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1 Introduction

Quantum Chromodynamics (QCD), and more generally gauge theories with various matter
contents, are important targets for quantum simulations [1–9]. However, to accomplish a
viable quantum simulation of real gauge theories (in contrast to toy models of various sort)
is a most ambitious task with many aspects. For example, one would need to start by
formulating a representation of the Hamiltonian on logical (or physical) qubits; this includes
finding the optimal truncation scheme for gauge fields and a hardware realization of matter
fields. Then one would need to design quantum algorithms to prepare initial states, perform
time evolution, and realize the required measurements to access physical observables. In view
of these many requirements it is highly advisable to study a broad selection of Hamiltonian
lattice formulations in parallel, rather than just the Kogut-Susskind Hamiltonian, and the
more diverse ones, the better.

In this paper, we take the first steps to design the formulation of lattice gauge theories
based on orbifold lattices. We try to highlight what kind of advantages the orbifold lattice
formulation has for quantum simulations of lattice gauge theories, compared to the Kogut-
Susskind formulation.
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The orbifold lattice construction was developed originally to realize exact supersymmetry
on a lattice [10–13]. A big difference from other lattice formulations such as Wilson’s plaquette
action [14] or Kogut-Susskind Hamiltonian [15] (see e.g., ref. [16] for a modern survey) is the
use of noncompact variables with flat measure to describe gauge field. Because of this property,
the Hamiltonian formulation is very simple and hence the orbifold lattice approach offers
a good alternative to the Kogut-Susskind formulation that can make quantum simulation
of Yang-Mills theory rather straightforward [17].1

In this paper, we go beyond the proposal made in ref. [17] and address a few points crucial
for quantum simulation of QCD using the orbifold lattice approach. Section 2 gives a review of
the orbifold lattice formulation of Yang-Mills theory. Then, in section 3, we give a truncation
scheme that results in a finite-dimensional Hamiltonian suitable for quantum simulations.
A naive construction using the orbifold lattice approach leads to a representation of U(N)
gauge groups rather than SU(N) ones. We propose a resolution to this issue in section 4.
In section 5, we discuss how fermions in the fundamental representation can be introduced.
Specifically, we discuss naive fermions and Wilson fermions. We do not find any particular
obstruction such that the simplicity of the orbifold lattice approach survives with fundamental
fermions. Note that the complications people encountered in the past are associated with
supersymmetry, which is not an issue for the application to QCD. In summary:

• We provide a simple encoding of the truncated Hamiltonian suitable for quantum
simulation on qubit-based digital quantum computers.

• We show that fermions in the fundamental representation can be incorporated in a
straightforward manner.

• We describe how to realize the symmetries of the SU(3) gauge group.

With this work we hope that the orbifold lattice formulation will be considered by the readers
as a new starting point for quantum simulations of lattice gauge theories. We leave the
realization of a full quantum simulation algorithm for SU(3) lattice gauge theory in the
orbifold lattice formulation to future works.

2 Review of orbifold lattice

In this section, we review the orbifold lattice formulation of pure U(N) Yang-Mills theory
in 3 + 1 dimensions. The Lagrangian and Hamiltonian formulations are given in section 2.1
and section 2.2, respectively. This section is largely a repetition of ref. [17] and it is included
to make this paper self-contained.

The name ‘orbifold’ lattice comes from the use of the orbifold projection of the matrix
model in the original papers [10–13], where the orbifold projection played the crucial role
to construct supersymmetric lattice gauge theory. In this paper, our motivation to use
the orbifold lattice is different: we want to use it as an alternative to the Kogut-Susskind

1See e.g., refs. [18, 19] for attempts to simplify the Kogut-Susskind Hamiltonian. Another potentially useful
approach, which might work for certain theories, is to find a simpler theory such as a spin model that shows
the same universal behaviors as gauge theory at long distance [20, 21].
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Hamiltonian formulation, and we do not consider supersymmetry. Therefore, our main
message can be understood without knowing anything about the orbifold projection. For
the interested readers, we review the orbifold projection in appendix A.

2.1 Lagrangian formulation

We discuss spatial lattices with continuous time in section 2.1.1, and Euclidean spacetime
lattices in section 2.1.2.

2.1.1 Spatial lattices with continuous time

Let n⃗ = (nx, ny, nz) = (n1, n2, n3) be the label of spatial lattice sites, where n1, n2, n3 =
1, 2, · · · , L. The dynamical degrees of freedom are three N × N complex matrices Zj,n⃗

(j = 1, 2, 3) living on the links connecting n⃗ and n⃗ + ĵ. They are related to the unitary
link variables Uj,n⃗ as

Zj,n⃗ = 1
g4d

√
a

2Wj,n⃗Uj,n⃗ , (2.1)

where Wj,n⃗ are Hermitian matrices with non-negative eigenvalues, a is the lattice spacing,
and g4d is the bare Yang-Mills coupling constant. Wj,n⃗ and Uj,n⃗ are related to the Hermitian
scalar fields sj,n⃗ and the Hermitian gauge fields Aj,n⃗ by

Wj,n⃗ = eag4dsj,n⃗ , Uj,n⃗ = eiag4dAj,n⃗ . (2.2)

We use a bar to denote Hermitian conjugation: Z̄j,n⃗ = Z†
j,n⃗. We also have the U(N) gauge

field At,n⃗ living on each site n⃗. The Lagrangian is

L =
∑

n⃗

Tr
( 3∑

j=1
|DtZj,n⃗|2 −

g2
4d

2a3

∣∣∣∣∣∣
3∑

j=1

(
Zj,n⃗Z̄j,n⃗ − Z̄j,n⃗−ĵZj,n⃗−ĵ

)∣∣∣∣∣∣
2

− 2g2
4d
a3

∑
j<k

∣∣∣Zj,n⃗Zk,n⃗+ĵ − Zk,n⃗Zj,n⃗+k̂

∣∣∣2) . (2.3)

Here, our notation is Tr|M |2 = Tr(MM †) for any matrix M . The covariant derivative is
defined by

DtZj,n⃗ = ∂tZj,n⃗ + ig4dAt,n⃗Zj,n⃗ − ig4dZj,n⃗At,n⃗+ĵ . (2.4)

A local U(N) transformation is given by

Zj,n⃗ → Ωn⃗Zj,n⃗Ω−1
n⃗+ĵ

, At,n⃗ → Ωn⃗At,n⃗Ω−1
n⃗ + ig−1

4d Ωn⃗∂tΩ−1
n⃗ , (2.5)

where Ωn⃗ is an N × N unitary matrix at each lattice site n⃗. In terms of Wj,n⃗ and Uj,n⃗,
this transformation is

Wj,n⃗ → Ωn⃗Wj,n⃗Ω−1
n⃗ , Uj,n⃗ → Ωn⃗Uj,n⃗Ω−1

n⃗+ĵ
. (2.6)
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If we assume that Wj and Uj are close to the identity, we can write the Lagrangian as

L =
∫
d3xTr

(
−1

4F
2
µν −

1
2(DµsI)2 + g2

4d
4 [sI , sJ ]2

)
(2.7)

up to O(a) corrections. Thus, it is straightforward to obtain a lattice regularization of
(3 + 1)-d YM theory coupled to three scalar fields sj=1,2,3. More precisely, lattice gauge
theory for Yang-Mills theory coupled to adjoint scalars can be obtained if

Zj,n⃗Z̄j,n⃗ = a

2g2
4d

·W 2
j,n⃗ ≃

a

2g2
4d

· 1N (2.8)

is satisfied.
The problem is that Wj,n⃗ does not stay close to the identity unless we add mass to

the scalars. To cure this problem, we add

∆L ≡ −m
2g2

4d
2a

∑
n⃗

3∑
j=1

Tr
∣∣∣∣∣Zj,n⃗Z̄j,n⃗ −

a

2g2
4d

∣∣∣∣∣
2

− Nµ2g2
4d

2a
∑

n⃗

3∑
j=1

∣∣∣∣∣ 1
N

Tr(Zj,n⃗Z̄j,n⃗)− a

2g2
4d

∣∣∣∣∣
2

(2.9)

to the Lagrangian. This term is equivalent to the scalar mass term in the continuum theory:

∆L = −m
2

2

∫
d3xTr

(
s2

1 + s2
2 + s2

3

)
− µ2

2N

∫
d3x

(
(Trs1)2 + (Trs2)2 + (Trs3)2

)
(2.10)

up to O(a) corrections. With this term, the assumption (2.8) is justified. Note that the
second term is the so-called U(1) scalar mass [22] that plays a crucial role to stabilize the
lattice structure. With radiative corrections, although the SU(N) part tends to clump up,
the U(1) part can run away and the orbifold lattice can be destroyed unless a large mass
is added. We can tame this instability by taking µ large, without affecting the dynamics
of the SU(N) part. Furthermore, by taking m2 very large, we can eliminate the scalars
from low-energy dynamics.2

The gauge-invariant path-integral measure is the flat measure on R2N2 ,∫
dxµ,n⃗dx̄µ,n⃗ =

∫ ∞

−∞
dx

(R)
µ,n⃗

∫ ∞

−∞
dx

(I)
µ,n⃗ , (2.11)

where x(R)
µ,n⃗ and x

(I)
µ,n⃗ are the real and imaginary parts of xµ,n⃗. Therefore, the path integral

is defined using the flat measure in the same way as in a system of particles in flat space.
This makes the operator formalism very simple, as we will see in section 2.2.

2In the original papers on the orbifold construction [10–13], such a mass term was problematic because the
goal was to realize supersymmetry on the lattice and the scalar mass breaks supersymmetry. For our current
purpose, there is no harm because we are interested neither in supersymmetry nor scalars.
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2.1.2 Spacetime lattice

Although our primary motivation is quantum simulation, a spacetime lattice can still play an
important role because we can use Euclidean lattice Monte Carlo simulations on classical
devices to study many features of the theory. For example, we can determine the optimal
lattice parameters for quantum simulations.

In the original papers on the spacetime orbifold lattice [11–13], the motivation was
supersymmetry. Therefore, orbifold projections to a zero-dimensional supersymmetric matrix
models (the IKKT matrix model [23] and its variants with smaller supersymmetry) were
performed and supersymmetric lattice actions were obtained. In this approach, the temporal
link variable was also complex.

Because we are not interested in supersymmetry, we can follow a different path. We can
simply discretize the time direction, introducing unitary link variables and replacing |DtZj |2

with a plaquette, with temporal lattice spacing at. The Euclidean action obtained this way is

S4d lattice =
∑

n⃗

Tr
(
− 1
at

3∑
j=1

(
Ut,n⃗Zj,n⃗+t̂U

†
t,n⃗+ĵ

Z̄j,n⃗ + U †
t,n⃗Zj,n⃗Ut,n⃗+ĵZ̄j,n⃗+t̂

)

+ g2
4dat
2a3

∣∣∣∣∣∣
3∑

j=1

(
Zj,n⃗Z̄j,n⃗ − Z̄j,n⃗−ĵZj,n⃗−ĵ

)∣∣∣∣∣∣
2

+ 2g2
4dat
a3

∑
j<k

∣∣∣Zj,n⃗Zk,n⃗+ĵ − Zk,n⃗Zj,n⃗+k̂

∣∣∣2)+∆S4d lattice , (2.12)

∆S4d lattice ≡
m2g2

4dat
2a

∑
n⃗

3∑
j=1

Tr
∣∣∣∣∣Zj,n⃗Z̄j,n⃗ −

a

2g2
4d

∣∣∣∣∣
2

+ Nµ2g2
4dat

2a
∑

n⃗

3∑
j=1

∣∣∣∣∣ 1
N

Tr(Zj,n⃗Z̄j,n⃗)− a

2g2
4d

∣∣∣∣∣
2

. (2.13)

Note that n⃗ contains four integers because now we consider a four-dimensional spacetime
lattice. When the continuum limit along the time direction (at → 0 fixing the physical size of
temporal direction) is taken without modifying the spatial lattice spacing a and the spatial
lattice size, we can get the Euclidean version of the theory discussed in section 2.1.1.

2.1.3 U(N) vs SU(N)

In the formulation discussed above, the gauge symmetry was U(N) and not SU(N). This
is not problematic for pure Yang-Mills, because the U(1) part decouples trivially. However,
when fundamental fermions are introduced, U(1) does not decouple.

In the Hamiltonian formulation (which we will discuss shortly), the Hamiltonian has U(N)
invariance, rather than SU(N). Whether we treat the U(1) part as gauge symmetry is a matter
of taste, but certainly, we should remove those degrees of freedom that do not exist in QCD.

In the path integral formulation, we can choose between the gauge symmetry U(N) and
SU(N) by allowing or forbidding At to have a U(1) part. Specifically, we can choose if the
Gauss law is imposed on U(N) or SU(N). Keeping the U(1) part and having the U(N) gauge

– 5 –
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symmetry makes more sense, because otherwise Lorentz symmetry is lost even if scalar fields
decouple. (Hence we assumed this above.) Either way, the fact that we have extra degrees
of freedom that do not exist in QCD is problematic.

Therefore, we need to find a way to remove the U(1) part, if we want to study real-world
QCD with SU(3) gauge group. We will discuss this in section 4.

2.2 Hamiltonian formalism

For the operator formulation, we set the temporal gauge field to zero, At = 0, and replace
the coordinate Zj,n⃗ and its conjugate momentum Pj,n⃗ = ∂tZj,n⃗ by operators that satisfy
the canonical commutation relation. The integration over At in the path integral formalism
is equivalent to imposing the gauge-singlet constraint on the states in Hilbert space. (See
e.g., refs. [24, 25] for details.)

Specifically, we use the extended Hilbert space Hext defined by using the coordinate
eigenstates |Z⟩:

Hext = Span
{
|Z⟩ ; Ẑj,n⃗ |Z⟩ = Zj,n⃗ |Z⟩

}
. (2.14)

More precisely, we consider the states |Φ⟩ =
∫
dZΦ(Z) |Z⟩ with the square-integrable wave

function Φ(Z).
The Hamiltonian can be written in terms of the link variables Zj,n⃗, and their canonical

conjugates Pj,n⃗ as follows:

Ĥ =
∑

n⃗

Tr
( 3∑

j=1
P̂j,n⃗

ˆ̄Pj,n⃗ + g2
4d

2a3

∣∣∣∣∣∣
3∑

j=1

(
Ẑj,n⃗

ˆ̄Zj,n⃗ − ˆ̄Zj,n⃗−ĵẐj,n⃗−ĵ

)∣∣∣∣∣∣
2

+ 2g2
4d
a3

∑
j<k

∣∣∣Ẑj,n⃗Ẑk,n⃗+ĵ − Ẑk,n⃗Ẑj,n⃗+k̂

∣∣∣2)+∆Ĥ , (2.15)

where

∆Ĥ ≡ m2g2
4d

2a
∑

n⃗

3∑
j=1

Tr
∣∣∣∣∣Ẑj,n⃗

ˆ̄Zj,n⃗ −
a

2g2
4d

∣∣∣∣∣
2

+ Nµ2g2
4d

2a
∑

n⃗

3∑
j=1

∣∣∣∣∣ 1
N

Tr(Ẑj,n⃗
ˆ̄Zj,n⃗)− a

2g2
4d

∣∣∣∣∣
2

. (2.16)

The commutation relations are

[Ẑj,n⃗,pq,
ˆ̄Pkn⃗′,rs] = iδjkδn⃗n⃗′δpsδqr, (2.17)

and

[Ẑ, P̂ ] = [ ˆ̄Z, ˆ̄P ] = [Ẑ, Ẑ] = [Ẑ, ˆ̄Z] = [ ˆ̄Z, ˆ̄Z] = [P̂ , P̂ ] = [P̂ , ˆ̄P ] = [ ˆ̄P, ˆ̄P ] = 0 . (2.18)

Using (R) and (I) to denote real (Hermitian) and imaginary (anti-Hermitian) parts of Ẑ as
Ẑ = Ẑ(R)+iẐ(I)

√
2 , we obtain

[Ẑ(R)
j,n⃗,pq, P̂

(R)
k,n⃗′,rs] = [Ẑ(I)

j,n⃗,pq, P̂
(I)
k,n⃗′,rs] = iδjkδn⃗n⃗′δpsδqr . (2.19)

– 6 –



J
H
E
P
0
5
(
2
0
2
4
)
2
3
4

We can introduce adjoint index α such that

Ẑ(R)
pq =

N2∑
α=1

Ẑ(R)
α τα

pq , Ẑ(I)
pq =

N2∑
α=1

Ẑ(I)
α τα

pq , (2.20)

where τα are generators of U(N) that satisfy Tr(τατβ) = δαβ and
∑

α τ
α
pqτ

α
rs = δpsδqr. Then,(

Ẑ
(R)
α

)†
= Ẑ

(R)
α and

(
Ẑ

(I)
α

)†
= Ẑ

(I)
α , and

[Ẑ(R)
j,n⃗,α, P̂

(R)
k,n⃗′,β ] = [Ẑ(I)

j,n⃗,α, P̂
(I)
k,n⃗′,β ] = iδjkδn⃗n⃗′δαβ . (2.21)

Therefore, Ẑ(R)
j,n⃗,α and P̂

(R)
j,n⃗,α, and also Ẑ

(I)
j,n⃗,α and P̂

(I)
j,n⃗,α, behave the same way as usual

coordinate x̂ and momentum p̂ that satisfy [x̂, p̂] = i.
The generators of a local U(N) transformation at spatial lattice site n⃗ are

Ĝn⃗,pq ≡ i
3∑

j=1

(
−Ẑj,n⃗

ˆ̄Pj,n⃗ + P̂j,n⃗
ˆ̄Zj,n⃗ − ˆ̄Zj,n⃗−ĵP̂j,n⃗−ĵ + ˆ̄Pj,n⃗−ĵẐj,n⃗−ĵ

)
pq
. (2.22)

Indeed, we can confirm that they act properly on the links attached to the site n⃗:[∑
r,s

ϵrsĜn⃗,sr, Ẑµ,n⃗,pq

]
= −(ϵẐµ,n⃗)pq,

[∑
r,s

ϵrsĜn⃗,sr, Ẑµ,n⃗−µ̂,pq

]
= (Ẑµ,n⃗−µ̂ϵ)pq. (2.23)

The Hamiltonian is invariant under local U(N) transformations:

[Ĝn⃗, Ĥ] = 0 . (2.24)

Corresponding to the integration over At in the path integral formalism, the extended
Hilbert space Hext is projected to the gauge-invariant Hilbert space Hinv consisting of U(N)-
singlet states. We can incorporate this gauge condition by using only the singlet states
as initial condition, or by interpreting the non-singlet states related by the local U(N)
transformations as the same state.

2.3 Plaquette model

Some readers may find the orbifold lattice discussed above rather complicated and wonder
why we do not simply use the plaquette term consisting of Zs, i.e.,

Ĥplaquette =
∑

n⃗

Tr

 3∑
j=1

P̂j,n⃗
ˆ̄Pj,n⃗ −

2g2
4d
a3

∑
j ̸=k

Ẑj,n⃗Ẑk,n⃗+ĵ
ˆ̄Zj,n⃗+k̂

ˆ̄Zk,n⃗

+ ∆Ĥ , (2.25)

where ∆Ĥ is the same as (2.16). Probably this option can also work, because we add a
large mass to scalars and make them decouple. However, a tricky issue associated with this
plaquette Hamiltonian is that this is not bounded from below and the scalar fields s1,2,3
are pushed to infinity. To compensate this, we need to choose the mass parameter in ∆Ĥ
large (specifically, m ≳ 1

a). Such a large parameter could introduce technical complications
in actual simulations.

– 7 –



J
H
E
P
0
5
(
2
0
2
4
)
2
3
4

3 Qubit realization in the coordinate basis

To put an orbifold lattice on a qubit-based quantum computer, we need to truncate the
Hilbert space to finite dimensions. In the past, the truncation in the harmonic oscillator
basis was studied in some detail [17]. The coordinate basis was mentioned only briefly in
an appendix of ref. [17]. In this section, we show that the truncation in the coordinate
basis [26–28] can make the truncated Hamiltonian very simple.

Let {|x⃗⟩} be the coordinate basis for a particle in flat space that satisfies

ˆ⃗x |x⃗⟩ = x⃗ |x⃗⟩ , (3.1)

where x⃗ ≡ (x1, x2, · · · ) stands for real and imaginary parts of Zj,n⃗. This state |x⃗⟩ is related
to the coordinate eigenstate of each boson as

|x⃗⟩ = ⊗i |xi⟩ . (3.2)

Below, we focus on the truncation of the single-boson Hilbert space. We can easily obtain
the truncated Hilbert space of orbifold lattice theory by taking a tensor product.

We introduce a cutoff for the value of x,

−R ≤ x ≤ R , (3.3)

and discretize x by introducing Λ points,

xn = −R+ nδx , δx = 2R
Λ− 1 , n = 0, 1, · · · ,Λ− 1 . (3.4)

The truncation parameters Λ, δx and R should be sent to ∞, 0 and ∞, respectively. By
using |n⟩ to denote |xn⟩, we can write the operator x̂ as

x̂ =
Λ−1∑
n=0

xn |n⟩ ⟨n| = −R · 1 + δx · n̂ , (3.5)

where

n̂ ≡ n |n⟩ ⟨n| (3.6)

is the number operator.
To rewrite it as a sum of Pauli operators, let us use the binary from,

|n⟩ = |b1⟩ |b2⟩ · · · |bK⟩ , bi = 0 or 1 , n = b1 + 2b2 · · ·+ 2K−1bK . (3.7)

Here, Λ = 2K . Then, the number operator can be written by using Pauli σz gates,

n̂ = σ̂z,1 + 1
2 + 2 · σ̂z,2 + 1

2 + · · ·+ 2K−1 · σ̂z,K + 1
2 , (3.8)

where σ̂z,i is the Pauli σ̂z operator acting on |bi⟩.
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3.1 Interaction part

Because the interaction terms consist of four coordinate operators, it is written as a sum of
products of at most four σ̂zs. When we consider that interaction in the exponential of the
Hamiltonian (i.e. when doing time evolution), the unitary operator can be realized with a
quantum circuit that has single-qubit gates and two-qubit gates following standard decompo-
sition methods [29]. Efficient algorithms for the decomposition of the exponential of multi-σ̂z

operators into quantum circuits are standard in most quantum compilation frameworks and
are the subject of intense research to improve the performance of quantum hardware [30, 31].
An example of the implementation of eiασ̂z σ̂z σ̂z σ̂z using RZZ = e−i θ

2 σ̂z σ̂z quantum gates that
are native to trapped ion devices was presented in ref. [32]. A decomposition using CNOT
gates on superconducting qubits was recently shown in ref. [33].

If we use the Fock-space truncation, the interaction terms become more complicated [17].
Because the interaction part contains more terms than the momentum part, it is reasonable
to adopt a truncation scheme which makes the interaction part simpler.

3.2 Momentum part

Next, we consider the momentum part. We consider p̂2 acting on the single-boson Hilbert
space, because Tr(P̂j,n⃗

ˆ̄Pj,n⃗) = 1
2
∑N2

α=1

(
(P̂ (R)

j,n⃗,α)2 + (P̂ (I)
j,n⃗,α)2

)
is simply a sum of such terms.

To simplify the expressions, we impose the periodic boundary condition |Λ⟩ = |0⟩. This
is possible because, when the boundary condition matters, the truncated model is not a good
approximation of the original model. In this case, the shift operator Ŝ ≡

∑
n |n+ 1⟩ ⟨n| is

identified with eiδX p̂. Therefore, p̂ = Ŝ1/2−Ŝ−1/2

iδX
up to the corrections of order δX . Then,

p̂2 = 2Î−Ŝ−Ŝ−1

δ2
X

, and hence

p̂2 = 2Î − Ŝ − Ŝ−1

δ2
X

= 1
δ2

X

Λ−1∑
n=0
{2 |n⟩ ⟨n| − |n+ 1⟩ ⟨n| − |n⟩ ⟨n+ 1|} . (3.9)

Because
∑

n |n⟩ ⟨n| is the identity, the nontrivial parts of p̂2 are Ŝ =
∑

n |n+ 1⟩ ⟨n| and Ŝ−1.
Basically, we only need addition and subtraction of 1, which are rather elementary operations.

We show three ways to handle this p̂2 below.

Quantum Fourier Transform. An obvious option is to use momentum eigenstate to
handle the momentum part of the Hamiltonian. Quantum Fourier transform3 allows us to do
this. For each bosonic degree of freedom represented by K qubits (Λ = 2K), the number of
gates needed for quantum Fourier transform is of order K2. To each momentum eigenstate
p̂, Ŝ acts as multiplication by eipδX . The cost of the inverse Quantum Fourier Transform
that is needed to go back to the coordinate basis is again of order K2.

See e.g., refs. [19, 34] for a treatment of the momentum part via quantum Fourier
transform.

3We do not use ‘QFT’ to abbreviate Quantum Fourier Transform because it is already assigned to Quantum
Field Theory.
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NOT, CNOT and CCNOT with auxiliary qubits. Another simple option is to replace
logic gates on classical computer by corresponding quantum gates. This can be done by
using K − 1 auxiliary qubits set to |0⟩ (which can be reduced to two qubits if we reuse the
same qubits after resetting them), one NOT (=σ̂x), K CNOT, and K − 2 CCNOT gates.
The concrete construction is explained in appendix B.

Pauli-string expansion. Yet another way to realize S is to use Pauli strings. For each
n, we can write n and n + 1 in a binary form as n =

∑
2l−1bl and n + 1 =

∑
2l−1b′l, and

then, express |b′l⟩ ⟨bl| in terms of Pauli matrices, e.g., |0⟩ ⟨1| = σ̂x+iσ̂y

2 . Combining it with
|n+ 1⟩ ⟨n| = ⊗l |b′l⟩ ⟨bl|, we get the Pauli-string expression of |n+ 1⟩ ⟨n|.

3.3 Generators of SU(N) transformation

To construct a truncated version of SU(N) generators (2.22), we need p̂ rather than p̂2.
Associated with this, a slight complication is that Ŝ1/2−Ŝ−1/2

iδX
takes a messy form in the

coordinate basis. Instead, we can use Ŝ−1
iδX

to approximate p̂. Though Ŝ−1
iδX

is not Hermitian,
we can keep Ĝ Hermitian if we use Ŝ−1

iδX
for P̂ and ( Ŝ−1

iδX
)† = 1−Ŝ−1

iδX
for ˆ̄P .

4 Projecting U(N) to SU(N)

In this section, we discuss how the U(1) part in U(N) can be projected out so that we
can get SU(N) theory.

The simplest option is to do nothing. If U(1) is not asymptotically free, it decouple
automatically at low energy, so we can just forget about it.

If we want to remove the U(1) part explicitly, we can add terms that force detZj,n⃗ to be
1, such as

∑
j | detZj,n⃗ − cN |2 times a large number, where c = 1√

2ag1d
. For SU(2), it is not

more complicated than the mass term for scalars; detZj,n⃗ consists of 2 quadratic terms, and
| detZj,n⃗ − cN |2 contains 4 complex quartic terms. For SU(3), detZj,n⃗ consists of 6 cubic
terms, and hence, | detZj,n⃗ − cN |2 contains 36 complex sextic terms. Quartic terms or sextic
terms can be expressed by using tensor products of at most four or six σ̂zs, respectively.

We can also reduce the number of terms by taking |Im detZj,n⃗|2 instead of | detZj,n⃗−cN |2.
Let’s see how this second option works.

SU(2): the determinant is detZj = Zj,11Zj,22 − Zj,12Zj,21. In terms of real (Hermitian)
and imaginary (anti-Hermitian) parts defined by Z = Z(R)+iZ(I)

√
2 ,

|Im detZj |2 = 1
4
(
Z

(R)
j,11Z

(I)
j,22 + Z

(I)
j,11Z

(R)
j,22 − Z

(R)
j,12Z

(I)
j,21 − Z

(I)
j,12Z

(R)
j,21

)2
. (4.1)

We can introduce adjoint index α by using τ1,2,3 = σ1,2,3
√

2 and τ4 = 1√
2 . Then, we can rewrite

the above expression by using self-adjoint variables Z(R)
j,α and Z

(I)
j,α:

|ImdetZj |2 = 1
4
(
Z

(R)
j,α=1Z

(I)
j,α=1+Z(R)

j,α=2Z
(I)
j,α=2+Z(R)

j,α=3Z
(I)
j,α=3−Z

(R)
j,α=4Z

(I)
j,α=4

)2
. (4.2)

The right-hand side contains 10 quartic terms of self-adjoint coordinate variables.
SU(3): the determinant detZj contains 6 complex terms. Expressed by Z(R) and Z(I),

there are 6× 23 = 48 terms. Half of them are in Im detZj . Therefore, |Im detZj |2 contains
24 + 24·23

2 = 300 terms.
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5 Fermions

In this section, we discuss how Dirac fermions in the fundamental representation can be
incorporated into the orbifold lattice construction. The Lagrangian of the continuum theory
in Minkowski signature is

i

∫
d4xψ̄(γµDµ −m)ψ , (5.1)

where gamma matrices γµ (µ = 0, 1, 2, 3) are 4 × 4 matrices that satisfy

{γµ, γν} = 2ηµν , (γµ)† = γµ , γ0γµγ
0 = γµ , (5.2)

η = diag(−,+,+,+), and ψ̄ is defined by

ψ̄ = ψ†γ0 . (5.3)

For the Euclidean signature, γ0D0 is replaced with γ4D4, where γ4 = iγ0. Specifically, we
discuss how the naive and Wilson fermions have to be modified for noncompact gauge variables
instead of unitary variables. Roughly speaking, we simply replace Ui with

√
2g2

4d
a Zi = WiUi.

When scalars are heavy, Wj approaches 1, and hence there is no difference.
Below, we start with the Lagrangian formulation on spacetime lattices. Then, we study

the Lagrangian and Hamiltonian formulations for the spatial lattices with continuous time.

5.1 Lagrangian formulation

5.1.1 Naive fermions on a spacetime lattice

Let us consider the naive fermion first. We replace spatial unitary link variables in the naive
fermion action with unitary link variables Uj=1,2,3 with

√
2g2

4d
a Zj = WjUj , which can be

expanded as WjUj = eag4dsjUj = Uj + ag4dsjUj + O(a2). Then,

Snaive = ia3at

∑
n⃗

{
− 1

2at

(
ψ̄n⃗γ

4U4,n⃗ψn⃗+4̂ − ψ̄n⃗+4̂γ
4U †

4,n⃗ψn⃗

)

−

√
2g2

4d
a
· 1

2a

3∑
j=1

(
ψ̄n⃗γ

jZj,n⃗ψn⃗+ĵ − ψ̄n⃗+ĵγ
jZ̄j,n⃗ψn⃗

)
+mψ̄n⃗ψn⃗

}
. (5.4)

In terms of continuum fields, the additional terms associated with the replacement of Uj

with
√

2g2
4d

a Zj = WjUj are

iag4d
2

∫
d4x

3∑
j=1

(
2ψ̄γjsjDjψ + ψ̄γj(Djsj)ψ

)
+ · · · . (5.5)

We have an additional interaction term with heavy scalars that could break Lorentz symmetry
if they did not decouple. We can take the mass of the scalar as large as the cutoff scale.
Furthermore, interactions in the UV are suppressed by an overall factor a1. Thus, such
terms are unlikely to be harmful.
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5.1.2 Wilson fermions on spacetime lattice

The Wilson term is

SWilson = ia3at

{
1
2a

3∑
j=1

∑
n⃗

((
ψ̄n⃗ − ψ̄n⃗+ĵU

†
j,n⃗

) (
ψn⃗ − Uj,n⃗ψn⃗+ĵ

))

+ 1
2at

∑
n⃗

((
ψ̄n⃗ − ψ̄n⃗+4̂U

†
4,n⃗

) (
ψn⃗ − U4,n⃗ψn⃗+4̂

))}
. (5.6)

Again, we replace Uj=1,2,3 with
√

2g2
4d

a Zj = WjUj , which is written as WjUj = eag4dsjUj =
Uj + ag4dsjUi +O(a2), and we obtain the orbifold-lattice version of the Wilson term as

SWilson = ia3at

 1
2a

3∑
j=1

∑
n⃗

ψ̄n⃗ −

√
2g2

4d
a
ψ̄n⃗+ĵZ̄j,n⃗

ψn⃗ −

√
2g2

4d
a
Zj,n⃗ψn⃗+ĵ


+ 1

2at

∑
n⃗

((
ψ̄n⃗ − ψ̄n⃗+4̂U

†
4,n⃗

) (
ψn⃗ − U4,n⃗ψn⃗+4̂

)) . (5.7)

Then, the additional term on top of the original Wilson term is

iag4d
2

3∑
j=1

∫
d4xψ̄(Djsj)ψ + · · · , (5.8)

which does not look particularly harmful.
In (5.7), there is a term proportional to ψ̄n⃗+ĵZ̄j,n⃗Zj,n⃗ψn⃗+ĵ . There are options to change

this to ψ̄n⃗Zj,n⃗Z̄j,n⃗ψn⃗ or 1
2 ψ̄n⃗+ĵZ̄j,n⃗Zj,n⃗ψn⃗+ĵ + 1

2 ψ̄n⃗Zj,n⃗Z̄j,n⃗ψn⃗. The same is the case for
Lagrangian and Hamiltonian on spatial lattices. The last option appears better because
of the spatial reflection symmetry.

5.1.3 Spatial lattice

Next, we consider the spatial lattice with Minkowski signature. Again, we simply replace
Uj=1,2,3 with

√
2g2

4d
a Zj = WjUj . The naive fermion can be generalized to the orbifold lattice as

Lnaive = ia3∑
n⃗

ψ†
n⃗Dtψn⃗ + 1

2a

√
2g2

4d
a

3∑
j=1

(
ψ̄n⃗γ

jZj,n⃗ψn⃗+ĵ − ψ̄n⃗+ĵγ
jZ̄j,n⃗ψn⃗

)
−mψ̄n⃗ψn⃗

 .

(5.9)

Note that −ψ̄γ0D0ψ = ψ†Dtψ. The Wilson term can be generalized as

LWilson = −a3 · i2a

3∑
j=1

∑
n⃗

ψ̄n⃗ −

√
2g2

4d
a
ψ̄n⃗+ĵZ̄j,n⃗

ψn⃗ −

√
2g2

4d
a
Zj,n⃗ψn⃗+ĵ

 . (5.10)

5.2 Hamiltonian formulation

The naive fermion Hamiltonian can be generalized to the orbifold lattice as

Ĥnaive = ia3∑
n⃗

− 1
2a

√
2g2

4d
a

3∑
j=1

( ˆ̄ψn⃗γ
jẐj,n⃗ψ̂n⃗+ĵ −

ˆ̄ψn⃗+ĵγ
j ˆ̄Zj,n⃗ψ̂n⃗

)
+m ˆ̄ψn⃗ψ̂n⃗

 . (5.11)
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The Wilson term can be generalized as

ĤWilson = a3 · i2a

3∑
j=1

∑
n⃗

 ˆ̄ψn⃗ −

√
2g2

4d
a

ˆ̄ψn⃗+ĵ
ˆ̄Zj,n⃗

ψ̂n⃗ −

√
2g2

4d
a
Ẑj,n⃗ψ̂n⃗+ĵ

 . (5.12)

As mentioned before, there are options to replace ˆ̄ψn⃗+ĵ
ˆ̄Zj,n⃗Ẑj,n⃗ψ̂n⃗+ĵ with ˆ̄ψn⃗Ẑj,n⃗

ˆ̄Zj,n⃗ψ̂n⃗

or 1
2

ˆ̄ψn⃗+ĵ
ˆ̄Zj,n⃗Ẑj,n⃗ψ̂n⃗+ĵ + 1

2
ˆ̄ψn⃗Ẑj,n⃗

ˆ̄Zj,n⃗ψ̂n⃗. The last option appears better because of the spatial
reflection symmetry.

The canonical anti-commutation relations are

{ψ̂n⃗,α, ψ̂
†
n⃗′,α′} = δn⃗n⃗′δαα′ , {ψ̂n⃗,α, ψ̂n⃗′,α′} = {ψ̂†

n⃗,α, ψ̂
†
n⃗′,α′} = 0 . (5.13)

Note that ψ̄ and ψ† are related by (5.3).

6 Future directions

In this paper, we showed that the orbifold lattice offers a convenient tool for quantum
simulation of QCD. Specifically, we saw that the use of noncompact variables and the
coordinate basis truncation of the Hilbert space enable us to simplify the realization on
digital quantum computers compared to approaches based on unitary variables. Potential
advantages include the following:

• Unlike in the Kogut-Susskind formulation, we do not use any details of the gauge
group representations, which will change for different SU(N) groups. We use the same
truncation scheme regardless of the gauge group of the theory. The explicit form of the
truncated Hamiltonian is given without using group-theoretic factors, such as Clebsh-
Gordan coefficients. In the literal sense, we can write down the Hamiltonian
explicitly for any gauge group, lattice size, and truncation levels. Therefore,
we can systematically study the effect of truncation, complexity of simulation algorithms,
and so on, in a straightforward way.

• The coordinate basis may have advantage over the momentum basis (electric basis)
for the simulation of the continuum limit, because the weak-coupling vacuum takes
a simpler form in the coordinate basis. The strongly-coupled vacuum, which can be
described directly in the electric basis, might be separated by a phase transition from
the weak-coupling regime that is relevant for the continuum limit. The Kogut-Susskind
formulation is not amenable to a straightforward design of a truncation scheme in the
coordinate basis; see refs. [35–38] for recent attempts. In the orbifold lattice formulation
we have provided a direct truncation scheme in the coordinate basis.

• The use of noncompact variables makes quantum simulations with continuous variables,
such as photonic quantum computing, an appealing option as well.

We believe that we provided the readers with strong enough motivations for studying the
orbifold lattice approach to QCD. Admittedly, however, our discussions focused only on the
formulation of the Hamiltonian and lacked a detailed investigation of simulation algorithms,
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truncation effects, and so forth. There are many directions that must be explored by using
pen, paper, classical computer, and quantum computer. Here is an incomplete list:

• To describe QCD as efficiently as possible, we need a precise understanding of physics
on an orbifold lattice. How should we choose the parameters? Should we take the bare
scalar mass as large as the cutoff scale,4 or should we take it somewhere between the
QCD scale and the cutoff scale? How do the scalars affect low-energy dynamics as
function of their bare mass? Note also that, when the U(1) scalar mass is large but
finite, ‘lattice spacing’ could change dynamically. It is important to determine such
a ‘renormalized’ lattice spacing. All this can be studied analytically or numerically,
without using quantum devices.

• In this paper, we discussed only the naive and Wilson fermions. We should also study
other fermions and understand how we can realize chiral symmetry. In this context, it
is important to note that exact symmetries on the orbifold lattice control the radiative
corrections so that we can avoid fine tunings when we take the continuum limit. We
will discuss more on this issue in a separate publication.

• In this paper, we did not discuss how fermions can be encoded on qubits. It is important
to find an efficient scheme that is optimal for the orbifold lattice approach.

• The coordinate basis may enable us to prepare the initial state for quantum simulation
adiabatically starting with the weak-coupling limit, and avoiding the bulk phase transi-
tion. In this context, it is also important to study and compare the phase diagrams
of orbifold and Kogut-Susskind Hamiltonian and understand the pros and cons of
each formulation.

• The method introduced in ref. [39] can be used to estimate the truncation effect of the
orbifold lattice in the coordinate-basis truncation scheme. We might be able to give
precise resource estimate which is intractable for exact diagonalization of Hamiltonians.
A nontrivial issue is a potential interplay between the digitization step size δx and scalar
mass. Smaller δx would be needed for larger scalar mass.

• The use of noncompact variables may allow us to use analog quantum simulators.

• Quantum simulation on an orbifold lattice and for a matrix model could be technically
almost identical. Hence, simulation of a matrix model with small matrix size could be the
best first step toward quantum simulation of QCD. Obviously, this is also an important
step toward the study of quantum gravity via holography. Note also that Hamiltonians
of the SYK model [40, 41] and randomly-coupled spin models [42, 43], which serve as
good toy models for holography, share essential features with the interaction term of
a matrix model and orbifold lattice gauge theory. In this sense, quantum simulation
of QCD and quantum gravity in the lab [44–47] are closely related. Note also that the
motivation of the original papers on the orbifold lattice [10–13] was a study of quantum
gravity through lattice simulation of dual supersymmetric gauge theory [48].

4Note that the U(1) mass µ must be large in order to stabilize the orbifold lattice, but the mass of the
SU(N) part m does not have to be so large because it receives a large radiative correction.
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A Orbifold projection from a matrix model

In this section, we review how the orbifold lattice can be obtained from a matrix model through
orbifold projection. As emphasized in the main text, our main result can be understood
without referring to this construction. We added this appendix just to please those readers
who want to better understand the historical background.

Below, we first show how the Lagrangian (2.3) is obtained from a matrix model following
refs. [10, 17], and then show how the fermion part is obtained.

The starting point is the Yang-Mills matrix model with 6 scalar fields, which is sometimes
called mother theory. The lattice theory obtained by applying orbifold projection on this
theory is called daughter theory. The Lagrangian of the mother theory is

Lmother = Tr

1
2
∑

I

(DtXI)2 + g2
1d
4
∑
I,J

[XI , XJ ]2
 . (A.1)

Here, the matrices XI=1,··· ,6 are Nmat×Nmat and Hermitian, and Dt is the covariant derivative
that acts on XI

DtXI = ∂tXI + ig1d[At, XI ] . (A.2)

The coupling constant g1d is related to g4d by g2
4d = a3g2

1d. To obtain the daughter theory with
a U(N) gauge group and lattice volume L3, we take the matrix size Nmat to be Nmat = NL3.
We introduce complex matrices x, y and z as

x = X1 + iX2√
2

, y = X3 + iX4√
2

, z = X5 + iX6√
2

. (A.3)

Using the notation x̄ = x†, ȳ = y† and z̄ = z†, the Lagrangian can be written as

Lmother = Tr
(
|Dtx|2 + |Dty|2 + |Dtz|2 −

g2
1d
2 |[x, x̄] + [y, ȳ] + [z, z̄]|2

− 2g2
1d

(
|[x, y]|2 + |[y, z]|2 + |[z, x]|2

))
. (A.4)

To define the orbifold projection, we introduce the clock matrices

C1 = Ω⊗ 1N ⊗ 1N ⊗ 1k ,

C2 = 1N ⊗ Ω⊗ 1N ⊗ 1k ,

C3 = 1N ⊗ 1N ⊗ Ω⊗ 1k , (A.5)
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where

Ω = diag
(
1, ω, ω2, · · · , ωL−1

)
, ω = e−2πi/L . (A.6)

By using the clock matrices, the orbifold projection condition can be written as

CixC
−1
i = ωrx,ix , CiyC

−1
i = ωry,iy , CizC

−1
i = ωrz,iz , CiAtC

−1
i = ωrA,iAt ,

(A.7)

where

r⃗x = (1, 0, 0) , r⃗y = (0, 1, 0) , r⃗z = (0, 0, 1) , r⃗A = (0, 0, 0) . (A.8)

To label the matrix entries, we use n1,2,3, n
′
1,2,3 = 1, 2, · · · , L and p, q = 1, 2, · · · , N instead

of i, j = 1, 2, · · · , Nmat = NL3 respecting the tensor structure of the clock matrices, and
we introduce the following convention:

xij = xn1,n2,n3,p;n′
1,n′

2,n′
3,q ,

i = p+ (n1 − 1)N + (n2 − 1)NL+ (n3 − 1)NL2 ,

j = q + (n′1 − 1)N + (n′2 − 1)NL+ (n′3 − 1)NL2 . (A.9)

Then, the only entries that survive the orbifold projection are

Z1,n⃗,pq ≡ xn⃗,pq ≡ xn1,n2,n3,p;n1+1,n2,n3,q ,

Z2,n⃗,pq ≡ yn⃗,pq ≡ yn1,n2,n3,p;n1,n2+1,n3,q ,

Z3,n⃗,pq ≡ zn⃗,pq ≡ zn1,n2,n3,p;n1,n2,n3+1,q ,

At,n⃗,pq ≡ At,n1,n2,n3,p;n1,n2,n3,q . (A.10)

Here periodic boundary conditions are assumed for n1, n2 and n3. These nonzero entries are
visualized in figure 1. We interpret n⃗ as spatial lattice points. Then, the Zj,n⃗ are interpreted
as complex link variables. In this way we obtain the lattice Lagrangian (2.3).

Now we include the fermions. We introduce fermions in the fundamental representation
to the matrix model, as

Lmother,naive = a3

−iψ†Dtψ + i

2a

√
2g2

4d
a

3∑
j=1

(
ψ̄γjxjψ − ψ̄γjx†

jψ
)

+mψ̄ψ

 (A.11)

and

Lmother,Wilson = a3 · i2a

3∑
j=1

ψ̄ −
√

2g2
4d
a
ψ̄x̄j

ψ −
√

2g2
4d
a
xjψ

 . (A.12)

Here xj=1,2,3 stands for x, y, and z. Then, we do not do anything to fermions and keep all
Nmat = Nn1n2n3 components untouched, while projecting xj=1,2,3 and At as we did above.
Thus, we obtain Lmother,naive and LWilson defined by (5.9) and (5.10).
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from ref. [17]. Nonzero entries (A.10) are shown in gray.

B Implementation of p̂2 by NOT, CNOT and CCNOT gates and with
auxiliary qubits

In this appendix, we discuss how |n+ 1⟩ ⟨n| in p̂2 can be realized by replacing logic gates
on a classical computer by corresponding quantum gates.

Let us recall how the sum of two non-negative integers is coded by logic gates. The
simplest case is addition of x = 0 or 1 and x′ = 0 or 1. Let x + x′ ≡ (y1, y2) = 2y2 + y1.
Then, we have y1 = XOR(x, x′) and ‘carry up’ y2 = AND(x, x′):

x x′ y1 = XOR(x, x′) y2 = AND(x, x′)
0 0 0 0
1 0 1 0
0 1 1 0
1 1 0 1

(B.1)
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Next, let us consider addition of two-bit numbers (x1, x2) ≡ 2x2 + x1 and (x′1, x′2) ≡ 2x′2 + x′1.
Let the answer be (y1, y2, y3) ≡ 22y3 + 2y2 + y1. Obviously, y1 = XOR(x1, x

′
1). To get y2

and y3, we need to add three numbers: x2, x
′
2 and carry up, x′′2 = AND(x1, x

′
1). We can

easily write down the input-output table:

x2 x
′
2 x

′′
2 y2 y3

0 0 0 0 0
1 0 0 1 0
0 1 0 1 0
0 0 1 1 0
1 1 0 0 1
1 0 1 0 1
0 1 1 0 1
1 1 1 1 1

(B.2)

Unfortunately, however, there is no simple pattern. So, let us break the sum into three steps.
Firstly, we compute x2 + x′2 = (z2, z3). Then, we calculate z2 + x′′2 = (w2, w3). Then, by
construction, y2 = w2 and y3 = z3 + w3. In this case, z3 and w3 cannot be 1 simultaneously,
and hence, y3 = z3 + w3 = XOR(z3, w3) = OR(z3, w3).

x2 x′
2 x′′

2 z2 = XOR(x2,x′
2) z3 = AND(x2,x′

2) w2 = XOR(z2,x′′
2 ) w3 = AND(z2,x′′

2 ) y2 = w2 y3 = z3 +w3

0 0 0 0 0 0 0 0 0

1 0 0 1 0 1 0 1 0

0 1 0 1 0 1 0 1 0

0 0 1 0 0 1 0 1 0

1 1 0 0 1 0 0 0 1

1 0 1 1 0 0 1 0 1

0 1 1 1 0 0 1 0 1

1 1 1 0 1 1 0 1 1

(B.3)

The generalization to larger numbers with more digits is straightforward. We can use exactly
the same circuit on quantum devices, just replacing the classical gates with quantum gates.

To describe the momentum part of the Hamiltonian, we need only n→ n±1. Therefore, we
can simplify the construction. To code n→ n+ 1, we only need x′1 = 1 and x′2 = x′3 = · · · = 0
in the above. The tables simplify to

x1 x
′
1 y1 = XOR(x1, x

′
1) x′′2 = AND(x1, x

′
1)

0 1 1 0
1 1 0 1

(B.4)

and, for j = 2,

xj x
′
j x

′′
j yj = XOR(xj , x

′′
j ) x′′j+1 = AND(xj , x

′′
j )

0 0 0 0 0
1 0 0 1 0
0 0 1 1 0
1 0 1 0 1

(B.5)
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Note that y1 = XOR(x1, x
′
1) = NOT(x1) and x′′2 = AND(x1, x

′
1) = x1 when x′1 = 1.

To realize it, we can use K − 1 auxiliary qubits set to |0⟩ (which can be reduced to two
qubits if we reuse the same qubits after resetting them), one NOT (=σ̂x), K CNOT, and
K − 2 CCNOT gates (also known as Toffoli gates). CNOT is defined by

CNOT : |a⟩ |b⟩ → |a⟩ · (σ̂x)a |b⟩ , (B.6)

or equivalently,

CNOT : |0⟩ |0⟩ → |0⟩ |0⟩ , |0⟩ |1⟩ → |0⟩ |1⟩ , |1⟩ |0⟩ → |0⟩ |1⟩ , |1⟩ |1⟩ → |1⟩ |0⟩ . (B.7)

CCNOT is defined by

CCNOT : |a⟩ |b⟩ |c⟩ → |a⟩ |b⟩ · (σ̂x)ab |c⟩ . (B.8)

Namely, the last qubit |c⟩ flips if |a⟩ = |b⟩ = |1⟩. With all of these, we can construct
|n⟩ → |n+ 1⟩ as follows (underbar indicates the target qubit):

|x1⟩ |x2⟩ |x3⟩ |x4⟩ · · · |xK⟩ |0⟩ |0⟩ |0⟩ |0⟩ · · · |0⟩ ← CNOT

|x1⟩ |x2⟩ |x3⟩ |x4⟩ · · · |xK⟩
∣∣x′′2〉 |0⟩ |0⟩ |0⟩ · · · |0⟩

|x1⟩ |x2⟩ |x3⟩ |x4⟩ · · · |xK⟩
∣∣x′′2〉 |0⟩ |0⟩ |0⟩ · · · |0⟩ ← NOT = σ̂x

|y1⟩ |x2⟩ |x3⟩ |x4⟩ · · · |xK⟩
∣∣x′′2〉 |0⟩ |0⟩ |0⟩ · · · |0⟩

|y1⟩ |x2⟩ |x3⟩ |x4⟩ · · · |xK⟩
∣∣x′′2〉 |0⟩ |0⟩ |0⟩ · · · |0⟩ ← CCNOT

|y1⟩ |x2⟩ |x3⟩ |x4⟩ · · · |xK⟩
∣∣x′′2〉 ∣∣x′′3〉 |0⟩ |0⟩ · · · |0⟩

|y1⟩ |x2⟩ |x3⟩ |x4⟩ · · · |xK⟩
∣∣x′′2〉 ∣∣x′′3〉 |0⟩ · · · |0⟩ ← CNOT

|y1⟩ |y2⟩ |x3⟩ |x4⟩ · · · |xK⟩
∣∣x′′2〉 ∣∣x′′3〉 |0⟩ · · · |0⟩

|y1⟩ |y2⟩ |x3⟩ |x4⟩ · · · |xK⟩
∣∣x′′2〉 ∣∣x′′3〉 |0⟩ · · · |0⟩ ← CCNOT

|y1⟩ |y2⟩ |x3⟩ |x4⟩ · · · |xK⟩
∣∣x′′2〉 ∣∣x′′3〉 ∣∣x′′4〉 |0⟩ · · · |0⟩

|y1⟩ |y2⟩ |x3⟩ |x4⟩ · · · |xK⟩
∣∣x′′2〉 ∣∣x′′3〉 ∣∣x′′4〉 · · · |0⟩ ← CNOT

|y1⟩ |y2⟩ |y3⟩ |x4⟩ · · · |xK⟩
∣∣x′′2〉 ∣∣x′′3〉 ∣∣x′′4〉 · · · |0⟩

· · · · · ·
· · · · · ·
|y1⟩ |y2⟩ |y3⟩ · · · |xK−1⟩ |xK⟩

∣∣x′′2〉 ∣∣x′′3〉 · · · ∣∣x′′K−1
〉
|0⟩ ← CCNOT

|y1⟩ |y2⟩ |y3⟩ · · · |xK−1⟩ |xK⟩
∣∣x′′2〉 ∣∣x′′3〉 · · · ∣∣x′′K−1

〉 ∣∣x′′K〉
|y1⟩ |y2⟩ |y3⟩ · · · |xK−1⟩ |xK⟩

∣∣x′′2〉 ∣∣x′′3〉 · · · ∣∣x′′K−1
〉 ∣∣x′′K〉 ← CNOT

|y1⟩ |y2⟩ |y3⟩ · · · |yK−1⟩ |xK⟩
∣∣x′′2〉 ∣∣x′′3〉 · · · ∣∣x′′K−1

〉 ∣∣x′′K〉
|y1⟩ |y2⟩ |y3⟩ · · · |yK−1⟩ |xK⟩

∣∣x′′2〉 ∣∣x′′3〉 · · · ∣∣x′′K−1
〉 ∣∣x′′K〉 ← CNOT

|y1⟩ |y2⟩ |y3⟩ · · · |yK−1⟩ |yK⟩
∣∣x′′2〉 ∣∣x′′3〉 · · · ∣∣x′′K−1

〉 ∣∣x′′K〉
(B.9)

In the last step, we did not use CCNOT to get
∣∣∣x′′K+1

〉
because of the periodic boundary

condition |Λ⟩ = |0⟩.
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