

o " () (@
Wi = lim 3~ i / do @)
A—0F > 0 A+ 1wy, — 1pw
o0 o0 .
= Zk2/ dwnlp+(w)J,(a)) lim / dte M lPo=om)t
> 0 A—0F 0

¢} e}
= / dt / doli(){n(@)e” + [n(w) 4 1]e7 e 'om!
0 0

_ hZ OOd 00 ﬂlhw s ol —iwpmt
= t dwJ;(w)| coth cos(wt) — isin(wt) |e
0 0

2
= / dt(B)()B;(0))e™ ", (F1)
0

where
Bihw

(B,(t)B,(0)) = i* / ” dwl, (a))|:coth ( ) cos(wt) — isin(a)t):|
0

is the correlation function of the baths operators B, = > j hAj(byj + b;f j), the time evolution being with respect to the free bath
Hamiltonian.
The quantity W, which enters the expression for the 2nd-order current, Eq. (47), is analogously obtained as

v < hop ! (0)i(w
‘/Vlnm = lim Z h2 / de
=0 p 0 A+ 1wy, — 1pw

o0 o0
= Zh3 / dw J, (w)/\lir& / dte ™ Pl poy nl™* (o)
0 - 0
P
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= lim —iK’ f dwl(®) / dre M emiomt g, |:coth (ﬂsz> cos(a)t)—isin(a)t)]
0 0

A—>0*
= 110 Winm + i71(B1(0)B;(0)). (F2)
In practice, to calculate the rates W,,,, (we skip here the bath index /) we start from the expression in Laplace space

00 n’(w)J (w
an/hZ = lim dwu

A=0% Jo A+ iwp, — ipw
o0
= lim / doJ(w)gum(w, 1), (F3)
A—0t 0
where
(@, 1) = n(e) T HCZOm) 4y 4y @t o) (@, 1)+ g2m(@, 1) (F4)
nm @, =nw) 5 nw S, 5 = nm\ @, nm\ @, .
¢ A+ (@ — o)’ A (@tom? 0" 82

Given that n(—w) = —[n(w) + 1] the following symmetries hold g, (—w, A) = —gum(®, A).
In the Ohmic case, J(w) = c¢w®.(w), with an even cutoff function, the integrand is even and we can extend the integration
domain to R. Using lim,_ ¢+ A/(A? + x?) = 78(x) we obtain

oo

1
2 _ o L

o0
= 1J (Wp ) (Wpye) +1 lim f doJ(w)g] n(@)
=0t ) _ ’
=W9/R* +iwD /R, (F5)

1. Analytical evaluation for Ohmic-Drude spectral density

Assuming a cutoff function such that its extension to the complex plane ©,(z) is holomorphic except for the poles, W? is
given by

W® 2 = P.V. / " dood (@)

nm
-0 W — Wnm

=2mi Z Resj{ J@n@)
J

Z_w"’“}Qm M (F6)

where N = i J (W )n(@yn ) [114] is the contribution from the infinitely small detour to avoid the singularity X = w,,, in the
integration path. We can also chose to include the pole at z = w,,,, with a counterclockwise detour below the pole. In this case
we sum the residuum 2iwJ (@, )n(wy,) and subtract the detour which contributes as i7wJ (w,,, )n(wyy, ). Alternatively, one can
keep the A # 0, perform the contour integral, and take the limit afterward, as done in Eq. (F8) below. The pole expansion of the
Bose-Einstein distribution reads

1 " Bhw 11 1 — 20 1 -
n(w) =7 co (T)‘a—ﬂ%+ﬁnzl @ i@ i) 2" E7)

Here, v, := 2mwnkgT /1 are the Matsubara frequencies. For a Ohmic-Drude spectral density function J (o) = ao[1 + (w/w.)*]™!

otza)fn(z) 271 & 2az2a)3

(24 1iw:)(z — 1w )(Z — Opm) + ﬁ ; Resivn{ (z +iwe)(z —iwe)(z + 1vp ) (2 — 1,)(2 — @pm) }@

W /h? = 2miRes;,,

azwcz'n(Z)(Z — Wy
(22 + @)z — (@ + )12 — (@ — V)]

+ lim 2miRes,,,, +ix
A—0T

2 . o0 .
_ aw:n(iw.) . 2maw V(@ + 10y)
=7 (02 + 2,,) (e = o) & np ; (@02 = v2) (w2, + v2)

+ i J (W ) (@ ). (F8)
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From Eq. (F5), noting that the last term cancels with W@, we get

nm >

hw , Znaa) >
an hz J nm [ <h> - nm]
/ (a) ) Wpm 2 (OF h,B 21: )( w; + Un)

b4 Bhow,. W, 2noza) > VW
_IEJ(wnm[cot(T)erm} i ; er ) (F9)

The calculation of the bath correlation function at ¢+ = 0 goes similarly as above using the pole expansion of coth(x).

(B1(0)By(0)) /1 = / ~ dwd (@) coth (@)
0

= /oo da)J(a)) coth <,Bza)>

_ZﬂIZReSJ{J(Z) coth</3 z)} )
PN VR

: 1 i 2mi 207°w?
= 2miRes;,, - s —— —coth (—ﬂ w) + 0 ZResivn o a) -
@+ io)& — i) 2 2 )~ (@ + @)@ + )@ —iv)
Taw? Bho, 2T ow? v
= < cot <) - < . F10
2 CO( 2 > iB ;(wg—vg) 10

Note that the sum over the Matsubara frequencies diverges. As shown in the main text however, the terms containing the above
bath correlation function in the expression for the current, Eq. (47), cancel out.

2. Fermions

For completeness, we show how the calculation of the rates, analogous to the one of W,,,, is carried out in the fermionic case.
Setting x := B(E — ), close to the poles z; = 2mwi(k + 1/2), the Fermi function f(x) can be written as —(z — z; -l . Choosing
for the electronic density of states in the leads D(e) >~ 1 (wide-band limit) and considering that along the upper semi circle
f(z) —> 1form/2 < ¢ < 7, and O between ¢ = 0 and 7 /2, we obtain

©  D(e)f(e) = _
/ T —Ere sz(k+ 1/2) BE — 1)
ad 1 T
-y | it (F11)
Lk + 1241 — w/QuksT) 2

Following Ref. [20], we single out the k = 0 term in the sum over k and add and subtract the Euler-Mascheroni constant
yg = limg_, o Zszl 1/k — In(K). At this point, using the definition of digamma function ¥(z) = —yg — 1/z — Y po,[1/(k +
7) — 1/k], we get

w
lim de D(e)f(€)

1 E — w 1 E —
i e =P Rey(5+iz—t ) —In il g =+ i=—2) . (F12)
Wooo J w10 —E +¢ 2 2mksgT 2mkgT 2 2 2nkgT
Here, W is the bandwidth of the fermionic reservoir. Note that the third term on the right-hand side is equal to —m f(E). This

expression diverges logarithmically with W. The rates stay however finite due to an exact cancellation of the second term on the
right-hand side when performing the sum over the Fock/Liouville indices [17,30].

APPENDIX G: STEADY-STATE COHERENCE FOR A THREE-LEVEL TRUNCATION OF THE RABI MODEL

The starting point is the partial secular master equation (43). To obtain analytical results for the steady-state RDM, we first
perform a truncation of the system to a three-level system spanned by the energy eigenstates n = 0, 1, 2. Further we consider the
weak qubit-oscillator coupling case close to the resonance, namely w,; < wjg, wyo. Proceeding along the same lines of Ref. [87],

085419-22



UNIFIED DIAGRAMMATIC APPROACH TO QUANTUM ... PHYSICAL REVIEW B 110, 085419 (2024)

T=08 ——
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0.2
10-2 | [Repaa| |
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FIG. 9. Nonvanishing steady-state coherence at equilibrium. Coherence p;, vs. the qubit bias for the three-level truncation of the Rabi
model for A = 0.6 w, and three temperatures (in units of /w, /kg). Other parameters are oy = og = 0.001, o, = 5 w,, and g = 0.01 w,.

elements 12, 11, and 22 of the partial secular master equation give
0= —iwipi+ Y _ Ki(0omm + K3 0)p12 + K35 (0)pa1.

0= Z L1 0mm + K(lzl)lz(o)pn + 16521)21(0)/021, (G1)
m

0= Z o Omm + /@22)12(0),012 + ’6522)21(0)/021,

m

where T, :== K2 (0) are the rates connecting the populations. Using the conservation of total probability, along with the

property I@fnzrzm,n, 0) = [K;fn)n,m,(O)]*, the system can be written as

0= w.pfy + Lapiy + Ko (0000 + K3 (0)p11 + K35,(0)022.
0= —w_pi, + Q_pfy + K000 + K31 (0)p11 + K50 (0)p20.

3 (G2)
0=T10+ T —T10)oir + T2 —Tig)p2z + 2ReIC§21)12(0),012,
0="T2 + (T'21 — T'ap)o11 + (T2 — ') 022 + 2Rel€§22)12(0)p12,
where wy (= wyp — 16522)]”2(0) + 16522)2] (0) and Q4 := 16522)12 )£ 16522)2/1 (0). The solution for the coherence is
/ K5 (© — @b,
Pl = GoPoo +aip1 +axpn G = —
" Q) (G3)
w_Ki5.(0) + QK75 (0)
[ _b _ b _ b bi = 12ii 12ii ,
P12 000 1011 2022 oo+

while the populations are the solution of
0="T10+ @1 —Tio)pin + T2 — Tio)one,
0 =T + (Fo1 — Ta0)p11 + (T — Ta) oo, (G4)
poo =1 — p11 — pa,
with [y 1= T 4+ 2[K? (0)a; + K2, (0)b;].

nnl2 nnl2
The condition of quasidegenerate levels 1 and 2 allows for approximating IC?Z)H(O) ~ IC%)22 (0) = K ~ iK". The solution for
the coherence reads now
oK (K" — K
o + Q? o’ + Q?

Q
Pl = = (o1 +p2) and  piy = ——ppy, (G5)
with IC%O(O) =Ky > iKj, 0y X » = wp — 15522)1”2(0), and Q1 ~ Q= 15522)1/2(0), and the solution for the populations is given
by Eq. (G4) with T',; ~ T',;. The exact solution for the steady-state coherence p;, at equilibrium in the present three-level system
truncation of the Rabi model is shown in Fig. 9 as a function of the detuning between the qubit and the oscillator at weak internal
coupling, g/w, < 1, and at different temperatures.
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APPENDIX H: ANALYTICAL TREATMENTS OF THE RABI MODEL

1. Second-order Van Vleck perturbation theory (VVPT) in g

Let us define the frequency @ = w, + w, and the couplings g, = ge/w, and g, = gA/w,. The latter are the longitudinal and
transverse coupling, respectively, of the Rabi Hamiltonian expressed in the qubit energy basis. Within second-order VVPT in
the qubit-resonator coupling g [110] the eigenenergies E, = fiw, of the Rabi model read (n > 1)

wy = —w(l)/2 — g?/a)r,

o 5, g & 1
Omot = mmym o ey = R = S g, (HI)

Wy
(n) 8 gz
Wy, = ——+—+na), =<

o,

2 2

where 0" = w, 4 2ng;/® and §, = 0" — w,. Note that this indexing provides the correct ordering of the eigenfrequencies
only for small enough g, €. The corresponding eigenvectors are

0) = |g, 0@,
2n—1)=u-le,n — 1)(2)+v;|§71)(2), (H2)
2n) = utle.n — )@ + &)@,

where the coefficients are given by

8, + /8% + 4ng? -2 n
ul = nt nzgx , and vi:= Vg - . (H3)
\/((Sn + /82 +4ng2)” + 4ng’ \/(3,, + /82 +4ng2)” + 4ng’
The explicit form of the transformed states |%)(2) in terms of the uncoupled energy eigenbasis {|g, n), |e, n)} is
|g.0)® g g
N = lg. 0) + f(Dle, 0) + ==|g, 1) + e, 1),
2.0 wy w
5 (2)
IgN) = «/——Ig,n—1)+|g, )+ f(n+ Dle,n) +vn+ —Ig,n+ ++/n+ —Ie n+1) (n=1),
~g»r:2) (H4)
le, 0) g
N T —f(D)]g.0) +le, 0) — =e, 1),
e,0 (O
|é-:77)(2) 8x 8z 8z
-/V.e,n w Wy wy
where N; are the normalization factors and where f(n) := (g.g./w,)[n/w, — (n — 1)/@].
a. Zero bias, e =0
At zero bias, the ground and first excited state read
8
10) o |g, 0) + le, 1),
A+ w,
V2g
1 Tle, 0 Tllg 1 20 ). H5
[1) ocuyle >+V1(|g )+A+w,|e ) (H5)

The matrix elements of the system’s coupling operators (Q; = a + a' and Oz = 6.¢ /wq — 6:AJwy, in the qubit energy basis)
between the ground and first excited states read

_ V2g _ g g
Or.01 X V] <1+A+wr +u‘A+w,’ Oro01 X U] + V] Ata (H6)

The explicit expression for the coefficients is

81—‘/812+4g2 _ —2g

U = , and v| =
\/(51 — /8 +4¢) + 48 \/(51 — /82 +48) + 4

’ (H7)
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where §; = A +2¢%/(A + w,) — w,. Note that, at zero bias, these coefficients peak at the value of A < w, for which the
condition §; = 0 is satisfied.

2. Rotating-wave approximation (RWA)

To first order in the coupling g, the Van Vleck perturbation theory expressions for the eigensystem of the quantum Rabi model,
Egs. (H1)—(HS5), reproduce the RWA results

wy = —wy/2,

1 1
Y (S PR /%) 2
W = (’1 z)wr 7 8% + ndgy, (HS)
1 1
Wy = <n — §>wr + /8% + ndg:

(n = 1), with the detuning § defined as 6 := @, — w, and g, = gA/w,. The corresponding eigenstates, in the energy basis of the
uncoupled system, are

10) = 1g, 0),
2n—1)=u,le,n—1) + v, |g, n), (H9)
12n) =ufle,n— 1) +v'|g, n),
with coefficients
+ —/n2g,

8§+ /62 + ndg?
. n8x , and v, := - .
\/((Si 8+ n4g’)" + ndg?

un T
\/(a + /57 + ndg))’ + ndg2

(H10)

Within the RWA, the relevant matrix elements of the system’s coupling operators (Q; = a + a' and Qg = o.€/ Wy — 0xAJwy,
in the qubit energy basis) read

Orot =Vvy, Qrot=u —,
Wy

A
Oroe=v{, Oro=uf—. (H11)
Wq

At resonance, Oy o1 = QL0 = —1/\/5 while Qr o1 = —Or.02 = —1/\/5. If w10 = wp, the change of sign of the qubit matrix

element yields the suppressed fourth-order conductance at weak coupling, see Fig. 6(a).

3. Generalized rotating-wave approximation (GRWA)
Within the GRWA [106,107], the spectrum E,, = hiw, of the biased Rabi model is approximated by

wo = —wy0/2 — &/,

Wq,n (Sn gz 1
] = —— — ,— 2 — =, /82 + Q2
Wn—1 5 + 3 + nw, o ) ,,+ n

r

n S, 1 /
Wop = _wq, + — +nw, — é"__ r21+Q% (le)
2 2 o) 2

r

Here, 6, := (wgn + 0gn-1)/2 — @, w4, = \/Aﬁn +¢€2, and Q,:= Ann_l(cjc:_l + cn’c;_ll)‘, where cff =
V(wgn % €)/20,,. Here, we have introduced the dressed qubit gap A;; = Ae~ /2@ =)/ /1]l L/ (@) (i > j), where
& = (2g/w,)* and where Lﬁ are the generalized Laguerre polynomials defined by the recurrence relation

Qj+1+k—a)lk@ — i+ L @)

Lin@ = o (H13)
with LE(@) = 1 and L¥(&@) = 1 + k — &@. The corresponding energy eigenstates are
10) = W40,
20— 1) = uy [W_my) + v, [Wa ) (H14)

|2n) = u;HW—,n—l) + Vn+|\l"+,n)a
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with the weights given by

8, 4 /52 1 Q2 —Q,
u = " and Vi = . (H15)
2 2
V6T a) + 3 Jo £ /g +
The states
W) = cfl—jo) £ 1Hais) (H16)

are superpositions of the displaced states |+, j+) = exp[go.(a — a’)/w,]|£.)|j) = |+.)D(F£g/w,)|j), where {|£.)} is the qubit
localized basis, i.e. {|+.), =)} = {|O), |O)}, see the main text, and D(x) = exp[x(a — a)] is the displacement operator.
The two-level system truncation of the Rabi model gives for the gap wip = w; — wy of the effective TLS

) 1
w10 = w0 — 31 — /s +at (H17)

The relevant matrix elements are Orol = (010;|1), where O =a+a’ and Qg = o, (in the qubit localized basis). Using
D(x)aD(x) = a + x and D(x)a" D (x) = (D(x)aD® (x))" = af + x*, Eqgs. (H14) and (H16) give

4g _ - _
QLo = w—u1 TN ca’ +vi(cyey + cgcfr), Orot = —2ujc¢, car. (H18)

a. Zero bias, e =0

The first two energy levels and the corresponding eigenstates read

! g

wy = _EAOO - =, 10) =¥, 0),
wy
_ B 2 - - > (H19)
1 Agy— Aqg 1 Ago + Aqq . _ _
“r= §<T +w,> T o 5\/<T —w,) +(B10)%, (1) =y W) + vy Wy ),
and, since cf(e =0)= 1/«/5,
1
Wy )= —(|—j2) £ |+ )4 ). H20
| :l:,j) \/§| z]) | z.]+> ( )

The gap w9 = w; — wy of the effective qubit is

-1/ i A 1 [/~ & A -
w10 = A—E<A—wr—a7)——\/<A—wr—a ) +aA?, (H21)

where we have defined A := A exp(—a&/2) = Agandused A = A exp(—&/2)(1 — &) and Ao = V@A The matrix elements
of Q; in the basis {|0), |1)} read

28 _ o _
Orol = —u; +vy,
N

Oro1 = —U;. (H22)

From Eq. (H15), one can see that, due to the downward-renormalization of the qubit frequencies wg ,, the coefficients u;
and v] peak at a bare value of A > w, for which the condition §, = 0 is satisfied. Note that the GRWA is perturbative in A.
However, this line of reasoning accounts qualitatively for the maxima A > w, at zero bias in the USC regime found in Fig. 7(a).
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