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ABSTRACT
The Weisfeiler–Leman (WL) dimension is an established measure

for the inherent descriptive complexity of graphs and relational

structures. It corresponds to the number of variables that are needed

and sufficient to define the object of interest in a counting version of

first-order logic (FO). These bounded-variable counting logics were

even candidates to capture graph isomorphism, until a celebrated

construction due to Cai, Fürer, and Immerman [Combinatorica

1992] showed that Ω(𝑛) variables are required to distinguish all

non-isomorphic 𝑛-vertex graphs.

Still, very little is known about the precise number of variables

required and sufficient to define every 𝑛-vertex graph. For the

bounded-variable (non-counting) FO fragments, Pikhurko, Veith,

and Verbitsky [Discret. Appl. Math. 2006] provided an upper bound

of
𝑛+3

2
and showed that it is essentially tight. Our main result yields

that, in the presence of counting quantifiers,
𝑛
4
+ 𝑜 (𝑛) variables

suffice. This shows that counting does allow us to save variables

when defining graphs. As an application of our techniques, we also

show new bounds in terms of the vertex cover number of the graph.

To obtain the results, we introduce a new concept called the

WL depth of a graph. We use it to analyze branching trees within

the Individualization/Refinement (I/R) paradigm from the domain

of isomorphism algorithms. We extend the recursive procedure

from the I/R paradigm by the possibility of splitting the graphs

into independent parts. Then we bound the depth of the obtained

branching trees, which translates into bounds on theWL dimension

and thereby on the number of variables that suffice to define the

graphs.
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1 INTRODUCTION
TheWeisfeiler–Leman (WL) algorithm is a combinatorial algorithm

that iteratively collects and aggregates local information of struc-

tures and encodes them in colors assigned to parts of the structures.

The original algorithm introduced by Weisfeiler and Leman [32] is

the 2-dimensional version, which colors pairs of vertices. Its gen-

eralization to arbitrary dimension 𝑘 ≥ 1 is the 𝑘-dimensional WL

algorithm (𝑘-WL), which was independently introduced by Babai

and Mathon (see [4] for a historic note) as well as by Immerman

and Lander [14].

The most prominent application of the WL algorithm lies in the

context of graph comparison, since the computed information can

be used to discover structural differences in the graphs. Indeed,

the algorithm is commonly used as a subroutine in isomorphism

algorithms both in practice (see, e.g., [15, 16, 21, 22]) and theory

(see, e.g., [1, 2, 5, 24, 26]), including Babai’s quasipolynomial-time

isomorphism test [4], which falls back on 𝑘-WL for dimension

𝑘 = 𝑂 (log𝑛).
Besides that, the WL algorithm has connections to numerous

other areas in (theoretical) computer science (see the survey articles

[17, 23]). Among the most prominent links is the one to counting

logics. It is known that 𝑘-WL distinguishes two graphs if and only

if the graphs can be distinguished via a sentence in first-order logic

with counting quantifiers and 𝑘 + 1 variables, i.e., in the logic C𝑘+1

[7, 14]. Via this connection, the algorithm and the study of its ex-

pressive power have become a major tool to analyze the inherent

descriptive complexity of relational structures. More precisely, the

WL dimension of a graph 𝐺 is the minimum dimension of the al-

gorithm that suffices to distinguish 𝐺 from every non-isomorphic

graph and it directly corresponds to the minimum number of vari-

ables that suffice to define the graph in the counting logic C.
For some time, there was hope that there would be a universal

bound on theWL dimension for all graphs, whichwould have placed

the graph isomorphism problem in the complexity class P. However,

a celebrated construction due to Cai, Fürer, and Immerman [7]

shows that Ω(𝑛) variables are needed to define every graph on 𝑛

vertices, i.e., the WL dimension of 𝑛-vertex graphs is in Ω(𝑛). On
the other hand, many restricted classes of graphs have finite WL

dimension, for example, every graph class that excludes a fixed

graph as a minor [11].
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In recent years, there has been a series of results aiming to pro-

vide more precise bounds on the WL dimension of certain graph

classes. For example, it was shown in [20] that the WL dimension of

planar graphs is at most 3. Further examples include upper bounds

on the WL dimension that are linear (with small and explicit con-

stant factors) in the tree-width [18], rank-width [13] or genus [12]

of graphs.

Surprisingly, there has only been little progress towards deter-

mining the WL dimension only with respect to the number of

vertices of a graph, which is arguably the simplest and most natural

graph parameter. In terms of logics, this poses the following ques-

tion. How many variables are needed and sufficient to define graphs
on 𝑛 vertices in C? Pikhurko, Veith, and Verbitsky [28] proved that

for every two non-isomorphic 𝑛-vertex graphs𝐺 and 𝐻 , there is an

FO-formula with at most
𝑛+3

2
variables that distinguishes 𝐺 and 𝐻 .

For the logic FO (without counting quantifiers), in the worst case,

this bound is optimal up to an additive term of one, i.e., there are

non-isomorphic 𝑛-vertex graphs which can only be distinguished

in FO with at least
𝑛+1

2
variables. Since every FO-formula is also a

C-formula, the upper bound also holds for C, i.e., every 𝑛-vertex
graph𝐺 can be defined in C with at most

𝑛+3

2
variables.

1
However,

as opposed to the FO setting, it has remained open whether this

bound is tight in the presence of counting quantifiers or whether

they actually decrease the number of distinct variables that are

needed.

Taking a closer look at the Cai-Fürer-Immerman (CFI) construc-

tion, [28] also shows that at least 0.00465𝑛 variables are required

to define every 𝑛-vertex graph 𝐺 in C. Using today’s refined un-

derstanding of the CFI construction (see, e.g., [8, 25, 29]) and more

recent results on expander graphs [10], we can obtain an improved

lower bound of ( 1

96
− 𝑜 (1))𝑛 on the WL dimension of all 𝑛-vertex

graphs. Still, there is a considerable gap between this lower and the

upper bound.

This work. Our main contribution is the following upper bound

on the WL dimension of the class of all 𝑛-vertex graphs, which

improves on the result obtained by Pikhurko, Veith, and Verbitsky

[28].

Theorem 1.1. The WL dimension of every 𝑛-vertex graph is at
most 𝑛

4
+ 𝑜 (𝑛).

Via the characterization of the WL algorithm in terms of first-

order logic with counting quantifiers, we immediately obtain the

following.

Corollary 1.2. Every 𝑛-vertex graph𝐺 can be defined in C𝑘 , i.e.,
in the 𝑘-variable fragment of first-order logic enriched with counting
quantifiers, where 𝑘 ∈ 𝑛

4
+ 𝑜 (𝑛).

In particular, considering the worst-case optimality of the bound

from [28] for FOwithout counting, our result shows that the ability

to count does allow us to save variables when defining graphs.

Our techniques also allow us to obtain an improved bound on

the WL dimension in terms of the vertex cover number. For a graph

1
Note that, while we can well speak about definability of a graph in C, i.e., it being
distinguished from every second graph, we need to restrict ourselves to the comparison

of graphs with equal numbers of vertices in the bounded-variable fragments of FO,

since we cannot determine the number 𝑛 of vertices without using 𝑛 + 1 variables or

counting.

𝐺 , a set 𝑆 ⊆ 𝑉 (𝐺) is a vertex cover of 𝐺 if 𝑒 ∩ 𝑆 ≠ ∅ for all edges

𝑒 ∈ 𝐸 (𝐺), and the vertex cover number of 𝐺 is the minimal size of a

vertex cover. It is easy to see (and also follows from [18, Theorem

6.4]) that the WL dimension of a graph is at most its vertex cover

number. We obtain the following stronger bound.

Theorem 1.3. The WL dimension of every graph with vertex cover
number 𝑟 is at most 2

3
𝑟 + 3.

By constructing a vertex cover of small size for the CFI graphs,

we also obtain a lower bound of ( 1

72
− 𝑜 (1))𝑟 on the WL dimension

of graphs with vertex cover number 𝑟 .

The starting point for our analysis is the following observation.

Suppose that for a graph 𝐺 , there are vertices 𝑣1, . . . , 𝑣𝑠 such that,

after individualizing these vertices (i.e., assigning a unique color

to each of them) and performing 1-WL (also known as the Color
Refinement algorithm), we obtain a discrete coloring, i.e., one where

all vertices receive different colors. Then it is well known that the

WL dimension of𝐺 is at most 𝑠 + 1. This idea builds the foundation

of the Individualization/Refinement (I/R) paradigm, which is most

prominently used in practical graph isomorphism tools, see, e.g.,

[15, 16, 21, 22], but it has also been used in theoretical work, such

as [2, 3, 5, 20, 31].

Unfortunately, the method does not suffice to obtain good up-

per bounds on the WL dimension of 𝑛-vertex graphs, since the

number of vertices that need to be individualized might be high.

Indeed, for the complete graph 𝐾𝑛 on 𝑛 vertices, it is easy to see

that 𝑛 − 1 vertices need to be individualized so that applying 1-WL

results in a discrete coloring. To overcome this issue, we adopt a

strategy inspired by practical isomorphism solvers [16], which is

to allow for simple modifications to the graph without changing

the problem at hand, as well as treating components of a graph

independently. For example, the WL dimension of a graph 𝐺 is

equal to the WL dimension of 𝐺 with complemented edge set. For

𝐾𝑛 , complementing the edge set yields isolated vertices. Now, using

that the WL dimension of a graph 𝐺 is at most max{2, 𝑘}, where 𝑘
is the maximum dimension of its connected components, we obtain

that the WL dimension of a complete graph is at most 2.

It turns out that a combination of these ideas is already very

powerful and suffices for us to show Theorems 1.1 and 1.3. We

concretize the approach in a new concept, which we call the WL
depth of a graph. To obtain our results, we first show that if𝐺 has 𝑘-

WL depth at most ℓ , then its WL dimension is at most max{2, 𝑘} + ℓ .
We then prove that the 1-WL depth of a graph is at most

2

3
𝑟+1, where

𝑟 is the vertex cover number of the graph. This implies Theorem 1.3.

Afterwards, we show that the 2-WL depth of any 𝑛-vertex graph is

at most
𝑛
4
+ 𝑜 (𝑛), resulting in Theorem 1.1. This part is our main

technical contribution and may be of independent interest since

it also provides bounds on the possible depth of branching trees

considered by practical isomorphism tests [16].

Outline. After covering the necessary preliminaries in the next

section, we introduce the WL depth of a graph in Section 3 and

prove various basic properties for it. This notion is the key concept

underlying our main results. After that, we prove Theorem 1.3 in

Section 4 and Theorem 1.1 in Section 5. Finally, we give the lower

bounds on the WL dimension in Section 6. All omitted proofs can

be found in the full version [19].
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2 PRELIMINARIES
2.1 Graphs and Colorings
An (undirected) graph is a pair 𝐺 = (𝑉 (𝐺), 𝐸 (𝐺)) of a finite, non-
empty vertex set 𝑉 (𝐺) and an edge set 𝐸 (𝐺) ⊆

{
{𝑢, 𝑣}

��𝑢, 𝑣 ∈
𝑉 (𝐺), 𝑢 ≠ 𝑣

}
. For 𝑣,𝑤 ∈ 𝑉 (𝐺), we also write 𝑣𝑤 as a shorthand for

{𝑣,𝑤}. The neighborhood of 𝑣 in𝐺 is𝑁𝐺 (𝑣) B {𝑤 | {𝑣,𝑤} ∈ 𝐸 (𝐺)}
and the degree of 𝑣 in 𝐺 is deg𝐺 (𝑣) B |𝑁𝐺 (𝑣) |. The closed neigh-
borhood of 𝑣 in𝐺 is 𝑁𝐺 [𝑣] B 𝑁𝐺 (𝑣) ∪ {𝑣}. For𝑊 ⊆ 𝑉 (𝐺), we also
define 𝑁𝐺 (𝑊 ) B (⋃𝑣∈𝑊 𝑁 (𝑣)) \𝑊 . If the graph is clear from the

context, we usually omit the subscript.

A set 𝑆 ⊆ 𝑉 (𝐺) is a vertex cover of𝐺 if 𝑆 ∩𝑒 ≠ ∅ for all 𝑒 ∈ 𝐸 (𝐺).
The vertex cover number of𝐺 is the smallest integer 𝑟 ≥ 0 such that

𝐺 has a vertex cover of size 𝑟 .

For a graph𝐺 and𝑈 ,𝑊 ⊆ 𝑉 (𝐺), we define 𝐸𝐺 (𝑈 ,𝑊 ) B {𝑢𝑤 ∈
𝐸 (𝐺) | 𝑢 ∈ 𝑈 ,𝑤 ∈ 𝑊 }. We also denote by 𝐺 [𝑊 ] the induced
subgraph of𝐺 on the vertex set𝑊 , and define𝐺−𝑊 B 𝐺 [𝑉 (𝐺)\𝑊 ].
For disjoint subsets 𝑈 ,𝑊 ⊆ 𝑉 (𝐺), we define the bipartite graph
𝐺 [𝑈 ,𝑊 ] with vertex set𝑈 ∪𝑊 and edge set 𝐸𝐺 (𝑈 ,𝑊 ). A bipartite

graph 𝐺 with bipartition (𝑉1,𝑉2) is called biregular if deg(𝑢1) =

deg(𝑣1) for all 𝑢1, 𝑣1 ∈ 𝑉1, and deg(𝑢2) = deg(𝑣2) for all 𝑢2, 𝑣2 ∈ 𝑉2.

A (vertex-)colored graph is a tuple (𝐺, 𝜒) where 𝐺 is a graph and

𝜒 : 𝑉 (𝐺) → 𝐶 is a (vertex) coloring, a mapping from𝑉 (𝐺) into some

set𝐶 of colors. We write im(𝜒) B {𝜒 (𝑣) | 𝑣 ∈ 𝑉 (𝐺)} to denote the
image of 𝜒 . We generally assume that all graphs are colored even if

not explicitly stated. Typically, the color set 𝐶 is chosen to be an

initial segment [𝑛] B {1, . . . , 𝑛} of the natural numbers. We say

a coloring 𝜒 is discrete if it is injective, i.e., all color classes have
size 1.

Let 𝜒 : 𝑈 → 𝐶 be a coloring of the elements of some universe

𝑈 . For a tuple 𝑢 = (𝑢1, . . . , 𝑢ℓ ) ∈ 𝑈 ℓ
, we define 𝜒 [𝑢] to be the

coloring obtained from 𝜒 by individualizing all elements 𝑢1, . . . , 𝑢ℓ ,

i.e., (𝜒 [𝑢]) (𝑢𝑖 ) = (1,min{ 𝑗 ∈ [ℓ] | 𝑢𝑖 = 𝑢 𝑗 }) for all 𝑖 ∈ [ℓ], and
(𝜒 [𝑢]) (𝑣) = (0, 𝜒 (𝑣)) for all 𝑣 ∈ 𝑈 \{𝑢1, . . . , 𝑢ℓ }. For𝑢1, . . . , 𝑢ℓ ∈ 𝑈 ,

we also write 𝜒 [𝑢1, . . . , 𝑢ℓ ] for 𝜒 [(𝑢1, . . . , 𝑢ℓ )]. Moreover, slightly

abusing notation, for a set 𝑆 = {𝑢1, . . . , 𝑢ℓ } ⊆ 𝑈 , we write 𝜒 [𝑆]
instead of 𝜒 [𝑢1, . . . , 𝑢ℓ ] if the order of the elements is irrelevant to

us.

An isomorphism from 𝐺 to a graph 𝐻 is a bijection 𝜑 : 𝑉 (𝐺) →
𝑉 (𝐻 ) such that for all 𝑣,𝑤 ∈ 𝑉 (𝐺), it holds that {𝑣,𝑤} ∈ 𝐸 (𝐺) if
and only if {𝜑 (𝑣), 𝜑 (𝑤)} ∈ 𝐸 (𝐻 ). The graphs 𝐺 and 𝐻 are isomor-
phic (𝐺 � 𝐻 ) if there is an isomorphism from 𝐺 to 𝐻 . We write

𝜑 : 𝐺 � 𝐻 to denote that 𝜑 is an isomorphism from𝐺 to 𝐻 . Isomor-

phisms between colored graphs have to respect the colors of the

vertices.

2.2 Logics
We give a brief introduction to the logics and notation we use here.

For more background, we refer the reader to [11, 27]. We write

FO to denote standard first-order logic. For a formula 𝜑 , we write

𝜑 (𝑥1, . . . , 𝑥𝑘 ) to indicate that the free variables of 𝜑 are among

the variables {𝑥1, . . . , 𝑥𝑘 }. A sentence is a formula without free

variables.

We define first-order logic with counting quantifiers C to be the

extension of FO by counting quantifiers of the form ∃≥ 𝑗𝑥𝜑 . The

formula ∃≥ 𝑗𝑥𝜑 is satisfied over a graph 𝐺 if there are at least 𝑗

distinct elements 𝑣 ∈ 𝑉 (𝐺) that satisfy 𝜑 . For 𝑘 ≥ 1, we define C𝑘

to be the restriction of C to formulas with at most 𝑘 variables, i.e.,

we restrict ourselves to a set of variables of size 𝑘 .

Let 𝐺 and 𝐻 be two graphs and let L be a logic. We say that a

sentence 𝜑 ∈ L distinguishes 𝐺 and 𝐻 if exactly one of𝐺 and 𝐻 is a

model of 𝜑 .

2.3 The Weisfeiler–Leman Algorithm
Let 𝜒1, 𝜒2 : (𝑉 (𝐺))𝑘 → 𝐶 be colorings of the 𝑘-tuples of vertices of

a graph𝐺 . We say 𝜒1 refines 𝜒2, denoted 𝜒1 ⪯ 𝜒2, if 𝜒1 (𝑣) = 𝜒1 (𝑤̄)
implies 𝜒2 (𝑣) = 𝜒2 (𝑤̄) for all 𝑣, 𝑤̄ ∈ (𝑉 (𝐺))𝑘 . The colorings 𝜒1

and 𝜒2 are equivalent, denoted 𝜒1 ≡ 𝜒2, if 𝜒1 ⪯ 𝜒2 and 𝜒2 ⪯ 𝜒1.

The coloring 𝜒1 strictly refines 𝜒2, denoted 𝜒1 ≺ 𝜒2, if 𝜒1 ⪯ 𝜒2 and

𝜒1 . 𝜒2.

We describe the 𝑘-dimensional Weisfeiler–Leman algorithm (𝑘-

WL) for 𝑘 ≥ 1. Let (𝐺, 𝜒) be a colored graph. We define the initial

coloring WL𝑘
0
[𝐺, 𝜒] : (𝑉 (𝐺))𝑘 → 𝐶 as the coloring where each

tuple is colored with the isomorphism type of its underlying or-

dered subgraph. More precisely, for two colored graphs (𝐺, 𝜒) and
(𝐺, 𝜒 ′), and vertices 𝑣1, . . . , 𝑣𝑘 ∈ 𝑉 (𝐺) and 𝑣 ′

1
, . . . , 𝑣 ′

𝑘
∈ 𝑉 (𝐺 ′) we

have WL𝑘
0
[𝐺, 𝜒] (𝑣1, . . . , 𝑣𝑘 ) = WL𝑘

0
[𝐺 ′, 𝜒 ′] (𝑣 ′

1
, . . . , 𝑣 ′

𝑘
) if and only

if there is an isomorphism between the induced colored graphs

𝐺 [{𝑣1, . . . , 𝑣𝑘 }] and𝐺 ′ [{𝑣 ′
1
, . . . , 𝑣 ′

𝑘
}] mapping 𝑣𝑖 to 𝑣

′
𝑖
for all 𝑖 ∈ [𝑘].

We then recursively define the coloringWL𝑘
𝑖
[𝐺, 𝜒] obtained after

𝑖 rounds of the algorithm. Suppose 𝑘 ≥ 2. For 𝑣 = (𝑣1, . . . , 𝑣𝑘 ) ∈
(𝑉 (𝐺))𝑘 , set WL𝑘

𝑖+1
[𝐺, 𝜒] (𝑣) B

(
WL𝑘

𝑖
[𝐺, 𝜒] (𝑣),M𝑖 (𝑣)

)
, where

M𝑖 (𝑣)B
{{(
WL𝑘𝑖 [𝐺,𝜒] (𝑣 [𝑤/1]), ...,WL𝑘𝑖 [𝐺,𝜒] (𝑣 [𝑤/𝑘])

) ���𝑤 ∈𝑉 (𝐺)
}}

and 𝑣 [𝑤/𝑖] B (𝑣1, . . . , 𝑣𝑖−1,𝑤, 𝑣𝑖+1, . . . , 𝑣𝑘 ) is the tuple obtained

from substituting the 𝑖-th entry of 𝑣 with𝑤 .

For 𝑘 = 1, the definition is analogous, but we set

M𝑖 (𝑣) B
{{
WL1

𝑖 [𝐺, 𝜒] (𝑤)
��� 𝑤 ∈ 𝑁𝐺 (𝑣)

}}
.

By definition, WL𝑘
𝑖+1

[𝐺, 𝜒] ⪯ WL𝑘
𝑖
[𝐺, 𝜒] holds for all 𝑖 ≥ 0. So

there is a minimal 𝑖∞ ≥ 0 such that WL𝑘
𝑖∞
[𝐺, 𝜒] ≡ WL𝑘

𝑖∞+1
[𝐺, 𝜒],

and we set WL𝑘[𝐺, 𝜒] B WL𝑘
𝑖∞+1

[𝐺, 𝜒].
To simplify notation, for ℓ < 𝑘 and vertices 𝑣1, . . . , 𝑣ℓ ∈ 𝑉 (𝐺),

we writeWL𝑘[𝐺, 𝜒] (𝑣1, . . . , 𝑣ℓ ) forWL𝑘[𝐺, 𝜒] (𝑣1, . . . , 𝑣ℓ , 𝑣ℓ , . . . , 𝑣ℓ ),
where the latter tuple has 𝑘 entries.

Also, we say a vertex coloring 𝜆 : 𝑉 (𝐺) → 𝐶 is stable with respect
to 𝑘-WL if it is not refined by 𝑘-WL. Formally, this means that 𝜆 ≡ 𝜆′
where 𝜆′ : 𝑉 (𝐺) → 𝐶 is defined via 𝜆′ (𝑣) B WL𝑘[𝐺, 𝜆] (𝑣) for all
𝑣 ∈ 𝑉 (𝐺).

The algorithm 𝑘-WL takes a vertex-colored graph (𝐺, 𝜒) as input
and returns WL𝑘[𝐺, 𝜒]. Given vertex-colored graphs (𝐺, 𝜒) and
(𝐻, 𝜆), the algorithm distinguishes (𝐺, 𝜒) and (𝐻, 𝜆) if{{
WL𝑘[𝐺, 𝜒] (𝑣)

��� 𝑣 ∈ (𝑉 (𝐺))𝑘
}}
≠

{{
WL𝑘[𝐻, 𝜆] (𝑤̄)

��� 𝑤̄ ∈ (𝑉 (𝐻 ))𝑘
}}
.

We write (𝐺, 𝜒) ≃𝑘 (𝐻, 𝜆) if 𝑘-WL does not distinguish (𝐺, 𝜒) and
(𝐻, 𝜆). Also, 𝑘-WL identifies (𝐺, 𝜒) if it distinguishes (𝐺, 𝜒) from
every other non-isomorphic vertex-colored graph. From the defini-

tion, it follows that all graphs that are distinguished (and identified,

respectively) by 𝑘-WL are also distinguished (and identified, respec-

tively) by (𝑘 + 1)-WL. The WL dimension of a graph (𝐺, 𝜒) is the
minimal integer 𝑘 ≥ 1 such that 𝑘-WL identifies (𝐺, 𝜒).
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The following theorem connects the WL algorithm to first-order

logic with counting quantifiers.

Theorem 2.1 ([7, 14]). Let 𝑘 ≥ 1 and let𝐺 ,𝐻 be two graphs. Then
𝐺 ≃𝑘 𝐻 if and only if there is no sentence in C𝑘 that distinguishes 𝐺
and 𝐻 .

We also require the following lemma.

Lemma 2.2. Let 𝑘 ∈ N, let (𝐺, 𝜒) be a vertex-colored graph, and
let 𝑢 ∈ 𝑉 (𝐺). Suppose 𝑘-WL identifies the graph (𝐺, 𝜒 [𝑢]). Then
(𝑘 + 1)-WL identifies (𝐺, 𝜒).

Proof. Suppose there is a vertex-colored graph (𝐺 ′, 𝜒 ′) with a

vertex 𝑢′ ∈ 𝑉 (𝐺 ′) such thatWL𝑘+1[𝐺 ′, 𝜒 ′] (𝑢′) = WL𝑘+1[𝐺, 𝜒] (𝑢).
Hence, we have that

{{WL𝑘+1[𝐺, 𝜒] (𝑢,𝑤1, . . . ,𝑤𝑘 ) | (𝑤1, . . . ,𝑤𝑘 ) ∈ 𝑉𝑘 (𝐺)}}

= {{WL𝑘+1[𝐺 ′, 𝜒 ′] (𝑢′,𝑤 ′
1
, . . . ,𝑤 ′

𝑘
) | (𝑤 ′

1
, . . . ,𝑤 ′

𝑘
) ∈ 𝑉𝑘 (𝐺 ′)}}.

Thus, the graphs (𝐺, 𝜒 [𝑢]) and (𝐺 ′, 𝜒 ′ [𝑢′]) obtain equal color-

ings under 𝑘-WL. By assumption, this implies that (𝐺, 𝜒 [𝑢]) and
(𝐺 ′, 𝜒 ′ [𝑢′]) are isomorphic, which is equivalent to the existence

of an isomorphism from (𝐺, 𝜒) to (𝐺 ′, 𝜒 ′) mapping 𝑢 to 𝑢′. □

3 THEWEISFEILER–LEMAN DEPTH
In this section, we introduce the 𝑘-WL depth of a colored graph

(𝐺, 𝜒), which is the key notion underlying our analysis. Let 𝑘 ≥ 1.

Intuitively speaking, the 𝑘-WL depth is the minimum number of

vertices that need to be individualized in order to obtain a discrete

coloring after performing 𝑘-WL, except that we allow for some

simple additional operations that do not affect the WL dimension.

The first such operation is the possibility to split a graph into

connected components. Indeed, it is known that if 𝑘 ≥ 2 and 𝑘-WL

identifies every connected component of a graph, then 𝑘-WL also

identifies 𝐺 . So we may always restrict ourselves to the analysis

of connected graphs when we are interested in bounding the WL

dimension. In itself, this operation is of limited use, since it can

only be applied at most once. For this reason, we also consider

operations that allow us to decrease the number of edges (hoping

to make the graph disconnected again).

The most basic operation is to complement the entire edge set of

𝐺 , which is already sufficient to handle complete graphs. However,

in a vertex-colored graph, we can also complement edges between

two color classes without changing the WL dimension. More gen-

erally, we can choose any number of pairs of vertex colors and

complement edges exactly between the chosen pairs. To formalize

this idea, we introduce the notion of a flip function.

Let (𝐺, 𝜒) be a vertex-colored graph and let 𝐶 B im(𝜒). A
flip function for (𝐺, 𝜒) is a function 𝑓 : 𝐶 × 𝐶 → {0, 1} such that

𝑓 (𝑐1, 𝑐2) = 𝑓 (𝑐2, 𝑐1) for all 𝑐1, 𝑐2 ∈ 𝐶 .
Let 𝑓 be a flip function for (𝐺, 𝜒). We define the 𝑓 -flip of (𝐺, 𝜒)

to be the graph flip𝑓 (𝐺, 𝜒) B (𝐺 ′, 𝜒) where 𝑉 (𝐺 ′) = 𝑉 (𝐺) and

𝐸 (𝐺 ′) B {𝑣𝑤 ∈ 𝐸 (𝐺) | 𝑓 (𝜒 (𝑣), 𝜒 (𝑤)) = 0}
∪ {𝑣𝑤 ∉ 𝐸 (𝐺) | 𝑣 ≠ 𝑤, 𝑓 (𝜒 (𝑣), 𝜒 (𝑤)) = 1}.

Intuitively speaking, the 𝑓 -flip of (𝐺, 𝜒) is obtained from (𝐺, 𝜒) by
complementing the edges between all color classes associated with

𝑐1, 𝑐2 ∈ 𝐶 for which 𝑓 (𝑐1, 𝑐2) = 1.

We will mostly use one particular flip function 𝑓 , which aims at

minimizing the number of edges in the 𝑓 -flip. We define 𝑓 ∗
𝐺,𝜒

: 𝐶 ×
𝐶 → {0, 1} via 𝑓 ∗

𝐺,𝜒
(𝑐1, 𝑐2) = 1 if and only if��𝐸𝐺 (𝜒−1(𝑐1), 𝜒−1(𝑐2))
�� > 1

2

����{𝑣𝑤 ∈
(
𝑉 (𝐺)

2

) ��� 𝜒 (𝑣) = 𝑐1, 𝜒 (𝑤) = 𝑐2

}���� .
We define the flip of (𝐺, 𝜒) as flip

* (𝐺, 𝜒) B flip𝑓 ∗
𝐺,𝜒

(𝐺, 𝜒). We say

that (𝐺, 𝜒) is flipped if (𝐺, 𝜒) = flip
* (𝐺, 𝜒). Observe that flipping is

idempotent, i.e., the flip of (𝐺, 𝜒) is flipped.
With these definitions at hand, we are now ready to formally

define the 𝑘-WL depth. As already indicated above, the concept

aims at describing the minimum number of vertices that need to

be individualized in order to obtain a discrete coloring after per-

forming 𝑘-WL, but we additionally allow splitting the graph into its

connected components (which are then treated independently) and

transitioning to the 𝑓 -flip for any flip function 𝑓 . More precisely,

we wish to arrive at a graph with a discrete coloring by applying

the operations (A) refine the coloring using 𝑘-WL, (B) move to the

𝑓 -flip for any flip function 𝑓 , (C) split the graph into connected

components and treat them independently, and (D) individualize

some vertex. In doing so, we aim to minimize the number of vertex

individualizations. This is formalized in the next definition.

Definition 3.1. Let 𝑘 ≥ 1. A 𝑘-IRC tree of (𝐺, 𝜒) is a triple (𝑇, 𝑟,𝛾)
where 𝑇 is a tree with root 𝑟 ∈ 𝑉 (𝑇 ), and 𝛾 maps each 𝑡 ∈ 𝑉 (𝑇 ) to
a vertex-colored graph 𝛾 (𝑡) = (𝐺𝑡 , 𝜒𝑡 ) such that 𝛾 (𝑟 ) = (𝐺, 𝜒), and
for each leaf 𝑡 of𝑇 , it holds that |𝑉 (𝐺𝑡 ) | = 1, and additionally, each

internal node 𝑡 of 𝑇 satisfies (at least) one of the following:

(A) 𝑡 has exactly one child 𝑠 and𝐺𝑠 = 𝐺𝑡 (uncolored) and 𝜒𝑠 (𝑣) =
WL𝑘[𝐺, 𝜒𝑡 ] (𝑣) for all 𝑣 ∈ 𝑉 (𝐺𝑡 ),

(B) 𝑡 has exactly one child 𝑠 and (𝐺𝑠 , 𝜒𝑠 ) = flip𝑓 (𝐺𝑡 , 𝜒𝑡 ) for
some flip function 𝑓 of (𝐺𝑡 , 𝜒𝑡 ),

(C) 𝐺𝑡 has exactly ℓ connected components with vertex sets

𝐴1, . . . , 𝐴ℓ , and 𝑡 has exactly ℓ children 𝑠1, . . . , 𝑠ℓ and it holds

that (𝐺𝑠𝑖 , 𝜒𝑠𝑖 ) = (𝐺𝑡 [𝐴𝑖 ], 𝜒𝑡 |𝐴𝑖
) for all 𝑖 ∈ [ℓ], or

(D) 𝑡 has exactly one child 𝑠 and 𝐺𝑠 = 𝐺𝑡 and 𝜒𝑠 = 𝜒𝑡 [𝑢] for
some 𝑢 ∈ 𝑉 (𝐺𝑡 ).

There may be situations where an internal node 𝑡 satisfies more

than one of the above conditions. We say the node 𝑡 is an individ-
ualization node if it satisfies Condition (D) and none of the other

conditions. We define the individualization depth of (𝑇, 𝑟,𝛾) to be

the maximum number of individualization nodes on any root-to-

leaf path in (𝑇, 𝑟 ). The 𝑘-WL depth of (𝐺, 𝜒) is the minimum indi-

vidualization depth of a 𝑘-IRC tree of (𝐺, 𝜒) and we denote it by

depth
𝑘
WL (𝐺, 𝜒).

We start by determining the WL depth of some simple examples.

Example 3.2. A 1-IRC tree of the 6-cycle 𝐶6 (where every vertex

receives the same color) is shown in Figure 1. The 1-IRC tree has

individualization depth 1, and hence depth
1

WL (𝐶6) ≤ 1. Actually, it

is not difficult to see that depth
1

WL (𝐶6) = 1.

Example 3.3. Every vertex-colored complete graph (𝐾𝑛, 𝜒) has
𝑘-WL depth 0 for all 𝑘 ≥ 1. Indeed, the graph flip

* (𝐾𝑛, 𝜒) has no
edges. So after splitting flip

* (𝐾𝑛, 𝜒) into its connected components,

we obtain that each one of them has only one vertex and thus

satisfies the condition to be a leaf.
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Figure 1: The figure shows a 1-IRC tree of 𝑪6. Every gray region corresponds to one node 𝒕 of the tree with the colored graph
𝜸 (𝒕) drawn inside. The root node is the only individualization node. Hence, the individualization depth of the 1-IRC tree is
equal to 1.

Example 3.4. Let (𝐺, 𝜒) be a graph such that 𝜒 is a discrete

coloring. Then flip
* (𝐺, 𝜒) has no edges, so the graph can be split into

connected components of size 1. This implies that depth
𝑘
WL (𝐺, 𝜒) =

0 for all 𝑘 ≥ 1.

More generally, if applying 1-WL to a colored graph (𝐺, 𝜒) results
in a discrete coloring, then depth

𝑘
WL (𝐺, 𝜒) = 0 for all 𝑘 ≥ 1. In

particular, depth
1

WL (𝐺, 𝜒) = 0 for almost all graphs (𝐺, 𝜒), see [6].

The following lemma will turn out to be helpful when proving

upper bounds on the WL depth.

Lemma 3.5. Let (𝐺, 𝜒) be a colored graph and let 𝑘 ∈ N. Then
(1) depth

𝑘
WL (𝐺, 𝜒) ≤ depth

𝑘
WL (𝐺, 𝜒

′) for the coloring 𝜒 ′ with
𝜒 ′ (𝑣) = WL𝑘[𝐺, 𝜒] (𝑣) for all 𝑣 ∈ 𝑉 (𝐺);

(2) depth
𝑘
WL (𝐺, 𝜒) ≤ depth

𝑘
WL (flip𝑓 (𝐺, 𝜒)) for every flip func-

tion 𝑓 of (𝐺, 𝜒);
(3) depth

𝑘
WL (𝐺, 𝜒) ≤ max𝑖∈[ℓ ] depth

𝑘
WL (𝐺 [𝐴𝑖 ], 𝜒 |𝐴𝑖

), where we
denote 𝐴1, . . . , 𝐴ℓ the vertex sets of the connected components
of 𝐺 ; and

(4) depth
𝑘
WL (𝐺, 𝜒) ≤ 1 + depth

𝑘
WL (𝐺, 𝜒 [𝑢]) for every 𝑢 ∈ 𝑉 (𝐺).

To show the inequalities, one can build a 𝑘-IRC tree for (𝐺, 𝜒) by
using 𝑘-IRC trees for the graphs on the right-hand side as building

blocks.

To demonstrate the potential of the concept of the WL depth,

we show that forests have 𝑘-WL depth 0 for every 𝑘 ∈ N.

Lemma 3.6. Let 𝐹 be a forest and 𝜒 be a vertex coloring of 𝐹 . Then
depth

𝑘
WL (𝐹, 𝜒) = 0 for all 𝑘 ≥ 1.

Proof. We show the statement by induction on the number of

vertices of 𝐹 . If |𝑉 (𝐹 ) | = 1, then depth
𝑘
WL (𝐹, 𝜒) = 0 immediately

follows.

So suppose |𝑉 (𝐹 ) | > 1. If 𝐹 is not connected, we split 𝐹 into

its connected components 𝐹1, . . . , 𝐹ℓ . By the induction hypothesis,

depth
𝑘
WL (𝐹𝑖 , 𝜒 |𝑉 (𝐹𝑖 ) ) = 0, so for every 𝑖 ∈ [ℓ] there is a 𝑘-IRC

tree (𝑇𝑖 , 𝑟𝑖 , 𝛾𝑖 ) of the graph (𝐹𝑖 , 𝜒 |𝑉 (𝐹𝑖 ) ) of individualization depth

0. Without loss of generality, assume that 𝑉 (𝑇𝑖 ) ∩𝑉 (𝑇𝑗 ) = ∅ and

𝑟 ∉ 𝑉 (𝑇𝑖 ) for all distinct 𝑖, 𝑗 ∈ [ℓ]. We build a 1-IRC tree (𝑇, 𝑟,𝛾) of
(𝐹, 𝜒) with

𝑉 (𝑇 ) B {𝑟 } ∪
⋃
𝑖∈[ℓ ]

𝑉 (𝑇𝑖 )

and

𝐸 (𝑇 ) B {(𝑟, 𝑟𝑖 ) | 𝑖 ∈ [ℓ]} ∪
⋃
𝑖∈[ℓ ]

𝐸 (𝑇𝑖 )

Also, we set 𝛾 (𝑟 ) B (𝐹, 𝜒) and 𝛾 (𝑡) B 𝛾𝑖 (𝑡) for all 𝑖 ∈ [ℓ] and
𝑡 ∈ 𝑉 (𝑇𝑖 ). Then it is easy to see that (𝑇, 𝑟,𝛾) contains no individu-

alization nodes and hence, it has individualization depth 0.

So suppose 𝐹 is connected. Let 𝜒∗ (𝑣) B WL𝑘[𝐹, 𝜒] (𝑣) for all
𝑣 ∈ 𝑉 (𝐹 ). We now claim that flip

* (𝐹, 𝜒∗) is a disconnected forest.

First note that this allows us to build a 𝑘-IRC tree (𝑇, 𝑟,𝛾) as follows.
The root node 𝑟 has exactly one child 𝑡1 and we set 𝛾 (𝑡1) B (𝐹, 𝜒∗).
Then, 𝑡1 has exactly one child 𝑡2 and we set 𝛾 (𝑡2) B flip

* (𝐹, 𝜒∗).
After that, since flip

* (𝐹, 𝜒∗) is a disconnected forest, we can proceed
as before to obtain a 𝑘-IRC tree of individualization depth 0.

The following proves that flip
* (𝐹, 𝜒) is a disconnected forest.

Claim 3.7. flip
* (𝐹, 𝜒) is a disconnected forest.

Proof. Note that it suffices to show that 𝐸 (flip
* (𝐹, 𝜒∗)) ⊊ 𝐸 (𝐹 ).

Consider two colors 𝑐1, 𝑐2 ∈ im(𝜒∗). First suppose that 𝑐1 ≠ 𝑐2.

Since 𝜒∗ is stable with respect to 1-WL, we conclude that the set

𝐹 [(𝜒∗)−1 (𝑐1), (𝜒∗)−1 (𝑐2)] is a disjoint union of 𝑘 stars 𝐾
1,ℎ for

some 𝑘 ≥ 1 andℎ ≥ 0 (forℎ = 0 the graph𝐾
1,ℎ is an isolated vertex).

If 𝑘 = 1, then flipping removes all edges in 𝐸𝐹 (𝜒−1 (𝑐1), 𝜒−1 (𝑐2)).
Otherwise, it has no effect on the edges in 𝐸𝐹 (𝜒−1 (𝑐1), 𝜒−1 (𝑐2)).

So consider the case 𝑐1 = 𝑐2. Then, by regularity, 𝐹 [(𝜒∗)−1 (𝑐1)]
either has no edges or is a matching. If 𝐹 [(𝜒∗)−1 (𝑐1)] is isomorphic

to𝐾2, flipping removes the corresponding edge. Otherwise, flipping

has no effect on the edges contained in 𝐹 [(𝜒∗)−1 (𝑐1)].
Hence, 𝐸 (flip

* (𝐹, 𝜒∗)) ⊆ 𝐸 (𝐹 ). We now show that at least one

edge of 𝐹 is not present in flip
* (𝐹, 𝜒∗).

Consider the graph repeatedly obtained by removing all leaves

from 𝐹 until at most two vertices remain. These two vertices form

a union of color classes under 𝜒∗ since 𝜒∗ is stable with respect to

1-WL. If only one vertex remains, it forms a singleton color class

and all incident edges are removed by flipping the graph. Otherwise,

the two vertices are connected by an edge (since 𝐹 is connected),

which is removed by flipping the graph. ⌟

□

Next we prove that we can always refine colorings without

increasing the WL depth.
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Lemma 3.8. Let (𝐺, 𝜒) be a vertex-colored graph and 𝑘 ≥ 1. Also
let 𝜒 ′ : 𝑉 (𝐺) → 𝐶 be a vertex coloring such that 𝜒 ′ ⪯ 𝜒 . Then
depth

𝑘
WL (𝐺, 𝜒

′) ≤ depth
𝑘
WL (𝐺, 𝜒).

Additionally, for every 𝑘-IRC tree (𝑇, 𝑟,𝛾) of (𝐺, 𝜒) of individual-
ization depth 𝑑 , there is a 𝑘-IRC tree (𝑇 ′, 𝑟 ′, 𝛾 ′) of (𝐺, 𝜒 ′) of individ-
ualization depth at most 𝑑 such that (𝑇 ′, 𝑟 ′) = (𝑇, 𝑟 ).

Proof. We prove the second part of the lemma; this clearly

implies the first statement.

Let (𝑇, 𝑟,𝛾) be a 𝑘-IRC tree of (𝐺, 𝜒) of individualization depth

𝑑 . Also, for every 𝑡 ∈ 𝑉 (𝑇 ) let (𝐺𝑡 , 𝜒𝑡 ) B 𝛾 (𝑡).
For every 𝑡 ∈ 𝑉 (𝑇 ), we construct 𝛾 ′ (𝑡) = (𝐺𝑡 , 𝜒

′
𝑡 ) so that

(𝑇, 𝑟,𝛾 ′) is a 𝑘-IRC tree of (𝐺, 𝜒 ′) of individualization depth at

most 𝑑 . Additionally, we ensure that 𝜒 ′𝑡 ⪯ 𝜒𝑡 for every 𝑡 ∈ 𝑉 (𝑇 ).
We describe the mapping 𝛾 ′ in a top-down manner starting at

the root. We set 𝛾 ′ (𝑟 ) B (𝐺, 𝜒 ′).
Now let 𝑣 ∈ 𝑉 (𝑇 ) be an internal node such that 𝛾 ′ (𝑡) = (𝐺𝑡 , 𝜒

′
𝑡 )

has already been defined.

First suppose 𝑡 satisfies Option (A) in the 𝑘-IRC tree (𝑇, 𝑟,𝛾).
Let 𝑠 be the unique child of 𝑡 . Then 𝜒𝑠 (𝑣) = WL𝑘[𝐺, 𝜒𝑡 ] (𝑣) for
all 𝑣 ∈ 𝑉 (𝐺𝑡 ) = 𝑉 (𝐺𝑠 ). We set 𝛾 ′ (𝑠) B (𝐺𝑠 , 𝜒

′
𝑠 ) where 𝜒 ′𝑠 (𝑣) =

WL𝑘[𝐺, 𝜒 ′𝑡 ] (𝑣) for all 𝑣 ∈ 𝑉 (𝐺𝑡 ). Then 𝑡 also satisfies Option (A)

in the 𝑘-IRC tree (𝑇, 𝑟,𝛾 ′). Also, since 𝜒 ′𝑡 ⪯ 𝜒𝑡 , we conclude that

𝜒 ′𝑠 ⪯ 𝜒𝑠 by the properties of 𝑘-WL.

Next suppose 𝑡 satisfies Option (B) in the 𝑘-IRC tree (𝑇, 𝑟,𝛾).
Let 𝑠 be the unique child of 𝑡 . Then (𝐺𝑠 , 𝜒𝑠 ) = flip𝑓 (𝐺𝑡 , 𝜒𝑡 ) for
some flip function 𝑓 of (𝐺𝑡 , 𝜒𝑡 ). Let 𝐶′ B im(𝜒 ′𝑡 ). We define a

flip function 𝑓 ′ of (𝐺𝑡 , 𝜒
′
𝑡 ) as follows. Let 𝑐′1, 𝑐

′
2
∈ 𝐶′

be two col-

ors. Since 𝜒 ′𝑡 ⪯ 𝜒𝑡 , there are unique colors 𝑐1, 𝑐2 ∈ im(𝜒𝑡 ) such
that (𝜒 ′𝑡 )−1 (𝑐′

1
) ⊆ 𝜒−1

𝑡 (𝑐1) and (𝜒 ′𝑡 )−1 (𝑐′
2
) ⊆ 𝜒−1

𝑡 (𝑐2). We set

𝑓 ′ (𝑐′
1
, 𝑐′

2
) B 𝑓 (𝑐1, 𝑐2). Let (𝐺 ′

𝑠 , 𝜒
′
𝑠 ) B flip𝑓 ′ (𝐺𝑡 , 𝜒

′
𝑡 ). Then 𝐺 ′

𝑠 = 𝐺𝑠 .

We set 𝛾 ′ (𝑠) B (𝐺𝑠 , 𝜒
′
𝑠 ). Then 𝑡 satisfies Option (B) in the 𝑘-IRC

tree (𝑇, 𝑟,𝛾 ′) using the flip function 𝑓 ′. Also, 𝜒 ′𝑠 = 𝜒 ′𝑡 ⪯ 𝜒𝑡 = 𝜒𝑠 .

So suppose 𝑡 satisfies Option (C) in the 𝑘-IRC tree (𝑇, 𝑟,𝛾). Let
𝑠1, . . . , 𝑠ℓ denote the children of 𝑡 . We set 𝛾 ′ (𝑠𝑖 ) B (𝐺𝑠𝑖 , 𝜒

′
𝑡 |𝑉 (𝐺𝑠𝑖

) )
for every 𝑖 ∈ [ℓ]. Then 𝑡 satisfies Option (C) in the 𝑘-IRC tree

(𝑇, 𝑟,𝛾 ′). Also, 𝜒 ′𝑠𝑖 = 𝜒 ′𝑡 |𝑉 (𝐺𝑠𝑖
) ⪯ 𝜒𝑡 |𝑉 (𝐺𝑠𝑖

) = 𝜒𝑠𝑖 for every 𝑖 ∈ [ℓ].
Finally, suppose 𝑡 satisfies Option (D) in the 𝑘-IRC tree (𝑇, 𝑟,𝛾).

Let 𝑠 be the unique child of 𝑡 . Then (𝐺𝑠 , 𝜒𝑠 ) = (𝐺𝑡 , 𝜒𝑡 [𝑢]) for some

𝑢 ∈ 𝑉 (𝐺). We set 𝜒 ′𝑠 B 𝜒 ′𝑡 [𝑢] and𝛾 ′ (𝑠) B (𝐺𝑠 , 𝜒
′
𝑠 ). Then 𝑡 satisfies

Option (D) in the 𝑘-IRC tree (𝑇, 𝑟,𝛾 ′). Also, 𝜒 ′𝑠 = 𝜒 ′𝑡 [𝑢] ⪯ 𝜒𝑡 [𝑢] =
𝜒𝑠 since 𝜒

′
𝑡 ⪯ 𝜒𝑡 .

Since every internal node of (𝑇, 𝑟,𝛾) satisfies one of the Options
(A)-(D), this completes the construction of (𝑇, 𝑟,𝛾 ′). We get that

(𝑇, 𝑟,𝛾 ′) is a 𝑘-IRC tree of (𝐺, 𝜒 ′). Also, every individualization

node in (𝑇, 𝑟,𝛾 ′) is also an individualization node in (𝑇, 𝑟,𝛾). So
(𝑇, 𝑟,𝛾 ′) has individualization depth at most 𝑑 . □

Next, we argue that we can eliminate vertices with identical

neighborhoods in the graph without increasing the 𝑘-WL depth.

This will become an important tool to prove the bounds on the WL

dimension that we want to obtain.

Let (𝐺, 𝜒) be a colored graph. We say two vertices 𝑣,𝑤 ∈ 𝑉 (𝐺)
are strong twins if 𝑁𝐺 [𝑣] = 𝑁𝐺 [𝑤] (in particular, if 𝑣 ≠ 𝑤 , then

𝑣𝑤 ∈ 𝐸 (𝐺)). Also, we say that 𝑣,𝑤 ∈ 𝑉 (𝐺) are weak twins if
𝑁𝐺 (𝑣) = 𝑁𝐺 (𝑤) (in particular, if 𝑣 ≠ 𝑤 , then 𝑣𝑤 ∉ 𝐸 (𝐺)). Clearly,
both relations are equivalence relations in𝐺 . A partition 𝜋 of𝑉 (𝐺)

is a twin partition of𝐺 if 𝜋 is the partition into equivalence classes of

either the strong-twin relation or the weak-twin relation in 𝐺 . Let

𝜋 be a twin partition of𝐺 . We define the colored graph (𝐺/𝜋, 𝜒/𝜋)
where 𝑉 (𝐺/𝜋) = 𝜋 ,

𝐸 (𝐺/𝜋) = {𝑃𝑃 ′ | 𝑃, 𝑃 ′ ∈ 𝜋, 𝐸𝐺 (𝑃, 𝑃 ′) ≠ ∅}

and (𝜒/𝜋) (𝑃) = {{𝜒 (𝑣) | 𝑣 ∈ 𝑃}}. Finally, we say that𝐺 is twin-free
if there is no non-trivial twin partition of𝐺 , i.e., there are no distinct

vertices 𝑣,𝑤 ∈ 𝑉 (𝐺) that are strong or weak twins.

Note that, by the definition of twins, every edge 𝑃𝑃 ′ in 𝐺/𝜋
corresponds to a complete bipartite graph between the elements of

𝑃 and the elements of 𝑃 ′ in𝐺 . Also note that for all 𝑃, 𝑃 ′ ∈ 𝑉 (𝐺/𝜋)
with (𝜒/𝜋) (𝑃) ≠ (𝜒/𝜋) (𝑃 ′) and every 𝑣 ∈ 𝑃, 𝑣 ′ ∈ 𝑃 ′, it holds
thatWL𝑘[𝐺, 𝜒] (𝑣) ≠ WL𝑘[𝐺, 𝜒] (𝑣 ′), since for 𝑘 ≥ 2, the algorithm

𝑘-WL distinguishes vertices for which the multisets of colors of

siblings in the twin relation are not equal.

Lemma 3.9. Let 𝑘 ≥ 2. Let (𝐺, 𝜒) be a colored graph and let 𝜋 be
a twin partition of 𝐺 . Then

depth
𝑘
WL (𝐺, 𝜒) ≤ depth

𝑘
WL (𝐺/𝜋, 𝜒/𝜋).

Proof sketch. Let 𝑘 ≥ 2 be fixed. We show that for every

colored graph (𝐺, 𝜒), every twin partition 𝜋 of 𝐺 , and every 𝑘-IRC

tree (𝑇 ′, 𝑟 ′, 𝛾 ′) of (𝐺 ′, 𝜒 ′) B (𝐺/𝜋, 𝜒/𝜋) of individualization depth

𝑑 , it holds that depth
𝑘
WL (𝐺, 𝜒) ≤ 𝑑 . We prove this statement by

induction on the height ℎ of the tree (𝑇 ′, 𝑟 ′).
In the base case, ℎ = 0. Then |𝑉 (𝐺 ′) | = 1, which means that all

vertices in (𝐺, 𝜒) are twins. Then 𝐺 is a complete graph or has no

edges and in both cases, depth
𝑘
WL (𝐺, 𝜒) = 0 ≤ 𝑑 (see Example 3.3).

So as the inductive hypothesis, assume the statement holds for

all graphs (𝐻, 𝜆) and twin partitions 𝜎 of 𝐻 for which (𝐻/𝜎, 𝜆/𝜎)
has a 𝑘-IRC tree of height less than ℎ. Let (𝐺, 𝜒) be a colored graph
for which (𝐺 ′, 𝜒 ′) B (𝐺/𝜋, 𝜒/𝜋) has a 𝑘-IRC tree (𝑇 ′, 𝑟 ′, 𝛾 ′) of
height ℎ. Let 𝑑 be the individualization depth of (𝑇 ′, 𝑟 ′, 𝛾 ′).

Let 𝑡 ′
1
, . . . , 𝑡 ′

ℓ
denote the children of 𝑟 ′. For 𝑖 ∈ [ℓ], let (𝐺 ′

𝑖
, 𝜒 ′

𝑖
) B

𝛾 ′ (𝑡 ′
𝑖
) and let 𝑇 ′

𝑖
denote the subtree of 𝑇 ′

rooted at 𝑡 ′
𝑖
. Observe

that (𝑇 ′
𝑖
, 𝑡 ′
𝑖
, 𝛾 ′ |𝑉 (𝑇 ′

𝑖
) ) is a 𝑘-IRC tree of (𝐺 ′

𝑖
, 𝜒 ′

𝑖
) and has height less

thanℎ. Let 𝑑𝑖 denote the individualization depth of (𝑇 ′
𝑖
, 𝑡 ′
𝑖
, 𝛾 ′ |𝑉 (𝑇 ′

𝑖
) ).

Observe that 𝑑𝑖 ≤ 𝑑 , and if 𝑟 ′ is an individualization node, then it

even holds that 𝑑𝑖 ≤ 𝑑 − 1.

First suppose that ℓ = 1, 𝐺 ′
1
= 𝐺 ′

, and 𝜒 ′
1
(𝑣) = WL𝑘[𝐺 ′, 𝜒 ′] (𝑣)

for all 𝑣 ∈ 𝑉 (𝐺 ′). Let 𝜒1 (𝑣) B WL𝑘[𝐺, 𝜒] (𝑣) for all 𝑣 ∈ 𝑉 (𝐺).
Note that 𝜒1/𝜋 ≡ 𝜒 ′

1
since 𝑘 ≥ 2. Furthermore, we know that

(𝐺 ′
1
, 𝜒 ′

1
) has a 𝑘-IRC tree of height less than ℎ and individualization

depth at most 𝑑 (for instance (𝑇 ′
1
, 𝑡 ′

1
, 𝛾 ′ |𝑉 (𝑇 ′

1
) )). Thus, by Lemma 3.8,

the same holds for (𝐺 ′, 𝜒1/𝜋). Hence, we can apply the induction

hypothesis to (𝐺, 𝜒1) and 𝜋 and obtain that

depth
𝑘
WL (𝐺, 𝜒)

L. 3.5(1)
≤ depth

𝑘
WL (𝐺, 𝜒1)

IH

≤ depth
𝑘
WL (𝐺

′, 𝜒1/𝜋)
L. 3.8
= depth

𝑘
WL (𝐺

′, 𝜒 ′
1
) ≤ 𝑑.

The other cases can be dealt with similarly, using Lemma 3.5 to

“descend towards children of (𝐺, 𝜒)”, the induction hypothesis to

factor out twins, and Lemma 3.8 to transition to (𝐺 ′, 𝜒 ′). We refer

to the full version [19] for the details. □
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Our main motivation to study the 𝑘-WL depth of graphs is to

obtain improved bounds on the𝑘-WL dimension of graphs. Towards

this end, the following lemma relates the 𝑘-WL depth of a graph to

its 𝑘-WL dimension.

Lemma 3.10. Let 𝑘,𝑑 ∈ N and let (𝐺, 𝜒) be a colored graph
with depth

𝑘
WL (𝐺, 𝜒) ≤ 𝑑 . Then the (max{2, 𝑘} + 𝑑)-dimensional

Weisfeiler–Leman algorithm identifies (𝐺, 𝜒).

Proof. Let (𝑇, 𝑟,𝛾) be a 𝑘-IRC tree of (𝐺, 𝜒) of individualization
depth 𝑑 . Let ℎ be the height of (𝑇, 𝑟 ). We prove the statement by

induction on ℎ.

In the base case, ℎ = 0. Then |𝑉 (𝐺) | = 1 and (𝐺, 𝜒) is identified
by 𝑘-WL for every 𝑘 ∈ N.

So as the inductive hypothesis, assume the statement holds for

all graphs (𝐻, 𝜆) that have a 𝑘-IRC tree of height smaller than ℎ

and of individualization depth at most 𝑑 .

Let 𝑡1, . . . , 𝑡ℓ denote the children of 𝑟 . For 𝑖 ∈ [ℓ], let (𝐺𝑖 , 𝜒𝑖 ) B
𝛾 (𝑡𝑖 ) and let 𝑇𝑖 denote the subtree of 𝑇 rooted at 𝑡𝑖 . Observe that

(𝑇𝑖 , 𝑡𝑖 , 𝛾 |𝑉 (𝑇𝑖 ) ) is a 𝑘-IRC tree of (𝐺𝑖 , 𝜒𝑖 ) of height smaller than ℎ.

Let 𝑑𝑖 denote the individualization depth of (𝑇𝑖 , 𝑡𝑖 , 𝛾 |𝑉 (𝑇𝑖 ) ). Observe
that 𝑑𝑖 ≤ 𝑑 , and if 𝑟 is an individualization node, then it even holds

that 𝑑𝑖 ≤ 𝑑 − 1.

First suppose that ℓ = 1, 𝐺1 = 𝐺 , and 𝜒1 (𝑣) = WL𝑘[𝐺, 𝜒] (𝑣) for
all 𝑣 ∈ 𝑉 (𝐺). By the induction hypothesis, (𝐺1, 𝜒1) is identified by

(max{2, 𝑘} + 𝑑)-WL. Hence, (𝐺, 𝜒) is identified by (max{2, 𝑘} + 𝑑)-
WL.

Next, suppose that ℓ = 1 and (𝐺1, 𝜒1) = flip𝑓 (𝐺, 𝜒) for some

flip function 𝑓 of (𝐺, 𝜒). By the induction hypothesis, (𝐺1, 𝜒1)
is identified by (max{2, 𝑘} + 𝑑)-WL. Consider a colored graph

(𝐺 ′, 𝜒 ′) with (𝐺 ′, 𝜒 ′) ≃
max{2,𝑘 }+𝑑 (𝐺, 𝜒). Then it has to have the

same vertex color classes and sizes as (𝐺, 𝜒). We conclude that

flip𝑓 (𝐺 ′𝜒 ′) ≃
max{2,𝑘 }+𝑑 (𝐺1, 𝜒1), which implies that there is an

isomorphism𝜑 : flip𝑓 (𝐺 ′𝜒 ′) � (𝐺1, 𝜒1) (since (𝐺1, 𝜒1) is identified
by (max{2, 𝑘} + 𝑑)-WL). But then 𝜑 is also an isomorphism from

(𝐺 ′, 𝜒 ′) to (𝐺, 𝜒). Hence, (𝐺, 𝜒) is identified by (max{2, 𝑘}+𝑑)-WL.

Now, suppose that𝐺 is disconnected and consists of connected

components with vertex sets 𝐴1, . . . , 𝐴ℓ . So we have (𝐺𝑖 , 𝜒𝑖 ) =

(𝐺 [𝐴𝑖 ], 𝜒 |𝐴𝑖
) for all 𝑖 ∈ [ℓ]. By the induction hypothesis, each

(𝐺 [𝐴𝑖 ], 𝜒 |𝐴𝑖
) is identified by (max{2, 𝑘} + 𝑑)-WL. Since 2-WL dis-

tinguishes pairs of vertices in the same connected component from

pairs of vertices in different connected components, the algorithm

(max{2, 𝑘}+𝑑)-WL distinguishes (𝐺, 𝜒) from any graph whose mul-

tiset of isomorphism types of connected components is different.

Hence, (𝐺, 𝜒) is identified by (max{2, 𝑘} + 𝑑)-WL.

Finally, suppose that ℓ = 1 and there is some 𝑢 ∈ 𝑉 (𝐺) such
that (𝐺1, 𝜒1) = (𝐺, 𝜒 [𝑢]). By the induction hypothesis, (𝐺, 𝜒 [𝑢]) is
identified by (max{2, 𝑘} + 𝑑 − 1)-WL. Hence, by Lemma 2.2, (𝐺, 𝜒)
is identified by (max{2, 𝑘} + 𝑑)-WL. □

In analyzing the 𝑘-WL depth of (vertex-colored) graphs (𝐺, 𝜒),
the challenge is when only the last option is applicable, i.e., (𝐺, 𝜒) is
connected and flipped, and 𝜒 is stable with respect to 𝑘-WL, that is,

it is not refined by it. In such a case, we say that (𝐺, 𝜒) is 𝑘-robust.

Lemma 3.11. Let 𝑘 ≥ 1 and suppose that (𝐺, 𝜒) is 𝑘-robust and
|𝑉 (𝐺) | ≥ 2. Then |𝜒−1 (𝑐) | ≥ 2 for every color 𝑐 ∈ im(𝜒).

Proof. Suppose |𝜒−1 (𝑐) | = 1 for some color 𝑐 , and let 𝑣 ∈ 𝑉 (𝐺)
denote the unique vertex of color 𝑐 . Since 𝐺 is connected and

|𝑉 (𝐺) | ≥ 2, there is some 𝑤 ∈ 𝑁 (𝑣). Let 𝐷 B {𝑤 ′ ∈ 𝑉 (𝐺) |
𝜒 (𝑤 ′) = 𝜒 (𝑤)}. Since 𝜒 is stable with respect to 𝑘-WL, we con-

clude that 𝐷 ⊆ 𝑁 (𝑣). But this contradicts (𝐺, 𝜒) being flipped since
all edges are present between the color classes {𝑣} and 𝐷 . □

For a graph𝐺 , a vertex coloring 𝜒 and a set𝑈 ⊆ 𝑉 (𝐺), we define
the coloring 𝜒𝑘,𝑈 via 𝜒𝑘,𝑈 (𝑣) B WL𝑘[𝐺, 𝜒 [𝑈 ]] (𝑣) for all 𝑣 ∈ 𝑉 (𝐺).
For a single vertex 𝑢 ∈ 𝑉 (𝐺), we also set 𝜒𝑘,𝑢 B 𝜒𝑘,{𝑢} .

Now, a simple strategy to bound the 𝑘-WL depth of a graph is,

given a 𝑘-robust graph, to individualize a small set of vertices 𝑈 so

that the number of colors in 𝜒𝑘,𝑈 increases as much as possible.

Lemma 3.12. Let 𝜉, 𝑘 ≥ 1 be integers. Suppose that, for every 𝑘-
robust graph (𝐺, 𝜒) with 𝑛 > 1 vertices, there is a set𝑈 ⊆ 𝑉 (𝐺) such
that | im(𝜒𝑘,𝑈 ) | ≥ | im(𝜒) | + 𝜉 |𝑈 |. Then

depth
𝑘
WL (𝐺, 𝜒) ≤

𝑛 − 1

𝜉

for every colored graph (𝐺, 𝜒).

Proof. We prove that

depth
𝑘
WL (𝐺, 𝜒) ≤

|𝑉 (𝐺) | − | im(𝜒) |
𝜉

. (1)

for every colored graph (𝐺, 𝜒).
We prove (1) by induction on the tuple ( |𝑉 (𝐺) |, | im(𝜒) |, |𝐸 (𝐺) |).

Consider the set 𝑀 B {(𝑛, ℓ,𝑚) ∈ Z3

≥0
| ℓ ≤ 𝑛} and observe that

( |𝑉 (𝐺) |, | im(𝜒) |, |𝐸 (𝐺) |) ∈ 𝑀 . For the induction, we define a linear

order ≺ on 𝑀 via (𝑛, ℓ,𝑚) ≺ (𝑛′, ℓ′,𝑚′) if 𝑛 < 𝑛′, or 𝑛 = 𝑛′ and
ℓ > ℓ′, or 𝑛 = 𝑛′ and ℓ = ℓ′ and 𝑚 < 𝑚′

. Note that we use the

inverse order on the second component, i.e., (𝑛, ℓ,𝑚) ≺ (𝑛, ℓ′,𝑚′)
if ℓ > ℓ′. Still, since ℓ ≤ 𝑛 for every (𝑛, ℓ,𝑚) ∈ 𝑀 , there are no

infinite decreasing chains in𝑀 .

For the base case, suppose |𝑉 (𝐺) | = 1. Then depth
1

WL (𝐺, 𝜒) =
0 =

|𝑉 (𝐺 ) |− | im(𝜒 ) |
𝜉

and the statement holds.

For the inductive step, suppose that (𝐺, 𝜒) is a colored graph

with |𝑉 (𝐺) | > 1. We distinguish several cases.

• First suppose that 𝜒 is not stable with respect to 𝑘-WL, i.e.,

𝜒∗ ≺ 𝜒 where 𝜒∗ (𝑣) B WL𝑘[𝐺, 𝜒] (𝑣) for all 𝑣 ∈ 𝑉 (𝐺). Ob-
serve that | im(𝜒∗) | > | im(𝜒) |, so ( |𝑉 (𝐺) |, | im(𝜒∗) |, |𝐸 (𝐺) |) ≺
(|𝑉 (𝐺) |, | im(𝜒) |, |𝐸 (𝐺) |). Hence, by the induction hypothesis,

we get

depth
𝑘
WL (𝐺, 𝜒

∗) ≤ |𝑉 (𝐺) | − | im(𝜒∗) |
𝜉

.

Also, depth
𝑘
WL (𝐺, 𝜒) ≤ depth

𝑘
WL (𝐺, 𝜒

∗) by Lemma 3.5(1). To-

gether, we obtain that

depth
𝑘
WL (𝐺, 𝜒) ≤ depth

𝑘
WL (𝐺, 𝜒

∗) ≤ |𝑉 (𝐺) | − | im(𝜒∗) |
𝜉

≤ |𝑉 (𝐺) | − | im(𝜒) |
𝜉

.

• Next, assume that (𝐺, 𝜒) is not flipped. Let (𝐺 ′, 𝜒 ′) B flip
* (𝐺, 𝜒).

Observe that 𝑉 (𝐺 ′) = 𝑉 (𝐺), 𝜒 ′ = 𝜒 and |𝐸 (𝐺 ′) | < |𝐸 (𝐺) | hold.
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Thus, ( |𝑉 (𝐺 ′) |, | im(𝜒 ′) |, |𝐸 (𝐺 ′) |) ≺ (|𝑉 (𝐺) |, | im(𝜒) |, |𝐸 (𝐺) |).
Hence, by the induction hypothesis, we get

depth
𝑘
WL (𝐺

′, 𝜒 ′) ≤ |𝑉 (𝐺 ′) | − | im(𝜒 ′) |
𝜉

.

Also, depth
𝑘
WL (𝐺, 𝜒) ≤ depth

𝑘
WL (𝐺

′, 𝜒 ′) by Lemma 3.5(2). To-

gether, we obtain that

depth
𝑘
WL (𝐺, 𝜒) ≤ depth

𝑘
WL (𝐺

′, 𝜒 ′) ≤ |𝑉 (𝐺 ′) | − | im(𝜒 ′) |
𝜉

=
|𝑉 (𝐺) | − | im(𝜒) |

𝜉
.

• Suppose𝐺 is not connected and let 𝐴1, . . . , 𝐴ℓ be the vertex sets

of the connected components of 𝐺 . Observe that |𝐴𝑖 | < |𝑉 (𝐺) |
for all 𝑖 ∈ [ℓ]. By the induction hypothesis, we get

depth
𝑘
WL (𝐺 [𝐴𝑖 ], 𝜒 |𝐴𝑖

) ≤
|𝐴𝑖 | − | im(𝜒 |𝐴𝑖

) |
𝜉

for all 𝑖 ∈ [ℓ]. Together with Lemma 3.5(3) we obtain

depth
𝑘
WL (𝐺, 𝜒) ≤ max

𝑖∈[ℓ ]
depth

𝑘
WL (𝐺 [𝐴𝑖 ], 𝜒 |𝐴𝑖

)

≤ max

𝑖∈[ℓ ]

|𝐴𝑖 | − | im(𝜒 |𝐴𝑖
) |

𝜉
.

Also, since |𝐴𝑖 | − | im(𝜒 |𝐴𝑖
) | ≥ 0, we get that

max

𝑖∈[ℓ ]
( |𝐴𝑖 | − | im(𝜒 |𝐴𝑖

) |) ≤
∑︁
𝑖∈[ℓ ]

( |𝐴𝑖 | − | im(𝜒 |𝐴𝑖
) |)

= |𝑉 (𝐺) | −
∑︁
𝑖∈[ℓ ]

| im(𝜒 |𝐴𝑖
) |

≤ |𝑉 (𝐺) | − | im(𝜒) |.

So depth
𝑘
WL (𝐺, 𝜒) ≤

|𝑉 (𝐺 ) |− | im(𝜒 ) |
𝜉

.

• Finally, suppose that (𝐺, 𝜒) is connected and flipped, |𝑉 (𝐺) | > 1,

and 𝜒 is stable with respect to 𝑘-WL. By assumption, there is a

𝑈 ⊆ 𝑉 (𝐺) such that | im(𝜒𝑘,𝑈 ) | ≥ | im(𝜒) | + 𝜉 |𝑈 |. In particular,

| im(𝜒𝑘,𝑈 ) | > | im(𝜒) |, hence ( |𝑉 (𝐺) |, | im(𝜒𝑘,𝑈 ) |, |𝐸 (𝐺) |) ≺
(|𝑉 (𝐺) |, | im(𝜒) |, |𝐸 (𝐺) |). Thus, by the induction hypothesis,

we get

depth
𝑘
WL (𝐺, 𝜒𝑘,𝑈 ) ≤

|𝑉 (𝐺) | − | im(𝜒𝑘,𝑈 ) |
𝜉

.

Also, applying Lemma 3.5(4) a total of |𝑈 | many times and then

Lemma 3.5(1), we obtain

depth
𝑘
WL (𝐺, 𝜒) ≤ depth

𝑘
WL (𝐺, 𝜒 [𝑈 ]) + |𝑈 |

≤ depth
𝑘
WL (𝐺, 𝜒𝑘,𝑈 ) + |𝑈 |.

Together, it follows that

depth
𝑘
WL (𝐺, 𝜒) ≤ depth

𝑘
WL (𝐺, 𝜒𝑘,𝑈 ) + |𝑈 |

≤
𝑛 − | im(𝜒𝑘,𝑈 ) |

𝜉
+ |𝑈 |

≤ 𝑛 − (| im(𝜒) | + 𝜉 |𝑈 |) + 𝜉 |𝑈 |
𝜉

=
𝑛 − | im(𝜒) |

𝜉
. □

With this tool at hand, we can already obtain a first bound on

the 1-WL depth of general graphs.

For a vertex-colored graph (𝐺, 𝜒), we define the graph 𝐺 [[𝜒]]
with vertex set 𝑉 (𝐺 [[𝜒]]) B im(𝜒) and edges

𝐸 (𝐺 [[𝜒]]) B {(𝑐1, 𝑐2) | 𝐸𝐺 (𝜒−1 (𝑐1), 𝜒−1 (𝑐2)) ≠ ∅}.

Here, we explicitly define 𝐺 [[𝜒]] to contain self-loops, i.e., there

is a loop (𝑐1, 𝑐1) ∈ 𝐸 (𝐺 [[𝜒]]) if 𝐸𝐺 (𝜒−1 (𝑐1), 𝜒−1 (𝑐1)) ≠ ∅. For
𝑐1 ∈ 𝑉 (𝐺 [[𝜒]]), we set deg𝐺 [ [𝜒 ] ] (𝑐1) B |{𝑐2 ∈ 𝑉 (𝐺 [[𝜒]]) |
(𝑐1, 𝑐2) ∈ 𝐸 (𝐺 [[𝜒]])}|.

Lemma 3.13. Let (𝐺, 𝜒) be a 1-robust graph such that |𝑉 (𝐺) | > 1.
Let 𝑐 ∈ im(𝜒) and set 𝜉 B deg𝐺 [ [𝜒 ] ] (𝑐) + 1. Then | im(𝜒1,𝑢 ) | ≥
| im(𝜒) | + 𝜉 for every 𝑢 ∈ 𝜒−1 (𝑐).

Proof. Let 𝑐1, . . . , 𝑐𝑑 be the neighbors of 𝑐 in the graph 𝐺 [[𝜒]].
We have that | im(𝜒 [𝑢]) | ≥ | im(𝜒) | + 1. Hence, it suffices to argue

that | im(𝜒1,𝑢 ) | ≥ | im(𝜒 [𝑢]) | +𝑑 . Let 𝑖 ∈ [𝑑] and first suppose that
𝑐𝑖 ≠ 𝑐 . Then the graph 𝐺 [𝜒−1 (𝑐), 𝜒−1 (𝑐𝑖 )] is biregular, because 𝜒
is stable with respect to 1-WL. Moreover, this graph contains at

least one edge since (𝑐, 𝑐𝑖 ) ∈ 𝐸 (𝐺 [[𝜒]]), and it is not a complete

bipartite graph since (𝐺, 𝜒) is flipped. So, after individualizing 𝑢
and performing 1-WL, the color class 𝑐𝑖 is split.

For 𝑐 = 𝑐𝑖 , the same argument applies. The graph 𝐺 [𝜒−1 (𝑐)]
contains at least one edge, since (𝑐, 𝑐) ∈ 𝐸 (𝐺 [[𝜒]]), and it is not

a complete graph, since (𝐺, 𝜒) is flipped. So, after individualizing
𝑢 and performing 1-WL, the color class 𝑐 is split one more time

(following the split that occurs from individualizing 𝑢). □

Corollary 3.14. Let (𝐺, 𝜒) be a colored graph. Then it holds that
depth

1

WL (𝐺, 𝜒) ≤
𝑛−1

2
.

Proof. Let (𝐺, 𝜒) be a 1-robust graph such that |𝑉 (𝐺) | > 1.

Then deg𝐺 [ [𝜒 ] ] (𝑐) ≥ 1 for all 𝑐 ∈ im(𝜒). So the corollary follows

from Lemmas 3.12 and 3.13 by setting 𝜉 = 2. □

In combination with Lemma 3.10, we obtain that the WL dimen-

sion of every 𝑛-vertex graph is at most
𝑛+3

2
which essentially recov-

ers the result from [28] using simpler arguments. In the following,

we extend this type of argument to obtain improved bounds.

4 BOUNDING THEWL DEPTH IN THE
VERTEX COVER NUMBER

In this section, we prove Theorem 1.3. On a high level, the strategy

for the proof is similar to the one for Corollary 3.14, in which we

have argued that for every 1-robust graph there is some vertex

𝑢 ∈ 𝑉 (𝐺) such that, after individualizing 𝑢 and performing 1-WL,

the number of colors in 𝐺 increases by at least 2.

Let (𝐺, 𝜒) be a colored graph and let 𝑆 be a vertex cover of𝐺 . An

example is given in Figure 2. We intend to find a vertex 𝑢 ∈ 𝑉 (𝐺)
such that, after individualizing 𝑢 and performing 1-WL, the number

of colors in the set 𝑆 grows as much as possible. Indeed, as soon as

all vertices in 𝑆 have pairwise different colors, one can prove easily

that the 1-WL depth is equal to 0.

To actually implement this idea, we rely on some additional

instruments. First of all, note that a color appearing in the set 𝑆

may also appear outside of 𝑆 (i.e., there may be vertices 𝑣 ∈ 𝑆

and 𝑤 ∉ 𝑆 with 𝜒 (𝑣) = 𝜒 (𝑤)). Here, our intuition is that it is

preferable if colors only appear in the set 𝑆 . This motivates us

to consider a different progress measure which, instead of only
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𝑆

𝐼

Figure 2: A colored graph (𝑮, 𝝌) and a vertex cover 𝑺 of 𝑮.
We set 𝑰 B 𝑽 \ 𝑺. The set 𝝌 (𝑺) contains the colors red, blue,
green and pink. The set 𝝌 (𝑺) \ 𝝌 (𝑰 ) contains only green and
pink. Hence, 𝒑 = 4 + 2 = 6 in this example.

counting colors in 𝑆 , also gives additional weight to colors that

only appear in 𝑆 . More precisely, we aim to increase the parameter

𝑝 B |𝜒 (𝑆) | + |𝜒 (𝑆) \ 𝜒 (𝑉 \ 𝑆) | as much as possible using a single

individualization followed by performing 1-WL. Since themaximum

value of 𝑝 is equal to 2|𝑆 |, we need to increase 𝑝 by at least 3 with

a single individualization to achieve the desired bound.

To achieve this goal, we distinguish two cases. In the first case

𝜒 (𝑆) ∩ 𝜒 (𝑉 \ 𝑆) ≠ ∅, and we prove that we have either reached the
goal, or individualizing a single vertex and refining the coloring

with 1-WL renders the two color sets disjoint. This is covered in

Lemma 4.1 below. Note that, as opposed to Lemma 3.13, it is not

possible to restrict our analysis to 1-robust graphs, since arbitrary

flips in the edge set may change the vertex cover number. For this

reason, we restrict ourselves to flips that only remove edges.

The second case 𝜒 (𝑆) ∩ 𝜒 (𝑉 \ 𝑆) = ∅ is then covered in Lemma

4.2. Here, we need to individualize up to two vertices together to

ensure that the number of colors always increases by the desired

amount.

Lemma 4.1. Let (𝐺, 𝜒) be a colored graph such that |𝑉 (𝐺) | > 1,𝐺
is connected and 𝜒 is stable with respect to 1-WL. Also let 𝑆 ⊆ 𝑉 (𝐺)
be a vertex cover of 𝐺 and define 𝐼 B 𝑉 (𝐺) \ 𝑆 .

Then there are colors 𝑐, 𝑑 ∈ im(𝜒) such that |𝜒−1 (𝑐)∪𝜒−1 (𝑑) | ≥ 2

and 𝑣𝑤 ∈ 𝐸 (𝐺) for all distinct 𝑣 ∈ 𝜒−1 (𝑐),𝑤 ∈ 𝜒−1 (𝑑), or there is
some vertex 𝑢 ∈ 𝑉 (𝐺) such that, for 𝜒 ′ B WL1[𝐺, 𝜒 [𝑢]], it holds
that

(a) |𝜒 ′ (𝑆) | ≥ |𝜒 (𝑆) | + 2 and |𝜒 ′ (𝑆) \ 𝜒 ′ (𝐼 ) | ≥ |𝜒 (𝑆) \ 𝜒 (𝐼 ) | + 1,
(b) |𝜒 ′ (𝑆) | ≥ |𝜒 (𝑆) | + 1 and |𝜒 ′ (𝑆) \ 𝜒 ′ (𝐼 ) | ≥ |𝜒 (𝑆) \ 𝜒 (𝐼 ) | + 2,

or
(c) 𝜒 ′ (𝑆) ∩ 𝜒 ′ (𝐼 ) = ∅.
The proof of the lemma relies on a lengthy case distinction and

can be found in the full version [19].

Lemma 4.2. Let (𝐺, 𝜒) be a colored graph that is 1-robust and
suppose |𝑉 (𝐺) | > 1. Also let 𝑆 ⊆ 𝑉 (𝐺) be a vertex cover of 𝐺 and
define 𝐼 B 𝑉 (𝐺) \ 𝑆 . Moreover, suppose that 𝜒 (𝑆) ∩ 𝜒 (𝐼 ) = ∅. Then

(i) there is a vertex 𝑢 ∈ 𝑉 (𝐺) such that |𝜒1,𝑢 (𝑆) | ≥ |𝜒 (𝑆) | + 2, or
(ii) there are vertices 𝑢1, 𝑢2 ∈ 𝑉 (𝐺) such that |𝜒

1,{𝑢1,𝑢2 } (𝑆) | ≥
|𝜒 (𝑆) | + 3.

Proof. We distinguish three cases.

• First suppose there are 𝑢,𝑤 ∈ 𝑆 such that 𝑢𝑤 ∈ 𝐸 (𝐺). We claim

that |𝜒1,𝑢 (𝑆) | ≥ |𝜒 (𝑆) | + 2. Let 𝑐 B 𝜒 (𝑢), 𝑑 B 𝜒 (𝑤) and define

𝐶 B 𝜒−1 (𝑐), 𝐷 B 𝜒−1 (𝑑). We have that |𝐶 |, |𝐷 | ≥ 2 since G is

1-robust (see Lemma 3.11).

If𝐶 ≠ 𝐷 , then𝐷 ⊈ 𝑁 (𝑢) since𝐺 is flipped. Hence, |𝜒1,𝑢 (𝐶) | ≥ 2

and |𝜒1,𝑢 (𝐷) | ≥ 2, which implies that |𝜒1,𝑢 (𝑆) | ≥ |𝜒 (𝑆) | + 2.

Otherwise, 𝐶 = 𝐷 . We have 𝐶 ∩ 𝑁 (𝑢) ≠ ∅ and 𝐶 \ (𝑁 [𝑢]) ≠ ∅.
So |𝜒1,𝑢 (𝐶) | ≥ 3, which implies that |𝜒1,𝑢 (𝑆) | ≥ |𝜒 (𝑆) | + 2.

• Next, suppose there are no 𝑢,𝑤 ∈ 𝑆 such that 𝑢𝑤 ∈ 𝐸 (𝐺), and
|𝜒 (𝑆) | ≥ 2. Then there is some 𝑢 ∈ 𝐼 such that |𝜒 (𝑁 (𝑢)) | ≥ 2,

i.e., 𝑢 is adjacent to least two color classes within 𝑆 (observe that

𝑁 (𝑢) ⊆ 𝑆). Pick distinct 𝑐, 𝑑 ∈ 𝜒 (𝑁 (𝑢)) and let 𝐶 B 𝜒−1 (𝑐),
𝐷 B 𝜒−1 (𝑑). Since𝐺 is flipped, we conclude that 𝐶 \ 𝑁 (𝑢) ≠ ∅
and 𝐷 \ 𝑁 (𝑢) ≠ ∅. So |𝜒1,𝑢 (𝐶) | ≥ 2 and |𝜒1,𝑢 (𝐷) | ≥ 2, which

implies that |𝜒1,𝑢 (𝑆) | ≥ |𝜒 (𝑆) | + 2.

• Finally, suppose there are no 𝑢,𝑤 ∈ 𝑆 such that 𝑢𝑤 ∈ 𝐸 (𝐺), and
|𝜒 (𝑆) | = 1. Since 𝐺 is flipped, we get that |𝑁 (𝑣) | ≤ 1

2
|𝑆 | for all

𝑣 ∈ 𝐼 . Since 𝐺 is connected, there must be vertices 𝑢1, 𝑢2 ∈ 𝐼

such that 𝑁 (𝑢1) ∩𝑁 (𝑢2) ≠ ∅ and 𝑁 (𝑢1) ⊈ 𝑁 (𝑢2) and 𝑁 (𝑢2) ⊈
𝑁 (𝑢1). Then 𝑁 (𝑢1) ∪ 𝑁 (𝑢2) ≠ 𝑆 using that |𝑁 (𝑢𝑖 ) | ≤ 1

2
|𝑆 | for

both 𝑖 ∈ {1, 2}. It follows that |𝜒
1,{𝑢1,𝑢2 } (𝑆) | ≥ 4 = |𝜒 (𝑆) |+3. □

With Lemmas 4.1 and 4.2 at our disposal, we can now bound the

1-WL depth in terms of the vertex cover number.

Theorem 4.3. Let (𝐺, 𝜒) be a colored graph with vertex cover
number 𝑟 . Then

depth
1

WL (𝐺, 𝜒) ≤
2

3

· 𝑟 + 1.

The proof of the theorem follows the outline given above. On

a technical level, it relies on an induction similar to the proof of

Lemma 3.12. The details are given in the full version [19].

Corollary 4.4. Let (𝐺, 𝜒) be a colored graph with vertex cover
number 𝑟 . Then (𝐺, 𝜒) has WL dimension at most 2

3
· 𝑟 + 3.

Proof. This follows from Lemma 3.10 and Theorem 4.3. □

5 ADVANCED BOUNDS USING 2-WL
In this section, we improve on the bound on the WL depth of

𝑛-vertex graphs stated in Corollary 3.14 and prove Theorem 1.1.

Towards this end, we need to rely on the 2-dimensional Weisfeiler–

Leman algorithm. More precisely, we analyze the 2-WL depth of

𝑛-vertex graphs. The following theorem is the main result of this

section.

Theorem 5.1. Let (𝐺, 𝜒) be a colored graph. Then it holds that
depth

2

WL (𝐺, 𝜒) ≤
𝑛
4
+ 𝑜 (𝑛).

Together with Lemma 3.10, this immediately gives the following

corollary.

Corollary 5.2. TheWL dimension of every𝑛-vertex colored graph
(𝐺, 𝜒) is at most 𝑛

4
+ 𝑜 (𝑛).

In particular, we obtain Theorem 1.1. Also, together with Theo-

rem 2.1, we obtain Corollary 1.2.

On a high level, the proof of Theorem 5.1, which covers the

rest of this section, again follows a similar strategy as the one for
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Corollary 3.14. However, to obtain the improved bound, the details

become significantly more intricate and we have to distinguish

several cases.

Let (𝐺, 𝜒) be a vertex-colored graph and suppose that 𝜒 is stable

with respect to 2-WL. We define

𝜇𝐺,𝜒 (𝑐1, 𝑐2) B
|{WL2[𝐺, 𝜒] (𝑣1, 𝑣2) | 𝑣1 ∈ 𝜒−1 (𝑐1), 𝑣2 ∈ 𝜒−1 (𝑐2), 𝑣1 ≠ 𝑣2}|

for all 𝑐1, 𝑐2 ∈ im(𝜒). Also, similarly as in Lemma 3.13, as a lower

bound on the progress, i.e., how many new colors we get from a

2-WL refinement of a coloring after a vertex individualization, we

set

𝜉𝐺,𝜒 (𝑐1) B
∑︁

𝑐2∈im(𝜒 )
(𝜇𝐺,𝜒 (𝑐1, 𝑐2) − 1) .

Note that 𝜉𝐺,𝜒 (𝑐1) ≥ deg𝐺 [ [𝜒 ] ] (𝑐1) for all colors 𝑐1 ∈ im(𝜒).
As before, we can restrict our attention to 2-robust graphs (𝐺, 𝜒)

for which |𝑉 (𝐺) | > 1. Towards this end, a vertex-colored graph

(𝐺, 𝜒) is called nice if it is connected, flipped, |𝑉 (𝐺) | > 1, and 𝜒 is

stable with respect to 2-WL.

The next lemma, which is similar in nature to Lemma 3.13, forms

the starting point of our analysis.

Lemma 5.3. Let (𝐺, 𝜒) be a nice graph. Let 𝑐 ∈ im(𝜒) and set
𝜉 B 𝜉𝐺,𝜒 (𝑐)+1. Then | im(𝜒2,𝑢 ) | ≥ | im(𝜒) |+𝜉 for every𝑢 ∈ 𝜒−1 (𝑐).

Proof. Clearly, 𝜒2,𝑢 ⪯ 𝜒 . So

| im(𝜒2,𝑢 ) | =
∑︁

𝑐′∈im(𝜒 )
|𝜒2,𝑢 (𝜒−1 (𝑐′)) |

≥ 1 +
∑︁

𝑐′∈im(𝜒 )
𝜇𝐺,𝜒 (𝑐,𝑐′ ) = | im(𝜒) | + 𝜉

where the inequality follows from 𝜒 being stable with respect to

2-WL. □

If 𝜉𝐺,𝜒 (𝑐) ≥ 3, then 𝜉 ≥ 4 in the statement of the lemma. Thus,

individualizing any vertex 𝑢 of color 𝑐 yields an increase in the

number of color classes by at least 4, which is sufficient to show

depth
2

WL (𝐺, 𝜒) ≤
𝑛
4
+ 𝑜 (𝑛). In the following, we thus consider nice

graphs (𝐺, 𝜒) such that 𝜉𝐺,𝜒 (𝑐) ≤ 2 for all colors 𝑐 ∈ im(𝜒). In
particular, this means that𝐺 [[𝜒]] has maximum degree 2. To cover

the remaining cases, we rely on several tools from [2, 3].

Let (𝐺, 𝜒) be a colored graph and let 𝜆 B WL2[𝐺, 𝜒]. For every
𝑐 ∈ im(𝜆), we define the constituent graph of 𝑐 to be the (undirected)
graph 𝐹𝑐 with vertex set 𝑉 (𝐹𝑐 ) B 𝑉 (𝐺) and edge set

𝐸 (𝐹𝑐 ) B {𝑣𝑤 | 𝜆(𝑣,𝑤) = 𝑐}.

Theorem 5.4 ([3, Theorem 2.1]). Let (𝐺, 𝜒) be a colored graph
and suppose that 𝜆 B WL2[𝐺, 𝜒]. Also assume that

(A) 𝑐0 B 𝜆(𝑣, 𝑣) = 𝜆(𝑤,𝑤) for all 𝑣,𝑤 ∈ 𝑉 (𝐺),
(B) | im(𝜆) | ≥ 3, and
(C) 𝐹𝑐 is connected for every color 𝑐 ∈ im(𝜆) \ {𝑐0}.

Then there is a set 𝑈 ⊆ 𝑉 (𝐺) of size
|𝑈 | < 4

√
𝑛 log𝑛

such that 𝜒2,𝑈 is discrete.

For two sets 𝐴 and 𝐵, we let 𝐴△𝐵 B (𝐴 \ 𝐵) ∪ (𝐵 \ 𝐴) denote
the symmetric difference of 𝐴 and 𝐵.

Lemma 5.5 ([2]). Let (𝐺, 𝜒) be a graph and let 𝐷 ⊆ 𝑉 (𝐺) such
that |𝑁 (𝑣)△𝑁 (𝑤) | ≥ ℓ for all distinct 𝑣,𝑤 ∈ 𝐷 . Then there is a set
𝑈 ⊆ 𝑉 (𝐺) such that |𝑈 | ≤ 𝑛

ℓ (1 + 2 log𝑛) and 𝜒𝑈 (𝑣, 𝑣) ≠ 𝜒𝑈 (𝑤,𝑤)
for all distinct 𝑣,𝑤 ∈ 𝐷 .

A hypergraph is a pairH = (𝑉 , E) where𝑉 is a non-empty finite

set of vertices and E ⊆ 2
𝑉
is the set of hyperedges. A hypergraph

H = (𝑉 , E) is non-empty if E ≠ ∅. Also, H is 𝑟 -uniform if |𝐸 | = 𝑟
for all 𝐸 ∈ E. Moreover,H is 𝑘-regular if for every 𝑣 ∈ 𝑉 , it holds
that |{𝐸 ∈ E | 𝑣 ∈ 𝐸}| = 𝑘 . We say H is regular if H is 𝑘-regular

for some 𝑘 ≥ 0.

Lemma 5.6 ([2, Lemma 3.4]). Suppose that 1 ≤ 𝑑 < 𝑟 < 𝑛. Let
H = (𝑉 , E) be a non-empty regular 𝑟 -uniform hypergraph such that
|𝐸 ∩ 𝐸′ | ≥ 𝑑 for all 𝐸, 𝐸′ ∈ E. Then 𝑟2 > 𝑛𝑑 .

Also, our analysis relies on the following auxiliary lemma. For

a mapping 𝜆 : 𝑉 2 → 𝐶 and two sets 𝑈 ,𝑊 ⊆ 𝑉 , we let 𝜆(𝑈 ,𝑊 ) B
{𝜆(𝑢,𝑤) | 𝑢 ∈ 𝑈 ,𝑤 ∈𝑊 }.

Lemma 5.7. Let (𝐺, 𝜒) be a colored graph and suppose that 𝜆 B
WL2[𝐺, 𝜒]. Also assume that there is a partition (𝑉1,𝑉2) of 𝑉 (𝐺)
such that

(A) |𝑉1 | ≥ 4 and |𝑉2 | ≥ 4,
(B) 2 ≤ |𝑁𝐺 (𝑣1) ∩𝑉2 | ≤ |𝑉2 | − 2 for all 𝑣1 ∈ 𝑉1, and
(C) |𝜆(𝑉1,𝑉1) | = 2, |𝜆(𝑉2,𝑉2) | = 2 and 𝜆(𝑉1,𝑉1) ∩ 𝜆(𝑉2,𝑉2) = ∅.

Then there is a set 𝑈 ⊆ 𝑉 (𝐺) of size

|𝑈 | < 6

√
𝑛 log𝑛

such that 𝜒2,𝑈 is discrete.

Proof. Combining (A) and (C), we conclude that𝑘1 B deg(𝑣1) =
deg(𝑣 ′

1
) for all 𝑣1, 𝑣

′
1
∈ 𝑉1. Similarly, 𝑘2 B deg(𝑣2) = deg(𝑣 ′

2
)

for all 𝑣2, 𝑣
′
2

∈ 𝑉2. We also have 𝜆(𝑣1, 𝑣
′
1
) = 𝜆(𝑣 ′′

1
, 𝑣 ′′′

1
) for all

𝑣1, 𝑣
′
1
, 𝑣 ′′

1
, 𝑣 ′′′

1
∈ 𝑉1 such that 𝑣1 ≠ 𝑣 ′

1
and 𝑣 ′′

1
≠ 𝑣 ′′′

1
. In particular,

𝜇1 B |𝑁 (𝑣1)∩𝑁 (𝑣 ′
1
) | = |𝑁 (𝑣 ′′

1
)∩𝑁 (𝑣 ′′′

1
) | for all 𝑣1, 𝑣

′
1
, 𝑣 ′′

1
, 𝑣 ′′′

1
∈ 𝑉1

such that 𝑣1 ≠ 𝑣 ′
1
and 𝑣 ′′

1
≠ 𝑣 ′′′

1
. Similarly, 𝜆(𝑣2, 𝑣

′
2
) = 𝜆(𝑣 ′′

2
, 𝑣 ′′′

2
) for

all 𝑣2, 𝑣
′
2
𝑣 ′′

2
, 𝑣 ′′′

2
∈ 𝑉2 such that 𝑣2 ≠ 𝑣 ′

2
and 𝑣 ′′

2
≠ 𝑣 ′′′

2
. We get that

2 ≤ 𝑘2 ≤ |𝑉1 | − 2 and 𝜇2 B |𝑁 (𝑣2) ∩ 𝑁 (𝑣 ′
2
) | = |𝑁 (𝑣 ′′

2
) ∩ 𝑁 (𝑣 ′′′

2
) |

for all 𝑣2, 𝑣
′
2
, 𝑣 ′′

2
, 𝑣 ′′′

2
∈ 𝑉1 such that 𝑣2 ≠ 𝑣 ′

2
and 𝑣 ′′

2
≠ 𝑣 ′′′

2
.

Without loss of generality, assume that |𝑉1 | ≤ |𝑉2 |. By transition-
ing to the complement of𝐺 , we may also suppose that 𝑘2 ≤ 1

2
· |𝑉1 |.

Also note that 𝜇1 ≥ 1 by Condition (B). Moreover, 𝑘1 · 𝑘2 ≥ |𝑉2 | − 1

and |𝑉1 | · 𝑘1 = |𝑉2 | · 𝑘2.

Claim 5.8. 𝑘2

1
> 𝜇1 |𝑉2 | and 𝑘2

2
> 𝜇2 |𝑉1 |.

Proof. By symmetry, it suffices to prove the first statement. We

define a hypergraph H = (𝑉2, E) where

E B {𝑁 (𝑣1) | 𝑣1 ∈ 𝑉1}.

ThenH is a regular and 𝑘1-uniform hypergraph such that |𝐸∩𝐸′ | ≥
𝜇1 for all 𝐸, 𝐸′ ∈ E. So 𝑘2

1
> 𝜇1 |𝑉2 | by Lemma 5.6. ⌟

Since 𝑘2 ≤ 1

2
|𝑉1 |, we get that 1

2
𝑘2 > 𝜇2. By the same argument,

1

2
𝑘1 > 𝜇1.

Let 𝑣1, 𝑣
′
1
∈ 𝑉1. Then |𝑁 (𝑣1)△𝑁 (𝑣 ′

1
) | = 2(𝑘1 − 𝜇1) > 𝑘1. So, by

Lemma 5.5, there is a set𝑈 ⊆ 𝑉 (𝐺) such that |𝑈 | ≤ 𝑛
𝑘1

(1 + 2 log𝑛)
and 𝜒𝑈 (𝑣1, 𝑣1) ≠ 𝜒𝑈 (𝑣 ′

1
, 𝑣 ′

1
) for all distinct 𝑣1, 𝑣

′
1
∈ 𝑉1. This implies
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that 𝜒𝑈 is discrete. Also, 𝑘2

1
≥ |𝑉2 | − 1 ≥ 1

2
(𝑛 − 1) ≥ 1

4
𝑛 which

implies that

𝑛

𝑘1

(1 + 2 log𝑛) ≤ 2

√
𝑛(1 + 2 log𝑛) ≤ 6

√
𝑛 log𝑛. □

Recall that, with Lemma 5.3 at hand, we can restrict our attention

to nice graphs (𝐺, 𝜒) such that 𝜉𝐺,𝜒 (𝑐) ≤ 2 for all colors 𝑐 ∈ im(𝜒).
Also, with Lemma 3.9 in mind, we may assume that (𝐺, 𝜒) is twin-
free. The next lemma covers the first case in which | im(𝜒) | ≥ 4.

Lemma 5.9. Let (𝐺, 𝜒) be a nice and twin-free graph. Also suppose
𝜉𝐺,𝜒 (𝑐) ≤ 2 for all colors 𝑐 ∈ im(𝜒), and | im(𝜒) | ≥ 4.

Then there is a set 𝑈 ⊆ 𝑉 (𝐺) of size
|𝑈 | < 6

√
𝑛 log𝑛

such that 𝜒2,𝑈 is discrete.

Proof. There are 𝑐1, 𝑐2, 𝑐3, 𝑐4 ∈ im(𝜒) such that

(i) 𝜇𝐺,𝜒 (𝑐1, 𝑐2) = 𝜇𝐺,𝜒 (𝑐2, 𝑐3) = 𝜇𝐺,𝜒 (𝑐3, 𝑐4) = 2.

Note that this implies 𝜇𝐺,𝜒 (𝑐2, 𝑐2) = 𝜇𝐺,𝜒 (𝑐3, 𝑐3) = 1. Let 𝑉2 B

𝜒−1 (𝑐2) and 𝑉3 B 𝜒−1 (𝑐3).
First observe that 𝐺 cannot induce a matching between 𝑉2 and

𝑉3, since otherwise 𝜇𝐺,𝜒 (𝑐2, 𝑐4) = 𝜇𝐺,𝜒 (𝑐3, 𝑐4) = 2. But this is not

possible since 𝜉𝐺,𝜒 (𝑐1) ≤ 2.

So we can apply Lemma 5.7 to obtain a set 𝑈 ⊆ 𝑉 (𝐺) of size
|𝑈 | < 6

√
𝑛 log𝑛

such that 𝜒2,𝑈 is discrete on the sets𝑉2 and𝑉3. However, then 𝜒2,𝑈

is discrete (on the entire vertex set of 𝐺) since 𝐺 is twin-free and

𝜉𝐺,𝜒 (𝑐) ≤ 2 for all colors 𝑐 ∈ im(𝜒). □

The next lemma allows us to cover the case | im(𝜒) | ∈ {2, 3}.

Lemma 5.10. Let (𝐺, 𝜒) be a nice and twin-free graph. Also suppose
𝜉𝐺,𝜒 (𝑐) ≤ 2 for all colors 𝑐 ∈ im(𝜒), and | im(𝜒) | ∈ {2, 3}.

Then there is some 𝑈 ⊆ 𝑉 (𝐺) such that 1 ≤ |𝑈 | ≤ 2 and
| im(𝜒2,𝑈 ) | ≥ | im(𝜒) | + 4 · |𝑈 |, or there is a set 𝑈 ⊆ 𝑉 (𝐺) of size

|𝑈 | ≤ 6𝑛3/4
log𝑛

such that 𝜒2,𝑈 is discrete.

The proof can be found in the full version [19].

Finally, it remains to the cover the case | im(𝜒) | = 1. For𝑚 ≥ 1

define the graph 𝐿2,𝑚 with vertex set 𝐿2,𝑚 B [2] × [𝑚] and edge

set

𝐸 (𝐿2,𝑚) B {(𝑖, 𝑗) (𝑖′, 𝑗 ′) | 𝑖 = 𝑖′ ∨ 𝑗 = 𝑗 ′}.

Lemma 5.11. Let (𝐺, 𝜒) be a nice and twin-free graph. Also suppose
that | im(𝜒) | = 1 and 𝜉𝐺,𝜒 (𝑐0) ≤ 2 for the unique color 𝑐0 ∈ im(𝜒).

Then one of the following holds:
(i) there is a set 𝑈 ⊆ 𝑉 (𝐺) of size 1 ≤ |𝑈 | ≤ 2 such that

| im(𝜒2,𝑈 ) | ≥ 1 + 4 · |𝑈 |,
(ii) there is a set 𝑈 ⊆ 𝑉 (𝐺) of size

|𝑈 | < max(6
√
𝑛 log𝑛, 24 log𝑛)

such that 𝜒2,𝑈 is discrete, or
(iii) 𝐺 is isomorphic to 𝐿2,𝑚 for some𝑚 ≥ 3.

The proof of this lemma can also be found in the full version

[19]. With this, we are finally ready to give the proof of Theorem

5.1.

Proof of Theorem 5.1. We define

𝑓 (𝑛) B max

(
6𝑛3/4

log𝑛, 24 log𝑛
)
.

We prove that

depth
2

WL (𝐺, 𝜒) ≤
|𝑉 (𝐺) | − | im(𝜒) |

4

+ 𝑓 ( |𝑉 (𝐺) |) . (2)

for every vertex-colored graph (𝐺, 𝜒).
We prove (2) by induction on the tuple ( |𝑉 (𝐺) |, | im(𝜒) |, |𝐸 (𝐺) |).

Consider the set 𝑀 B {(𝑛, ℓ,𝑚) ∈ Z3

≥0
| ℓ ≤ 𝑛} and observe that

( |𝑉 (𝐺) |, | im(𝜒) |, |𝐸 (𝐺) |) ∈ 𝑀 . For the induction, we define a linear

order ≺ on 𝑀 via (𝑛, ℓ,𝑚) ≺ (𝑛′, ℓ′,𝑚′) if 𝑛 < 𝑛′, or 𝑛 = 𝑛′ and
ℓ > ℓ′, or 𝑛 = 𝑛′ and ℓ = ℓ′ and 𝑚 < 𝑚′

. Note that we use the

inverse order on the second component, i.e., (𝑛, ℓ,𝑚) ≺ (𝑛, ℓ′,𝑚′)
if ℓ > ℓ′. Still, since ℓ ≤ 𝑛 for every (𝑛, ℓ,𝑚) ∈ 𝑀 , there are no

infinite decreasing chains in𝑀 .

For the base case, suppose |𝑉 (𝐺) | = 1. Then depth
1

WL (𝐺, 𝜒) =
0 =

|𝑉 (𝐺 ) |− | im(𝜒 ) |
4

+ 𝑓 ( |𝑉 (𝐺) |) and the statement holds.

For the inductive step, suppose (𝐺, 𝜒) is a colored graph with

|𝑉 (𝐺) | > 1. We distinguish several cases.

• First suppose that 𝜒 is not stable with respect to 2-WL, i.e.,

𝜒∗ ≺ 𝜒 where 𝜒∗ (𝑣) B WL2[𝐺, 𝜒] (𝑣) for all 𝑣 ∈ 𝑉 (𝐺). Ob-
serve that | im(𝜒∗) | > | im(𝜒) |, so ( |𝑉 (𝐺) |, | im(𝜒∗) |, |𝐸 (𝐺) |) ≺
(|𝑉 (𝐺) |, | im(𝜒) |, |𝐸 (𝐺) |). Hence, by the induction hypothesis,

we get

depth
2

WL (𝐺, 𝜒
∗) ≤ |𝑉 (𝐺) | − | im(𝜒∗) |

4

+ 𝑓 ( |𝑉 (𝐺) |) .

Also, depth
2

WL (𝐺, 𝜒) ≤ depth
2

WL (𝐺, 𝜒
∗) by Lemma 3.5(1). To-

gether, we obtain that

depth
2

WL (𝐺, 𝜒) ≤ depth
2

WL (𝐺, 𝜒
∗)

≤ |𝑉 (𝐺) | − | im(𝜒∗) |
4

+ 𝑓 ( |𝑉 (𝐺) |)

≤ |𝑉 (𝐺) | − | im(𝜒) |
4

+ 𝑓 ( |𝑉 (𝐺) |) .

• Next, suppose that (𝐺, 𝜒) is not flipped. Define (𝐺 ′, 𝜒 ′) B
flip

* (𝐺, 𝜒). Observe that 𝑉 (𝐺 ′) = 𝑉 (𝐺), 𝜒 ′ = 𝜒 and |𝐸 (𝐺 ′) | <
|𝐸 (𝐺) | hold. We conclude that ( |𝑉 (𝐺 ′) |, | im(𝜒 ′) |, |𝐸 (𝐺 ′) |) ≺
(|𝑉 (𝐺) |, | im(𝜒) |, |𝐸 (𝐺) |). Hence, by the induction hypothesis,

we get

depth
2

WL (𝐺
′, 𝜒 ′) ≤ |𝑉 (𝐺 ′) | − | im(𝜒 ′) |

4

+ 𝑓 ( |𝑉 (𝐺 ′) |) .

Also, depth
2

WL (𝐺, 𝜒) ≤ depth
2

WL (𝐺
′, 𝜒 ′) by Lemma 3.5(2). To-

gether, we obtain that

depth
2

WL (𝐺, 𝜒) ≤ depth
2

WL (𝐺
′, 𝜒 ′)

≤ |𝑉 (𝐺 ′) | − | im(𝜒 ′) |
4

+ 𝑓 ( |𝑉 (𝐺 ′) |)

=
|𝑉 (𝐺) | − | im(𝜒) |

4

+ 𝑓 ( |𝑉 (𝐺) |) .

• Suppose that𝐺 is not connected and let𝐴1, . . . , 𝐴ℓ be the vertex

sets of the connected components of 𝐺 . Observe that |𝐴𝑖 | <
|𝑉 (𝐺) | for all 𝑖 ∈ [ℓ]. By the induction hypothesis, we get

depth
2

WL (𝐺 [𝐴𝑖 ], 𝜒 |𝐴𝑖
) ≤

|𝐴𝑖 | − | im(𝜒 |𝐴𝑖
) |

4

+ 𝑓 ( |𝐴𝑖 |)
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for all 𝑖 ∈ [ℓ]. Together with Lemma 3.5(3), we obtain

depth
2

WL (𝐺, 𝜒) ≤ max

𝑖∈[ℓ ]
depth

2

WL (𝐺 [𝐴𝑖 ], 𝜒 |𝐴𝑖
)

≤ max

𝑖∈[ℓ ]

|𝐴𝑖 | − | im(𝜒 |𝐴𝑖
) |

4

+ 𝑓 ( |𝐴𝑖 |) .

Also, since |𝐴𝑖 | − | im(𝜒 |𝐴𝑖
) | ≥ 0, we get that

max

𝑖∈[ℓ ]
( |𝐴𝑖 | − | im(𝜒 |𝐴𝑖

) |) ≤
∑︁
𝑖∈[ℓ ]

( |𝐴𝑖 | − | im(𝜒 |𝐴𝑖
) |)

= |𝑉 (𝐺) | −
∑︁
𝑖∈[ℓ ]

| im(𝜒 |𝐴𝑖
) |

≤ |𝑉 (𝐺) | − | im(𝜒) |.

Additionally, 𝑓 is monotonically increasing. So depth
2

WL (𝐺, 𝜒) ≤
|𝑉 (𝐺 ) |− | im(𝜒 ) |

4
+ 𝑓 ( |𝑉 (𝐺) |).

• So we may assume that (𝐺, 𝜒) is nice. Next, suppose (𝐺, 𝜒) is
not twin-free and let 𝜋 be a twin-partition of 𝐺 . Observe that

|𝜋 | < |𝑉 (𝐺) |, so by the induction hypothesis we get

depth
2

WL (𝐺/𝜋, 𝜒/𝜋) ≤
|𝜋 | − | im(𝜒/𝜋) |

4

+ 𝑓 ( |𝜋 |) .

In combination with Lemma 3.9, we conclude that

depth
2

WL (𝐺, 𝜒) ≤ depth
2

WL (𝐺/𝜋, 𝜒/𝜋)

≤ |𝜋 | − | im(𝜒/𝜋) |
4

+ 𝑓 ( |𝜋 |).

We have that | im(𝜒) | ≥ | im(𝜒/𝜋) | using that 𝜒 is not refined

by 2-WL. So

depth
2

WL (𝐺, 𝜒) ≤
|𝜋 | − | im(𝜒/𝜋) |

4

+ 𝑓 ( |𝜋 |)

≤ |𝑉 (𝐺) | − | im(𝜒) |
4

+ 𝑓 ( |𝑉 (𝐺) |)

using again that 𝑓 is monotonically increasing.

• So we may suppose that (𝐺, 𝜒) is nice and twin-free. Next,

suppose there is some 𝑐 ∈ im(𝜒) such that 𝜉𝐺,𝜒 (𝑐) ≥ 3. Let

𝑢 ∈ 𝜒−1 (𝑐). Then | im(𝜒2,𝑢 ) | ≥ | im(𝜒) | + 4 by Lemma 5.3. So

depth
2

WL (𝐺, 𝜒) ≤ 1 + depth
2

WL (𝐺, 𝜒2,𝑢 )

≤ 1 +
|𝑉 (𝐺) | − | im(𝜒2,𝑢 ) |

4

+ 𝑓 ( |𝑉 (𝐺) |)

≤ 1 + |𝑉 (𝐺) | − (| im(𝜒) | + 4)
4

+ 𝑓 ( |𝑉 (𝐺) |)

≤ |𝑉 (𝐺) | − | im(𝜒) |
4

+ 𝑓 ( |𝑉 (𝐺) |)

where the first inequality follows from Lemma 3.5 and the second

inequality holds by the induction hypothesis.

• So we may additionally assume that 𝜉𝐺,𝜒 (𝑐) ≤ 2 for every 𝑐 ∈
im(𝜒). Finally, we distinguish several cases based on | im(𝜒) |.
– First suppose that | im(𝜒) | ≥ 4. By Lemma 5.9, there is a set

𝑈 ⊆ 𝑉 (𝐺) of size

|𝑈 | < 6

√
𝑛 log𝑛 ≤ 𝑓 (𝑛)

such that 𝜒2,𝑈 is discrete. By Lemma 3.5 we conclude that

depth
2

WL (𝐺, 𝜒) ≤ |𝑈 | + depth
2

WL (𝐺, 𝜒2,𝑈 )
≤ |𝑈 | + 0 ≤ 𝑓 ( |𝑉 (𝐺) |)

≤ |𝑉 (𝐺) | − | im(𝜒) |
4

+ 𝑓 ( |𝑉 (𝐺) |)

where the second inequality holds since 𝜒2,𝑈 is discrete (see

also Example 3.4).

– Next, suppose that | im(𝜒) | ∈ {2, 3}. We apply Lemma 5.10

and obtain a set 𝑈 ⊆ 𝑉 (𝐺) such that 1 ≤ |𝑈 | ≤ 2 and

| im(𝜒2,𝑈 ) | ≥ | im(𝜒) | + 4 · |𝑈 |, or a set𝑈 ⊆ 𝑉 (𝐺) of size

|𝑈 | ≤ 6𝑛3/4
log𝑛 ≤ 𝑓 (𝑛)

such that 𝜒2,𝑈 is discrete. In the latter case, we get that

depth
2

WL (𝐺, 𝜒) ≤ 𝑓 (𝑛) ≤ |𝑉 (𝐺 ) |− | im(𝜒 ) |
4

+ 𝑓 ( |𝑉 (𝐺) |) sim-

ilar to the previous case. In the former case, we have

depth
2

WL (𝐺, 𝜒) ≤ |𝑈 | + depth
2

WL (𝐺, 𝜒2,𝑈 )

≤ |𝑈 | +
|𝑉 (𝐺) | − | im(𝜒2,𝑈 ) |

4

+ 𝑓 ( |𝑉 (𝐺) |)

≤ |𝑈 | + |𝑉 (𝐺) | − (| im(𝜒) | + 4|𝑈 |)
4

+ 𝑓 ( |𝑉 (𝐺) |)

≤ |𝑉 (𝐺) | − | im(𝜒) |
4

+ 𝑓 ( |𝑉 (𝐺) |)

where the first inequality follows from Lemma 3.5 and the

second inequality holds by the induction hypothesis.

– Finally, assume that | im(𝜒) | = 1, in which casewe use Lemma

5.11. If Option (i) or (ii) is satisfied, we proceed as in the

previous case. So suppose Option (iii) is satisfied, i.e., 𝐺 is

isomorphic to 𝐿2,𝑚 for some𝑚 ≥ 3. Then it is easy to check

that depth
2

WL (𝐺, 𝜒) = 1 ≤ |𝑉 (𝐺 ) |− | im(𝜒 ) |
4

+ 𝑓 ( |𝑉 (𝐺) |) (after
individualizing an arbitrary vertex and performing 2-WL,

repeatedly flipping and splitting into connected components

results in graphs with only a single vertex). □

6 LOWER BOUND ON THEWL DIMENSION
In this section, we provide lower bounds on the WL dimension.

First, we show a lower bound in terms of the number of vertices.

The proof is based on the following theorem, which can be obtained

from [10, Lemma 5 and Corollary 7].

For a graph𝐺 , we use tw(𝐺) to denote the tree-width of𝐺 . Since

we do not need the actual definition of the tree-width, we skip it

here and refer to graph-theory textbooks for it (for example, [9]).

Theorem 6.1. There exists an integer 𝑛0 such that for every even
𝑛 ≥ 𝑛0, there exists a 3-regular graph 𝐺 on 𝑛 vertices such that

tw(𝐺) ≥ 1

24

𝑛 − 1.

To obtain graphs with highWL dimension from 3-regular graphs

of large tree-width, we rely on the Cai-Fürer-Immerman construc-

tion [7]. In order to keep the number of vertices as small as possible,

we rely on a slightly modified construction (see, e.g., [25, 29]).

Let 𝐺 be a graph and let 𝑈 ⊆ 𝑉 (𝐺). For 𝑣 ∈ 𝑉 (𝐺), we define
𝛿𝑣,𝑈 B |{𝑣} ∩ 𝑈 |. Also, we let 𝐸 (𝑣) B {𝑒 ∈ 𝐸 (𝐺) | 𝑣 ∈ 𝑒}, i.e.,
𝐸 (𝑣) denotes the set of edges incident to 𝑣 . We define the graph
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CFI(𝐺,𝑈 ) with vertex set

𝑉 (CFI(𝐺,𝑈 )) B {(𝑣, 𝑆) | 𝑣 ∈ 𝑉 (𝐺), 𝑆 ⊆ 𝐸 (𝑣), |𝑆 | ≡ 𝛿𝑣,𝑈 mod 2}
and edge set

𝐸 (CFI(𝐺,𝑈 )) B {(𝑣, 𝑆) (𝑢,𝑇 ) | 𝑢𝑣 ∈ 𝐸 (𝐺), 𝑢𝑣 ∉ 𝑆 △𝑇 }.
Note that if 𝐺 is a 3-regular graph with 𝑛 vertices, then we have

|𝑉 (CFI(𝐺,𝑈 )) | = 4𝑛.

The following lemma is well known (see, e.g., [7, 29]).

Lemma 6.2. Let 𝐺 be a connected graph and let 𝑈 ,𝑈 ′ ⊆ 𝑉 (𝐺).
Then CFI(𝐺,𝑈 ) � CFI(𝐺,𝑈 ′) if and only if |𝑈 | ≡ |𝑈 ′ | mod 2.

We define CFI(𝐺) B CFI(𝐺, ∅) and CFI
x (𝐺) B CFI(𝐺, {𝑢}) for

some 𝑢 ∈ 𝑉 (𝐺).
The next lemma relates the WL dimension of CFI(𝐺) to the tree-

width of the base graph𝐺 . A variant of this lemma already appears

for example in [8] with the underlying ideas dating back to [7].

The concrete statement given below follows for example from [25,

Lemma 12] and [7, 14].

Lemma 6.3. Let𝐺 be a connected graph. Then CFI(𝐺) ≃𝑘 CFI
x (𝐺)

for every 𝑘 < tw(𝐺). In particular, the Weisfeiler–Leman dimension
of CFI(𝐺) is at least tw(𝐺).

Now, we can combine Theorem 6.1 and Lemma 6.3 to obtain a

concrete lower bound on the WL dimension in terms of the number

of vertices.

Theorem 6.4. There exists an integer𝑛0 such that for every𝑛 ≥ 𝑛0

that is divisible by 8, there is an 𝑛-vertex graph𝐺𝑛 whose Weisfeiler–
Leman dimension is at least 1

96
𝑛 − 1.

Proof. Let 𝑛′
0
denote the constant from Theorem 6.1 and define

𝑛0 B 4𝑛′
0
. Let 𝑛 ≥ 𝑛0 denote an integer that is divisible by 8, and

let 𝑛′ B 𝑛
4
. Observe that 𝑛′ is even. So by Theorem 6.1, there exists

a 3-regular graph 𝐵𝑛 on 𝑛′ vertices such that

tw(𝐵𝑛) ≥
1

24

𝑛′ − 1.

We define 𝐺𝑛 B CFI(𝐵𝑛). We have |𝑉 (𝐺𝑛) | = 4𝑛′ = 𝑛 as desired.

Thus, by Lemma 6.3, the WL dimension of 𝐺𝑛 is at least

tw(𝐵𝑛) ≥
1

24

𝑛′ − 1 =
1

96

𝑛 − 1. □

Next, we modify the argument to obtain a better lower bound

on the WL dimension in terms of the vertex cover number. To this

end, we construct a vertex cover for the CFI graphs.

Theorem 6.5. There exists an integer 𝑟0 such that for every 𝑟 ≥ 𝑟0
that is divisible by 6, there is a graph 𝐺𝑟 of vertex cover number at
most 𝑟 whose Weisfeiler–Leman dimension is at least 1

72
𝑟 − 1.

Proof. Let 𝑛′
0
denote the constant from Theorem 6.1 and define

𝑟0 B 3𝑛′
0
. Let 𝑟 ≥ 𝑟0 denote an integer that is divisible by 6, and

let 𝑛′ B 𝑟
3
. Just like in the proof of Theorem 6.4, there is a 3-

regular graph 𝐵𝑟 on 𝑛′ vertices such that the WL dimension of

𝐺𝑟 B CFI(𝐵𝑟 ) is at least 1

24
𝑛′ − 1 = 1

72
𝑟 − 1.

Since 𝐵𝑟 is 3-regular, we can greedily construct an independent

set 𝐼 in 𝐵𝑟 of size at least
𝑛′
4
. Indeed, for every vertex that we

include in 𝐼 , at most three of the remaining vertices are disqualified,

so altogether, we can include at least
𝑛′
4
vertices in 𝐼 .

Define 𝐶 B 𝑉 (𝐵𝑟 ) \ 𝐼 . Note that 𝐶 is a vertex cover of 𝐵𝑟 . Also,

it is easy to see that the set

𝐶′ B {(𝑣, 𝑆) ∈ 𝑉 (𝐺𝑟 ) | 𝑣 ∈ 𝐶}

is a vertex cover of 𝐺𝑟 . We have

|𝐶′ | = 4 · |𝐶 | ≤ 4 · 3

4

· 𝑛′ = 3𝑛′ = 𝑟,

i.e., the graph 𝐺𝑟 has vertex cover number at most 𝑟 . □

7 CONCLUSION
We have shown that the WL dimension of every 𝑛-vertex graph

is in ( 1

4
+ 𝑜 (1))𝑛. This implies that every 𝑛-vertex graph can be

defined in the counting logic C with ( 1

4
+ 𝑜 (1))𝑛 many variables.

Our contribution improves on the previous bound of
𝑛+3

2
on the

number of variables [28]. In fact, they proved that for every two

non-isomorphic 𝑛-vertex graphs 𝐺 and 𝐻 , there is an FO-formula

with at most
𝑛+3

2
variables that distinguishes 𝐺 and 𝐻 . Since their

bound is (essentially) tight for the logic FO, our results for C also

yield that the ability to count does allow us to reduce the number

of variables that are needed to define arbitrary 𝑛-vertex graphs.

To obtain the results, we have introduced the concept of the 𝑘-
WL depth of a graph and have proved that the 2-WL depth of every

𝑛-vertex graph is at most ( 1

4
+ 𝑜 (1))𝑛. Still, there is a significant

gap towards the lower bound of ( 1

96
− 𝑜 (1))𝑛 that can be obtained

via the CFI construction. By pushing the arguments developed in

this paper, it seems possible to obtain further improvements of

the upper bound, but the case analyses will become significantly

more complex. Independently and after the submission of this work,

Schneider and Schweitzer published an upper bound of ( 3

20
+𝑜 (1))𝑛

on the WL dimension of 𝑛-vertex graphs [30]. Future work may

explore to what extent their methods can be combined with ours

to make further progress.

TheWL depth is a concept that might raise interest in the context

of graph identification beyond the scope of this work. We have

shown that the 1-WL depth of a graph with vertex cover number 𝑟

is at most
2

3
𝑟 + 1, which implies the first non-trivial upper bound

on the WL dimension in terms of 𝑟 . Can similar results be obtained

for other graph parameters? For example, it is not difficult to show

that the 𝑘-WL depth of a graph 𝐺 is at most the tree-depth of 𝐺

(for every 𝑘 ≥ 1). Are there a 𝑘 ∈ N and an 𝜀 > 0 such that

depth
𝑘
WL (𝐺, 𝜒) ≤ (1 − 𝜀 + 𝑜 (1)) · 𝑡

holds for every vertex-colored graph (𝐺, 𝜒) of tree-depth at most 𝑡?
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