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1. Introduction

Currently there is a large increase of global data center energy consumption due
to the boom of artificial intelligence (AI). As large computational resources are
required for the training and deployment of large AI models, a further increase
is expected in the next years [1]. At the same time the efficiency and per-
formance of semiconductor technology is stagnating. In previous decades the
performance of integrated circuits was improved by continuous downscaling of
transistors. According to Moore’s law, the number of transistors in an inte-
grated circuit doubles every two years. While the miniaturization of transistors
continues to this day, the performance of general purpose microprocessors has
stagnated in the last 20 years [2] and further performance improvements are
only possible with specialized domain-specific hardware and by optimizing ef-
ficiency of software and algorithms [3].

New concepts of information processing beyond semiconductor technology are
needed for further increases in performance and energy efficiency. One of the
most promising contenders is superconducting electronics. Superconductiv-
ity is a macroscopic quantum effect where charge carriers form a condensate
which is described by a complex-valued order parameter. The superconduct-
ing condensate can carry dc current with zero dissipation. Another hallmark
feature of superconductivity is the quantization of magnetic flux in units of
Φ0 = h/(2e) = 2 × 10−15Tm2. The quanta of flux are used as carriers of
information in many types of superconducting circuits. Superconducting elec-
tronics is part of the IEEE International Roadmap for Devices and Systems
(IRDS) [4]. The most basic building block of both quantum and digital su-
perconducting electronics is the Josephson junction. A Josephson junction is
created when two superconductors are connected by a weak link, which can
for example be an insulating layer or a normal conductor. As predicted by
British theorist B. Josephson in 1962, electron pairs (also known as Cooper
pairs) can be transmitted through the weak link. The resulting dissipation-free
supercurrent is controlled by the difference of the superconducting phases in
the two superconducting electrodes [5]. In the most simple case the Josephson
supercurrent is given by the current-phase relation

I = Ic sin(∆φ), (1.1)

where Ic is the critical current of the weak link and ∆φ is the phase difference.

One example of superconducting digital electronics based on Josephson junc-
tions is the Adiabatic Quantum-Flux-Parametron (AQFP) [6]. The basic logic
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element consists of two Josephson junctions in superconducting loops. Informa-
tion is processed in the form of flux in the loops. According to Landauer’s prin-
ciple, the minimum dissipation per bit operation is given by E = ln(2)kBT [7].
The energy dissipation per bit operation in AQFP logic approaches this thermo-
dynamic limit. An experimental realization of AQFP logic gates with operating
clock frequency of 1GHz demonstrated switching energies of 24kBT = 1.4 zJ
per Josephson junction [8]. This record low energy consumption is many or-
ders of magnitude below of what is achievable with semiconductor based CMOS
logic.

A key challenge of superconducting electronics is the need of cryogenic temper-
atures. Most technically relevant realizations of Josephson junctions require a
temperature below the boiling point of liquid helium (4.2K). Because of this, it
is expected that superconducting electronics will find its first use cases in niche
applications. Examples are the control of superconducting quantum computers
or applications in outer space where the ultra low power consumption is needed.
Moreover, superconducting electronics suffers from a scalability problem. The
basic logical elements require an area of many square micrometers.

It is clear that more fundamental research is needed to make superconducting
electronics more competitive. One of the main avenues of research deals with
the interplay of spin physics and superconductivity. The pairing of electrons
(or holes) in the elemental low-temperature superconductors like aluminum or
lead is of the spin-singlet type. This means that Cooper pairs are formed from
singlet states of carriers with opposite spin and opposite momenta.

One famous example of a superconductor which cannot be described in this
picture is CePt3Si, discovered in 2004 [9]. This heavy fermion superconductor
features strong spin-orbit interaction, which couples crystal momentum and
electron spin. In CePt3Si the distorted crystal structure breaks the inversion
symmetry in the z-direction. This results in spin-orbit coupling of the Rashba
type. The most simple case of a two-dimensional Fermi surface with Rashba
spin-orbit interaction is illustrated in Fig. 1.1. The Fermi surface is split into
two non-degenerate bands where the direction of spin is locked perpendicu-
lar to the crystal momentum. CePt3Si features multiple properties which are
not in agreement with spin-singlet pairing. For example, the critical magnetic
field which is required to destroy the superconducting state exceeds the Pauli
pair-breaking limit. Moreover, thermal conductivity and heat capacity mea-
surements show that this superconductor does not form a complete energy gap
in the density of states around the Fermi energy. Another peculiar feature is
an antiferromagnetic transition below TN = 2.2K. Superconductivity sets in
below Tc = 0.7K and seems to coexist with the antiferromagnetic order. It is
expected that superconductivity in CePt3Si results from unconventional pair-
ing which involves spin-triplet Cooper pairs. The spin-orbit coupling leads to a
protection of these pairing type, resulting in the large critical magnetic fields.

More recently a new feature of superconductivity in materials with broken
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Fig. 1.1.: Fermi surface with helical bands resulting from Rashba spin-orbit coupling.
The direction of the spin in the non-degenerate bands is locked, as indicated with
arrows.

symmetries and large spin-orbit coupling has been discovered by the group of
T. Ono at Kyoto University. In this work the authors studied the synthetic
Rashba superlattice [Nb(1 nm)/V(1 nm)/Ta(1 nm)]n grown by molecular beam
epitaxy [10]. This structure features the three group 5 transition metals with
large superconducting transition temperatures (A table of the superconducting
elements is shown in Fig. 1.2). This structure shows a “Superconducting diode
effect”: When applying an in-plane magnetic field perpendicular to a bias cur-
rent, the critical current becomes dependent on the polarity of the bias. The
Nb/V/Ta superlattice features spin-orbit coupling of the Rashba type which
is caused by the broken structure inversion symmetry in the growth direction.
The application of an in-plane magnetic field results in Zeeman interaction
which breaks time-reversal symmetry. The diode effect is a consequence of the
simultaneous breaking of both symmetries.

Shortly after the discovery of Ando et al. our work group at University of Re-
gensburg observed a similar effect in Josephson junctions. The devices studied
by our group were fabricated from hybrid superconductor-semiconductor struc-
tures featuring an thin aluminum film which is grown on a semiconducting
heterostructure with an InAs quantum well. The InAs quantum well features
strong Rashba spin-orbit coupling and close proximity of the quantum well to
the superconductor results in an induced superconducting gap in the semicon-
ductor. Our group observed both non-reciprocal inductance as well as a diode
effect in the Josephson critical current [12]. This discovery adds both new func-
tionality and raises fundamental questions on the interplay of spin degrees of
freedom and superconductivity.

The work presented in this thesis continues the exploration of magnetochiral
effects in Josephson junctions formed in Al/InAs hybrid structures. Chapter 2
gives an introduction to the theory of SNS Josephson junctions and describes
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Fig. 1.2.: Periodic table of the elements. Ambient pressure superconductors are
colored in yellow. The value given for each element is the superconducting transition
temperature Tc. The red box highlights the three superconducting group 5 metals,
V, Nb, and Ta, which were used for the ternary Rashba superlattice by Ando et al..
Adapted from [11] (licensed under CC BY 4.0).

the novel effects which arise in the presence of spin-orbit coupling and Zee-
man fields. The experiment described in Chapter 3 enables the measurement
of both anomalous Josephson effect and superconducting diode effect using
an asymmetric SQUID device. Both effects can be tuned using a top gate
which allows changing of the electron density in the Josephson junction. In
the following chapters we study two-dimensional arrays of Josephson junctions
(JJAs). Chapter 4 describes a novel type of vortex ratchet effect which arises
in ballistic JJA devices. This magnetochiral effect is explained as a conse-
quence of the anomalous phase shift. The inductance of Josephson vortices in
two-dimensional arrays is studied in Chapter 5. We observe a characteristic
behavior of vortex inductance as a function of frustration and observe non-
reciprocal vortex inductance when applying in-plane magnetic fields. Finally,
Chapter 6 studies the insulating behavior of the two-dimensional JJAs. The
JJAs are tuned to the insulating regime by depleting the electron gas in the
junctions with a gate electrode. In the insulating regime we observe critical
threshold voltages caused by Coulomb blockade effects. Transport shows ther-
mally activated behavior with an activation energy which depends both on
the induced superconducting gap in the semiconductor and the electrostatic
charging energy.
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2. Introduction to the physics of
SNS Josephson junctions

The physics of superconductor/normal conductor/superconductor (SNS) Joseph-
son junctions is a large area of mesoscopic physics research, which is driven by
the various different types of materials that can be used as weak links. In gen-
eral, the current-phase relation (CPR) will reflect the electric properties of the
normal conductor (N) and/or its interfaces to the superconducting electrodes.

Going from general to specific, in this introductory chapter we roughly follow
the history of the theoretical models developed for the study of SNS junctions.
The starting point is the description of weak links based on the Ginzburg-
Landau theory. An important result is the Ambegaokar-Baratoff formula, which
relates the product of critical current and normal state resistance of a junction
to the superconducting gap in the electrodes. A crucial feature of SNS junc-
tions is the emergence of high transparency channels. The high transparency
results in non-sinusoidal CPRs with higher harmonics. The first explanation
for this behavior was given by Kulik and Omel’yanchuk in the so called “KO-
1” theory of diffusive weak links, and we will give a short derivation starting
from the Usadel equation, which is the general description of superconductors
in the diffusive regime. The more general theory of Furusaki and Beenakker
allows the description of junctions with arbitrary transparency and is based
on the Bogoliubov-de Gennes mean-field theory. In the ballistic regime the
microscopic picture of transport through the junction is described by discrete
Andreev bound states in the normal weak link. We then discuss the recent
developments in the theory of SNS junctions in systems with broken symme-
tries. Breaking structure inversion symmetry (SIA) results in spin-orbit cou-
pling (SOC) of the Rashba type. Time reversal symmetry can be broken by
a Zeeman term which results when an in-plane magnetic field is applied to a
two-dimensional electron gas. The novel effects resulting from the broken sym-
metries are the anomalous phase shift (φ0-shift) and the Josephson diode effect
(JDE). The recent discovery of these effects triggered a surge of experimental
and theoretical activity in the field of superconductivity. A theoretical descrip-
tion of the anomalous phase shift and the Josephson diode effect is given by a
recently developed model of our colleague A. Costa from the group of J. Fabian.
This model captures all necessary requirements for the description of ballistic
junctions formed from a proximitized planar electron gas with spin-orbit inter-
action and is in good qualitative agreement with experiment.
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2.1. Weak links: Ginzburg-Landau theory

In the phenomenological Ginzburg-Landau (GL) theory, the superconducting
condensate is described by the complex order parameter ψ. A more detailed
introduction to the GL theory can found, e.g., in [13]. The free energy of the
superconducting system is given by

fs = fn + α|ψ|2 + β

2
|ψ|4 + 1

2m
|(−iℏ∇− e∗A⃗)ψ|2 + B⃗2

2µ0µr

(2.1)

with the GL coefficients

α(t) = α′(t− 1); α′ > 0 (2.2)

β(t) = const. (2.3)

For a homogeneous superconductor and no gradients of the order parameter,
the minimum of the free energy is found for

|ψ|2 = |ψ∞|2 = −α
β
. (2.4)

Near Tc the order parameter scales as |ψ|2 ∼ (1 − t). By minimization of the
GL free energy functional, one obtains the first GL equation

αψ + β|ψ|2ψ +
1

2m
(−iℏ∇⃗ − e∗A⃗)2ψ = 0. (2.5)

Minimization with respect to the vector potential provides the second GL equa-
tion for the supercurrent

J⃗ =
e∗|ψ|2

m
(ℏ∇⃗φ− e∗A⃗). (2.6)

2.1.1. Coherence length

Without a magnetic vector potential, the first GL-equation is a real differential
equation. Setting f = ψ/ψ∞ we get

ℏ2

2m|α|
∆f + f − f 3 = 0. (2.7)

We find the characteristic length scale of variations in f , the GL coherence
length, as a function of the reduced temperature t := T/Tc

ξ(t)2 =
ℏ2

2m|α(t)|
∼ 1

1− t
. (2.8)
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From BCS theory it is found that near Tc the coherence length is given by

ξ(t) = 0.74
ξ0

(1− t)1/2
pure limit (2.9)

ξ(t) = 0.855
(ξ0l)

1/2

(1− t)1/2
dirty limit (2.10)

(2.11)

with the mean free path l and the BCS coherence length ξ0 =
ℏvF

π∆(0)
. The dirty

limit applies if l ≪ ξ0, which is the case for most thin-film metallic supercon-
ductors. To give an example, we show how to calculate ξ0 for aluminum. The
value for the Fermi velocity is vF = 1.6× 106m/s [14]. For the gap we use the
BCS value ∆(0) = 1.76Tc, so that

ξ0 =
2.2 µm

Tc/K
. (2.12)

For a typical value of our thin aluminum films the critical temperature is Tc =
1.5K, giving ξ0 = 1.5 µm.

2.1.2. The current-phase relation: Weak links in the
Ginzburg-Landau theory

We consider a weak link with length L ≪ ξ between superconducting banks.
The phase of the order parameter is set to φ(x = 0) = 0 on the left bank and
φ(x = L) = ∆φ on the right bank. As shown above, the first GL equation is
given by

ξ2
d2

dx2
f + f − f 3 = 0

with f := ψ/|ψ∞|.

For a short weak link with L ≪ ξ, the first term in the GL equation will be
much larger than f and f 3 so that the GL equation simplifies to

d2

dx2
f = 0

The solution for the boundary conditions f(x = 0) = 1 and f(x = L) = ei∆φ

is

f(x) =
x

L
(ei∆φ − 1) + 1 := cx+ 1.

The current density in the weak link is found from the second GL equation

J ∼ − i

2
(f ∗ d

dx
f − f

d

dx
f ∗) =

sin(∆φ)

L
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and the current-phase relation (CPR) is given by

I(∆φ) = Ic sin∆φ.

The free energy of the junction reads as

F = const.− Ej cos∆φ

with the Josephson energy

Ej =
ℏIc
2e
.

The supercurrent can be obtained from the free energy using the thermody-
namic relation

I(∆φ) =
2e

ℏ
dF

d(∆φ)
. (2.13)

For tunnel junctions Ambegaokar and Baratoff have found the following relation
for the product of critical current and normal state resistance:

IcRn =
π∆(T )

2e
tanh

∆(T )

2kBT
. (2.14)

For T ∼ Tc this simplifies to

IcRn =
2.34kBπ

e
(Tc − T ). (2.15)

As will be shown below, this result only holds for tunneling junctions. For
diffusive and ballistic SNS junctions larger values of IcRn are possible.

2.2. Current-phase relation of diffusive SNS weak
links at arbitrary temperature

The GL theory discussed above is only valid when the temperature is close to
the critical temperature. The first theory of SNS junctions valid at arbitrary
temperatures was developed by Kulik and Omel’yanchuk [15, 16, 17]. This
model, which describes junctions in the diffusive limit, is often referred to as
“KO-1”. The derivation of the KO-1 model starts with the Usadel equations,
which give a semiclassical description of disordered superconductors. In the
Usadel theory the condensate is encoded in the complex functions F (ω, x) and
G(ω, x) which are related by

G(ω, x) =
√

1− |F (ω, x)|2 (2.16)



2.2. Current-phase relation of diffusive SNS weak links at
arbitrary temperature

13

The Usadel equation is given by

2ωF (ω, x)−D
d

dx

(
G(ω, x)

dF (ω, x)

dx
− F (ω, x)

dG(ω, x)

dx

)
= 2∆(T, x)G(ω, x),

(2.17)

where the diffusion constant is D = 1
3
v2F τ and the gap parameter ∆(T, x) is

determined self-consistently

∆(T, x) log(Tc/T ) = πkBT
∑
n

(
∆(T, x)

ℏωn

− F (ωn, x)

)
. (2.18)

The sum runs over the fermionic Matsubara frequencies ℏωn = (2n + 1)πkBT
(where n = 0, 1, 2, . . .). For a spatially homogeneous system without applied
current this gives the well-known temperature dependence ∆(T ) found from
BCS theory. A useful approximation over the whole temperature range is given
by

∆(T ) ∼ ∆(0)

(
cos

(
πT 2

2T 2
c

))1/2

(2.19)

with ∆(0) = 1.76 kBTc for weak-coupling BCS superconductors.

The supercurrent density js(x) is found from the second Usadel equation

js(x) =
σNπT

e

∑
ω

Im

(
F ∗ d

dx
F

)
. (2.20)

For a given geometry the second order Eq. (2.17) can be solved for all n after
imposing boundary conditions for F (ω, x) and ∆(x). For an SNS junction with
the N-region at |x| < L/2, the boundary conditions for F (x) and ∆(x) are
chosen as

∆(±L/2, T ) = ∆(T )e±iφ/2 (2.21)

F (ω, x = ±L/2) = ∆(T )√
ℏ2ω2 +∆(T )2

e±iφ/2. (2.22)

For short junctions (L ≪ ξ) the resulting supercurrent as a function of phase
bias is

I(φ) =
4πkBT∆(T )

eRN

∑
ω

cos(φ/2) arctan(∆(T ) sin(φ/2)/δ)

δ
(2.23)

with δ :=
√

∆(T )2 cos2(φ/2) + ℏ2ω2. The current-phase relation at a given
temperature can be found by performing the sum over Matsubara frequencies
numerically. The resulting CPRs are shown in Fig. 2.1. For temperatures close
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to Tc the sinusoidal CPR from the GL theory is recovered. For T ≪ Tc the
CPRs are strongly skewed. The maximum critical current at T = 0 is given
by Ic(T = 0) ∼ 1.32π∆(0)

2eRN
, exceeding the value of the Ambegaokar Baratoff

formula. In the limiting case T ≪ Tc the sum over ω in Eq. (2.23) can be
approximated by an integral, resulting in the analytical formula

I(φ, T = 0) =
π∆(0)

eRN

cos(φ/2) artanh(sin(φ/2)). (2.24)

T = 0

T = 0.2 Tc

T = 0.5 Tc

T = 0.8 Tc

Fig. 2.1.: Current-phase relation from the KO-1 model for different temperatures.
The current is given in units of I0 =

π∆(0)
2eRN

.

2.2.1. Short SNS junctions with arbitrary transparency

Ballistic superconducting point contacts where the weak link is described by a
delta-like potential barrier were first studied by Haberkorn et al. [18]. The CPR
for the SNS weak link with arbitrary disorder was obtained by Furusaki et al.
[19, 20] and Beenakker [21] using the Bogoliubov-de Gennes (BdG) mean-field
theory. The real-space BdG Hamiltonian is given by

HBdG(x, y) =

(
HN(x, y) ∆(x, y)
∆∗(x, y) −HN(x, y),

)
(2.25)

which is a complex 2× 2 matrix. The normal state Hamiltonian is given by

HN(x, y) = −
ℏ2(∂2x + ∂2y)

2m∗ + U(x, y)− µ. (2.26)

The spectrum is found by solving the eigenvalue problem

HBdG(x, y)

(
u(x, y)
v(x, y)

)
= E

(
u(x, y)
v(x, y)

)
. (2.27)
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The weak link is located at 0 < x < L. The pair potential ∆(x, y) is then
chosen as

∆(x, y) = ∆(x) = ∆0(θ(−x) + exp(iφ)θ(x− L)), (2.28)

which is referred to as the step-function model. The pair potential will actually
change on a length scale given by ξ. The step-function model is expected to
give a good description if the length L is considered an effective length of the
junction. The current-phase relation is obtained from the free energy F (φ)

I(φ) =
2e

ℏ
dF (φ)

dφ
. (2.29)

The free energy is found from the spectrum of the BdG Hamiltonian:

F = −2T
∑
ε>0

log(2 cosh(ε/(2T ))) + const. (2.30)

At T = 0 the free energy is simply the sum of the eigenenergies: F = −
∑

ε>0 ε.
In the approach of Beenakker the energy spectrum is obtained from the scatter-
ing matrix of the normal region. The transmission through the normal region is
described by a transmission matrix t12. In the short junction limit the discrete
part of the energy spectrum is given by the values

εp = ∆(T )
√

1− τp sin
2(φ/2), (2.31)

where τp > 0 are the eigenvalues of the positive-definite Hermitian matrix t12t
†
12.

The corresponding current is

Iτp(φ) =
e∆(T )

2ℏ
τp sin(φ)√

1− τp sin
2(φ/2)

tanh

(
∆(T )

√
1− τp sin

2(φ/2)

2T

)
(2.32)

and for an ensemble of modes τp the CPR is found by summing over all modes

I(φ) =
∑
p

Iτp(φ) (2.33)

CPRs Iτ (φ) of a single mode are plotted in Fig. 2.3 for different values of
transparency and temperature.

The resulting spectrum of HBdG as a function of phase bias is shown in Fig. 2.2.
The discrete part of the spectrum consists of the energy levels of the Andreev
bound states (ABS) with |E| < ∆. The ABS are spatially confined in the weak
link. The states of the continuous part of the spectrum are extended plane
wave solutions with |E| > ∆. In the short junction limit the Josephson current
is carried only by the discrete Andreev bound states. For perfect transmission
(τ = 1) the critical current of a single bound state is given by the critical
current quantum e∆/ℏ.

Due to the non-linear dependence of the critical current of a junction on the
values of τp, it is in general not possible to find the critical current from the
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continuous spectrum

continuous spectrum

Fig. 2.2.: Discrete and continuous energy spectrum as a function of phase bias. The
discrete energy levels of Andreev bound states are shown for different values of the
transmission parameter τ .

normal state conductivity of the weak-link without knowing the distribution of
the mode transmissions.

For junctions with a large number of channels the summation in Eq. (2.33) can
be replaced by an integral, i.e., I(φ) =

∫
ρ(τ)Iτ (φ) dτ , where ρ(τ) is the trans-

mission eigenvalue density. For disordered weak links the universal distribution
function of channel transparency is given by [22, 17]

ρ(τ) =
πℏG
e2

1

τ
√
1− τ

where G = 1/R is the conductivity of the weak link. This distribution has
peaks at both zero and unity transmission. The requirements for this result are
homogeneous disorder and a mean free path shorter than the junction length.
It also requires transparent interfaces between the leads and the normal region.
For the disordered weak link the current-phase relation for T = 0 can now be
found by integration

I(φ, T = 0) =

∫ 1

0

ρ(τ)Iτ (φ, T = 0) dτ =

∆(0)πG

2e

∫ 1

0

sin(φ)
√
1− τ

√
1− τ sin2(φ/2)

dτ =

∆(0)πG

e
cos(φ/2) artanh(sin(φ/2)),

which is precisely the result obtained from the KO-1 model. We can define an
effective value τ of transmission for the diffusive junction by fitting this CPR
with the single-mode CPR Iτ (φ). As shown in Fig. 2.3c, a fit to the KO-1
model with reasonable matching is found for τ ∼ 0.77 . . . 0.86. This makes it
clear that also in the diffusive limit a large part of the Josephson current is
carried by modes with high transmission.
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a b

c d

Fig. 2.3.: a, CPR of fully ballistic mode (τ = 1) for different temperatures. b, CPR
at zero temperature for different transmissions. c, Fits of the CPR predicted by the
KO-1 model for T = 0 using equation Eq. (2.32). d, Temperature dependence of
the critical current for the fully ballistic model (τ = 1), the diffusive short junction
model (KO-1), and the Ambegaokar-Baratov model. The current is given in units of

I0 =
π∆(0)
2eRN

2.3. SNS junctions with spin-orbit interaction

Broken structure inversion symmetry in a confined two-dimensional electron
gas leads to spin-orbit coupling (SOC) of the Rashba type, a relativistic effect
which can be described by the Hamiltonian

HSO = α(σ⃗ × k⃗) · ẑ = α(σxky − σykx), (2.34)

where the Rashba coefficient α measures the strength of SOC. A detailed in-
troduction to the physics of the Rashba effect can be found in [23]. The SOC
results in a spin-split Fermi surface, as shown in Fig. 2.4a. An in-plane field
breaks time-reversal symmetry and results in an exchange coupling, which is
described by the Zeeman Hamiltonian

HZ =
1

2
g∗µBB⃗ip · σ⃗. (2.35)

This term results in a shift of energy levels by the Zeeman energy EZ =
1/2g∗µB|B⃗ip|. In a system with Rashba SOC the Zeeman field results in a



18 2. Introduction to the physics of SNS Josephson junctions

Bip= 0 Bip

x

y

Fig. 2.4.: Left: Fermi-surface of two-dimensional electron system with Rashba spin-
orbit coupling. The Fermi-surface consists of two non-degenerate sheets with helical
locking of the spin, as indicated by the arrows. Right: In the presence of a Zeeman
field in the y-direction, the blue Rashba sheet shifts in positive kx-direction, while
the purple sheet shifts in negative kx direction.

distortion of the Fermi surface, as sketched in Fig. 2.4b, where both sheets are
shifted perpendicular to the applied field by ∆k = EZ/(ℏvF ).

In the presence of either space-inversion symmetry or time-reversal symmetry,
the CPR of a Josephson junction is always antisymmetric I(φ) = −I(−φ).
When both symmetries are broken simultaneously, i.e., by applying an in-plane
Zeeman field to a SNS junction with Rashba-type SOC, the CPR can be shifted
by an anomalous phase shift: I(φ) = Ic sin(φ − φ0). This effect was first pro-
posed by A. Buzdin, who studied clean-limit SNS junctions with Rashba-type
spin-orbit coupling and Zeeman fields [24]. The model of Buzdin uses the
quasiclassical Eilenberger equations, which describe clean (ballistic) supercon-
ductors. The derivation is performed under the assumptions that αkF ≪ EF

and T ∼ Tc. The resulting CPR is

j(φ) = j0 sin

(
φ+ 4

αEZL

ℏ2v2F

)
cos(4|EZ |L

ℏvF
+ π

4
)√

4|EZ |L
ℏvF

. (2.36)

The anomalous phase shift is therefore given by

φ0 = −4
αEZL

ℏ2v2F
. (2.37)

The oscillating factor, which depends on the product of junction length and ex-
change field, is the typical 0−π-transition behavior known from SFS junctions.
For EZ = ∆ and L = ξ0 = ℏvF/(π∆) we have φ0 = − 2

π
αkF
EF

from which it is
clear that in this model the anomalous phase shift is small for materials where
the spin-orbit splitting energy αkF is much smaller than the Fermi energy.

More recently also the case of diffusive junctions has been studied extensively
by S. Bergeret and coworkers [25, 26, 27]. Their model of diffusive SNS weak
links uses a version of the Usadel equation which incorporates arbitrary linear-
in-momentum SOC and Zeeman fields. The obtained differential equations for
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the singlet and triplet condensates are solved by imposing boundary conditions
at the interface between superconductor and normal conductor. In the short
junction limit and transparent interfaces between S and N regions, the φ0-shift
is given by

φ0 =
2EZm

∗2α3L3

ℏ6v2F
(2.38)

This differs drastically from the ballistic case studied by Buzdin (Eq. (2.37)).
The result is derived under the assumption that the order parameter in the
superconducting leads is not affected by the inverse proximity effect of the
normal conductor. This is not fulfilled for many types of SNS junctions [16]
(including the ones with proximitized semiconductor quantum wells studied in
this thesis). Therefore it is difficult to make quantitative predictions of φ0

with Eq. (2.38). In principle one could include the suppression of the order
parameter in the leads by defining an effective junction length which exceeds
the geometric length of the weak link, but at the moment it is far from clear
if this would enable quantitative predictions of the anomalous phase shift for
realistic systems.

Neither the ballistic model of A. Buzdin nor the diffusive model of S. Bergeret
at al. cover the case of short ballistic planar junctions, which is the relevant
case for the modeling of our experiments. The most general technique for
modeling SNS junctions with spin-orbit interaction and Zeeman fields is the
Bogoliubov-de Gennes (BdG) formalism. The BdG method was used by our
colleagues A. Costa, D. Kochan, and J. Fabian to perform extensive modeling
of magnetochiral effects in SNS junctions [28]. In the following the technique
and the most important results are presented.

The real-space BdG Hamiltonian is given by [29]

HBdG(r) =

(
H0(r) ∆(r)
∆†(r) −σyH∗

0 (r)σy

)
(2.39)

which is a complex 4× 4 matrix. The normal state Hamiltonian H0(r) encodes
the normal-state properties of the 2DEG, including the Rashba SOC and the
exchange interaction due to the in-plane magnetic field:

H0(r) =
−ℏ2(∂2x + ∂2y)

2m∗ + Uimp(x, y)− µ− iα(r)(∂yσx − ∂xσy) +
1

2
g∗(r)µ0B⃗ · σ⃗

(2.40)

The magnetic field is assumed to be in the plane of the 2DEG, so that Bz = 0
and no effects due to Fraunhofer interference need to be considered. The in-
plane g-factor for an InAs quantum well with thickness h = 10 nm is g∗ ∼ 10
[30]. The Rashba parameter α in the near-surface quantum well was measured
in multiple works using weak antilocalization analysis [31, 32]. These works
found values of the order α ∼ 10meVnm and a strong dependence of α on
the applied gate voltage which tunes the carrier density. It was found that α
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increases with increasing carrier density. The values of α and g∗ can in principle
be different in the junction region and the electrodes where the 2DEG is covered
by the superconductor. The model studied in [28] uses a simplified geometry
which captures all the necessary ingredients for the qualitative modeling of
both the anomalous phase shift and the Josephson diode effect. The geometry

Sx

y

S

V(x) ~ Vδ(x)

EXC

BSOBSO

N

  eiφ

Fig. 2.5.: Geometry of the SNS model. The electrodes (blue) feature singlet pairing
and Rashba SOC (spin-orbit field sketched in orange). The one-dimensional weak
link (pink) features the Zeeman field and a delta-like potential barrier (adapted from
[28]).

of the model is shown in Fig. 2.5. The junction is described by an infinitely thin
region between the superconducting electrodes. The Zeeman field is described
by the term HZ = EXCdσyδ(x), so that the product EXCd tunes the strength
of the Zeeman field in the junction. The junction also includes a delta-potential
Uimp(x, y) = V dσ0δ(x) which is used to tune the transparency. Apart from the
delta-potential the system is fully ballistic without any disorder. The SOC of
the Rashba type is constant throughout the geometry. The structure extends
infinitely into the x- and y-direction. In the following we use the dimensionless
parameters λZ = 2m∗EXCd/(ℏ2kF ) which quantifies the exchange field and
λSOC = αkF/µ = 2m∗α/(ℏ2kF ) which measures the strength of the Rashba
SOC. The potential barrier is quantified by Z = 2m∗V d/(ℏ2kF ), which is related
the effective transparency of the junction by τ = 1/(1 + (Z/2)2).

The solutions of the eigenvalue problem HBdGψ = Eψ for sup-gap energies
|E| < ∆ can be found analytically for the described model Hamiltonian. From
the obtained bound state solutions one finds the Josephson current as a function
of the phase bias by evaluating the current-density operator and numerically
integrating over the transverse momentum ky. The energy-phase relation is
found by integrating IJ(φ) =

d
dφ
E(φ).

Resulting curves E(φ) and I(φ) for λSOC = 0.661 are shown in Fig. 2.6a.
The anomalous phase shift φ0(λZ) corresponds to the minima of the E(φ)
curves. Initially, the shift (φ0 < 0 for the used parameters) slowly increases in
magnitude until λZ = 1.75. At higher λZ the E(φ) curves develop a second local
minimum, which becomes the global minimum for λZ ≥ 2.0. This means that
the φ0-shift undergoes a discrete jump between λZ = 1.75 and λZ = 2.0. This
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behavior is called 0-π-like transition in analogy to the well-known 0-π transition
in SFS Josephson junctions. The 0-π-like transition was first proposed in the
work of Yokoyama et al. [33, 34], who numerically studied few-mode nanowire
Josephson junctions in the presence of Rashba SOC and Zeeman field. In the
two-dimensional planar junctions studied by Costa. et al. the magnetochiral
effects are enhanced due to channels with large transverse momentum ky. On
the other hand, the channels with low ky (i.e. the wave vector points in the
x-direction) do not have any contribution to φ0.

Another magnetochiral effect in superconductivity which is caused by the in-
terplay of spin-orbit coupling and Zeeman fields is the superconducting diode
effect. This effect was first observed by the group of Prof. T. Ono when studying
MBE-grown [Nb/V/Ta]n superlattices [10]. The three-layer structure of the su-
perlattices breaks structure-inversion symmetry, leading to strong Rashba-type
SOC. When applying an in-plane magnetic field perpendicular to the direction
of an applied bias current the authors observed different critical currents for
positive and negative polarity of the bias. Before this discovery it was well
known that non-reciprocal critical currents can be engineered in systems which
break spatial symmetries. The most simple example is the asymmetric SQUID,
which will be studied in more detail in the next chapter. The groundbreaking
difference in the effect observed by Ando et al. is that the device is symmet-
ric and the rectification is created by acting on the electron spin, i.e., it is an
intrinsic and microscopic property of the superconducting material. This unex-
pected discovery led to a surge of interest in non-reciprocal superconductivity,
with several hundred papers on the topic published since then.

Coming back to our theoretical model of the Josephson effect in SNS junctions
with spin-orbit coupling, we also observe a non-reciprocal effect in the CPRs
shown in Fig. 2.6b: The critical currents for positive and negative polarity are
no longer equal. This feature of ballistic SNS junctions with SOC and Zeeman
field is called the “Josephson diode effect”. The diode effect is quantified by
the diode efficiency

η =
∆Ic
Ic,mean

=
2(Ic,+ + Ic,−)

Ic,+ + |Ic,−|
, (2.41)

where Ic,+ > 0 and Ic,− < 0 are the positive and negative critical currents,
respectively. The positive and negative critical currents as a function of λZ are
shown in Fig. 2.7a and the resulting diode efficiency is shown in Fig. 2.7b. Like
the anomalous phase shift, the diode efficiency is an anti-symmetric function
of the Zeeman field parameter λZ , i.e., η(λZ) = −η(−λZ). After reaching a
maximum at λZ ∼ 1.75, the diode efficiency decreases rapidly and reverses its
sign. After the sign-reversal the absolute value of η quickly decreases to zero.
Interestingly, the sharp maximum of η followed by the rapid decrease was found
in nearly all experimental systems which showed the Josephson diode effect.
The sign reversal in the diode efficiency was also found in some systems, but
this particular feature seems to be very sensitive to the details of the system [36].
Apart from the anomalous phase shift and the Josephson diode effect another
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a

b

Fig. 2.6.: a, Energy-phase relations calculated for λSOC = 0.661 and different pa-
rameters of the Zeeman exchange coupling λZ . See text for the parameter definitions.
b, Current-phase relations for the same parameters as in panel a. Data from [35].

physical observable which can be used to study the magnetochiral anisotropy of
the system is the Josephson inductance. This powerful technique was already
described in the thesis of Christian Baumgartner [37].

One alternative to the model used in our work are direct numerical techniques
which discretize the BdG Hamiltonian and compute the low energy part of the
spectrum, see e.g. [12, 36] for recent examples. This has the advantage that
arbitrary geometries of the leads and the junction can be studied. Moreover, it
allows to study the effect of a finite g-factor in the electrodes. A big advantage
of the model of A. Costa is computational efficiency. This is because no dis-
cretization is required to find the energy and shape of the Andreev bound state
solutions for each transverse wave vector ky. The CPR is then found by inte-
gration over transverse momenta on the Fermi surface. This enables the com-
putation of the energy-phase and CPR for a wide range of paremeters, namely
Zeeman fields, Rashba parameters, barrier potentials, and temperatures.

A striking difference between the anomalous phase shift and the diode efficiency
is their temperature dependence. Fig. 2.8 shows the φ0-shift and the diode effi-
ciency as a function of temperature. While the φ0-shift is nearly constant up to
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a

b

Fig. 2.7.: a, Positive and negative critical current as a function of the Zeeman
exchange parameter λZ . The strength of SOC is λSOC = 0.661. The critical current

is normalized to the critical current at zero field. b, Diode efficiency η = 2
Ic,+−|Ic,−|
Ic,++|Ic,−| .

Data from [35].

the critical temperature, the diode efficiency is rapidly suppressed by tempera-
tures exceeding 0.1Tc. Unlike the φ0-shift, the diode effect requires higher har-
monics in the CPR. As we have seen before in the Furusaki-Beenakker model,
the higher harmonics of the CPR in a ballistic junction are rapidly suppressed
by increasing temperature. This was also clearly observed in experiment, as
will be shown in Chapter 3.

2.3.1. Recent developments in the theory of the anomalous
phase shift and the Josephson diode effect

One requirement for the emergence of the Josephson diode effect are high
harmonics in the CPR. As shown above, also diffusive junctions feature non-
sinusoidal CPR at sufficiently low temperatures. A recent preprint from S. Ilić
et al. studies the Josephson diode effect in diffusive junctions with SOC and
Zeeman field using a generalized Usadel diffusion equation, which incorporates
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a

b

Fig. 2.8.: Temperature dependence of the anomalous phase shift (a) and the diode
efficiency (b) obtained from the model of A. Costa. The used parameters are λZ =
−0.4 and λSOI = 0.661. Data from [38].

the effects of linear-in-momentum SOC and exchange interaction [27]. After
imposing boundary conditions at the interface between superconducting leads
and the normal conducting junction region, the CPR is found by numerical
solution of differential equations for the singlet and triplet components of the
condensate. For this diffusive model, it is assumed that the mean free path
l = vF τ is much smaller than the BCS coherence length ξ0 = ℏvF/(π∆0), and
the following hierarchy of energy scales needs to be fulfilled

µ≫ ℏ/τ ≫ αkF , EZ . (2.42)

The condition ℏ/τ ≫ αkF is equivalent to l ≪ ℏ2
m∗α

. For a value of α =
10meVnm and m∗ = 0.04me the resulting condition for the mean free path is
l ≪ 200 nm. As we will see in the following chapter, we are clearly not in this
limit with our near-surface InAs quantum wells, where typically l ≳ 200 nm.
Therefore it is not clear whether disorder induced spin relaxation and singlet-
triplet conversion processes play a role in the Al/InAs devices.

Another recent preprint studies the Josephson diode effect for superconducting
leads with mixed singlet/triplet pairing [39]. The model studies a single bal-
listic channel with Rashba-like SOC coupling and Zeeman field in the normal
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region. For the case with mixed singlet-triplet pairing the BdG Hamiltonian in
momentum space is given by

HBdG(k) =

(
H0(k) ∆(k)
∆†(k) −H∗

0 (−k)

)
, (2.43)

where the pairing potential is composed of singlet and triplet components

∆(k) = ∆s(k) + ∆t(k) = |∆s|(iσy)ψ(k) + |∆t|i(d⃗(k)σ⃗)σy. (2.44)

The singlet pairing is described by the even function ψ(k) = ψ(−k), while the

triplet pairing is described by the complex vector d⃗ which is an odd function
of momentum: d⃗(k) = −d⃗(−k). For d⃗ ∼ (0, 0, 1) one obtains opposite-spin

triplet pairing of type | ↑↓⟩+ | ↓↑⟩, while for d⃗ ∼ (1, 0, 0) one obtains equal-spin

pairing of type | ↓↓⟩ − | ↑↑⟩. When time reversal symmetry is not broken, d⃗(k)
is real-valued and the total spin of the pairing state is zero for each value of k.
This is the case studied in [39]. The CPR is studied as a function of the angles

between d⃗(k), the Zeeman field, and the direction of the spin-orbit field B⃗so.
A large diode efficiency is found when the triplet component |∆t| exceeds the
singlet component |∆s|. When increasing the ratio |∆t|/|∆s| above a value of
∼ 10, a sign-reversal of the diode effect is found. Unlike the models discussed
above, this model does not need SOC as an ingredient for the diode effect when
the direction of the triplet pairing vector d⃗ and the Zeeman field in the channel
are non-collinear. More work will be required to extend this one-dimensional
model to 2D planar junctions. In the 2D case the CPR results from many
different channels with different transverse momenta. In the presence of spin-
orbit interaction there is a “protected” direction of the triplet pairing vector
d⃗(k⃗) which is parallel to the spin-orbit field. For Rashba SOC this means that

d⃗(k⃗) must be perpendicular to the momentum vector k⃗ [40].
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3. Asymmetric SQUID
measurements: Anomalous
phase shift and Josephson diode
effect

The measurement of the Josephson diode effect only requires measurements of
the critical current in both polarities, which can be performed using a single
current biased Josephson junction. In comparison, the measurement of the
anomalous Josephson effect is more difficult, as it requires phase biasing of a
junction. So far, all published measurements of a φ0-shift have used a system
of two Josephson junctions connected in a superconducting loop, known as a
Superconducting Quantum Interference Device (SQUID). In the SQUID the
phase over the two junctions in the loop is linked to the magnetic flux through
the loop due the fluxoid quantization in the loop.

In the theory of the Josephson diode effect, which was published together with
our first demonstration of the effect, it was predicted that the anomalous phase
shift and the Josephson diode effect are intimately linked and in the predicted
current-phase relations both effects always appear simultaneously. To test this
prediction we now present an experiment where both effects can be measured
on a single junction simultaneously, e.g. in one cooldown of the junction device.
We perform precise measurements of the anomalous phase shift as a function
of top-gate voltage, direction of the in-plane magnetic field, and temperature.
This reveals a strong link between both effects. However, the temperature
dependence of both effects shows that the anomalous phase shift is only a
necessary and not a sufficient requirement for the Josephson diode effect. The
results of this chapter are published in the article [38].

3.1. SQUID basics

This section introduces the basic behavior of the “textbook”-SQUID device.
We start by assuming that the junctions have sinusoidal CPRs and neglect
inductive effects in the SQUID circuit. Later in this chapter we will extend
this basic model by allowing arbitrary CPRs. We will also have to include
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inductive screening effects caused by the large kinetic inductance of our thin
superconducting films. The screening effects will turn out essential for the
description of the measured interference patterns.

The basic SQUID device is shown in Fig. 3.1. The two Josephson junctions on
the left and the right have critical currents Ic,1 and Ic,2, respectively. The total
current of the device as a function of the gauge-invariant phase differences on
the junctions is given by

I = I1 + I2 = Ic,1 sin(γ1) + Ic,2 sin(γ2). (3.1)

The difference of the two phases is constraint by the fluxoid quantization rela-
tion

γ2 − γ1 = 2π(Φ/Φ0 +N), (3.2)

where Φ is the externally applied magnetic flux through the loop and Φ0 =
h/(2e) ∼ 2 × 10−15Tm2 is the superconducting flux quantum. The critical
current of the SQUID can now be found using basic trigonometric identities:

I = Ic,1 sin(γ1) + Ic,2 sin(γ1 + 2πΦ/Φ0) = (3.3)√
I2c,1 + I2c,2 + 2Ic,1Ic,2 cos(2πΦ/Φ0) sin(γ1 + δ(Ic,1, Ic,2,Φ)), (3.4)

where the phase offset δ does not depend on γ1. The critical current of the
SQUID is therefore given by

Ic(Φ) =
√
I2c,1 + I2c,2 + 2Ic,1Ic,2 cos(2πΦ/Φ0). (3.5)

If the critical currents of the two junctions are different, the critical current of
the SQUID oscillates between a maximum value of Ic,1 + Ic,2 and a minimum
value of Ic,1 − Ic,2, as shown in Fig. 3.1. We also have to deal with CPRs
which are not sinusoidal. In this case the critical current needs to be obtained
numerically by finding the maximum and minimum values of I1(γ1) + I2(γ2 =
γ1 + 2πΦ/Φ0).

SQUIDs with large asymmetry of the critical currents can be used to measure
current phase relations. Setting Ic,1 ≫ Ic,2 in Eq. (3.3) and ignoring the second-
order term (Ic,2/Ic,1)

2 yields

Ic(Φ) ∼ Ic,1 + Ic,2 sin(Φ/Φ0 + π/2), (3.6)

showing that the modulation of the critical current is given by the CPR of the
small junction.

3.2. Asymmetric SQUID device

The asymmetric SQUID device is fabricated from a molecular beam epitaxy
grown heterostructure featuring an InGaAs/InAs/InGaAs quantum well. The
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γ1 γ2Φ

Φ/Φ0

Ic1 + Ic2

Ic1  - Ic2

0

I

I1 I2

Fig. 3.1.: Left: Basic asymmetric SQUID device consisting of two Josephson junc-
tions in a superconducting loop. Right: Critical current of the asymmetric SQUID
as a function of the magnetic flux Φ through the loop. The flux through the loop is
measured in units of the superconducting flux quantum Φ0 =

h
2e .

semiconductor stack is capped with a 5 nm thick epitaxial layer of aluminum.
The characterization of the two-dimensional electron gas and the supercon-
ducting aluminum film are described in Appendix A. The peak mobility of
the two-dimensional electron gas is µ > 60 000Vs/cm2 at a carrier density
n ∼ 5× 1011 1/cm2. A schematic of the device geometry is shown in Fig. 3.2a.
A large reference junction JJ1 and a small probe junction JJ2 are defined by
selective removal of the superconductor. The probe junction JJ2 is covered by
a top gate which is used to tune the carrier density of the electron gas in the
semiconductor below the junction. A false color scanning electron microscope
image of the device is shown in Fig. 3.2b. The turquoise areas correspond to
the pristine superconductor-semiconductor layer stack. In the yellow areas the
aluminum film is selectively removed, while the semiconductor layers are still
fully present. In the remaining gray areas the semiconductor is deeply etched,
so that this part of the device is electrically insulating. The diameter of the
loop is dloop ∼ 40 µm. The reference junction (JJ1) is approximately 28 µm
wide and 120 nm long. The probe junction (JJ2) is 2.7 µm wide and 100 nm
long. Both junctions are capped by aluminum oxide grown by atomic layer
deposition, which serves as gate dielectric. Finally, JJ2 is covered by a Ti/Au
gate electrode. The image shown in Fig. 3.2b was taken before the growth of
the gate dielectric.
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Fig. 3.2.: a, Schematic of the device geometry of the asymmetric SQUID device.
The electron density in the small junction JJ2 can be tuned with a top gate. b,
False-color scanning electron microscopy image of the device before deposition of the
aluminum oxide dielectric. The pristine Al/InAs stack is shown in turquoise, the
areas of etched aluminum with the pristine semiconductor stack are shown in yellow.
In the grey regions the semiconductor is deep etched. Fabrication and SEM imaging
of the device was performed by T. Ascherl.

3.3. Gate dependence of the anomalous phase
shift

Fig. 3.3 shows a color map of the differential resistance versus out-of-plane
field Bz and DC current I, measured with an applied field By = −100 mT
at T = 40 mK. The black regions correspond to the superconducting regime
below the critical current of the SQUID device while the purple regions corre-
spond to the dissipative state above the critical current. The fast oscillations
of the critical current have a period of 1.8 µT, corresponding to a flux quan-
tum Φ0 = h/2e applied to the loop. These fast oscillations are superimposed
to the central part of the Fraunhofer pattern of the reference junction. The
Fraunhofer pattern of the small junction is not relevant as it would appear only
on field scales of the order of 1mT. The plot displays an evident asymmetry
around the Bz = 0 and I = 0 axes, while it is approximately point-inversion-
symmetric around the origin, namely Ic(Bz) ≈ −Ic(−Bz). The fast oscillations
of the critical current have a strongly skewed sawtooth-like shape. Moreover,
the amplitude of the oscillations differs drastically in different regions of the
interference pattern. These features can be explained by screening effects in
the SQUID. This screening effect is not a self-field effect due to magnetic flux
generated by the currents flowing in the SQUID device. As we will see, the
main cause for the screening effect is the large kinetic inductance of the ultra-
thin aluminum film. The value of the kinetic inductance can be estimated from
the normal state resistance and the critical temperature. For low frequencies
ℏω ≪ 2∆ the imaginary part of the complex conductivity of the film is given
by [13, Sect. 3.10.5]

σ2 =
σnπ∆(T )

ℏω
tanh

(
∆(T )

kBT

)
, (3.7)
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Bip = 100mT, θ = -90°, Vg = 1V

Fig. 3.3.: SQUID interference pattern. Differential resistance dV/dI(I = Ibias)
is measured using the SR830 digital lock-in amplifier together with the Stanford
Research SR552 bipolar preamplifier. The in-plane field is set to Bip = 100mT.

where σn is the conductivity in the normal state. The sheet resistivity is then
given byR□ = 1/σ□ = d/σn, where d is the film thickness. The sheet inductance
of the Al film is

L□ =
1

ωσ2,□
=

ℏR□

π∆(T ) tanh(∆(T )
kBT

)
. (3.8)

This value can now be estimated from the known material parameters. The
sheet resistance of the aluminum film is R□ = 36Ω as shown in Appendix A.
The gap energy ∆ can be estimated from the critical temperature using the
weak coupling BCS result ∆(T = 0) = 1.764 kBTc. The measured value of
the critical temperature is Tc = 2.07K, and from this we obtain ∆(T = 0) ∼
300 µeV. The resulting value of the kinetic inductance of the aluminum film
is L□(T ≪ Tc) ∼ 25 pH. The total expected kinetic inductance of the loop is
Lloop = NloopL□ ∼ 1 nH. For a current in the loop of Iloop = 1 µA, the screening
flux is LloopIloop ∼ Φ0/2, showing that the screening flux generated by the
circulating current is of the same order as the superconducting flux quantum.
We now present an extended circuit model of our device, which includes the
kinetic inductance of the loop and the the electrodes of the reference junction.
The minimum model which captures all relevant effects is show in Fig. 3.4a.
The reference junction JJ1 is modeled as a network of N JJs in parallel, each
with critical current Ic,1/N . Setting N = 20 is sufficient to model the central
lobe of the Fraunhofer interference pattern of JJ1. The effective area of JJ1 is
Aref, while the area of the large loop is Aloop. The positive and negative critical
currents for a given out-of-plane field Bz can be calculated as a function of
the phase difference γJJ2 over JJ2. Fixing a value of γJJ2, all the other phase
differences and currents in the circuit can be found by repeatedly using the
fluxoid quantization relation for all loops in the system. For example, the
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Lloop A
loop 

JJ2

JJ1 γJJ2

γJJ1,1 γJJ1,2 γJJ1,N

experiment (Bip = 100mT) simulation

Fig. 3.4.: a, Minimal circuit model of the SQUID device. b,d, Simulated critical
currents of the SQUID with parameters as described in the text. c, experimental
values of positive and negative critical currents for Bip = 100 mT and θ = −90 ◦.

phase difference γJJ1,N over the rightmost junction in JJ1 is given by

γJJ1,N = γJJ2 − 2π(BzAloop − LloopIc,2 sin(γJJ2))/Φ0. (3.9)

The phase differences γJJ1,i are then found as

γJJ1,i = γJJ1,i+1 − 2π(BzAref/(N − 1)− Lref/(N − 1)Ii)/Φ0, (3.10)

where Ii = Ii+1+Ic,1/N sin(γJJ1,i+1) is the current flowing through the inductor
between junctions i and i+1. Finally, the positive and negative critical currents
of the circuit are found as the extremal values of I0(γJJ2). In Fig. 3.4b,d we
demonstrate this model by simulating the SQUID critical current as a function
of the out-of-plane field Bz. The parameters correspond to an applied in-
plane-field of |By| = 100 mT. A good match to the experimental data shown
in Fig. 3.4c can be found with the following parameters: Aloop = 1150 µm2,
Ic,1 = 2.48 µA, Aref = 70 µm2, Lref = 0.8 nH, and Lloop = 1.5 nH. From the
value of Lloop we determine the sheet inductance of the aluminum film L□ =
Lloop/N□,loop = 1.5 nH/46 ∼ 30 pH, which is in good agreement with the value
estimated above from the sheet resistance.

The geometric inductance of the loop is small in comparison with the kinetic
inductance. The geometric inductance of the loop can be approximated using
the known result for a circular ring made from a wire. The inductance is

Lloop,geo = µ0R(ln(8R/a)− 7/4) (3.11)
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for a loop radius R and a wire radius a ≪ R [41, p. 234]. Using R = d/2 =
20 µm and a = w/2 ∼ 1 µm results in Lloop,geo ∼ 80 pH. We conclude that the
geometric contribution to the screening effects can be neglected.

Given the large distortion of the critical current oscillations it might seem diffi-
cult to extract information about the anomalous phase shift. As we show now,
this is actually not the case and the extraction of the anomalous phase shift
is not affected by the screening effects. Fig. 3.4b shows the simulated SQUID
critical currents for different values of the critical current of the small probe
junction. The skewness of the oscillations increases with increasing critical cur-
rent. For the purple reference line the critical current of JJ2 is set to zero. The
intersection point with the reference line is the same for all curves. At this
intersection point the current in the loop and JJ2 is zero and therefore at this
particular point of the SQUID interference pattern the inductance of the loop
has no effect. We only consider the intersection point where Ic(Bz) has positive
slope. The intersection points with negative slope correspond to the maxima of
the energy-phase relation and are not relevant for the study of the anomalous
phase shift, which is defined as the phase at the minimum of the energy-phase
relation.

Panels a-c of Fig. 3.5 show high-resolution measurements of the SQUID crit-
ical current near the peak of the central lobe of the interference pattern. At
a gate voltage of Vg = −2.5V (black line) no oscillations are visible, meaning
that the junction JJ2 is completely pinched off. While it is not possible to
find the absolute value of the anomalous phase shift, the excursion with gate
voltage can be found with high precision. To this end we extract the parameter
∆φ0(Vg) := 2π(B0(Vg) − B0(−2.5V))Aloop/Φ0. In panels a and c the in-plane
field is aligned perpendicular to the direction of current in the junctions, while
in panel b the field is aligned in the direction of current. For the perpendicular
configurations we observe sizable values of ∆φ0, while it is close to zero for the
parallel configuration. The behavior of ∆φ0 as a function of gate voltage is
shown in Fig. 3.5d for different rotation angles of the in-plane field. For the
perpendicular configuration this plot shows a monotonic increase of the effect
with gate voltage. The dependence of ∆φ0(1V) on the rotation angle between
current and in-plane magnetic field is shown in Fig. 3.5e for an in-plane field
with magnitude 100mT. As φ0 is a magnetochiral quantity caused by Rashba
SOC and Zeeman field, the expected behavior is φ0 ∼ (B⃗ip × I⃗) · e⃗z ∼ sin(θ).
The measurement is in very good agreement with the expected sinusoidal de-
pendence.

With this experiment it is not possible to measure the absolute value of φ0,
as this would require knowledge of the out-of-plane field Bz with an accuracy
far below 1 µT. This is not feasible in this experiment as large in-plane fields
of order 100mT need to be applied, which always have a small misalignment
into the out-of-plane direction. Additionally, the tilt angle of the sample with
respect to the direction of the in-plane field changes when rotating the sample
with the cryogenic piezo rotator.
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Fig. 3.5.: a-c, SQUID critical current as a function of Bz for different orienta-
tions of the in-plane field. The magnitude of the in-plane field is Bip = 100mT
and the temperature is T ∼ 40mK. Different colors correspond to different val-
ues of the gate voltage. The Vg = −2.5V line is intersected by the Ic(Bz)
curves at the field values B0(Vg). d, Phase shift ∆φ0 as a function of gate volt-
age for different orientations of the in-plane field. e, Shift of the crossing point
∆φ0(1V) := 2π(B0(1V) − B0(−2.5V))Aloop/Φ0 as a function of the angle between
Bip and the current. The solid line is a sinusoidal fit. A good fit requires a small shift
of the sine function in both x and y direction. The values shown in c,d are found by
averaging over many measurements (see text).

The first measurements of the anomalous phase shift in Al/InAs based junctions
were performed by the group of J. Shabani [42, 43]. These pioneering works were
performed with symmetric SQUIDs using two 4 µmwide junctions, both covered
by separate gate electrodes. The asymmetry of the SQUID was generated by
depleting one of the two junctions. In comparison to our device, the junctions
were fabricated with much narrower leads, however the exact geometry is not
provided in these works. The narrow leads make the junctions more resilient to
in-plane fields applied in the perpendicular direction, allowing the detection of
a critical current for field magnitudes up to 850mT. The authors claimed the
observation of a 0-π-like transition together with a reentrant critical current.
Unlike the theory presented in the preceding chapter, the 0-π-like transition in
these works was interpreted as a signature of a topological phase transition. In
our device the maximum possible in-plane magnetic field for which a critical
current can be observed is much lower. One possible explanation is the differ-
ent geometry of the junction electrodes. The extended electrodes in our device
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could lead to strong orbital pair breaking for large in-plane fields. The largest
field magnitude for which a measurement of ∆φ0 is possible in our device is
250mT. Fig. 3.6 shows the value of ∆φ0(Vg = 1V) as a function of the field
magnitude for the perpendicular configuration (θ = −90◦). This measurement
shows a saturation of the anomalous phase shift for |By| > 100mT. The extrac-
tion of ∆φ0 from the measured Ic(Bz) curves is only possible for in-plane fields
with a magnitude above ∼ 100mT. For lower in-plane fields the higher critical
currents of the junctions lead to larger screening effects. Because of the large
screening the Ic(Bz) curves no longer intersect with the reference line obtained
by pinching off the small junction. One example of this behavior can be seen in
Fig. 3.8a, which shows Ic(Bz) curves obtained at |Bip| = 50mT. In this data
only the curve with Vg = −1.5V intersects the reference line while for all higher
gate voltages the critical current is always above the reference line. This effect
can also be found when simulating the Ic(Bz) curves using the presented circuit
model. The simulated curves are above the reference line when the dimension-
less screening parameter Ic,2Lloop/Φ0 exceeds a value of 0.5. We conclude that
the used technique of extracting ∆φ0 from the measured data is only possible
when the magnitude of the in-plane magnetic field is above ∼ 100mT.

Vg = 1V

Fig. 3.6.: ∆φ0 as a function of in-plane field magnitude measured at Vg = 1V at
a rotation angle of θ = −90◦. The values are obtained by averaging over 40 gate
voltage cycles. The error bars correspond to the standard deviation of the individual
values.

In the works of the Shabani group the parameter ∆φ0 was extracted by fitting
the complete Ic(Bz) curves to a SQUID model with ballistic current phase
relations, using the critical currents, anomalous phase shifts and transparencies
as fitting parameters. This way both ∆φ0 and the junction transparencies were
extracted from the measured data [42, 43]. These experiments were performed
on heterostructures with relatively thick aluminum films (10 nm instead of 5 nm
used in our work) and screening effects due to kinetic inductance were not taken
into account in the data analysis. A major difference of the method presented
in this thesis is that we do not require to know the shape of the current phase
relation. The only requirements for our technique are a large asymmetry of the
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critical currents (Ic,ref ≳ 10Ic,probe) and that the probe junction can be pinched
off completely by the top gate.

One problem encountered in our experiments is a slow drift of the out-of-plane
magnetic field Bz. This occurs especially directly after the refilling of liquid
helium and nitrogen into the dewar. The high accuracy of the presented data
was made possible by repeated cycling of the gate voltage, i.e., the data shown
in Fig. 3.5a-c are recorded many times (most data was obtained using 40 rep-
etitions). The evaluated ∆φ0(Vg) values shown in Fig. 3.5d,e are found by
averaging over the individual measurements.

3.4. Gate dependence of the Josephson diode
effect

The measured Ic(Bz) curves can also be used to extract the efficiency of the
Josephson diode effect which occurs in the small probe junction in the presence
of an in-plane magnetic field. Fig. 3.7 shows simulated Ic(Bz) curves for realistic
parameters corresponding to an in-plane field of magnitude 50mT. The critical
current Ic,2 is extracted as the maximum difference of Ic(Bz) and the reference
line where Ic,2 = 0: Ic,2 = max(Ic(Bz) − Ic,ref(Bz)). It is found that this
extracted critical current is reduced by a factor of three when compared to the
actual critical current of JJ2 used in the circuit simulation. This is an effect
of screening which reduces the amplitude of the critical current oscillations.
However, as shown in Fig. 3.7b, the extracted critical current is proportional
to the real critical current, as can be seen from the perfect match with the linear
fit. This proportionality is tested for both sinusoidal and ballistic CPR of the
probe junction. Therefore, the diode efficiency can be found by extracting I+c,2
and I−c,2 from the measured data. The negative critical current needs to be
found from Ic(Bz) measurements with negative bias current polarity.

Fig. 3.8a shows Ic(Bz) oscillations for both positive and negative polarity of
the bias current measured at an in-plane field of By = −50mT. The critical
currents of the measured oscillations are shown in Fig. 3.8b,c for different values
of the gate voltage.

The diode efficiency is defined as

η =
I+c,2 + I−c,2

(I+c,2 + |I−c,2|)/2
, (3.12)

where I±c,2 are the values of the critical current extracted from the data as shown
in Fig. 3.8a. The resulting diode efficiencies as a function of gate voltage are
shown in Fig. 3.9a-e. As the measurement of the critical current is affected
by drift of the out-of-plane field, all measurements of Ic(Bz) are repeated by
cycling the gate voltage many times. The error bars shown in the plots are
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bsimulation: extraction of Ic,2

sinusoidal CPR

ballistic CPR (τ = 1)

simulation: extraction of Ic,2

extracted Ic,2

extracted Ic,2

Fig. 3.7.: a, Extraction of the critical current Ic,2 from the SQUID oscillations. The
CPR of JJ2 is I2(γ) = Ic,2 sin(γ). b, Dependence between the extracted and the
actual critical current. A linear fit is shown in orange. c, Extraction of the critical
current for the case where JJ2 has a fully ballistic CPR with transparency τ = 1. d,
Dependence between the extracted and the actual critical current for the case of a
ballistic CPR. A linear fit is shown in orange.

obtained from the standard deviation of the individual measurements. The
curves can be fitted using η(Vg) = η(−1.5V) + A · Vg, where the constant A
is the gate slope of the diode efficiency. All curves feature a spurious offset
η(−1.5V), which is present even when the applied in-plane field is zero. As
shown by simulations, the proportionality constants between the real critical
current and the extracted critical current are in general slightly different for
each individual SQUID oscillation. The extracted diode efficiency ηextracted is
then affected by an offset, which is independent of gate voltage. Assuming
that α+ and α− are the proportionality constants for the positive and negative
critical current, the extracted diode efficiency is

ηextracted = 2
α+I

+
c + α−I

−
c

α+I+c + α−|I−c |
∼ ηreal +

α− − α+

α+

. (3.13)

This approximation is valid if α+/α− is close to unity. We conclude that only
the slope of η(Vg), and not the absolute value, can be extracted reliably from
the data without having further knowledge of the α± constants. Fig. 3.9f shows
dη/dVg as a function of the in-plane field applied By. The observed curve is anti-
symmetric with sharp extrema at By = ±50mT. This is the behavior which is
expected from our earlier measurements of the diode effect. In [12] the extrema
of the rectification were obtained at slightly larger field of By = ±75mT. The
reason for this difference is not clear at the moment. The main difference in
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Bip = 50mT
θ = -90°

Fig. 3.8.: a, Positive and negative critical current of the SQUID device as a function
of Bz for Bip = 50mT. The black curve refers to Vg = −2.5V and the red curve
refers to Vg = 1V. The arrows indicate the SQUID oscillations featured in panels b
and c. b, Positive critical current I+c (Bz) of the SQUID for different values of the
gate voltage. The red arrow indicates the value of I+c,2. c, Negative critical current
I−c (Bz) for different values of the gate voltage. The red arrow indicates the value of
I−c,2.

the measurements of C. Baumgartner was a slightly different wafer structure
with a indium concentration of 81% in the spacer.

Due to the large screening effects, the measurement of the diode efficiency
with our SQUID device is challenging. A more direct measurement with single
junctions was performed by the group of J. Shabani [36]. These measurements
also show the increase of the diode efficiency with the gate voltage. The gate
tunable Josephson diode effect was also observed in experiments with InSb
nanowires [44]. In these experiments the nanowires are partially covered with
an Al shell. The weak link is created by shadow-wall lithography and shallow-
angle Al deposition. The partial superconducting shell of the nanowires allows
tuning of the chemical potential in the leads. A separate gate is used to control
the potential at the weak link. The diode efficiency is strongly gate tunable
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Fig. 3.9.: a-e, Measured diode efficiency η = 2
I+c,2+I−c,2

(I+c,2+|I−c,2|)
as a function of gate

voltage. The panels correspond to values of Bip = −50,−30, 0, 30, 50 mT. The values
of η(Vg) are averaged over 40 measurements of the SQUID critical current. The error
bars correspond to the standard deviation of the individual measurements. f, Gate
slope of the diode efficiency dη(Vg)/Vg plotted as a function of the in-plane magnetic
field By.

and this result is interpreted as a consequence of gate-tunable SOI and g-factor
in the proximitized part of the nanowire.

3.5. Temperature dependence of the anomalous
phase shift and the Josephson diode effect

Unlike the anomalous phase shift, the Josephson diode effect requires higher
harmonics in the current-phase relation. As was presented an Fig. 2.8 of the
previous chapter, the theoretical models predict that the Josephson diode ef-
fect is strongly suppressed by increasing the temperature. On the other hand,
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it is expected that the anomalous phase shift has very little temperature de-
pendence. In order to check these predictions we now use the SQUID device
to perform measurements of ∆φ0 and dη/dVg as a function of temperature.
The results are presented in Fig. 3.10. The anomalous phase shift is mea-

experiment (θ = -90°, Bip = 100mT) 

experiment (θ = -90°, Bip = 50mT )

b

a

Fig. 3.10.: a,Measurement of the anomalous phase shift ∆φ0(Vg = 1V) as a function
of temperature. The in plane field is set to By = −100mT. b, Measurement of
dη/dVg as a function of temperature. The in-plane field is set to By = −50mT.

sured at By = −100mT and shows very little temperature dependence up to
T = 700mK. The Josephson diode effect is measured at By = −50mT where
dη/dVg is maximal. A decrease with temperature is clearly visible. The data
points of dη/dVg(T ) show a large scatter, especially at higher temperatures.
This is due the reduced critical current at larger temperatures, which increases
the error in the determination of the diode efficiency. Moreover, the transition
between superconducting and normal state in the dV/dI(IBias) measurements
becomes less sharp at higher temperatures, resulting in a further increase of
the error. Fig. 3.11 shows the measurement of dη/dVg for T = 40mK and
T = 750mK, which are the lowest and highest temperatures for which the
diode effect is measured. The statistical errors in the determination of the
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T = 40mK, By = -50mT T = 750mK, By = -50mT

Fig. 3.11.: Measurement of η(Vg) for T = 40mK (a) and T = 750mK b. The
values are determined by averaging over 40 cycles of the gate voltage. The error bars
represent the standard deviation of the data points recorder for each gate voltage.

diode efficiency are strongly increased at T = 750mK. This explains why the
scatter in Fig. 3.10b is increased at the higher temperatures.

The measured suppression of the diode efficiency is in good agreement with our
earlier experiments on the non-reciprocal Josephson inductance. There, the
non-reciprocity of CPR was quantified using the parameter L′

0 := dL/dI(IDC =
0) [12]. The measurements of L′

0(T ), shown in Fig. S5 of [12], show an exponen-
tial decrease of L′

0(T ) with temperature. At T = 300mK the ratio γL ∼ L′
0/L0

is only 50% of the value measured at the base temperature T ∼ 50mK. This
is explained by the suppression of the higher harmonics in the CPR with tem-
perature.
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4. Vortex ratchet effect in
two-dimensional Josephson
junction arrays

The properties of two-dimensional arrays of Josephson junctions (2D JJAs)
were studied in depth in the 80s and 90s [13]. The JJAs serve as an important
model system in condensed matter physics. The transport properties of two-
dimensional JJAs are determined by vortices. Motion of vortices under the
influence of a bias current results in a finite resistance. The motion is strongly
affected by the pinning of vortices and the repulsive vortex-vortex interaction.

In this chapter we study the transport properties of JJAs with sub-micrometer
lattice constants fabricated from Al/InAs superconductor-semiconductor het-
erostructures. The most striking observation is a vortex ratchet which is ob-
served when an in-plane magnetic field is applied to the array. The key signature
of the ratchet effect is a difference in vortex depinning currents for positive and
negative polarity of the current bias. Vortex ratchet effects have been observed
in earlier works featuring JJAs and nanopatterned superconducting films. In
these works an anisotropic vortex pinning was induced by a anisotropic de-
vice geometry or anisotropic shape of the pinning sites. In contrast, here we
observe a vortex ratchet effect in a highly symmetric device with fourfold rota-
tional symmetry. The effect is explained by the anomalous phase shift in the
presence of long range Josephson coupling between the islands. Our model of
the JJA, developed together with the group of Felix von Oppen at FU Berlin,
extends the standard XY model of square arrays with next-nearest neighbor
interactions and anomalous phase shifts.

The results presented in this chapter are published in the preprint [45].

4.1. Frustration in Josephson Junction Arrays

In this chapter we study the superconducting regime of transport in JJAs where
the normal state resistance of the individual junctions is far below the resistance
quantum, i.e., RN ≪ RQ = h

e2
= 25.8 kΩ. In this case the charge on the islands

is not discrete and the value of the superconducting phase on each island is
a classical variable, i.e., quantum fluctuations of the phase can be neglected.
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The opposite case of an array in the Coulomb blockade regime with insulating
behavior is studied in Chapter 6.

The JJA is described by the frustrated XY model [13, 46, 47, 48]. We label
the phases on the array islands as φi. The free energy is determined by the
Josephson coupling energy between neighboring islands

F =
∑
i,j

−EJ cos

(
φj − φi −

2πAij

Φ0

)
. (4.1)

The out-of-plane magnetic field is encoded in the terms Aij, which are the line
integrals of the vector potential between neighboring islands. Summing the
vector potential terms around one plaquette gives

∑
plaquetteAij = Φ = Bza

2,

where a2 is the area of the unit cell. The current from island i to a neighboring
island j is given by

Iij =
2π

Φ0

∂F

∂(φj − φi)
= Ic sin

(
φj − φi −

2πAij

Φ0

)
. (4.2)

The effect of the out-of-plane field is typically quantified using the frustration
parameter f :=

∑
plaquetteAij/Φ0 = Bza

2/Φ0, which is the flux per unit cell
given in units of the superconducting flux quantum. A gauge invariant phase
difference between islands j and i is defined as γi→j = φj − φi − 2πAij

Φ0
. Similar

to the case of the SQUID studied in the previous chapter, the gauge invariant
phase differences are constraint by a fluxoid quantization condition∑

plaquette

γi→j = 2π(f +N), (4.3)

where the integer N gives the winding number of the gauge invariant phase
around the plaquette.

Fig. 4.1.: Current configuration around the core of a vortex. The core of the vortex
is located in the center of the array. The magnitude of the Josephson currents is
indicated by the length of red arrows between superconducting islands. The orange
star indicates the position of the vortex, located at a minimum of the vortex pinning
potential.

Similar to type-II superconductors, JJAs can host vortices. For simplicity we
first consider the case without applied field, i.e. f = 0. Summing the gauge
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invariant phases in a loop around the core of a vortex gives a value of 2πn
where n = ±1 is the vorticity. Vortices with negative vorticity are referred to
as antivortices. For a vortex in the array at position (x0, y0), the phases can
be approximated by φ(x, y) = arctan2(y − y0, x − x0). Here arctan2(y, x) =
arg(x + iy) is the 2-argument arctan function producing values in the interval
[0, 2π).

Using this approximation, the energy of the vortex as a function of the position
of the vortex core is then found by plugging φ(x, y) into Eq. (4.1). The resulting
vortex pinning potential

U(x, y) ∼ EB(cos(2πx/a) + cos(2πy/a)) (4.4)

has minima located between four adjacent islands. The configuration of Joseph-
son currents for a vortex located at a minimum of U(x, y) is shown in Fig. 4.1.
The barrier energy EB is approximately 10% of the Josephson energy EJ . When
applying a transport current with density j⃗, vortices experience a Lorentz force
F⃗L = Φ0j⃗×z⃗ perpendicular to the applied current. Depinning of vortices occurs
when the Lorentz force exceeds the maximal gradient of the pinning potential.
For a single vortex in a square array the depinning current per junction (total
current divided by the number of rows in the array) is given by Id = 2πEB/Φ0,
which is approximately 10% of the Josephson critical current of the individual
junctions.

An applied out-of-plane magnetic field is screened by the induced currents in
the array. The magnetic penetration depth of the JJA is found from the result
of Pearl, which is valid for thin superconducting films. The JJAs can be viewed
as a discretized version the thin film. The penetration depth is given by [13,
eqn. 6.64]

λ⊥ =
Φ0

2πµ0Ic
, (4.5)

where Ic is the critical current of a single junction. For the array studied in
this chapter the upper limit of the critical current is Ic ∼ 500 nA, so that
λ⊥ > 500 µm. As this largely exceeds the dimensions of the device, we do not
have to take screening effects into account.

For a large array in an out-of-plane field Bz, the equilibrium number of vortices
in the array will be Nv = BzA/Φ0, where A is the total area of the array.
The average number of vortices per unit cell of the array is then given by
the frustration parameter f . In the ground state the configuration of vortices
minimizes the total energy given by Eq. (4.1). The ground state configurations
for f = 1/2, f = 1/3, and f = 2/5 were found in the early work of Teitel
and Jayaprakash [49]. The vortex patterns of these ground states are presented
in Fig. 4.2. For these values of rational frustration f = p/q the currents and
phases are periodic with a q × q unit cell. This is not true in general. For
examples, one of the two ground states for f = 1/4 is only periodic on a 8× 8
cell [47]. Low energy configurations of the vortices for larger values of q can be
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found numerically, typically by using simulated thermal annealing algorithms
[48].

f=1/2 f=1/3 f=2/5

Fig. 4.2.: The known ground state configuration of vortices for frustrations f =
1/2, 1/3, and f = 2/5. Each square corresponds to a site located between four
adjacent superconducting islands. The unit cell of the vortex lattices are indicated
with red rectangles.

In this chapter we will study how an anomalous phase shift φ0 in the current
phase relation affects the physics of two-dimensional JJAs. The basic situation
is sketched in Fig. 4.3. An in-plane field applied in the y-direction induces a φ0

shift for all junctions in the x-direction, so that the free energy of a junction in
the x-direction is given by

F = −EJ cos(φj − φi − φ0 − 2πAij/Φ0). (4.6)

Adding the anomalous phase shifts to the XY model is equivalent to a gauge
transformation of the magnetic vector potential, i.e., 2πAij/Φ0 → 2πAij/Φ0 +
φ0. This gauge transformation changes the phases as φ→ φ+ nxφ, where the
integer nx is the index of an islands coordinate in the x-direction. However, all
Josephson energies and currents are unaffected by the transformation, as the
frustration parameter f is not changed by the gauge transformation. From this
we conclude that the anomalous phase shift in the x-direction has no observable
consequences on the transport properties of the array. As we will see, this is not
true for the nanoscale arrays studied here.In order to model the non-reciprocal
effects caused by the anomalous phase shift, we will have to extend the XY
model with next-nearest-neighbor couplings.

φ0φ0 φ0

x

y

Bip

Fig. 4.3.: JJA with in-plane field applied in the y-direction. All junctions in the
x-direction feature an anomalous phase shift, indicated with black arrows.
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4.2. Two-dimensional Josephson junction array
device

The JJA device is fabricated from the Al/InAs wafer M01-08-22.1, which was
also used for the asymmetric SQUID experiment presented in Chapter 3. The
junctions are defined by electron beam lithography followed by selective wet-
etching of the Al film. The resulting array consists of 200×200 aluminum islands
separated by 100 nm wide gaps where the aluminum is removed. The islands are
400× 400 nm2 in size. The lattice constant of the array is a = 500 nm, and the
out-of-plane field corresponding to frustration f = 1 is B0 = Φ0/a

2 ∼ 8.2mT.
A sketch of the array geometry and the contacts is shown in Fig. 4.4a. Transport
measurements are performed in a quasi-four-point setup. A global top gate is
used to control the carrier density in the electron gas below the junctions where
aluminum is removed. The resulting chip features 16 array devices, which differ
by the electron beam exposure used for writing the junctions. Two of the 16
array devices, referred to as devices A and B, are contacted with bond wires.
Scanning electron microscopy images of device A are shown in Fig. 4.4b,c.
The SEM images were taken before the deposition of the AlOx gate dielectric.
All measurements presented in this chapter are performed on device A, unless
stated otherwise.

The temperature dependence of zero-bias differential resistance of the array is
shown in Fig. 4.5a. Unlike the R(T ) curve of the superconducting film, shown
in Appendix A, the resistance does not immediately drop to zero below the
critical temperature of the aluminum film Tc,Al ∼ 2.1K. A strong decrease of
resistivity occurs when further cooling below T ∼ 1.2K. The strong decrease
of the resistivity below 1.2K marks the onset of strong Josephson coupling and
phase coherence between the aluminum islands.

The resistance of the device measured as a function of the out-of-plane mag-
netic field Bz is shown in Fig. 4.5b. Due to the fast sweep of the magnetic field
the temperature of the sample is increased to ∼ 200mK in the measurement.
A dip of the resistance is found at Bc,Al ∼ 150mT. At this field a large number
of vortices will be present in the array, as f ≫ 1. At high vortex density the
pinning is very low, causing dissipation due to vortex motion at arbitrarily low
bias currents. This changes for Bz ∼ B0 = 8.2mT below which stronger vor-
tex pinning results in zero differential resistance for sufficiently low excitation
currents.

Determining the electron density in the semiconductor quantum well covered
with the aluminum film is difficult for most sample geometries, as even in
the normal state the aluminum has a much lower sheet resistance than the
electron gas in the quantum well, making it impossible to measure the Hall
effect of the semiconductor. The first measurement of the electron density in an
InAs quantum well covered with aluminum was performed using the cyclotron
resonance response in THz spectroscopy [50].



48
4. Vortex ratchet effect in two-dimensional Josephson junction

arrays

θ
x

y
Bip

I

Ibias

V

1
0
0
μ

m

Al Al

1
0
0
 μ

m

InAs

a

c

AlAl

b100μm

500nm

Fig. 4.4.: a, Sketch of devices A and B. b, High-resolution SEM image of the JJA.
Aluminum islands with size 400 × 400 nm are separated by junctions with length
∼ 100 nm. c, SEM image of device A. The oscillating brightness on the array is an
imaging artifact due to interference of the image pixel size and the lattice constant.
SEM images in b and c were taken before the growth of the gate dielectric.

The two-dimensional JJA device enables a novel probe of the electron density
in the Al-covered quantum well using standard magnetotransport techniques.
Due to the low lattice constant a = 500 nm, the aluminum islands due not
shunt the electron gas in the semiconductor and an applied transport current
must flow through the quantum well. This becomes evident as the sheet resis-
tance of the array of ∼ 500Ω is much larger compared to the sheet resistance
of the aluminum film R□,Al ∼ 36Ω. Fig. 4.6a shows the differential resistance
of the array as a function of out-of-plane magnetic field for different gate volt-
ages. Fig. 4.6b shows the same data after removing a second-order polynomial
background. This graph shows Shubnikov de-Hass (SdH) oscillations, which
are clearly visible for 1/Bz < 0.8. The electron density corresponding to the
oscillations is 9.0 × 1011 cm−2 with no apparent dependence on gate voltage.
This indicates that the SdHs probe the electron density in the semiconductor
covered by Al, where the effect of the gate is screened. The obtained density
is in excellent agreement with the value n = 8.5 × 1011 cm−2 found using THz
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Bc,Al ~ 150 mT
Tc,Al ~ 2.07 K

T ~ 200 mK, Vg = 0 V

Iac = 50 nA (rms)
Vg = 0 V

a b

Fig. 4.5.: a, Zero-bias differential resistance of the array as a function of temperature.
b, Zero-bias differential resistance of the array as a function of the out-of-plane
magnetic field. The critical field of the aluminum film is visible as the first drop of
resistance at Bz ∼ 150mT, marked with a black arrow.

spectroscopy on a very similar Al/InAs heterostructure [50]. The linear part
of the magnetoresistance is caused by the two-terminal measurement, where
voltage is probed on the terminals which are used to source the current. The
two-terminal resistance probes both the longitudinal resistance and the Hall
resistance [51].

a b

Fig. 4.6.: a, Two-point measurement of magnetoresistance in the normal state as
a function of out-of-plane magnetic field. The temperature is T ∼ 200 mK. b,
Magnetoresistance data after substraction of a quadratic polynomial background,
plotted as a function of 1/Bz.

4.3. Characterization in an out-of-plane magnetic
field

A first characterization of the superconducting transport properties of the JJA
is performed by studying the non-linear transport properties as a function of
the out-of-plane magnetic field which tunes the density of vortices in the array.
This is performed by measuring the differential resistance using a small ac
current excitation on top of a dc bias current. The field is varied in the range
−12mT . . . 12mT. The resulting map of the differential resistance is shown
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in Fig. 4.7. When the dc bias current is below the depinning current the
differential resistance is zero (black regions). Peaks of the depinning current
are observed at several commensurate values of the frustration parameter. The
most pronounced peaks are found at |f | = 0, 1, 1/3, 1/2, and 2/3. Smaller
features can be found at |f | = 1/6, 1/5, 1/4, 2/5, and 3/5. The position of the
peaks at f = ±1 fits perfectly to the calculated value of the integer matching
field B0 = Φ/a2 = 8.2mT. The transport properties are clearly not periodic
in f . In particular, the critical current at f = 1 much smaller compared to
f = 0. This is because the junctions have a finite area and the magnetic
field generates Fraunhofer interference in each junction. The first node of the
Fraunhofer interference pattern is expected at a field corresponding to one flux
quantum per junction. As the number of junctions is twice the number of
islands, this occurs at f = 2. The range of field shown in Fig. 4.7 corresponds
to the central lobe of the Fraunhofer pattern.

f=0 f=1f=-1 f=1/2f=-1/2

Fig. 4.7.: Differential resistance at zero in-plane magnetic field and T ∼ 40 mK
measured as a function of out-of-plane field Bz and dc bias current. Peaks of the
depinning current are found at the indicated dotted lines at f = Bz/B0 = 0, 1/6,
1/5, 1/4, 1/3, 2/5, 1/2, 3/5, 2/3, and 1. The measurement is performed with an
ac-excitation of 10 nA at frequency 777 Hz.

The critical current in the vicinity ofBz = 0 is not visible in Fig. 4.7, as it largely
exceeds 1µA. This regime is studied in separate V (I) measurements. The
strong vortex pinning at low fields results in hysteretic behavior when changing
the out-of-plane field and the results of a measurement at a given field Bz

depend on the history of the field. This can be overcome by thermal annealing.
After each change of Bz the sample is heated above the critical temperature
of the aluminum film and then field cooled until the temperature is sufficiently
low. We use an on-chip heater in order to minimize the heat load on on the cold
finger and the mixing chamber. Fig. 4.8a shows the resulting I(V ) curves for
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different values of Bz. The largest field of Bz = 90 µT corresponds to f ∼ 0.011.
After thermal annealing the current is increased starting from zero followed by
a back-sweep to zero. A zoom into the low-voltage part is shown in Fig. 4.8b.
For |Bz| close to zero we observe a discontinuous jump of the voltage from zero
to a dissipative state. Starting at |Bz| = 3 µT there is a regime of vortex creep
with finite resistance and nearly constant slope of V (I), which is followed by
a jump in voltage to the strongly dissipative state. At Bz = 90 µT the I(V )
is continuous and does not show any hysteresis. A color map of the voltage at
positive sweep direction is shown in Fig. 4.8c. The dark blue region corresponds
to the zero voltage state, while the red region corresponds to the dissipative
normal state. The flux creep occurs in the white/pink regions. We expect that
the critical current at nominally zero out-of-plane field is also related to vortex
depinning. The observed critical currents are far below the currents where the
individual junctions reach the Josephson critical current. For the present device
this would be expected for a current density of ∼ 1 µA/µm, corresponding to
a current of 100 µA. The observed critical current is much lower by a factor
of 10, which is the expected behavior in JJAs as already stated above in this
chapter.

a b

c d around f = 1around f = 0

Fig. 4.8.: a, V (I) curves for low out-of-plane fields. Black arrows indicate the sweep
direction, showing the hysteresis between up and down sweep of the current. Field-
cooling is performed for each measurement after setting Bz to the new value. A heat
pulse with power P ∼ 0.5mW is applied for 1 s followed by a cooling time of 2min.
The V (I) measurements always start at zero bias current. b, Zoom into the low
voltage part of panel a. c, Color map of log(|V |(Bz, I)) around zero frustration. d,
Color map of log(V (Bz, I)) around integer frustration f = 1.

The same measurement is performed around integer frustration f = 1. The
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resulting map of the voltage is shown in Fig. 4.8d. While the critical currents
are much lower, the qualitative behavior is the same as for f = 0. In particular
we still observe a discontinuous jump of the voltage from zero to the normal
state when the frustration is very close to 1.

4.4. Observation of the magnetochiral vortex
ratchet effect

Applying an in-plane magnetic field to the array gives rise to magnetochiral
effects caused by the interplay of Rashba SOC and Zeeman field. In particular
we expect that all junctions perpendicular to the in-plane field will acquire an
anomalous phase shift as sketched in Fig. 4.3. Our main observation when
applying in-plane fields to the array is a novel type of vortex ratchet effect. In
this section we give a detailed description of the experimental observations. A
minimal theoretical model which captures the effect is then introduced in the
following section 4.5.

Fig. 4.9a shows V (I) characteristics of the array device with an applied in-plane
magnetic field with magnitude Bip = 250mT. The measurement is performed
for both polarities of the bias current and both polarities are compared by plot-
ting the absolute values of voltage and current. A large difference in critical
currents is visible when the field is applied perpendicular to the current (pur-
ple). In the parallel configuration (green) both curves are on top of each other.
The non-reciprocity of critical currents can be quantified by the rectification
efficiency (also referred to as diode efficiency)

η =
∆Ic
Ic,mean

= 2
I+c − |I−c |
I+c + |I−c |

. (4.7)

We now study how the rectification efficiency depends on the out-of-plane field
(i.e. the density of vortices/antivortices) and the gate voltage. Fig. 4.9b-d
shows measurements of η as a function of Bz for different values of the gate
voltage. The magnitude of the in-plane field is Bip = 250mT. Each panel
presents a different orientation of the in-plane field. The rectification efficiency
is approximately symmetric in Bz, i.e., η(Bz) ∼ η(−Bz) with a maximum of η at
zero out-of-plane field. The measurements shown in Fig. 4.9b-d are performed
by sweeping the out-of-plane field at base temperature. The slight asymmetry
of η(Bz) is reduced in measurements shown below, where thermal annealing is
performed for each individual value of Bz.

The dependence of η on the orientation of the in-plane field coincides with that
known from the anomalous phase shift and the Josephson diode effect. In par-
ticular the rectification efficiency is strongly reduced for the parallel configura-
tion of current and field and is anti-symmetric in By, i.e., η(By) = −η(−By).
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Fig. 4.9.: a, Current-voltage characteristics of the 2D JJA device for different ori-
entations of the in-plane field, with Bip = 250 mT. b-d, Rectification efficiency
η = ∆Ic/Ic,mean for different orientations (black arrows) of the in-plane field, mea-
sured at Bip = 250 mT and temperature T ∼ 40mK. The color corresponds to
different values of the gate voltage Vg, varied in steps of 0.5V from −2.5V to 0.5V.
The temperature is kept constant at T = 40mK. The out-of-plane field Bz is always
swept from −20 µT to 20 µT.

The gate dependence of η is presented in Fig. 4.10a where the average of η over
the interval Bz = −20 µT . . . 20 µT, labeled η̄, is plotted versus gate voltage.
The effect depends monotonically on gate voltage and is suppressed for negative
gate voltages. The dependence on the magnitude of the in-plane field is shown
in Fig. 4.10b,c. Plotting the value of η̄ versus Bip shows a monotonic increased
of η̄ up to the largest applied field of 250mT and a nearly linear behavior for
fields up to 125mT. A small non-reciprocal effect remains for zero in-plane
field. Diode effects in the absence of an in-plane field have been observed in
thin films [52, 53]. There, the rectification was linked unequal vortex barriers at
the film edges due to asymmetric defect configurations on the film edges. In our
case, a similar geometric mechanism is likely responsible for the rectification at
zero in-plane field.

Detailed measurements of the critical current and η̄ as a function of the angle
θ between current and in-plane field are presented in Fig. 4.11. The averaged
depinning current shows pronounced maxima when the field is parallel to the
current (θ = 0, π) and minima when the field is perpendicular to the current
(θ = π/2, 3π/2). The angle dependence of the averaged diode efficiency shows
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b ca

Bip = 250 mT

-90°

180°

90°

Fig. 4.10.: a, Average of η (labeled as η̄) in the range |Bz| < 20 µT at Bip = 250mT
as a function of gate voltage for different orientations of the in-plane magnetic field. b,
Rectification efficiency η(Bz) for θ = −90◦ and gate voltage Vg = 0.5V, for different
values of Bip. Thermal annealing is performed after each data point, eliminating any
field-sweep dependence. c, η̄ as a function of Bip, extracted from the data shown in
panel b.

the sinusoidal behavior η̄ ∼ − sin(θ). The temperature dependence of the

a b
Bip = 250mT Bip = 250mT

I
θ

Bip

Fig. 4.11.: a, Angle dependence of the mean depinning current 1/2(I+c + I−c ) for
|Bip| = 250mT. The depinning current is averaged over the range |Bz| < 20 µT. b,
Angle dependence of the averaged diode efficiency η̄.

critical current and the rectification efficiency is shown in Fig. 4.12 for the
case of Bip = 250mT. We find that the diode efficiency is nearly constant for
temperatures up to 400mK. A decrease of η is only observed at temperatures
where the critical current is reduced to a small fraction of the value at zero
temperature.

Changing the out-of-plane magnetic field Bz while keeping T ≪ Tc will result
in a non-equilibrium configuration of vortices. When sweeping the out-of-plane
field around zero, we expect that the depinning currents will display a hysteretic
dependence on the out-of-plane magnetic field. Fig. 4.13 shows measurements
of Ic, for both positive and negative sweep direction of Bz, performed around
Bz = 0 µT. The shape of η(Bz) clearly depends on the sweep direction for Bz

close to zero, while at a larger magnitude of Bz, the critical currents and diode
efficiency become independent of the sweep direction. The observed dependence
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Bip = 250 mT

θ = -90°

a b c

Fig. 4.12.: a, Temperature dependence of the mean critical current (I+c + |I−c |)/2
for an in-plane field Bip = 250mT applied perpendicular to the bias current. b,
Difference of critical currents ∆Ic = I+c − |I−c | versus temperature. c, Rectification
efficiency as a function of temperature. In this figure all quantities on the y-axis are
averaged over the range |Bz| < 20 µT).

on the sweep direction of Bz is actually not hysteretic but anti-hysteretic. One
possible explanation for the anti-hysteresis is that it does not originate from
vortex pinning in the array but from flux pinning in the aluminum electrodes.
Trapped flux in the aluminum electrodes will generate stray fields with opposite
direction of magnetic flux in the array. The result would be that hysteretic flux
trapping in the electrodes leads to anti-hysteretic flux in the array.

Importantly, the effect of (anti-)hysteresis can be removed by thermal annealing
after changing the value of Bz as is performed for the measurements shown in
Fig. 4.10b. The annealing procedure results in much more symmetric η(Bz)
curves.

Measurements of the ratchet effect are also performed with device B in order
to check the device-to-device reproducibility. The comparison of devices A and
B, shown in Fig. 4.14, shows that both arrays have similar critical current and
the rectification efficiency of both devices at Bip = 250mT is nearly identical.

4.5. A minimal model of the ratchet effect

The model and numerical simulations presented in this chapter were developed
together with A. G. Penner, L. I. Glazman, and F. von Oppen (FU Berlin
/ Yale University). The basic model of the vortex ratchet effect is presented
in Fig. 4.15. For a XY model with nearest-neighbor interactions only, a φ0-
shift is has no effect on the properties of vortices, as already discussed in the
introduction of this chapter. This changes when adding next-nearest (diagonal)
neighbor interactions. In general, the φ0-shift induced by an in-plane field
will be different for the nearest-neighbor and next-nearest-neighbor couplings.
This results in a frustrated ground state with spontaneous persistent currents.



56
4. Vortex ratchet effect in two-dimensional Josephson junction

arrays
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c d

e f

Bip = 250mT

Bip = 125mT

Bip = 0mT Bip = 0mT

Bip = 125mT

Bip = 250mT

Fig. 4.13.: a, Out-of-plane field dependence of the depinning current Ic for Bip =
250mT. b, Rectification efficiency corresponds to the depinning currents shown in
panel a. c,d, Same measurement performed at Bip = 125mT. e,f, Same measure-
ment performed at Bip = 0mT. The sweep direction of the out-of-plane field is
indicated with purple/green arrows. In all measurements the in-plane magnetic field
is applied in negative y-direction (θ = −π/2) and the temperature is below 50mK.
No offsets are subtracted from Bz. The offset fields are caused by misalignment of
the in-plane fields and flux-pinning in the superconducting magnet coils. In all other
figures in this chapter an offset is subtracted from Bz. The offset field is determined
as the field with maximum critical current.

When a vortex is added to the array, the current configuration is no longer four-
fold symmetric around the vortex center. A sizable coupling between diagonal
neighbors is realistic in the studied array. The range of the Josephson coupling
in the proximitized electron gas is determined by the spatial extend of the
Andreev bound states. The relevant length scale is given by the coherence
length ξ ∼

√
ξ0l with the BCS coherence length ξ0 = ℏvF

π∆∗ > 800 nm and the
mean free path le > 250 nm. The values of le and vF in the electron gas strongly
depend on the electron density (see Appendix A). For a large range of densities
the order of magnitude of ξ is the same as the lattice constant a = 500 nm of
the JJA. Unlike the Josephson diode effect, the vortex ratchet effect persists to
large fields and temperatures. We conclude that higher harmonics in the CPR
of the junctions are not required for the vortex ratchet effect. Therefore, the
model only uses sinusoidal CPR with anomalous phase shifts.



4.5. A minimal model of the ratchet effect 57

a b

Bip = 250mT, θ = -90° Bip = 250mT, θ = -90°

Fig. 4.14.: Comparison of depinning current (panel a) and diode efficiency (panel
b) for the nominally identical devices A and B.

The free energy of an array with shape N × N is written as a function of the
phases φij, where i = 1, . . . , N and j = 1, . . . , N are the indices in x- and
y-direction, respectively. The Josephson coupling between nearest neighbors
is labeled EJ and the coupling between next-nearest (diagonal) neighbors is
labeled ED. We consider the case where the in-plane field is aligned in the
y-direction and the out-of-plane field Bz is zero. All junctions in x-direction
have the anomalous phase shift φx

0 and the diagonal junctions have the phase
shift φdiag

0 . The free energy at zero temperature reads

FJJA =
∑
ij

−EJ cos(φi+1,j − φi,j − φx
0) +

∑
ij

−EJ cos(φi,j+1 − φi,j)+∑
ij

−ED cos(φi+1,j+1 − φi,j − φdiag
0 ) +

∑
ij

−ED cos(φi+1,j−1 − φi,j − φdiag
0 ).

(4.8)

A minimizer of the free energy is a configuration of phases φij for which FJJA

has a minimum. A minimizer satisfies ∂FJJA/∂φij = 0, which is equivalent
to Kirchhoff’s current law. In order to study the effect of a bias current, the
following term is added to the free energy

Fbias =
2e

ℏ
I
∑
j

(φ1,j − φN,j). (4.9)

Minimizing the free energy then results in a constant current density at the left
and right edges of the array. The current density, i.e., the current per row will
be given by I, so that the total bias current through the array will be NI.

For the case with zero bias current a minimizer of Eq. (4.8) is found from an
ansatz with a helical modulation of the phase in x-direction: φGS

ij = i∆φx.
Inserting this ansatz leads to the equation

tan(∆φx) =
EJ sin(∆φ0)

EJ cos(∆φ0) + 2ED

(4.10)

∆φx = arctan2(EJ sin(∆φ0), EJ cos(∆φ0) + 2ED) (4.11)
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Fig. 4.15.: Top row: JJA with nearest neighbor coupling only, with no spontaneous
supercurrent in the ground state. The Josephson current distribution around a vortex
remains four-fold symmetric. Bottom row: Anomalous phase shifts φx

0 > φdiag
0

and persistent currents for the case with diagonal coupling. The Josephson current
distribution generated by a vortex is no longer four-fold symmetric.

where ∆φ0 := φx
0 − φdiag

0 is the difference of anomalous phase shifts in the
horizontal and the diagonal direction. This helical ground state features persis-
tent currents. The current configuration for the parameters ED/EJ = 0.5 and
∆φ0 = π/2 is shown in Fig. 4.16a.

We now study vortex depinning in the described model of the JJA. We set the
frustration parameter f to zero and consider a single vortex in a large array.
This corresponds to the experimental situation of the lowest possible vortex
density at nominally zero out-of-plane field. Starting from the ground state
φGS
ij an approximate ground state of the array which contains a single vortex at

position (x, y) (measured in units of the lattice constant) is constructed using
the “arctan” approximation

φij = φGS
ij + arctan2(y − l, x− i). (4.12)

The real ground state of the vortex, which is a local minimizer of the free energy,
is then found by gradient descent of the free energy. The current configuration
for the ground state of a single vortex with parameters ED/EJ = 0.5 and
∆φ0 = π/2 is shown in Fig. 4.16b. The four-fold rotational symmetry of the
Josephson currents around the center of the vortex is clearly broken.

The depinning current and rectification efficiency are determined as follows.
We start with the ground state of a large N × N array with a single vortex
located in the center. The bias current I is then increased in small steps. For
each new value of I the free energy is minimized by gradient descent until the
phase of each island converges. For a value of I below the depinning current the
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a b

Fig. 4.16.: a, Josephson currents in the ground state of a JJA for ED/EJ = 0.5 and
∆φ0 = π/2. b, Josephson currents around the center of a vortex for ED/EJ = 0.5
and ∆φ0 = π/2. Figures provided by A. G. Penner.

vortex will remain pinned inside the array. This can be checked by evaluating
the winding number of the phase around the center of the array. If the value
of I exceeds the depinning current, the vortex will start to move towards the
edge of the array. This procedure to find the depinning current is performed for
both positive and negative polarity of the bias current for different values of the
couplings ED/EJ and the anomalous phase shift difference ∆φ0 = φx

0 − φdiag
0 .

The convergence of the critical currents with respect to the size N of the array
is checked. An array size of 100 × 100 is found to be sufficiently large and
the simulations presented here are performed with arrays of this size. Results
of the simulations are presented in Fig. 4.17. For ED = 0 no rectification is
observed and the depinning current does not depend on ∆φ0. For ED/EJ >
0 the rectification efficiency η shows a monotonic increase with ∆φ0 which
is approximately linear for small values of ∆φ0. The rectification efficiency
increases monotonically with the ratio ED/EJ , reaching 20% for the parameters
ED/EJ = 0.8, ∆φ0 = π/2.

The rectification efficiency observed in the experiment is symmetric with re-
spect to the out-of-plane field, i.e., η(Bz) = η(−Bz). This means that the
depinning current is the same for vortices and antivortices. This observation
can be explained in our model of the ratchet effect. A comparison of the Joseph-
son current configurations for vortices and antivortices is sketched in Fig. 4.18.
For Bip applied in the y-direction, the shape of an antivortex is found from the
shape of a vortex by the reflection y → −y. In addition, the Lorentz force has
opposite sign for vortice and antivortices. The depinning current for a given
polarity of the bias is therefore the same for both vortices and antivortices.
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a b

Fig. 4.17.: a, Simulated vortex depinning currents for positive and negative polarity
of the bias current as a function of ∆φ0 := φx

0 − φdiag
0 . Different colors correspond

to different values of the ratio ED/EJ . b, Resulting rectification efficiency η =
∆Ic/Ic,mean as a function of ∆φ0 for different values of the diagonal coupling strength.
The ration ED/EJ is changed in steps of 0.1 from 0 to 0.8. Simulation results provided
by A. G. Penner.

4.6. The role of diagonal coupling for the vortex
ratchet effect: A control experiment

In the used square array geometry the ratio of next-nearest and nearest-neighbor
coupling depends on the length scales of the Andreev bound states and the array
lattice constant.

The spatial extend of the ABS can be reduced by using a material with a low
mean-free path l in the quantum well. For l ≪ ξ0 the effective GL-coherence
length will scale as ξGL ∼

√
lξ0. We now perform a control experiment with an

array device with strongly reduced diagonal coupling. The device geometry is
presented in Fig. 4.19a,b. This JJA, which will be further explored in Chap-
ter 5, is fabricated using the Al/InAs heterostructure M10-08-18.2, also grown
by the group of Prof. M. Manfra. The maximum mean free path in this struc-
ture is lmax ∼ 270 nm, observed at an electron density of n = 0.5 × 1012 cm−2.
The array with a shape of 16×2000 islands has a lattice constant of a = 1.1 µm.
For comparison, the material used for devices A and B has lmax > 700 nm. From
the sample geometry and material parameters we conclude that device C has a
very low ratio of diagonal coupling to nearest-neighbor coupling. From this we
expect that the magnetochiral ratchet effect is strongly reduced in device C.

We perform V (I) measurements on device C. The in-plane magnetic field with
magnitude Bip = 250mT is applied perpendicular to the direction of the bias
current. Fig. 4.19c shows a V (I) measurement performed close to zero out-of-
plane magnetic field. For both polarities the bias current is swept starting at
I = 0. The curve is apparently symmetric, i.e. V (I) = −V (−I). The curve
does not show the pronounced step at the critical current, which is visible
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Fig. 4.18.: Qualitative shape of the currents and Lorenz forces for vortices (upper
row) vs. antivortices (lower row). A linetrace of the skewed pinning potential U(y) is
sketched for each situation. The pink dots mark the minima of the pinning potentials.
The columns differ by the polarity of the in-plane field (θ = −90◦ in the left column
vs. θ = 90◦ in the right column), while the current bias direction is the same. For
a given polarity of Bip the sign of rectification efficiency is the same for vortices
and antivortices, while changing the polarity of Bip flips the sign of the rectification
efficiency. The left column corresponds to the situation of lower depinning current,
the right column that for higher depinning current.

in measurements of devices A and B. Instead, there is a continuous onset of
voltage. Still it is possible to define a critical current as the current where
the voltage exceeds a threshold value. The resulting Ic(Bz) curves for different
values of the threshold voltage Vc are shown in Fig. 4.19d. Similar to devices A
and B a maximum of Ic is found around zero out-of-plane field. The rectification
is shown Fig. 4.19d. For low values of Vc the value of η is affected by large noise,
while at the larger value Vc = 5mV the rectification efficiency is less noisy and
always below 0.01. Compared to devices A and B where η ≳ 0.35 for the same
parameters this clearly shows that the ratchet effect is strongly suppressed in
device C.

The same measurement is also performed at Bip = 150mT. The resulting data
is presented in Fig. 4.20. For low values of Vc we again observe a low rectification
efficiency with large noise. At higher voltage Vc = 10mV we find a more sizable
rectification η ∼ 0.07. The rectification is observed in a resistive regime where
a power of P = I ·V ∼ 40 nW is dissipated in the long array device. A power of
this magnitude will typically increase the electron temperature in the device by
several hundred mK. In this case the observed non-reciprocal resistance could
be related to non-reciprocal paraconductivity. This type of magnetochiral effect
was observed in gated MoS2 [54]. While the effect exists also in the normal state,
it is strongly enhanced in a regime of temperature slightly above the critical
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Fig. 4.19.: a, Geometry of The JJA device C. Fabrication of this device and SEM
imaging was performed by Christian Baumgartner. The Array consists of 16× 2000
islands with two superconducting aluminum contacts. Transport experiments are
performed using a quasi four-point configuration. Due to manufacturing reasons the
array is actually formed by 20 shorter arrays of size 16× 100. The individual arrays
are connected by superconducting Al electrodes. b, SEM image of device C. The
aluminum islands of size 1 × 1µm2 are separated by junctions of length ∼ 100 nm.
The lattice constant is a = 1.1 µm. c, V (I) characteristic of device C obtained at
Bip = 250mT. The out-of-plane field is close to 0 µT and the gate voltage is set to
Vg = 0V. The sweep direction for positive and negative polarity of the bias current
is indicated with black arrows. d, Critical current as a function of Bz for different
values of the voltage Vc (see text). e, Rectification efficiency corresponding to the
critical currents shown in panel d.

temperature where the resistance is influenced by superconducting fluctuations
[55].

4.7. The ratchet effect at commensurate
frustration

So far we have studied the vortex ratchet effect at small values of the out-of-
plane field |Bz| < 20 µT, corresponding to a frustration |f | < 0.0024. At higher
vortex densities the interaction of vortices will start to play a larger role. We
now study the role of frustration on the vortex ratchet effect. The rectification
properties are measured in a larger range of frustration up to the first integer
matching field.
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a b c

Bip = 150 mT

θ = -90°

Bz ~ 0 μT

Fig. 4.20.: a, Measurement of V (I) for device C at Bip = 150mT at zero out-of-
plane field. The in-plane field is applied perpendicular to the bias current. b, Critical
current as a function of out-of-plane field. Different colors relate to different values
of the voltage Vc which is used for the definition of the critical current. c, Diode
efficiency corresponding to the Ic(Bz) data shown in panel b. The gate voltage is set
to Vg = 0V and the temperature is below 100mK.

The non-reciprocal behavior is detected using a low-frequency measurement of
the second-harmonic of resistance. Using a digital lock-in amplifier we apply
an ac current bias with frequency ω and amplitude Iac. The dc component of
the bias current is zero. The measurement technique is illustrated in Fig. 4.21.
A non-reciprocal V (I) characteristic results an a second-harmonic component
of the voltage when the amplitude of the ac bias is between the positive and
negative critical currents. This can also be shown by expanding V (I) in a Taylor
series. For a non-reciprocal V (I) curve the expansion contains even powers of
I. In the most simple case, the expansion is given by V (I) = αI + βI2. For an
ac-drive I(t) = Iac sin(ωt), the resulting voltage over the sample is

V (t) = αIac sin(ωt) + βI2ac
1

2
(1− cos(2ωt)). (4.13)

The second order term in V (I) results in a dc and a second harmonic compo-
nent. Both components are proportional to the second power of the excitation
current Iac. The non-reciprocal response can be detected by measuring the dc
component and/or the second harmonic component of the voltage. The lock-in
detection at frequency 2ω/(2π) = 2 × 777.77Hz can be performed with much
better signal to noise ratio, when compared to a measurement of dc voltage.
Therefore, we use the second harmonic of resistance to study non-reciprocal
V (I) characteristics.

A color map of the first harmonic of resistance Rω = Vω/Iac as a function of
frustration f and amplitude Iac is shown in Fig. 4.22. The in-plane field with
orientation perpendicular to the bias current is set to Bip = 125mT. The
resistance is zero for a amplitude below the critical current (black regions).
Similar to the differential resistance measurement presented in Fig. 4.7, maxima
of the depinning current are visible at the commensurate values of frustration
f = ±1/3, ±1/2, ±2/3, ±1. The in-plane field leads to a reduction of critical
current and compared to Fig. 4.7, fewer peaks of the critical current are visible.
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Fig. 4.21.: a, Non-reciprocal I(V ) characteristic with η = ∆Ic/Ic,mean = 0.5. b,
Numerically calculated first and second harmonic of resistance for an ac current bias
with amplitude Iac.

a Bip = 125mT

I

Bip

Fig. 4.22.: Map of the first harmonic of resistance Rω = Vω/Iac measured as
a function of frustration for Bip = 125mT. The y-axis corresponds to the rms-
amplitude of the ac current bias. The measurement is performed using the SR830
digital lock-in amplifier with the SR552 voltage preamplifier. The frequency is set to
ω/2π = 777.77Hz.

Color maps of the second harmonic of resistance R2ω = V2ω/Iac are shown in
Fig. 4.23 for different orientations of the in-plane field. Peaks of R2ω with the
same sign are visible at integer values of f , as well as at f = 1/2 (blue color
in panel a and red color in panel b). Close to f = 0 the bias amplitude is
always below the critical current so that R2ω is zero (white region). A reversed
sign of R2ω is found in the region 0.2 < f < 0.5 with a pronounced peak at
f = 1/3 (red color in panel a and blue color in panel b). Line-traces of Rω(f)
and R2ω(f) are shown in Fig. 4.24a-c. The sign reversal of R2ω around f = 1/3
is reproduced in a measurement at lower in plane field Bip = 60mT, shown in
Fig. 4.24d,e.

We now compare the observed vortex ratchet effect to that reported in previous
experiments, where the ratchet effect was always engineered by fabrication of a
pinning potential with asymmetric geometry. For example in [56] the pinning
sites were created using ferromagnetic dots below a layer of aluminum. The
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Fig. 4.23.: Second harmonic of resistance R2ω = V2ω/Iac measured as a function
of frustration and ac bias current. The in-plane field Bip = 125 mT is applied
perpendicular to the direction of current. The angle between current and in-plane
field is θ = 90◦ for panel a and −90◦ for panel b.

non-reciprocal pinning was created by sawtooth-like modulation of the ferro-
magnetic dot size. A similar approach was used in [57] were pinning was studied
in an array of superconducting Pb islands fabricated on a Cu film. The ratchet
effect was created by a sawtooth-like modulation of the junction lengths. In
contrast, the array studied in the present work has four-fold rotational symme-
try and an in-plane magnetic field is used to control the non-reciprocal vortex
pinning which is a magnetochiral effect. Another qualitative difference is the
dependence on the out-of-plane field. In the previous works the rectification has
an anti-symmetric dependence on the out-of-plane field, i.e, η(Bz) = −η(−Bz).
This is because the geometrically engineered pinning potential is the same for
vortices and antivortices, while the Lorentz force has different sign for vortices
and antivortices. In contrast, for the magnetochiral effect the pinning is differ-
ent for vortices and antivortices, resulting in a rectification efficiency which is
symmetric as a function of the out-of-plane field.

The sign reversal of the vortex ratchet as a function of frustration was also
observed in several previous works with geometrically engineered ratchet po-
tentials [57, 58, 59, 60, 56, 61]. In [56] it was shown that the sign reversal
is linked to vortex-vortex interaction. It occurs when the effective magnetic
penetration depth, which sets the length scale of vortex-vortex interaction, ex-
ceeds the period of the sawtooth modulation. However, in our case the physics
is clearly different as the sign reversal occurs in a symmetric and periodic ar-
ray. The observation of an enhanced ratchet effect at commensurate values of
the frustration parameter is a novel effect. The exact microscopic mechanism
leading to the sign reversal in our measurements is so far not clear. Likely,
the critical currents close to commensurate values of frustration is determined
by the pinning of defects in the vortex patterns such as missing (or excess)
vortices.

More insights in the motion of vortices could be gained by also measuring
the Hall voltage, providing the full vortex resistivity tensor, as proposed by
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Fig. 4.24.: a-c, Line traces of Rω(f) and R2ω(f) corresponding to the color maps
shown in Fig. 4.22 and Fig. 4.23. d,e, Measurement of Rω and R2ω performed at
Bip = 60mT.

Penner et al. [62]. The longitudinal voltage measured in the present device
is proportional to the rate of vortices moving in the direction transverse to
the applied bias current. Using additional Hall probes, located at the top and
bottom edges of the array, it would be possible to detect vortex motion in
the longitudinal direction, which is predicted to occur for frustrations around
f = 1/3 where the vortices form stripe-like patterns [62].
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5. Measurement of Josephson
vortex inductance in
two-dimensional Josephson
junction arrays

In this chapter we study the inductive response of pinned vortices in two-
dimensional Josephson junction arrays (JJAs). The inductance is measured
using a MHz-frequency LC resonator circuit. Compared to the measurement of
the vortex depinning current, this technique provides a complementary probe
of vortex pinning far below the depinning current, deeply in the dissipation-free
superconducting regime. Another motivation for the measurement of Josephson
vortex inductance comes from our earlier experiment on vortex inductance in
Al/InAs films [63]. There it was found that the in-plane magnetic field induces
an anisotropic pinning potential, which was detected using vortex inductance
measurements.

5.1. Inductance of Josephson vortices

For a sufficiently low density of vortices the pinning potential of a vortex is
given by

U(x, y) = EB(2− cos(2πx/a)− cos(2πy/a))

where a is the lattice constant of the array and EB is the energy barrier. For
square arrays EB is 10% of the Josephson energy EJ [64]. For small deflection
from the minimum, the pinning potential is parabolic with the spring constant
given by k = 4π2EB

a2
. When applying a dc bias current to the JJA, the vortex

experiences the Lorentz force

F = jΦ0,

where j is the applied current density. As a function of j the pinning energy is
given by

U(j) =
F 2

2k
=

Φ2
0j

2

2k
.
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The two-dimensional density of vortices in an out-of-plane magnetic field Bz is
nv = Bz/Φ0. The vortex pinning energy per area is then given by

e(j) = U(j) · nv =
Φ0Bzj

2

2k
=

1

2
L□j

2

with the sheet inductance

L□(Bz) =
Φ0Bz

k
=

Φ2
0

4π2EB

f.

The frustration parameter f = Bza2

Φ0
gives the flux per plaquette in units of

the superconducting flux quantum. Expressing the Josephson energy using the
Josephson inductance L0, we find

L□(Bz) =
Φ2

0

4π2EB

f = L0
EJ

EB

f

At zero frustration without vortices in the array, the inductance is given by the
Josephson inductance L0 of the junctions. The total inductance close to zero
field is the sum of the Josephson inductance and the vortex inductance

Ltotal□(f) = L0

(
1 +

EJ

EB

f

)
. (5.1)

The above formulas are only valid as long as the out-of-plane field Bz is suf-
ficiently low, so that the distance between vortices is large and vortex-vortex
interaction plays no role. Moreover, we have assumed that Bz is low enough
so that it does not influence the Josephson energy EJ and the barrier energy
EB.

5.2. Device layout and basic characterization

The sample is fabricated from the wafer M10-08-18.2 grown by the Manfra
group. The active layer of the heterostructure is shown in Fig. 5.1a. The
structure is slightly different compared to more recently grown wafer stack used
for the experiments described in previous chapters. A detailed characterization
of this wafer is performed in [37]. The peak mobility is µ = 22 000 cm2/Vs at a
density n = 5× 1011 cm−2 and the maximum mean free path at this density is
le = 270 nm. The 2D array device used for measurements of vortex inductance
was fabricated by C. Baumgartner. In order to generate a large inductance, the
device features a chain of 20 blocks connected in series, as shown in Fig. 5.1b.
Each block is 16 islands wide and 100 islands long. The effective number of
sheets in the array is given by N□ = 20 × 100/16 = 125. The lattice constant
is a = 1.1 µm and the expected matching field is B0 = Φ0/a

2 = 1.71mT.

Fig. 5.2a shows a measurement of the differential resistance as a function of out-
of-plane magnetic field and dc bias current. The observed behavior is similar
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Fig. 5.1.: a, schematic of the 2D JJA device used for inductance measurements.
The array consists of 20 blocks, which are 16 islands wide and 100 islands long. The
lattice constant of the array is 1.1 µm and the junctions have a length of ∼ 100 nm.
b, SEM image of a single block with 100× 16 islands. c, Zoom into panel b showing
SEM image of individual islands. Fabrication and SEM imaging of the device was
performed by C. Baumgartner.

to the device with a = 500 nm studied in the previous chapter. Fig. 5.2b shows
multiple maxima of the critical current at various integer and fractional values
of the frustration parameter f = Bz/B0. Compared to the 200×200 array with
a = 500 nm we observe fewer peaks at commensurate values of the frustration
parameter. The sheet resistance in the normal state, observed at high bias
current, is given by RN/N□ ∼ 80Ω. Close to zero out-of-plane field we observe
a discontinuous V (I) curve, as shown in Fig. 5.3. Unlike the device studied in
the previous chapter we observe multiple jumps in the voltage. We count ∼ 20
jumps, matching with the number of blocks in the device. We conclude that the
vortex depinning current differs between the blocks in the device. Even before
the first step at I ∼ 5.5 µA there is a onset of voltage, which becomes visible in
the log scale plot Fig. 5.3. In nominally zero field we observe non-zero voltage
for I ≳ 1.5 µA. This differs from the device studied in the previous chapter
where no voltage could be found before the voltage jump. A possible reason for
the early onset of voltage are weak spots in the long array. At a weak spot the
vortex pinning could be strongly reduced and vortex creep would be possible
before the depinning current is reached in the other parts of the array.
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Fig. 5.2.: a dV/dI is obtained by numerical differentiation of V (I) curves. b Vertical
lines are drawn at multiples and fractions of the matching field B0 = 1.765mT.

5.3. Measurement of Josephson and vortex
inductance

As shown above, the inductance of the sample at zero applied bias current is
directly related to the vortex density and the strength of the vortex pinning.
Therefore, the measurement of inductance as a function of out-of-plane field
is a direct probe of the vortex pinning in the array. Inductance measurements
are performed by embedding the device in a cold LC resonator as shown in
Fig. 5.4. A detailed description of the implementation of this technique is
given in Appendix B.2. Fig. 5.4b shows the transmission spectrum measured
at base temperature and zero out-of-plane magnetic field. The curves are fitted
using

|S21(ω)| =

∣∣∣∣∣ A

1 + iQL(
ω2−ω2

0

ωω0
)

∣∣∣∣∣ (5.2)
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a b

Fig. 5.3.: a V (I) curves at low out-of-plane magnetic field. b Same data as a shown
in double logarithmic scale.

a b
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f0 = 4.288 MHz 

QL = 41.2

Fig. 5.4.: a Schematic of the resonator circuit. b Measurement of the S21 transmis-
sion parameter at zero magnetic field and base temperature. The fit is done with
Eq. (5.2).

with the loaded quality factorQL, and the resonance frequency ω0. The network
analysis of the circuit is given in Appendix C. The inductance of the sample is
directly related to the resonance frequency by

ω0 =
1√

C0(L0 + Lsample)

The loaded quality factor QL is related to the internal quality factor QI and
the external quality factor QE

1

QL

=
1

QI

+
1

QE

. (5.3)

For the resonator circuit shown in Fig. 5.4a the external and internal quality
factors are given by

QE =
RD + Z0

2

√
C

L
∼ 50 (5.4)

QI =
1

R

√
L

C
. (5.5)

The value of the coil inductance L0 is determined in a separate cooldown where
the sample is replaced by bond wires.
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The resistance R which determines the internal quality factor is due to the series
resistance of the capacitor, the copper coil, and the sample. At base tempera-
ture and zero magnetic field where the sample is deeply in the superconducting
state we measure QL = 41.2. Using Eq. (5.3) we find QI from QL and QE,
which gives QI ∼ 200 corresponding to a resistance R ∼ 40mΩ. This residual
resistance is likely caused by the normal conducting parts of the circuit, such
as the copper coil, the capacitor, and the pogo pins.

a b

sweep direction

sweep direction

Fig. 5.5.: a b

We now study the behavior of the sample inductance L and the quality factor
QL as a function of the out-of-plane magnetic field. The field is swept while
the temperature is close to the base temperature of the cryostat. Fig. 5.5
shows the resulting L(Bz) and Ql(Bz) curves. The results are very sensitive
to the sweep direction of the field. As the field is swept towards zero, the
quality factor increases with a sharp maximum around zero field. After the
the magnetic field changes sign the quality factor is strongly reduced, leading
to strong noise in the obtained inductance data. Apparently, the history of
the magnetic field strongly influences the obtained measurements. By ramping
the field we induce energetically unfavorable configurations of vortices in the
JJA device and the superconducting leads. This problem is solved by thermal
annealing of the vortex configuration for each value of Bz. After each change
of Bz we use the heater located on the PCB of the resonator to apply a 1mW
heat pulse for 5 s. By measuring the resistance of the device we find that this
heat pulse is sufficient to heat the JJA above the critical temperature of the
aluminum film. The heat pulse is followed by a cooling time of 3min. After the
cooling time the temperature at the sample thermometer is below 200mK and
the transmission measurement is performed. The resulting data is shown in
Fig. 5.6. The inductance and quality factor in Fig. 5.6a are clearly symmetric
with respect to Bz, showing that the hysteresis problem is solved by the thermal
annealing procedure. Around zero field we find a nearly constant increase of
L(Bz) with a sharp maximum of the quality factor at zero field. Apart from the
V-shaped minimum of L(Bz) at zero field we find additional minima of L(Bz)
at the values f = 1/6, 1/4, 1/2, 1/3, and 1. With the most pronounced features
at f = 2/3 and f = 1. For each of these commensurate values of frustration
we find a pronounced peak in the measured quality factor. Around zero field
we perform a fit of L(Bz) as shown in Fig. 5.6a using

L(Bz) = L(Bz = 0)(1 + α|f |). (5.6)
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The fit yields α ∼ 6, showing that vortex pinning is stronger than expected for
a square array of junctions with sinusoidal CPR, for which one would expect
α = EJ/EB = 10, as shown above. Similar to f = 0 one can extract the
pinning of excess vortices around a commensurate value fc of the frustration
where L(f) shows a dip

L(f − fc) = L(fc)(1 + αf=fc|f − fc|). (5.7)

Fig. 5.6b shows the fits for f = 2/3 and f = 1. We find αf=2/3 ∼ 21 and
αf=1 = 27. From the larger values of α at the fractional frustration we conclude
that pinning of the excess vortices and antivortices is much weaker compared
to the pinning of vortices close to zero frustration.

a b1/6 1/4 1/2 12/3

Fig. 5.6.: a Measured sample inductance (purple) and quality factor (green). Verti-
cal lines are draws at f = ±1/6 and f = ±1/4. b vertical lines are drawn at f = 1/3,
2/5, 1/2, 2/3, 3/4, 4/5, and 1.

5.4. Non-reciprocal Vortex inductance for in-plane
magnetic fields

Applying a bias current density j will tilt the vortex pinning potential U(y)
to Ũ(y) = U(y) − Φ0 j y. Measuring the vortex inductance will probe the
curvature of the pinning potential around the new energy minimum y0 which
is determined from the equation U ′(y0) = Φ0j. A measurement of L(IDC) will
therefore probe the shape of the pinning potential. The vortex inductance will
diverge as the bias current approaches the depinning current. For a ratchet-
like pinning potential we expect to find a non-reciprocal behavior of L(IDC).
Applying an in-plane field of 150mT we observe non-reciprocal V (I) curves as
shown in Fig. 5.7b. The sign of the effect is the same as for the device shown
in the previous chapter, while the magnitude is much smaller. A more detailed
discussion was given in the previous chapter in Section 4.6.

As a reference for the non-reciprocal L(IDC) behavior, we first perform a mea-
surement of L(IDC) at zero in-plane magnetic field. In order to tune the out-
plane field to zero we use the following procedure. The sample is heated close
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Fig. 5.7.: a Differential resistance dV/dI(IDC , Bz) measured at Bip = 150mT ap-
plied perpendicular to the direction of the bias current. b I(V ) characteristic for
positive and negative polarity of bias current at zero out-of-plane magnetic field. In
both measurements the temperature is below 100mK.

to the transition temperature and we measure R(Bz) in a small range of field,
which has a minimum at zero out-of-plane field. We then increase the tem-
perature above the transition temperature of the aluminum film and cool at
zero field. This procedure is repeated a few times in order to assert that the
minimum of R(Bz) is stable over time.

Fig. 5.8 shows the resulting data for L(IDC) and Q(IDC). The quality factor
is nearly constant for |IDC | < 1.5 µA and shows a rapid decrease for larger
magnitude of the current. The inductance shows a slight increase with applied
bias current until the noise of the inductance measurement becomes large as
the quality factor of the resonance is suppressed at IDC ∼ ±2 µA. We note that
the quality factor is suppressed at currents much below the vortex depinning
current Ic ∼ 5.5 µA found from the V (I) measurements presented above. This
can be linked to the spurious onset of voltage at low biases, which was also
observed in the dc measurements.

We now study L(IDC) with an in-plane magnetic field which is applied in the
y-direction (perpendicular to the direction of the bias current). Before each
measurement the sample is field-cooled in zero out-of-plane field as described
above. In Fig. 5.9 we show the resulting L(I) and Q(I) curves for Bip = 150mT
and Bip = 250mT. The L(I) and Q(I) curves measured at Bip = 150mT is
highly asymmetric in the bias current. Both L(I) and Q(I) are approximately
symmetric around a positive bias Ioffset > 0. For positive polarity of the bias
current we can apply up to 1.2 µA before the resonance vanishes, while in
the negative direction we can apply only 0.5 µA. Compared to zero in-plane
field the maximum quality factor is reduced from 40 to 25, which shows an
increase of dissipation due to weakly pinned vortices. At Bip = 250mT the
asymmetry of L(I) and Q(I) is visible but less pronounced. The maximum
possible bias current is reduced to ∼ 400 nA and the quality factor is always
below 20 and is immediately reduced by the bias current. In Fig. D.1 we
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show further measurements at in-plane fields of 275mT, 300mT, and 350mT
showing a further decrease of quality factor and maximum possible bias current
for which a resonance can be measured. At 350mT the quality factor is always
below 10 and the maximum possible bias current is below 100 nA. Decreasing
the excitation power of the transmission measurement does not improve these
numbers.

a b

Fig. 5.8.: inductance and quality factor a function of dc bias current for zero in-
plane magnetic field. The excitation power is −95 dBm and the temperature is below
120mK.

a Bip = 150 mT

Bip

Idc

Bip = 250 mT

b

c

d

Bip

Idc

Fig. 5.9.: inductance and quality factor a function of dc bias current for Bip =
150mT and 250mT. The in-plane field is applied perpendicular to the dc bias current
at an angle θ = −90◦ as indicated. The excitation power is −95 dBm and the
temperature is below 120mK.
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5. Measurement of Josephson vortex inductance in

two-dimensional Josephson junction arrays

5.5. Discussion and Outlook

In this chapter we have demonstrated the first measurements of vortex induc-
tance as a function of out-of-plane field Bz and bias current. Thermal anneal-
ing of the vortex configurations was found to be critical for the quality of the
measurements. With an in-plane magnetic field we found non-reciprocal L(I)
curves, which is in good agreement with a ratchet-like vortex pinning poten-
tial and the observation of non-reciprocal depinning currents in the previous
chapter. Another interesting measurement would be the dependence of L(I)
on the angle of the in-plane magnetic field with respect to the direction of the
ac/dc bias currents. The theory in the previous paper predicts an increase of
pinning strength for parallel orientation of field and current. According to the
results found in the previous chapter the non-reciprocal behavior of L(I) should
monotonously increase with the magnitude of the applied in-plane field, as the
effect is caused by the anomalous phase shift φ0 in the junctions. We were not
able to observe this here, which is likely due to the limitations of the device, as
we will discuss next.

One issue with the studied device is the early onset of dissipation under current
bias. Therefore only a small range of bias current is available before the Q factor
of the transmission resonances is depressed. Better results could be possible by
measuring the inductance of an array with only a single or a few squares. The
inductance of a single square JJA would be about 100 times lower compared to
the device studied in this chapter. However, it would be possible to boost the
sensitivity of the measurement by
i) Use of a higher frequency resonator with lower L0. As shown in Appendix C,
the sensitivity of the inductance measurement is inversely proportional to the
total inductance L0+Lsample. We have already demonstrated resonators where
the total inductance is a factor of 10 lower compared to the LC Resonator used
here.
ii) Use of a cryogenic low noise amplifier. The cold amplifier which is now
installed in the system (it was not available at the time of these measurements)
has at least 10 times lower input voltage noise compared to a room temperature
amplifier.

iii) Use of hanger-type resonators. As shown in Appendix C these resonators
can have better sensitivity for inductance measurements for large quality factors
compared to the resistively coupled resonators used here.
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6. Coulomb blockade effects and
superconductor-insulator
transition in 2D JJAs

We now use the top gate on the two-dimensional Josephson junction array to
tune it across the superconductor insulator transition (SIT). First we show
the transition from the superconducting to the insulating state by studying
the non-linear resistance dV/dI(Ibias). Tuning deeper into the insulating state,
transport is blocked by the Coulomb gap. In the Coulomb blockade regime
charge transport is suppressed when the bias voltage is below the threshold
voltage, which is strongly tunable with the gate voltage. Finally we study
thermal activation of transport in the deeply insulating regime, from which we
find a novel technique of extracting the induced superconducting gap in the
proximitized semiconductor quantum well.

6.1. Introduction to insulating behavior in JJAs

For a metallic island coupled by a capacitance C to its environment the single
electron charging energy is given by EC = e2

2C
. For simplicity we first consider

the case of normal conducting islands. The discharging time for an electron on
the island is given by τ = RC. The lifetime broadening of the single electron
energy levels is therefore given by ∆E ∼ ℏ/τ = ℏ/RC. The single electron
charging effects become relevant when the charging energy is larger than the
lifetime broadening. From this condition we find that the resistance R must
exceed the resistance quantum

RQ =
h

e2
= 25.8 kΩ.

For an array of superconducting islands coupled by Josephson junctions, the
most basic Hamiltonian is given by

Ĥ =
1

2

∑
i,j

(Q̂i − qi)C
−1
ij (Q̂j − qj)− EJ

∑
i,j

cos(φ̂i − φ̂j − Aij). (6.1)

C−1
ij are the entries of the inverse capacitance matrix. Rhe potential on each

island is determined by the charge configuration: Vi =
∑

j C
−1
ij Qj. The offset
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charges qi are caused by gate voltages or charge defects. The charge and phase
operators are canonically conjugated operators and satisfy the Heisenberg re-
lation [φ̂i, Q̂j] = 2ieδij.

For EJ ≫ EC the array is in the superconducting state with a well defined
phase on each island and delocalized charges. In the other limit, EJ ≪ EC , the
charges are localized, meaning that there is a well defined number of Cooper
pairs on each island. The phase operators have large fluctuations around their
expectation values and there is no global phase coherence. As the charges are
localized, charge transport is blocked and the array is in the insulating state.
At EJ ∼ EC this model predicts a sharp superconductor-insulator transition
(SIT) at zero temperature, which is an example of a continuous quantum phase
transition. For a detailed discussion of the SIT in JJAs see e.g. [65, 66].

The model discussed above only considers the case where all charges are bound
into Cooper pairs, meaning that there is an even number of electrons on each
island. Adding a single electron to an island generates an excited quasi-particle
state with energy ∆. As we will discuss below, the quasi-particle states are
fundamental for the understanding of our experiments. Another feature of the
junction physics, which is not captured by Eq. (6.1), is dissipation in the junc-
tions due to shunt resistance and quasi-particle tunneling. The influence of
the dissipation on the properties of single Josephson junctions is discussed in
many recent works. The original theoretical predictions of Schmid and Bul-
gadaev predict a crossover in junction behavior for a shunt resistance R =
RQ/4 = h/4e2 = 6.5 kΩ, separating superconducting behavior for R < RQ/4
and a regime with a resistance peak near zero bias current and low dissipation
at larger bias currents for R > RQ/4 [67, 68]. This model is controversially
discussed in multiple recent experimental and theoretical works, e.g. [69, 70,
71, 72], and no consensus on the nature of the dissipative transition seems to
be found so far. The Schmid-Bulgadaev transition is very difficult to measure
in single Josephson junctions as the resistance of the junction is shunted by
the lead impedance which is typically much smaller than RQ/4 at the relevant
frequency regime of the junction dynamics. For the case of two-dimensional
arrays of Josephson junctions the role of dissipation is even less clear.

In the measured JJA device each aluminum island is coupled to the gate with
the geometric capacitance Cg and to each neighboring island with capacitance
C, see Fig. 6.1c. The electric field created by a single charge on an island
decreases exponentially for a separation larger than the screening length λ =√
C/Cg (in units of the lattice constant) [73]. Therefore, the screening length

sets the range for charge-charge interactions. A schematic of the 2D JJAs device
is shown in Fig. 6.1a. The global top gate is used to deplete the electron gas in
the junctions. Each island is capacitively coupled to the environment as shown
in Fig. 6.1c. The geometric capacitance Cg between an island and the top gate
can be estimated as

Cg = ϵϵ0A/d = 0.16 fF (6.2)
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Fig. 6.1.: a, 2D JJA device of 200× 200 aluminum islands. The size of the islands
is 400 × 400 nm and the lattice constant is a = 500 nm. The same device was used
for the measurements presented in Chapter 4. b, Measurement setup used to study
insulating behavior of the JJA. The current amplifier Femto DDPCA-S is used to
bias the device. The voltage is measured using the Femto DLPVA-100-F differential
voltage amplifier. c, Side-view of the JJA device. Cg is the geometric capacitance
between the aluminum islands and the top gate electrode. C is the inter-island
junction capacitance.

where A = (400 nm)2 is the area of the islands, d = 70 nm is the thickness of
the dielectric, and ϵ = 8 is the dielectric constant of the ALD grown aluminum
oxide [74]. The capacitance C between neighboring aluminum islands is difficult
to estimate and will in general depend on the applied gate voltage, which tunes
the potential in the tunneling barrier between neighboring islands.

6.2. Nonlinear resistance and threshold voltage

Fig. 6.2a shows differential resistance dV/dI(I) for gate voltages between−3.1V
and −3.3V. We find a transition from superconducting to insulating behavior
with a sharp crossover at the critical gate voltage Vc = −3.17V, indicated with
a star in Fig. 6.2b. For Vg > Vc we find superconducting behavior with a dip
in differential resistance at zero bias current, which evolves into the zero resis-
tance state for Vg ∼ −3.1V. For Vg < Vc the dV/dI(I) curves feature a bump
at zero bias current. Up to Vg = −3.22V the dip is surrounded by a region
of decreased resistance, i.e. as the bias current approaches zero, the resistance
first decreases before increasing close to zero bias current. We note that the
behavior is never ohmic, i.e. none of the measured curves shows a constant
value of dV/dI(I).
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Fig. 6.2.: a, Differential resistance dV/dI(I) for −3.4V < Vg < −3.1V in steps of
0.01V. The data is obtained by numerical differentiation of V (I) curves. Measure-
ments are performed at T ≈ 40 mK in zero magnetic field. b, same dV/dI(I) data
as in a, with differential resistance plotted in linear scale. The sharp crossover at
Vg = −3.17V (indicated with a black star) from a dip to a bump at zero bias current
is clearly visible. c, Differential resistance as a function of gate voltage extracted
from the data shown in panels a,b. Differential resistance at zero current bias is
shown in purple, while the resistance at high current bias I > 15 nA is plotted in
green.

The resistance as a function of gate voltage is shown in Fig. 6.2c for zero bias
current (purple) and the highest measured bias current I ∼ 15 nA (green).
Both quantities show an exponential dependence on the gate voltage.

We now study I(V ) curves in the insulating regime for gate voltages Vg <
−3.4 V. In Fig. 6.3a,b we compare the cases of superconducting and normal
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islands. The islands are driven to the normal state by an out-of-plane magnetic
field of 200mT. In both cases we observe that no current is detected for bias
voltages smaller than a threshold voltage VT . The peak-to-peak noise of the
measured current in this insulating regime is ∼ 300 fA. The threshold voltages
are slightly different for positive and negative bias. This is not surprising, as
the bias is applied asymmetrically, as sketched in Fig. 6.3d. One terminal of
the array is at ground potential, so that the bias voltage affects the effective
gate voltage.

Bz = 200 mTa

c

Al2O3

gate

Array

d
Vg

Vg(V)

Vg,eff = Vg - Vbias/2 

Vbias

Bz = 0 mTb

Fig. 6.3.: a,b, I(V ) in the insulating regime for normal islands at Bz = 200 mT
(panel a) and superconducting islands at Bz = 0 mT (panel b). The gate voltage
is changed from Vg = −3.6V (blue) to Vg = −3.35V (red). The temperature is
T ≈ 40mK. The sweep direction of the current bias is indicated with black arrows. c,
Threshold voltage VT as a function of gate voltage extracted from the measurements
shown in panels a and b. The critical voltage is defined by |I(Vc)| < 1 pA. d,
Schematic of measurement setup with asymmetric biasing. The bias voltage Vbias

is applied at the left terminal of the array and the right terminal is connected to
ground. In this configuration the effective gate voltage depends on the applied bias
voltage.

For the non-superconducting case there are analytical expressions for VT which
depend on the ratio of C/Cg [73, 75]. In our system we expect to have a
random offset charge on each island due to charge defects in the semiconductor
and dielectric. In the limit Cg ≫ C the expected threshold voltage is [73]

VT = 0.338
eN

Cg

. (6.3)
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Inserting Cg = 0.16 fF and N = 200 gives VT = 67mV. Experimentally we
observe a much smaller value VT ≤ 7mV, showing that the device cannot be
in the limit where Cg ≫ C.

For the other limit C ≫ Cg the threshold voltage was computed numerically in
[75] for the case of random background charges. For the largest simulated array
with size 20 × 20 the numerical results was VT (N = 20) ∼ 1.0e/C. Assuming
that VT scales linearly with the size of the array we can extrapolate this result
and find VT (N = 200) ∼ 10e/C.

We can estimate the capacitance C from the measured threshold voltage

C =
10e

VT
= 1.6 fF

1

VT/mV
. (6.4)

Inserting VT = 7 mV, which we measure at Vg = −3.6 V, we find C = 0.23 fF.
This suggests that in our system C/Cg is of order 1. The threshold voltage in-
creases for decreasing gate voltage with no apparent saturation at Vg = −3.6V.
A possible explanation is that the gate voltage tunes not only the tunneling
resistance between neighboring islands but also the capacitance C of the bar-
rier.

For the data shown in Fig. 6.3a the islands are in the normal state. Super-
conductivity of the aluminum islands is destroyed by applying an out-of-plane
magnetic field of Bz = 200mT, which exceeds the critical magnetic field of the
film. At zero out-of-plane magnetic field the islands are in the superconduct-
ing state. In this case the we observe a pronounced increase of the threshold
voltage, when compared to the normal state, as is visible in Fig. 6.3b. The
threshold voltages for the normal and the superconducting case are compared
in Fig. 6.3c. Compared to the case with normal conducting islands the thresh-
old voltage in the superconducting state is roughly increased by a factor of two.
This is in agreement with tunneling of Cooper pairs with charge 2e between
the superconducting islands.

6.3. Thermal activation of transport in the
deep-insulating state

We now study the temperature dependence of zero-bias conductivity in the
insulating state. For Vg < 3.3 V, the normal state conductivity of the junctions
is far below e2/h. For a two dimensional array in the Coulomb blockade regime
the expected temperature dependence of the zero-bias conductivity is given by
the Arrhenius law [76, 75]

G(T ) = G0e
−EA/kBT . (6.5)
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For semiconductor-superconductor arrays in the insulating regime the tempera-
ture dependence of the resistance was first studied in the supplemental informa-
tion of [77]. This work explored the behavior close to the SIT using zero-bias
differential resistance measurements. The authors found variable range hop-
ping behavior for higher gate voltages and activated behavior in a small range
of parameters at lower gate voltages.

In the following we give a detailed analysis of the activation energies found in
our device. We study the case of the deep-insulating state where the temper-
ature dependence is always described by activated behavior. Analyzing I(V )
measurements we are sensitive to conductivities as low as 10−6e2/h.

For the non-superconducting case the excitations of the system which determine
the activation energy are charge-anticharge dipoles. The excitation energies
were obtained numerically in [75] for the case C ≫ Cg. For a 2D array with
random background charges the numerically computed activation energy is

EA = 0.1e2/C. (6.6)

Fig. 6.4 shows Arrhenius plots of the conductivity for Vg = −3.4 V and Vg =
−3.6 V. The conductivity is obtained by fitting I(V ) curves around zero voltage
bias. The state with normal conducting islands is again studied by applying
Bz = 200 mT (curves labeled NC in Fig. 6.4). For the normal state and the
gate voltage Vg = −3.6 V we find the activation energy EA/kB = 1.1 K. Using
Eq. (6.6) we find the capacitance C ∼ 0.16 fF. The corresponding charging
energy is EC = e2/2C = 0.5 meV. At Vg = −3.4 V we obtain C = 0.27 fF
and EC = 0.3 meV. The values of C extracted from the thermal activation
of transport are in good agreement with the values found from the threshold
voltage.

In the superconducting case, the aluminum islands will proximitze the elec-
tron gas in the InAs quantum well, resulting in an induced gap ∆∗ < ∆Al =
1.76kBTc,Al ≈ 300 µeV. For JJAs with ∆ ≤ EC , previous studies on two-
dimensional SIS arrays have found activation laws for the conductivity with
activation energy [78, 79, 80]

EA = ∆+ EA,N . (6.7)

The gap energy ∆ is the activation energy for the creation of single-charge
quasiparticles, while EA,N is the binding energy of a single-electron charge/anti-
charge dipole [81]. Thermal activation of Cooper-pair dipoles becomes relevant
if EC is far below ∆ and the temperature is below the partity-effect tempera-
ture T ∗, where the number of thermally excited quasiparticles on each island
becomes of order 1. The number Nqp of thermally excited quasiparticles is
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given by [82, 83, 84]

Nqp(T ) = Neff exp(−∆/kBT ) (6.8)

with Neff = 2
√
2V ρ(0)

√
∆kBT , (6.9)

where V is the volume of superconducting islands and ρ(0) is the density of
states. The parity-effect temperature is then

kBT
∗ = ∆/ log(Neff), (6.10)

which is of the order T ∗ ≈ 0.2K for nanoscale aluminum islands. In our system
we always have EC ≳ ∆ and activation energies for the case of superconducting
islands are obtained at temperatures T ≳ T ∗ = 0.2 K. We conclude that our
experiments are in the parameter regime where the activation energy is given
by Eq. (6.7).

Vg = -3.4 V

SCSC

NC
NC

Vg = -3.6 V ba

Fig. 6.4.: a, Thermal activation of transport for Vg = −3.6V. Zero bias conductiv-
ity is obtained by fitting I(V ) curves for |V | < 1mV. The extracted activation tem-
peratures are TA,S = 1.95K and TA,N = 1.10K. b, Thermal activation of transport
for Vg = −3.4V. I(V ) curves are fitted for |V | < 25 µV. The extracted activation
temperatures are TA,S = 1.70K and TA,N = 0.70K.

In the superconductor-semiconductor array the relevant superconducting gap
for quasiparticle creation is the induced gap ∆∗ in the semiconductor, as it
is the smallest gap in the electronic system of the islands. This is unlike the
previously studied arrays of SIS junctions, where the required energy to create
quasiparticles is the gap energy of the aluminum superconductor. In our case,
the thermal activation energy is therefore given by

EA = ∆∗ + EA,N . (6.11)

By comparing the activation energies in the normal and the superconducting
state we have a method to determine ∆∗. Using ∆∗ = EA,S − EA,N , we find

∆∗(Vg = −3.4 V) = 1.0 K · kB = 86 µeV (6.12)

and ∆∗(Vg = −3.6 V) = 0.85 K · kB = 73 µeV. (6.13)
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6.3.1. Discussion

In previous works the induced gap in semiconductor-superconductor heterostruc-
tures was measured using quantum point contact spectroscopy. A value of
∆∗ ∼ 190 µeV was found in [85]. Another measurement of ∆∗ is possible
using the temperature dependence of the Josephson inductance, from which
∆∗ = 130 µeV was found [86]. The values obtained using the technique de-
scribed here are slightly smaller. We note that we use a different layer stack
which is optimized for high mobility in the near-surface quantum well. The
lower coupling between superconductor and quantum well could explain the
smaller induced gap. We find that the obtained value of the induced gap de-
pends on the gate voltage. It is an interesting question how the depletion of
the electron gas in the junctions affects the induced gap below the aluminum
islands. Possibly, the gate voltage tunes the effective size of the proximitized re-
gion in the semiconductor, which could affect the induced superconducting gap.
This could be analyzed by studying arrays with different lattice constants.

The measurement of activation energies could also be used to study the influence
of the in-plane magnetic field on the induced gap. Thereby one could study the
closing of the induced gap and would obtain the effective g-factor g∗, similar
to recent tunneling spectroscopy measurements on InSbAs/Al structures [87].
Rotating the in-plane field could reveal crystallographic anisotropies of the g-
factor.
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7. Summary

This thesis studies effects in Josephson junctions which arise in the presence of
spin-orbit coupling and Zeeman fields. The experimental platform is a hybrid
superconductor-semiconductor heterostructure. A near-surface InAs quantum
well is proximitized by an epitaxial film of superconducting aluminum. Joseph-
son junctions are fabricated by selective etching of the superconductor. Mea-
surements are performed at sub-Kelvin temperatures in a specialized dilution
refrigerator setup.

Chapter 2 gives an introduction to the physics of SNS Josephson junctions. The
most simple model of a superconducting weak link is found from the Ginzburg-
Landau theory which is valid close to the critical temperature of the super-
conductor. We then introduce the more recent models of short SNS junctions
which also include the case of ballistic junctions with high transparency. The
electronic structure of materials involving heavy elements is strongly influenced
by spin-orbit coupling. Broken structure inversion symmetry gives rise to spin-
orbit coupling of the Rashba type. The application of magnetic fields leads to a
Zeeman interaction which breaks time-reversal symmetry. In Josephson junc-
tions the spin-orbit coupling and Zeeman interaction give rise to new effects.
We present a model of Josephson junctions developed by our theory colleagues
which provides a good qualitative understanding of the current phase relation
in ballistic junctions in the presence of Rashba-type spin-orbit coupling and
Zeeman fields.

The experiment described in Chapter 3 enables the measurement of both anoma-
lous Josephson effect and superconducting diode effect using an asymmetric
superconducting quantum interference (SQUID) device. The SQUID device is
studied by measuring critical current as a function of applied flux. The result-
ing interference patterns deviate strongly from the case of a “textbook”-SQUID
device. The reason is the large kinetic inductance of the thin aluminum film
which leads to screening of the applied flux. This behavior can be described by
numerical simulations using a circuit model which includes the effects of kinetic
inductance. Using the SQUID device, the gate dependence of the anomalous
phase shift can be measured with very high accuracy. Measurement of the
anomalous phase shift φ0 for different orientations of the in-plane field shows
the behavior which is expected for a magnetochiral quantity

φ0 ∼ (B⃗ip × I⃗) · sin(θ). (7.1)

In addition to the measurement of the anomalous phase shift, the SQUID device
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also allows the determination of the Josephson diode effect (JDE) for the same
junction. Like the anomalous phase shift, the JDE is tunable with the top
gate voltage, and shows the characteristic dependence on the magnitude of the
in-plane field that was first observed in the previous works of our group. The
temperature dependence of the JDE and the anomalous phase shift is strikingly
different: The JDE is rapidly suppressed by increasing the temperature, while
the anomalous phase shift shows very little dependence on temperature.

The following three chapters study the physics of two-dimensional Josephson
junction arrays fabricated from the hybrid superconductor-semiconductor mate-
rial platform. Chapter 4 studies the influence of magnetochiral effects on vortex
pinning. We observe a magnetochiral vortex ratchet effect which is controlled
by the Zeeman field. This new effect is explained by introducing a XY model
of the JJA with anomalous phase shifts and next-nearest neighbor interaction.
In this model the anomalous phase shift generates persistent currents and the
current configuration of vortices breaks four-fold rotational symmetry. The de-
pinning currents resulting from the model are found using detailed numerical
simulations. We present a control experiment with another JJA device where
the coupling between next-nearest neighboring islands is strongly reduced. As
expected, the vortex ratchet effect is much smaller in this device.

The vortex density in the JJAs can be tuned with the out-of-plane magnetic
field. For commensurate values of the frustration parameter the vortices form
ordered patterns. The ordered configurations of vortices result in maxima of the
depinning current and are observed for for both integer and fractional values of
frustration. The ratchet effect is studied for higher out-of-plane fields up to the
first matching field, which corresponds to a density of one vortex per unit cell.
We find an enhancement of the ratchet effect at both integer and fractional
values of the frustration parameter. In addition, we observe a sign-reversal of
the ratchet effect for values of frustration around f = 1/3.

Pinning of vortices in two-dimensional Josephson junction arrays results in a
inductive response, similar to the well-known kinetic inductance of supercon-
ductors. This vortex inductance is studied in Chapter 5. Inductance is mea-
sured using a MHz-frequency LC resonator which is part of the sample holder.
We measure inductance as a function of vortex density and observe character-
istic dips of inductance at commensurate values of the frustration parameter.
The ordered vortex patterns result in stronger pinning, which leads to the
decreased inductance. We highlight the importance of thermal annealing pro-
cedures, which are required to bring vortices into equilibrium configurations.

In addition we probe vortex inductance as a function of an applied dc current in
the presence of in-plane magnetic fields. These measurements indicate a asym-
metric shape of the vortex pinning potential which is an additonal signature
of the magnetochiral vortex ratchet effect. We discuss possible improvements
which could be implemented in future measurements of vortex inductance in
two-dimensional JJAs.
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Chapter 6 studies the insulating behavior of a two-dimensional JJA device. The
top gate is used to tune the normal state sheet resistance above the resistance
quantum RQ = h/e2 = 25.8 kΩ. Tuning the gate voltage we study the transi-
tion from superconducting to insulating behavior. In the insulating regime we
observe critical threshold voltages caused by Coulomb blockade effects. This
critical voltage depends on the gate voltage, showing an effect of gate voltage
on the junction capacitance.

In order to study the activation of conductance with temperature we perform
I(V ) measurements in the insulating regime. The extracted zero-bias con-
ductance can be fitted with the Arrhenius law G(T ) ∼ exp(−EA/kBT ). We
measure the activation energy EA for the case of both normal conducting and
superconducting islands. It is found that for superconducting islands the ther-
mal activation of conductance is due to single-electron effects caused by ther-
mally activated quasiparticles. Because of this, the measurement of activation
energies allows the extraction of the induced superconducting gap ∆∗ in the
proximitized semiconductor quantum well.
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A. Characterization of the
near-surface InAs/InGaAs
quantum well

This appendix presents the characterization of the Al/InGaAs/InAs waferM01-
08-22.1, which was grown by the group of Prof. M. Manfra in early 2022. The
layer structure of this wafer is shown in Fig. A.1. Most of the measurements
presented in this thesis were performed with this wafer, with the exception of
the data on vortex inductance in Chapter 5, and the control experiment in
Section 4.6, which were measured with devices fabricated from wafer M10-08-
18.2. A detailed characterization of wafer M10-08-18.2 can be found in the
thesis of C. Baumgartner [37].

Basic transport properties of the semiconductor quantum well are performed
with a standard Hall bar device. The mesa of the Hall bar device is wet
etched to a depth of 250 nm using a solution of phosphoric acid, citric acid,
hydrogen peroxide, and deionized water. The composition of the solution is
H3PO4:C6H8O7:H2O2:H2O 1.2:14:2:88. Selective etching of aluminum is then
performed with aluminum etchant type D from Transene at 50 ◦C for 5 s. The
Hall bar is covered with 60 nm aluminum oxide grown by atomic layer deposi-
tion at 80 ◦C. Before the first pulse (trimethylaluminum), the sample is dried
in the ALD chamber under nitrogen flow for 2 hours. Finally, a Ti/Au (5 nm
/ 100 nm) top-gate is deposited onto the channel of the Hall bar.

In Fig. A.2a-d we show Hall mobility, mean free path, Fermi wavelength, and
Fermi velocity as a function of carrier density at T = 1.5 K. The peak mobility
µ > 60000 cm2/Vs is obtained at the density n ∼ 5× 1011 cm−2.

The electron effective mass is determined from the temperature dependence of
Shubnikov-de Haas (SdH) oscillations, following [88]. Fig. A.2e shows SdH os-
cillations in the resistance with a second-order polynomial background removed
in order to obtain the amplitude of each oscillation as a function of tempera-
ture. The carrier density obtained from the oscillations is ∼ 7×1011 cm−2. For
each maximum and minimum of the oscillations we obtain an effective mass by
fitting the temperature dependence of the amplitude with the formula

ASdH(T ) ∼
2π2kBT/ℏωc

sinh(2π2kBT/ℏωc)
(A.1)
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quantum well

InAs quantum  well

substrate

graded buffer layer

superconductor

Fig. A.1.: Layer stack of the wafer M01-08-221. Provided by group of M. Manfra

The obtained mass m∗/me = 0.036 ± 0.005 is slightly lower compared to the
value m∗/me = 0.04 found in [88].

Fig. A.2f shows the resistance of the heterostructure, including the aluminum
film, as a function of temperature, measured in a Hall bar geometry. Due to
the low thickness of the film, the critical temperature is enhanced to 2.07 K
with a normal state sheet resistance of 36 Ω.
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a b

c d

e f

Fig. A.2.: a-d, Transport properties of the quantum well measured with a top
gated Hall bar at temperature T = 1.5 K. The inset of panel e shows the Fermi
level εF versus n. The range in gate voltage corresponding to the n-range displayed
in panels b-e is [-3.5 V,-0.2 V]. e, Amplitude of Shubnikov-de Haas oscillations for
temperatures between 1.4 K and 20 K. f, R(T ) Characteristic of a Hall bar device
with the pristine aluminum film.
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B. The dilution refrigerator system

The Cryoconcept dilution refrigerator is operated in an Oxford Instruments
liquid helium dewar with a liquid nitrogen shield. The dewar is equipped with
a 2D vector magnet. A solenoid coil provides up to 7T in z-direction, while
a split pair provides up to 3T in the x-direction. Both X and Z magnet are
provided with persistent mode switches.

B.1. Cabling and filtering

Resistive coaxial cabling is used for both inductance measurements in the MHz
regime and for low-pass filtering of DC lines. The cables of type GVLZ185 have
a CuNi (70%, 30%) center wire with room temperature resistance of 32Ω or
60Ω, depending on the batch. The braided shielding consists of CuNi (55%
Cu, 44% Ni, 1% Mn). An advantage of this cable over stainless steel coax is
that it can be soldered without highly corrosive acid flux. For the RF lines we
connectorize the cables with commercial SMA connectors (Amphenol 132249).
The coaxial lines are thermalized at each cooling stage of the dilution fridge by
soldering the shield to a copper braid. Between stages the cables are wrapped
around plastic rods to gain extra length to increase attenuation, as shown in
Fig. B.1a. Fig. B.2 shows a room temperature measurement of the cable atten-
uation. At 3GHz the attenuation exceeds 50 dB/m. The attenuation is similar
to the often used semi-rigid stainless steel coax cables from COAX CO. such
as SC-033/50-SS-SS. The cryogenic low noise amplifier (Cosmic Microwave
CITLF1S) is thermalized to the 4K stage. The gain of the amplifier at low
temperature is above 20 dB for f < 2GHz, and the input noise temperature is
below 7K.

DC lines use manganin wires between the breakout box at room temperature
and the mixing chamber plate. Below the mixing chamber we use resistive coax
for low pass filtering. The coaxial lines with a length of ∼ 1m are wrapped
around the coldfinger. At room temperature we typically use Pi-type LC filters
(Tusonix 4201-053) with a cutoff frequency of 10MHz.

The lines used to drive the piezo rotator (Attocube ANRv220) require a very low
resistance, below 3Ω for the two lines in series. Between room temperature and
the 4K stage we use copper wires, while between 4K and the mixing chamber
we use superconducting NbTi/CuNi (GVLZ018) in parallel to phosphor bronze
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(CMT CITLF1S)
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still

Fig. B.1.: Cryostat wiring. a, Cooling stages and heat exchangers of the dilution
cryostat. b, End of the coldfinger with mounted rotator and sample holder. c, Still
and 4K stages with cryogenic LNA mounted to the 4K stage. d, Sample holder with
integrated LC resonator.
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Fig. B.2.: Attenuation measurement of CuNi-CuNi coax cable (GVLZ-185). The
length of the cable is 1m. Right panel: Zoom into low frequency range.

wires. This way the rotator can be operated at arbitrary temperature of the
system. For the three read-out lines of the piezo rotator we use manganin
wires.

B.2. Cryogenic LC resonator design

A photo of the sample holder with integrated LC resonator is shown in Fig. B.1d.
A schematic of the circuit and the read-out electronics are shown in Fig. B.3.

For the decoupling resistance RD = 1kΩ we use metal thin-film resistors from
the Susumu RR-series which are known to have little change in resistance when
cooled to cryogenic temperatures [89]. This resistor is also used for the 1 kW
heater on the sample PCB.

The capacitance C0 = 4nF is implemented using four 1 nF SMD capacitors
connected in parallel. We use SMD capacitors with the NP0/C0G dielectric
(e.g. Würth Elektronik WCAP-CSGP MLCC). The temperature stability is
checked by submerging the capacitors in liquid nitrogen while measuring the
capacitance with a LCR meter. Typically the capacitance will only change by
a few percent from the room temperature value.

The coil with inductance L0 consists of few turns of 200 µm copper wire wrapped
around a Teflon core. The number of turns is changed until the resonance
frequency is in the desired range. The coil is then fixed in place with Stycast.

Transmission measurements of the resonator are done using a vector network
analyzer (R&S ZNL3). The output power range of the VNA is −40 dBm to
0 dBm. The output signal is attenuated by −90 dB using SMA attenuators
(e.g. CRYSTEK CATTEN-0200). A dc bias current is added using a bias tee.
The bias current is generated using a voltage source (Yokogawa GS200) with
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Fig. B.3.: Schematic of setup used for transmission measurements.

a 10MW resistor. The output signal is amplified by 60 dB using a room tem-
perature low noise amplifier (Wenteq Microwave ABL0040-00-6010, 100 kHz to
400MHz). The latest version of the measurement setup additionally uses a cryo-
genic low noise amplifier mounted on the 4K-stage. The amplifier (CITLF1S,
Cosmic Microwave Technology) uses a single silicon-germanium transistor and
provides a gain of 20 dB up to 2GHz. In the MHz frequency range the effective
input noise temperature is TN ∼ 4K.

All measurements performed for this thesis are controlled using the Lab::Moose
software stack [90].

B.3. Thermometers and heaters

The following thermometers are used in the system

� A Cernox CX-1010 resistance thermometer with generic calibration be-
tween 300K and 0.1K is mounted on the still plate.

� A calibrated germanium thermometer from Lakeshore is mounted on the
bottom side of the mixing chamber. The calibration is provided between
6.5K and 44mK. For lower temperatures we extend the calibration, by
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fitting the existing calibration below 200mK with [91]

log(R) = A0 + A1 log(T ) + A2 log(T )
2

� The sample thermometer is a commercial thick-film resistor mounted at
the end of the coldfinger, close to the final thermalization of the DC lines.
The callibration was generated using the variable-range hopping law [91]

R = R0 exp(T0/T )
1/4,

which well describes the R(T ) behavior for T < 1K.

The main heater is a 1 kΩ metal thin-film resistor mounted on the mixing
chamber plate. The available temperature range with the full mixture in the
system is 35mK < T < 1.1K.

The still heater mounted on the still plate is currently only used when recovering
the mixture from the dilution unit.
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C. Network analysis of LC
resonators

In this section we derive analytical formulas for the transmission parameter
S21(ω) of the LC resonators used for inductance measurements. The resulting
expressions are used to fit the measurement data and extract inductance and
sample resistance.

C.1. LC resonators with resistive decoupling

Fig. C.1a shows our circuit model of a resistively decoupled LC resonator.
Similar to the case of planar resonators the analysis of the circuit is simplified
by studying the Norton equivalent [92]. The resulting parallel LCR circuit is
shown in Fig. C.1b. The parameters R and L of the parallel circuit are found
by solving the equation

RS + iω(L0 + LS) = R∥iωL =
iRωL

R + iωL
. (C.1)

This gives

L = (L0 + LS)(1 +
R2

S

ω2(L0 + LS)2
)

R =
R2

S + ω2(L0 + LS)
2

RS

.

L and R are assumed to be constant for ω ∼ ω0. For RS ≪ ω0L =
√
L/C we

have R ∼ L/(CRS) and L ∼ L0 + LS.
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ZC ZC

Z0Z0

C

a b

L = L0+LS

RS

ZC ZC

Z0Z0

C
LR

Fig. C.1.: a, Circuit diagram of the LC resonator. The sample is modeled by an
inductor and a resistor connected in series. Z0 is the impedance of the transmission
lines and can be set to 50Ω. b, Norton equivalent of the circuit used for network
analysis.

The transmission parameter S21 can be found starting from the impedance
matrix [Z] [93, Chap. 4]

[Z] =

(
ZC + ZRLC ZRLC

ZRLC ZC + ZRLC

)
with ZRLC = R ∥ iωL ∥ 1/(iωC). For the transmission parameter we obtain

S21 =
2Z21Z0

det([Z] + Z0)
=

2ZRLCZ0

(ZC + ZRLC + Z0)2 − Z2
RLC

= (C.2)

2ZRLCZ0

(ZC + Z0)2 + 2(ZC + Z0)ZRLC

=
Z0

ZC + Z0

1

1 + ZC+Z0

2ZRLC

. (C.3)

For the denominator we get using ω0 = 1/
√
LC

1 +
ZC + Z0

2ZRLC

= 1 + (ZC + Z0)/2× (1/R + i(ωC − 1

ωL
))

=
2R + ZC + Z0

2R

(
1 +

R(ZC + Z0)

2R + ZC + Z0

i(ωC − 1

ωL
)

)
.

We can rewrite this using

i(ωC − 1

ωL
) = iCω0

ω2 − ω2
0

ωω0

= i
√
C/L

ω2 − ω2
0

ωω0

.

The resulting formula for the transmission is

S21(ω) = S21(ω0)
1

1 + iQL(
ω2−ω2

0

ωω0
)

(C.4)

with the loaded quality factor

QL :=
R(ZC + Z0)

2R + ZC + Z0

√
C

L
.
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Close to the resonance frequency the expression for S21(ω) is simplified to

S21(ω) ∼
S21(ω0)

1 + 2iQL
ω−ω0

ω0

. (C.5)

√2/2

FWHM = ω0/QL

Fig. C.2.: Resonance curve plotted using Eq. (C.4). The loaded quality factor is set
to QL = 10. Normalized transmission |S21(ω)/S21(ω0)| is plotted versus normalized
frequency ω/ω0. The FWHM is the bandwidth of the resonance where the transmis-
sion is above

√
2/2, i.e., where the transmitted power is reduced by 3 dB relative to

the maximum.

The loaded quality factor is related to the full width at half maximum (FWHM)
of the resonance. The definition of the FWHM is illustrated in Fig. C.2.

The maximum transmission is given by

S21(ω0) =
Z0

ZC + Z0

2R

2R + ZC + Z0

=
Z0

ZC + Z0

QL

QE

with the external quality factor

QE :=
ZC + Z0

2

√
C

L

and the internal quality factor

QI := R

√
C

L
.

The loaded quality factor is determined by the internal and external quality
factors by

1

QL

=
1

QE

+
1

QI

.

When RS ≪ ω0(L0 + LS) the following are good approximations

L ∼ (L0 + LS)

R ∼ L

CRS
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and the internal quality factor is given by

QI =
1

RS

√
L

C
.

C.1.1. Sensitivity of inductance measurement

The inductance is determined from the resonance frequency ω0. The resonance
frequency is in turn obtained from the transmission measurement where a set of
complex voltages is measured for an array of frequencies. To find the sensitivity
of the inductance measurement we need to calculate the error propagation from
the voltage measurement of the VNA to the inductance obtained by fitting the
data. The resolution of the measurement will be proportional to the excitation
voltage applied to the resonator. The maximum excitation that can be used
in a measurement is limited by the ac current excitation at the sample, which
must typically be much smaller than the critical current of the sample. The ac
excitation can be found starting from the output voltage Vout = S21Vin of the
resonator:

Isample(ω = ω0) = Vout
ZC + Z0

Z0ω0L

The sensitivity of the inductance measurement is linked to the quantity

SL := |dVout(ω0)

dL
| = |dS21(ω0)

dω
|dω0

dL
Vin = (QL/L)Vout

The interesting quantity is SL/Isample:

SL/Isample =
Z0

ZC + Z0

ω0QL

If the external quality factor is not much larger than the internal quality factor,
we have QL ∼ QE and we find

SL/Isample ∼
Z0

ZC + Z0

ω0QE =
Z0

2L

The resolution of the inductance measurement is therefore inversely propor-
tional to the total inductance in the resonator.

C.2. Hanger-type resonators

Another type of LC resonator used for inductance measurements in our research
group are “hanger-type” resonators. This design uses capacitive coupling to a
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feedline. The advantage is that multiple resonators with different resonance
frequency can be coupled to a single feedline. As we will see, this type of res-
onator can yield higher sensitivity in inductance measurements for high quality
factors, i.e. when using all-superconducting on-chip resonators. The disad-
vantage is that DC access requires additional inductive or resistive decoupling
elements.

Z0
Z0

C

Cc

a b

L = L0+LS

RS

C
LR

Z0
Z0

Cc

Fig. C.3.: a, Circuit diagram of the “hanger-type” resonator. Z0 is the impedance
of the transmission lines and can be set to 50Ω. b, Norton equivalent of the circuit
used for network analysis.

The network analysis of the circuit is based on the work of B. A. Mazin [94].

For the feedline shunted to ground by the impedance Z, the S parameters are
given by

S21 =
1

1 + Z0

2Z

S11 =
−Z0

2Z

1 + Z0

2Z

For the parallel LCR with coupling capacitance Cc the impedance is given by

Z = 1/(iωCc) +
R

1 + 2iQi∆ω/ω0

= 1/(iωCc) +
R(1− 2iQi∆ω/ω0)

1 + 4Q2
i∆ω

2/ω2
0

The minimum of |S21(ω)| occurs when the inductive components of the coupling
capacitor and the RLC resonator compensate each other and Im(Z(ω)) = 0.
At the new resonance frequency ω∗

0 we have Qi(ω
∗
0 − ω0) ≫ 1, therefore the

condition Im(Z(ω)) = 0 leads to

1

ω∗
0C

= − R

2Qi∆ω/ω0

∆ω = ω∗
0 − ω0 = −ω0ω

∗
0CcR

2Qi

∼ −ω0Cc

2C

∆ω/ω0 = −Cc

2C
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write Z(ω) as function of ∆ω∗ = ω − ω∗
0. To first order in ∆ω∗/ω0:

Re(Z(ω)) =
R

4Q2
i∆ω

2/ω2
0

∼ RC2

Q2
iC

2
c

at ω = ω∗
0

Im(Z(ω)) =
−1

ωCc

− R

2Qi(∆ω∗ +∆ω)/ω0

∼ R∆ω∗ω0

2Qi∆ω2
=

2RC2

QiC2
c

∆ω∗

ω0

and close to the resonance frequency ω∗
0 we have the approximation

Z(ω) ∼ RC2

Q2
iC

2
c

(1 + 2iQi
∆ω∗

ω0

) =: A(1 + δ)

And S21 is given by

S21(δ) =
2

2 + Z0/Z
=

2

2 + Z0

A(1+δ)

=
2A(1 + δ)

2A(1 + δ) + Z0

=
2A/(2A+ Z0) + δ′

1 + δ′

with δ′ := δ
2A

2A+ Z0

the loaded quality factor is

QL = Qi
2A

2A+ Z0

S21,min =
2A

2A+ Z0

=
Qc

Qi +Qc

=
QL

Qi

Qc = 2AQi/Z0 =
2RC2

QiC2
cZ0

=
2C

ω0C2
cZ0

and the ratio C/Cc can be linked to the coupling quality factor by

C

Cc

=

√
QcZ0

2Zchar

with Zchar :=
√
L/C.

Our final expression for the transmission of the resonator is

S21(ω) =

Qc

Qi+Qc
+ 2iQL∆ω

∗/ω0

1 + 2iQL∆ω∗/ω0

(C.6)

For an over-coupled resonator S21,min ∼ 0 and |S21|2 = 1/2 for ∆ω = ω0/(2QL).
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C.2.1. Sensitivity

Again we first need to find the current excitation in the sample at resonance

Isample = Vx/ω
∗
0L

|Vx| = Vout|
ZRLC(ω

∗
0)

Z(ω∗
0)

| ∼ Vout
QiCc

C
= Vin

QLCc

C

In order to find the quantity SL := |dVout(ω0)
dL

| we use

S21(ω) =
2A

2A+Z0
+ δ′

1 + δ′
∼ (

2A

2A+ Z0

+ δ′)(1− δ′) ∼ 2A

2A+ Z0

+ (1− 2A

2A+ Z0

)δ′

with 1− 2A

2A+ Z0

=
Qi

Qi +Qc

and

|dS21/dω|ω=ω∗
0
| = 2QL/ω0

Qi

Qi +Qc

SL = QL/L
Qi

Qi +Qc

Vin

SL/Isample =
QiCω0

(Qi +Qc)Cc

= ω0
Qi

Qi +Qc

√
QcZ0

2Zchar

The sensitivity scales with ω0

√
Qc. This is unlike the case of the resistively cou-

pled resonator, where the sensitivity depends only on 1/L and not the quality
factor. We conclude that the “hanger-type” resonator can be used to obtain
higher sensitivity for large quality factors. For a given internal quality factor
Qi, the maximum value of the sensitivity is obtained for Qc = Qi, i.e. for
critical coupling.
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D. Vortex inductance
measurements at high in-plane
fields

Bip = 275 mT

Bip = 300 mT

Bip = 350 mT

Fig. D.1.: Measurements of L(I) and Q(I) at zero out-of-plane field at T ∼ 100mK.
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