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The apparent randomness of chaotic eigenstates in interacting quantum systems hides subtle correlations

dynamically imposed by their finite energy per particle. These correlations are revealed when Berry’s

approach for chaotic eigenfunctions in single-particle systems is lifted into many-body space. We achieve

this by a many-body semiclassical analysis, appropriate for the mesoscopic regime of a large but finite

number of particles. We thereby identify as signatures of chaotic many-body eigenstates the universality of

both their cross-correlations and the Gaussian distribution of expansion coefficients. Combined, these two

features imprint characteristic features to the morphology of eigenstates that we check against extensive

quantum simulations. The universality of eigenstate correlations for fixed energy density is hence a further

signature of many-body quantum chaos that, while consistent with the eigenstate thermalization

hypothesis, lies beyond random matrix theory.
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Quantum systems of particles with classically chaotic
limits display universality in the statistical properties of
both their spectral fluctuations and the (spatial) correlations
of their eigenstates. This is one of the celebrated and
powerful results of semiclassical analysis, namely the study
of quantum mechanical properties in the asymptotic limit
h — 0 pioneered by Van Vleck, Gutzwiller, and Berry,
among many others [1-4].

In the case of the single-particle (SP) “spectral statistics”
[5], this universality was embodied and linked to classical
chaos in the Bohigas-Giannoni-Schmit conjecture [6] and
later confirmed by means of semiclassical theory [7-9]. For
many-body (MB) systems the analysis of energy spectra
using random matrix theory (RMT) had started in nuclear
physics [10] and was later followed in condensed matter
(see Ref. [11]), mesoscopic physics [12], and many other
domains; see the review [13] for an exhaustive bibliography
for this early period. The study of spectral correlations has
later been extended to MB systems with chaotic mean-field
limit [14-17], and to systems without a semiclassical
regime; see Refs. [18-23] for a review.

For SP “eigenstate statistics” and confirmed by the
seminal numerical study [24,25], Berry’s semiclassical
analysis of chaotic eigenfunctions [26] in d dimensions
leads to an amplitude-amplitude correlator between posi-
tions r and r' given by the celebrated Bessel function
Jajo—1(x)/x%271. It displays characteristic coherent
oscillations as a function of the spatial distance x =
k(E,t)[r—r'| fixed through the local wave number
K*(E,t) = 2m[E — V(F)]/h* at the energy E and mean
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position ¥ = (r 4+ r’)/2. Berry’s result is universal in the
sense of having the exact same dependence on the external
potential V(r) for any chaotic system, a universality that
moreover lies beyond RMT for any finite energy £ < co.
Once Berry’s correlator fixes an amplitude distribution
universally given in Gaussian form for chaotic systems,
the resulting SP random wave model (RWM) [26-28] turns
into a powerful approach to describe the spatial morphology
of eigenfunctions in mesoscopic chaotic systems [29-31].
Its validity is supported by a huge amount of numerical
[32-34] and experimental [35-37] results. Moreover, due to
its appealing form based on Gaussian random fields, it
allows for the explicit analytical computation of even
delicate topological features [33,38—40], including nodal
structure [34,41].

In the MB context, the description of chaotic eigenstates
has a long story dating back to the 1970s where they
were characterized through statistical measures such as the
entropy [42-44]. In a further refinement, the eigenstate
thermalization hypothesis (ETH) [45—48] and related con-
cepts [49] have provided tools to relate equilibrium proper-
ties to chaotic dynamics [46,50,51]. Within the resurgence
of MB quantum chaos during the last two decades, MB
eigenstates at the universal level have been mainly
described within pure RMT approaches where they are
assumed to behave as random vectors, only weakly
correlated through their orthonormality [19].

However, as indicated in Figs. 1 and 2, there exist
distinct eigenstate correlations in the Fock space of chaotic
(here, bosonic) MB systems that are obviously not captured
by RMT. Such correlations prevail, even in the ergodic
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FIG. 1. FEigenstate correlations in a Bose-Hubbard chain
beyond random matrix theory. Cross-correlations Ry, (E) =
(n|w)(w|m), between expansion coefficients (with respect to
Fock basis states |n) and |m)) of many-body eigenstates |y/)) of
a chaotic Bose-Hubbard chain, Eq. (7). In the lower triangle,
results are shown for the normalized correlator R, ,(E)/
Run(E)Rym(E), obtained by averaging numerically calcu-
lated eigenstates with energies EU) over a microcanonical energy
window EY) € [E —n/2,E +15/2], Eq. (3). They show clear
mesoscopic correlations beyond random matrix theory i.e.,
RRMT ~ §,m. signaling quantum interference, well described
by the corresponding semiclassical correlator Ry, Eq. (10),
shown in the upper triangle. For visualization, the representative
states |n) and |m) for L =5 sites and N = 25 particles are
obtained from a reference “seed” |5, 6,4, 5, 5) by changes in local
occupations up to £3; see text and [56] for other seed states.

phase, for systems with large but finite particle numbers,
the regime where state-of-art cold-atom based quantum
simulators operate [52—54]. The swift progress of quantum
state tomography [55] appropriate for this mesoscopic
regime, demands an understanding of these correlations
and their possible universality beyond RMT.

Hence, in this Letter, we provide a generalization of the
RWM and the extension of Berry’s ansatz into the meso-
scopic regime of chaotic MB systems. We will lift its key
ingredients into the Fock space of quantum fields, namely,
the presence of microscopic correlations predicted by
semiclassics that lie beyond RMT, as seen in Figs. 1 and
2, and through the conjectured multivariate Gaussian
distribution of expansion coefficients (Fig. 3).

To this end we need to extend quantum chaos techniques
that successfully described SP systems [4,59] into the
asymptotic regime of large but finite particle number
N > 1. This is one of the quests of MB quantum chaos, a
field that has swiftly moved at the frontier of several fun-
damental questions, ranging from equilibration in statistical
physics [14,19,23,60] to gravity [61,62]. Discrete bosonic

fields such as the Bose-Hubbard chains considered here
possess indeed a classical limit for N — oo, amenable to a
mean-field description. Then 1/N < 1 plays the role of an
effective Planck’s constant and semiclassical techniques for
chaotic SP systems have been generalized to MB (Fock)
space; see Ref. [17] for a recent review. In this way genuine
MB interference effects, ranging from MB coherent back-
scattering [63] and MB spin echo [64], via MB spectra from
periodic mean-field solutions [65,66], to out-of-time-order
correlators [67,68] have been understood in semiclassical
terms. This semiclassical approach fully accounts for MB
quantum interference [69] beyond the (incoherent) truncated
Wigner approximation; see, e.g., [70,71].

To introduce the statistical measures to describe eigen-
state fluctuations, consider a MB system defined by a
Hamiltonian A with eigenfunctions H|y)) = EU)|y ()
and eigenvalues E(®) < E() < ... [72]. Consider now a
spectral region of width 7 around an energy E, implemented
through a window function W, (x) centered at x = 0, and a
functional F(|y)) associating a complex number to an
arbitrary state |y). We then define

® W,(EV) — E)

F(y)e=)

F(ly'7)) (1)
= p(E)

as the average of the fluctuating numbers F(|y/)) over the

spectral window. Normalization 1; = 1 gives then

py(E) =TrW,(E — H) ~ eV (2)

as the mean (i.e., coarse-grained) level density [73].

In bosonic MB systems, the Hilbert space is spanned by
the (Fock) common eigenstates |n) of the occupation
number operators 71, = IQZI;(, (a=1,...,L), where n,
counts the number of particles and Ea (IA)Z) annihilates
(creates) a particle in the ath single-particle state. The
choice F(|y)) = (n|y)(w|m) in Eq. (1) defines then the
two-point cross-correlation of expansion coefficients
(m|y)) and (m|y)) over the spectral window

© () —
iy = 3 VB~ )

= (B
= Rym(E). (3)

() () |m)

This in turn naturally defines the covariance matrix
Rom(E) = (n|R(E)[m) (4)

in terms of the basis-independent covariance operator

R(E) = ol = —lEZH)

TrW,(E — H) ®)
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i.e., the density operator corresponding to the microcanon-
ical window W, (x). Such intricate mesoscopic fluctuations
of the covariance matrix were numerically observed in
Ref. [74], and one of our goals here is to provide a
theoretical understanding of their structure.

We implement the MB generalization of Berry’s con-
struction in three stages. First, it is assumed that the
quantum MB system possesses a well-defined chaotic
classical (mean-field) limit and a semiclassical regime.
Second, we employ for F(|y)); a Gaussian distribution,

F)e = FIWDE = iz [ FUwe e Wiy,
(©

valid in chaotic systems [27,28,75], where N\ (IAQ) fixes
1% = 1. At a third stage, we use a semiclassical approxi-
mation for the correlation matrix R(E) instead of its exact
and usually untractable microscopic expression [76], where
both universal and system-specific aspects enter.

To be definite, we now implement these steps and
construct the MB RWM for systems described by Bose-
Hubbard-type Hamiltonians,

L
i = z[ bb{,+1+b+1b)+eaﬁa+Uﬁa(ﬁa—1)]

a=1

(7)

where the on-site energies ¢, are chosen in a way to break
any discrete symmetry, and periodic boundary conditions
are assumed. This model describes a wide range of physical
systems; see, e.g., [77-79] and references therein. It has a
classical limit that corresponds to large occupations n,, > 1
with a classical Hamiltonian H,(p, @) obtained from A by
the replacements b, — /P, bl — VPatie [65,66].
The classical phase space, endowed with the canonical
variables (p,@), was numerically found [66,80] to be
integrable in the limiting regimes 7/UN — 0, co, while
chaotic dynamics sets in for t/UN ~ 1.

To proceed with the MB semiclassical approximation we
consider the Wigner transform of R(E), Eq. (5), [81],

Qez/

Here, W(z) is the Fourier transform of W, (E), J;(x) the
Ith Bessel function, I =(n+m)/2 with I, , =1,
and 8, = > §_(ny —mp).

Together with Eq. (6) the expression (10) allows us to
compute the average of any functional F in Eq. (1) within
our MB RWM. 1t is therefore important to compare this

Rim(E)

) exp {11 {E UZI

0.0

—0.51

0.01

~0.5

Rn, m(E)/V Rn, n(E)Rm, m(E)

0.0

—0.51

FIG. 2. Individual normalized correlators. The same as in Fig. 1
but for a selection of three horizontal cuts at [n) with n = 6, 4, 4,
6, 5 (bottom), n =5, 7, 4, 4, 5 (middle), and n =6, 6, 4, 5, 4
(top). Along the horizontal axis we mark a representative set of
states |m) with changes up to £3 in their occupation numbers
relative to the respective |n). Black and red symbols mark
numerically exact normalized correlators and the prediction
(10) of the MB semiclassical theory, respectively (lines serve
as guides to the eye). The gaps correspond to the diagonal n = m,
where the normalized correlator is unity by construction.

WE(ﬂ?a) = ZRp+m,p—m(E)ei0.m’ (8)

m<p

where the notation m < p means m, < p, for all a. We
invoke now the Fock-space version of the eigenstate
condensation hypothesis of Voros and Berry [82,83] in
the form Wy ~ W% with classical phase space distribution,

Wiilp.0) =

a7 WalE = Ha(p, 0)). ©)
p(E) "

The level density p§'(E) = [W,(E — Hy(p.0))dpdo is
defined by the volume of the classical energy shell of width
n. Inverting relation (8) to obtain the corresponding semi-
classical form of the covariance matrix R* is in general a

formidable task, but thanks to the local character of H we
get as our main result (see Ref. [56] for details)

L
- Zeala} } H B0t s 5 (2tr\/1,1,.1).  (10)

a=1

|
central analytical prediction with corresponding numerical
results for the Bose-Hubbard model, Eq. (7). For definite-
ness we choose L =5, N = 25, and UN = 2¢, where the
classical dynamics is predominantly chaotic. In Figs. 1
and 2 we compare the normalized correlators Ry, ,(E)/

Ryn(E)Rymm(E) obtained by exact diagonalization and
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averaged over a spectral window comprising ~10° MB
states, with the MB semiclassical approximation (10). In
Fig. (2) we show the correlations between reference
Fock states |n) = [6,6,4,5,4),(5,7,4,4,5),|6,4,4,6,5)
and representative states |m) indicated along the horizontal
axis. In all three cases we find remarkable agreement
between the semiclassical prediction (red symbols) and
the numerical results (black symbols). Instead of fixing a
single reference basis state |n), the color matrix in Fig. 1
represents cross-correlations among all Fock basis states
around |5,6,4,5,5). The upper right and lower left
triangles show the semiclassical and the numerical results,
respectively. The apparent symmetry, quantitatively con-
firmed by the cuts shown in Fig. (2), again reflects the
excellent agreement; see also [56] for further comparisons.

After this exhaustive check of the semiclassical approxi-
mation for the covariance matrix we focus on the second
essential aspect of the MB RWM, namely the underlying
Gaussian assumption for the joint distribution of eigenstate
amplitudes, encoded in Eq. (6). This assumption has far-
reaching consequences well beyond the well-known
Gaussian distribution of expansion coefficients along a
single fixed |n) reported in [74,84] and numerically
confirmed [56] for chaotic Bose-Hubbard models. In fact,
Eq. (6) describes the joint probability distribution of the
whole set of coefficients (n|y/)) for all [n). A prominent
statistical measure, sensitive to both the microscopic
correlations and the multivariate Gaussian nature of the
expansion coefficients, is the Fock-space version of the
two-point intensity correlator [85],

Yom(E) = [(nly)2[(mly) g = [(nly) [ (m]y) . (11)

Using the properties of multivariate Gaussian distributions
in Eq. (6), we easily get [56]

Yim(E) = 2[Ry m(E)|? (12)

for the case of real expansion coefficients considered here.
In Fig. 3 we check this prediction by performing numerical
simulations independently for both Y, ., (E) (black curves)
and |R, m(E)|? (dashed blue) for two representative seed
states [86]. We see that mesoscopic MB eigenstates behave
as realizations of a correlated multivariate Gaussian dis-
tribution, up to deviations expected for such higher-order
correlators due to stronger finite-size effects.

Combining the Gaussian conjecture with the semiclass-
ical approximation Ry, (E)~ Ry, (E) yields more-
over closed analytical results for Y§,(E), Eq. (12). In
Fig. (3) they are indicated as red asterisks, again coinciding
well with numerical Gaussian theory (blue). This close
agreement gives full support of the proposed MB version of
the RWM. The semiclassical covariance matrix captures the
microscopic correlations of typical eigenstates responsible
for the structure of any correlation function. Thus, the

Yn,m(E)IRn,n(E)Rm, m(E)
o
=
o

0.05+ t
0.00

—0.05+

-0.10
0.30

(5.7,4,4,5|

0.05

Y, m(E)Rn, n(E)Rm, m(E)
o
=
o

0.00+

—0.05+

-0.10

FIG. 3. Intensity correlators. Numerical check of the con-
jectured multivariate Gaussian distribution, Eq. (6), for the
expansion coefficients of chaotic many-body eigenstates.
Black symbols and lines: numerically computed normalized
intensity-intensity correlator Yy, 1 (E)/(Rym(E)Ryn(E)), de-
fined in Eq. (11) with spectral average, Eq. (1). Dashed blue
curves: Y§m(E)/(Ryn(E)Rynm(E)) with Gaussian assumption
Y$ m(E) = 2|Rym(E)|?, Eq. (12). Top and bottom panels show
cross-correlators between a set of Fock states |m), marked
along the horizontal axis, and reference states |n) =
|6,6,4,5,4) and |5,7,4,4,5), respectively. The prediction
based on the full MB random wave model with semiclassical
approximation Ry, (E) ~ R (E) [Eq. (10), red curve] is
closely following the numerical data based on the Gaussian
approximation (blue asterisks). The gaps mark cases n = m
where it coincides with YRMT/RRMTRRMT — 25, .

semiclassical correlator unveils MB information well
beyond RMT that predicts energy-independent flat profiles
as YRMT / RRMT RRMY — 28p.m-

We briefly comment now on some important instances
where our analysis touches previous results and concepts.

On the notion of universality—As mentioned before, the
universality of Berry’s RWM stems from the universal
functional dependence of the two-point amplitude corre-
lator on the external potential as long as (i) it generates
strongly chaotic dynamics (nonzero Lyapunov exponent)
and (ii) the kinetic term is quadratic in the momentum.
In the same venue, as long as the hopping term of H is
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nearest-neighbor only, our results will hold for any inter-
action term H'™(fi) that is diagonal in the Fock basis and
generates chaotic mean-field dynamics, the only change
being the substitution

UY I(I,—1) — H™(I) (13)

in the semiclassical cross-correlator, Eq. (10).

Relation with ETH and behemoths—The predictions of
the MB RWM are consistent with the ETH, as expectation
values (O) = Tr[O R] of MB observables O take the ETH
form in leading order through Eq. (9). Our results extend
the usual ergodic arguments for diagonal matrix elements
into a theory for cross-correlations of expansion coeffi-
cients, and this is achieved by means of the same object,
namely the microcanonical covariance matrix. Despite their
common roots, in general the RWM and the ETH address
different objects, i.e., Fock-space correlations and expect-
ation values. There exists however a type of nonlocal MB
observables, the so-called “behemoths” introduced in [87]
like €,y = [n)(m|+|m)(n|, whose microcanonical
expectation values are exactly given by Ry, (E). Our
analysis implies that behemoths display universal structure
at fixed energy beyond the fidelity to RMT in the infinite
temperature limit reported in [87].

Regime of validity—Within the semiclassical regime
N > 1, and assuming that the mean-field dynamics are
chaotic, the key steps in Eqgs. (8) and (9) treat the interacting
term of the Hamiltonian as a constant background evalu-
ated at the mean occupations I = (n 4+ m)/2. This means
the kinetic (hopping) contribution to the energy £ must be
sufficiently large and, vice versa, that the interaction term
of the classical Hamiltonian fulfills, for some constant c,

|E — H™(T)| > c. (14)

This is confirmed by an extensive check of the validity
of the MB RWM predictions across the whole Fock
space [56].

Conclusions—We have lifted Berry’s random wave
model from configuration space into the Fock space of
interacting systems by constructing an accurate semiclass-
ical theory describing the statistical backbone of chaotic
states in mesoscopic MB systems. This MB random state
model relies on the identification of chaotic eigenstates as
correlated Gaussian fields arising from massive, genuine
MB interference. Its central building block is a covariance
matrix constructed by means of MB semiclassical tech-
niques where the large-N mean-field regime plays the role
of a classical limit. The predictions of the MB random state
model for both the multivariate and correlated features of
chaotic MB eigenstates show quantitative agreement
with numerical results from extensive simulations for
Bose-Hubbard systems. In this way a pillar of the field

of single-particle quantum chaos, the universality of spatial
fluctuations of chaotic eigenstates is also established in the
realm of many-body quantum chaos.
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