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Abstract

Heat transport in a qubit—oscillator junction described by the quantum Rabi model is investigated.
Upon variation of temperature, bias on the qubit and the qubit—oscillator coupling strength, a rich
variety of effects is identified. For weak coupling to bosonic heat baths, transport is essentially
controlled by the qubit—oscillator coupling g which defines a Kondo-like temperature Tx(g). At
temperatures much lower than Tk, coherent heat transfer via virtual processes yields a T° behavior
in the linear conductance as a function of T, modulated by a prefactor determined by the junction
parameters and unravelling its multilevel nature. In particular, a coherent suppression of the
conductance arises in the presence of quasi-degeneracies in the spectrum. For T 2 Tk, sequential
processes dominate heat transfer and a scaling regime is found when quantities are scaled with Tx.
The conductance as a function of the bias on the qubit undergoes a transition from a resonant
behavior at weak qubit-resonator coupling to a broadened, zero-bias peak regime at ultrastrong
coupling.

1. Introduction

Qubit-resonator systems constitute the building block of circuit-QED platforms [1]. They are modelled as
two-level systems (TLSs) coupled to quantum harmonic oscillators according to the celebrated quantum
Rabi model [2, 3] and its generalizations. Superconducting circuit realizations of the Rabi model allow for
tunable light-matter coupling strengths reaching the ultrastrong coupling (USC) regime, where the
frequency associated to the qubit-resonator coupling is of the same order of magnitude as the
qubit/resonator frequencies [4-9].

Recent experiments have demonstrated the control of photonic heat current between heat baths
contacted via composite superconducting qubit-resonator junctions [10—12]. The latter can display a heat
valve behavior upon modulation of the parameters [13, 14]. Due to the intrinsic nonlinearity of the qubits,
these junction can behave as heat rectifiers, provided that the coupling to the baths is asymmetric [15-20]. As
such, these platforms appear to be ideal for demonstrating different heat transport regimes and effects with a
single device.

A varied picture of heat transport effects and regimes is already found in the simpler setup of an
individual TLS coupled directly with strength « to bosonic heat baths, collectively embodying the
spin-boson model (SBM) [21, 22]. Heat transport in the SBM has been theoretically studied in the whole
temperature range, using both weak-coupling analytical methods and nonperturbative analytical and
numerical techniques [15, 23-31]. The thermal conductance « exhibits, in the Ohmic SBM , a scaling
behavior as a function of T/ Tk, with Tx = Tk (a) = A () /kg a characteristic Kondo temperature given by
the bath-renormalized qubit frequency splitting A () = [['(1 — 2a) cos(ma) /2= A(A Jw, )/ (=)

© 2025 The Author(s). Published by IOP Publishing Ltd
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(< 1) [25]. Here A is the bare TLS frequency, I'(x) is the Gamma function, and w. is the frequency cutoff
of the baths spectral density function [22].

At low temperatures, T < T, heat transport occurs via coherent processes yielding the universal
power-law for the thermal conductance x(T) ~ T°. Note that, even at weak system-bath coupling, these
processes can only be captured by beyond-leading order approaches [23, 31]. At intermediate-to-high
temperatures, incoherent absorption/emission processes defining the so-called sequential regime are
dominant, and yield the coupling-dependent, high-temperature power law x(T) ~ T2~ [25, 31].

While heat transport is by now well understood for the SBM, fewer theory works have addressed the
more involved problem of heat transport in nonlinear, multilevel junctions where the qubit is connected to
one or both baths via resonators. A natural question is to which extent heat transport in generalized Rabi
models is affected by the internal couplings among its constituents. This issue was recently addressed in [32]
for a junction embodying the quantum Rabi model with longitudinal and transverse qubit-resonator
coupling. An optimal mixing angle between longitudinal and transverse coupling is found which maximizes
the heat current in the sequential regime. Inspired by the experimental results on the heat valve effect in [14],
Xu et al investigated a setup where a qubit of tunable frequency is weakly connected to heat baths via
identical resonators [33]. Using the numerical method of hierarchical equations of motion and perturbative
weak-coupling schemes, they reproduced the occurrence of distinct resonant features, affected by the
presence of a direct oscillator—oscillator coupling. A similar model was also investigated in [34], but with no
direct coupling between the oscillators. This allows for a mapping to the SBM with so-called structured heat
baths, which are peaked at the resonators’ frequency [35, 36]. Interestingly, a low-temperature behavior
k(T) ~ T° was found, like in the Ohmic SBM [23, 31], followed by a double peak at higher temperatures and
in the USC regime.

The above examples show that heat transport in generalized Rabi models is very rich, with effects which
could depend on details of the internal structure of the junctions. At the same time though, results like
in [31] hint at features which might be universal, and largely model-independent.

In this work we investigate heat transport in the quantum Rabi model and demonstrate the
low-temperature T° law for generic qubit-resonator coupling. As the temperature is increased, the linear
conductance even exhibits a scaling behavior, similar to the simpler Ohmic SBM. Multilevel features manifest
themselves e.g. in interference effects at the lowest temperatures. Part of these results are also discussed in our
recent methodological work [37], where the diagrammatic transport theory used here has been developed.
The latter allows for the investigation of nonlinear heat transport in circuit-QED platforms beyond leading
order in the system-bath coupling. Here, we focus on linear transport at weak coupling to the heat baths,
addressing the different transport regimes emerging by varying temperature, the internal qubit—oscillator
coupling, and a static bias applied to the qubit. We calculate the thermal conductance beyond leading order,
i.e. up to fourth-order in the system-bath coupling, as required to capture the virtual processes enabling heat
transport at low temperature.

The main findings of the present work are summarized as follows. Weak coupling « to the heat baths
entails that the renormalization effects induced by the coupling to the latter are negligible and a prominent
role in determining the characteristic frequencies of the junction is played by the coupling strength g.
Accounting for the multilevel nature of the model and the large qubit—oscillator entanglement at USC, a
characteristic Kondo-like temperature Ty = Tk(g) is identified, in terms of which distinct transport regimes
are recognized. At temperatures much below Tx coherent processes involving virtual photons dominate
transport, and the power-law dependence #(T) ~ T° of the conductance as a function of T is found,
similarly to the case of the SBM. In contrast to the SMB however, the multilevel nature of the Rabi model
manifests itself in destructive interference in the presence of quasi-degeneracies in the spectrum, resulting in
a suppression of the conductance. This behavior can also be found in other multilevel systems, non
necessarily nonlinear, e.g. coupled harmonic oscillators [37]. For temperatures around T, the conductance
exhibits a scaling behavior as a function of T. Moreover, under suitable conditions, nonvanishing steady-state
coherences induce a suppression of the conductance. This is another coherent multilevel effect, this time
appearing in the sequential regime. A further multilevel effect, in this case incoherent, occurs at high
temperature: the thermal conductance does not show a power-low behavior, but depends on the junction
parameters, namely on the details of the spectrum of the Rabi model. This is due to excited levels higher than
the first having nonnegligible steady-state populations. Finally, when plotted vs the qubit bias, the thermal
conductance in the sequential tunneling regime exhibits a resonant behavior at small g, with the conductance
peaking when the resonance condition between the qubit and the resonator is met, while displaying a
zero-bias maximum in the USC regime. These findings show that the internal coupling g in the open
quantum Rabi model at small «v plays a similar role as the coupling strength « of the SBM in the appropriate
temperature regime. In addition, they suggest a universal behavior of the low-temperature thermal
conductance of generic multilevel quantum systems weakly coupled to bosonic Ohmic baths.
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Figure 1. Heat transport setup and excitation spectrum of the Rabi model. (a) - A flux qubit-resonator system is weakly coupled
to independent Ohmic baths. The circular arrows indicate left/right-circulating persistent current states. (b) and (c) — Excitation
spectrum of the Rabi model vs qubit—resonator coupling g at zero bias and vs the qubit bias € at A = 0.6 w;. The arrows in panel
(b) highlight the values of g used in panel (c). Solid lines are numerical evaluations while the dashed—dotted line is given by the
approximate expression (2).

2. Setup

A scheme of the heat transport setup considered in this work is provided in figure 1. The junction is formed
of a superconducting qubit coupled to a resonator. Exemplarily, we consider a flux qubit, where the qubit
frequency wq = v/A? + €2 can be modulated by an applied bias €. The resonator is modeled as a quantum
oscillator of frequency w;. A circuit schematic for this setup is provided in section 5 below. This system is
described by the biased Rabi Hamiltonian which, in the basis of the qubit persistent current states

{]©),| O (}, has the form [4, 5]

Hyapi = —Z (€6, + AGy) + hw,a'a+ hgo, (&T +a) . 1)

Here, a (a) creates (annihilates) an excitation of the field mode in the resonator while &, = | D)(D | — |
OO | and 6, = | O){O | + | O){(D | are the Pauli spin operators.

To understand the transport properties to be discussed later, it is important to discuss the excitation
spectrum of the Rabi model shown in figures 1(b) and (c) as a function of the coupling ¢ and bias e,
respectively. The nonperturbative USC regime is attained for 0.3 < g/w; < 1°, and is characterized by a large
qubit—oscillator entanglement in the ground state at zero bias [38]. At weak-to-intermediate coupling,
g/wr < 0.3, doublets can be recognized at resonance wq/w; = 1. In appendix A we review some analytical
approximation schemes for the diagonalization the Rabi Hamiltonian in different parameter regimes. The
second-order Van Vleck perturbation theory (VVPT) in g [39] correctly describes the Rabi model for
arbitrary A /w;. Its weak coupling limit reproduces the rotating wave approximation (RWA). On the other
hand,the generalized RWA (GRWA) [40, 41] is valid for arbitrary g and A/w, < 1. As we shall see, the

frequency wo, where wy,, = (E, — E) /i, gives the Kondo-like temperature via Tx = fiw;/kg. Within the
GRWA, the frequency gap wjo at zero bias is approximated by

—a 0 1 ~ _a 2
wio (g) = Ae /2—5—5\/52+Q(Ae /2), (2)

where § := Ae~%/2(2 — &) /2 — w; and where & := (2g/w;)? is the internal effective coupling. The
dashed-dotted line in figure 1(b) reproduces Tk, according to equation (2), for A = 0.6 w;. As can be seen

> In the USC literature, the coupling strength g is compared to the loss rates of the system and its characteristic frequencies [7]. To simplify
the discussion, and in view of the very small coupling to the heat baths assumed here, we define the coupling regimes based solely on the
ratio g/wr. In particular, while the USC already sets in for g/w; =~ 0.1, throughout the text by USC we mean the nonperturbative USC
regime 0.3 < g/wr S 1[6].
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Figure 2. Relevant mechanisms for heat transfer, starting and ending in the ground state of the Rabi model. Sequential (a) and
coherent (b) transport and the corresponding diagrammatic contributions to the current, which dominate above and below the
Kondo temperature Tk (g), respectively. The orange bullets indicate occupation of an energy level of the Rabi model.

from equation (A22), for vanishing g and A < w; the Kondo-like temperature approaches the bare qubit
splitting, wyo = A, while in the opposite limit of large g/w; it is suppressed as wig ~ Ae™%/2,

In the minimal setup for heat transport, the junction, described in our case by the quantum Rabi model,
is connected to two heat baths, possibly at different temperatures. The Hamiltonian of the two-bath setup
reads [42, 43]

H = Hyayi + Z (ﬁ1+ QZBI) . (3)

I=R,L

The second and third terms collect the baths’ Hamiltonians H; = 3 y hwljl;};.l;lj and the coupling of the system

with the individual bath modes, respectively, via the bath displacement operators B; = 3 j H)\lj(l;lj + I;;;)
according to the Caldeira—Leggett model [44, 45]. The coupling is mediated by the dimensionless system
operators Q; = a+ af and Qg = 6,. The baths and their interaction with the system are collectively
described by the spectral density functions Jj(w) = Z]N:l )\1216 (w — wj). In the continuum limit, the Ohmic
case has the low-frequency behavior J;(w) ~ ayw, where a; measures the coupling to bath I. Finally,

Hgavi = Hyabi + >k fooo dw[i(w)/w] le incorporates the bath-induced renormalization®.
3. Quantum heat transport

The heat current I;(t) to bath [ is defined as the expectation value of the current operator

Iy = dHi(1) /dt = 1Qu 37 Njhw; by — b;fj], namely I;(t) = (I)(t) ). For its evaluation, we use the diagrammatic
approach in Liouville space described in [37]. It generalizes to bosonic reservoirs the Liouville formalism
typically used for electronic transport in nanojunctions, see [46]. The steady-state reduced density matrix
and heat current to bath [ are the solutions of the exact equations

0= Lrapip™ +K(0)p> and L =Tr [I@U (0) ﬁoo} . (4)

Here, Lrapi and p>° are the Liouvillian superoperator and the steady-state reduced density matrix associated
to the Rabi model, while £(0) and Ky;(0) are the Laplace-transformed dynamical and current kernel
superoperators, respectively [46]. The trace is with respect to the junction degrees of freedom. The current is
calculated by solving for p>° using the first of equation (4) and plugging the solution in the second. The
linear thermal conductance follows as

. 0
“= A pat! ©
where AT is the temperature difference between the baths such that the current to bath [ is positive.

At weak Ohmic coupling «, heat transport is dominated by processes of second- and fourth-order in the
system-bath coupling, depending on the temperature regime, see figure 2. The former describe sequential
absorption and emission of bath excitations which dominate heat transport down to temperatures T < Tk.
For T < Tx though, due to the exponential suppression of excited-state populations, fourth-order processes
constitute the main transport mechanism. In this case, heat transfer is mediated by virtual transitions to

6 The renormalization term from the right bath coupled to the qubit (Qr = 6,) is a constant shift as 6:=1
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excited states dubbed ‘cotunneling’ processes in analogy with the electron transport counterpart [19, 23, 26,
31]. As we demonstrate below, the conductance of the Rabi system displays a universal power-law x oc T° at
low temperature and a scaling behavior in the sequential regime.

The second-order conductance x(?) is calculated using in equation (5) the current I*) as given by
equation (4) with the kernels up to second order in the coupling with the baths. An equivalent method was
developed in [47] and applied to anharmonic molecular junctions. In the TLS truncation of the multilevel
qubit-oscillator system formed by the ground and the first excited state of the Rabi Hamiltonian, and
characterized by the frequency wj, the second-order conductance reads

2, = an Ty T/ T

B K 2hsinh (Tx/T) (6)

where 1) := 27 Qf Qg 01/(QF o1 + Qg 1) is a dimensionless asymmetry factor. Notice that the couplings
Q101> and hence 7, depend on g. At low temperatures, where essentially only the ground state of the Rabi
system is populated, we find for the fourth-order contribution to the conductance of the full Rabi model the
simple limiting expression [37]

@ N32a27r5k§T3 Z Qr,m0Qr,0mQr,0tQr k0
o 1543 WinoWko '

(7)
km(£0)

The above formula predicts a ~T° behavior for the multilevel system at hand, modulated by the sum over the
system’s states; the latter yields interference effects in the presence of quasi-degeneracies. In the TLS
truncation, equation (7) simplifies to

5 3282701 (T/Tx)
’%”(fL)S = 153?13 %,IOQ%Z,IOTK .

(8)

Formally, this expression coincides with the known form of the low-temperature, weak-coupling
conductance of the SBM. However, besides the coupling operators Q being different, in the present case
Tx = Tx(g), namely the Kondo-like temperature depends on the qubit-resonator coupling, while in the SBM
it depends on the strength « of the coupling with the baths, i.e. Tx = Tx(«) [25, 31].

4. Universality, scaling, and interference

Numerical and analytical results for the linear conductance « are shown in figures 3 and 4. They display the
power-law behavior of equation (7), together with scaling properties of the conductance at moderate
temperatures around Tx. Furthermore, the emergence of a zero-bias maximum, signaling the transition to
the USC regime, is observed in figure 4. We consider identical baths with Ohmic-Drude spectral density
Ji(w) = aw/(1 4+ w? /w?), with a = 1073, sufficiently small for a perturbative approach to be appropriate,
and cutoff frequency w. = 5 w;. Numerical results are obtained with truncation of the oscillator’s Hilbert
space to the first 10 levels.

We start from figure 3(a). It shows the conductance scaled with Tx(g) as a function of T/ T, for the three
values of the qubit-resonator coupling highlighted in figure 1. Solid lines are the results for the full Rabi
model while dashed lines refer to its TLS truncation. The curves in the center and right part of the panel
(second order), showing exponential suppression at low T, are given by equations (5), with [; ~ Il(z) ,and (6),
while the ones with T? behavior (fourth order) in the left part of the panel and in the inset are obtained using
the analytical limiting expressions (7) and (8) 7. At small g, the excited spectrum of the Rabi model has the
doublet structure shown in figure 1(b). This quasi-degeneracy results in destructive interference and in turn
in the suppression of the low-temperature conductance by several orders of magnitude, as also seen in the
inset of figure 3(a). Indeed, in equation (7), at resonance and weak coupling, wip =~ wy and Q01 = Qr02
while Qg 01 = —Qg,02, see appendix A, leading to a suppression of kW, Analogously, the second-order
conductance £(?) in figure 3(a) is impacted by the presence, at small g, of the nonvanishing steady-state
coherence py, [37, 48] associated to the quasi-degenerate first- and second-excited levels. As a consequence,
the black-solid curve is calculated using the partial secular master equation [37]. This can be considered as a
finite system-bath coupling effect. Indeed, for vanishing «, second-order coherent effects vanish, as the
elements of the kernels in equation (4) become small, even with respect to the quasi-degenerate Bohr

7 In the region of overlap between the two curves the conductance is expected to be given by k = £(®) + k®), with (¥ calculated as a
double frequency integral without the simplifying assumption of very low temperature. See [37] for more details.
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Figure 3. Universality and interference effects at zero qubit bias. (a) — Linear conductance vs. temperature for three values of the
coupling g in the Rabi model (solid lines) and its TLS truncation (dashed lines). A universal power-law behavior is found for

T < Tx(g) when transport is governed by virtual processes. At moderate temperature, heat transport is incoherent and « reaches
a maximum for T = Tk /2. Inset—conductance vs. detuning at the low temperature indicated by the dotted vertical line in the
main panel, where the detuning is zero. At resonance, for weak coupling, the first and second excited states are quasi-degenerate,
see figure 1(b), yielding multilevel interference effects. (b) - Linear conductance vs. the effective coupling &(g) = (2g/wr)?, see
equation (2), for different temperatures (solid lines). The exponential decay of the conductance at large coupling reflects a

corresponding suppression in Tx. Dashed—dotted line: Analytical result for n%zL)S within the GRWA.
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Figure 4. Transition from resonant to USC regime. Conductance vs the qubit bias for different values of the coupling g. At weak
coupling, the conductance exhibits two sharp peaks at resonance, wq = w;. As the coupling is increased, a broadened, zero-bias
peak emerges. It reflects that, at USC, the coupling between the qubit and the (right) heat bath is strongly suppressed at finite bias.

Dashed lines: £(?) in the full secular approximation within VVPT in g and truncation to the first four levels. The temperature is
ks T = 0.2 hiw; and A /w; = 0.6.

frequencies of the junction. Due to a truncation to 5 levels performed here, the partial secular master
equation is not accurate at high temperature and therefore not shown in this regime. Obviously, these
features are not observed in the SBM. In the opposite regime of USC, transport for T < Tk is rendered by the
TLS truncation of the full Rabi model. This can be understood in terms of the clear separation in the
excitation spectrum at intermediate-to-large values of g.

For temperatures T < T, equation (6) gives r\vx /T o an(T%/T%)e~ T/, yielding for the position of
the maxima the condition T = Tx /2. This also reproduces the position of the maxima in the full Rabi model,
as shown in both panels of figure 3. At high temperatures, the TLS approximation breaks down at any g, since
more levels of the Rabi model can contribute to transport.

In figure 3(b) the conductance is plotted against the effective coupling strength & = (2g/w;)? for
different temperatures (in a range where the conductance is dominated by x(?)). Numerical evaluations in

6



10P Publishing

Quantum Sci. Technol. 10 (2025) 025013 L Magazzu et al

the full Rabi model are compared to H(TZL)S obtained within the GRWA. Remarkably, the results are

qualitatively similar to those obtained in [25] for the conductance of a qubit vs. the qubit-bath coupling
strength «. For large &, the effective frequency wy is suppressed, so that the high-temperature expansion

ngzL)S o anT% /T is appropriate. The GRWA expression for wy at zero bias gives wig ~ Aexp(—&/2), and we

obtain K(TZL)S o< anA?e~% /T, which accounts for the exponential decay at large é.

In figure 4, we provide numerical and semi-analytical (VVPT in g) results for the thermal conductance vs
the detuning between qubit and resonator. Specifically, the effect of a flux bias € applied to the qubit is
considered for A = 0.6 w,. A transition from a resonant behavior at weak coupling to broadened zero-bias
peaks in the USC regime is found. The curves show suppressed conductance at weak coupling, except for the
peaks at resonance, wq = w;. In this regime, coherent effects impact the conductance, also at the level of
second order, see appendix B. Upon increasing g, the conductance peaks broaden and move towards lower
frequencies, wq < w;. Entering the nonperturbative USC regime of qubit-resonator coupling, a single,
zero-bias peak emerges.

The features of the conductance in figure 4 can be accounted for by considering the spectrum and the
matrix elements Q;o; of the coupling operators evaluated with the perturbative methods summarized in
appendix A. In the weak coupling regime, the RWA predicts for the effective frequency wip = wq — 6 + /2,
with 0 := 0 — /02 + 4g2, detuning 0 := wq — w;, and g, := gA /w,. The relevant matrix elements are
approximated by Q; o1 = vand Qg,o1 = uA/wy, where u:= Q//Q? +4g2, and v:= —2g.//O +4g.
Off-resonance, § > g, the conductance is suppressed as v ~ 0, whereas at resonance v = u = —1+/2, giving a
peak in the conductance. This result is independent of g, which accounts for the pinning of the conductance
at the resonance condition for different (small) values of &(g). Increasing the coupling, the peaks broaden
and shift towards lower frequencies. This behavior is captured by VVPT in g, where the resonance condition
is modified as wq = wy — 2¢%/(wq + w;), and is therefore attained at smaller wy, the larger the coupling g. The
GRWA is well-suited for the USC regime and accounts for the zero-bias peak. Indeed, it gives for the matrix
element of the qubit coupling operator Qg o1 ~ Ae~%/?/v/AZe=& + ¢2, which is suppressed at finite bias.
This behavior parallels the one found in the spectral function of the SBM [25], as a function of the frequency,
upon increasing the qubit-bath coupling a.

An intuitive picture of the transition from the resonant to the USC regime depicted in figure 4 can be
given by considering how the two components of the junction interact with each other and with the heat
baths. At weak qubit—resonator coupling, an appropriate picture for the heat current is that of a sequence of
processes where, for example, the hot bath excites the resonator and the latter transfers this excitation to the
qubit which, in turn, is de-excited by transferring the excitation to the cold bath. This mechanism is effective
at resonance, which accounts for the peaks. In the USC regime on the other hand, the resonator and the
qubit form a highly-hybridized system and can no longer be considered as individual subsystems. The
eigenstates can be indeed be expressed in terms of displaced resonator states with the displacement
depending on the qubit state, equation (A17). When the bias is much larger than the renormalized qubit
splitting, the qubit localized basis and the energy basis coincide, cf equations (1) and (A8). This is the case in
the USC regime, where the renormalization of the qubit splitting is large: At large bias, the coupling operator
to the baths (and to the resonator) is 6, in both basis, which means that the interaction with the qubit does
not induce transitions and transport is therefore hindered.

5. Superconducting circuit implementation

The the heat transport setup shown in figure 1 is based on the quantum Rabi model, with a static bias on the
TLS, weakly coupled to bosonic heat baths. Here we provide the scheme of a possible implementation in a
superconducting quantum circuit platform®. A simplified circuit scheme is given in figure 5. There, a flux
qubit, biased by an applied magnetic flux ey, is coupled to a superconducting LC oscillator via a shared,
tunable inductance L. [4, 5, 43]. The resulting circuit is inductively coupled to the heat reservoir / (with

I = L,R) via the mutual inductance M; [49-52]. The inductive coupling between the resonator and the left
bath realizes a coupling with the individual jth mode of the bath of the type (a + ) ([,}T + l;]-), while the
qubit-right bath inductive coupling yields a coupling of the type &Z(ZJ}L + iJ]) in the persistent current basis of
equation (1) [51]. The qubit-resonator coupling strength is estimated via g/w, = LIp[2hw, (Lc + L;)] —1/2
[5]. A coupling g/w; ~ 0.4 can be attained with qubit persistent current I, = 100 nA, shared coupling
inductance L. = 1 nH, resonator inductance L, = 3.5 nH, and resonator frequency w, /27 = 10 GHz.
Following [52], an estimate for the strength of the coupling «; between the system and the bath [ is given by
ay= M,/ IR}, where R; is the value of resistance of the resistive element of the circuit which forms the

8 See also [37] [cf figure 5(b) therein].



10P Publishing Quantum Sci. Technol. 10 (2025) 025013 L Magazzu et al

sl

Figure 5. Superconducting circuit implementation of the heat transport setup in figure 1(a). The junction in the center is formed
of a superconducting flux-type qubit (right part of the circuit, the symbol x denotes the Josephson junction) and a
superconducting LC oscillator (left part). They are coupled via a tunable common inductance L. An applied flux ¢ex induces a
bias on the qubit. Each component of the junction is inductively coupled to a heat bath via mutual inductance M; (gray arrows).
The baths are implemented as dissipative circuits with resistive elements held at given temperatures T;. Reprinted (figure) with
permission from [37], Copyright (2024) by the American Physical Society.

heat bath. Setting M; = 10 pH and R; = 1 2 yields a; ~ 0.1. Let us assume o = ag = 0.1 and the junction
parameters A /27 = w, /2w = 10 GHz, g/w, = 0.4, and € = 0. Imposing a temperature bias

AT = 0.2 hw, /kg ~ 96 mK, the current for T = Tx ~ 290 mK can be estimated via I ~ kAT (linear
response) to be I ~ 27 fW, which is within experimental reach [14]. For T= 0.1 Tx ~ 29 mK and

AT =0.02 hiw, /kg ~ 9.5 mK we have I ~ 17 aW. Accessing the cotunneling regime occurring at even lower
temperatures, see figure 3(a), can be expected to meet challenges in the design of the experiments.

6. Conclusions

We have shown how heat transport in a junction described by the quantum Rabi model and weakly coupled
to the heat baths displays remarkable heat transport features. The rich picture emerging from the
conductance encompasses a universal power-law behavior, multilevel interference effects, and scaling,
together with a transition from a resonant, weak coupling regime to the USC regime characterized by a
zero-bias maximum. The scaling behavior emerges when quantities are scaled with a Kondo-like
temperature, which depends on the qubit-resonator coupling.

The quantum Rabi model, used as a junction in a heat transport setup, displays effects that are predicted
in the SBM at strong coupling with the heat baths. This is attained while having the junction in a
experimentally convenient weak coupling regime with the baths and tuning the internal qubit-resonator
coupling in a range that is within reach of present experiments. In addition to this, the composite junction
considered here can be easily brought in/out of resonance by applying an external bias: the heat valve effect
results, at weak internal coupling, from the resonance peaks in the conductance, namely the conductance is
almost completely suppressed out of resonance. At strong coupling, the conductance is significantly
enhanced, beyond the peak values in the resonant regime, at intermediate coupling and at the qubit
symmetry point. Finally, being an inherently multilevel junction, the qubit-oscillator system displays
coherent effects at the steady state which arise in the presence of quasi-degenerate excited energy doublets.
These effects result in a reduction of the conductance peaks in the sequential regime and large suppression of
the cotunneling current by destructive interference. These effects are not present in a two-level-system
junction.

Noticeably, our analysis even suggests that the power-law and scaling behavior of the heat conductance
are a generic feature; it should be observable in other multilevel quantum systems coupled to bosonic baths,
once the proper Kondo temperature is identified.
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Appendix A. Approximate diagonalization of the Rabi model

In this section, we provide the analytical approximate solutions of the quantum Rabi model used in the main
text. First, we detail the second-order VVPT. Its first-order truncation gives the RWA. Secondly, the
generalized RWA is described, where the perturbation parameter is the qubit splitting A dressed by the
resonator.

A.1. Second-order VVPT in g

Let us define the frequency @ = wq + w; and the couplings g, = ge/wq and g = gA /wq. The latter are the
longitudinal and transverse coupling, respectively, of the Rabi Hamiltonian expressed in the qubit energy
basis. Within second-order VVPT in the qubit-resonator coupling g [39] the eigenenergies E,, = hw, of the
Rabi model read (n > 1)

Wy = fw((ll)/ngﬁ/wr,
w 1) 1
”ZHZ‘%*l““’f‘é‘gﬁi‘iv‘ﬁ“@fw (A1)

2 2 Cw
where w((l”) =wq+2ngt/wand 6, = w((l") — wy. Note that this indexing provides the correct ordering of the
eigenfrequencies only for small enough g, €. The corresponding eigenvectors are

10) = [g,0)®,
2n—1) =u, le,n— 1)@ vy g @ (A2)
2n) = ufe,n— 1)@ v gm)@

where the coefficients are given by

" 0n £ /02 +4ng i —2+/ng,

u, = , and v, = .
\/(5,1:& \/5,%—1-4ng)2€)2+4ng,2C \/(6n:|: \/5,%+4ng§)2+4ng§

Note that in the main text we use the simplified notation u;, =uand vy =v.

(A3)

The explicit form of the transformed states |e//\g,/n> () in terms of the uncoupled energy eigenbasis
{lg:m)le;m)} is

‘g/:-()>(2) 8 x
= |g,0 1 0 =lg,1 =le, 1
'/V:g,O |g7 >+f( )|ev >+Wr|g7 >+(I)|e7 >7
g m) @ g g &
N = oV lgn—ltlgn) Hf(nt Dlen) Vit UEgn 1) + Vit 1 lent 1) (n>1),
&n r r
|626>(2) 8z
= —f(1 70 + 30 - al y
Noo f(1)[g,0) + e, 0) wrle )
o) (2)
E g 1) VA fen 1)l Vg ) F o) —VAETE et 1) (2 1),

(A4)
where N; are the normalization factors and where f(n) := (g,g:./w;)[n/w; — (n — 1) /&].

A.1.1. Zero bias, e =0
At zero bias, the ground and first excited state read

g

0) o Ig.0) + 55—

e 1),

(A5)
Vg |e,2>> .

1 scurlen) +vr (lg+ 225

The matrix elements of the system’s coupling operators (Q; = i+ af and Qg = 0¢/ wWq — 0xA Jwy, in the
qubit energy basis) between the ground and first excited state read

V2g g g
-_5 IR S A6
A+ w; T Atw’ Qrorocuy +v; A+w, (A6)

Qr,01 < v, <1 +

9



10P Publishing

Quantum Sci. Technol. 10 (2025) 025013 L Magazzu et al

The explicit expression for the coefficients is

51— /07 +4g

-2
u; = and V] = d

(- vaTaE) e - vEaE) e

where §; = A +2¢° /(A + w;) — w;. Note that, at zero bias, these coefficients peak at the value of A < w; for
which the condition §; = 0 is satisfied.

(A7)

A.2. RWA

To first order in the coupling g, the VVPT expressions for the eigensystem of the quantum Rabi model,
equations (A1)—(A5), reproduce the RWA results. The eigenstates of the system are, in this approximation,
best given in terms of the qubit energy basis {|g), |e) }. In this basis the Hamiltonian of the quantum Rabi
model reads

h
Higai = — 2 wqfz + hwd'a+h(g.6, — g0x) (a' +a) , (A8)

with wq := v/A? 4 € and the interaction terms with longitudinal and transverse couplings g, = ge/wq and
& = §A\/wq. The Pauli matrices read 6, = |g)(g| — |e)(e| and 6x = 61 + 5 = |g)(e| + |e) (g]. Neglecting in
equation (A8) the so-called counter-rotating terms &_a and o a' yields a 2 x 2 block-diagonal form, where
the blocks have fixed excitation number. The resulting spectrum is

Wo =—wq/2,

1 1
— _ _ 2 2
cant (n 2) w5 VOR gy, (A9)
1 1
Wan = (n—z)wr+2\/52+ﬂ4g§,

(n > 1), with the detuning ¢ defined as § := wq — w;. The corresponding eigenstates, in the energy basis of
the uncoupled system, are

0) =1g,0),
2n—1) =u, |e,n—1) +v, |gn), (A10)
2n) = le,n—1) + vy lg.n)

with coefficients

n 0+ /6% + ndg

u, = and v, =

+ —V/n2g:

2 ’ n 2 ‘ (A11)
\/(5 £,/ 1 n4g§) + nag \/(5 +.,/62 1 n4g§) + nag
Within the RWA, the relevant matrix elements of the system’s coupling operators (Qr=a+al and
Qr = 0;€/wq — 0xA Jw,, in the qubit energy basis) read
Qro1=v; , Qro1 =u; —
Wq
(A12)
Qroz =V, Qg = uf —.
Wq

At resonance and for zero bias, Qp 01 = QL2 = — 1/+/2 while Qro1 = —Qro2 = —1/3/2.1f wyg =~ wpy, the
change of sign of the qubit matrix element yields the suppressed fourth-order conductance at weak coupling,
see equation (7) and figure 3. Note that the RWA is the exact solution of the Jaynes—Cummings model [53].

A.2.1. GRWA
Within the GRWA [40, 41], the spectrum E,, = hw,, of the biased Rabi model is approximated by

Wo = —Wg,0/2 fgz/wr ,

_ w’]’” 6” g2 1 2 2
Wip—1 = —72 +5+ﬂwr—fwr—5\/5n+ﬂﬂ, (A13)
Wgn 0 g 1
Wy = — ;’”+5”+mur——wr+E S2+Q2.
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Here, 8, := (Wy,n + Wan—1)/2 — Wry Wy := \/A%n +€2,and Q, 1= Ann_l(cn“‘cj_l +¢, ¢,_,), where

(wg,n = €)/2wg,». Here, we have introduced the dressed qubit gap A,'j = Ae=4/2a0=D/2, /j1]il L]’-_]
(@) (i > j), where & := (2g/w;)? and where L% are the generalized Laguerre polynomials defined by the
recurrence relation
Qj+1+k=—a)F (@) - (+hL, (@)

P _
L (@) = F , (A14)

with Lf(&) = 1 and L¥(&) = 1 + k — &. The corresponding energy eigenstates are

10) =[¥y0),
2n—1)=u, |V_ 1) +v, [Py, (A15)
2n) = w0, ) +Vi0, L),

with the weights given by
Op /02 4+ -0,
ut = n oo , and vE= e - .
\/(5n VR ®) + 9

(Al6)

n
2
\/<5ni VET®) + 9
The states
Uiy = ¢ |=dio) £ 6 |His) (A17)

are superpositions of the displaced states |+,j1) = exp[go,(a — at) /w.]|£.)|j) = |£.)D(£g/w,)]j),
where {|4,)} is the qubit localized basis, i.e. {|+.),|—2)} = {|0),| O (}, see the main text, and
D(x) = explx(a — a')] is the displacement operator.

The TLS truncation of the Rabi model gives for the gap w1y = w; — wy of the effective TLS

) 1 7/
w10 = wq,o — ?1 — E (5% —+ Q% . (AIS)

The relevant matrix elements are Q) = <O|Ql| 1), where Q; =a+a' and Qg = o, (in the qubit localized
basis). Using D(x)aD'(x) = a + x and D(x)a' D' (x) = (D(x)aD'(x))" = a' +x*, equations (A15) and (A17)
give

4 _ _ - - -
Qr01 = w—gu1 e +vi (cer +eia) Qroi = —2u; ¢ ¢ - (A19)
r

A.2.2. Zero bias, e =0
The first two energy levels and the corresponding eigenstates read

wo= 3580, [0)=[¥+0),
~ ~ ~ ~ 2
1/ Agp—A 1 Ao + A < \2 _ _
ST i P
(A20)
and, since ¢" (e = 0) = 1/v/2,
1 . )
NEMES 7(|—21—>i |+2j1)) - (A21)

The gap wip = wi — wy of the effective qubit is

- N
wm:A—;<A—wr—a2A>—; (A—wr—azA> +al?, (A22)

where we have defined AA = Aexp(—a/2) = Ay and used Ay, = Aexp(—a/2)(1 — @) and Ag; = VaA.
The matrix elements of Q; in the basis {|0), |1)} read

29 _ _ —
Qro = ke +v, Qr,o1 = —u; . (A23)

T

11
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A.2.3. Weak coupling limit of the GRWA
To first order in &, L. (&) ~ n + 1 and L%(&) =~ 1. It follows that to first order in g

A2 A

Wg,n = Wq ,

wqxe€
c,jf ~ 4 , (A24)
2wq

O~ Ay ~ AVna ,

Op ™ Wq — Wy

As a result, to first order in g, the spectrum acquires a form similar to that of the RWA, equation (A9).

Wy~ —wq/2,

1 1 ~
Wop—1 <”_ 2) Wr — E\/<wq_wf)2+n(Aa)2 ’ (A25)

1 1
Way (n 2) wr+5\/(wqfwr)2+n(A5[)2 :

the difference being that the term v/&A = 2Ag/w, is replaced in the RWA by 2g, = 2Ag/wq. The gap of the
effective qubit reads

wio =+ 5 — 51/ (wg — wr)z +(Aa) . (A26)

The weak-coupling limit of the matrix elements for generic bias € are given by equation (A19) and read

2¢ _A

Qro1 = —u;, —+v, ,
Yroo (A27)
A
Qro1 = —u; —,
Wq
where
_ Wq = Wr — \/(Wq Wr)z +(Aa)?
U = -
\/(wq Wr— \/(Wq_wr)2Jr (AN)Z) +(Aa)®
(A28)
_ —Aa
v, =

Appendix B. Coherence effects at the level of second order

Effects of coherence in the Rabi model are displayed by the steady-state transport also at the level of second
order, i.e. at temperatures of the same order as the qubit parameter A. In the weak qubit—oscillator coupling
regime, quasi-degeneracies in the spectrum at resonance, see figure 1(c), induce non-vanishing steady-state
coherences which impact the conductance [37, 48, 54]. Figure 6 shows the same results for the thermal
conductance as a function of the qubit bias € as in figure 4. Here, we highlight the impact of coherence effects
at the steady-state. Specifically, we compare in the main panel and in the inset, the results of the numerical
evaluation with the full secular approximation, where coherences are neglected, with those from the partial
secular master equation. In the latter, populations are coupled to the coherence p;; relative to the
quasi-degenerate subspace. The conductance peaks calculated within the partial secular master equation
show a suppression and a Lamb shift with respect to the one in the full secular approximation.

12
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Figure 6. Conductance vs the qubit bias for different values of the coupling g. At weak coupling, the conductance exhibits two
sharp peaks at resonance, wq = w;. As the coupling is increased, a broadened, zero-bias peak emerges. The quasi-degeneracy at
resonance for small g, see figure 1(c), gives, in the partial secular master equation (black solid line) a suppressed peak with a Lamb
shift, as highlighted in the inset. The gray solid line shows the conductance for g/w; = 0.01 in the full secular approximation.
Dashed lines: (2 in the full secular approximation within VVPT in g and truncation to the first four levels. The temperature is
ks T = 0.2 hiw, and A /w; = 0.6.
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