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We study the entanglement entropy of Hamiltonian SU(2) lattice gauge theory in 2 + 1 dimensions on
linear plaquette chains and show that the entanglement entropies of both ground and excited states
follow Page curves. The transition of the subsystem size dependence of the entanglement entropy
from the area law for the ground state to the volume law for highly excited states is found to be described

by a universal crossover function. Quantum many-body scars in the middle of the spectrum,
which are present in the electric flux truncated Hilbert space, where the gauge theory can be mapped
onto an Ising model, disappear when higher electric field representations are included in the Hilbert space
basis. This suggests the continuum (2 4 1)-dimensional SU(2) gauge theory does not have such scarred

states.
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I. INTRODUCTION

Entanglement is a peculiar property of quantum systems
that has no classical analog [1,2]. Entanglement entropy of
a subsystem in a pure state quantifies the amount of
entanglement between the subsystem and its complement.
Calculations of entanglement entropy have wide physical
applications such as understanding the Bekenstein-
Hawking radiation from a quantum perspective [3-6],
characterizing phases of many-body systems [7-9], under-
standing thermalization of isolated quantum systems
[10,11], detecting quantum many-body scars [12—18]
and proving monotonic renormalization group flow for
certain physical quantities [19-22].

For quantum field theories, studies of entanglement
entropy have been largely limited to (1 + 1)-dimensional
theories, such as conformal field theories, and have gen-
erally made use of the replica method [23,24] or holo-
graphic techniques in cases where the field theory has a
gravity dual [25,26]. For gauge theories, these techniques
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are not easily applied. One difficulty, which is manifest on a
lattice, is the appearance of gauge noninvariant states on the
edge of the subsystem (or its complement), i.e., on the
entangling surface [27,28]. Many studies have noted this
problem and described methods of adding extra states in
order to factorize the complete Hilbert space into two
sectors, one for the subsystem and one for its complement
[29-33]. A numerical study using the replica trick in the
Euclidean path integral can be found in [34] and a
calculation using tensor networks in [35].

Here we provide a construction applicable to the
Hamiltonian formulation of lattice gauge theory [36].
The advantage of the Hamiltonian formulation is that we
can study excited pure quantum states and not only thermal
ensembles. This will allow us, e.g., to obtain the Page curve
for excited states. We consider the (2 + 1)-dimensional
SU(2) gauge theory on linear plaquette chains as an
example. The division into a subsystem and its complement
in our construction is carried out in the electric basis and
cuts through links. The resulting reduced density matrix is
invariant under time-independent gauge transformations at
each vertex. As consistency checks, we will show analyti-
cally that the entanglement entropy of a subsystem is equal
to that of its complement and provide numerical evidence
that our method gives symmetric Page curves for both
ground and excited pure quantum states.

Published by the American Physical Society


https://orcid.org/0009-0005-5186-9042
https://orcid.org/0009-0006-9409-7553
https://ror.org/01eezs655
https://orcid.org/0000-0003-2468-3996
https://ror.org/00py81415
https://orcid.org/0000-0002-8377-2203
https://ror.org/00cvxb145
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.110.014505&domain=pdf&date_stamp=2024-09-17
https://doi.org/10.1103/PhysRevD.110.014505
https://doi.org/10.1103/PhysRevD.110.014505
https://doi.org/10.1103/PhysRevD.110.014505
https://doi.org/10.1103/PhysRevD.110.014505
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

EBNER, SCHAFER, SEIDL, MULLER, and YAO

PHYS. REV. D 110, 014505 (2024)

Our construction also allows us to search for quantum
many-body scar states among all the eigenstates by
studying their entanglement entropies. Such states are
identified as those highly excited eigenstates with low
entanglement entropies that weakly break ergodicity and
violate the strong eigenstate thermalization hypothesis.
Scarred states delay or inhibit the thermalization of a
many-body system.

So the current work complements our previous studies
that investigate the eigenstate thermalization hypothesis
[37,38]. Major results of our current work are as follows:

(i) We define partitions of a lattice system in a way
compatible with the local Gauss law;

(il) We calculate entanglement entropies of pure ground
and highly excited states and confirm the transition
from the area law to the volume law smoothly
follows a universal crossover function;

(iii)) We find quantum many-body scars when the local
Hilbert space is truncated at j., = % which dis-
appear with higher j.. truncation.

II. HAMILTONIAN

For simplicity, we consider the (2 + 1)-dimensional
SU(2) lattice gauge theory on a square plaquette chain.
(It is straightforward to extend our study to the spatial plane
by using a honeycomb lattice [39], however, this would
require significantly larger computing resources.) The
Kogut-Susskind Hamiltonian of the lattice gauge theory
is [36]

2
H:%ExE?)Z—azigz}jTr[ 1 U<n,?>} (1)
L (mi

where L denotes links, P plaquettes, and the product in the
second term is over the four oriented links of a plaquette. n
and 7 indicate the location and direction of a link. a denotes
the lattice spacing and g is the gauge coupling. Physical
states are those that satisfy Gauss law at each vertex and can
be fully expressed in the electric basis |j, m;,mg) that
describes states on each link [40—42], where m; , my are the
third components of the angular momentum quantum
number j on the two ends of a link. In this basis, the
electric energy (E¢)? is diagonal with eigenvalues j(j + 1).
The m;, mp dependence can be integrated out by imposing
Gauss law at each vertex. As a result, the matrix elements of
the plaquette term (which gives the shifted magnetic
energy) can be expressed in terms of Wigner 6-j symbols
[43]. With j truncated at j,,, on each link, the Hilbert space
on a given lattice is finite dimensional, and the Hamiltonian
can be exactly diagonalized numerically.

Much longer plaquette chains can be accommodated if
only states with j < j .« = % are taken into account. In this
constrained basis the SU(2) theory on a plaquette chain

becomes equivalent to an Ising model with the Hamiltonian
[37] (see also [44.,45])

—_

H=) (Joioi\, —2Jo; + hwoy), (2)
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where J = —3¢%/16, h, = (ag)™2, v; = (i/V/2)%11%%,
We impose periodic boundary conditions o} = oj. In
the following, we study both the Ising limit and Hilbert
spaces with j .. > % In all cases our calculations involve
Hilbert spaces of dimension O(10%).

III. ENTANGLEMENT ENTROPY

The entanglement entropy S, associated with a segment
A of the entire lattice supporting a pure quantum state |y) is
given by

Sa = —Tr(palnpy,), (3)

where p, = True|yw) (| is the reduced density matrix of the
state on the segment A, and A¢ denotes the complement of
A. Consider, e.g., a state on a five-plaquette chain as shown
in Fig. 1. Here we express the state in the electric basis as
I{/j}), where the set {j} denotes the collection of eigen-
values j of the electric field on each link. For physical
states, the three j values at each vertex must form a SU(2)
singlet. We divide the chain into left and right segments by
cutting through two horizontal links and decompose an
arbitrary state |y) in terms of a state living on the left
segment and another living on the right segment:

|W> = Cli i lirtirior 5j1Lj1R 5j2Lj2R

x |l//{jL}lej2L> ® |ll/{jR}j1Rj2R>’ (4)

where ¢ denotes the combinatorial coefficients and repeated
indexes are summed. The delta functions ensure that the
two dangling links on the top (bottom) at the boundary have

JiL , JIR

. Jor E J2R
(i) '

Ur}

FIG. 1. A five-plaquette chain cut into left (black) and right
(red) parts through two horizontal links. The state on the left is
labeled by the collection of j values {j; } on the four horizontal
and three vertical unbroken links and the j values j,;, j,; for the
two dangling links. Similarly for the state on the right. j,; = jiz
and j,; = jog since they form the same link before the cut.
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(a) Jmax =1.5N = 6,9%a =1.2.

(b) Jmax =1, N = 8,9%a =0.8.

(c) Jmax =3, N =17,k =0,9%a =1.2.

FIG. 2. Entanglement entropy as a function of the subsystem size N, on (a) an aperiodic five-plaquette chain with j,, = 1.5, (b) an
aperiodic seven-plaquette chain with j .. = 1, and (c) a periodic 17-plaquette chain in the zero momentum sector with j .. = % The
states are labeled by their energies relative to the ground state energy AE = E — E| in lattice units.

the same j value since they form the same link before the
cut. The reduced density matrix of the left chain can be
obtained by tracing out {jr}, jir, jor

PL = Yo irtiindon Sl Y inioe Lirtirnian

x ‘W{jL}lesz > <W{jL}/lej2L | :

(5)

The reduced density matrix is a direct sum

pr= @ prlisjor): (6)

JiL-Jar

where the trace of p; (ji;, j»z) is not necessarily unity. A
similar expression can be written down for pg. Since Gauss
law has been integrated out in the {;j} basis at each vertex
and the cutting does not involve any vertex, the reduced
density matrix is still invariant under time-independent
gauge transformations at each vertex.

The second-order Rényi entropy is given by

2\
Tr(pL) = St lirtiidon €Y irnion Lirtiiar

X CLpY g LrY iwdor € s Vi dor (R} indor (7)

Since j;; = jig and j,; = jag, by replacing the sums over
JiLs jor With jig, jog We obtain

Tr(pz) = Tr(pk)- (8)

Similarly one can prove

©)

for any integer n > 2. When the Hilbert space size is finite,
as is the case on a finite lattice with a finite j.¢, Eq. (9)
implies that p; and py have the same eigenvalues and thus

Tr(p}) = Tr(pk),

have the same entanglement entropy S; = Sg. We will later
confirm this result numerically. The calculation of S, can
be simplified when j,, = %, as explained in Appendix A.

IV. RESULTS

We first study the entanglement entropy of the ground
state and various excited states as a function of the
subsystem size for three lattice configurations: (a) a five-
plaquette chain with j . = 1.5, ¢g’a = 0.8 and closed
boundary conditions j.,, = 0 on the external links; (b) a
seven-plaquette chain with the same parameters as (a) except
for j.« = 1;and (c) aperiodic 17-plaquette chain in the zero
momentum (k = 0) sector with j,, = 3 and g?a = 1.2. We
note that on an aperiodic chain the number of vertices along
the top link is one more than that of plaquettes and thus the
subsystem length may take the values N, €{0,..., N},
where N is the number of top vertices. Our results are shown
in Fig. 2, where all the numerical points are calculated
without using the symmetry between N, and N — N4,
demonstrating the expected Page curves.

Consistent with the expectation for gapped (1 + 1)-
dimensional systems [46] our results for the ground state
satisfy the area law, while those for the highly excited states
follow the volume law. To demonstrate this for case (c), we
fit the ground-state result by the function

Saea(Na) = bg = by (e7a/ %o - = W=Na)/ o) - (10)
where b, and b, are constants and £, is the correlation
length of the system. We use the exponential dependence
on N 4 since the spectrum of our Hamiltonian is gapped and
thus not conformal.' Fits with polynomial or logarithmic

'Of course, the discrete lattice would break a possibly existing
conformal symmetry, but it is known from numerical studies that
the continuum limit of the SU(2) gauge theory exhibits a mass
gap (the glueball mass).
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FIG. 3. Correlation length as a function of the coupling
extracted from the ground state entanglement entropy in
case (c).

functions do not generate good results. The fitted values are
by =0.470, b; = 0.472 and ¢, = 0.766. We also study
the coupling dependence of the correlation length, which is
shown in Fig. 3 and exhibits an approximately linear
dependence. We note that by requiring the physical
correlation length aZ, to be invariant as a changes, we
can obtain a renormalization group equation for g*>a. Our
plaquette chains for j.. >% are currently too short to
permit a reliable determination of Z,.

We fit the results for the most highly excited state
considered in all three cases, which corresponds to the
peak of the level density (i.e., infinite temperature) and is
shown by red triangles in Fig. 2 with a volume law
function,

N N
Sy(Na) = sNAe(E—NA) sV —NAw(NA —5),

(11)

where s is a constant that can be interpreted as the entropy
density. The fitted value in case (c) is s = 0.665, which is
very close to the entropy constraint S/N < In 2. For case (a)
and (b), the fitted values are s = 1.646 and s = 1.307,
respectively.

The transition from the area law in the ground state to the
volume law in the highly excited state can be represented
by a crossover function that was derived for (1 + 1)-
dimensional conformal field theory in Ref. [47],

TABLE L.  Fitted parameter values (cg, ¢, ¢1) using Eq. (12) for
the subsystem entanglement entropies of the excited states
marked as orange and green in Fig. 2.

Orange Green
Fig. 2(a) (1.20, 3.70, 12476.0) (1.05, 7.09, 5.42)
Fig. 2(b) (1.03, 3.26, 8772.0) (1.02, 6.12, 4.19)
Fig. 2(c) (0.54, 2.95, 69.5) (0.54, 3.22, 3.17)

- et
...... e
0.09 ... ;;v.-i-i'."_-l_"_' 5 RS
—2.51
| ® Fig. 2(a)
sod E Y Fig. 2(b)
| B Fig 2(c)
O In(z)
........... x—hl(Q)
-10.04

FIG. 4. The function In[sinh(x)] evaluated at the points
x = ¢7'N,, where ¢, is taken from the fit results to the orange
and green states in Figs. 2(a), 2(b), and 2(c) here depicted by the
orange and green markers. The subsystem sizes are N, =
1,..., [5§]. Additionally the asymptotic behavior of In[sinh(x)]
for small (black dashed) and large (red dotted) x is shown.

N
Scross(NA) =Co —l—%ll’l[Cl Sinh<51_1NA)]9(E—NA>
+§ln{c, sinh[c7! (N =N,4)]}60 (NA —%)

N
—co+5In(er) +5 {ln[sinh(cl‘lNA)]e <5—NA>

+In{sinh[c! (N—NA)]}Q(NA %) } (12)

where ¢ is a constant that cancels the divergences at
Ny=0and Ny =N 2 ¢y and ¢ are other fit parameters. ¢
has the physical meaning of the central charge for con-
formal field theories. Our use of this function is motivated
by the fact that at high temperature the continuum SU(2)
gauge theory is known to be approximately conformal.
Furthermore, Figs. 2(c) and 3 show that the energies of the
excited states studied are much larger than the inverse of the
correlation length 1/7,, for case (c). We conclude that the
excited states studied here truly correspond to the high-
temperature regime. Excluding the singular points Ny = 0
and N4, = N, our fitted results are shown in Table 1.

In order to illustrate the transition to the volume law in
the three panels of Fig. 2, we expose their functional
dependence on N 4. To do so, we subtract the constant terms
in Eq. (12), divide the results by £, and restrict to the region
N < N,/2. The remaining part of Eq. (12) has the form
In[sinh(x)] with x = ¢;'N,4. The numerical results for the
orange and green fits in Fig. 2 are plotted as points in Fig. 4
as a function of x. We also show the asymptotic forms In(x)

In our following fit study, we only use the data points at
N, €[1, N — 1] due to the divergence in the In(sinh) function. So
the fitted result of ¢ is always finite. It will become infinite in the
limit a — 0.
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FIG. 5.
plaquette chains with jip,, = 1.

Half-chain entanglement entropies of all energy eigenstates in the k = 0 sector on periodic (a) N =
g*a = 1.6. (c) Entanglement entropy of the outsider state in the N =

17 and (b) N = 19

17, k = 0 case whose energy is
24.419 above the ground state as a function of the subsystem size. Red dashed line is a fit of Eq. (12) with

(co.c.c1) =

for the logarithm enhanced area law (black dashed curve)
and x —In(2) for the volume law (red dotted line). The
approach of the numerical points to the linear behavior
marks the transition to the volume law, which is seen to
occur around x ~ 1

V. SCARS

Next we study the half-chain (N, = |5]) entanglement
entropy for each eigenstate and search for quantum many-
body scar states. The results on a periodic plaquette chain
with ji,x =3 and g?a = 1.6 are shown in Fig. 5. At this
coupling the system is nonintegrable and exhibits an
equal partition between the electric and magnetic energies
(see Appendix B) which is a property of the continuum
SU(2) gauge theory at thermal equilibrium. An eigenstate
in the middle of the spectrum with excitation energy
E — E; = 24.419 above the ground state is found to be a

0.004 . 0.004
E — Ey=24.419 E — Ey=24.417
0.003 1 v 0.003 1
Vv
N v N
"= 0.0021 5 v = 0.0021
< v vy <
¥
0001] v vv’ "v To 0.001 v
v
0.0001 " i;!'l ”'l!; 0.0001 v vvvvvv""'i li'vv
0 0 5 (

<{J}|H I{J}>/g

(@) Scarred eigenstate.

(0.61,3.61,39.45). The large value of ¢, indicates the N, dependence is logarithmic.

low-entanglement state whose entanglement entropy devi-
ates strongly from all its neighbors. This state is identified
as a quantum many-body scar due to two observations.
First, we find no significant volume dependence of the
deviation when comparing the results obtained from the
N =17 and N = 19 chains and furthermore, the entangle-
ment entropy of this state exhibits a logarithmic depend-
ence on the subsystem size, which resembles a lower-
energy eigenstate and differs greatly from its neighbors that
follow the volume law, as exemplified by the red curve in
Fig. 2(c). Figure 5(b) also suggests the existence of a tower
of quantum many-body scars below E — E, = 24.42.

To understand the nature of the scarred eigenstate, we
study its wave function components in the electric basis
ly) = cg[{j}) where {j} is a collection of j values on all
the links and implicitly summed over. We plot |c(j|?

and the associated electric energy of the basis state in Fig. 6
for the scarred eigenstate and a typical state around the

10
({7HHH5}) /9

(b) Typical eigenstate.

FIG. 6. Wave function components of the scarred eigenstate and a typical eigenstate around the energy E — E; = 24.42 in the electric

basis in the k = 0 sector on a periodic N =

19 plaquette chain with j., = %

and g?a = 1.6. Their half-chain entanglement entropies are

3.42 and 5.76, respectively. The x-axis labels the electric energy of the basis state which is zero when all j values are 0. We fix the y-axis

scale to be the same in both plots for visual comparison.
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FIG. 7. Recurrence probabilities of the scarred eigenstate at
E—Ey=124419 and a typical eigenstate at E — E; = 24.417
under the time evolution driven by the magnetic interaction on a
periodic N = 19 plaquette chain with j,,,x = and ¢*a = 1.6.

energy E — E, = 24.42 for the k = 0 sector of the periodic
N =19 plaquette chain with j .. = % Weight factors
|c{ j}|2 in typical eigenstates are peaked around a given
electric energy but are not dominated by some few single
states. On the other hand, the scarred eigenstate has larger
components in some special basis states, such as the four
outliers on the top left in Fig. 6(a).

A zero momentum basis state |a(k =0)) is a linear
superposition of all possible translations of the represen-
tative state |a). For the observed scarred eigenstate the
special basis states are

la,) = |10000000...0),
las) = |10101000...0),

la,) = |10100000...0),
las) = |10101010...0), (13)

where 1 denotes spin-up and O spin-down. The special
nature of these states is deeply connected with the magnetic
part of the Hamiltonian in Eq. (2) and is explained in detail
in Appendix B, where also another comparison between the
scarred eigenstate and a typical eigenstate around the
energy £ — Ey = 19.42 is shown.

Furthermore, we calculate the recurrence probability of
an initial scarred eigenstate under the time evolution driven
by the magnetic Hamiltonian |{y|e="»!|y/)|* and compare
it with that of an initial typical eigenstate of a similar
energy. The results are shown in Fig. 7, where we see the
recurrence probability of the scarred eigenstate at £ — E, =
24.419 is two orders of magnitude larger than that of the
typical eigenstate at E — Ey = 24.417, which is of the same
order as the inverse of the Hilbert space dimension
(27,594). This difference reflects that the scarred eigenstate
does not thermalize since it has large components in those
special states that transition into each other preferentially
under the magnetic interaction.

Finally, we discuss whether such quantum many-body
scars exist in the continuum limit. Because of the renorm-
alization group flow, the coupling goes to zero in this limit.

61N =6, g% =1.05
5
4
o
3
D) ';'
Rl ¥
1 o .::.'
0 10 20 30
E-E,

FIG. 8. Half-chain entanglement entropies for all the energy
eigenstates on an aperiodic five-plaquette chain with j . = 1.5
and gza = 1.05. The closed boundary conditions are 1, 1, 0, 1 for
the external links, which avoid reflection symmetry.

In order to correctly describe high energy states, one must
increase j,, simultaneously. In particular, one can show
the needed j.x value grows as [48]

Jmax ™~ g > (14)
ge

where N| denotes the number of links on the lattice, E is
the energy up to which we want to describe all states within
an accuracy e (the definition of E differs from the energy of
the Hamiltonian studied here by an overall shift that makes
the magnetic energy non-negative). We study a five-
plaquette chain with j,,, = 1.5 and ¢’a = 1.05 where
we observe no entropy outliers in the middle of the
spectrum, as shown in Fig. 8. Similar results are obtained
for other N,g?a,jm.x and boundary conditions (see
Appendix C). Therefore, we surmise that the scarred
eigenstates observed for j,.. = % do not occur in the full
SU(2) gauge theory.

VI. CONCLUSIONS

In this letter we calculated the entanglement entropy in
Hamiltonian (2 + 1)-dimensional SU(2) lattice gauge
theory on plaquette chains. We defined a link-cutting
procedure to partition a chain that renders the reduced
density matrix and the entanglement entropy invariant
under time-independent gauge transformations. We showed
that the entanglement entropies of the ground state and
excited states follow Page curves that fit a simple scaling
law (12). We also calculated the half-chain entanglement
entropies for all eigenstates and observed the presence of
scars in the middle of the spectrum on a periodic plaquette
chain with j .. = % These scars are a result of the existence
of special electric basis states that transform into each other
by the action of the magnetic Hamiltonian. We found no
highly excited states of exceptionally low entanglement
entropy in cases with smaller ¢> and higher ..
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This suggests that in the physical limit, there are no
quantum many-body scars in the SU(2) gauge theory.
There are many possible avenues of further exploration of
the entanglement properties of SU(2) gauge theory on the
lattice. Such studies would include the effects of finite
volume and electric flux truncation, the time evolution of
information scrambling, and the modular (entanglement)
Hamiltonian. We plan to pursue these studies in future work.

ACKNOWLEDGMENTS

X.Y. thanks Niklas Mueller for interesting discussions.
The authors gratefully acknowledge the scientific support
and HPC resources provided by the Erlangen National High
Performance Computing Center (NHR@FAU) of the
Friedrich-Alexander-Universitit Erlangen-Niirnberg (FAU).
B. M. acknowledges support by the U.S. Department of
Energy, Office of Science (Grant No. DE-FG02-
05ER41367). X.Y. is supported by the U.S. Department
of Energy, Office of Science, Office of Nuclear Physics,
InQubator for Quantum Simulation (IQuS) [49] under Award
No. DOE (NP) Award No. DE-SC0020970 via the program
on Quantum Horizons: QIS Research and Innovation for
Nuclear Science.

APPENDIX A: SIMPLIFICATION OF
THE ENTANGLEMENT ENTROPY
CALCULATION WHEN ji,, = 1

As mentioned in the main text, when jy,, =3, the
plaquette chain can be mapped onto an Ising chain, where
states can be represented by spins pointing up or down at
each plaquette location. In the Ising representation, degrees
of freedom live at each spin site and the division into
subsystems is natural; one just assigns a certain number of
spin sites to be a subsystem and then the calculation of
entanglement entropy is straightforward. This has been
widely studied. Here we study it because it corresponds to
the SU(2) lattice gauge theory in the strong coupling limit,
1., Jmax = % and the structure of the ¢} term in Eq. (2) is a
result of the SU(2) group property and local Gauss law.

On a periodic spin chain, an eigenstate can be written as

w(k) = cala(k)) (A1)
where the momentum basis state is defined as
N-1
e 77| a), (A2)
N” r=0

with a representative state |a) of the translation 7" equiv-
alent class. The reduced density matrix of a subchain A is

pa = Trac(w(R)w(k)]) = Y _cieyTrae ([b(k))(a(k)])
_Z CCbeezkr rbTI‘ (Trb|b><a|T ’a) (A3)

In the calculation, one can save Tr e (77 |b) (a|T~") for all
Fa, Ty, |a) and |b) for repeated use.

The reader may wonder why in the Ising representation
there seems to exist no edge effect as in the general case,
where the two cut links could not be uniquely assigned to
one subsystem. It turns out that when j,, = % the j values
on the vertical links are redundant when we only consider
states with no electric flux winding around the periodic
chain. (States with winding electric flux are decoupled from
those with none). Spin-up (spin-down) at a site means the
top and bottom links in the corresponding plaquette are
both in j = % (j = 0). As a result of Gauss law the j value
on a vertical link is determined by the j values on the two
top or bottom links that share the same vertex with the
vertical link. When we divide the spin chain into left and
right segments, we actually cut two vertices along a vertical
link in the original plaquette chain. This is only possible
without ambiguity when j .. = % For example, we con-
sider ja.x > % and a vertex with three links: left, right and
vertical. If the right and vertical links have j = %, the left
link can have either j = 1 or j = 0. In either case, although
the j values on the right and vertical links look identical,
they actually correspond to different states. When the left
link has j = 1, the two j = % states on the right and vertical
links are symmetric, while they are antisymmetric when the
left link has j = 0. We note that if we had kept the m, mp
quantum numbers in the basis states, cutting through
vertices would be possible without causing an ambiguity.

APPENDIX B: MORE RESULTS FOR jpax = 5

1. Nonintegrability of the system
when jy,, = 1 and g%a=1.6

As mentioned in the main text, the periodic N = 17

plaquette chain with j .. :% is nonintegrable when

g*a = 1.6. We confirm this by analysing level statistics.
It is known that the distribution of eigenenergy gaps in
nonintegrable systems follows the Wigner-Dyson statistics
featuring a vanishing probability of zero gap (level repul-
sion). In the following level statistics analysis, we will
exclude the lowest 1500 and the highest 1500 eigenstates
(ordered by their eigenenergies) to reduce the spectrum
boundary effect.

In Flg 9(a), the distribution of the rescaled energy gap
s = 8/ is shown, where § denotes the energy gap and 6 is
the average value of the energy gap. The red line is a
prediction from 2 x 2 random matrices in the Gaussian
orthogonal ensemble (GOE). We used the k = 1 momen-
tum sector (the momentum is <% k) since the k = 0 sector
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(b) Restricted gap ratio.

FIG. 9. Level statistics in the k = 1 sector on a periodic N = 17 plaquette chain with j ., = % and g’a = 1.6: (a) rescaled energy gap,
(b) restricted gap ratio. The red lines are predictions from the Gaussian orthogonal ensemble.

has a discrete parity symmetry that must be lifted in order to
expose the repulsive level statistics. Furthermore, the
restricted gap ratio defined as

min [50:7 50{—1}

max [505 ’ 5(1— 1 ]

is depicted in Fig. 9(b), where the red curve is a prediction
from the GOE. The expectation value of the restricted gap
ratio is (r) ~0.518, which is very close to the GOE
prediction (r)gop = 0.5307. Based on these analyses, we
conclude the system is nonintegrable when j .. = %
and ¢’a = 1.6.

2. Relation between electric and magnetic energies
when j,.. = 1 and g%a=1.6
In the main text, g’a = 1.6 is used when studying
quantum many-body scars in the case of j.« = % We
choose this value since at it the equal partition of the

N=17, k=0, g’%a=1.6
20

ot

(n|Hyp|n) — (0| Hy|0)

0 5 10 15
(n|H.|n) — (0| H,|0)

FIG. 10. Relation between the electric and magnetic energies of
all the eigenstates relative to those of the ground state in the k = 0
sector on a periodic N = 17 plaquette chain with j,.. = %
and g’a = 1.6.

electric and magnetic energies is approximately valid,
which is a property of the (2 + 1)-dimensional SU(2)
gauge theory at thermal equilibrium in the continuum.
The relation between the electric and magnetic energies for
all the eigenstates is shown in Fig. 10, where we have
subtracted the corresponding energies of the ground state,
which makes the approximate equality manifest. A few
isolated and mixed bands seen in the plot are a remnant of
the isolated electric energy sectors which will be discussed
later. Some degree of spreading is still seen in the plot,
which is caused by the local Hilbert space truncation
effects. As will be shown later, increasing j.. shrinks
the spreading.

3. Scarred eigenstates and special basis states

In the main text, we show that the scarred eigenstate has
large components in some special basis states. Here we
show that the transition between these states through the
magnetic part of the Hamiltonian dominates over other
transitions. The magnetic part of the Hamiltonian can be
written as [37]

N-1
1-30% 1 —306*

H. = -2h E izl Gx il B2

m X :0 4 1 ( )

4

We consider a tower of states generated by applying H,, (H,
does not change the state) repeatedly to the bare vacuum
state  |ag) = |00000000...0). Applying once we get

|a;(k = 0)), which is defined in the main text. Due to the
1_34& factor, the transition amplitude from |a,(k = 0)) to

the state |11000000...0(k = 0)) is suppressed by a factor
of two compared to that to other states. If we consider the
state |a,(k =0)) among all the states generated by
H,|a;(k =0)), its transition amplitude to the state
|as(k = 0)) is enhanced at least by a factor of two due to
the symmetry compared to the other cases. Whether
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(a) Scarred eigenstate.

FIG. 11.
basis in the k = 0 sector on a periodic N =
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(b) Typical eigenstate.

Wave function components of the scarred eigenstate and a typical eigenstate around the energy E — E; = 19.42 in the electric
19 plaquette chain with j ., = % and g>a = 1.6. Their half-chain entanglement entropies are

2.70 and 5.09, respectively. The x-axis labels the electric energy of the basis state which is zero when all j values are 0. We fix the y-axis

scale to be the same in both plots for visual comparison.

the “10” is generated on the left or right next to the “1010”
partin |a,(k = 0)), it leads to the same state due to the trans-
lation, which is not the case for other states. For example,
[10100010...0(k =0)) and [10001010...0(k =0)) are
two different states, but [10101000...0(k =0)) and
[101000...0010(k = 0)) correspond to the same state. [If
one lifts up the parity symmetry and focus on the parity-even
sector, the transition from |a,(k = 0)) to |az(k = 0)) is still
enhanced by a factor of v/2 compared to that to the state

(]10100010...0(k = 0)) + [10001010...0(k = 0)))/v/2.]
Again the transition amplitude from |a;(k = 0)) to |ay(k =
0)) is enhanced by at least a factor of two. This pattern
continues until the string “101010- - - exceeds half of the
lattice size, when the total length of the lattice and the
oddness of the total lattice site number start to matter. The
transitions among these |a;(k =0)) states dominate in
the semiclassical limit, where they form a periodic orbit
whose length grows linearly with the lattice size. If an
eigenstate has alarge overlap with these special states, which
is the case in Fig. 6(a), it is expected that its entanglement
entropy will only grow logarithmically with the subsystem
size, since the dimension of the space spanned by these
special states is just linear in N rather than exponential
in N.

In Fig. 11 we compare the wave function components of
the scarred eigenstate at the energy E — Ey = 19.414 with
those of a typical eigenstate at the energy £ — Ey = 19.419
for a periodic N = 19 plaquette chain with j .. :% and
g*a = 1.6. We find that the scarred eigenstate has large
components in the special basis states discussed above and
in the main text.

4. Results at extreme couplings when j,. = %
Here we study the system’s behavior at extreme cou-
plings. First we consider the case with a strong coupling

constant g’a = 2.4 and calculate the distribution of the
restricted gap ratio, the half-chain entanglement entropy and
the relation between the electric and magnetic energies. The
results are shown in Fig. 12. In the level statistics analysis, the
lowest and highest 1500 states are excluded, as explained
above. The feature of level repulsion and the reasonable
agreement with the GOE prediction in Fig. 12(a) show the
system at this coupling is still nonintegrable. But at the same
time, we observe a manifest structure of multiple vertical
bands in the relation between the electric and magnetic
energies, as shown in Fig. 12(e). These bands correspond to
different electric energy sectors, in each of which various
states have roughly equal electric energy and thus the electric
energy corresponds to an approximate symmetry. These
electric energy sectors are equally and widely separated in the
strong coupling limit. It is then expected that the lowest
energy state in each sector only significantly overlaps with
states in the same sector and is almost decoupled from other
sectors. In other words, the lowest energy state in each sector
does not explore the whole Hilbert space when represented in
the electric basis |{;}). Therefore, the entanglement entro-
pies of these states follow sub-volume laws, shown as the
outsiders in Fig. 12(c). Since they have equally separated
electric energies, which dominate the total energy in the
strong coupling limit, they appear equidistant in (total)
energy in the plot. The multiple-arc structure seen in
Fig. 12(c) corresponds to the decoupled electric energy
sectors depicted in Fig. 12(e). To further demonstrate this,
the wave function components of the scarred eigenstate at
E — Ey = 18.3 are shown in Fig. 13, where the components
of a typical eigenstate nearby are also depicted for
comparison.

As a comparison, we also show results in the weak
coupling limit in Fig. 12. We choose g?a = 0.1 at which the
system is still nonintegrable, as shown in Fig. 12(b). We
would expect equally and widely separated magnetic
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FIG. 12. Distributions of restricted gap ratios (top), half-chain entanglement entropies (middle) and relations between the electric and
magnetic energies of all eigenstates (bottom) on a periodic 17-chain with j ., = %at strong (g%a = 2.4, left) and weak (¢?a = 0.1, right)

couplings.

energy sectors to appear which correspond to a multiple-arc
structure in the entanglement entropy plot. The multiple-arc
structure can be seen in Fig. 12(d). However, since we use

the electric basis and truncate the basis at j,,, = %, the

decoupled magnetic sectors are not very pronounced in
Fig. 12(f). This also makes the low-entanglement states in
Fig. 12(d) not as manifest as in the strong coupling case
shown in Fig. 12(c).
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(b) Typical eigenstate.

Wave function components of the scarred eigenstate and a typical eigenstate around the energy E — E, = 18.3 in the electric

basis in the k = 0 sector on a periodic N = 17 plaquette chain with j_,. = % and g>a = 2.4. Their half-chain entanglement entropies are
1.89 and 3.62, respectively. The x-axis labels the electric energy of the basis state which is zero when all j values are 0. We fix the y-axis

scale to be the same in both plots for visual comparison.

APPENDIX C: MORE RESULTS WITH jp > 1

The existence of special states for the j.,. = % case with
unusual high transition amplitudes among each other seems
to break down for j.. > % The plots in Fig. 14 further
support this observation, as some characteristic scar states
do not disappear when the length of the chain is increased
from five to seven plaquettes, but they disappear

completely when the local Hilbert space basis is expanded
t0 jmax = %

So far, we only considered boundary conditions that
break parity and top-bottom reflection symmetries. In
Fig. 15 we show results when both symmetries are restored.
One main difference from the other cases is that two
dominant arcs show up in the entanglement entropy plot.

N =6, Ny =3, g% =12, ju = 1.0 LOOIN =8 Na=4, %0 = 1.2, juwe = 10 OTN =6, Na = 3, %0 = 1.0, jo — 15
1.25
1.00 15
g 75 ;
\«U.IJ Z10
w S
0.50
0.5
0.25
0.00 0.00 0.0
0 5 10 15 20 0 20 30 0 10 20 30
E E E
(a) (b) ()
o N =6, ¢%a =12, jumax = 1.0 N =38, g% =12, juu = 1.0 L 201N =6, g%a = 1.0, jiax = L5
10 b i
= = =15
=g = =
e S0 =
L L 110
= = =
= =7 5
2 .
01 -+ 01 -« 01 -«
0 2 4 6 8 10 12 0 5 10 15 0 5 10 15
(n|Heln) — (0] He|0) (n|Heln) — (0| He|0) (n|He|n) — (0| H|0)
(d) (e) ()

FIG. 14. Half-chain entanglement entropies (top) and relations between the electric and magnetic energies of all eigenstates (bottom)
on a five-plaquette chain with j .. = 1 (left), j.x = 1.5 (right) and on a seven-plaquette chain with j .. = 1 (middle). The following
closed boundary condition is used for the four external links: j; =1, j, =0, j3 =0, j; =0.
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FIG. 15.

Half-chain entanglement entropies of all eigenstates on a five-plaquette chain with j,,, = 1.5 at g?a = 1.0 and closed

boundary conditions j; = j, = j3 = j4 = 0, which preserve the left-right and top-bottom symmetries. The eigenvalues are marked in
color depending on whether the corresponding eigenvector is symmetric or antisymmetric with respect to (a) the parity (left-right)

transformation or (b) the top-bottom transformation.

The explanation of the two-arc structure is connected
with the symmetry properties of the eigenstate correspond-
ing to the respective eigenenergy. In Fig. 15(a) the parity
symmetric states are colored blue and the antisymmetric
states are colored orange. No preference for one of the
symmetries can be recognized in this plot for either of the
two arcs. In Fig. 15(b) the top-bottom symmetric states are
colored green and the antisymmetric states are colored red.
Now a clear difference in the symmetry properties for
eigenstates in the two arcs is apparent. We conclude that the
top-bottom symmetry is the separating feature of the two
arcs. It is interesting that only the top-bottom symmetry
leaves an imprint on the entanglement entropy. This may be
related to the fact that the boundary of the subsystem
coincides with the parity symmetry axis of the plaquette
chain.

Another difference of the case with j,, =0, 0, 0, 0
external links from cases with other boundary conditions,
like the case where the four external links have 1, 0, 0, 0, is
that some scar states seem to appear as shown in Fig. 15. To
see them disappear, one needs to use even higher j... This
expectation is supported by the fact that the scars disappear
from the middle of the spectrum when j,,,, is increased to
2.5 on a five-plaquette chain.

N =6, g’a=1.05

(n[Hc[n) — (0[H.[0)

FIG. 16. Relation between the electric and magnetic energies
for all the energy eigenstates on an aperiodic five-plaquette chain
with j.x = 1.5 and g?a = 1.05. The closed boundary conditions
are 1, 1, 0, 1 for the external links, which avoid left-right and top-
bottom symmetries.

In Fig. 16 we also show the relation between the electric
and magnetic energies for the eigenstates on the five-
plaquette chain with j,,, = 1.5, g?a = 1.05 and boundary
conditions 1, 1, 0, 1 presented in the main text. As stated
above, we find the mixed bands disappear and the spread-
ing decreases.
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