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ABSTRACT: We study the low-energy properties of the one-dimensional spin-1/2 XXZ chain
with time-reversal symmetry-breaking pseudo-scalar chiral interaction and propose a phase
diagram for the model. In the integrable case of the isotropic Heisenberg model with the
chiral interaction, we employ the thermodynamic Bethe ansatz to find “chiralization”, the
response of the ground state versus the strength of the pseudo-scalar chiral interaction of
a chiral Heisenberg chain. Unlike the magnetization case, the chirality of the ground state
remains zero until the transition point corresponding to critical coupling o, = 2.J/m with J
being the antiferromagnetic spin-exchange interaction. The central-charge ¢ = 1 conformal
field theories (CFTs) describe the two phases with zero and finite chirality. We show for this
particular case and conjecture more generally for similar phase transitions that the difference
between two emergent CFTs with identical central charges lies in the symmetry of their
ground state (lightest weight) primary fields, i.e., the two phases are symmetry-enriched
CFTs. At finite but small temperatures, the non-chiral Heisenberg phase acquires a finite
chirality that scales with the temperature quadratically. We show that the finite-size effect
around the transition point probes the transition.
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1 Introduction

The one-dimensional (1D) spin-1/2 XXZ spin chain is a paradigmatic model in low-dimensional
quantum condensed matter physics. The model can be solved exactly by algebraic Bethe
ansatz (BA) [1, 2] and serves as a fundamental platform for exploring quantum spin dynamics
and entanglement, as well as for studying quantum phase transitions, critical phenomena,
and exotic states of matter in one dimension. The eigenstates of the open XXZ chain under
the specific constrained boundary condition (phantom roots criterion), namely the so called
gapless phantom states, are also explored within the BA framework in XXZ chain [3-5].
On the other hand, the spin dynamics in the model can be described by the generalized
hydrodynamics [6, 7]. The Heisenberg limit of the model manifests a dynamic exponent of
z = 3/2, which signals anomalous superdiffusion of the spin intermediate between diffusive



and ballistic spin transport [8-10]. Other methods are also employed to understand out-of-
equilibrium statistics in spin chains [11, 12]. The model possesses a line of critical phase in
the continuum (thermodynamic) limit, realizing a continuous conformal field theory (CFT)
with the central charge, ¢ = 1. In the isotropic Heisenberg case, this criticality can be easily
seen as the SU(2)-symmetric spin coupling being the critical point between the easy plane
phase and the easy axis (antiferromagnetic) phase. The underlying conformal symmetry
dramatically simplifies the description of the critical phase of the model. It plays a crucial
role in understanding the scaling behavior and correlations of the system as it approaches the
critical phase. Besides, from the exact solution, the leading-order scaling for the ground state
energy, F' ~ (1/4 —In2)N + O(1) and the excitation energy gap, m ~ %, where N > 1 is
the number of spins, has been established in the literature, see e.g., refs. [13-15]. This scaling
is also consistent with the CFT prediction [16, 17]. Numerical exact diagonalization also
confirms the same result, even with a relatively small system size [18]. Notably, the exploration
of the isotropic Heisenberg chain extends beyond the spin-1/2 system, encompassing analytical
and numerical investigations [19-21]. Among many of them, Haldane postulated a conjecture:
half-integer spin Heisenberg chains exhibit gapless behavior, while integer spin Heisenberg
chains manifest an excitation gap [22]. Many other spin chains, supporting both critical and
gapped phases, along with their modifications are also extensively studied in the literature,
see e.g., refs. [23-30].

The XXZ spin chain model can be conveniently solved employing the Bethe ansatz [13—
15, 31-33] technique, a powerful method of finding exact solutions for solvable quantum
many-body systems, particularly in one spatial dimension. The original idea of Bethe ansatz,
or the coordinate Bethe ansatz, is to assume a form of the wavefunction that consists of
superpositions of plane waves with different momenta and impose the boundary conditions
and the conservation laws to obtain a set of equations for the allowed momenta known as the
Bethe equations. These equations determine the energy spectrum and the eigenstates of the
system. Bethe ansatz can also be used to calculate thermodynamic properties and correlation
functions. The transfer matrix method is another convenient way to construct the Bethe
equations, and hence the energy spectrum and the eigenstates of the system. With the transfer
matrix method, the Hamiltonian of the Heisenberg chain is a conserved quantity that can be
generated from the logarithmic derivative of the transfer matrix, or equivalently by the boost

operator method [34, 35] H = & 41 T(u)‘u:i/2 — 2L where T(u) is the transfer matrix and

u is the spectral parameter (the details of this construction are presented in appendix A).

One of the important aspects of the antiferromagnetic Heisenberg chain is its magneti-
zation, which reflects the alignment of spins in response to an external magnetic field. The
introduction of an external field perturbs the system, breaking the SU(2) symmetry. The
external field triggers the spins to align parallel to the external field and develop a finite
magnetization. The magnetization of the chain, m, can be obtained through various methods.
In specific situations, Bethe ansatz provides a computation avenue for calculating m [36, 37]
Additionally, applying the worm algorithm Monte Carlo offers another viable approach [38].
Particularly, around the transition point, the magnetization exhibits a square root scaling [38],

—1Vhe=h, h<h,,
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where h is the external field coupled to the z component of the spins, i.e., h)", s7, and
h. is the critical field. The imaginary magnetic field is also studied in the context of the
Ising CFT [39-41].

In this work, we address the question concerning the explicit breaking of the time-reversal
symmetry in 1D s = 1/2 chains by pseudo-scalar chirality. Consider the anisotropic spin-1/2
Heisenberg chain (the XXZ model) with pseudo-scalar chiral interaction, described by the
Hamiltonian:

Ha(J,0) = T (snsnia + shsnon + Asisiig) +a) s (Sni1 X sps2),  (1.2)
n

n

where the spin-1/2 operators are given in terms of Pauli matrices as s = gau, w=2x,9,z.
The Hamiltonian with parameters o and —a can be mapped to each other with all the spins
flipped. Hence, without loss of generality, we consider « positive throughout the paper.
Importantly, in the isotropic Heisenberg limit, A — 1 (XXX model), the pseudo-scalar
chiral interaction can arise from the ¢/U expansion of the half-filled Hubbard model [42-44].
Furthermore, in this limit, the total chirality, C = >, S, - (Sn4+1 X Sp+2), is a conserved
quantity which can be generated by the transfer matrix: C = —%% In T(u)’u_i/2 + %iL

(see appendix A for the derivation). Therefore, the model eq. (1.2) is exactly solvable in
the isotropic Heisenberg limit. In the following, we derive analytical results for the isotropic
Heisenberg limit and investigate the more general, anisotropic XXZ case numerically.

Another interesting aspect of the chirality transition in the Heisenberg chain with pseudo-
scalar chiral interaction, adding to the motivation for the present study, is its consideration
from the standpoint of commensurate-incommensurate phase transition demonstrated by
Tsvelik in ref. [45]. According to this picture, the phase with a non-zero chirality, corresponding
to a symmetry-enriched, ¢ = 1 CF'T, possesses an incommensurate ground state within the spin
chain. This hints at a connection of incommensurate phase transitions to symmetry-enriched
CFTs, calling for further scrutiny.

Given the property of conservation of the total chiralization in XXX model, resembling
the similar property of the magnetization in the XXZ model, one might naturally anticipate
that the pseudo-scalar chiral interaction leads to a phase diagram of the Heisenberg model
similar to that in the case of a magnetic field. However, here we derive a different scenario
where the time reversal T and parity P are both broken by the scalar pseudo-scalar chiral
interaction, whereas the combination of the two symmetries, P7, remains preserved. We
show that the chiralization exhibits a critical behavior different from the magnetization on
both sides of the transition point. Specifically, in the integrable isotropic Heisenberg limit,
at the transition to the chiral phase, the chirality x = (s, - (Sp+1 X Spt2)) scales linearly
with the strength of the pseudo-scalar chiral interaction a:

0, a < Qg,
X =~ (1.3)
—0.74(a — o), @ 2 .

Thus the chirality remains zero while o does not exceed the critical threshold a. = 2J/7
and increases linearly beyond the transition point. Furthermore, both phases with zero and
non-zero chirality are gapless and can be described by conformal field theories with central
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Figure 1. Schematic zero temperature phase diagrams of time-reversal symmetry broken XXZ spin
chains. Panel (a) shows the phase diagram of an anisotropic Heisenberg chain with the external field.
Panel (b) shows the phase diagram of the chiral chain, with FM denoting the Ising ferromagnetic
phase, XY-PM the XY paramagnetic phase, and AFM — the Ising antiferromagnetic phase. The
dotted vertical line corresponds to the exactly solvable Heisenberg model with scalar chirality term.

charge ¢ = 1. We further generalize the described result to the case of the XXZ chain, leading
to the phase diagram depicted in figure 1.

The possibility of strong pseudo-scalar chiral interaction simply suppressing one of the
chiral copies of the corresponding CFT and leading to a chiral CFT is ruled out because the
chiral central charge, (¢ — cg), of a CFT in 141 dimensions corresponding to a lattice model
is shown to be zero [46-51]. Hence, we conclude that the crux of the distinction between the
two phases with and without chiral order lies in their respective symmetries. The combination
of the conformal symmetry with some additional symmetries is known to produce a multitude
of distinct CFTs. For instance, a U(1) symmetry leads to an extended CFT featuring an
emergent Kac-Moody algebra [52]. In addition, one can create a novel CFT by modding out
a part of the symmetry, a concept known as orbifold CFT [53-55].

The chiralization transition considered in this paper can be interpreted as a transition
between symmetry-enriched CFTs.

Symmetry-enriched CFTs combine the concept of CFT with symmetries, particularly
focusing on how global symmetries can enrich the structure and properties. Symmetry



enrichments in CF'Ts can lead to new types of quantum critical behavior and provide insights
into the classification of gapless topological phases [56-58].

To outline the transition, note that for small values of a (o < «.), the primary field
associated with the emergent CFT is related to the xz-component of the spin operator s,
(spin flip). This operator flips the sign under the time reversal,

(PT) 's*PT = —s". (1.4)

Conversely, for larger values of o (o > «a.), the ground state primary field is related to the
phase twist p discussed in detail in appendix B:

L
2mn
= Py — —7ll[n(N +1 1.5
p= 112 (5 v + 1) (1.5

where P,(¢) is the phase shift gate on site n that maps the basis states ||) — |]) and
[1) — € |1). The function I : Z — {0,1} is the parity of the argument.

In explicit matrix form,
10
P.(¢) = . 1.6

The phase shift is different at different sites, making the phase of the excitation a twisting

pattern.
The phase twist p remains invariant under time reversal:

(PT) " 'p(PT) = p. (1.7)

The different behavior of low-energy excitations under P77 symmetry makes it impossible
to smoothly connect these two Heisenberg-like and chiral phases, giving rise to a transition
between them. This should be contrasted with the conventional criticality characterized by
the interplay between symmetry-breaking and symmetry-preserving mechanisms.

Introducing a simple solvable interacting model, which is experimentally relevant and
encompasses transitions described by symmetry-enriched CFT, would significantly advance
the translation of these theoretical concepts into practical, real-world applications.

In this paper, we show that the transition between the two phases can be detected via
the universal finite-size scaling behavior of the excitation gap, the ground state energy, and
the entanglement entropy. The theoretical underpinning of finite-size scaling in time-reversal
symmetric CFTs, supported by numerical studies, is well-established [59, 60]. The universal
finite size effects in time-reversal-symmetry broken CFTs have recently been derived for
¢ = 1/2 theories. In particular, it was shown that the terms in the excitation gap and the
ground state energy relations, inversely scaling with the system size, appear universal and
depend only on the central charge of the Virasoro algebra, ¢, and scale with the time-reversal
symmetry-breaking term universally. For the ground state energy, F, of N non-interacting
particles with open or periodic boundary conditions, one obtains [61]

NIn N
where € is the bulk energy per spin, b is the boundary energy, c is the central charge of the

E/J:eN—i—b—l—% |g(Nm, Ch?N) — 0] +o< ! ) (1.8)

corresponding CFT, v is the effective velocity, m is the spectral gap (the critical CFT behavior
emerges in the m = 0 limit), ¢ is a model-dependent function of the localization length &,



h is the external time-reversal symmetry breaking field (can be the magnetic field), and
g(x) is a model-independent universal function. The parameter § depends on the boundary
conditions: 6 = 77 for the system with open boundary conditions, and 6 = § for the system
with periodic boundary conditions.

We numerically demonstrate that in the interacting case of the Heisenberg model with
pseudo-scalar chiral interaction, eq. (1.2) with A =1, the critical (m = 0) scaling in eq. (1.8)
preserves its form with the following time-reversal-symmetry breaking field:

a—a., fora>a«
h— ¢ - (1.9)
0, otherwise.

Thus, the scaling variable in the argument of the universal scaling function g of eq. (1.8)
becomes Ch?N — ((a — )N, with other terms preserving their physical meanings. Equa-
tion (1.9) is one of the main results of this paper, with function g playing the role of the
Landau order parameter in describing the quantum phase transition.

Although eq. (1.2) is integrable when A = 1, for general A, it is no longer integrable.
Based on our analytical and numerical calculations, we draw the phase diagram of the
anisotropic Heisenberg spin-1/2 chain (XXZ model) in the presence of the pseudo-scalar chiral
interaction and compare it to the well-known magnetization phase diagram of the anisotropic
Heisenberg chain in figure 1. Both the pseudo-scalar chiral interaction and the coupling to
external magnetic field break the time-reversal symmetry at the level of the Hamiltonian.
Figure 1 illustrates that once the chiral term replaces the external magnetic field, the whole
phase diagram of the model changes drastically. Particularly, time-reversal symmetry-breaking
chiral phases take over from both the ferromagnetic and antiferromagnetic Heisenberg domains,
with the corresponding tricritical points. At the same time, the underlying state remains
similar to that of the isotropic Heisenberg critical phase with small a < a..

The remainder of the paper is organized as follows. In section 2, we outline the basic
properties of the model with the chirality term and describe the derivation of the scalar
chirality order parameter, the bosonization of the model, and the qualitative description of the
chiralization phase transition for the isotropic Heisenberg case. In section 3, we present the
details of the algebraic and thermodynamic Bethe ansatz solution of the isotropic Heisenberg
model with the pseudo-scalar chiral interaction, derive the exact expression for the chirality
order parameter, and discuss the quantum phase transition. At finite temperatures, we find
that the chirality scales with the temperature quadratically for all values of «, irrespective
of the ground state chirality. In section 4, we discuss our numerical data obtained for
the XXZ model with the pseudo-scalar chiral interaction, and in section 5, we present the
DMRG calculations of the finite size scaling of various characteristics of the XXZ model.
Section 6 contains our concluding remarks and outlooks. Details of analytical calculations
are presented in the appendices.

2 The Heisenberg chain with chirality

We start with the SU(2) symmetric case of the Hamiltonian eq. (1.2), namely a one-dimensional
spin-1/2 Heisenberg chain with the pseudo-scalar chiral interaction, described by the Hamil-



tonian,

Hi(J,a) =J > suSpr1+a D Sn - (Sps1 X Spia), (2.1)

where the periodic boundary conditions are imposed. Importantly, the chiral term in eq. (2.1)
commutes with the first Heisenberg exchange term, and hence, the model can be solved and
the free energy evaluated within the same thermodynamic Bethe Ansatz (TBA) framework
that provides the solution of the exchange part only [45, 62, 63] (for a pedagogical review
of TBA, see, e.g., refs. [45, 64]). In the phase diagram figure 1(b), the integrable region
includes the vertical line at A = 1, the horizontal axis with « = 0, and the line J — 0. The
model eq. (2.1) can be generalized to the anisotropic case, and an exactly solvable model
can be formulated by defining a conserved anisotropic chirality for the XXZ7 Hamiltonian
preserving the integrability. This generalization is discussed in ref. [45] in detail. Note,
however, that it is different from eq. (1.2), in which the last chiral term is not conserved.
The same can be applied to various quantum integrable chains termed staggered integrable
ladder models [65-67]. Exploring the stabilization of quantum phases with finite anisotropic
chirality would also be useful as it could help to understand the nature of the quantum chiral
spin liquid in two-dimensional frustrated systems [68-77].

The exact evaluation of the chiral order parameter in a model eq. (2.1) can be achieved
by noting that once the free energy per spin, F(J, «), is evaluated, the chirality per spin can
be found using the Hellman-Feynman theorem [78], by taking the derivative of the free energy,

X = (Sn - (Snt+1 X spt2)) = 0o F(J, ). (2.2)

Before we present the TBA solution of the model eq. (2.1), it is instructive to discuss the
bosonization of the Hamiltonian, illustrating the CF'T nature of the model. For the details
of this technique, we refer to ref. [79].

The bosonization of the Heisenberg (exchange) part of eq. (2.1) is standard and is
briefly discussed in appendix C. Applying the Jordan-Wigner transformation and taking the
continuous limit to the leading order in bosonic fluctuations, one gets

H(,0) ~ 5o [ delg™ (06 +9(0,0?), (2.3)

where v is the effective velocity, g is the Luttinger parameter, and ¢ and 6 are the boson and
dual boson fields. Along the same lines, one can bosonize the chiral term, yielding

Hy, = Hi(0,0) ~ ;a/dxf)xgﬁ@xﬁ, (2.4)

where we have dropped the irrelevant terms. The subsequent perturbative renormalization
group analysis [79] shows that the chiral term is marginal to the Heisenberg part so that,
depending on the magnitude of «, the effective CFT describing the model is either the same
as that for H1(J,0) or a different one, which captures the non-zero chiral ordering.

A similar bosonization analysis for conserved quantities generated from higher order
derivative of the transfer matrix, such as the four-spin term, shows they are irrelevant.
So, the ground state will remain the Heisenberg criticality upon introducing such per-
turbations. The same can be seen in the classical limit. Suppose the classical spins



of magnitude s are arranged so the angles between nearest-neighbor and next nearest-
neighbor spins are m — 6 and 6 separately (fluctuation above the antiferromagnetic phase).
The energy increase due to the exchange interaction is 6E; = Js?(cos(m — 0) — cos(7)) ~
%J 52602, And the energy decrease because of the pseudo-scalar chiral interaction is 6 E, =
—as3\/1+ 2cosfcos?(m — ) — cos?f — 2cos?(m — ) ~ —§a5392. For a large o > J/v/3s.

The total energy change JF = (%Js2 — §a33) 62 is nagative. So, the chiral state is fa-

vored. This estimate suggests that classically, . = (J/s)/v/3 ~ 0.57735(J/s), which is off
by O(10)7! from the quantum value a, = (2/7)J, to be derived in the next section, after

rescaling the exchange coupling J by large s. When higher-order conserved quantities are
introduced, the change of total energy is dominated by the increase in exchange interaction,
leading to an antiferromagnetic phase.

3 The Bethe ansatz solution of the Heisenberg model with chirality

In this section, we closely follow the notations used in the existing literature on TBA [62, 64],
and defer derivation details to appendix D. The thermodynamic Bethe equations for the
chiral Heisenberg chain form a set of non-linear integral equations on the so-called n-string
quasienergies, €,(x), parameterized by integer n = 1,2,---, and real x:

e1(x) = —2n(J — a0y)s(x) + Ts *In (1 + exp (Q(TSC))> ,

en(z) =Tsx*1In Kl + exp (en_%(x)>> <1 + exp <€”+%(m)>)] , n>2, (3.1)

lim %) g,
n—oo n

where T is the temperature (the Boltzmann constant is set to 1), s(z) = +sech (3z), and “*”
denotes the convolution, f*g(z) = [ f(x —y)g(y)dy. The free energy per spin is given by

F=-J (ln2—i> —T/_O:Os(m)ln <1+exp (q(Tm)))dx (3.2)

Equations (3.1) and (3.2) determine the free energy, and hence, other physical properties of the
chiral Heisenberg chain. In the following, we find the exact solution of egs. (3.1) and (3.2) in
the zero-temperature limit, 7" — 0, and deduce the low-temperature free energy perturbatively.

3.1 The ground state chirality

The ground state is found in the zero temperature limit, 7" — 0. In this limit, the Bethe
equations and the free energy are simplified to

e1(r) = —2m(J — ad,)s(z) + s * e (z),

1) =s# (6 4(0) + 6l (@), n>2 (3.3)




and

F=-J (ln2 - i) — /OO s(z)ef (v)dz, (3.4)

—0o0

where

(3.5)

en(x), for ey(x) >0
0, for e, (z) < 0.

Thus, in eq. (3.3), only €; can take negative values.

Depending on the ratio, a/J, the free energy takes different forms. For o < o = 2.J/,
the system eq. (3.3) yields the solution with € < 0 and €, = 0, n > 2. Therefore, the second
term in eq. (3.4) disappears and f is independent on «:

F(J,a) = —J (mz _ i) . (3.6)

Hence, according to eq. (2.2), the chirality is zero:
x(a) =0, a<a.=2J/m. (3.7)

For a > a. = 2J/7, on the other hand, €;(z) is monotonically increasing and undergoes
a sign change. In this case, equation (3.3) is solved by the Wiener-Hopf method [45, 62].
Suppose €1(z) crosses the zero at © = a, i.e., €;(a) = 0. Then, the symmetry-breaking
ground state energy can be written as

6—7ra(k+n+1) G(?’L)G(k)

— 1 1 & k+n _ o
F(a)/J = <1n2 4)+2n§:0( 1) 1 (k+1/2) r— ,
(3.8)
where (—k—1/2+ (k+1/2) In(k +1/2)}
eXp1—K — + (kK + n(xK +
k)=+v2 .
Gk) = van Tkt 1) (3.9)
is defined through the gamma function I', and a satisfies
S (1) [1 _ T g 1/2)] et 2 6o = o, (3.10)
k=0 J
or equivalently,
oo (_1\k,—ma(k+1/2)

SRZo(=DF[r(k + 1/2)]e m UG (k)

For the chirality per spin, we find the exact expression,

2
T
__" —1)?e—Ta(n+1/2) 3.12
x=-1 (; e m) . (312
using eq. (2.2) (see appendix E).

Thus, we conclude that the ground state chirality is zero for small « up to a, = 2J/m,
where the chiralization transition occurs, leading to a non-zero ground state chirality for



a > a.. Upon numerically solving the transcendental equations egs. (3.10) and (3.11) for
a, we find that in the vicinity of the quantum phase transition, the analytical expression
for chirality acquires a linear asymptote:

X = —Go (a/J = 2/m), (3.13)
where the linearity coefficient is {y ~ 0.740308, producing the asymptotic behavior eq. (1.3).

In appendix F, the exact closed form expression for y is found, and the derivation details of
the scaling of x around the critical point, given by eq. (3.13), are presented.

3.2 Finite temperature behavior

Before we proceed further and explore properties of the ground states of the chiral Heisenberg
model, we look at the finite temperature corrections in the small-a (non-chiral) phase.
To study the behavior at low temperatures (Ar(e;) < ¢ with Ar(e;) specified below),
thermodynamic BE equations (3.1) are rewritten as

e1(r) = —2m(J — ady)s(w) + s x f (z) + s * Ap(ea),

(
(

en(T) = 5% (5:—1(33) + 6:;-1-1 (7)) + s % (Ar(en—1) + Ar(ent1)), (3.14)
tim ) g
where B
N {Tln[l + exp(z/T)), z <0, (5.15)
Tn[l +exp(z/T)] —z, x>0,

and the free energy is rewritten as
1 o o
g (ln2 - 4> - /_ s(x)et (x)de — /_ s(z)Ar(e1)dz. (3.16)

Now, one can treat the terms with Ar(e;) perturbatively,

e1 =770 4 55 Ap(elT=) = 779 4 54 Ap(ag * e T, (3.17)
yielding the free energy,
f=fr=0_ / s2x Ap(ag * eT(TZO))d;U - / s(x)AT(egTZO))d:U. (3.18)
For a < 2J/m, the zero-temperature quasienergy egTZO) = —27(J — ad;)s(x) is negative,
so the second term of eq. (3.18) vanishes, giving
£ =770 = [ (@) (") (3.19)
Since f(T=Y is a constant independent on «, we get:
o) - d (T'=0)
N =90 = [ (@)
da o da (3.20)

=27 /oo S(x)A}(egTzo))sl(x)da:.

—0o0
A numerical integral of eq. (3.20) gives us the low temperature 7" and small o behavior of
the chirality, shown in figure 2, which is linear in o and quadratic in 7. The ~ T? behavior
can also be obtained by the method of Sommerfeld expansion [80] of eq. (3.20).

,10,
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Figure 2. Finite temperature behavior of the chirality per site at low temperatures and small
« computed from eq. (3.20). Panel (a) shows the linear dependence of x on «, for three different
temperatures, and panel (b) is plotted in log-log scale, with slopes showing the quadratic dependence
of chirality on the temperature, for four different values of a.

4 The anisotropic XXZ chain with chirality

In this section, we generalize the obtained results to the anisotropic XXZ model defined by
the Hamiltonian Ha(J,«) in eq. (1.2). Even though the XXZ and the chirality terms in
eq. (1.2) define two separate exactly solvable model possessing an infinite number of conserved
currents, their sum does not generally lead to an integrable system. The integrability is
brought in when the two terms commute for finite J and «. This is achieved only in the
isotropic limit, A — 1, admitting the Bethe ansatz solution discussed in the previous section.

While the anisotropic XXZ chain with chiral term eq. (1.2) is not integrable, it is possible
to construct a more complicated anti-symmetric three-body chiral interaction which would
ensure the integrability in the anisotropic case [45, 81]. However, we restrict ourselves to the
simple, isotropic chirality interaction and treat the model eq. (1.2) numerically.

To this end, we employ the DMRG method [82], allowing us to study portions of the
phase diagram figure 1 with A £ 1. To classify various phases, we computed a set of order
parameters. In particular, the parameter M+ = (sZ) is computed for the ferromagnetic order,
M~ = ((—1)"s2) for the antiferromagnetic order, and x = (s, - (Sp+1 X Spt2)) — for the
chiral order. At A = —1, we see that even small « already establishes the chiral order. As A
decreases further, the critical a between the ferromagnetic and the chiral phases gets larger
(see the red curves in figure 1(b)). On the opposite direction, when A 2 1, with increasing
«, the chiral Heisenberg chain exhibits antiferromagnetic order for small «, paramagnetic
order for intermediate «, and enters into the chiral phase for larger .

5 Finite size scaling

In this section, the DMRG calculation [82] is performed for the system with periodic boundary
conditions to further understand the finite size corrections to various characteristics of the
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Figure 3. The energy (panel (a)) and the chirality (panel (b)) of the chiral Heisenberg chain. The
solid lines are computed from the TBA analytical result, and the dots correspond to the DMRG
simulations. Omne can see the transition (discontinuity) in chirality at . = 2J/m. The energy
(chirality) is symmetric (anti-symmetric) around o = 0 Heisenberg point, so the region with negative
« is not shown.

chiral anisotropic Heisenberg (XXZ) model eq. (1.2). Both the ground state energy and the
chirality per spin agree perfectly with the TBA results, as shown in figure 3. The phase for
a < 2J/7 is in the same universality class as the Heisenberg ¢ = 1 CFT, whose gap at finite
size (with an even number of total spins) decreases as 1/N upon increasing the system size,
N. For a > 2J/m, the gap closes because the combination of time reversal 7 and parity
reversal P leaves the Hamiltonian invariant. Hence, P7T relates the degenerate ground states.

In general, the entanglement entropy of a (14+1)D CFT with periodic boundary conditions
is given by the universal formula [17]

N
Sg = glog (7T sin 7;\7) +c, (5.1)

where ¢ is the central charge, n is the subsystem size, and ¢} is a non-universal constant. In
our case of the chiral Heisenberg model, both states have the same central charge ¢ = 1, which
can be extracted from the small n < N scaling of the entanglement entropy, Sg = § In(n) +c}.
The corresponding numerical data is shown in figure 4. At maximally entangled n = N/2 case,
the entanglement entropy as a function of a exhibits a transition: starting at 3 In(N/m) + ¢}
for @« = 0 in agreement with the ¢ = 1 Heisenberg CFT, it remains constant for up to
o~ 2J/m. Then it decreases to a smaller value before reverting to % In(IN/) for significantly
larger values of @ > 2.J/w.

For a < 2J/7, the chiral order parameter vanishes, and the model is effectively in the
same universality class as the isotropic Heisenberg Hamiltonian. Hence, expecting the energy
to have the same scaling behavior as the Heisenberg CFT is natural. So, we indeed have that

12N NIn N
as shown in figure 5(a), where Ey = 1/4 — In 2.

E/J_EON—7T2+O< . ) (5.2)
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Figure 4. Panel (a) shows the excitation gap as a function of «. The finite-size effect, giving a
finite energy gap in the Heisenberg phase, suppresses upon crossing the transition point a, = 2J/m.
Panel (b) shows the entanglement entropy as a function of the logarithmic subsystem size. The slope
gives the central charge of the emergent CFT, ¢ = 1.
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Figure 5. Panel (a) shows the E/N as a function of 1/N?, the linear behavior indicates the finite
size scaling eq. (5.2). Panel (b) and (c) show the energy of only the chiral term and its finite size
correction. The chiral energy shows a quadratic behavior.

For o« > 2J/m, around the transition point, we have

CcvU

B/J = eN + = |9(0.¢(a— ac)N) — ﬂ +0 ( ! ) , (5.3)

6 NIn N

where the € = 1/4 —In2 — k(a/J —2/7)2. The constant x = 0.370154 can be derived from the
TBA solution, see appendix F. The DMRG result also agrees with this, as shown in figure 5(b).
Within the numerical precision, the shape of the scaling function ¢(0, (o — a.)N) agrees
with the universal scaling function in time-reversal symmetry broken criticalities of eq. (1.8),
see [61]. More precisely, it agrees with the universal behavior observed in non-interacting
systems [61], when the gap, m — 0, while the expression of the symmetry-breaking scaling
variable is different because of the strong interaction.
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6 Conclusion and outlook

One of the motivations of the present study comes from the desire to understand the formation
mechanism of chiral spin liquids, long-range entangled quantum states of matter lacking
the magnetic order while supporting the topological order with spontaneous breaking of the
time-reversal symmetry [83—85]. Interestingly, the strong scalar spin-1/2 chiral interaction
between the spins on sites on triangles of the kagome lattice, Y- A s; - (s; X si), can drive the
two-dimensional spin system to a chiral spin liquid state [86-90]. The question still remains:
what is the mechanism of the formation of the chiral spin liquid state in an array of individual
XXZ models upon the adiabatic increase of the interchain couplings, and how can one enter
the chiral spin liquid phase? A related open question is how can the chiral spin liquid state
be formed spontaneously in 2D without explicitly breaking the time-reversal symmetry.
To address these questions, we, as the first step, studied the chiralization of the Heisenberg
chain with an additional pseudo-scalar chiral interaction, a conserved current of the Heisenberg
model. We showed that the ground state of this system maintains a zero chirality until it
reaches a transition point at « = o, = 2J/7. Both of these phases are gapless and can be
described by CFTs with an identical central charge of one. Their ground state or lightest
weight primary fields transform differently under P7 symmetry, making them symmetry-
enriched CFTs. At low temperatures, the chirality develops as long as the chiral term is turned
on, and the chirality exhibits a quadratic temperature dependence. This intriguing transition
can be explored by considering the finite-size effects around the transition point. The linear in
N term in the ground state energy shows o a? dependence. The ~ 1/N ground state energy
correction above the transition point in this system follows a universal function exhibiting
non-monotonic behavior that detects the transition playing the role of the order parameter.
As reported in the present work, it would be interesting to experimentally observe the
chiral phase and the transition into it. The experimental study of the Heisenberg chain in
electronic systems has been extensively explored [91, 92]. More recently, in the optical lattice
Hubbard model, the Heisenberg chain with tunable parameters has attracted significant
attention [93, 94]. Notably, the pseudo-scalar chiral interaction can emerge from the t/U
expansion of the half-filled Hubbard model, a phenomenon studied in depth in various
works [42-44]. These possible experiment setups facilitate the experimental investigation of
the chiral Heisenberg chain presented in this theoretical paper. This accessibility promises to
unlock exploration into both chiral spin liquids and symmetry-enriched quantum criticality.
Although the two critical phases can be described by symmetry-enriched CFTs, it would
be interesting to study the properties of the critical point between these two critical phases
further. One of the possibilities is the Lifshitz point, which is indicated by its multi-criticality
nature and the quadratic ground state energy scaling E ~ (a — a.)? (see figure 6 for the
schematic energy spectrum) in the vicinity of a.. Another interesting property is the relation
to the commensurate-incommensurate criticality discussed by Tsvelik [45]. The possible
connection to the Lifshitz point at multi-criticality is another open question [95-97]. It
would also be useful to have quantum field theory description of such critical point with
asymmetric (chiral) dispersion.
Another interesting direction for future research is the study of the spin dynamics in the
chiral XX7 chain, which remains an open problem. Investigating the spin dynamics within
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Figure 6. The schematic of the spectrum of the chiral Heisenberg chain. The energy is shifted by the
ground state energy of isotropic Heisenberg chain Fy = —J(In2 — 1/4). The solid black line represents
the ground state energy, while the dashed gray lines show the excitation spectrum. Starting from
a state of the Heisenberg chain, the chiral term will decrease its energy linearly in «, turning an
excited state at zero « into the ground state at higher o, shown by orange lines. The quadratic energy
behavior in the vicinity of a. is a result of many crossing points of Heisenberg excited states.

the framework of the present model involves a comprehensive analysis of the impact of the
chiral term on the hydrodynamic approach and the resulting alteration in the universality
class (dynamic exponent) of the model. Furthermore, the distinct symmetry-enriched CFTs
describing the critical Heisenberg and the chiral phases differ in their lightest primary
fields, suggesting an anticipated modification in the corresponding Knizhnik-Zamolodchikov
equations for the correlation functions of primary fields [98].
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A Transfer matrix method for the chiral Heisenberg chain

In this appendix, we will review the transfer matrix method for the Heisenberg chain and
derive the chirality operator as the conserved quantity of the Heisenberg model from the
logarithmic derivative of the transfer matrix,

C=———InT(u) + %iL. (A1)
u=1/2

This will reproduce the discussion presented in the introduction of the main text (see below
eq. (1.2)).
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Below we will list the standard steps of the construction of the transfer matrix for the
Heisenberg spin chain with the Hamiltonian

H=1J) sp-spi1. (A.2)

Here, the spin-1/2 operators are half of the Pauli matrices, s* = %quﬂ = z,¥, %, can be
rewritten in terms of the permutation operator:

1 i i

i=,y,2
The Heisenberg Hamiltonian then acquires the following form:
H = % > Punt1— %. (A.4)
n
As the next step, we identify the R-matric of the model by first defining the Lax operator as
Lna(u) = ul + % Y ol®al, (A.5)
=Y,z

where the first index n acts on spin at site n and the second index acts on an auxiliary
SU(2) space V. We are here using the notations from ref. [31]. The R,, matrix, which
acts on V ® V, is

Ry = ul +1Py. (A.G)
It is important to emphasize here that this R, matrix satisfies the Yang-Baxter equation

Rap(ur — u2)Rac(ur — us)Rpe(ug — ug) = Rpc(uz — u3)Rac(ur — ug)Rap(u1 — ug),
(A7)

as illustrated in figure 7(a). This equation is the defining property of the (Yang-Baxter)
integrability. The related objets are the transfer matrix 7" and the monodromy matrix M,.
The transfer matrix can be defined as

T(u) = trg My(u) (A.8)
where M, (u) is the monodromy matrix given by the following analytical expression (shown
graphically in figure 7(b)):

My (u) = Lig(u)Log(w) ... Lrg(u). (A.9)
Having the definitions above, one can generate an infinite number of conserved quantities
(in the thermodynamic limit N — co) upon taking the derivatives of the logarithm of the

transfer matrix. We will compute up to the second-order derivative of the transfer matrix
in the following to get total energy and chirality.
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Figure 7. Graphic representation of the Yang-Baxter equation (a) and the monodromy matrix (b).
Each cross represents an R-matrix. The indices a, b and ¢ live in the SU(2) auxiliary space, while
indices 1,2, ... are site indices.

To this end, we notice that the Lax operator eq. (A.5) is linear in u, so all the higher order
derivatives, beyond the first, of the Lax operator vanish. So the first and the second-order
derivative of the transfer matrix are separately evaluated to be

Ztra Lia(w)Log(u) ... Lna(w) ... Lrq(u)) (A.10)

and 2
ddu2 =Y tra(Lia(u)Loa(u) ... Lya(w) ... Lypa(w) ... Lia(u)). (A.11)

m#n

Here the “check” mark on the operator, L, indicates that operator L is not in the product.
At u = i/2, the Lax operator becomes the permutation operator, L, (i/2) = iPyy. It is
straightforward to verify that P, exchanges the spin states on the sites m and n and satisfies
ProPra = ProPon. So, the transfer matrix at v = i/2 becomes

T(i)2) =i"Pr 1Pr 11 2...Pay, (A.12)
and its inverse is

“Nif2) = (=i)"PiaPas. .. Py L. (A.13)

The derivatives of the transfer matrix become
dT(i/2)

e " P aPrang. . Pojipeti.- Pan, (A.14)
n

and

d*>T(i/2)

2 =4il=2 Z PL,L71PL71,L72 - Pm+17m_1 .. Pn+17n—1 ... P2,1' (A.15)

m#n
Combining egs. (A.13) to (A.15), one finds

dInT(i/2)
461 / ZZPn n+1, (A16)
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and d>InT(i/2)
n
du2 Z n,n+1 + Z (Pn+1,nPn,nfl - Pnfl,nPn,nJrl) . (A17)
n

Now, given the definition eq. (A.3), one can verify that
Pn+1,nPn,n71 - Pnfl,nPn,nJrl = 4iC (A18)

where C is the total chirality, i.e., C = >, Sp - (Sp+1 X spt2). With egs. (A.17) and (A.18),
one arrives at eq. (A.1) in the main text.

B Exact diagonalization of the chiral spin chain

In this section, we show the exact diagonalization results for the purely chiral chain with
a small total number of sites. The Hamiltonian has the form

N
HA(J =0,a= 1) = Z Sp, (Sn+1 X Sn+2). (B.l)
n=1
For this model, we present a calculation supporting the conjecture on the solution pattern
for general system size, as discussed in the introduction (see around appendix B).
For N = 3, the ground state is doubly degenerate

(-1-iv3) (-1+iv3)
lg1) = — 1154, 4) + B — T4+ 1441,

(B.2)
(—1+i\/§) ( 1—1\[)
92) = L I D) + S L D+ ),
with energy Ey = —M, and the first excited state is fourfold degenerate
le) = [, 4, 4) s
|€2> = |T7~L>¢> + |~L7T7\L> + |¢7¢1T> ) (B 3>
les) =00+ N LD+ DD, '
’64) = ‘T? 1, T>
with energy E; = 0.
For N = 4, the ground state is fourfold degenerate
‘gl> = _Z ‘T7\L7\L7~L> - ‘\1’7 T7 \1/7 \l/> + Z ‘\1/7\1/7/]\7\l/> + ‘i’? \1/7 \1/7 T> )
‘92> = - ‘T7T7\L7\L> - Z H\a\La\LvT) + ‘\1/7\1/7T7T> +Z|\L7T7T7~L> 9
lg) = 61 1) = IR D) = i) + [ R 1), B4
92) = = 118 d) 4 IR L) 4 L) + N+ L

with energy Ey = —1, and the first excited state is a threefold degenerate

|61> - H\v\lfa\lfa\l/> + |\L7T7\L7\L> - ‘i’? \1/7 T) \L> + |\L7\L7\L7T> )
|62> = - |T3\L7T7\L> + H/aTaJ/a/w ) (B5)
|63> = - ’T7T7T7\L> + |T7T7\L7T> - H\7 \1/7 T) T> + HﬂTvT?T) 9
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with energy E; = —%. Based on these observations (and checking these for slightly larger
values of N), we conjecture that the ground state and first excited state are

2min
lg1) = ;eXp < N

i
|92> :Zexp <_ 7;\;”) |TaT7---a~LSitena---aTaT>a

VMo Tt bd)

(B.6)
‘61> = Z(_l)n[n(N+l)] |\L7 l/v o 7Tsite Ny« - 7\1/7 \l/> )

n

‘62) = Z(_l)H[N(N—Fl)] |T7 Ta s awLSite ny . 7Ta T> ’

n

where IT : Z — {0, 1} is the parity of the argument. |g1) and |go) are related by the combination
of parity and time reversal |g1) = PT |g2), so are |e1) and |e2), i.e., |e1) = PT |e2). We suggest
that the ground state is a superposition of a single up spin in a down spin background (down
spin in an up spin background) at all possible sites with a twisting phase. We numerically
checked this conjecture for a system of size N = 6.

The primary field is related to the operator connecting the ground state and the low-
energy excitation,

b= ﬁ P, (2”” AT [n(N + 1)]) , (B.7)

where P,(¢) is the phase shift gate on site n that maps the basis states ||) — |]) and
[1) — € [1). This operator is introduced in eq. (1.5) of the main text.

C Bosonization of the chiral Heisenberg chain

In this section, we discuss the bosonization of the chiral Heisenberg chain. Following the
standard steps of the bosonization scheme, one can perform the Jordan-Wigner transformation,
take the continuous limit, and then bosonize the Heisenberg chain:

Ho = J/2(s} s 4 +hec) + Jsish

1 1
= J/Q(Cilcn_;'_l + hC) + J (Tln — 2) (nn+1 — 2)

~ il [da(ldevn - oLowun) + T [ doloh+ of + dppn) )
~ 3 [ dolg ™ (0:0) + 9(0:0)?],
where )
g = cIVATOR
\/127 ;. (C.2)
v = e NI,
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and pp/p =: @/}E / ¥R/ i Here the umklapp terms are ignored. We have also introduced

¢ =¢pr+ QL (©3)
0 =¢r—9rL

to write the Hamiltonian in the boson and dual boson representation.
Following the same steps, one can bosonize the chiral term

Xe}

Hy = 9 Z[SZ(SIHS;H - 87_L+157’J'L_+2) + 52+1(5:+2377 - 3;+23$) + SfL+2(S:ST_l+1 - 3;5:{“)]

n
o 1 1 1
=5 Z K”z - 2) (CI‘HCH? - Cj+2¢i+1) - §(CZ+2ci - C;‘rci+2) + (ni+2 - 2) (CICiH - CzT+1Cz’)
A

~ —gie [ del@nle+2) + vh@)in(+2) +he.
= —gie [ Aol @)001(2) + U(@)0vn(o)

1
- §a/dx(3xwz)2 — (Owpr)?

_ 1, / d70,60,0.

2
(C.4)
After Bosonization, H, becomes the summation of the product of four ¢ fields with up to
second-order derivatives and the product of two 1 fields with first-order derivatives. Here we
drop the irrelevant terms, i.e., product of four fields, whose corresponding scaling dimension

A@ = 2 4 number of derivatives.

D TBA solution of the chiral Heisenberg chain

In this section, we present the detailed solution of the chiral Heisenberg chain with ther-
modynamic Bethe ansatz, including the Bethe equation, the thermodynamic limit, and the
equation for the free energy.

D.1 Bethe equations

The set of BE for the Hamiltonian eq. (2.1) can be written in the form

AN ,
(fﬂjH) :H<W> j=1,..., M. (D.1)

Tj—1 1 Tj—x— 20

where x; are the rapidities. The corresponding energy in terms of the rapidities solving
eq. (D.1) are

2

M
E(xl,...,:cM):—Z(J—aﬁxj) R
j J

Jj=1

(D.2)

The solution of eq. (D.1) can be assumed to live on a collection of strings [64] and have
the following form

wj—ald =2l +iln+1-25), j=1,...,n (D.3)
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Here p labels different strings, n labels the length of the strings, and j labels the position
of the string.
Equation (D.2) then becomes

n,j _ ,m n,Jg _ .m n,J _ nj’
N QN z, x, z, T, T, z,
Sl T () () e () e

(m,v)#(n,p)

where we defined the function e(z) as follows:

e(x) = 2T (D.5)

T —1

This can be further simplified to

Map/m)=11e"@p) = T Eumla) -2}, (D.6)
j=1 (m,v)#(n,p)

if we define

Epm(x) = {e (I?Lfiml) e? (\n m\+2) e? (|n m|+4) .e2 (nﬂﬂéﬂ) e (njm) for n # m,

e’ (%) e? (%) ... ( ) for n = m.
(D.7)
The logarithm form of these equations gives
NO(z);/n) =2nl]; + Z Onm (), — 23"), (D.8)
(m,v)#(n,p)
where
o =’ () +20 () + -+ 20 (5525) + 0 (555) forn#m,
20(3) +20 (%) + ... +20 (525) + 0 () for n. = m,
(D.9)
and
0(x) = 2arctan(x). (D.10)

D.2 Thermodynamic Bethe equation

In the thermodynamic limit, eq. (D.8) becomes

2 [ pult) + ph(t)dt = 6 (@) Z / Orn (& — ¥)pm (), (D.11)

where p,(x) (pl(x)) is the density of the strings (holes). Differentiating this equation with
respect to x one obtains

an(2) = pn() + pn(z Z k% pr(a (D.12)
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where

_ CL|n—m|(x) + 2a\n—m|+2(m) + 2a|n—m\+4(x) +ot 2an+m*2<$) + aner(x)’ for n # m,

2a9(x) 4+ 2a4(x) + - - - 4 2a2p,—2(2) + azn (), for n = m.
(D.13)
and we introduced the following notations
1 n
an(r) = ————,
7 22 4 n? (D.14)
ap(z) = 6(x).
The Free energy per site, f = e — T's, can be written as
J X[
=2+ / n(@)pn(@)de, (D.15)
n=1"v7"%
where
gn(z) = =27(J — ady)an, (D.16)
e S () (@)
> Pn\Z h pnlT
s = pn(z)In| 1+ + pp () 1n<1 + )daz. (D.17)
5 [ mtom(1+ 55 (o)
Minimizing the free energy, one obtains the following equation
0=de—"Tds
o0 h
P () ( pn () ) h
= n(z) —Thn| 1+ == || dpy(z) —Tln(1 4] .
;/dw{[g () n< + pn($)>] pula) = Tin( 1+ 5 505 ) 90n()
(D.18)
Using eq. (D.12), the above equation can be cast in the form
doh(a) = ~om(@) =% [ Tntar = 9)60m (). (D.19)
From here, one obtains
1nnn—?+ZTk*ln(1+nk ), (D.20)
where we define n,(z) = pl(x)/pn(2).
For n = 1, it reads
x = _
Inn = 91; ) + as *ln<1 + 0 ) Z aj—1+ aj41) *ln( +n; 1). (D.21)
This can be equivalently rewritten as
x = _
In(1+m) = gli(F) + 3 (a1 +ap) s (147, (D.22)

=1

— 922 —



Finally, from eq. (D.13), one obtains a recursive relation for ag, a; and as of the form:
aj * (Tnfl,m + Tn+1,m) - ((10 + (12) * Tn,m = (6n71,m + 6n+1,m)a1- (D23)
Now, combining egs. (D.20) and (D.23), the whole set of recursive relations of 7, reads

_M aq * In x
= =5 s In(l 4 (), (D.24)

(ap + az) xInn,(x) = a1 * In(1 + np—1(2)) (L + npg1(z)), n=2,3,...
Substitution of eq. (D.24) into eq. (D.21) yields

(ag + az) * Inny(x)

o
0=an*Innyy1—anp1 *In(1+1,) — anyo * 1H(1 + "7;%1) - Y (w—1+ag) *1n<1 + 775_1)-
l=n+2
(D.25)

Equivalently, one can rewrite Inn,; in terms of other In; as follows:

oo
Inn,41 = ay xInn, + az * 111(1 + mfil) + Y (@-n-1 + Gont) * ln(l + 771_1)- (D.26)
l=n+2

For large n, In(1+n,!) ~ o(n™2) and therefore:

nhﬁngo Inn,1 —ayxInn, =0, (D.27)
or equivalently
1
lim ——" = (. (D.28)
n—oo n,

So, one can summarize the set of thermodynamic BE as

Inn(z) = Ws(x) + s*In(1 + n2(x)),
Innp(z) = s % (1 + 90—1(2)) (L + npr1 (), (D.29)
lim 2 _ g,
where T ] -
s(z) = 4sech( ;). (D.30)

Having written the set of BE in the thermodynamic limit, one can consider the analytical
expression for the free energy, which becomes

f=e—=Ts

_ % + i /gnpn -T [pn In(1 +7,) + pt 1n(1 + ngl)] dz. (D:31)
n=1

Here one can eliminate p! using eq. (D.12). Thus, the free energy acquires the form:

[= % —Tnio:l/ln(l +77;1)an(1’) ~+ pn {lnnn — g?n — Tom *ln(l +77;11)] dx

- (D.32)
= % - Tnz::l/an(x) ln(l + n;l(w))dai-
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Now, multiplying eq. (D.22) by s(z) and integrating it over x gives

/dxs Y In(l + 1) = T/ 2)g1 (z dx+Z/al YIn(1+n (z))dz.  (D.33)

Thus one obtains for the free energy of the model an integral form:

f=-J (mz - ) T/ ) In(1 + 1 ())d. (D.34)

D.3 Low temperature limit

To take the T" — 0 limit in the expression for the free energy, a new set of variables are
introduced

Mn(x) = exp{en(x)/T}H,n=1...N. (D.35)
Then, eq. (D.29) acquire the following form:

e1(z) = —2n(J — ady)s(x) + s+ Tln <1 + exp (62(96)))

T
en(z) = 5+ Tn {(1 +exp <6"%(”’")>) (1 +exp (WTM)H (D.36)
lim &) _ g

Then, the free energy becomes

f=—J (1n2 - ) T/ ) In(1 + exp(er(x)/T))dx, (D.37)

which yields eq. (3.4) of the main text.

E Chirality when a > a,

The chirality can be computed by taking derivative of the free energy eq. (3.8) with respect to «

1o_ 4
NX T da
B 1 . 1 efmz(k+n+1)G(n)G(k.)
__2%(_1) 7T<k+2> k+n+1 (E.1)
k+n _ T 1 —ma(k+n+1) . da
41 Z & <k+ 2)}6 CmGE) (~m) T 5.
The second part disappears after factorizing
_1 1\ k+m _m( 1>} —na(k+n+1) _ da
X2 2%;( D A G I G(n)G(k) (~) T
_ _Tdas gy ISP N (E.2)
- g U RS [ T ] 1t
=0,
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where
fro = e G k), (E.3)
and the last equality holds as a result of eq. (3.10)
> o
S (1) [1 P 1/2)} o =0. (E.4)
J
k=0
So the remaining part of the chirality

YN = 23 (C1)kg (k 4 1) e G (n)G (k)

2 2 k+n+1
nk

= S e G )G (E5)
nk

2
— _% <Z(_1)neﬂa(n+1/2)G(n)> 7

n

which is the eq. (3.12) presented in the main text.

F Quadratic dependence of the ground state energy near the transition
point as a function of a

We find a closed analytical expression for the free energy near the critical point in this
section. We first define

fla) =Y (~)re ™ ETDG k), (F.1)

k

which can be fitted to a great precision with a simple function

N 2’)/0 — \/é T e7rzz/2
fla) = (e’m + \/:) ErEnEE (F.2)

as shown in figure 8, where 7o = Y,.(—1)*G(k) ~ 0.557.
Then eq. (3.11) can be written as

alJ = _ij’ ~ —f‘f/
(F.3)
2, 86 (/7 — Ver)
™ 27T\/(;(367m+ 1)’70"‘71'3/2 (_4e7ra+627ra _ 1)
We are interested in the vicinity of @« = 2/7 and @ — oo. Under such limit,
et ~ 8 (\/> - \/6'70) (F4)

T om2(a)] - 2/7)
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Figure 8. Precision fitting of the series representation of f(a) (eq. (F.1)) with a closed form eq. (F.2).

The corresponding chirality

2
X o _%efwafl
; (F.5)
(/1 -2m)
~ — afd —2/m),
32e (vm — Ven)
and hence the chiral part of the energy per particle becomes
2
Fy/J ~ %e_m_l
/2 (F.6)

~ — T a)J —2/7)?
= e (yr — vem) 7

~ —0.370154(a/J — 2/7)2.
This derivation reproduces eq. (3.13) of the main text.
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