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We analyze the gauge fixing precision dependence of some nonlocal quark-bilinear lattice operators
interesting in computing parton physics for several measurements, using five lattice spacings ranging from
0.032 to 0.121 fm. Our results show that gauge-dependent nonlocal measurements are significantly more
sensitive to the precision of gauge fixing than anticipated. The impact of imprecise gauge fixing is
significant for fine lattices and long distances. For instance, even with the typically defined precision of
Landau gauge fixing of 10−8, the deviation caused by imprecise gauge fixing can reach 12%, when
calculating the trace of Wilson lines at 1.2 fm with a lattice spacing of approximately 0.03 fm. Similar
behavior has been observed in ξ gauge and Coulomb gauge as well. For both quasi-parton-distribution
functions (quasi-PDFs) and quasi-transverse-momentum-dependent PDFs operators renormalized using the
regularization independent momentum subtraction (RI/MOM) scheme, convergence for different lattice
spacings at long distance is only observed when the precision of Landau gauge fixing is sufficiently high. To
describe these findings quantitatively, we propose an empirical formula to estimate the required precision.

DOI: 10.1103/PhysRevD.110.074505

I. INTRODUCTION

In gauge field theories, the necessity of gauge fixing
arises originally from perturbation theory. If we just focus
on nonperturbative lattice gauge theory and gauge invariant
quantities, we do not really need gauge fixing. Also, any
gauge-dependent quantity will vanish if averaged over a
sufficient number of configurations. However, in certain
nonperturbative renormalization schemes [1], it is unavoid-
able to use gauge-dependent parton matrix elements to
renormalize composite operators in the Landau or other
gauges, and then match the results to the MS scheme
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perturbatively. Furthermore, nonperturbative lattice gauge
fixing is also necessary to extract information from gauge-
dependent correlators [2].
In continuum gauge theory, the gauge potentials Aμ are

the fundamental degrees of freedom, and Wilson lines are
defined through Aμ as

Uðx; yÞ≡ P exp

�
ig0

Z
x

y
dzμAm

μ ðzÞTm

�
; ð1Þ

where Tm are the SU(3) generators in the fundamental
representation, index m is summed over, and g0 is the bare
coupling constant.
On the other hand, Wilson link UμðxÞ ¼ Uðx; xþ aμ̂Þ is

treated as the fundamental degrees of freedom (d.o.f.) in
lattice gauge theory [3], where a is the lattice spacing, and μ̂
is the unit vector in μ direction. The gauge potential Aμ can
be extracted by short Wilson lines up to discretization
effects,

Aμ

�
xþ a

2
μ̂

�
≡

�
UμðxÞ −U†

μðxÞ
2ig0a

�
Traceless

; ð2Þ

where g0 is the bare coupling at lattice spacing a.
Based on the gauge transformationUG

μ ðxÞ¼GðxÞUμðxÞ×
G†ðxþaμ̂Þ, the discretized gauge condition for the Landau
and Coulomb gauge can be defined as (l ¼ 4 for Landau
gauge and l ¼ 3 for Coulomb gauge)

ΔGðxÞ≡Xl

μ¼1

½UG
μ ðxÞ −UG

μ ðx − aμ̂Þ − ðUG
μ Þ†ðxÞ

þ ðUG
μ Þ†ðx − aμ̂Þ�=ð2ig0Þ ¼ 0: ð3Þ

The above condition corresponds to continuum gauge
fixing condition

P
l
μ¼1 ∂μA

G
μ ¼ 0 with AG

μ ¼ GAG
μG† þ

1
ig0

G∂μG†, up to discretization errors.
The standard way to fix the Landau and Coulomb gauges

in lattice QCD [4–6] is based on the numerical minimiza-
tion of the functional

FU½G�≡ −
1

3lV
ReTr

X
x

Xl

μ¼1

UG
μ ðxÞ; ð4Þ

where V is the lattice volume. The extremum of FU½G�
corresponds to the discretized gauge condition ΔGðxÞ ¼ 0
up to discretization errors [7].
Numerical nonperturbative gauge fixing is never perfect.

Therefore, it is necessary to introduce a definition for the
precision of gauge fixing. Since the latter is unphysical, it
allows for a wide range of choices. For an appropriate
definition of precision, as it approaches zero, the numerical
gauge fixing should approach perfect gauge fixing. (In this
context, we are disregarding Gribov copies because of the

nonseparability of lattice Gribov noise from the statistical
uncertainty inherent in the Monte Carlo method [7,8].
Consequently, the effects of Gribov copies are expected to
be smaller than the statistical uncertainty.) Naively, we
expect that most of the gauge-dependent measurements we
are interested in for our lattice simulation will behave
monotonically with this precision. Then we require a
certain precision and make sure that the impact of imprecise
gauge fixing will not cause a significant systematic
deviation compared to the statistical uncertainty and other
systematic uncertainties. There are two popular criteria to
estimate the quality of gauge fixing. One is defined as

θG ≡ 1

3V

X
x

Tr½ðΔGðxÞÞ†ðΔGðxÞÞ�: ð5Þ

Obviously, when θG ¼ 0, the discretized gauge condition
ΔGðxÞ ¼ 0 is met. The other is determined by the change in
the functional FU during the iterative gauge fixing pro-
cedure, given by the equation

δFðnÞ ¼ FU½GðnÞ� − FU½Gðn − 1Þ�; ð6Þ

where GðnÞ represents the gauge rotation at the nth step.
The gauge fixing will stop at the mth step once δFðmÞ is
smaller than the preassigned value δF. When δF ¼ 0, the
functional FU½G� reaches its extremum, and the discretized
gauge condition ΔGðxÞ ¼ 0 is fulfilled. To the best of our
knowledge, δF is the precision typically defined in Landau
gauge fixing codes. The magnitude of θG is proportional to
that of δF as shown in the Appendix, but larger by a factor
of ∼20. In the following, we will just show the preassigned
value of δF as the precision of gauge fixing, except for the ξ
gauge. The relationship between them has also been
explored in other works, such as in Ref. [7].
For local quark bilinear operators, δF ∼ 10−7 is small

enough given the other uncertainties which are at the 0.1%
level or larger [9]. At the same time, the gluon three point
function deviates from its accurate value by 0.01% with
θG ¼ 10−11 at 2 GeV [10]. In this work, our interest is
gauge fixing precision study for nonlocal quark-bilinear
operators. We find that nonlocal gauge-dependent mea-
surements are much more sensitive to the precision of
gauge fixing than local ones. This has important implica-
tions for quasi-parton-distribution functions (quasi-PDFs)
and related matrix element renormalization in regulariza-
tion-independent momentum subtraction (RI/MOM)
schemes or fixed-gauge quark-bilinear nonlocal operator
calculations.
This paper is organized as follows. In Sec. II, we will

present the numerical setup, investigate the impact
of imprecise gauge fixing on longer Wilson lines, and
propose an empirical formula to describe the impact of
imprecise gauge fixing. In the next two sections, we will
show this impact on Large momentum effective theory
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(LaMET) [11,12] lattice simulations. Quasi-PDFs and
Coulomb gauge quasi-PDFs [13] are shown in Sec. III,
while quasi-transverse-momentum-dependent (quasi-TMD)
PDFs are shown in Sec. IV. The last section will provide a
brief summary.

II. NUMERICAL SETUP AND WILSON LINES

In this calculation, we use the 2þ 1þ 1 flavors (degen-
erate up and down, strange, and charm degrees of freedom)
of highly improved staggered quarks and one-loop
Symanzik improved [14] gauge ensembles from the
MILC Collaboration [15] at five lattice spacings. We tuned
the valence light quark mass using the Hypercubic (HYP)
smeared tadpole improved clover action to be around that in
the sea, and the information about the ensembles and
parameters we used are listed in Table I.
The gauge fixing procedure used in this work is proposed

in Ref. [4] and can be briefly described as follows [16]:
(1) Separate the lattice sites into the even

[modðP4
i¼1xi;2Þ¼0] and odd [modðP4

i¼1xi;2Þ¼
1] sectors.

(2) On each site x of the even sector, calculate
KðxÞ≡P

l
μ¼1ðUμðxÞ þ U†

μðx − aμ̂ÞÞ, obtain the
projected SU(2) matrix aðxÞ from a given 2 × 2

submatrix of KðxÞ, and then apply a†ðxÞ on the
left-hand side of U and K. One can apply the over-
relaxation algorithm [7,17] by replacing a≡ a0 þ
σiai into

a0 ¼ cosðωθÞ þ σiai � sinðωθÞ= sinðθÞ; ð7Þ

where θ ¼ cos−1 a0 and 1 < ω < 2 to accelerate the
convergence.

(3) Repeat step 2 on all the other 2 × 2 submatrices of
KðxÞ and apply them to U and K.

(4) Repeat steps 2 and 3 for the odd sector.
(5) Compute FU and iterate through steps 2–4 until the

change in FU, denoted by δF, is less than the
required gauge fixing precision.

To get a clear image of imprecise gauge fixing, we
choose to look at the ratio of the gauge-dependent quantity
X under two gauge fixing with precisions δF and δF0 ,

rδ
FðXÞ≡ XδF=XδF

0 : ð8Þ

Here, X can be the trace of Wilson line, quark matrix
element, or other quantities related to the precision of gauge
fixing. δF0 is chosen to be “sufficiently small” to ensure that
XδF

0 remains unchanged within the statistical uncertainty. In
this definition, rδ

FðXÞ can deviate from 1 when δF ≫ δF0 .
Obtaining higher precision in numerical gauge fixing

necessitates more iteration steps, resulting in increased
computational cost, especially for larger lattices such as
a03m310. Consequently, in practice, it is necessary to
select a specific precision that strikes a balance between
systematic error and computational cost. In this study, we
opt for the precision of gauge fixing δF0 ¼ 10−12 in Eq. (8)
in most cases. Subsequent discussions will demonstrate the
reasonableness of this choice.

A. Straight Wilson line under Landau gauge

We start with the most straightforward gauge-dependent
quantities in lattice simulations, the Wilson lines. They are
defined in Eq. (1) and can also be expressed as

Uðx; xþ naμ̂Þ≡Yn−1
k¼0

Uμðxþ kaμ̂Þ; n > 0: ð9Þ

They are referred to as long Wilson lines when n > 1. They
are gauge dependent and transform under a gauge trans-
formation similar to the short line,

UGðx; xþ naμ̂Þ ¼ GðxÞUðx; xþ naμ̂ÞG†ðxþ naμ̂Þ: ð10Þ

As shown in the upper and middle panels of Fig. 1, at
short distance, the ratio rδ

FðWðzÞÞ of the trace of Wilson
lines with given length z,

WðzÞ≡ 1

3
Tr

�X
x

Uðx; xþ zÞ
�
; ð11Þ

depends only weakly on precision and lattice spacing. But at
long distance, the ratio rδ

FðWðzÞÞ decays more rapidly for
smaller lattice spacings and lower precisions. For example,
on a03m310, at z ¼ 1.2 fm, the difference between

TABLE I. Setup of the ensembles, including the bare coupling constant g0, lattice size L3 × T and lattice spacing a. mw
q is the bare

quark masses. The pion masses in the sea are ∼310 MeV and the valence pion mass are in the range of 280–320 MeV.

Tag 6=g20 L T a ðfmÞ mw
q a csw

a12m310 3.60 24 64 0.1213(9) −0.0695 1.0509
a09m310 3.78 32 96 0.0882(7) −0.0514 1.0424
a06m310 4.03 48 144 0.0574(5) −0.0398 1.0349
a045m310 4.20 64 192 0.0425(5) −0.0365 1.0314
a03m310 4.37 96 288 0.0318(5) −0.0333 1.0287
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δF ¼ 10−8 and δF ¼ 10−12 is 11.6(9)%. This indicates that,
even with a high precision of δF ¼ 10−8, the Wilson lines
remain very sensitive to the precision of gauge fixing,
especially for small lattice spacings at long distance. As
for HYP smearing, it enhances the signal but does not result
in additional systematic deviations, as shown in the middle
panels of Fig. 1 using the a06m310 ensemble at
a ∼ 0.06 fm, in comparison to the case without HYP
smearing shown in the upper panel of the same figure.

To describe and estimate the impact of imprecise gauge
fixing, we propose the following empirical formula:

XðδFÞ ¼ Xð0Þe−cðXÞðδFÞnðXÞ ; ð12Þ

where c and n are the parameters to be fitted and Xð0Þ
corresponds to the observable X for precise enough gauge
fixing (for example, δF ¼ 10−15). This form can be
expanded as Xð0Þð1 − cðXÞðδFÞnðXÞÞ when δF is suffi-
ciently small. However, the exponential form proves to
offer a more accurate representation of the data when
XðδFÞ=Xð0Þ exhibits notable deviations from 1 compared
to its linear expansion.
As shown in the upper and middle panels of Fig. 2,

nðWðzÞÞ is approximately 0.5 and does not show a very
strong dependence on z and lattice spacing. Conversely,
cðWðzÞÞ is much more sensitive to z and lattice spacing.
The lower panel indicates that the χ2=d:o:f: is sufficiently
small. Thus, this empirical formula adequately captures the
impact of imprecise gauge fixing in the Wilson line case.
The impact of imprecise gauge fixing increases as the

Wilson line becomes longer, and it appears that this is
primarily due to cðWðzÞÞ. Therefore, we fit cðWðzÞÞ
and attempt to model it using a quadratic function
cðWðzÞÞ ¼ c2z2 þ c1zþ c0 as shown in the middle panel
in Fig. 2. For a12m310, we obtain c2 ¼ 42ð3Þ, c1 ¼
7.2ð1.3Þ, c0 ¼ −0.38ð0.12Þ, and χ2=d:o:f: ¼ 0.06. For
a06m310, the values are c2 ¼ 166ð8Þ, c1 ¼ 27.6ð1.9Þ,
c0 ¼ −0.97ð0.09Þ, and χ2=d:o:f: ¼ 0.51. This result sug-
gests that cðWðzÞÞ will increase quadratically as the Wilson
line lengthens, allowing us to use a quadratic function to
forecast cðWðzÞÞ and assess the effect of imprecise gauge
fixing. Interestingly, it appears that the coefficient c2 is
proportional to 1=a2, and this term will become dominant
when the Wilson line is sufficiently long.
We have conducted a comparable fitting analysis with

pion mass close to the physical value, as detailed in the
Appendix. The outcomes reveal that the empirical formula
outlined in Eq. (12) remains applicable in this scenario.
Moreover, the trends observed in cðWðzÞÞ and nðWðzÞÞ are
similar for both pion masses. Consequently, we are con-
fident that our findings from this study are also valid for
pion masses close to the physical ones.
The Wilson lines with gauge rotations G1ðxÞ and G2ðxÞ

can be related by the following expression:

UG1ðx;xþ zÞ
¼G1ðxÞG−1

2 ðxÞUG2ðx;xþ zÞG2ðxþ zÞG−1
1 ðxþ zÞ

¼ ½G1ðxÞG−1
2 ðxÞ�UG2ðx;xþ zÞ½G1ðxþ zÞG−1

2 ðxþ zÞ�−1;
ð13Þ

where UGðx; xþ zÞ≡GðxÞUðx; xþ zÞG†ðxþ zÞ and UG1

and UG2 just differ by the relative gauge rotations at both

FIG. 1. The ratio rδ
FðWðzÞÞ defined in Eq. (8) for the trace of

Wilson lines defined in Eq. (11) for different precisions, without
HYP smearing (upper) and with one-step HYP smearing after
gauge fixing (middle), and the lowest panel shows the lattice
spacing dependence for the one-step HYP smearing case. The
result for δF0 ¼ 10−12 is chosen as denominator. The impact of
imprecise gauge fixing is significant at long distances on fine
lattices.
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ends of the Wilson line. We can then use the correlation
between the relative gauge rotation G̃≡GG−1

0 between the
gauge fixing with different precision,

CGðzÞ ¼ 1

3V

X
x

Tr½½Gðxþ zÞG−1
0 ðxþ zÞ�†½GðxÞG−1

0 ðxÞ��;

ð14Þ

to gain insights into whyWðzÞ depends on the gauge fixing
precision. G and G0 are the gauge rotations with certain
gauge fixing precision δF and δF0 ¼ 10−12 ≪ δF.
As shown in the upper panel of Fig. 3, the correlation

CGðzÞ approaches 1 when the gauge fixing is precise
enough, with δF ¼ δF0 . On the other hand, CGðzÞ deviates
from1 for larger δF and approaches 0 in the limit of no gauge
fixing. Such a deviation becomesmore significant at large z,
while suffering from loop-around effects when z is approx-
imatelyL=2:These observations are consistent with the idea
that gauge fixing creates a correlation between different
spatial positions, which will be stronger with more precise
gauge fixing.
At the same time, CGðzÞ with a given δF but different

lattice spacing a also increases with 1=a, as shown in the
lower panel of Fig. 3. This is also understandable since the
correlation would depend on the distance in lattice units
instead of physical units.

B. Straight Wilson line under ξ gauge

We also extend our study of Wilson lines from Landau
gauge with ξ ¼ 0 to the general covariant ξ gauge. The
gauge condition of ξ gauge is defined as [18–20]

FIG. 2. The parameters nðWðzÞÞ (top) and cðWðzÞÞ (middle)
determined from the fitting ansatz (12) for the trace of Wilson
lines defined in Eq. (11) at different z, and also the corresponding
χ2=d:o:f: (bottom) for a12m310 and a06m310 ensembles. We use
data from gauge fixings with δF ¼ 10−4; 10−5; 10−6; 10−7; 10−8.
One-step HYP smearing has been applied after gauge fixing. The
uncertainty is obtained from bootstrap resampling. The two
curves in the middle panel are the fits of cðWðzÞÞ using a
polynomial form.

FIG. 3. The correlation of the relative gauge rotation G̃≡
GG−1

0 defined in Eq. (14) as function of the spatial distance z
for different gauge fixing precision δF and different ensembles.
The gauge rotations G and G0 correspond to gauge fixing with
precision δF and δF0 ¼ 10−12 ≪ δF.
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ΔGðxÞ≡X4
μ

�
AG
μ

�
xþ a

2
μ̂

�
− AG

μ

�
x −

a
2
μ̂

��
¼ ΛðxÞ;

ð15Þ

where random matrix ΛðxÞ on each lattice site x of each
configuration belonging to the SUð3Þc group are sampled

according to the weight e−
1
2ξTrΛ

2ðxÞ. Note that the Landau
gauge is recovered whenΛðxÞ ¼ 0 at every x. The precision
of gauge fixing for the ξ gauge is defined as

θGξ ≡ 1

3V

X
x

Tr½ðΔGðxÞ − ΛðxÞÞ†ðΔGðxÞ − ΛðxÞÞ�: ð16Þ

We use this expression in ξ gauge instead of δF in this case.
As we did for the Landau gauge, we plot the ratio

rθ
G
ξ ðWÞ≡WθGξ =WθGξ;0 ð17Þ

of the traces of Wilson lines defined in Eq. (11) for different
precisions of gauge fixing, with θGξ;0 ¼ 2 × 10−7 since it is
very hard to reach higher precision here. The numerical
gauge fixing requires more iteration steps to converge when
ξ becomes larger. Additionally, some configurations can
not converge within 100,000 iterations if the required
precision is too high, particularly for large ξ.
As shown in the upper panel of Fig. 4, it seems that the

impact of imprecise gauge fixing becomes slightly smaller
as ξ increases. The middle and lower panels show that the
effects of lower required precision are larger on finer
lattices, at longer distances, and for lower average preci-
sion. This observation is consistent with our findings in the
Landau gauge.

C. Staple-shaped Wilson line under Landau gauge

Staple-shaped Wilson lines Wðb; z; LÞ are also widely
used for gauge-dependent measurements. For example, a
quasi-TMD-PDF operator [21] contains a staple-shaped
Wilson line. Staple-shaped Wilson lines are defined as

Wðb;z;LÞ≡P exp

�
ig0

Z
z

−L
dsn̂z ·Amðbn̂⊥þ sn̂zÞTm

�

×P exp

�
ig0

Z
b

0

dsn̂⊥ ·Amðsn̂⊥−Ln̂zÞTm

�

×P exp

�
ig0

Z
−L

0

dsn̂z ·Amðsn̂zÞTm

�
; ð18Þ

where b ¼ jb⃗⊥j and z are the separations between the two
end points of the staple-shaped Wilson line along the
transverse direction n̂⊥ and longitudinal direction n̂z,
respectively. In the context of quasi-TMD-PDFs, the L
dependence here should be canceled by the corresponding
Wilson loop at finite but large enough L, and straight

Wilson lines are recovered when z ¼ 0, L ¼ 0. The trace is
denoted as Wstðb; z; LÞ as in the Wilson line case.
If the dependence of the gauge fixing precision for the

staple-shaped Wilson line arises solely from the correlation
between the gauge rotations of the end points, then the ratio
rδ

FðWstðb; z; LÞÞ should be invariant with respect to L.
However, empirical findings indicate otherwise, suggesting
that the gauge fixing precision dependence is influenced by
the shape of the Wilson line.

FIG. 4. The ratio rθ
G
ξ ðWðzÞÞ of the trace of Wilson lines defined

in Eq. (11) for different precision with one-step HYP smearing.
The result with the precision θGξ;0 ¼ 2 × 10−7 is used as the
denominator in the ratio. Upper: the ratios with different ξ.
Middle: the ratios with different lattice spacings. Lower: the ratios
with different θGξ . The impact of imprecise gauge fixing is similar
to that in the Landau gauge.
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When considering the staple-shaped Wilson lines
Wðb; z; LÞ and its trace Wstðb; z; LÞ for different gauge
fixing, the only difference lies in the gauge transformation
GðxÞ on the two end points. When b and z remain
unchanged, the end points are fixed, but L still has an
influence on the impact of imprecise gauge fixing, as
depicted in Fig. 5. When L becomes longer, the impact of
imprecise gauge fixing is enhanced as shown in the upper
panel of Fig. 5. Furthermore, longer b and smaller lattice

spacing make this phenomena more pronounced, as shown
in the middle and lower panels of Fig. 5. As the gauge
fixing precision dependence is not very sensitive on ξ, we
will not delve into the discussion of the staple-shaped
Wilson line in the ξ gauge.

III. QUASI-PDF

A quasi-PDF operator is a quark-bilinear operator with a
Wilson line,

OGI
Γ ðzÞ ¼ ψ̄ð0ÞΓUð0; zÞψðzÞ: ð19Þ

GI means that its hadron matrix element is gauge invariant.
Its renormalized nucleon matrix element is connected to
PDFs through factorization theorems [11,22–25]. Its
hadron matrix element is

h̃GIχ;Γðz; Pz; 1=aÞ≡ hχðPzÞjOGI
Γ ðzÞjχðPzÞi: ð20Þ

The UV divergence is independent of the hadron state,
as shown in Refs. [26,27]. In the following, we will
concentrate on the pion matrix element h̃GIπ ðz; Pz; 1=aÞ≡
hπðPzÞjOGI

γt ðzÞjπðPzÞi of the quasi-PDF operator OGI
γt ðzÞ at

different lattice spacing a as an illustrative example.
The pion matrix element can be extracted from the
following ratio:

Rπðt1; z; a; t2Þ

≡ hOπðt2Þ
P

x⃗O
GI
Γ ðz; ðx⃗; t1ÞÞO†

πð0Þi
hOπðt2ÞO†

πð0Þi
¼ hπjOGI

Γ ðzÞjπi þOðe−Δmt1 ; e−Δmðt2−t1Þ; e−Δmt2Þ; ð21Þ

where Δm is the mass gap between the pion and its first
excited state, which is around 1 GeV. One-step HYP
smearing is applied to the Wilson lines to enhance the
signal-to-noise ratio. The source/sink setup and also the
ground state matrix element extraction are similar to that in
Refs. [26–28].

A. Quasi-PDF renormalized using the Wilson line

In lattice regularization, one encounters a linear diver-
gence of the quasi-PDF operator OGI

γt ðzÞ defined in
Eq. (19). To ensure the existence of a finite continuum
limit, it is necessary to remove this linear divergence.
Studies in the continuum [29–32] suggest that the quasi-
PDF operator is multiplicatively renormalizable, and the
linear divergence just comes from the Wilson line. We plot
the ratio of the pion matrix element h̃GIπ;γtðz; 0; 1=aÞ and the
trace of the Wilson line WðzÞ to see whether there is a
residual linear divergence on the lattice.
The central value of the pion matrix element with

Coulomb wall source shows negligible dependence on
the precision of Coulomb gauge fixing, as demonstrated in

FIG. 5. The ratio rδ
FðWstðb; z; LÞÞ Eq. (8) of the trace of staple-

shaped Wilson lines defined in Eq. (18) for different precision
with one-step HYP smearing after gauge fixing. We use the z ¼ 0

case as an illustration. The result for δF0 ¼ 10−12 is chosen as the
denominator. Upper: the ratios with different δF. Middle: the
ratios with different b. Lower: the ratios with different lattice
spacings. It is observed that the impact of imprecise gauge fixing
depends on L, but this dependence is much weaker than that on b.
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the Appendix. So we will concentrate on the precision of
Landau gauge fixing used for the Wilson line rather than
Coulomb gauge fixing used for the pion matrix element
with wall source.
As shown in Fig. 6, the results at δF ¼ 10−7 differ for

different lattice spacings. The discrepancy increases for
finer lattices and longerWilson lines. When the precision of
gauge fixing is increased, such as to δF ¼ 10−8, the results
show convergence. Moreover, for δF ¼ 10−12, the results
from different lattice spacings are consistent within uncer-
tainty even for the finest lattice and at long distance,

indicating the complete elimination of the linear diver-
gence. Although at short distance the results for δF ¼ 10−7,
δF ¼ 10−8, and δF ¼ 10−12 are very close to each other, the
impact of imprecise gauge fixing becomes significant at
long distance, especially for smaller lattice spacing. This is
due to the unphysical contribution caused by imprecise
gauge fixing of Wilson lines, as mentioned previously.
Given the successful removal of the linear divergence by

the ratio, one can explore the possibility of matching the
hadron matrix element in lattice regularization h̃GIπ;γt to the
MS scheme. To address any potential residual logarithmic
divergence, we opt to renormalize the ratio using the short-
distance ratio (SDR) scheme. We adopt a more streamlined
approach to define the “subtracted” quasi-PDF in the SDR
scheme on the lattice. This involves dividing the quasi-PDF
by the Wilson line and normalizing it with a pion matrix
element in the rest frame at a short distance z0,

hGI;SDRχ;γt ðz; Pz; 1=z0Þ ¼
h̃GIχ;γtðz; Pz; 1=aÞ=WðzÞ
h̃GIπ;γtðz0; 0; 1=aÞ=Wðz0Þ

: ð22Þ

Then hGI;SDRχ;γt can be matched to the MS scheme using the
perturbative calculation of WðzÞ, Wðz0Þ, and the on-shell
h̃GIχ;γt which is independent of χ,

hGI;MS
χ;γt ðz; Pz; μÞ ¼ Cðz; z0; μÞhGI;SDRχ;γt ðz; Pz; z0Þ; ð23Þ

where

Cðz;z0;μÞ¼
h̃GI;MS
pert; γtðz0;0;μÞ
WMS

pertðz0;μÞ
WMS

pertðz;μÞ

¼
�
1þαsCF

4π

�
ξ lnz20μ

2þ5þξð2γE− ln4Þ
��

×

�
1þαsCF

4π
ð3−ξÞ

�
lnz2μ2þ2γE− ln4

��
þOðα2sÞ

⟶
ξ⟶0

h̃GI;MS
pert;γt ðz;0;μÞþOðα2sÞ: ð24Þ

Note that, since the long Wilson line does contain non-
perturbative physics at large z, the above approach will
introduce some unknown nonperturbative effects. The
comparison with other renormalization schemes can be
found in the following subsection.

B. Quasi-PDF renormalized in RI/MOM scheme
and self-renormalization

In RI/MOM renormalization, we need to calculate
gauge-dependent quark matrix elements to renormalize
hadron matrix elements to get results free of any residual
divergences. The definition of the renormalization constant
is (e.g., [33])

FIG. 6. Pion matrix element in lattice regularization
h̃GIπ;γtðz; 0; 1=aÞ defined in Eq. (20) divided by WðzÞ defined in
Eq. (11) for different lattice spacings and different precision of
gauge fixing. One-step HYP smearing has been applied after
gauge fixing.
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ZGI
Γ ðz; Pz; μ; 1=aÞ

¼ ZqðPz; μ; 1=aÞ
Tr½ΓhqðpÞjOGI

Γ ðzÞjqðpÞi�p2¼−μ2;pz¼pt¼0

; ð25Þ

where jqðpÞi is the off-shell quark state with external
momentum p, and we have assumed a lattice regularization
and included the 1=a dependence in the matrix elements.
The setup in the calculation of quark matrix elements is the
same as that in Ref. [26], except for the precision of gauge
fixing. Zq is defined from the hadron χ matrix element of a
local vector current,

ZqðPz;μ;1=aÞ¼
Tr½ΓhqðpÞjOGI

Γ ð0ÞjqðpÞi�p2¼−μ2;pz¼pt¼0

h̃GIχ;Γð0;Pz;1=aÞ
:

ð26Þ

When the Landau gauge fixed-volume source [34] is
used in the calculation, the statistical uncertainty is sup-
pressed by a factor 1=

ffiffiffiffi
V

p
compared to the point source

case. Note that the Zq definition used here is exactly the
same as Z̃q ≡ Tr½p=S−1�=p2 from the quark propagator in
dimensional regularization [35], but the discretization
effect is much smaller than that for Z̃q in lattice regulari-
zation as shown in Ref. [36].
We multiply the pion matrix element h̃GIπ;γtðz; Pz; 1=aÞ

with ZGI
γt to obtain the nonperturbatively renormalized

and normalized matrix element at a given RI/MOM
scale μ,

hGI;RI=MOM
π;γt ðz; Pz; μÞ ¼ ZGI

γt ðz; Pz; μ; 1=aÞh̃GIπ;γtðz; Pz; 1=aÞ:
ð27Þ

Since the quasi-PDF operator is multiplicatively renor-
malizable and the linear divergence just comes from the
Wilson line and is independent of the external quark
or hadron state, RI/MOM renormalization [1] is
believed to be a good candidate to remove the linear
divergence [32,34,37–41].
If the linear divergence just comes from the Wilson line

and is independent of the external quark or hadron state,
then RI/MOM renormalization [1] can be a good candidate
to remove the linear divergence [32,34,37–41]. But similar
to the Wilson line, the quasi-PDF quark matrix element in
the RI/MOM scheme is a nonlocal gauge-dependent
quantity, and thus it is also highly sensitive to the precision
of Landau gauge fixing at long distance on fine lattices as
shown in Fig. 7.
Compared to Fig. 1, we observe that the impact of

imprecise gauge fixing on the quark matrix element is
weaker than that on the Wilson line. This suggests that the
quark external state mitigates the impact of imprecise gauge
fixing. For example, the difference of the quark matrix

elements at δF ¼ 10−8 and δF ¼ 10−12 on a06m310 at
1.2 fm is 0.021(0.012), whereas this difference is 0.032
(0.003) for the Wilson line. Similarly, on a03m310, the
difference is 0.06(0.03) and 0.116(0.09) for the quark
matrix element and the Wilson line, respectively.
It is important to check whether the empirical formula

defined in Eq. (12) can also describe the impact of imprecise
gauge fixing on quark matrix elements. The fitted results are
presented in Fig. 8. Here, nðZGI

γt ðz; 0; μ; 1=aÞÞ is about 0.5
and cðZGI

γt ðz; 0; μ; 1=aÞÞ increases for longer z and smaller
lattice spacing. The lower panel indicates that χ2=d:o:f: is
not consistently small and can reach around 3 on a06m310.
Nevertheless, we maintain that this empirical formula
performs reasonablywell. Ultimately, the precision of gauge
fixing is unphysical, and there is some flexibility in its
definition. Since δF is simply the trace of theWilson line, it is
more suitable for the Wilson line case than for the quark
matrix element case when investigating the impact of
imprecise gauge fixing. We believe that this empirical
formula is sufficient to help us estimate the impact of
imprecise gauge fixing for the quark matrix element.
Additionally, we find that cðZqÞ is negative on both
a12m310 and a06m310, as nðZqðPz;μ;1=aÞÞ¼0.48ð0.02Þ,
cðZqðPz; μ; 1=aÞÞ ¼ −1.1ð0.2Þ, and χ2=d:o:f: ¼ 0.30

FIG. 7. The ratio rδ
F ðZGI

γt ðz; 0; μ; 1=aÞÞ of the renormalization
factor defined in Eq. (25) in RI/MOM scheme for two values of
the required precision, with one-step HYP smearing. The case
δF0 ¼ 10−12 is used as denominator in the ratios.
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on a12m310, nðZqðPz; μ; 1=aÞÞ ¼ 0.507ð0.09Þ,
cðZqðPz; μ; 1=aÞÞ ¼ −6.0ð0.5Þ, and χ2=d:o:f: ¼ 0.36 on
a06m310. The negative value of cðZqÞ ∝ 1=a2 implies that
Zq defined in Eq. (26) will increase as the precision of
Landau gauge fixing decreases, and that its impact can
increase significantly at small lattice spacing.
We can perform a similar fit for cðZGI

γt ðz; 0; μ; 1=aÞÞ
using a quadratic function cðZGI

γt ðz; 0; μ; 1=aÞÞ ¼ c2z2 þ
c1zþ c0 as shown in the middle panel in Fig. 8. On

a12m310, we obtain c2 ¼ 39ð4Þ, c1 ¼ 3.5ð1.4Þ and
c0 ¼ −0.20ð0.12Þ, with χ2=d:o:f: ¼ 0.15. For a06m310,
the values are c2¼136ð10Þ, c1¼ 19ð2Þ, c0 ¼ −0.80ð0.10Þ,
and χ2=d:o:f: ¼ 1.40. This result indicates that cðZGI

γt ðz; 0;
μ; 1=aÞÞ will grow quadratically as the Wilson line
becomes longer. Consequently, we can employ a quadratic
function to predict cðZGI

γt ðz; 0; μ; 1=aÞÞ and estimate the
impact of gauge fixing.
Thus, the imprecise gauge fixing has a significant impact

on quasi-PDF in the RI/MOM scheme. As shown in
Fig. 9, the outcome at δF ¼ 10−7 exhibits inconsistencies
across various lattice spacings, with a more pronounced
discrepancy observed for finer lattices. Furthermore, the

FIG. 8. The fitted results for nðZGI
γt ðz; 0; μ; 1=aÞÞ and

cðZGI
γt ðz; 0; μ; 1=aÞÞ defined in Eqs. (12) and (25), along with

the corresponding χ2=d:o:f: on different ensembles. We use data
for gauge fixing with δF ¼ 10−4; 10−5; 10−6; 10−7; 10−8. One-
step HYP smearing has been applied after gauge fixing. The
uncertainty is obtained by bootstrap resampling. The two curves
in the middle panel are the fitted results for cðZGI

γt ðz; 0; μ; 1=aÞÞ.

FIG. 9. Quasi-PDF matrix element in RI/MOM scheme defined
in Eq. (11) at different lattice spacings and for different precision
of Landau gauge fixing.
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discrepancy amplifies as the line lengthens. However, with
an increased precision of gauge fixing, such as δF ¼ 10−8,
the results behave better. Additionally, for δF ¼ 10−12, the
results for different lattice spacings agree within the
uncertainties, even on the finest lattice and at long
distances, indicating the complete elimination of the linear
divergence. If the precision is not high enough, the
divergent behavior may be mistaken for residual linear
divergence, as what we did in Ref. [26].
Even though the RI/MOM renormalization with precise

enough gauge fixing can eliminate the linear divergence,
the nonperturbative effect at large z remains. Thus, one can
also extract divergent renormalization factors of quasi-
PDFs by parametrizing the results in the rest frame on the
lattice, which is called self-renormalization [27].
The fit strategy used in Ref. [27] can be improved into a

joint fit of the results at different lattice spacing a and
Wilson line length z,

ln h̃GIπ;γtðz;0;1=aÞ

¼ kz
a ln½aΛQCD�

þfðzÞaþ3Cf

b0
ln

�
lnð1=aΛQCDÞ
lnðμ=ΛQCDÞ

�

þ1

2
ln

�
1þ d

ln½aΛQCD�
�
2

þ
(
ln½h̃GIpert;γtðz;μ;ΛMSÞ�þm0z if z0 ≤ z≤ z1
gðzÞ if z1<z

; ð28Þ

where the linear divergence factor k, the effective QCD
scale ΛQCD, the discretization effect coefficient fðzÞ, the
renormalon factor m0, the overall αs correction coefficient
d, and the renormalized matrix element gðzÞ are the
parameters to be fitted, and h̃GIpert;γtðz; μ;ΛMSÞ represents
the quasi-PDF in the MS scheme at one-loop level.
In Eq. (28), the term 1

ln½aΛQCD� ∝ αs serves as a para-

metrization of αs at varying a values, utilizing the effective
QCD scale ΛQCD. Therefore, the first term on the right-
hand side corresponds to the power divergent term αsz=a,
the third term represents the scale evolution from 1=a to μ,
and the fourth term accounts for the overall 1þOðαsÞ
factor arising from fermion discretization on the lattice.
It is important for z0 and z1 to be sufficiently large to

mitigate discretization effects, yet small enough to ensure
the validity of perturbative theory. Additionally, z1 − z0
should not be excessively small. In this work, we choose
z0 ¼ 0.06 and z1 ¼ 0.15 fm and interpolate the data at
different lattice spacing with intervals of 0.03 fm since both
fðzÞ and gðzÞ depend on z.
Based on this strategy, the renormalized quasi-PDF in

the rest frame in the MS scheme will be

h̃GIπ;γtðz;0;1=aÞ¼
�
h̃GIpert;γtðz;μ;ΛMSÞ if z0 ≤ z≤ z1
Exp½gðzÞ−m0z� if z1<z

: ð29Þ

The conversion factor between RI/MOM and MS at
one-loop level can be found in Ref. [37]. As shown in
Fig. 10, the MS results using the self-renormalization and
the intermediate RI/MOM or SDR schemes are consistent
with each other and close to the perturbative result at
short distance, but they deviate from each other at long
distance due to the nonperturbative effect from the
intrinsic scale 1=z introduced in RI/MOM and SDR
schemes.

C. Coulomb gauge quasi-PDF

The Coulomb gauge quasi-PDF [13] (CG qPDF) oper-
ator is

OCG
Γ ðzÞ ¼ ψ̄ð0ÞΓψðzÞ: ð30Þ

At next-to-leading order, its LaMET matching to PDFs has
been demonstrated in Ref. [13]. This operator is nonlocal
and its hadron matrix element h̃CGχ;Γðz; Pz; 1=aÞ is gauge-
dependent because the quark fields in the operator are
nonlocal and not linked by Wilson lines. If it is free of the
linear divergence, the residual log divergence can be
removed by a short-distance matrix element,

hCGχ;Γðz;Pz;1=aÞ≡ h̃CGχ;Γðz;Pz;1=aÞ=h̃CGχ;Γðz0;Pz;1=aÞ: ð31Þ

The hadron matrix element is nonlocal and gauge depen-
dent, similar to the quark matrix elements of quasi-PDFs
and quasi-TMD-PDFs. Therefore, it is expected to be
sensitive to the precision of gauge fixing.
We performed calculations on the MILC ensembles

a06m310 and a045m310, with lattice spacings close to
0.06 and 0.04 fm, respectively, as used in Ref. [13]. As

FIG. 10. Quasi-PDF matrix element in MS scheme with scale
μ ¼ 2 GeV. The results through the intermediate RI/MOM and
SDR schemes are calculated on a06m310 and converted to the
MS scheme by perturbative matching at one-loop level. The result
from self-renormalization is extracted from joint fits with five
lattice spacings, and z is interpolated to multiples of 0.03 fm. The
curve is the perturbative result at one-loop level in the MS
scheme.
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shown in Fig. 11, the results are not consistent with each
other when the precision of Coulomb gauge fixing is set to
δF ¼ 10−6. If we improve the precision to δF ¼ 10−7, the
results are more consistent. This suggests absence of linear
divergences or residual logarithm divergences in normal-
ized CG qPDFs.

IV. QUASI-TMD-PDF

As a natural generalization of the collinear PDFs,
the transverse-momentum-dependent PDFs provide a
useful description of the transverse structure of hadrons.
In LaMET, the calculation of TMD-PDFs starts from the
unsubtracted quasi-TMD-PDF [12,21,42]. The quasi TMD-
PDFoperator is a quark-bilinear operatorwith staple-shaped
Wilson line,

OTMD
Γ ðb; z; LÞ≡ ψ̄ð0⃗⊥; 0ÞΓWðb; z; LÞψðb⃗⊥; zÞ: ð32Þ

L should be large enough to approximate the infinitely long
Wilson line in the continuum. Similar as for the quasi-PDF
case, we focus on the pion matrix element and the unpo-
larized case (Γ ¼ γt). Details on theRI/MOMscheme can be
found in Ref. [28]. Similar to quasi-PDFs, quasi-TMD-PDF

hadron matrix elements are denoted as h̃TMD
χ;Γ ðb; z; Pz; 1=aÞ,

and renormalized matrix elements in the RI/MOM scheme
are denoted as hTMD;RI=MOM

χ;Γ ðb; z; Pz; μÞ.
As shown in the upper panel of Fig. 12, the results from

different b all saturate to a plateau. This indicates that the
pinch pole singularity has been eliminated by the quark
matrix element on the lattice. For a well-defined quasi-
TMD operator, L should be larger than the spatial parton
distribution and independent of L after proper subtraction.
However, the statistical uncertainty will be larger at longer
L. In practice, we can choose a proper L to balance the
statistical uncertainty and systematic uncertainty, as we did
in Ref. [28].
As shown in the lower panel of Fig. 12, the results at

δF ¼ 10−8 from different lattice spacings exhibit con-
sistency, similar to the behavior observed in the quasi-
PDF case with δF ¼ 10−12. This suggests that the elimi-
nation of linear divergence, logarithmic divergence and
cusp divergence have been achieved, and the precision
δF ¼ 10−8 is adequate in this case. If the precision of
Landau gauge fixing is δF ¼ 10−6 as in Ref. [28],
convergent behavior cannot be observed in the RI/
MOM scheme.

FIG. 11. Renormalized Coulomb gauge quasi-PDF
hCGπ;γtðz; 0; 1=aÞ for different required precision of gauge fixing
and on different ensembles. We studied the unpolarized case
(Γ ¼ γt) for the pion in the rest frame as an illustration. z0 is
interpolated to 0.3 fm in this work.

FIG. 12. Quasi-TMD-PDF matrix element in RI/MOM scheme.
The operator OTMD

Γ ðb; z; LÞ is defined in Eq. (32). Upper: the L
dependence for different b on a06m310 and a12m310. Lower: the
b dependence on five ensembles. All the quark matrix elements
are calculated at δF ¼ 10−8.
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The conversion factor between RI/MOM and MS can be
found in Refs. [43,44]. The reason why their perturbative
results do not converge is that there is a pinch pole
singularity in quasi-TMD-PDFs. As L increases, the con-
version factor does not converge, resulting in a huge value.
One method that can be used to remove the pinch pole
singularity [12] is dividing quasi-TMD-PDF matrix ele-
ments by the square root of a rectangular Wilson loop. The
calculation on a lattice will not be affected because the
contributions of a Wilson loop in the quark matrix element
and the hadron matrix element cancel each other out. This
procedure has also been mentioned in other work, such as
Refs. [45,46]. What we really need to do is to add a Wilson
loop term to the conversion factor.
On the other hand, Ref. [28] proposed the short-

distance ratio scheme, which is gauge invariant and
can also be converted to the MS scheme through perturba-
tive matching. To get rid of the pinch pole singularity and
the linear divergence from the Wilson link self-energy, a
more convenient subtracted quasi-TMD-PDF is then
formed [21],

hTMD
χ;γt ðb; z; Pz; 1=aÞ ¼ lim

L→∞

h̃TMD
χ;γt ðb; z; L; Pz; 1=aÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ZEðb; 2Lþ z; 1=aÞp ; ð33Þ

We write the fully renormalized quasi-TMD-PDF as

hTMD;SDR
χ;γt

�
b;z;Pz;

1

b0

�
¼ hTMD

χ;γt ðb;z;Pz;1=aÞ
hTMD
π;γt ðb0;z0 ¼ 0;0;1=aÞ ; ð34Þ

where we also chosen the pion matrix element in the
denominator (denoted by the subscript π) like the quasi-
PDF case. For simplicity, we have also chosen z0 ¼ 0. The
singular dependence on a on the rhs of Eq. (34) has been
canceled, leaving a dependence on the perturbative short
scale b0. To perform the renormalization, the pion matrix
element hπ;γtðb0; 0; 0; 1=aÞ needs to be calculated non-
perturbatively on the lattice. In order to match the renor-
malized quasi-TMD-PDF to the standard TMD-PDF, we
also need the perturbative results of the above matrix
elements, for which we can choose on-shell quark external
states. The numerator of the rhs of Eq. (34) has been
calculated previously in dimensional regularization and the
MS scheme in Ref. [42], whereas the denominator is
independent of χ and reads

hTMD;MS
pert; γtðb0; z0; 0; μÞ

¼ 1þ αsCF

2π

�
1

2
þ 3γE − 3 ln 2þ 3

2
ln½μ2ðb20 þ z20Þ�

− 2
z0
b0

arctan
z0
b0

�
þOðα2sÞ: ð35Þ

With this, we can also convert the SDR result to the MS
scheme via

hTMD;MS
χ;γt ðb; z; Pz; μÞ

¼ hTMD;MS
pert;γt ðb0; 0; 0; μÞhTMD;SDR

χ;γt

�
b; z; Pz;

1

b0

�
; ð36Þ

where the b0 dependence cancels.
As shown in Fig. 13, both results are consistent with

each other and are close to the perturbative result at short
distance, and they deviate from each other at long
distance due to the nonperturbative effects from the
intrinsic scales 1=z and/or 1=b introduced in the RI/
MOM scheme.

V. SUMMARY

We have investigated the gauge fixing precision depend-
ence for several measurements, using five lattice spacings,
in Landau gauge, Coulomb gauge, and ξ gauge. Our results
indicate that the linear divergences in quasi-PDF operators
and quasi-TMD-PDFs all come from Wilson lines and are
independent of the external state when the gauge fixing is
precise enough. There is also no linear divergence in
Coulomb gauge quasi-PDFs renormalized by short-distance
matrix elements.
Thus, we verified that self-renormalization, which fits

the hadron matrix elements at different lattice spacings,
RI/MOM renormalization, which uses the quark matrix
element and precise enough Landau gauge fixing, and the
short-distance renormalization, which divides by the
corresponding Wilson line or square root of the Wilson
loop, can fully eliminate the UV divergence of the quasi-
PDF and quasi-TMD matrix elements and make the
renormalized ones finite in the continuum limit.
Obviously, the combinations of RI/MOM and SDR
schemes (e.g., the short-distance RI/MOM scheme [45])
should also have a finite continuum limit.

FIG. 13. Quasi-TMD-PDF matrix element on a06m310 in MS
scheme, μ ¼ 2 GeV. The result from the RI/MOM scheme is
converted to the MS scheme by perturbative matching at one-loop
level. The curve is the perturbative result at one-loop level in the
MS scheme.
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At the same time, even though all the approaches are
consistent with the perturbative results at short distances up
to the discretization error, they can be significantly different
at long distances due to introduction of spurious infrared
physics in RI/MOM and similar schemes. Therefore, the
proper removal of the nonperturbative effects, such as self-
renormalization, should be crucial to obtain reliable matrix
elements at long distances.
When the gauge fixing precision is restricted, the

dependence of the results on the gauge fixing residual

δF can be roughly approximated by e−c
ffiffiffiffi
δF

p
, where c

grows quadratically with the Wilson line length z=a for
both Wilson lines and quark matrix elements. Since
the accurate gauge fixing with δF can be extremely
costly on large lattices unless the Fourier accelerated
conjugate gradient algorithm is applied [47], this
empirical formula can aid in estimating the systematic
uncertainty stemming from imprecise gauge fixing.
For example, if we require the systematic uncertainty
from the imprecise gauge fixing to be 1% at a ¼ 0.05 fm
and z ∼ 1 fm ¼ 20a, then the δF should be around
ð10−2=ðz=aÞ2Þ2 ∼ 6 × 10−10.
The calculations in this work were performed using the

Chroma software suite [16] with QUDA [48–50] through the
HIP programming model [51].
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APPENDIX

1. The relationship between θG and δF

As highlighted earlier, two common criteria, θG defined
in Eq. (5) and δF in Eq. (6), are frequently employed to
assess the efficacy of gauge fixing. Comparing the supe-
riority of one criterion over the other across all scenarios is
challenging. However, exploring the interplay between
these criteria can provide valuable insights.
The plot in Fig. 14 illustrates that θG exhibits a linear

trend on δF within the investigated range. Moreover, this

relationship demonstrates limited sensitivity to variations in
lattice spacings. Consequently, we can conclude that both
θG and δF serve as consistent criteria for evaluating the
Landau gauge fixed qualities in this study.

2. The distribution of ΔGðxÞ
The quantity ΔGðxÞ, defined in Eq. (3) in the Landau

gauge, does not reach exactly zero at every lattice site due
to imperfect gauge fixing. As illustrated in Fig. 15, the
distribution is symmetrical and exhibits a long tail. It is
important to note that the scale of the abscissa is smaller
for higher precision. With a precision that is 100 times
greater, the tail becomes approximately 10 times shorter.
However, the tail does not display a strong dependence on
lattice spacing. Additionally, we compute θG, as defined in
Eq. (5), on the same configuration for comparison.

3. Coulomb wall source

As our focus is solely on the UV divergence of the quasi-
PDF operator, we utilize the pion in the rest frame as the
external state to enhance the signal-to-noise ratio.
Additionally, we have employed a Coulomb wall source
to further improve the signal. It is well known that wall
source calculations include a gauge variation part, but with
a sufficient number of configurations, the gauge variant part
will vanish. Furthermore, one finds that applying Coulomb
gauge fixing improves the signal-to-noise ratio, but does
not lead to an obvious systematic deviation. In this work,
we aim to verify whether this holds true for nonlocal
operator hadron matrix elements and use the unpolarized
quasi-PDF as illustration.
As depicted in Fig. 16, the ratio remains close to 1 for

various required precisions, as long as the Wilson lines are
not excessively long. Consequently, we can conclude that

FIG. 14. The correlation between θG and δF under Landau
gauge, as defined in Eqs. (5) and (6), respectively, is examined
across five distinct lattice spacings. To enhance clarity, the results
obtained from the various lattice spacings are shifted along the x
axis in the figure. The statistical uncertainties of θG with given δF

are invisible.
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the imprecise Coulomb gauge fixing in the wall source
calculation in this study does not change the central values.

a. Pion mass close to physical one

It is pertinent to investigate the impact of the unphysical
pion masses used in the simulations discussed in the main
text on the results. To address this, we perform a fitting akin
to that outlined in Sec. II A on a single MILC ensemble
with the lattice spacing a ∼ 0.12 fm and a volume of n3s ×
nt ¼ 483 × 64 at physical sea quark masses.
The top panels of Fig. 17 demonstrate that nðWðzÞÞ

remains relatively constant at around 0.5, showing minimal
dependence on both z and lattice spacing. In contrast,
cðWðzÞÞ is notably more sensitive to variations
in z and lattice spacing. The lower panel indicates that
the χ2=d:o:f: ratio is satisfactorily small. Additionally,
we perform a fitting for cðWðzÞÞ akin to that in
Sec. II A, as depicted in the middle panel of Fig. 2. The
obtained values are c2 ¼ 31.1ð0.7Þ, c1 ¼ 8.0ð0.3Þ, and
c0 ¼ −0.48ð0.02Þ, with a χ2=d:o:f: of 1.21.
These results affirm the continued suitability of the

empirical formula specified in Eq. (12) in this context.

Furthermore, the similarities observed in the behavior of
cðWðzÞÞ and nðWðzÞÞ between the different pion masses
provide confidence in the validity of our findings for pion
masses near the physical values.

FIG. 16. The ratio of quasi-PDF pion matrix element in
Coulomb gauge for δF ¼ 10−6 and δF ¼ 10−7. They are calcu-
lated in the rest frame with a wall source.

FIG. 15. ΔðxÞ ¼ ΔmðxÞTmðxÞ defined in Eq. (3) on different ensembles and with different required precision. Without loss of
generality, we just show the first component Δ1ðxÞ as illustration. The shape of the distribution is similar on different ensembles and for
different precision.
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