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ABSTRACT: The duality of Jackiw-Teitelboim (JT) gravity and a double scaled matrix integral
has led to studies of the canonical spectral form factor (SFF) in the so called 7—scaled limit
of large times, t — oo, and fixed temperature, in order to demonstrate agreement with
universal random matrix theory (RMT). Though this has been established for the unitary
case, extensions to other symmetry classes requires the inclusion of unorientable manifolds in
the sum over geometries, necessary to address time reversal invariance, and regularization
of the corresponding prime geometrical objects, the Weil-Petersson (WP) volumes. We
report here how universal signatures of quantum chaos, witnessed by the fidelity to the
Gaussian orthogonal ensemble, emerge for the low-energy limit of unorientable JT gravity,
i.e. the unorientable Airy model/topological gravity. To this end, we implement the loop
equations for the corresponding dual (double-scaled) matrix model and find the generic
form of the unorientable Airy WP volumes, supported by calculations using unorientable
Kontsevich graphs. In an apparent violation of the gravity/chaos duality, the 7—scaled
SFF on the gravity side acquires both logarithmic and power law contributions in ¢, not
manifestly present on the RMT side. We show the expressions can be made to agree by
means of bootstrapping-like relations hidden in the asymptotic expansions of generalized
hypergeometric functions. Thus, we are able to establish strong evidence of the quantum
chaotic nature of unorientable topological gravity.

KEYWORDS: 2D Gravity, Matrix Models, AdS-CFT Correspondence

ARX1v EPRINT: 2405.17177

OPEN AccEss, © The Authors.

Article funded by SCOAP? https://doi.org/10.1007/JHEP07(2024)267


https://orcid.org/0000-0003-3045-9114
https://orcid.org/0009-0006-8269-7535
https://orcid.org/0000-0002-9512-0720
https://orcid.org/0000-0002-0818-0072
https://orcid.org/0000-0001-7296-4237
mailto:torsten.weber@ur.de
mailto:jarod.tall@wsu.edu
mailto:fabian.haneder@ur.de
mailto:juan-diego.urbina@ur.de
mailto:klaus.richter@ur.de
https://doi.org/10.48550/arXiv.2405.17177
https://doi.org/10.1007/JHEP07(2024)267

Contents

1 Introduction
1.1 Canonical SFF from unorientable topological gravity
1.2 Canonical SFF from universal RMT with orthogonal symmetry
1.3 Comparison of unorientable topological gravity and universal RMT
1.4 Cancellations
1.5 Structure of the paper

2 Canonical SFF from unorientable topological gravity
2.1 Matrix model computation
2.2 Unorientable Airy WP volumes
2.3 The canonical SFF at large times

3 Canonical SFF from universal RMT
3.1 The universal RMT form of the canonical SFF
3.2 The Airy canonical SFF for the orthogonal symmetry class

4 Comparison of unorientable topological gravity and universal RMT
5 Outlook: cancellations

6 Conclusion

A Collection of resolvents for the Airy model, 3 =1

B Collection of the unorientable Airy WP volumes

C Unorientable Airy WP volumes: the point of view of Kontsevich graphs
C.1 General structure
C.2 General contribution to the unorientable Airy WP volumes

D The canonical SFF: general structure
VAiry

D.1 Contribution from generic V, 5

D.2 Treatment of the arctan

E Derivation of the canonical SFF from universal RMT

S O Ot Ot W N

15
16

19

19

21

22

24

28

30

30

38
39
41

43




1 Introduction

The recent work demonstrating the duality between the path integral of Jackiw-Teitelboim
(JT) gravity [1] and a certain double scaled matrix integral [2, 3] has allowed for direct
calculations of n-point correlation functions in terms of a perturbative genus expansion,
making JT gravity a useful toy model for studying quantum gravity. The link to a matrix
integral strongly suggests the notion that JT gravity behaves as a quantum chaotic system.
Indeed, the very definition of quantum chaos, as conjectured by Bohigas, Giannoni and
Schmit [4], is that the spectral statistics of a quantum Hamiltonian should be described by
random matrix theory (RMT) in the proper universal regime. The agreement between the
spectral statistics of JT gravity dual to a unitary matrix model and universal RMT has
recently been established analytically [5]. Furthermore, in the low temperature limit, JT
gravity is described by the same Schwarzian action as the SYK model [6, 7], and numerical
evidence has established agreement between the spectral statistics of the SYK model and
RMT universality [8]. The universal chaos bound [9], calculated from out-of-time-order-
correlators, has also been shown to be saturated, both analytically and numerically, for the
SYK model [10-12]. However, there has been a lack of exploration of the quantum chaotic
properties of unorientable JT gravity (corresponding to the time-reversal invariant case)
due to the theory being divergent [3].

To be precise, one can consider the canonical spectral form factor (SFF),
(Z(B+1it)Z(p —it)),, as a useful diagnostic for chaos in quantum systems [13]. The quan-
tity can be computed from an analytic continuation of the connected two-point function,
(Z(B1)Z(52)),.. The path integral gives an interpretation of (Z(51)Z(52)). as a sum over
all connected spacetime topologies with two asymptotic boundaries, and the solution can
be written as a genus expansion in the parameter €. The parameter Sy is a coupling in
the gravitational action and can be interpreted as the leading order contribution to the
entropy [14]. The important point is that the path integral calculation reduces to computing
the volume of the moduli space of the topologies under consideration. For example, when the
moduli space consists of bordered orientable Riemann surfaces, as shown in [2], the volume
of the moduli space is given by the Weil-Petersson (WP) volume, which can be computed
effectively from Mirzakhani’s recursion relation [15, 16]. In general, the manifolds included in
the path integral can be orientable or unorientable, contain additional spin or pin structures,
or they can be supersymmetric. The precise specification determines the symmetry class
of the dual matrix model. The complete classification of such variations of JT gravity and
their dual matrix model theories was done in [3].

The focus of this paper is the case when the manifolds are allowed to be unorientable, but
contain no additional structures and have no supersymmetry, corresponding to a matrix model
in the orthogonal symmetry class. This can be considered as a more important case than
the unitary symmetry class because it implies time reversal invariance of the corresponding
boundary theory. The necessary generalization of the WP volumes to unorientable surfaces
contains logarithmic divergences and the volume is therefore infinite [17, 18]. However, it
was recently shown by utilizing a regularization scheme that the unorientable WP volumes
satisfy a Mirzakhani type recursion relation [19]. This unorientable Mirzakhani recursion
relation is then related via Laplace transform to the standard loop equations [3, 20] of a



matrix model with orthogonal symmetry and the JT gravity leading order energy density
T (E) « sinh (27r\/E>. In the low energy limit JT gravity reduces to the Airy model,

also known as topological gravity, with energy density pgiry(E) x VE. For this model,
the volume of the moduli space is finite, allowing one to define the unorientable Airy WP

volumes without any issue.

The main task of this work is to compute the canonical SFF of unorientable topological
gravity and compare the result to universal random matrix theory. On the gravitational
side it is necessary to first compute the unorientable Airy WP volumes for the case of two
boundaries. To do so we will use the loop equations with the Airy spectral curve. The
universal random matrix theory result of the canonical SFF can be derived from the Laplace
transform of the form factor, which is well established in the quantum chaos literature [21, 22].
The form factor in the universal regime depends only on the symmetry class and mean
level spacing of the matrix model. In a traditional, i.e. not double scaled, matrix model
the universal limit is N — oo, where IV is the dimensionality of the matrices. In practice,
for a double scaled matrix model N will be replaced by €%, and the relevant limit will be
e% — 0o. This quantity can be interpreted as the typical value of the eigenvalue density
of the matrix model in this double scaled limit.

For the unorientable Airy model to be quantum chaotic, the behavior of the canonical
SFF should agree with the universal RMT result for the orthogonal symmetry class in the late
time limit, see [23] for a discussion on time scales in quantum chaos. This time, ¢, is taken to
be on the order of %, i.e. t ~ €%, We will work in the so called “r—scaling” limit where both
€% — 00 and t — oo but the quantity 7 := te=° is held fixed. This limit has been studied
somewhat extensively [5, 24-26] for the orientable Airy model corresponding to the unitary
symmetry class. In this case, it is straightforward to show the canonical SFF of the Airy
model agrees with universal RMT after 7—scaling. However, it will be shown the canonical
SFF of the unorientable Airy model has terms that are higher order in e, so that powers of
t and terms logarithmic in ¢ survive the 7—scaling limit. The universal RMT result, by its
very definition, is independent of ¢ after 7—scaling, and thus the comparison between the
results becomes fairly non-trivial. In order to reconcile the two expressions we use asymptotic
expansions of generalized hypergeometric functions to derive an identity, valid in the limit
t — oo, to demonstrate equivalence of the expressions for low orders in 7. We then argue
how similar identities could be derived to demonstrate equivalence for higher order terms.

We now present necessary background material and give a summary of the main results
of the paper.

1.1 Canonical SFF from unorientable topological gravity

The connected two-point function of unorientable topological gravity has the following genus
expansion [3]:

22, = Y Ze2OuB) (L.1)

2
9:07%71.“ (CSO) g



where

Zg2(P1,B2) = / / by dby by dby Z* (b1, $1)Z (52752) 5 (b1, ba), (1.2)
with the trumpet partition function defined as
1 2
2(b, B) = ——e” 7, (1.3)

Var3
and Vggry are the unorientable Airy WP volumes. The SFF is found by taking 81 = 5 + it
and By = [ —it, i.e.

’i% (ﬁlv /82)

()

ka(t) = (Z(B+it)Z(B —it)).= .

9=0,3,1..

(1.4)

Therefore, once the Vggry are known, computing the SFF is straightforward. The easiest way
to compute the volumes is to take advantage of the duality to a double scaled matrix integral
of orthogonal symmetry class. The duality is defined by the following correspondence [19, 27]:

i - —22; ir
Vg/};TY(bl,...,bn):cllr[( 5 )R?ny(—zf,...7—zg),(bl,...,bn)] (1.5)
=1 g
dz; 2z;
—(_1\n Airy 2 _ .2 J 22 bz
(=1) /MRR, (<., z)Hmb ) (1.6)

The Ry, are the coefficients of the genus expansion of the connected n-point correlation
function of the resolvents taken from a double scaled matrix integral of orthogonal symmetry
class. Here we will mainly be interested in the case n = 2. The Airy limit of the WP volumes
is given by the limit by,...,b, — co. This limit can be computed using (1.6) by taking the
leading order energy density of the matrix model to be:

Airy @

o (B) = = (1.7)
With this information the R?’i,ﬁy can be recursively computed using the loop equations [3, 20].
In this work we compute Rﬁgy, and correspondingly VAlry up to g = 7/2. The unorientable
Airy WP volumes we find are of the form
Vs (b1, ba) = V> (b1, b2)0(by — ba) + V. (b, b1)(b2 — by), (1.8)
with
a1 +ag=6g9—2
Vobbe) = D Cayanbi'bs?, (1.9)
Oq,OQGNo

and in general not symmetric coefficients Cy, «,. The contributions to (1.4) up to g = 7/2
derived from these volumes are reported in section 2. Here we report the first few terms
after taking the 7—scaling limit:

5o o7 o T —10 2\ V2 12 2(tr2)?
HB (T) N 27r5 \/271' T T3 Tlos (5) B T(tT ) 45
+ Sv2mp 37T/874 + (’)<75>, (1.10)



where the superscript WP was added to indicate this was computed from the unorientable
Airy WP volumes as opposed to universal RMT. Note that powers of ¢ and logarithmic terms
in ¢t remain after 7—scaling. It will become clear why the coefficient of 72 is presented in
this way after comparing to the SFF computed from universal RMT.

1.2 Canonical SFF from universal RMT with orthogonal symmetry

The canonical SFF of universal RMT, after 7—scaling, is given by:
-

e=S0k4(7) = /OOO dBe™*P py(E) — /0°° dEe_ZBEpO(E)b(W)(E)>7

where b is the form factor and we have used notation consistent with [21]. The form factor

(1.11)

depends on the specific symmetry class of the matrix model and we will use the value derived
for the Gaussian orthogonal ensemble (GOE). To be consistent with the unorientable Airy
model we again take the leading order energy density, po(E), to be given by (1.7). The exact

result of the orthogonal SFF computed from universal RMT, referred to as KEOE(T), is given
in section 3.2. Here we report the first few terms:
2 2y 4 1
—Sy ., .GOE _ T _ T _7+10g(267’ )+§ 3 8 2775 4 O 5 1.12
e kg (T) 575 55 - 7+ o T+ (T) (1.12)

In view of the definition (1.11), there cannot be any ¢-dependent terms.

1.3 Comparison of unorientable topological gravity and universal RMT

By comparison, the agreement of (1.10) and (1.12) is obvious for all terms except the 73
coefficient. More generally, we have checked that all terms even in 7 agree up to 7%, and all
odd terms, in both computations, have a structure similar to the 73 terms presented in (1.10)
and (1.12), respectively. For example, we have checked the coefficient of log(/3) agrees up
to 77. In section 4 we prove the following equivalence for 73:

_7_3log(257-2) tyt+z _ 7 (_ 10 2t> ~ \/ﬂ<t72)1/2 - 2(tT2)2>

= iloe( = yar
- 3+0g<5 3 45

+0(t712) + 0(7%), (1.13)

and we will show the terms of order 7° and greater depend on t and are not relevant for the
73 comparison. The (’)(til/ 2) indicates this equivalence is only valid in the limit ¢ — oo.
Therefore, the 73 term also agrees in the universal limit. We further show that in order
to prove the equivalence of the 7° term, the ¢ = 4 from the loop equations, i.e. V&iry, is
needed, which, however, has not been computed so far. The agreement of terms even in 7,
the agreement of the 7! and 72 terms, and the structure of the rest of the odd terms provide

strong evidence that the two results for the SFF agree in the universal limit.

1.4 Cancellations

We show directly that this agreement, as for the unitary case, implies the cancellation of certain
contributions to the canonical SFF that would arise for a generic choice of the coefficients
in the unorientable WP volumes. Along the lines of [28, 29], we derive expressions for
exemplary cases of said contributions and the corresponding constraints on the coefficients of
the unorientable Airy WP volumes, which we show to be fulfilled in all the cases studied so far.



1.5 Structure of the paper

The rest of the paper is organized as follows: in the following section we briefly review the
loop equations formalism, before demonstrating how the relevant contour integrals can be
solved for the case of the unorientable Airy model. We then compute the unorientable Airy
WP volumes, comment on their general structure, and use them to compute the canonical
SFF. In section 3 the general formula for the universal canonical SFF from RMT is derived
and then computed for the specific case of the Airy model for the orthogonal symmetry
class. In section 4 we compare the two expressions, demonstrate equivalence for the first
few terms in the series, and argue they are equivalent to all orders. Section 5 is concerned
with giving an outlook on how to use the consistency of the unorientable Airy model with
universal RMT to derive constraints on the coefficients of the unorientable Airy WP volumes.
In appendix A and appendix B we collect our results for the resolvents computed from the
loop equations. In appendix C we use diagrammatic considerations to show that the structure
of the unorientable Airy WP volumes we claim is indeed generic. In appendix D we work
out the generic form of the canonical SFF for the unorientable Airy model as needed for the
construction of constraints in section 5. Lastly, appendix E contains the derivation of the
universal RMT result for the canonical SFF of the unorientable Airy model.

2 Canonical SFF from unorientable topological gravity

2.1 Matrix model computation

As we explained in the introduction, it is possible to compute the correlation functions of
partition functions of the unorientable Airy model by employing the duality to a double-scaled
matrix model with the leading genus density of states pOAiry () = g.l In order to do so,
it is easiest to use the loop equations approach to compute the perturbative expansion of
matrix model correlation functions of resolvents which then determine the unorientable Airy
WP volumes needed for the computation of the correlation functions of partition functions.
To facilitate presenting this computation, it is worthwhile to quickly recall said formalism
for a not yet double-scaled one-cut matrix model, as this will be sufficient for the present
case of interest. Readers already familiar with this formalism can skip this presentation
and continue with section 2.1.2.

2.1.1 The perturbative loop equations

We follow the notation of [3]. There it was shown that for a matrix model of size N,
determined by a potential V(z) and a choice of B € {1,2,4}, where the choice of f =1
corresponds to the orthogonal case, it holds that

V(PG D) = (1 ;)am(x, D)o+ (R, 2, D), + 3 (R, J))o( R, V),
JOI

(R(z, I\{z1})), = (R(I)),

5 (2.1)
— NV'(z)(R(z, 1)), + Zazk[ ,
bim

T — Tk

!This genus 0 density of states is the same for both the orientable and the unorientable theory.



where

1 1
R =T R 2.2
(:L‘la 7$n) r.Tl—H rl'n—H ( )

is the n-point resolvent and
I={x1,...,2p}. (2.3)

The definition of P(J) can be looked up in [3], but the important thing to note is that it
is analytic in z. The idea now is to plug the genus expansion of the correlation functions
of the resolvents, given by

Ry (1)

(RU)). = Y, N2gHT-2" (2.4)
gE{O,%,l,...,}

into eq. (2.1). Considering each order in N of the resulting equation separately enables
one to compute R, (I) recursively through a dispersion-relation-like contour integral. For
completeness, we swiftly recall the special cases g = 0, n = 1,2, 3, computed in [3], before
citing the result for generic g,n.

g = 0,n = 1. Considering I = () and taking the leading order term in eq. (2.1), one finds

y(x)? = (analytic), (2.5)
V()
2 Y

with y(z) := Ro(x) — (2.6)
where y(z) is the spectral curve which turns out to determine all the Ry(I). The first special
case encodes the connection of the spectral curve with the potential V', used here to define
the matrix model. Furthermore, as the potential V is assumed to be analytic, the relation
can be used to replace subsequent occurrences of Ry(x) by the spectral curve at the cost
of adding an additional analytic term. For brevity’s sake, we only state the properties of
the spectral curve needed for the subsequent explanation, referring the reader for proof and
details to e.g [3, 20]. As we are only concerned with one-cut matrix models, it suffices to
consider the case of the cut being a real interval [a_, a4 ] with the spectral curve having a
square-root singularity at the end points. Another important property of the spectral curve
one can derive from the relation of Ry(x) with the density of states is

lim y(z %+ i€) = Fimpo(z). (2.7)

e—0

Hence, one can determine the spectral curve from pg, i.e. the genus zero term, which for the
case of interest in this paper is given by (1.7). This yields the spectral curve of the Airy model,

yA ) = VL (28)

ie.a =0, ay — oo.



g = 0,n = 2. Next, it is useful to consider I = {x;} and look at the leading term in
eq. (2.1) arising for this case:

2
Rof@, 1) [2Ro(@) — V")) + 505, [P (aatyi) (2.9
r— T
=2y(x)
Using eq. (2.6) this can be rewritten as
2
2y(x)Ro(z, 1) + —L)Q = (analytic in = near the cut). (2.10)
B (CC — 951)

To solve for Ry(z, 1), we use an argument due to Migdal [30]. The idea is to compute
Ro(x, 1) by a suitable contour integral with an integrand vanishing at infinity. It is thus

advisable to divide eq. (2.10) by y(z), as in general, y(z) does not vanish for large |z|.
However, doing so alters the analyticity properties of the r.h.s., since ﬁ diverges at the
edges of the cut. To cure this, one defines

o(z) = (x—ay)(x—a-), (2.11)
Nt

such that \/o(x) has the same branch-cut structure as y(z),? guaranteeing ) s analytic

near the cut. Using this to divide out y(x) results in
1
\/o(x)Ro(x,z1) + —07(30)2 = (analytic in x near the cut). (2.12)
B (IE — CL‘1)
Now one can compute
1 da’

Cauchy
Ro(z,21)y/o(z) ~="5— o —

Ro(x', 21)\/o (')

1 dz’
o NERSN T
cx —x

T ormiJe o

_ 11 da’ o(x’)

- 27 3 C.’L'/—.’I}(gg’—xl)z
11

- d / /

where, in the first line Cauchy’s theorem was used to rewrite Ro(z,x1) as an integral over the

(2.13)

contour C’ encircling = clockwise, see figure 1(a). In the second line the contour was deformed
first to the black contour using the fact that Ry(2’, 1) is holomorphic away from the cut, then
the points where the green curve starts were brought together on the real line away from the
cut, using again the analyticity of the integrand there. Now one takes the radius of the circle
to infinity, using that for large |2/|, Ro(2/, z1) % Thus, only the contour C encircling the
cut remains, as depicted in figure 1(b). Employing once more the analyticity of the integrand,
this contour is contracted so that it only encircles the cut-region. In the third line of eq. (2.13),
we use eq. (2.12), noting that the integral over a function analytic near the cut vanishes.
To evaluate this integral, it is most convenient to deform the contour C to the contour
C’, as depicted in figure 2. The deformed contour C’ is chosen such that the contribution of

2Meaning /o (z) = —+/0 (), where z and Z denote, as in [3], the coordinate on the “first” and the “second”
sheet, respectively.



- ‘\m(x) «m(x)
x\f) X
——;m(x) —gak m(x)
(a) (b)

Figure 1. Tllustration of the branch cut structure of the spectral curve y(z) of a one-cut matrix
integral with the branch cut depicted as the broken line with the edges a_ and ay. In a) the contour
C’ is depicted in red, in b) its deformation is depicted in black with the final deformation C being the
completion of the contour circumventing the cut, i.e. the black solid and dotted lines.

Im(x") Im(x')

X2 X2

(a) (b)

Figure 2. Illustration of the deformation of the integration contour. In a), the original contour C is
depicted in red, in b), its deformation C’ is depicted in green.

the circle vanishes as its radius is sent to infinity due to the behaviour of the integrand for
large 2’. Taking the connections from the arc at infinity to the small circles around z; and
x9 very narrow, the two parts of a given connection will cancel each other (as they run in
opposite directions and the integrand is analytic in the region enclosed by them). Hence, one
is left only with the contribution of the two poles of the integrand at x; and x9, which are
encircled in the mathematically positive way. Using the residue theorem, one finds

Ro(z1,22)\/o(x1) = —é(Res + Res)f(a:')

T’/ =x1 x'=x9
1 o(r1) 12 +aga_ — a*;a* (1 + x2)
2 2
B (z1—m2) (1 — x2)“ /o (z2)
1 lxlxg +ara_ — a+;a_ (z1 4+ z2)

o(z2)

(2.14)

— a(a:l)}.



Hence, one has

(2.15)

1 12y — 0= (21 + 29) 4+ aya_
Ro(l’hl’z) — ) ( 2 ( ) + 1 7

B(z1 — x2)° Vo(zi)vo(zs)
which only depends on the edges of the cut that are specified when giving a spectral curve.

For the spectral curve y*™(z), one has to consider the limits a_ — 0, a; — oo. Taking
these limits one after the other in eq. (2.15), one finds

1 _ a4
Ro(z1,22) = 2 i gntT) 1
B(xl - ZL‘Q) \/ﬂj‘% — :L'ICLJF\/QL’% — Toa4

ap—00 1 <—x1 — X9 — 2\/—.@1\/—3:2)

2B[(v=a1 — /&) (V=21 + v=22)]” V=T
1 1

2B (=21 + v —22) T2z

(2.16)
as reported in [3].

g = 0,n = 3. For the last special case, {z1,z2}, analogously to the previous case, one
considers the leading term and rewrites it as a contour integral to find

_1/ de’ Jo(z') 1
2mi Je o' —x \Jo(x) y(z’)
1

X lRo(w/,$1)R0(wl,l'2) + E <

Ro(x,x1,22) =
(2.17)

Ro(, z2) n Ry (a/, x1)>1 .

(2! —x1)2 (a —x2)2

Generic case. For all other cases, one can show in analogous fashion that

Ry(z,1) = —% ]i x,dflw F;((Z)) Qy(lx,)Fg($/,I)7 (2.18)

with

2
_ B)(%Rg_é(x,[) + Ryr(z,2,1)

+ 5 Ru(a, J)Ryn(w, 1\J) (2.19)
J2I,h

Fy(z,I) = (1

s [R()(x,mk) TR S . NN A EY)
= B (z— )

where Y’ indicates that Ry(x) and Ro(z, ) are excluded from the sum.?

3Note that this formula needs to be modified for ¢ = 0, hence why we split off the special cases
(g,n)=(0,1), (0,2), (0,3). We do not provide them, as for higher n it is more efficient to use the quite fast
algorithm of [31] for the orientable volumes and translate to the unorientable volumes by the simple relation
derived in [3].

,10,



2.1.2 Introduction of the double cover coordinate

To solve the contour integrals, as demonstrated already in the g = 0,n = 2 case, one could
deform the contour C to surround the poles of the integrand, enabling evaluation by the
residue theorem. However, it turns out to be more convenient to use the double-cover
coordinate z € P1* (e.g. [32]), defined via z = —22, to rewrite the integrals, which will
be the object of this section.

Before doing so, we briefly comment on the fate of the /o terms in the case ay —

00, a— = 0. As seen from (2.18), we only have to consider the term,
! _ ! /
T e 0 B T (2.20)

at—=o \/r(r—ay) -z 2
where we went to the double-cover coordinate in the last step. Furthermore, the spectral
curve becomes yAY(z) = 3z
From here, it is straightforward to write down eq. (2.18) in the double cover coordinates
1 22/d7 21
j{ 22— 22 2 2y(—2"2)

Rg(—ZZ,I) = —277” ; Fg(—ZIQ,I)
1 22dy 1
1 % - 2/2)Fg(—z’2,I) (2.21)

2miz 222 y(—

- 1 j{ ZIQdZ/ 1
2712 J[—ico+e icote] 2% — 22 y(_Zﬂ)

Here, C, is the preimage of C under z — x(z). In the last line this has been made explicit

Fg(_zl27 I)

as the interval [—ico + €, ic0 + €] which, as z is defined on the Riemann sphere P!, is indeed
a closed contour winding once around the sphere with a small offset to the hemisphere of
positive real value. One can argue that this is indeed the correct preimage as follows. The
most important property of the contour C is that it encircles the cut once in a clock-wise
fashion. Thus, for a— = 0, a1 — o0, it intersects the negative real axis at a position —d
and before (after) this intersection point has negative (positive) imaginary part. Using the
branch-cut structure of the square root, one can quickly convince oneself that the contour in
the double cover coordinate has to go from positive imaginary infinity to negative imaginary
infinity with a small offset € which gives the claimed contour. Changing the direction of
integration, thus cancelling the sign, gives the result stated above, which is in agreement
with [19]. In the following we will denote this contour in an abbreviated fashion as iR + €.
Now consider Fy(x,I). After noting that

1
one finds
Fy(=2%1) = (1—2) _%Za Ry 1(~ 22 1)+ Ryq(—22,—22,1)
+ Z Ry(—22, J)Ry_p (=2, 1\J) (2.23)
12Jh
1 1
+QZ Ro(—2%, —27) + B(z,%—z?)Q] Rg(—z2af\{—2’%})-

4Using the notation P' for the Riemann sphere.
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For the sake of readability, we will denote the dependence on a double-cover coordinate z;
just by z;, making the true dependence on —z? implicit from now on.

Having considered the general case of Fy(z,I) in the double-cover coordinate system,
it is illustrative to reconsider the case of (g,n) = (0,2). Transforming the relevant contour
integral for this case, given in eq. (2.13), to the double-cover coordinate one finds

1 dz’ 22/
Ro(z1, 22) = Smipo ?{Rﬂ = 2 (2.24)
The integrand as a function of 2z’ has poles at +27 and +z5. We first consider the case of
Re(z1) > 0 and Re(z2) > 0.> Then, the poles at —z; and —z are in the hemisphere of
the negative real part (left) while the other two are on the other hemisphere. Now there
are two ways to deform the contour, first surrounding the two poles on the left hemisphere
counterclockwise, second surrounding those on the other hemisphere clockwise. The first
option gives

1 d / 2 12
Ro(z1,20) = { Res + Res } 2 - 2 - 2
Bz [Z/=—21  2/=—22] 2% — 21 (2,2 - Z%) (225)
2B 21 29(21 + 22)2’
and the second
_1 d / 2 2
Ro(z1,22) = {RGS + Res} 5 & 3 © 2
le Z/:zl z’:ZQ z - Z]_ (2/2 - Z%) (226)

1 1

2B z122(21 + 22)2’
which agree with each other, as they must, and with (2.15). The choice of positive real parts
of the double-cover coordinate yields Rg 2 on the “first sheet” while other choices yield the
different continuations to other sheets. We are only interested in the “first sheet” quantities,
so we will use the assumption Re(z;) > 0 to compute the resolvents and then extend the
result to the whole plane in each variable.

This concludes the discussion of the loop equations for a general one-cut double-scaled

matrix model. The remainder of this section will focus on applying the formalism for the
Airy spectral curve in the orthogonal symmetry class.

2.1.3 Airy model correlation functions for 3 =1

Before computing the correlation functions of resolvents, it is worthwhile to quickly recall
their relation with the Airy WP volumes® to facilitate the comparison to the few known
results in the literature. The relation of the (Airy) WP volumes with the contributions to
the genus expansion of resolvents is given by

Vyn(brs-e ba) = £ [ﬁ (bQ'Zi>Rg(—z%, e =22), (b bn)] (2.27)

=1

n

dz; 2z
:—1“/ R, (=22 ... —22 — 77 obyz 2.28
(R zn)gm e (2.28)

5Actually larger than €, but by sending € — 0 after the computation this drops out.
5This relation holds for the orientable as well as the unorientable case.
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as one can quickly derive by inverting the expression of the partition function and inserting
the JT gravity formula for the partition function as trumpets integrated against the relevant
WP volume. However, the case of g = %, n = 1 is special, as one has to integrate the trumpet
only against db (as opposed to the usual WP form bdb) to obtain the partition function [3].
Hence, in this case the above formula must be modified by removing the division by b;.

Having stated this expression we begin by considering some examples for the computation
of the resolvents in the orthogonal case, i.e. f = 1.

g = %, n = 1. In this arguably simplest case, one has
1 1 1
L2 2
F%< z ) = 2Z82R0( 2%) — 2Zﬁzy(z) =’ (2.29)

where Ro(—2%) was replaced by the spectral curve by adding analytic terms which vanish
under the contour integration. Thus by eq. (2.21)

N|=

R (2) 1 / 2d2 21 11 / dz/
Z) = _——_— = -
2miz Jijte 2/ — 222/ 42" 22miz Jirye (2 — 2)(2 + 2')

1 1 1 1
1 Res Y lpe (2.30)
22 e, (2 = 2)(2' + 2) 22 2e2 (/= 2)(2' + 2)
_ 1
422’

where in the evaluation of the contour integral, the assumption Re{z} > 0 was used. To
compare with the JT result from [3], we compute the corresponding unorientable Airy WP
volume, i.e.

MY (b) = £ ~22R

2

(z),b} - %ﬁ—l Bb] _L (2.31)

coth g, which, in the large b limit, reproduces the

3
In the JT case one finds [3] V% (b) = %

unorientable Airy result.”

g = 1,n = 1. Here one finds from eq. (2.23)

8Z/R;(Z/) 7
Fi() = =53 — + Roa(?, ) + Ry()Ry () =+ = —— (2.32)

and thus

R(2) 1 / 2dy 27 71 / dz'
Z) = —_ = — —
! 2miz Jikye 22 — 222/ 162/* 82 2mi Jirte (2 — 2) (2 + 2)2'3

7 dz’ 7/ 1 1 7
) R e 2.33
82 L/E% * z/:esz] (2 —2) (7 +2)2° 82 (224 z4> 1625 (2:33)
dz’ 7
= — — R = — .
8z Z’EE (' —2)(z' + z)z’3 1625
With this, one can compute the corresponding WP volume
; 1 7 7 7
Airy _ S p-1r _ ' p—1| -4 _ 2 _ " g2
Vi (b) = 2L [-22R () b = L [274,0] = eait = w (2.34)

which matches the result reported in [19].

"This is not surprising, since that result could be derived using the same integral as here, only using the
JT spectral curve.
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= 2. For this case, one has

Q
Il
N[ =
3

1
Fi(2,29) = — 0, Ro(7 2R (2') | Ro(7' — 2.35
(2, 22) = 550 Ro(2', 22) + 2R (2) | Ro(2', 22) + (2,2 - z§)2 ; (2.35)
which, using eq. (2.21), leads to
1 z9(22(20 + 2) — 22/%) + 223
R = R R R —
1 z9(22(20 + 2) — 22/2) + 223
=——|R R —1 2.36
21 L/:ezsl + Z,:ezsj( )222,2 (272 = 23) (2 — 22)%(22 + 2)3 (2:36)
B 2§ 4 32023 4+ 32222 + 32321 + 25
22125(21 + 22)3
Again using eq. (2.28) to compute the WP volume, one finds
Y (b1, ba) = 0(by — ba)by + 0(ba — b1)by = max (by, ba), (2.37)

2

in accordance with the result reported in [5].

g = 0,n = 3. Remembering that this was a special case of the loop equations, we first
rewrite eq. (2.17) in the double-cover coordinate to find

1 22dy 2
Ro(z1, 22, 23) = = }{
2miz1 Jirye 2% — 23 y(2')

(2.38)

1 Ro(z' Ra(z
X RO(Z/, ZQ)R[)(Z/, 23) - O(Z 523)2 + O(Z ,22)2
(3-2") (#-#?)

This can now be evaluated as usual to yield

1 222
R = —|R R R R —_—
o(21, 22, 23) - L/eg + Res + Res + Z/gig] B

RO(’Z/7Z3) RU(Z/722)

2 2
2 12 2 12
(22 —Z ) (23 —Z )

] 232/% — 429232" + 23 (23 + 2%) + 2
s (77— )7 - AP )

X Ro(zl, ZQ)R()(Z/, 2’3) +

1
—[Res—i— Res + Res + Res
sl

2'=0 2=—2z 2/=—2z9 2/=—2z3
1
B . 2.39
2232323 ( )

Of course, one finds the same result when using the deformation of the contour surrounding
the poles at z; in the right hemisphere. For the corresponding WP volume, we have

Vo™ (b1, by, bs) = 4 = 2371y P2, (2.40)
which matches the rule, proven in [3], that for g = 0,

Ve ) = 2P (). (2.41)
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These examples should be sufficient to illustrate the method used to compute the
resolvents and, from those, the unorientable Airy WP volumes. As the main object of interest
of this paper is the spectral form factor, we report the resolvents for n = 2 in appendix A.
To find the ones appearing in the recursion, we refer to the Mathematica notebook in the
supplementary material. Rather than reporting their lengthy expressions, here we give the
general form of the resolvents which, at fixed genus g, is given by

Pg(zl? Z2)

Rg(zl; 22) = (le2)6g+1 (Zl T 22)2g+27

(2.42)

with a symmetric polynomial Py(z1,22) of combined degree 8g. This form can be read
off from the results of the computation and can also be motivated by the diagrammatic
considerations in appendix C.%

In the following section, we use the results of the resolvents from the loop equations to
7

compute the unorientable Airy WP volumes for n = 2 up to g = 3.

2.2 Unorientable Airy WP volumes

Before reporting the volumes, let us first make some general statements about their form.
In the unitary case, i.e. for orientable manifolds, the Airy WP volumes for two geodesic
boundaries have the form [15]

Aj ) a1+az=3g—1
VAYE=2(p by = Y B2 peger, (2.43)
Ozl,azENo

with C’Eifw € Q4. The immediate generalisation for a larger number of boundaries also holds

true, but we focus here on n = 2 as a sufficient example. Furthermore, the coefficients Cgng
are symmetric. The question at hand is how this is modified for unorientable manifolds.
The mathematical foundation of the full WP volumes in the unorientable case is less
established than in the orientable case, i.e. their computation requires a regularization. The
unorientable Airy WP volumes, in which we are interested here, do not suffer from this as
they are precisely the first regularization independent terms of the regularized unorientable
WP volumes [19]. However, to the best of our knowledge, the general form of the unorientable
Airy WP volumes (i.e. an expression like eq. (2.43)) was not yet given in the literature.
Working towards this, we begin by studying which properties of the orientable Airy WP
volumes should carry over to the unorientable setting. First of all, already by the definition
of the correlation functions, the general form of the resolvents reported in eq. (2.42), or the
diagrammatic considerations of appendix C, the symmetry under b; <> by is still present.
Furthermore, one can argue, again using eq. (2.42) or the diagrammatic expansion discussed
in appendix C, that for a fixed value of the lengths, the volumes are still polynomials. In

8To be more specific, the diagrammatics provide one with a proof for the form, while the orders of the
polynomial P,(z1,22) and the order in (z1 + 22) is predicted higher than observed from the result of the
loop equations. This however is not a contradiction, but rather implies that the polynomial appearing in the
numerator of the diagrammatic result must have as many zeroes at z1 = —z2 as factors of (21 + 2z2) required to
cancel in order to be consistent with the loop equations. This can of course only be achieved if the coefficients
of the diagrams have a certain type of symmetry, which is further explored in appendix C.
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general, those polynomials are not symmetric and thus the symmetry in b; <> b2 can only
be retained if one introduces step functions that differentiate the cases by > by and by < bs.
Therefore, we propose as a generalisation of eq. (2.43):

VY= (01 by) = V7 (b1,2)8(b1 — b2) + V7 (b2, b1)8(b2 — by), (2.44)
with
a1 +as=6g—2
V7 (b1, bo) = > Cayanbfh52, (2.45)
aq,a2€Ny

where the coefficients Cy, o, are not necessarily symmetric but still non-negative rational
numbers.? This is indeed reproduced by transforming the resolvents obtained in the previous
section. Furthermore, in appendix C diagrammatics are used to show that this is generic.

As specific examples we give the results for the lowest three non-zero genera while
referring the reader to appendix B for a complete list of the computed volumes.

Vg(bl, b2) = b1, (2.46)
1
Vi (b1 b) = g (701 + 140363+ 8631 +3b3), (2.47)

1
Vi (brbo) = Joaes (646] +448b305 + 2456351 + 5606363 + 147633+ 17568b1 +23bF ). (2.48)
2

In the next section, we will use the volumes found above to compute the spectral
form factor.

2.3 The canonical SFF at large times
The canonical SFF is defined as

ka(t) = (Z(B+it)Z(B —it)), (2.49)

where § € Ry is the inverse temperature and t the time. In the following we will, for
readability’s sake, use 51 = 8+ it, B2 = B7. The genus expansion of the correlation function
of partition functions translates to a genus expansion of the spectral form factor, i.e.

kp(t) = D €028, 8) = Y, e 0Rg(1). (2.50)

—_n 1 _nl
9=0,5,1,... 9=0,5,1,...

For a given genus g, the contribution to the correlation function of partition functions is
given by

Zy2(B1, o) = /0 dby by /0 by by 24 (B, b1) Z" (Ba, ba) VA (b, bo) (2.51)

9A possible source of confusion here is that the indices in Cla, .o, correspond to the actual powers of the
respective length in the respective monomial whereas in the orientable case the indices of Cffl: 32 correspond
to half the powers of lengths in the respective monomial of the orientable Airy WP volume. This is used to be
consistent with the literature convention for the orientable Airy WP volumes where this way of writing the

coefficients makes more sense as only even orders of lengths appear in the volumes.
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with
b2

ZY(B,b) = e 8. (2.52)

1
Viarp
Using this, one can compute the H% (t) from the volumes stated above. However, as we have
already explained, the main point of interest of this work is to investigate the “universal”
part of the spectral form factor which for the canonical SFF means the behaviour at large
times, i.e. times of the order ¢°. Thus, due to the prefactor e 295 of the contribution to
the spectral form factor at genus g, terms of a smaller or equal order in ¢ than 2g can be
neglected. The relevant contributions (neglecting the lower order terms) to xg(t) are given by

VIR

Ky(t) = 57d (2.53)
1 2 2
Ri) =t B (2.54)

B V23

Iié(t) = l—gl() +1 (arctan ( g ;Zi) — arctan ( gi_ Z))] i (2.55)

3 T it4
KE(t) = 8\/Tt4 — 3f/7r(‘/ﬁ —it— /B + z't) (2.56)

3
/{%(t) ﬁf [11653 — 27i + 8iarctan < g i_ zi> (2.57)
5 4 % 6 /12 2
K2(t) = — 0 (1251’2)) oyt 38\/4%5 (\/,B—it+\/ﬂ+it)

(2.58)
21it5 /12 + B2 , .
+ N (VB=it— VB+it)
. 02,7 . v/ B+it

3t) = R U VR 16:5% (” 4”‘*&“(\/@)) (259

457 637 3

ng(t) - W((%Gﬁ? — ) (VBHit— VB—it) +31i8t(VB— it + VB +it))

ToF 5 (2.60)

From these results, one can observe that the contributions to the SFF at half-integer genus

are mainly of the same functional form as the orientable contributions (cf. e.g. [5, 28, 29]), i.e
exhibiting mostly a polynomial dependence on 5 and ¢ with additional appearances in the
form of /B, /B £ it and /3% + 2. For integer genus however, there are arctan-terms which
do not occur in the GUE-like theory. Rewriting the arctan on C as a logarithm,'? one finds

arctan ( b+ it) 1 [log <_t+ﬂt2+ﬁ2> + zg] . (2.61)

B—it)  2i

We first note that for all the cases we have computed, the —i5 cancels all the other imaginary

terms in the above contributions. This is necessary since by definition, the canonical SFF
has to be a real function.

10A more detailed treatment of this type of terms is given in appendix D.2.
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8
vt

is a small quantity in the regime of interest. This motivates an expansion of the contributions

in % around 0. Taking only the leading order behaviour, one finds

Since we are mainly interested in the behaviour of the genus expansion at large times

g (L ()

2.62
2 2i (2.62)
For (2.53)—(2.60), this yields
t
0
1 t2
K3(t) — ~ 55 (2.64)
10 B\t
1
9
3 V2mtz 8278 4
2(4) — _ ¢ 2.66
k(1) Y (2.66)
5 Btd [163 (B)}
Ll e = 2.
K5(t) — — |15 + 4log 57 (2.67)
3
5 64(273)2 2t 1785Vt
K3 (1) — — (157r§)2t6+ 15\F+ eVt (2.68)
T NG 6271
99 1 2,7 32627 log (2
K5 (t) — - 1658 () (2.69)
45 631 3
Rg(t) . £10, /7 B 36897 B 881828+/1 N 2048 \/7B5/2t8- (2.70)
8 105v21  10v27 120027 105 Vr

Comparing this expression to the corresponding expression of the GUE-like theory, we see
the admission of unorientable surfaces leads to several differences. The first, and perhaps
least interesting, is the inclusion of even powers of ¢ at half-integer genus. However, a rather
striking difference is the appearance of terms having a logarithmic dependence on % for
integer genus contributions. Terms of the same form have been discovered in a diagrammatic
treatment of the orientable Airy model in [5] as well, though they all cancelled. Tracing
their origin to the unorientable Airy WP volumes one can see that they originate only from
terms in Vg> that are of odd order in both lengths.!! Recalling that the combined order
of lengths in Vg> is given by 6g — 2, which for half-integer genus is odd while being even
for integer genus, one can directly see that odd/odd terms, and thus the appearance of the
logarithms, is only possible for integer genus.

A further difference compared to the SFF from the orientable theory can be seen after
T—scaling, i.e. using t = e%07. In the orientable theory, as first shown in [5], the T—scaled
SFF can be written as

kg B (e%07) = e f(7) (2.71)

1For a derivation of this and a more detailed study of the structure of the contributions to xs(t) the reader
is referred to appendix D.
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with f having no dependence on Sy. Doing this for the unorientable SFF, e.g. the contribution

/4;/3(6507') > %0 /Brt (g\/g+ 8??) (2.72)

This contains a term scaling as 74v/t. Higher order square root terms occur for every half-

at g = , one finds

integer genus we have computed starting at g = % From the g = 3 contribution we see a
term that, after 7—scaling, scales as 77¢2. In the corresponding orientable theory no such
terms appears and the 7—scaled SFF has no ¢t dependence (or terms of higher order than
1 in €%0). In section 4 we argue that terms higher order in ¢, including the logarithms, are
in fact related and can be eliminated using certain identities.

3 Canonical SFF from universal RMT

The aim of this section is to derive the canonical SFF from the perspective of universal RMT.
The canonical SFF will then be computed for the orthogonal symmetry class and a leading
order energy density corresponding to the Airy model.

3.1 The universal RMT form of the canonical SFF

The connected canonical two-point correlation function is given by a double Laplace transform
of the connected density-density correlation function:

(Z(B1)Z(B2) c—/ / T(Ey))ee M EL=P2E2 4B AE, (3.1)

where the superscript T indicates “total”, consistent with the notation of [2], e.g. (pT (E))
= ¢%(p(E)). The SFF is then given by taking 8; = § + it and fy = 3 — it:

(Z(B+it)Z(B —it))e = / / T(By)) e PEVHE)—Er=E2) 0 ) d B,

= 2/0 dEe_2'8E/0 dA cos(tA) (pT (E + g)pT <E - §)>Ca

Ei+FE —
12 Q’A_|E1

(3.2)

where in the second line a change of variables to F = — FE»| was performed.

To study the universal behaviour of the SFF, it needs to be evaluated in the late time limit,
which we take to be of the order e%0. To accomplish this one can define a scaled time [5]:

T =e 0t (3.3)

where 7 is assumed to be finite. Then one obtains

(Z(B+ iTeSO)Z(ﬁ — ’LT€SO)>
- 2/000 dEe*ME/O dA cos(eSOTA) (p* (E + §>pT (E — §>>c

00 2F 3.4
= 26250/ dEe*QBE/ dA cos(eSOTA) (p (E + A)p E— A))a (34)
0 0 2 2

o 2Ee%0 —5So —So
= 2e50/0 dEe_QBE/O dz cos(tx)(p (E + :1:62 p(E - 3:62 >>c
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In the second line the factors of €% in the total densities were factored out and in the last
line the variable = e5A was defined. The limit e50 — 0o is precisely what is known as
the “universal” regime of the two-point function of the energy density which is known for all
10 Altland-Zirnbauer classes [33]. To make the meaning of this limit precise, following the
notation from [22] adapted to the double scaled theory,'? one defines the spectral correlation
functions as:

Ri(E) = e* (p(E)) (3.5)
Ry(E1, En) = €2 (p(E1)p(B2)) — € 6(Ey — Ba){p(Ev)), (3.6)

and accordingly the connected two-point correlation function:'?

Cy(Eh, E2) = Ri1(E1)R1(E2) — Ra(Eh, E2) (3.7)
e* (p(E1))(p(E2)) + €%°6(Ey — Ep)(p(E1)) — € (p(E1)p(E2))
= %5(E1 — B2)(p(E1)) — €% (p(E1)p(E2))e.

The universal limit is then taken to be

Fi, F
lim Cy(Eq, E9)

oo Ri(EV) Ra(Ea) T((p(E))x), (3.10)

such that x is kept finite. The function T is referred to as the cluster function and depends
on the specific symmetry class of the ensemble. The limit also justifies the replacement of
(p(En)) = (p(E2)) = (p(E)). Using the above explicit expressions one can write,

Co(E1, E») (p(E1)p(E2))e
———————— =4((p(E))x) — —— =, 3.11
() Ba(B) O PE)) (p(E))? (341
where one can take the universal limit and obtain the sought for expression:
ze=50 ze 50 9
Pl E+—S—|p| B~ —5— |)e=0@){p(E)) = (p(E) " T({p(E))z).  (3.12)
We then define the universal limit of the canonical SFF in the following way:
e kg(r) == lim e (Z(B +ite™)Z(8 — ite™)).. (3.13)

€50 00

To take this limit we note that (p(E)) has a genus expansion in powers of e=%0. The leading
order contribution, pg(FE), is the genus zero term, such that

po(E) = lim (p(E)). (3.14)

€50 —00

Therefore, the following replacement can be made in (3.12):

(p(E)) = po(E). (3.15)

PLe. N — e%.
131n [22], (p(E1)p(E2)). is referred to as S(E1, Ez).
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Then (3.12) can be plugged into (3.4) and the upper limit of the integral over x can be taken to
infinity.!* These considerations lead to the following definition of the universal canonical SFF:

e S0kg(T) / dEe=288 py(E) — 2/000 dEe 2PE 5(E) /OOO dz COS(ﬂoZE) x)T(a:) (3.16)

where Y(z), eq. (3.10), depends on the specific symmetry class.

3.2 The Airy canonical SFF for the orthogonal symmetry class

It is necessary to compute the universal canonical SFF, within the orthogonal symmetry
class, for the Airy model using (3.16) in order to compare it to the result derived using the
unorientable Airy WP volumes. Since the Airy model is a low energy limit of JT gravity,
this comparison provides a non-trivial test of the quantum chaotic nature of unorientable JT
gravity. Specifically, the leading order contribution to the energy density for the Airy model is

VE
2’
The cluster function for the orthogonal symmetry class then reads [21]:

T(z) = sin? ( gt sin(7t) > (ddx sm(7r:c)) (3.18)

7'('2562 mt T

_ sm2 ( / Gt sin ;rt )(;x 811175;37))' (3.19)

The integral over z in (3.16) is the form factor [21]:

Py (E) = (3.17)

Vrioy-{ 1 (1 i) i <

(3.20)
~+po(E) e T
—1+ 5T log (;—mw)) if = > po(E)

o0 T
2 / dx cos (
0 po(E)

The canonical SFF of the unorientable Airy model can then be computed by plugging (3.20)
into (3.16) with po(E) from eq. (3.17):

e kg% (7 / dE _zﬁE[ £ QL log (T + 2E> - ;log<7 - 2E>]
7T 7T T T 7T T
(3.21)

2T
sl oo )
+/72 c T et g

where the superscript GOE indicates the universal RMT result for the orthogonal symmetry

class. The solution, derived in appendix E, reads:

—86712

e*SO SOE( ) (26;5/2\/> Erf(@) - Tegﬂﬁ [F(OﬂzﬂTz)(l - 6857—2)
+ 16872 2F2<1, 1; §, 2: 8672> + wErﬁ<,/85r2> (3.22)
1 n+m 9 2m n
Z(Z n)_m)g(z—g)>(2572) ]

141t is not at all obvious the corrections arising from keeping the upper bound finite are subleading in e

So

but we will not pursue this computation here.
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Here 9 F5 is the generalized hypergeometric function and Erfi is the imaginary error function.
The first few terms of the expression are:

e % mgOE(T)

T 72 B v + log (2872) —1—% 3y 8vV218 N 5(47+410g (26872) — 1—75) ;
- 2np V213 s 4 3 4 T T
3
64(27f3)2
- SR o(r), (3.23)

with v denoting the Euler-Mascheroni constant. It remains to compare this expression to
the result derived from the unorientable Airy WP volumes.

4 Comparison of unorientable topological gravity and universal RMT

In this section we will explicitly demonstrate the non-trivial equivalence of the 73 term in
both expressions of the canonical SFF. It will also be shown that terms containing even
powers of 7 are in agreement for all terms so far computed, i.e. up to g = % The reason
for limiting the comparison of odd powers to 72 lies in the fact that demonstrating this
equivalence requires higher order terms in the loop equations than one would naively expect,

e.g. the ¢ = 4 contribution for 7°.

To compare the universal RMT result, (3.23), to the result from the unorientable Airy
WP volumes we first rewrite the latter as

e_SO/igvP(t): Z e_(2g+1)s%%(t), (4.1)
9:0,%,1...

where Ii% are given by eqs. (2.63)—(2.70) and the superscript WP indicates this was computed
from the unorientable Airy WP volumes. The aim is to show HEVP(T) = KSOE(T) in the
universal limit, at least for the first few orders. The first few terms of (4.1) after 7 scaling,

i.e. using 7 = te*SO, are

2 -1 2 3 D) 4 1/2 )
e=50, NP () = T T { O_HOg(t)]T BT <t> +8\/ ™ 4

T 2nB 278 +

3 B/l = 3r B I
5 5 3/2_6 1/2
67[163_4log<2t)]_64(2%5)276+17(27Tﬁ) T (t)
T L 15 Ié; 1572 2472 B
+76(27rﬁ)3/2 (t>3/2_ 1658ﬁ277+32527710g(25t) 2772 <t>2+0( 5)
3072 \j 63 37 457 \j )

(4.2)

Note that after 7 scaling there remain powers of ¢, however, the terms containing powers of ¢
can be shown to be a part of an asymptotic series, and in this way eliminated. In order to
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accomplish this elimination the series in eq. (4.2) has to be reorganized:

2 31 /o 2\2
e—SoHWP(T):L_ T _,_L E—Hog (%)_277<tT2)1/2_2(tT)
2B 278 w| 3 15} 3 45
8v2rB , Br5 (163 <2t> 17V2m 1 o\U/2 827 1 5 \1/2 A
—y=r A Byl | =
s T s e\ B) T (+7) ST () "ol
3
64(270)2 4 -

For the purpose of comparison, terms of order 77 were dropped except for the one term in the
coefficient of 73, which will prove to be necessary. In writing (4.3) in this way, we recognize
that terms containing powers of ¢ are actually encompassed in the coefficients of odd powers
of 7. Comparing (4.3) and (3.23), it is seen the 72, 7%, and 7% terms agree. This holds true for
78 as well and we suspect for all even powers of 7. The coefficients of log(3) also agree for all
terms computed. However, it is not at all obvious that the coefficients of odd powers of 7 agree.

To prove the 73 coefficient of ﬁ;ZVP(T), as written in (4.3), agrees with the 73 coefficient

of RSOE(T), given by (3.23), consider the following generalized hypergeometric functions:

7'3(757'2)2 7 37 —tr? 277¢2
_ F(2,2:3 ——tr2) — 4y == —— = 9). 4.4
A5T 62 2( ) 7372a tT) 141 2727 9 A5 +O<7—) ( )

The O(7°) terms here depend on ¢ and would contribute to higher order odd powers of T as

written in (4.3), so they are not needed for the purposes of computing the 72 coefficient. For
example, the 79 term would contribute to the 7° coefficient, the 7!! term would contribute
to the 77 coefficient, etc. Then consider the asymptotic expansion of this function [34]:

7'3(t7'2)2 7 37 —tr?
L 69F5(2,2;3, = —t7% ) — 4 Fy | S5 ——
A5 2 2(7 1y T) 141 2797 9

= i(—\/? <t7'2> i + log (4t72) +79 - 3) + (’)(t*l/Q). (4.5)

Setting (4.4) equal to (4.5) we see that:
log(287%) +y+ 1 B[ Vor, 12 2\ 10 2(tr2)?
_.3 3 _ _ 2 1 =) -
T 3 (tT ) + og(ﬂ) 3 15
+0(t72) + 0(7°). (4.6)

m s

The coefficient of 73 on the left hand side is the same as the result in mgOE(T) and on the
right hand side is the same as in H,ZVP(T). Again, we emphasize the terms contained in
0(79) depend on t and would contribute to higher order odd powers of 7, and hence are not
important for the 73 comparison. Therefore, the coefficients of 73 match in the universal limit.

Due to the agreement of the log(3) coefficients in /@'XVP(T) and /ﬁg’OE(T), we do not see
a reason why a similar identity cannot be derived to demonstrate the coefficient of 75 also
agrees, and all subsequent odd powers of 7. However, this would require higher order terms

in the loop equations which we have not yet computed. For example, since the ¢ dependent
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79 term contributes to 7°, showing the equivalence of the 7° coefficient would require the
g = 4 contribution. Nevertheless, it is worthwhile to speculate how the 7° coefficients could
be shown to be equivalent. The 7° term in (4.3) is

T s (5) 4 B () P M) o)

Based on the contribution to 7 in (4.4) and the structure of the ¢ = 3 term from the
loop equations, we can speculate the form of the ¢ dependent (’)(74) term in brackets to
be a(t7?)? + bt(t7?)2, where a and b could be determined if the g = 4 contribution was
known. The 7° term would then read

s [163 (215) . 171\/2§ (tr2)1/2 N t{?(t72>1/2

g

The analogous expressions to (4.4) and (4.5) would then require three hypergeometric functions

L1222 dlog
s

+ a(tt?)? + bt(tTQ)Q] . (4.8)

instead of two. A first educated guess would be something of the form:

2 2
A<t7'2>22F2 (2,2; 7.7 —tTQ) +B(t72)21F1 (g, 7 —Z) Ct(t72)21F1 (3, 7 —t;) . (4.9)
However, it is possible that more complicated functions are needed. Along these lines, all
coeflicients of odd powers of 7 could be made to agree, though they would require progressively
more hypergeometric functions. In principle, if the loop equations could be solved to all
orders, we expect that the asymptotic expansion in t of /@ZVP(T) should reduce exactly to
the universal RMT result.

5 Outlook: cancellations

Having presented evidence that the 7 scaled limit of unorientable topological gravity agrees
with the prediction of universal RMT for the orthogonal case, we can proceed to use this, in the
spirit of [28, 29], to infer constraints on the coefficients of the unorientable Airy WP volumes.
To briefly recapitulate the idea and because we will need the result in a specific form for later
comparison we briefly revisit the consideration from the unitary symmetry class of [28].
The first step one has to take is to compute the canonical SFF from the general structure
of the respective Airy WP volumes, using general coefficients. In the unitary case the structure
of the Airy WP volumes is given by eq. (2.43). Using the standard integration of trumpet
partition functions Z;(/3,b) against the volumes to obtain the canonical SFF one finds

nlm!22(n+m)

P2 = Y OB (i) (B i)
n+m=3g—1 d
s 1 1 k+j
— 139 B=2 1l (—1)™ At (Mt ki j<5>
t Z: f(9)Crmnim!(=1) Z_:( i )( p ) (—1) ; ,
n+m=3g—1 7,k=0

(5.1)

wherein the second line we used the generalized binomial theorem, assuming ¢t > § and
introduced f(g) to collect all the factors that depend only on the genus or are constants
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irrelevant to the following discussion. Summing over the contributions to the genus expansion

250

including the weighting by e*°°, performing the 7-scaling, and ordering the summands by

powers in 7 one finds

m2:2(7) = Z 950739 Z Z C(g, l)e_lSOT_lBl
g=0

n+m=3g—1 (=0

x CB=2nimi(—1)™ 3" (”Z §> (m * %> (—1),

kot j=1 J

(5.2)

where C(g,1) includes f(g) in the equation above and also captures the dependence on .
After having written the canonical SFF for the unitary symmetry class in this form, we come
to the vital second part of our argument. Namely, as we can see from eq. (3.16) the RMT
prediction, shown to agree with the topological gravity prediction in [5], has the form

wE72(r) = eSog(r), (53)

So

with g(7) containing no dependence on e°°. This consequently implies that all terms in

eq. (5.2) being of higher order than 1 in e% have to cancel. Specifically, defining

K20 = Y CBimi(-)m Y ("ﬁ) (’”5)(—1)% (5.4)

n+m=3g—1 k+j=l J

this amounts to the statement that for a given genus ¢

v o KP=2() =o. 5.5
o<1ty 1o (1) (5.5)

These constraints can be cast into a much more convenient form as shown in [28]. However,
for the present purpose it is more useful to rewrite the constraints in a way that is better
comparable to the orthogonal result. In order to motivate this, we recall that the unitary WP
volumes only contain even powers of the lengths while all powers appear for the orthogonal case.
Thus, to facilitate comparison to the orthogonal case it makes sense to write the constraints as

o fa v . atl) o+l ‘
K= Y of ( + 1>F< + 1) -1z > | 2 2 1 (=1)7.  (5.6)
g — 272 2 2 ~ k J
a+vy=6g—2 k+j=l
o,y even

Having recalled the constraints on the coefficients in the unitary case, we now apply the
concept to the orthogonal case. There the structure of the Airy WP volumes is generalized
to the form reported in eq. (2.44). This generalization, compared to the unitary case, leads
to two novel features in the large ¢ limit of the canonical SFF: the emergence of log (%) at
integer genus and powers of ¢ that survive the 7—scaling limit. As we argued in the preceding
section, by using identities derived from hypergeometric functions, these types of terms can
be combined to produce the logarithm expected from universal RMT. Once these identities
have been established, the cancellations can be studied in the same way as in the unitary
case. In the following, we present the first step of this study, considering only a subset of
terms related to the logarithmic terms, while referring a complete study to future work.
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The terms in the canonical SFF containing a log (%) are particularly interesting because
they do not appear in the unitary case. Thus the cancellations inferred for these terms are
genuinely new. As we discussed above, logarithmic terms can only arise from monomials in
the Vg> (b1,b2) that are odd in both lengths. As we show in appendix D, the contribution
of the term

bb30(b — bo) (5.7)

to the canonical SFF is given by

o= o ( 8)”2“( 8)t(f) 55

" 8ny/Bifa \ da ~ab Vab

with a = ﬁ, b= ﬁ. As we are only interested in the logarithmic terms which originate
from the arctan we extract the part from I(«,~y) that contains an arctan, leading to

2097 IM1+ 9T (14 1) et a1 /
I(a,v) — ( +22) ( +2)512 B;Q arctan( ?)
T 2

= I (1, Ba).

(5.9)

Plugging into this expression, as for the unitary case 51 = 8 + it = 5 and summing over all
the contributing monomials in Vg>, including also the complementary #-function, one finds

= lo = — o
B D KB = S e % S IRE(81,8) + (B1 ¢ Ba). (5.10)
g=0 oz+"y=6dg(;2
a,y o

One can write the contribution at genus g to the first part of the sum as

; 3g 39
e~29 arctan ( p+ Zt) t C(g, )"

B—it) = =
(1 +9(1+2 a+l y+1
Z Com/ ( ‘|‘2> ( +2)(_1)WT+1 Z ( 2 )( 2 (—1)™. (5.11)
a+y=6g9—2 Q n+m=l n m
a,y odd
=KP=()

Here we defined C(g,1) to be a non-vanishing function depending only on g and [ and thus
being irrelevant for the present discussion. Furthermore, we note that K gzl(l) is a rational
number because the C,, € Q4 by definition, the binomial coefficients are also natural
numbers as « and « are odd, and the factor of 7w in the denominator is cancelled by the
two factors of /7 arising from the I'-functions due to both indices being odd. Expanding
now the arctan for large times, as we prove in appendix D.2, one finds that for even powers
in t multiplying it, effectively

it
" arctan ( bre ) — g, (5.12)

B — it
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and for odd powers

odd B+it s o B\
t°““ arctan < 5 it) — log <2t> + kz::oC'(Qk:) (t) . (5.13)

Here the C(k) are rational constants defined in appendix D.2 and “—” denoting that the
r.h.s. is the contribution to the canonical SFF arising from the contribution from the l.h.s.
upon including also the complementary contribution to it, i.e. the one stemming from the
0(by — by)-part of the unorientable Airy WP volume. Thus, if after 7-scaling the ¢ multiplying
the arctan yield a contribution of higher order in €% than 1, the contribution to the 7-scaled
canonical SFF from this term is

_ _ T
elo=D% gB=1(1) - (5.14)

o for 3g — I even.

rot {log (8) + 2@ (2)™ for 39— 1 odd,

Having computed the general contribution to the 7-scaled canonical SFF, the next step is to
compare to the prediction from universal RMT. At first glance this would amount to requiring
all contributions at higher order than 1 in e® to cancel, as for the unitary case. Notably, this
is not as easily achieved as in the latter case, since by the considerations given in section 4
also terms of higher order than 1 in € in the result from the unorientable Airy WP volumes

can be transformed to agree with the universal RMT result. However, the transformation

B
2t

argument and would persist. This implies, that for the case of odd g — 1 > 1, K, 5:1@ has to

does not cancel terms containing log ( ) as those are mapped to a logarithm of different

vanish. Furthermore, the structure in terms of factors of 7, namely that at integer genus the

contribution to the canonical SFF is of order 71

, can only be transformed into terms of order
3. Thus, terms that are of order 7° would transform to terms of order w%, incompatible
with the universal RMT result. Curiously, for the present case, agreement with the universal
RMT result does require all the terms comprising a higher order than e to vanish, i.e.
=1

ng(g_l)KE () = 0. (5.15)
Having claimed this, we will give some examples. As the type of terms under consideration
appear only for integer genus we will consider all the cases available for us so far, i.e. ¢ = 1,2, 3.
For genus one there is of course no cancellation as the maximal order in €% is given by g
which here of course is one already. For the case of ¢ = 2 one finds one constraint which
one can work out to be

Kg:l(()) X 21C179 — 70377 + 505,5 — 70773 + 210971. (5.16)
For ¢ = 3 there are two, which are given by

K:?:l (O) X 71501715 — 143C3713 +55Cs,11 —350779 +35Cg77 — 5501175 + 14301373 — 715015,1,
(5.17)

KrE:l(l) o 1001C1 15 —143C313+33C5,11 —7C7 9—TC9 7+33C11,5 —143C13,3+1001C 5 1.
(5.18)
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Using the results for the respective volumes given in appendix B one can read off

1

V7 (by,by) = ————— (388510 + 582750258 + 307206307 + 1866905268 + 64512652
5 (b1,b2) 232243200( 1+ 207+ 201+ 201+ 201+ (5.19)
11833300567 +46080b5b3 + 388356567 +10240b3b; +1885b3Y),
1
> 16 2114 3113
V. = 154 1
> (by,bo) 2142493684531200(887887b1 +35515480b3b1* + 1835008065 b1° +

4348079732031 4-143130624b5b1" 4-1242409168b5b1° + 4498391045367 +
+1735393660b5b% +599785472b3b] +1049704656b5°08 4-286261248b5 ' b3 +

+269432436b3%b1 4550502406535 +21347416b3 b2 +-3670016b3°b; +447567b3°).
(5.20)

Plugging he coefficients into the constraints one finds, as it should be, that they are indeed
fulfilled.

Having shown these examples, we briefly compare K gzl(l) to their unitary counterparts
which, specifically when written as in eq. (5.6), are just the same, only that the sum runs
over even («,7y) as opposed to the sum over odd pairs in the orthogonal case. However, it is
important to point out that while some of the unitary constraints are fulfilled directly due
to the symmetry of the coefficients this is not the case for the orthogonal constraints which
are all non-trivial. Nevertheless, the similarity is interesting and might point at a similar
origin as the unitary constraints which have been shown to reflect properties of intersection
numbers on the canonical SFF [29].

6 Conclusion

We have presented strong evidence of the quantum chaotic nature of unorientable topological
gravity, as determined by the agreement of the 7-scaled limit of the canonical SFF with
universal RMT for the orthogonal symmetry class i.e. corresponding to the universality
class of systems with time-reversal invariance. Although such agreement has previously been
established for JT gravity on orientable surfaces [5], generalizing this result to unorientable JT
gravity faces extra difficulties due to the infinite volume of the unorientable WP volumes. For
this reason, the agreement between RMT and the Airy limit considered here has important
implications for unorientable JT gravity, as it makes it plausible that the T—scaled limit
of the SFF for unorientable JT gravity agrees with universal RMT. However, the fidelity
to RMT in the full JT case most likely manifests itself in a highly non-trivial manner, as
we saw here for the case of topological gravity.

Nevertheless, under the conjectured existence of the universal RMT regime, the 7—scaled
limit of the SFF of unorientable JT gravity could be computed from the RMT side. This
approach would have the advantage of being less technically involved and it can be solved to
all orders in 7. In this context, it is interesting to ask whether or not the infinities of the
unorientable WP volumes would survive the 7—scaled limit of the SF'F, an aspect that we leave
for future investigation. Inverting the reasoning, now from the perspective of computing the
canonical SFF on the RMT side, i.e. (3.16), it is not clear where the divergences would arise.
This would imply that any e-dependent regularization scheme of the unorientable WP volumes,
such as that in [19] used to compute the SFF, would have to be independent of € in the
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T—scaled limit. In this way, by assuming agreement with the finite results of universal RMT,
well motivated by our results for topological gravity, late-time correlation functions can be
computed in unorientable JT gravity. The computation of the orthogonal SFF from universal
RMT using the JT gravity leading order energy density will be the subject of future work.

Furthermore, the computation can also be extended to a matrix model in the symplectic
symmetry class since the form factor for this case is known. It is also rather straightforward
to generalize the results of the unorientable Airy WP volumes to the symplectic case [3].
Along these lines, it would be interesting to see the work extended to the (a, 3) ensembles,
which in the case of («a,8) = (1,2) was already done in [35].

As a further development of the work presented here, the examples of cancellations
discussed in section 5 can be extended to the complete set of cancellations as discussed for the
orientable case in [28, 29]. A prime application of such a complete set of constraints would
be to study whether the equivalence of cancellations to certain properties of intersection
numbers found in [29] can be generalised to the unorientable setting. However, this requires
a notion of intersection numbers for the unorientable setting, the mathmatically rigorous
definition of which as far as we know is an unsolved problem. Along this line of thought it is
also tempting to conjecture that the relation between the “unorientable intersection numbers”
and the unorientable Airy WP volumes is a direct generalisation of what happens in the
unitary case (see e.g. eq. (C.2)), i.e. the intersection numbers correspond to the coefficients of
the Airy WP volumes up to some prefactors. This would allow one to investigate whether
properties of the orientable intersection numbers, such as the string and dilaton equations,
carry over to the unorientable setting.

Another interesting perspective comes from our observation of logarithmic terms in
the canonical SFF for the unorientable Airy model, in contrast to the observation of the
cancellation of logarithmic contributions to the canonical SFF of the orientable model in [5].
In the work for the orientable case, i.e. dual to a unitary matrix model, these cancellations
were linked to the cancellations of contributions from certain encounters arising in the periodic-
orbit approach to universal RMT for the unitary symmetry class [36]. This connection was
motivated by the study of Kontsevich graphs (cf. appendix C). In the periodic-orbit calculation
for the orthogonal symmetry class these cancellations are not present, which is exactly what we
observe for the logarithmic contributions to the canonical SFF of the unorientable Airy model
corresponding to this symmetry class. Thus, it is a well motivated idea to assume that the link
between logarithmic contributions and encounters also persists in the orthogonal case, which
would then manifest itself in the presence of logarithmic terms in the canonical SFF. To further
support this, it would be interesting to consider the explicit form of the unorientable Kontsevich
diagrams for special cases such as g = 1 in order to study more closely the connection between
encounter contributions and Kontsevich diagrams in the orthogonal symmetry class.
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A Collection of resolvents for the Airy model, =1

To abbreviate the presentation in the following, we introduce the notation

n
Moy an (21, zn) = 3 [z, (A.1)

meS(n)i=1

where S(n) denotes the permutation group for a set of order n. Note, that here, in contrast
to e.g. [28] and the following appendix B there is no additional factor of 2 in the exponents.

1
Ro(z1,20) = ——————— A2
0(z1,22) 2717271+ 22)° (A.2)
m4+3m13+3m22
R = : : A3
1(21,22) 22125 (21+22)3 (A.3)
35mg+140m1,7+231m2,6+240m375+240m4,4
Ri(z1,22) = 162723 (21 +29)4 (A-4)
122\<1 T <2
1
Ry (21,22) = Ty — [256m12-+1280m1,11+2752m5,10-+3590m3 9 "
+3710m. s +3739m. 7+ 3750me o]
1
Ry(z1,29) = 42735m16+256410m 15+ 675990m, 14+
2(21,22) 2562%3253(z1+22)6[ 16 1,15 2,14
+1072682m3 13412457673 12 +1274496m5 11+ (A.6)
+1283626me,10+ 1288828 mr 9+1290516ms |
1
Ry (21,22) = 5o ] [573440m50+4014080m1 19+ 125337605 15+
+23596510ms,17+31441170my 16+ 34299125ms, 15+ (A7)
+34838419m6714—|—35034993m7713+35143367m8,12—|—
+35195056m9,11+35210000m10,1
5
R3(z1,22) = 15094079m4+120752632m1 93 +435952517mg 99+
3(21,22) 20482%92%9(21—1-22)8{ 24 1,23 2,22

+953649872m3 21 + 14566095534 20 + 1744284376m5 19
+1836576352mg 15+ 185596368817 17+1863669631ms 16 (A-8)
+1867877552mg 15+ 1870061755m 10,14 +1871078024m,1 1 13

+1871370530m15,1|

B Collection of the unorientable Airy WP volumes

Presenting the volumes in the form given in eq. (2.44) becomes rather cumbersome for
increasing genus. Instead, we present them in a more symmetric form, i.e.

Vo™ = Pl(b1, ba) + 0(b1 — ba) P2 (b1, ba) + 0(ba — b)) P2(ba, by), (B.1)
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where Pg1 is the symmetric part of the volume, defined in the following way: for each unordered
pair of indices (n, m) appearing in the respective V;~ find the terms Cy, nb7"05 4 Cp, i bT05 C
V> (b1,b2). Now define Cpny = min(Crnp; Crim). Then

Py (b1,bg) = Crm(b7"by + bIbY), (B.2)

m,n

sz (b1, b2) can then be computed by subtracting Pg1 from V;]>. Having written the unorientable
Airy WP volume in this form, one can of course uniquely recover the form of eq. (2.44) by
rewriting Pgl(bl, b2) = Pgl (bl, b2>[9(51 — bg) + e(bg — bl)]

Using this convention however, the unorientable Airy WP volumes for n = 2 and the
two smallest genera are

VlAier(blvbQ) = max (blabQ) = e(bl_bQ)Zh +9(b2—b1)b2 (B.S)

LfA“V(bl,bg)::Eig((4b§4-8bgb1)0(b1-b2) + (4348530 ) 0(b—br) + 146763 +3 (b1 + 13 ) ).

(B.4)
To abbreviate the presentation of the volumes of higher genus, we introduce the notation of [37]
n
Mayoan (L1, L) = > T L™, (B.5)
reS(n) i=1

where S(n) denotes the permutation group for a set of order n.

23m7 7m5 2 7m4 3
Pi(by,b : :
3( 1b2) = 36350 T To20 T 1150
4167 43b303 1 56%b,
b 2 1 3433 2
(bl’ 2) = 10320 T 5760 T 128b 201+ 115
377m10 863m8 2 mr 3 97m6 4 ms5 5
by, b : : : :
Py (b1, b2) = 46448640+ 5160960’Jr 7560+ 122880 3600
5610 36308 bib? bIb3 boby
580608 = 35840 69120 15120 = 22680
9O7m13 32743m1172 i 37m10’3

20437401600 = 30656102400 = 26542080
37777”69’4 37771875 143m776
53084160 = 5898240 = 13271040
46547b13 N 491776301 505270307 N 104836567
797058662400 30656102400 = 5573836800 = 464486400
43516563 N 55163963 N 13b42b;
265420800 132710400 = 29491200
149189WL16 26684277711472 mis3

714164561510400  267811710566400 = 116756640
2467337711274 miis 3121m10,6

T 1961990553600 | 14968800 ' 6370099200
T mro + 86683771878 B.9
4762800 107017666560 (B.9)
43b16 1153b3b1* 21163512 N 4765610
209227898880 174356582400 = 5748019200 = 522547200
N b7 N bilb? N bi3b3 b35by
14288400 14968800 = 58378320 = 583783200

P3(by,b2) =

(blv b2)

(51,52)

Py (b1,ba) =

(b17 b2)
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C Unorientable Airy WP volumes: the point of view of Kontsevich graphs

In this section the diagrammatic approach stemming from the Kontsevich matrix integral of
the orthogonal symmetry class will be used to derive the generic structure of the unorientable
Airy WP volumes. It is well known the Kontsevich matrix integral of the unitary symmetry
class can be taken as a generating function for intersection numbers [38]. The known
relationship between intersection numbers and Airy WP volumes allows a direct computation
of the Airy WP volumes from the ribbon graph expansion of the matrix model. It is an
obvious question to ask whether or not the Kontsevich matrix integral of the orthogonal

symmetry class can be used to compute unorientable Airy WP volumes. The idea was first
1
2
structure for reproducing the correct unorientable Airy WP volume. However, for higher

explored for the case of (g,n) = (5,2) in [5], and the graphs were shown to have the necessary
order cases the graphs becomes far too tedious to be used to compute the unorientable Airy
WP volumes'® and the loop equation implemented in section 2 have to be used. Fortunately,
for our purposes, it is possible to derive the generic structure of the unorientable Airy WP
volumes from the functional form of the graphs without ever needing to draw the graphs or
compute their symmetry factors. The advantage of the diagrammatic method here is the
functional form of the graphs is known for all genus. In order to present our arguments we
first recall the orientable formalism, primarily based on [39], comment on the extension to
the unorientable setting in section C.1, and then in section C.2 go on to derive the general
structure of the unorientable Airy WP volumes as claimed in the main text.

C.1 General structure

The diagrammatic expansion we refer to here is an expansion in terms of ribbon dia-
grams/ribbon graphs, i.e. diagrams with the propagators not being lines but double-lines and
analogous vertices. For such a diagram one defines the notion of a boundary by labelling
sides of the propagators being connected through a vertex by the same label. Doing this
for all sides of all propagators induces a partition of the sides into n distinct sets which is
denoted as the number of boundaries of the diagram. Additionally, one can compute the
Euler characteristic of the diagram as the Euler characteristic of the corresponding single-line
graph. The number of boundaries of course coincides with the number of boundaries the
graph has when being considered as a surface. This point of view allows one to express the
Euler characteristic of a given graph as x = 2 — 2g — n with n the number of boundaries
and g the genus of the diagram when considered as a surface.

A convenient starting point for presenting the expression of the Airy WP volumes in
terms of ribbon graphs for the orientable case is Kontsevich’s theorem which can be stated as

Theorem C.1 (Kontsevich [38]). Denote by I'y,, the set of ribbon graphs build from 3-valent
vertices having n boundaries and genus g. Furthermore, adopt the standard notation for

51t is also possible the graphs generated by the Kontsevich matrix integral of orthogonal symmetry class
need an additional structure, such as orientation reversal, in order to correctly reproduce the unorientable
Airy WP volumes.
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intersection numbers (cf. [40]). Then it holds that

n 2g—24n 69—g+3n
20, — 1)! 249~ 1
> e T8 S s T
&) =3g—3+n =1 %k < JAw(Tyn)l 28 2 + k)

where the product on the r.h.s. is over the edges of the individual ribbon graph, thus I(k)
denotes the boundary component to which the left edge of he respective edge belongs, r(k) the
right edge, respectively.

Therefore, on the side of the ribbon diagrams one only needs to consider 3-valent vertices.
This implies that the number of propagators (i.e. number of edges for the one-line graph) is
given by %#Vertices as from each vertex three half edges originate that have to recombine
with another half edge to form an edge. The Fuler characteristic of such a ribbon graph is
then x = #Vertices — #Edges = —%#Vertices. From the expression of x in terms of genus
and number of boundaries one can infer that for all graphs in I'y,

#Vertices = 49 + 2n — 4, #FEdges = 6g + 3n — 6. (C.1)

On the intersection number side, to relate to the WP volumes one uses the well known
result of Mirzakhani'6 [15]

(27T2)m aq Qan, MT28
Vogn(Lts... L) = > ST A R (C.2)
|@|+m=3g—3+n eI Mg,n

with a@! = []; au!, Lo = >-; L. For the further appearing objects, the Weil-Petersson form
w, the Deligne-Mumford compactifiction of the moduli space of Riemann surfaces M, ,, and
the 1 classes we refer to [15] as they will not be needed in the following. This is due to
the fact that the Airy WP volumes correspond to the leading order terms of the actual
WP volumes [2]. This corresponds exactly to the terms in eq. (C.2) without insertion of
the WP symplectic form w. Furthermore, those terms are recognized to be precisely the
definition of the intersection numbers, i.e.

(Tas oo Tad = [ 0w (€3)

g,n

Explicitly one finds

Airy _ 200
Vs (L, ... L) = ) > 72‘&|0_2!<Ta1,...,7'an>L : (C.4)
|@|=3g9—3+n

For g = 1,n = 1 there is an additional factor of 2 in the convention of [15] here we adopt the convention
of [2] for which the factor of 2 is put in the definition of the volume such that it does not appear in this
equation.
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Recognising the L.h.s. of Kontsevich’s theorem to be closely related to the Laplace transform
of this expression one computes

. 1 © (2a; + 1)!
A
E[Vg’ﬁry(Ll,...,Ln);(zl,...,zn)] = Y = ST (T2 Tau H 1“1
|&d|=39—3+n i=1
" (2a — DI
s Z <7—a13 .. Tan H Oé;ak+1 (C5)
|&d|=39—34+n k=1
929—2+n 6g—6-+3n 1

Z |Aut gmn)]

kel AUR) T Fr()

where Kontsevich’s theorem has been used in the last step. By this relation one now has
an expression of the Laplace transform of the Airy WP volumes in terms of ribbon graphs
and thus a way to compute the volumes.

The discussion so far applied only for the case of orientable ribbon graphs, i.e. the GUE
like theory. However, the Kontsevich diagrammatics can be extended to the orthogonal case by
allowing propagators to be twisted as it was demonstrated in [5, 20], resulting in contributions
from unorientable manifolds. By this reasoning the authors compute VlA Y (by, by), and one
could also go on to consider higher genera or other numbers of bound;ries. However, one
can use loop equations to compute those volumes much more efficiently, and for the explicit
results in the main text we used this method. But by eq. (C.5) one has a way of expressing
the Laplace transform of the unorientable Airy WP volume at arbitrary genus as a sum over
graphs with the contribution of the individual graph being only dependent on the number
of the possible propagators occurring in a graph and a rational constant one has to find by
counting. Thus, regarding the generic functional form of the volumes, all relevant information
is present in this expression. To be more specific, as we are mainly interested in the spectral
form factor we can focus on the case of two boundaries. In this case, there are only three
possible propagators. First, the two possibilities of having both sides with the same label
(denoted as (11) or (22), following the notation in [5]) and second the possibility of having
different labels. As the total number of propagators for a given genus is fixed, it suffices to
know the number of two out of three of these options to determine the functional form of
the contribution of a specific graph. Choosing the numbers of (11) and (22) propagators,
denoted as n and m one can thus write eq. (C.5) for this special case as

1

2?272“(,21 + 29

E [VAlry(Ll, LQ Zl, Z9 } Z Ck (CG)

o) nm

with k(g) = #Edges = 6g and C’f{m a rational positive constant. Therefore, while the process
of constructing the graphs, computing the symmetry factors, etc., which fixes the constant
Ck

n.ms 18 quite tedious, the functional dependence on the z; is known without ever drawing

one diagram. Thus, to unravel the structure of the WP volumes deriving from a specific
graph we only have to perform a Laplace transform of the corresponding term, which will
be the focus of the following section.
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Figure 3. labelled 3-valent vertex.

C.2 General contribution to the unorientable Airy WP volumes

Using eq. (C.6) one directly sees that the generic contributions arising from a diagram
with a total number of k propagators of which n are of type (11) and m of type 22 to the
unorientable Airy WP volume is given by

dz dzo eb121 gbaz2

. . — )
2mi Jey 20 20200 (29 + zp)k ™

VE (b1 b) = CE / (C.7)
C1

where the contours are chosen such that they go from —ioco to 00 on the right side of all
poles of the integrand.

Before giving the result of the computation of this integral we remark that the case
(n,m) = (0,0), i.e. a diagram with all propagators having different labels on their two sides, is
not possible. In order to see this, we look at one 3-valent vertex which is the basic construction
block of all diagrams considered above. We choose an ordering of the legs, as indicated by
the numbers which is arbitrary. Assuming that one can build a graph having no (1,1)/(2,2)
propagators, one has to be able to colour the sides of the outgoing propagators'” such that
every leg has two different colours. We choose to satisfy this, without loss of generality, first
for legs 1 and 2, for which there is only one option to do so (modulo interchanging colour
labels). Having done so we see that for leg 3, as it not possible to have a line change its colour
through a vertex, both sides have the same label. Thus, one cannot even construct a vertex
satisfying the property assumed for the whole diagram which contradicts the assumption
and thus proves our statement.

Following the same construction one can prove, that there is no graph having no (1, 2)
propagator as every graph having two boundaries at least contains one vertex of the form
depicted in figure 3 which necessitates at least one propagator of the form (1,2). Having
discussed this, we come to the evaluation of the fo’m.

As usual, this reduces to the computation of residua at poles for which the following
statement, provable by induction (for g > 0), is useful

d>  ebz - ira(a—i+ 4 —1)! bt

T.a :667; - -,
Frar T a1 e

(C.8)

Starting here with the zy integral one can compute, using the residue theorem (one has
to close in the half-plane of negative real value of zo to eliminate the contribution of the

1"Being more rigorous one should rather talk about half-edges here, but this is not vital for this argument.
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closing-contour, thus encircling all the poles) assuming for now m > 0

dzo eh2#2 eb2?
Cy 2T Fonmm = Resa—o +Res.——z | — — (C.9)
2 25" (21 + 22) 2M(z1 + 2)
We begin by evaluating the residue at 0O:
6b2z 1 dm—l ebzz
ReSZ:() —n—m | — | m—1 k—n—m
zm(z1+z) (m—l). dz Z:0(21—|—z)
— i (_1)i+m71 (k —1—n-— 2)' b%
= il(m —1—9)l(k—n—m—1)! (z)kn=0
(C.10)

where we used eq. (C.8) to get to the second line. Performing now the z; integral for this
contribution one notices that due to the only exponential term being e?'*! one has to close
the contour in the half-plane of negative real value of zp, for all values of by > 0. As the sole
pole of the integrand is at z; = 0 the final contribution is given by

m—1 . z1b
i1 (k—i—mn—2)! s
Res.,—o (—1)7m=1pi : -
= il(m —1—9)l(k—n—m—1)! ()1
_ mzél (—1)itm-1 (k—i—n—2)! pr—i—2pi (C.11)
= — - ; . 1 2
= ilm—-1—i)l(k—n—-—m-—1l(k—1i-—2)!
= AF
Thus all contributions are of combined order £ — 2 in the lengths.
Coming now to the other residue, one evaluates
ebgz 1 dkfnfmfl ebgz
Res,=_, pr— = P—1
Zm(21+2') n—m (k—n—m—l)!dz n—m s zZm
i ) o (C.12)
= (k—n—1i-—2)! b

_ _—bax —-m

=e (=1)"™- . e
; ik —n—m—1—4)(m—1)! (7)==l

again using eq. (C.8). Analogously to above the final contribution is evaluated by closing

the contour C;. Here one has to be careful, since the exponential term is now e(®1=%2)%1 and

one has to close the contour in the half-plane of positive real value of z1 if by — by < 0. In

this case there is no pole inside the integration region and the integral vanishes. For the

case of by — by > 0 the pole at 0 is the only contribution:

k—n—m—1 o b—b2)21
—-—m (k; n 1 2)' e( 1—02 .
R 1= -1 . - __pt
€Sz,=0 ; ( ) Z!(k‘—n—m_l—z)!(m_l)!(Zl)k—z_l 2
k—n—m-—1 )
- k—n—i-2)! ., (C3)
i R (—1— N —)1)'(/<:— A —b2)"
=0 (2 n m 1):\m ! ) |
= Bk

and the contibution to V, ,, arising from this part of the result is given by Bﬁjmﬁ(bl — b9)
with 6 denoting the Heaviside function.
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Considering briefly the case of either n or m vanishing, (both can’t vanish due to the
considerations at the beginning of this section) we consider without loss of generality m = 0.
In this case there is no pole at zo = 0, and one has to work out only the second residue
in the first step i.e.

ebgz 1 dkfnfl b
Res,=—, = 2% C.14
e85 1 (21 + Z)k—n (k—n— 1) dzk—n-1 Z:_Zle ( )
1
= b e (C.15)

(k—n—1)2

The computation of the second residue is not altered, i.e. one computes

1 e e(b1—b2)z1
Reszlzom K 1T (C.16)
1 ol e
- (k_n_l)!<n_1)!b§ Lby — by)" 1 O(by — bo) (C.17)
=By, o
As a final result this yields
VE (b1, bo) = Ch (AL L+ 001 — 52) B ) (C.18)

In all these cases one can easily get the respective (m,n) expression from the (n,m)
expression by exchanging by <+ by in the expression and also the #-function for the case of
the B term. Additionally note, that the coefficients C*

nom are symmetric upon n <> m as

the exchange is just the other labelling of boundaries of the respective graph. By these
two observations, one can argue for the case of n # m that the contribution to the volume
resulting from the diagrams (n,m) and (m,n) is symmetric with respect to by <> bo.

For the case of the contributions from (n,n) type diagrams this is not obvious from
eq. (C.18), as there one cannot make the above argument due to there being (at most)
one diagram of this type. However one can see the symmetry with respect to exchanging
the boundary lengths in this case by inspecting eq. (C.7), where it is present. Thus, this
has to carry over to the results of the integral so that it has to hold that for all possible
n for a given k that,

AL (b1, b2) + B, (b1, bo) = A% (b, by). (C.19)

We have observed this to be true for all cases we have checked, and it should follow from
the explicit form of A]fz,n and Bﬁ’n. However, as we can also see this by the above argument
from the definition we don’t go into the tedious work of this proof. Thus, as claimed in the
discussion of the WP volumes following from the loop equations we can see the symmetry
of the volumes under b; <> by from the diagrammatics.

For the further structure of the WP volumes we can also infer the properties we found in
the main text by inspection of the results of the loop equations, i.e. the structure claimed
in eq. (2.44). The form directly follows from eq. (C.18). To see this we note again that
for every diagram of type (n,m) there is a diagram of type (m,n) which, easiest seen
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by computing its B contribution by exchanging b; < by gives a contribution of the type
(Polynomial x 6(ba — b1)). Combining these two diagrams one finds the form we use in
eq. (B.1) to present the volumes which is equivalent to the form of eq. (2.44). Furthermore
we can easily read off that the Vg> (b1, b2) are polynomial in by, by with the combined order
of (k — 2). Inserting the expression of k in terms of genus, we find the order 6g — 2 which
proves the final piece of the structure claimed in eq. (2.44).

While this concludes the proof of the form of the unorientable Airy WP volumes made
in the main text we could go on to proof the structure claimed for the contributions to the
genus expansion of the resolvents as well. For the sake of convenience we recall from the
main text that the relation of the WP volumes with the resolvents is given by eq. (2.28)

e =2z

Vyu(bi, ... ba) = L 1[H (b)Rg(zl,...,zn),(bl,...,bn) , (C.20)
i=1 g

which can conveniently be rewritten as a relation including the Laplace transform of the

volumes, i.e.

n

El(ﬁ bl-) Vgm(bi,...,byn), (21, .. ,zn)] = H (—2zi))Rg(21,...,2n) (C.21)
i=1

i=1
npr O
= (-1) H875[1/9,”(1)1,...,bn),(zl,...,zn)],
i=1 9%

where in the second line we used a well-known property of the Laplace transform. As we
know the general structure of the Laplace transform of the unorientable Airy WP volumes
expressed by diagrammatics, given by eq. (C.6), we can perform the derivative and write
the sum with a common denominator, keeping in mind the restriction of the number of
propagators of the form (1,2) being in [1,k — 1]. Doing this, we find

Pg(zl, 22)

Rd(iagrammatic) (
g (2122)69+1(21 + 22)697

21, ZQ) = (C.22>
with the combined order of the polynomial Pg(zl, z9) being 12g — 2. As claimed in the main
text, this coincides with the functional form of the resolvents given by the loop equations
while producing, in general, higher orders for the polynomial Pgd and in the inverse sum of
the variables. Curiously, for genus % the structures coincide. However, for higher genera this
does not hold true, and the coefficients Cf . in eq. (C.6) have to be such that Pf(z1, z3) has
a zero of order 49 — 2 at z; = —z9. As we do not consider the specific diagrammatics, i.e.
constructing explicitly the diagrams this is a check of the consistency of the diagrammatics
with the loop equations that is left for further study.

D The canonical SFF: general structure

The contributions to the topological expansion of the canonical SFF at genus g, /4;% (t) can,
as stated in the main text, be computed as

K1) = /OOO dby by /000 dbs b2 (81, b1) Z¢ (B2, b2) Vo (b1, b2) (D.1)
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b2
with Z4(5,b) = \/41756_@ and 1 = B +it, B2 = ;. The results of this computations were

reported above for the explicit volumes derived from the loop equations. For the main purpose
of this work, i.e. the comparison of the SFF with the predictions of universal RMT, this
suffices and the explicit computation is of no special interest, except that it follows through
without any problems. However, if one wishes to study the relation of the specific terms of
the canonical SFF with the various contributions to the unorientable Airy WP volumes or,
in the spirit of [28], wishes to infer constraints on the coefficients of the unorientable Airy
WP volumes it is of interest what the contribution to the SFF for a generic unorientable
Airy WP volume is. Thus, in this appendix we compute this, starting from the generic
form of the unorientable Airy WP Volume, stated in eq. (2.44). After having done this, in
section D.2 we will turn our interest to a more detailed treatment of the arctan, arising for
specific contributions to the SFF of the unorientable Airy model.

D.1 Contribution from generic V5 Airy

We recall the generic form of the Airy WP Volume in the unorientable case to be
Vo™ (br, ba) = V> (b1, b2)0(by — b2) + V, (b, b1)6(b2 — by), (D.2)
or equivalently

VIS = PL(b1,ba) + 0(b1 — ba) P2 (b1, ba) + 0(by — b1) P2(ba, by), (D.3)
with Vg> and P; being polynomials in the two lengths.

Thus, it actually suffices to consider the contribution to the SFF of terms of the form
b%bg 0(by — b2). For the sake of completeness however, we also consider the case of purely
polynomial terms, arising from Pgl, which can be dealt with easily (almost) analogous to
the orientable case, i.e.

b2 b2

A
/ 1 1/ 2 02 471',31 47_(_52 2
b

_ ApiPe 21,5 ob —x2,2
47“/&752 \/>/ dzie” x2\/5/ dzo e x5

B 2a+bm512522r<;’ i 1)1“(; + 1)

(D.4)

™

=: R(a,b)(B1, B2)

As one can clearly see, upon setting 51 = 8 + it, f2 = (7 this yields /t? + 2 multiplied
by a polynomial in ¢ and 3 where some terms can be multiplied by /B; in the case of
exactly one of (a,b) being odd. In the case of (a,b) both being odd, as the leading square
root can be combined with another such term the result is, even before taking the limit
of large t, a polynomial in ¢ and £.
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The interesting terms are those arising from the part of the volume containing 6 functions.
Thus one has to evaluate the integral

b2 b2
/ dby b / dbs by T e bab’ye(b — by)
) o 22¢EE¢EE (D.5)

db ~ s pot! / db i b7+1
T ﬂ152/ re 2€

This suffices as the contributions arising from the 6(by — by)-term complementary to b§by,
i.e. byb] results in the same integral I(«c,v) with 81 <> [a.

This integral is dealt with in two ways. First, by using differentiation under the integral
sign, which will facilitate the identification of the dependence of the resulting contributions
to the SFF as functions of 81 and . With the notation a = 452 b = W one finds,
distinguishing four cases.

v even,a even I(a,7y) = Tom 5152< ) < 6@)3 1_1_ (D.6)
v even,a odd I(a,7y) = W( ;;) ;< 5?) clz{ ] (D.7)

+1

1 0 0\?2
v odd, o even I(a,’y):W< a) (_(%) b\/ﬁ (D.8)

pae] atl a
v odd, a odd I(a,y)zW(—i) ’ (—;}) ’ arcwn\/é\/;). (D.9)

Observing those results, one can distinguish three cases for the terms following the common

1
v/ B1B2

i) 7, a both even: “standard” contribution, i.e. purely polynomial in (1, B2

term

v, a containing one even and one odd number: polynomial terms that can be multiplied

by +/Bi and /By + B2

iii) v, both odd: terms of the type ii) with additional terms of a polynomial multiplying

arctan (g; )

Thus, as claimed in the main text, we have shown that the appearance of an arctan, which
leads to a logarithm in the large ¢ limit as we will see below, is only possible for a term in
V » that is of odd order in both by and be. Furthermore, apart from this type of contribution,
one cannot make the direct connection of a specific term appearing in the SFF to a certain
type of contribution to the unorientable Airy WP volume.

We now turn to the second way we considered of solving the integral which will result in
an expression of I(a, ) as a finite sum, rather than a derivative, which will be most useful
when attempting to study other constraints than the ones studied in section 5. Specifically
we use Hypergeometric functions to find for even «

2a+7+1/@2 a+7+3)52 (0‘+7+1)F<%(a+’y+4 ) f: 3! (Bl)kr( +2)
4G+ S G

I(a,y) = (D.10)
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This also yields the case of odd «, even 7 as one can use 1 = (by — ba) + (b2 — by) to write

I(e,7) (B, B2) = —I(a,y)(B1, B2) + R(ev,7)(B1, B2) = —1(v, ) (B2, B1) + R(c,y) (B, B2),
(D.11)

where I(a,~) denotes the analogue of I(a,~) with 6(b; — bs) replaced by 6(by — by).
Thus, we only have to consider the case of both being odd separately. Setting o =
2a +1,7v = 2b+ 1 we find

5 3
22(a+b)+3 a+b+§ a+b+§1—‘ b 3 1 5
I(a,y) = oy O (ab+2 3 2 Fy <1,—a—;b—|—; Bl) (D.12)
m(2b+ 3)(B1 + B2) 0t 27127 By
where the Hypergeometric function can explicitly be written as
5. 51)
(1, - b + =
2 1( 5 " B
2r(a i i)r(b T 5) b1 (%)*Jf%
B T e a0+ 1) (D.13)
j—1 (_1) /61 2k+1 -1 _1) /51 2k+1
X —Z——f—z——i—arctan é ,
prr 2k+1 2k+1 \/ Bo

where we adopt the convention that sums where the upper limit is smaller than the lower
limit vanish. These results, which are actually quite tedious to obtain, can now be used to
write out the contribution to the SFF arising from a generic unorientable Airy WP volume
and find cancellations by the method demonstrated in section 5 where it was actually more
economical to use the first way of evaluating the integral.

Having finished this computation, we are only left with having to consider the large t
expansion of the arctan, appearing in both solutions for I(«a,~y) to arrive at the form of the
SFF which is comparable to the RMT prediction for the canonical SFF.

D.2 Treatment of the arctan

As we showed in the previous section, the only term arising from the computation of the
canonical spectral form factor that doesn’t have the “standard” functional dependence is
the term containing an arctan, arising from the 6 function contribution to the volume with
a,~ both odd. The aim of this section is to perform carefully the large ¢ expansion for those
terms, that was already briefly explained in the main text.

In order to do this, we first determine which terms containing an arctan can actually
appear from I(«,~y) with both arguments being odd. As one can see best from the expression
for I(cy,~y) in this case given in eq. (D.9), the relevant terms are the ones where the derivative
doesn’t act on the arctan as this would give a rational function that is not of interest for the
present purpose. Thus, the relevant contribution arising from I, - is given by

69—1 a L a+1l
IX8 (B, Ba) = 209-1D(1 + T (1 + 3)5 By% arctan <\/§> (D.14)
2

T2
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Now we use the choice of 31 and (3 leading to the SFF, ie. f1 = 3+ it = 5. To simplify
further it is useful to use the identity

1+ iz) (D.15)

1
t =—1
arctan z 5 Og(l—z’z

valid for z € C. Using 2z = ~ A iz:t, thus considering also the case appearing from the
v/ BFit

complementary term of the unorientable Airy WP volume, i.e. b3b]6(bs — b1), one finds

(TR g (ST ] o

1
arctan (z4+) = — log 27
i

21

Now the task is to expand this expression for large % = %, i.e. small x. Writing the

above logarithm in this form, starting with the + case one finds

() (2 )
(15 0))
= log ( ) + log (1 +2kZZ (;) k—2>
) (S ()

Where in the first line we explicitly use the considered limit of small z, more specifically

(D.17)

1 > 1 to use the generalized binomial series. Furthermore, in the last line we used that the
absolute value of the sum, for x < oo is bounded above by 1 as one can see by resumming
the series, which enables one then to use the Mercator series for the logarithm.

The final result, as one can see directly, takes the form of log (%) with corrections in
even powers of x. The coeflicients of the corrections terms are elementary, though tediously,
computable by using the multinomial theorem for the power of the sum and subsequently

collecting powers of x. Explicitly one can write

10g<_t+ Vﬁt“r/p) o (5> Z C(m (5>m (D.18)

m=2,4,.

with C(2) = -1, C4) = &, C(6) = - &, ...

Performing the same steps for the complementary case one finds
t /2 2 m
log <++B> = ( ) Z C(m (5> . (D.19)
6 m=24,..

This is all there has to be done for the expansion of the logarithmic part of the arctan. To
get the final contributions to the canonical spectral form factor, apart from prefactors, one
now only has to include the factors of 51 and (2. For this we use

a+1 y+1 QTH WT-H atl bast aty
B ® 52 =y > ( 2 > ( 2 >62+1‘”‘m(it)"+m(—1)m (D.20)
n= m=0
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which is always a polynomial in ¢ and § with a fixed combined order. The notable thing
about these polynomials is, as one can easily convince oneself, that terms that have an odd
power of t are always accompanied by a factor of ¢ while the even powers are not. Thus, only
two cases of terms can appear in I 1°g (ﬁl, B2). The first of which is for odd powers of ¢

i#°99 8% arctan(z;) — % [toddﬁk (10g ( ) Z C(m (ﬁ)m + Zg)

m=24,..
5 o (ﬁ)m+7;g)

e ()
(2 5 em(2)).

where by — we indicate that a term of this form arising in I log ¢ (B1, B2) will result in the

(D.21)

m=

r.h.s. of the arrow upon combination with the complementary contrlbutlon, for which in the
prefactors ¢ — —t and for the arctan the complementary result eq. (D.19) is used. Second
we consider even powers of t

teven gk arctan(zy ) — teV;fl’;ﬁk llog (ﬁ) + Z C’(m) <5)m + zg

(D.22)

75evenﬂkﬂ_
2

This concludes the steps needed to perform the expansion. The reason why this is stated in
such detail is the important application of these results for the considerations of cancellation
in section 5.

E Derivation of the canonical SFF from universal RMT

In this section the solution to the canonical SFF from universal RMT, (3.22), will be derived.
The integral that needs to be solved is:

KGOB(7) / dEeME[\/E—Tlog <T+@> +Tlog<7—\/E>]
s s 2 s 2w (E.1)

T 2T

2T
So [ qpe2E|I - 1 (1 )}
+e /T2 e [W o og +\/E

It can be conveniently written as:

& 2T 72 2T
-9 GUE o S()L / dE —QBEI <1 > _/ dE —26E1 (_1 >
kg (1) —e o |/, e og 1+ 75 ; e og + i
— 26GVE(7) + x5(7) (E.2)
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where

50

2(28)% /7

QHGUE( )

Erf(\/ﬁ> (E.3)

which was first computed in [5], and

xp(7) = —e0 [/ dE e 2P Jog <1+\F> / dEe” 2BElog( 1+\2/E)] (E.4)

Focusing on the bracketed part, the logs can be split up:

[/OOO dE e 28F log (27’ + \/E) - /T2 e 2PF log (27’ — \/E> - /oo

0 T2

e 2P Jog (\/E)} (E.5)
Each integral can be integrated by parts and the sum of the boundary terms vanishes. The

remaining integrals are then:

L% yp 20 1 " 28E 1 Y BTN
23 Vo - 2VE(21 + VE) +/0 2VE(21 — VE) /Tz (2E)] (E6)

This can be written as:

215 { /OOO " (6—2B(x—7)2@j_7_) _ e—2ﬂ<x+r>2($i7)ﬂ (E.7)

The translation operator can be used the on the first term:

—2B(z—7)2 _ —2rd ” —2B8(x+T)2 _ (_27—)n£ —2B8(x+T)2 E
e dz e Z g€ (E.8)

n=0

The n = 0 term will cancel the second integral in (E.7), so we will start the sum at n = 1.
The integrals in (E.7) can then be simplified to:

—26(x+7’)2
(E.9)
25 = C (x+T)
Making a change a variables v/26(z + 7) — x and inserting the identity:
n,—2? x? d* —(x)?
(2 7
Z (2v/2B7) / —1)"e™" e T5e (E.10)
Vo E
The integrand in (E.10) is just the Hermite polynomial as defined by:
n floor(n/2) 1 n—2l
L2 d 2 (=1D)"2) _
Hy(z) = (=1)"* —e~ )" = (n! ~ () E.11
@)= (Ve e @ =) Y @) (B.11)
This allows a change of variables to be made 22 — x. Looking only at the integral:
o ] n (2 —1,2372
/ al:vfe_gc(:n)i_l_1 = —(2 pr) (E.12)
2372 2 2
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The full solution is then a sum over incomplete gamma functions:
oo floor(n/2) (_1)l(2)n 21

xp(T) = — 2”[‘1521 Z Wmﬁﬁlr( 1,2,672)] (E.13)

To solve this expression it is necessary to first remove the I'(0,2472) from the sum. This
occurs only for even n. The sum can be split into odd and even terms to remove [ = n/2 term:

[ oo n—1 1)1(2)271—21

D(0,287%)(e™*" - ZZ—_%)!<2¢%>%P<n—z,zﬁr2>

oo n—1 2n—1-21
ZZ () )<zmr>2”1r(n_;—z,2w)] (E.14)

I(2n—1-20)!

Interchanging the sums gives:

ZZ 1 )2n ! 2\/>T2”I‘n—l257')
1=0 n= l+1 ()! (.15)
S Z (2)%_1_21 (wﬁf)?"—lF(n— - 25#)
=0 n= l+1 2l)' 2 7

A change of variables can be made: m = n — . The two sums can be recombined which gives:

ShS M )™ 21 m T2 _67857.2 s m@ m T2
Zom=1 (Dm)! (2v/26m™ F<2’2IB >_ mz::12 (m!) F<2’25 )

(E.16)
where the sum over [ was performed. For m > 0 the incomplete gamma function can be
written as:

0 (_1)n$m+n

I'(m,z) =T(m) — Z m
n=0 :

(E.17)

Plugging this in gives:

| S 2B S 2y
2. 2" ( ) mZMZO )(E 1 ) (E.18)

Concentrating on the second term since the first is already in an acceptable form, a change

of variable can be made n + m — n and then the sums can be interchanged:

22m \/77.)2m+2n n 22m \/77_)2n( )n+m
Y T L, e B

(E.19)

The important point is that after interchanging the sums the inner sum becomes finite. This
allows simple computation of the coefficients of 2372. The full expression is then:

Xs(r) = —¢ 415 o [ T(0,287%)(e 87" — 1)
(2)"(2/287)" " ”+m<2>2m<m )2 (20
67857_ T T
* ;( r(3) - mZ: i) )]
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It is useful to note, that one can perform the first part of the sum over n exactly by noting that

i 24T(; fT) = 164372 2F2<1, 1; ;,2;8672> + wErﬁ(NiﬂT) (E.21)
Therefore, the final result is:
x3(7) = —esoﬁ lF(O, 257’2)(6_867—2 —-1)+ o887 16872 o Fy <1, 1; g, 2; 867‘2>
—8372 __—8B72 - = (_1)n+m(2)2m 2\"
te WErﬁ(y/Sﬁﬂ) ¢ ;(;1 e Ty (2&)
(E.22)
Using,
kg O (1) = 265 VB (T) + xa(7) (E.23)

with (E.22) and (E.3) reproduces (3.22) in the main text. This concludes the derivation
of the canonical SFF from RMT universality.

Open Access. This article is distributed under the terms of the Creative Commons Attri-
bution License (CC-BY4.0), which permits any use, distribution and reproduction in any
medium, provided the original author(s) and source are credited.
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