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Abstract

The goal of this thesis is to develop the theory of (oo, 1)-categories internal to an arbitrary co-topos
B. These objects can be defined as complete Segal objects in B or equivalently as sheaves of co-categories
on B, and we will simply refer to them as B-categories for short. Here we develop an extensive amount of
tools that are needed to efficiently work with these objects in practice.

Beginning with the theory of adjunctions, we define notions of limits and colimits in B-categories
and prove that presheaf B-categories are free cocompletions. We continue by developing a theory of
accessible and presentable B-categories and finally we study B-topoi. Here one of our main results is that
B-topoi are equivalent to relative topoi over B, so geometric morphism with target B. We then apply this
result to study smooth and proper geometric morphisms of co-topoi from an internal point of view. We
conclude with an application in étale homotopy theory where we use some of our machinery to construct
and understand a condensed refinement of the usual étale homotopy type of schemes.
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CHAPTER 1

Introduction

1.1. Motivation

Ever since the fundamental work of Lurie [57], the language of oo-categories has become an indispens-
able tool in many areas of mathematics that employ homotopical thinking. The main goal of this thesis
is to contribute to the further development of this language by systematically studying oo-categories
parametrized by an oo-topos B. Here an oo-category parametrized by B is defined to be a sheaf of
oo-categories on B, so a limit preserving functor B°P — Cat.,. We will call these objects B-categories for
short. Let us write Cat(B) = Fun"™ (B°P, Cat,) for the co-category of B-categories. We now continue
by giving some examples where B-categories show up in practice.

One can think of parametrized oo-categories as a way of encoding additional algebraic structure on
an oo-category. As a concrete example let G be a compact Lie-group and Orbg its orbit category. Then
a PSh(Orbg)-category C is simply a functor C: Orbg — Cats,. We think of a PSh(Orbg)-category as
an oo-category with an action of the group G and for an orbit G/H we think of the value C(G/H) as
the additional information of the “topological” H-fixed points of the action on C. In fact the idea of
systematically studying PSh(Orbg)-categories originated in [11], [12], [13], [71] etc. and these methods
are by now a standard tool in equivariant homotopy theory, see [22], [21] etc.

Let us now give an example in which parametrized oo-categories arise in more geometric situations.

For this let f: X — Y be a map of topological spaces. Then the functor
Open(Y) — Caty,, U+~ Sh(f~1(U))

defines a sheaf of co-categories on Y that we denote by ShY (X). It turns out that Sh¥ (X) suffices to
completely reconstruct the map f and provides a useful way of encoding the topological information of f.
In fact we will see in Chapter 6 that certain categorical properties of the Sh(Y')-category ShY(X ) give
necessary and sufficient conditions for the functors f.: Sh(X) — Sh(Y) and f* to be compatible with
base change along some other map g: Z — Y.

Lastly B-categories can be used to encode a topological structure on an co-category by letting B be
the co-topos of pyknotic spaces or condensed anima, introduced by Barwick-Haine [10] or Clausen-Scholze
[20]. As a concrete example, in [9, §13] the authors construct a Pyk(S)-category Gal(X) for any qcgs
scheme X that serves as a refinement of the category of points of the étale topos of X¢; and captures the
additional information of a pro-finite topology on the category of points. Remembering this additional
structure on the category Gal(X) then allows to fully recover Xy from X, see [9, Corollary 0.5.2] and
[59, Theorem 2.3.1].

The above examples show that parametrized oo-categories naturally appear in many different contexts.
However, just like in ordinary higher category theory, it is often a non-trivial task to construct functors
between B-categories, since these encode many higher coherences, let alone prove properties of those.
The main way to overcome this issue is to construct functors, natural transformations etc. using universal
properties. But in order to be able to even formulate these universal properties one needs a suitably
developed framework for the higher category theory of parametrized oco-categories. Providing such a
framework is the main goal of this thesis. In fact we will develop most of the contents of Lurie’s Higher
topos theory [57] in the context of B-categories.
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Let us now take a conceptually slightly different point of view on B-categories. For this recall that
via the nerve functor an co-category can be equivalently thought of as a functor C: A°P? — § satisfying

the following conditions: For any n > 2 the canonical map

(dfo,1354¢1,2} s {n—1,n})
(o

61 X ey (31 XEg -+ X@g 61
is an equivalence and furthermore the square

(o
Cop — 22— C3
(id,id)l ld{oz} Xd{1,3}

eoxeoﬁelxel

is cartesian. Here we think of C; as the space of morphisms in €, so that informally speaking, the first
condition says that €, should be equivalent to the space of composable sequences of n morphisms. We
refer to these conditions for all n > 2 as the Segal conditions. The second condition enforces that Cg is
equivalent to the space of equivalence in C, i.e. arrows that have a left and a right inverse. If a simplicial
object satisfies this condition, we say that it satisfies univalence. It turns out that simplicial objects in 8
satisfying these two conditions model the oco-category of oco-categories. More precisely, the nerve functor
defines an equivalence between the co-category Caty, and the full subcategory of Fun(A°P,8) spanned by
the simplicial objects satisfying the Segal conditions and univalence, see [51] and [40].

One may now be inclined to consider a more general version of the above definition by replacing 8
with a general co-topos B in order to define a notion of an co-category internal to B. It turns out that
the above equivalence generalizes and B-categories are equivalent to co-categories internal to B. Indeed,
if we denote by CSS(B) the full subcategory of Fun(A°P, B) spanned by those simplicial objects satisfying
the Segal conditions and univalence, it is not hard to see that there is an equivalence of co-categories

Cat(B) ~ CSS(B).

The above equivalence shows that parametrized and internal higher category theory are equivalent
theories. In practice both of these perspectives are useful for different reasons. The internal point of
view often allows to give conceptually very clean definitions and proofs by “internalizing” the respective
concepts from usual co-category theory, effectively hiding the complexity of the base co-topos B. On the
other hand the parametrized perspective is crucial, because in practice almost all interesting examples
arise as some explicit sheaves of co-categories. Therefore we try get the best from both worlds in this
thesis: We give conceptually clean constructions and proofs using the internal perspective, but also

unwind their explicit meaning for the corresponding sheaves of oo-categories.

1.2. Outline and Main results

We continue by giving a rough overview of the contents of each chapter of this thesis.

1.2.1. Fundamentals of B-category theory. Since we will directly build on the foundations of
B-category theory laid out in [62], we begin by recalling the basic definitions and results from loc. cit. in
§ 2.1. After that we study two fundamental kinds of construction in B-category theory in § 2.2, namely
subcategories and localisations. These constructions are both direct adaptions of their analogues in usual
oo-category theory. Furthermore we give a quick proof of the Straightening-Unstraightening equivalence
in the context of B-categories in § 2.3.

In § 2.4 we study adjunctions of B-categories. Defining an adjunction of B-categories is fairly
straightforward. The oo-category Cat(B) is enriched over Caty, and therefore yields an (oo, 2)-category.
Thus we may simply take as a notion of adjunction the usual notion of adjunction in an (oo, 2)-category.
We prove a number of expected properties of adjunctions between B-categories by internalizing some

of the arguments from [17, §6.1]. We also give an explicit section-wise criterion for the existence of an
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adjoint functor that is very convenient in practice and which we will constantly use in the later chapters
of this thesis. Except for § 2.3, the content of this chapter first appeared in [63].

1.2.2. Colimits and Cocompletions. In this chapter we study (co)limits and (co)completions in
the context of B-category theory. In § 3.1 we begin by defining a notion of (co)limits in B-categories by
adapting Joyal’s definition [49, Definition 4.5] to our context and provide a number of explicit examples.
We then define what it means for a B-category to be cocomplete in § 3.2. While this notion is defined in

a purely internal way, it admits the following very concrete reformulation:

PROPOSITION 1.2.2.1 (Corollary 3.2.4.7). A B-category C is cocomplete if and only if the following
conditions are satisfied:
(1) For every A € B the oo-category C(A) is cocomplete and for any s: B — A the functor
s*: C(A) — C(B) preserves colimits.
(2) For every map p: P — A in B the functor p* has a left adjoint p; such that for every pullback

square
Q——r
bl
B2+ A

in B the natural map qt* — s*py is an equivalence.

The dual statement for completeness holds as well.

To state the main theorem of this section, we need to introduce the following example of a B-category.

Unstraightening the codomain fibration ev; : BA" B defines a functor
QrB: BP — Catoo, A B/A

Because B is an co-topos, Q3 is a sheaf and thus defines a B-category. This example is fundamental for
the theory of B-categories because it plays the role that the oo-category of spaces 8 plays in ordinary
higher category theory. Some crucial evidence for this claim is already given in [62], where it is shown
that Qg is the base of the universal left fibration. Using Proposition 1.2.2.1 we can now easily verify that
Qg has the expected property of being cocomplete. In fact the following much stronger statement is true,

which in particular characterizes Q3 as the free cocompletion of the point:

THEOREM 1.2.2.2 (Theorem 3.4.1.1). For any B-category C and any cocomplete B-category E,

restriction along the Yoneda embedding hc: C < PShg(C) induces an equivalence
(h)* : Funfs (PShys (C), E) ~ Funy (C. E).

In other words, the Yoneda embedding hc: C < PShy(C) exhibits the B-category of presheaves on C as

the free cocompletion of C.

More generally we construct a free U-cocompletion for any internal class U and prove that it has the
expected universal property, see Theorem 3.4.1.13.

The contents of this chapter first appeared as a part of [63].

1.2.3. Presentable B-categories. Ever since Lurie’s seminal work [57], the theory of presentable
oo-categories has taken an important role, both within the development of the general theory of oo-
categories and in applications. This is due to the many favourable properties of presentable co-categories,
such as the adjoint functor theorems or the existence of a well-behaved and explicit tensor product. Thus
the goal of this chapter is to generalize this notion to the context of B-categories.

As in usual co-category theory we would like to call a B-category presentable if it is accessible and
cocomplete. Therefore we begin by introducing a suitable notion of accessible B-categories. For this

we define the notion of a U-filtered B-category for some internal class U. Then a B-category C is called



iv 1. INTRODUCTION

U-accessible if there is a small B-category Co and a sufficiently nice® internal class U such that C is
obtained by freely adjoining U-filtered colimits. We will say that C is accessible if it is U-accessible for
some (sufficiently nice) U. Thus we can now define C to be presentable if it is accessible and cocomplete.

Our first main result is the following characterization of presentable B-categories:

THEOREM 1.2.3.1 (Theorem 4.4.2.4). For a large B-category D, the following are equivalent:
(1) D is presentable;
(2) there is a B-category C and a sound doctrine U such that D is a U-accessible Bousfield localisation
of PShg (C);
(8) D is accessible and cocomplete;
(4) there is a sound doctrine U such that D is U-accessible and DY~P* is op(U)-cocomplete;
(5) there is a doctrine U and a small op(U)-cocomplete B-category C such that D ~ ShS(C) (see
Definition 4.4.6.1);
(6) The following two conditions are satisfied:
(a) the associated sheaf D: BP — 63?500 takes values in the co-category PrI;o of presentable
oco-categories and colimit-preserving functors;
(b) for every map s: B — A in B the associated transition functor s*: D(A) — D(B) admits a
left adjoint sy, and for every pullback square in B the induced commutative square in Pr{;o

1s left adjointable.

Note that the equivalence of conditions (1)-(5) is an analogue of the characterization of presentable
oo-categories due to Lurie and Simpson [57, Theorem 5.5.1.1]. Condition (6), on the other hand, gives a
very explicit and simple way of checking whether a B-category is presentable in practice. Having such a
plethora of equivalent characterisations of the notion of presentability at hand, it is straightforward to
prove the expected theorems that revolve around these objects: Among other things, we prove adjoint
functor theorems and discuss how one can construct (internal) limits and colimits of such B-categories.

Furthermore, we construct the tensor product of presentable B-categories and we show:

THEOREM 1.2.3.2 (Propositions 4.6.3.2, 4.6.3.7 and 4.6.3.10). There is a strong monoidal and fully
faithful left adjoint Mods (Pr]go) — PrL(B), where B is viewed as a presentably symmetric monoidal
oo-category via its cartesian monoidal structure and where pr (B) is the co-category of presentable B-
categories and cocontinuous functors. Furthermore this functor is an equivalence whenever B is generated

under colimits by (—1)-truncated objects.
The contents of this chapter first appeared in [65].

1.2.4. B-topoi. Many of the explicit examples of presentable B-categories that we have in mind
arise in the following way: To any geometric morphism f,: X — B of co-topoi with left adjoint f*,
one can associate a presentable B-category X given by the sheaf of co-categories X~y on B. In
fact, B-categories that arise via the above construction have even more favourable properties than just
presentability. They give examples of B-topoi, the topic of this chapter.

Recall that a presentable oo-category X is an oco-topos if the functor X,_: X°P — Cato, that is
classified by unstraightening the codomain fibration is a limit preserving functor. In this case we
also say that X satisfies descent. Now if X is a B-category with finite limits we also have a cartesian
fibration evy: XA 5 X of B-categories, that via unstraightening for B-categories classifies a functor
X2 XP — Catg2. We will say that X satisfies descent if this functor is limit preserving and that X is a
B-topos if it is presentable and satisfies descent. The first main result of this chapter is the following

classification of B-topoi:

THEOREM 1.2.4.1 (Theorem 5.2.1.5). For a large B-category X, the following are equivalent:

IThe precise condition is that we require U to be a sound doctrine, see Definition 4.1.2.7.

2Here Catg denotes the B-category of B-categories.
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(1) X is a B-topos;
(2) X satisfies the internal Giraud axioms:
(a) X is presentable;
(b) X has universal colimits;
(¢) groupoid objects in X are effective;
(d) Q-colimits in X are disjoint;
(8) there is a B-category C such that X arises as a left exact and accessible Bousfield localisation of
PShg (C);

(4) X is Q-cocomplete and takes values in the co-category TopL’ét

2 of co-topoi and étale algebraic

morphisms;

(5) X is an Top® -valued sheaf that preserves pushouts.

oo

The first three items in Theorem 1.2.4.1 can be understood as the B-categorical analogue of Lurie’s
characterisation of co-topoi in [57, Theorem 6.1.0.1]. By contrast, the last two items of the theorem
provide an external characterisation of B-topoi, i.e. one in terms of the underlying sheaves of co-categories.

As usual we will say that a geometric morphism of B-topoi is a right adjoint functor f,: X — Y
between B-topoi whose left adjoint is left exact. We denote the co-category of B-topoi and geometric
morphisms between them by Top™(B). As a consequence of the fact that Qg is the free cocompletion of
the point, we deduce that Qg is the terminal object of TopR(ﬁ). It follows that the global sections functor
Top™(B) — TopX factors through (Topk) 8- Using the explicit characterisations of Theorem 1.2.4.1 we

can prove the following result:

THEOREM 1.2.4.2 (Theorem 5.2.5.1). The global sections functor induces an equivalence I': TopR(B) ~
(Toplg‘o)/g_n, between the co-category of B-topoi and the co-category of co-topoi over B.

The inverse to the equivalence in Theorem 1.2.4.2 can also be described very explicitly: It is precisely
the construction already described above, that sends a geometric morphism f,: X — B to the B-category
given by the sheaf of co-categories f.Qx = X/ f-(_) on B.

Theorem 1.2.4.2 provides a useful way for understanding relative co-topoi, because it allows to translate
properties of geometric morphisms to properties of the corresponding B-topoi. Since, conceptually speaking,
B-topoi behave in essentially the same way as ordinary oco-topoi, the latter is often quite approachable.
This way of thinking about relative topoi is well-known in the 1-categorical case since the work of Moens
[67]. In fact many parts of Johnstone’s book [46] are using this strategy in a crucial way.

We also give an example how to apply Theorem 1.2.4.2 in co-topos theory. We internalize the proof
that for two oco-topoi X and Y their product in Top?O is given by the tensor product X ® Y. Using the
equivalence of Theorem 1.2.4.2, it follows that for a span of co-topoi X RNy WS Y the fibre product
XxgYin Top?O is given by the tensor product of presentable B-categories f.Qx ®® g.Qy. In combination
with Theorem 1.2.3.2 this shows that the fibre product X x¢ Y in Toplg‘o and the relative tensor product
X ®3 Y in Pr" agree whenever B is generated under colimits by (—1)-truncated objects, generalizing [7,
Corollary 1.10].

Finally, we conclude this chapter by laying the foundations for the theory of localic B-topoi.

The contents of this chapter first appeared as part of [64] and [66].

1.2.5. Application: Smooth and proper morphisms of co-topoi. We now continue by giving
a further application of the results of this thesis in co-topos theory. Recall from [57, Definition 7.3.1.4]
that a geometric morphism p.: X — B of co-topoi is called proper if it satisfies proper base change, so if

for any rectangle in Top?0

S

K tx x! .y

y* iq* l .
B4 B 53
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in which both squares are cartesian, the mate transformation:
I*qe — 1yt

is invertible. Dually we say that p, is smooth if it satisfies smooth base change, so if the dual mate

transformation
q*le = tr”

is invertible. Knowing that a specific geometric morphism is smooth or proper can be very useful in
applications, but the above definitions are often rather hard to check. Therefore the main goal of this
chapter is to provide more explicit criteria for smoothness and properness.

Let us start by explaining the characterization for smooth geometric morphisms. Recall that a
geometric morphism of oco-topoi py: X — B is locally contractible if p* admits a further left adjoint

pg: X — B with the property that for any span p*A — p*B < X in X the canonical map
pﬁ(p*A Xp*B X) — A XB pﬁX

is an equivalence. Translating p. to be the B-topos p.Qy via the equivalence of Theorem 1.2.4.2, it is
not hard to check that p, is locally contractible if and only if the unique algebraic morphism of B-topoi
Qp — p.Qyx admits a left adjoint. In this case we also say that p,Qy is a locally contractible B-topos.
We then characterize locally contractible B-topoi as those B-topoi that are generated by their contractible

objects, see Proposition 6.1.2.5. As a consequence we deduce the following;:

THEOREM 1.2.5.1 (Theorem 6.1.3.2). A geometric morphism p.: X — B is smooth if and only if it is

locally contractible.

We now continue by giving a characterization of proper morphisms of co-topoi. In order to motivate
our criterion, recall from [57, Corollary 7.3.4.12] that a Hausdorff space is compact if and only if the
global sections functor IT',: Sh(X) — 8 preserves filtered colimits. Thus one may be tempted to more
generally call an co-topos X compact if the global sections functor I'y: X — 8§ preserves filtered colimits.
Given the theory that we have developed so far we can now relativize this condition. For this recall that
we call a B-category | filtered if the colimit functor colim: Fung(l, Q5) — Qs is left exact. We then
say that a geometric morphism p,: X — B is compact if the associated terminal geometric morphism of
B-topoi (')« : p«Qx — Qp commutes with colimits indexed by filtered B-categories.

Since the notion of properness of a geometric morphism also gives a sensible notion of relative

compactness one might ask if these two notions agree. We give an affirmative answer:

THEOREM 1.2.5.2 (Theorem 6.2.1.12). A geometric morphism p.: X — B is proper if and only if it

is compact.

That such a characterization of proper geometric morphisms should hold is already mentioned in
[57, Remark 7.3.1.5], but the necessary language to make it precise was not yet available. However, note
that even in the case B = §, where the statement makes no reference to internal higher category theory,
Theorem 1.2.5.2 was previously unknown. In fact, our proof crucially uses techniques from internal higher
category theory even in this case.

Finally we apply the above theorem to show that a proper and separated map p: X — Y of arbitrary
topological spaces induces a proper geometric morphism p,: Sh(X) — Sh(Y). This generalizes [57,
Theorem 7.3.1.16], where X was assumed to be completely regular.

The contents of this chapter first appeared as parts of [64] and [66].

1.2.6. Applications in étale homotopy theory. In the final chapter we will present applications
of the previous results in étale homotopy theory. These applications have their origin in the work of
Barwick-Glasman-Haine on Ezodromy results in algebraic geometry [9] and Lurie’s work on Ultracategories

[69]. The co-topos internally to which we are going to work is the co-topos of condensed or pyknotic
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spaces. Our starting point is the question to what extend a coherent co-topos X can be recovered from
its category of points.

In general the answer to this question is that it cannot®, but we can fix this issue by remembering
the natural pyknotic structure that the category of points Pt(X) acquires. Indeed, for any oco-topos X we
define Pt(X) to be the Pyk(8)-category given by the functor

Pt(X): Pro(Set™) — Catoo, S+ Fun,(Sh(S),X).

It is expected that one can recover the full co-topos X from Pt(X) whenever X is bounded and coherent.
Lurie proves this for coherent 1-topoi in [59)].

For our applications we will focus on the case where X = X is the co-topos of étale sheaves on a
qcgs scheme X. In this case it turns out that the co-topos Xy can already be recovered from a smaller
variant of Pt(X). Following [9], we write Gal(X) for the Pyk(8)-category given by the functor

Gal(X): Pro(Set™) — Caty, S — Fun®"(Sh(S), Xs),

where Fun®"(Sh(S), X4 ) denotes the co-category of coherent geometric morphisms. Considering the
oo-category 8, as a constant Pyk(8)-category, Barwick-Glasman-Haine show that there is an equivalence

of oo-categories
Xg;)ns ~ Funpyk(g) (Gal(X), Sﬂ—),

where the left hand side denotes the full subcategory spanned by the constructible étale sheaves, see [9,
Corollary 0.5.2, Theorem 13.2.11]. The first main result of this chapter extends the Exodromy equivalence

to a much larger class of sheaves. To simplify notation we write Pyk(8) = Qpyis)-

THEOREM 1.2.6.1 (Theorem 7.2.0.1). Let X be a qcqs scheme. Then the exodromy equivalence induces

an equivalence of co-topoi

thp i> FunPyk(S) (Gal(X); Pyk(S))

proét

Here the source category is the co-topos of hypercomplete pro-étale sheaves on X, as introduced in
[14, §4]. The above theorem shows that when working internally to pyknotic spaces the structure of the a
priori complicated pro-étale co-topos greatly simplifies because it is “just” a presheaf category. It also
gives a conceptual explanation why the topos of pro-étale sheaves has so many convenient properties. For
example it immediately implies that for an arbitrary map of schemes f: X — Y the pullback functor

* . yhyp hyp
f . Yproét - Xproét

commutes with all limits, see Corollary 7.2.3.12.

We will then apply Theorem 1.2.6.1 to understand the étale homotopy theory of schemes. Recall that
the étale homotopy type of a scheme X, introduced by Artin-Mazur-Friedlander in [8],[24], can from a
modern point of view be defined as the shape of the co-topos of hypercomplete étale sheaves X ;yp, see
[44, § 5]. Since X, ;yp is typically not locally contractible, the étale homotopy type is often not a space
but a pro-space, which can be hard to work with. However, Theorem 1.2.6.1 shows that the situation
improves if we work in the pro-étale setting instead. The Pyk(8)-topos X;ffét is locally contractible, it
is even a presheaf topos. Therefore we may also easily compute its shape relative to Pyk(8), which we
denote by TIEX°®(X), as the groupoidification Gal(X)&Pd.

We call the pyknotic space ITP'¢*(X) the pro-étale homotopy type of X. Tt is related to the usual étale
homotopy type via the fact that I1¢ (X) is equivalent to the pro-truncated homotopy type of TIRr°¢t(X)
(see Proposition 7.3.1.7). Having this explicit description of IIE™¢*(X) as the groupoidification of a
Pyk(8)-category allows us to apply methods from the theory of Pyk(§)-categories. Concretely we will
prove a variant of Quillen’s Theorem B [74, Theorem B], internally to any oco-topos B and also up to

3The sheaf topoi associated with any two pro-finite sets of the same cardinality have the same category of points
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localisation at a class of morphisms.* We then apply this result to deduce that for a smooth and proper

morphism X — Y of qcgs schemes and a geometric point y — Y the fibre of the induced map
IR (X) — T ()

at y is equivalent to ITBro%t (Xy) after pro-finitely completing at the primes that are invertible on Y, see
Theorem 7.3.3.10.

The results of § 7.2 have first appeared in [91] and the results of § 7.3 are going to appear in joint
work with Barwick, Haine, Holzschuh, Lara, Mair and Martini.

1.3. Related work

The series of papers on parametrized higher category theory and parametrized higher algebra by
Barwick-Dotto-Glasman-Nardin-Shah [11], [13], [82], [71], [83] already develops a substantial amount of
the theory of internal higher categories in the special case where B = PSh(C) is a presheaf category on
some orbital co-category. More concretely, in the case of an arbitrary presheaf co-topos, many of the
results in Chapter 3 and some results from Chapter 4 on filteredness have also been proven by Shah in
[82] and [83]. If € is also assumed to be orbital, a theory of presentability has been developed by Hilman
in [43].

The theory of B-categories is also closely related to various flavours of synthetic co-category theory.
One instance of such a theory is Riehl-Shulman’s simplicial homotopy type theory [79]. By [84], simplicial
homotopy type theory can be interpreted in simplicial objects in any co-topos and therefore provides a
purely synthetic way of arguing about B-categories. Many concepts of internal higher category theory
have been developed from this point of view by Buchholtz-Weinberger in [16] and Weinberger in [90],
[89], [88]. Our theory is also related to the ongoing work of Cisinski-Cnossen-Nguyen-Walde on the
formalization of higher category theory [19]. The theory of B-categories will give rise to an example of a
“synthetic category theory” and then many of our results can be proven in this more general setup.

Let us also mention that in the 1-categorical context, the notion of an internal category has been
first formulated by Grothendieck in [31] and since then has been developed by many mathematicians
such as Bunge, Bénabou, Celeyrette, Joyal and Tierney. In particular many results of this thesis are
well-known for a long time in the 1-categorical context. Also many of the 1-categorical analogues of our
topos-theoretic results are well-known. See [46] for an extensive account. More specifically let us mention
that the equivalence between relative and internal topoi is due to Moens [67] and the characterization of
proper morphisms is due Lindgren [54] and also appears in [69].

Finally let us again mention that the contents of Chapters 2-6 are all part of joint work with Louis
Martini [63], [65], [64], [66]. The contents of § 7.2 first appeared in [91], but some of the arguments have
been simplified and some results have been added. The contents of § 7.3 are going to appear in joint

work with Barwick, Haine, Holzschuh, Lara, Martini and Mair.

4Such a result was also proven in [68]. We will give our own proof here, that is better adapted to the language of this

thesis.



CHAPTER 2

Fundamentals of B-category theory

The goal of this chapter is to set the stage and prove some preliminary results for the later chapters
of this thesis. We will begin with an extensive recollection of the main framework and results from [62]
in § 2.1. After that we continue by studying subcategories and localisations of B-categories in § 2.2.
Both of these notions are rather straightforward adoptions of the corresponding notions in usual higher
category theory. Then we will give a proof of the straightening-unstraightening equivalence for cocartesian
fibrations of B-categories in § 2.3.2. This result was first proven in [61], but we decided to give our own
proof here because it is completely different from the on given in [61].

In § 2.4 we study adjunctions between B-categories. They are defined via the standard 2-categorical
definition in terms of units, counits and triangle identities, but we also provide a number of equivalent
characterizations, as in [17, § 6.1]. We also prove a useful section-wise characterization for the existence
of an adjoint: A functor of B-categories f: C — D has a left adjoint if and only if for every A € B
the functor of f(A): C(A) — D(A) admits a left adjoint and for any s: A — B in B the induced mate
transformation is invertible, see Proposition 2.4.2.9.

2.1. Background and recollections on B-categories

In this section we recall the basic framework of higher category theory internal to an co-topos
from [62]. We give quick arguments for some of the easier statements if possible, but mostly we just refer

to loc. cit. for proofs.

2.1.1. General conventions and notation. We generally follow the conventions and notation
from [62]. For the convenience of the reader, we will briefly recall the main setup.

Throughout this paper we freely make use of the language of higher category theory. We will
generally follow a model-independent approach to higher categories. This means that as a general rule,
all statements and constructions that are considered herein will be invariant under equivalences in the
ambient co-category, and we will always be working within such an ambient co-category.

We denote by A the simplex category, i.e. the category of non-empty totally ordered finite sets with
order-preserving maps. Every natural number n € N can be considered as an object in A by identifying n
with the totally ordered set (n) = {0,...n}. For i =0,...,n we denote by §: (n — 1) — (n) the unique
injective map in A whose image does not contain i. Dually, for i = 0,...n we denote by o: (n+1) — (n)
the unique surjective map in A such that the preimage of ¢ contains two elements. Furthermore, if S C n
is an arbitrary subset of k elements, we denote by §°: (k) — (n) the unique injective map in A whose
image is precisely S. In the case that S is an interval, we will denote by o°: (n) — (n — k) the unique
surjective map that sends S to a single object. If € is an co-category, we refer to a functor C': A°? — €
as a simplicial object in €. We write C), for the image of n € A under this functor, and we write d;, s;,
ds and sg for the image of the maps ¢°, 0%, ¢° and ¢ under this functor. Dually, a functor C*: A — @
is referred to as a cosimplicial object in C. In this case we denote the image of 6%, 0%, 6° and o by d’, s?,
d® and 0%,

The 1-category A embeds fully faithfully into the co-category of co-categories by means of identifying
posets with 0-categories and order-preserving maps between posets with functors between such 0-categories.
We denote by A™ the image of (n) € A under this embedding.

1
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2.1.2. Set-theoretical foundations. Once and for all we will fix three Grothendieck universes
U € V € W that contain the first infinite ordinal w. A set is small if it is contained in U, large if
it is contained in V and wvery large if it is contained in W. An analogous naming convention will be
adopted for oco-categories and oo-groupoids. The large oo-category of small co-groupoids is denoted by 8,
and the very large oco-category of large oo-groupoids by S. The (even larger) oco-category of very large
oo-groupoids will be denoted by S. Similarly, we denote the large co-category of small co-categories by
Catso and the very large oco-category of large co-categories by @w. We shall not need the oco-category

of very large oo-categories in this thesis.

2.1.3. oo-topoi. For co-topoi A and B, a geometric morphism is a functor f,: B — A that admits
a left exact left adjoint, and an algebraic morphism is a left exact functor f*: A — B that admits a right
adjoint. The global sections functor is the unique geometric morphism 'z : B — 8 into the oco-topos of
oo-groupoids 8. Dually, the unique algebraic morphism originating from 8§ is denoted by constg: § — B
and referred to as the constant sheaf functor. We will often omit the subscripts if they can be inferred from

the context. For an object A € B, we denote the induced étale geometric morphism by (74).: B4 — B.

2.1.4. Universe enlargement. If B is an co-topos, we define its universe enlargement B = Shg(B),
where the right-hand side denotes the oo-category of presheaves B°P — 8 which preserve small limits; this
is an co-topos relative to the larger universe V [57, Remark 6.3.5.17]. Moreover, the Yoneda embedding
gives rise to an inclusion B — B that commutes with small limits and colimits and with the internal
hom [62, Proposition 2.4.4]. The operation of enlarging universes is transitive: when defining the co-topos
B relative to W as the universe enlargement of B with respect to the inclusion V € W, the oco-category

B is equivalent to the universe enlargement of B with respect to U € W [62, Remark 2.4.1].

2.1.5. Factorisation systems. Recall from [57, § 5.2.8], that if f: a — b and g: ¢ — y are
morphisms in an co-category C, we say that f is left orthogonal to g (or g is right orthogonal to f) if the

commutative square

mape (b, x) LI mape (b, y)

f*l lf*

mape(a, ) T mape(a,y)

is cartesian. If € is a presentable co-category and if S is a small set of maps in C, there is a unique
factorisation system (£, R) in which a map is contained in R if and only if it is right orthogonal to the
maps in S, and where £ is dually defined as the set of maps that are left orthogonal to the maps in
R, see [57, Proposition 5.5.5.7]. We refer to £ as the saturation of S; this is the smallest set of maps
containing S that is stable under pushouts, contains all equivalences and is stable under small colimits in
Fun(Al, €), see e.g. [62, Proposition 2.5.6]. An object ¢ € € is said to be S-local if the unique morphism
¢ — 1 is contained in R.

If € is cartesian closed with internal hom [—, —] and has pullbacks, we say that f: a — b is internally

left orthogonal to g: x — y (or g is internally right orthogonal to f) if the commutative square

b, 2] =" [b,y]

r| I

[a’ .CE] T> [av y}

in € is cartesian. If € is again presentable and S a small set of morphisms in €, we can analogously
construct a factorisation system (£, R’) in which R’ is the set of maps in B that are internally right
orthogonal to the maps in S [5]. Explicitly, a map is contained in R’ if and only if it is right orthogonal
to maps of the form s x id, for any s € S and any ¢ € C. The left complement £’ is comprised of the

maps in € that are left orthogonal to the maps in R’ and is referred to as the internal saturation of S.
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Equivalently, £’ is the saturation of the set of maps s X id. for s € S and ¢ € €. An object ¢ € € is said
to be internally S-local if the unique morphism ¢ — 1 is contained in R’.

Given any factorisation system (£,R) in € in which £ is the saturation of a small set of maps in C,
the inclusion R < Fun(A!, €) admits a left adjoint that carries a map f € Fun(Al, @) to the map r € R
that arises from the unique factorisation f ~ rl into maps [ € £ and r € R [57, Lemma 5.2.8.19]. By
taking fibres over an object ¢ € €, one furthermore obtains a Bousfield localisation €/, = R/ such that
if f:d — cis an object in €/, and if f ~ rl is its unique factorisation into maps / € £ and r € R, the

adjunction unit is given by [.

2.1.6. Simplicial objects, B-categories and B-groupoids. We will now give the definition of a

B-category, our main subject of study. However we at first introduce some notation:

NoOTATION 2.1.6.1. If B is an arbitrary co-topos, we denote by Ba = Fun(A°P, B) the co-topos of
simplicial objects in B. Note that the adjunction (const 4 T'): 8§ = B yields via postcomposition an
induced adjunction (const 4 T'): 8Ao < Ba on the level of simplicial objects. We will often implicitly
identify a simplicial co-groupoid K with its image in B along constg.

For every n > 1, we denote by I™ = A' Lipo - - - Lino A' < A™ the n-spine, viewed as a simplicial
oo-groupoid. Furthermore, we denote by E' = (A% U AY) Uatuan) A3 the walking equivalence.

DEFINITION 2.1.6.2 ([62, Definitions 3.1.5 and 3.2.1]). A B-category is a simplicial object C € B
that is internally local with respect to I? < A? (Segal conditions) and E* — A (univalence). We
denote by Cat(B) «— Ba the full subcategory spanned by the B-categories. A B-groupoid is a simplicial
object G € Ba which is internally local with respect to A! — A°. We denote by Grpd(B) < Ba the full
subcategory spanned by the B-groupoids.

REMARK 2.1.6.3 ([62, Proposition 3.2.7]). A combinatorial argument, see [62, Lemma 3.2.5 and 3.2.6],
shows that a simplicial object C' is a B-category if and only if it satisfies the following two conditions:

(1) (Segal conditions) For all n > 2 the map

(d{o,1y,d¢1,2} 58 f{n—1,n})
Cn

C1 XCo C1 XCy =+ XCq C1

in B is an equivalence.

(2) (Univalence) The commutative square

Co % Cs
(id,id)l ld{o,2}><d{1,3}

Co x Cp o G xG
in B is a pullback.

REMARK 2.1.6.4. There are several non-equivalent definitions of the walking equivalence. For example,
Charles Rezk [77, § 6] defines the walking equivalence as the simplicial set J that arises as the nerve of
the category with two objects and a unique isomorphism between them. Our model E* (that we adopted
from [55, Notation 1.1.12]), on the other hand, is comprised of a map together with separate left and
right inverses. Nevertheless, either choice gives rise to the same notion of B-categories: there is a natural
map E' — J which is contained in the internal saturation of I? <+ A2, i.e. which becomes an equivalence
when imposing the Segal conditions. This can be extracted from the discussion in [77, § 6], see also [76,
§ 2.4].

PROPOSITION 2.1.6.5 ([62, Proposition 3.2.9, Remark 3.2.10 and Proposition 3.2.11]). The inclusion
Cat(B) — Ba preserves filtered colimits and admits a left adjoint which preserves finite products.
Therefore, Cat(B) is presentable and an exponential ideal in Ba, so in particular cartesian closed.
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PROOF. The statement about preservation of filtered colimits follows because the limits involved in
the explicit description of Remark 2.1.6.3 are all finite and filtered colimits commute with finite limits in
Ba. Furthermore the fact that the left adjoint Bao — Cat(B) preserves finite products is easily seen to be
equivalent to Cat(B) being an exponential ideal in Ba. Thus we need to see that for any K € B and
C € Cat(B), the internal hom Homg (K, C) is a B-category. But this is clear from Definition 2.1.6.2,
because B-categories are defined to be internally local with respect to I? — A? and E' — A, U

NOTATION 2.1.6.6. We will denote by Fung(—, —) the internal hom in Cat(B) and refer to it as the

functor B-category bifunctor.

PROPOSITION 2.1.6.7 ([62, after Corollary 3.2.12]). A simplicial object in B is a B-groupoid if and
only if it is constant (i.e. contained in the essential image of the diagonal embedding 1: B — Ba ), and
every B-groupoid is a B-category. Moreover, the resulting embedding B ~ Grpd(B) — Cat(B) admits
both a left adjoint (—)&PY (the groupoidification functor) and a right adjoint (—)= (the core B-groupoid
functor ). Explicitly, if C is a B-category, one has C& ~ colimpaor C and C= ~ C,.

PRrROOF. If a simplicial object K € Ba is internally local with respect to A! — A® an easy
combinatorial argument (see [62, Lemma 3.1.3]) shows that it is local with respect to all maps of the
form A" x A — AP x A. This implies that K is constant. The converse follows because the left adjoint
colimpor : Bao — B sends maps of the form K x A — K x A® for K € Ba to equivalences. Indeed, as
a sifted colimit, it commutes with products and clearly inverts the map A! — AY. Since a constant
simplicial object satisfies the conditions of Remark 2.1.6.3, it also follows that any B-groupoid is a

B-category. The remaining part of the Proposition is clear. O

DEFINITION 2.1.6.8. If C is a B-category, we denote by C°P the simplicial object that is obtained by
precomposing C: A°? — B with the involution (—)°P: A ~ A that carries (n) (viewed as a 0-category)
to its opposite (n)°P. The simplicial object C°P is again a B-category that we refer to as the opposite

B-category of C.

REMARK 2.1.6.9. The equivalence (—)°P: Cat(B) ~ Cat(B) from Definition 2.1.6.8 restricts to the
identity on Grpd(B). In fact, this follows immediately from the observation that B-groupoids are constant

simplicial objects (see Proposition 2.1.6.7).

REMARK 2.1.6.10 ([62, § 3.3]). If f.: B — A is a geometric morphism and if f* is the associated
algebraic morphism, postcomposition induces an adjunction f* 4 f.: Cat(A) = Cat(B). In particular,
one obtains an adjunction constg 4 I'g: Caty, S Cat(B). We will often implicitly identify an co-category
C with the associated constant B-category consts(C) € Cat(B). Furthermore, if the geometric morphism
f« is étale, the further left adjoint fi of f* also induces a functor f;: Cat(B) — Cat(A) that identifies
Cat(B) with Cat(A), 1.

CONSTRUCTION 2.1.6.11. By making use of the adjunction constgy 4 I'g: Cate, S Cat(B) and the

internal hom Fung(—, —) as well as the product — x — in Cat(B), one can define bifunctors
(Functor oo-category) Fung(—,—) = T'g o Fung(—, —): Cat(B)°? x Cat(B) — Cateo
(Powering) (=) = Fung (constg (—), —): Cat®P x Cat(B) — Cat(B)
(Tensoring) — ® — = constg (—) x —: Caty, x Cat(B) — Cat(B)

which fit into equivalences

mapCat('B)(i ® =, 7) = IMAaPcat.,, (77 Fun‘B(fa 7)) = mapCat(‘B)(77 (7)(7))

(see [62, § 3.4]). In particular, we have Fung(—, —)% =~ mapc,is)(—, —), so that Fung(—, —) gives
rise to a Cato-enrichment of Cat(B) and therefore an (0o, 2)-categorical enhancement of Cat(B) [62,
Remark 3.4.3].



2.1. BACKGROUND AND RECOLLECTIONS ON B-CATEGORIES 5

REMARK 2.1.6.12 ([62, Proposition 3.1.2]). There is an equivalence of functors idgag(s) =~ (=)A=
In other words, for any B-category C and any integer n > 0 one may canonically identify C, ~ (CAn)O.

2.1.6.13. We conclude this section with a remark on large B-categories: observe that postcomposition
with the universe enlargement B < B from § 2.1.4 determines an inclusion Cat(B) — Cat(@) that is
natural in B both with respect to geometric and algebraic morphisms of co-topoi [62, § 3.3]. Furthermore,
the inclusion commutes with small limits and the internal hom [62, Proposition 3.4.1] and therefore also
the tensoring, powering and functor co-category bifunctors [62, Corollary 3.4.2]. We refer to the objects
in Cat(@) as large B-categories (or as @—categories) and to the objects in Cat(B) as small B-categories.
If not specified otherwise, every B-category is small. Note, however, that by replacing the universe U
with the larger universe V (i.e. by working internally to @), every statement about B-categories carries
over to one about large B-categories as well. Also, we will often omit specifying the relative size of a
B-category if it is evident from the context, and we will continue writing Fun.(C, D) for the internal hom

even if C and D are large.

2.1.7. B-categories as sheaves of co-categories. One may equivalently regard a B-category as
a sheaf of oco-categories on B, by which we mean a functor B°? — Cat, that preserves small limits. Let

us first introduce the following notation:

NotATION 2.1.7.1. If € is an co-category with all small colimits and D an oo-category with all small
limits we write Shy (€) = Fun'™ (€, D).

PROPOSITION 2.1.7.2 ([62, Proposition 3.5.1 and Remark 3.5.6]). Let ¢: B — Cat(B) denote the

diagonal embedding. There is a canonical equivalence of B-categories
®: Cat(B) — Sheas., (B).
that restricts to the equivalence B ~ Shg(B) along the diagonal v: B — Cat(B).
PROOF. If € is an arbitrary oco-category with finite limits, we write FunCSS(AOP,G) for the full

subcategory spanned the functors that satisfy the conditions appearing in Remark 2.1.6.3. Recall from
[51, 40] that the nerve functor

N: Catoo — Fun(A®P,8), € mapc,, (A*,C)
restricts to an equivalence Cat,, ~ FunCSS(AOP, 8). We therefore obtain a chain of natural equivalences
Cat(B) ~ Fun®S(A°P, Fun"™ (B°P, 8)) ~ Fun'™(BP, Fun“® (AP 8)) ~ Shcae (B)

because limits in functor oo-categories are computed pointwise. The second claim is clear from the

construction of the above equivalence. (I

2.1.7.3. Explicitly the functor ® sends a B-category C to the sheaf of complete Segal-spaces given by
mapg(—, Cq). Using Remark 2.1.6.12 we obtain a chain of natural equivalences

map‘B(77 CO) = map‘BA (L(7)7 CA.) = Ina“pCatOC (A.7 Fun(B (L(i)a C))7

where t: B — Ba is the diagonal functor. It follows that we may identify ®(C) with the sheaf
Fung (:(—), C). Hereafter, we will often implicitly identify a B-category C with the associated sheaf ®(A).
That is, we usually write C(A) = ®(C)(A) ~ Funp(:(A),C) for the oo-category of local sections over
A € B, and we write s*: C(B) — C(A) for the restriction functor along a map s: B — A in B.

REMARK 2.1.7.4 (cf. [62, Remark 3.1.1]). More explicitly, the co-category C(A) = Fung(1(A), C) is
given by the complete Segal space whose space of n-morphisms is given by the co-groupoid mapg (A4, C,).
In particular, the equivalence Cat(B) ~ Shcat . (B) from Proposition 2.1.7.2 commutes both with

taking core B-groupoids and opposite B-categories, in the sense that we have equivalences of sheaves
C¥(—) ~ C(—)= and C°P(—) ~ C(—)°P.
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REMARK 2.1.7.5. One may interpret Proposition 2.1.7.2 as a correspondence between internal and
parametrised higher category theory. Both approaches have their specific advantages: the upshot of
the internal approach is that one can often use a statement about co-categories and simply interpret it
internally in B in order to obtain the corresponding statement for B-categories. On the other hand, it is
usually easier to construct a particular B-category via its associated sheaf of co-categories. In fact, most

examples that are of practical interest arise in this way.

REMARK 2.1.7.6 ([62, § 3.5]). The equivalence Cat(B) ~ Shc,t._(B) is natural in B: if f.: B — A is

a geometric morphism and f* denotes its left adjoint, one obtains commutative squares

Cat(B) —— Shcas., (B) Cat(B) —— Shcat (B)
Ir Ir # #]
Cat(A) —=— Shcat (A) Cat(A) —=— Shcas (A).

Explicitly, f«: Shcat, (B) = Sheat., (A) is given by restriction along f*: A — B. In particular, we may
identify C(1) ~ I'g(C) for every B-category C. Furthermore, f*: Shcas, (A) — Sheas. (B) is given by
left Kan extension along f*: A — B. Thus, if the latter functor admits an additional left adjoint fi, then
f*: Sheat., (A) = Sheat (B) is simply given by precomposition with fi.

REMARK 2.1.7.7 ([62, Proposition 3.5.1]). The equivalence between B-categories and sheaves of

oo-categories respects universe enlargement in the following sense: there is a commutative square

Cat(‘B) i) ShCato@ (B)

! I

Cat(B) —— Sh (B)

in which the lower horizontal equivalence is obtained by sending a large B-category C to Fung(«(—),C),

where 1: B < B < Cat(B) is the inclusion.

2.1.7.8. We conclude this section by noting that the sheaf-theoretic perspective on B-categories
also gives rise to a fibrational point of view: on account of the inclusion Sho~ (B) < PSh~ (B)

and by making use of the straightening/unstraightening equivalence PSh@ (B) ~ Cart(B) between

Catoo-valued presheaves on B and cartesian fibrations over B (see [57, § 3.2]), we obtain a full embedding
Cat(B) — Cart(B) which sends a (large) B-category C to its underlying cartesian fibration [ C — B.

2.1.8. Objects and morphisms in B-categories. Next we introduce notions of objects and

morphisms in a B-category:

2.1.8.1. Observe that by combining Proposition 2.1.7.2 and 2.1.7.3 with the two-variable adjunctions

between the bifunctors Fung (—, —), — ® — and (—)(~), one obtains equivalences
e (A)~ ~ mapCat(B)(A7 CA”) = mapCat(iB)(An ® A, C) ~ mapg,; (A", C(A))

for every A € B, every C € Cat(B) and each n € N (where we leave the diagonal embedding B — Cat(B)

implicit). Moreover, by combining Proposition 2.1.6.7 with Remark 2.1.6.12, we may furthermore compute
mapcy(s) (4, C4") ~ mapy(4,Cp).

In other words, the datum of a map A — C*" in Cat(B) is equivalent to that of a map A" ® A — C in
Cat(B), amap A — C,, in B as well as a functor A™ — C(A) of co-categories.

DEFINITION 2.1.8.2. Let C be a B-category and let A € B be an object. For a given integer n > 0,
an n-morphism in C in context A is a map A — C2" in Cat(B). If n = 0, we simply speak of an object
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in C in context A, and for n = 1 we refer to such a map as a morphism in C in context A. Given objects

c,d: A= C, one defines the mapping B, 4-groupoid mapc(c,d) as the pullback

mapc(¢,d) — C;

e

A Dy x G
We denote a section f: A — mapc(c,d) by f: ¢ — d.

REMARK 2.1.8.3 ([62, § 3.6]). Equivalently, the mapping B,4-groupoid mapc(c,d) can be defined as
the pullback of (dy,dp): CA" 5 Cx Calong (¢,d): A— CxC.

REMARK 2.1.8.4. Viewed as an 8-valued sheaf on B, 4, the object mapc(c, d) from Definition 2.1.8.2
is given by the assignment

B/a 3 (s: B— A) = mapcp(sc,s"d)

where s*c = ¢s and likewise for d.

2.1.8.5. More generally, if cg, ..., ¢, are objects in context A in C, one writes mapc(co, ..., ¢,) for the
pullback of (d,,...,dy): C, = Cg+1 along the map (co,...,c,): A — CyT'. Using the Segal conditions,

one obtains an equivalence
mapc(co, - .-, Cn) ~ mapc(co,c1) Xa -+ X4 mape(cn_1,cn)-

By combining this identification with the map mapc(co, ..., ¢,) = mapc(co, ¢,) that is induced by the
map dyo n}: C, — Cy, one obtains a composition map

mapc(co, 1) Xa -+ Xamape(cn_1,cn) = mapc(co, cp).

Given maps f;: ¢;_1 — ¢; in Cfori=1,...,n, we write fi - -- f,, for their composition. By making use of
the simplicial identities, it is straightforward to verify that composition is associative and unital, i.e. that
the relations f(gh) ~ (fg)h and fid ~ f ~id f as well as their higher analogues hold whenever they
make sense, see [77, Proposition 5.4] for a proof.

REMARK 2.1.8.6. As a B-category C is determined by the associated sheaf of co-categories on B
but not just by the underlying co-category I's (C) of global sections, it is crucial that we allow objects
and morphisms in C to have arbitrary context A € B. In other words, we need to allow objects and
morphisms to be only locally defined, where by the term local we allude to the point of view that the
base oco-topos B can be thought of as a spatial object. Alternatively, this phenomenon can be viewed
as a shadow of the notion of contexts in type theory (hence the name), where they are needed to keep
track of the types of the variables that occur in a formula. More precisely, when regarding the theory of
B-categories as a model of simplicial homotopy type theory [79], the type-theoretic notion of contexts

exactly translates into our notion of contexts.

REMARK 2.1.8.7. At first, the fact that objects and morphisms of a B-category C have non-global
context A might appear to complicate things, but in practice this is usually not the case: in fact, by
making use of the adjunction (74)1 47%: B4 < B and by the observations made in Remark 2.1.6.10,
the datum of an object ¢c: A — C precisely corresponds to that of an object ¢: 13, — 7, C, where
73 C € Cat(B,,) is the image of C along the base change functor 7% : Cat(B) — Cat(B,4) ~ Cat(B),.
In other words, upon replacing B with B,4 and C with 73 C, object in context A are turned into objects
in global context. Very often, we will make use of this correspondence in order to be able to restrict
our attention to objects and morphisms in global context (see § 2.1.14 below for more details on this
strategy).
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REMARK 2.1.8.8. Observe that for every B-category C there is a distinguished object 7: Co — C that
is determined by the counit of the adjunction ¢ 4 (—)o: Cat(B) = B from Proposition 2.1.6.7. We refer
to 7 as the tautological object of C. By definition, every object ¢: A — C arises as a pullback of 7, in
the sense that we have ¢ ~ ¢*7 (where ¢*: C(Cy) — C(A) is the restriction functor). In that way, many
questions about an arbitrary object in a B-category can be reduced to questions about the tautological

object.

We conclude this section with a discussion of equivalences in B-categories. To that end, given any
object ¢: A — C in a B-category C, let us denote by id.: ¢ — ¢ the morphism that is determined by the
lift SpcC: A— CQ — Cl of (C,C)Z A— CO X Co.

DEFINITION 2.1.8.9. A morphism f: ¢ — d in C is an equivalence if there are maps ¢g: ¢ — d and
h: ¢ — d (all in context A) such that gf ~id. and fh ~id,.

As a consequence of univalence, one finds:

PROPOSITION 2.1.8.10 ([62, Corollary 3.6.3]). A map f: A — CA ina B-category C is an equivalence
if it factors through sy: C — ca'

In other words, every equivalence f: A — C; is equivalent (in the oo-groupoid C;(A)) to an identity.

2.1.9. Fully faithful functors and full subcategories. We now discuss fully faithful functors

and full subcategories in the setting of B-categories:

DEeFINITION 2.1.9.1. A functor f: C — D between B-categories is said to be fully faithful if it is
internally right orthogonal to the map A% U A% — Al. Dually, a functor is essentially surjective if is
(internally) left orthogonal to the class of fully faithful functors.

2.1.9.2. Tt follows formally that fully faithful functors are stable under small limits in Fun(A!, Cat(B))
and are preserved by the endofunctor Fung (C, —) for every B-category C [62, Proposition 3.8.4]. Moreover,
it immediately follows that functor of B-categories is an equivalence if and only if it is fully faithful
and essentially surjective [62, Proposition 3.8.3], and every functor can be uniquely factored into an
essentially surjective and a fully faithful functor. In other words, the essential image of a functor between

B-categories is well-defined.

Fully faithful and essentially surjective functors can be characterised as follows. For the proofs we
refer to [62].

PROPOSITION 2.1.9.3 ([62, Proposition 3.8.6 and 3.8.7]). For a functor f: C — D of B-categories,
the following are equivalent:
(1) The functor f is fully faithful;

(2) the square

Cl#Dl

CO X CU M Do X D()
is a pullback;
(8) for every A € B and any two objects co,c1: A — C in context A, the morphism
mapc(co, ¢1) — mapp(f(co), f(c1))
that is induced by f is an equivalence in B, ,;

(4) for every A € B the functor f(A): C(A) — D(A) of co-categories is fully faithful.

PROPOSITION 2.1.9.4 ([62, Corollary 3.8.12]). A functor f: C — D is essentially surjective if and

only if fo: Co = Dg is a cover (i.e. an effective epimorphism) in B.
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Fully faithful functors are in particular monomorphisms, hence the full subcategory Subf““(D) —
Cat(B),p that is spanned by the fully faithful functors into D is a poset whose objects we call full

subcategories of D.

PROPOSITION 2.1.9.5 ([62, Proposition 3.9.3]). Taking core B-groupoids determines an equivalence of
posets Subfu“(D) ~ Sub(Dg) between the poset of full subcategories of D and the poset of subobjects of
Dy € B.

2.1.9.6. In particular, Proposition 2.1.9.5 implies that specifying a full subcategory of D is equivalent
to specifying a subobject of Dg. Therefore, if (d;: A; — D);cs is a family of objects in D, we may define
the full subcategory of D that is spanned by these objects as the unique full subcategory of D whose core
B-groupoid is given by the image of the induced morphism (d;): | |, A; — D in B [62, Definition 3.9.7].
Note that this is possible even if the family is large [62, Remark 3.9.8].

2.1.10. The universe for B-groupoids. In this section we will introduce a large B-category
that we call . It will play the role in B-category theory that the co-category of spaces & plays in usual

oo-category theory.

DEFINITION 2.1.10.1. By straightening the codomain fibration Fun(A', B) — B, one obtains a functor
B/)_: BP — @cm that preserves small limits since B is an co-topos [57, Proposition 6.1.3.9]. In other
words, B,_ is a sheaf of (large) oo-categories and therefore (by Remark 2.1.7.7) determined by a large
B-category Qp that we refer to as the universe for B-groupoids [62, § 3.7].

2.1.10.2. We will often omit the subscript if it is clear from the context. By definition, we have
equivalences Q(A) ~ By~ Grpd(B/ 4)- In other words, the objects in  in context A are precisely given

by the B, 4-groupoids, an observation which justifies its name.
Moreover, we have:

PROPOSITION 2.1.10.3 ([62, Proposition 3.7.3]). For any two objects g, h in Q in context A € B that
correspond to B 4-groupoids G,H € Grpd(B,4) ~ B4, there is an equivalence

mapQ(ga h) = MB/A(Ga H)
in B a, where HomB/A(—, —) denotes the internal hom in B, ,.

REMARK 2.1.10.4. The universe 2 is to be regarded as the B-categorical analogue of the co-category
8 of co-groupoids. In fact, the first main result of this thesis (Theorem 3.4.1.1) implies in particular
that Q is characterised among B-categories by the same universal property that characterises 8§ among

oo-categories (namely as the free cocompletion of the point).
DEFINITION 2.1.10.5. We refer to a full subcategory of Q2 as a subuniverse.

2.1.10.6. It follows from item (4) of Proposition 2.1.9.3 and the definition of Q that every such
subuniverse corresponds precisely to a local class of morphisms in B, i.e. a class S that satisfies the
condition that a morphism p: P — A in B is contained in S if and only if it is locally contained in S, i.e.
if and only if for every cover (s;): U; A; - A in B, the maps s7(p): A; x4 P — A; are contained in S
(see [57, § 6.1.3 and Proposition 6.2.3.14]). In other words. we have:

PROPOSITION 2.1.10.7 ([62, Proposition 3.9.12]). There is an equivalence between the partially ordered
set of local classes in B and Sub™(Q).

NoTAaTION 2.1.10.8. For a given local class S, we denote the associated subuniverse by Qg.

EXAMPLE 2.1.10.9 (see the discussion towards the end of [62, § 4.5]). Let us say that a map p: P — A
in B is small if for every map A’ — A in which A’ € B, the pullback A’ x 4 P is contained in B as well.
This determines a local class of morphisms in B and therefore by Proposition 2.1.10.7 a subuniverse

of Qg € Cat(B) which can be identified with Qp € Cat(B) < Cat(B). This exhibits Qp as a full
subcategory of Q@.
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2.1.11. Left fibrations and the Grothendieck construction. In this subsection we will recall
one of the main theorems from [62], which provides an equivalence between the B-category of functors to
the universe Q¢ and a suitably defined category of left fibrations. This is the B-categorical analogue of

the usual straightening-unstraightening equivalence for left fibrations [57, Theorem 2.2.1.2].

DEFINITION 2.1.11.1. A functor p: P — C between B-categories is called a left fibration if it is
internally right orthogonal to the map d': A® — Al. A functor that is contained in the internal
saturation of this map is said to be initial.

2.1.11.2. As an immediate consequence of the definition one obtains a factorisation system between

initial maps and left fibrations.
We continue with some easy characterizations of left fibrations:

LEMMA 2.1.11.3. A functor p: P — C of B-categories is a left fibration if and only for any A € B the
induced functor P(A) — C(A) of oco-categories is a left fibration.

PROOF. By definition, p: P — C is internally right orthogonal to d! if and only if the square
Fung (A',P) —— Fung (A1, Q)

l(dl)* l(dl)*

m‘B(AOa P) — m’B(on C)

is cartesian. Since a square of sheaves of co-categories is cartesian if and only if it is so section-wise, the

claim follows from the natural equivalence
Fung (A", D)(A) ~ Fung (A, Fung (A™, D)) ~ Fun(A", Fung (4, D)) ~ Fun(A",D(A4))

and the analogous characterization for left fibrations between ordinary oco-categories, see [17, Proposition
3.4.5]. O

CONSTRUCTION 2.1.11.4. The restriction of the codomain fibration dy: Fun(A!, Cat(B)) — Cat(B)
to the full subcategory of Fun(A!, Cat(B)) that is spanned by the left fibrations is a cartesian fibra-
tion (as left fibrations are stable under pullback) and therefore determines via straightening a functor
LFib: Cat(B)°P — (/Jz;coo. By precomposing this functor with the product bifunctor —x —: B x Cat(B) —
Cat(B) (where we leave the diagonal embedding B < Cat(B) implicit), we therefore end up with a
functor

LFib(— x —): Cat(B)? — PShéa\too (B), Cr LFibc =LFib(— x C).

THEOREM 2.1.11.5 ([62, Theorem 4.5.1]). For every B-category C, the presheaf LFibc is a sheaf and

therefore defines a large B-category. Furthermore, there is an equivalence
LFibc ~ Fung(C, Q)
of large B-categories that is natural in C € Cat(B).

The proof given in [62] is following along the lines of [17], adapting all necessary notions to the
B-categorical setting. In § 2.3.2 we will give a rather different proof, generalizing the proof for B being

the oco-topos of pyknotic spaces, given in [91, §3].

REMARK 2.1.11.6. By means of the projection pry: A x C — A, every functor p: P -+ A x C can
be regarded as a map in Cat(B)/4 ~ Cat(B,4) (cf. Remark 2.1.6.10). Now since the forgetful functor
(mra): B/a — B creates pullbacks, it follows (using Lemma 2.1.11.3) that p is a left fibration of B, 4-
categories if and only if it is a left fibration of B-categories. Consequently, the functor (74); induces an
equivalence

LFibg,, (773 C) ~ LFibg (A x C)
(where the subscript indicates internal to which co-topos we are taking left fibrations). In other words,
the objects of LFibc in context A are precisely given by the left fibrations (internal to B,4) over 77 C.
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REMARK 2.1.11.7. Dually, a functor p: P — C of B-categories is a right fibration if it is internally
right orthogonal to d”: A < Al, and a functor that is contained in the internal saturation of the latter
map is said to be final. Equivalently, p is a right fibration precisely if p°P (see Definition 2.1.6.8) is a left
fibration, and a functor j is final if and only if j°P is initial. Again, one obtains a factorisation system
between final maps and right fibrations, and by the same construction as for left fibrations (or by simply

dualising this construction in the appropriate way) one ends up with a functor
RFib(— x —): Cat(B)?® — PShéa\too (B), C+~ RFibc =RFib(C x —).

For every B-category C, we have RFibc ~ LFibcor, hence RFibc defines a large B-category as well, and

one furthermore obtains a natural straightening/unstraightening equivalence
RFibc ~ PSh,; (C),
where PSh;(C) = Fung (C°P, Q) is the large B-category of presheaves on C.

2.1.12. Slice B-categories and initial objects. We now turn to the most important example of
a left fibration:

DEFINITION 2.1.12.1. For any B-category C and any object ¢: A — C, one defines the slice B-category
C./ via the pullback

C) — C&
ymy J(dl,d‘))

cxid

AxC —= CxC.

REMARK 2.1.12.2 ([62, Remark 4.2.2]). In the situation of Definition 2.1.12.1, Remark 2.1.8.7 allows
us to transpose c¢: A — C to an object ¢: 1g,, — 73, C. Thus, we can also define the slice B, 4-category
(1% C)z/, which also comes with a projection (7z): (7% C)sy — 774 C. This turns out to produce the same
result, in the sense that when applying the forgetful functor (74);: Cat(B,4) — Cat(B) to the map
(me)i: (13 C)ey — m4C, we recover the map (m.)1: C;; — A x C from Definition 2.1.12.1. Thus, when
regarded as a B, 4-category, we may identify C., with (77 C)z,.

REMARK 2.1.12.3. Dually, by performing the pullback of (d!,d°) along id xc: C x A — C x C, one
defines the slice B-category C,. together with its projection (m.)1: C,. — C x A. Alternatively, this
B-category can be defined via the identity C;, ~ (C:/p)‘)p.

PROPOSITION 2.1.12.4 ([62, Proposition 4.2.7]). For every object c: A — C in a B-category C, the
functor (me)1: Cy — A x Cis a left fibration of B-categories.

PrOOF. Combining Remark 2.1.12.2 with Remark 2.1.11.6, we may transpose c to an object ¢: 15 ,, —
7% C and only have to check that the functor (7z)1: (7% C)z) — 74 C of B, 4-categories is a left fibration.
In other words we may replace B by B,4 to assume that A = 1. In that case the claim is an easy
consequence of Lemma 2.1.11.3 and the analogous statement for ordinary oo-categories (see e.g. [17,
Proposition 4.2.7]). O

REMARK 2.1.12.5. By Remark 2.1.12.2, the functor (), in Proposition 2.1.12.4 can be regarded as
a map in Cat(B,4) and is as such a left fibration as well (by either applying Proposition 2.1.12.4 to the
transposed object ¢: 15,, — 7, C or by using Remark 2.1.11.6).

DEFINITION 2.1.12.6. Let C be a B-category. An object ¢: A — C is said to be initial if the transpose
map 1 — 73 C defines an initial functor in Cat(B,4).

REMARK 2.1.12.7. In the situation of Definition 2.1.12.6, one dually says that c is final if the transpose
map 1 — 73 C defines a final functor in Cat(B,,).
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REMARK 2.1.12.8 ([62, Remark 4.3.7]). For every object A € B, the forgetful functor
(ma)i: Cat(B,4) ~ Cat(B)/4 — Cat(B)

creates initial maps. Therefore, if C is a B-category, an object ¢: A — C is initial if and only if the map
(¢,id): A — C x A is an initial functor in Cat(B).

2.1.12.9. Observe that if ¢: A — C is an object in a B-category C, the identity id.: A — CA' takes
values in C,;. We therefore obtain a section id.: A — C.; of the structure map C.; — A (which coincides
with the image of idz: 13, — (7% C)s/ along the forgetful functor (w4)i, see Remark 2.1.12.2).

PROPOSITION 2.1.12.10 ([62, Proposition 4.3.9 and Remark 4.3.10]). For any B-category and any
object c: A — C, the section id.: A — C. is initial as a map in Cat(B,4) and therefore defines an initial
object of C.,.

COROLLARY 2.1.12.11 ([62, Corollary 4.3.19]). Let C be a B-category and let c: A — C be an
object in C. The factorisation of ¢ into an initial map and a left fibration is given by the composition
pry(me)ide: A = (C).y — C where pry: A x C— C is the projection.

PROPOSITION 2.1.12.12 ([62, Proposition 4.3.20]). Let C be a B-category. For any object c: A — C,
the following are equivalent:

(1) ¢ is an initial object;
(2) the projection (m.)1: C.y — A x C is an equivalence;
(3) for any object d: B — C the map mapc(pr ¢, pryd) — A x B is an equivalence in B.

COROLLARY 2.1.12.13 ([62, Corollary 4.3.21]). Let C be a B-category and let ¢ and d be objects in C
in context A € B such that c is initial. Then there is a unique map ¢ — d in C in context A that is an

equivalence if and only if d is initial as well.

REMARK 2.1.12.14. Let us briefly conclude with a remark about the functoriality of the slice
construction. Let C be a B-category and f: ¢ — d a morphism in context A € B. We have an evident

commutative square
a—1 ¢,
J
Cfe — AxC
and since id, is final, there is a unique functor f,: C,. — C/; making the above square commute. Dually

we also get an induced functor f*: Cq, — C,,.

2.1.13. Yoneda’s lemma. The theory of left fibrations can be used to derive a version of Yoneda’s
lemma for B-categories. First, we need a functorial version of the mapping B-groupoid construction. To
that end, let us denote by —x —: A x A — A the ordinal sum bifunctor. We may now define:

DEFINITION 2.1.13.1 ([62, Definition 4.2.4]). Let e: A — A denote the functor (n) — (n)°P x (n). For
any B-category C, we define the twisted arrow B-category Tw(C) to be the simplicial object given by the
composition

AP <5 AP S B,
This defines a functor Tw: Cat(B) — Ba.
Note that the functor € in Definition 2.1.13.1 comes along with two canonical natural transformations
(=) = e« ida
which induces a map of simplicial objects

Tw(C) = C° x C
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that is natural in C.
Combining the natural equivalences of 2.1.8.1 with Lemma 2.1.11.3, we get:

PROPOSITION 2.1.13.2 ([62, Proposition 4.2.5]). For every B-category C, the simplicial object Tw(C)
is a B-category, and the map Tw(C) — C°P x C is a left fibration.

By applying the straightening/unstraightening equivalence from Theorem 2.1.11.5 to the left fibration
Tw(C) — C°P x C, one now ends up with a bifunctor

mapc: CP x C— Q

that sends a pair of objects (c,d): A — C°? x C to the object mapc(c,d) € B/4 from Definition 2.1.8.2.
Upon transposing this bifunctor across the adjunction C°P x — - Fung (C°P, —), one obtains the Yoneda
embedding

hc: C — PShg(C).

THEOREM 2.1.13.3 ([62, Theorem 4.7.8]). For any B-category C, there is a commutative diagram

CoP x PShy (C) 2% PShy (C)°P x PShy (C)

\ J{mapﬁg © (=)
ev
Q

in Cat(B) (where ev is the evaluation map).

COROLLARY 2.1.13.4 ([62, Corollary 4.7.16]). For every B-category C, the Yoneda embedding hc is
fully faithful.

REMARK 2.1.13.5 ([62, Proposition 4.7.20]). Explicitly, an object A — PShy(C) is contained in C if
and only if the associated right fibration p: P — C x A admits a final section A — P over A (i.e. if P
has a final object in global context when viewed as a B, 4-category). If this is the case, one obtains an
equivalence C;. ~ P over C x A where c is the image of the final section A — P along the functor P — C.

2.1.14. Context reduction techniques. As a general rule, every construction and every statement
that we make in B-category theory has to be local in B and has to be invariant under étale transposition,

in the following sense:

(locality) For every A € B, the base change functor 7% : Cat(B) — Cat(B,4) preserves all of the
structure that we use when reasoning about B- (resp. B, 4-)categories. Furthermore, for every
cover (i.e. effective epimorphism) (s;): | |; Ai — A in B and every object c: A — Cin a
B-category C, a proposition is true for c¢ if and only if it is true for each of the pullbacks
si(c): Ay — C.

(étale transposition invariance) For every object ¢c: A — C in a B-category C, a proposition holds
for c if and only if the same proposition, interpreted internally in B, 4, is true for the transposed
object ¢: 13, — m4C (see Remark 2.1.8.7).

REMARK 2.1.14.1. More concretely, the locality rule asserts that
(1) 7% preserves limits and colimits;
(2) there is an equivalence 7 consty =~ consts ,;
(3) 7% commutes with the internal hom Fung(—, —) [62, Lemma 4.2.3];
(4) 7% carries the universe Qg to the universe Qg,, [62, Remark 3.7.2].

From these preservation properties, one can now infer that virtually all constructions that we carry out

in Cat(B) are preserved by 7%, see Example 2.1.14.7 below for a few specific instances.

REMARK 2.1.14.2. In the locality rule, we need not assume that a cover (s;): | |, A; - A is small. In

fact, since B is presentable and therefore admits a small full subcategory § C B that is dense in B (i.e.
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which has the property that every A € B is the colimit of the diagram G4 — B), every large cover can
be refined by a small one.

REMARK 2.1.14.3. Very often, we simply impose invariance under étale transposition by defining a

property of c: A — C as a property of its transpose c: 13, — 74 C (see for example Definition 2.1.12.6).

REMARK 2.1.14.4. Locality and invariance under étale transposition imply that the context of an
object is largely irrelevant: if we wish to study the properties of an object ¢: A — C in a B-category C,
we may simply pass to the slice co-topos B, replace C by 77, C and ¢ by its transpose ¢: 15, — 7,C
and can thus assume that c has had global context to begin with. Note that by locality, 7% C arises from
the very same constructions (internally in B,4) that are used to define C (internally in B), hence every
statement about the objects of C also makes sense as a statement about the objects of 7% C. A typical
example of how this procedure is used in practice is the proof of Proposition 2.1.12.4.

REMARK 2.1.14.5. If C is a B-category and if P(c) is a proposition about an object ¢: A — C in
context A € B, then locality implies that there is a full subcategory P < C that classifies P, in the sense
that an object ¢: A — C is contained in P if and only if P(c) is true. In fact, we may define P as the
full subcategory that is spanned by the objects ¢: A — C in arbitrary context A for which P(c) holds.
Explicitly, P is the unique full subcategory of C for which Py < Cj is the image of the map

|_| A%Co

c: A—C
P(c) holds

(cf. Proposition 2.1.9.5). This means that for the tautological object 7: Pg — P (see Remark 2.1.8.8)
there is a cover (s;): | |; Ai = Po such that P(s;7) holds for each . Since every object of P is a pullback
of 7 and since covers are stable under base change in B, this implies that for every object ¢: A — P there
is a cover (s;): | ], A; — A such that P(sjc) holds. Using the locality rule, we thus deduce that P(c)

must be true. Consequently, an object ¢: A — C is contained in P if and only if P(c) holds, as claimed.

REMARK 2.1.14.6. By combining Remarks 2.1.14.4 and 2.1.14.5, if P(c) is a proposition about an
object ¢: A — C in a B-category C and if P — C is the associated classifying full subcategory, then
74P < 77, C classifies the proposition P interpreted internally in B, 4. In fact, 74 P is the full subcategory
of 7, C that is spanned by those objects ¢: B — 73 C in context B € B/, for which the transpose
¢: B — C satisfies P(c) (interpreted internally in B), which by invariance under étale transposition is

equivalent to ¢ satisfying P(c) (interpreted internally in B, 4).

EXAMPLE 2.1.14.7. Suppose that C is a B-category. Then locality asserts that for every A € B,
one obtains an equivalence 7} PShy(C) ~ PShy (77 C) (cf. the list in Remark 2.1.14.1). In light of
this equivalence, one can furthermore identify 7 (hc) with hz+c [62, Lemma 4.7.14] (where hc is the
Yoneda embedding). Hence, an object F': A — PShy(C) is representable if and only if its transpose
F:lg 4 PSh (7% C) is representable, so that this property is indeed invariant under étale transposition.
It also satisfies the second part of the locality principle, which can be seen as follows: given a cover
(si): LJ; Ai = A in B, the presheaf F' being representable precisely means that the map F': A — PShy(C)
factors through the Yoneda embedding h: C < PShy(C), so clearly F' being representable implies that

S

*(F) = F's; is representable. Conversely, if each s (F') is representable, one can form the lifting problem

leo jh

AL 5 PSh,(C)

which admits a unique solution (since covers and monomorphisms form a factorisation system in @),
hence the result follows.
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2.2. Subcategories and Localisations

Forming subcategories or localizing at a class of morphisms are two of the most fundamental tools
in (higher) category theory. In this section we will study the corresponding notions in the world of
B-categories. We will begin by proving a number of preliminary results about monomorphisms of
B-categories in § 2.2.1. In § 2.2.2 we then study subcategories of B-categories. Our main result here is
that subcategories of C uniquely correspond to subobjects of C; that are closed under equivalences and
composition. We conclude by studying localisations of B-categories in § 2.2.3.

2.2.1. Monomorphisms of B-categories. Recall that a monomorphism in Cat(B) (i.e. a (—1)-
truncated map) is a functor that is internally left orthogonal to the map A® LI AY — AY. In other words,
a functor f: C — D between B-categories is a monomorphism if and only if the square

c—L b
l(idc,idc) l(idD’idD)
cxC Y pxp
is a pullback, or equivalently that the diagonal map C — C xp C is an equivalence. We say that a
monomorphism f: C — D exhibits C as a subcategory of D. We will study subcategories more extensively
in § 2.2.2.

PROPOSITION 2.2.1.1. A functor f: C — D between B-categories is a monomorphism if and only if
both fo and fi are monomorphisms in B. In particular, both the inclusion Grpd(B) — Cat(B) and the
core B-groupoid functor (—)=: Cat(B) — Grpd(B) preserve monomorphisms.

PROOF. Since limits in Cat(B) are computed levelwise, the map f is a monomorphism precisely if
frn is a monomorphism in B for all n > 0. Owing to the Segal conditions, this is automatically satisfied

whenever only fy and f; are monomorphisms. O

PROPOSITION 2.2.1.2. Let f: C — D be a functor between large B-categories. Then the following are

equivalent:

(1) f is a monomorphism;
(2) = is a monomorphism in B, and for any A € B and any two objects cy,c1: A — C in context
A € B, the morphism

mapc (co, ¢1) — mapp (f(co), f(c1))

that is induced by f is a monomorphism in @/A;
(3) for every A € B the functor f(A): C(A) — D(A) is a monomorphism of co-categories;
(4) the map of cartesian fibrations over B that is determined by [ is a monomorphism of co-

categories.

PROOF. As monomorphisms are defined by a limit condition, one easily sees that conditions (1), (3)
and (4) are equivalent, by making use of the equivalence of co-categories PSh~ N (B) ~ Cart(B) (here the
latter denotes the oco-category of cartesian fibrations over B, see § 2.1.7) and the fact that the inclusion
Cat(@) — PSh N (B) creates limits. Moreover, Proposition 2.2.1.1 implies that f is a monomorphism
if and only if both fy and f; are monomorphisms in B. Tt therefore suffices to show that f1is a
monomorphism if and only if for every A € B and any two objects cg,c1: A — C in context A, the

morphism

mapc (co, 1) — mapp(f(co), f(c1))
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that is induced by f is a monomorphism in @/ 4, provided that fy is a monomorphism. By definition, the

map that f induces on mapping B-groupoids fits into the commutative diagram

mapc (co, c1) — mapp(f(co), f(c1))

C, | h D, / l
Lo
J{ A id J{ A
/foxfo /
C0XC04>D0XD0.

in which the two squares on the left and on the right are pullbacks. As fj is a monomorphism, the bottom
square is a pullback, which implies that the top square is a pullback as well. Hence if f; is a monomorphism,
then the morphism on mapping B-groupoids must be a monomorphism as well. Conversely, suppose that
f induces a monomorphism on mapping B-groupoids. Let P ~ (Cy x Cp) Xp,xb, D1 denote the pullback
of the front square in the above diagram. Then f; factors as C; — P — D; in which the second arrow is
a monomorphism. It therefore suffices to show that the map C; — P is a monomorphism as well. Note
that the map mapp(f(co), f(c1)) — D factors through the inclusion P < D; such that the induced map
mapp(f(co), f(c1)) — P arises as the pullback of the map P — Co x Co along (cg,c1). As the object
Co x Cp is obtained as the colimit of the diagram

‘B/CUXCO — B — @,

we obtain a cover A — Cy x Cp in B and therefore a cover
A—CoxCop

| | maps(f(co), f(e1) = P

(co,c1)

We conclude the proof by observing that there is a pullback diagram

|—|(co,cl) mapc(cg,c1) —» C4

£ |

Wieo.ery mapp(f(co), fle1)) — P

in which the left vertical map is a monomorphism. Thus C; — P is also a monomorphism by [57,
Proposition 6.2.3.17]. O

ExAMPLE 2.2.1.3. For any B-category C, the canonical map C= — C is a monomorphism. In fact,
using Proposition 2.2.1.2 this follows from the observation that on the level of cartesian fibrations over B
this map is given by the inclusion of the wide subcategory of f C spanned by the cartesian arrows and

that this defines a monomorphism of co-categories.

A strong epimorphism in Cat(B) is a functor that is left orthogonal to the collection of monomorphisms.

As a consequence of Proposition 2.2.1.1, one finds:

PRrROPOSITION 2.2.1.4. A functor between B-groupoids is a strong epimorphism if and only if
it is essentially surjective. Furthermore, both the inclusion Grpd(B) — Cat(B) and the functor
(—)ePd: Cat(B) — Grpd(B) preserve strong epimorphisms.

PROOF. Let f be a functor between B-categories. Then f8P9 is left orthogonal to a map ¢ in
Grpd(B) if and only if f is left orthogonal to g when viewing the latter as a map in Cat(B). Since by
Proposition 2.2.1.1 g is a monomorphism in Grpd(B) if and only if g is a monomorphism in Cat(B), the
map f&P4 is a strong epimorphism whenever f is one. Now if f is an essentially surjective map between
B-groupoids and if ¢ is a monomorphism in Cat(B), then f is left orthogonal to g if and only if f is
left orthogonal to g=, hence f is a strong epimorphism in Cat(B) since the core B-groupoid functor
preserves monomorphisms by Proposition 2.2.1.1 and since [62, Corollary 3.8.11] implies that a map

between B-groupoids is a monomorphism if and only if it is fully faithful. As every strong epimorphism
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is in particular essentially surjective (since fully faithful functors are always monomorphisms and since
essentially surjective maps are left orthogonal to fully faithful functors), this argument also shows that
the inclusion Grpd(B) < Cat(B) preserves strong epimorphisms. O

REMARK 2.2.1.5. In light of Proposition 2.2.1.1 it might be tempting to expect that a map f: C — D
in Cat(B) is a strong epimorphism if and only if fy and f; are covers. In fact, since the Segal conditions
imply that fo and f; being a cover is equivalent to f being a cover in the co-topos Ba (where covers
are given by levelwise covers in B), this is easily seen to be a sufficient condition. It is however not
necessary. For example, the functor (dg, dp): A' LUA! — A? in Cat,, is a strong epimorphism since every
subcategory of A? that contains the image of this functor must necessarily be A%, but this map is not

surjective on the level of morphisms.

2.2.2. Subcategories of B-categories. For any oco-category € with finite limits and any object
c € C, we write Sube(c) for the poset of subobjects of c, i.e. the full subcategory of €/, that is spanned by
the (—1)-truncated objects. Since a functor f: C — D is a monomorphism in Cat(B) if and only if f is a
(—1)-truncated object in Cat(B),p, it makes sense to define:

DEFINITION 2.2.2.1. Let D be a B-category. A subcategory of D is defined to be an object in
Subcag(s)(D).

WARNING 2.2.2.2. If C is a B-category, not every subobject of C in Ba need to be a B-category.
Therefore, the two posets Subca(s)(C) and Subg, (C) are in general different.

Recall from the discussion in § 2.1.6 (but see also § 2.1.8) that if C is a B-category and A is an object
in B, the datum of a map A — C; is equivalent to that of a map A — CAl7 which is in turn equivalent to
that of a map A!' ® A — C. Hence, the identity C; — C; transposes to a functor A' ® C; — C.

LEMMA 2.2.2.3. For any B-category C, the functor A' @ C; — C is a strong epimorphism in Cat(B).

PRrROOF. In light of Remark 2.2.1.5, it suffices to show that the functor A! ® C; — C induces a cover

on level 0 and level 1. On level 0, the map is given by
(d1,dp): CLUCy — Cy
which is clearly a cover since precomposition with sg Ll sg: Co LI Cop — C; LI Cy recovers the diagonal
Co U Cy — Cy which is always a cover in B. On level 1, one obtains the map
(sod1,id, sodp): C; UCL UCy = Cy
which is similarly a cover in B, as desired. (]
PROPOSITION 2.2.2.4. Let f: C — D be a functor between large B-categories and let E — D be a

subcategory. The following are equivalent:

(1) f factors through the inclusion E — D;
(2) = factors through E= — D=, and for each pair of objects (co,c1): A — Co x Cq in context
A € B, the map
mapc (co, c1) — mapp (f(co), f(c1))
that is induced by f factors through the inclusion

mapg (f(co), f(c1)) < mapp(f(co), f(cr));
(3) for each map A' @ A — C in context A € B its image in D is contained in E.
PROOF. It is immediate that (1) implies (2) and that (2) implies (3). Suppose therefore that
condition (3) holds. As in the proof of Proposition 2.2.1.2, the collection of all maps A — C; constitutes

a cover
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in B. By applying Proposition 2.2.1.4 and [62, Corollary 3.8.12], we may view this map as a strong
epimorphism between large B-groupoids. Since strong epimorphisms are internally left orthogonal
to monomorphisms and therefore closed under products in Cat(@), we deduce that the induced map
Lasc, A'® A — Al ® C; is a strong epimorphism. Together with Lemma 2.2.2.3, we therefore obtain a

strong epimorphism | | ACy A'® A — C. Using the assumptions, we may now construct a lifting problem

Lase, A'®A — E
c—7 o
which admits a unique solution, hence condition (1) follows. d

COROLLARY 2.2.2.5. A functor f: C — D of B-categories factors through the inclusion D= — D if

and only if f sends all morphisms in C to equivalences in D. O

DEFINITION 2.2.2.6. Let f: C — D be a map in Cat(B) and let C - E < D be the factorisation of
f into a strong epimorphism and a monomorphism. Then the subcategory E < D is referred to as the
1-image of f.

In [62, § 3.9] we have shown that full subcategories of a B-category C can be parametrised by the
subobjects of Cy in B (see also Proposition 2.1.9.5). Our goal hereafter is to obtain a similar result for all

subcategories of C. To that end, note that the functor

(—)2": Cat(B),c — Cat(B),car
admits a left adjoint that is given by the composition

Cat(B)car 227 Cat(B), 41 gcar 2 Cat(B)c
in which ev denotes the evaluation map. Similarly, the functor
(=)7: Cat(B),car = Byc,

has a left adjoint that is given by the composition

Bye, = Cat(B)/c, - Cat(B) car

where i: C; ~ (CAl)E <5 CA" denotes the canonical inclusion. By Proposition 2.2.1.1, the functor
(-)1=(—)~o (—)Al sends a monomorphism D < C to the inclusion D; < C; and therefore restricts to
a functor Subcag(s)(C) — Subg (Cy). Since the inclusion Subc,y(s)(C) < Cat(B),c admits a left adjoint

that sends a functor f: D — C to its 1-image in C, we thus obtain an adjunction
(<—> _| (—)1)2 Sub‘B (Cl) : SubCat(B)(C)

in which the left adjoint (—) sends a monomorphism S < C; to the l-image (S) of the associated map
A' ® S — C. Note that for any subcategory D < C, the counit (D;) — D is given by the unique solution
to the lifting problem

A1®D1*§D
(D]_)%C

in which the upper horizontal map is the transpose of the identity D; — D;. By Lemma 2.2.2.3, this is a
strong epimorphism, hence we conclude that the map (D) — D must be an equivalence. We have thus

shown:

PROPOSITION 2.2.2.7. For any B-category C, the functor (—)1: Subgag(s)(C) — Subgy (Cy) evhibits
the poset Subcay(s)(C) as a reflective subposet of Subg (Cy). O
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REMARK 2.2.2.8. The inclusion (—)1: Subgags)(C) < Subg(Cy) is in general not an equivalence.
For example, consider B = 8 and C = A2: here the two maps d{®1}: Al — A2 and d{12}: Al — A2
determine a proper subobject of A%, but the associated subcategory of A? is nevertheless A? itself.

As Remark 2.2.2.8 exemplifies, one obstruction to (—);: Sub(C) < Sub(C;) being an equivalence is
that the collection of maps that determine a subobject S < C; need not be stable under composition. In
other words, to make sure that a subobject of C; arises as the object of morphisms of a subcategory of
C, we need to impose a composability condition on this subobject. Altogether, we obtain the following

characterisation of the essential image of (—);:

PROPOSITION 2.2.2.9. For any B-category C, a subobject S — Cy lies in the essential image of the
inclusion Subcag(s)(C) — Subg (Cy) if and only if
(1) it is closed under equivalences, i.e. the map (sodi, sodg): SUS — Cy factors through S — Cy;
(2) it is closed under composition, i.e. the restriction of the composition map di: C; xc, C1 = C;
along the inclusion S xc, S — C; x¢, C1 factors through S — C;.

The remainder of this section is devoted to the proof of Proposition 2.2.2.9. Our strategy is to make
use of the intuition that the datum of a subcategory of C should be equivalent to the datum of a collection
of objects in C, together with a composable collection of maps between these objects. Our goal hereafter

is turn this surmise into a formal statement.

2.2.2.10. For any integer k > 0, let i : ASF <+ A denote the full subcategory spanned by (n) for
n < k, and let Bik denote the oco-category of B-valued presheaves on ASF. The truncation functor
if: Ba — Bik admits both a left adjoint (ix); and a right adjoint (ix). given by left and right Kan
extension. Note that both (ig); and (ix). are fully faithful. We will generally identify %ik with its
essential image in Ba along the right Kan extension (ix).. We define the associated coskeleton functor as
cosky = (ix).i}, and the skeleton functor as sky = (ig)1¢}. The unit of the adjunction ¢} - (ix)« provides
a map ids, — cosky, and the counit of the adjunction (i) - iy, provides a map skj — idz,. We
say that C € Ba is k-coskeletal if the map C' — coski(C) is an equivalence, i.e. if C is contained in
Bik C Ba. Dually, C' is k-skeletal if the map ski(C) — C' is an equivalence. Note that the adjunction
sk - cosky implies that a simplicial object is k-coskeletal if and only if it is local with respect to the
maps ski(D) — D for every D € Ba.

DEFINITION 2.2.2.11. For any integer k > 0, amap f: C — D in B is said to be k-coskeletal if it is
right orthogonal to sk (K) — K for every K € Ba.

Note that by using the adjunction ski = coski and Yoneda’s lemma, one has the following criterion

for a map between simplicial objects in B to be k-coskeletal:

PROPOSITION 2.2.2.12. For any integer k > 0, a map f: C' — D in Ba is k-coskeletal precisely if

the canonical map C — D X o5k, (D) coski(C) is an equivalence. O

For any n > 1, denote by dA™ the simplicial co-groupoid sk,,_1 A™ and by JA™ — A" the natural
map induced by the adjunction counit.
For later use, we record the following obvious consequence of the skeletal filtration on simplical sets:

LEMMA 2.2.2.13. Let j: K < L be a monomorphism of finite simplicial sets and assume that
sk K = ski L for some k € N. Then j is contained in the smallest saturated class containing the maps

OA! — Al for k <1 < dim L. O

LEMMA 2.2.2.14. Let k > 0 be an integer. Then the following sets generate the same saturated class
of morphisms in B :
(1) {skx D - D | D € Ba};
(2) {0A" @ A— A"®@A|n>k, Aec B}
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(3) {0A* 1 @ D < AL @ D | D € Ba}.

PROOF. We start by showing that the saturations of (1) and (2) agree. Given A € B, note that since
the truncation functor i;, commutes with postcomposition by both the pullback functor 7% : B — B, 4
and its right adjoint (m4)s, the uniqueness of adjoints implies that the functor sk; commutes with
— X A: BA — Ba. By a similar argument, the functor sk commutes with const: SAo — Ba. We
therefore obtain an equivalence ski(A™ ® A) ~ sk (A™) ® A with respect to which the canonical map
skp(A™ ® A) - A™ ® A corresponds to the map obtained by applying the functor — ® A to the map
sk (A™) — A™. This already implies that the set in (2) is contained in the set in (1), so that the
saturation of (2) is contained in the saturation of (1). Conversely, as any D € Ba can be written as a
colimit of objects of the form A™ ® A (see [62, Lemma 4.5.2]), the above argument also shows that every
map in (1) is a colimit of maps of the form sk (A™) ® A — A™ ® A. Since moreover constg and — ® A
are colimit-preserving functors, one finds that (1) is contained in the saturation of (2) as soon as we can
show that any saturated class S of maps in Sa which contains A™ — A™ for all n > k must also contain
the maps sky A™ — A™ for all m. But that is immediate from Lemma 2.2.2.13.

Next, to show that the saturation of (2) contains (3), we may again assume D ~ A™ @ A. In this
case, the inclusion AR x A™ — AF+1 5 A™ can be obtained as an iterated pushout of maps of the
form OA™ — A" for n > k (by Lemma 2.2.2.13), hence the claim follows. For the converse inclusion, we
will use induction on n, the case n = k + 1 being satisfied by definition. Given that for a fixed n > k the
inclusion 0A™ @ A — A™ ® A is contained in the saturation of (3), Lemma 2.2.2.13 allows us to build
the inclusion OA™ x Al < sk, (A™ x Al) as an iterated pushout along JA™ < A™. Therefore, the map
sk, (A" x Al)®@ A — (A™ x A') @ A is contained in the saturation of (3) by the left cancellation property.
Let a: A" — A" x Al be defined by «(i) = (4,0) for i = 0,...,n and a(n + 1) = (n+ 1,1), and let
B: A" x Al — A" be given by 3(i,0) =i and ((i,1) = n + 1. We then obtain a retract diagram

AAMTT @ g (A x Al P gantt

! ! |

[e3%

An+1 A" x Al B An+1

in which o/ and 3’ are given by the restriction of « and f3, respectively. We therefore conclude that the
map A" ® A — A" ® A is in the saturation of (3), as desired. O

As a consequence of Lemma 2.2.2.14, one finds:

PROPOSITION 2.2.2.15. For any integer k > 0, a map f: C — D in Ba is k-coskeletal if and only if
it is internally right orthogonal to the map OAF+1 — AFFL, O

We can use Proposition 2.2.2.15 to show that every monomorphism between B-categories is 1-
coskeletal. To that end, recall that we denote by I? < A? the inclusion of the 2-spine (see § 2.1.6). We

now obtain:

LEMMA 2.2.2.16. Let S be the internal saturation of A° U A® — A® and I? < A2 in Ba. Then S
contains the map OA? — A2,

PROOF. Let f: K — L be a map in Ba that is internally right orthogonal to the maps A° LA — A°

and the inclusion of the 2-spine 12 < AZ2. Then f is a monomorphism. Now consider the commutative
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diagram

/ [ r / [ . ,/ldJ:
Q R KT
AV ol
j LA ja LA J:—) L
i i i
LA2 L8A2 LIZ

in which P, @ and R are defined by the condition that the respective square is a pullback diagram. We
need to show that the map K A* 5 Pisan equivalence. As by assumption on f the map K A Q
is an equivalence, it suffices to show that P — @ is an equivalence as well. But this map is already a
monomorphism, hence the claim follows from the observation that P — ) must be a cover as the map
KA Q is one. O

PROPOSITION 2.2.2.17. FEvery monomorphism between B-categories is 1-coskeletal.

PROOF. Lemma 2.2.2.16 implies that every monomorphism between B-categories is internally right
orthogonal to A2 — A? and therefore 1-coskeletal. O

Let C be a B-category and let Cat(fB)/Sc1 be the full subcategory of Cat(B),c that is spanned by the

1-coskeletal maps into C. By restricting the inclusion Ca‘u(B)/SC1 < Cat(B),c to (—1)-truncated objects

(i.e. to monomorphisms into D), one obtains a full embedding

Subg () (C) = Subgay(s) (C)

of partially ordered sets. Proposition 2.2.2.17 now implies:

COROLLARY 2.2.2.18. For any B-category C, the inclusion Subéit(,B)(C) — Subcays)(C) is an

equivalence. O

For any B-category C, the functor (coski)/c: (Ba)/c — (Bil) / cosk, ¢ that is induced by the coskeleton
functor on the slice co-categories admits a fully faithful right adjoint n* that is given by base change along
the adjunction unit n: C — cosk; C. Upon restricting to subobjects, we therefore obtain an adjunction

(COSkl)/C
Subg, (C) = Sub.,<1(cosk; C).
n* A
In general, the functor n* does not take values in Subc,¢s)(C), but we may explicitly characterise
those subobjects of cosk; C that do give rise to a B-category. To that end, note that given a subobject
D < cosk; C in Bil, the restriction of dy: C; x¢, C; — C; along the inclusion Dy xp, D1 <= C; x¢, C1
determines a map dy: Dy xp, D1 — Cj.

DEFINITION 2.2.2.19. Let C be a B-category. A subobject D < cosk; C in Bil is said to be
closed under composition if the map dy: Dy xp, D1 — C; factors through D; — C;. We denote by
Sub;;%nlp(cosh C) the full subcategory of Sub.Bil(COSkl C) that is spanned by these subobjects.

LEMMA 2.2.2.20. Let A € B be an arbitrary object and let S be a saturated set of maps in Ba that
contains the internal saturation of OA% — A2 as well as the map I? ® A — A2 ® A. Then S contains
I"®A— A" ® A for all n > 2.

PROOF. We may assume n > 2. By [50, Proposition 2.13], it suffices to show that for all 0 < i < n
the inclusion AT ® A — A™ ® A is contained in S. On account of the factorisation A" < 9A™ — A™ in
which the first map is obtained as a pushout along OA™~! < A™, this is immediate. O
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PROPOSITION 2.2.2.21. Let D < cosky C be a subobject in Bil. Then n*D is a B-category if and

only if D is closed under composition. In particular, n* defines an equivalence Sub;);nlp(coskl C) ~
A
Subcags)(C).

PRrROOF. If n*D is a B-category, the fact that applying cosk; to the inclusion n*D < C recovers the
subobject D — cosk; C implies that D is closed under composition. Conversely, suppose that D is closed
under composition. Since E! — 1 is a cover in B (where E' is the walking equivalence, see § 2.1.6),
every monomorphism of simplicial objects in B is internally right orthogonal to E' — 1. Therefore n*D
is univalent. We still need to show that n*D satisfies the Segal conditions. Since n*D < C is 1-coskeletal,
Lemma 2.2.2.20 implies that we only need to show that (n*D)2 — C; xp, D; is an equivalence. As
this map is a monomorphism, it furthermore suffices to show that it is a cover in B. Note that since
the natural map (—)A2 — (—)‘9A2 induces an equivalence on 1l-coskeletal objects, the identification

OA? ~ I? Lipo a0 Al gives rise to a commutative square

C1 X Co Cl — (COSk1 C)g — Cl XCo C1

D1XDOD1 ****** %D2*>D1XDOD1
\ d
\\\ ' T C1 ‘/*} CO X CO
e A A

T Dy ———— Dy x Dy

in which the two squares in the front and in the back of the cube are pullbacks and where the dashed

arrows exist as D is closed under composition. By combining this diagram with the pullback square

(T]*D)Q e DQ

/ I

C2 E— (COSkl C)Q,

one concludes that the map (n*D)s — D; X p, D71 admits a section and is therefore a cover, as desired.
Lastly, the claim that that #* induces an equivalence SubObj*°™P(cosk; C) ~ Sub(C) now follows easily
with Corollary 2.2.2.18. O

PROOF OF PROPOSITION 2.2.2.9. It is clear that any subobject S < C; that arises as the object
of morphisms of a subcategory of C must necessarily satisfy the two conditions, so it suffices to prove
the converse. Let Dy < C be the image of (dy,dp): SUS — Cy. As S is closed under equivalences in
C, the restriction of so: Cy — C; to Dy factors through S — C;. By setting D; = S, we thus obtain
a subobject D — cosk; C in ‘Bil. By assumption, this subobject is closed under composition in the
sense of Definition 2.2.2.19, hence Proposition 2.2.2.21 implies that n*D is a subcategory of C. Hence
S = D, arises as the object of morphisms of n*D and is therefore contained in the essential image of
(=)1: Subcag(s)(C) = Subs(Cy). O

2.2.3. Localisations of B-categories. Recall that a functor between B-categories is said to be
conservative if it is internally right orthogonal to the map A! — A (cf. [62, Definition 4.1.10]). Hereafter
we discuss the left complement of the associated factorisation system, i.e. the saturated class that is
internally generated by Al — A0,

DEFINITION 2.2.3.1. A functor between B-categories is an iterated localisation if it is left orthogonal
to every conservative functor.
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REMARK 2.2.3.2. By definition, a functor f: C — D is conservative if and only if the commutative
square

is cartesian. Since this can be check after evaluating at any A € B, the natural equivalences C2" (A) ~
C(A)2" show that f is conservative if and only if f(A) is conservative for all A.

The saturated class of iterated localisations in Cat(B) is internally generated by Al — A%, Since
this map is a strong epimorphism by Remark 2.2.1.5, we deduce:

PROPOSITION 2.2.3.3. Every iterated localisation in Cat(B) is a strong epimorphism and therefore in
particular essentially surjective. Dually, every monomorphism is conservative. O

DEFINITION 2.2.3.4. Let C be a B-category and let S — C be a functor. The localisation of C at S is
the B-category S~1C that fits into the pushout square

S —— Serd

|

C —— S IC.

We refer to the map C — S™1C as the localisation functor that is associated with the map S — C. More
generally, a functor C — D between B-categories is said to be a localisation if there is a functor S — C
and an equivalence D ~ S™!C in Cat(B)c,.

REMARK 2.2.3.5. The above definition is a direct analogue of the construction of localisations of
oo-categories, see [17, Proposition 7.1.3].

By definition, the groupoidification functor S — S&8P4 in Definition 2.2.3.4 is an iterated localisation.
One therefore finds:

PROPOSITION 2.2.3.6. For any B-category C and any functor S — C, the localisation functor
C — S~IC is an iterated localisation. O

LEMMA 2.2.3.7. Let G be a B-groupoid and let G — C be a strong epimorphism in Cat(B). Then C is
a B-groupoid as well.

PROOF. Since G is a B-groupoid, Corollary 2.2.2.5 implies that the functor G — C factors through
the inclusion C= < C. We may therefore construct a lifting problem

G— C=

P
-
-
-
-
-

c i, c
which admits a unique solution. Hence the identity on C factors through C= < C, which evidently implies
that C= — C is already an equivalence. O

LEMMA 2.2.3.8. For any strong epimorphism f: C — D in Cat(B), the commutative square

is cocartestan.
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PrOOF. If P = DU C&P4 denotes the pushout, we need to show that the induced functor g: P — DgpPd
is an equivalence. Since iterated localisations are stable under pushout, the map D — P is an iterated
localisation, which (by the left cancellation property) implies that g must be an iterated localisation as
well. We therefore only need to show that g is conservative. Since D8P is a B-groupoid, this is equivalent
to P being a B-groupoid as well [62, Corollary 4.1.17]. But since strong epimorphisms are also preserved

by pushouts, the map C&84 — P is a strong epimorphism, hence Lemma 2.2.3.7 implies the claim. ]

PROPOSITION 2.2.3.9. Let f:S— T and g: T — C be functors in Cat(B), and suppose that f is a

strong epimorphism. Then the induced functor S~1C — T~1C is an equivalence.
PRrROOF. This is a direct consequence of the pasting lemma for pushout squares and Lemma 2.2.3.8. O

REMARK 2.2.3.10. Proposition 2.2.3.9 implies that when considering localisations of a B-category C,
we may restrict our attention to subcategories S — C instead of general functors, as we can always factor
a functor S — C into a strong epimorphism followed by a monomorphism. Alternatively, by making use
of the strong epimorphism A! ® Sy — S from Lemma 2.2.2.3, we can always assume that S is of the form
A' ® A for some A € B.

Let f: C — D be a functor between B-categories. Let f*D~ < C be the subcategory that is defined
by the pullback square
[ 7]
c—! b

Since D= is a B-groupoid, the map f*D™~ — D= factors through f*D™~ — (f*D=~)&P4. Consequently, one

obtains a factorisation of f into the composition
C— (f*D¥)*c L D.

Let us set C; = (f*D~)~'C. By replacing C by C; and f by f; and iterating this procedure, we obtain
an N-indexed diagram in Cat(B)/p. Let fo: E — D denote the colimit of this diagram. By construction,
the map f factors into the composition C — E — D in which the first map is a countable composition of
localisations and therefore an iterated localisation in the sense of Definition 2.2.3.1. We claim that the

map fo is conservative. To see this, consider the cartesian square
* >~ ~
fob¥ —— D

o
g%D.

On account of filtered colimits being universal in Cat(B) (see Proposition 2.1.6.5), we obtain an equivalence

f& D™ ~ colim,, f:D~. By construction, the categories f;D~ sit inside the N-indexed diagram

= faaDT = (fiDF)E = fiDT = (£,D%)EPY — £, DF = (f DT = -

n n

such that the functor -2: N — N that is given by the inclusion of all even natural numbers recovers the
N-indexed diagram n +— f¥D~ that is defined by the cartesian square above. As both the inclusion of
all even natural numbers and that of all odd natural numbers define final functors N — N, we conclude
that f* D™ is obtained as the colimit of the diagram n ~ (f;D~)%P4 and is therefore a groupoid in B.
Applying [62, Corollary 4.1.16], this shows that f, is conservative. Therefore the factorisation of f into
the composite C — E — D as constructed above is the unique factorisation of f into an iterated localisation
and a conservative functor. Applying this construction when f is already an iterated localisation, one in

particular obtains:

PROPOSITION 2.2.3.11. FEwery iterated localisation between B-categories is obtained as a countable

composition of localisation functors. O
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Our next goal is to prove the universal property of a localisation functor. To that end, given any two B-
categories C and D and any functor S — C, note that as the base change functor 7% : Cat(B) — Cat(B,4)
from Remark 2.1.6.10 preserves the internal hom Fung(—, —) [62, Lemma 4.2.3], an object of Fung(C, D)
in context A € B is precisely given by a functor of B, 4-categories 773 C — 73 D. Therefore, the collection
of functors 74 C — 7D in arbitrary context A € B whose restriction along 73S — 7 C factors through
7% D~ span a full subcategory of Fung (C, D) (see § 2.1.9) that we denote by Fun3, (C, D).

REMARK 2.2.3.12 (locality of Fun3(C,D)). Note that a functor f: 7%S — m%D factors through
m3 D~ if and only if the transposed map A x S — D factors through D=. As the map D= — D is a
monomorphism by Example 2.2.1.3, the same argument as in Example 2.1.14.7 shows that this condition
is local, in the sense that for every cover (s;): | ], A; - A in B, the functor f factors through 7% D~ if and
only if each of the functors s} (f) factors through 7% D=. As a consequence, every object A — @.SB (C,D)
encodes a functor 7% C — 7% D whose restriction along 73S — 7% C factors through 7% C=. In conjunction
with [62, Lemma 4.2.3], this observation furthermore implies that there is a canonical equivalence
7% Fun3, (C,D) ~ @%’}AS(WZC,WZD) for every A € B, cf. Remark 2.1.14.6.

REMARK 2.2.3.13. By Corollary 2.2.2.5 and Remark 2.2.3.12, a functor 73 C — 7% D defines an object
in mrSB (C, D) precisely if its restriction along 74S — 7% C sends every map in 7%S to an equivalence in

*
7TAC.

PROPOSITION 2.2.3.14. Let C be a B-category and let S — C be a functor. Then precomposition with

the localisation functor L: C — S™1C induces an equivalence
L*: Fung (S7'C, D) ~ Fun% (C, D)
for any B-category D.

PRrOOF. By applying the functor Fungz(—, D) to the pushout square that defines the localisation of C

at S, one obtains a pullback square

@3(571@ D) — @‘B(Cv D)

| |

Fung (5824, D) —— Funy(S,D).

We claim that the two horizontal functors are fully faithful. To see this, it suffices to consider the lower
horizontal map. This is a fully faithful functor precisely if it is internally right orthogonal to the map
A" JA® — Al and by making use of the adjunction between tensoring and powering in Cat(B), one sees
that this is equivalent to the induced functor DA 5 DxD being internally right orthogonal to the map
S — S&pd_ Hence it suffices to show that the functor DA" — D x D is conservative. But that is immediate
from Remark 2.2.3.2.

Since for any A € B a functor 7%S — 7% D factors through 7% D= if and only if it factors through the

map 745 — ﬂ'legpd, one obtains a commutative square

Fun3;(C,D) «—— Fung(C,D)

| |

Fung(S8°¢,D) «—— Fung (S, D).

and therefore a map Fun3,(C,D) < Fung (S~1C, D). Since every object A — Fung (S~1C, D) by definition
gives rise to an object in @%(C, D), this map must also be essentially surjective and is thus an

equivalence. O
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2.3. Straightening-Unstraightening for B-categories

One of the most fundamental results in co-category theory is the straightening-unstraightening
equivalence relating functors with target Cat, and cocartesian fibrations, see [57, Theorem 3.2.0.1]. The
goal of this section is to prove the analogous result in the world of B-categories. This was first proven in
[61] but we decided to include our own proof in § 2.3.2 since it is rather different from the one given in
[61]. While the proof in loc. cit. internalizes some of the ideas of [57, § 3.2], ours is bootstrapped from
[57, Theorem 3.2.0.1] and the explicit description of unstraightening as a lax colimit in [27]. To be able
to prove straightening-unstraightening we at first need to define the B-category of B-categories, which we
do in § 2.3.1.

2.3.1. The large B-category of B-categories. The goal in this section is to define the large

B-category of B-categories. What makes this possible is the following general construction:

CONSTRUCTION 2.3.1.1. Recall that Lurie’s tensor product of presentable co-categories introduced
in [56, § 4.8.1] defines a functor

— @ —: Pri*xPr® = Pr®, (€,D) — She(D)

that preserves limits in each variable. Since the functor B,_: B°? — 6\atoo factors through the inclusion
Pr* < Catoo we may consider the composite

id X'B/,
e

pPrit x Bop Pt x Prt =25 R (/]a\too.

Its transpose defines a functor Pr®* — Fun(B°P, (/Ja\too). It follows from [57, Theorem 5.5.3.18] that this
map factors through the full subcategory spanned by the limit-preserving functors and thus defines a
functor
—®Q: Pr* - Cat(B).
By the explicit description of the tensor product of presentable oo-categories [56, Proposition 4.8.1.17],
this functor is equivalently given by Sh_(B,_). In other words, given any presentable co-category &, the
associated large B-category € ® 2 is given by the composition
B/ oy
gor /=y (prlyor S G
Let us now consider the above construction in the special case & = Cato,. By definition, Cat,, ®Q is
given by the composite
op B/- Lyop Shoates (=) =73
BP —— (Pr~)? ———== Catoo
and thus agrees with the presheaf of co-categories Cat(B,_) defined in [62, § 3.3]. In particular it follows

that the latter is indeed a sheaf. Therefore we feel inclined to make the following definition:

DEFINITION 2.3.1.2. We define the large B-category Catp of (small) B-categories to be Catp =
Catoo ®Q, i.e. as the large B-category that corresponds to the sheaf Cat(B,_).

REMARK 2.3.1.3 (locality of the B-category of B-categories). By definition of Catz, there is a
canonical equivalence 77 Caty ~ Cats,, for every A € B (where 77 : Cat(@) — Cat(@/A) denotes the
base change functor induced by 7% : B — B4, cf. Remark 2.1.6.10). In fact, by Remark 2.1.7.6 we may
compute 74 Caty ~ Cat(B,(,,),(~)), which is evidently equivalent to Cat((B,4),—).

REMARK 2.3.1.4. By applying — ® Q to the equivalence (—)°P: Caty, ~ Caty,, one obtains an
equivalence (—)°P: Catp ~ Cats. On global sections over A € B, this equivalence recovers the equivalence
(—)°P: Cat(B/4) ~ Cat(B,4) that carries a B, 4-category to its opposite (cf. Remark 2.1.7.4).

REMARK 2.3.1.5. By working internally to @, we may define the (very large) B-category Cat% of
large B-categories. By regarding Catg as a very large B-category, we furthermore obtain a fully faithful
functor i: Catp — Catg. In fact, by the discussion in [62, § 3.3], the inclusion Cat(B/4) < Cat(B4)
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defines an embedding of presheaves Cat(B,_) — Cat(@/_) on B. Since moreover restriction along the

inclusion B < B defines an equivalence
ShCat(S)(B) Sh Cat(g)(B)

(see the argument in [62, Remark 2.4.1]), we obtain the desired fully faithful functor Catg — Cat in

Cat(%). Explicitly, an object A — Catg; in context A € B that corresponds to a B, 4-category C — A is
contained in Catg precisely if for any map s: A" — A with A’ € B the pullback s*C is small.

2.3.2. Straightening-Unstraightening. The goal of this section is to give a quick proof of the
straightening-unstraightening equivalence for B-categories, see Theorem 2.3.2.7. This was first proven in
[61]. The proof given here is a straight-forward generalization of the proof of ”"continuous straightening-
unstraightening” given in [91] and while it might be conceptually less satisfying than the one in [61], it

has the advantage that it’s a bit shorter, so we decided to include it here.

DEFINITION 2.3.2.1. A functor p: D — C of B-categories is a cocartesian fibration if and only if for
any A € B the map p(A): D(A) — C(A) is a cocartesian fibration and for any s: B — A, the functor
s*: D(A) — D(B) sends p(A)-cocartesian edges to p(B)-cocartesian edges.

For two cocartesian fibrations p: D — C and p’: D’ — C a cocartesian functor f from p to p’ is a

commutative triangle

such that for any A € B, the induced functor f( ): D(A) — D’(A) sends p(A)-cocartesian edges to
p'(A)-cocartesian edges. We say that a morphism f: Al — D(A) is p-cocartesian if for all s: B — A the

morphism s*f is p(B)-cocartesian.

REMARK 2.3.2.2. There is also a more internal definition of cocartesian fibrations and functors, see

[61, Definition 3.1.1]. That this definition agrees with the one above is proven in [61, Proposition 3.1.7].

REMARK 2.3.2.3. Evidently p: D — C is a cocartesian fibration if and only if for any d: A — D and
morphism f: p(d) — y in C, there is some cocartesian morphism f’: d — d’ lifting f.

REMARK 2.3.2.4. Let us denote by Fun®“*(A!, Cat,,) the full subcategory spanned by the cocarte-

sian fibrations where the morphisms are the commutative squares

D=5 D

| 15

Gﬁ@’

such that s sends p-cocartesian edges to p’-cocartesian edges. Then the inclusion Fun®“**(A! Cato,) —
Fun(A!, Cat.,) preserves all limits. Indeed, by combining [27, Theorem 4.5] with [56, Proposition 7.3.2.6]
we see that the inclusion even admits a left adjoint. It follows that if B = PSh(Cy) is a presheaf topos, it
suffices to check the conditions appearing in Definition 2.3.2.1 on the full subcategory €, C PSh(Cy).

For later use we make the following observation:

REMARK 2.3.2.5. Suppose that € is an oo-category and p: D — const € a functor. Then in order to
show that p is cocartesian fibration, it suffices to check that
(1) For any A € B the functor (n4)*p(A): (n*)*D(A) — C given by pulling back p(A): D(A) —
const €(A) along the adjunction unit n*: € — const C(A) is a cocartesian fibration.
(2) For any s: B — A the induced functor s*: (n4)*D(A) — (n®)*D(B) preserves cocartesian
edges.
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Indeed, to see that p(A) is a cocartesian fibration it suffices to check this after pulling back along any
map a: A™ — const C(A). But by Proposition A.2, we may find some cover s: B — A, such that s*«
factors through np: € — const €(B). In particular we have a diagram

A" ><const@(B) D(B) — (UB)*D(B) — D(B)

| I |

A e = const C(B)
T

*
S «

in which all squares are cartesian. Since the middle arrow is a cocartesian fibration, it follows that
the functor A™ Xonge(p) C(B) — A™ is a cocartesian fibration and the same holds for any further
pullback along some t: C' — B. Since B — A is an effective epimorphism it follows using condition
(2) and Remark 2.3.2.4, that also A" Xconst e(4) C(A) — A™ is a cocartesian fibration and thus p(A)
is a cocartesian fibration. A similar argument shows that for any s: B — A, the functor s* preserves

cocartesian edges and the claim follows.

DEFINITION 2.3.2.6. If C is a B-category, we write Cocartc for the subcategory of Cat(B),c spanned
by the cocartesian fibrations and cocartesian functors between them. Since cocartesian fibrations and
functors are stable under pullbacks, it follows that the functor Cat(B),_ (that we get by straightening
the codomain fibration ev; : Cat(B)Al — Cat(B)) restricts to a functor

Cocart_: Cat(B)°P — Cato.

For any C € Cat(B) we may now precompose with the functor (C x —)°P: B°P — Cat(B)°P in order to
obtain a functor

Cocartc: B? — @w.
The goal of this section is to prove the following:

THEOREM 2.3.2.7. Let C be a B-category. Then there is an equivalence of functors BP — @OO
Stc: Cocartc =~ Fung(C, Catg): Unc.
In particular Cocartc is a B-category. Furthermore this equivalence is natural in C.

REMARK 2.3.2.8. By [61, Remark 5.2.4] the functor Cocartc agrees with sheaf corresponding to the
(large) B-category of cocartesian fibrations defined there.

REMARK 2.3.2.9. Dually we say that a functor f: D — C of B-categories is a cartesian fibration
if f°P is a cocartesian fibration. It follows that applying (—)°P: Cats — Catg induces an equivalence
Cartc ~ Cocartcop (here Cartc is defined in the same way as in Definition 2.3.2.6). Thus it follows from
Theorem 2.3.2.7 that we also have a natural equivalence

Stc: Cartc ~ Fung (C°P, Catg): Unc.

Let us start with the following setup. Let €y be an co-category and C: ¥ — Cato a PSh(Cp)-
category classified by a cocartesian fibration p: C — CJ°. Then the straightening-unstraightening

equivalence
Fun(Cp”, Catog) =~ Cocarteor
induces an equivalence of co-categories

¢: Cat(PSh(Co)),c — (Cocartegr) &

that is natural in C. The following lemma now explicitly identifies the essential image of Cocartc under
the equivalence :
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LEMMA 2.3.2.10. Under the equivalence v, the subcategory Cocartc corresponds to the subcategory
Cocartg C (Cocartesr) ¢

PrOOF. We start by checking that the two subcategories 1(Cocartc) and Cocartg have the same
objects. For this observe that by Remark 2.3.2.4 a functor of PSh(Cy)-categories ¢: D — C is a cocartesian
fibration if and only if the associated morphism §: D — C of cocartesian fibrations over CyP satisfies the
conditions of [55, Lemma 1.4.14] and thus if only if it is a cocartesian fibration.

To conclude the proof we therefore only need to see that a morphism f: D — D’ over C is a cocartesian
functor if and only if the associated functor f: D — D’ over C preserves cocartesian edges. Unwinding

the definitions this follows immediately from the next Lemma. O

LEMMA 2.3.2.11. Suppose that we are given a commutative diagram of co-categories
p—T e
¢
P T
|

Co

where all arrows expect f are cocartesian fibrations and we assume that f sends p-cocartesian edges to
r-cocartesian edges, Then f sends s-cocartesian edges to t-cocartesian edges if and only if for every A € Cq

the induced map on fibres

Dy — e,

N

sends s, cocartesian edges to t, cocartesian edges.

PRrROOF. It is clear that if f preserves cocartesian edges, then so do any of the maps on fibres. For
the converse note that by [57, Proposition 2.4.2.11] an edge a: d — d’ is s-cocartesian if and only if we
can factor it as the composite of a p-cocartesian edge followed by an s,4)-cocartesian edge. Since we
have an analogous description for t-cocartesian edges the claim follows from our assumption because f

sends p-cocartesian edges to r-cocartesian edges. O
One of the main ingredients for our proof of Theorem 2.3.2.7 is the following:

THEOREM 2.3.2.12 ([27, Corollary 7.6]). Let C be an oo-category and let F': € — Cato, be a functor.
There is a canonical equivalence

lim F' e_, = F
%gv(lgl()x / — Un(F)

of oo-categories that is natural in F. Here Un(F) denotes the total space of the cocartesian fibration

classifying F'.

For our applications we will need the following slightly more precise formulation, which can be easily
deduced from the results in [27]:

COROLLARY 2.3.2.13. Let C be an oco-category and let F: C — Cato, be a functor. There is a
canonical equivalence

lim F(—) x €_, =5 Un(F
ggv(lg)l()x ) — Un(F)

of cocartesian fibrations that is furthermore natural in F. In particular for any f: x — y in C, the
canonical functor
¢y F(x) x €,/ — colim F(—) x €_, — Un

Tw(C)

preserves cocartesian edges.
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PROOF. For any cocartesian fibration p: X — C there is a natural equivalence

mapcocart(e)( lim F'(—) x C_/, X) ~ Tl;/r(xé) mapcocart(e)(F(—) x C_;, X)

CO.
Tw(C)
= T{irr(r(lf) maPcat., (F(_)a FunCocart(@) (e—/v X))

= mapFun(G,Catm)(F7 St(X))

Here the second equivalence follows by adjunction and the last equivalence follows from [27, Lemma
9.10] and [29, Proposition 2.3]. This proves the first part of the claim. The second part follows since
the explicit formula in Theorem 2.3.2.12 shows that the forgetful functor Cocart(€) — Cato /e preserves
colimits. O

LEMMA 2.3.2.14. Let C be an co-category such that B is a left exact accessible localisation of PSh(C).

For any two B-categories C and D, there is an equivalence

Fung(C,D) ~ /Fun(C(Lc)7 D(Lc)) == lim Fun(C(L(-)),D(L(-))).

c Tw(C)

that is natural in C,D € Cat(B).

PrOOF. If i: B < PSh(C) is the inclusion, the observation that we have a canonical equivalence
Fung (—, —) ~ Funpgy(e)(i(—),i(—)) implies that we can assume that B = PSh(€). In this case, we have
an equivalence Cat(B) ~ PShcat__ (€). By [29, Proposition 2.3] there is therefore an equivalence

wapc ) (C.0) = [ mapey (C(e), D)
that is natural in C and D. Thus, for any oco-category K we have a chain of natural equivalences

mMapPcat .o (Kv Fun'B (Cv D)) ~ mapcat(fg)(j{ &® C, D)

which implies that we also get an equivalence

Fung(C,D) ~ /Fun(C(c)7 D(c))

c

that is natural in C and D. O
We can now already prove the desired equivalence in the case where B is a presheaf topos:

PROPOSITION 2.3.2.15. Let C be a PSh(Cy)-category. Then there is an equivalence of oco-categories
Funpgy(ey) (C, Catpgh(e,)) = Cocartc
which is furthermore natural in C.

PROOF. Let p: C — CJP be the corresponding cocartesian fibration. Then Lemma 2.3.2.10 shows
that there is a natural equivalence
Cocartc ~ Cocartg .
Now by Theorem 2.3.2.12 we have a natural equivalence C ~ colimy,eery C(—) x (€/-)°P and therefore

we get a chain of natural equivalences

Cocartg o~ Fun(Tco(lég%) C(=) x (€/_)°, Catoy) = . I%g(ljp)Fun(C(—),Fun(G/i)Op, Catoo))

= /Fun(C(c),CatPSh(eo)(C))

c

~ Funpgpce,) (Co, Catpsn(e,))

using straightening-unstraightening for the first equivalence and Lemma 2.3.2.14 for the last. O
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We are now ready to prove the main result:

PROOF OF THEOREM 2.3.2.7. Observe that the functor defining the B-category Fung(C, Cat(B)) is
given by the composite
Bop XA, Cap(B)or D), Gop
It follows that in order prove Theorem 2.3.2.7 it suffices to prove that we have an equivalence of

oo-categories

Cocartc ~ Fung (C, Cat(B)))

that is natural in C. For this we move one universe up and consider C as PSh/S\(B)—Category so that we

may apply Proposition 2.3.2.15 to deduce that we have a natural equivalence
COCaI‘tC ~ FunpShA(g)(C, CatpShA(B)) o~ / FIHI((C(A)7 FUII(('B/A)OP7 (/]37100))
8 8 A

As before, we denote by p: C — B°P the cocartesian fibration classifying C. Now we observe using
Lemma 2.3.2.10 in the case Cy = B, that Cocartc is naturally equivalent to the full subcategory of
Cocartg spanned by the cocartesian fibrations g: D — C satisfying the following condition: The composite
cocartesian fibration

DL CE Ber

classifies a limit preserving functor B°P — Cat,, C é\atoo. On the other hand we have that

Fung(C, Catg) ~ /

AFun(C(A),Funhm((B/A)Op,Catoo))Q/Fun(C(A),Fun((B/A)Op,6\atoo)).

A

Therefore it remains to check that a cocartesian fibration ¢: D — C classifies a limit preserving functor
to Cate C Cato after composing with p: C — BOP if and only if for any f: A — B € Tw(B°P) and
¢ € C(B) the functor classified by pulling back ¢ along

<P(c,f): {C} X (g/A)OP — C(B) X (3/A)Op — é

classifies a limit preserving functor (B,4)°" — Cate, C Cateo. Let us begin by assuming that pogq classifies
a limit preserving functor to Cate. In this case note that the cocartesian fibration g, sy : (B/4)°P x¢ D—

(B,4)°P given by pulling back ¢ along ¢ s also sits inside a cartesian square

(B/A)Op X D E— (B/A)Op X Bop D

(+) q(z,f)l l

(B/a)%P ——— (Ba)° xpon C

where the right vertical arrow is given by pulling back along the forgetful functor (B,4)°® — B°P.
Furthermore note that since the functor ¢ sy sends any edge in (B,4)°P to a cocartesian edge in C (using
Corollary 2.3.2.13), the above square is also a pullback in Cocart(p , ,)or. Also note that the projection
(B/a)P xpor C— (B4)°P classifies the composite

(B4)°" — B <2 Cat,

which preserves all limits. Since the same holds for (B,4)° Xzep D — (B/a)°P it follows that q(,, )
classifies a functor which is a pullback of limit preserving functors with values in Cats, and thus has the
same properties.

For the converse let us fix diagram d: K — B. Then for any ¢ € C(colim d) we consider the functor

Qa(c,idcolimd) : (B/ colim d)op — (N:
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as above, which induces a cartesian square of the form (+) in Cocarts, .., Let us denote the functor

classified by q(c id.oma) PY Fe- Then the induced commutative diagram of functors yields a commutative

cube
limg Fo(—) limg D(—)
F,(colim d)/ D(colim d)/
J
% J limg C(—)
* / C(colim d)/

where the lower right diagonal functor is an equivalence because C is a B-category and the upper left
diagonal is an equivalence by assumption. Since we have such a cube for any ¢ € C(colim d) it follows that
the map D(colim d) — limy D(—) is a fibre-wise equivalence and therefore an equivalence. Furthermore D

lands in Cats, C (/]a\too because F, and C do by assumption. This completes the proof. [l

Let us now remark that one can also deduce straightening-unstraightening for left fibrations from
Theorem 2.3.2.7. For this observe that applying Construction 2.3.1.1 to the fully faithful functor 8 — Cat,
we obtain a functor j: 25 — Catg. Furthermore it follows directly from Proposition 2.1.9.3 that j is fully
faithful. Therefore composing with j gives a fully faithful functor j.: Fung(C,Qs) < Fung(C, Catg) by
[62, Proposition 3.8.4]. Furthermore note that an arbitrary morphism of left fibrations of B-categories is
a cocartesian functor so that we also get an inclusion of a full subcategory LFibc C Cocartc. We can then

conclude:

COROLLARY 2.3.2.16. Let C be a B-category. Then the equivalence of Theorem 2.3.2.7 restricts to an

equivalence of full subcategories

LFibC ~ @,B (C, QB)

PRrROOF. It follows from the proof of Theorem 2.3.2.7 that a cocartesian fibration ¢(A4): D — C
corresponds to a functor that factors through Q¢ C Catg if and only if for every A € B all fibres of the
functors g(A): D(A) — C(A) are oo-groupoids. This is the case if and only if they are left fibrations by
Proposition 2.1.11.3, so the claim follows. O

2.4. Adjunctions

In this section we will study adjunctions between B-categories. We begin in § 2.4.1 by defining such
adjunctions as ordinary adjunctions in the underlying bicategory of Cat(B). In § 2.4.2 we compare our
definition with relative adjunctions and prove a convenient section-wise criterion for when a functor
admits a left or right adjoint. In § 2.4.3 we discuss an alternative approach to adjunctions based on an
equivalence of mapping B-groupoids. Finally, we discuss the special case of reflective subcategories in
§2.4.4.

2.4.1. Definitions and basic properties. Let C and D be B-categories, let f,g: C = D be two
functors and let a: f — g be a morphism of functors, i.e. a map in Funy (C,D). If h: E — C is any other
functor, we denote by ah: fh — gh the map h*(«) in Fung(E, D). Dually, if k: D — E is an arbitrary
functor, we denote by ka: kf — kg the map k.(«) in Fung(C,E). Having established the necessary

notational conventions, we may now define:

DEFINITION 2.4.1.1. Let C and D be B-categories. An adjunction between C and D is a tuple
(I,r,m,€), where [: C — D and r: D — C are functors and where n: idp — 7l and €: Ir — idc are maps
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such that there are commutative triangles

I 1l rlr <

W I

in Fung(C,D) and in Fung (D, C), respectively. We denote such an adjunction by I 4 r, and we refer
to n as the unit and to € as the counit of the adjunction. We say that a pair (I,r): C < D defines an

adjunction if there exist transformations 7 and € as above such that the tuple (1,7, 7, €) is an adjunction.

Analogous to how adjunctions between co-categories can be defined (see [48, §17]), Definition 2.4.1.1
is equivalent to an adjunction in the underlying homotopy bicategory of the (0o, 2)-category Cat(B) (see
§ 2.1.6). We may therefore make use of the usual bicategorical arguments to derive results for adjunctions
in Cat(B). Hereafter, we list a few of these results, we refer the reader to [30, § 1.6] and [80, § 2.1] for
proofs.

PROPOSITION 2.4.1.2. If (I H7): C= D and (I’ 41'): D S E are adjunctions between B-categories,

then the composite functors define an adjunction (1" 47'r): C S E. O

PROPOSITION 2.4.1.3. Adjoints are unique if they exist, i.e if (I 4 r) and (I H41') are adjunctions
between B-categories, then r ~r'. Dually, if (I 4r) and (I" 4r) are adjunctions, then | ~1'. O

PROPOSITION 2.4.1.4. In order for a pair (I,7): C < D of functors between B-categories to define an
adjunction, it suffices to provide maps n: idp — vl and €: lr — idc such that the compositions €l o ln and

reonr are equivalences. (]

COROLLARY 2.4.1.5. If f: C — D is an equivalence between B-categories, then the pair (f, f~1)

defines an adjunction. O

COROLLARY 2.4.1.6. For any adjunction (I H4r): C = D between B-categories and any equivalence
f: D~ D', the induced pair (If =1, fr): C= D’ defines an adjunction as well. O

If A and B are co-topoi and f: Cat(B) — Cat(A) is a functor, we will often need to know whether f
carries an adjunction [ 4 7 in Cat(B) to an adjunction f(I) 4 f(r) in Cat(A). This is obviously the case
whenever f is a functor of (0o, 2)-categories. Since we do not wish to dive too deep into (0o, 2)-categorical
arguments, we will instead make use of the straightforward observation that f preserves adjunctions

whenever there is a bifunctorial map

Fung (—, =) = Funa (f(-), f(-))

that recovers the action of f on mapping oo-groupoids upon postcomposition with the core co-groupoid
functor.

LEMMA 2.4.1.7. Let A and B be co-topoi and let f: Cat(B) — Cat(A) be a functor that preserves
finite products. Suppose furthermore that there is a morphism of functors consty — f o constg, where
consty : Catoo — Cat(B) and constq: Catee — Cat(A) are the constant sheaf functors. Then f induces a
bifunctorial map Fung(—, —) — Fung (f(—), f(—)) that recovers the action of f on mapping co-groupoids
upon postcomposition with the core co-groupoid functor. Moreover, if f is fully faithful and if the map

const g — foconsty restricts to an equivalence on the essential image of f, then this map is an equivalence.
PROOF. Since f preserves finite products, the map const4 — f o consts induces a map
- f(=) = f(=®-)
of bifunctors Cato, x Cat(B) — Cat(A). This map gives rise to the first arrow in the composition

mapcay(a) (f (= © =), f(=)) = mapeaa) (= @ f(=), f(=)) = mapey, (= Funa(f (=), £(=))),
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and by precomposition with the morphism mapc,s)(— ® —, =) = mapcaea) (f(— ® —), f(—)) that is
induced by f and Yoneda’s lemma, we end up with the desired morphism of functors

Fung (—, —) — Fung (f(—), f(—))

that recovers the morphism mapg,s)(— —) — mapcay)(f(—), f(—)) upon restriction to core oo-
groupoids. By construction, this map is an equivalence whenever f is fully faithful and the map

const 4 — f o constg is an equivalence. O

REMARK 2.4.1.8. In the situation of Lemma 2.4.1.7, the construction in the proof shows that if C

and D are B-categories, the functor
FHHB(C, D) — Fun/l(f(c)7 f(D))

that is induced by f and the morphism of functors ¢: — ®f(—) — f(— ® —) is given as the transpose of
the composition

Fung (C,D) ® £(C) & f(Funs(C,D) ® C) L% f(D)
in which ev: Fung(C,D) ® C — D denotes the counit of the adjunction — ® C 4 Fung (C, —).

Using Lemma 2.4.1.7, one now finds:

COROLLARY 2.4.1.9. Let f.: B — A be a geometric morphism of co-topoi. If a pair (I,r) of functors
in Cat(B) defines an adjunction, then the pair (f«(1), f«(r)) defines an adjunction in Cat(A). Moreover,
the converse is true whenever f, is fully faithful.

Dually, for any algebraic morphism f*: A — B of co-topoi, if a pair (I,7) of functors in Cat(A)
defines an adjunction, then the pair (f*(1), f*(r)) defines an adjunction in Cat(B), and the converse is
true whenever f* is fully faithful.

ProoF. This follows immediately from Lemma 2.4.1.7 on account of the equivalence consty =~

f* oconsty and the map constq — f. consts that is induced by the adjunction unit idg — fi f*. O

Recall from Proposition 2.1.6.7 that the inclusion B ~ Grpd(B) — Cat(B) admits a left adjoint

(—)&Pd. We now obtain:

COROLLARY 2.4.1.10. The groupoidification functor (—)89: Cat(B) — Grpd(B) preserves adjunc-

tions and therefore carries any left or right adjoint functor to an equivalence in Grpd(B).

PROOF. The first part follows by applying Lemma 2.4.1.7 to the map 7 consts : constg — (—)89 o
constg in which n: idgays) — (—)&Pd denotes the adjunction unit. As for the second part, it suffices
to note that if ({ 4r): G = H is an adjunction between B-groupoids, then since both Funz (G, G) and
Fung (H, H) are co-groupoids both unit and counit must be an equivalence. [l

COROLLARY 2.4.1.11. For any simplicial object K € Ba, the endofunctor Fung (K, —) on Cat(B)

preserves adjunctions in Cat(B).

PRroOOF. By bifunctoriality of Fung(—, —), precomposition with the terminal map K — 1 in B gives
rise to the diagonal functor idcag(s) — Fung (K, —), and combining this map with the functor constsg
then defines a map consts (—) — Fung (K, consts (—)), hence Lemma 2.4.1.7 applies. O

REMARK 2.4.1.12. In the situation of Corollary 2.4.1.11, Remark 2.4.1.8 shows that for any two
B-categories C and D, the induced map
Fung(C, D) — Fung (Fung (K, C), Fung (K, D))
is the one that is determined by the composition
id®evg eve

Funs (C, D) @ (Fung (K, C) x K) 225, Fung (C,D) @ C <5 D

in light of the two adjunctions — x K - Fung(K,—) and — ® C 4 Fung(C,—). Here evi and evc,

respectively, denote the counits of these adjunctions.
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Combining Corollary 2.4.1.9 with Corollary 2.4.1.11, one furthermore obtains:

COROLLARY 2.4.1.13. For any simplicial object K € Ba, the functor Fung (K, —): Cat(B) — Cato

carries adjunctions in Cat(B) to adjunctions in Cate. O

Similarly as above, if A and B are co-topoi and if f: Cat(B) — Cat(A) is a functor such that there
is a bifunctorial map

Fung (-, —) = Funa(f(-), f(=))*"

that recovers the action of f on mapping oo-groupoids upon postcomposition with the core co-groupoid
functor, the functor f sends an adjunction ! 4 r in Cat(B) to an adjunction f(r) - f(I) in Cat(A). One
therefore finds:

PROPOSITION 2.4.1.14. The equivalence (—)°P: Cat(B) — Cat(B) sends an adjunction I 41 to an
adjunction r°P - [°P.

PRrROOF. This follows from the evident equivalence
(=)°: Fung(—, —) ~ Fung ((—)", (—)*")*

of bifunctors Cat(B)°P x Cat(B) — Catoo, which shows that if [ 4 r is an adjunction with unit n and
counit €, then the pair (r°P,[°P) defines an adjunction on account of the maps €°P: id — [°Pr°P and

n°P: r°Pl°P — id that correspond to € and 7 via the above equivalence. (]

The contravariant versions of the functors considered in Corollary 2.4.1.11 and Corollary 2.4.1.13
preserve adjunctions as well: If C is an arbitrary B-category, functoriality of Fung(—, C) defines a map
mapcyy(s)(E, D) = mapcugs) (Fung (D, C), Fung (E, C))

that is natural in E and D. The composition

Mapcyy () (— ® E, D) = mape,s) (Fung (D, C), Fung (- ® E, C))
~ mapc,(s)(Fung (D, C) x (- ® E), C)
~ mapcy,y(s) ((— @ Fung (D, C)) x E, C)
~ mapcy,g () (— ® Fung (D, C), Fung (E, C))

(in which each step is natural in D and E) and Yoneda’s lemma now give rise to a map
Fung (Ea D) — Fung (mB(Da C)vmﬁ(li C))

that defines a morphism of functors Cat(B)°P x Cat(B) — Cato, and that recovers the action of Fung(—, C)

on mapping co-groupoids upon postcomposition with the core co-groupoid functor. One therefore finds:

PROPOSITION 2.4.1.15. For any B-category C, the two functors Fung(—,C) and Fung(—,C) carry
an adjunction I 41 in Cat(B) to an adjunction r* 4 1* in Cat(B) and in Cats, respectively. O

2.4.2. Adjunctions via relative adjunctions of cartesian fibrations. Recall from the discussion
in 2.1.7 that every pair (I,7): C < D of functors between (large) B-categories give rise to a pair of functors
(Jl,[r): [C= [ D between the associated cartesian fibrations over B. In this section, our goal is to
characterise those pairs (1, [ r) that come from an adjunction I 4.

Given any small co-category €, there is a bifunctor
—® —: Caty, X Cart(C) — Cart(C)

that sends a pair (X, P — €) to the cartesian fibration X x P — P — € in which the first arrow is the
natural projection. Explicitly, a morphism in X x P is cartesian precisely if its projection to P is cartesian

in P and its projection to X is an equivalence. For an arbitrary fixed cartesian fibration P — €, the
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functor — @ P: Cate — Cart(C) — ((/]-a\too)/@ admits a right adjoint Fun,e(P, —) that sends a map
Q — C to the oco-category that is defined by the pullback square

Fune(P,9Q) —— Fun(P, Q)

| |

1 — Fun(P,Q)

in which the vertical map on the right is given by postcomposition with Q — € and in which the lower
horizontal arrow picks out the cartesian fibration P — € [57, Proposition 5.2.5.1]. If Q — C is a cartesian
fibration, let F‘un%Lrt (?,9) = Fun,e(P, Q) denote the full subcategory that is spanned by those functors

that preserve cartesian edges, and observe that this defines a functor
Funfa" (P, —): Cart(€) — Cats .

As the equivalence map e (X ® P,Q) ~ map-~ (X, Fun,e(P,9Q)) identifies functors X @ P — Q that
preserve cartesian arrows with functors X — Fun (P, Q) that take values in Fun/cgrt(fP, Q), one obtains
an adjunction (—® P Fun%m(f]’, -)): Catos S Cart(C). By making use of the bifunctoriality of — ® —,
the assignment P +— Fun%‘rt((]’, —) gives rise to a bifunctor Fun%”t(f, —) in a unique way such that

there is an equivalence

mapCart(C)(_ & =, _) = MaPcat., (_7 Fun?grt(_a _))
Note that there is an equivalence [(—® —) ~ —® [(—) of bifunctors Cate, x Cat(PShg(€)) — Cart(C)

in which the tensoring on the left-hand side is given by the canonical tensoring in Cat(PShg(C)) over

Catoo, i.e. by the bifunctor const(—) x —. By the uniqueness of adjoints, one therefore finds:

PROPOSITION 2.4.2.1. For any small co-category C, there is an equivalence

Funpgpg (e)(—, —) = Fun%m(f(—), (=)
of bifunctors Cat(PShg(€))°P x Cat(PShg(C)) — Cateo that recovers the action of [: PShg(€) — Cart(C)

on mapping co-groupoids upon postcomposition with the core co-groupoid functor. O

Recall the notion of a relative adjunction between cartesian fibrations as defined by Lurie in [56,
§ 7.3]:

DEFINITION 2.4.2.2. Let C be an oo-category and let P and Q be cartesian fibrations over €. A
relative adjunction between P and Q is defined to be an adjunction (I 4 7): Q = P between the underlying
oo-categories such that both [ and r define maps in Cart(€) and such that the structure map p: P — €
sends the adjunction counit € to the identity transformation on p and the structure map ¢: Q — C sends

the adjunction unit 7 to the identity transformation on gq.

By construction of the bifunctor Fun%‘”(f,

—), it is immediate that a pair (I,7): Q &= P of maps
in Cart(C) defines a relative adjunction if and only if there are maps n: ido — rl and e: Ir — idp in
Fun%art(Q, Q) and Fun$™* (P, P), respectively, that satisfy the triangle identities from Definition 2.4.1.1.

Proposition 2.4.2.1 therefore implies:

COROLLARY 2.4.2.3. For any small co-category C, a pair (I,r): C S D of functors between PShg(C)-
categories defines an adjunction if and only if the associated pair ([, [ r) defines a relative adjunction in
Cart(C). O

Observe that as by [57, Lemma 6.3.5.28] the inclusion B < PShg(B) defines a geometric morphism
of co-topoi (relative to the universe V), Corollary 2.4.1.9 implies that the pair (I,r) defines an adjunction

between large B-categories if and only if it defines an adjunction in PShg(B). We may therefore conclude:

COROLLARY 2.4.2.4. A pair (I,r): C< D of functors between large B-categories defines an adjunction
if and only if the associated pair ([ 1, [ r) defines a relative adjunction in Cart(B). O
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The upshot of Corollary 2.4.2.4 is that we may make use of Lurie’s results on relative adjunctions [56,
§ 7.3.2] in order to formulate a useful criterion for when a functor between B-categories admits a right

and a left adjoint, respectively. For this we need to recall the mate construction:
DEFINITION 2.4.2.5. For any right lax square in Cat(B) of the form

Ci — D
bz b
Co —25 Dy

such that both r; and ro admit left adjoints /; and Il exhibited by units 7n;: id — r;l; and counits
€;: l;7; — id, there is a left lax square

C1<LD1

[l

C2 (7 D2
in which ) is defined as the composite map

lag 290 Lygryly 220 Lo 1y 220 £,
Conversely, when starting with the latter left lax square, the original right lax square is recovered by

means of the composition

n29T1 2T rafer
gri —— rolagri —— roflirs —— raf.

The left lax square determined by v is referred to as the mate of the right lax square determined by %,

and vice versa.

REMARK 2.4.2.6. In the 2-categorical context mates have been studied under the name adjoint
squares by Gray in [30, §1.6], and under the name mate in [52, §2]. In the (oo, 2)-categorical setting they
have been studied by Haugseng, see the discussion following [37, Remark 4.5]. In the case where the
starting 2-cell is invertible, which we will mostly use, they are also already considered in [56, Definition
4.7.4.13].

REMARK 2.4.2.7. The mate construction is functorial in the following sense: Consider the composition

of right lax squares

C; —— Dy

b b

C; —2 Dy

b b

C3 —— Ds,
by which we simply mean the composition (¢2f1) o (92¢01). Then the mate of the composite square is
given by the composition of left lax squares

C1<LD1

i~ b

C2<;D2

oy b

C3 <; Dg,

in which 7 denotes the mate of ¢, and ¥y denotes the mate of ¢o. This is easily checked using the

triangle identities for adjunctions and the interchange law in bicategories.
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Similarly, one can show that the mate of the horizontal composition of right lax squares

C, "D, Uy
b b )

C2L>D2*2>E2

(i.e. the composite rhp1 0 war1) is given by the horizontal composition of the associated mates.

LEMMA 2.4.2.8. Let C be an oco-category and let p: P — C and q: Q — C be cartesian fibrations. A
map r: P — Q in Cart(C) is a relative right adjoint if and only if

(1) for all ¢ € € the functor r|.: P|. — 9Q|. that is induced by r on the fibres over ¢ admits a left
adjoint l.: Ql. = P|¢;

(2) For every morphism g: d — ¢ in C, the mate of the commutative square

Pl ey g,

g*l :/ lg*
Pla 1y 0|,

commutes.

If this is the case, the relative left adjoint I of r recovers the map l. on the fibres over c € C.
Dually, a map 1: Q — P in Cart(C) is a relative left adjoint if and only if

(1) for all c € € the functorl|.: Q|. — P|. that is induced byl on the fibres over ¢ admits a right
adjoint re: Ple = Qles

(2) For every morphism g: d — ¢ in C, the mate of the commutative square

Pl g,

g*l % lg*
Pl <1 0l

commautes.

If this is the case, the relative right adjoint v of | recovers the map r. on the fibres over c € C.

PrROOF. The second statement is the content of (the dual of) [56, Proposition 7.3.2.11]. The first
statement, on the other hand, is a formal consequence of the second: in fact, in light of the straightening
equivalence, there is an equivalence (—)V:°P: Cart(€) ~ Cart(€) that is determined by the equivalence
(=) PShe (@) ~ PShe (@) given by postcomposition with the involution (—)°P: Cato, ~ Catee.
By combining Proposition 2.4.1.14 with Corollary 2.4.2.3, the equivalence (—):°P carries a relative left
adjoint to a relative right adjoint, and it is evidently true that it translates the two conditions in the
second statement to the two conditions in the first one. Since we already know that the second statement
is verified, the first one therefore follows as well. O

By combining Corollary 2.4.2.4 with Lemma 2.4.2.8, we conclude:

PROPOSITION 2.4.2.9. A functorr: C— D in Cat(@) s a right adjoint if and only if the following
two conditions hold:
(1) For any object A € B, the induced functor r(A): C(A) — D(A) is the right adjoint in an
adjunction (Ia,7(A),na,€4).
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(2) For any morphism s: B — A in B, the mate of the commutative square

ca) 2 p(a)

< s
cB) 2, p(B)
commutes.
If this is the case, then the left adjoint I of r is given on objects A € B by ly and on morphisms s: B — A
by the mate of the commutative square defined by r(s).
Dually, a functorl: D — Cin Cat(@) is a left adjoint if and only if the following two conditions hold:
(1) For any object A € B, the induced map [(A): D(A) — C(A) is the left adjoint in an adjunction
(I(A),74,m4,€4).
(2) For any morphism s: B — A in B, the mate of the commutative square

1(A)

c(a) LY pa)
S*l S ls*
c(B) <2 p(B)

commutes.

If this is the case, then a Tight adjoint r of | is given on objects A € B by r4 and on morphisms s: B — A
by the mate of the commutative square defined by I(s). O

REMARK 2.4.2.10. In the situation of Proposition 2.4.2.9, suppose that the functor r: C — D is
fully faithful and suppose that condition (1) is satisfied. Since the mate of the commutative square in
condition (2) is given by the composition

lgs* M Ips*r(A)la = Ipr(B)s*la casTla, s*la

in which the map ep is an equivalence, the composition is an equivalence whenever the map lgs*n,4 is
an equivalence. Since furthermore the map [4m4 is an equivalence as well, we may in this case replace

condition (2) by the a priori weaker condition that there exists an arbitrary equivalence lps* ~ s*l4.
Combining Lemma 2.4.2.8 with Corollary 2.4.2.3 furthermore implies:

COROLLARY 2.4.2.11. Let r: C — D be a functor of B-categories and let L: PSh(C) — B be a left
ezxact localisation where C is some small co-category. Then r is a rTight adjoint if and only if the following
two conditions hold:

(1) For any object ¢ € C, the induced functor r(Lc): C(Lc) — D(Lc) is a right adjoint.
(2) For any morphism s: d — ¢ in C, the mate of the commutative square
c(Le) 2% b(Le)
J{ / lLs
czd) "% p(La)
commutes. U

Using the criterion from Proposition 2.4.2.9, we are now able to provide a large class of examples for
adjunctions between B-categories:

EXAMPLE 2.4.2.12. In Construction 2.3.1.1, we defined a functor — ® Q: Pr® — Cat(B) that carries
a presentable cocategory € to the sheaf of co-categories € ® B,_ (where — ® — is Lurie’s tensor product
of presentable oco-categories). Therefore, if g: € — D is a right adjoint functor between presentable
oo-categories, we get an induced functor

gRNL:CRQ->DRA
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of large B-categories. We note that for any morphism s: B — A in B the mate of the commutative square

B
cwB, 8 DB,
J{@@s* J{D@s*
CoB/p phakall D®B/p

may be identified with the square induced by passing to left adjoints in the commutative diagram

C®B/a —> D®@B/a

C®sx DRs

C® B/B —B e BB
Thus it follows from Proposition 2.4.2.9 that ¢ ® Q is a right adjoint.

We conclude this section by applying the above example in two concrete cases. At first we note that the
large B-category Qa = PSh(A) (where A is viewed as a constant B-category) may naturally be identified
with the large B-category Sa ® . Therefore, by applying the functor — ® Q from Construction 2.3.1.1 to

the inclusion Caty, < PShg(A), one obtains a canonical inclusion of large B-categories
t: Caty — PShg(A).
Now Example 2.4.2.12 shows:

PROPOSITION 2.4.2.13. The inclusion v: Catg < PShg(A) admits a left adjoint L: PShy(A) —
Catg. O

Similarly, the inclusion § < Cats, induces an inclusion Q < Catg, so that Example 2.4.2.12 together
with Proposition 2.1.6.7 yields:

PROPOSITION 2.4.2.14. The inclusion Q < Catg admits both a right adjoint (—)= and a left adjoint

(—)&Pd that recover the core B-groupoid and the groupoidification functor on local sections. [l

2.4.3. Adjunctions in terms of mapping B-groupoids. The notion of an adjunction between
oo-categories can be formalised in several ways. One way is the bicategorical approach that we have
chosen in Definition 2.4.1.1, but an equivalent way to define an adjunction is by means of a triple (I, r, «)

in which ({,7): € &= D is a pair of functors and

a: mapy (=, 7(=)) ~ mape(I(=), —)
is an equivalence (see for Example [17, Theorem 6.1.23]). The aim of this section is to obtain an analogous
characterisation for adjunctions between B-categories. To that end, recall from § 2.1.11 that there is
a factorisation system in Cat(B) between initial functors and left fibrations. Recall, furthermore, that
there is a functor Cat(B)P — Cat(@) that carries a B-category C to the large B-category LFibc of left
fibrations over C and that carries a functor f: C — D to the pullback functor f*: LFibc — LFibp that
carries a left fibration ¢: Q — A x D in context A € B to its pullback along id xf: A x C — A x D.
Now the key result from which we will derive our desired characterisation of adjunctions is the following

statement:
PRrROPOSITION 2.4.3.1. Let f: C— D be a functor between B-categories. Then the pullback functor
f*: LFibp — LFibc
admits a left adjoint fi that is fully faithful whenever f is. If p: P — A x C is an object in LFibc, the left
fibration fi(p) over A x D is the unique functor that fits into a commutative diagram
P—'— fiP
ip lf! ()
AxC 2 AxD
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such that i is initial.
In order to prove Proposition 2.4.3.1, we need the following lemma:

LEMMA 2.4.3.2. If f: C— D and g: D — E are functors in Cat(B) such that g is fully faithful, then
gf is initial if and only if both f and g are initial.

PROOF. As initial functors are closed under composition, gf is initial whenever both f and g are, so
it suffices to show the converse direction. Since initial functors are the left complement in a factorisation
system, they satisfy the left cancellability property, so that it suffices to show that f is initial given that
gf is. We will make use of the B-categorical version of Quillen’s theorem A [62, Corollary 4.4.8]. Let
therefore d: A — D be an object in context A € B. On account of the commutative diagram

Ca D/a E/g(a)

| | |

CxA——DxA——ExA

in which the left square is a pullback, it suffices to show that the right square is a pullback as well, which
follows immediately from g being fully faithful. (]

PRrROOF OF PROPOSITION 2.4.3.1. We wish to apply Proposition 2.4.2.9. Fixing an object A € B,
first note that the functor

f*: LFib(A x D) — LFib(A x C)

that is given by pullback along (id x f): A x C — A x D has a left adjoint f;. In fact, on account of the
commutative square

LFib(A x D) — s LFib(4 x C)

I [

Cat(B)axp —L— Cat(B)axc,
one may define the desired left adjoint fi on the level of left fibrations as the composition L4 xpo(id x f)104,
where L/sxc: Cat(B)/axp — LFib(Ax D) denotes the localisation functor and where (id x f); denotes the
forgetful functor. By construction, this functor sends p: P — A x C to the left fibration fi(p): Q = AxD
that arises from the factorisation of (id x f)p: P — A x D into an initial map and a left fibration. Note
that the counit of this adjunction is given by the canonical map P — Q x¢ D. If f is fully faithful,
Lemma 2.4.3.2 implies that this map is initial and therefore an equivalence since it is already a left
fibration. As a consequence f being fully faithful implies that f; is fully faithful as well. Therefore, by
using Proposition 2.4.2.9 the proof is complete once we show that for any map s: B — A in B, the lax

square
LFib(A x D) « X~ LFib(A x C)

S*l ‘X ls*
LFib(B x D) «X— LFib(B x C)
commutes. To see this, let p: P —+ A x C be a left fibration, and consider the commutative diagram

s*fiP ——— fiP

" fi(p) P/ lf!(p)

s*p l P
B xD i — AxD
/iclixf /idxf

BxC—3 AxC
sxid

s*i/!

s*P
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in which fi(p)i: P — fiP — A x D is the factorisation of (id x f)p into an initial map and a left fibration.
The map ¢: fis*(p) — s* fi(p) is given by the unique lift in the commutative square

s*P —21 s s*fiP

lj oo lS*f!(p)

hsP L7 By D

in which j is initial. To complete the proof, it therefore suffices to show that s*i is initial, which follows
from the fact that the map s: B — A is a right fibration and therefore proper, cf. [62, § 4.4]. (]

COROLLARY 2.4.3.3. For any functor f: C — D between B-categories, the functor
f*: Fung (D, Q) — Funy (C,Q)
admits a left adjoint fi that fits into a commutative diagram

op
cr — 1 por

\[hcop \[h[)op

Funy (C,Q) — Funy (D, Q)

in which the two vertical arrows are given by the Yoneda embedding. Moreover, f is fully faithful if and

only if fi is fully faithful.

PROOF. The existence of the left adjoint f, follows immediately from Proposition 2.4.3.1 on account
of the straightening/unstraightening equivalence for left fibrations (Theorem 2.1.11.5). To show that the
composition C°P < Fung(C, Q) — Fung (D, Q) factors through the Yoneda embedding D°P < Fung (D, Q),
it suffices to show that for every representable left fibration p: P — A x C the associated left fibration
filp): Q = A x D is representable as well. This follows immediately from the fact that there is an initial
map i: P — Q, which implies that Q admits an initial section A — Q whenever P admits such a section
(cf. Remark 2.1.13.5). O

PROPOSITION 2.4.3.4. A pair of functors (I,7): C = D between B-categories defines an adjunction if

and only if there is an equivalence of functors
a: mapp (I(—), =) ~ mapc(—,7r(-)).

PROOF. Suppose that [ 4 r is an adjunction in Cat(B). Then Proposition 2.4.1.15 gives rise to an
adjunction I* - r*: PShy (D) < PShg(C). On the other hand, Corollary 2.4.3.3 provides a left adjoint
r to r*, hence the uniqueness of adjoints implies that there is an equivalence 3: ry ~ [*. We therefore
conclude that there is an equivalence «: hcr ~ [*hp, where hc and hp denotes the Yoneda embedding
of C and D, respectively. On account of the adjunction — x D°P 4 Fung (D°P, —), the datum of such an

equivalence corresponds precisely to an equivalence

a: mapp (I(—), =) ~ mapc(—, (=),

as desired.

Conversely, suppose that the pair (I,7) comes along with an equivalence o as above. As functoriality
of the twisted arrow construction (Definition 2.1.13.1) gives rise to a morphism of functors map¢c(—, —) —
mapp(I(—),1(—)), one obtains a map

mapc (=, =) = mapp(I(=), (=) = mapc (=, rl(-)).

As the Yoneda embedding is fully faithful (Corollary 2.1.13.4), this map arises uniquely from a map

7: id¢ — rl. In fact, we may view the above map as a functor

C — PShy ()4
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that sends an object d: A — C to the map

mapc(—, d) — mapp(I(—),(d)) = mapc(—, ri(d))

in PShy(C). As the Yoneda embedding C < PShg(C) is fully faithful, this map must arise from a map in
C, hence the above functor factors through the fully faithful functor C&" —» PShB(C)Al that is induced
by the Yoneda embedding. By a similar argument, one obtains a map €: Ir — idp. We complete the
proof by showing that n and e satisfy the conditions of Proposition 2.4.1.4, i.e. that the maps re o nr
and el o [n are equivalences. We show this for the first case, the second case follows from an analogous
argument. Since equivalences of functors can be detected objectwise by [62, Corollary 4.7.17], it suffices
to show that for any object d: A — D the map
r(d) 2% rir(d) 2% r(d)
is an equivalence. Now bifunctoriality of the equivalence mapp(I(—), —) ~ mapc(—,r(—)) implies that

there is a commutative diagram
r(d) 2% rlr(d)

J/ldr(d) red

r(d) —

that arises from the transposed commutative diagram

id,.
1dr(a) r(d)

r(d) 224 1p(d)

l‘dlr(d) J{

Ir(d) —— d,
which proves the claim. O

Recall that if r: D — C is a functor between B-categories and if ¢: A — D is an arbitrary object, the
functor mapc(c,7(—)): A x D — Q precisely classifies the left fibration D,; — A x D that arises as the
pullback of the slice projection (m.);: C.; — A x C along id x7: Ax D — A x C (see [62, Definition 4.2.1]).
We now obtain:

COROLLARY 2.4.3.5. Let 7: D — C be a functor between large B-categories. Then r admits a left
adjoint 1 if and only if for any object c: A — C in context A € B the copresheaf mapc(c,r(—)) (viewed as
an object in Fung (D, Q) in context A) is representable by an object in D, in which case the representing

object is given by I(c) and the associated initial object in D, is given by the unit map nc: ¢ — rl(c).
PRrROOF. By Proposition 2.4.3.4, the functor r admits a left adjoint if and only if there is a functor
[: C — D and an equivalence
a: mapp (I(—), —) =~ mapc(—,7(-)).
Therefore, if r admits a left adjoint then map¢(c,r(—)) is representable by I(c): A — D, and the explicit

construction of the equivalence « in Proposition 2.4.3.4 shows that the equivalence
Di(e)/ = Dey

over A x D that arises from « sends the initial section id;): A — Dy, to the unit map nec: ¢ — ri(c).
Conversely, if map¢(c,7(—)) is representable for every object ¢ in C in context A € B, then the
functor hr: D — C < PSh(C) = Fung (C°P, Q) transposes to a functor

CoP — m‘B (Da Qfﬁ)

that factors through the Yoneda embedding D° — Fung(D, Q) by [62, Proposition 3.9.4] and therefore
defines a functor I: C — D. By construction, this functor comes with an equivalence mapp(I(—), —) ~
mapc(—,r(—)), hence the claim follows. O



44 2. FUNDAMENTALS OF B-CATEGORY THEORY

Let C and D be B-categories and let Fun% (D, C) < Fung(D,C) be the full subcategory that is
spanned by those functors 73D — 73 C in Cat(B,4) (for every A € B) that admit a left adjoint. Dually,
let FunZ (C, D) < Fung(C, D) denote the full subcategory spanned by those functors that admit a right

adjoint.

REMARK 2.4.3.6 (locality of adjunctions). If C and D are B-categories and A € B is an arbitrary
object, the property of a functor f: 7% C — 7% D to be a right adjoint is local in B (see § 2.1.14). In
fact, by Corollary 2.4.3.5 this property is equivalent to the condition that for every object ¢ in 7% C (in
arbitrary context), the functor map,. c(c, f (—)) is representable. Hence the claim follows from the fact
that the representability of such functors is a local condition (see Example 2.1.14.7). In particular, this
implies that every object in Funfi(C,D) in context A € B encodes a right adjoint functor 7%C — 74D,
and one furthermore has a canonical equivalence 7% Fun% (D, C) ~ m’;M (73D, 7% C) for every A € B
(see Remarks 2.1.14.5 and 2.1.14.6).

REMARK 2.4.3.7 (étale transposition invariance). By its very definition, the property of an object
f: A = Fung(D,C) to be a right adjoint (i.e. to be contained in Funf (D, C)) is invariant under étale
transposition (see § 2.1.14).

COROLLARY 2.4.3.8. For any two B-categories C and D, there is an equivalence
Funz (D, C) = Fung (C, D)
that sends a functor between D and C to its left adjoint, and vice versa.

PROOF. By postcomposition with the Yoneda embedding C < PShy (C), the B-category FunZ (D, C)
embeds into Fung (D x C°P, Q). Likewise, the B-category Funk (C, D)°P ~ Fun%(C°P, D°P) embeds into the
B-category Fung (D x C°P, Q). To finish the proof, we only need to show that an object f: AxDx CP — Q
in Fung (D x C°P, Q) in context A € B is contained in the essential image of Fun (D, C) if and only if it is
contained in the essential image of Funk (C, D)°P. By Remarks 2.4.3.6 and 2.4.3.7 (and the fact that the
base change functor 7 preserves the internal hom, cf. Remark 2.1.14.1), we may replace B with B,4 and
can thus assume that A ~ 1 (see Remark 2.1.14.4). By Corollary 2.4.3.5, the functor f is contained in
Fun®(D, Q) if and only if f(d, —) is representable for any object d in D and f(—,¢) is representable for
any object ¢ in C, which is in turn equivalent to f being contained in the essential image of @% (C,D)°p.
Thus the claim follows. O

2.4.4. Reflective subcategories. In this brief section we discuss the special case of an adjunction
where the right adjoint is fully faithful. Again this material is quite standard for ordinary oco-categories,
see for example [57, §5.2.7].

DEFINITION 2.4.4.1. Let ¢: C < D be a fully faithful functor between B-categories. Then C is said to

be reflective in D if ¢ admits a left adjoint. Dually, C is corefiective if ¢ admits a right adjoint.

PROPOSITION 2.4.4.2. If (I 4 r): C = D is an adjunction between B-categories, then 1 is fully faithful
if and only if the adjunction unit n is an equivalence, and r is fully faithful if and only if the adjunction

counit € is an equivalence.
ProoF. The functor [ is fully faithful if and only if the map
mapc(—, —) = mapp (I(=), [(-))
is an equivalence [62, Proposition 3.8.7]. By postcomposition with the equivalence
mapp (I(—),(=)) ~ mapc(—, rl(-))
that is provided by Proposition 2.4.3.4, this is in turn equivalent to the map

mapc(—, —) = mapc(—, rl(-))
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being an equivalence. But this map is obtained as the image of the adjunction unit : A — Fung(C, C)
along the fully faithful functor Fung(C, C) < Fung(C°P x C,Q) that is induced by postcomposition with
the Yoneda embedding C < PSh4(C). The claim thus follows from the observation that fully faithful
functors are conservative (since the map Al — A is essentially surjective, see [62, Lemma 3.8.8]). The

dual statement about r and € is proved by an analogous argument. [l
By combining Proposition 2.4.4.2 with Proposition 2.4.1.4, one immediately deduces:

COROLLARY 2.4.4.3. Let i: D — C be a fully faithful functor between B-categories. Then D is
reflective in C if and only if i admits a retraction L: C — D together with a map n: idc — iL such that
both ni and Ln are equivalences. (]

If D — C s a reflective subcategory, then the reflection functor L: C — D is a retraction and therefore
in particular essentially surjective (cf. Proposition 2.1.9.4). Consequently, we may recover the subcategory
D from the endofunctor ¢L: C — C be means of its factorisation into an essentially surjective and a fully
faithful functor. Conversely, given an arbitrary endofunctor f: C — C, Corollary 2.4.4.3 shows that the
essential image of f defines a reflective subcategory precisely if there is a map n: idc — f such that both

nf and fn are equivalences. Let us record this observation for future use in the following proposition.

PROPOSITION 2.4.4.4. Let C be a B-category, let f: C— C be a functor and let iL: C — D < C be
its factorisation into an essentially surjective and a fully faithful functor. Then L i precisely if there is

a map n: idc — f such that both nf and fn are equivalences. O

ExXAMPLE 2.4.4.5. If (£, R) is a factorisation system in B, then for any A € B the full subcategory
Rya — B,y is reflective: the associated reflection functor L/4: B/4 — R 4 is induced by the unique
factorisation of maps. Such a factorisation system (£, R) is called a modality if £ is closed under base
change in B, which precisely means that for every map s: B — A in B the natural map L/ps™ — s*L/4
is an equivalence. Using Proposition 2.4.2.9, we thus conclude that the right orthogonality class R of
any modality (£,R) defines a reflective subcategory of Q. In Example 3.2.4.4 below, we will characterise

those reflective subcategories of € that arise in such a way.
Reflective subcategories are examples of localisations in the sense of § 2.2.3:

PROPOSITION 2.4.4.6. Let (I 4r1): C< D be a reflective subcategory. Then  is the localisation of C
at the subcategory S = 171D~ — C.

PRrROOF. By construction of S, we obtain a commutative diagram

S ——serd D™

Lo

c—Ltysic 250D,
1
hence we only need to show that g is an equivalence. Let us define h = Lr. Then gh ~ Ir ~ id, hence
h is a right inverse of g. We finish the proof by showing that h is a left inverse of g as well. Since
L*: Fung (S71C,S71C) — Fung (C,S71C) is fully faithful by Proposition 2.2.3.14, it suffices to produce
an equivalence hglL ~ L. Let n: id — rl be the adjunction unit. Since In is an equivalence, the map
Inc factors through the core D= < D for every object ¢: A — C in context A € B. By construction
of S, this means that 7c is contained in S, hence Lnc is an equivalence. Since equivalences of functors
can be detected objectwise [62, Corollary 4.7.17], we conclude that Ly: L — Lrl ~ hgL is the desired

equivalence. O
It will be useful to have a name for the class of localisations that arise from reflective subcategories:

DEFINITION 2.4.4.7. Let S — C be a functor between B-categories. The localisation L: C — S~!C is
said to be a Bousfield localisation if L admits a fully faithful right adjoint i: S~'C — C.
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REMARK 2.4.4.8. The extra condition on the right adjoint in Definition 2.4.4.7 to be fully faithful is
superfluous: in fact, by Proposition 2.2.3.14 the functor L*: PShy(S71C) — PSh(C) is fully faithful
and by Proposition 2.4.1.15 L* is left adjoint to ¢*. We therefore obtain an equivalence L* ~ 4, hence
Corollary 2.4.3.3 implies that ¢ must be fully faithful as well.



CHAPTER 3

Colimits and cocompletions

We begin this chapter by studying limits and colimits in B-category theory in § 3.1. The definition of
a (co)limit will be a straightforward adaption of the usual definition for co-categories. After developing the
general theory, we provide a number of explicit examples and show that some important B-categories have
all limits and colimits. We also provide some techniques how to split up colimits indexed by B-categories
into more manageable parts, which will be convenient in the next sections and chapters.

In § 3.2 we define what it means for a B-category to be cocomplete. One subtle but important
difference with ordinary oo-category theory, is that a B-category is not necessarily cocomplete even if
every diagram d: A — Fung(l, C) in an arbitrary context A admits a colimit. Instead one has to require
that the same property also holds for 77 C, internally to B, 4 for every A € B. More generally we define
a notion of U-cocompleteness for any subsheaf U C Catp and unwind these definitions in a number of
examples.

In § 3.3 we develop a theory of Kan-extensions in the world of B-categories. We prove that Kan-
extensions exist, whenever the B-categories involved admit a sufficient amount of colimits. Finally, we
prove the main results of this chapter in § 3.4. We show that for any B-category C, the Yoneda-embedding
hc: C — PShg(C) exhibits PShy(C) as the free cocompletion of C. More generally we construct the free
U-cocompletion of C for any internal class U and prove that is has the expected universal property. We

also give some concrete examples of free U-cocompletions, in particular when C is the point.

3.1. Limits and colimits

In this section we discuss limits and colimits in a B-category. We set up the general theory in
§ 3.1.1-3.1.3. All in all our treatment is quite parallel to the one in ordinary higher category theory, see for
example [48, §19] or [17, §6.2]. In § 3.1.4 and § 3.1.5 we discuss limits and colimits in the universe Q and
in the B-category of B-categories Cats. In § 3.1.6 we discuss how to compute colimits in slice categories
and in § 3.1.7 we collect some results that show under which circumstances an adjunction induces an
adjunction on slice categories. In § 3.1.8 we show that initial and final functors can be characterised by
their property of preserving limits and colimits. Finally, in § 3.1.9 we explain how general internal limits

and colimits can be decomposed into groupoidal and constant limits and colimits.

3.1.1. Definitions and first examples. Let C be a B-category. Recall from Proposition 2.1.6.5
that for any simplicial object I in B the internal hom Fung (7, C) in B is a B-category. We refer to
the objects of this B-category as I-indexed diagrams in C. Note that this B-category is equivalent to
Fung (1, C), where | is the image of the simplicial object I along the localisation functor Ba — Cat(B).
Thus, in what follows we can always safely assume that I is a B-category.

Now recall from [62, Definition 4.2.1] that to any pair of maps f: D — C and ¢g: E — C in Cat(B) we
can associate the comma B-category D [c E= (D X E) xcxc cA' We may now define:

DEFINITION 3.1.1.1. Let C be a B-category and let d: A — Fung (1, C) be an I-indexed diagram in C
in context A € B, for some I € Ba. The B-category of cones over d is defined as the comma B-category
C/a = C lfun,(r.c) A formed from d: A — Fung (I,C) and the diagonal map diag: C — Fung (7, C).
Dually, the B-category of cocones under d is defined as the comma B-category C;; = A VEun,, (1,0) C.

47
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In the situation of Definition 3.1.1.1, the B-category of cones C/4 admits a structure map into C x A

that fits into the pullback square

C/g —— Funz(1,C)/q

J{(‘“’d)!
Cx AN Fyn (1,C) x A

in which the vertical map on the right is the forgetful functor from the slice B-category, cf. Defini-
tion 2.1.12.1. Since this is a right fibration (Proposition 2.1.12.4), so is the map C/;q — C x A. In other
words, we may regard this map as an object in RFibc in context A. Dually, the map C;; — A x Cis
a left fibration and therefore defines an object in LFibc in context A. With respect to the straighten-
ing/unstraightening equivalence RFibc ~ PShg(C) from Theorem 2.1.11.5, the right fibration C;q — Cx A
corresponds to the presheaf mapg,, 1,0)(diag(—),d) on C, and the left fibration Cg; — A x C corresponds
to the copresheaf mapg,, (1,0)(d, diag(—)) on C.

REMARK 3.1.1.2 (locality of cones). In the situation of Definition 3.1.1.1, if B € B is an arbitrary
object, it follows immediately from Remark 2.1.14.1 that one obtains a canonical equivalence of B, -
categories 75 (C/a) = (75C) e (a)-

REMARK 3.1.1.3 (étale transposition invariance for cones). In the situation of Definition 3.1.1.1,
let us denote by d: ls,, — m4Fung (7, C) ~ Fung (m% I, 7% C) the transpose of d. Since the forgetful
functor (m4)r: Cat(B,4) — Cat(B) preserves pullbacks, we deduce from Remark 2.1.12.2 that the map
C/a — C x A arises as the image of (73C),; — 774 C along (74)1. In other words, when regarded as a
B, 4-category, we can identify C/; with (772(:)/&.

REMARK 3.1.1.4. Let I be a simplicial object in B and let C be a B-category. Recall from [62,
Definition 4.3.11] the definition of the right cone I” as the pushout

1 0
Tur ) At T

foon |

(¢,00)

Iul —— I°.
By applying the functor Fung(—, C) to this diagram, one obtains an equivalence
Fung (17, C) =~ Fung (1, C) deun, (1.0) C
over Fung (7, C) x C, in which the right-hand side denotes the comma B-category that is formed from the
cospan
Fun (,C) % Fung (1,C) <22 ¢,
By construction, if d: A — Fung(I,C) is an I-indexed diagram in C in context A € B, one obtains a

pullback square
Cyy — Fung (17, Q)

l(w,oow
Ax C 29 Fun, (1,0) x C.

In other words, the pullback of Fung (1%, C) along d x id recovers the B-category of cocones under d. We
may therefore regard any object d: A — Fung (1”7, C) as a cocone d — diag ¢ under the diagram d = t*d
with ¢ = co*d.

Dually, one defines the left cone I9 as the pushout
1 40
rur S argr

b

1x] — I°



3.1. LIMITS AND COLIMITS 49

and therefore obtains an equivalence
m‘B (I<]7 C) ~C \L@B(I,C) @‘B (I7 C)

over C x Fung (I, C). Consequently, the pullback of Fung (19, C) along id xd recovers the B-category of

cones C/q over d.

DEFINITION 3.1.1.5. Let C be a B-category and let d: A — Fung(I,C) be an I-indexed diagram
in context A in C, for some A € B and some I € Ba. A limit cone of d is a map diag(limd) — d in
Fung (1, C) in context A that defines a final section A — C,4 over A. Dually, a colimit cocone of d is a
map d — diag(colim d) in Fung (7, C) in context A that defines an initial section A — C;/ over A.

REMARK 3.1.1.6. The above definition is a direct analogue of Joyal’s original definition of limits and
colimits in an oco-category [49].

REMARK 3.1.1.7. In the situation of Definition 3.1.1.5, Remark 2.1.13.5 implies that an /-indexed
diagram d: A — Fung (I, C) admits a colimit cocone if and only if the presheaf mapMB(LC)(d, diag(—))
is representable, in which case the representing object is given by colim d. In other words, if d admits a
colimit cocone, one obtains an equivalence Ceolima; =~ Cq/ over A x C, and conversely if there is an object
c: A — Cand an equivalence C.; ~ C;, over A x C then the image of the object id. in C., along this
equivalence defines a colimit cocone of d. A similar observation can be made for limits. In particular, the

colimit and limit of a diagram are unique up to equivalence if they exist.

REMARK 3.1.1.8 (locality of limits and colimits). The existence of limits and colimits is a local
condition: in fact, by the same reasoning as in Remark 2.4.3.6, a diagram d: A — Fung (1, C) admits a
limit in C if and only if for every cover (s;): | |, A; = A the diagram s;(d): A; — Fung (7, C) admits a

limit in C. Analogous observations can be made for colimits.

REMARK 3.1.1.9 (étale transposition invariance for limits and colimits). In light of Remark 3.1.1.3,
a cone diagc — d in @3 (I,C) in context A transposes to a cone diagé — d in Fung (%I, 7%C) in
context 13 ,, (where d: 13, — Fung(B/4) (741, 74C) and ¢: 1g,, — 74 C are the transpose of d and c,
respectively), and the former defines an initial section A — C,4 over A if and only if the latter defines an
initial object 15, — WZC/J. In other words, we may compute the limit of d: A — Fung(I,C) as the

transpose of the limit of d: 14 4 — Fung (741, 7%C). Analogous observations can be made for colimits.

ExAMPLE 3.1.1.10. Let C be B-category and let ¢: A — C be an object, viewed as a 1-indexed
diagram c¢: A — Fung(1,C) ~ C. Then there are equivalences lim ¢ ~ ¢ ~ colim ¢, and the associated
limit and colimit cocones are given by id.: A — C/. and id.: A — C.;.

ExampPLE 3.1.1.11. For any B-category C and any object ¢: A — C, the object ¢ is initial if and only
if it defines a colimit of the initial diagram d: @ — C, and dually c is final if and only if it defines a limit
of d. In fact, since & is initial in Cat(B), there is an equivalence Fung (&, C) ~ 1, which implies that the
left fibration C;; — A x C is an equivalence. Consequently, a section A — Cg, is initial if and only if
the map A — A x C is, which is in turn the case if and only if the associated map 1 — 7% C is initial
in Cat(B,4). As this is precisely the condition that ¢ is an initial object in C, the result follows. The

statement about final objects and limits follows by dualisation.

PROPOSITION 3.1.1.12. Let C be a B-category and let I be a simplicial object in B. The following
conditions are equivalent:
(1) every diagram d: A — Fung (I, C) admits a colimit colim d;
(2) the diagonal functor diag: C — Fung (I, C) admits a left adjoint colim: Fung(I,C) — C.
If either of these conditions are satisfied, the functor colim carries d to colimd, and the adjunction unit
d — diag colimd defines a colimit cocone of d. The dual statement for limits holds as well.
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PRrROOF. By the dual of Corollary 2.4.3.5, the functor diag admits a left adjoint if and only if for
every diagram d: A — Fung (1, C) the functor mapg,, (s p)(d; diag(—)) is representable by an object in C,
in which case the left adjoint sends d to the representing object in C. By definition, this functor classifies
the left fibration C;; — A x C. Therefore, Remark 3.1.1.7 shows that diag admits a left adjoint if and
only if every diagram d admits a colimit colimd: A — C, in which case this is the representing object of
the functor MAaPEy, (1,C) (d,diag(—)). Corollary 2.4.3.5 moreover shows that in this case the adjunction
unit d — diag colim d defines an initial section A — Cy,. O

ExampLE 3.1.1.13. Let C be a large B-category and G be a B-groupoid. By using Proposition 2.4.2.9,

the following two conditions are equivalent:

(1) C admits G-indexed colimits;
(2) for every A € B the functor 7&: C(A) — C(G x A) admits a left adjoint (7¢): such that for

every map s: B — A in B the natural morphism (7g)1s* — s*(7g) is an equivalence.

In particular, if C has G-indexed colimits, then the colimit of a diagram d: A — Fung(G,C) can be
identified with the image of d € C(G x A) along the functor (mg):.

Dually, the following two conditions are equivalent:

(1) C admits G-indexed limits;
(2) for every A € B the functor n¢&: C(A) — C(G x A) admits a right adjoint (7g). such that for

*

every map s: B — A in B the natural morphism s*(7g). — (7g)«$* is an equivalence.

In particular, if C has G-indexed limits, then the limit of a diagram d: A — Funy(G, C) can be identified
with the image of d € C(G x A) along the functor (7g)..

ExAaMPLE 3.1.1.14. Let C be a large B-category and let J be an co-category. By using Proposi-
tion 2.4.2.9, the following two conditions are equivalent:

(1) C admits J-indexed colimits;
(2) for every A € B the oo-category C(A) admits J-indexed colimits, and for every map s: B — A
in B the functor s*: C(A) — C(B) preserves such colimits.

Dually, the following two conditions are equivalent:

(1) C admits J-indexed limits;
(2) for every A € B the oo-category C(A) admits J-indexed limits, and for every map s: B — A in
B the functor s*: C(A) — C(B) preserves such limits.

REMARK 3.1.1.15. Let € be a small co-category such that B is a left exact and accessible localisation
of PSh(€). Let L: PSh(C) — B be the localisation functor. Then Corollary 2.4.2.11 implies that in the
situation of Example 3.1.1.13 and Example 3.1.1.14, it suffices to check the condition in (2) for the special
case where A = L(c¢), B = L(d) and s = L(t) for some objects ¢,d € € and some map t: d — ¢ in C.

3.1.2. Preservation of limits and colimits. Let f: C — D be a functor between B-categories
and let I be a simplicial object in B. Let f.: Fung(I,C) — Fung(I,D) be the functor that is given by
postcomposition with f. For any diagram d: A — Fung (7, C), the functor f. gives rise to an evident

commutative square

fs
Ca —— Dypa

| |

Cx AL pxa

Suppose that d has a limit in C, i.e. there is a limit cone given by a final section A — C,4 over A. We say
that the functor f preserves this limit if the image of this limit cone along f. defines a final section of
D/f,q- Dually, if d has a colimit in C then f is said to preserve this colimit if the image of the colimit

cocone along f, is an initial section of Dy 4, over A.
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REMARK 3.1.2.1 (locality of preservation of limits and colimits). The property that a functor
f: C— D preserves the limit (colimit) of a diagram d: A — Fung(I,C) is a local condition: in fact, the
same reasoning as in Remark 2.4.3.6 implies that f preserves the limit of d if and only if for every cover
(si): |; Ai = A in B the limit of the induced diagram s;(d) is preserved by f. Analogous observations
can be made for colimits.

REMARK 3.1.2.2 (étale transposition invariance for the preservation of limits and colimits). Note
that by means of the projections to A, the functor f.: C;q — D,; 4 can be regarded as a map in
Cat(B/4). When viewed as such, Remark 3.1.1.3 implies that this map can be identified with the
functor (7 f)«: (74C) g — (WZD)/(WZJC)*J (where d: lp,, = Fung (7% I, 7%C) denotes the transpose of
d). Together with Remark 3.1.1.9, this implies that f preserves the limit of d if and only if 7% f preserves
the limit of d. Analogous observations hold for colimits.

LEMMA 3.1.2.3. Let (I 47): CS D be an adjunction between B-categories, and let f: ¢ — r(d) be a
map in C in context A € B. Then f is an equivalence if and only if the transpose map g: l(c) — d defines
a final section of C/q over A.

ProoF. By Corollary 2.4.3.5, the counit ed: Ir(d) — d defines a final section of C;q over A, hence
the dual of Corollary 2.1.12.13 implies that there is a map g — ed in C/; that is an equivalence if and
only if g is final. On account of the equivalence C;q ~ C/,.(q), this map corresponds to a map f — id,(q)
in C/,.(q)- The result now follows from the straightforward observation that the latter is an equivalence if
and only if f is an equivalence in C. O

PropPOSITION 3.1.2.4. Let f: C — D be a functor between B-categories and let I be a simplicial
object in B such that C and D admit all I-indexed limits, i.e the diagonal maps C — Fungz(I,C) and
D — Fung(I,D) admit right adjoints (cf. Proposition 8.1.1.12). Then f preserves all I-indexed limits
precisely if the mate of the commutative square

Funy (1,0C) WC

lf* f

Funy (I,D) <7D

commutes. The dual statement about colimits holds as well.

PRrROOF. Suppose that f preserves all I-indexed limits. The mate of the commutative square in the
statement of the proposition is encoded by a map ¢: flim — lim f* that is given by the composite

m f.e

flim 222 lim diag f lim — lim f, diag lim 227 Jim fe

in which 1 and e are the units and counits of the two adjunctions diag - lim. By [62, Corollary 4.7.17], this
map is an equivalence if and only if for any d: A — Fung (1, D) the associated map ¢(d): f(lim d) — lim f.d
is an equivalence in D. Now since the transpose map diag f(limd) — f.d is given by postcomposing the
equivalence diag f(limd) ~ f, diag(lim d) with the map f.ed and since Proposition 3.1.1.12 implies that
ed is precisely the limit cone over d in D, the claim follows from Lemma 3.1.2.3. O

REMARK 3.1.2.5. Let f: C — D be a functor between B-categories, let I be an arbitrary simplicial
object in B and let d: A — Fung(l,C) be a diagram that has a limit in C. Suppose furthermore that f.d
has a limit in D. Then the universal property of final objects (see Corollary 2.1.12.13) gives rise to a
unique map

diag f(limd) ——— diaglim f.d

~ 7

in D/y 4 that is an equivalence if and only if f preserves the limit of d. Since D;; 4 — D is a right
fibration and therefore in particular conservative (cf. [62, Definition 4.1.10]), this is in turn equivalent to
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the map f(limd) — lim f.d being an equivalence in D. If both C and D admit I-indexed limits, this map

is nothing but the mate transformation flim — lim f, from Proposition 3.1.2.4 evaluated at the object d.

EXAMPLE 3.1.2.6. Let f: C — D be a functor between large B-categories and let G be a B-groupoid.
Suppose that both C and D admit G-indexed colimits. By using Proposition 2.4.2.9 and Proposition 3.1.2.4,
the following two conditions are equivalent:

(1) f preserves G-indexed colimits;
(2) for every A € B the natural morphism (7¢)i1f(G x A) — f(A)(wg): is an equivalence.

Dually, if C and D admit G-indexed limits, the following two conditions are equivalent:

(1) f preserves G-indexed limits;

(2) for every A € B the natural morphism f(A)(7g)« — (76)«f(A) is an equivalence.

ExamPLE 3.1.2.7. Let f: C — D be a functor between large B-categories, let J be an oo-category and
suppose that both C and D admit J-indexed colimits. By using Proposition 2.4.2.9 and Proposition 3.1.2.4,
the following two conditions are equivalent:

(1) f preserves J-indexed colimits;
(2) for every A € B the functor f(A): C(A) — D(A) preserves J-indexed colimits.
Dually, if C and D admit J-indexed limits, the following two conditions are equivalent:

(1) f preserves J-indexed limits;
(2) for every A € B the functor f(A): C(A) — D(A) preserves J-indexed limits.

Checking whether a functor between B-categories preserves certain limits or colimits becomes simpler
when the functor is fully faithful:

ProproSITION 3.1.2.8. Let f: C — D be a fully faithful functor between B-categories, let I be a
simplicial object in B and let d: A — Fung(I,C) be a diagram in C. Suppose that f.(d) admits a colimit
in D such that colim f.d is contained in C. Then colim f.d already defines a colimit of d in C. The

analogous statement for limits holds as well.

PROOF. Since f is fully faithful, the canonical square

fx
Ciy — Dray

AxCY AxD

is a pullback and f, is fully faithful. Therefore, if colim f.d: A — Dy _q, is an initial section such that
the underlying object colim f.d in D is contained in C, then the entire colimit cocone is contained in
the essential image of f, i.e. defines a section A — Cy, over A. By Lemma 2.4.3.2, this section must be

initial as well, hence the result follows. O

COROLLARY 3.1.2.9. Let f: C— D be a fully faithful functor between B-categories, and suppose that
both C and D admit I-indexed colimits for some simplicial object I in B. Then f preserves I-indexed
colimits if and only if the restriction of colim: Fungy(I,D) — D along the inclusion f.: Fung(I,C) —
Fung (I,D) factors through the inclusion f: C < D. The analogous statement for limits holds as well. O

We conclude this section with a discussion of the preservation of (co)limits by adjoint functors. We
will need the following lemma:

LEMMA 3.1.2.10. Let (I 47): C = D be an adjunction between B-categories and let i: L — K be a

map between simplicial objects in B. Then the two commutative squares

Fung (K, C) —“— Fung (K, D) Fung (K, C) +“— Fung(K,D)

B B B B

Fung (L, C) —— Fung(L,D) Fung (L, C) «“— Funy(L,D)
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that are obtained from the bifunctoriality of Fung(—, —) are related by the mate correspondence.

PROOF. To prove the lemma, we may argue in the homotopy bicategory of the (oo, 2)-category
Cat(B). Then the claim follows from the fact that the natural transformation Fung (K, —) — Fung (L, —)
determines a pseudonatural transformation between 2-functors. See [52, Proposition 2.5] for an argument

in the strict case. O

PROPOSITION 3.1.2.11. Let (I 47): C D be an adjunction between B-categories. Then | preserves

all colimits that exist in C, and r preserves all limits that exist in D.

PrOOF. We will show that the right adjoint r: D — C preserves all limits that exist in D, the dual
statement about [ and colimits follows by taking opposite B-categories. Let therefore I be a simplicial
object in B and let d: A — Fung(I,D) be a diagram that has a limit in D. We need to show that the
image of the final section diaglimd — d along 7.: D;y — C,. 4 is final. By Corollary 2.4.1.11, the functor
Fung (1, —) sends the adjunction ! 4 r to an adjunction I, 4 r.: Fung (I, C) < Fung (7, D), hence by using

Proposition 2.4.3.4 one obtains a chain of equivalences

mapc (—, r(lim d)) ~ mapp (I(—), lim d)
~ mapg,,,, (1,0)(diagl(—), d)
~ Mapgyy,, (1,0) (I diag(—), )
~ MAaPfyn,, (1,C) (diag(—), r«d)

of presheaves on C. We complete the proof by showing that this equivalence sends the identity id,(jim 4
to the map diagr(limd) ~ r, diaglim d — r.d that arises as the image of the limit cone diaglimd — d
under the functor r,.. By construction, the image of the identity id, jim ¢) under this chain of equivalences

is given by the composition

diag r(lim d) ndiagr, 7.l diagr(lim d) = r, diag Ir(lim d) Te diage, rydiaglimd — r.d
in which the right-most map is the image of the limit cone diaglim d — d under the functor r,, the map
7 denotes the unit of the adjunction I, - r, and € denotes the counit of the adjunction [ 4 r. As the
composition of the first three maps is precisely the mate of the equivalence [, diag ~ diag! and therefore
recovers the equivalence diag r(lim d) ~ r, diag(lim d) by Lemma 3.1.2.10, the result follows. d

PROPOSITION 3.1.2.12. Let (I H47): C = D be an adjunction in Cat(B) that exhibits D as a reflective
subcategory of C, let I be a simplicial object in B and let d: A — Fung(I,D) be a diagram in context
A € B such that rid admits a colimit in C. Then l(colimr.d) defines a colimit of d in D. Dually, if r.d
admits a limit in C, then l(limr.d) defines a limit of d in D.

PROOF. Suppose first that r.d admits a colimit in C. Since r is fully faithful, we obtain a chain of
equivalences

mapm%(l’m(d, diag(—)) ~ MaPgyn, (1,0) (r«d,diagr(—))
~ mapc(colim r.d, r(—))
~ mapp (I(colim r.d), —),
which shows that the colimit of d in D exists and is explicitly given by I(colim r.d).
Next, let us suppose that r,d admits a limit in C. By the triangle identities, the functor [ sends the

adjunction unit 7: id — 7l to an equivalence. In particular, the map lim r.d — rl(limr.d) is sent to an
equivalence in D. Note that on account of the equivalence

mapc(—, limr.d) ~ MAaPEyn (1,0) (diagl(—),d),
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the presheaf mapq(—,limr.d) sends any map in C that is inverted by [ to an equivalence in Q. Applying
this observation to n: limr.d — ri(limr.d), we obtain a retraction ¢: ri(limr.d) — limr.d of n that

gives rise to a retract diagram
limr,d — " ri(limr.d) — % s limr.d
L L L
ri(limr.d) BRI rirl(lim r.d) e, ri(limr.d)

in which the two maps in the lower row are equivalences. By the triangle identities and the fact that since
r is fully faithful the adjunction counit e: Ir — id is an equivalence (see Proposition 2.4.4.2), the vertical
map in the middle must be an equivalence as well, hence we conclude that 7: limr.d — ri(limr.d) too

is an equivalence. Therefore, the computation

map@B(I,D)(diag(_)a d) ~ MAapgyn,, (1,C) (diagr(—),7«d)

mapc(

R

), lim r.d)

), ri(lim r.d))

12

(=
(=

mapc (r

12

(r
mapp (Ir(—), {(lim r.d))
(=, I(limr.d))

R

mapp

proves the claim. O

REMARK 3.1.2.13. We adopted the strategy for the proof of the second claim in Proposition 3.1.2.12
from Denis-Charles Cisinski’s proof of the analogous statement for oo-categories, see [17, Proposi-
tion 6.2.17).

3.1.3. Limits and colimits in functor categories. In this section, we discuss the familiar fact

that limits and colimits in functor co-categories can be computed objectwise in the context of B-categories.

PROPOSITION 3.1.3.1. Let I be a simplicial object in B and let C be a B-category that admits all
I-indexed limits. Then Fung (K, C) admits all I-indexed limits for any simplicial object K in B, and the
precomposition functor i*: Fung (K, C) — Fung (L, C) preserves I-indexed limits for any map i: L — K

in Ba. The dual statement for colimits is true as well.

PROOF. Proposition 3.1.1.12 implies that the diagonal functor diag: C — Fung (I, C) admits a right
adjoint lim: Fung(7,C) — C. By Corollary 2.4.1.11, the functor lim, : Fung (K, Fung (1, C)) — Fung (K, C)
therefore defines a right adjoint to the diagonal functor diag, : Fung (K, C) — Fung (K, Fung(I,C)). As
postcomposing the latter with the equivalence Fung (K, Fung (I, C)) ~ Fung (1, Fung (K, C)) recovers the
diagonal functor diag: Fung (K, C) — Fung (I, Fung (K, C)), Corollary 2.4.1.11 implies that Fung (K, C)
admits all I-indexed limits. If 4: L — K is an arbitrary map in B, the commutative diagram

diag

T

Fung (K, C) 8% Fung (K, Fung (I,C)) —=— Fung (I, Fung (K, C))

li* li* l(i*)*

Fung (L, C) 2255 Fung (L, Fung (I, C)) —=— Fung (I, Fung (L, C))

\diig/

and the functoriality of the mate construction (cf. Remark 2.4.2.7) imply that in order to show that the
functor ¢*: Fung (K, C) — Fung (L, C) preserves I-indexed limits, we only need to show that the mate of

the left square in the above diagram commutes, which is an immediate consequence of Lemma 3.1.2.10. O
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PROPOSITION 3.1.3.2. Let I be a stmplicial object in B and let C and D be B-categories such that
D admits I-indexed limits. Let d: A — Fung(I,Fung(C,D)) be a diagram in context A € B, and let
diag F' — d be a cone over d, where F': A — Fung(C, D) is an arbitrary object. Then diag F' — d is a limit
cone if and only if for every map s: B — A in B and every ¢: B — C the induced map diag(F)(c) — d(c)
is a limit cone in 74D in context B (where diag F — d denotes the transpose of diag F — d across the

adjunction (wa)y 4 7% ). The dual statements for colimits holds as well.

PrOOF. Using that 7% preserves the internal hom (Remark 2.1.14.1) together with the étale transpo-
sition invariance of limits (Remark 3.1.1.9), we may replace B with B,4 and can therefore assume A ~ 1
(see Remark 2.1.14.4). By means of the adjunction diag - lim and Lemma 3.1.2.3, the map diag F' — d
defines a limit cone if and only if the transpose map F' — limd is an equivalence in Fung(C, D). Using
that equivalences in functor B-categories are detected object-wise (see [62, Corollary 4.7.17]), this is in
turn the case precisely if for every ¢: B — C the map F(¢) — (limd)(c) is an equivalence in context
B. Note that by Remark 3.1.1.8, this map transposes to the map 7} (F)(¢) — limn}(d)(¢) (where
¢: 1p,, — mpC is the transpose of ¢). Using Proposition 3.1.3.1, we can identify the latter with the map
75 (F)(¢) — lim(ng(d)(c)), i.e. with the transpose of the morphism of diagrams diag 7% (F')(¢) — 75 (d)(€).
Hence, we conclude that diag F' — d is a limit cone if and only if diag 75 (F)(¢) — 75(d)(€) is one for
each ¢: B — C. Now by Remark 3.1.1.3, the latter transposes to diag F'(¢) — d(c), hence the claim
follows from the invariance of limit cones under étale transposition (Remark 3.1.1.9). d

PropPOSITION 3.1.3.3. Let f: C— D be a functor between B-categories, let I be a simplicial object
in B and suppose that both C and D admits I-indexed limits and that f preserves such limits. Then for
every simplicial object K in B, the induced functor f.: Fung (K, C) — Fung (K, D) preserves I-indexed

limits as well. The dual statement for colimits holds too.

PROOF. Similarly as in the proof in Proposition 3.1.3.1, we need to show that the mate of the left

square in the commutative diagram
diag

T~

Fung (K, C) %% Fun (K, Fung (1, C)) —=— Fung (I, Fung (K, C))

lf* l(f*)* l(f*)*

diag,

Fung (K,D) —= Fung (K, Fung (I,D)) —— Fung (I, Fung (K, D))

W

commutes, which follows from the observation that this mate is obtained by applying the functor

Fung (K, —) to the mate of the commutative square

C —£, Fung(I,C)

Jf 12

D %%, Fun,(I,D),
which by assumption is an equivalence. Hence the claim follows. O

3.1.4. Limits and colimits in the universe . Our goal of this section is to prove that the
universe 2 for B-groupoids admits small limits and colimits, and to give explicit constructions of those.

We start with the case of colimits:

PRrROPOSITION 3.1.4.1. The universe Q for small B-groupoids admits small colimits. Moreover, if
| is a B-category and if d: A — Fung(1,Q) is an |-indexed diagram in context A € B, then the colimit
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colimd: A — Q is given by the B, 4-groupoid (f d)ePd | where [ d— A x| denotes the left fibration that
1s classified by d.

PRrROOF. In light of Proposition 3.1.1.12, we need to show that the diagonal functor diag: Q —
Fung (1,Q) has a left adjoint, which is a consequence of Corollary 2.4.3.3. The explicit description of this

colimit furthermore follows from Proposition 2.4.3.1. O

REMARK 3.1.4.2. For the special case B ~ 8, the explicit construction of colimits in Proposition 3.1.4.1
is given in [57, Corollary 3.3.4.6].

REMARK 3.1.4.3. Let i: B < PSh(C) be a left exact accessible localisation with left adjoint L, where
C is a small co-category. Let | be a B-category and let d: 1 — Fung (I, Q) be a diagram classified by a left
fibration P — I. By Proposition 3.1.4.1 we have that colim d ~ P84 ~ colimaor P. Therefore colimd is
given by applying L to the presheaf

c— (C%lim P)(c) ~ C(ilim(P(c)) ~ P(c)&Pd,

Since [62, Corollary 4.6.8] implies that for every ¢ € C the left fibration P(¢) — I(c) classifies the
functor I'p,, . 0 d(c): I(c) = §, we conclude that colimd € B is given by applying L to the presheaf
¢ — colim(T o d(c)).

We now record the following easy consequence:

COROLLARY 3.1.4.4. Suppose that | is a B-category, d: | — Q a diagram and f: J — | an essentially

surjective functor. Then we get an induced effective epimorphism colimd o f — colimd in B.

PROOF. Let P — | denote the left fibration classifying d. Consider the cartesian square

QTP
1 7]
J— 1

where Q — J classifies d o f. Since essentially surjective functors are stable under pullback, we get that
f is also essentially surjective. We claim that thus (f’)&Pd: Q&P — PePd is an effective epimorphism.
Indeed by Proposition 2.1.9.4 the induced map Qp — Py is an effective epimorphism. Since the canonical
map Py — P#Pd is also an effective epimorphism (this can be easily deduced from [57, Lemma 6.2.3.13]),
the claim follows from [57, Corollary 6.2.3.12]. Hence (f")2P4 is also essentially surjective and the claim
follows from Proposition 3.1.4.1. (I

We will now proceed by showing that Q also admits small limits. By Proposition 3.1.1.12, we need to
show that for any B-category | the diagonal functor diag: Q — Fung(l, Q) admits a right adjoint. To that
end, recall that since Cat(B) is cartesian closed, the pullback functor m": Cat(B) — Cat(B), admits
a right adjoint (m). that is given by sending a functor p: P — | to the B-category Fung(l,P), that is
defined by the pullback square

Funs (1, P)y —— Fung (I, P)

| g

T Fung (1))
If p is a left fibration, then so is p,, hence (m). sends p to a B-groupoid in this case. Upon replacing B
with B/, (where A € B is an arbitrary object) and using the locality of LFib (see Remark 2.1.11.6), this
argument also shows that the pullback functor 7": B,4 — LFib(A x ) admits a right adjoint (m). for

*

any A € B. Moreover, if s: B — A is a map in B, the natural map s*(m). — (m).s* is an equivalence
whenever the transpose map si(m)* — (m)*s) is one, and as this latter condition is evidently satisfied,

Proposition 2.4.2.9 and Theorem 2.1.11.5 now show:
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PROPOSITION 3.1.4.5. The universe Q for small B-groupoids admits small limits. More precisely,
if | is a B-category and if d: A — Fung(1,Q) is an l-indexed diagram in context A € B, then the limit
limd: A — Q is given by the B/A—groupoifi Fung , (WZI,IJ)/Wy in Bya, where [d — 74l is the left
fibration that is classified by the transpose d: w4l — Qs,, of d. O

PROOF. The discussion before the proposition shows the existence of limits. The explicit description
of the limit follows from the description of the right adjoint (). in the case A =1 and the invariance of

limits under étale transposition, Remark 3.1.1.9. O

REMARK 3.1.4.6. For the special case B ~ §, the explicit construction of limits in Proposition 3.1.4.5
is given in [57, Corollary 3.3.3.3].

If | is an arbitrary B-category, the fact that right adjoint functors preserve limits (Proposition 3.1.2.11)
combined with the fact that the final object 1q is the limit of the unique diagram @ — Q (Example 3.1.1.11)
show that diag(lg): 1 — Fung(1,Q) defines a final object in Fung(l,2). We will denote this object by

1@3“’9). Proposition 3.1.4.5 now implies:

COROLLARY 3.1.4.7. For any B-category |, the limit functor lim,: Fung(1,Q) — Q is explicitly given
by the representable functor map@B(,,Q)(lﬁg(m), —), where L, 00 1 — Fung(1,Q) denotes the final
object in Fung (1, Q).

PROOF. Since Proposition 3.1.4.5 already implies the existence of lim,, the claim follows from the
equivalence mapﬂvj(,’m(lm%(m), —) ~ mapg(lg,lim;(—)) and the fact that mapg(lg, —) is equivalent
to the identity functor on €, see [62, Proposition 4.6.3]. O

Recall from § 2.1.10 that there is a canonical embedding i: Qg — Q%. For later use, we note:
ProrosITION 3.1.4.8. The inclusion i: Qp < Q'E preserves small limits and colimits.

PROOF. We begin with the case of colimits. Using Corollary 3.1.2.9, it suffices to show that the
restriction of the colimit functor colim: Fung(l,Q25) — Qg along the inclusion i,: Fung(l,Q5) —
Fung (1, Q@) takes values in Qg for any B-category |. Since Proposition 3.1.4.1 implies that the colimit of
any diagram d: A — Fung (1, Q) is given by the (large) B, 4-groupoid ( [ d)&P4, the claim follows from [62,
Proposition 3.3.3], together with the fact that d taking values in Fung (I, Q) is tantamount to | d being
a small B, 4-category, cf. [62, Corollary 4.5.9].

As for the case of limits, by Corollary 3.1.4.7 we need to verify that map@ﬁ('ﬁg)(lﬁﬁ('vﬂg)’ ix(—))
takes values in Q5. Since we have 1Q§ ~ i(1lq), we find that 1@15(,793) ~ i*(lﬁﬁ(m)), so that the
functor map@,ﬁ(mg)(lmﬁ(mg), ix(—)) can be identified with map@,j(l,ﬂ)(lﬁg(',ﬂ)’ —) (since i, is fully
faithful). Hence the claim follows. O

We have now assembled the necessary results in order to prove the following;:

PROPOSITION 3.1.4.9. For any B-category C, the B-category PShy(C) of presheaves on C admits
small limits and colimits. Moreover, for any B-category | and any diagram d: A — Fung(l,C), a cone
diag ¢ — d defines a limit of d if and only if the induced cone diagh(c) — h.d defines a limit in PShy(C).

In particular, the Yoneda embedding h preserves small limits.

PROOF. The fact that PShg(C) admits small limits and colimits follows immediately from combining
Proposition 3.1.3.1 with Propositions 3.1.4.5 and 3.1.4.1. Now if d: A — Fung(l,C) is an l-indexed

diagram in C and if diag ¢ — d is an arbitrary cone that is represented by a section A — C,4 over A, we
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obtain a commutative diagram

/ Cre PShs (C)/n(e)
Cra PShy (C)/h.a
hxid
Cx A —— PShiz(C) x A

% id

CxA—™M  PSh(C)x A

in which the square in the front and the one in the back are cartesian as h is fully faithful. Therefore, the
upper horizontal square must be cartesian as well. The cone diag c — d defines a limit of d if and only if
the map C,, — C/4 is an equivalence. Likewise, the induced cone diagh(c) — h.d defines a limit of h.d
precisely if the map PShg (C)/p(c) — PShg(C)/p, q is an equivalence. To complete the proof, we therefore
need to show that the first map is an equivalence if and only if the second map is one. As the upper
square in the previous diagram is cartesian, the second condition implies the first. Conversely, the map
PSh (C)/n(ey — PShg (C)/p,q corresponds via Theorem 2.1.11.5 to a map between presheaves on PShy (C)
which are both representable by objects in PShg (C). Therefore, there is a unique map h(c) — lim h,d in
PSh; (C) such that the induced map

mappsy_(c)(— h(c)) = mapps, (c)(—, lim h.d)

recovers the morphism PShy (C)/p(c) — PShg (C)/p, 4 on the level of presheaves on PShy(C). As Yoneda’s
lemma (Theorem 2.1.13.3) implies that restricting this map along h: C < PSh(C) recovers the map
h(c) — lim h.d, the latter being an equivalence implies that the morphism PShg (C)/p() — PShgy(C)/p, 4

is an equivalence as well, as desired. O

COROLLARY 3.1.4.10. For any B-category C and any object c: A — C in context A € B, the
corepresentable functor mapc(c, —): A x C— Q transposes to a functor m,C — Qg that preserves all
limits that exist in 7% C.

PRrOOF. By Example 2.1.14.7, the transpose of mapc (¢, —) can be identified with mapﬂzc(& —), where
¢: 1g,, — m,Cis the transpose of c. Therefore, by replacing B with B, 4, we may assume that A ~ 1. On
account of Yoneda’s lemma, the functor mapc(c, —) is equivalent to the composition ¢*h, where h denotes
the Yoneda embedding and ¢*: PShy(C) — Q is the evaluation functor at ¢. By Proposition 3.1.4.9 and
Proposition 3.1.3.1, both of these functors preserve limits, hence the claim follows. O

Our next goal is to show that Q is cartesian closed. To that end, denote by — x —: Q x Q — Q the

product functor. One now finds:

PROPOSITION 3.1.4.11. The universe Q for small B-groupoids is cartesian closed, in that there is an
equivalence

mapq(— X —, —) ~ mapg(—, mapg(—, —))

of functors Q°P x Q°P x Q — Q.

PRrROOF. First, we claim that the transpose ¢: Q — Fung (€2, Q) of the product bifunctor — x —: Q x
Q — Q takes values in @% (£2,Q). To see this, we need to show that the image of every B, -groupoid
G along ¢ defines a left adjoint functor of B,4-categories. Note that since 7 preserves adjunctions
(Corollary 2.4.1.9) and the internal hom (Remark 2.1.14.1), we may identify 7% (— x —) with the product
bifunctor of 73Q and 7 (¢) with its transpose. Together with the equivalence 73Q ~ Qg,, from
Remark 2.1.14.1, this implies that the image ¢©(G): A — Fung(Q, Q) transposes to the product functor
Gx—:Qg,, = Qsp,,. Thus, by replacing B with B4, we may assume without loss of generality that
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A ~ 1. In this case, Example 3.1.1.14 implies that the functor G x —: Q — Q is given on local sections

over A € B by the oo-categorical product functor

which admits a right adjoint Hom,B/A (m%G,—). If s: B — A is a map in B, we deduce from [62,

Lemma 4.2.3] that the natural map s*Homy  (73G,—) — HomB/B(WgG, s*(—)) is an equivalence, hence

Proposition 2.4.2.9 shows that the functor G x —: Q — Q admits a right adjoint, as desired.
As a consequence of what we've just shown and Corollary 2.4.3.8, we now obtain a bifunctor
f: Q% x Q — Q that fits into an equivalence

mapg(— X —, =) ~ mapg(—, f(—, ).
We complete the proof by showing that f is equivalent to the mapping bifunctor mapg(—, —). Note that
by [62, Proposition 4.6.3] the functor mapg(lg, —) is equivalent to the identity on Q. Hence the chain of
equivalences
f(=,—) ~mapq(lg, f(—, —)) ~ mapg(lg X —, =) ~ mapg(—, —)
in which the second step follows from the evident equivalence 1 x — =~ idg gives rise to the desired
identification. O

In [62, Proposition 3.7.3], it was shown that for any two objects g, h: A = Q in context A € B that
correspond to B, 4-groupoids G, H, there is an equivalence Homg/A(G, H) ~ mapgq(g, h) of B, 4-groupoids
(where HomB/A (G, H) denotes the internal hom in B,,). We are now able to upgrade this result to a

functorial equivalence.

PROPOSITION 3.1.4.12. The mapping B-groupoid bifunctor mapqg(—, —) recovers the internal hom
bifunctor Hom(B/A(f, —): B})}Z x Bja — B/a when taking local sections over A € B.

PRrROOF. By [62, Lemma 4.7.13] and Remark 2.1.14.1, we can identify 7% (mapq(—,—)) with the
functor mapg,, . (=, —). Therefore, by replacing B with B,4 we may assume without loss of generality that
A~ 1. Also, [62, Corollary 4.6.8] implies that one may identify the bifunctor mapg(—,—): B® x B — 8
with the composition

Bov x B L2Pa7), g In, g
Since applying I'g to the bifunctor — x —: Q x Q — Q recovers the ordinary product bifunctor on B,
Proposition 3.1.4.11 yields an equivalence

map‘B(_ X =, _) = ma‘pB(_a FB(mapQ(_7 _)))7
which finishes the proof. O
3.1.5. Limits and colimits in Catg. Recall that by the discussion in § 2.3.1, the assignment
A+ Cat(B,4) defines a sheaf of oco-categories on B that we denote by Caty and that we refer to as the

B-category of (small) B-categories. By combining Proposition 3.1.2.12 with Proposition 2.4.2.13 and the

fact that presheaf B-categories admits small limits and colimits (Proposition 3.1.4.9), we find:
PROPOSITION 3.1.5.1. The B-category Cats admits small limits and colimits. (]

Next, our goal is to show that Catg is cartesian closed. To that end, let — x —: Catg x Catg — Catp
be the product functor.

PROPOSITION 3.1.5.2. There is a functor Fung(—,—): Cat} x Catg — Cats together with an
equivalence
mapCatg(_ X —, =)~ maPCatB(—a@M—a =))-

In other words, the B-category Catg is cartesian closed.
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PROOF. This is proved in exactly the same way as Proposition 3.1.4.11. Using Corollary 2.4.3.8, it is
enough to show that the product bifunctor transposes to a functor Caty — @é(Catg, Catg). Using the
equivalence 7} Caty ~ Catg,, from Remark 2.3.1.3, we may carry out the same reduction steps as in the
proof of Proposition 3.1.4.11, so that it will be sufficient to prove that for every B-category C the functor
C x —: Catp — Catp has a right adjoint. To see this, note that this functor is given on local sections
over A € B by the oo-categorical product functor

Cat(B/4) 25 Cat(B),).

which admits a right adjoint @B/A (7% C,—). Furthermore, if s: B — A is a map in B, we deduce
from [62, Lemma 4.2.3] that the natural map s*Fung (m4C,—) — Fung (75 C, s*(—)) is an equivalence.
Hence, Proposition 2.4.2.9 shows that the functor C x —: Catg — Catg admits a right adjoint, as
desired. (]

REMARK 3.1.5.3. By making use of [62, Corollary 4.6.8] and the fact that the product bifunctor
— x — on Catgp recovers the oo-categorical product bifunctor on Cat(B,4) upon taking local sections over
A € B, the equivalence
mMapc,e,, (— X —, =) ~ mapc,, (— Fung (=, —))
from Proposition 3.1.5.2 implies that the bifunctor Fung(—,—): Caty} x Catg — Cats recovers the
internal hom of Cat(B,4) when being evaluated at A € B, which justifies our choice of notation.

COROLLARY 3.1.5.4. The mapping B-groupoid bifunctor mapc,, (—, —): Catyy x Catg — Q is equiv-
alent to the composition of the bifunctor Fung(—, —): Caty x Catg — Catg with the core B-groupoid
functor (—)=: Catg — Q.

PROOF. On account of Proposition 2.4.2.14 and the fact that the functor mapq(lg, —) is equivalent

to the identity on Q (see [62, Proposition 4.6.3]), we obtain equivalences
m3<_7 _): = mapﬂ(lﬂvﬂﬁ(_v _)E)

= mapcatB (1Qa m‘B (_a _))

~ MaPcy, (lo X —, —)
~ mapc,e, (—, —)
in which the last equivalence follows from the evident equivalence 1g X — =~ idcat,, - O

3.1.6. Colimits in slice B-categories. It is well-known that if € is an co-category and ¢ € € is an
arbitrary object, the colimit of a diagram d: J — €. can be computed as the colimit of the underlying

diagram (7.)id: J — €. In this section we will establish the analogous statement for B-categories.

LEMMA 3.1.6.1. Let C be a B-category and let f: ¢ — d be a map in C in context 1 € B such that ¢

is an initial object in C. Then f defines an initial object in C;q.

PROOF. Let g: ¢ — d be an arbitrary map in C in context 1 € B. We have an evident commutative
square
(C/d)/g é C/C/

J(”g)’ J{(ch/)!
Cra C.

in which the upper horizontal map is an equivalence as it is a right fibration that preserves final objects.

(ma)

Moreover, since c is initial, the diagram

].%C/d

lid l(""d)!

11— C
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is a pullback. Thus we obtain a cartesian square

Consequently, we obtain an equivalence map /4(f,g) ~ mapc(c,c’). Since c is initial, we conclude
that map /4(f,g) ~ 1. By replacing B with B4, the same conclusion holds for every map g: ¢’ — 74 d in
context A. Hence, we deduce from [62, Proposition 4.3.14] that f is initial. g

LEMMA 3.1.6.2. Let C be a B-category and let f: ¢ — d be a map in C in context 1 € B. Then there
is an equivalence (C./) 5 ~ (C/q)p) that commutes with the projections to C/q4 and C;,.

ProOF. Note that the projection (7.)1: C;; — C induces a left fibration (m.)i: (C./),s = C/q. By
considering the commutative square

id

c
J
c

L}

c
|1
d

as an object ¢: 1 — (C./)/¢, we obtain a commutative square

As the left vertical map is initial, the dotted filler exists, hence the proof is complete once we show that
¢ is initial too. By construction, the right fibration (ms): (C./),s — C./ carries ¢ to an initial object.
The desired result therefore follows from Lemma 3.1.6.1. O

PROPOSITION 3.1.6.3. Let | and C be B-categories and let c: 1 — C be an object. Let d: 1 — C;. be a
diagram and suppose that the diagram (m.)1d: | — C admits a colimit in C. Then d admits a colimit in

C/e, and (7)1 preserves this colimit.

PROOF. On account of the equivalence Fung(l,C/.) ~ Fung(l, C)/ giag(c), the diagram d: K — C.
corresponds to an object d’ = (7. )1d — diag(c) in Fung (I, C)/ giag(c), Which can be equivalently regarded

as a cocone d': 1 — Cy /- One therefore obtains a unique map
dl
/N
diag(colimd’) -+ diag(c)

in Cy; (by the universal property of initial objects, see [62, Proposition 4.3.14]) which can be regarded as

an object in (Cy/)) a7~ Now Lemma 3.1.6.2 gives rise to an equivalence

(Bung (I, Car/) g7 ~ Fung (1, C)c)ay

over Fung (1, C/.) the pullback of which along the diagonal map determines an equivalence (Cy/ )@ ~ (Cre)ay
that fits into a commutative diagram

(Cap)yr —=— (Gl

I
Cd/

Consequently, the colimit cocone d’ — colim d’ lifts along (7.) to a cocone under d. By Lemma 3.1.6.1,
this lift defines an initial object and therefore a colimit cocone, hence the claim follows. O
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3.1.7. Adjunctions of slice B-categories. In this section we collect some basic facts about
adjunctions between slice B-categories. More precisely, we show how an adjunction between B-categories
induces an adjunction on slice B-categories, and we furthermore investigate the relation between the
existence of pullbacks in a B-category and adjunctions between its slices. Everything discussed in
this section is well-known for oco-categories, and our proofs are straightforward adaptations of their

oo-categorical counterparts.

PROPOSITION 3.1.7.1. Let (I 47): C = D be an adjunction between B-categories, and let c: A — C
be an arbitrary object. Then the induced functor v/.: Cjc — D) of Bya-categories admits a left adjoint
lc that is explicitly given by the composition

l/ (c) (ec

le: Diriey — Cirey — Crey

where ec: lr(c) — ¢ is the counit of the adjunction (I - r).

PrOOF. Using [62, Remark 4.2.2], we may replace B by B,4 and the adjunction [ - 7 by its image
along 7% and can therefore assume without loss of generality that A ~ 1. Let us fix an adjunction unit 7

and an adjunction counit €. In light of the commutative diagram

le /e

)~ /e @@ 5 e
D Yr(e) C / @ | p
/r(c) /lr(c) /rir(c)
(T (et l (ﬂ'l'r'(c))!J/ /(WC)! (ﬂ'rl'r'(c))!J/ (Tt
l C r

we obtain an equivalence 71(7,(¢))1 =~ (7p(c) )17/cle, Which in turn yields a commutative diagram

er(c)

idre) 7yele
—_

1 D/r(e) —> > Dyre)

Jdo J{do P J{(m ()

Al id ®idy(e) Al ® D/T‘((‘) 77( T(C))'

rnec

Note that as d° is a final functor, the lift 1, exists. Moreover, since restricting 7. along id ® id,.(c) produces
a lift of the outer square in the above diagram, the uniqueness of such lifts and the triangle identities for
the adjunction [ - 7 imply that 7. carries the final object id,(.) to the map in D/, (. that is encoded by

the commutative triangle

r(e) =M vir(e)

ldm J{er(c)

In particular, the functor D/, i> Al ® D/r(e) Jey D/r(c) preserves the final object. Since this functor
by construction commutes with the projection (7)), it must therefore be equivalent to the identity on
D/r(c), s0 that 7. encodes a map idD/T(C) = 1/cle.

Dually, we also have an equivalence Ir(m.) =~ (7. )ilc7c, s0 that the map e(7.):: Al® C/. — Cencodes
a morphism of functors (7. )iler/. — (7). By an analogous argument as above, we can now construct
a lift e.: A' ® C/p — C), of €(mc), along (m.); that encodes a morphism of functors [ r/c — 1dc/ To

complete the proof it now suffices to show that the two compositions /. Jele, T/cleTye Tete, /. and

le e, g Tyele <ley 1, are equivalences, by Proposition 2.4.1.4. Using that (7)) and (7.) are right

fibrations and therefore in particular conservative, it suffices to show that these two morphisms become
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equivalences after postcomposition with (7, () and ()1, respectively. Therefore, the claim follows from

the triangle identities for n and e, together with the observation that by construction we may identify

(ﬂ-r(c))!nc = n(ﬂ'r(c))! and (770)!60 = 6(7’(’0)!. U

LEMMA 3.1.7.2. Let C be a B-category and let ¢c: 1 — C be an arbitrary object. For any map f: d — ¢,

there is a pullback square

mape,_(— f) 7 mape((me)(—), d)

l Jf*

diag(lg) — mapc((me)i(—),¢)
in L%B(C/c)'

PROOF. We have a commutative diagram

fr,id
C/d !> C/C Xc C/d — C/d

bl

(1) Cre xcCje —— Cpe

Cre —
(meh
C%c () %

in which all square are cartesian. It follows that the upper right square defines a cartesian square of right
fibrations over C and thus the claim follows because (m.); induces an equivalence (C,.),; = Cq of right

fibrations over C/.. O

PROPOSITION 3.1.7.3. Let C be a B-category with a final object 1c: 1 — C. Then the following are
equivalent:
(1) C admits finite products;
(2) for every c: A — C in context A € B, the projection (n.): C;c — 73 C admits a right adjoint

*

.

Moreover, if either of these conditions is satisfied, the composition (7. )17k is equivalent to the endofunctor

— X c onm}C.

PROOF. Let us first assume that C admits finite products. By replacing B with B,4 and C with 77 C,
we may assume that A ~ 1. Suppose that d: 1 — C is an arbitrary object. On account of the equivalence

1c X ¢ ~ ¢, we have a commutative square

141 My,

J/do 1CJ W:///;T J{(ﬂ'c)g

Al T, X5 C
(in which 74: d — 1¢ denotes the unique map), and since 1¢ is final, the lift 7} exists. Note that the
projection pry: — xc¢ — idc defines a map e: (w )ik — idc. Now the fact that ) by construction
preserves final objects implies that this functor carries the unique map mg: d — 1c to the unique
map Torx(q): T, (d) — id.. As this implies that the image of Trx(a) along ()1 recovers the projection

pry: d X ¢ — ¢, the commutative square
mapc (—, (7e)img(d)) —— mapc(—,d)
l(wc)!m;(dm l
mapc(—, ¢) ————> diag(lg)

is a pullback in PShg(C). Together with Lemma 3.1.7.2, this shows that the composition

mapc, (=, (d)) L mape((mo) (=), (re)s (d) <= mape (reh(-), d)
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is an equivalence. By replacing B with B,4 and C with 77 C, the same assertion is true for any object
d: A — C. Hence 7 is right adjoint to ().

Conversely, suppose that (m.)r admits a right adjoint 7 for all objects ¢: A — C, and let us show
that C admits finite products. By induction, it suffices to consider binary products. Given any pair of
objects (¢,d): A — C x C, we need to show that the presheaf mapﬂzc(diag(—), (¢, d)) is representable.
We may again assume that A ~ 1. Let us show that the object (m.)i17*(d) represents this presheaf. Note
that there is a pullback square

mapc, c(diag(-), (¢,d)) —— mapc(—,d)

| |

mape(—, d) ——— diag(1a).

To complete the proof, it therefore suffices to show that the maps €.: mapc(—, (w17} (d)) — mapc(—, d)
and (e )1(7rx(q))« 2 mape(—, (e )iy (d)) — mape(—,c) exhibit mapc(—, (m.)i75(d)) as a product of
map¢(—, ¢) and mapc(—, d) in PSh (C). By the object-wise criterion for equivalences and Corollary 2.4.1.9,
this follows once we show that for every z: 1 — C the commutative square

mapc (z, ()i} (d)) —— mapc(z, )

J{(WC)!(ﬂﬂ:(d))* J

mapc(z,c) —— > 1

is a pullback square in B. By descent in B and Lemma 3.1.7.2, this follows once we show that for any

map f: 7% (z) = 7 (c) the composition

mape,_ (£, 72(d)) "L mape (5 (2), 75 ()i (d) T2 mape (5 (2), 75 (d))

is an equivalence. Since this is just the adjunction property of (7)1 - 7%, the claim follows. O

REMARK 3.1.7.4. In the situation of Proposition 3.1.7.3, the proof shows that in light of the equivalence
(Tehmi = — X ¢, the counit of the adjunction (7)1 - 7% can be identified with pro: — xc¢ — idqyc.
Similarly, if d — ¢ is an arbitrary map in context A € B, the unit d — 7 (w.): is characterised by the
condition that the composition (7.)id — (w7} (7 )1d =~ ((7e)1d) X ¢ — (7w )1d is equivalent to the identity.
It is therefore determined by the map (m.)id — ((7.)i1d) X ¢ that is given by the identity on the first factor
and the structure map d — ¢ on the second factor.

COROLLARY 3.1.7.5. For any B-category C, the following are equivalent:

(1) C admits pullbacks;
(2) for every map f:c — d in C in context A € B, the projection fi: C;. — C/q admits a right
adjoint f*.
Moreover, if either of these conditions are satisfied, then the composition fif* can be identified with the

pullback functor — x4 c.

PrROOF. In light of Proposition 3.1.7.3, it will be enough to show that C admits pullbacks if and only
if for every object c: A — C the B, 4-category C,. admits binary products. Using Example 3.1.1.14, this is

easily reduced to the corresponding statement for co-categories, which appears as [17, Theorem 6.6.9]. O

COROLLARY 3.1.7.6. Let (I 4 r): C — D be an adjunction between B-categories, and suppose
that C admits pullbacks. Then for any object d: A — D in D in context A € B, the induced functor
la: Dy — Cji(e) admits a right adjoint rq that is explicitly given by the composition

T d)*
rd: C/l(d) &) D/rl(d) % D/d

in which (nd)* = d x rl(d)— is the pullback functor along the adjunction unit.
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PrOOF. By Corollary 3.1.7.5 the functor (nd)* indeed exists and is right adjoint to the projection
(nd)1. Now by Proposition 3.1.7.1, the functor r/;4): C/y(q) — Dypi(ay admits a left adjoint .4y that is
given by the composition (el(d))il/rq)- Therefore, the functor ry is right adjoint to the composition

(nd), b (el(d)r
Dyq RN D/ri(a) B Cririay —— Cu(ay-

It now suffices to notice that on account of the triangle identities, this functor is equivalent to l,5. [

3.1.8. A characterisation of initial and final functors. In this section, we show that initial and
final functors (see § 2.1.11) can be characterised as those functors along which restriction of diagrams
does not change their limits and colimits, respectively. For the case B ~ 8, this characterisation is proved
in [57, Proposition 4.1.1.8] or [17, Theorem 6.4.5]. For the general case, note that precomposition with
a functor i: J — | of B-categories defines a functor i*: Fung(l,C) — Fung(J, C) that induces a functor
i*: Cgy — Gyvqy over A x C for every l-indexed diagram d: A — Fung(l,C) in C.

PRrROPOSITION 3.1.8.1. For any functor i: J — | between B-categories, the following are equivalent:

(1) i is final;

(2) for every large B-category C and every diagram d: A — Fung(l,C) in context A € B, the functor
i*: Cgy — Ggy is an equivalence;

(3) For every large B-category C and every diagram d: A — Fung(l,C) in context A € B that
admits a colimit colimd, the image of the colimit cocone d — diagcolimd along the functor
i*: Cqgy — Gqy defines a colimit cocone of i*d.

(4) The mate of the commutative square

Q 2%, Fung(1,Q)

commutes.

The dual characterisation of initial functors holds as well.

PROOF. We begin by showing that (1) implies (2). Suppose that ¢ is final, and let d: A — Fung(l, C)
be an arbitrary diagram. By making use of Remark 3.1.1.9 and the fact that the base change functor 7%
preserves final functors [62, Remark 4.4.9], we may replace B with B,4 and can therefore assume that
A ~1 (see Remark 2.1.14.4). On account of [62, Proposition 4.1.18], it suffices to show that the induced
map i*|. on the fibres over every ¢: A — C is an equivalence. By the same argument as above, we may
again assume A ~ 1. Now the commutative diagram

- C

1
Jd de diag

Fung (1, C) "5 Fun (1, C) x Fung (1, C)

shows that the fibre of the left fibration Cg, — C over c is equivalent to the fibre of the right fibration
Fung(1,C/.) — Fung (1, C) (that is given by postcomposition with (7.): C/c — C) over d: 1 — Fung(1,C).
Similarly, the fibre of G-4, — C over ¢ is equivalent to the fibre of the right fibration Fung(J,C/.) —



66 3. COLIMITS AND COCOMPLETIONS

Fung (J, C) over i*d such that the map i*|. fits into the commutative diagram

Gieasle ———— Fung(J, Cc)

P o

Cafle ————— Funsy(1,Crc)

1 —d — Fungz (J,0)

17— 4 Fung(1,Q)

in which the two squares in the front and in the back are cartesian. Since ¢ is final, the right square must
be cartesian as well, hence i*|. is an equivalence, so that (2) holds. Condition (3) follows immediately
from (2). For the special case C = Q, the same argument as in the proof of Proposition 3.1.2.4 shows that
condition (3) is equivalent to the condition that the map colim;i* — colim; must be an equivalence, hence
condition (3) implies condition (4). Lastly, suppose that the map colim; i* — colim, is an equivalence,
and let us show that ¢ is final. It will be enough to show that i is internally left orthogonal to the
universal right fibration Q° — Q°P (see [62, § 4.6]) as every right fibration between (small) B-categories
arises as a pullback of this functor. By Proposition 3.1.4.5, the universe Q admits small limits, hence if
d: A — Fung(I,Q°P) is an arbitrary diagram both Q;’;’ and Q") , admits an initial section. By assumption,
the functor *: Qg}’ — QP , sends the colimit cocone d — diag colim d to an initial section of Q> /> Which
implies that the functor i*: Qg;’ — Q;f; , must be initial as well. But this map is already a left fibration
since it can be regarded as a map between left fibrations over Q°P, hence we conclude that this functor
must be an equivalence. Similarly as above and by making use of the equivalence Q~ €,/ over Q
from [62, Proposition 4.6.3], one obtains a commutative diagram

- QP s (1) —— Funys (J,Q°P)
wzuﬂ)/' L/{

Q) w5 (1) ——— Fung (1, Q2°P)

A Fung(J,Q0)
e Lo

AT Fung(l,Q07)

in which the squares in the front, in the back and on the left are cartesian. As the maps Fung(l, Q°r) —
Fung (1,Q°P) and Fung(J, ﬁoP) — Fung (J,Q°P) are right fibrations, the vertical square on the right is
cartesian already when its underlying square of core B-groupoids is. We therefore deduce that this square
must be a pullback as well, which means that ¢ is final. [l

REMARK 3.1.8.2. Let C be a large B-category, let i: J — | be a functor between B-categories and let
us fix an l-indexed diagram d: A — Fung(l, C). Suppose that both d and i*d admit a colimit in C. Then

the universal property of initial objects (see [62, Corollary 4.3.21]) gives rise to a unique map

PN

diag colim i*d ——— diagcolim d

in G4, that is an equivalence if and only if the cocone i*d — diagcolimd (which is the image of the
colimit cocone d — diagcolim d along ¢*) is a colimit cocone. Proposition 3.1.8.1 now implies that this
map is always an equivalence when i is final, and conversely ¢ must be final whenever this map is an
equivalence for every B-category C and every diagram d that has a colimit in C (in fact, Proposition 3.1.8.1
shows that it suffices to consider C = Q).
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3.1.9. Decomposition of colimits I. In [57, § 4.2], Lurie provides techniques for computing colimits
in an co-category by means of decomposing diagrams into more manageable pieces. For example, he proves
that an co-category has small colimits if and only if it has small coproducts and pushouts. In this section,
we aim for similar results in the context of internal higher category theory. We are mainly interested in
the decomposition of arbitrary colimits into colimits indexed by constant B-categories (i.e. B-categories
that are in the image of the functor consts: Cats — Cat(B), see Remark 2.1.6.10) and B-groupoids.
In these two cases, colimits admit rather explicit descriptions that are often simpler to understand in
practice (see Examples 3.1.1.14 and 3.1.1.13). Note that in co-category theory such a decomposition is
not really visible since internal to the co-topos of spaces §, any S-groupoid is automatically constant.
However, the technique of proof that we use is still mostly the same as in [57, § 4.2]. Our main result will

be the following proposition:

ProPOSITION 3.1.9.1. A large B-category C admits small colimits if and only if it admits colimits
indezed by constant B-categories and by B-groupoids, and a functor f: C — D between large B-categories
that admit small colimits preserves such colimits if and only if it preserves colimits indexed by constant

B-categories and by B-groupoids.
The proof of Proposition 3.1.9.1 requires a few preparations.

LEMMA 3.1.9.2. Let (C;)icr be a small family of B-categories, and let ¢;: 1 — C; be an object in
context 1 € B for every i € I. If each ¢; is initial then the induced object ¢ = (¢;)ier: 1 = C =1, C; is

initial as well.
PRrROOF. By Proposition 2.1.12.12, the object (¢;);¢cr is initial precisely if the projection
(770)1: CC/ — C

is an equivalence. The result thus follows from the observation that (m.); is equivalent to the product
H(ﬂ.ci)!: H(CZ)Q/ - HCZ

and is therefore an equivalence since each of the maps (m,) is one. (]

The key input in the proof of Proposition 3.1.9.1 is the following Proposition. The strategy of proof
is the same as in [57, Proposition 4.4.2.6].

PROPOSITION 3.1.9.3. Let k be a reqular cardinal, let X be a k-small co-category and let
a: KX — Cat(B), k— Jg

be a diagram with colimit J = colimy, Jy, in Cat(B). Suppose that C is a B-category and that d: J — C is

a diagram such that

(1) for every k € X the restricted diagram dy: Ji — C admits a colimit in C;

(2) C admits colimits indexed by k-small constant B-categories.

Then d admits a colimit in C.

PrOOF. We consider the full subcategory € of (Catw,) /% spanned by all functors ¢: £ — X such
that the conclusion of the proposition holds for a o ¢. We wish to show that the € contains idg. For
this it suffices to see that C contains all maps A™ — X and is closed under s-small coproducts and
pushouts (as every x-small simplicial set can be build as an iterated pushout of k-small coproducts of
simplices). Since A™ has a final object, the first part is clear. Thus it remains to prove the proposition in

the cases where X is a k-small set and K = A3. Suppose first that X is a k-small set. Then the inclusions
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i : Jp = J for each k € K determine a pullback square

(ix)kex Hk Cdk/

|

c s, Fung (X, Q).

Cay

By assumption, each of the categories Cy,, admits an initial global section, hence Lemma 3.1.9.2
implies that the induced global section 1 — ], Cy,, is initial as well. Phrased differently, the functor
Fung (X, C) — Q that classifies the left fibration J], Cy4, , — Fung (X, Q) is corepresented by the diagram
(colimdy)gex: K — C. Since diag by assumption admits a left adjoint, we thus conclude that the left
fibration C;, — C is classified by the functor corepresented by | |, colimdy: 1 — C, which implies that d
has a colimit in C.

Let us now assume K = A2, i.e. that J is given by a pushout. Then there is an equivalence

Cd/ _= limy Cdk/

of left fibrations over C, which with Example 3.1.1.14 implies that the functor mapg,, (s c)(d, diag(—))
is given by the X°P-indexed limit of functors mape,, (s, .c) (di,diag(—)) in Fungz(C,Q). Since C by
assumption admits K-indexed colimits, its opposite C°P admits K°P-indexed limits. Moreover, since each
of the functors mape,, (J, c)(dk, diag(—)) is contained in the essential image of the Yoneda embedding
CP < Fung(C,Q), we conclude that mapg,, (jc)(d,diag(—)) is corepresentable since the Yoneda
embedding commutes with limits (Proposition 3.1.4.9). Hence the diagram d admits a colimit in C. O

By a similar argument as in the proof of Proposition 3.1.9.3 one shows:
PRrROPOSITION 3.1.9.4. Let k be a reqular cardinal, let X be a k-small co-category and let
a: KX — Cat(B), kw— Ji

be a diagram with colimit J = colimy, Ji in Cat(B). Let C be a B-category that satisfies the conditions of
Proposition 3.1.9.3, let d: J — C be a diagram and suppose that f: C — D is a functor in Cat(B) such
that

(1) for every k € X the functor f preserves the colimit of the restricted diagram dy: Ji — C;

(2) [ preserves colimits indexed by k-small constant B-categories.

Then f preserves the colimit of d. O

PROOF OF PROPOSITION 3.1.9.1. Let J be a B-category and let d: A — Fung(J, C) be a diagram
in context A € B. We want to show that d admits a colimit in C. By making use of Remark 3.1.1.9, we
may replace B by B,4 and can thus assume that A ~ 1 (see Remark 2.1.14.4). Recall from [62, Lemma

4.5.2 and the discussion following it] that we have a canonical equivalence

J~ colim A" ®G.
(A"XG) /)
Furthermore it follows from Proposition 3.1.8.1 that a B-category C has A™ ® G-indexed colimits if
and only if it has G-indexed colimits since A™ admits a final object. So if C admits colimits indexed
by constant B-categories and B-groupoids G, we may apply Proposition 3.1.9.3 to conclude that d has
a colimit in C. The argument for the preservation of small colimits is analogous, by making use of
Proposition 3.1.9.4 instead. O
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3.2. Cocompleteness

This section is dedicated to a more global study of (co)limits in a B-category. More precisely, if
U is an internal class of B-categories (i.e. a full subcategory of Catp, see Definition 3.2.1.1), we define
and study what it means for a B-category C to be U-(co)complete and for a functor f: C — D between
B-categories to be U-(co)continuous. For the special case where U = Catsg, this will yield the correct
internal analogue of the usual notion of cocompleteness and cocontinuity in (higher) category theory. One
should note that this will be a strictly stronger notion than to simply admit all internal colimits that are
indexed by small B-categories, cf. Example 3.2.4.12 below. We begin in § 3.2.1 by defining the notion of an
internal class U of B-categories, which is the internal analogue of a collection of co-categories. In § 3.2.2,
we give the definition of U-cocompleteness and U-cocontinuity with respect to such an internal class and
we recast some of the results from § 3.1 in this language. In § 3.2.3, we define the large B-category of
U-cocomplete B-categories, and in § 3.2.4 we study the special case where U is the internal class of all

(small) B-categories.

3.2.1. Internal classes. In this section we introduce the correct B-categorical analogue of classes

of co-categories:
DEFINITION 3.2.1.1. An internal class of B-categories is a full subcategory U — Cats.

REMARK 3.2.1.2. The reason why we define an internal class to be a full subcategory U — Catp
rather than just a subcategory U < Cat(B) in the usual co-categorical sense is that when using internal
classes as indexing classes for colimits, only the former notion leads to a theory of cocompleteness that is
local in B (cf. § 2.1.14), whereas the latter does not. For example, it is not reasonable to call a B-category
cocomplete even when it admits I-indexed colimits for every B-category | (see Definition 3.1.1.5), because
it could still happen that there is a B, 4-category J (for some A € B) such that 73 C does not have all
J-indexed colimits (see Example 3.2.4.12 below). Instead, on should ask that C admits all colimits indexed
by the maximal internal class Catg (Example 3.2.1.3), which precisely amounts to asking that every
small diagram | — 7% C of B, 4-categories admits a colimit for every A € B. In this way, the notion of

cocompleteness is forced to be local.

ExaMPLE 3.2.1.3. By Remark 2.3.1.5, the (large) B-category Catg may be regarded as an internal
class of large B-categories, so as a subcategory of the (very large) B-category Cat%.

EXAMPLE 3.2.1.4. On account of the adjunction const 41I: Catos S Cat(@), the transpose of the
functor const: Cate, — Cat(B) ~ I'(Cats) defines a map const(Catos) — Cats in Cat(B). The essential
image of this functor thus defines an internal class of B-categories that we denote by LConst — Cats and
that we refer to as the internal class of locally constant B-categories. By construction, this is the full
subcategory of Caty that is spanned by the constant B-categories, i.e. by those objects 1 — Caty that
correspond to categories of the form const(C) for some C € Caty,. Thus, a B, 4-category C defines an
object in LConst in context A € B precisely if there is a cover (s;)icr: | J;c; Ai = A in B such that s;C

is a constant B, 4,-category for each i € I.

EXAMPLE 3.2.1.5. On account of the inclusion Q — Catg from Proposition 2.4.2.14, the universe Q

can be viewed as an internal class of B-categories.

3.2.2. U-cocomplete B-categories. In this section we define and study the condition on a B-

category to admit colimits indexed by objects in an internal class U of B-categories (see Definition 3.2.1.1).

DEFINITION 3.2.2.1. Let U be an internal class of B-categories. A B-category C is said to be
U-cocomplete if 7% C admits |-indexed colimits for every object | € U(A) and every A € B. Similarly, if
f: C— D is a functor between B-categories that are both U-cocomplete, we say that f is U-cocontinuous if
7% f preserves l-indexed colimits for any A € B and any | € U(A). We simply say that a (large) B-category
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C is cocomplete if it is Catg-cocomplete (when viewing Catp as an internal class of @—cautegories)7 and we
call a functor between cocomplete (large) B-categories cocontinuous if it is Catg-cocontinuous.

Dually, we say that a B-category C is U-complete if 7% C admits |-indexed limits for every object
| € U(A) and every A € B. If f: C — D is a functor between B-categories that are both U-complete, we
say that f is U-continuous if 7% f preserves l-indexed limits for any A € B and any | € U(A). We simply
say that a (large) B-category C is complete if it is Catp-complete, and we call a functor between complete

(large) B-categories continuous if it is Catg-continuous.

REMARK 3.2.2.2. If U is an internal class of B-categories, let op(U) be the internal class that arises
as the image of U along the equivalence (—)°P: Caty ~ Caty from Remark 2.3.1.4. Then a B-category
C is U-complete if and only if C°P is op(U)-cocomplete, and a functor f is U-continuous if and only if
f°P is op(U)-cocontinuous. For this reason, we may dualise statements about op(U)-cocompleteness and

op(U)-cocontinuity to obtain the corresponding statements about U-completeness and U-continuity.

REMARK 3.2.2.3 (locality of U-cocompleteness and U-cocontinuity). Since both the existence of
(co)limits and the preservation of such (co)limits are local conditions (Remark 3.1.1.8 and Remark 3.1.2.1),
one finds that if | |; A; — 1 is a cover in B, a B-category C is U-(co)complete if and only if 7} C is
7%, U-(co)complete, and a functor f: C — D between U-(co)complete B-categories is U-(co)continuous if

and only if 7% (f) is 7 U-(co)continuous.

REMARK 3.2.2.4. Let U be an internal class of B-categories that is spanned by a collection of objects
(I; € Catg(A4;))ier in Catp (in the sense of § 2.1.9). Then Remark 3.1.1.8 implies that a B-category C
is U-cocomplete whenever 77 C has l;-indexed colimits for all ¢ € I. Moreover, Remark 3.1.2.1 implies
that a functor f: C — D between U-cocomplete B-categories is U-cocontinuous whenever 77 f preserves

l;-indexed colimits for all i € I.

Since by Corollary 2.4.1.9 the functor 7 carries adjunctions in B to adjunctions in B, 4 for every
A € B, Proposition 3.1.2.11 implies:

PROPOSITION 3.2.2.5. A left adjoint functor between U-cocomplete categories is U-cocontinuous, while

a right adjoint between U-complete categories is U-continuous. O
Similarly, Proposition 3.1.2.12 shows:

PROPOSITION 3.2.2.6. Suppose that U is an internal class of B-categories and let D be a U-cocomplete

B-category. Then every reflective and every coreflective subcategory of D is U-cocomplete as well. ]

As we have a natural equivalence 7% Fung(—,—) ~ Fung (7% (=), 74 (—)) for every A € B (see
Remark 2.1.14.1), Propositions 3.1.3.1 and 3.1.3.3 show:

PROPOSITION 3.2.2.7. Let f: C — D be a U-cocontinuous functor between U-cocomplete B-categories.
Then f.: Fung (K, C) — Fungy (K, D) is a U-cocontinuous functor between U-cocomplete B-categories for
all K € Ba. Moreover, for alli: L — K in B, the map i*: Fung (K, C) = Fung (L, C) is U-cocontinuous

as well. O

ExAMPLE 3.2.2.8. The universe 2 for small B-groupoids is complete and cocomplete since Q admits
small limits and colimits (Proposition 3.1.4.1 and Proposition 3.1.4.5) and since for any A € B there is a
natural equivalence 73 Q2 ~ Qg , (Remark 2.1.14.1). By the same argument and Proposition 3.1.4.8, the
inclusion i: Qp < Q@ is continuous and cocontinuous.

Furthermore we conclude:

PROPOSITION 3.2.2.9. For any B-category C, the presheaf B-category PShy(C) is complete and
cocomplete. If C is U-complete for some internal class U, the Yoneda embedding hc: C < PShy(C) is
U-continuous, and for every c: A — C the corepresentable copresheaf mapc(c,—): A x C— Q transposes

to a myU-continuous functor 73 C — Qg .
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PROOF. The first claim is an immediate consequence of Example 3.2.2.8 and Proposition 3.2.2.7. For
the second claim, we have to see that 7% h: 73 C — 7% PSh4(C) preserves all limits indexed by the objects
in U(A). By Example 2.1.14.7, we may identify 7% hc with hz+c, so that we may replace B with B4 and
can therefore assume that A ~ 1. Now the claim follows from Proposition 3.1.4.9. Lastly, the third claim

is a direct consequence of Corollary 3.1.4.10. ]

EXAMPLE 3.2.2.10. By combining Proposition 3.2.2.9 with Proposition 3.2.2.6, one finds that the

B-category Catg is complete and cocomplete.

Also note that Proposition 3.1.6.3 in combination with the fact that the slice construction is compatible
with 7% (—) by Remark 2.1.14.1 we conclude:

COROLLARY 3.2.2.11. Let U be an internal class of B-categories and let C be a U-cocomplete B-
category. For every object c: 1 — C, the slice B-category C,. is U-cocomplete, and the forgetful functor
(me)r s U-cocontinuous. O

3.2.3. The large B-category of U-cocomplete B-categories. In Proposition 2.2.2.7, we show
that in order to define a (non-full) subcategory of a B-category C, it suffices to specify a subobject of its

object of morphisms Cy, i.e. an arbitrary family of maps in C. With this in mind, we define:

DEFINITION 3.2.3.1. For any internal class U of B-categories, the large B-category of U-cocomplete

B-categories Cat

is defined as the subcategory of Catg that is spanned by the 7% U-cocontinuous
functors between 77 U-cocomplete B, 4-categories for every A € B. In the case where U = Catg (viewed

as an internal class of large B-categories), we denote the resulting very large B-category by Cat%.

REMARK 3.2.3.2 (locality of Caty°). The subobject of (Catg); that is spanned by the % U-
cocontinuous functors between 7% U-cocomplete B-categories is stable under equivalences and composition
in the sense of Proposition 2.2.2.9. As moreover U-cocompleteness and U-cocontinuity are local conditions
(Remark 3.2.2.3), we conclude (by the same argument as in Remark 2.1.14.5) that an object A — Catg

is contained in Cat%'CC if and only if the associated B, 4-category is 7 U-complete, and a functor

f: C — D between B, 4-categories defines a morphism in Cat,_%'CC in context A € B precisely if it is
a 73 U-cocontinuous functor between 77 U-cocomplete B,4-categories. In particular, if C and D are

73 U-cocomplete B, 4-categories, a functor 73 C — 7 D is contained in the image of the monomorphism
mapc,y-e(C, D) < mapc,,, (C, D)

«
maU-cc

if and only if it is 7% U-cocontinuous. Moreover, there is a canonical equivalence 7% Cat%'cc Y CatB/A

for every A € B (by the same argument as in Remark 2.1.14.6).

DEFINITION 3.2.3.3. Let U be an internal class of B-categories. If C and D are U-cocomplete
B-categories, we will denote by @%'CC(C, D) the full subcategory of Fungz(C,D) that is spanned by
those objects A — Fung(C,D) in context A € B such that the corresponding functor 7%C — %D is
7% U-cocontinuous. In the case where U = Catg, we will denote the associated large B-category by

Funy (C. D).

REMARK 3.2.3.4 (locality of Fun$™*°(C,D)). In the situation of Definition 3.2.3.3, note that by
combining Remark 3.1.5.3 and Corollary 3.1.5.4 with Remark 3.2.3.2, we obtain an equivalence

map - (C, D) = Funy*°(C,D)~.

As a consequence, Remark 3.2.3.2 implies that an object A — Fung(C, D) is contained in Fun% °°(C, D) if

and only if the associated functor 7% C — 7% D is 7 U-cocontinuous, and we obtain a canonical equivalence
* U-cc ~ Tl'fq U-cc, « *
7y Fungz(C,D) ~ Fung/A (74 C, 74 D)

for every A € B (see Remark 2.1.14.6).
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The notion of U-cocompleteness and U-cocontinuity allows for some flexibility in the choice of internal
class U. For example, Proposition 3.1.8.1 implies that whenever | is a B-category that is contained in U
and f: | — Jis a final functor, adjoining the B-category J to U does not affect whether a B-category is
U-cocomplete or not. As it will be convenient later to impose certain stability conditions on an internal

class, we define:

DEFINITION 3.2.3.5. A colimit class in B is an internal class U of B-categories that contains the final
B-category 1 and that is stable under final functors, i.e. satisfies the property that whenever | — J is a
final functor in B, 4 for some A € B, then | € U(A) implies that J € U(A).

For every internal class U of B-categories one can construct a colimit class U™ that is uniquely
specified by the condition that U™ is the minimal colimit class that contains U. Explicitly, this class
is spanned by those B, 4-categories J that admit a final functor from either an object in U(A) or the
final B, 4-category 1 € Cat(B,4). Thus, a B 4-category | is contained in U™ (A) if and only if there
is a cover (s;): | |; Ai = A in B such that for each i the B, 4 -category s;| admits a final functor from
either an object in U(4;) or the final object 1 € Cat(B/4,). By combining Proposition 3.1.8.1 with
Remark 3.2.2.4, we deduce that a B-category C is U-cocomplete if and only if it is Uc™-cocomplete,
and similarly a functor f: C — D is U-cocontinuous if and only if it is U®™_cocontinuous. Together
with the evident observation that the above description of the objects in U™ is local in B (so that
one obtains an equivalence 7% (Uc°im) ~ (7% U)°lm for all A € B, cf. § 2.1.14), this implies that one has
Cat}y ™ ~ Cat%wlim ¢, Thus, for the sake of discussing colimits, we may therefore always assume that an

internal class is a colimit class.

3.2.4. Cocompleteness and cocontinuity. In § 3.1.9, we saw that every small internal colimit can
be decomposed into colimits indexed by B-groupoids and by constant B-categories. In the terminology

introduced in § 3.2.2, this result can be formulated as follows:

PROPOSITION 3.2.4.1. A large B-category C is cocomplete if and only if it is both Q- and LConst-
cocomplete, and a functor between cocomplete large B-categories is cocontinuous if and only if it is both

Q- and LConst-cocontinuous.

PrOOF. We show the case of cocompleteness, the case of cocontinuity is completely analogous.
We need to show that for every A € B the B, s-category 73 C admits colimits indexed by all small
B, a-categories if it admits colimits indexed by all small B, 4-groupoids and by the objects of LConst(A).
Note that by construction of LConst (Example 3.2.1.4) and by the equivalence consts 4 = T consty for
every A € B (Remark 2.1.14.1), we may identify 7% LConst with the internal class of locally constant
B/ a-categories. Therefore, we may replace B by B,4 and can thus assume that A ~ 1. In this case, the
result follows immediately from Proposition 3.1.9.3 (since every constant B-category defines an object in
LConst(1)). O

In light of Proposition 3.2.4.1, it seems reasonable to investigate - and LConst-cocompleteness
separately. We begin with the case of B-groupoidal colimits. By combining Example 3.1.1.13 with
Example 3.1.2.6, we find:

PROPOSITION 3.2.4.2. Let S be a local class of maps in B and let Qg be the associated subuniverse
(see § 2.1.10), where we view Qg as an internal class of large B-categories. Then a large B-category C is

Qg-cocomplete if and only if the following two conditions are satisfied:
(1) for every map p: P — A in S, the functor p*: C(A) — C(P) admits a left adjoint pi;
(2) for every pullback square
P
A

it

hS]

S

—

W — O
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in B in which p and q are contained in S, the natural map qit* — s*p; is an equivalence.

Furthermore, a functor f: C — D between (large) Qg-cocomplete B-categories is Qg-cocontinuous precisely
if for every map p: P — A in S the natural map pif(P) — f(A)p is an equivalence. O

EXAMPLE 3.2.4.3. If S is a local class in B, the associated subuniverse Qg —  is closed under
Qg-colimits (i.e. Qg is Qg-cocomplete and the inclusion Qg < Q is Qg-cocontinuous) if and only if S is
stable under composition. For example, this is always the case when S is the right class of a factorisation
system in B.

ExXAMPLE 3.2.4.4. Recall from Example 2.4.4.5 that every modality (£,R) in B (i.e. a factorisation
system in which £ is stable under base change in B) determines a reflective subcategory Qx of Q.
Conversely, if Qg < Q is an arbitrary reflective subcategory, then [85, Theorem 4.8] shows that the
associated local class R in B arises from a modality as in Example 2.4.4.5 precisely if R is stable under
composition, i.e. if Qg < Q is closed under Qx-colimits. Hence modalities in B correspond precisely to
those reflective subuniverses that are closed under self-indexed colimits in .

Let X be a class of co-categories, i.e. a full subcategory of Caty,. As in example 3.2.1.4 we obtain
a functor X — Catp by transposing the map constg: K — Cato, — Cat(B) across the adjunction
constg 4 I'g. We denote the essential image of this functor by LConsty. By construction, for every
A € B the internal class 7 LConsty is the full subcategory of Catg,, that is spanned by consts, , (J)
for each J € K. Hence a B, 4-category C defines an object in LConsty(A) if and only if there is a cover
(si)i: |JA; = A such that s¥C ~ consts, (9;) for some J; € K. Using Remark 3.2.2.4, Examples 3.1.1.14
and 3.1.2.7 now imply:

PROPOSITION 3.2.4.5. If K is a class of oco-categories, a B-category C is LConsty -cocomplete if and
only if for every A € B the oo-category C(A) admits colimits indexed by every object in X and for every
map s: B — A in B the functor s*: C(A) — C(B) preserves such colimits. Furthermore, a functor
f: C— D between LConsty-cocomplete B-categories is LConstqc-cocontinuous if and only if for all A € B
the functor f(A) preserves all colimits that are indexed by objects in XK. O

In Construction 2.3.1.1 we define a functor — ® Q: Pr'* — Cat(@). Its explicit formula and
Proposition 3.2.4.5 now yield:

COROLLARY 3.2.4.6. For every class of oo-categories K there is an equivalence Cat"conStjc O~

Cat iK -cc LConsty -cc

®Q with respect to which the inclusion Catg — Catg is obtained by applying — @ Q to

the mcluszon CatX ¢ — Caty. O

By combining Propositions 3.2.4.1, 3.2.4.2 and 3.2.4.5 we now arrive at the following:

COROLLARY 3.2.4.7. A B-category C is cocomplete if and only if the following conditions are satisfied:
(1) For every A € B the oo-category C(A) is cocomplete and for any s: B — A the functor
s*: C(A) — C(B) preserves colimits.
(2) For every map p: P — A in B the functor p* has a left adjoint p; such that for every pullback
square

Q—-—r
o

the natural map qt* — s*py is an equivalence.

=

B—— A

Furthermore a functor f: C— D of cocomplete B-categories is cocontinuous if and only if for every A € B
the functor f(A) preserves colimits, and for every map p: P — A in B the natural map pif(P) — f(A)p

s an equivalence. O
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ExXAMPLE 3.2.4.8. Let € be a presentable co-category. Then Corollary 3.2.4.7 and its dual show that
the B-category of Construction 2.3.1.1 is both complete and cocomplete. In fact € ® Q will give rise to a
presentable B-category, which are defined to be suitable localisations of presheaf B-categories. We will
pursue a detailed study of presentable B-categories in Chapter 4.

REMARK 3.2.4.9. Let C be a small co-category such that B is a left exact and accessible localisation
of PSh(C), and let L: PSh(C) — B be the localisation functor. Then in order to see that a B-category
C is cocomplete, it suffices to check the conditions of Corollary 3.2.4.7 for objects in C: Indeed, as the
existence of colimits is a local condition (Remark 3.1.1.8), one may assume without loss of generality
that the object A appearing in condition (1) and (2) of Corollary 3.2.4.2 is of the form L(a) for some
a € C. By furthermore using Remark 3.1.1.15, one can also assume that B = L(b) and s = L(s’) for some
d € € and some map s’: b — a in C. Finally, provided that C is LConst-cocomplete, Proposition 3.1.9.3
allows us to further assume that P = L(p) and v = L(u’) for some p € € and some map u': p — a in C.
Together with Proposition 3.2.4.1, these observations imply that C is cocomplete if and only if

(1) for every a € € the oco-category C(L(a)) has small colimits, and for every t: b — a in € the
functor L(t)*: C(L(a)) — C(L(b)) preserves small colimits;

(2) for every pullback square
t

J

Q
b S
in PSh(C) where s: b — a and u: p — a are maps in C, the functors L(u)*: C(L(a)) — C(L(p))
and L(v)*: C(L(d)) — C(L(Q)) admits left adjoints L(u), and L(v), such that the natural map

L(v)L(t)* — L(s)*L(u), is an equivalence.

@(T'ﬁ

J

EXAMPLE 3.2.4.10. Let X be an oco-topos and let f,: X — B be a geometric morphism. We may
consider the limit-preserving functor

*\ O x _ —
:X/f*(,)t BOP ﬁ) xep ;> Catoo

which defines a large B-category X. Clearly X is LConst-cocomplete. Furthermore, for every pullback
square
Ly P

P

A

[

—
2

!

in B, the lax square
(1)
X/ 5@ 0 Xypeery
lrans |ro

Xirm) s X
commutes since f* preserves pullbacks. Thus it follows from Corollary 3.2.4.7 that X is cocomplete.
Dually one shows that X is also complete. In fact X will be an example of a B-topos, i.e. a left exact
localisation (in a suitable sense) of a presheaf B-category and any B-topos arises in this way. We will

make this claim precise in Chapter 5.

EXAMPLE 3.2.4.11. One may also combine Proposition 3.2.4.2 and 3.2.4.5 in a more general way.
Namely let S be a local class of maps in B and X a class of co-categories, and consider the internal
class (S, X) generated by Qg and LConstx (i.e. the essential image of the functor Qg U LConsty — Catg).
Then Remark 3.2.2.4 shows that a B-category C is (S, X)-cocomplete if and only if

(1) for every A € B the oco-category C(A) admits colimits indexed by objects in X, and for every
map s: B — A in B the transition functor s*: C(A) — C(B) preserve these colimits;
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(2) for every map p: P — A in S the functor p* admits a left adjoint p, that is compatible with
base change in the sense of Proposition 3.2.4.2.

EXAMPLE 3.2.4.12. The notion of being cocomplete is strictly stronger than simply admitting small
colimits. For a concrete counterexample, consider be the category of (topological) manifolds Man. There
is a functor

Sh = Sh(—): Man — Pr"
that takes a manifold M to the oo-category of sheaves of spaces on M. This defines a limit-preserving

functor
Sh: PShg(Man)°? — Pr"

via Kan extension and thus a PShg(Man)-category that in particular admits all colimits indexed by
constant PShg(Man)-categories. Furthermore Sh has all colimits indexed by PShg(Man)-groupoids: by
Proposition 3.1.9.3 it suffices to see this for representable PShg(Man)-groupoids. By Corollary 2.4.2.11,
we have to check that for any two manifolds M and N the functor

7y Sh(N) — Sh(M x N)
admits a left adjoint and for any map a: N’ — N the mate of the commutative square

Sh(N) —5 Sh(M x N)

.

Sh(N’) —5 Sh(M x N')

is an equivalence. Since the projections M x N — N and M x N’ — N’ are topological submersions,
the left adjoint exists and the mate is an equivalence by the smooth base change isomorphism, see [86,
Lemma 3.25]. Therefore Sh admits small colimits. However, if Sh was cocomplete, it would follow that
for any continuous map f: M — N of manifolds, the pullback functor

#: Sh(N) — Sh(M)

would have a left adjoint. This is certainly not the case. For example if Y is a point, the pullback f*
is simply the stalk functor at the point determined by f, and in general stalk functors don’t preserve
infinite products. However if we let Sub denote the local class in PShg(Man) that is generated by the
topological submersions in Man, the above arguments show that the PShg(Man)-category Sh is in fact
(Sub, Cat o, )-cocomplete (see Example 3.2.4.11).

3.3. Kan extensions

The goal of this chapter is to develop the theory of Kan extensions of functors between B-categories.
The main theorem about the existence of Kan extensions will be discussed in § 3.3.3, but its proof requires
a few preliminary steps. We begin in § 3.3.1 by discussing the co-Yoneda lemma, which states that every
presheaf can be obtained as the colimit of its Grothendieck construction. Secondly, § 3.3.2 contains a

discussion of what we call U-small presheaves, those that can be obtained as U-colimits of representables.

3.3.1. The co-Yoneda lemma. If C is a B-category and if F': C°P — Q) is a presheaf on C, Yoneda’s
lemma (Theorem 2.1.13.3) and the straightening /unstraightening equivalence (Theorem 2.1.11.5) allow
us to identify the pullback p: C;p — C of the right fibration (7r);: PShy(C),p — PShy(C) along the
Yoneda embedding h: C < PShy(C) with the right fibration [ F — C that is classified by F. Let
us denote by h/p: C/p — PShy(C),p the induced embedding. Since PShy (C),p admits a final object
idp: 1 — PShy(C)/p, Proposition 3.1.8.1 implies that the functor (7x); admits a colimit that is given by
F itself (cf. Example 3.1.1.10). Using Remark 3.1.8.2, the functor iy therefore induces a canonical map

colim hp =~ colim (7 )1h/p — colim(np); ~ F

of presheaves on C. Our goal in this section is to prove that this map is an equivalence:
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PROPOSITION 3.3.1.1. Let C be a B-category, let F: 1 — PShy(C) be a presheaf on C and let
p: C/p — C be the associated right fibration. Then the map colim hp — F is an equivalence.

REMARK 3.3.1.2. The analogue of Proposition 3.3.1.1 for usual co-categories can be found in [57,
Lemma 5.1.5.3].

The proof of Proposition 3.3.1.1 requires a few preparations. We begin with the following special

case:

PROPOSITION 3.3.1.3. For any B-category C, the colimit of the Yoneda embedding h: C — PSh(C)
is given by the final object Lpsh, ()-

Proor. Using Proposition 3.1.4.8 in conjunction with Proposition 3.1.2.8, it suffices to show that
the colimit of h: C — PSh (C) = Funz (C°P,Q5) is given by lpsh~(c). On account of the commutative
B
diagram

dia
PSh(C) = Fung (C, PSh(C))

Jors E

Fung (C°P x PShy, (C), ) "™ Funyy (C x €, 05)

and Corollary 2.4.3.3, the colimit of & in PSh; (C) is equivalent to (prg):(id xh)i(i mapc), where i: Q < Qz
denotes the inclusion. On the other hand, Yoneda’s lemma provides a commutative square

Tw(C) -7 [ev

! l

CoP x C X2 cop » PShy, (C)
in which j is initial (see the proof of [62, Theorem 4.7.8]), which together with Proposition 2.4.3.1
implies that (id xh)i(¢ map¢) is given by the functor i o ev. Note that by postcomposing pr§ with the
equivalence Fung(CP x PShg(C), Q%) ~ Fung(PShy(C),PSh(C)), we recover the diagonal functor
diag: PSh(C) — Fung (PShs(C), PSh(C)). As this equivalence furthermore transforms the composition
ioev into the inclusion i, : PShy(C) < PSh+(C), we conclude that the colimit of £ is equivalent to the
colimit of ¢,. Since lpsh  (c) Is a final object, the result thus follows from Proposition 3.1.8.1, together
with Example 3.1.1.10. (|

REMARK 3.3.1.4. In the situation of Proposition 3.3.1.3, Proposition 2.4.3.1 implies that the colimit
of the Yoneda embedding h: C < PSh,(C) classifies the left fibration ¢: Q — C°P that is defined by the

unique commutative square

Tw(C) —— Q

oo

pr,
CoP x C —2» Cop

in which ¢ is initial. By Proposition 3.3.1.3, the map ¢ is an equivalence, hence we conclude that the

projection pryp: Tw(C) — C°P must be initial.

LEMMA 3.3.1.5. Let C be a B-category and let F': C°P — Q be a presheaf on C. Then there is a

canonical equivalence PShy (C/p) =~ PShy (C) 5 that fits into a commutative diagram

C/p

(he)/r
\[h(c/w
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PrOOF. Let p: C;p — C be the projection, and let py: PShg (C/p) — PShg(C) be the left adjoint

of the precomposition functor p*. By Corollary 2.4.3.3, there is an equivalence pih(c,,) = hcp, hence it

Cp
suffices to show that p factors through (7r);: PShg (C),p — PShy (C) via an equivalence. By construction

of py, this functor sends the final object Lpsh, (c,r) to F, hence we obtain a lifting problem

1 ———— PShy(C)/p

1 T
@‘B(Cff)/ l(TVF)!

PShy (C/r) —2 5 PShy(C)

in which F' and 1pgh, (c) define final maps and (7r); is a right fibration. On account of the factorisation
system between final maps and right fibrations, the dashed arrow exists and has to be final as well. To
complete the proof, it therefore suffices to show that it is also a right fibration, which follows once we verify
that py is a right fibration. By Proposition 2.4.3.1, this map evaluates at any A € B to the the functor
RFib(Ax C/r) — RFib(A x C) that is given by restricting the right fibration Cat(B)/axc,, — Cat(B)/axc

of co-categories. Since the canonical square

RFib(A x C/p) «— Cat(B)/axc,,

| |

RFib(A x C) «——— Cat(B)/axc

is a pullback, it thus follows that py is sectionwise a right fibration and must therefore be a right fibration
itself. (I

ProOOF OF PROPOSITION 3.3.1.1. The map colim hp — F' is determined by the cocone under hp ~

(mr)ih/r that arises as the image of the colimit cocone (7r); — diag(F") along the functor

(h/F)* : L%B(C)(WF)!/ - L%B (C)hp/'

By making use of the equivalence ¢: PShy(C)/p =~ PShy (C/) from Lemma 3.3.1.5, we now obtain a

commutative square

(hyp)™
PShy (C/r)py —— PShy(C/ihc,, /

i(?!)* ) l(pz ) s

(hyr)
PShy (C)rpy) ——— PShy (Clppy-

As py is a left adjoint and therefore preserves colimits, we may thus replace C by C/r and can there-
fore assume without loss of generality F' = Lpsh, (c), in which case the desired result follows from
Proposition 3.3.1.3. (]

3.3.2. U-small presheaves. In this section we study those subcategories of the B-category PShy (C)
of presheaves on a B-category C that are spanned by U-colimits of representable presheaves for an

arbitrary internal class U of B-categories.

DEFINITION 3.3.2.1. Let C be a B-category and let U be an internal class of B-categories. We say
that a presheaf F: A — PShg(C) in context A € B is U-small if C/ is contained in U™ (A) (see the
discussion after Definition 3.2.3.5). We denote by Small(C) the full subcategory of PShy(C) that is

spanned by the U-small presheaves.

REMARK 3.3.2.2 (locality of U-small presheaves). The property of a presheaf F': A — PSh4(C) to
be U-small is local in B. That is, for every cover (s;): | |; Ai - A in B, the presheaf F' is U-small if
and only if s (F) is U-small. This follows immediately from the fact that since U™ (—) is a subsheaf
of Cat(B/_), the property to be contained in U™ (A) can be checked locally. As a consequence (see
Remark 2.1.14.5), a presheaf F' is contained in Smallg (C) if and only if F'is U-small. From this observation
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and Remark 3.3.2.3 below, it furthermore follows (by the argument in Remark 2.1.14.6) that there is a

natural equivalence
Smallg‘f(WZC) ~ 7% Smally, (C).
for every A € B.

REMARK 3.3.2.3 (étale transposition invariance of U-small presheaves). Since for every A € B we
have an equivalence 7% (Ui™) ~ (7% U)clim (see the discussion following Definition 3.2.3.5) and on
account of Remark 2.1.12.2, it follows that a presheaf F: A — PShy(C) is U-small if and only if its
transpose F': lg,, — PShy (7%, C) is % U-small.

REMARK 3.3.2.4. For the special case where B ~ § and where U is the class of k-filtered co-categories
for some regular cardinal x, the co-category of U-small presheaves on a small co-category is precisely its
ind-completion by k-filtered colimits in the sense of [57, § 5.3.5]. In general, however, the B-category
Small (C) need not be a free cocompletion, see § 3.4.1 below.

ExaMPLE 3.3.2.5. For any internal class U of B-categories and for any B-category C, the presheaf
represented by an object ¢ in C in context A € B is U-small: the canonical section id.: A — C/. provides
a final map from an object contained in U™ (A), which implies that C/. defines an object of eolim
as well. By making use of [62, Proposition 3.9.4], the Yoneda embedding h: C < PSh(C) thus factors
through the inclusion Small$, (C) < PShy; (C).

PROPOSITION 3.3.2.6. For any B-category C and any internal class U of B-categories, the B-category
Small (C) is closed under U-colimits of representables in PShy (C). More precisely, for any object A — U
in context A € B that corresponds to a B, 4-category |, the colimit functor colim: Fung (I, ™ PShg (C)) —

7% PShy (C) restricts to a functor
colim: Fung (I, 73C) — 7 Small$ (C).

PRrOOF. By using Example 2.1.14.7 and Remark 3.3.2.2, we may replace B by B4, so that it will be
enough to show that for any diagram d: B — Fung(l,C) in context B € B the colimit colim hd: B —
LSh%(C) is a U-small presheaf on C. By the same argument and Remark 3.1.1.9, we may again replace B
with B/, so that we can also reduce to B ~ 1. Let pi: | — P — C be the factorisation of d into a final
functor and a right fibration. By Proposition 3.1.8.1 we find colim hd ~ colim hp, hence Proposition 3.3.1.1
implies P ~ C/o1im nq- Since i is a final functor into P from the B-category | € U(1), this shows that
colim hd is U-small. O

We finish this section by showing that for any B-category C, the functor h: C — Small%(C) that is
induced by the Yoneda embedding has a left adjoint whenever C is U-cocomplete.

PROPOSITION 3.3.2.7. Let U be an internal class of B-categories. If C is a U-cocomplete B-category, the
functor h: C < Small (C) that is induced by the Yoneda embedding admits a left adjoint L: Small% (C) —
C.

Ucelim_cocomplete, we may assume

PrROOF. As C being U-cocomplete is equivalent to C being
without loss of generality that U is already a colimit class. Let F' be an object in Small%(C) in context
A € B. On account of Proposition 2.4.3.5, it suffices to show that the copresheaf mapsma"%(c)(F, h(-))
is corepresentable by an object in C. Using Example 2.1.14.7 together with Remark 3.3.2.2, we may
replace B with B, and can therefore assume without loss of generality that F' is a U-small presheaf
in context 1 € B (see Remark 2.1.14.4). In this case, we have C;r € U(1), where p: C;p — C is the

right fibration that is classified by F. Now Proposition 3.3.1.1 and Proposition 3.1.8.1 give rise to an
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equivalence F' ~ colim hAp. Thus, one obtains a chain of equivalences

mapsmany, (c) (£ h(—)) ~ mappsy, (c)(colim hp, h(—))
~ MaPgyn, (C, 5 PSh,, (C)) (hP, diag h(—))
o~ map@,B(C/F,c)(p, diag(—))

~ mapc(colim p, —),
which shows that the presheaf mapsma”%(c)(F, h(=)) is represented by L(F) = colim p. O

3.3.3. The functor of left Kan extension. Throughout this section, let C, D and E be B-categories
and let f: C — D be a functor.

DEFINITION 3.3.3.1. A left Kan extension of a functor F': C — E along f is a functor fiF: D — E
together with an equivalence

mapgy,  (0,£) (S1F, =) = mapg,, (cg) (F5 f7 (=)

Dually, a right Kan extension of F along f is a functor f,F: D — E together with an equivalence

mapgy, (0,£)(— foF) = mapg, () (/" (=), F).

REMARK 3.3.3.2 (locality of Kan extensions). In the situation of Definition 3.3.3.1, if A € B is
an arbitrary object, one easily deduces from Remark 2.1.14.1 and [62, Lemma 4.7.13] that the functor
7% (fiF) is a left Kan extension of 7% F along 7% f.

REMARK 3.3.3.3. As usual, the theory of right Kan extensions can be formally obtained from the
theory of left Kan extensions by taking opposite B-categories. We will therefore only discuss the case of

left Kan extensions.

REMARK 3.3.3.4. The theory of Kan extensions for the special case B ~ § is discussed in [48, §22], [57,
§ 4.3], or [17, §6.4].

The main goal of this section is to prove the following theorem about the existence of left Kan

extensions:

THEOREM 3.3.3.5. Let U be an internal class of B-categories such that for every object d: A — D
in context A € B the B, s-category C,q is contained in ucelim( Ay, Then, whenever E is U-cocomplete,
the functor f*: Fung(D,E) — Fung (C,E) has a left adjoint fi which is fully faithful whenever f is fully
faithful.

PROOF. To begin with, by replacing U with U™ we may assume without loss of generality that U
is a colimit class and therefore that C,4 is contained in U for every object d in D.

By Corollary 2.4.3.3, the functor (f x id)*: Fungz (D x E°P,Q) — Fung(C x E°P, Q) admits a left
adjoint (f x id);. We now claim that the composition

Funy, (C,E) ™ Funy (C, PShy () ~ Fung (C x E%P, Q) 2% Funy, (D x E°P, Q) ~ Funy (D, PShy (E))

takes values in Fung (D, Small% (E)). To see this, let F: A — Fung(C,E) be an object in context A € B.
Using Example 2.1.14.7 together with Remark 3.3.2.2 and the fact that as 77 preserves adjunctions
(Corollary 2.4.1.9) we may identify 7% (f x id)y with (7% (f) x id);, which allows us to replace B with B4
and therefore to reduce to the case where A ~ 1 (see Remark 2.1.14.4). Let p: P — C x E°P be the left
fibration that is classified by the transpose of hF, and let gi: P — Q — D x E°P be the factorisation of
(f x id)p into an initial functor and a left fibration. Then ¢: Q — D x E°P classifies (f x id)(hF'), hence
we need to show that for any object d: A — D in context A € B the fibre Q|4 — A x E°P is classified by
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a U-small presheaf on E. By the same argument as above, we may again assume that A ~ 1. Consider
the commutative diagram

ia / ‘ jx

Pra Q/q

P/iQ/l
i q

p C/d x E°P

«

T

E°P
id
« N
Dy xEP — EoP

—
D x E°P

fxid

C x E°P

in which R is uniquely determined by the condition that j be initial and r be a left fibration. Since i/4
is the pullback of i along a right fibration and since right fibrations are proper [62, Proposition 4.4.7],
this map is initial. As a consequence, the composition ji/q is initial as well, which implies that the left
fibration r is classified by the colimit of the composition C/q — C — E < PShy(E). By Proposition 3.3.2.6
and the condition on C/4 to be contained in U(1), the left fibration r is classified by a U-small presheaf.
To prove our claim, we therefore need only show that the map s: Q|4 — R is an equivalence. As this is
a map of right fibrations over E°?, we may work fibrewise [62, Proposition 4.1.18]. If e: A — E°P is an

object in context A € B, we obtain an induced commutative triangle

(Qla)le
o N
(Qa)le ——— RI.

over A. Since the projections Q/4 — E°® and R — E°P are smooth by [62, Propositions 4.4.6 and 4.4.7]
and since initial functors are a fortiori covariant equivalences (see [62, § 4.4]), we deduce from [62,
Proposition 4.4.10] that j|. exhibits R|. as the groupoidification of (Q/4)|c. Moreover, the map (Q|q)|. —
(Q/a)le is a pullback of the final map A — D/q x A along a smooth map and therefore final as well. Since
final functors induce equivalences on groupoidifications, we thus conclude that s|. must be an equivalence,
as desired.

By making use of the discussion thus far, we may now define f; as the composition of the two

horizontal arrows in the top row of the commutative diagram

Fun,,(C,E) —— Fung (D, Small% (E)) —=+ Fun, (D, E)

[ l

Fung (C x B2, Q) Y Eun (D x E°P, Q)

in which L denotes the left adjoint to the Yoneda embedding that is supplied by Proposition 3.3.2.7. It is
now clear from the construction of f, that this functor defines a left adjoint of f*.

Lastly, suppose that f is fully faithful. We show that in this case the adjunction counit id@B(c,E) —
f* fi is an equivalence. Since equivalences are computed objectwise (see [62, Corollary 4.7.17]), we only
have to show that for every object F' in Fung(C, E) the induced map F' — f* fiF is an equivalence. Since
7% preserves adjunctions and the internal hom (Corollary 2.4.1.9 and Remark 2.1.14.1), we may replace
B with B/4 and can therefore assume that F'is in context 1 € B (see Remark 2.1.14.4). By construction
of the adjunction f; 4 f*, the unit F — f* fiF' is determined by the composition

ha(F) 2200 s i) (f x i), (F) L0 00k (),

F x1id)*ho Lo (f x id),h, (F)

in which 7 is the unit of the adjunction (f x id); - (f x id)* and 72 is the unit of the adjunction L, — h..
By Corollary 2.4.3.3, the first map is an equivalence, hence it suffices to show that the second one is an
equivalence as well. Again, it suffices to show this objectwise. Let therefore ¢ be an object of C, as above
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without loss of generality in context 1 € B. By the above argument, the object (f x id)ih.(F)(c) is given
by the colimit of the diagram hF'(m.): C;, = C — E < PShy(E). By making use of the final section
ide: 1 — Cy, this presheaf is therefore representable by F'(c), which implies the claim. O

REMARK 3.3.3.6. In the situation of Theorem 3.3.3.5, the construction of fi shows that if F': D — E
is a functor, the counit fif*F — F is given by the composition
L.(f xid)(f x id)*h (F) 225 p b (F) 2 F
where ¢; is the counit of the adjunction (f xid); 4 (f x id)* and €5 is the counit of the adjunction L, - h.
Since the latter is an equivalence, the functor F' arises as the left Kan extension of f*F precisely if the
map L.e1h.(F) is an equivalence. Let ¢: Q — D x E°P be the left fibration that is classified by h.(F')
and let p: P — C x E°P be the pullback of ¢ along f x id. Let furthermore ¢': Q" — C x E°P be the
functor that arises from factoring (f x id)p into an initial map and a left fibration. On the level of left
fibrations over D x E°P, the map €1 h,(F) is then given by the map g that arises as the unique lift in the
commutative diagram
P—"——Q
o]
7 L q
Q —% D x E°.
Then the condition that L.eih,F is an equivalence corresponds to the condition that for any object
d: A — D in context A € B the map g|q: Q'|la — Qlg, viewed as a map over 7% E°P, induces an equivalence
colim(q'[}") ~ colim(q[3") in 7% E. Note that by a similar argument as in the proof of Theorem 3.3.3.5,
the map glq fits into a commutative square

Q;d L Q/d
v
Qs 2 Q|

in which j' and j are initial. As a consequence, the map g|q is determined by the factorisation of the

map ji/q in the commutative diagram

i/d

Pra Qa : Qla

| | !

o f/dXid o o
ClaxEPxA——=DyyxEPxA—EPxA

into an initial map and a right fibration. This argument shows that the map g|4 classifies the canonical
map

colim hF'(mg)1 f7q — colim hF'(mg),
of presheaves on 7, E that is induced by the functor f/4: C;4 — D,4. Since L is a left inverse of h that

preserves colimits, we thus conclude that F' is a left Kan extension of its restriction f*F precisely if the

map f/q: C/qg — D/q induces an equivalence
colim F(7q)1 f/q =~ colim F(mq)) ~ F(d)
in 74 E for every object d: A — D.

Recall from [62, § 4.7] that a large B-category D is locally small if the left fibration Tw(D) — D°P x D
is small (in the sense of [62, § 4.5]). Theorem 3.3.3.5 now implies:

COROLLARY 3.3.3.7. If f: C — D is a functor of B-categories such that C is small and D is locally
small (but not necessarily small). If E is a cocomplete large B-category, the functor of left Kan extension

fi always exists.
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ProOOF. By Theorem 3.3.3.5, it suffices to show that for any object d: A — D in context A € B
the B, 4-category C/q4 is small, which follows immediately from the observation that the right fibration
C/g — C x A a pullback of the small fibration Tw(D) — D°? x D and therefore small itself. O

We conclude this section with an application of the theory of Kan extensions to a characterisation of
colimit cocones. If | is a B-category, recall from Remark 3.1.1.4 that the associated right cone I* comes
equipped with two functors ¢: | — I> and co: 1 — I>. Our goal is to prove:

PROPOSITION 3.3.3.8. Let | and C be B-categories and suppose that C admits |-indexed colimits. Then
the functor of left Kan extension

0 Fung (1, C) — Fung (1%, C)

along v: | — I° exists and is fully faithful, and its essential image coincides with the full subcategory of
Fung (I, C) that is spanned by the colimit cocones.

The proof of Proposition 3.3.3.8 relies on the following two general facts:

LEMMA 3.3.3.9. Suppose that
P—25Q

p q

g
C f
—— D

is a cartesian square in Cat(B) such that ¢ admits a fully faithful left adjoint. Then p admits a fully

faithful left adjoint as well.

PrOOF. By assumption ¢ has a section [;: D — Q which pulls back along f to form a section

lo: C < P of p. Moreover, the adjunction counit €;: A! ® Q — Q fits into a commutative diagram

Al ® D id®l} Al ® Q sY Q

bk

D dl Q —% D,

hence pullback along f defines a map ep: A! @ P — P that fits into a commutative square

AlgC 980 A1gp " p

C o P2 .

By construction, the map €yd° is equivalent to the identity on P, and the map e;d' recovers the functor
l1p. The previous commutative diagram now precisely expresses that both pey and €yly are equivalence,
hence the desired result follows from Corollary 2.4.4.3. O

LEMMA 3.3.3.10. Fully faithful functors in Cat(B) are stable under pushout.

Proor. If
C—1>E
bl
Do F
is a pushout square in Cat(B) in which f is fully faithful, applying the functor PShg(—) results in a
pullback square

PSh (F) L’ PShg (E)

Je [

PShy (D) L PShy (C)
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in which f* admits a fully faithful left adjoint f;. By Lemma 3.3.3.9, this implies that ¢* admits a fully
faithful left adjoint as well, hence that the functor of left Kan extension ¢ is fully faithful. This in turn
implies that g must be fully faithful too, see Corollary 2.4.3.3. O

PROOF OF PROPOSITION 3.3.3.8. Let U be the smallest colimit class in B that contains |. Then C
is U-cocomplete (by Remark 3.2.2.4). Hence the existence of ¢ follows from Theorem 3.3.3.5 once we
show that for every object j: A — 1> the B, 4-category |/; is contained in U(A). By definition of the right
cone, we have a cover lo U1 — (I*)¢ which induces a cover Ao A; — A by taking the pullback along
ji: A= (I")g. Let jo: Ag — I® and j1: Ay — I be the induced objects. Since jy factors through the
inclusion ¢ : lo < (I”)o and since ¢ is fully faithful by Lemma 3.3.3.10, we obtain an equivalence I,;, =~ | it
over Ao, where j{ is the unique object in | such that ¢(j{) ~ jo. Since j; factors through the inclusion
of the cone point oco: 1 — I* which defines a final object in 1>, we furthermore obtain an equivalence
l;, = 74 1. Therefore the B, 4-category |/; is locally contained in U and therefore contained in U itself,
for U defines a sheaf on B. We therefore deduce that the functor of left Kan extension ¢ exists. Since
Lemma 3.3.3.10 implies that ¢ is fully faithful, Corollary 2.4.3.3 furthermore shows that ¢ is fully faithful
as well.

We finish the proof by identifying the essential image of ¢;. By combining Remark 3.1.1.4 with
Lemma 3.3.3.9, if d: A — Fung (I, C) is a diagram, the object ¢1(d) defines a fully faithful left adjoint
A — G4y to the projection Cj; — A. By Example 3.1.1.11, this precisely means that ¢ (d) is an initial
section over A and is therefore a colimit cocone. Conversely, if d: A — Fung (I, C) is a cocone under
d = 1*d, the map ed: uid — d defines a map in Cq/- By the above argument, the domain of this map
is a colimit cocone, hence if d defines a colimit cocone in C, , as well, the map ed must necessarily
be an equivalence since any map between two initial objects in a B, 4-category is an equivalence (see
Corollary 2.1.12.13). O

3.4. Cocompletion

The main goal of this section is to construct and study the free cocompletion by U-colimits of an
arbitrary B-category, for any internal class U of B-categories. In § 3.4.1 we give the construction of this
B-category and prove its universal property. § 3.4.2 contains a criterion to detect free cocompletions, and
in § 3.4.3 we study the free U-cocompletion of the point. Finally, in § 3.4.4 we improve on the results of

§ 3.1.9 and explain how to decompose colimits of B-categories in greater generality.

3.4.1. The free U-cocompletion. Let C be a B-category and let U be an internal class of B-
categories. The goal of this section is to construct the free U-cocompletion of C, i.e. the initial U-cocomplete
B-category that is equipped with a functor from C.

We begin our discussion of the free cocompletions with the maximal case U = Catg:

THEOREM 3.4.1.1. For any B-category C and any cocomplete large B-category E, the functor of left
Kan extension (hc) along the Yoneda embedding hc: C — PShg(C) induces an equivalence

(hc)r: Fung (C, E) ~ Fun3 (PShy(C), E).

In other words, the Yoneda embedding hc: C < PShy(C) exhibits the B-category of presheaves on C as

the free cocompletion of C.

REMARK 3.4.1.2. The analogue of Theorem 3.4.1.1 for oo-categories is the content of [57, Theo-
rem 5.1.5.6] or [17, Theorem 6.3.13].

The proof of Theorem 3.4.1.1 relies on the following lemma:

LEMMA 3.4.1.3. Let f: C— D be a functor of B-categories and assume that C is small. Then the left
Kan extension (hc)i(hpf): PShg(C) — L%@(D) = Fung (D°P, Q%) of hpF along hc is equivalent to the



84 3. COLIMITS AND COCOMPLETIONS

composition
PShy, (C) < PShg(C) £ PSh (D),

where i: Qg — Q% is the inclusion from § 2.1.10.

PROOF. Since (h¢): is fully faithful and since the restriction of fii, along hc recovers the functor
hp f, it suffices to show that fii, is a left Kan extension along its restriction. By Remark 3.3.3.6, this is
the case precisely if for any presheaf F' on C the inclusion h;r: C;p < PShy(C)/p induces an equivalence

colim fi(mp)1h/p =~ colim fi(mp)r = fi(F).

Since fii, commutes with small colimits (Proposition 3.1.4.8) and since PSh(C) admits small colimits
(Proposition 3.2.2.7), it suffices to show that the map

colim(wp)ih/p — F
is an equivalence in PSh(C), which follows immediately from Proposition 3.3.1.1. O

PROOF OF THEOREM 3.4.1.1. Let us first show that for any object f: A — Fung(C,E) in context
A € B the object (hc)i(f) is contained in Fung (PShy(C), E). By making use of Remarks 3.2.3.4, 2.1.14.1
and 3.3.3.2 as well as Example 2.1.14.7, we may replace B with B,4 and can therefore assume that A ~ 1
(see Remark 2.1.14.4). Hence, we only need to show that hi(f) is cocontinuous. By again making use of
Remark 3.3.3.2 and Example 2.1.14.7, it is enough to show that h(f) preserves l-indexed colimits for
every small B-category |. By Lemma 3.4.1.3 and the explicit construction of hy in Theorem 3.3.3.5, the

functor hi(f) is equivalent to the composition
ix f L
PShg, (C) < PSh(C) = Small%atf‘ (E) % E

in which L is left adjoint to the Yoneda embedding hg. Since all three functors preserve small colimits,
the claim follows.

By what we have just shown, the embedding h; takes values in Fung (PShy(C), E) and therefore
determines an inclusion hy: Fung(C,E) < Funj (PSh4(C), E). To show that this functor is essentially
surjective as well, we need only show that any object g: A — Fung (PSh(C), E) in context A € B whose
associated functor in Cat(@/ 4) is cocontinuous is a left Kan extension of its restriction along h. By the
same reduction argument as above, we may again assume A ~ 1. By using Remark 3.3.3.6, the functor g is
a Kan extension of gh precisely if for any presheaf F': A — PShy(C) the functor hyp: C/p — PShg (C)/p
induces an equivalence

colim g(mp )1hyp =~ g(F)

in E. Since Proposition 3.3.1.1 implies that the canonical map colim(nr)ih/p — F' is an equivalence in

PSh (C) and since g is cocontinuous, this is immediate. O

REMARK 3.4.1.4. In the situation of Theorem 3.4.1.1, suppose that E is in addition locally small. If
f: C— E is an arbitrary functor, its left Kan extension hi(f) is not only cocontinuous, but even admits
a right adjoint. In fact, by the explicit construction of hi(f) in the proof of Theorem 3.4.1.1, we may

compute

mape (i (f)(—), —) ~ mapg (L fii. (=), —)
> MaPpsp-~ ) (ix(=), f*he(—))
and since E is locally small, the functor f*hg takes values in PSh. (C), hence the claim follows. By replacing
B with B4 and using Remark 3.3.3.2 and Example 2.1.14.7, the same argument works for arbitrary
objects A — Fung (C,E), hence we conclude that the functor hy takes values in Fung(PShy (C), E)® and

therefore gives rise to an equivalence

Fung (PSh4 (C), E)L =~ Fung (PShy;(C), E).
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This is a special (and in a certain sense universal) case of the adjoint functor theorem for presentable

B-categories. The general case will be treated in the next chapter, see Proposition 4.4.3.1.

Our next goal is to generalise Theorem 3.4.1.1 to an arbitrary internal class U of B-categories. For

this, we need to make the following general observation:

LEMMA 3.4.1.5. Let E be a B-category, let C — E be a full subcategory and let U C V be two internal
classes of B-categories. Suppose that E is V-cocomplete. Then there exists a full subcategory D — E that
is closed under U-colimits (i.e. that is U-cocomplete and the inclusion into E is U-cocontinuous), contains
C and is the smallest full subcategory of E with these properties, in that whenever D' — E has the same

properties there is an inclusion D — D’ over E.

PROOF. Recall that the full subposet Sub™'(E) < Sub(E) that is spanned by the fully faithful
functors is a reflective subcategory (cf. the discussion in [62, § 3.9]), which implies that this subposet
is closed under limits in Sub(E), i.e. meets. To complete the proof, we therefore only need to show
that the collection of full subcategories of E that contain C and that are closed under U-colimits in E
is closed under limits in Sub(E). Clearly, if (D;);cs is a collection of full subcategories in E that each
contain C, then so does their meet D = A\, D;. Similarly, suppose that each B-category D; is closed under
U-colimits in E, and let A € B be an arbitrary context. Since 7% commutes with limits and carries fully
faithful functors to fully faithful functors, we may assume without loss of generality that A ~ 1. We thus
only need to show that the meet of the D; is closed under |-indexed colimits in E for any | € U(1). Let
d: B — Fung(1,D) be a diagram in context B € B. Since by assumption the object colimd is contained

in D; for every i € I and thus defines an object in D, the result follows. O
In light of Lemma 3.4.1.5, we may now define:

DEFINITION 3.4.1.6. For any B-category C and any internal class U of B-categories, we define the
large B-category PShY (C) as the smallest full subcategory of PSh (C) that contains C and is closed under
U-colimits.

REMARK 3.4.1.7. Suppose that U is a small internal class of B-categories and C is a B-category.
Then PSh,(C) is small as well. To see this, let us first fix a small full subcategory of generators § C ‘B
(i.e. a full subcategory such that every object in B admits a small cover by objects in G). Since U is small,
there exists a small regular cardinal x such that for every B-category | in U in context G € G the object
lo € B is k-compact. We construct a diagram E®: k — Sub™!(PSh, (C)) by transfinite recursion as
follows: set E° = C and E* = V., <, E™ for any limit ordinal A < x, where the right-hand side denotes
the join operation in the poset Sub™!(PShy(C)). For A < &, we furthermore define E**! to be the full
subcategory of PShy (C) that is spanned by E* together with those objects that arise as the colimit of a
diagram of the form d: | — 75E* for G € Gand | € U(G). Let usset E=\/__,

E™ is a small large B-category for every 7 < k, the large B-category E is small as well. We claim that

E”. Since k is small and

E is U-cocomplete. In fact, it suffices to show that for every G € § and every diagram d: | — 75E the
object colimd is contained in 75 E as well. Since lg is k-compact in B,g and since x is x-filtered as it

is regular, the map dp: lg — Eg = \/ E{ factors through Ej for some 7 < k. As a consequence, the

T<K
colimit colim d is contained in E™+! and therefore a fortiori in E, as claimed. Now since E is U-cocomplete

and contains C, it must also contain PSh$ (C), which is therefore small.
In the situation of Definition 3.4.1.6, Proposition 3.3.1.1 implies that there are inclusions
C < Small (C) < PSh$(C) < PShy(C).
In general, the middle inclusion is not an equivalence, as the following example shows.

EXAMPLE 3.4.1.8. Let B = 8 be oo-topos of spaces, let C = (A!)°P and let U be the smallest colimit

class that contains AZ. An oo-category is thus U-cocomplete precisely if it admits pushouts. An object in
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Fun(Al, 8) is representable when viewed as a presheaf on (A!)°P precisely if it is one of the two maps
0 — 1 and 1 — 1. Hence Small (C) is the full subcategory of Fun(A',8) that is spanned by the maps
n — 1 for natural numbers n < 2. But this co-category is not closed under pushouts in Fun(Al, 8): for
example, the map S' — 1 is a pushout of objects in Small$, (C) which is not contained in Small$, (C) itself.

LEMMA 3.4.1.9. Let A € B be an arbitrary object, let U be an internal class of B-categories and
let f: C — D be a m4U-cocontinuous functor of m4U-cocomplete B, 4-category. Then (ma)«(f) is a

U-cocontinuous functor of U-cocomplete B-categories.

PROOF. Let B € B be an arbitrary object. We need to show that for every | € U(B) the B, g-categories
75(m4)+C and 75 (7m4).D admit l-indexed colimits and that 7} (7wa).(f) preserves these. Note that if
pro: Ax B — A and pry: A x B — B are the two projections, the natural map 75 (7ma). — (pry)«pry
is an equivalence, owing to the transpose map (pry): prj — 7% (7p): being one. Thus, we may identify
wh(ma)«(f) with (pry). pr§(f). Now since f is a 7% U-cocontinuous functor between 7% U-cocomplete
B 4-categories, it follows that prg(f) is a 7%, gU-cocontinuous functor between 77, zU-cocomplete
B/ ax p-categories (Remark 3.2.2.3). Therefore, by passing to B/, we can assume that B ~ 1. In other

words, we only need to show that for every | € U(1) the two horizontal maps in the commutative square

(w4)C ~%5 Fun (1, (1.4).C)
l(m)*(f) lmn(m

(74)«C 25 Funy (1, (74).C)

have left adjoints and that the associated mate transformation is an equivalence. This is a consequence

of the equivalence Fung (=, (74)«(—)) = (7a)«Fung (7 (=), —) (which follows by adjunction from the
evident equivalence 7% (— x —) ~ 7% (—) x4 7% (—)) and the fact that by Corollary 2.4.1.9 the geometric

morphism (74). preserves adjunctions. O

LEMMA 3.4.1.10. Let U be an internal class of B-categories and let

Q—1-P
ool
D ——

be a pullback square in Cat(B) in which i and j are fully faithful. Assume furthermore that D, C and P

are U-cocomplete and p and i are U-cocontinuous. Then Q is U-cocomplete and j is U-cocontinuous.

PROOF. We need to show that for every A € B and every | € U(A), the B, 4-category 7% Q admits
[-indexed colimits and the functor 7% j preserves them. Since 7% preserves pullbacks and fully faithful
functors and on account of Remark 3.2.2.3, we may replace B with B,4 and can therefore assume that

A ~ 1. Now we obtain a commutative diagram

@’B(I’ Q) > me(L P)

o /

@3“7 D) e mg(l, C) colim
colim v colim
Q P
D / C /

where the dashed arrow exists on account of the lower square being a pullback. Thus Proposition 3.1.2.8
yields that Q admits l-indexed colimits and that j preserves these, as desired. ([
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ProproOsITION 3.4.1.11 (locality of LSh%(C)) For any B-category C, any internal class U of B-

categories and any object A € B, there is a natural equivalence
* U AU/«
74 PShg (C) ~ PShB‘/‘A (75 C).
PRrROOF. It follows from Example 2.1.14.7 that there is a commutative diagram

*
w5 C

\[ﬂzh h'rrZC

7% PShy (C

| \

7% PSh (C) —>PSth (74,C),

and it is clear that 7%PSh% (C) is closed under 7% U-colimits in PShy (7% C). It therefore suffices to
show that if D < PShy | (7% C) is a full subcategory that contains 7% C and that is likewise closed under
73 U-colimits in PShy (77 C), this subcategory must contain 7 PSh% (C). Consider the commutative

diagram

C D’ PShy (C)

B b

(14)em4C —— (m4).D —— (74).73PShy ()

in which 14 denotes the adjunction unit of 7% - (74). and in which D’ is defined by the condition that
the right square is a pullback. Note that the triangle identities for the adjunction 7% = (74). imply that D
contains 7% D’. The proof is therefore finished once we show that D’ is closed under U-colimits in PSh (C).
To prove this claim, note that we may identify (74).7% ~ Fung (A, —). With respect to this identification,
the unit 14 corresponds to precomposition with the unique map m4: A — 1. Thus, Proposition 3.2.2.7
implies that 1,4 is a U-cocontinuous functor between U-cocomplete B-categories. Also, Lemma 3.4.1.9
implies that the inclusion (74)+D < (74).7%PShy(C) is closed under U-colimits. Therefore, the result
follows from Lemma 3.4.1.10. O

LEMMA 3.4.1.12. Let U be an internal class and let C and D be U-cocomplete B-categories. Let
a: f — g be a map in @%_CC(C, D) in context 1 € B. Then a is U-cocontinuous when viewed as a
functor C — DA! (where DA is indeed U-cocomplete by Proposition 3.2.2.7).

PrROOF. We need to show that for every A € B and every | € U(A), the functor 7%« preserves
[-indexed colimits. Since by Remark 2.1.14.1 the base change functor 7% commutes with cotensoring, we

may replace B with B,4 and can therefore assume that A ~ 1. Now consider the commutative diagram

diag

C @'B(Iac)
DAl diag @B(LDAI)

l(dl)d()) l(dl,do)*

D x D 28, Fun,(1,D x D).

In order to show that « preserves l-indexed colimits, we need to verify that the mate transformation
@ of the upper square is an equivalence. On account of Proposition 3.1.3.1, the mate of the lower
square is an equivalence. We claim that the mate of the composite square is an equivalence as well, i.e.
that (f,g): C — D x D preserves l-indexed colimits. To see this, let d: A — Fung(l,C) be a diagram
in context A € B. Using Remark 3.1.2.2, we may once again replace B by B,4 and can thus assume
that A ~ 1 (see Remark 2.1.14.4). Now as Fung(l, —) commutes with limits, we obtain an equivalence
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(D% D)f,9).a/ = Dy.ay X Dy, ay, so that the claim follows once we show that the image of the initial cocone
1 — Cy, along the functor
(fes9+): Cay = Dy,ay X Dyg,ay
is initial as well. This in turn follows from the assumption that both f and g preserve l-indexed colimits,
together with the fact that the product of two initial maps is again initial.
As a consequence of what we’ve shown so far and the functoriality of mates, we conclude that
postcomposing ¢ with the functor (dy,dp): CA" 5 DxD yields an equivalence. Therefore, ¢ is itself an

equivalence since (dy,dp) is conservative by Remark 2.2.3.2. O

THEOREM 3.4.1.13. Let C be a B-category, let U be an internal class of B-categories and let E be a
U-cocomplete large B-category. Then the functor of left Kan extension along hc: C — PSh%(C) exists

and determines an equivalence
(hc)i: Fung (C,E) ~ Funy *(PShy (C), E).
In other words, the B-category LSPI%(C) is the free U-cocompletion of C.

PROOF. Let us define E' = @B(E,Q%)Op. By Proposition 3.2.2.9, the inclusion hg”: E < E’ that is
given by the Yoneda embedding is U-cocontinuous. Let j: PSh$ (C) < PShy(C) be the inclusion. By
Theorem 3.3.3.5, the functors of left Kan extension along hc and j exist and define inclusions

Funs (C,E') < Funy, (PShY (C), E') <2 Fung (PShy (C), EY),

and by Theorem 3.4.1.1 the essential image of the composition is the full subcategory spanned by
those objects in Fung(PShg(C),E’) which define cocontinuous functors. Since j is by construction
U-cocontinuous, the restriction functor j*: Fung (PShe (C), E') — Fung, (PSh% (C), E') restricts to a functor

j*: Fun (PShy (C), E') — Funy™**(PShi, (C), E).

Consequently, we deduce that the left Kan extension functor (hc)i: Fung (C, E’) < Fung (PSh (C), E')
factors through an inclusion

(hc)i: Fung (C,E') < Funy *“(PShy (C), E').

We claim that this functor is essentially surjective and therefore an equivalence. On account of Re-
marks 3.2.3.4 and 3.3.3.2 as well as Proposition 3.4.1.11, it suffices to show (by replacing B with B4,
see Remark 2.1.14.4) that any U-cocontinuous functor f: PSh%(C) — E’ is a left Kan extension along
its restriction to C. Let e: (hc)ihg¢f — f be the adjunction counit, and let D be the full subcategory
of PShi (C) that is spanned by those objects F' in PShi(C) (in arbitrary context) for which eF is an
equivalence. We need to show that D = PSh$ (C). By construction, we have C < D, so that it suffices to
show that D is closed under U-colimits in PSh% (C). Note that the inclusion D < PSh$ (C) is precisely
the pullback of so: E < (E')2" along e: PSh%(C) — (E')A". Since Proposition 3.2.2.7 implies that sg is
cocontinuous and Lemma 3.4.1.12 shows that € is U-cocontinuous, we deduce from Lemma 3.4.1.10 that
the inclusion D < PSh% (C) is indeed closed under U-colimits.

To finish the proof, we need to show that the equivalence (hc)i: Fung (C, E') ~ Fun$™¢(PSh% (C), E')

restricts to the desired equivalence
(hc)i: Fung (C, E) ~ Funy *(PShy (C), E).

As clearly h¢ restricts in the desired way, it suffices to show that (hc) restricts as well. By the same
reduction steps as above, this follows once we show that for every functor f: C — E, the left Kan extension
(hc)if : PSh (C) — E/ factors through E. Consider the commutative diagram
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in which the square is a pullback. Since both hc¢)f and E < E’ are U-cocontinuous, it follows from
Lemma 3.4.1.10 that the inclusion D < PSh$(C) is closed under U-colimits and must therefore be an
equivalence. As a consequence, the functor (hc)if factors through E, as needed. (I

COROLLARY 3.4.1.14. Let C be a B-category and let U C V be internal classes such that PSh,(C) is
V-cocomplete. Then the inclusion i: PSh%(C) < PShy (C) admits a left adjoint. In particular, if C itself
is V-cocomplete, the inclusion hc: C < PSh% (C) admits a left adjoint.

PROOF. By choosing U = & (i.e. the initial object in Cat(B)), the second claim is an immediate
consequence of the first. To prove the first statement, let j: C — LSP\«_%(C) be the inclusion. Then
Theorem 3.4.1.13 allows us to construct a candidate for the left adjoint L: PSh¥% (C) — PSh% (C) of i as
the left Kan extension of j along ij. By construction, L is V-cocontinuous. As i is U-cocontinuous and
since we have equivalences j*(Li) ~ (ij)*(L) ~ j, Theorem 3.4.1.13 moreover gives rise to an equivalence
Li~ id@% ©)- Similarly, since j*(i) ~ ij, one obtains an equivalence i ~ j(ij). Therefore, transposing
the identity on 4j across the adjunction (ij), - (i)* gives rise to a map n: idpis,,gi () — 1L such that ni
is an equivalence, being a map between U-cocontinuous functors that restricts to an equivalence along
j. By making use of Corollary 2.4.4.3, we conclude that L is a left adjoint once we verify that Lz is an
equivalence as well. As both domain and codomain of this map are V-cocontinuous functors, this is the

case already if its restriction along ij is an equivalence, which follows from the construction of 7. O

U-cc

COROLLARY 3.4.1.15. Let U be a small internal class of B-categories. Then the inclusion Caty ™" —
Catg admits a left adjoint that carries a B-category C to its free U-cocompletion. Moreover, the adjunction
unit is given by the Yoneda embedding C — PSh%(C).

PRrOOF. By Remark 3.4.1.7, the free U-cocompletion LSh% (C) is indeed a small B-category. Therefore,
the Yoneda embedding h¢: C — LSh%(C) is a well-defined map in Catg. By Corollary 2.4.3.5, it suffices
to show that the composition

¢ mapcyw e (PShy (C), —) <= mapcyy, (PShy (C), —) = mapcay,, (C, —)

is an equivalence of functors Ca’c%"CC — Q. Using that equivalences of functors are detected object-wise [62,

Corollary 4.7.17], this follows once we show that the evaluation of this map at any object A — Cat%'CC
yields an equivalence of B, 4-groupoids. By combining Remark 3.2.3.2 with Proposition 3.4.1.11 and with
Example 2.1.14.7, we may pass to B,4 and can therefore assume that A ~ 1 (see Remark 2.1.14.4). In
this case, the result follows from Theorem 3.4.1.13 in light of the observation that by Remark 3.2.3.4,
the evaluation of ¢ at a U-cocomplete B-category E is precisely the restriction of the equivalence from

Theorem 3.4.1.13 to core B-groupoids. O

3.4.2. Detecting cocompletions. In this section we give a characterisation when a functor
f: C — D exhibits D as the free U-cocompletion of C. To achieve this, we need the notion of U-
cocontinuous objects, which is in a certain way an internal analogue of the notion of a k-compact object

in an oco-category:

DEFINITION 3.4.2.1. Let D be a U-cocomplete B-category. We define the full subcategory DY-¢¢ < D

of U-cocontinuous objects as the pullback

DY-cc « m%_CC(D,Q)Op

| l

D <" Fung (D, Q).

REMARK 3.4.2.2 (locality of U-cocontinuous objects). In the situation of Definition 3.4.2.1, we
may combine Example 2.1.14.7 with Remark 3.2.3.4 to deduce that there is a canonical equivalence
75 (DV0¢) o (7% D)™V of full subcategories of 7% D, for every A € B.
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REMARK 3.4.2.3 (étale transposition invariance of U-cocontinuous objects). By Remark 3.4.2.2, an

object d: A — D is contained in DY~ if and only if its transpose d: 1 — 74D is 7% U-cocontinuous.
The following proposition and its proof is an adaptation of [57, Proposition 5.1.6.10].

PROPOSITION 3.4.2.4. Let f: C— D be a functor between B-categories such that D is U-cocomplete,
and let f: LSh%(C) — D be its unique U-cocontinuous extension. Then the following are equivalent:
(1) f is an equivalence;
(2) f is fully faithful, takes values in DV=¢, and generates D under U-colimits.

PROOF. We first note that PSh$(C)Y=¢ contains C. Indeed, Yoneda’s lemma implies that the

composition
he pert oy RO '
C — PShs (C) ——— Fung (PSh3(C), Q)%
can be identified with the opposite of the transpose of the evaluation functor ev: C°P x PSh%(C) — Q.
Together with Proposition 3.4.1.11 and Remark 2.1.14.1, this implies that the image of ¢: A — C along

this composition transposes to the functor
U eve
PShV(n3,C) < PShyy |, (15C) <% Qs ,

which is 7% U-cocontinuous by Proposition 3.2.2.7. Therefore, (1) implies (2).
Conversely, suppose that condition (2) is satisfied. We first prove that f is fully faithful. Tot that

end, if ¢: A — C is an arbitrary object, we claim that the morphism

mappsyy (¢ (¢, —) = mapp (f(c), f(-))
is an equivalence. By combining Remarks 3.3.3.2 and 3.3.2.2 with Proposition 3.4.1.11 and Exam-
ple 2.1.14.7, we may replace B by B,4 and can thus assume that A ~ 1 (see Remark 2.1.14.4). In this
case, the fact that C is contained in PSh% (C)V~¢¢ and condition (2) imply that both domain and codomain
of the morphism are U-cocontinuous functors. By using Lemma 3.4.1.12 and the fact that the above
morphism restricts to an equivalence on C, the universal property of L%% (C) thus implies that this map
is an equivalence of functors. By what we just have shown, if F': A — LSh%(C) is an arbitrary object,
the natural transformation

map@g;(C)(—vF) — mapp (f(=), f(F))
restricts to an equivalence on C. As this map transposes to a morphism of 7% U-cocontinuous functors
(using Proposition 3.2.2.9 and the fact that f is U-cocontinuous), the same argument as above shows
that the entire natural transformation is in fact an equivalence and therefore that f is fully faithful,
as desired. As therefore f exhibits @%(C) as a full subcategory of D that is closed under U-colimits
and that contains C, the assumption that D is generated by C under U-colimits implies that f is an
equivalence. O

3.4.3. Cocompletion of the point. Let U be an internal class of B-categories. Our goal in this
section is to study the B-category PSh% (1) < Q. To that end, let us denote by gpd(U) < Q the image
of U along the groupoidification functor (—)89: Caty — Q from Proposition 2.4.2.14.

DEFINITION 3.4.3.1. We call an internal class U closed under groupoidification, if for any A € B and
| € U(A) the groupoidification 18P4 is also contained in U. For any internal class U we can form its closure

under groupoidification, denoted U, that is defined as the internal class spanned by U and gpd(U).

REMARK 3.4.3.2. Since for any B-category I, the morphism | — 1894 is final, it follows that any
colimit class (in the sense of Definition 3.2.3.5) is closed under groupoidification. Furthermore, for any
internal class U, we have inclusions U C U C U™ In particular the discussion after Definition 3.2.3.5
shows that a B-category is U-cocomplete if and only if it is U-cocomplete. The same statement holds for

U-cocontinuity.
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REMARK 3.4.3.3. If U is closed under groupoidification, the adjunction (—)&P4 4 ;: Catp = Q
restricts to an adjunction

((—)&P4 44): U = gpd(U).

PROPOSITION 3.4.3.4. For any internal class U of B-categories, there is an inclusion gpd(U) —

PSh, (1) which is an equivalence whenever U is closed under U-colimits in Catsg.

PROOF. By construction, the canonical map U — U induces an equivalence gpd(U) ~ gpd(U).
Therefore we may assume that U is closed under groupoidification. For any B-category | contained in
U(1), its groupoidification 184 is the colimit of the functor | — 1 < Q (see Proposition 3.1.4.1) and
therefore by definition contained in PSh$(1). Note that by using Remarks 2.1.14.1 and 2.3.1.3 as well
as Corollary 2.4.1.9, for every A € B the functor 7 carries the adjunction (—)8P4 4 .: Catg S Q
to the adjunction (—)&P4 - ¢: Cats,, < Q5 ,. Together with Proposition 3.4.1.11, this observation
and the above argument also yields that for every | € U(A) the groupoidification 8P4 defines an object
A — PSh$ (1). Thus, the groupoidification functor (—)&P4: Catg — Q restricts to a functor U — PSh$ (1)
and therefore gives rise to the desired inclusion gpd(U) < PShY (1). Now by definition of PSh# (1), this
inclusion is an equivalence if and only if gpd(U) is closed under U-colimits in Q. But if the subcategory
U < Catg is closed under U-colimits in Catg it follows by Remark 3.4.3.3 that gpd(U) = U N Q, hence

the claim follows from Lemma 3.4.1.10. O

ExAMPLE 3.4.3.5. Let S be a local class of maps in B and let Qg < Q be the associated full
subcategory of Q (cf. Proposition 2.1.10.7). Then Qg is clearly closed under groupoidification. Recall
that Qg is closed under Qg-colimits in Q precisely if the local class S is stable under composition (see
Example 3.2.4.3). Therefore, if S is stable under composition, Proposition 3.4.3.4 provides an equivalence
Qg =~ PShs(1).

If S is not closed under composition, the free cocompletion L%%S (1) still admits an explicit description.
Namely, an object ¢: A — Q in context A € B defines an object of LSh%S (1) if and only if it is locally a
composition of two morphisms in S. To be more precise, ¢ is in LSh%S (1) if and only if there is a cover
(si): |J; Ai = A in B such that every sjc € Q(A;) = B4, can be written as a composition g; f; of two
morphisms g;: P; — @Q; and f;: Q; — A; that are in S. This description holds since the full subcategory
spanned by these objects is clearly closed under Qg-indexed colimits and it is easy to see that it is the
smallest full subcategory of Q with this property.

EXAMPLE 3.4.3.6. The following observation is due to Bastiaan Cnossen: Let B = PShg(C) for some
small co-category € with pullbacks and let S be a class of morphisms in € that is closed under pullbacks
in C. It generates a local class in B = PShg(€) that we denote by W. As in Example 3.2.4.11, we obtain
an internal class Ug = (W, Catoo), so that we may now consider the free Ug-cocompletion L%%S (1) of

the point. It may be explicitly described as the presheaf on € given by
PSh3%(1): €°P — Cateo, ¢+ PShs(S),)

where S/, denotes the full subcategory of C,. spanned by the morphisms in S. In particular it agrees

with the PSh(C)-category underlying the initial cocomplete pullback formalism described in [23, § 4].

We conclude this section by showing that any U-cocomplete large B-category E is tensored over
PSh$ (1) in the following sense:

DEFINITION 3.4.3.7. A large B-category E is tensored over PSh$ (1) if there is a functor — ®
—: PShi (1) x E — E together with an equivalence

mapE(i ® -, 7) = mapﬂg(77mapE(77 7))

ProrosITION 3.4.3.8. If E is a U-cocomplete large B-category, then E is tensored over L%%(l).
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PRrOOF. Since E is U-cocomplete, Proposition 3.1.3.1 implies that the functor B-category Fung(E,E)
is U-cocomplete as well. As a consequence, we may apply Theorem 3.4.1.13 to extend the identity
idg: 1 — Fung(E, E) in a unique way to a U-cocontinuous functor f: PSh% (1) — Fung (E, E). We define
the desired bifunctor — ® — as the transpose of f. To see that it has the desired property, note that

mapg(— ® —, —) is the transpose of the composition
PshY (1)°° L2 Fung, (B2, E9P) <2570 Funy, (B x E, Q3),
whereas the functor mapg g(—, mapg(—, —)) transposes to the functor
hgop

o i : mapg o
PShi (1)P <& QF = Funy (R, Q5) — Fung (E x E, Q).

As the opposite of either of these functors is U-cocontinuous, Theorem 3.4.1.13 implies that they are
both uniquely determined by their value at the point 1: 1 — . Since mapQA(l —) is equivalent to the
identity functor, we find that both of these functors send 1: 1 — Q to mapg and that they are therefore
equivalent, as required. O

REMARK 3.4.3.9. By dualising Proposition 3.4.3.8, one obtains that a U-complete large B-category E is
powered over PShOp(U)( ): since PSh%p(U)(l)Op is the free U-completion of the final B-category 1 € Cat(B),
there is a functor (—)(): PSh%p(U)(l)OlD x E — E that fits into an equivalence

mapg(—, (—)7) = mapg.. (—, mapg (-, —)).

3.4.4. Decomposition of colimits II. In § 3.1.9 we showed that whenever C is a B-category that
admits colimits indexed by k-small constant B-categories and K — Cat(B), k — Ji is a diagram that is
indexed by a x-small constant B-category X, then C admits colimits indexed by J = colimy, J; as soon as
it admits J-indexed colimits for all £ € K. In this section, our goal is to generalise this result by allowing

X to be an arbitrary B-category instead of merely a constant one. More precisely, we will show:

PROPOSITION 3.4.4.1. Let U be an internal class, let d: | — U be a diagram such that | € U(1), and let
K = colimd. Then every U-cocomplete B-category admits K-indexed colimits, and every U-cocontinuous

functor between U-cocomplete B-categories preserves K-indezed colimits.

Our strategy for the proof of Proposition 3.4.4.1 is to take the colimit of a K-indexed diagram in the
free cocompletion of C (i.e. in PSh(C)) and to show that this colimit can be reflected back into C. We
therefore need to study such K-indexed colimits in PShg(C) first.

LEMMA 3.4.4.2. For every B-category C, the large B-category RFibc is a reflective subcategory of
(Catfg)/c.

PRrOOF. To begin with, we note that the sheaf associated with (Cats),c is given by Cat(B)/cx—. In
fact, the latter defines a PShg(B)-category, and there is a right fibration of PShg(3B)-categories

p: Cat(B)/cx— — Cat(B),_

that is section-wise given by postcomposition with the projection onto the second factor. By [62,
Proposition 3.3.5], the codomain can be identified with (the underlying PSh/S\(ﬁ)—category of) the large
B-category Catp. Since Cat(B),cx— has a final object (in the PShg(B)—categorical sense, which is easily
deduced from Examples 3.1.1.11 and 3.1.1.14) that is carried to C along the right fibration p, we thus
obtain an equivalence (Catg);c ~ Cat(B)/cx- of PShg(B)-categories. Since the domain is a (large)
B-category, so is the codomain, and this equivalence defines an identification of (large) B-category. Now
using this identification, we find that the inclusion RFib(C x —) < Cat(B),c«_ determines a fully faithful
functor i: RFibc — (Catp)/c such that i(A) admits a left adjoint L4 for every A € B. Moreover, if
s: B — A is an arbitrary map in B, the fact that s is smooth implies that the natural map Lgs* — s*L 4

is an equivalence (see the discussion in [62, § 4.4]), hence the claim follows. O
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PROPOSITION 3.4.4.3. Let U be an internal class of B-categories and let C be a small B-category.
Then, for any diagram d: | — U with colimit K in Catg and any diagram p: K — C with colimit F in
PShy, (C), there is a diagram d': | — Small% (C) such that F ~ colim d'.

PROOF. The cocone d — diag(C) implies that we may view d as a diagram d: | — U,c — (Cats),c.
By Proposition 3.1.6.3, the colimit of this diagram is p: K — C. Since F' ~ colim p, there is a final functor
K — C/p over C, hence Lemma 3.4.4.2 implies that the localisation functor L: (Cats),c — RFibc carries
p: K — C to the right fibration C;p — C. In other words, the presheaf F' arises as the colimit of the
diagram d’ = Ld: | — U,c — RFibc ~ PSh4(C). It now suffices to observe that by construction of L, this
functor takes values in Smally,(C). O

PROOF OF PROPOSITION 3.4.4.1. Let f: C — D be a U-cocontinuous functor between U-cocomplete
B-categories. Consider the commutative diagram

c—I o

[r [i

PshY (C) —L s PshY (D)

that arises from applying the universal property of PSh% (C) to the composition C — D < PSh$ (D). As
C and D are U-cocomplete, the vertical inclusions admit left adjoints L¢ and Lp by Corollary 3.4.1.14.
Now if p: K — C is a diagram, Proposition 3.4.4.3 implies that there is a diagram p’: | — LSh%(C)
such that colim p’ is equivalent to the colimit of hcp. In particular, the colimit of hcp is contained in
L%% (C). Consequently, L¢ colimp’ defines a colimit of p by Proposition 3.1.2.11. By replacing C with
D, this argument also shows that every diagram K — D admits a colimit in D. Moreover, as f and f
are U-cocontinuous, the universal property of LSh%(C) implies that the canonical map Lp f — fLc is an
equivalence. Consequently, as Lp f preserves the colimit of hcp, so does fLc. As the colimit cocone of p
is the image of the colimit cocone of hpp along L¢, we conclude that f preserves the colimit of p. Now by
replacing B with B, and repeating the above argumentation, one concludes that both C and D admit
K-indexed colimits and that f commutes with such colimits. O






CHAPTER 4

Presentable B-categories

Our theory of presentable B-categories relies on the interplay between internal classes U of B-categories
and their associated internal classes Filty of U-filtered B-categories. We study the concept of U-filteredness
in § 4.1. In particular, we study certain conditions on the internal class U which guarantee that every
B-category can be decomposed into a U-filtered colimit of objects in U. This is a technical condition which
is crucial for the development of accessibility in the world of B-categories. In § 4.2, we discuss how one can
construct an ample amount of internal classes U which satisfy these conditions. Building upon these rather
technical preparations, we then define the concept of U-accessibility in § 4.3 and prove a few basic results
that we will need for our discussion of presentable B-categories. For example, we give a characterisation
of U-accessible B-categories by making use of the notion of U-compactness. In § 4.4, we introduce and
study presentable B-categories. Aside from discussing multiple characterisations of these B-categories,
we prove an adjoint functor theorem and discuss limits and colimits of presentable B-categories. In the
final two sections of this chapter, we switch gears and study a few concepts of higher algebra in the world
of B-categories. In § 4.5, we set up the main framework and use it to characterise dualisable objects in
the B-category of modules over an E.-ring in B. In § 4.6, we discuss tensor products of B-categories
and in particular a symmetric monoidal structure on the B-category of presentable B-categories. We
then use this structure to realise B-modules in the co-category of presentable co-categories as presentable

B-categories.

4.1. Filtered B-categories

Classically, if k is a (regular) cardinal, a 1-category J is said to be k-filtered if the colimit functor
colimg: Fun(d, Set) — Set commutes with x-small limits. In [57], Lurie generalised this concept to the
notion of a k-filtered co-category J, which is an co-category for which colimg: Fun(d,8) — 8 preserves
k-small limits. The main goal of this section is to discuss an analogous concept for B-categories. Following
ideas originally introduced in 1-category theory by Addmek-Borceux-Lack-Rosicky [1] and later generalised
to oo-categories by Charles Rezk [78], we will introduce the notion of a U-filtered B-category, where U is an
arbitrary internal class, i.e. a full subcategory of the large B-category Cats of B-categories (cf. § 2.1.10).
The main definitions and basic properties of such U-filtered B-categories are discussed in § 4.1.1. In
§ 4.1.2, we introduce a slightly weaker notion, that of a weakly U-filtered B-category. Classically, a
r-filtered (oco-)category can be equivalently described as an (co-)category in which every k-small diagram
has a cocone. The notion of weak U-filteredness is a generalisation of this condition. However, as the
terminology suggests, this notion is a priori weaker than that of U-filteredness. Following [1], we will
call an internal class U a doctrine if both conditions happen to be equivalent. In § 4.1.3 and § 4.1.4, we
will study two other important properties of internal classes: regularity and the decomposition property.
Recall that a cardinal x is said to be regular if k-small sets are closed under x-small sums. The notion
of regularity for internal classes aims at capturing this property in the world of B-categories. The
decomposition property, on the other hand, is the condition that every B-category can be obtained as a
U-filtered colimit of objects in U. Hence, this notion can be viewed as an analogue to the fact that every
(oco-)category is a s-filtered colimit of k-small (co-)categories. We will make use of this property when we

discuss the notion of U-compactness in § 4.1.5.

95
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4.1.1. U-filtered B-categories. In this section, we introduce and study the notion of U-filteredness
in the world of B-categories, where U is an arbitrary internal class. We begin with the following definition,
which is an evident generalisation of the classical concept of a k-filtered (oco-)category:

DEFINITION 4.1.1.1. For any internal class U of B-categories, a B-category J is said to be U-filtered if
the colimit functor colim: Fung(J,Q) — Q is U-continuous. We define the internal class Filty of U-filtered
categories as the full subcategory of Catg that is spanned by those B, 4-categories J that are 77 U-filtered,
for every A € B.

REMARK 4.1.1.2. In the situation of Definition 4.1.1.1, the fact that U-continuity is a local condition
by Remark 3.2.2.3 implies that every object A — Filty is 7% U-filtered (which a priori has no reason to
be true). In particular, the sheaf associated with Filty is given on local sections over A € B by the full
subcategory of Cat(B,4) that is spanned by the 7 U-filtered categories. For any A € B, we therefore

obtain a canonical equivalence 7% Filty ~ Filt,r;‘u.

REMARK 4.1.1.3. Clearly, if U < V is an inclusion of internal classes, every V-filtered B-category is
in particular U-filtered. Therefore, one obtains an inclusion Filty < Filty.

REMARK 4.1.1.4. If | and J are B-categories, note that the horizontal mate of the commutative square

diag,

Fung (1% J,Q) <25 Fung (J,Q)

lcolim* lcolim

Fung (1,Q) S R
(with respect to the two adjunctions diag - lim and diag, - lim,) is equivalent to the horizontal mate of
the commutative square

diag,

M’B(Iaﬂ) — m‘B(I X JaQ)

J{lim llim*

Q — . Fung(J,9).

(with respect to the two adjunctions colim - diag and colim, - diag,). As a consequence, the functor
colim: Fung(J,Q) — Q commutes with I-indexed limits if and only if the functor lim: Fung(1,Q2) — Q
commutes with J-indexed colimits. Thus, if U is an internal class of B-categories, a B-category J is
U-filtered precisely if for all A € B and all | € U(A) the limit functor lim: Fung(l,Q35,,) — Qs,,

commutes with 7% J-indexed colimits.

Recall from [62, § 4.2] the definition of the right cone J* of a B-category J. It comes with an inclusion
t: J <= J” such that for every B-category C that admits J-indexed colimits, the functor of left Kan
extension ¢ exists and carries an l-indexed diagram in C to its colimit cocone, see Proposition 3.3.3.8.

We now obtain:

PROPOSITION 4.1.1.5. A B-category J is U-filtered with respect to some internal class U if and only
if the inclusion v: Fung(J, Q) — Fung (17, Q) is U-continuous.

PROOF. By definition, the functor ¢ is U-continuous if and only if for all A € B the functor
75 (1) = (7)) (cf. [62, Lemma 4.2.3] and Corollary 2.4.1.9) preserves limits of I-indexed diagrams for
all I € U(A), and J is U-filtered if and only if the colimit functor colim: Fung (733, Qs,,) = Qs,,
commutes with l-indexed limits for all I € U(A). By replacing B with B/, it therefore suffices to show
that for any | € U(1), the functor ¢; commutes with |-indexed limits if and only if colim: Fung(J,Q) — Q
preserves I-limits. Note that by combining Proposition 3.1.8.1 with the fact that the cone point co: 1 — I”

is final, one finds that the colimit functor colim: Fung(J”, Q) — Q is given by evaluation at co. As
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a consequence, Proposition 3.1.3.1 implies that the colimit functor colim: Fung(J”, Q) — Q preserves

I-indexed limits. Owing to the commutative diagram

FUnB J Q)

S

>
’ Q) colimp ~ 7

the functoriality of mates thus implies that 4, preserving l-indexed limits implies that colim; commutes with
I-indexed limits as well. The converse direction, on the other hand, follows from combining the functoriality
of the mate construction with the straightforward observation that (¢*, 00*): Fung (J%, Q) — Fung(J, Q) xQ
is a conservative functor. (|

By an analogous argument as in the proof of Proposition 4.1.1.5 and by furthermore using Re-

mark 4.1.1.4, one obtains:

PROPOSITION 4.1.1.6. A category J in B is U-filtered with respect to some internal class U if and
only if for all A € B and all | € U(A) the functor of right Kan extension

te: Fung (1,Qs,,) < Fung (19, Qs )
preserves w4 J-indexed colimits. ([

REMARK 4.1.1.7. By Proposition 4.1.1.6 and Proposition 3.1.8.1, if J — K is a final functor such that
J is U-filtered, then K must be U-filtered as well. Since the final B-category 1 is trivially U-filtered for

every choice of internal class U, this means that Filty is a colimit class in the sense of Definition 3.2.3.5.
For later use, let us note the following closure property of U-filtered B-categories:

PROPOSITION 4.1.1.8. For any internal class U, the internal class Filty is closed under Filty-colimits
in Catg.

PrOOF. By Remark 4.1.1.2, it suffices to show that if J is a U-filtered B-category and d: J — Filty is
a diagram, its colimit K in Catg is also U-filtered. Given any | € U(1), Proposition 3.4.4.1 shows that
the functor of right Kan extension ¢ : Fung(l,Q) < Fung (19,Q) commutes with K-indexed colimits. As
for any A € B the B, 4-category 7K is the colimit of 7jd, the same argument also shows that for all
I € U(A) the functor ¢: Fung(19,Qs,,) = Fung(I,Q3,,) commutes with 77 K-indexed colimits. Hence
Proposition 4.1.1.6 implies that K is U-filtered. (]

4.1.2. Weakly U-filtered B-categories. Recall from Remark 3.2.2.2 that if U is an internal class, we
denote by op(U) the internal class that arises as the image of U along the equivalence (—)°P: Catp ~ Catgp.
In practice, we will often require that every op(U)-cocomplete B-category is U-filtered. However, this is
not true for every internal class U, not even in the case B = § [78, §6]. In this section, we will therefore
study a slightly weaker notion than that of a filtered U-category, which will encompass the class of
op(U)-cocomplete B-categories. We adopted the idea of weak U-filteredness from Charles Rezk [78], who
in turn generalised ideas from [1] to oo-categories.

DEFINITION 4.1.2.1. If U is an internal class of B-categories, a B-category J is weakly U-filtered if
for every A € B and every | € U(A) the diagonal functor 7% J — @B/A(IOP, 7% J) is final. We define
the internal class wFilty as the full subcategory of Catg that is spanned by the weakly 7% U-filtered
B, 4-categories, for every A € B.

REMARK 4.1.2.2. In the situation of Definition 4.1.2.1, as the condition of a functor of B-categories
being final is local in B [62, Remark 4.4.9], every object A — wFilty is weakly 7% U-filtered. In particular,
there is a canonical equivalence 7 wFilty > wFilt- y for all A € B.
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REMARK 4.1.2.3. If U — V is an inclusion of internal classes, every weakly V-filtered B-category is
in particular weakly U-filtered. One therefore obtains an inclusion wFilty — wFilty.

EXAMPLE 4.1.2.4. By Quillen’s theorem A for B-categories [62, Corollary 4.4.8], every functor that
admits a left adjoint is final. Consequently, every op(U)-cocomplete B-category | is in particular weakly
U-filtered.

PRrOPOSITION 4.1.2.5. A B-category J is weakly U-filtered if and only if for every A € B and
every | € U(A) the colimit functor colim: Fung (7%44,Q2s,,) — Qs,, preserves l-indeved limits of

corepresentables.

PrOOF. To begin with, note that since the colimit of a diagram f: J — Q is given by the groupoidifi-
cation of the associated left fibration J;, by Proposition 3.1.4.1, the colimit of every corepresentable is

given by the final object in €. In other words, there is a commutative square

Jop L Fung (4,Q)

J{”J“" lcolim

As a result, for any diagram d: | — J°P, the presheaf colim hjopd is equivalent to the constant functor
lomyer : JOP — Q. As the inclusion 1 < Q admits a left adjoint (see Example 3.1.1.11) and is therefore
continuous by Proposition 3.2.2.5, we conclude that the limit lim(colim hjopd) is given by the final object

in Q. Hence the canonical map
colim(lim hjopd) — lim(colim A jor d)

is an equivalence if and only if the domain of this map is the final object as well. On account of the chain

of equivalences
lim Ayerd 2~ mapgy,  (5,0)(hyer (=), im hyor d)
~ MaPgyn,, (1. Fun,, (J.)) (d1ag huor (=), hyor d)
~ mapﬁg(uop)(diag(—), d),
the functor lim hjord classifies the left fibration Jgor, — J. Hence colim(lim hjord) is the final object if and
only if (Jgop /)gpd ~ 1. By replacing B with B, 4, the same argumentation goes through for any | € U(A)

and any diagram d: | — 7% J°P. By Quillen’s theorem A for B-categories [62, Corollary 4.4.8], the result
thus follows. O

COROLLARY 4.1.2.6. For every internal class U of B-categories, any U-filtered B-category is weakly

U-filtered. In other words, there is an inclusion Filty < wFilty of internal classes. O
Following the terminology introduced in [1], we may now make the following definition:

DEFINITION 4.1.2.7. An internal class U of B-categories is said to be sound if the inclusion wFilty —
Filty is an equivalence. It is called weakly sound if for every A € B, every op(77 U)-cocomplete B, 4-category
is 7% U-filtered.

REMARK 4.1.2.8. On account of Remark 4.1.1.2 and Remark 4.1.2.2, the étale base change of a
(weakly) sound internal class is (weakly) sound as well.

We finish this section with another characterisation of weakly U-filtered B-categories that will be
useful later. Recall from Definition 3.3.2.1 that if C is an arbitrary B-category and V is an arbitrary
internal class of B-categories, we denote by Smally (C) < PShy (C) the full subcategory that is spanned
by those objects F': A — PShg (C) for which the domain of the associated right fibration C,r is contained
in Veolim(A) (where Ve°im is the smallest colimit class containing V, see Definition 3.2.3.5). We now
obtain:
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PROPOSITION 4.1.2.9. A B-category J is weakly U-filtered if and only if the inclusion
J < Small*) (1)
induced by the Yoneda embedding is final.

PRrROOF. By Quillen’s theorem A for B-categories [62, Corollary 4.4.8], the inclusion J < M%p(u)(J)
is final if and only if for every A € B and every op(U)-small presheaf F': A — M?BP(U)(J) the
groupoidification of the B, 4-category Jp, is the final object in B, 4. By the same reasoning, J is weakly
U-filtered if and only if for every | € U(A) and every diagram d: [°° — 7% J the groupoidification of
the B, 4-category 77 Jy, is final in B, 4. Hence it suffices to show that for every such diagram d, there
is an object F: A — M%p(u)(J) such that (7%J)s, ~ Jr/, and vice versa. By replacing B with B4
and by using Remark 3.3.2.2, we may assume that A ~ 1. Now by Proposition 3.3.2.6, the colimit
of hyd: | — PShg(J) is contained in M?BP(U)U) and therefore defines a U-small presheaf F. By
construction, we have an equivalence Smally, (J)p ) Small$, (J),a , whose pullback along the Yoneda

gpd i |8pd ;
Fy s final, so is Jd/ . Conversely, if we are

embedding determines an equivalence J;, ~ Jp,. Hence, if J
given an arbitrary U-small presheaf F', the fact that Jf,‘;d being final is local in B implies (by definition of
what it means for a presheaf to be U-small) that we may safely assume that there is a diagram d: 1°° — J
with | € U(1) such that F' ~ colim hd. By the same argument as above, we thus conclude that if Jg})d is

final, so is Jp/, which finishes the proof. O

4.1.3. Regular classes. Recall that a cardinal k is said to be regular if it is infinite and if any
k-small union of x-small sets is still k-small. In this section, we will study an analogue of this condition
in the context of internal classes of B-categories. To that end, recall from the discussion in [61, § 6.1] that
the Yoneda embedding A < PShg(A) (where A is implicitly regarded as a constant B-category) factors
through the embedding Catp < PShg(A), so that we may regard A as an internal class of B-categories.

We may now define:

DEFINITION 4.1.3.1. An internal class U is said to be right regular if U contains A and if U is closed
under U-colimits in Catg. We define the right regularisation U™® of U to be the smallest right regular
class that contains U.

Dually, U is called left regular if it contains A and is closed under op(U)-colimits in Catg, and we
define the left reqularisation U'°® as the smallest left regular class that contains U.

Finally, we say that U is regular if it is both left and right regular, and we define the regularisation
U™ of U as the smallest regular class that contains U.

REMARK 4.1.3.2. An internal class U of B-categories is left regular if and only if op(U) is right regular,
and there is an evident equivalence op(U%°8) ~ op(U)™# of internal classes. In particular, if we have an
equivalence U ~ op(U) of internal classes, then the notions of left and right regularity collapse to the
notion of regularity, and the left/right regularisation of U is already its regularisation (cf. Corollary 4.1.3.5
below).

REMARK 4.1.3.3. By the same argument as in the proof of Proposition 3.4.1.11, there is an equivalence
75 (UTSE) =~ (7% U)*S8 for any internal class U and any A € B. In particular, the étale base change of a

right regular class is still right regular. Similar observations can be made for the (left) regularisation of U.

PROPOSITION 4.1.3.4. For every internal class U of B-categories, a B-category is U-cocomplete if
and only if it is USE-cocomplete, and a functor between B-categories is U-cocontinuous if and only if it is
UL -cocontinuous.

Dually, a B-category is U-complete if and only if it is UL8-complete, and a functor between B-categories

is U-complete if and only if it is U8 -continuous.

PROOF. We only prove the first statement, the second one follows by dualisation. So let C be a

U-cocomplete B-category, and let V be the largest internal class of B-categories subject to the condition
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that C is V-cocomplete. Clearly V contains A since every B-category is A-cocomplete. Moreover,
Proposition 3.4.4.1 implies that for any | € V(1) and any diagram d: | — V with colimit K, the B-category
C admits K-indexed colimits, which implies that K € V(1) by maximality of V. Upon replacing B with
B4 and repeating the same argument, one concludes that V is closed under V-colimits in Caty and
must therefore contain U™#. An analogous argument also shows that every U-cocontinuous functor is
US8-cocontinuous. O

COROLLARY 4.1.3.5. The right (left) reqularisation of an internal class U is the smallest internal

class that contains U and A and that is closed under U-colimits (op(U)-colimits) in Cats.

PrOOF. This is an immediate consequence of the observation that by Proposition 4.1.3.4, an internal
class V of B-categories is closed under U-colimits (op(U)-colimits) in Catg if and only if it is closed under
Ur8-colimits (op(UL8)-colimits) in Catg. O

PROPOSITION 4.1.3.6. For every internal class U, the inclusion Filtyres — Filty is an equivalence.

ProOOF. In light of Remark 4.1.3.3 and Remark 4.1.1.2, it suffices to show that every U-filtered
B-category J is already U'°8-filtered. This amounts to showing that the functor colim;: Fung(l,Q) — Q

is Ut®8-continuous. By Proposition 4.1.3.4, this is immediate. [l
COROLLARY 4.1.3.7. The left reqularisation of a (weakly) sound internal class is also (weakly) sound.

PROOF. Suppose that U is sound, i.e. that Filty — wrFilty is an equivalence. Since U — U
implies that we have an inclusion wFiltyrs < wFilty, Proposition 4.1.3.6 implies that the inclusion
Filtyres — wFiltyres is also an equivalence, hence U8 is sound. The case where U is weakly sound follows

from a similar argument. O

For the study of accessibility and presentability of B-categories, we will generally need to restrict our
attention to those internal classes of B-categories that are themselves small B-categories. It will therefore

be useful to give such internal classes a dedicated name. Again following [1], we thus define:
DEFINITION 4.1.3.8. An internal class U of B-categories is a doctrine if U is a small B-category.
PROPOSITION 4.1.3.9. The (left/right) regularisation of a doctrine is still a doctrine.

ProoOF. It suffices to show that any doctrine U is contained in a regular doctrine V. We will explicitly
construct such a doctrine in § 4.2.2 below, cf. Remark 4.2.2.22. O

4.1.4. The decomposition property. It is well-known that for every regular cardinal x, any oco-
category can be written as a s-filtered colimit of k-small co-categories. In order to obtain a well-behaved
notion of accessibility internal to B, it will be crucial to have an analogue of this property for B-categories.
This leads us to the following definition:

DEFINITION 4.1.4.1. An internal class U of B-categories is said to have the decomposition property
if for every A € B and every B, 4-category C, there is a 7} U-filtered B, 4-category J and a diagram
d: J — 73U with colimit C.

REMARK 4.1.4.2. In the situation of Definition 4.1.4.1, by applying the decomposition property to
D = C°P, one deduces that C can also be obtained as a 7% U-filtered colimit of a diagram in op(7U).

The main goal of this section is to show:

PROPOSITION 4.1.4.3. Every left reqular and weakly sound internal class U has the decomposition
property.

Before we can prove Proposition 4.1.4.3, we need a few preparations.
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LEMMA 4.1.4.4. Let C be a small B-category and let D < PShy(C) be a full subcategory that contains
C. Then any presheaf F: C°° — Q is the colimit of the diagram D,p — D — PShgz(C).

PROOF. By Proposition 3.1.6.3, it suffices to show that the final object in PSh4(C),p is the colimit of
the inclusion D;p < PShy(C)/p. In light of the inclusions C/p < D/p < PShg (C), 7 and by making use
of the equivalence PShy (C)/p >~ PShy (C/p) from Lemma 3.3.1.5, we may thus assume that F is the final
object in PSh.(C). Moreover, since the inclusion Qg — Q% is cocontinuous by Example 3.2.2.8, we may
enlarge our universe and thus assume without loss of generality that D is small. Now let : C — D and
j: D < PShg(C) be the inclusions. Since the identity on PShy (C) is the left Kan extension of the Yoneda
embedding h along itself by Theorem 3.4.1.1, we obtain equivalences j ~ j*jii;(h) =~ i;(h), where the
functor ¢, exists by Corollary 3.3.3.7 since D is small. Therefore, the identity on PShg(C) is also the left
Kan extension of j along itself. The claim now follows from the explicit description of the left Kan extension

in Remark 3.3.3.6, which implies that we have equivalences lpsh_(c) = Ji (j)(lLShﬁ (c)) = colim j. O

LEMMA 4.1.4.5. Let U be an internal class of B-categories and let

Q——P

¢ lp
g%c

be a pullback square in Cat(B) in which D, C and P are U-cocomplete and both f and p are U-cocontinuous.

Then Q is U-cocomplete and both q and g are U-cocontinuous.

PROOF. By replacing B with B, for A € B if necessary and using Remarks 3.1.1.3 and 3.1.2.2, it
will suffice to prove that any diagram d: K — Q with K € U(1) admits a colimit in Q and that furthermore
q preserves this colimit. The pullback square in the statement of the lemma induces a commutative

diagram

|

— 1

e Vﬁ

Px
_ E—
y py

i) — Gy

D,

q

in which the front square is a pullback, the three cocones qd, gd and pgd are colimit cocones and the
cocone d is determined by the universal property of pullbacks. To finish the proof, it suffices to show that

d is a colimit cocone, i.e. initial. Given any d:1— Qq/, we obtain a pullback square

R — =
mapq, (d,d) ——— mapp, , (gd,g.d)

l

— = —_— —/
mapp, , (qd, g.d) — mapc, _, (pgd,psg.d)

in B. Since qd, gd and pgd are initial, it follows that the cospan in the lower right corner is constant on
the final object 1 € B, hence mapq,, (d, El) ~ 1. By replacing B with B4 and d with 77 (d), the same is

true for any object d : A — Q /. As a consequence, d must be initial. O

PRrROOF OF PROPOSITION 4.1.4.3. By Remark 4.1.3.3 and Remark 4.1.2.8, it suffices to show that
every B-category C is a U-filtered colimit of a diagram in U. As U by regularity contains A and since the
localisation functor PShg (A) — Catg is cocontinuous, we deduce from Lemma 4.1.4.4 that C arises as the
colimit of the diagram U,c — U < Caty. We therefore only need to show that U,c is U-filtered. Using
that U is weakly sound, it will suffice to show that U,c is op(U)-cocomplete. By Corollary 3.2.2.11, the
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B-category (Cats),c is cocomplete and the projection (7¢)y is cocontinuous. As the inclusion U — Catgy

is closed under op(U)-colimits, the desired result follows from Lemma 4.1.4.5. O

COROLLARY 4.1.4.6. Let U be a weakly sound internal class of B-categories. Then a (large) B-category
C is cocomplete if and only if C is both op(U)- and Filty-cocomplete. Similarly, a functor f: C — D between

cocomplete (large) B-categories is cocontinuous if and only if it is both op(U)- and Filty-cocontinuous.

PROOF. We prove the first statement, the second one follows by a similar argument. Since the
claim is clearly necessary, it suffices to prove the converse. So let us assume that C is both op(U)-
and Filty-cocomplete. By Proposition 4.1.3.4 and Proposition 4.1.3.6, we may assume without loss of
generality that U is left regular. Proposition 4.1.4.3 now implies that U has the decomposition property.
By definition and in light of Remark 4.1.4.2, this means that (op(U) U Filty)™® = Cats. Appealing once

more to Proposition 4.1.3.4, the claim follows. U

4.1.5. U-compact objects. Recall from § 3.4.2 that if V is an internal class and if C is a V-cocomplete
B-category, we say that an object c: A — Cis V-cocontinuous if the functor mapc(c, —): 74 C — Qg ,
is % V-cocontinuous. In this section, we specialise this concept to the case where V = Filty for some
internal class U. This leads us to the notion of a U-compact object, which is the internal analogue of the

concept of a k-compact object in an co-category, where « is a cardinal.

DEFINITION 4.1.5.1. Let U be an internal class of B-categories, and let C be a Filty-cocomplete
B-category. An object c: A — Cin context A € B is said to be U-compact if it is Filty-cocontinuous, i.e. if
the functor mapc(c, —): m4C — Qg is Filt;+ y-cocontinuous. We denote by CY-cPt the full subcategory
of C that is spanned by the U-compact objects.

REMARK 4.1.5.2. In the situation of Definition 4.1.5.1, an object ¢c: A — C is contained in CY-°P* if and
only if it is U-compact. This is a direct consequence of Remark 3.4.2.2. Together with Remark 4.1.1.2, this
implies that if A € B is an arbitrary object in B, there is a natural equivalence 7% (CU~Pt) o (7% C)™aV-cpt,

LEMMA 4.1.5.3. Let U be an internal class of B-categories, and let C be a Filty-cocomplete B-category.
Then the full subcategory @g'tu “°(C, Q) — Fung(C,Q) of Filty-cocontinuous functors is closed under

U-limits.

PRrOOF. Using Remarks 3.2.3.4 and 4.1.1.2, it will suffice to show that whenever | is a B-category
that is contained in U(1) and d: | — @g't” “(C,Q) is a diagram, then the limit lim d in Fung(C, Q) is

Filty-cocontinuous. We may compute lim d as the composition
’ 1
C —%5 Fung(1,Q) —4 Q,

where d’ is the transpose of d. Since lim, is Filty-cocontinuous by Remark 4.1.1.4, it thus suffices to show

that d’ is Filty-cocontinuous as well. This can be extracted as a special case of Lemma 4.6.1.3 below. [

PROPOSITION 4.1.5.4. Let U be an internal class and let C be an op(U)- and Filty-cocomplete
B-category. Then the subcategory CY-Pt — C is closed under op(U)-colimits in C.

PROOF. By using Remark 4.1.5.2; it suffices to show that whenever | is a B-category that is contained
in U(1) and d: 1°° — CY-°P! is a diagram, the colimit colimd in C is U-compact. As we have noted in
Proposition 3.2.2.9, the Yoneda embedding hcep : C°P — Fung(C, Q) is op(U)-continuous, so that we can
identify mapc(colim d, —) with the limit of the diagram hcopd°P. The desired result now follows from
Lemma 4.1.5.3. (]

DEFINITION 4.1.5.5. If C < D is a fully faithful functor of B-categories, the B-category Retp(C) of
retracts of C in D is the full subcategory of D that is spanned by those objects d: A — D in context
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A € B for which there is an object ¢: A — C and a commutative diagram
c

/N

d ——d.

REMARK 4.1.5.6. In the situation of Definition 4.1.5.5, there are inclusions C — Retp(C) — D.
Furthermore, an object d: A — D is contained in Retc(D) precisely if there is a cover (s;): | ], 4; - A
such that s7(d): A; — D is a retract of an object ¢: A; — C. Therefore, if C is small and D is locally small
(in the sense of [62, Definition 4.7.1]), then Retp(C) is small as well: in fact, by [62, Proposition 4.7.4],

this follows once we verify that Retp(C)g is small. Since the latter admits a small cover

| ] || G —Retp(C)

GeS deRetp(a) (C(G))

where § C B is a small generating subcategory and where Retp ) (C(G)) denotes the full subcategory of
D(G) that is spanned by the retracts of C(G), which is clearly a small co-category, this is immediate.

LEMMA 4.1.5.7. Let U be an internal class of B-categories and let C be a U-cocomplete B-category.

U-cc

Then the full subcategory Funy™““(C, Q) < Fung(C,Q) of U-cocontinuous functors is closed under retracts.

PrOOF. By Remark 3.2.3.4, it will suffice to show that whenever a copresheaf F': C — Q is a retract of
a U-cocontinuous functor G: C — Q, then F is U-cocontinuous as well. Let R = AZLia1 A? be the walking
retract diagram, i.e. the quotient of A? that is obtained by collapsing d': A! < A? to a point. Then the
datum of retract F — G — F is tantamount to a map r: C — QF. Since the retract of an equivalence is
an equivalence as well, the functor dyy,: QF — Q that is obtained by evaluation at {1} € A2 — R must
be conservative. By combining this observation with the fact that dy;) is cocontinuous, the equivalence
dg1yr ~ G and the functoriality of mates, we conclude that the map colim; 7, — r colim, is an equivalence
for every I € U(1). Upon replacing B with B,4 and repeating the same argument, we thus find that r is
U-cocontinuous. As we recover F' by postcomposing r with the cocontinuous functor dygy : QF — Q, the

claim follows. 0

PRrROPOSITION 4.1.5.8. Let U be an internal class of B-categories and let C be a Filty-cocomplete B-
category. Then CY=P is closed under retracts in C, in the sense that the inclusion CY-Pt < Retc(CY-cPt)

s an equivalence.

PROOF. It suffices to show that the retract of a U-compact object in C is U-compact as well, which
immediately follows from Lemma 4.1.5.7. t

We conclude this section with a characterisation of U-compact objects in presheaf B-categories. This
will require the following lemma:

LEMMA 4.1.5.9. Let U be an internal class of B-categories and let C — D be a full inclusion of
B-categories such that D is Filty-cocomplete. Let J be a U-filtered B-category, let d: J — C — D be a
diagram and suppose that F' = colimd is a U-compact object in D. Then F is contained in Retp(C).

PRrROOF. The object F' being U-compact implies that the canonical map
@: colimmapp (F,d(—)) — mapp (F, F)
must be an equivalence. Thus the identity on F' gives rise to a global section
idp: 1 — colimmapp (F, d(—)).

Let p: P — J be the left fibration that is classified by the copresheaf mapp (F,d(—)). Since the map
P — P2Pd ~ colim mapp (F,d(—)) is essentially surjective (by [62, Lemma 3.8.8]), the map Py — P#&Pd
is a cover in B [62, Corollary 3.9.5], so that we can find a cover s: A — 1 in B and a local section
x: A — P such that the composite with P — P&P4 recovers 7% idp. Let j = p(z). Then z defines an object



104 4. PRESENTABLE B-CATEGORIES

f+A— P|; ~mapp (7 F,d(j)) that is carried to 7 idp by the canonical morphism mapp (7% F, d(j)) —
mapp (74 F, 7% D). In other words, composing f: 7% F — d(j) with the map d(j) — 7% F into the colimit
yields 7% F. As this precisely means that 7% F is a retract of d(j), the claim follows. O

PROPOSITION 4.1.5.10. Let U be an internal class of B-categories that has the decomposition property,

and let C be a B-category. Then there is an equivalence
PShy; (C)V P = Retpsp, (c)(Smally? " (C))

of full subcategories in PSh (C). In particular, PShy (C)Y Pt is small.

PRrROOF. Yoneda’s lemma implies that every representable presheaf is U-compact. By combining this

observation with Proposition 4.1.5.8 and Proposition 4.1.5.4, one thus obtains an inclusion
Retpsn, (c)(Smally? " (C)) = PShy, (C)V-P".

As for the converse inclusion, suppose that F': C°P — Q is a U-compact presheaf. By Remark 4.1.4.2,
there exists a U-filtered B-category J and a diagram d: J — op(U) such that C/p ~ colimd in Catsp.
Proposition 3.4.4.3 then shows that F' is the colimit of a J-indexed diagram in M%p(u)(C). As Fis U-
compact and J is U-filtered, Lemma 4.1.5.9 shows that F' is locally a retract of an object in M%p(u)((:).
By Remarks 4.1.5.2 and 3.3.2.2, if F: A — PShy(C)V~°Pt is an arbitrary object, we can replace B
by B/a and carry out the same argument as above, which shows that PShg (C)V-P* is contained in
Retps, (c) (Smallyf " (C)). 0

COROLLARY 4.1.5.11. Let U be an internal class of B-categories that has the decomposition property,
and let J be a weakly U-filtered B-category. Then the inclusion J < PShy (J)V =Pt is final.

PRrROOF. Proposition 4.1.5.10 shows that any U-compact presheaf F': J°P — Q arises as a retract of
some object G: 1 — M%p(u)(J) after passing to a suitable cover of 1 € B. Thus, the right fibration
M%p(u)(J) /P — M%p(u) (J) is locally a retract of a representable right fibration, so that we must have
(M%p(u) (J)/r)8P4 ~ 1 as the latter property can be checked locally in B. By Remarks 4.1.5.2 and 3.3.2.2,
we may replace B with B/, to arrive at the same conclusion for any object F': A — PShy (J)U-cpt
Quillen’s theorem A [62, Corollary 4.4.8], this shows that the inclusion M%p(u)(J) < PShg (J)V-cPt is

final. Hence the claim follows from Proposition 4.1.2.9. U

. Using

COROLLARY 4.1.5.12. A left regular class U is sound if and only if it is weakly sound.

PRrROOF. Using Remarks 4.1.1.2 and 4.1.2.8, it suffices to show that whenever U is weakly sound,
every weakly U-filtered B-category J is U-filtered. Since Proposition 4.1.4.3 implies that U has the

decomposition property, Corollary 4.1.5.11 shows that the inclusion J < PShg(J)V-cPt

is final. By
Proposition 4.1.5.4, the B-category PShy (J)V Pt is op(U)-cocomplete and therefore U-filtered since U is
by assumption weakly sound. Now if | € U(1) is chosen arbitrarily, the fact that Fung(l, Q) is cocomplete
allows us to extend any diagram d: J — Fung(l,Q) to a diagram d’: PShy (J)V-°P* — Fung (1, Q), using
the universal property of presheaf B-categories. As the inclusion J < PShy (J)Y -cpt is final, the limit
functor lim;: Fung(1,Q2) — Q preserves the colimit of d if and only if it preserves the colimit of d’ (see
Proposition 3.1.8.1), which is indeed the case as PSh. (C)V P is U-filtered. By replacing B with B, 4 and
carrying out the same argument (which is possible by Remark 4.1.5.2), this already implies that J must

be U-filtered, as desired. O

4.2. Cardinality in internal higher category theory

In our treatment of accessibility and presentability for B-categories later in this paper, we will rely on
the existence of an ample amount of doctrines that satisfy the decomposition property. Therefore, it will
be crucial to know that there are sufficiently many (left) regular and sound doctrines in any oco-topos B.
The main objective of this section is to construct such internal classes. More precisely, our approach is to



4.2. CARDINALITY IN INTERNAL HIGHER CATEGORY THEORY 105

first construct what we call the canonical bifiltration of the B-category Catg, i.e. a 2-dimensional filtration
by internal classes which can be regarded as a way to order B-categories by size. The first dimension
of this bifiltration is parametrised by cardinals, and the second one by the poset of local classes in B.
The canonical bifiltration will be ezhaustive, so that every B-category can be assigned an upper bound
in size, and it will be exclusively comprised of regular doctrines. We carry out the construction of this
bifiltration in § 4.2.1. In § 4.2.2, we discuss how one can extract a particularly well-behaved subfiltration
from the canonical bifiltration that is still exhaustive and in which each member is sound. The latter will
be parametrised by a class of cardinals that satisfy a property which depends on the oo-topos B and that
we refer to as B-regularity. Finally, we discuss a particular member of the canonical bifiltration in § 4.2.3,

that of finite B-categories.

4.2.1. The canonical bifiltration of the B-category of B-categories. Recall that when X is
an arbitrary class of co-categories (i.e. a full subcategory of Cat,), we denote by LConsty the essential
image of the canonical functor X — Cat,, — Catg in which the second map is obtained as the transpose
of constg: Caty — Cat(B) =T Catg. If S is a local class of morphisms in B, we denote by (X, S) the
internal class of B-categories that is generated by LConsty and Qg.

DEeFINITION 4.2.1.1. Let X C Cat, be a class of co-categories and let S be a local class of morphisms
in B. We define the internal class Catgc’s> of (X, S)-small B-categories as the left regularisation of (X, S).

We denote its underlying co-category of global sections by Cat(B)*:9),

REMARK 4.2.1.2. In the situation of Definition 4.2.1.1, let us denote by 7% .S the class of those maps
in B,4 whose underlying map in B is contained in S. Since (7)) preserves small colimits and covers,
this is still a local class, and one has a natural equivalence 7% Qg ~ Qﬂz s of subuniverses. With this
understood, Remark 4.1.3.3 gives rise to a canonical equivalence 7% Catg{’s> s Catg/c/’:rj‘s> for every

AecB.
By combining Proposition 4.1.3.4 with Example 3.2.4.11, one finds:

PROPOSITION 4.2.1.3. A (large) B-category C is Catg’&-complete precisely if

(1) The oo-category C(A) admits limits indexed by objects in K, and for every map s: B — A the
transition functor s*: C(A) — C(B) preserves these limits;
(2) For every map p: P — A in S, the functor s* admits a right adjoint s,: C(P) — C(A) and for

every cartesian square

in B in which p (and therefore q) are contained in S, the natural map s*p. — q.t* is an
equivalence.

Moreover, a functor f: C— D of Catg{’w—complete B-categories is Catg{’s>

-continuous precisely if for
all A € B the functor f(A) preserves limits indexed by objects in KX, and for all maps p: P — A in S the
natural morphism f(A)p. — p«f(P) is an equivalence.

The dual statements about cocompleteness and cocontinuity (both understood with respect to the right

reqular class op(Cath’&)) hold as well. O

In the situation of Definition 4.2.1.1, note that whenever X is a doctrine (i.e. a small co-category)
and S is bounded (i.e. the subuniverse Qg that corresponds to S is small), Proposition 4.1.3.9 implies
that Catgc’s> is a doctrine. Therefore, assigning to a pair (X, S) the regular class Catgc’s> defines a map
of posets

Subim (Cats) x Subfm (Q) — Subf™!(Catgp)

that we refer to as the canonical bifiltration of Catg.
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REMARK 4.2.1.4. The canonical bifiltration is ezhaustive. In fact, if C is an arbitrary B, 4-category,
we may find a small co-category J and a diagram d: g — Cat(B,4) with colimit C such that for all j € J
one has d(j) ~ A" ® B for some n > 0 and some B € B/,. Note that A™ ® B can be identified with the
B-indexed colimit of the constant diagram in Catg /4 With value A™. Therefore, by choosing X to be the
doctrine of co-categories spanned by the single object J € Caty, and choosing S to be the bounded local
class that is generated by the maps B — A, we find that C is (X, S)-small.

EXAMPLE 4.2.1.5. Since every B-category is a small colimit of objects of the form A™ ® A with n >0
and A € B, we deduce that the regularisation of (Caty,all) is Cats (where the local class all is the class

of all morphisms in B).

4.2.2. k-small B-categories. Let x be a cardinal. Recall from [57, § 6.1.6] that a map p: P — A in
B is said to be relatively k-compact if for every k-compact B € B and every map s: B — A, the pullback
s$*P is k-compact as well. We denote by k-cpt the local class of morphisms in B that is generated by
the relatively x-compact morphisms, and we let Qf, be the associated subuniverse. Explicitly, a map
p: P — A is contained in k-cpt precisely if there is a cover (s;);: | |; Ai - A such that s}p is relatively
k-compact for each 7.

Let us denote by Catl, the doctrine of k-small co-categories. We may now define:
DEFINITION 4.2.2.1. A B-category is said to be k-small if it is (Catl, k-cpt)-small. We will use the
notation Catf = (Zat%cat“’“'ClDt> to denote the internal class of x-small B-categories, and we denote its

underlying co-category of global sections by Cat(B)".

REMARK 4.2.2.2. Note that for general A € B there is no reason to expect an equivalence 7% Qf, ~
Q%/A. Therefore, we can also not expect to have an equivalence 7% Catf ~ Cat%/A. The situation
improves, however, when A is assumed to be k-compact. In this case, the observation that an object in
B4 is k-compact if and only if its underlying object in B is x-compact implies that a map in B/, is
relatively k-compact if and only its underlying map in B is relatively x-compact, so that we obtain an

K

equivalence 74 Qf ~ Ba By using Remark 4.2.1.2, this equivalence in turn induces an equivalence
* K ~ K
7TA CatrB ~ CatB/A .

The internal class Catf is not very well-behaved for arbitrary cardinals x. Therefore, we will restrict

our attention to a certain class of cardinals that are in a sense adapted to the co-topos B.

DEFINITION 4.2.2.3. We say that cardinal k is B-regular if
(1) k is regular and uncountable;
(2) B is k-accessible;
(3) the full subcategory B Pt — B of k-compact objects in B is closed under finite limits and
subobjects in B.

REMARK 4.2.2.4. Every uncountable regular cardinal  is 8-regular. In fact, condition (2) is immediate,
and 1 € § is certainly k-compact. Moreover, if P = A X B is a pullback of k-compact co-groupoids,
descent implies P ~ colimge 4 Pl,. Since k-compact co-groupoids are precisely those which are k-small [57,
Corollary 5.4.1.5] and since x-compact objects in 8 are stable under x-small colimits, it suffices to show
that P|, is k-compact. We may therefore reduce to the case where A ~ 1. By the same reasoning, we can
assume B ~ 1 as well. But then P can be identified with a mapping oo-groupoid of C, which is k-small
by again making use of [57, Corollary 5.4.1.5]. Finally, the identification of k-compact co-groupoids with
k-small co-groupoids also shows that these are stable under subobjects. Hence condition (3) is satisfied

as well.

REMARK 4.2.2.5. Note that there is an ample amount of B-regular cardinals, in the sense that if s’ is
an arbitrary cardinal one can always find a larger cardinal k > &’ that is B-regular. Indeed, by enlarging

k' if necessary one can always arrange for B to be k’-accessible. Then for any (uncountable) x > &’
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(in the sense of [57, Definition A.2.6.3]) for which B* ~P* is x-small, an object in B is x-compact if and
only if the underlying presheaf on B* P! takes values in the full subcategory 8$7-Pt < § of k-compact
oo-groupoids [57, Lemma 5.4.7.5]. In combination with Remark 4.2.2.4, this shows that x is B-regular.

In particular, this argument shows that we can always find a B-regular x such that x > x’.

REMARK 4.2.2.6. If x is a B-regular cardinal, then & is also B, 4-regular for every k-compact object
A € B. In fact, since an object in B4 is x-compact if and only if its image along (74), is k-compact, every
object in B4 is a s-filtered colimit of k-compact objects, which shows that (2) is satisfied. Condition (3)
follows from A being k-compact, together with the fact that (74 )i preserves pullbacks (and consequently

also subobjects).

REMARK 4.2.2.7. For every B-regular cardinal k, the co-topos B admits a presentation by the full
subcategory B¥-°P' C B of k-compact objects, in the sense that its Yoneda extension PSh(B*-°Pt) — B
is a left exact and accessible Bousfield localisation [57, Proposition 6.1.5.2]. Moreover, the inclusion
B < PSh(B"*-°P") commutes with x-filtered colimits. In particular, the global sections functor I': B — 8
commutes with s-filtered colimits, so that constg restricts to a functor §%-°Pt — Br-cpPt,

The first main result in this section will be the following characterisation of k-small B-categories

when & is B-regular:

PROPOSITION 4.2.2.8. Let k be a B-regular cardinal, and let C be a B-category. Then the following
are equivalent:
(1) C is k-small;
(2) C is a k-compact object in Cat(B);
(8) C is contained in the smallest full subcategory of Cat(B) that is spanned by objects of the form
A" @ G forn >0 and G € B°P gnd that is closed under k-small colimits;
(4) C is a k-compact object in Ba;
(5) Co and Cy are k-compact objects in B.

REMARK 4.2.2.9. On account of Remark 4.2.2.2, Proposition 4.2.2.8 implies that for every xk-compact
object A € B, we can identify Cat7(A) with the full subcategory of k-compact objects in Cat(B,4).

The proof of Proposition 4.2.2.8 requires a few preparations. We begin by establishing that the class
of relatively k-compact maps in B is already local.

LEMMA 4.2.2.10. Let k be a B-regular cardinal and let I be a small set. For everyi € I, let P, — A;
be a relatively k-compact map in B. Then | |, P; — | |, A; is relatively k-compact.

PRrROOF. Let G be k-compact, and let s: G — | |; A; be a map. Write I = colim; I; as a k-
i€l A,L and
Ll; Pi ~ colim; | |, I P;. As G is k-compact, there is some j such that s factors through the inclusion
e 1 Ai = L]; A;. By descent, we obtain a pullback diagram

filtered union of its k-small subsets, so that one obtains equivalences | |; A; ~ colim;| |

Lier, i — L; i

! !

Lier, Ai — L; 4,

which implies that the pullback of | |, P; — | |, 4; to G is equivalent to the pullback of | |
to G. By again using descent, this pullback can be identified with the coproduct | |

i€l b= I-'ielj Aq
icl; P; x 4, G;, where
Gi=G XL As A;. As G, is a subobject of G and therefore k-compact, the fibre product P; x 4, G; is

r-compact as well. Since I is k-small, we conclude that also L P; x 4, G; is k-compact, as desired. [

iGIj
PROPOSITION 4.2.2.11. Let k be a B-regular cardinal. Then every object in QY is already relatively

k-compact. In other words, the class of relatively k-compact maps in B is local.
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PROOF. Let P — A be an object in Qf(A). By definition, there is a cover (s;): | ];c; A - A
such that s7P — A; is relatively x-compact. By Lemma 4.2.2.10, the map | |, P; — ||, A; is relatively
k-compact. The result therefore follows once we show that relatively x-compact maps are stable under
A°P-indexed colimits in Fun(A', B). By [57, Lemma 6.1.6.6] they are stable under pushouts, so we only

need to consider the case of small coproducts, which again follows from Lemma 4.2.2.10. ]

REMARK 4.2.2.12. In [57, Proposition 6.1.6.7], Lurie shows that the class of relatively x-compact
maps in B is local already when B is k-accessible and B*-°P! is stable under finite limits in B. However,
we failed to understand how Lurie derives this result without the additional assumption that B~-¢Pt
is also stable under subobjects in B. Therefore, we decided to reiterate Lurie’s proof with this added

assumption.

Next, we need to establish that every B-regular cardinal is also B A-regular. This will be a consequence

of the following characterisation of k-compact simplicial objects in B:

PRrROPOSITION 4.2.2.13. If k is a B-regular cardinal, then the oco-topos B is k-accessible, and if C is
a simplicial object in B, the following are equivalent:
(1) C is k-compact;
(2) C, € BE-Pt for all n > 0;
(8) C is contained in the smallest subcategory of Ba that is spanned by objects of the form A™ @ G
forn >0 and G € BrP' and that is closed under r-small colimits;

PROOF. Remark 4.2.2.7 implies that the inclusion B < PSh(A x B*-°PY) commutes with x-filtered
colimits, which immediately implies that Ba is k-accessible. Moreover, since A is a k-small oco-category,
every simplicial object in B that is level-wise x-compact is also k-compact in B A [57, Proposition 5.3.4.13],
hence (2) implies (1). If C satisfies (3), the fact that for every k > 0 the functor (—); commutes with
small colimits implies that C}, is contained in the smallest full subcategory of B that contains all objects
of the form A} x G for G € Br-Pt and n > 0 and that is closed under x-small colimits. Since A} is a
finite set, this implies that C}, is k-compact, hence (2) follows. Finally, suppose that C' is k-compact. We
may write C' as a small colimit of objects of the form A™ ® G for n > 0 and G € B*-°P* and therefore
by [57, Corollary 4.2.3.10] as a k-filtered colimit C ~ colim; C* where each C* is a k-small colimits of
objects of the form A™ ® G. As C is k-compact, there is some iy such that the identity on C factors
through C% — C. In other words, C is a retract of C%. As retracts are countable and therefore a fortiori

k-small colimits, (3) follows. O

COROLLARY 4.2.2.14. If k is a B-reqular cardinal, then k is Ba-regular as well. Moreover, a map
in Ba is relatively k-compact if and only if it is level-wise given by a relatively k-compact morphism in
B. O

LEMMA 4.2.2.15. If k is a B-regular cardinal and if C' is a k-compact simplicial object in B, then

CK is k-compact for every w-compact simplicial co-groupoid K.

PROOF. As k-compact objects in B are stable under retracts and as every w-compact simplicial
oo-groupoid is a retract of a finite colimit of n-simplices, we may assume without loss of generality
that K is a finite colimit of n-simplices. Therefore C¥ is a finite limit of objects of the form C2",
so that Corollary 4.2.2.14 implies that we may reduce to the case K = A"™. Now on account of the
identity (C2")), ~ (CA"XA]C)O and by using the fact that A x A* is again w-compact, we can identify
(CA™) as a finite limit of objects of the form (CAl)o ~ (), which shows that (C2"); is k-compact. By
Proposition 4.2.2.13, one concludes that C2" is k-compact in Ba. (|

LEMMA 4.2.2.16. For every w-compact simplicial co-groupoid K, the functor (—)5: Ban — Ba

commutes with filtered colimits.
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PROOF. As every w-compact simplicial co-groupoid K is a retract of a finite colimit of n-simplices,
we may assume without loss of generality K = A". As it suffices to show that(—)kAn commutes with
filtered colimits for all £ > 0, the same argumentation as in the proof of Lemma 4.2.2.15 shows that
we may reduce to showing that (7)0An commutes with filtered colimits. On account of the equivalence

—)8" ~ (=), this is immediate. 0
(=)o

LEMMA 4.2.2.17. Let k be a B-regular cardinal, let C' be a k-compact simplicial object in B and let
C — L(C) be the unit of the adjunction (L 41i): Cat(B) = Ba. Then L(C) is k-compact as well.

PrOOF. We will make use of the co-categorical version of the small object argument as developed
in [4, § 2.3]. For the convenience of the reader, we briefly explain the setup, at least in the special case
that is relevant for this proof. Suppose that S is a finite set of maps in SA such that for every map
s: K — L in S the functors (—)¥ and (—)* commute with filtered colimits in Ba. Let (£,R) be the
factorisation system in Ba that is internally generated by the set S. To any object C' € Ba, we can now
assign a sequence

N — Ba, k— C(k)
by setting C'(0) = C and by recursively defining a map C(k) — C(k + 1) via the pushout

Us: k2 LOC(R)F Ukgemy: K @ C(k)K —— C(k)

| J

in which the coproduct ranges over all maps s: K — L in S. Then [4, Theorem 2.3.4] shows that the
object colimy C'(k) is internally local with respect to the maps in 5, i.e. contained in ®/;, and that
furthermore the map C' — colimy C(k) is contained in £, so that it is equivalent to the unit of the
adjunction R/; = B evaluated at C € Ba.

Now if we let S be the set {E' — 1,I? — A?}, Lemma 4.2.2.16 shows that we are in the above
situation. Consequently, if C' is a k-compact object in Ba, the B-category L(C) can be computed as a
countable colimit of the objects C'(k) as constructed above. Hence it suffices to show that each C(k) is

k-compact, which easily follows from k being Ba-regular (Corollary 4.2.2.14) and Lemma 4.2.2.15. O

PROOF OF PROPOSITION 4.2.2.8. We first show that (2)—(5) are equivalent. By combining Propo-
sition 4.2.2.13 with the Segal conditions, one finds that (4) and (5) are equivalent. Moreover, since
Cat(B) is an w-accessible localisation of B, the localisation functor preserves k-compact objects, which
shows that (4) implies (2). Suppose now that C is a k-compact object in Cat(B). As in the proof of
Proposition 4.2.2.13, we can find a r-filtered co-category J such that C ~ colim;cg C/ where each C7 is a
k-small colimit of objects of the form A™ ® G, where n > 0 and G € B*-°Pt. Hence C is a retract of some
CJ, so that (3) holds. Lastly, since we can compute any small colimit in Cat(B) by first taking the colimit
of the underlying diagram in Ba and then applying the reflector L: Bo — Cat(B), Lemma 4.2.2.17
implies that every s-small colimit in Cat(B) of objects of the form A™ ® G with n > 0 and G € B*P s
also k-compact in Ba. Thus (3) implies (4).

Finally, since Caty is closed under both LConstgagx - and Qf-colimits and since A" ® G can be
regarded as the colimit of the constant G-indexed diagram with value A", it is clear that (3) implies (1).
To show the converse, let V be the internal class that is spanned by those B, 4-categories (for A € Bro-cpt)
that satisfy the B, 4-categorical analogue of (3). Note that if | |; A; — 1 is a cover by x-compact objects
and if D is a B-category such that 77 D satisfies the B, 4,-categorical analogue of condition (3), then D
satisfies (3): in fact, since we have already established that (3) and (4) are equivalent, this is a consequence
of Proposition 4.2.2.11 and Corollary 4.2.2.14. As a consequence, for every x-compact object A € B, we
can identify V(A) with the class of B, 4-categories that satisfy the B, 4-categorical version of condition (3).
As V clearly contains both LConstcatx and Qf, the proof will be complete once we show that V is closed
under both LConstcatx - and Qf%-colimits. By our description of V(A) for every s-compact A € B and
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the fact that colimits can be computed locally by Remark 3.1.1.8, this is clear for the first case. To
show the second case, we need to verify that for every relatively k-compact map p: P — A, the functor
p: Cat(B/p) — Cat(B,4) restricts to a map V(P) — V(A). Using again that the class of relatively
k~-compact maps is local, it is enough to consider the case where A (and therefore also P) is k-compact.
To show the claim, we may again use the explicit description of V(A) and V(P) to deduce that it suffices
to verify that py carries x-small colimits of objects in Cat(B,p) of the form A" ® Q (with @ — P relatively
k-compact) to x-small colimits of objects in Cat(B/4) of the form A" ® Q (with Q — A k-compact).
Since p; preserves small colimits and acts by postcomposition with p, this follows from the fact that

relatively k-compact maps are closed under composition. O
COROLLARY 4.2.2.18. For every B-regular cardinal k, the internal class Caty is a doctrine.

PRrROOF. As B is generated by B”, Remark 4.2.2.2 implies that we only need to show that the collection

of k-small B-categories is small, which is an immediate consequence of (2) in Proposition 4.2.2.8 O

By construction, the internal class Caty is regular for every cardinal k. We conclude this section by

proving that whenever x is B-regular, the doctrine Caty is sound.

LEMMA 4.2.2.19. Let k be a B-reqular cardinal, and let J be a k-filtered co-category. Then J is

Catf; -filtered when viewed as a constant B-category.

PRrROOF. By Proposition 4.1.1.5, we need to show that the inclusion Fung(d,Q) < Fung(d”,Q) is
Catf;-continuous. Since J is x-filtered, the inclusion section-wise preserves k-small limits. It therefore
suffices to show that it is Q"-continuous. This amounts to showing that for every A € B and every
G € Q"(A) the geometric morphism B,; — B4 commutes with J-indexed colimits. As the preservation
of colimits is a local condition 3.1.2.1 and as B is generated by the x-compact objects in B, we may assume
that A is k-compact. In light of Remark 4.2.2.6, we may thus replace B with B, and can therefore
reduce to the case A ~ 1. As k is B-regular, the collection of k-compact objects in B is stable under finite
limits. Therefore, for every H € B*Pt the functor mapg (G x H,—) preserves J-filtered colimits. By
Yoneda’s lemma, this implies that the functor Homg (G, —) also preserves J-filtered colimits. On account
of the pullback square

(7). —— Homy (G, (ra):(-))

| |

diag(1) e, diag(Homg (G, G))
in Fun(B,¢, B) and the fact that the cospan in the lower right corner consists of functors which preserve

J-indexed colimits, the claim follows from the fact that J-indexed colimits commute with finite limits. [J

LEMMA 4.2.2.20. Let k be a B-regular cardinal, and let J be a Catf-cocomplete B-category. Then the

canonical functor ') — J that is obtained from the counit of the adjunction constg 4T is final.

PRrROOF. For every G € B"~P' the functor J(1) — J(G) admits a left adjoint and is therefore
in particular final. In other words, if i: B < PSh(B*=°P') denotes the inclusion, then the functor
€: I'pgp(sr-cptyid — iJ is section-wise final. But since the local sections functor evg: PSh(Br-cPt) — §
defines an algebraic morphism of co-topoi and since every algebraic morphism preserves both final
functors and right fibrations, applying evg to any factorisation of € in Cat(PSh(B*-P')) into a final
functor and a right fibration yields a factorisation of ¢(G) into a final functor and a right fibration in
Catso. Consequently, the map € must already be final. As we recover the map I'J — J by applying the
algebraic morphism L: PSh(B*-°Pt) — B to ¢, the claim follows. O

PROPOSITION 4.2.2.21. If k is a B-regular cardinal, then Caty is sound.

PROOF. On account of Corollary 4.1.5.12, it suffices to show that Caty is weakly sound. Together
with the fact that B is generated by its k-compact objects and Remark 4.2.2.2, it is therefore enough to
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prove that every Catf;-cocomplete B-category J is Catf;-filtered. By Lemma 4.2.2.20 and Remark 4.1.1.7,
we can furthermore assume that J is the constant B-category associated with an co-category that admits
k-small colimits and that is therefore s-filtered [57, Proposition 5.3.3.3]. As a consequence, the result
follows from Lemma 4.2.2.19. O

REMARK 4.2.2.22. As a consequence of Proposition 4.2.2.21, if C is an arbitrary B-category, there is
always a regular and sound doctrine U such that C € U(1). In fact, we only need to choose a B-regular
cardinal s such that C is k-compact (and therefore k-small by Proposition 4.2.2.8) and set U = Catf.
More generally, if V is a doctrine, we can find a B-regular cardinal x such that Vj is xk-compact and such
that the tautological object 7: Vo — V corresponds to a s-small B,y -category. As every object of V (in

arbitrary context A € B) arises as a pullback of 7, this implies that V is contained in Catf;.

COROLLARY 4.2.2.23. For every B-reqular cardinal , there is an equivalence

Cat7 -cpt ~ OF
QS ~ Q5

of full subcategories in Q.

PROOF. Since Catfy is a sound doctrine by Proposition 4.2.2.21, it has the decomposition property.
We may therefore apply Proposition 4.1.5.10 to deduce an equivalence

QS P ~ Retg(Small$™ (1)).

Note that if G: 1 — Mgt% (1) is an arbitrary object, there is a cover | |, A; = 1 of B (without loss of
generality by s-compact objects) and for each i a k-small B 4,-category J such that 7% G ~ Jerd Since
K is by definition uncountable, we thus find that 7’y G arises as a x-small colimit of k-compact objects
in B4, (using the characterisation of s-small B, 4,-categories in Proposition 4.2.2.8) and is therefore
itself k-compact. Using Proposition 4.2.2.11, this implies that G is k-compact itself. By Remark 3.3.2.2,
the same argument can be carried out for every object in Mgt% (1) in context A € B*=°P' and since
the collection of x-compact objects in B generate B under small colimits, this implies that we have an
inclusion
Smallg™™ (1) — Q5.

Using again that x is uncountable, the collection of k-compact objects in B is closed under retracts, and
as the same is true for the class of x-compact objects in B, 4 for every A € Br-Pt we find that Qf is
closed under retracts in €2, so that we obtain an inclusion

Catl; -cpt K
Qg — QF%.

Conversely, it is clear that whenever G is a k-small B-groupoid, the associated object G: 1 — € is contained
in Mg’t% (1). Again, the same is true for every s-small B, 4-groupoid whenever A is k-compact. Hence
we obtain an inclusion

Qf < QP
which finishes the proof. O

4.2.3. Finite B-categories. In this section we will discuss another important example of a regular
and sound doctrine. Recall that a quasicategory € is called finite if there is a finite simplicial set and a
Joyal equivalence K — €. This is equivalent to C being contained in the smallest subcategory of Cate,
that contains @, A? and A! and is closed under pushouts (see [87, Proposition 2.5]). We denote the
associated doctrine of co-categories by Fing. Let us denote by eq the local class of equivalences in B. We

may now define:

DEFINITION 4.2.3.1. A B-category is said to be finite if it is (Fing, eq)-small, and we shall denote
by Fing = Catgins’ecl> the associated regular doctrine of finite B-categories. We will denote by Fin(B)
the underlying oco-category of global sections. We say that a B-category | is filtered if it is Fing-filtered.
We will say that a B-category has finite (co)limits if it is Fing-(co)complete, and a functor preserves
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finite (co)limits if it is Fing-(co)continuous. Dually, we say that a B-category has filtered colimits if it is
Filt-cocomplete, and a functor preserves filtered colimits if it is Filt-cocontinuous. If C is a B-category that
has filtered colimits, an object ¢: A — C is said to be compact if it is Filtgi,,,-compact, and we denote the
full subcategory of compact objects in C by CPt,

REMARK 4.2.3.2. By Remark 4.2.1.2 and the evident fact that 7eq = eq as local classes in B4,

there is a canonical equivalence 7% Fing =~ Fing/A for all A € B.

REMARK 4.2.3.3. Every filtered B-category J satisfies J8?4 ~ 1. In fact, by Corollary 4.1.2.6 it is
weakly filtered, thus in particular the unique functor I — Fung(&,1) = 1 is final.

PROPOSITION 4.2.3.4. There is an equivalence Fing >~ LConstrin, of internal classes. In other words,

a finite B-category is simply a locally constant sheaf of finite oco-categories.

PROOF. Since Qqq = 1q as full subcategories, we can describe Fing as the regularisation of LConstipy-.
But since Cato, is compactly generated, we may apply Corollary A.4 and conclude that LConstpiy, is
already closed under LConstpi,-colimits in Catg. Hence the claim follows. O

By Proposition 4.2.1.3, finite limits and preservation of finite limits can be checked section-wise:

PROPOSITION 4.2.3.5. Let C be a B-category. Then
(1) C has finite limits if and only if C(A) has finite limits for every A € B and for every s: B — A
the functor s*: C(A) — C(B) preserves finite limits.
(2) A functor f: C — D between B-categories that have finite limits preserves such limits if and
only if f(A): C(A) — D(A) preserves finite limits for every A € B.

The dual statements about finite colimits hold as well. [l
One can construct an ample amount of filtered B-categories from presheaves of filtered co-categories:

PROPOSITION 4.2.3.6. Say that B is given as a left exact accessible localisation L: PSh(C) — B
where C is a small co-category. Let J be any PSh(C)-category such J(c) is filtered for every ¢ € C. Then
L] is a filtered B-category.

PROOF. Let i: B < PSh(C) be the inclusion. Since L is left exact, it induces a functor of PSh(C)-
categories L: Qpgp(ey — Qg that for every A € PSh(C) is given by

L/AZ PSh(@)/A — B/LA.

By Proposition 4.2.3.5, the functor L thus preserves finite limits. Furthermore, it readily follows from
Proposition 2.4.2.9 that L admits a right adjoint ¢ that is fully faithful. Therefore, we have a commutative

diagram

lim
Fung (J, Qpsice)) ——r Qpsnce)

B B

m'B (J7ZQ‘B) TIITIJ> ZQB

Since there is an equivalence iFung(J,iQs) ~ Fung(LJ,Qp) that is natural in J, the lower colimit
functor in the above diagram can be identified with the functor i colimy;: iFung(LJ, Qg) — iQp. Using
that ¢ is fully faithful, we get that this map is equivalent to the composition L colimji.. Therefore,
it suffices to show that the upper colimit functor in the above diagram preserves finite limits. To see
this, since PSh(€),. ~ PSh(C,.) for every c € € and since € — PSh(C) generates PSh(€C) under small
colimits, it suffices to show that the functor (—)&P4: LFib(J) — PSh(C) commutes with finite limits, cf.
Propositions 3.1.4.1 and 4.2.3.5. Since for every ¢ € € the evaluation functor ev.: PSh(€) — 8§ commutes
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with small colimits, the lax square

_\epd
LFibpgy(e)(J) 2 PSh(€)

J{evC J{CVC

(-
LFibg(J(c)) —— 8
is commutative. By assumption and the fact that ev, preserves limits, the functor (—)gpd o ev,. commutes
with finite limits, hence so does ev. o(—)8P9. The claim now follows from the fact that (ev.).ce: PSh(C) —

[I.ce 8 is a conservative functor. O
This leads to the main result of this section:
PROPOSITION 4.2.3.7. The doctrine Fing is sound.

PRrROOF. Since Fing is by definition regular, Corollary 4.1.5.12 implies that suffices it to show that
Fing is weakly sound. Using Remark 4.2.3.2, we only need to show that every B-category J that has finite
colimits is already filtered. But since J in particular admits finite constant colimits, it is section-wise
filtered, hence the result follows from Proposition 4.2.3.6. O

As a result of Proposition 4.2.3.7, we can now classify the compact objects of €. To that end, Let us
denote by LConstgert the full subcategory of Q that arises as the essential image of the map 8Pt — Q
(which is defined as the transpose of consts : §P* — B). We now obtain:

COROLLARY 4.2.3.8. There is an equivalence
Q%pt ~ LConstgept
of full subcategories in Q.

PRrROOF. Since Fing is a sound doctrine by Proposition 4.2.3.7, it has the decomposition property.

We may therefore apply Proposition 4.1.5.10 to deduce an equivalence
QP ~ Retq(Smallfi"™ (1)).

Hence, if G: A — Q°P' is an arbitrary object, there is a cover (s;): ||, 4; - A in B such that s;G is
a retract of an object in Mg”i‘ (1) in context A;, for every i. By further refining this cover, we can
furthermore assume that for each i there is a finite B, 4,-category J; such that 77 G is a retract of prd.
Hence s7G is a retract of an object in LConstgept in context A;, so that Corollary A.4 implies that s} G is
itself contained in LConstgert, which necessarily implies that G is contained in LConstgest. Conversely, if
G is an object of LConstgept in context A € B, we can find a cover (s;): | |; A; - A in B such that sG is
a constant B, 4,-groupoid coming from a compact co-groupoid, which in turn implies that s;G is a retract
of a constant B, 4,-groupoid coming from a finite co-groupoid. As this implies that s;G is a retract of
an object in Mg"ﬂ (1) in context A;, we conclude that sfG must be contained in Q' so that G is

contained in Q°Pt as well. O

The goal for the remainder of this section is to discuss a more explicit description of filtered B-
categories in the case where B is hypercomplete. To that end, recall that the filtered oco-categories can
be characterised as those co-categories € for which every map X — € from a finite co-category X can
be extended to a map from the cone X> — €. In other words, the co-category € is filtered if and only
if for any finite oo-category X the functor j*: Fun(X”,€) — Fun(X, €) induced by restricting along
the inclusion j: KX < X* is essentially surjective. This characterisation admits an immediate internal

analogue:

DEFINITION 4.2.3.9. A B-category J is called quasi-filtered if for every finite co-category X the functor
7% Fung (X*,J) — Fung (X, J) is essentially surjective.
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As the terminology suggests, every filtered B-category is quasi-filtered. To prove this, we require the

following lemma, which gives a very explicit description of the notion of quasi-filteredness:

LEMMA 4.2.3.10. Let J be a B-category. Then J is quasi-filtered if and only if for any A € B and any
diagram K — J(A) where X is a finite co-category there exists a cover (s;);: ||, Ai = A in B such that
for every i we can find a map K> — J(A;) making the diagram

X —— J(A)

jj ls :

K> —— J(A;)
commute.

PROOF. Let us first assume that J is quasi-filtered. Choose a diagram X — J(A) that corresponds to
a map A — Fung (X, J), and let us form the pullback square

P — Fung (K>, J)=

ls [E85

A —— Fung (X, J)=.

Since j* is essentially surjective, (j*)= is a cover [62, Corollary 3.8.12], hence so is the map s. Thus
s: P — A gives the desired cover. For the converse, we may pick the diagram X — J(Fung (X, J)~) that
is determined by the identity id: Fung (X, J)= — Fung (X, J)=. By assumption we may now find a cover
(si)i: L; Ai = Fung (X, J)™ such that the diagram

L; Ai —— Fung (X, J)~

J |

Fung (K, )~ —— Funy (X, J)
commutes. Thus j* is also a cover, as desired. O
PROPOSITION 4.2.3.11. Ewery filtered B-category is quasi-filtered.

PROOF. Suppose that J is a filtered B-category. In light of Lemma 4.2.3.10, it suffices to show that
for every finite oco-category X, every diagram d: X — J locally extends to a map X* — J. Note that J
being filtered implies that Jf}od ~ 1. Therefore there is a cover A — 1 in B such that J;/(A) is non-empty.

Unwinding the definitions, this exactly provides the desired local extension of d. O

In [15, Expose V, Definition 8.11] Deligne chose (a 1-categorical analogue of) Definition 4.2.3.9 to
define filtered 1-categories internal to a 1-topos, so one might be inclined to surmise that the notions of
filteredness and quasi-filteredness coincide. In light of Proposition 4.2.3.11, the second is always implied
by the first, and the converse is in fact true in the case where B ~ § (see [57, Proposition 5.4.1.22]). For
general co-topoi, however, this is no longer the case, the obstruction being the presence of non-trivial

oo-connected objects:
PROPOSITION 4.2.3.12. Let G € B be an oo-connective object. Then G is a quasi-filtered B-category.

PrROOF. It is well-known (see [70]) that G is co-connective if and only if for an arbitrary finite

oo-category X, the diagonal map G — Fung (X, G) is a cover. This clearly implies the claim. O

Since any filtered B-groupoid is necessarily equivalent to the final object, Proposition 4.2.3.12 shows
that any non-trivial co-connective object gives rise to a B-category that is quasi-filtered but not filtered.
In the remainder of this section we will show that is essentially the only obstruction. More precisely we
will show that if B is hypercomplete, then any quasi-filtered B-category is filtered.
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LEMMA 4.2.3.13. Let C be a quasi-filtered B-category and assume that B is hypercomplete. Then
Cepd ~ 1,

PROOF. Since B is hypercomplete, it suffices to see that the diagonal map C&4 — mapq (K, C&P4)
is a cover for any finite co-groupoid K, as in this case C&9 is co-connective (see [70] again). So it is
enough to see that for every A € B, every map f: K — C89(A) from a finite co-groupoid K locally
factors through the point. Replacing B by B,4 we may assume that A =1, so that f corresponds to a
map g: K — C#4. Now recall that since the doctrine of finite B-categories is sound and regular, we can
find a filtered B-category J and a diagram d: J — Fing with colimit C. Since (—)&P¢ is cocontinuous and

K is a compact object of by Corollary 4.2.3.8, the canonical map
colJim mapq (K, d(—)8PY) — mapq (K, C&P9)

is an equivalence. If we denote the left fibration classifying mapq (K, d(—)&P) by p: P — J it follows from

Proposition 3.1.4.1, that we have an essentially surjective functor
P — perd ~ colJim mapq (K, d(—)&P9.

In particular the global section g: 1 — mapgq (K, C&8P4) lifts locally to a section of P. In other words,
we may find a cover | |, Ay — 1 and objects ji: Ay — J for each k such that 7 g factors through the
canonical map d(j, )84 — A, Cerd. Since d(ji) is a finite B 4-category we may pass to a further cover
and can therefore assume that d(ji) is the constant B4, -category associated to a finite oo-category.
Therefore, the assumption that C is quasi-filtered implies that locally the map d(ji)8P4 — 7% C8P¢ factors
through the final object, hence the claim follows. O

PROPOSITION 4.2.3.14. Suppose that B is hypercomplete. Then any quasi-filtered B-category is
filtered.

ProOOF. Let C be quasi-filtered. Since Fing is sound, we only have to verify that for any finite
B-category K the diagonal functor C — Fung (K, C) is final. Since being final is a local property, we may
assume that K is the constant B-category attached to some finite co-category X (see Proposition 4.2.3.4).
Now for any diagram d: X — C, we will show that the slice B-category Cy, is again quasi-filtered. To
see this, let X’ be a finite co-category and consider an arbitrary map f: X’ — C4/(A) for some A € B.
Passing from B to B, and using that 7% (Cy/) ~ (WZC)ﬂ:‘d/ we may assume that A ~ 1. Since X is
constant, the global sections of C,4 recover the slice oo-category (I'C)q/. Therefore f is given by a map
fi KoX' — C(1) out of the join such that the restriction along K — X ¢ K’ recovers d. But since finite
oo-categories are stable under the join construction, we may find a covering (s;);: | |4; — 1 and for
every i an extension (K o X')” — C(A;) of w3 f’. But these precisely correspond to maps (X')” — C(A;)
extending s7 o f: X' — C(A;), which shows that C; is quasi-filtered and that therefore Cfll;d ~ 1 by
Lemma 4.2.3.13. Repeating the above argument with B, instead of B we get that the same holds for a
diagram d in any context A, so the claim follows from Quillen’s Theorem A [62, Corollary 4.4.8]. O

4.3. Accessible B-categories

In the classical 1-categorical literature, a x-accessible 1-category is one that can be obtained as the free
cocompletion of a small 1-category under r-filtered colimits [53, 60]. In [57, § 5.4], Lurie generalises this
concept to oco-categories. In this section we will introduce and study an analogous notion for B-categories,
that of a U-accessible B-category for any sound doctrine U. As with our discussion of U-filteredness,
we draw much of our inspiration from ideas in [1] and [78]. Our exposition is tailored to the study
of presentable B-categories in § 4.4, so we will not provide an exhaustive treatment of accessibility
for B-categories, but rather set up only the basic machinery that we will need for our discussion of
presentability later on. We begin in § 4.3.1 by giving the definition of a U-accessible B-category and
proving some basic results that will be useful later. In § 4.3.2, we discuss accessible functors. In § 4.3.3,
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we give a characterisation of U-accessible B-categories as those that are generated by U-compact objects

under U-filtered colimits. Finally, we discuss the notion of U-flatness in § 4.3.4.

4.3.1. Accessibility. If U is an arbitrary internal class of B-categories and if C is a B-category,
we will use the notation Ind(C) = L%g't“(C) to denote the free Filty-cocompletion of U. We write
Ind% (Q) for the underlying oo-category of global sections. If U = Fing, we will simply write Indg(C) for
the associated free Filtgi,,,-cocompletion and Indg (C) for its underlying co-category of global sections.

We may now define:

DEFINITION 4.3.1.1. Let U be a sound doctrine. A large B-category D is U-accessible if there is a
B-category C and an equivalence D ~ Inid%(C). A large B-category is called accessible if it is U-accessible
for some sound doctrine U.

REMARK 4.3.1.2. By combining Remark 4.1.1.2 with Proposition 3.4.1.11, we find that for every
A € B there is a canonical identification 7%Ind3% (C) ~ M%?B(TFZC) for every B-category C and every

sound doctrine U.

REMARK 4.3.1.3. In light of Proposition 4.1.3.6 one has Ind%(C) ~ mgﬁg(C) for every B-category
C and every internal class U. In particular, a large B-category D is U-accessible if and only if it is
Uis-accessible. When arguing about accessible B-categories, we can therefore always assume that U is in
addition left regular (cf. Corollary 4.1.3.7).

Suppose that D is a U-accessible B-category, i.e. that we have D ~ m%((:) for some B-category C.
Recall from § 3.4.1 that there is an inclusion SmallgiItU (C) < Ind% (C). The following proposition shows

that this inclusion is in fact an equivalence.

PROPOSITION 4.3.1.4. For any internal class U of B-categories and any B-category C, the fully faithful
functor Smallgft“ (C) < Ind% (C) is an equivalence. In other words, the Yoneda embedding C — SmallgItU (0
exhibits Small%IItU (C) as the free Filty-cocompletion of C.

ProoOF. It will be enough to show that Mg'tu (Q) is closed under Filty-colimits in PSh4(C). By
combining Remark 4.1.1.2 with Remark 3.3.2.2, this follows once we prove that for any U-filtered B-
category J, the colimit of any diagram d: J — Smallfi™ (C) in PShy(C) is contained in Smalli™ (C). Let
us set F' = colimd and let p: C;p — C be the associated right fibration. We need to show that C/p
is U-filtered. On account of the equivalence PShy(C) ~ RFibc and in light of Lemma 3.4.4.2, we may
regard d as a diagram d: J — RFibc < (Catg),c that takes values in the full subcategory (Filty),c (as
Filty is a colimit class by Remark 4.1.1.7). Let K — C be the colimit of d in (Catp)/c. As the right
fibration p: C;p — C is the image of K — C along the localisation functor L: (Cats),c — RFibc (see
Proposition 3.1.2.11), there is a final map K — C,p over C. It therefore suffices to show that K is U-filtered.
Now Proposition 3.1.6.3 implies that K is the colimit of the diagram (7wc)id: J — (Catg),c — Cats. By
construction, this diagram takes values in Filty. Therefore, the result follows from Proposition 4.1.1.8. [

REMARK 4.3.1.5. In light of Proposition 4.3.1.4, if C is a B-category and if U is a sound doctrine,
Remark 4.1.1.7 implies that a presheaf F': A — PShy, (C) in context A € B is contained in Ind,(C) if and
only if the B, 4-category C/p is 7 U-filtered.

For later use, let us record that our notion of accessibility is stable under the formation of slice
B-categories:

PROPOSITION 4.3.1.6. Let U be a sound doctrine and let D be a U-accessible B-category. Then D,q is
7% U-accessible, for any choice of object d: A — D.

Proor. Using Remark 4.3.1.2, we may assume that A ~ 1. Choose a B-category C such that
D~ m%(C). Let F': C°? — Q be the presheaf that corresponds to d under this equivalence. We then
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obtain a commutative diagram

C/r = Indg(C)/p — PShy(C)/p

lp l(m! ym)z

C " Indy(C) > PShy(C)

in which both squares are cartesian. By Lemma 3.3.1.5, the vertical map on the right can be identified
with pr: PShg (C/p) — PShg (C) such that the upper row in the above diagram recovers the Yoneda
embedding hc,,.. With respect to this identification, a presheaf on C;r is contained in Indg Q)r
precisely if the domain of the associated right fibration is U-filtered. We therefore obtain an equivalence
M%(C)/F ~ M%(C/F), hence the result follows. O

4.3.2. Accessible functors. It will be convenient to also have a notion of accessibility for functors

between accessible B-categories at our disposal:

DEFINITION 4.3.2.1. Let U be a sound doctrine. A functor f: C — D of large B-categories is
U-accessible if C and D are Filty-cocomplete and f is Filty-cocontinuous. We will call f accessible if it
is U-accessible for some sound doctrine U. We denote by Funi(C, D) the full subcategory spanned by
those objects A — Fung (C, D) such that the corresponding B, 4-functor 73 C — 7% D is accessible. We

acc

will denote by Funfy(C, D) the underlying oco-category of global sections.

REMARK 4.3.2.2. Let f: C — D be U-accessible for some sound doctrine U. By Remark 4.2.2.22 we
may find a B-regular cardinal  such that U C Catg. It follows that a functor is accessible if and only if

it is Catf-accessible for some B-regular cardinal .

REMARK 4.3.2.3. Let f: A — Fun3°(C,D) be an arbitrary object. By definition, this means that
there is a cover (s;): | ]; A; = A in B such that the functors s f: 7% C — 7 D are accessible for all i € I.
By Remark 4.3.2.2, we may find a B/ 4-regular cardinal « such that all A; are x-compact (in B/4) and
sifis Cat%/Ai—accessible for every k. Hence Remarks 4.1.1.2 and 4.2.2.2 together with Remark 3.2.2.3
imply that f is FiItCat%/A—cocontinuous, so in particular accessible. Thus, an object f: A — Fungz(C,D)

is contained in Fun%®(C,D) if and only if f defines an accessible functor between B, 4-categories. In

particular, one obtains a canonical equivalence 77 Funy*(C, D) ~ Fun3” (7, C, 7, D) for every A € B.

Somewhat surprisingly, provided that both domain and codomain have a sufficient amount of colimits,

accessibility of a functor between B-categories is an entirely section-wise concept:

PROPOSITION 4.3.2.4. Let k be a B-regular cardinal and let f: C — D be a functor between cocomplete

B-categories that is section-wise k-accessible. Then the functor f is Filtcaty, -accessible.

PROOF. As k is B-regular, Remarks 4.2.2.2 and 4.1.1.2 imply that it suffices to show that f preserves
the colimit of every diagram d: J — C with J a Catf;-filtered B-category. As C is cocomplete, there exists
an extension d’: PShy (J)©% -t — C of d. By Corollary 4.1.5.11, the inclusion J < PSh. (J)ats -opt
is final, hence we may replace J by PShy (J)%% Pt and d by d’ and can thus assume that J is Cat’y-
cocomplete (see Proposition 4.1.5.4). Using Lemma 4.2.2.20 and Remark 4.1.1.7, we can further reduce to
the case where J is the constant B-category that is associated with an oo-category with k-small colimits.

As by [57, Proposition 5.3.3.3] every such co-category is k-filtered, the result follows. O

COROLLARY 4.3.2.5. Let f: C — D be a functor of cocomplete large B-categories. Then f is accessible

if and only if [ is section-wise accessible.

PROOF. By Remark 4.3.2.2, we can assume that f is Catf;-accessible for some B-regular cardinal .
Then it follows from Lemma 4.2.2.19 that f commutes with colimits indexed by constant B-categories
attached to k-filtered oco-categories. In other words, f(A) commutes with x-filtered colimits for every

A € B and is thus section-wise accessible. For the converse, we pick a small full subcategory § < B that
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generates B under small colimits. Then we may find a B-regular cardinal & such that f(G) is k-accessible
for every G € G. Since the preservation of colimits is a local condition by Remark 3.1.2.1 and since every
object A € B admits a cover by objects in G, we conclude that f(A) preserves s-filtered colimits for all
A € B. Therefore f is accessible by Proposition 4.3.2.4. O

4.3.3. U-compact objects in accessible B-categories. In [57, Proposition 5.4.2.2], Lurie charac-
terises k-accessible co-categories as those that are generated by a small collection of k-compact objects
under s-filtered colimits. In this section, our goal is to obtain an analogue of this statement for accessible
B-categories. We begin with the following characterisation of the U-compact objects in a U-accessible
B-category:

PROPOSITION 4.3.3.1. Let U be an internal class of B-categories, let C be a B-category and let

D = Ind% (C). Then there is an equivalence DY=P* ~ Retp(C) of full subcategories in D. In particular,
DY-cPt s small.

PRrROOF. In light of Remark 4.1.5.6, the second claim follows immediately from the first. Now by
Yoneda’s lemma and the fact that the inclusion D < PShg(C) is closed under Filty-colimits, every
representable presheaf on C defines a U-compact object in D. In other words, one obtains an inclusion
C < DY-°Pt. By combining this observation with Proposition 4.1.5.8, one obtains an inclusion Retp(C) <
DY-cpt. Conversely, let F': A — DY-Pt be an arbitrary object. We need to show that F' is contained in
Retp(C). Upon replacing B with B,4 (which is made possible by Remark 4.1.5.2 and 4.3.1.2), we can

assume A ~ 1. The desired result thus follows from Lemma 4.1.5.9. O

We can now state and prove our characterisation of U-accessible B-categories. To that end, if D is
a Filty-cocomplete B-category and C < D is a full subcategory, we shall say that D is generated under
Filty-colimits by C if D is the smallest full subcategory of itself that is closed under Filty-colimits and

contains C. We now obtain:

PROPOSITION 4.3.3.2. Let U be a sound doctrine and let D be a large B-category. Then the following
are equivalent:
(1) D is U-accessible;
(2) D is locally small and Filty-cocomplete, the (a priori large) B-category DY-°P* is small and
generates D under Filty-colimits;
(8) D is Filty-cocomplete, and there is a small full subcategory C < D such that C — DY-°P* and
such that C generates D under Filty-colimits.

Proor. If D is U-accessible, there is a small B-category C and an equivalence D ~ m%((:). In
particular, D is locally small and Filty-cocomplete. Furthermore, Proposition 4.3.3.1 implies that DY-cpt
is small. Since D is generated by C under Filty-colimits and therefore by DY-°P*, we conclude that (1)
implies (2). Moreover, (2) trivially implies (3), and the fact that (3) implies (1) immediately follows from
Proposition 3.4.2.4. (]

Recall from Definition 2.4.4.7 that a localisation L: D — E is a Bousfield localisation if L admits a
(necessarily fully faithful) right adjoint 7. Proposition 4.3.3.2 now implies:

COROLLARY 4.3.3.3. Let U be a sound doctrine and let D be a U-accessible B-category. Suppose
that E is a Bousfield localisation of D such that the inclusion i: E < D is Filty-cocontinuous. Then E is

U-accessible as well.

PRrOOF. Let C < E be the image of DV~Pt along the localisation functor L: D — E. As E is locally
small and DY-P* is small by Proposition 4.3.3.2, the B-category C is small as well [62, Lemma 4.7.5].
In light of the adjunction L - i, the assumption that ¢ is Filty-cocontinuous implies that L preserves
U-compact objects. In other words, we have C < DY-P*, By Proposition 4.3.3.2, the large B-category D
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is generated by DY-°P* under Filty-colimits, i.e. D is the smallest full subcategory of itself that contains
DY-cPt and that is closed under Filty-colimits. Let E/ < E be the smallest full subcategory that contains
C and that is closed under Filty-colimits, and let us consider the commutative diagram

DU—cpt < D’ « D

Lol

C E’

in which the right square is a pullback. Since L is cocontinuous, the inclusion D’ < D is closed under
Filty-colimits (using Lemma 4.1.4.5) and must therefore be an equivalence. As the inclusion 4 is a section
of L, this implies that the inclusion E’ — E is an equivalence as well. By using Proposition 4.3.3.2, we
thus conclude that D is U-accessible. O

DEFINITION 4.3.3.4. A Bousfield localisation L: D — E of a U-accessible B-category D is said to be
U-accessible if the inclusion E < D is U-accessible. More generally, a Bousfield localisation L: D — E
is accessible if there is a sound doctrine U such that D is U-accessible and the inclusion E < D is

Filty-cocontinuous.

REMARK 4.3.3.5. Proposition 4.3.3.2 also shows that accessibility is a local condition: if | |, A; — 1 is
a cover in B and if U is a sound doctrine, then a large B-category D being U-accessible is equivalent to
each 77 D being 77 U-accessible. In fact, Remark 4.3.1.2 shows that we have an equivalence 7% Ind$, (C) ~
mg/*f(ﬁl(ﬁ) for every B-category C and every A € B, hence the condition is necessary. To show that it
is sufficient, first recall that since Filty-cocompleteness is a local condition by Remark 3.2.2.3 we deduce
that D must be Filty-cocomplete. Moreover, if E < D is the smallest full subcategory that is closed
under Filty-colimits in D and that contains DY-°P, the fact that 7y, E is closed under Filtﬂziu—colimits
and Remark 4.1.5.2 imply that the inclusion E < D is locally an equivalence and therefore already an
equivalence. To show that D is U-accessible, Proposition 4.3.3.2 thus implies that it suffices to verify
that also the condition of a large B-category to be (locally) small is local in B, which is clear from the

definitions.

Proposition 4.3.3.2 can furthermore be used to show that presheaf B-categories are U-accessible for

every choice of a sound doctrine U:

PROPOSITION 4.3.3.6. For every B-category C and every sound doctrine U, the B-category PShg(C)

is U-accessible.

PROOF. In light of Remark 4.3.1.3, we can assume that U is a left regular doctrine. By Propo-
sition 4.1.5.10, the B-category PShy(C)V-P is small. Using Proposition 4.3.3.2, it therefore suffices
to show that every object in PSh;(C) can be obtained as a U-filtered colimit of U-compact objects.
If F: C°° — Q is an arbitrary presheaf, Lemma 4.1.4.4 shows that F is the colimit of the diagram
Pishﬁ(C)/UF'Cpt — PShy(C)V-Pt < PSh;(C). By Lemma 4.1.4.5, the B-category L%%(C)}J;Pt is
op(U)-cocomplete and therefore in particular U-filtered (Example 4.1.2.4). Hence F is contained in
Ind% (PShy (C)U-¢PY). Finally, upon replacing B with B/a (which is made possible by Remark 4.1.5.2),

the same conclusion holds for objects in PSh4(C) in context A, which finishes the proof. (]

4.3.4. Flatness. Recall from § 3.4.1 that if C is a B-category, the functor of left Kan extension
along the Yoneda embedding hcop : C°P < Fung(C, Q) induces an equivalence

(hcor)1: PShg (C) ~ Fung (Fung (C,9),Q)

where the right-hand side denotes the large B-category of cocontinuous functors between Fung(C, Q) and
Q.
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DEFINITION 4.3.4.1. Let C be a B-category and let U be an arbitrary internal class of B-categories.
A presheaf F': A — PShg(C) is said to be U-flat if the functor

@@A (ﬂ-zca QB/A) - Q‘B/A

that is encoded by (hcer)i(F) is 7% U-continuous. We denote the full subcategory of PShy(C) that is
spanned by the U-flat presheaves by @% (C), and we denote its underlying co-category of global sections
by Flat,(C).

REMARK 4.3.4.2. In the situation of Definition 4.3.4.1, the fact that U-continuity is a local condition
by Remark 3.2.2.3 together with Remark 3.3.3.2 and [62, Lemma 4.7.14] implies that the presheaf F' is
U-flat if and only if for every cover (s;): | |A; - A in B the presheaf s} F' is U-flat. In particular, every
object in Flat (C) is U-flat, and there is a canonical equivalence 7% Flat, (C) =~ M;‘/‘; (7 V) for every
A€ B.

LEMMA 4.3.4.3. Let C be a B-category and let F': C°P — Q be a presheaf. Then the Yoneda extension

(hceo 1(F) is equivalent to the composition

colim

Funs (C,2) —"— Fungy (C/r, Q) <1 @,
where p: C;p — C is the right fibration that is classified by F.

PROOF. As both p* and colim are cocontinuous functors, the universal property of presheaf B-
categories implies that it suffices to find an equivalence colim p*hcor ~ F. Let us denote by h/p: C/p —
PSh;(C),r the functor that is induced by the Yoneda embedding hc by taking slice B-categories. Now
there is a commutative diagram

cop ____her | Fung (C, Q) p4*> Fung (C/p, Q) colim
th" Jmc)z <h/p)¢ \

hesh (©) (7F) idp

PShy; (C)°P —— Fung (PSh;(C), Q) —— Fung (PShy (C)/p, Q) —— Q

in which the commutativity of the right square follows from the straightening equivalence for right
fibrations (Theorem 2.1.11.5) together with p being a right fibration and therefore proper in the sense
of [62, § 4.4], see [62, Proposition 4.4.7]. In light of Yoneda’s lemma, it is now immediate that the

composition of the left vertical map with the lower row in the above diagram recovers F', as desired. [J

Recall from Example 3.1.1.11 that if C is a B-category that admits a final object 1¢: 1 — C, then
this object is the limit of the unique diagram & — C. In other words, the map 1c: 1 ~ Fung(&,C) — C
is right adjoint to the unique functor m¢: C — 1. We will denote by 7: idc — lcme the associated
adjunction unit.

LEMMA 4.3.4.4. If p: P — C is a right fibration of B-categories, the commutative square

n

idpsh,, (p) PP
J/ﬂ' Jp*p!fr
NLPSh.y (P) TPShy, (P)
Lpsh,, (P)TPsh,, (P) ——— P"Pilpsh, (P)TPsh, (P)

is a pullback square in Fung (PShg (P), PShy (P)).

ProoF. By Proposition 3.1.3.2, it suffices to show that for every object F': A — PShy(P) in context
A € B the induced diagram

nkF

F p*p(F)

Jﬁ lp*p!ﬂ
. N4 (Ipsh., (¢)) . .
74 (1psh, () ———— p*p1(mi (Ipsh, (©)))
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is a pullback. Upon replacing B with B/4, we can assume A ~ 1. In light of the straightening equivalence
for right fibrations, this diagram corresponds to the commutative square

P/F —_— P/F Xc P

| l

P——— PxcP

of right fibrations over P. As this square is clearly a pullback, the claim follows. O

LEMMA 4.3.4.5. Let | be a B-category and let

d—* s

!

diag(G) 25 diag(H)

be a pullback square in Fung(l,Q), where s: G — H is an arbitrary map of B-groupoids. Then the

commutative square

colim(d) colim() colim(h)

G——H
that is obtained by transposing the first square across the adjunction colim - diag is a pullback square as

well.

PRrROOF. In light of the Grothendieck construction, the above pullback square corresponds to a
pullback square
l/d Emd l/h

|

G——H
in Cat(3B). By Proposition 3.1.4.1, we need to show that the groupoidification functor carries this diagram
to a pullback square in B. As s is a right fibration and therefore proper [62, Proposition 4.4.7], this is
immediate. O

PROPOSITION 4.3.4.6. Let U be a sound internal class and let C be a B-category. Then there is an
equivalence Flat$ (C) ~ Ind% (C) of full subcategories in PShg(C).

PROOF. In light of Remarks 4.3.1.2 and 4.3.4.2, it will be enough to show that a presheaf F': CP — Q
defines an object of Ind (C) if and only if it is U-flat. So suppose first that F is contained in Ind% (C).
Then Cp is U-filtered. Let p: C;p — C be the projection. By Lemma 4.3.4.3, the Yoneda extension

(hcer )1 F' can be computed as the composition

colim,

mB(CvQ) L) mB(C/Fvﬂ) —_— Q7
and since both p* and colim are U-continuous, we deduce that F' is U-flat.
Conversely, suppose that F'is U-flat. By Lemma 4.3.4.4, the commutative square

nhe, .
he, p p*phc, .

J{ﬂhc/F lp*p!ﬂhc/F
nlLSHrB(C/F)”C/F

*
Lpsh,, (¢/r)TC & P Plpsh, (¢, m)TC)x

t 3

diage,  (71psh,, (¢, ;)
. /7 1 PShy (G . N
dlagc/p (1L5hg (C/F)) dlagC/F (p F)
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is a pullback in Funy(C/p, PShy (C/r)). By Proposition 3.3.1.1, the composition of the two vertical maps

on the left is a colimit cocone, hence so is the composition of the two vertical maps on the right, for
p*p preserves all colimits. Let d: K — (C,p)°P be a diagram with K € U(1). By postcomposition with
limg d*: PShy (C/p) — Fung (K, Q) — Q, the above pullback square induces a cartesian square

limg d*hc/F — limg d*p*pghC/F

l l

diagc , (lo) — diagc,, (limk d"p*F).

We claim that the right vertical map in the this last diagram is still a colimit cocone. To see this, note
that the equivalence Fung(C/r, Fung (K, Q) ~ Fung (K, Fung (C/r, 2)) carries the diagram d*p*pihc,,. to
the composition

K —L (Cp)op 2 o <%, Fung (C,Q) —2— Fung (C/p, Q).

Now the functor limg preserving the colimit of d*p*pihc,,. is equivalent to the colimit functor colimc,,.
preserving the limit of the diagram p*hcerp°Pd (cf. the argument in Remark 4.1.1.4). As the functor p*
commutes with all limits, this in turn follows once colimc,, p* preserves the limit of hcerpPd, which
follows from the equivalence colimc, . p* =~ (hcer)i(£) from Lemma 4.3.4.3 and the assumption that F' is
U-flat. As a consequence, we now deduce from Lemma 4.3.4.5 that the map colime, , limg d*hc/F — 1q
must be an equivalence. Now observe that the proof of Proposition 4.1.2.5, shows that (C;p)zer, classifies
limg d*hc,, and thus we get (C/p)ffpd/ ~ 1 by Proposition 3.1.4.1. As d was chosen arbitrarily and as
replacing B with B4 allows us to derive the same conclusion for any diagram d: A — Fung (K, (C/z)°P)
in context A € B, this shows that C, is weakly U-filtered by Quillen’s Theorem A and therefore U-filtered

by soundness of U. Hence F is contained in Ind$, (C). O

4.4. Presentable B-categories

In this section we introduce and study presentable B-categories. Classically, a (locally) presentable
1-category is one that is locally small and is generated by a small collection of k-compact objects under
small colimits [26]. In [57, § 5.5], Lurie generalised this concept to oo-categories. In particular, his
treatment contains a multitude of equivalent characterisations of presentability [57, Theorem 5.5.1.1].
One of the main goals of this section is to obtain a comparable result for B-categories. As a starting
point, we chose to define a presentable B-category as a Bousfield localisation of a presheaf B-category at
a (small) subcategory. To make sense of this, we need to study the notion of local objects in a B-category,
which we do in § 4.4.1. In § 4.4.2, we formally define presentable B-categories and prove our main result
about various different characterisations of this condition (Theorem 4.4.2.4), building upon our work on
accessible B-categories. In § 4.4.3, we discuss adjoint functor theorems for presentable B-categories, and
in § 4.4.4 we construct large B-categories of presentable B-categories and show that these are complete
and cocomplete. We apply some of the preceding results to generalize the construction of § 3.4.1 in order
to define free cocompletions with relations in § 4.4.5. Finally, we discuss the notion of U-sheaves in § 4.4.6:
these are U-continuous functors C°®? — D, where C is an op(U)-cocomplete B-category and D is a large
complete B-category. We show that if D is presentable, such U-sheaves form a presentable B-category as

well, and that this provides yet another equivalent characterisation of the notion of presentability.

4.4.1. Local objects. Recall from § 2.2.3 the definition of a localisation of a B-category. If j: S — D
is a functor of B-categories, we obtain a localisation functor L: D — S™'D = D Lis S84, If E is an
arbitrary B-category, L satisfies the universal property that L*: Funy (S™!D,E) — Fung(D, E) is fully
faithful and identifies the domain with the full subcategory Fung (D, E)s that is spanned by those functors
%S — 7% D whose restriction along 7% (j) factors through the inclusion 7% D~ — 7% D. We may now
define:
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DEFINITION 4.4.1.1. If S — D is a functor, we define the associated B-category Locs(D) of S-local
objects in D as the full subcategory of D that is defined via the pullback

Locs(D) —— PSh4(S™'D)

Lk

D —" 5 PShg(D)
in Cat(@). We refer to an object d: A — D as being S-local if it is contained in Locs(D).

REMARK 4.4.1.2. If A € B is an arbitrary object, we deduce from [62, Lemma 4.2.3 and Lemma 4.7.14]
that there is a canonical equivalence 7% Locs(D) > Locg+ s(7% D) of full subcategories in 7% D. In particular,
this implies that an object d: A — D is S-local if and only if its transpose d: 1, — 73D defines a
7% S-local object.

REMARK 4.4.1.3. Explicitly, an object d: 1 — D is contained in Locs precisely if the restriction of
the presheaf h(d) along j factors through the inclusion Q~ < Q, which is the case if and only if for every
: mapp(j(e'), 7% d) — mapp(j(e), 7% d) is an
equivalence of B, 4-groupoids. By Remark 4.4.1.2, an analogous description holds for S-local objects in

*

map s: e — € in S in context A € B the morphism j(s)

arbitrary context.

REMARK 4.4.1.4. In the situation of Definition 4.4.1.1, we deduce from Proposition 2.2.3.9 that
if T < D is the 1-image of the map S — D (in the sense of Definition 2.2.2.6), the canonical map
S7ID — T7!D is an equivalence. Consequently, the induced map Loct(D) — Locs(D) must be an

equivalence as well. Therefore, we may always assume that S is a subcategory of D.

REMARK 4.4.1.5. Suppose that (f;: ¢; = d;)iecr is a (small) family of maps in D, with A; € B being
the context of f;. By the discussion in § 2.2.2, the subcategory S < D that is generated by this family is
given by the 1-image of the induced map | |, A' ® A; — D. By combining Remark 4.4.1.3 and 4.4.1.4, an
object d: 1 — D is S-local if and for each i € I the map

fi+ mapp(d;, 7y, d) — mapp(c;, 74, d)
is an equivalence in B 4, .

The theory of local objects is intimately connected to the notion of Bousfield localisations, i.e. of

reflective subcategories:

PROPOSITION 4.4.1.6. Let D be a B-category and let L: D — C be a Bousfield localisation. Let
S = L7 YC®) — D. Then the inclusion : C — D of L induces an equivalence C ~ Locs(D) of full
subcategories in D. Furthermore, if D is U-accessible and L is a U-accessible Bousfield localisation, there
is a small subcategory T < S such that C ~ Loct (D).

PROOF. We begin with the first statement. By Proposition 2.4.4.6, the functor L: D — C identifies
C with the localisation S™D. In light of the very definition of Locs(D), the claim thus follows once we

show that the commutative square
C s PShy(C)
.
D <" PShy (D)

is a pullback. Using [62, Lemma 4.7.14], it will be enough to show that if F': C°? — Q is a presheaf
such that L*(F'): D°P — Q is representable by an object d: 1 — Q, then F is representable as well. This

immediately follows from the computation

F ~ LL*F ~ Lihp(d) ~ hcL(d),
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see Corollary 2.4.3.3. Now if D is U-accessible and L is a U-accessible Bousfield localisation, let us set
E=DY-Pt and T =i~ (S) — E, where i: E < D is the inclusion. Since E is small by Proposition 4.3.3.1,
so is T, and we obtain a full inclusion Locg(D) < Loct(D). We need to show that this is an equivalence.
By Remark 4.4.1.2; it will be enough to show that every T-local object d: 1 — D is already S-local. Let
n: idp — ¢L be the adjunction unit. We then obtain a map

n*: mapp (iL(—),d) — mapp(—, d),

and since d is T-local the restriction of n* to E is an equivalence. But as both domain and codomain of
this map are Filty-cocontinuous when viewed as functors D — Q°P, the fact that we have D =~ Ind3, (E)

immediately implies that n* is already an equivalence, so that d is S-local. O

In the situation of Proposition 4.4.1.6, the question naturally arises whether the converse is true:
namely, whether the inclusion i: Locs(D) < D always defines a Bousfield localisation (i.e. admits a left
adjoint) for every B-category D and every functor S — D. In general, this is false, but there is a large

class of B-categories D and functors S — D for which this is nonetheless the case:

PROPOSITION 4.4.1.7. Let D be an §-cocomplete large B-category that takes values in the oco-category
PrI;o of presentable co-categories. Let furthermore i: S — D be a functor where S is small. Then the

inclusion i: Locs(D) < D admits a left adjoint and therefore exhibits Locs(D) as a Bousfield localisation

of D. Moreover, this Bousfield localisation is accessible.

ProOOF. By Remark 2.2.3.10, we may assume without loss of generality that S is a subcategory of D,
i.e. that ¢ is a monomorphism. Let us first show that i(A): Locs(D)(A) — D(A) admits a left adjoint
for every object A € B. Choose a small subcategory of generators § < B. Then an object d: A — D is
contained in Locg(D)(A) precisely if for every g: G — A with G € G and every map s: p — ¢ in S(G) the
induced map

s*: mapp)(¢, 9"d) = mapp g (p, g*d)
is an equivalence in 8§ (cf. [62, Corollary 4.6.8]). As ¢g* admits a left adjoint gi, the object d is thus
contained in Locs(D)(A) if and only if d is local with respect to the set of maps
Ta= U {a(s) | s €S}
G—A

in D(A). By construction, T4 is a small set, and since D(A) is by assumption a presentable co-category,
we deduce from [57, Proposition 5.5.4.15] that i(A) admits a left adjoint L4 and that i(A) is accessible.

Next, we show that for every map p: P — A in B the natural map Lgp* — p*L 4 is an equivalence.
By Remark 2.4.2.10, we only need to show that p*L¢g sends the adjunction unit of Ly 4 i(A4) to an
equivalence. Recall from [57, Section 5.5.4] that the set of maps in D(A) that is inverted by L4 coincides
with the strong saturation of T4, which is the smallest set of maps in D(A) containing T4 that is stable
under pushouts, satisfies the two out of three property and is stable under small colimits in D(A)Al.
Therefore the adjunction unit 7 is contained in the strong saturation of T4, and since p* commutes with
colimits (being a morphism in Prrcjo) we conclude that it will suffice to show that p* sends maps in T4
to maps in the strong saturation of Ti. Let us therefore fix a map g: G — A with G € G as well as a
map s € S(G)2". Since D is Q-cocomplete, we find p*gi(s) ~ hig*(s), where h and ¢ are defined via the
pullback square

Q%P

o]
G —2— A
Now ¢*(s) is a map in S(P) and therefore inverted by Lp, hence hig*(s) is inverted by Lg whenever hy
sends maps in Tp to maps in the strong saturation of Tz, which is immediate by definition of Tp.
Finally, we may employ Proposition 2.4.2.9 to deduce that ¢ admits a left adjoint L. Furthermore, as
D is by assumption both Q- and LConst-cocomplete and therefore cocomplete by Proposition 3.2.4.1, and
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since every reflective subcategory of a cocomplete B-category is cocomplete as well by Proposition 3.2.2.6,

the fact that ¢ is section-wise accessible already implies that ¢ is accessible (see Corollary 4.3.2.5). O

COROLLARY 4.4.1.8. Let C and S be (small) B-categories and let j: S — PShy(C) be a functor. Then
there is a sound doctrine U such that Locs(PShy(C)) is a U-accessible Bousfield localisation of PShy(C).
Conversely, any U-accessible Bousfield localisation of PShy (C) can be identified with the full subcategory
Locs(PSh5(C)) < PShy(C) for some small B-category S and some functor S — PShy(C).

PROOF. By the straightening equivalence for right fibrations, for any A € B there is a natural
equivalence of co-categories PShy (C)(A) ~ RFib(C x A), and since the right-hand side is a localisation of
the presentable oo-category Cat(B),4xc at a small set of objects, we find that PShs (C) is section-wise
given by a presentable co-category. Moreover, if s: B — A is a map in B, the functor s*: PShy(C)(A4) —
PSh;(C)(B) admits a right adjoint s, by the theory of Kan extensions and therefore in particular commutes
with small colimits. As PShy(C) is cocomplete, we are therefore in the situation of Proposition 4.4.1.7,
which implies the claim. (I

4.4.2. Presentability. In this section we define the concept of a presentable B-category and discuss

various characterisations of this notion.

DEFINITION 4.4.2.1. A large B-category is said to be presentable if there exist B-categories C and S
as well as a functor S — PShg(C) such that D is equivalent to Locs(PShg(C)).

REMARK 4.4.2.2. In the situation of Definition 4.4.2.1, the fact that PShg(C) is locally small implies
that the 1-image S’ of the functor S — PShg(C) (i.e. the subcategory of PShy(C) that is obtained by
factoring the functor S — PSh;(C) into a strong epimorphism and a monomorphism) is small as well.
In fact, by combining Proposition 2.2.3.3 with [62, Proposition 4.7.2] it is clear that S’ is locally small,
hence [62, Proposition 4.7.4] implies that S’ is small whenever Sj is contained in B, which follows in
turn from the observation that S’ is a subcategory of the essential image of S — PSh,(C), which is small
by [62, Lemma 4.7.5]. As a consequence, Remark 2.2.3.10 shows that we may always assume that S is a
subcategory of PShy(C).

DEFINITION 4.4.2.3. We call a large B-category C section-wise accessible if the associated sheaf takes
values in the subcategory Acc — Cat, of accessible co-categories. Analogously, we call C section-wise
presentable if it factors through the inclusion Prly < Caty.

We now come to the main characterisation of presentable B-categories.

THEOREM 4.4.2.4. For a large B-category D, the following are equivalent:

(1) D is presentable;

(2) there is a B-category C and an accessible Bousfield localisation L: PShg(C) — Dy
(8) D is accessible and cocomplete;

(4) D is cocomplete, and there is a B-reqular cardinal k such that D is Caty-accessible;
(5) D is cocomplete and section-wise accessible;

(6) D is Q-cocomplete and section-wise presentable.

PRrROOF. The fact that (1) and (2) are equivalent is an immediate consequence of Corollary 4.4.1.8.
Now if we assume that (2) is satisfied, we may find a B-regular cardinal x such that the inclusion
D < PSh4(C) is Filtcars -cocontinuous (see Remark 4.3.2.2), which by Corollary 4.3.3.3 implies that D
is Catg-accessible. As any reflective subcategory of a cocomplete B-category is cocomplete as well by
Proposition 3.2.2.6, we conclude that (4) is satisfied. Trivially, (4) implies (3). Lastly, if D ~ Ind% (C)
for some sound doctrine U and some B-category C and if D is furthermore cocomplete, we deduce from
Corollary 3.4.1.14 that the inclusion Ind,(C) < PShy (C) admits a left adjoint, hence (3) implies (2).

To show that (2) implies (5), since Proposition 3.2.2.6 already shows that D is cocomplete, it remains

to see that D is section-wise accessible. For every A € B, the co-category D(A) is a Bousfield localisation
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of the presentable oo-category PSh, (C)(A) ~ RFib(C x A). Since Corollary 4.3.2.5 implies that this
Bousfield localisation is accessible, one concludes that D(A) is an accessible co-category. Furthermore,
since D is also complete, the functor s*: D(A) — D(B) preserves colimits for any map s: B — A in B,
so it is in particular accessible. Thus D is section-wise accessible. The fact that (5) implies (6) is an
immediate consequence of Proposition 3.2.4.1 and Proposition 3.2.4.5.

To complete the proof, we show that (6) implies (2). For this, let € be a small co-category such that
there is a left exact and accessible localisation L: PSh(C) — B. Let F': C°P — 63?500 be the composition

F: % < PSh(€)°? L BP 2, Caty,

Since C is small we may find a regular cardinal £ and a functor Fy: C°? — Caty, such that F' is given by
composing Fy with the functor Ind,(—): Cate — (/Ja\too. We let C denote the sheafification of Fy, which
is a small B-category. Let U be the internal class that is spanned by the constant B-categories associated
to k-filtered oco-categories. We claim that D is the free U-completion of C. Note that by assumption,
D is both ©Q and LConst-cocomplete, hence D must be cocomplete (Proposition 3.2.4.1) and therefore a
fortiori U-cocomplete. As a consequence, it suffices to verify the universal property. Let E be an arbitrary
U-cocomplete (large) B-category. By Proposition 3.2.4.5 and Remark 3.2.4.9, a functor f: D — E is
U-cocontinuous if only if for every ¢ € C the functor f(c) preserves s-filtered colimits (where we slightly
abuse notation and implicitly identify ¢ € € with its image along L: PShg(C) — B). Let us write
Fun$ °“(D, E) for the global sections of Fun$ (D, E), i.e. the full subcategory of Fung (D, E) spanned by

the U-cocontinuous functors. By Lemma 2.3.2.14 it follows that we have a chain of equivalences

Fun$ (D, E) ~ /ee Fun”(D(c), E(c))

:/ Fun(Fy(c), E(c))
ceC

~ Funpgye)(Fo, E)

~ Fung(C,E)

that is natural in E. Using Yoneda’s lemma, this already shows that D is the free U-cocompletion of C. In
particular, it follows from the explicit description of the free U-cocompletion that we have a commutative

triangle of fully faithful functors
D —— PSh,(C)

T/

Since D is cocomplete, the inclusion j admits a left adjoint by Corollary 3.4.1.14. In particular, the
inclusion j(A): D(A) — PShy(C)(A) is a right adjoint functor between presentable oo-categories for
each object A € B, so it follows from [57, Proposition 5.5.1.2] that j(A) is an accessible functor. Hence
Corollary 4.3.2.5 implies that j is accessible, which completes the proof. O

We end this section by recording a few consequences of Theorem 4.4.2.4. We begin by noting that
as Theorem 4.4.2.4 implies that every presentable B-category is a reflective subcategory of PShy (C) for

some B-category C, we deduce from Proposition 3.2.2.6:
COROLLARY 4.4.2.5. Every presentable B-category is complete and cocomplete. t

COROLLARY 4.4.2.6. Let D be a presentable B-category and let K be a B-category. Then Fung(K,D)

s presentable.

PROOF. By Theorem 4.4.2.4, we may choose a B-category C and a sound doctrine U such that D is a
U-accessible Bousfield localisation of PShg(C). In light of Proposition 3.2.2.7, this implies that the large
B-category Fung (K, D) is a U-accessible Bousfield localisation of Fung (K, PShy (C)) ~ PShy (K°P x C),
hence the result follows. O
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COROLLARY 4.4.2.7. Let D be a presentable B-category and let d: A — D be an arbitrary object.
Then Dyq is a presentable B, 4-category.

PRrROOF. We may assume that A ~ 1 (cf. Remark 4.4.2.9 below). Using Corollary 3.2.2.11, one finds
that D/4 is cocomplete. By Theorem 4.4.2.4, it therefore suffices to show that D,4 is accessible, which is a
consequence of Proposition 4.3.1.6. (I

COROLLARY 4.4.2.8. Let D be a presentable B-category and let S — D be a functor where S is small.
Then there is a sound doctrine U such that Locs(D) is a U-accessible Bousfield localisation of D. In

particular, Locs(D) is presentable.

PROOF. Since D is cocomplete by Corollary 4.4.2.5 and section-wise presentable by Theorem 4.4.2.4,
the claim follows from Proposition 4.4.1.7. O

REMARK 4.4.2.9. As yet another consequence of Theorem 4.4.2.4, the condition of a large B-category
to be presentable is a local condition: if | |, A; — 1 is a cover in B, then a B-category D is presentable if
and only if each 7 D is a presentable B, 4,-category. This follows from condition (3) in Theorem 4.4.2.4,

together with cocompleteness being a local condition (see Remark 3.2.2.3 and Remark 4.3.3.5).

4.4.3. The adjoint functor theorem. Recall from Proposition 3.2.2.5 that any left adjoint functor
between cocomplete large B-categories is cocontinuous. Therefore, if D and E are cocomplete large

B-categories, there is a canonical inclusion
Fun’; (D, E) < Fun§ (D, E).
If D is presentable and E is locally small, then this inclusion is in fact an equivalence:

PROPOSITION 4.4.3.1 (Adjoint functor theorem I). Let D and E be large B-categories such that D is
presentable and E is cocomplete and locally small. Then every cocontinuous functor f: D — E admits a

right adjoint. In particular, there is an equivalence
Funi; (D, E) ~ Fun (D, E)
of (large) B-categories.

PROOF. In light of Remark 4.4.2.9, it is clear that the second statement immediately follows from the
first. Now choose B-categories C and S as well as a functor S — PShg (C) such that D ~ Locs(PShy(C)).
If f: D — E is a cocontinuous functor, then fL: PSh;(C) — E is cocontinuous as well and therefore a left
adjoint by Remark 3.4.1.4. To show that f admits a right adjoint, we therefore only need to verify that
the right adjoint r of fL factors through D. Since D ~ Locs(PSh5(C)) as full subcategories of PShy(C)
by Theorem 4.4.2.4, this is in turn equivalent to hpsp_(c)r factoring through the functor

L”: PShy (D) < PShg (PShg (C)),
which is clear on account of r being right adjoint to fL. O

Recall from Corollary 4.4.2.8 that if D is a presentable B-category and S — D is a functor where S
is small, the B-category Locs(D) is an accessible Bousfield localisation of D and therefore in particular
presentable. We may now use Proposition 4.4.3.1 to derive a universal property of Locs(D) among
presentable B-categories. To that end, recall from § 2.2.3 that if E is another presentable B-category, we
denote by Fung (D, E)s the full subcategory of Fung (D, E) that is spanned by those objects A — Fung (D, E)
for which the restriction of the associated functor 7% D — 7% E along 7%S — 73D takes values in the
subcategory mHE~. We will denote by Fun% (D, E)s its intersection with the full subcategory Fung (D, E).

We now obtain:
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COROLLARY 4.4.3.2. Let S — D be a functor of B-categories where S is small and D is presentable,
and let E be another presentable B-category. Then precomposition with the left adjoint L: D — Locs(D)
induces an equivalence

Funs (Locs(D), E) =~ Fun(s (D, E)s.

Proor. To begin with, note that as L is in particular a localisation functor (see Proposition 2.4.4.6),

the universal property of localisations Proposition 2.2.3.14 implies that
L*: Fung(Locs(D), E) — FunZ (D, E)

is fully faithful. Therefore, it suffices to identify its essential image with FunZ (D, E)s. Since the restriction
of L along S — D takes values in Locs(D)=, it is clear that L* takes values in Fung (D, E)s, so that
it suffices to show that every object A — Fun (D, S)s is contained in the essential image of L*. By
combining Remark 4.4.1.2 with Remarks 3.2.3.4 and 2.2.3.12, it will be enough to verify that any
cocontinuous functor f: D — E whose restriction along S — D takes values in E~ factors through L.
Note that the assumption on f precisely means that f factors through the localisation i: D — S™D, so
that f*: PShy(E) — PShyg (D) factors through 1*: PShy (S71D) < PShy (D). Since f* ~ g where g is
the right adjoint of f that is provided by Proposition 4.4.3.1, the very definition of Locs(D) implies that
g factors through the inclusion i: Locg(D) < D via a functor ¢’: E — Loc(D). Since the composite fi
defines a left adjoint of ¢/, the claim follows by passing to left adjoints. O

There is also a dual version to Proposition 4.4.3.1 that classifies right adjoint functors between

presentable B-categories.

PROPOSITION 4.4.3.3 (Adjoint functor theorem II). Let f: D — E be a functor between presentable
B-categories. Then the following are equivalent:
(1) [ admits a left adjoint;
(2) f is continuous and accessible;
(3) f is continuous and section-wise accessible.

Proor. By Corollary 4.3.2.5, (2) and (3) are equivalent. Moreover, since Theorem 4.4.2.4 implies
that f is section-wise given by a functor between presentable co-categories, the adjoint functor theorem
for presentable co-categories [57, Corollary 5.5.2.9] shows that (1) implies (3). For the converse, note that
the same result implies that f(A) admits a left adjoint {4 for every A € B. By Proposition 2.4.2.9, it now
suffices to see that the natural map [gs* — s*[4 is an equivalence for every map s: B — A in B. This is
equivalent to seeing that the transpose map f(A)s, — s.f(B) that is given by passing to right adjoints
is an equivalence. But this is just another way of saying that f is Q-continuous. (I

4.4.4. The large B-category of presentable B-categories. Recall from § 3.2.3 that we defined
the (very large) B-category Cat%C of cocomplete large B-categories as the subcategory of Cat% which is
determined by the subobject of (Catg)l that is spanned by the cocontinuous functors between cocomplete
large B, 4-categories for every A € B. By Remark 3.2.3.2 a functor of large B, 4-categories is contained in

Cat%c precisely if it is a cocontinuous functor between cocomplete large B-categories. We may now define:

DEFINITION 4.4.4.1. The large B-category Pr% of presentable B-categories is defined as the full
subcategory of Cat% that is spanned by the presentable B, 4-categories for every A € B. We denote by
Pr™(B) the co-category of global sections of Prk.

REMARK 4.4.4.2. As presentability is a local condition (Remark 4.4.2.9) and by Remark 3.2.3.2, a
large B, 4-category defines an object in Pr% if and only if it is presentable, and a functor between such
large B, 4-categories is contained in Pr% if and only if it is cocontinuous. Consequently, the inclusion
Pri < Caty; identifies Pr with the sheaf PrL(B/,) on B. In particular, one obtains a canonical
equivalence 7% Prf; ~ Pr%/A for every A € B.
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REMARK 4.4.4.3. A priori, Prlf5 is a very large B-category. However, note that the set of equivalence
classes of presentable B-categories is V-small as it admits a surjection from the V-small union

| | Subaman(PShg(C))
CeCat(B)
where Subgman (PShg(C)) denotes the V-small poset of small subcategories of PShy(C). As Cat% is
furthermore locally V-small, this shows that Prf is in fact only a large B-category.

Recall from [61, § 6.2] that we denote by Cat% the subcategory of Cat% that is determined by the
subobject L < (Catg)1 of left adjoint functors. By Proposition 4.4.3.1, the inclusion Pri — Catg
factors through the inclusion Cat% — Cat%. Suppose now that D and E are presentable B-categories.
By combining Remark 3.1.5.3 and Corollary 3.1.5.4 with the fact that L — (Cat%)l is closed under
equivalences and composition in the sense of Proposition 2.2.2.9 and by furthermore making use of
Remark 3.2.3.2, we find that the induced inclusion mauppr;;j(D7 E) — mapc,uw (D,E) is obtained by

B
applying the core B-groupoid functor to the equivalence

Funf (D, E) ~ Funs (D, E)

from Proposition 4.4.3.1. Upon replacing B with B, and using Remark 4.4.4.2, the same assertion holds

for objects in Pri in context A € B, so that we conclude:
PROPOSITION 4.4.4.4. The inclusion Pr% — Cat% is fully faithful. t

Dually, let us denote by Cat% the subcategory of Catg that is determined by the subobject R —
(Catg)1 of right adjoint functors.

DEFINITION 4.4.4.5. The B-category Pr% of presentable B-categories is defined as the full subcategory
of Cat% that is spanned by the presentable B, 4-categories for every A € B. We denote by PrR(B) the
underlying oco-category of global sections.

REMARK 4.4.4.6. As in Remark 4.4.4.2, a large B/ 4-category defines an object in Pr% if and only if
it is presentable, and a functor between such large B, 4-categories is contained in Pr% if and only if it is
a right adjoint. As a consequence, the large B-category Pr% corresponds to the sheaf PrR(B/,) on B
that is spanned by the presentable B, 4-categories and right adjoint functors. In particular, one obtains a

. . + bR p R
canonical equivalence 7% Prg ~ Prg A for every A € B.

PROPOSITION 4.4.4.7. There is a canonical equivalence (Pr%)‘)lD o~ Pr% that carries a right adjoint

functor between presentable B-categories to its left adjoint.

Proor. By [61, Proposition 6.2.1], there is such an equivalence (Cat%)Op ~ Cat%, and since this
functor necessarily acts as the identity on the underlying core B-groupoids, it restricts to the desired

equivalence by virtue of Proposition 4.4.4.4. O

EXAMPLE 4.4.4.8. We are now in the position to provide a large class of examples of presentable
B-categories: recall from Construction 2.3.1.1 that there is a functor — ® Q: Prl — Cat(@) that sends
a presentable oo-category € to the large B-category € ® Q = € ® B,_ (where — ® — is Lurie’s tensor
product of presentable co-categories). By Example 3.2.4.8, the B-category € ® Q is cocomplete, so that
Theorem 4.4.2.4 implies that it is presentable as it takes values in Pr{;o. Moreover, we deduce from
Example 2.4.2.12 that whenever ¢g: & — &’ is a map in Prgo, the induced functor g ® Q is a right adjoint.
Consequently, we conclude that the functor — ® Q takes values in PrR(B). In particular, by applying this
observation to & = Cat.,, we find that Catg is presentable.

Our next goal is to show that Pr% is complete and cocomplete. For completeness, we first need
a lemma. To that end, recall from § 3.2.3 that we denote by Cat%'CC the subcategory of Cat% that is

spanned by the Qg ,-cocontinuous functors between Qg , -cocomplete (large) B-categories. We now find:
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Q-cc
B

Q-cc

LEMMA 4.4.4.9. The B-category Cat 2

LConst-continuous.

is LConst-complete, and the inclusion Cat — Catg is

ProOOF. By Remark 3.2.3.2, it is enough to show that for any small co-category K and any functor
d: X — Cat%"CC < Catg, the following two conditions are satisfied:
(1) limd is Q-cocomplete;
(2) for every Q-cocomplete large B-category C, a functor f: C — limd is Q-cocontinuous if and only
if the compositions C — limd — d(k) are Q-cocontinuous for all k € K.
Recall from [56, Corollary 4.7.4.18] that the subcategory Fun™¥ (A, @Oo) — Fun(Al, (/]z;coo) that is
spanned by the right adjoint functors and the left adjointable squares (i.e. those commutative squares of
oo-categories whose associated mate transformation is an equivalence) admits small limits and that the
inclusion preserves small limits. Let us fix a map p: P — A in B, and let us denote by Caut(@)ﬂ'CC the
oo-category of global sections of Cat%‘cc. Now evaluation at p defines a functor Cat(@) — Fun(Al, 62?500)
that restricts to a map Caut(@)ﬂ‘CC — Fun™A YAl (/Ja\toc). Since limits in Cat(@) are computed section-
wise, this already shows that p*: limd(A) — limd(P) admits a left adjoint. Similarly, if s: B — A is
a map in B and if q: Q@ — B denotes the pullback of p along s, evaluating large B-categories at this
pullback square yields a morphism A! x Ca‘c(@)ﬂ‘CC — FunLAdj(Al7 Ga\too). Consequently, applying lim d
to the very same pullback square must yield a left-adjointable square of co-categories, which implies
that condition (1) is satisfied. By the same argument, if C is Q-cocomplete and if f: C — limd is a
functor, evaluating f at p yields a commutative square of oco-categories that is left-adjointable if and only
if the evaluation of the composition C — limd — d(k) at p is left-adjointable for all k € K. Hence (2)
follows. O

PROPOSITION 4.4.4.10. The B-category Pr% is complete, and the inclusion Pr% — Cat§ s continuous.

PRrOOF. By the dual of Proposition 3.2.4.1, it suffices to show that Pr% is both Q- and LConst-
complete and that the inclusion PrI@ is both Q- and LConst-continuous. Using Remark 4.4.4.2, this follows
once we show that whenever K is either given by the constant B-category AZ or by a B-groupoid, the
large B-category Pr% admits K-indexed limits and the inclusion Pr% < Catg; preserves K-indexed limits.

Let us first assume that K = A2, i.e. suppose that

Q——P

[+
p-1.c

is a pullback diagram in Cat(@) in which f and p are cocontinuous functors between presentable B-
categories. By Theorem 4.4.2.4, the cospan determined by f and p takes values in PrIO‘O. Therefore, [57,
Proposition 5.5.3.13] implies that Q takes values in PrICjO and that g and ¢ are section-wise cocontinuous.
Moreover, Lemma 4.4.4.9 shows that Q is Q-cocomplete and that g and ¢ are Q-cocomplete. By again
making use of Theorem 4.4.2.4, we thus conclude that the Q is presentable and that g and ¢ are
cocontinuous. Now if Z is another presentable B-category, a similar argumentation shows that a functor
Z — Q is cocontinuous if and only if its composition with both g and ¢ are cocontinuous. In total, this
shows that Pr% admits pullbacks and that the inclusion Pr% — Cat@ preserves pullbacks.

Let us now assume K = G for some B-groupoid G. In order to show that PrIf5 has G-indexed limits
and that the inclusion Pr% — Catg preserves G-indexed limits, another application of Remark 4.4.4.2
allows us to reduce to showing that the adjunction (7g). - 7&)): Cat(@/c) = Cat(@) restricts to
an adjunction between PrL(‘B/G) and Pr"(B). Recall that on the level of Catoo-valued sheaves, the
functor (mg)« is given by precomposition with 7§. By combining the characterisation of presentable
B-categories as 2-cocomplete Pr{,‘o-valued sheaves (Theorem 4.4.2.4) with the explicit description of
Q-cocompleteness from Proposition 3.2.4.2 and the section-wise characterisation of left adjoint functors
(Proposition 2.4.2.9), it is therefore immediate that (7). restricts to a functor Pr" (B/g) — Pr¥(B).
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Moreover, the adjunction unit id — (mg)«m¢ is given by precomposition with the adjunction counit

Cat(B)

(mehimé — ids, and the adjunction counit 7&(mg). — id is given by precomposition with the

Cat(B,4)
adjunction unit ids,, — m&(mg)r. Thus, by the section-wise characterisation of left adjoint functors and
the fact that presentable B-categories are {2-cocomplete, these two maps must also restrict in the desired

way, hence the result follows. O

PROPOSITION 4.4.4.11. The large B-category Pr% is complete, and the inclusion Pr% — Cat/ﬁ is
continuous.

PROOF. As in the proof of Proposition 4.4.4.10, it suffices to show that for either K = A2 or K = G
for G a B-groupoid, the large B-category Prf admits K-indexed limits and the inclusion Pri < Catg
preserves K-indexed limits. The first case follows as in the proof of Proposition 4.4.4.10, by making
use of the dual version of Lemma 4.4.4.9, [57, Theorem 5.5.3.18] and the fact that a continuous and
section-wise accessible functor between presentable B-categories admits a left adjoint (Proposition 4.4.3.3).
The argument for the second case is carried out in a completely analogous way as the one in the proof
of Proposition 4.4.4.10, the only difference being that one must use the Q-completeness of presentable

B-categories and not their Q-cocompleteness. O

REMARK 4.4.4.12. As a consequence of Proposition 4.4.4.11, we can furthermore deduce that Pr% is
generated under pullbacks by presheaf B-categories. In fact, if D is a presentable B-category, we may find
small B-categories C and S and a functor j: S — PShy (C) so that D ~ Locs(PShy(C)). By definition of
the right-hand side, we therefore obtain a pullback square

D —— PShy (SePd)

[ b
3" P, (©)

PShy (C) ——— PShyg(S)

in Cat(@), where v: S — S#P4 is the natural map. By Remark 3.4.1.4, the functor J*hpsh,, (c) is a right
adjoint: its left adjoint is the left Kan extension (hs)i(j) of j along the Yoneda embedding hs. Since v*
is a right adjoint as well, Proposition 4.4.4.11 implies that this diagram is a pullback square in Pr%.

Finally, by combining Proposition 4.4.4.10 and Proposition 4.4.4.11 with Proposition 4.4.4.7, we
conclude:

COROLLARY 4.4.4.13. Both Pr% and Pry are complete and cocomplete. O

4.4.5. Cocompletion with relations. Let U be an internal class, and let C be a B-category.
In § 3.4.1, we constructed the free U-cocompletion PSh%(C) of C, i.e. the universal U-cocomplete B-
category that is equipped with a functor C — PSh%(C). The goal of this section is to generalise this
result by imposing that a chosen collection of cocones in C (that are indexed by objects of U) become
colimit cocones in the free U-cocompletion. Our proof of this result is a straightforward adaptation of the
discussion in [57, § 5.3.6].

4.4.5.1. Let us fix a small collection R = (d;: K% — 7, Cier of cocones with A; € B and K; € U(4;)
for all i € I. Let Sg < PSh(C) be the (non-full) subcategory that is spanned by the canonical maps
(fi: colim hed; — hed;(o0))ier in PShy (C) (with each f; being in context A; for i € I), where d; denotes
the restriction of d; along the inclusion K; < K% and where co: A; — K% denotes the cone point.

Let us set D = Locs, (PShi(C)). By Corollary 4.4.1.8, the inclusion i: D < PShy(C) admits a left
adjoint L: PShy(C) — D. In particular, D is cocomplete by Proposition 3.2.2.6. We define the (large)
B-category PShy (C)(UH)(C) as the smallest full subcategory of D that contains the essential image of
Lhc: C— D and that is closed under U-colimits in D, and we let jc: C — L%%J’R)(C) be the map that
is obtained by composing Lh¢ with the inclusion.
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REMARK 4.4.5.2. Given any object A € B, we denote by 7% R the set of cocones (7% (d;))icr. We
then obtain an equivalence 73Sk =~ Sx+ r of subcategories in PShy (7% C). Hence Remark 4.4.1.2 and
the same argument as in the proof of Proposition 3.4.1.11 shows that one obtains a canonical equivalence
of large B, 4-categories

U,R U, R
3 PShi"™ (C) ~ PShfA" ™4 (7.0)

with respect to which 77 jc corresponds to the map jr+c.

For any U-cocomplete large B-category E, we will denote by Fung(C,E)g the full subcategory of
Fung (C, E) that arises as the pullback

Fung (C,E)g = Fung(CE)

| |

Fung (PShy(C), E)s,, — Fung (PShy(C), E).
We now obtain:

PROPOSITION 4.4.5.3. For every i € I the cocone (jc)«(d;) is a colimit cocone in L%%J’R)(C), and

for every U-cocomplete large B-category E, precomposition with jc induces an equivalence
jé: Fung*(PShy""(C), E) = Funy (C. E).

PROOF. Note that by construction of D, the map jc carries each of the cocones d; to a colimit cocone
in L%%J ) (C), hence the first claim follows immediately. The proof of the second claim employs a similar
strategy as in the proof of Theorem 3.4.1.13. First, if E is an arbitrary U-cocomplete B-category, note
that the Yoneda embedding induces a U-cocontinuous functor E < E’ = Fung (E, Q5 )°P into a cocomplete
B-category. By Corollary 4.4.3.2 and the universal property of presheaf B-categories, we now obtain an
equivalence

(Lhe):: Funy (C,E') g =~ Funfs (PShy (C), E')s,, ~ Fun(D, E')
As the inclusion @%J ’R)(C) — D is by construction U-cocontinuous, we therefore obtain an induced
inclusion
(jo): Fung (C,E) g < Fun(PSh" ™ (C), E').

Now if f: LSh(ﬁu’R)(C) — E’ is a U-cocontinuous functor, precisely the same argument as the one employed
in the proof of Theorem 3.4.1.13 shows that the adjunction counit e: (jc)ij&¢f — f is an equivalence and
that f is therefore contained in the essential image of (jc);. Together with Remark 4.4.5.2, this shows that
(jc)1 is an equivalence. Finally, the same argumentation as in the proof of Theorem 3.4.1.13 also shows
that this equivalence restricts to the desired equivalence Fung (C, E)g < Fun$™° (LSthU (0),E). O

REMARK 4.4.5.4. In the situation of Proposition 4.4.5.3, if U is assumed to be small (i.e. a doctrine
in the terminology of § 4.1.3) implies that L%%J ’R)(C) is small as well. In fact, as D is locally small, the
essential image of Lhc: C — PShy(C) — D is small [62, Lemma 4.6.5]. Hence we can make use of the
same argument as in Remark 3.4.1.7 to deduce that LSh%J ’R)(C) must also be small.

CONSTRUCTION 4.4.5.5. For the remainder of this section, let us fix B-categories C!,...,C" and a
doctrine U. Let § C B be a small subcategory of generators, and let us set
Ry = | | {d: K" = n5CF [ Ke UG)}
GeS
as well as
S = |_| {E: K> — ﬂéL%%J’Rk)(Ck) | K€ U(G), dis a colimit cocone} .
Geg
Furthermore, let 007_; Ry be the set of all diagrams of the form

n
. F. k> l k
(c1y..ya-1,id, g1, .oy 0n)d: KX = 5Ch— HWZ;C
k=1
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where d is an element of R; and ¢, : G — C¥ is an arbitrary object for each k # 1. Let O3 _, Sk be defined

analogously. Then for any internal class V that contains U, the composition
Clx- - x € = PSAE ) (C1) - PSh ) (Cm) — PShY TH=19) (PSh(EF) (C1) .. PShY ) (7))
carries each cocone in 0J}_; R, to a colimit cocone, hence Proposition 4.4.5.3 determines a functor
p: PShyy =1 (Ch s x €) — PSR (RShEH (CY) x -+ x PSh ) (C)).
PROPOSITION 4.4.5.6. The canonical map
0 LShgl’Dzlek)(Cl X oo x C) %PiSh‘(BV’DZ:lSk)(LSh%Jle)(Cl) N LSh(BU’R")(C”))
is an equivalence.

PROOF. Note that in light of Remark 4.4.5.4, the map ¢ is a well-defined morphism in the B-category
Cat}é'CC of V-cocomplete B-categories and V-cocontinuous functors. By combining Yoneda’s lemma with
Remark 4.4.5.2 and Remark 3.2.3.2, the result thus follows once we verify that for every V-cocomplete

B-category E the restriction functor

Fun°¢(PSh{Y " 7#=158) (pSh (1) (1) .. . PShEY ) (C)) E) — Funl c(PShY *=1)(Cl k... xC™), E)

that we denote ¢*is an equivalence. Using Proposition 4.4.5.3, this is in turn equivalent to the map
Funy (PSh"™/(C") x -+ x PShi ™ (C"), E)yy_ s, — Fung (C' x--- x C*,E)yy_

being an equivalence. We will use induction on n to show that this functor is an equivalence. If n = 1,
this is precisely the content of Proposition 4.4.5.3. For n > 1, the construction of OJ}_; Ry and O}_, Sk
together with Lemma 4.6.1.3 imply that the above map can be identified with the morphism

Funy, (PShi;"™)(C?) x - - x PShi"=(C"~1), Funfy**(PSh" ™) (C"), E)) o,

|

Fung (C' x -+ €1, Fung (C7, E)Rn)uzfle-
=1"'k

As Proposition 4.4.5.3 implies that the map Fung (C", E)g, — @%'CC(PSh%J’R")(C"), E) is an equivalence,
the claim thus follows by the induction hypothesis. O

4.4.6. U-sheaves. The main goal in this section is to derived yet another characterisation of
presentable B-categories: that of B-categories of U-sheaves on an op(U)-cocomplete B-category. These

are defined as follows:

DEFINITION 4.4.6.1. Let U be an internal class and suppose that C is an op(U)-cocomplete B-category.
For any (not necessarily small) U-complete B-category E, we denote by &LEJ(C) the full subcategory of
Fung (COP E) that is spanned by those presheaves F': A — Fung(C°P,E) (in arbitrary context A € B) that
are 7’ U-continuous when viewed as functors 7% C°? — 7% E. We refer to such presheaves as U-sheaves.
For the case where U = Catg, we will simply call them sheaves, and we will write Shg(C) = &Eat% (C) for

the associated B-category

REMARK 4.4.6.2. By Remark 3.2.3.2, if A € B is an arbitrary object, we obtain a canonical equivalence
3Shg (C) ~ Sh72g (75, C).

We first focus on Q-valued U-sheaves.

PROPOSITION 4.4.6.3. Let D be a presentable B-category and let F: D°P — Q be a presheaf on D.

Then F is representable if and only if F is continuous. In particular, the Yoneda embedding induces an

equivalence D ~ Shq (D).
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PRrOOF. By Remark 4.4.6.2, the first claim implies the second, and by Proposition 3.2.2.9, every
representable functor is continuous, so that it suffices to prove that every continuous presheaf F': C°P — Q
is representable. Now F' being continuous is equivalent to F°P: D — Q°P being cocontinuous, which by
Proposition 4.4.3.1 is in turn equivalent to it being a left adjoint. Hence F' is continuous if and only
if F'is a right adjoint. Let [:  — D°P be the left adjoint of F. Since the final B-groupoid 1g: 1 — Q

corepresents the identity on €2, we find equivalences
F ~mapq(la, F(—)) ~ mappes (I(1q), —) ~ mapp(—, (1)),
hence F is represented by [(1q). O

Next, we use Proposition 4.4.6.3 to deduce that whenever U is a doctrine, the B-category of Q-valued

U-sheaves on a small B-category is presentable, and that it satisfies a universal property:

PROPOSITION 4.4.6.4. For any doctrine U, the large B-category &3(@ is presentable. Moreover, for
any complete large B-category E, restriction along the Yoneda embedding hc induces an equivalence

h¢: She(Shg(C)) =~ She (C)
of large B-categories.

PROOF. Fix a small full subcategory G < B of generators, and define the small set
R= | | {f: colimhcd = hccolimd | d: K — x5,C, K € U(G)}
Ge§
(where each f is to be considered as a map in PSh(C) in context G € G). We let Sgp < PSh4(C) be
the subcategory that is spanned by R. Note that since R is a small set, the subcategory Sg is small,
so that D = Locs,, (PSh5(C)) is a presentable B-category. Moreover, if E is an arbitrary complete large
B-category, the construction of Sg (together with the fact that the preservation of limits can be checked
locally, see Remark 3.1.1.8) makes it evident that a cocontinuous functor PShy (C) — E°P carries the
maps in Sg to equivalences precisely if its restriction to C is op(U)-cocontinuous. By replacing B with
B4, the same assertion holds for any object A — Funi(PShy (C), E°P). As a consequence, the universal
property of presheaf B-categories implies that restriction along the Yoneda embedding h¢ determines an
equivalence of large B-categories h§ : Fun (PShy(C), E°P)s,, =~ @%p(U) ““(C, E°P). Upon taking opposite
B-categories and using Corollary 4.4.3.2, one thus obtains an equivalence (Lhc)*: Shg(D) ~ Shg(C). By
plugging in E = Q into this equivalence and using proposition 4.4.6.3, one ends up with an equivalence
D ~ Sh9(C) of full subcategories of PShy (C), which completes the proof. O

Whenever U is a sound doctrine, we can identify the B-category of U-sheaves on an op(U)-cocomplete

B-category C with the free Filty-cocompletion of C:

PROPOSITION 4.4.6.5. Let U be a sound internal class and let C be an op(U)-cocomplete B-category.
Then there is an equivalence Shi(C) ~ Ind (C) of full subcategories of PShg (C).

PROOF. On account of Proposition 4.3.4.6 as well as Remarks 4.4.6.2 and 4.3.4.2, it suffices to show
that a presheaf F': C°? — Q is U-flat if and only if F' is U-continuous. As the inclusion hcop: CP —
Fung (C, Q) commutes with all limits that exist in C, the presheaf F' being U-flat immediately implies
that F is U-continuous. Conversely, suppose that F' is U-continuous. By Proposition 4.3.4.6, it suffices to

show that C,p is weakly U-filtered. By applying Lemma 4.1.4.5 to the pullback square

Cr — Q;)fﬂ

L

op
c Qop,

(which satisfies the conditions of the lemma by Proposition 3.1.6.3), we conclude that C/r is op(U)-
cocomplete, hence the claim follows from Example 4.1.2.4. O
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COROLLARY 4.4.6.6. Let U be a sound doctrine and let C be an op(U)-cocomplete B-category. Then
m%((:) is presentable. Moreover, for any cocomplete large B-category E, restriction along the Yoneda

embedding hc induces an equivalence
he: Fun$s (Ind% (C), E) ~ Fun?")"*°(C, E)
of large B-categories. O

COROLLARY 4.4.6.7. Let D be a large B-category. Then the following are equivalent:
(1) D is presentable;

(2) there is a sound doctrine U such that D is U-accessible and DY~Pt js op(U)-cocomplete;

(8) there is a doctrine U and a small op(U)-cocomplete B-category C such that one has an equivalence
D =~ Shg(C).

PROOF. By combining Theorem 4.4.2.4 with Proposition 4.1.5.4, it is clear that (1) implies (2). If (2) is
satisfied, Proposition 4.3.3.2 implies that DY -°P* is small and that there is an equivalence D ~ m% (DY-ept),
In light of Proposition 4.4.6.5, this shows that (3) is satisfied. Finally, Proposition 4.4.6.4 shows that (3)
implies (1). O

We complete this section by noting that as a consequence of the results that we have established so
far, we may deduce that the B-category of sheaves between presentable B-categories is presentable as
well:

COROLLARY 4.4.6.8. For every two presentable B-categories D and E, the B-category Shg(D) is

presentable as well.

Proor. By Corollary 4.4.6.7, we may find a doctrine U and a small op(U)-cocomplete B-category C
such that D ~ Shg(C). Consequently, Proposition 4.4.6.4 gives rise to an equivalence Shg(D) =~ Sh¢(C).
Therefore, it suffices to show that the right-hand side is presentable. Choose a small B-category C’ such
that E ~ Locs/ (PShy(C')) for some S’ — PShy (C') with S’ small. We obtain a commutative square

Shg(€) > Funy (C°P, E)

I |

Shpsp, () (C) > Fung (C°P, PShy (C')).

We first claim that this square is a pullback. To see this, note that by Remarks 4.4.6.2 and 4.4.1.2, it
will be enough to verify that a functor C°? — E is U-continuous if C°? — E < PSh,; (C') is U-continuous.
This is a straightforward consequence of the fact that fully faithful functors are conservative. To proceed,
note that by Corollary 4.4.2.6, the vertical map on the right in the above diagram defines a map in Pr%.
Using Proposition 4.4.4.11, the proof is thus complete once we verify that the lower horizontal map is a
map in Pr% as well. To see this, observe that by Lemma 4.6.1.3 below, we may identify this map with
the inclusion
Fun; (C°F, Shi3(C)) = Funyy (C°F, PShy, (C'))

that is induced by postcomposition with the inclusion Shg(C) < PShy (C). As the latter is a map in Priy
by Proposition 4.4.6.4, the claim thus follows by again appealing to Corollary 4.4.2.6. (]

4.5. Digression: Aspects of internal higher algebra

The goal of this section is to set up the basic framework of higher algebra (in the sense of [56])
in the context of internal higher category theory. As our main goal is to use this framework to define
tensor products of B-categories in § 4.6, we will restrict our attention to a few selected results instead of
giving a comprehensive account of this machinery. We begin in § 4.5.1 by defining symmetric monoidal
B-categories (and more generally B-operads), and in § 4.5.2 we study algebras and modules in symmetric
monoidal B-categories. As a first application of this framework, § 4.5.4 contains a characterisation of
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dualisable objects in the B-category of modules over an E,-ring in B. The proof of this characterisation
requires a few results about the notion of stability in the world of B-categories, which we briefly discuss
in § 4.5.3.

4.5.1. B-operads, symmetric monoidal B-categories and commutative monoids. Recall

gen
e

from [56, § 2.3.2] the definition of the presentable co-category OpS" of generalised oo-operads. By
construction, this oo-category is the (non-full) subcategory of (Catw,) pin, (Where Fin, denotes the

1-category of finite pointed sets) that is spanned by the generalised co-operads and the morphisms of

gen
o0

generalised oo-operads. The full subcategory of OpS:” that is spanned by the oco-operads is denoted
by Op.,. By [66, Corollary 2.3.2.6] the inclusion Op,, — Op&" admits a left adjoint, and by [56,
§ 2.1.4] the oo-category Op,, is presentable as well. Finally, recall from [56, Variant 2.1.4.13] that the
(presentable) co-category Cat?ﬁJ is defined to be the subcategory of Op_, that is spanned by the symmetric
monoidal co-categories and the symmetric monoidal functors. By [56, Proposition 2.2.4.9] the inclusion

Cat? < Op,, also admits a left adjoint. In light of Construction 2.3.1.1 we may now define:

gen
o0

DEFINITION 4.5.1.1. A generalised B-operad is an OpS:"-valued sheaf on B, and the B-category of

generalised B-operads is defined as the large B-category Opf, " = Op&" ®Q. A generalised B-operad is

said to be a B-operad if it takes values in Op,,, and the large B-category Opg of B-operads is defined as

the full subcategory of Opf," that is spanned by the B a-operads for each A € B. Finally, a (generalised)
®

o, and similarly a

B-operad is said to be a symmetric monoidal B-category if it takes values in Cat
morphism of symmetric monoidal B-categories is said to be a symmetric monoidal functor if it takes values
in Cat?. The large B-category Cat% of symmetric monoidal B-categories is defined as the subcategory
of Opg that is spanned by the symmetric monoidal functors between symmetric monoidal B-categories,

and the large B-category Cat%’Iax is defined as the essential image of the inclusion Cat% — Opg. We

refer to the maps in Cat%’laX as lax symmetric monoidal functors.

REMARK 4.5.1.2. By construction, we have canonical equivalences Opg ~ Op,, ®Q and Cat% ~
Cat? ®Q with respect to which the inclusions Opg < Op3™ and Cat% — Opg correspond to the image
of the inclusions Op,, < OpE™ and Cat® < Op,, under the functor — ® Q: Pry — Prf(B) from

o0

Example 4.4.4.8. Consequently, the chain of inclusions

gen

Cat% — Opg — Op3;
. . R
defines morphisms in Prg.

REMARK 4.5.1.3. Taking the fibre over (1) € Fin, defines a forgetful functor Op,, — Cat,. By the
discussion in [56, § 2.1.4], this functor defines a map in Priv . Consequently, applying — ® Q to this map
yields a well-defined morphism Opg — Catg in Priy (cf. 4.4.4.8). Given a B-operad 0%, we denote its

image under this functor by O.

gen
e

REMARK 4.5.1.4. By making use of [56, Proposition B.2.9], the inclusion Op&" — (Catoo), Fin,
admits a left adjoint and thus defines a morphism in PrORO. Upon applying the functor — ® €, we thus
obtain a monomorphism Op§™” — (Catuo)/ pin, ® Q =~ (Catg )/ pin,. Unwinding the definitions, one finds

that a functor p: O® — Fin, is contained in Op;" precisely if

(1) for all A € B the pullback (n?)*O®(A) — Fin, of p(A) along the adjunction unit n: Fin, —
I'p,, Fin, defines a generalised oco-operad, and

(2) for all maps s: B — A in B the induced map (n)*0®(A) — (n)*0®(B) defines a morphism
of generalised co-operads.

Similarly, a morphism f: 0% — O’® in (Catsg) /Fin, Detween generalised B-operads is contained in Op§,™

precisely if for all A € B the pullback (n)* f(A) defines a morphism of generalised co-operads. One can

make analogous observations for the subcategories Opg, Cat%’lax and Cat%.
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REMARK 4.5.1.5. By combining Remarks 4.5.1.4 and 2.3.2.5, we may identify Cat% with the full
subcategory of Cocartpi,, that is spanned by those cocartesian fibrations p: C® — Fin, (in arbitrary
context A € B) for which the induced cocartesian fibration (n?)*C®(B) — Fin, defines a symmetric

monoidal co-category for every B € B/4.

For later use, recall from [56, Proposition 2.3.2.9] that the functor € — Fin, X€ determines a fully
faithful map Cats, — Op%;

gen

in Prg‘o. By applying the functor — ® €2, we thus obtain:
PROPOSITION 4.5.1.6. The map C — Fin, xC determines a fully faithful functor Catg — Op§". O

Recall that under the straightening equivalence, symmetric monoidal co-categories can be identified
with commutative monoids in Cats,. Our next goal is to derive an analogous result internally. To that
end, we let p;: (n) — (1) be the pointed map that carries ¢ to 1 and every other element to 0. Given
any functor Co: Fin, — €, (n) — C,, with values in an arbitrary oo-category C, we will denote by

pi: Cp, — Cy the image of p; under Co. We may now define:

DEFINITION 4.5.1.7. A commutative monoid in a B-category C is a functor M : Fin, — C such that
for all n > 0 the functors (p;: M,, = Mi)i<i<n exhibit M,, as the product H?Zl M; in C. We define
the B-category CMon(C) as the full subcategory of Fung(Fin,, C) that is spanned by those functors
Fin, — 7% C that define commutative monoids in 7% C for all A € B.

REMARK 4.5.1.8. Since the condition of a morphism in a B-category to be an equivalence is local
in B, an object A — Fung (Fin,, C) is contained in CMon(Catsg) if and only if it defines a commutative
monoid in 7% C. In particular, one obtains a canonical equivalence 7% CMon(C) ~ CMon(7% C) for every
AeB.

REMARK 4.5.1.9. Evaluation at (1): 1 — Fin, defines a forgetful functor CMon(C) — C. We will
usually abuse notation and identify a commutative monoid M with its underlying object in C. By
evaluating such a monoid M at the unique active map (2) — (1) in Fin,, one obtains a multiplication
map p: M x M — M that is associative and commutative up to infinite coherent homotopies. Moreover,
evaluation at the unique pointed map (0) — (1) induces a unit e: 1¢ — M such that the induced maps

u(e,—) and p(—,e) are equivalences.

By combining Remark 4.5.1.5 with the straightening equivalence for cocartesian fibrations Theo-

rem 2.3.2.7, one now finds:

PROPOSITION 4.5.1.10. The straightening equivalence restricts to an equivalence of large B-categories
Caty ~ CMon(Catg). O

REMARK 4.5.1.11. Upon composing the equivalence Cat’ ~ CMon(Catg) from Proposition 4.5.1.10
with the forgetful functor CMon(Catg) — Catg, one recovers the functor Caty — Cats from Re-
mark 4.5.1.3. If C® is a symmetric monoidal B-category, the multiplication map thus defines a bifunctor
—® —: Cx C— C, and the unit is an object 1g: 1 — C.

A rich source for symmetric monoidal B-categories are those B-categories that admit finite products.
We will denote by Cat% the subcategory of Catg that is spanned by the LConstg;,-continuous functors
between LConstgi,-complete B/ a-categories for all A € B, where Fin is the 1-category of finite sets.
By the dual of Corollary 3.2.4.6 and the fact that Catgo is presentable [56, Lemma 4.8.4.2], we may
identify Cat} ~ Cat"l ®Q. Now recall from [56, Corollary 2.4.1.9] that there is a fully faithful functor
(=)*: Catl — Cat® that assigns to an oo-category € with finite products the associated cartesian

monoidal co-category C* and that fits into a commutative diagram

Catl (—>( ) Cat®

o0

NS

Catoo
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in which the right diagonal map is the forgetful functor. Note that this diagram takes values in Prg‘o
Upon applying the functor — ® Q, we thus obtain:

PROPOSITION 4.5.1.12. There is a fully faithful functor (—)*: Cat% — Cat%’ that carries a B-category

C to the cartesian monoidal B-category C* and that fits into a commutative diagram

Catly % Catg

NS

Catg

of large B-categories.

REMARK 4.5.1.13. Suppose that C® is a symmetric monoidal B-category and that D is a full
subcategory of C such that the tensor functor — ® —: C x C — C restricts to a functor D x D — D and
the unit object 1g: 1 — C is contained in D. Then we can canonically equip D with the structure of a
symmetric monoidal B-category: indeed, C® is determined by a functor C®(—, —): B°P x Fin, — Cat,
and we may consider the full subfunctor that consists for A € B°P and (n) € Fin, of the full subcategory
of C®(A, (n)) that corresponds under the equivalence

n)) ~ Hc®(A, (1)) ~ HC(A)

to the subcategory []_, D(A) C [[;—, C(A). By our assumption on — ® — this yields a well-defined
functor D®(—, —): B°? x Fin, — Cats,, and by [56, Remark 2.2.1.12] the functor D® (A, —) defines
a symmetric monoidal co-category for every A € B. So we get a functor D®: B? — Cat® whose
composition with the forgetful functor Cat® — Caty, recovers D and which therefore defines the desired
monoidal structure on D.

4.5.2. Algebras and modules in symmetric monoidal B-categories. Recall from [56, § 2.1.3]
that a commutative algebra in a symmetric monoidal oo-category C® is a map of oco-operads Fin, — €%,
and an associative algebra in C® is a map of co-operads Assoc — C®, where Assoc denotes the associative
operad. One obtains functors Alg: Cat® — Caty, and CAlg: Cat® — Cat., that assign to a symmetric
monoidal co-category C® the co-category Alg(€) of associative algebras in C® and the co-category CAlg(€)
of commutative algebras in €%, respectively. Note that either of these functors defines a map in PrORo. In
light of Example 4.4.4.8, we may thus define:

DEFINITION 4.5.2.1. We define the maps Alg: Cat% — Catg and CAlg: Cat% — Catp in PrR(B) as
the maps that arise from applying — ® Q to the functors Alg: Cat® — Cat., and CAlg: Cat® — Cate,,
respectively. For a symmetric monoidal B-category, we refer to the B-category Alg(C) (CAlg(C)) as the
B-category of associative (commutative) algebras in C.

By construction, an associative/commutative algebra in C® is simply an associative/commutative
algebra in the symmetric monoidal co-category T'(C®).

Recall from [56, Proposition 2.4.2.5] that there is a commutative triangle

Cath — 2 cat®

CM& Alg

in Prgo. By applying — ® Q to this diagram, we therefore obtain:

PROPOSITION 4.5.2.2. Let C be a B-category with finite products. Then there is a canonical equivalence
CMon(C) ~ CAlg(C*)

of B-categories that is natural in C. O
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Our next goal is to define B-categories of modules in a symmetric monoidal B-category. To that
end, let us briefly recall the setup from [56, § 3.3.3]: we let K be the full subcategory of Fun(A!, Fin,)
that is spanned by the semi-inert maps, and we denote by X° «— K the full subcategory that is spanned
by the null maps. We say that a morphism f in K or X is inert if both do(f) and d;(f) are inert. By
making use of the projections di: X — Fin, and di: X° — Fin., we may regard both X and X° as
preoperads (with the marked edges given by the inert maps). Now the two spans Fin, &y oy Fin,
and Fin, <% X° £, Fin, (viewed as spans of marked simplicial sets) satisfy the conditions of [56,
Theorem B.4.2] and therefore determine left Quillen endofunctors — xpi,, X and — Xpi,, K° on the
1-category POp,, of preoperads with respect to the model structure for generalised co-operads (see in
particular [56, Proposition 3.3.3.18] for a proof of the first case, the second case follows by analogous
arguments). Passing to right adjoints thus gives rise to right Quillen endofunctors Mod(—)® and PCAlg(—)
on POp_, and the inclusion X° < X determines a morphism Mod(—)® — PCAlg(—). Similarly, the
span Fin, <+ Fin, x Fin, — Fin, of marked simplicial sets satisfies the conditions of [56, Theorem B.4.2]
as well and therefore gives rise to a left Quillen endofunctor whose right adjoint recovers the functor
Fin. x CAlg(—): POp,, — POp,. By [56, Remark 3.3.3.7] the map X° — Fin, x Fin, induces a
categorical equivalence Fin, x CAlg(—) — PCAlg(—) and therefore in particular a weak equivalence in
the model structure for generalised co-operads.

In total, these observations imply that upon passing to the underlying co-categories, one ends up with

a map Mod(—)®: Op&™ — OpE™ in PrY together with a morphism Mod(—)® — Fin, x CAlg(—), or

o0 o0

equivalently a map Op&" — Fun(Al, Op&") in Pr}}o. By making use of the evident equivalence of large B-

categories Fun(A!, Op&™) @ Q ~ (Opren)Al, applying — ® Q yields a functor Mod(—)®: Op§™ — Op§™
in Pr% together with a morphism p: Mod(—)® — Fin, x CAlg(—) of generalised B-operads. Given
a symmetric monoidal B-category C® and a commutative algebra R: 1 — CAlg(C), we will denote
by Modg(C)® — Fin, the pullback of p along the map (id, R): Fin, — Fin, x CAlg(C). By [56,

Theorem 3.3.3.9] and Remark 4.5.1.4, the map Modz(C)® — Fin, defines a B-operad.

DEFINITION 4.5.2.3. Let C be a symmetric monoidal B-category and let R: 1 — CAlg(C) be a
commutative algebra in C. We define the B-category Modr(C) of modules over R as the underlying
B-category of the B-operad Modr(C)®.

Our next goal is to investigate the functoriality of Modg(C)® in R. To that end, note that the
diagonal embedding Fin, — X induces a forgetful functor Mod(—)® — idpop_ and therefore, by the
same procedure as above, a morphism Mod(—)® — idopgen. It thus follows from [56, Corollary 3.4.3.4]:

PROPOSITION 4.5.2.4. For any symmetric monoidal B-category C, the projection Mod(C)® — CAlg(C)
is a cartesian fibration, and a map in Mod(C)® is cartesian if and only if its image along the forgetful
functor Mod(C)® — C® is an equivalence. O

COROLLARY 4.5.2.5. For any symmetric monoidal B-category C, the projection Mod(C) — CAlg(C)

s a cartesian fibration. O

Next we would like to establish functoriality in the opposite direction, i.e. to construct base change
functors Modg(C)® — Modg(C)® along any algebra map R — S. The existence of these functors requires
the existence of geometric realisations. For the remainder of this section, we shall therefore fix an internal
class U of B-categories that contains A°P and assume that C® is a symmetric monoidal B-category such
that C is U-cocomplete and the tensor functor — ® —: C x C — C is U-bilinear in the sense of § 4.6.1

below. We now obtain:
PROPOSITION 4.5.2.6. The projection p: Mod(C)® — Fin, x CAlg(C) is a cocartesian fibration.

PROOF. By using [61, Remark 3.2.7], it suffices to show that for any map a: (m) — (n) of finite
pointed sets and any map f: A' ® A — CAlg(C), the pair (7% (), f) admits a cocartesian lift. By [56,
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Theorem 4.5.3.1], the map Mod(C(A))® — Fin, x CAlg(C(A)) is a cocartesian fibration of co-categories,
so we may choose a cocartesian lift h of («, f) in Mod(C(A)). By construction, this map defines a lift of
(mha, f) in Mod(C)® in context A. To show that h is cocartesian in the internal sense, it now suffices
to show that for any map s: B — A in B the map s*(h) defines a cocartesian morphism with respect
to Mod(C(B))® — Fin. x CAlg(C(B)). According to the proof of [56, Theorem 4.5.3.1], we may find a
factorisation h ~ h”h', where h’ defines a cocartesian morphism of the fibre Modg(C(A)) — Fin, over
some R € CAlg(C(A)) and where h” is contained in the fibre Mod(C(A))®|(,) and satisfies the following

property: for any 1 < i < n, there is a commutative diagram

1"

Yy ——— 2

|l

Yi — %
where the vertical maps are inert morphisms lying over p;: (n) — (1) and h/ is a cocartesian morphism
of Mod(C(A4)) — CAlg(C(A)). Since every map that admits such a factorisation must be cocartesian, it
is enough to show that s*(h’') is a cocartesian morphism of Mods«r(C(B))® — Fin. and that s*(h!) is a
cocartesian morphism of Mod(C(B)) — CAlg(C(B)). To see the first case we equivalently have to see that
the functor Modg(C(4))® — Mods.r(C(B))?® induced by s* is symmetric monoidal. This in turn follows
from the description of the symmetric monoidal structure on Modz(C(4))® via the bar-construction
[56, Theorem 4.5.2.1, Propositions 4.4.3.12 and 4.4.2.8] because s* commutes with A°P-indexed colimits.
Similarly, the second case follows from the fact that the cocartesian maps in Mod(C(A4)) — CAlg(C(A))
are given by the relative tensor product (see e.g. [56, Lemma 4.5.3.5, Proposition 4.6.2.17 and Corollary
4.5.1.6]) and the latter is again described via the Bar-construction. O

COROLLARY 4.5.2.7. For every commutative algebra A in C, the B-operad Mod4(C)® is a symmetric
monoidal B-category, and the cocartesian fibration Mod(C)® — Fin, x CAlg(C) straightens to a functor
CAlg(C) — CMon(Cats) ~ Cat$
that maps A to Mod 4 (C)®. O

For later use we note the following observation:

PROPOSITION 4.5.2.8. Suppose that C is a complete and cocomplete symmetric monoidal B-category
and that the tensor product — ® —: C x C — C is bilinear. Let R: 1 — CAlg(C) be a commutative algebra.
Then

(1) The B-category Modg(C) is complete and cocomplete.
(2) The canonical functor F': Modgr(C) — C is continuous and cocontinuous.
(8) The tensor product — ®p —: Modgr(C) x Modr(C) — Modg(C) is bilinear.
Furthermore if C is presentably symmetric monoidal (in the sense of Definition 4.6.2.10) then so is

Modp(C).

PROOF. Since by Corollary 4.5.2.5 and Proposition 4.5.2.6 the functor Mod(C) — CAlg(C) is both
cartesian and cocartesian, the essentially unique map lg — R of algebras induces an adjunction
—®R: C~Mod;, = Modg(C): F.

Therefore, the functor F preserves all limits that exist in Modg(C). For fixed A € B the functor F(A)
is equivalent to the forgetful functor Mod,+ r(C(A4)) — C(A), which creates colimits by [56, Corollary
3.4.4.6]. Furthermore F'(A) has a left adjoint given by — ® 7% R. Since the diagram

Mod,- r(C(A)) —— Modxs r(C(B))

F(A)l JF(B)
C(4) — C(B)
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commutes for any map s: B — A in B, this shows that Modg(C) is LConst-cocomplete and F' is
LConst-cocontinuous. Next we show that s*: Modg+ r(C(A)) — Mod,x r(C(B)) admits a left adjoint
si that is compatible with F' in the obvious way. By [56, Remark 4.7.3.15] we may find a functor
G: Modg: r(C(B)) — Fun(A°P, C(B)) such that the composite

Mod,; r(C(B)) < Fun(A°P, C(B)) =25 Fun(A, Mody; 1(C(B))) <22 Mod,: n(C(B))
is equivalent to the identity. Note that since C is cocomplete, the functor s*: C(A) — C(B) admits a left
adjoint s). Therefore, the composition

((—®73 R)os1)«
AT

Mod,: z(C(B)) % Fun(A°, C(B)) Fun(A%, Mod,: g(C(A))) 2™ Mody+ z(C(A))

defines a left adjoint of the transition functor s*. Next, we claim that the canonical natural transformation
a: $iF(B) — F(A)s is an equivalence. Since all functors commute with colimits it suffices to check this
for objects of the form M ® m5 R for some M € C(B). In this case « identifies with the projection formula
transformation
sitM @t R) = siM @ T4 R
which is an equivalence since the tensor products commutes with Q-indexed colimits in the first variable.
It follows that for any pullback square
Q5P

p

Q

B— A
in B the canonical transformation ¢it* — s*py is an equivalence since we may check this after composing
with the forgetful functor F(B) and since C is cocomplete. Thus we have shown that Modg(C) is
cocomplete and that the forgetful functor F' is cocontinuous. Furthermore, we note that the functor
s*: Mod» r(C(A)) — Mod,: r(C(B)) admits a right adjoint given by the composite

Mod; r(C(B)) < Mod,. 3 #(C(A)) — Modas r(C(A))

where the second functor is given restriction of scalars along 7% R — s.s*1} R = s,mzR. Since s, is
compatible with the forgetful functor F, the same argument as above shows that Modg(C) is Q-complete
and therefore complete. Thus we have shown (1) and (2).

We will now show (3). It follows from [56, Corollary 3.4.4.6] that for some fixed M € Modg(C) in
context A, the functor — ®pr M is LConst-cocontinuous, so it suffices to show that it is also Q2-cocontinuous.

For this we have to see that for any s: C'— B in B4 the canonical map
s1(N) ®xyR M — si(N Oz R M)

is an equivalence, by Proposition 3.2.4.2. Again using that the relative tensor product is the colimit of

the bar construction, it follows that we only have to see that the canonical map
sI(N) @ (mgR)®" "7 M — si(N @ (16 R)®" 15, M)

is an equivalence for all n This follows because 7} is symmetric monoidal and the projection formula
holds for C .
Finally, if C is presentably symmetric monoidal then Modg(C) is section-wise presentable by [56,

Theorem 3.4.4.2] and therefore presentably symmetric monoidal by what we have seen above. (]

4.5.3. Stable B-categories. In this section we will define and study a few basic properties of stable
B-categories. All definitions and results are straightforward adaptions of [56, §1.4.2].

DEFINITION 4.5.3.1. A B-category C is called pointed if there is an object Oc: 1 — C which is both
initial and final in C.

REMARK 4.5.3.2. It follows from Example 3.1.1.14 that C is pointed if and only if the associated
functor C: B°P — Cat, factors through the subcategory Cat . of pointed oco-categories.
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DEFINITION 4.5.3.3. A pointed B-category C is called stable if it is finitely complete and cocomplete
and a square A! x Al — 7% C in any context A € B is a pushout square if and only if it is a pullback
square. A functor between stable B-categories is said to be exact if it preserves finite colimits. We define
the large B-category Cat$ of stable B-categories as the subcategory of Catg that is spanned by the exact

functors between stable B, 4-categories, for every A € B.

REMARK 4.5.3.4. Since existence and preservation of (co)limits are both local properties (see
Remark 3.2.2.3) and since the collection of exact functors of stable B,4-categories is closed under
composition and equivalences in the sense of Proposition 2.2.2.9, it follows as in Remark 3.2.3.2 that a
functor f: C — D of B, 4-categories is contained in Cat3'(A) if and only if it is an exact functor between
stable B /4-categories. In particular, one obtains a canonical equivalence 7% Cat3’ ~ Categx/A for every
AeB.

REMARK 4.5.3.5. It follows from Proposition 4.2.3.5 and Example 3.1.1.14 that a B-category C is
stable if and only of the associated sheaf C: B°P — Cato, factors through the subcategory Cato: < Catoo
spanned by the stable co-categories and exact functors. Consequently, we obtain a canonical identification
Catg ~ Catl ®@9Q.

Following the terminology of [56], we write 8" for the co-category of pointed finite co-groupoids.

DEFINITION 4.5.3.6. Let C be a B-category with finite limits. We let Sp(C) be the full subcategory
of Fung (82, C) spanned by those functors 8% — 7% C in context A € B that preserve the final object
and send pushout squares to pullbacks. We denote by 2°°: Sp(C) — C the functor that is obtained by

evaluation at S0 € 8fin,

REMARK 4.5.3.7. Let d: A x A — 7%8f" be a square in the constant B-category 8" in context
A € B. Since A' x A is a finite B-category we may find a cover s: B — A such that s* f is given by
a square in the oco-category 8", cf. Appendix 7.3.3. Since being a pullback square is a local condition,
this implies that a functor f: 8" — C is contained in Sp(C) if and only if for every A € B, the functor
8fin — C(A) that corresponds to 7% f preserves finite limits.

lex

PROPOSITION 4.5.3.8. The inclusion functor Caty; — Catg* from stable B-categories to B-categories

lex

with finite limits admits a right adjoint Sp: Catg — Caty’, that sends a B-category C to Sp(C).

PROOF. By [56, Corollary 1.4.2.23] we have an adjunction
(i 4Sp): Cat®™ < Cat',

hence Sp defines a morphism in PrORO. By applying — ® €, we thus obtain the desired adjunction of
B-categories Caty S Catlfgx. Now Remark 4.5.3.7 implies that if C is a stable B-category, the composition

Bor Catle Sp, Caty is precisely Sp(C). O
DEFINITION 4.5.3.9. We call Sp(2) the B-category of B-spectra.

LEMMA 4.5.3.10. Suppose that C is a presentable B-category. Then Sp(C) is also presentable and the
functor Q> Sp(C) — C admits a left adjoint.

Proor. Since Sp(C) is given by the composite BP — PrI;O Sp, Pr];O, the first claim is clear as the
functor Sp = Exc, (8", —) is compatible with the mate construction. For the second claim we observe
that for any A € B, the functor Q°°(A) may be identified with 2>°: Sp(C(A)) — C(A). Since the
compatibility with étale base change is clear, it follows from Corollary 3.2.4.7 that Q°° is continuous.
Also 2°°(A) is accessible since it admits a left adjoint [56, Proposition 1.4.4.4]. Thus the claim follows
from Proposition 4.4.3.3. (]

PROPOSITION 4.5.3.11. The functor Q°°: Sp(Q) — Q commutes with filtered colimits.
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PROOF. By construction 2°° is given as the composition

Sp(%) < Fung (8", Q)

evs,
—

Q

and therefore it suffices to see that the inclusion Sp(2) < Fung (81", Q) commutes with filtered colimits.
By a similar argument as in the proof of Lemma 4.1.5.3, this follows from the fact that filtered colimits

in Q commute with finite limits. O

REMARK 4.5.3.12. By construction, there is a canonical equivalence Sp(2) ~ Sp®Q. Since the
functor — ® Q is symmetric monoidal (see the discussion before Proposition 4.6.3.7), it follows that Sp(£2)

canonically admits the structure Sp(2)® of a presentably symmetric monoidal B-category.

DEFINITION 4.5.3.13. A commutative B-ring spectrum is a commutative algebra in Sp(Q)®. We
denote the unit object of Sp(2) by S and call it the B-sphere spectrum. If R is a commutative B-ring
spectrum we denote the B-category of modules over R by Modg. We will write Mod% for the oo-category
of global sections of Mod7,.

REMARK 4.5.3.14. Since Sp(f2) is a presentably symmetric monoidal B-category, it receives a unique
symmetric monoidal left adjoint functor Q — Sp(Q), see Remark 4.6.2.6. By uniqueness, this functor
automatically agrees with the functor that is given by applying — ® Q to the symmetric monoidal
functor X°: 8§ — Sp. It follows that the right adjoint of X% ® Q is explicitly given by the map
Shg, _(Sp) — Shg,_(8) determined by precomposing with (35°)°P. Since we have a commutative square

Sth/7 (Sp) — Sh‘B/7 (8)

=| lﬁ

it follows that X ®Q is a left adjoint of Q°°: Sp(Q2) — Q. In particular Q> is the left adjoint of the unique
colimit preserving functor Q — Sp(£2) and thus there is a natural equivalence Q2> =~ mapg;q) (S, —).

REMARK 4.5.3.15. In [71], Denis Nardin develops a notion of stability in parametrised higher category
theory, and he shows that if G is a finite group, the G-parametrised stabilisation of G-spaces recovers
genuine G-spectra. However, Nardin’s definition of stability is fundamentally different from ours: the
key difference is that the class of parametrised oo-category that he declares finite is much larger than
ours. Consequently, the notion of finite limits and colimits are much more complicated than the finite
limits and colimits we consider here, and as a result the associated notions of stability differ significantly.
In particular, it is not possible to obtain genuine G-spectra by making use of our internal stabilisation

procedure, which rather recovers naive G-spectra.

4.5.4. Application: dualisable objects in module B-categories. If R is an E.,-ring, let us
denote by Sh(B; R) = B ® Modg the oo-category of sheaves of R-modules on B. In many geometrically
interesting situations, the co-category Sh(B; R) is quite far from being compactly generated. For example,
if M is a non-compact connected manifold of dimension at least 1, the only compact object in Sh(M;Z)
is the zero object by [72, Theorem 0.1]. In this section we will see that one may fix this issue by working
internally to the co-topos B itself: the B-category Mod} (whose underlying oo-category is Sh(B; R))
is always internally compactly generated (see Theorem 4.5.4.8). Furthermore, the internally compact
objects can be completely characterised in terms of the symmetric monoidal structure on Modg7 namely
as the dualisable objects. In particular, this provides a classification result for the dualisable objects in
Sh(B; R) (see Corollary 4.5.4.12).

DEFINITION 4.5.4.1. If C is a B-category that admits filtered colimits (i.e. is Filtrin, -cocomplete),
let us write CP* for the full subcategory of Fing-compact objects. We will also simply refer to these
as internally compact objects. We say that a cocomplete B-category C is compactly generated if the
canonical map Ind4 (CPY) — C is an equivalence.
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REMARK 4.5.4.2. An internally compact object d: 1 — C does not necessarily yield a compact object
in the oo-category C(1). For example, the final object 1q: 1 — Q is always internally compact, but in
general 1 € B is not compact. Since the mapping oo-groupoid functor mapc;)(d, —): C(1) — 8 is given
by composing I'(mapc(d, —)): C(1) — B with the global sections functor I' ~ mapg (1, —), we see that

internal compactness implies compactness (for any B-category C) if and only if 1 € B is compact.

DEFINITION 4.5.4.3. An object ¢ in context A of a symmetric monoidal B-category C is called
dualisable if it is dualisable in the symmetric monoidal oo-category C(A). In other words, ¢ is dualisable if
there is an object ¢¥: A — C together with maps n: 7% (1lg) — ¢ ® c and €: ¢ ® ¢ — 7% (1g) such that
(cV®@e)o(n®cY) ~id and (c®n)o (e @ c) ~ id. We denote the full subcategory of C that is spanned by
the dualisable objects by Cdual,

REMARK 4.5.4.4. It follows from [56, Proposition 4.6.1.11] that an object ¢ € C(A) is contained in
Cdual(A4) if and only if it is dualisable.

A first easy consequence of the definitions is the following:

LEMMA 4.5.4.5. Let C be a symmetric monoidal B-category and let c: 1 — C be a dualisable object.
Then the functor — ® c¥: C — C is a right adjoint of the functor — ® c. O

Suppose now that R is an E..-ring object in B. Since Mod}% is a presentably symmetric monoidal

B-category by Proposition 4.5.2.8, for every object z: 1 — Mod}% the functor — ® x admits a right adjoint
Homp(z, —): Mody — Mod7, .

Also, recall from Corollary 4.5.2.5 and Proposition 4.5.2.6 that the forgetful functor F': I\/Iod;g — I\/Iod:é3 ~
Sp(Q2) has a symmetric monoidal left adjoint — ® R: Sp(Q2) — Modg. We may therefore consider the

composite

Homa®:2) y10d® Fy sp) 255 .

We claim that G is equivalent to the functor MAPods (z, —). Indeed we have a chain of natural equivalences

G: Modp

G~ mapQ(lﬂa G(_)) = InapMod'}% (Rv MR(I, _)) = mapModg (R & T, _) = mapModg (‘T7 _)'

Now if z is furthermore dualisable, the functor Hompg(z, —) is of the form — ® 2 and therefore in
particular cocontinuous. Since both F and Q°° are Filtgi,,,-cocontinuous by Propositions 4.5.2.8 and

4.5.3.11, we have shown:
LEMMA 4.54.6. Letz:1— Modg be dualisable. Then x is internally compact. O

DEFINITION 4.5.4.7. We define the B-category Perf% to be the smallest full subcategory of I\/Iodg
that is closed under finite colimits, retracts and contains the monoidal unit R. We call the objects in

Perfg perfect objects.
We now obtain:

THEOREM 4.5.4.8. The B-category I\/Iodg is compactly generated, and the following full subcategories

of Modg are equivalent :

(1) The full subcategory l\/lodg’duaLl spanned by the dualisable objects.
(2) The full subcategory I\/Iodg’Cpt spanned by the internally compact objects.
(8) The full subcategory Perfg spanned by the perfect objects.

PrOOF. In light of Remarks 4.1.5.2 and 4.5.4.4, Lemma 4.5.4.6 implies that we have an inclusion
Modg’dua] o Modg’cm. Furthermore, dualisable objects form a stable full subcategory that is closed under
retracts, so that Perfg — Modg’dua1 is clear. It remains to see that every compact object is perfect. On
account of the inclusion Perfh < Mod7 ", we deduce from Proposition 3.4.2.4 and Corollary 4.4.6.6 that
the inclusion Perfp < Mod} extends to a fully faithful cocontinuous functor i: Indg (Perfn) < Modp.
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If we can show that i is an equivalence we are done by Proposition 4.3.3.1. Since I\/Iodg is cocomplete,
we may now apply the adjoint functor theorem (Proposition 4.4.3.1) to deduce the existence of a right
adjoint r of i. We complete the proof by showing that the counit e: ir — id is an equivalence. For this
we pick an object X € Modg(A) and consider the fibre sequence

fib(e) = irX 5 X
in Mod% (A). We need to show that fib(e) ~ 0. For every n, we obtain a fibre sequence
mAPyogs (57 (4 R), b(E)) = mapyegs (5 (w3 R),i7X) < mapyoqs (S (x4 ), X)

in B/a. As X" R is in the essential image of 4, the map ¢, is an equivalence. Therefore, we conclude

that we have equivalences
1~ mapyegs (5" (74 R), fib(€)) ~ mapyeqz (74 R, Q" fib(e)) ~ Q>*Q" fib(e)
for any n. Thus fib(e) ~ 0, which shows that ¢ is an equivalence, as desired. O

REMARK 4.5.4.9. Let By be a 1-topos and R a ring object in By. Let us denote the hypercomplete
oo-topos associated to By by B. Then by [58, Theorem 2.1.2.2] there is an equivalence of co-categories

D(Sh(Bo; R))) ~ Modp

where we consider R as a discrete ring object in B. Furthermore one can check that the induced symmetric
monoidal structure on the homotopy category of D(Sh(By; R)) is indeed the usual one. With these
identifications in mind, the result that an object in Modg is dualisable if and only if it is perfect appears
as [Stacks, Tag OFPV].

ExAMPLE 4.5.4.10. Let X be a (spectral/derived) scheme and consider the Zariski-topos Xza, of
X. The structure sheaf Ox of X is a sheaf of (Ex-)rings on X and thus gives rise to an object in
CAlg(Sh(Xyzar,Sp)). Thus we may consider the Xz,,-category Modé(}z{“. By Theorem 4.5.4.8 an object
J e Modé{f{“(*) = Mod(Ox) is internally compact if and only if it is perfect, i.e. if and only if there
is an open covering X = (J, U; by affines such that |y, is contained in the smallest stable idempotent
complete subcategory containing (Ox )|y, = Op,. Thus the full subcategory of Modg, spanned by the
internally compact objects is equivalent to the usual category of perfect complexes on X.

REMARK 4.5.4.11. Let R be an Eo.-ring. The stable constant sheaf functor const: Sp — Shg,(B)
is symmetric monoidal, therefore R := const R defines a commutative B-ring spectrum. Let us denote
the oco-category of sheaves of R-modules by Sh(B; R) Then by [56, Theorem 4.8.4.6] there is a canonical
equivalence of symmetric monoidal oo-categories Sh(B; R) ~ Modg(Shg,(B)) = Modg.

Combining Theorem 4.5.4.8 with Corollary A.4 we arrive at the following classification result for

dualisable objects:

COROLLARY 4.5.4.12. Let R be an Eo,-ring. Then an object in Sh(B; R) is dualisable if and only if

it is locally constant with perfect values. (I

REMARK 4.5.4.13. In the case of étale hypersheaves on a scheme X and where R is a discrete ring,
the above corollary already appears in [18, Remark 6.3.27] and for pro-étale sheaves on X this is shown
in [41, Corollary 3.4.3]. The proofs in both references rely on features of the specific geometric situation,
more specifically on the existence of enough points and w-contractible objects, respectively. Having a
sufficient amount of machinery from internal higher category theory at our disposal, we can recover these

observations with a now completely formal proof.
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4.6. The tensor product of presentable B-categories

In [56], Lurie establishes a symmetric monoidal structure on the co-category of K-cocomplete oo-
categories with K-cocontinuous functors, for any class K of co-categories. In particular, his construction
gives rise to a symmetric monoidal structure on the oo-category Prl(;o of presentable co-categories. In this
section, our goal is to obtain an internal analogue of these results, i.e. to construct a symmetric monoidal
structure on the large B-category Cat%'Cc of U-cocomplete B-categories and U-cocontinuous functors, for
any choice of internal class U. Our construction will be entirely analogous to the one in [56]: we will
define the desired symmetric monoidal B-category Cat%'cc’® — Fin, as the subcategory of the cartesian
monoidal B-category Caty — Fin, that is spanned by what we call U-multilinear functors. We define
and study this concept in § 4.6.1, before we go on and discuss the symmetric monoidal structure on
Catyy™°

B-category Pr]@. In § 4.6.3, we make use of this structure to identify B-modules as a full subcategory of

in § 4.6.2. In particular, our construction will yield a symmetric monoidal structure on the large

the oco-category PrL(B) of presentable B-categories.

4.6.1. Bilinear functors. Recall that a bilinear functor of cocomplete co-categories € x D — € is
a functor that preserves small colimits separately in each variable. We will now introduce this notion in
the internal setting. It will be useful to consider functors that only preserve certain (internal) classes of

colimits in each variable, so that we arrive at the following general definition:

DEFINITION 4.6.1.1. Let U and V be two internal classes of B-categories. Suppose that C,D and E
are B-categories such that C is U-cocomplete, D is V-cocomplete and E is U U V-cocomplete. We will
say that a functor f: C x D — E is (U, V)-bilinear if for any A € B and any two objects ¢: A — C and
d: A — D the functor

fle,=): 74D oxid, 73 C x 4D Lt m4yE
is 7% V-cocontinuous and the functor

F=d): 75C 929 e C oD A0 1 E
is 7% U-cocontinuous. We write @%J’V)(C x D, E) for the full subcategory spanned by the (75U, 7% V)-
bilinear functors for every A € B. If U=V = Catg (and C,D and E are large), we will simply say that f
is bilinear and write Funy'(C x D, E) for the associated B-category of bilinear functors.

REMARK 4.6.1.2. In the situation of Definition 4.6.1.1, the fact that U- and V-cocontinuity are
local conditions by Remark 3.2.2.3, implies that for any cover | |, A; - 1 in B, a functor f is (U,V)-
bilinear if and only if for each i the functor 77 f is (WLUJLV)—bilinear. In particular, an object
A — Fung(C x D,E) in context A € B is contained in Fung(C x D,E)(YV) if and only if it defines a
(7% U, 7% V)-bilinear functor, and there consequently is a canonical equivalence

miEun§ ™Y (C x D, E) ~ Funf A" ™) (w5.C x 73D, w4 E)

of B, 4-categories.

LEMMA 4.6.1.3. Let U and V be two internal classes and let C,D and E be B-categories such that
C is U-cocomplete, D is V-cocomplete and E is U U V-cocomplete. Then Funy (D, E) C Fung (D, E) is

closed under U-colimits, @%'CC(C, E) is closed under V-colimits, and there are natural equivalences
Fun$™(C x D, E) ~ Fun$™*°(C, Fun¥%*(D, E)) =~ Fun%°(D, Fun}*°(C, E)).

PRrROOF. By symmetry, it is enough to show that @%'CC(D, E) is closed under U-colimits and to
construct the first of the two equivalences. To begin with, we claim that a functor f: Cx D — E is (U, V)-
bilinear if and only if its transpose f': C — Fung (D, E) is U-cocontinuous and takes values in Fun (D, E).
To see this, note that for any A € B and any object ¢: A — C, the functor f'(¢): 73D — 7« E is by

definition given by f(¢, —), which in turn implies that f(c, —) is V-cocontinuous if and only if f’ factors
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through the full subcategory Fun% °°(C, E). Moreover, given any object d: A — D in context A € B, note

that the functor f(—,d) is given by the composite
73C 2L, 14 Fung (D, E) = Fung |, (73D, 75E) 5 n3E.

Therefore, Proposition 3.1.3.2 implies that f’ is U-cocontinuous if and only if f(—,d) is U-cocontinuous
for all d: A — D and all A € B. Hence the claim follows. In light of Remarks 4.6.1.2 and 3.2.3.2, this
already implies that the equivalence Fung(C x D, E) ~ Fung(C, Fung (D, E)) induces a pullback square

Fun§y"")(C x D, E) > Funf}™*(C, Fung (D, E))

! J

Funy (C, Funy, (D, E)) «——— Fung(C x D, E).

To complete the proof, it is now enough to show that @%'CC(D, E) is closed under U-colimits. In light of

Remark 3.2.3.2, this follows once we show that for any | € U(1) the colimit functor

collim: Fung (I, Fung (D, E)) — Fung (D, E)

restricts to a functor Fung (1, Fun%“°(D,E)) — Fun%*°(D,E). As colimy is cocontinuous, we get a

commutative diagram

Euny," (D, Fungp (I, E)) «— Funy (D, Fung (1, E))

J{(colirm)* l(colim| )

Fun (D, E) > Funy (D, E).

By what we have already shown above, the equivalence Fung (I, Fung (D, E)) ~ Fung (D, Fung(l, E)) restricts
to an equivalence Fung (I, Fun¥%¢(D, E)) ~ Fun% “°(D, Funy (I, E)). Hence the previous diagram shows
that the colimit functor colim, restricts as desired. O

We will now generalise the above situation to so-called multilinear functors. For the sake of simplicity,

we will only do this in the case of one fixed internal class.

DEFINITION 4.6.1.4. Let U be an internal class of B-categories and suppose that Cq,...,C,, E are
U-cocomplete B-categories. A functor f: C; X .... x C,, — E is said to be U-multilinear if for every
i=1,...,n and all objects ¢;: A; — C; in context A € B for ¢ # j the functor

n
C1,..,id,...,c,
: ) H 75 Ch EN 4D
k=1

is 7% U-cocontinuous. We will write m%'mu“(nzzl Ck, E) for the full subcategory spanned by the

7% U-multilinear functors for all A € B.

REMARK 4.6.1.5. By a similar argument as in Remark 4.6.1.2, the condition of a functor as in
Definition 4.6.1.4 to be U-multilinear is local in B, which implies that there is a canonical equivalence
4 Fung ™ ([Tp_, C1, E) ~ @;j‘f_mult(nzzl 7% C,, m4E) for each A € B.

REMARK 4.6.1.6. In the situation of Definition 4.6.1.4 we can construct the universal U-multilinear
functor using Proposition 4.4.5.3. Namely, we may consider the collection of cocones [I}}_; R), from
Construction 4.4.5.5 with respect to the internal class U. Then by construction a functor [;_, Cx — E
is U-multilinear if and only if it is contained in the full subcategory Fung([T;_; C;, E)op_r.- By
Proposition 4.4.5.3, we thus have a canonical functor j: [[;_, C; — F’Sh%LDZ:lR’“)(HZ:1 C;) that induces

an equivalence

j* . m%_CC(PSh%J’DZ:ﬂ%k)(H C’L)’ E) i> @%—mult(H Cka E)
=1 k=1
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4.6.2. The tensor product of U-cocomplete B-categories. The goal of this section is to extend
the results from [56, § 4.8.1] to the setting of B-categories. Namely, we will construct a symmetric
monoidal structure Cat%"cc’® on the large B-category Cat%‘CC of U-cocomplete B-categories. For this we
will roughly follow the arguments in [56].

Recall that the (large) B-category Cats is complete. By Proposition 4.5.1.12, we therefore obtain a
symmetric monoidal structure p: Caty; — Fin, on Catg. By construction, the pullback of p(A) along the
adjunction unit Fin, — I's,, Fin, yields the cocartesian fibration classifying the symmetric monoidal

oo-category Cat(B,4)*.

CONSTRUCTION 4.6.2.1. We define a subcategory Cat%'cc’(@ of Caty as follows: Let f: z — y be

a morphism in Caty in context A € B, and assume that p(f) is contained in the image of the functor
consts,, and thus given by a map a: (n) = (m) in the l-category Fin,. We now obtain equivalences
r ~ (Cy,...,C,) and y =~ (Dy,...,D,,) where the C; and D; are B, 4-categories, and the map f is

determined by a collection of maps f;: [] —1(5) C; — Dy for j =1,...,m. We shall say that f is

i€x
U-multilinear if the C; and D; are 7% U-cocomplete and the functors f; are 7% U-multilinear. Finally, we
say that an arbitrary map g:  — y in Caty in context A € B is locally U-multilinear if there is a cover
(si): |, Ai — A such that s¥(g) is U-multilinear for each i. We let Caty, ““® be the subcategory of Cat);

that is spanned by the locally U-multilinear maps.

REMARK 4.6.2.2. Since every map in the constant B-category Fin, is locally of the form a: (n) — (m)
(i-e. is locally contained in the image of the constant sheaf functor Proposition A.2), for every map
g: x — y in Cat} in context A € B there is a cover (s;): | |A; - A in B such that p(s}g) is given by a
map «a: (n) — (m) of pointed finite sets. As moreover the condition that a functor is 7% U-multilinear is

local in B (see Remark 4.6.1.5), one finds that g is locally U-multilinear if and only if s¥(g) is U-multilinear.

LEMMA 4.6.2.3. The inclusion (Caty, ““®); < (Cat), identifies (Caty *®), with the subobject of
(Caty)1 that is spanned by the locally U-multilinear maps.

PRrROOF. We first show that U-multilinear maps are closed under composition. To that end, suppose
that f: x — y and f’': y — 2 are U-multilinear maps in context A € B, and consider the commutative

diagram

f f
T y z
' z
N / /gy
Yy

in which h,, hy and h, are cocartesian and the maps g,, g, and g. are sent to identity maps in Fin,.
Then f’f being U-multilinear precisely means that gzgl’l is determined by a tuple of 7% U-multilinear
functors between 77 U-cocomplete B, 4-categories. Unwinding the definitions, this follows immediately
from the observation that 7% U-multilinear functors compose in the expected way. Together with the
fact that equivalences between 7% U-cocomplete B-categories are automatically 7% U-cocontinuous, this
already implies that the subobject of (Caty); that is spanned by the locally U-multilinear maps is closed
under composition and equivalences in the sense of Proposition 2.2.2.9, hence the very same proposition

proves the claim. O

To proceed, recall that the three maps idg, 0 < 1 and id; of the poset A! give rise to a decomposition
Al ~ 11101, both when viewing A' as an co-category and as a constant B-category. Therefore, if C is
an arbitrary B-category, we obtain an induced decomposition (A! @ C); ~ C; LU C; U Cy. By applying
this observation to the case where C = Caty, we may thus define a subcategory M% — Al'® Caty via
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the subobject of morphisms
(Catgy)1 U (Cat%)ﬂ(Cat%.cc,@)o u (Cat%‘cc,®)1 S A'w (Cat}):

where the middle summand denotes the pullback of dy: (Caty); — (Caty)o along the inclusion of the
subobject (Catg ““®)g < (Cat})o. Evidently, this subobject is closed under composition and equivalences
in the sense of Proposition 2.2.2.9, hence the inclusion (M) — Al ® (CatJ)1 gives rise to an equivalence

(MZ)1 ~ (Caty): U (Cat;)ﬂ(cn;-cc@)o U (Caty e ®),.

By construction, the pullback of the composition ¢: I\/I% — A ® Cat; — A x Fin, along the inclusion
d': Fin, — Al x Fin, recovers the cocartesian fibration p: Caty — Fin,, and the pullback of ¢ along
d’: Fin, — A'! x Fin, recovers the restriction of p to the subcategory Cat%'cc’®. We now obtain:

PROPOSITION 4.6.2.4. The composition q: Mﬁ’ — Al @ Caty — A x Fin, is a cocartesian fibration.

PROOF. Let us begin by fixing maps a: (n) — (m) in the 1-category Fin, and ¢ < § in the poset
Al and let z: A — I\/I(f?\(e’(n)) be an arbitrary object in context A € B. Let us write Vo = and V; = U.
By construction of M%’7 the object x corresponds to a tuple (7%e,Cyq,...,C,) where Cq,...,C,, are
74 Ve-cocomplete B, 4-categories. Let f: x — y be a cocartesian lift of o in Caty. For each j =1,...,m,
the construction in § 4.4.5 now allows us to define a map

gi- J] G -Dj=pshi*H I <,
ica—1(j) i€a~1(j)
and by setting z = (6,D1, ..., D), precomposing the tuple g = (e < d,¢91,...,9m) with (id., f) defines a
lift of (¢ < 4, ) in Mf?. By Remark 4.6.1.6, precomposition with each g; induces an equivalence

g; Fun”AV -l HC“E ~ Fun“"‘s (D, E)

for every 73 Vs-cocomplete B, 4-category E. By construction of M‘Ef and Lemma 4.6.2.3, the underlying
core B/ a-groupoids of both domain and codomain of g; recover the mapping B,4-groupoids in the
pullback of ¢ along the map id x(1): A! — A! x Fin,. As A € B was chosen arbitrarily and in light of
Remark 4.4.5.2, this shows that the functor M% X At xFin, Al — Al that is obtained as the pullback of
q along (e < 6,a): A — Al x Fin, must be a cocartesian fibration (see [61, Lemma 6.5.2]). As every
map in the constant B-category Al x Fin, is locally contained in the image of the constant sheaf functor
(see Proposition A.2), the pullback of ¢ along any map A! — Al x Fin, in Cat(B) is a cocartesian
fibration after passing to a suitable cover | |; A — 1 in B and must therefore be a cocartesian fibration
itself, using that Cocarta: is a sheaf by Theorem 2.3.2.7. In particular, g(A) is a locally cocartesian
fibration of co-categories for every A € B, and since it follows from Proposition 4.4.5.6 that the locally
cocartesian maps are closed under composition, we conclude that g(A) is a cocartesian fibration. Since
cocompletions with relations are compatible with étale base change (Remark 4.4.5.2), the transition
functors s*: M%(A) — M%(B) preserve cocartesian morphisms, so that ¢ is a cocartesian fibration, as

claimed. 0

COROLLARY 4.6.2.5. The functor Caty, *“®

symmetric monoidal structure on the B-category Catgy

— Fin, s a cocartesian fibration that gives rise to a
U-cc

PROOF. Since the map CatU -ce,®

— Fin, is a pullback of the functor ¢ from Proposition 4.6.2.4, the
same proposition immediately implies the first claim. Moreover, the straightforward observation that for

every n > 0 the equivalence
n
(Caty) H Caty):
restricts to an equivalence

(Cat%"cc@)n ~ (CatU e ®)

—.

s
Il
—
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shows the second claim. O

REMARK 4.6.2.6. By unstraightening the cocartesian fibration ¢ from Proposition 4.6.2.4 we get a
functor A' — CMon(Catg) and therefore a morphism of symmetric monoidal B-categories L: Caty —
Cat%‘“@. Note that the pullback Al Xa1yxpin, M{] — Al of ¢ along id x(1): Al — Al x Fin, is
also a cartesian fibration: in fact, by making use of [61, Proposition 6.5.1] this follows from the
straightforward observation that the adjunction (d' 4s°): Al ® Catg S Catg restricts to an adjunction
A X A1y Fin, M% S Catg. By [61, Corollary 6.5.5], this means that L is the left adjoint of the inclusion
Cat}™®® < Catg as provided by Corollary 3.4.1.15. In particular we see that the B-category underlying

the tensor unit of Cat%'cc’® is equivalent to the free U-cocompletion of the point PSh%(l).

REMARK 4.6.2.7. By a similar argument as in Remark 4.6.2.6, the projection l\/I(EJ9 — Al is both
cartesian and cocartesian. Therefore, one also obtains an adjunction (L —1): Cat%@'CC S Caty in which
i is simply the inclusion. Since the projection M% — Fin, carries every map in I\/Iﬁ that is cartesian
over Al to an equivalence, taking global sections and pulling back along the map Fin, — I' Fin, yields a
relative adjunction Cat(B)Y-°¢® = Cat(B)* over Fin,. As both maps are morphisms of co-operads, we

obtain an induced adjunction

(L —4): CAlg(Cat(B)V ) = CAlg(Cat(B)) =~ Cat(B)®
of co-categories. By unwinding the definitions, we see that a symmetric monoidal B-category C®
lies in CAlg(Cat(B)V-<¢) if and only if its underlying B-category is U-cocomplete and the functor
— ® —: Cx C — Cis U-bilinear. In particular it follows from Remark 4.6.2.6 that PSh% (1) can
be canonically equipped with the structure of a symmetric monoidal B-category LSh%(l)@ such that
— ® —: PSh (1) x PSh$ (1) — PSh% (1) is U-bilinear and that the canonical functor 1 — PSh$(1)®

induced by the adjunction unit is symmetric monoidal. So in particular we have a commutative diagram

1x1

|

PSh, (1) x PSh& (1) —=— PSh;

C 44—

(1).

By the universal property of PSh%(l) and Lemma 4.6.1.3 there is a unique such functor — ® —, which
must therefore coincide with the product functor PSh% (1) x PSh% (1) — PSh$ (1), see Proposition 3.4.3.8.

w

EXAMPLE 4.6.2.8. Let B = PSh(C) for some small co-category € and let P C € be a subcategory
that is closed under pullbacks. Then P generates a local class W in PSh(C) and therefore a full
subcategory Qu — Q. Then Propositions 3.2.4.2 and 3.2.4.5 imply together with Remark 4.6.2.7 that
the co-category CAlg(Cat(B)?" ~°) is equivalent to the co-category of pullback formalisms in the sense
of [23, §2.2]. By Remarks 4.6.2.6 and 4.6.2.7 the initial object of CAlg(Cat(B)?W ) is equivalent to
the free Qu-cocompletion of the point LSh%W (1) equipped with the cartesian monoidal structure. Since
Example 3.4.3.6 shows that L%%W (1) agrees with the geometric pullback formalism constructed in [23,
§4], this gives a new proof of [23, Theorem 3.25]. Furthermore our proof yields a slightly more general
result because in loc. cit. the assumption that € is a 1-category was made.

We will now move one universe up and consider the case where U = Catg is the internal class of
small B-categories in Cat%. By the above we obtain a symmetric monoidal structure Cat%c’® on the very

large B-category Cat%C of cocomplete large B-categories and cocontinuous functors.

PROPOSITION 4.6.2.9. The tensor product — ® —: Caty x Caty — Catyy of cocomplete B-categories
restricts to a functor — ® —: Pr% X Prlf3 — Pr%. Therefore Pr% inherits the structure of a symmetric
monoidal B-category from Cat(B)*®.

PROOF. In light of the observation that the tensor unit in Cat% is given by the presentable B-category
Q by Remark 4.6.2.6, the second claim follows from Remark 4.5.1.13, so it suffices to show the first
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one. It will be enough to see that if D and E are presentable then so is their tensor product D ® E. By
Corollary 4.4.6.7, we may find a sound doctrine U and U-cocomplete (small) B-categories C and C’ such
that D ~ &g’(u)(C) and E ~ &%p(u)(C’). If X is an arbitrary cocomplete large B-category, we compute

Fun$ (D ® E, X) ~ Fun (D, Fun§ (E, X))
~ Fun%¢(C, Fun%°°(C’, X))
~ Funy ™ (C x C,X)
~ Fung*°(C &Y C',X),

where the first and third equivalence are consequences of Lemma 4.6.1.3, the second equivalence follows
from Corollary 4.4.6.6 and where — @Y — denotes the tensor product in Cat%‘cc. Now U being a doctrine
implies that the tensor product C ®Y C’ is small (see Remark 4.4.5.4), hence another application of
Corollary 4.4.6.6 gives rise to an equivalence Funy *°(C @Y C’, X) ~ @%(&g’(u)((ﬁ ®Y C),X). As the
same corollary shows that ShOP(U)(C ®Y ') is presentable and as all of the above equivalences are natural
in X, the result follows. O

DEFINITION 4.6.2.10. A symmetric monoidal B-category D is called presentably symmetric monoidal
if D is contained in the image of the inclusion CAlg(Pr(B)) — CAlg(Cat(B) ~ Cat(B)®. In other words,
D is presentably symmetric monoidal if D is a presentable B-category and the tensor functor — ® — is

bilinear.

PROPOSITION 4.6.2.11. Let D and E be presentable B-categories. Then there is an equivalence of
B-categories
Funk; (She (D), X) ~ Funl¥!(D x E, X)
that is natural in X € Pr¥(B) and therefore in particular an equivalence Shg(D) ~ D @ E.

PROOF. Let us denote by Fun¥™ (—, —) < Fung(—, —) the full subcategory spanned by the continu-
ous functors. We claim that we have a chain of equivalences

Fun®'(D x E, X) =~ Funj (D, Funf (E, X))
~ Funy™ (D°P, Fun% (E

»X)
~ Funi™(D°P, Funy (X, E))°P
E)
X

op)

)

B

~ 7]53(Fun°°nt(D°p E),X)
L
B

)

that are natural in E. The first equivalence follows from Lemma 4.6.1.3 and the last equivalence is obvious.
The second equivalence follows from Proposition 4.4.3.1 and the third and fifth equivalences follow from
Corollary 2.4.3.8 and Proposition 4.4.3.3. Therefore it remains to argue that the fourth equivalence holds.

We may choose a sound doctrine U such that D ~ Sjg(C) for some small U-cocomplete B-
category C (cf. Corollary 4.4.6.7). Using Corollary 4.4.6.6, we only need to see that the equivalence
Fung (C°P, Fung (X, E)) =~ Fung (X, Fung (COP, E)) restricts to an equivalence

Fu % cont(cop Fung(x E)) ~ FU”%(X FUnU COnt(COP7 E))

(where Fun ™ (—,

—) denotes the full subcategory of Fung (—, —) that is spanned by the 7% U-continuous
functors of B, 4-categories, for all A € B). We already know from (the dual version of) Lemma 4.6.1.3

that we have an equivalence
L% cont(cop Fu ncomto(7 E)) ~ m%mt(x7@%—cont(cop’ E))

Furthermore note that because Fun$ " (C?,E) < Fung(C°P,E) is Filty-cocontinuous by Proposi-

tion 4.4.6.5 a functor f: X — Fun$ " (C°P,E) is accessible if and only if it is so after composing
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with Fun$ °°"*(C°P, E) < Fung(C°P,E). Hence Proposition 4.4.3.3 together with Remark 3.2.3.2 and
Remark 4.3.2.3 implies that the proof is finished once we verify that a functor f: X — Fung(C°P,E) is
accessible if only if its transpose f’: C°P — Fung (X, E) takes values in the full subcategory Fun3®(X, E)
spanned by the accessible functors. If f is accessible there is some sound doctrine V such that f is
Filty-cocontinuous. But then it follows from Lemma 4.6.1.3 that f’ takes values in the B-category
Funfi™=¢¢(X, E) < Funi*(X, E), as desired. For the converse, suppose that f’ takes values in Funis(X, E).
Let z: Co — C be the tautological object. Then f'(z): m¢ X — m¢ E is m¢ V-accessible for some sound
doctrine V. Since every object in C is a pullback of z, this already shows that f’ takes values in
Funfi™ (X, E), hence Lemma 4.6.1.3 shows that f is accessible. O

For later use we also record the following explicit description of the universal bilinear functor if one

of the factors is presheaf category:

LEMMA 4.6.2.12. Let C be small B-category and D a presentable B-category. Then under the
identification PShy (C) @ D ~ Fung (COP, D) the universal bilinear functor 7: PShy (C) x D — Fung (COP, D)

is given by the transpose of the composite
7/: C% x PShy (C) x D <% Qg x D =255 D.

PrROOF. We at first prove the claim when D = PShg(Dg) as well. In this case it is an easy
consequence of Theorem 3.4.1.1 that the universal bilinear functor 7 is the unique bilinear functor
PShy(C) x PShy (Do) — Fung (C°P, PShg (Do)) ~ PShy(C x Do) such that the composite

hcxh
Co % Dy —="2% PShy, (C) x PShg(Dg) — PSha (C x Do)
is given by the Yoneda-embedding hcxp, (see also the proof of Proposition 4.6.2.9). Recall that the

functor — ® — is the unique bilinear functor that corresponds to the identity under the equivalence
Fung'(Qs x PShy, (Do), PShy (Do)) = Fung; (PShy (Do), PShy (Do)).

From this it follows that the composite
CP x PShy (C) x PShy (Do) = Qs x PShi (Do) "+ PShy (Do)

transposes to the functor

C°P x PShy (C) x DJP x PShy; (Do) 2% Q x Q === Q.

But after composing with C°P x C x Dg°® x Dy 1d xhexid xho,

C°P x PShy (C) x DgP x PShg(Dg) this
functor yields mapc, p,(—, —) and thus transposes to the Yoneda-embedding hcxp,, as desired. Now for
the case of a general presentable B-category D we pick a Bousfield localization L: PShg (Do) — D. Note

that we have two commutative squares
CoP x PShy (C) x PShy; (Do) ——¢ PShg (Do)

oz |

CoP x PSh4(C) x D i/; D

with and without the prime. But by the first part of the proof the upper two functors agree and thus so

do the lower two because id x L has a section . O

4.6.3. B-modules as presentable B-categories. By the discussion in the previous section, there
cc,®
B

is the left adjoint of the inclusion Cat%C — Cat%. Upon taking global sections, we thus deduce from [56,

is a symmetric monoidal functor L: Cat% — Cat whose underlying functor of very large B-categories
Corollary 7.3.2.7] that the inclusion determines a lax symmetric monoidal functor Cat(@)“’® — Cat(@) x
(of symmetric monoidal co-categories, i.e. a map of co-operads) and therefore a fortiori a lax symmetric
monoidal functor Pr“(B)® < Cat(B)*. Moreover, as the global sections functor I' preserves limits, it

~ — X
defines a symmetric monoidal functor Cat(B)* — Cat,. Since a multilinear functor in Cat(B) induces a
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multilinear functor on the underlying oco-categories of global sections, it is evident that the induced map
Cat(@)"‘:’® — (/]z;c; takes values in (/jE;EZZ@ — (/jER; and therefore defines a lax symmetric monoidal
functor I'¢¢® . Cat(@)cc’@’ — 63?522’@). Upon restricting this functor to presentable B-categories, we now
end up with a lax symmetric monoidal functor T°¢®: Pr™(B)® — (Pr%)® that in turn induces a map

rlin: Prl(B) ~ Modq(Pr(B)) — Modsg (Prk)

(where B is regarded as the algebra in Pry that is given by image of the trivial algebra Q in Pr'(B)
along I'°“®). Note that this is precisely the cartesian monoidal structure on B as the product bifunctor
Q x Q — Q is bilinear, cf. [61, Lemma 6.2.7].

The main goal of this section is to show that I''™ admits a fully faithful left adjoint that embeds
Modg (Pr) into Pr¥(B) and to give an explicit description of this embedding. As a preliminary step,
we need to show that the global sections functor I': Pr*(B) — Pr% admits a left adjoint. To that end,
recall from Example 4.4.4.8 that there is a functor — @ Q: Pr% — Pr®(B) that assigns to a presentable
oo-category D the presentable B-category that is given by the sheaf D @ B,_. Using Proposition 4.4.4.7,
we may equivalently regard this map as a functor Prl(;O — Prt (B). We now obtain:

PROPOSITION 4.6.3.1. The functor — ® Q is left adjoint to the global sections functor I': PrL(B) —
Pr

L
00"

PROOF. The composite I'o (— ® Q) is by definition given by the endofunctor — ® B: Pr — Prl so
that the functor I': Shg(—) — idp,r defines a natural transformation 7: idp,. — — ® B upon passing

to opposite co-categories. We need to show that the composition
(%) mapp,. () (D @ 2, E) — mapp,. (D @ B,I'E) 225 mapp,. (D,TE)

is an equivalence. Choose a regular cardinal x such that D ~ Shg(C€) for some small co-category € that
admits k-small colimits. Using Proposition 4.4.6.4, we obtain an equivalence D ® Q =~ ShLCO"St“ (€) with
respect to which the map 7o corresponds to the left adjoint of I'y: Shi(€) — Shg(€). Again using
Proposition 4.4.6.4, we have equivalences

’B
mapps (D © 2.E) " map o (€F) & map e (€.TE) " mapy,. (D, TE)

where hE is the Yoneda embedding in Cat(@) and h$ is the Yoneda embedding in é\atoo. On account of

the commutative square
h
C— Shg(€)

Lo I

re LHEL gpe @)

in which the vertical map on the left is the unit of the adjunction constz 4T (see [61, Lemma 6.4.5]), the

composition of the above chain of equivalences recovers the map in (*), hence the claim follows. (|
PROPOSITION 4.6.3.2. The functor T'™: Pr(B) — Mods (Prl) admits a fully faithful left adjoint.

PROOF. Note that since Pr¥(B) ~ Pr®(B)° it follows from Proposition 4.4.4.11 that the global
sections functor I': Pr™(B) — PrI(;O preserves colimits. So in light of Proposition 4.6.3.1 we may apply [56,
Corollary 4.7.3.16] to the commutative triangle

Pri(B) — T Mods (Pr)

\/

(where U denotes the forgetful functor), which yields the claim. O
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We will now give a more explicit description of the left adjoint from Proposition 4.6.3.2. To that
end, observe that the functor Fung(—,Q): Q°? — Cat takes values in Priy and therefore determines
a limit-preserving map B — Pr(B) ~ (Pr"“(B))°P which by postcomposition with I results in a
limit-preserving functor B,_: B°? — Mods (PrI;O)OP. We now get a map

(—®5B,-)°"
-

Modg (Prl)°P x BoP Modg (Pry )P — (Prl )P ~ Prlt Catoo

and hence by adjunction a functor Modg (Prs, )P — PSho~ (B).

LEMMA 4.6.3.3. The functor Modsg (Pr5)oP — PShg~ (B) factors through Pr®(B) and thus defines
a functor
— @3 Q: Modg(Pry) — Pr(B).

ProoF. First we prove that the functor factors through Cat(@). This amounts to showing that the
functor D @3 B,_: BP — Cato is continuous for every D € Modsg (Pry). As the functor B/;_: BP —
Modg (Pr )°P preserves limits, this follows from the fact that D @3 —, viewed as an endofunctor on
Mods (PrI;O)OP, preserve limits as well [56, Corollary 4.4.2.15]. Next, we show that the resulting B-category
D ®p Q is presentable. As it by construction takes values in Prl;, Theorem 4.4.2.4 implies that it suffices
to show that D ®4 Q is Q-cocomplete and that the transition functors are cocontinuous. Both statements
follow from the observation that the functor D ®3 —: Modg (PrY) — Modg (Pr) can be upgraded to
an (0o, 2)-functor (see [45, §4.4] for details) and that for any s: B — A in B the adjunction s; - s* is
B-linear, see [56, Corollary 7.3.2.7]. To finish the proof, it remains to see that for any map of B-modules
D — & the induced map € ®3 Q — D ®p Q admits a left adjoint. By construction, it has one section-wise,
so it suffices to check that for any map s: B — A in B the vertical mate of

DepB/p — E@8 B/p
[ [
D@ By — E@p Ba
commutes. Using again (oo, 2)-functoriality of the relative tensor product, this follows by essentially the
same argument as in the proof of Lemma 3.1.2.10. ([
REMARK 4.6.3.4. It also seems natural to consider the functor
Mods (Pr2 ) x B3P 22/ Modg (Prl) x Modss (Pr) =225 Mods (Prl.) — Cato

which by transposition also gives rise to a functor Modg (PrIC;O) — Fun(B°P, Cats,). We expect that this
functor takes values in Cat(B) and is equivalent to — @5 Q. It is easy to see that for fixed € € Modg (PrI;o)
the two resulting presheaves of categories on B have the same value on objects and morphisms. However,
a proof that they agree as functors seems two require (0o, 2)-categorical techniques that are not quite

available yet.
LEMMA 4.6.3.5. The functor — @5 Q: Modg (Pr%) — Pr™(B) preserves colimits.

PROOF. As limits in Cat(@) are computed section-wise, it suffices to show that for every A € B the

functor .
—QsB ° —
Mods (Pre )op ZE2 %Ay roqm (Prl )P 5 (Prl)op ~ PrR s Cato,
preserves limits, which is obvious. (I

PROPOSITION 4.6.3.6. The functor — ®g Q defines a left adjoint of T,

PROOF. We show that — ®g Q is equivalent to the left adjoint L of I''™ from Proposition 4.6.3.2.
Let us denote by — ® B: Pr% — Modg(Pry) the left adjoint to the forgetful functor. Then by the

associativity of the relative tensor product ([56, Proposition 4.4.3.14] we have equivalences

(%) (—®3Qo0(-®B)~—Q~Lo(—®B)
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of functors from Pr to Pr™(B). By [56, Remark 4.7.3.15] we may find a functor
F: Modg (Pr) — Fun(A°P, Pr%)

such that the composite

Mods (Pr2) £ Fun(A%, Prl ) 220 pun (A%, Mods (Prl)) 2%, Nody (Prl)

is equivalent to the identity. From () and Lemma 4.6.3.5 it follows that the diagram

Fun(A%, Pr) — &%), pun(A°P, Mods (Prl ) ™28 Mody (Prl))

l(—w)* l(‘@”“)* f@gn

Fun(A°, Mods (Pr)) — 2 Fun(A°P, Pr(B)) —2ma , piL(p)
commutes. Since L commutes with colimits as well, we get an equivalence L ~ (— ®5 Q), as desired. O

The functor — @5 Q can be naturally extended to a strong monoidal functor. To see this, observe
that since the global sections functor I': Pr“(B) — Prlgo admits an extension to a lax monoidal functor
ree®: pr(8)® — (Pr')®, the commutative diagram

Prl(B) — T Mods (Prk)

\/

can be naturally extended to a diagram of lax monoidal functors. By passing to left adjoints, we thus

obtain a commutative triangle

Prl(B)® « 222 Modg(Pr)®

_\ en

)@

of oplaz monoidal functors, see [39]. In order to show that the functor — @3 Q is strong monoidal, it thus

suffices to show that the natural map
(—®3 )@ Q2= (—®3 Q)R (—®3 Q)

is an equivalence. As both sides of this map preserve colimits in both variables and since every B-module
can be written as a colimit of objects that are contained in the image of — ® B, it suffices to show that

the natural map
(—®-)®0= (-9 (-0Q)
is an equivalence, i.e. that — ® Q is strong monoidal. Recall (e.g. from Remark 4.4.4.12) that every

presentable oo-category can be obtained as a pushout (in PrIC;O) of presheaf co-categories. The claim

therefore follows from the observation that — ® Q fits into a commutative square

Cat(B)* £ Cat

I J:
Prl(B)® 2L (prl)®
of oplax monoidal functors (which is again constructed from the associated commutative square of lax

monoidal functors by passing to left adjoints) in which both vertical maps as well as constg are strong
monoidal. We conclude:

PROPOSITION 4.6.3.7. The functor — @5 Q: Modg (Pry) < Pr“(B) admits a natural enhancement

to a strong monoidal functor. O
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The functor — ®3 Q being fully faithful raises the question what can be said about its essential image.

First, we observe that there is an explicit criterion when a presentable B-category arises from a B-module:

REMARK 4.6.3.8. Let C be a presentable B-category. Then the unit of the adjunction — ®¢ Q 4 Tl
gives a canonical map I'"*(C) ®5 Q — C. For A € B the induced map e(A): B, 4 @5 I'*(C) — C(A) is
the map underlying the essentially unique map of B,4-modules that makes the diagram

B4 @5 Tn(C) =215 C(4A)

I <l

Flin(c) id Flin(c)

of B-modules commute. It follows that a presentable B-category is in the essential image of — ®5 Q if

and only if e(A) is an equivalence for all A € B.

Using the criterion from Remark 4.6.3.8, we are now able to write down an example of a presentable
B-category that is mot in the essential image of — ®5 2. We learned about this example from David

Gepner and Rune Haugseng.

EXAMPLE 4.6.3.9. Let us write Fin for the category of finite sets and let B = PSh(Fin). Let X
be a set with more than one element that we consider as an object in B via the Yoneda embedding.
Then Fung (X, Qg) is a presentable B-category that is not in the essential image of — ®¢ Q. In fact,
by Remark 4.6.3.8 this would imply that the canonical map £(X) being an equivalence. In our specific
situation (X)) is the canonical left adjoint functor PSh(Fin,x ) ®pgn(rin) PSh(Fin, x) — PSh(Fin,x « x).
Explicitly this functor is constructed by applying PSh(—) to the augmented cosimplicial diagram

FiH/XXx — Fin/X xFin/X = Fin/X x Fin XFiH/X”-

and then taking the induced map colim,cacr PSh(Fin,x x Fin" x Fin,;x) — PSh(Fin,xx) in PrI;O.
Thus, upon passing to right adjoints, we conclude that if the B-category Fung (X, Qg) is contained in the

essential image of — ®4 €, the cosimplicial diagram
PSh(Fin/Xxx) — PSh(FiH/X X Fin/X) = PSh(FiH/X X Fin x Fin/X) cee

in Prl;‘o must be a limit diagram. We show that this cannot be true. Let us denote the map Fin,x . x —

Fin,x x Fin" x Fin,;x by f,. It is given explicitly by the assignment

A5 XxX) 5 (A XxX 25X A, 44— X xX 25 X).
Now for any n > 1 the map PSh(Fin,y,x) — PSh(Fin,y x Fin" x Fin,yx) is the functor of right
Kan extension (foP). along f°P. Hence, if the above cosimplicial diagram is a limit cone, the counit
of the adjunctions (foP)* 4 (foP). yields an equivalence colim,ecaor (fP)*(fP).F — F for any F €
PSh(Fin,x xx). For any object a = (A = X, B,...,B,,C — X) € Fin,x xFin" x Fin,x we can
compute (f5P).F (a) via the point-wise formula for right Kan extensions as a limit indexed by (Fin  x X)Z};.
But A x By X ... x B, x X = X x X defines an initial object of this category, hence we find

F(A—- X xX)~colim F(Ax A" x A — X x X).

neA°pP

In particular, this shows that the map F(Ax A — X x X) - F(A — X x X) induced by A — A x A is
a cover in 8. By taking F' to be the presheaf represented by the diagonal X — X x X, it in turn follows
that the map

mapFin/XXx(X x X, X)— mappin/XXX(X,X)
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is surjective. In particular, there is a preimage of the identity X — X. But since X has at least two

elements there is no map « making the diagram

X xX - X

X x X

commute, which yields the desired contradiction.

There is, however, a class of co-topoi B for which the functor —®g turns out to be essentially

surjective, namely those that are generated by (—1)-truncated objects:

PROPOSITION 4.6.3.10. Assume that B is generated under colimits by (—1)-truncated objects. Then

— ®3 Q is an equivalence.

PROOF. By Propositions 4.6.3.2 and 4.6.3.6 it remains to show essential surjectivity. Since —®5 Q pre-
serves colimits and every presentable B-category is a pushout of presheaf B-categories (see Remark 4.4.4.12)
it suffices to see that PShy(C) is in the essential image for any small B-category C. Furthermore, we can
write C as a colimit of B-categories of the form A™ @ U, where U € B is (—1)-truncated. Since the functor
PShg(—): Cat(B) — Prt (B) that is determined by the universal property of presheaf B-categories is
a (partial) left adjoint (see Corollary 3.4.1.15) and therefore preserves colimits, it suffices to see that
PShy; (A™ ® U) is in the essential image. Since PShy(—) is also symmetric monoidal by Remark 4.6.2.6,

we have a canonical equivalence
PShy (A" @ U) ~ PShg (A™) @ PShy (U).

Furthermore, we have PShy; (A™) ~ PSh(A™) ® Q ~ (PSh(A") ® Q) ®3 Q, and since — ®5 Q is symmetric
monoidal by Proposition 4.6.3.7, it thus suffices to see that PShy(U) is in the essential image. By
Remark 4.6.3.8, it follows that we need to check that for any A € B the canonical map

B4 @3 PShy (U)(1) = PShy (U)(A)

of B,4-modules is an equivalence. Since B is generated under colimits by (—1)-truncated objects, we

may assume that A =V is also (—1)-truncated. Thus, we have to show that the canonical map
B,v@s By — Buxy

is an equivalence. For this, note that because U is (—1)-truncated, we have a canonical commutative
square
Al U—1 B

s | |-xv

B —xU B/U

By adjunction and the universal property of presheaf co-categories, this induces a commutative square

PSn(Al) @ 37V 5

(idﬂ@BJ{ J{‘XU

B——7— B

in Modg (PrY). We claim that this square is a pushout. For this it suffices to see that the underlying
square in PrI(;<> is a pushout, i.e. it is a pullback after passing to right adjoints. The right adjoint of id; ® B
is simply the diagonal map B — BAl, and the right adjoint of (U — 1) ® B sends an object A € B to the
arrow

A — Homg (U, A).
Thus, we may identify the pullback, with the full subcategory of B spanned by those objects for which the
canonical map A — Hom (U, A) is an equivalence. But because U is (—1)-truncated, this subcategory
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is canonically equivalent to By, so that the above square is indeed a pushout. Repeating the same
argument with B,y in place of B and U x V in place of U, we get a similar pushout in Mods (PrIgo)
with B 7y in the lower right corner. But applying —®s5 By to the above square, we also get a pushout

B
PSh(AY) & By Vg

(id1)®‘B/VJ/ J/

and thus an equivalence of B y,-modules B,y ~ B,y @3 B,y. Furthermore this equivalence is by
construction compatible with the canonical map from B. Thus it is indeed the map of Remark 4.6.3.8,

and the claim follows. O

Our next goal will be to show that if R is a commutative B-ring spectrum, the presentable B-category
Modg constructed in § 4.5.2 is in the essential image of —®5 Q. For this we need the following observation.
Let f: € — D be a map in CAlg(Pr") and let A € CAlg(€). The the commutative square

ModA(CZ) E— MOdf(A) (@)
C——D

shows that there is a unique map of D-modules 1: Moda(C) ®e D — Mod(4)(D) making the triangle

of C-module maps commute

Mod4(€) ®e¢ D ———————— Mod s(4)(D)

\/

LEMMA 4.6.3.11. The map v: Moda(C) ®e D — Mod4)(D) is an equivalence.

ProoFr. This can be extracted from the discussion in [56, §4.8.4 and 4.8.5]. More specifically, we
observe that the D-module Mod 4(€) ®¢e D together with the object A® 19 satisfies the conditions (1)-(6)
of [56, p. 4.8.5.8]. Indeed, we have a C-linear adjunction in prt

—®A:CS Mody : G

so that after applying — ®e D we get a D-linear adjunction and thus all conditions except (5) are obvious.
To see that (5) also holds, one can argue as in the proof of [56, Theorem 4.8.4.6]. By [56, Proposition

4.8.5.8] there is thus an equivalence of D-modules sending
©: MOdf(A)(D) — MOdA(G) ®e D

f(A) to the unit of Mod4(€) ®e D. Furthermore the construction of the equivalence in [56, Theorem
4.8.5.8] shows that ¢ makes the triangle

Mod 4y (D — 5 Mods(C) ®e D
of D-modules commute and thus the inverse of ¢ has to agree with our map v from above. O

PROPOSITION 4.6.3.12. Let R be a commutative B-ring spectrum. Then Modg is in the essential
image of — Q35 Qp.

Proor. Unwinding the definitions, we need to see that for any A € B the canonical map of
B 4-modules
Modz(Sp(B)) @5 Bja — Modz+ r(Sp(Ba))
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is an equivalence. Since Sp is an idempotent algebra in Pr¥ we may identify the above map with the

canonical map
Modg(Sp(B)) ®sp(s) SP(B/4) — Mod+ r(Sp(B/4))

which is an equivalence by Lemma 4.6.3.11. O

PROPOSITION 4.6.3.13. The functor T'™: Pr"(B) — Mods (Pr") is Modg (Pr™)-linear. In other
words for C € Pr(B) and D € Modsy (Pr"), the canonical map
YD,C: DRp th(C) — Flin(('D X3 Q) ®B C)
given by composing the map I'"(—) @ T (=) — T (— ® —) with the unit id — T (— @5 Q), is an

equivalence

PROOF. Note that by the proof of Proposition 4.6.3.2 the functor I' commutes with all colimits.
Since — @3 — and — ®® — are both bilinear and because I is conservative, we may reduce to the case
where D is a free B-module on some & € Pr™ and only have to show that the canonical map

EQT(C) »TERQT(C) = T((E®Q) % C)

is an equivalence. Since any presentable co-category is a pushout of presheaf categories, we may further
reduce to the case where &€ = PSh(Cj). Recall from the proof of Proposition 4.6.3.1 that we have a
canonical equivalence PSh(Cp) ® Q ~ Funy(Co, Q). Therefore it follows that we have an equivalence
(PSh(€Cp) ® Q) ®® C ~ Funy (CP, C) and we claim that the composite

YPSh(eq),C
—_—

PSh(Cy) ® T'(C) T'((PSh(Cy) ® Q) ®* C) ~ Funsz(Cy°, C)

is an equivalence. For this observe that by construction, the canonical map
['(PSh(C) ® Q) ® ['(C) — I'((PSh(Cy) ® Q) ®* C)

is the unique colimit preserving functor corresponding to the bilinear functor

D(PSh(€o) ® Q) x T(C) = T((PSh(€o) ® Q) x C) “7% T((PSh(€y) Q) @ C).

Here 7 is the universal bilinear functor of B-categories. We now consider the commutative square

id X (consts ), xid

€Y x PSh(Cy) x I'(D) €Y x PSh(Cy) x I'(D)

ev X idJ( J{ev X id

S x F(D) constg X id B % F(D)
®J J@)
r(D) _ r(D)

By Lemma 4.6.2.12, the composite of the left vertical maps transposes to the universal bilinear functor
PSh(Cp) x I'(C) — Fun(€g?,T'(C)). But combining Lemma 4.6.2.12 with the equivalence Fung (€, D) ~
Fun(€gP,T'(D)), the composite of the right vertical maps transposes to I'(7), where 7: PShy(Cy) x D —
Funs (€gP, D) is the universal bilinear functor of B-categories. Since the unit map PSh(Cy) — I'(PSh(Cy)®
Q) can be identified with (consts).: PSh(Cy) — Fun(Cg”, B) (see the proof of Proposition 4.6.3.1) it
follows that the composite

YPSh(eq),C
—_—

PSh(Cy) x T'(C) — PSh(Co) ® T(C) T'((PSh(Co) ® Q) ®® C) ~ Funsp (€, C) ~ Fun(€?, T(C))

can be identified with the universal bilinear functor and therefore vpgy(c,),c is an equivalence, as
desired. m






CHAPTER 5
B-topoi

Our definition of a B-topos will be that of a presentable B-category that satisfies the descent property.
Therefore, we will begin by setting up the theory of descent for B-categories in Section 5.1. We also
relate the notion of descent to universality and disjointness of colimits.

In Section 5.2, we then proceed by developing the main concepts of B-topos theory. Using the results
from Section 5.1, we characterize B-topoi in terms of an internal version of the Giraud axioms, see
Theorem 5.2.1.5. We also prove the expected result that any B-topos is a left exact accessible localisation
of a presheaf B-category in Theorem 5.2.3.1. As a consequence, we show another main result of this
chapter, the equivalence of B-topoi and relative topoi over B, see Theorem 5.2.5.1. We then also give
some applications of these results in co-topos theory, see for example Proposition 5.2.7.1.

Finally, Section 5.3 is dedicated to the discussion of localic B-topoi. The main result of this section is
that if B is itself a localic co-topos, then there is an equivalence between localic B-topoi and locales over
the locale of subobjects of the terminal object Subg. We also study a number compactness conditions for
B-locales, which we will be useful in the next chapter.

5.1. Descent

Recall that if € is an oo-category with finite limits, the codomain fibration do: Fun(Al,€) — € is
a cartesian fibration and therefore classified by a functor €,_: €°? — Caty,. If € furthermore has all
colimits, one says that C satisfies descent if €/_ preserves limits [57, § 6.1.3]. The goal of this section is
to discuss an analogues concept for B-categories. We begin in § 5.1.1 with defining the descent property.
In § 5.1.2, we bring this condition into a more explicit form using the notion of cartesian transformations.
As we later want to compare descent with a B-categorical version of the Giraud axioms, we use the
remainder of this section to relate the descent property with the notions of universality (§ 5.1.3) and
disjointness (§ 5.1.4) of colimits as well as effectivity of groupoid objects (§ 5.1.5).

5.1.1. The definition of descent. In order to define the descent property of a B-category C,
we first need to construct the functor C,_: C°? — Catg. As we have the straightening equivalence for
cartesian fibrations at our disposal [61, Theorem 6.3.1], we may proceed in the same fashion as in [57].

We begin with the following lemma:
LEMMA 5.1.1.1. For any B-category C, the codomain fibration dj: CA" 5 C is a cocartesian fibration.

Proor. This is an immediate consequence of the analogous statement for co-categories and the
explicit description of the cocartesian edges [57, Corollary 2.4.7.12]. (]

By the B-categorical straightening equivalence, the cocartesian fibration dy: cAl ¢ gives rise to
a functor C,_: C — Catp. Note that the map (d1,do): CA" 5 Cx C can be regarded as a morphism
of cocartesian fibrations over C, where we regard the codomain as a cocartesian fibration over C by
virtue of the projection onto the second factor. Therefore, one obtains an induced map C,_ — diag¢ in
Fung (C, Catp), where diagc is the constant functor with value C. Alternatively, we may regard C,_ as a
functor C — (Cats),c. By construction, if c: A — C is an arbitrary object in context A € B, the induced
map C,. — 73 C is precisely given by the projection (7.); and therefore in particular a right fibration.
Thus, the functor C,_ takes values in RFibc. In particular, this implies that for any map f: ¢ —din C
(in arbitrary context), the induced functor C,. — C,4 is a right fibration. On account of the orthogonality
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between right fibrations and final functors, this map is uniquely determined by the image of the final
object id.. As it is moreover evident from the construction of C,_ that the image of id. is given by f, we
thus conclude that C,_ acts on maps by carrying f to the functor fi: C,. — C/; that is obtained as the
image of f under the Yoneda embedding C < RFibc.

PrOPOSITION 5.1.1.2. Let C be a B-category. Then the following are equivalent:

(1) The codomain fibration dy: CA' 5 C is a cartesian fibration;
(2) for every map f: c— d in C, the functor fi: C,. — C/q admits a right adjoint f*;
(8) C admits pullbacks.

PrROOF. The fact that (1) and (3) are equivalent is an immediate consequence of the analogous
statements and the explicit description of the cocartesian edges [57, Lemma 6.1.1.1]. That (2) and (3) are
equivalent is the content of Corollary 3.1.7.5. O

REMARK 5.1.1.3. It follows from [57, Lemma 6.1.1.1], that a morphism A ® A — C2 is cocartesian
with respect to dy if and only if it defines a pullback square in C(A).

REMARK 5.1.1.4. If C is a B-category with pullbacks, straightening the cartesian fibration dy: cA' ¢
yields a functor C,_: C°? — Catg. By the discussion in [61, § 7.2], this functor is equivalently obtained
by observing that the straightening of the cocartesian fibration CA' = C takes values in Cat% and by
applying the equivalence Catl ~ (Cati )P from [61, Proposition 7.2.1].

We may now define:

DEFINITION 5.1.1.5. Let U be an internal class of B-categories and let C be a U-cocomplete B-category
with finite limits. We say that C satisfies U-descent if the functor C,_: C°P — Catg is op(U)-continuous.
If X is a cocomplete large B-category, we simply say that C satisfies descent if C satisfies Catg-descent.

REMARK 5.1.1.6. The property of a U-cocomplete B-category C with pullbacks to satisfy U-descent
is local in B: if | |, A; — 1 is a cover in B, then C satisfies U-descent if and only if 7 C satisfies
7’4, U-descent for all 2. This follows immediately from the locality of U-continuity, see Remark 3.2.2.3,
and from Remark 2.3.1.3.

EXAMPLE 5.1.1.7. Let X be a class of co-categories and let C be an LConstg-cocomplete B-category
with pullbacks (where LConsty is the essential image of the functor constg: X — Catg). Then C
satisfies LConstgc-descent if and only if for all A € B the co-category C(A) satisfies K-descent. In fact,
by [61, Corollary 6.4.10] the composition I's,, o C;_(A) recovers the functor C(A),_: C(A)? — Catoo.
Consequently, if s: B — A is an arbitrary map in B, postcomposing C,_(A) with the evaluation functor
evp: Cat(B/4) — (/337500 recovers the composition C,_(B) o s*. Using that C is LConsts-cocomplete, the
functor s*: C(A)°P — C(B)°P is op(XK)-continuous, and since limits in Cat(B,4) are detected section-wise,
the claim follows.

5.1.2. Cartesian transformations. The main goal of this section is to obtain a more explicit

description of the descent property which will rely on the notion of cartesian morphisms of functors:

DEFINITION 5.1.2.1. Let | and C be B-categories such that C admits pullbacks. We say that a map
¢:d— d in Fung(l,C) in context 1 € B is cartesian if for every map ¢ — ¢’ in | in context A € B the

induced commutative square
d(i) —— d'(4)

| |

d(i') —— d'(i)
is a pullback in C(A). A map d — d’ in context A € B is called cartesian if it is cartesian when viewed
cart

as a map in @B/A (myl, 7% C) in context 1 € B,4. We denote by Funsy(l, C)/d the full subcategory of
Fung (1, C)/Cfi‘rt that is spanned by the cartesian maps in arbitrary context A € B.
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REMARK 5.1.2.2. In the situation of Definition 5.1.2.1, the property of a map ¢d — d’ in context
A € B being cartesian is local in B: if (s;): | |; A - A is a cover in B, then ¢ is cartesian if and
only if each sf(¢) is. In fact, by unwinding the definition, this follows from the fact that the property
of a commutative square being a pullback is local in that sense. As a consequence, every object of
mg(l,C)ffI‘” in context A encodes a cartesian map d — d’, and there is a canonical equivalence

cart

cart ~ Fung , (7341, WZC)/n;\d of B/ 4-categories.

7 Fung (1, €3

LEMMA 5.1.2.3. Let | and C be B-categories, and suppose that C admits pullbacks. Then a map
d — d' in Fung(1,C) (in arbitrary contest) is cartesian if and only if the associated object in Fung (1, CA")
is contained in Fung(l, (CAl)u), where (CAl)ﬁ <5 CA' s the subcategory that is spanned by the cartesian
morphisms over dy: cA' 5 C.

PRrROOF. This follows immediately from the description of the cartesian morphisms in CA' as pullback
squares in C, see Remark 5.1.1.3. [l

The main goal of this section is to prove the following description of the descent property:

PRrROPOSITION 5.1.2.4. Let C be a cocomplete B-category with pullbacks and let d: | — C be a diagram
that admits a colimit in C. Let d: 1> — C be the corresponding colimit cocone. Then the functor
C/—: C°P — Catgp carries d to a limit cone in Catg if and only if the restriction map Fung (1>, C)/E —
Fung (1, C)/q restricts to an equivalence

Funs (P, C)53 = Funy (1, O3

of B-categories.

The main idea for the proof of Proposition 5.1.2.4 is to identify the left-hand side of the equivalence
with C/ colimq and the right-hand side with lim C/q(_). In order to do so, we will need the formula for
limits in Catg derived in [61, Proposition 7.1.2]. For the convenience of the reader, we will briefly recall
the main setup from [61]. The co-topos of marked simplicial objects in B is defined as B = Fun(A%, B),
where A denotes the marked simplex 1-category. Precomposition with the inclusion A — A, induces
a forgetful functor (—)|a: B — Ba which admits a left adjoint (—)” and a right adjoint (—)¢. Every
cartesian fibration p: P — C can be equivalently encoded by a marked cartesian fibration p?: P! — C¥,
where PP is the marked simplicial object that is obtained from P by marking the cartesian arrows and
where a marked cartesian fibration is by definition a map that is internally right orthogonal to the
collection of marked right anodyne maps (see [61, Definition 4.2.1]). Now if d: I°P — Catg is a functor

and if p: P — | is the associated cartesian fibration, one obtains a canonical equivalence
limd ~ (Homgz(m P )|,
where the right-hand side is defined via the pullback diagram

(Homy (1%, P%) s)[ o —— Homy (I, P¥)|a

Lo, |

1 ————— Homy (I, I¥) s

(in which HomBZ(f7 —) denotes the internal hom in BY).

LEMMA 5.1.2.5. Let K be a simplicial object in B and let p: P — C be a cartesian fibration.
Then the canonical map K° — K% of marked simplicial objects in B induces a fully faithful functor
Hom g+ (K*,P%)|a = Homg+ (K°, P)|a of B-categories.

A A
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PROOF. Let M be the marked simplicial object in B that fits into the pushout square

(A°UA% @ K —— (A°UA% @ K

! |

(A oK — 4 M.

Unwinding the definitions, we need to show that P? is internally local with respect to the induced map
©: M — (A"’ @ K*. Since C! is easily seen to be internally local with respect to ¢, this follows once we
show that p? is internally right orthogonal to this map. We therefore need to verify that ¢ is marked
right anodyne. Writing K as a colimit of objects of the form A™ ® A, we may assume that K = A™ ® A.
Moreover, since marked right anodyne morphisms are closed under products, we can assume that A ~ 1.
Using that the two maps (I")* < (A™)” and (I")? < (A™)? that are induced by the spine inclusions
are marked right anodyne, we may further reduce this to K = Al. In this case, one can apply [61,

Lemma 4.2.3] to deduce that ¢ is an equivalence. Hence the claim follows. (]

LEMMA 5.1.2.6. Let s: B — A be a map in B, and let P — A be an arbitrary map. Let ns: ids,, —

$«8™ be the adjunction unit. Then the value of the natural transformation (m4)s (ra)ens, (TA)xSx8™ =~

(mB)«8* at an object p: P — A in B4 can be identified with the map
Homg (A, P)/a — Homg (B, s*P)/p

that is induced by precomposition with s. Here Homgy(—, —) denotes the internal hom in B, Homg (A, P)/a
is the fibre of the map Homg (A, P) — Homg (A, A) over ida, and Homg (B, s*P),p is the fibre of the
map Homy (B, s*P) — Homg (B, B) over idp.

PROOF. Since the morphism id xs: — xB — — X A can be identified with the composition

(ma)iesmh

(rphmh = (ma)is18™ Ty (manmy

(in which €, is the counit of the adjunction s; 4 s*), it follows by adjunction that the map (74).n,7% can
be identified with s*: Homg (A, —) — Homg (B, —). Now if p: P — A is any map, the unique morphism
p — ids,, in B/ is the pullback of 7% (7ma)ip — WZ(WA)Ilg/A along the unit 13, — WZ(WA)!].B/A.
Together with naturality of 7, this implies that the map (74).ns(p) fits into a commutative diagram

(ra)eme () $:8"(ma)+(p) — Homgy (B, P)
ma)en(P)_~ ‘ o
(ma)+(P) Hom (4, P) P
l .
1 2 Homg (B, A)
%A /
1 HOHLB(A,A)

in which the front and the back square are pullbacks. As the fibre of
p«: Homg (B, P) — Homg (B, A)
over s can be identified with Homg (B, s* P),p, the claim follows. O

PROOF OF PROPOSITION 5.1.2.4. Let ¢: | < |9 be the inclusion. Since Catg is complete, the theory

of Kan extensions gives rise to an adjunction
(t* 4 ei): Fung (19, Catg) < Fung(l, Catg),

see § 3.3.3. Given any diagram h: 1Y — Catg, we will let A = (*h, and we denote by U h — .h the
adjunction unit. Now let us set h = C/g(,)y so that we get h = C/q(_). Furthermore, let p: P — I” be
the pullback of dy: cA' 5 C along d, and let ¢: Q — | be the pullback of dy along d. According to [61,
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Proposition 7.1.2] and Lemma 5.1.2.6 (applied to the co-topos BX and the map (), the canonical map
lim 77;;: lim A — lim ¢,k can be identified with the functor
>\ ph tof

(*) Homy ¢ ((I7)*, P%),ys[a — Homgy (IF, Q%) el a
that is induced by precomposition with the inclusion ¢: I < I>. As C,_ preserving the limit of d is
therefore equivalent to (*) being an equivalence, we only need to identify this map with the functor
MM'D, C)/Cgrt — @30, C)/Csrt'

To see this, first note that there is an equivalence Homs+ ((—)?, —)|a =~ Fung(—, (=)|a). Therefore,

A

we obtain a commutative diagram

id;>

Hom,  ((17)F, P) o)t |a —— Homg« ((7)¥, P)|a —— Hom: ()%, (C21))]a
@B(P,C)/g - S Fung(P,P) ——— 5 Fung (P, CA)
( : (r,

Fung (I°,1P)) —— % — Fun,,

9)

in which the upper three vertical maps are induced by precomposition with the canonical map (1”)* — (I”)f.
By Lemma 5.1.2.5, they are fully faithful. Furthermore, all but the upper right square are pullbacks.
But since the map (I”)” — (I*)f is internally right orthogonal to every map that is contained in the
image of (—)#: Ba <—> BL A, it must also be internally right orthogonal to Pi — (CAl)h as the latter
is the pullback of d . Therefore, the upper right square must also be a pullback. Note, furthermore,
that since the map (—)” — (—)! is an equivalence when restricted along the inclusion B < Ba, the
upper right inclusion in the above diagram identifies the domain with the essential image of the map
Hoimgz (1>, (CAl)u) — Hoimgz (1>, CAl). Therefore, Lemma 5.1.2.3 implies that there is an equivalence
Hoimgz((lb)ﬁ7 Ph)/(|>)u|A o~ @B(ID,C)/CSM. By an analogous argument, one obtains an equivalence

HomBX (11, Q%) 1| a =~ Fung (1, C)f;”, hence the claim follows. O

REMARK 5.1.2.7. In the situation of Proposition 5.1.2.4, let co: 1 — |9 be the cone point, and let
(00™ - 004): Fung (19, Catp) S Cat

be the induced adjunction. Let 7: idmﬁ (14,Cat) — 00x00™ be the adjunction unit. By the same argument

as in the proof of Proposition 5.1.2.4, evaluating limj« 7 at the cone C /3 recovers the restriction map

Fung (I”, ©)2" — C/,.

Since limj« can be identified with co* (owing to co: 1 — |9 being initial), the triangle identities imply
that this map must be an equivalence. Furthermore, note that by Corollary 3.1.7.6 the restriction functor

Fung (17, C)/E — C/. admits a right adjoint that is is given by the composition

diag). "

C/e — Fungy (17, Q) diag(e) — Fung (I, C)/g
(where n: d — diag(c) denotes the adjunction unit). Now if ¢ — ¢ is a map in C, Corollary 3.1.7.5
implies that the counit mn* diag(c¢’) — diag(c’) of the adjunction n 4 n* is given by the pullback of 5
along diag(c¢’) — diag(c). Since evaluation at co preserves pullbacks and since diag,, is fully faithful, we
conclude that evaluating the counit of the adjunction C,, = Fung (17, C) g at ¢’ — ¢ must result in an
equivalence. Upon replacing B with B,4 and repeating the same argument, we conclude that the entire
counit must be an equivalence, so that the functor C,. — Fung (1”7, C) Jd is fully faithful. Now combining
the evident observation that this map takes values in Fung(I°, C)}%rt with the fact that the restriction
functor Fung (17, C)/‘%rt — C), is an equivalence, one concludes that the inclusion C,. < Fung(I”,C) Yri
identifies C/. with Fung (I, C)/Cgrt. In particular, the inclusion Fung (1>, C)/CSrt — Fung (17, C) 7 admits a
left adjoint.
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REMARK 5.1.2.8. In the situation of Remark 5.1.2.7, let d — d be a map in Funs (I”, C), and let us
set ¢/ = 00*(d ). Then the unit of the adjunction Cre = Bung (17, C) 5 evaluates at d to the natural map

d - n* diag(c’). Therefore, the map d — d is cartesian precisely if the square

d —— diag(c)

L

d —— diag(c)

is a pullback. As the functor (v*,00*): Fung(I”,C) — Fung(l,C) x C is conservative (on account of the
map (¢,00): U1 — I” being essentially surjective) and as the image of the above square along co* is

always a pullback, the map d — d is cartesian precisely if the square

d' —— diag(c)

L

d —— diag(c)
in Fung (1, C) is a pullback.

Suppose that U is an internal class of B-categories and let C be a U-cocomplete B-category with
pullbacks. Given any | € U(1) and any diagram d: | — C with colimit cocone d: I> — C, Proposition 3.1.7.1
implies that the functor

L;gi Fung (17, C)/g — Fung (1, C) /g
has a left adjoint that is given by (u1)/4. Combining this observation with Remark 5.1.2.7, we thus
end up with a left adjoint Funsg (I, C)§5™ — Fung (17, C)/Csrt to the restriction functor Fung (I, C)/Csrt -
Fung (1, C)f;” that we will refer to as the glueing functor. In light of Proposition 5.1.2.4, the functor C,_
preserves the limit of d precisely if both unit and counit of this adjunction are equivalences, i.e. if both
the restriction functor and the glueing functor are fully faithful. We may therefore split up the notion of

U-descent into two separate conditions:

DEFINITION 5.1.2.9. Let U be an internal class and let C be a U-cocomplete B-category with pullbacks.
We say that C has faithful U-descent if for every A € B, every | € U(A) and every diagram d: | — 75 C
with colimit cocone d: 1> — 7%C, the restriction functor @%M (", 7% C)/C%rt — @B/A (1, FZC);SM is fully
faithful. We say that C has effective U-descent if for every A € B, every | € U(A) and every diagram
d: 1 — 7% C with colimit cocone d: I> — 7% C, the glueing functor Fung,, (I 73 O)fg™ — Fung (1%, WZC)%“
is fully faithful. If C is a cocomplete large B-category, we simply say that C has faithful /effective descent

if it has faithful/effective Catg-descent.

REMARK 5.1.2.10. As a consequence of Remark 5.1.2.2, the property of C having faithful/effective
U-descent is local in B, in the sense that whenever | |, A; — 1 is a cover in B, the B-category C
satisfies faithful /effective U-descent precisely if for each i the B, 4,-category 7% C has faithful/effective

7’4, U-descent.

By unwinding how the unit and counit of the adjunction Fung(I”, C)/Cgrt S Fung(l, C)/Cfl”rt are computed
(cf. Remark 3.1.7.4) and by using Remark 5.1.2.8, we may characterise the notion of faithful and effective

U-descent as follows:

PropPOSITION 5.1.2.11. Let U be an internal class and let C be a U-cocomplete B-category with
pullbacks. Then the following are equivalent:
(1) C has faithful U-descent;
(2) for every A € B, every | € U(A) and every cartesian map d —din @B/A(P»WZC) in which d

. . . o
is a colimit cocone, d is a colimit cocone as well;
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(8) for every A € B, every | € U(A) and every pullback diagram

d —— diag(c)

J ldiag(g)

d —'— diag colim d

mn @BM(I,WZC) in which n is the unit of the adjunction colim - diag, the transpose map

colimd' — ¢ is an equivalence. O

PROPOSITION 5.1.2.12. Let U be an internal class and let C be a U-cocomplete B-category with
pullbacks. Then the following are equivalent:

(1) C has effective U-descent;
(2) for every A € B, every | € U(A) and every cartesian map d' — d in Fung (1,73C), the induced

map between colimit cocones d — d is cartesian as well;
(3) for every A € B, every | € U(A) and every cartesian map d’" — d in Fung (I,75C), the
naturality square
d —— diag(colim d’)

| !

d—"1— diag colim d

is a pullback. O

COROLLARY 5.1.2.13. Let S be a local class of maps in B and let C be an Qg-cocomplete B-category
with pullbacks. Then the following are equivalent:

(1) C has Qg-descent;
(2) for every map p: P — A in S the functor pi: C(P) — C(A) is a right fibration;

(3) for every map p: P — A in S the functor (p) C(P) = C(A)/pi(1¢(py) 18 an equivalence.

/lcpy
PROOF. Since (p1)/1.,, is always final, this functor is an equivalence if and only if it is a right

fibration, which is in turn equivalent to p; being a right fibration. Hence (2) and (3) are equivalent
conditions. Now in light of the adjunction p; 4 p*, a map f: ¢ — ¢ in C(P) is cartesian with respect to
p precisely if the naturality square

d —— p*pd

lf lp*pzf

c —— p'pic
is a pullback. Therefore, Proposition 5.1.2.12 and the fact that every map of diagrams indexed by a
B-groupoid is cartesian imply that C has effective Qg-descent if and only if for every map p: P — A in S,
every morphism in C(P) is cartesian with respect to pi. By the same observation, Proposition 5.1.2.11
shows that C has faithful Qg-descent if and only if for every map p: P — A in S, every object ¢ € C(P)
and every morphism g: ¢’ — pi(c¢) in C(A), the pullback of p*(g) along the adjunction unit ¢ — p*pic
defines a cartesian lift of g. In other words, C has faithful Qg-descent if and only if p, is a cartesian
fibration. Hence (1) and (2) are equivalent. O

For the next corollary, recall from § 4.2.1 that if K is a class of co-categories and S is a local class of

) the left regularisation of the internal class LConsty UQg, i.e. the

morphisms in B, we denote by Catg{’
smallest internal class that contains A U LConsty USQs and that is closed under LConst,p sy US2s-colimits
in Catg (where op(X) is the image of X under the equivalence (—)°P: Caty, =~ Cats). We now obtain:

COROLLARY 5.1.2.14. Let X be a class of co-categories and let S be a local class of maps in B. Let C

) _descent if and only if

be a Catg{’a-cocomplete B-category with pullbacks. Then Catg satisfies Catg{’
(1) for all A € B the oco-category C(A) satisfies K-descent, and

(2) for every map p: P — A in S the functor py is a right fibration.
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PROOF. By Proposition 4.1.3.4, the B-category C has Catgc’s>—descent precisely if it satisfies both
LConstgc- and Qg-descent. By Example 5.1.1.7 the first condition is equivalent to (1), and by Corol-
lary 5.1.2.13 the second one is equivalent to (2). O

EXAMPLE 5.1.2.15. Let S be a local class of morphisms in B that is closed under pullbacks in
Fun(A', B) and that is left cancellable, i.e. satisfies the condition that whenever there is a composable
pair of morphisms f and g in B for which ¢ is contained in S, then gf is contained in S' if and only if f
is. Then the associated subuniverse Qg < € is closed under pullbacks and under 2g-colimits, and for
every map s: B — A in S the functor si: Qg(B) — Qs(A) is a right fibration. Hence Qg has Qg-descent.

These conditions are for example satisfied if S is the right complement of a factorisation system.

5.1.3. Universality of colimits. The goal of this section is to establish that the notion of faithful

U-descent is equivalent to universality of U-colimits:

DEFINITION 5.1.3.1. Let U be an internal class of B-categories and let C be a U-cocomplete B-category
with pullbacks. We say that U-colimits are universal in C if for every map f: ¢ — d in C in context
A € B the functor f*: C;y — C). is 7 U-cocontinuous. If C is a cocomplete large B-category, we simply

say that colimits are universal in C if Catg-colimits are universal in C.

REMARK 5.1.3.2. In the situation of Definition 5.1.3.1, note that by Corollary 3.2.2.11 the B, 4-
category C/. ~ (73C)/z (where ¢: 1 — 77 C is the transpose of c¢) is 7 U-cocomplete for every c: A — C.
Therefore, asking for f* to be 7% U-cocontinuous makes sense.

REMARK 5.1.3.3. The condition that U-colimits are universal in C is local in B: if | |, 4, - 1 is a
cover in B, then U-colimits are universal in C if and only if 7% U-colimits are universal in 77 C for each 1.

This is easily seen using the fact that U-cocontinuity is a local condition by Remark 3.2.2.3.

ExaMPLE 5.1.3.4. Let X be a class of oo-categories and let C be an LConsty-cocomplete B-category
with pullbacks. Then LConstg-colimits are universal in C if and only if K-colimits are universal in C(A)
for all A € B. In fact, this follows immediately from the observation that for every map f: ¢ — d
in C in context A € B and for every map s: B — A in B the functor f*(B) can be identified with
(s™f)*: C(B)a — C(B)ye-

PROPOSITION 5.1.3.5. Let U be an internal class of B-categories and let C be a U-cocomplete B-category
with pullbacks. Then U-colimits are universal in C if and only if C has faithful U-descent.

PROOF. Let | be an object in U(1), and let f: ¢ — ¢ be an arbitrary map in C in context 1 € B.
Suppose that d: | — C,. is a diagram with colimit cocone d: d — diag colim d, which we may equivalently
regard as a diagram d: | — C/colimd- Let g: colimd — ¢ be the induced map. On account of the fact

that the (vertical) mate of the commutative square

(F* (g
C/ £+ (colim d) SMON Cer

J/(g*f)! J{f!

C/ colim d L C/c

commutes and since the horizontal maps in this diagram are conservative and U-cocontinuous, the functor
f* preserves the colimit of d if and only if the functor (¢* f)* preserves the colimit of d: | — C/ colima- By
(the proof of) Proposition 3.1.6.3, the colimit of the latter is the final object in C; co1im q- Therefore, in
order to show that C has U-universal colimits, it suffices to consider those diagrams in C,. whose colimit
is the final object.
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Now on account of the commutative square

@B(l, C)/ diag(c’) — @B(I, C/C/)

ldiag(f)z l(fo*

m’B(Ia C)/ diag(c) — m‘B (|7 C/c)

we may identify diag(f)* with (f*).. Therefore, if d — diag(c) is a colimit cocone, the upper horizontal
equivalence in the above diagram identifies its pullback d’ — diag(c’) along diag(f) with the composition
| 4 Cre EAN C/er. Thus, by again using Proposition 3.1.6.3, the map d’ — diag(c) is a colimit cocone
if and only if the colimit of f*d is the final object in C/er, which is in turn equivalent to f* preserving
the colimit of d. As replacing B with B, allows us to arrive at the same conclusion for any | € U(4),
Proposition 5.1.2.11 yields the claim. (Il

ExAMPLE 5.1.3.6. Let S be a local class of morphisms in B and let C be a Qg-cocomplete B-category
with pullbacks. Then Qg-colimits are universal in C if and only if for every map p: P — A in S the
functor py: C(P) — C(A) is a cartesian fibration. In fact, in light of Proposition 5.1.3.5 this follows from
the argument in the proof of Corollary 5.1.2.13.

We end this section by relating universality of colimits with the property of being locally cartesian
closed:

PROPOSITION 5.1.3.7. Let X be a presentable B-category. Then X has Q-universal colimits if and
only if for every object x: A — X, the B, a-category (w4 X),, is cartesian closed, which is to say that there
op o

exists a bifunctor Homﬂzx(f, —): (’/TZX)/E (M3 X) /e — (m4X)/2 that fits into an equivalence

map(ﬂ;‘xm(_ X —, =)~ map(ﬂ'ZX)/m<_7I—107m7r2X(_7 -))-

ProoF. It will be enough to show that X is cartesian closed if and only if for every y: A — X the
functor (m,)*: 74X — (74 X), is Qg ,-cocontinuous. Using Remark 5.1.3.3, we can assume that A ~ 1.
Recall that the forgetful functor (m)i: X/, — X is Q-cocontinuous (Corollary 3.2.2.11). As this functor is
moreover a right fibration and therefore in particular conservative, we find that 7 is Q-cocontinuous
if and only if the composition (m, )17 is. Together with Proposition 3.1.7.3, this shows that 7 being
Q-cocontinuous is equivalent to y X — being Q-cocontinuous. As X is presentable, this is in turn equivalent

to y x — having a right adjoint Homy (y, —) (see Proposition 4.4.3.1). Clearly, this holds if X is cartesian

closed. Conversely, if y x — admits a right adjoint for all y: A — X, then mapy(— x —, —), viewed as a
functor X°P x X — PShg (X), takes values in X < PShg (X) and therefore gives rise to the desired internal
hom. O

5.1.4. Disjoint colimits. If C is an oco-category with pullbacks and finite coproducts, one says that
a coproduct cg U ¢y in € is disjoint if the fibre product ¢; Xcyue, ¢; is equivalent to ¢; if ¢ = j and the
initial object otherwise. In this section, our goal is to study an internal analogue of this concept. In
fact, we will define what it means for arbitrary B-groupoidal colimits to be disjoint. To that end, recall
that if S is an arbitrary local class of morphisms in B, the associated subuniverse Qg is contained in
the free Qg-cocompletion LSh%S (1), see Example 3.4.3.5. Therefore, if C is an arbitrary Qg-cocomplete
B-category, the tensoring bifunctor

- ®—:QgxC—=C

(see Proposition 3.4.3.8) is well-defined. Furthermore, note that S is closed under diagonals if and only if
for every G € Qg(A) and every pair of objects g,g': A = G the mapping B, 4-groupoid mapg(g,g’) is

contained in Qg(A) as well. Therefore, we may define:

DEFINITION 5.1.4.1. Let S be a local class of morphisms in B that is closed under diagonals, and
let C be an Qg-cocomplete B-category with pullbacks. If G € Qg(1) is an arbitrary object, we say that
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G-indexed colimits are disjoint in C if for all diagrams d: G — C and for every pair of objects g, ¢’ in G in
context 1 € B the diagram

mapg(g, ') ® d(g) — d(g')

| |

d(g) ———— colimd
is a pullback. We say that Qg-colimits are disjoint in C if for all A € B and all G € U(A) all G-indexed

colimits are disjoint in 7% C.

REMARK 5.1.4.2. In the situation of Definition 5.1.4.1, let d: G> — C be the colimit cocone associated

with d. Then the commutative square in the definition is obtained by transposing the commutative

diagram
mapgs (9,9') —%— mapc(d(g),d(g"))
mapgs (g, 00) _d, mapc(d(g), colim d)
across the equivalence map¢(— ® —, —) ~ mapq(—, mapc(—, —)), noting that since ¢: G — G is fully

faithful the upper left corner can be identified with map¢(g,¢’) and since co: 1 — G” is final the lower

left corner is equivalent to the final object.

EXAMPLE 5.1.4.3. Let us unwind Definition 5.1.4.1 in the case where B = 8 and where G = {0, 1}.
Then a diagram d: {0,1} — € in an oco-category C is simply given by a pair (cop, ¢1) of objects in €, and

its colimit is the coproduct ¢g U ¢;. Furthermore, the square in Definition 5.1.4.1 is explicitly given by

map{oyl}(z’,j) X ¢; —— ¢

| |

cg — > colUcy

(for i, € {0,1}) and is therefore a pullback for all pairs (i, 7) precisely if coproducts are disjoint in € in
the usual sense.

REMARK 5.1.4.4. The property of Qg-colimits to be disjoint in C is a local condition. More precisely,
if G € U(1) is an arbitrary object and if | |, A; — 1 is a cover in B, then G-indexed colimits are disjoint
in C if and only if 7} G-indexed colimits are disjoint in 7} C for all i. This follows immediately from
the fact that both limits and colimits are determined locally by Remark 3.1.1.8. As a consequence, if
Qg is generated by a family of objects (G;: 4; — Qg);, then Qg-colimits are disjoint in C precisely if
G;-indexed colimits are disjoint in 77 C for all 7.

EXAMPLE 5.1.4.5. Let S be the local class of morphisms in B that is generated by @,1 and 2 =1U 1.
Then S is closed under diagonals. By using Remark 5.1.4.4 and Example 5.1.4.3, one finds that Qg-colimits
are disjoint in C if and only if coproducts are disjoint in C(A) for all A € B.

EXAMPLE 5.1.4.6. Let G be a finite group. Then BG colimits are disjoint in some oo-category C if
for any object X € Fun(BG, €) the canonical square

GXX—>X

o

X4>th

in € is a pullback.

The main goal of this section is to show:
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PROPOSITION 5.1.4.7. Let S be a local class of morphisms in B that is closed under diagonals, and
let C be an Qg-cocomplete B-category with pullbacks in which Qg-colimits are universal. Then C has

effective Qg-descent if and only if Qg-colimits are disjoint.

In order to prove Proposition 5.1.4.7, we will need a more explicit description of the notion of disjoint

Qg-colimits. The key input is the following construction:

CONSTRUCTION 5.1.4.8. Let S be a local class of morphisms in B that is closed under diagonals, and
let C be an Qg-cocomplete B-category with pullbacks. Suppose that p: P — A is a map in S, and let
c¢: P — C be an arbitrary object. Let n: ¢ — p*pic be the adjunction unit, and consider the pullback

square

in C(P x 4 P) (where we implicitly identify prg p* ~ pr} p*). Note that if A,: P — P x 4 P is the diagonal
map, the pullback of the above square along A, yields the pullback square

CXprp(c) ¢ — > C
¢ — p*pi(c)
in C(P). Therefore, the diagonal map ¢ — ¢ Xpp, () ¢ transposes to a map d,(c): (Ap)(c) — 2.

PROPOSITION 5.1.4.9. Let S be a local class of morphisms in B that is closed under diagonals, and
let C be an Qg-cocomplete B-category with pullbacks. Then Qg-colimits are disjoint in C if and only if for
all maps p: P — A and all objects c¢: P — C the map d,(c) from Construction 5.1.4.8 is an equivalence.

ProoF. By identifying p: P — A with a B, 4-groupoid G, the object c: P — C corresponds to a
diagram d: G — 7% C. Also, the two maps pry, pr;: P x4 P = P correspond to objects g and ¢’ in G in
context P x 4 P. In light of these identifications, the two cospans

pri(c) d(g")
Jpriton) |
pry(c) Ly pry p*pi(c) d(g) —— prg p*(colim d)

(in context P x 4 P) are translated into each other. Next, we note that pulling back g and ¢’ along the
diagonal A: P — P x 4 P recovers the tautological object 7 of G (i.e. the one corresponding to idp). As
there is a section id,: P — mapg(7,7), we thus obtain a commutative diagram

d(r) id

O

mapg(7,7) ® d(7) ——— d(7)

| |

d(t) ———— p*(colim d)

in context P. Observe that value of the unit of the adjunction (A; 4 A*): B/p = B/p,, p at the final
object precisely recovers the map id,: P — mapg(7, 7). As the functor

—®d(r): 7pQ = 7pC

is by construction 7} U-cocontinuous, one thus finds that the map d(7) — mapg(7,7) ® d(7) can be
identified with the unit of the adjunction (A 4 A*): C(P) < C(P x4 P). But this precisely means
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that the transpose map Ad(7) — mapg(g,¢’) ® d(g). must be an equivalence. As d(7) is simply ¢, we
therefore find that the two diagrams

Ai(¢) —— pri(c) mapg(g,9') @ d(g) ————— d(g')

Jprin | |

pry(c) Pro(m) pry p*pi(c) d(g) ——  prjy p*(colimd)

are equivalent. To complete the proof, we still need to show that the right square being cartesian is
equivalent to Qg-colimits being disjoint in C. Certainly, this is a necessary condition since this square
is precisely of the form as in Definition 5.1.4.1 (after identifying prf p*(colim d) with colim prf p*d and
regarding g and g’ as objects of prj p*G in context 1 € B/p, , p). The converse follows from the observation
that every pair of objects h,h’': A = G must be a pullback of g and ¢’, i.e. that the above diagram is the

universal one. O

PROOF OF PROPOSITION 5.1.4.7. We will freely make use of the setup from Proposition 5.1.4.9.
Therefore, let us fix a map p: P — A in S, and let us denote the unit and counit of the associated
adjunction p; - p* by n, and €,, respectively. We first assume that C has effective Qg-descent. Choose an
arbitrary object ¢: P — C and consider the pullback

s —2 pri(c)

J{Prt (mp)

* 0 (1)
pry(e) == pry p*p(c)
in C(P x 4 P). By making use of the commutative diagram

" prom
pri(c) —2"% prip*p(c)

\ J{pr1 ()
Npry Pro(c

pri (pry) pry(c),
(where « is an equivalence owing to C having Qg-colimits), we may identify the above square with the
pullback square
z— pri(c)

J{ J{PTT (amp)

pr(c) 0 bt (pry )y pr (o).

Since by assumption g-colimits are universal in C, Proposition 5.1.3.5 implies that C has faithful Qg-
descent. Hence Proposition 5.1.2.11 implies that the transpose (pr;)i(z) — ¢ of g must be an equivalence.

Together with the commutative diagram

(pr1)1(55(c))

this observation implies that (pry)1(d,(c)) is an equivalence. But since C has effective and faithful Qg-
descent, Proposition 5.1.2.13 implies that (pr; )y is a right fibration and therefore in particular conservative.

Hence d,(c) is already an equivalence.
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Conversely, suppose that Qg-colimits in C are disjoint and let f: ¢ — d be an arbitrary map in C in

f e — p*pi(c)

J{p*p!(f)

d L p*pi(d)

context P. Consider the diagram

in C(P) in which the square is a pullback. By Proposition 5.1.2.12, the result follows once we show that

( is an equivalence. We now obtain a pullback diagram

in Fun(A!, C(P x4 P)) in which the front square is obtained by applying prf to the pullback square in
the previous diagram and the right square is given by applying pri to the outer square in the previous

diagram. Note that by applying the functor A* to this cube, we obtain a commutative diagram

c id

in which the cube defines a pullback in Fun(A!, C(P)). Now by disjointness of Qg-colimits, the map

Ai(d) — y must be an equivalence. Since this map fits into a commutative diagram

(in which 1’ denotes the unit of the adjunction Ay 4 A*) and since we have a pullback square

c —— A*(2)

I

the assumption that g-colimits are universal in C and Proposition 5.1.2.11 imply that the transpose

map Aj(¢) — x is an equivalence as well. By the argument in the beginning of the proof, applied to the
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top square in (*), the commutative diagram

pri(e) =% prg p*p(c)

Mprg pN l

prj(pro ) pri(c)
implies that the map (pry)i(x) — e is an equivalence too. Taken together, we thus conclude that the
composition
¢ = (prohii(e) = (proh(z) — e

is an equivalence. By its very construction, this map can be identified with ¢, hence the claim follows. [

5.1.5. Effective groupoid objects. In this section we briefly review the notion of groupoid objects
and their relation to descent (as discussed in [57, § 6.1]) in the context of B-category theory.

DEFINITION 5.1.5.1. Let C be a B-category with pullbacks. A groupoid object in C is a functor
Go: A% — Csuch that for all n > 0 and every decomposition (n) >~ (k) U, (/) the map G,, — G xg, G
is an equivalence. We denote by Seg™(C) the full subcategory of Fung(A°P, C) spanned by the groupoid
objects in 7% C for every A € B.

DEFINITION 5.1.5.2. Let C be a B-category that admits A°P-indexed colimits and pullbacks. We say
that a groupoid object G, in C is effective if the map G1 — Go Xcolim ¢, Go is an equivalence in C. We
denote by Segi;(C) the full subcategory of Seg™(C) that is spanned by the effective groupoid objects in
74 C for every A € B. We say that groupoid objects are effective in C if the inclusion Seggg(C) < Seg™(C)
is an equivalence.

REMARK 5.1.5.3. Since the property of a map being an equivalence is local in B, it follows immediately
from the definition that an object A — Fung (A°P, C) is contained in Seg™(C) if and only if it encodes a
groupoid object in 7% C, which is in turn equivalent to its transpose A°? — C(A) being a groupoid object
in the conventional sense. An analogous remark can be made for effective groupoid objects. In particular,
groupoid objects are effective in C if and only if they are effective in C(A) for each A € B.

Let Pos be the 1-category of posets, which we always identify with 0-categories. Observe that the
functor (—)”: Pos — Pos that freely adjoins a final object to a partially ordered set restricts to a functor
(=)": AY = A, and the map idpes — (—) restricts to a map ida — (—)"¢, where ¢: A — A< is the
inclusion. By precomposition, we thus obtain a functor (—)41: Fung (A%, C) — Fung ((A°P)”, C) together
with a morphism ¢*(—)4; — idFun,, (e c)- Now using Remark 5.1.5.3, one finds:

PROPOSITION 5.1.5.4 ([57, Lemma 6.1.3.7 and Remark 6.1.3.18]). Let C be a B-category that admits
A°P-indezed colimits and pullbacks, and let Go: A°? — C be a simplicial object. Then Gei1 is a colimit

cocone, and Go is a groupoid object if and only if the morphism of functors 1*Get1 — Ge is cartesian. O
By combining Proposition 5.1.5.4 with Proposition 5.1.2.12, we conclude:

COROLLARY 5.1.5.5. Let U be the internal class that is spanned by A°P: 1 — Catg and let C be a

U-cocomplete B-category with pullbacks that has effective U-descent. Then groupoid objects are effective
in C. (I

5.2. Foundations of B-topos theory

In this section we develop the basic theory of B-topoi. We begin in § 5.2.1 by giving an axiomatic
definition of this concept using the notion of descent that has been established in the previous section. By
unwinding the descent condition, we furthermore establish an explicit characterisation of B-topoi in terms
of the underlying (ﬁoo—valued sheaves on B. In § 5.2.2, we construct the free B-topos on an arbitrary
B-category, which we use in § 5.2.3 to establish a characterisation of B-topoi as left exact and accessible
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Bousfield localisations of presheaf B-categories. In § 5.2.4, we make use of this characterisation to show
that the B-category of B-topoi is tensored and powered over Caty. In § 5.2.5, we prove that B-topoi are
entirely determined by their global sections, in the sense that the co-category of B-topoi is equivalent to
that of geometric morphisms of co-topoi with codomain B. Having this simple description of B-topoi at
our disposal, it is straightforward to construct limits and colimits of B-topoi, which is the topic of § 5.2.6.
Also, we provide an explicit formula for the coproduct of B-topoi in § 5.2.7, which in particular yields a
formula for the pushout in TopI;o. In § 5.2.8, we discuss a B-categorical version of Diaconescu’s theorem
for B-topoi, from which we deduce a universal property of étale B-topoi in § 5.2.9. Lastly, we discuss
subterminal B-topoi in § 5.2.10, where we derive a general formula for left exact localisations in terms of
internal colimits.

5.2.1. Definition and characterisation of B-topoi. In this section we introduce the notion of a
B-topos and prove several equivalent characterisations of this concept.

Recall from Proposition 4.2.3.5 that a B-category C admits finite limits if and only if for all A € B
the oo-category C(A) admits finite limits and for each map s: B — A in B the functor s*: C(4) — C(B)
preserves finite limits. Similarly, a functor f: C — D between such B-categories preserves finite limits
precisely if it does so section-wise. We may now define:

DEFINITION 5.2.1.1. A large B-category X is a B-topos if it is presentable and satisfies descent. A
functor f*: X — Y between B-topoi is called an algebraic morphism if f is cocontinuous and preserves
finite limits. A functor f,:Y — X between B-topoi is called a geometric morphism if f, admits a left
adjoint f* that defines an algebraic morphism.

The large B-category Top% of B-topoi is defined as the subcategory of Catﬁ that is spanned by the
algebraic morphisms between B, 4-topoi, for all A € B. Dually, the large B-category Top% of B-topoi
is defined as the subcategory of Catg that is spanned by the geometric morphisms between B, 4-topoi,
for all A € B. We denote by TopL(B) and TopR(B)7 respectively, the underlying oco-categories of global
sections.

If X and Y are B-topoi, we will denote by @%g(X,Y) the full subcategory of Fung(X,Y) that is
spanned by the algebraic morphisms 7% X — 7% Y for each A € B. We define the B-category FunZ*™ (Y, X)

of geometric morphisms in the evident dual way.

REMARK 5.2.1.2. The fact that both Top% and Top% are large and not very large follows from
Remark 4.4.4.3.

REMARK 5.2.1.3. The subobject of (Catg); that is spanned by the algebraic morphisms between
B a-topoi (for each A € B) is stable under composition and equivalences in the sense of Proposition 2.2.2.9.
Since moreover cocontinuity and the property that a functor preserves finite limits are local conditions
by Remark 3.2.2.3 and on account of Remark 5.2.1.8 below, we conclude that a map A — (Catg): is
contained in (Top%)l if and only if it defines an algebraic morphism between B, 4-topoi. In particular, if
X and Y are B, 4-topoi, the image of the monomorphism

(*) mapTop% (X7 Y) — mapCatg (X7 Y)

is spanned by the algebraic morphisms. Moreover, the sheaf associated to Toplé is given by sending

A € B to the subcategory Top™(B,4) < Cat B 4), and there is consequently a canonical equivalence
/ /

WZTop% ~ Top%/A. Analogous observations can be made for the B-category Top%.

By the same argument, we have a canonical equivalence WZ@%lg (X,Y) ~ @%l/i (m3 X, 4 Y) for all
B-topoi X and Y and all A € B. Furthermore, by using Corollary 3.1.5.4, we deduce that the inclusion in
(*) is obtained by applying the core B-groupoid functor to the inclusion of @f‘gg(x, Y) into Fung (X, Y).
Again, analogous observations can be made for geometric morphisms.

By restricting the equivalence Cat% ~ (Cat%)of’ from [61, Proposition 7.2.1], one finds:
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PROPOSITION 5.2.1.4. There is an equivalence (Top%)of’ ~ Top% that acts as the identity on objects

and that carries an algebraic morphism to its right adjoint. O

Let us denote by Topf;c’)ét the subcategory of Top{jo that is spanned by the étale algebraic morphisms (i.e.
those that are of the form 7f;: X — Xy for some oo-topos X and some U € X). By [57, Theorem 6.3.5.13],
this oco-category admits small limits, and the inclusion TopI;g)ét — Top];o preserves small limits. The main

goal of this section is to prove the following characterisation of B-topoi:

THEOREM 5.2.1.5. For a large B-category X, the following are equivalent:
(1) X is a B-topos;
(2) X satisfies the internal Giraud axioms:
(a) X is presentable;
(b) X has universal colimits;
(c) groupoid objects in X are effective;
(d) Q-colimits in X are disjoint.

L,ét .
oo !

(8) X is Q-cocomplete and takes values in Top
(4) X is a Top-valued sheaf that preserves pushouts.

oo

REMARK 5.2.1.6. It is crucial to include the condition that all Q-groupoidal colimits are disjoint
into the internal Giraud axioms, instead of just all coproducts. As a concrete example, let k be an
uncountable regular cardinal and let € — Cat, be the subcategory spanned by the x-small co-categories
and cocartesian fibrations between them. Let us set B = PSh(C) and let X € Cat(@) be the large
B-category that is determined by the presheaf PSh(—): C°P — é\atoo. Since X takes values in Top]gO
and since cocartesian fibrations are smooth [57, Proposition 4.1.2.15], we deduce from Theorem 4.4.2.4,
Remark 5.1.5.3 and Example 5.1.4.5 that X is presentable, has effective groupoid objects and that
coproducts in X are disjoint. Moreover, again by using that cocartesian fibrations are smooth, one easily
finds that X has universal colimits. Yet, the B-category X cannot be a B-topos since the transition

functors are in general not étale.
Before we prove Theorem 5.2.1.5, let us us first record the following immediate consequence:
COROLLARY 5.2.1.7. The universe Q is a B-topos. O

REMARK 5.2.1.8. As another consequence of Theorem 5.2.1.5, a large B-category X is a B-topos if
and only if there is a cover | |; A; — 1 in B such that for all i the large B;-category 7 X is a B, 4,-topos.
In fact, this most easily follows from part (3) of the theorem, together with the fact that Q-cocompleteness
can be checked locally by Remark 3.2.2.3.

The proof of Theorem 5.2.1.5 requires the following lemma:

LEMMA 5.2.1.9. Let
X2
b
y -+ w
be a commutative square in Toplgo, and suppose that h* and k* are étale. Then the square is a pushout in

Top{jo if and only if the mate transformation kig* — f*hy is an equivalence.

PROOF. As h* is étale, we may replace Z with X,y and h* with 7f;, where U = hi(1z). By using [57,
Remark 6.3.5.8], the pushout of 7j; along f* is given by the commutative diagram
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It is immediate that the mate of this square is an equivalence, so it suffices to prove the converse. Since
k* is étale, we may replace k* with 73,1 Y — Y/, where V' = ki(1w). By [57, Remark 6.3.5.7], the
induced map Y, -y — Yy is uniquely determined by a morphism V' — f*(U) in Y. Unwinding the
definitions, this map is precisely the value of the mate transformation (mv)ig* — f*(7v )1 at 1y, and
therefore an equivalence. Hence the functor Y, s« ) — Y,y must be an equivalence as well, which finishes
the proof. O

PrOOF OF THEOREM 5.2.1.5. Let X be a B-topos. By combining Propositions 5.1.3.5 and 5.1.4.7
with Corollary 5.1.5.5, we find that X satisfies the internal Giraud axioms, so that (1) implies (2).
If X satisfies the internal Giraud axioms, then X being presentable implies that it is Q-cocomplete.
Moreover, Examples 5.1.3.4 and 5.1.4.5 together with Remark 5.1.5.3 imply that X(A) satisfies the
oo-categorical Giraud axioms in the sense of [57] for all A € B, so that each X(A) is an oo-topos. Now
by Propositions 5.1.4.7 and 5.1.3.5, the B-category X has €2-descent, hence Corollary 5.1.2.13 implies
that for every map s: B — A in B the functor s; is a right fibration. This implies that s* is an étale
geometric morphism, hence (3) holds. The equivalence between (3) and (4), on the other hand, is an
immediate consequence of Lemma 5.2.1.9. Finally, if X satisfies condition (3), then X is presentable (see
Theorem 4.4.2.4), hence the claim follows from Corollary 5.1.2.14. O

5.2.2. Free B-topoi. The goal of this section is to construct a partial left adjoint to the forgetful
functor Top% — Cat% that is defined on the full subcategory Catg — Cat% and that carries a B-category
C to the associated free B-topos Qg [C]. To that end, first note that if Catly* < Catp denotes the
subcategory spanned by the left exact (i.e. Fing y 4-continuous) functors between B, 4-categories with
finite limits for all A € B, then the dual of Corollary 3.4.1.15 implies that the inclusion admits a left
adjoint (—)**: Catg — Catlgx that carries a B-category C to its free Fing-completion C'**. Moreover,
the same result implies that we have a functor PShg(—): Catg — Pr]@ that is obtained by restricting the
free cocompletion functor Catg — Cat%; in the appropriate way. By combining these two constructions,

we thus end up with a well-defined functor Qg [—] = PShy ((—)'*): Cats — Pri. Our goal is to show:

PROPOSITION 5.2.2.1. For any B-category C, the large B-category Qs [C] is a B-topos. Moreover, if

X is another B-topos, precomposition with the canonical map C — Qs [C] induces an equivalence
Funf®(Qs [C], X) ~ Fung (C, X)
of B-categories.

The proof of Proposition 5.2.2.1 requires a few preparations and will be given at the end of this
section. For now, let us record a few consequences of this result.

COROLLARY 5.2.2.2. The functor Qg [—] takes values in Toplé and fits into an equivalence
InapTop% (QB [_] ) _) = mapCatg(_v _)
of bifunctors Cat® x Topy — Q.

ProoOF. Note that if A € B is an arbitrary object, we deduce from Proposition 3.4.1.11 that the
base change of the canonical map C — Qg [C] along 7% can be identified with the canonical map
m4C — Qgp,, [14C]. Thus, in light of Remark 5.2.1.3, the result is an immediate consequence of
Proposition 5.2.2.1. O

Corollary 5.2.2.2 already implies the existence of certain colimits in Top%:

COROLLARY 5.2.2.3. For any diagram d: | — Catg, the induced cocone Qg [d(—)] — Qs [colimd] is
a colimit cocone in Topy.

ProOF. Combine Proposition 5.2.2.1 with Proposition 3.1.4.9. O
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By combining Corollary 5.2.2.3 with the evident equivalence 1 ~ @'**, we in particular obtain:
COROLLARY 5.2.2.4. The universe Q defines an initial object in TopI,jB. (]
In light of Corollary 5.2.2.4, we may now define:

DEFINITION 5.2.2.5. Let X be a B-topos. The unique algebraic morphism consty : Q — X is referred
to as the constant sheaf functor, and its right adjoint I'x : X — Q is called the global sections functor.

REMARK 5.2.2.6. If X is a B-topos, then the global sections functor I'x is equivalent to mapy(1x, —),
where 1x denotes the final object in X. In fact, since the unique algebraic morphism consty: Q5 — X is
left exact and since mapq,, (1o, —) =~ idg by [62, Proposition 4.6.3], this follows immediately from the
adjunction consts 4 I'g.

We now turn to the proof of Proposition 5.2.2.1. As a first step, we need to establish that presheaf
B-categories are B-topoi:

PROPOSITION 5.2.2.7. For every B-category C, the large B-category PShy(C) is a B-topos.

PROOF. Since PShy(C) is presentable, we only need to show that it satisfies descent. Let us first show
that PShg (C) has universal colimits. Let therefore f: F — G be an arbitrary map of presheaves on C in
context A € B. By [62, Lemma 4.7.14], we may replace B with B, 4, so that we can assume that A ~ 1. By
Lemma 3.3.1.5 there are equivalences PShg (C)/p ~ PShy (C/p) and PShg (C)/ =~ PShy (C) ;) with respect
to which the functor PSh (C/r) — PShy(C)) that corresponds to f carries the final presheaf on C/x to
the presheaf that classifies the right fibration fi: C;p — C;g. As the functor PShy(C/p) — PShy (C)¢) is
a morphism of right fibrations over PShy (C), this map is uniquely specified by the image of the final
object. We thus conclude that this functor must be equivalent to the functor of left Kan extension along
fi: G p — Cq. Its right adjoint is simply given by precomposition with fi, which defines a cocontinuous
functor. Hence f*: PShy(C)/¢ — PShg(C),p must be cocontinuous as well, and we conclude that
PSh; (C) has universal colimits.

To conclude the proof, we need to show that PShg (C) has effective descent. By Proposition 5.1.2.12,
this is equivalent to the condition that for every A € B, every small B, 4-category | and every cartesian
map d — d in Fung /(1,4 PSh (C)), the naturality square

d —"— diag(colim d’)

l !

d —— diag(colim d)

is a pullback. Upon replacing B by B4, we may assume without loss of generality A ~ 1. Moreover,
since limits and colimits in functor B-categories are detected object-wise by Proposition 3.1.3.2, we can
reduce to C ~ 1. In this case, the result follows from Corollary 5.2.1.7. O

Next, we need to establish an internal analogue of the well-known statement that left exact functors
with values in an co-topos are equivalently flat functors [57, Proposition 6.1.5.2]. The key ingredient to
this result is the following lemma:

LEMMA 5.2.2.8. Let C be a B-category, let X be a B-topos and let f: C — X be a functor. Suppose
that the Yoneda extension h(f): PShy(C) — X of this functor preserves the limit of every cospan in
PShy(C) (in arbitrary context A € B) that is contained in the essential image of the Yoneda embedding
h: C < PShy(C). Then hi(f) preserves pullbacks.

PROOF. Suppose that

Q—O
M

|
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is a pullback square in PShg(C). We need to show that the image of this square along (hc)i(f) is a
pullback in X. By combining [62, Lemma 4.7.14] with Remark 3.3.3.2, we may assume without loss of
generality that the above square is in context 1 € B.

Let us first show that the claim is true whenever F' is representable by an object ¢: 1 — C. In this
case, Lemma 3.3.1.5 implies that there is an equivalence PSh. (C)/5(c) =~ PShy (C/) with respect to which
the composition (hyf) (7)) can be identified with the left Kan extension of f(m.); along the Yoneda
embedding C,. < PShg(C/.). Therefore, by replacing C with C,., one can assume that F' ~ Lpsh,, (C)-
Now the product functor G x —: PShy (C) — PShg(C) being cocontinuous (by Proposition 5.2.2.7) implies
that the canonical map h f(G x —) = hf(G) x hif(—) is a morphism between cocontinuous functors.
On account of the universal property of presheaf B-categories, this means that we may further reduce to
the case where H is representable. By the same argument, the presheaf G can also be assumed to be
representable. In this case, the claim follows from the assumption on hi(f).

We now turn to the general case. By Proposition 3.3.1.1, there is a diagram d: | — PSh4(C) such
that F' ~ colimd and such that d takes values in C = PSh;(C). Let us write d for the associated
colimit cocone. In light of the equivalence PShy(C)/p ~ @3“7@3(@)%” from Remark 5.1.2.7 and
by identifying the above pullback square with a diagram in PSh4(C),r, we obtain a pullback diagram

—

—

Q —
Ul —

in Fung(I®, PShB(C))/C%rt. By the above and the fact that limits in functor B-categories can be computed
object-wise by Proposition 3.1.3.2, the composition

Funy, (17, PShy ()52 — Fung (1, PShy (C))537 2% Fun (1,X) 04, ..
carries the above pullback diagram of cocones to a pullback and therefore in particular to a diagram in
Fung(l, X)/C?}iff)*d. By using descent in X and in PShg(C) (cf. Proposition 5.2.2.7) together with the fact
that hi(f) is cocontinuous, this implies that the functor (hyf).: Fung (1>, PShy (C));grt — Fung (17, X)/E
preserves the above pullback. Upon evaluating the latter at the cone point co: 1 — I, we recover the

image of the original pullback square along h(f), hence the claim follows. O

PROPOSITION 5.2.2.9. Let C be a B-category with finite limits, and let X be a B-topos. Then a functor
f: C— X preserves finite limits if and only if its left Kan extension hy(f): PShy(C) — X preserves finite
limits.

PrOOF. Since the Yoneda embedding h: C < PShg(C) preserves finite limits, it is clear that the
condition is sufficient. Conversely, suppose that f preserves finite limits. Since the final object in PSh (C)
is contained in C, it is clear that hi(f) preserves final objects. We therefore only need to show that this
functor also preserves pullbacks, which is an immediate consequence of Lemma 5.2.2.8. O

By combining Proposition 5.2.2.9 with the universal property of presheaf B-categories, Remark 5.2.1.3
and Remark 3.2.3.2, we now conclude:

COROLLARY 5.2.2.10. For any B-category C with finite limits and any B-topos X, the functor of left

Kan extension along the Yoneda embedding C — PShy(C) gives rise to an equivalence
Fun*(C,X) = Funy,*(PShy (), X),

where @%X(C,X) is the full subcategory of Fung(C,X) that is spanned by the left exact functors in

arbitrary context. O

PROOF OF PROPOSITION 5.2.2.1. Combine Proposition 5.2.2.7 with Corollary 5.2.2.10 and the
universal property of free Fing-completion, see Theorem 3.4.1.13. O
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5.2.3. Presentations of B-topoi. Recall from Definition 4.3.3.4 that if C is a B-category, a
Bousfield localisation L: PShy(C) — D is said to be accessible if the inclusion D — PSh(C) is Filty-
cocontinuous for some choice of sound doctrine U (see Definitions 4.1.3.8 and 4.1.2.7). We will say that
the localisation is left exact if L preserves finite limits. The main goal of this section is to prove the

following characterisation of B-topoi:

THEOREM 5.2.3.1. A large B-category X is a B-topos if and only if there is a B-category C such that

X arises as a left exact and accessible localisation of PShy(C).
The proof of Theorem 5.2.3.1 relies on the following two lemmas:

LEMMA 5.2.3.2. Suppose that
LN,
[
y 2
is a commutative square in Topf;O in which L and L' are Bousfield localisations. Suppose furthermore

that h* admits a left adjoint hy and that the mate transformation ¢: L' — L(my), is an equivalence.
Then h* is étale.

PrOOF. We would like to apply [57, Proposition 6.3.5.11], which says that the functor h* is étale
precisely if hy is conservative and if for every map f: W — V in Y and every object P € Z,;-(v), the
canonical map a: hy(h*(W) Xp» vy P) = W Xy hy(P) is an equivalence.

Let us begin by showing that h; is conservative. To that end, note that if f: V — W is a map in
Xy such that L(my)i(f) is an equivalence, then L'(f) is an equivalence. In fact, since the adjunction
unit of (my )1 4 7 exhibits f as a pullback of 7 (7 )i(f), the localisation functor L’ being left exact
implies that L'(f) is a pullback of L'nj;(my)i(f) >~ h*L(mwy)1(f). Since the latter is an equivalence, the
claim follows. Applying this observation to a map f that is contained in Z and using the assumption that
the mate transformation ¢: hyL' — L(my): is an equivalence, we deduce that hy is indeed conservative.

To conclude the proof, we show that the map « is an equivalence. From the map f: W — V in Y we

obtain a commutative diagram

(77)
Xyv - Xyuxv
v o ‘ ik Z/h (v)//,ﬂém
Jf* (g f)*
(TV[*})/W
Xw X/uxw
f* / (h*y
Lyw p « L/,n* w)
Yw dud Zhs (W) Y

in TopI(;o in which all of the four maps pointing to the right admit a left adjoint. Note that « being
an equivalence for all P € Z/p«(y) precisely means that the front square is left adjointable (i.e. has an
invertible mate transformation). Now since the mate ¢: L’ — L(my)) is by assumption an equivalence,
it follows that both the top and the bottom square in the above diagram are left adjointable. Since 77; is
an étale algebraic morphism, the back square is left adjointable as well. Therefore, by combining the
functoriality of the mate construction with the fact that the four maps in the above diagram pointing to
the front are localisation functors and thus in particular essentially surjective, we conclude that the front

square must be left adjointable as well, as desired. O

LEMMA 5.2.3.3. Let D be a presentable B-category. Then there exists a sound doctrine U such that D
is U-accessible and DY~°Pt is closed under finite limits in D.
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PROOF. Since D is presentable, there exists a B-category C and a sound doctrine U such that D
arises as a U-accessible Bousfield localisation of PSh.(C) (cf. Theorem 4.4.2.4). In particular, for every
sound doctrine V that contains U, the B-category D is V-accessible (Corollary 4.3.3.3). Therefore, for
any cardinal £ we can always find a B-regular cardinal 7 > k such that D is Catj-accessible. By
Remark 4.2.2.5, we can always choose 7 such that 7 > k. Now D being presentable implies that D is
section-wise accessible (Theorem 4.4.2.4). Therefore, if G < B is a small generating subcategory, we may
find a regular cardinal x such that D(G) is k-accessible for all G € G. Let us choose a B-regular cardinal
T > K such that

(1) G is contained in BT ~Pt;

(2) D is Catj-accessible;

(3) D(G)" =Pt is 7-small for all G € §.
Then [57, Proposition 5.4.7.4] implies that the inclusion D(G)7-P* < D(G) is closed under finite limits
for all G € G. Recall from [62, Corollary 4.6.8] that for every object d: A — D the mapping functor
mapp4)(d, —) can be identified with the composition

mapp (d,—)(A) Ty

D(A) Bya

By combining this observation with Proposition 4.3.2.4 and the fact that B is generated by G, we find
that for any G € G an object d: G — D is contained in D5 ~Pt if and only if for every H € G and every
map s: H — G the object s*(d) € D(H) is contained in D(H)™°P'. Since s* commutes with limits, this
implies that the inclusion Dt <Pt < D is closed under finite limits. (]

PROOF OF THEOREM 5.2.3.1. Suppose that X is a left exact and U-accessible localisation of PShg (C),
and let us show that X is a B-topos. We would like to apply Theorem 5.2.1.5. First, note that by
choosing a B-regular cardinal x such that U — Cat’;, we may assume that X is a Catf;-accessible Bousfield
localisation of PShg(C). Therefore, for every A € B the oo-category X(A) is a k-accessible and left exact
Bousfield localisation of PShg(C)(A), and since the latter is an co-topos by Proposition 5.2.2.7, it follows
that X(A) is an oo-topos as well. Moreover, if s: B — A is a map in B, the fact that X is a presentable
B-category (see Theorem 4.4.2.4) implies that s*: X(A) — X(B) is continuous and cocontinuous and
therefore in particular an algebraic morphism that admits a left adjoint s;: X(B) — X(A). We are
therefore in the situation of Lemma 5.2.3.2 and may thus conclude that s* is an étale algebraic morphism.
Theorem 5.2.1.5 thus implies that X is a B-topos.

Conversely, suppose that X is a B-topos. Then X is presentable, hence Lemma 5.2.3.3 implies that there
exists a sound doctrine U such that X is U-accessible and XY-°P is closed under finite limits in X. Then
we may identify X ~ Ind% (XY-P*), and since X is cocomplete the induced inclusion X < PShg, (XY -¢Pt)
admits a left adjoint L: PShg (XY-Pt) — X which is obtained as the left Kan extension of the inclusion
XU-ePt <y X (see Corollary 3.4.1.14). By Proposition 5.2.2.9, the functor L is left exact, hence the claim
follows. O

COROLLARY 5.2.3.4. For any B-topos X and any B-category D, the functor B-category Fung (D, X) is

again a B-topos.

PROOF. Choose a left exact and accessible Bousfield localisation L: PShy(C) — X. Then the
postcomposition functor L, : PShy(C x D°P) — Fung (D, X) is again an accessible and left exact Bousfield

localisation, hence the claim follows. [l

COROLLARY 5.2.3.5. A large B-category X is a B-topos if and only if there is a B-category C and a
left exact and accessible Bousfield localisation L: Qg [C] — X.

PROOF. By Theorem 5.2.3.1, it suffices to show that every presheaf B-topos arises as a left exact and
accessible Bousfield localisation of a free B-topos. But if C is a B-category, the fact that i: C — Cl°% is
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fully faithful implies that i, : PShg(C) < Qg [C] is fully faithful as well (see the dual of Theorem 3.3.3.5),
hence i* is a left exact and accessible Bousfield localisation. O

COROLLARY 5.2.3.6. Any B-topos X is a pushout of free B-topoi.

ProOOF. By Corollary 5.2.3.5, we may choose a small B-category C and a left exact and accessible
Bousfield localisation L: Q3 [C] — X. We can therefore find a small subcategory W — Qg [C] such
that L induces an equivalence Locy (Qs5 [C]) ~ X (see Theorem 4.4.2.4). Note that a functor X — Y
between B-topoi is an algebraic morphism if and only if its precomposition with L is one (this is easily
deduced from Remark 5.2.1.3 and the explicit computation of colimits in a Bousfield localisation, see
Proposition 3.1.2.12). Therefore, by combining Corollary 4.4.3.2 with Proposition 5.2.2.1, we deduce that
the induced square

Qg [W] —_— Qg [C]

| !

Qg [Werd] —— X
is a pushout in Top™(B). O

5.2.4. The Catg-enrichment of Top;. Recall from Proposition 3.1.5.2 that Cat% is cartesian
closed, i.e. that forming functor B-categories defines a bifunctor Fung(—, —): Cat%p x Caty — Catg
and therefore in particular a bifunctor (Toph)°® x Topy — Catg;. Let p: P — (Top%)°P x Topy be
the unstraightening of the latter (in the sense of [61]). Explicitly, an object A — P is given by a
functor 73X — 73Y between B, 4-topoi. Let Q — P be the full subcategory that is spanned by
those objects that correspond to algebraic morphisms. By Lemma 5.2.4.1 below, the induced functor
q: Q — (Top%)Op X Top% is a cocartesian fibration as well and therefore classified by a bifunctor
Fun%®(—, —): (Topi)°P x Toph — Cat.

LEMMA 5.2.4.1. Let p: P — C be a cocartesian fibration of B-categories. Let Q — P be a full
subcategory such that for each map f: ¢ — d in C in context A € B the induced functor fi: Pl = Plq
restricts to a functor Ql. = Q|a. Then the induced functor q: Q — C is a cocartesian fibration as well,

and the inclusion Q < P is a cocartesian functor.

PrOOF. It will be enough to show that for any cocartesian lift ¢: © — y of f in P in which z is
contained in Ql., the object y is contained in Q|4. This immediately follows from the assumptions. [

DEFINITION 5.2.4.2. We define the functor of B-points as the functor Pty = Fun%lg(—, Q): Top% —
Cat.
B

Recall that by Corollary 5.2.3.4, if C is a B-category and X is a B-topos, then X¢ = Fung(C, X) is
a B-topos as well. Moreover, as precomposition and postcomposition preserves all limits and colimits,
the bifunctor Fung (—, —) restricts to a bifunctor (—)(=): Cat3? x Tops, — Topl which we refer to as the
powering of Top% over Catg. This terminology is justified by the following proposition:

PROPOSITION 5.2.4.3. The powering bifunctor (7)(—) fits into an equivalence
— al
mapTopg; (_7 (_)( )) = mapcig(_vﬁﬁ(_v _))

PrOOF. If C is a B-category and X and Y are B-topoi, then Lemma 4.6.1.3 and its dual imply that
a functor X — Y¢ defines an algebraic morphism if and only if the transpose functor C — Fung (X, Y)
takes values in @%‘g(x, Y). By replacing B by B/, (which is made possible by Remark 5.2.1.3 and [62,
Lemma 4.2.3]) , one obtains that the same is true for any object A — Cat x (Top)°P x Topr. Hence,
the equivalence

mapCatg(i(ixm’B(*v 7)) = mapCatg(77MB (2(7)7 7))

of functors Catfy x Cat%p x Catgz — Qs (where i: Catgp < Catg is the inclusion) restricts in the desired
way. O
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COROLLARY 5.2.4.4. The functor of B-points Pt is a partial right adjoint of the functor
Q) Catg — Top%,
in the sense that there is an equivalence
mapropn Q) —) ~ mapCat;(_7 Pt(-))
of functors Catyy x Topiy — Q. O
In light of Corollary 5.2.4.4, it is reasonable to define:

DEFINITION 5.2.4.5. If C is a B-category, we refer to the B-topos C4s¢ = Q€ as the discrete B-topos
associated with C.

Lastly, we note that the large B-category Top]é is also tensored over Catz:

PROPOSITION 5.2.4.6. There is a bifunctor —® —: Catg xTop,I}g — Top% that fits into an equivalence

Mapropk (_ ® =, _) = MapTepL (_7 (_)(_))

of functors CatSP x (Tops)°P x Topr, — Q.

PROOF. As an immediate consequence of the constructions, if C and D are B-categories, we obtain a

chain of equivalences
mapTop',E (93 [C] ) (_)D) = mapCatg(C’@B(Dv _)) = mapCath\(C x D, _) = mapTop’% (93 [C X D] ) _)7

which implies that the functor mapr. (X, (—)P) is representable whenever X is in the image of Qz [—].
But since every B-topos is a pushout of such B-topoi (see Corollary 5.2.3.6), this functor must be
representable for any B-topos X. As by Remark 5.2.1.3 the same argument shows that this is the case for
every object X: A — Top% and every B, -category D, the result follows. O

5.2.5. Relative oco-topoi as B-topoi. By Theorem 5.2.1.5 and the evident fact that an algebraic
morphism between B-topoi induces an algebraic morphism of co-topoi upon taking global sections, we
obtain a functor I': TopL(B) — TopIgo. By making use of the fact that the universe Q is an initial object
in Top™(B) (Corollary 5.2.2.4), this functor factors through the projection (Top% )z /= Top", so that we
end up with a functor

I: Top™(B) — (Topgo)g/.

The main goal in this section is to prove:

THEOREM 5.2.5.1. The global sections functor T': Top™(B) — (Top{jo)g/ is an equivalence of co-

categories.

REMARK 5.2.5.2. Theorem 5.2.5.1 implies that the datum of a B-topos X is equivalent to that of a
geometric morphism f,: X — B. We will refer to the latter as the geometric morphism that is associated
with X.

REMARK 5.2.5.3. One can describe the inverse to the equivalence I': Top™(B) ~ (TopIgo)B/ from
Theorem 5.2.5.1 explicitly as follows: Given any algebraic morphism f*: B — X, recall that we get
an induced functor f,: Cat(DAC) — Cat(@). Then Theorem 5.2.1.5 easily implies that the large B-
category X = f.Qx is a B-topos (since the associated sheaf on B is simply given by X, s« (_)). Moreover,
the functor f* induces a map B, — X,y ) of sheaves on B that recovers the unique algebraic
morphism consty : Qg — X. This implies that X is the image of f*: B — X under the equivalence from
Theorem 5.2.5.1.

The proof of Theorem 5.2.5.1 requires a few preparations. We begin with the following lemma:
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LEMMA 5.2.5.4. Let C be an oco-category with an initial object Te, and let D be an oco-category that
admits pushouts. Then the evaluation functor evg,: Fun(C,D) — D is a cocartesian fibration. Moreover,
a morphism ¢: F — G in Fun(C, D) is cocartesian if and only if for every map f: ¢ — ¢ in € the induced
commutative square

Fle) 9% (o)

lF(f) lG(f)

a(c)

F(d) —> G(d)

s a pushout in D.

PRrOOF. Note that the diagonal functor diag: D — Fun(C, D) defines a left adjoint to evg,. Therefore,
we deduce from [38, Proposition 4.51] that a map «: F — G in Fun(C, D) is cocartesian if and only if for

every ¢ € C the square

F(ze) 22 G(oe)

| l

Fle) = a(e)

is a pushout in D. The assumption that D admits pushouts guarantees that there are enough such

cocartesian maps, see [38, Corollary 4.52]. O

By Lemma 5.2.5.4, the global sections functor I': PShr, 1. (B) — TopI;O is a cocartesian fibration and
therefore induces a left fibration I't PShp,1 (B)%t — TopL,, where PShrpopr (B)t < PShry, (B)
is the subcategory that is spanned by the cocartesian morphisms. Moreover, observe that by Theo-
rem 5.2.1.5 we may regard the co-category Top™(B) as a (non-full) subcategory of PShrgpe (B). Now the
key step towards the proof of Theorem 5.2.5.1 consists of the following proposition:

PROPOSITION 5.2.5.5. The (non-full) inclusion Top™(B) — PShrg,e (B) fits into a commutative
diagram

Top"(B) > PShry, (B)eocer

/

PShTopg‘O ('B)

in which the horizontal map is fully faithful. Moreover, if X is a B-topos and if X — F is a map in
PShop,pr (B), then F' is contained in Top™(B).

ProoF. If f*: X — Y is an algebraic morphism between B-topoi, Lemma 5.2.1.9 and the fact that
f* is cocontinuous imply that for every map s: B — A in B the induced commutative square

x(4) = y(a)

s* s*

x(B) 25\ y(B)

is a pushout in Topl(;o. By Lemma 5.2.5.4, this means that the underlying map of Top](;o—valued presheaves
on B defines a cocartesian morphism over Top% . Hence the inclusion Top™(B) < PShrpgpe (B) factors
through the inclusion PShry,. (B)*“" < PShp,r (B). To finish the proof, it now suffices to show that
for any cocartesian morphism f: X — F' of TopIo‘o—valued presheaves on B, the presheaf F' is contained in
TopL(fB) and the map f defines an algebraic morphism of B-topoi. Since f is a cocartesian morphism and
since étale algebraic morphisms are closed under pushouts in Top](;o, we find that for every s: B — A in B
the induced functor s*: F(A) — F(B) is an étale algebraic morphism of co-topoi. Moreover, the pasting

L,ét
oo

Hence Theorem 5.2.1.5 implies that F' must be contained in Top"™(B) whenever F is a sheaf. But if

lemma for pushouts (and the fact that X is a B-topos) imply that F': B°P — Top preserves pushouts.
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d: I — B is an arbitrary diagram, then we deduce from [56, Corollary 4.7.4.18] that the commutative
square
X(colimd) —— F(colim d)

| |

limXod —— limFod

is left adjointable and therefore a pushout in Top{.‘o, using Lemma 5.2.1.9. Hence, since the left vertical
map is an equivalence, so is the right one, which means that F' is a sheaf. Finally, since f is already
section-wise given by an algebraic morphism of oco-topoi, the map defines an algebraic morphism of

B-topoi precisely if it is Q-cocontinuous, which again follows from Lemma 5.2.1.9. (]
COROLLARY 5.2.5.6. The global sections functor T': Top™(B) — Top%, is a left fibration.

PRrROOF. By the first part of Proposition 5.2.5.5, every map in TopL(i%) is cocartesian. By its second
part, if X is a B-topos and f*: I'(X) — Z is an arbitrary algebraic morphism, the codomain of the
cocartesian lift X — F' of f* in PShy,r (B) is again a B-topos. Hence the claim follows. O

PRrROOF OF THEOREM 5.2.5.1. By Corollary 5.2.5.6, the global sections functor I': TopL(B) — Toplcjo
is a left fibration, hence so is the functor I': Top™(B) — (TopX )z /- Since this functor carries the initial
object £ to the initial object ids, it must be an initial functor as well. Hence I' is an equivalence. (I

5.2.6. Limits and colimits of B-topoi. In this section, we discuss how one can construct limits
and colimits in the B-category Top% of B-topoi. The construction of limits in Top% is rather easy: they
are simply computed in Cat/ﬁ. This is analogous to how limits are computed in the B-category Pr% of
presentable B-categories, cf. Proposition 4.4.4.10. The proof of this statement follows along similar lines

as well.

PROPOSITION 5.2.6.1. The large B-category Top% is complete, and the inclusion Top% — Cat% 18
continuous.

PROOF. As in the proof of Proposition 4.4.4.10, it will be enough to show that whenever K is either
given by the constant B-category AZ or by a B-groupoid, the large B-category Toplgg admits K-indexed
limits and the inclusion Topré — Catg preserves K-indexed limits.

We begin with the case were K is a B-groupoid. Let us set A = K. Since (74)x: Cat(@/A) — Cat(‘g)
is given by precomposition with 7%, Theorem 5.2.1.5 implies that (74). takes objects in Top™ (B/a) to
objects in Top™(B). Furthermore it easily follows from Propositions 3.2.4.2 and 3.2.4.5 that (7 4), therefore

defines a functor TopL(B/A) — Top™(B). Moreover, since the adjunction unit id — (ma)smh is

given by precomposition with the adjunction counit (74)i7% — idg and vice Vers(;atfg)the adjunction
counit, the same argument shows together with the fact that B-topoi are 2-cocomplete that these two
maps must also restrict in the desired way. Hence (74 ). : TopL(B/ 4) — Top™(B) defines a right adjoint
of 7% .

Now let us assume that K = A2, i.e. let

XxzY 2,y

lpro lg
x —1 7

be a pullback square in Cat(@) in which the cospan in the lower right corner is contained in Top™(B).
By Proposition 4.4.4.10 this square defines a pullback in Pr“(B), and [57, Proposition 6.3.2.3] implies
that both pr, and pr; preserve finite limits. Hence the above pullback square is contained in TopL (B)
whenever X xz Y satisfies descent. But the codomain fibration (X xz Y)Al — X xz Y can be identified
with the pullback of the cospan prE(XAl) — pr{ fH(ZAY) « pri(YA') of cartesian fibrations over
X xz Y, which implies that we may identify (X xzy),_ with the pullback X/ prs(-) X2yt 1) Yo (—)
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in Funy((X xz Y)°P,Catz). Since all four functors in the initial pullback square are continuous, we
conclude that X xz Y satisfies descent provided that continuous functors are closed under pullbacks
in Fung ((X xz Y)°P, Catz), which follows immediately from the fact that limit functors are themselves
continuous (see the proof of Lemma 4.1.5.3 for more details). We complete the proof by showing that
if we are given another B-topos E and algebraic morphisms h: E — X and k: E — Z together with an
equivalence f o h ~ g ok, the induced map E — X xy Z is an algebraic morphism as well. That this map
is cocontinuous follows from Proposition 4.4.4.10, and that it preserves finite limits is a consequence of
the fact that this property can be checked section-wise. O

As a consequence of Proposition 5.2.6.1, we can now upgrade the equivalence from Theorem 5.2.5.1

to a functorial one:

COROLLARY 5.2.6.2. Let (Topgo)(g/f)/ be the é\atoo -valued presheaf on B whose associated cocartesian
fibration on B°P is given by the pullback of di: Fun(Al, Toplgo) — Top];o along B/_: BP — TopI(;O. Then

this presheaf is a sheaf whose associated large B-category is equivalent to Top%.

ProoOF. To begin with, note that the functor €,_: Q°" — Cat takes values in Top (see the
discussion before Definition 5.2.9.1 below). Thus, by combining descent with Proposition 5.2.6.1, we
obtain an Q-continuous functor Q°P — Top%. Hence, the underlying map of (/];coo—valued presheaves on
B can be regarded as a morphism in Fun™*%(Bop, 6\atoc) (in the sense of [56, § 4.7.4]). On account of
the equivalence Fun™A%(Bop, é\atoo) ~ Fun™A(B, G\atoo) from [56, Corollary 4.7.4.18] that is furnished
by passing to right adjoints, we thus obtain a morphism of functors ¢: (B,_)°? — TopL(B/_) in
which the functoriality on both sides is given by the right adjoints of the transition functors. Let
n: ¢ — diagg (p(1)) be the commutative square in Fun(B, (/Ja\too) that is obtained from the unit of the
adjunction evy 4 diagg : Fun(B, C/?;coo) < Catoo. We may regard 71 as a morphism in Fun(B, ((/J-a\too)Al).

Note that for every map s: B — A in B one has a commutative triangle

Top"(Byp) —————— Top"(B,4)

FB/B\‘ ‘/3/14

TopIg07

hence Corollary 5.2.5.6 implies that s, is a left fibration. As the functor s*: B?g — B?Ap is a left
fibration too, the map 7 thus defines a morphism in Fun(B,LFib) (where LFib is the full subcategory of
Fun(Al, 6;500) that is spanned by the left fibrations). Explicitly, this morphism carries A € B to the
commutative square 1n(A): p(A4) — ¢(1). Now observe that the domain of 7 is contained in the fibre
LFib(B°P) < LFib and the codomain is contained in the fibre LFib(Top"(B)) < LFib. Moreover, for
each A € B the functor p(A): (B/4)P — TopL(B/A) carries the final object in B, 4 to the initial object
B/a € TopL(‘B/A) (see Corollary 5.2.2.4), hence ¢ is section-wise initial. Altogether, these observations
imply that
TopL(B/,): B — LFib(Top"(B))

is equivalent to the composition of (B,_)°P: B — LFib(B°P) (which is just the Yoneda embedding) with
the functor of left Kan extension ¢(1);: LFib(BP) — LFib(Top™(B)) along ¢(1): B — Top™(B). But
the latter composition is equivalent to the composition of ¢(1)°P: B — Top™(B)°P with the Yoneda
embedding Top™(B)° < LFib(Top"(B)). By making use of the commutative diagram

':B/_

»(1)

B Top"(B)P —L— (TopL )P

[ [

LFib(Top"(B)) — LFib(TopL,),
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the claim now follows. O

REMARK 5.2.6.3. Corollary 5.2.6.2 in particular implies that for any map s: B — A in B the
transition functor s*: Top! (Bja) — TopL(‘B/ p) can be identified with the pushout functor

L L
— |_|3/A B/B: (Topoo)g/A/ — (TOPOO)’B/B/-
As opposed to limits in Top%, general colimits of B-topoi can not be computed on the underlying

B-categories, not even after passing to the opposite B-category Top%. The existence of constant colimits
follows easily from Theorem 5.2.5.1:

LEMMA 5.2.6.4. The large B-category Top]é is LConst-cocomplete.

PRrROOF. In light of Remark 5.2.6.3, this follows from the fact that for any map s: B — A in B the
co-categories (TopI(;O)B/A/ and (TopI;o)B/B/ have colimits by [57, Proposition 6.3.4.6] and —Us,, B/p
preserves all colimits. O

LEMMA 5.2.6.5. The B-category TopliS is Q-cocomplete.

PRrROOF. By Remark 5.2.1.3, it suffices to show that whenever G is a B-groupoid and d: G — Topr; is
a diagram, the functor mapg,, (6 Topl, y(d,diag(—)) is corepresentable. Note that we have an equivalence
Fung (G, —) =~ (mg).m¢. Therefore, Corollary 5.2.3.6 implies that we can assume that d is in the image of
Qg [-], : Fung(G, Catg) — Fung (G, Tops;). In this case, the claim follows from Corollary 5.2.2.3. O

PROPOSITION 5.2.6.6. The B-category Topr5 is cocomplete.
PROOF. By Proposition 3.2.4.1, this follows from, Lemmas 5.2.6.4 and 5.2.6.5. U

5.2.7. A formula for the coproduct of B-topoi. The goal of this section is to give an explicit
description of the coproduct in ToprJ_;,. To that end, recall that by the discussion in § 4.6.2 the large
B-category Pr% of presentable B-categories is symmetric monoidal. Explicitly, if D and E are presentable
B-categories, their tensor product D ® E is equivalent to the B-category Shg(D) of E-valued sheaves on
D (i.e. the full subcategory of Fung(D°P, E) spanned by the continuous functors 7% D°? — 7% E for each
A € B). In light of this identification, the proof of Proposition 4.6.2.11 shows that if f*: D — D’ and
g*: E — E’ are maps in PrI@ with right adjoints f, and g., then the functor id®f*: DQ E — D ® E’ can
be identified with the left adjoint of (fs).: Shg/(D) — Shg(D), and the functor ¢g* ®id: D@ E - D' ® E
can be identified with the left adjoint of (¢*)*: Shg(D’) — Shg (D).

ProPOSITION 5.2.7.1. If X and Y are B-topoi, then their tensor product X @Y is a B-topos as well,
and the functors id®@ consty: X X Q2 = XY and consty ®id: Y 2 QY = XK®Y ezhibit XY as
the coproduct of X and Y in Top%.

Combining the above result with Proposition 4.6.3.10, we obtain the following generalisation of [7,
Corollary 1.10]:

COROLLARY 5.2.7.2. Assume that B is generated under colimits by (—1)-truncated objects. Then for
XY e Top%/ the canonical map
X®pY—>XUsY

s an equivalence.

The proof of Proposition 5.2.7.1 requires a few preparations and will be given at the end of this

section. First, let us observe that this result provides an explicit formula for the pushout of co-topoi:
COROLLARY 5.2.7.3. Given a cospan X EARY ACMN Yin Toprgo, there is a canonical equivalence
X Uy Y =~ Fun@™ (. (Qx)°P, 9.Qy)

in which the right-hand side denotes the full subcategory of Fung (f«(Qx)°P, g+Qy) that is spanned by the

continuous functors. O
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REMARK 5.2.7.4. In light of Corollary 5.2.7.3, the oco-topos X Ly Y admits the following explicit
description: It is the full subcategory of the co-category of natural transformations between the two @w—
valued sheaves X, -y and Y4+ () on Z that is spanned spanned by those maps ¢: (X, +(—))°? — Y g+
which satisfy that

(1) the functor ¢(A) preserves limits for all A € Z, and
(2) for any map s: B — A in Z the canonical lax square

commutes. O

Admittedly, the description of the pushout of co-topoi in Remark 5.2.7.4 is rather unwieldy in general.

However, we can paint a more concrete picture in the following case:

EXAMPLE 5.2.7.5. Let X be a B-topos and let C be an arbitrary B-category. Then Proposition 5.2.7.1
implies that the commutative square
Q —29 , pSh,(C)
consty J{(constx)*

X 28, Fung (COP, X)

is a pushout in Top%. Furthermore, if f: X — B is the geometric morphism associated to X, then the

lower horizontal map can be identified with the image of diag: Qx — PShy(f*C) along f..

We now turn to the proof of Proposition 5.2.7.1. It is a straightforward adaption of the proof
presented in [3, §2.3] to the setting of B-categories. We begin with the following lemma:

LEMMA 5.2.7.6. Let C and D be B-categories with finite limits. Then precomposition with the canonical

maps idc X1p: C — Cx D and 1¢c X idp: D — C x D induces an equivalence
Funs*(C x D, E) ~ Fun*(C, E) x Funi*(D, E)

for any B-category E with finite limits. In other words, these two maps exhibit C x D as the coproduct of
C and D in Caty*.

PrRoOOF. The composition

Funl$*(C, E) x Funl*(D, E) 22" Funl®(C x D, E) x Fun'$*(C x D, E)
i@lg‘(c x D,E x E)

X, punlex(C x D, E)

defines an inverse. O

The rough strategy of the proof of Proposition 5.2.7.1 is to first prove the claim for free B-topoi,
which will follow from Lemma 5.2.7.6. In order to reduce the general case to this setting we need to

understand the compatibility of tensor products with localisations:

LEMMA 5.2.7.7. Suppose that C and D are presentable B-categories and that W — C and S < D are
small subcategories. Let C' — C be a small full subcategory that exhibits C as the free Filty-cocompletion
of C' for some sound doctrine U. Let D' < D be chosen similarly. We write 7: Cx D — C® D for
the universal bilinear functor. Let us set WIXS = (W x (D’)=) U ((C')~ x S). Then the canonical map
C®D — Locw(C) ® Locs(D) induces an equivalence

Locwxs (C ® D) = Locw/(C) ® Locs(D),
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where the left-hand side is the B-category of local objects with respect to (7,7): WKRS — C® D.

PROOF. Let E be any other presentable B-category and let us denote by @%“(C x D, E)wxs the
full subcategory of Fun5'(C x D, E) that is spanned by those bilinear functors 7%C x 74D — 7%E (in
arbitrary context A € B) whose precomposition with 7% (WX S) — 73 C x 7% D factors through 7% E~.
By combining the universal property of the tensor product with Corollary 4.4.3.2, we now obtain a chain

of equivalences
Funs (Locws (C @ D), E) ~ Fun (C @ D, E)wgs ~ Funf!(C x D, E)wxs.
Note that a bilinear functor f: C x D — E is contained in @%I(C x D, E)wmp if and only if

(1) for any ¢: A — C’ in context A € B the functor 74S — 74D S, % E factors through 7% E~,

and
2) for any d: A — D’ in context A € B the functor W — 7% C M w4 E factors through
A A A
T E™.

Let f: C — Fun3(D,E) be the image of f under the equivalence Funy'(C x D, E) ~ Fun$ (C, Fun (D, E))
from Lemma 4.6.1.3. Now the first condition is equivalent to the composition C' — C EiR Fun’ (D, E)
taking values in Fung(Locs(D), E). Note that the inclusion Fung (Locs(D), E) < Fung (D, E) is given by
precomposition with D — Locg(D) and is therefore cocontinuous. Since C’ generates C under Filty-colimits,
it thus follows that (1) is equivalent to f’ being contained in Fun3 (C, Fung(Locs(D),E)). Similarly,
if f: D — Fun%(C,E) is the other transpose of f, condition (2) is equivalent to f” taking values in
FunZ (Locw(C), E). Thus the naturality of the equivalence in Lemma 4.6.1.3 implies that f satisfies (1) and
(2) if and only if f is contained in Fun%'(Locw(C) x Locs(D), E). As the same argument can be carried out
for bilinear functors in arbitrary context, this shows that the equivalence Fun$ (C®D, E) ~ Funh!(C x D, E)
restricts to an equivalence Fun$s (Locwss(C @ D), E) ~ Fun' (Locw (C) x Locs(D), E), which proves the
claim. (]

A similar argument as above shows the following:

LEMMA 5.2.7.8. Let C and D be presentable B-categories and let W — C and S — D be small

subcategories. Then the commutative square

C®D —— C®Locs(D)

J |

Locw(C) ® D —— Locw(C) ® Locs(D)
is a pushout in Pr%. (]

PROOF OF PROPOSITION 5.2.7.1. To simplify notation, we shall write i = id ® consty as well as
11 = constx ®id. First, let us show the claim in the special case where X = Qg [C] and Y = Qg [D]. In this
situation, we have an equivalence X ® Y o~ PShg (C'** x D!*X) with respect to which the functors iy and
iy are given by left Kan extension along id x 1piex: C'® — C'* x DI*¥ and 1ciex x id: D'¥ — CleX x Dlex,
respectively. By Lemma 5.2.7.6, the latter two functors exhibit C'** x D!** as the coproduct C!** L D'**

: 1
in Catg™.

As the functor (—)'** is a left adjoint and thus preserves coproducts, we end up with an
equivalence X ® Y ~ Qg [C LI D] with respect to which i and i; correspond to the image of the inclusions
C— CUD and D < CUD along the functor Qz [—]. The claim thus follows from Corollary 5.2.2.3.

In the general case, we may choose left exact and accessible Bousfield localisations L: Qg [C] — X

and L': Qg [D] = Y, cf. Corollary 5.2.3.5. By Lemma 5.2.7.8 we have a pushout square
Q3 [C] © Q3 [D] —— X© Q3 [D]

| |

Qp[CJRY —— > X®Y
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in PrL(B). The upper horizontal functor is equivalent to the functor
L. : Fung ((D'*)°P, Q3 [C]) — Fung ((D'™)°P, X)

Thus X ® Y is equivalent to the intersection of two accessible and left exact Bousfield localisations of
Q3 [C] ® Q3 [D] and therefore by [57, Lemma 6.3.3.4] in particular a B-topos. and therefore a left exact
and accessible Bousfield localisation. By symmetry, the same holds for the left vertical functor. Since the
square
Qp[C] ————— X
ol J
Q3 [C]® Qg [D] —— X ® Q3 [D]
commutes, it follows that ig: X = X ® Qg [D] is left exact. Since ig: X = X ® Y factors as the composite

X 2% X ® Qg [D] = X®Y it is therefore also left exact. The same argument shows that é1: Y = X®Y is
left exact. Finally, note that L and L’ induce a commutative square

(ig,i1)

Funj®(X @Y, 2) Fun®(X,Z) x Fun3*(Y,2)

! !

Fun3;®(Qa [C] ® Q3 [D],Z) —— Fun}*(Qs [C], Z) x Funy®(Qs D], 2)

for any B-topos Z. As the lower horizontal map being an equivalence implies that (i, ¢7) is fully faithful, it
thus suffices to see that this functor is also essentially surjective. Using Remark 5.2.1.3, it will be enough to
show that for any two algebraic morphisms f: X — Z and ¢g: Y — Z the induced map Q3 [C]®@ Qg [D] — Z
factors through Qg [C] ® Q5 [D] = X ® Y. This is a direct consequence of Lemma 5.2.7.7. O

5.2.8. Diaconescu’s theorem. In classical category theory, Diaconescu’s theorem states that for
any l-category C and any 1l-topos X, a functor f: € — X is internally flat if and only if its left Kan
extension hyf: PShget(C) — X preserves finite limits, see for example [46, Theorem B.3.2.7]. Here f being
internally flat precisely means that its internal unstraightening results in a filtered internal category in X.
For co-categories, a comparable result has been proved by Lurie [57, Proposition 6.1.5.2] in the special
case where the co-category C already admits finite limits. In the general case, Raptis and Schéppi proved
Diaconescu’s theorem under the assumption that the codomain X is a hypercomplete co-topos [75].

The main goal of this section is to establish a general version of Diaconescu’s theorem for B-topoi
and therefore also a general version of Diaconescu’s theorem for co-topoi, without any hypercompleteness
assumptions. To that end, let us say that a presheaf F': C°? — Q on an arbitrary B-category C is flat if
it is Fing-flat in the sense of Definition 4.3.4.1. We will denote by Flaty(C) C PShy(C) the associated
B-category of flat functors. Recall from Proposition 4.2.3.7 that the doctrine Fing is sound. Therefore,
Proposition 4.3.4.6 implies:

PROPOSITION 5.2.8.1. For any B-category C, a functor F': C°P — Q is flat if and only if the B-category
C/r is filtered. O

Diaconescu’s theorem for B-topoi can now be stated as follows:

THEOREM 5.2.8.2. Let X be a B-topos with associated geometric morphism f.: X — B and let C be

an arbitrary B-category. The precomposition with the Yoneda embedding induces an equivalence
Funi®(PShy (C), X) ~ f.Flaty (f7C°P).
Specialising to the case where B ~ §, Theorem 5.2.8.2 implies:

COROLLARY 5.2.8.3. For any small co-category C, a functor f: C — B is flat if and only if its Yoneda
extension hif: PShg(C) — B preserves finite limits. In particular, the functor of left Kan extension along

he induces an equivalence
hy: Flatg(CP) ~ Fun®®(PShg(€), B)
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of co-categories. O

REMARK 5.2.8.4. Corollary 5.2.8.3 can be used to define morphisms of general co-sites: if € and
D are oo-sites, a functor f: € — D is a morphism of oo-sites if the associated functor f’: € — Sh(D)
(which is obtained by composing f with the sheafified Yoneda embedding Lh: D — Sh(D)) is flat and if
for every covering (¢; — ¢);cr in € the induced functor ||, f'(¢;) — f’(c) is a cover in Sh(D). Using this
definition, Corollary 5.2.8.3 and [57, Lemma 6.2.3.19] imply that every morphism of oo-sites f: € — D
induces an algebraic morphism F': Sh(€) — Sh(D).

The proof of Theorem 5.2.8.2 relies on the following two elementary lemmas:

LEMMA 5.2.8.5. Let X be a B-topos and let f: X — B be the corresponding geometric morphism.
Suppose that p: P — C is a left fibration of X-categories that is classified by a functor g: C— Q. Then
the left fibration f.(p) of B-categories is classified by the composition f,.C ﬂ_@) X Q3

PROOF. Since the functor f, commutes with pullbacks and with powering by oco-categories, the
image of the universal left fibration (Qx);; — Qx along f. can be identified with (71, )i: X;,, — X and is
therefore classified by mapy (1x, —) ~ I'x. Hence the claim follows. O

LEMMA 5.2.8.6. Let X be a B-topos and let f: X — B be the corresponding geometric morphism.

Then for any B-category C, there is a commutative square

C —< 5 PSh,(C)

J/?? l(constx)*

Fof €S Bung (CoP X).

PROOF. Transposing the Yoneda embedding hs-c: f*C < PShy(f*C) across the adjunction f* 4 f.

yields the composition

f«(h
RN ﬂC«MFu 5(C°P,X)

in which n is the adjunction unit. By transposing the above map across the adjunction C°P x —

Fung (C°P, —), one ends up with the functor

f(map pxc)

CoP x C 2 £, f*(C°P x C) X.

On the other hand, the transpose of the composition C < PSh.;(C) — Fun, (C°P, X) yields

map, const;
CP x C S Qg % X,

so it suffices to show that these two functors are equivalent. By Lemma 5.2.8.5 the functor mapy_s.c is
equivalent to the composition I'x o f, (map f*c): f+CP x f,C = X — Qgp. As a consequence, the morphism
of functors mapc — mapy, s.c on that is induced by the action of 7 on mapping B-groupoids determines

a morphism mapc — I'x o f. (mapf*c) on which in turn transposes to a map
consty o mape — fx(map.c) o .

To show that this is an equivalence, it will be enough to show that it induces an equivalence when
evaluated at (7, 7), where 7 is the tautological object in C, i.e. the one given by the identity of Cy. But by
construction, the resulting map is simply the transpose of n: C; — fi f*Cy across the adjunction f* 4 f.
and therefore an equivalence, as desired. O

PROOF OF THEOREM 5.2.8.2. To begin with, we note that the universal property of presheaf B-
categories together with Remarks 5.2.1.3 and 4.3.4.2 implies that it suffices to show that a functor g: C — X
transposes to a flat functor ¢’: f*C — Qx if and only if its Yoneda extension (hc)i(g): PShy(C) — X
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preserves finite limits. Note that by Lemma 5.2.8.6 (and the fact that base change along f. preserves
cocontinuity), we have a commutative diagram

L%B(C) (he)i(9)
l(constx)*

Fun, (CP, X) Felhpec)i(g") X
Therefore, g’ being flat immediately implies that (hc)i(g) is an algebraic morphism, so it suffices to
consider the converse implication. Suppose therefore that the left Kan extension (h¢)i(g) preserves
finite limits. We wish to show that the functor (hs«c)i(g’) preserves finite limits as well. In light of
the previous commutative diagram and the fact that (constx). preserves finite limits, it is clear that
it preserves the final object, so we only need to consider the case of pullbacks. By Lemma 5.2.2.8, we
may reduce to pullbacks of cospans in PShy (f*C) (in arbitrary context U € X) which are contained
in the essential image of the Yoneda embedding h¢-c. Since any such cospan is determined by a map
U— (f*C)Ag, it factors through the core inclusion 7y+c: f*(Cy x¢, C1) — (f*C)AfQ), which we may regard
as the tautological cospan. Therefore, it is enough to show that the pullback of 7«c is preserved by
(hp«c)i(g’). As this diagram is in context f*(C; x¢, C1), we may make use of the adjunction f* - f, to
regard T¢+c as a cospan in fi f*C in context C; x¢, C1. As such, it is precisely the cospan that arises as
the image of the tautological cospan 7¢ in C (i.e. the one given by the core inclusion 7¢: Cy x¢, C; — CAS)
along n: C — f, f*C. By again making use of Lemma 5.2.8.6, we thus conclude that the image of 7;+c
along fi(hg«c): fof*C — Fung(CP,X) can be identified with the image of 7¢ along the composition
(constx ). o hc. In particular, the cospan f.(h«c)(7s+c) is contained in the image of (constx)., hence the

above commutative diagram yields the claim. O

In the remainder of this section we will explain how our version of Diaconescu’s theorem for oco-topoi
(Corollary 5.2.8.3) relates to that of Raptis and Schéippi [75] when B is hypercomplete. More precisely, in [75,
Theorem 1.1 (3)] Raptis and Schéppi give an explicit characterisation of flat functors € — X valued in a
hypercomplete co-topos X, and a priori it is not clear how to relate this description to our substantially less
explicit characterisation of flat functors in terms of internal filteredness (Proposition 5.2.8.1). Therefore,
our goal is to recover the description in [75, Theorem 1.1 (3)] from Proposition 5.2.8.1. To that end,
suppose that there is a left exact and accessible localisation L: PSh(D) — B for some small co-category
D, and let i: B — PSh(D) be its right adjoint. We denote by C;, — € the left fibration (in Cat(B)) that
is classified by f: € — €. By definition, it sits inside a pullback square

Gf/ Emd Ql/

|

GLQ

in Cat(B). If B is hypercomplete, we deduce from Propositions 5.2.8.1 and 4.2.3.14 that f being flat is
equivalent to (C;/)°P being quasi-filtered. In order to obtain a more explicit understanding of the latter

condition, let us first consider the constant presheaf C: D°P — Cat,, with value € and compute the
pullback

Qf// —— Z‘(Ql/)

I |

e i

in Cat(PSh(D)) ~ Fun(D°P, Cat,). Here f’ is the transpose of f: € — Q across the adjunction L H i.
Note that L(Qf, /) ~ € since L is left exact. Upon evaluating the previous pullback square at any d € D,
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we obtain a commutative rectangle

Cp)(d) — Bray — Br)/L)

TL(a)

c—7F 3 B

where the lower composite is is equivalent to f’(d) and all squares are pullback squares. Here By, 4/ 1(a)
denotes the co-category of pointed objects in B, (qy. It follows that we can explicitly describe Qf,/(d)
as the pullback in the left square and that for any map s: d — e in D the functor s*: Qf,/(e) — Qf,/(d)
is induced by pulling back the canonical functor s*: Br., — Br,, along f. To proceed, we now need
the following lemma that characterises those Catoo-valued presheaves on D which yield quasi-filtered

B-categories upon sheafification:

LEMMA 5.2.8.7. Let C € Cat(PSh(D)). Then LC is a quasi-filtered B-category if and only if for any
finite co-category KX, any d € D and any map B: X — C(d) there exist morphisms (s;: d;i — d); such
that (Ls;): ||, L(d;) — L(d) is a cover in B, and there are maps o;: X* — C(d;) for every i that fit into
commutative diagrams

x> —2 C(dy)

P,

x —2 5 cld)

of co-categories.

PRrROOF. The if part of the statement is a direct consequence of Proposition A.2. For the converse
we note that for any finite oo-category X the canonical map LFunpgy,p)(X,C)~ — Fung (X, LC)™
is an equivalence. Now for some 8: X — C(d) corresponding via Yoneda’s lemma to a morphism

~

d — Fung (X, C)= this shows that the projection map pr;: d X Eunpg, () (5,0)~ Funpgy ) (X*,C)~ — d
becomes a cover after applying L. We now pick a cover (t;): | |, d; — dX@PSh(m(K,C)ﬁ@PSh('D)(fKD? )=
in PSh(D) by representables. Then the s; = pry ot; yield a cover after applying L, and by Yoneda’s

lemma every s; gives a commutative square as in the claim. O

By combining Lemma 5.2.8.7 with the discussion preceding it, we recover the following characterisation

of flat functors in the hypercomplete case:

PROPOSITION 5.2.8.8 ([75, Definition 3.1 and Theorem 3.5]). Suppose that B is hypercomplete, and
let f: C — B be a functor. Then f is flat if and only if for every d € D, every functor a: X — C (where
X is a finite co-category) and every map B: K< — B with cone point L(d) such that fo ~ B, there are
maps (s;: d; — d); in D such that

(1) L(s;): |; L(d;) — d is a cover in B;

(2) for each i there is a cocone @;: K¢ — C extending «, together with a morphism of cones
h: Al oKX — B from the cocone Bos; (which is given by composing the cone point of 8 with s;)
to fouw;. (]

5.2.9. Etale B-topoi. By Theorem 5.2.5.1, geometric morphisms f,: X — B are in correspondence
with B-topoi f,(Qx). In this section, we study those B-topoi that correspond to étale geometric morphisms.
To prepare our discussion, note that Corollary 5.2.4.4 implies that the functor (—)¥s¢ = Q(=): Q —
Catpg — Top% from Definition 5.2.4.5 is cocontinuous. Moreover, as this functor carries the final object
1q to Q itself, the universal property of Q implies that we have a functorial equivalence (—)d¢ ~ Q_. In

particular, the functor £,_ takes values in Top% too. We may therefore define:

DEFINITION 5.2.9.1. A B-topos X is étale if there is an equivalence X ~ Q¢ for some B-groupoid G.
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In [57, Proposition 6.3.5.5], Lurie proved a universal property for étale geometric morphisms of
oo-topoi. In light of Theorem 5.2.5.1, such étale geometric morphisms precisely correspond to étale B-topoi.
The main goal of this section is to discuss how Lurie’s result can also be deduced from Diaconescu’s
theorem. To that end, note that if X is a B-topos with associated geometric morphism f,: X — B and if
G is a B-groupoid, the fact that we may identify X ~ f,Q+ implies that precomposition with the Yoneda
embedding hg: G — Funz(G,Q) ~ Q¢ induces a map Fung(Q/6,X) — fiFuny (f*G,Qx) >~ X/ constx G-
The universal property of étale B-topoi can now be formulated as follows:

PROPOSITION 5.2.9.2. Let G be a B-groupoid and let X be a B-topos. Precomposition with the Yoneda
embedding hg induces a fully faithful functor h¢: @gg(ﬂ/g,X) — X/ constx 6 that fits into a pullback
square

hx
@%lg(ﬂ/Ga X) (—G> X/ consty G

J J{(ﬂ-constx 6
1

1x X
> A.

In particular, there is a canonical equivalence @%g(Q/G,X) ~ mapy (1x, constx G).
The proof of Proposition 5.2.9.2 requires the following lemma:

LEMMA 5.2.9.3. For any B-groupoid G, the full embedding G — Q¢ that is obtained by combining
the Yoneda embedding hg the equivalence Fung (G, Q) ~ Q¢ fits into a pullback square

G‘—>Q/G

[

12,0

PROOF. Since we have a commutative diagram

m lcolimg
Q,

the claim follows once we show that a copresheaf F': G — Q is representable if and only if colimg F' ~ 1q.
But F is representable if and only if G,r admits an initial object, and since the latter is a B-groupoid,
this is in turn equivalent to G/ >~ 1. Since by Proposition 3.1.4.1 we have G, ~ colimg F’, the claim
follows. O

PROOF OF PROPOSITION 5.2.9.2. Let f,: X — B be the geometric morphism that corresponds to the
B-topos X. Since for every U € X an X;/-groupoid is filtered if and only if it is final (see Remark 4.2.3.3),
the Yoneda embedding hy-g: f*G < Funy(f*G,Qyx) induces an equivalence f*G ~ Flaty(f*G). By
combining this observation with Theorem 5.2.8.2, we thus find that precomposition with the Yoneda

embedding G — Fungz (G, ) yields an equivalence
Fun}®(Qe, X) = f.(f*6).

Hence the claim follows from Lemma 5.2.9.3. O

COROLLARY 5.2.9.4. The functor Q,_: Q — Pr% factors through a cocontinuous and fully faithful
embedding Q,_: Q — Top% whose essential image is spanned by the étale B-topoi.

PRrROOF. It is clear that this functor takes values in Top%, and by combining the descent property
of Q with Proposition 5.2.6.1, this functor must be cocontinuous. It therefore suffices to show that
it is fully faithful. As we have seen above, we may identify €2,_ with the restriction of the functor
(—)ds¢: Caty — Toph from § 5.2.4 along the inclusion Q < Catg. Using Corollary 5.2.4.4, the claim
thus follows once we show that for every B-groupoid G the (partial) adjunction unit G — Ptg(G41¢)
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is an equivalence. By construction, this map is obtained by the transpose of the evaluation map
ev: G x Fung(G,Q) — Q, which by Yoneda’s lemma is precisely the inverse of the equivalence from
Proposition 5.2.9.2. This finishes the proof. O

REMARK 5.2.9.5. The functor Q,_: Q — Top% also preserves finite limits. In fact, this is clear
for the final object, and the case of binary products is an immediate consequence of the formula from
Example 5.2.7.5 (together with the fact that the étale base change of this functor along 7% recovers
the functor (Qs,,),—). This is already enough to deduce that €, preserves pullbacks: in fact, since
Corollary 5.2.6.2 and Corollary 5.1.2.13 imply that Top% has Q-descent, this follows from the argument
in the second part of the proof of Lemma 5.2.2.8.

5.2.10. Subterminal B-topoi. The goal of this section is to study subterminal B-topoi. To begin
with, observe that if f.: X — B and g.: Y — B are geometric morphism where f, is fully faithful, then
the formula that we derived in § 5.2.7 immediately implies that the geometric morphism X xg Y — Y
(whose domain is the pullback in Topls‘o) is fully faithful as well. Thus, we may define:

DEFINITION 5.2.10.1. A B-topos X is said to be subterminal if the global sections functor I'x is fully
faithful, or equivalently if the associated geometric morphism f,: X — B is fully faithful.

By Theorem 5.2.5.1, any subterminal B-topos X determines is determined by a left exact and accessible
Bousfield localisation of B and therefore in particular by a class of maps S in B for which I'(X) ~ Locg(B).
The main goal of this section is to characterise those collections of maps S that arise from and give rise

to a subterminal B-topos X in this way, and to describe the associated endofunctor
T'x constx: Q — Q

by an explicit colimit formula in terms of S, akin to Lurie’s sheafification formula from [57, § 6.2.2].
We begin with the following definition:

DEFINITION 5.2.10.2. Let d: | — Q be a functor of B-categories, where | is small. We define the
+-construction (—)1: Q — Q relative to d as the composition

Q <% PShy () -+ PShy (1) < Q,
i.e. by the formula (—)7 = colimjer mapg (d(—), —).
REMARK 5.2.10.3. If | is cofiltered, i.e. if I°P is filtered, then the +-construction (—)¥ is left exact.

REMARK 5.2.10.4. If | is cofiltered, then the diagonal functor diage, : Q — PShg (1) is fully faithful
(which follows from | being weakly contractible, see Remark 4.2.3.3, and from the explicit formula of the
colimit in Q from Proposition 3.1.4.1). Therefore, by applying the limit functor limjer : PShg () — Q to
the adjunction unit id — diag., colimjer, we end up with a natural map limjer — colimjer. Now suppose
furthermore that the colimit of d: | — Q is the final object 1g: 15 — . Then the composition

Q % PShy (2) L5 PShy (1) 22 ©

is equivalent to the identity: in fact, this follows from the observation that its left adjoint is given by the
composition of diag., with the Yoneda extension of d (see Remark 3.4.1.4) and therefore preserves final

objects. Thus, we obtain a natural map ¢: idg — (—)j{.

To proceed, let us fix a (small) cofiltered B-category | and a functor d: | — Q whose colimit is
the final object. Since | is small, there is a B-regular cardinal k such that the essential image of d is
contained in the full subcategory 24 — Q determined by the local class of relatively x-compact objects
in B (cf. Proposition 4.2.2.11). We will call such a B-regular cardinal x adapted to d. We will identify
% with the linearly ordered set of ordinals < k. Using transfinite induction, we may now construct a
diagram T2: k — Fung (Q,Q) by setting T¢ = id, by defining the map T, — T, to be the morphism
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: T — (T4 7T from Remark 5.2.10.4 and finally by setting 79 = colim, ., T whenever 7 is a limit
ordinal.

DEFINITION 5.2.10.5. Let d: | — Q be a functor whose colimit is the final object and whose domain is
a cofiltered small B-category. We define the sheafification functor (—)3! relative to the functor d: | — Q
as the colimit (—)5" = colim, <, T¢ in Fung(2,Q), where & is an arbitrary B-regular cardinal that is

adapted to d.

REMARK 5.2.10.6. A priori, the sheafification functor (—)5" depends on the choice of B-regular cardinal
k. However, since d takes values in Q% and therefore in k-compact objects in Q (see Corollary 4.2.2.23),
and since k (when viewed as a linearly ordered set) is x-filtered, one can show that whenever 7 > & is
another B-regular cardinal, the sheafification functor that is constructed with respect to 7 is equivalent
to the one constructed with respect to k.

REMARK 5.2.10.7. In the situation of Definition 5.2.10.5, the sheafification functor (—)3! is left exact
since by Remark 5.2.10.4 it is a filtered colimit of left exact functors (see the argument in the proof of
Lemma 4.1.5.3).

ExAMPLE 5.2.10.8. Let S be a bounded local class of morphisms in B which is closed under finite
limits in Fun(A', B), and let ¢: Qg — Q be the associated inclusion. Then Qg is small and closed under
finite limits in Q. In particular, Qg is cofiltered by Proposition 4.2.3.7 and contains the final object of €,
so that the sheafification functor (—)5" is well-defined.

ExAMPLE 5.2.10.9. Let f.: X — B be a geometric morphism, and let .S and ¢ be as in Example 5.2.10.8.
Then the functor consty, (o, t: Qs — f.(Qx) transposes to a map ¢": f*(Qs) — Qx of X-categories. As
consty, (o, )¢ preserves the final object, its colimit is 1¢, (., hence the colimit of . is the final object as
well. Moreover, the fact that Qg is a cofiltered B-category implies that f*Qxy is a cofiltered X-category:
in fact, the colimit functor colim (g )er: PShy(f*(2s)) — Qx preserves finite limits if and only if the
underlying functor of oo-categories PShy (f*(2s)) — X preserves finite limits, and as the latter can be
identified with the global sections of

COlimQ;P : @,B (Q%«p, f* (Qx)) — f*(Qx),

the claim follows from the fact that filtered colimits commute with finite limits in every B-topos (which
one can see by reducing to the case of a presheaf B-topos where it readily follows from the definitions).
Thus, we are in the situation of Definition 5.2.10.5, so that (—)! is well-defined.

CONSTRUCTION 5.2.10.10. Suppose that S is a bounded local class of maps in B. Since S is bounded,
there is a B-regular cardinal « that is adapted to ¢: Qg — Q. Let S* C S be the class of maps in S
between k-compact objects. We let E < Q; be the subobject that is spanned by the maps f: P — @ in
B4 (for arbitrary A € B) for which (74)i(f) is contained in S and the two maps P — A and Q — A are
relatively k-compact. Since both S and the class of relatively k-compact maps are local, a map f in Q
in context A is contained in F if and only if (74)i1(f) € S and both P — A and Q@ — A are relatively
k-compact. In particular, F is small. We define W — Q as the subcategory that is generated by F in the
sense of § 2.2.3. Note that as E is small, the subcategory W is small as well.

We can now state the first main result of this section:

PRrOPOSITION 5.2.10.11. Let S be a bounded local class of morphisms in B such that S is closed
under finite limits in Fun(A', B). Let W — Q be as in Construction 5.2.10.10. Then X = Locw /() is

a subterminal B-topos with the property that I'(X) ~ Locg(B). Moreover, the adjunction unit n: id —
sh

L 2

Ix constx can be identified with the map id — (—)3*, where 1: Qg — Q is the inclusion.
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LEMMA 5.2.10.12. Let S be a bounded local class of morphisms in B. Let W — Q be as in

Construction 5.2.10.10. Then there is an equivalence
I'(Locw (R)) ~ Locs(B)
of full subcategories in B.

PRrOOF. By Corollary 4.4.1.8, the inclusion i: Locyw(Q2) — Q admits a left adjoint L that exhibits
Locw () as an accessible Bousfield localisation of Q. Note that every map in S can be written as a colimit
of maps in S”, which implies that every map in S is inverted by L. Consequently, we have an inclusion
I'(Locw(f2)) — Locg(B), so that the claim follows once we verify that every S-local object G € B is
W-local. This amounts to showing that for every A € B and and every map s: P — @ in B/, for which
(ma)i(f) € S and both P — A and @Q — A are relatively k-compact, the map

5" mapg(Q,m3G) = mapg (P, 7,4 G)

is an equivalence (cf. Remark 4.4.1.5). By Proposition 3.1.4.12, we may identify this morphism with the
map

Homg , (Q,m1G) — Homg (P, 74 G).
By evaluating the latter at any object B — A in B, 4, we recover the morphism

mapg(Q X4 B,G) = mapg (P x4 B,G),

which is indeed an equivalence as the maps in S are closed under base change. Hence G is W-local, as

claimed. O

Before we can prove Proposition 5.2.10.11, we first need to make a few remarks on the internal hom
of a B-topos X. Recall from Proposition 5.1.3.7 that colimits being universal in X precisely means that X

is cartesian closed. We denote by
Homy(—,—): X% x X = X

the internal hom of X that results from this observation. Note that if f.: X — B is the geometric
morphism associated with X, we deduce from combining Proposition 3.1.4.11 with Corollary 2.4.1.9
and [61, Lemma 5.2.1] that Homy (—, —) is explicitly given by the image of the bifunctor of X-categories

mapg. (=, —): QF x Qx — Qx
along f,.

REMARK 5.2.10.13. If X is a B-topos, then the composition I'x o Homy (—, —) recovers the mapping
bifunctor mapy(—, —). In fact, as Remark 5.2.2.6 implies that I'x is corepresented by 1x, we deduce that

there is a pullback square

Xlx/ — (993)19,5/

! |

X — 5 Q.

On the other hand, [61, Lemma 5.2.1] implies that there also is a pullback square

Tw(X) ——— X,/

g |

XP x X X.

Homf (—,—)

By pasting these two pullback squares together, the claim follows.
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PROOF OF PROPOSITION 5.2.10.11. Let x and W — Q be as in Construction 5.2.10.10, and let us
denote by
(LH14): Q5 Locw(R)

the associated Bousfield localisation provided by Corollary 4.4.1.8. In light of Lemma 5.2.10.12, we only
need to show that Locy () is a subterminal B-topos and to identify the adjunction unit id — ¢L with
the sheafification map id — (—)*!. In light of Theorem 5.2.3.1 and Example 5.2.10.8, the former claim is
implied by the latter one, so that the proof is finished once we identify id — 4L with id — (—)3h.

We only need to show that for every object G: A — Q in arbitrary context A € B, the object GS" is
W-local and the map G' — G} is inverted by the localisation functor L. Note that as B is generated by
its k-compact objects (as k is assumed to be B-regular), we may assume that A is xk-compact. In this
case, note that & is also B/ 4-regular and adapted to 77 (¢) (by Remark 4.2.2.6) and that we may identify

the base change of (—); along % with (—)', W Qz,, — Qz,,. Therefore, we may also identify the base
A

™
change of (—)*! along 7% with (f)fr}i;‘ ()- Together with Remark 4.4.1.2, this implies that we may replace
B with B, 4 and G with its transpose G:1lg 4 — S3,,, so that we may assume without loss of generality
that A ~ 13.

We first show that the map G — G%" is inverted by L, for which it will be enough to show that the
map ¢: G — G is inverted by L, or equivalently that the map

¢*: mapg (G, i(—)) = mapg(G,i(—))

is an equivalence. Note that by the triangle identities, the map limﬂgp — colimqgyor can be identified

with the composition

lim ~ colim diagger lim — colim
Qgp Q?gp S Q(ép Qgp

where the first map is induced by the inverse of counit of colimggyor diagQ;p and the second map is
induced by the counit of diagQ%p ! hmﬂgp. Moreover, observe that as 1imQ<;p is given by evaluation at the
final object 1g: 1 — Qg, this functor is cocontinuous and therefore given by the left Kan extension of its
restriction along the Yoneda embedding hq,: Qs < PShy(Q2g). As the restriction of lich;Sp along hqg
can be identified with mapq (1g,—) and the latter is equivalent to the inclusion ¢, it follows that the left
adjoint of limﬂgp is given by t*hq (see Remark 3.4.1.4). Altogether, these observations imply that we
may decompose ¢* into the chain of morphisms

mapg(G,",i(~)) =~ mapg(colim " ha(G), i(-))

S
~ mappsh (QS)(L*hQ(G), diagQgp i(—))

— mapLSh,B (QS)(L*hQ(G), L*hQ gypl diagQ%p Z(—))
S

=~ mapo(G,i(-))

in which the penultimate map is induced by the adjunction unit id — ¢*hg limﬂgp and where the last
equivalence follows from both diangsp and (*hq being fully faithful functors. Hence, it suffices to show
that the map

diagﬂgp 7 —> L*hQ légf} diagﬂgp 7
is an equivalence, i.e. that diagﬂgpi takes value in the essential image of t*hg. To see this, note that
since the restriction of the localisation functor L: Q — Locw () to Qg factors through the inclusion
la: 1 < Locw(R), it follows that we may identify ¢*hqi ~ mapq(¢(—),i(—)) with the transpose of the

composition

mapoq,, (1a.~)

QF x Locw (Q) 2y Loew(Q) Q,

which is precisely diagﬂgp 1, as desired.
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We finish the proof by showing that G*" is W-local. By the same reduction steps as above, it is enough
to show that for every map s: P — @Q in S between s-compact objects, the map s*: mapq(Q, GS") —
mapgq (P, G51) is an equivalence. Note that in light of the adjunction (mg) 751 Q@ S Q, the map s
can be interpreted as the morphism s*: mapg (Q, w*Qth) — mapgq (P, ﬂath). By Remark 5.2.10.13,
we can identify mapg (-, —) with the global sections of the internal hom Homg, o (—, —). Hence we may

as well show that the map
s*: HomQ/Q (Q, FZQth) — HomQ/Q (P, FZQth)

is an equivalence. In other words, by replacing B with B/, we can reduce to the case where () ~ 1. Thus,
what is left to show is that t*: G5! — mapq (P, G%) is an equivalence for every k-compact P: 1 — Qg,
where t: G — 1q is the terminal map. Note that by Corollary 4.2.2.23, the fact that P is k-compact even
implies that P is Cat%-compact when viewed as an object of Q. Hence, the map t* can be identified with
the colimit

colimtl: colimT:G — c01<im mapg (P, T:G).

T<K T<K

To show that this map is an equivalence, it will be sufficient to prove that for every ordinal 7 < k the
map colimyenty,, is one. To see the latter claim, observe that for every H € B we have a commutative
diagram

H a mapq (P, H)

l |

colim(Qgp)P/ mapq (¢(mp)h (=), H) ———— colim g yor mapq (¢(—), H)

: }

colim g5 yer mapg (¢«(—), H) —= mapg (P, colim g )er mapg (¢(—), H)).

Here the composition of the two vertical maps on the left and right can be identified by ¢ and ¢,
respectively. Moreover, the equivalences in this diagram are induced by the initial map (7p): (s),p —
Qg, the map « is induced by P: 1 — Qg and f is given by the composition

colim mapq (¢(—), H) — colim mapg (P, mapq(c(—), H))

(Q2g)°P (Q2g)°P

— mapq (P, ggli)m mapq (v(—), H)).
s )°P

By substituting H = T}, ,,G for any n € N, we deduce that the map ¢3 , — 7, ., factors through an

equivalence and thus colim, ey t;,,, is an equivalence by an easy cofinality argument. O
We finish this section with the following converse of Proposition 5.2.10.11:

PROPOSITION 5.2.10.14. Let X be a subterminal B-topos. Then there is a bounded local class S that
is closed under finite limits in Fun(A', B) such that T'(X) =~ Locg(B). Moreover, for any such local class

S, we obtain an equivalence X ~ Locw (), where W is as in Construction 5.2.10.10, and the adjunction

sh

0 where v: Qg — Q is the inclusion.

unit n: id — I'x constx can be identified with the map id — (—)

PROOF. Let us denote by j.: X — B the geometric morphism associated with X. We begin by
proving the second statement, i.e. suppose that S is a bounded local class that is closed under finite
limits in Fun(A?!, B) such that we have X ~ Locg(B). Let W < Q be as in Construction 5.2.10.10. By
Lemma 5.2.10.12, we may identify I'(Locw (£2)) with X. As Proposition 5.2.10.11 moreover implies that
Locw(Q) is a subterminal B-topos, Theorem 5.2.5.1 implies that we must necessarily have Locw (Q2) ~ X.
Hence the same proposition gives rise to the desired identification of the adjunction unit 7: id — I'x consty.

To complete the proof, it is therefore enough to show that there always exists a bounded local class S
that is closed under finite limits in Fun(A', B) such that X ~ Locg(B). To that end, choose a B-regular
cardinal x for which I'x is FiItCat% -cocontinuous. We let S be the class of relatively x-compact maps in
B that are inverted by j*. Since by Proposition 4.2.2.11 the class of relatively k-compact maps in B
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is local, we find that S is local as well. Moreover, S is closed under finite limits in Fun(Al, B) as j*
is left exact and as k-compact objects in B are closed under finite limits (by choice of ). Since S is
inverted by j, we already have an inclusion X < Locg(B), so that it suffices to prove that every S-local
object in B is contained in B. Since X is a k-accessible localisation of B (using Proposition 4.3.2.4) and
B itself is k-accessible, we deduce from the proof of [57, Proposition 5.5.4.2] (or alternatively the proof of
Proposition 4.4.1.6 applied in the case B = 8) that X is the Bousfield localisation at the class S’ of those
maps in B between k-compact objects which are inverted by j. Since every such map must be relatively
r-compact (using that k-compact objects are closed under finite limits in B), every such map is contained

in S. Hence the claim follows. O

REMARK 5.2.10.15. We can use our understanding of subterminal B-topoi to obtain a quite explicit
understanding of pushouts in TopICjO in which one of the two maps is a Bousfield localisation. In fact,
suppose that f.: X — B and i,: Z — B be geometric morphisms, where i, is fully faithful. Then
i+(Qz) is a subterminal B-topos, so that Proposition 5.2.10.14 implies that we can find a bounded local
class S that is closed under compositions and finite limits in Fun(A!, B) such that Z = Locg(B). Let
f*S denote the smallest local class of maps in X that contains f*(S5). Then we claim that the functor
ju: 2 x5 X — X exhibits Z x3 X as the Bousfield localisation of X at f*S. To see this, note that
Proposition 5.2.7.1 and Lemma 5.2.7.7 imply that the morphism in Top% corresponding to j, is given by
Locwmf, (@)~ (2 ® fu(Qx)) = f«(Qx), where W — Q is the subcategory from Construction 5.2.10.10.
Since Q@ fi(Qx) =~ f(Qx), the left-hand side can be identified with the full subcategory of local objects

with respect to

const;, o, (=)x—

W x fi (o)~ fi(Qx).

By the same argument as in the proof of Lemma 5.2.10.12, this means that an object U € X is contained

in Z xg X if and only if it is local with respect to every map in X of the form
f*(S) Xf*AX: f*<P> Xf*AX —>f*(Q) Xf*AX

where s: P — @ is a map in W(A) and X is an arbitrary object in X;s- 4. By construction of W, the map
(ma)i(f) is contained in S, which in turn implies that f*(s) x -4 X is in f*S. Hence the claim follows.

5.3. Localic B-topoi

In higher topos theory, the 1-category of locales (with left exact left adjoints as maps) arises as a
coreflective subcategory of the oco-category TopIO‘<> of co-topoi. The inclusion is given by sending a locale
L to the co-topos Sh(L) of sheaves on L, and the coreflection carries an co-topos X to the locale Sub(X)
of subterminal (i.e. (—1)-truncated) objects in X. An oo-topos X is said to be localic if it is equivalent to
Sh(Sub(X)).

In this section, we give a brief exposition of the analogous story in the world of B-topoi. We do
not aim to provide a comprehensive study of localic B-topoi, but rather restrict our attention to those
aspects of the theory that allow us to define the notion of a localic B-topos and to provide an external
characterisation of this concept in the case where B is itself localic.

We begin in § 5.3.1 and 5.3.2 by providing the necessary background material on B-posets. In § 5.3.3
we define and characterise B-locales, and in § 5.3.4 we construct the B-topos of sheaves on a B-locale,
which we use in § 5.3.5 to show that B-locales are a coreflective localisation of B-topoi. In § 5.3.6 we
discuss how localic B-topoi correspond to localic co-topoi over B in the case where B is itself localic.
Lastly, § 5.3.7 discusses some compactness conditions of B-locales and how they are inherited by the
associated B-topoi of sheaves. Finally in § 5.3.8, we study B-locales arising from maps of topological

spaces.
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5.3.1. B-posets. Recall that an oo-category € is (equivalent to) a poset precisely if if for all
objects ¢ and d in € the mapping oo-groupoid mape(c, d) is (—1)-truncated. In this section we discuss a
generalisation of this concept to B-categories.

Recall that the class of (—1)-truncated maps in B is precisely the collection of morphisms that are
internally right orthogonal to the map 111 — 1 (in the sense of [62, § 2.5]). In particular, this class is
local, so that we may define:

DEFINITION 5.3.1.1. The subuniverse Subg < Qg of subterminal B-groupoids is the full subcategory
of Qg that is determined by the local class of (—1)-truncated morphisms in B. A B, 4-groupoid G is said
to be a subterminal B, 4-groupoid if it defines an object of Subz (in context A).

REMARK 5.3.1.2. As the functor (74): B/4 — B creates pullbacks, a map P — B in B/4 defines an
object B — Subg,, if and only if the underlying map in B defines an object (74)i(B) — Subg. Thus,

the equivalence 7,2 ~ Qg , restricts to an equivalence 77 Subg ~ Subs,, for every A € B.

By [6, Example 3.4.2] the internal saturation of the map 11 — 1 (i.e. the class of covers) in B is
closed under base change, so that the factorisation system between these and (—1)-truncated maps even

forms a modality. As a consequence, one finds:

PROPOSITION 5.3.1.3. The B-category Subg is an accessible Bousfield localisation of Qs (in the

sense of Definition 4.3.3.4) and therefore in particular presentable.

PRrROOF. By Example 5.1.2.15 the subcategory Subg < Qg is reflective. Since the inclusion Subg <
Qg is section-wise accessible, Corollary 4.3.2.5 implies that the localisation must be accessible. O

DEFINITION 5.3.1.4. A B-category C is said to be a B-poset if the mapping bifunctor mapc takes
values in Subg. The full subcategory of Catp that is spanned by the B, 4-posets for each A € B is denoted
by Posg and its underlying oo-category of global sections by Pos(B).

REMARK 5.3.1.5. A B-category C is a B-poset precisely if the map C; — Co x Cq is (—1)-truncated. In
fact, since this map exhibits C; as the mapping B¢, xc,-groupoid between the two objects pry, pry: Co x
Co = C, this is clearly a necessary condition. The fact that it is also sufficient follows from the observation
that every mapping B,4-groupoid of C is a pullback of this map.

REMARK 5.3.1.6. Since the class of (—1)-truncated maps in B is local, we deduce from Remark 5.3.1.5
that if (s;): | |; A; — A is a cover in B, a B/4-category C: A — Catp defines a B, 4-poset if and only if
the B/ 4,-category s;C defines a B/ 4,-poset for every i. In particular, every object of Posp in context

A € B encodes a B, 4-poset, and one has a canonical equivalence 77 Poss ~ Possg,, .

REMARK 5.3.1.7. Remark 5.3.1.5 and the fact that a map is (—1)-truncated precisely if it is so
section-wise imply that a B-category C is a B-poset if and only if C(A) is an poset for every A € B.
Together with Remark 5.3.1.6, this implies that we obtain an equivalence Posp ~ Pos ®Q (where Pos is
the 1-category of posets).

REMARK 5.3.1.8. Recall that if C is a B-category, then the map sg: Cy — C; is a monomorphism in
B. Together with Remark 5.3.1.5, this implies that if P is a B-poset, then each Py is contained in the
underlying 1-topos Disc(B) < B of O-truncated objects. Consequently, we may identify Pos(B) with
the full subcategory of Disc(B)a that is spanned by the complete Segal objects P for which the map
P1 — Py x Pg is a monomorphism. Hence Pos(B) is equivalent to the 1-category of internal posets in the
1-topos Disc(B) in the sense of [46, § B2.3].

5.3.2. Presentable B-posets. In this section we study presentable B-posets. We begin with the

following definition:

DEFINITION 5.3.2.1. If C is a B-category, we define the full subcategory Sub(C) < C of subterminal
objects as the pullback C Xpgh, (c) Fung (CP, Subsg).
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REMARK 5.3.2.2. If C is a B-category and A € B is an arbitrary object, then there is a canonical
equivalence 7% Sub(C) ~ Sub(7% C) of full subcategories in 7% C.

PROPOSITION 5.3.2.3. For every presentable B-category D there is a canonical equivalence Sub(D) ~
D ® Subg of full subcategories in D. In particular, Sub(D) is an accessible Bousfield localisation of D and

therefore presentable as well.

PRrROOF. Recall from Proposition 4.4.6.3 that the Yoneda embedding D < PShy (D) identifies D
with the full subcategory Shy (D) < PSh (D) that is spanned by the continuous functors (in arbitrary
context). Therefore, it will be enough to show that the square

D® Subg — @B(DOP, Subg)

J [

Shg (D) ———— PSh4(D)

is a pullback. Together with the usual base change arguments, this means that we only need to check that
a functor F': D°P — Subg is continuous if and only if its postcomposition with the inclusion Subg — Q
is. This follows immediately from the fact that the inclusion Subg < Q has a left adjoint and is therefore

continuous and conservative. O

For every presentable B-category D, we will denote the left adjoint of the inclusion Sub(D) < D by

(—)5"P and refer to it as the subterminal truncation functor.

EXAMPLE 5.3.2.4. If C is an arbitrary B-category, then Proposition 5.3.2.3 provides us with an
equivalence of B-categories Sub(PShy(C)) ~ Fung(CP,Subg). Moreover, in light of the equivalence
PSh (C) ~ RFibc, we may identify Fung (C°P, Subg) with the full subcategory of RFibe that is spanned
by the right fibrations p: P — 7% C (in arbitrary context A € B) which are fully faithful, i.e. which are
sieves in the B, 4-poset 77 C. To see the latter claim, first note that by Remark 5.3.2.2, we may replace B
with B/, so that we can assume that A ~ 1. In this case, since pp: Po — Co can be identified with the
image of the tautological object Cy — C along the functor F': C°? — Q that classifies p and since every
object in C (in arbitrary context) arises as a pullback of the tautological object, F' takes values in Subg if
and only if py is a monomorphism. Therefore it suffices to show that pg is monic if and only if p is fully

faithful. This follows from considering the commutative diagram

P i P G

l(dlde) l l(dl,dO)

xid id x
PO X PO *>po C() X P() 4)1)0 CO X CO

in which the right square is a pullback as p is a right fibration and where the left square is a pullback
since pg is a monomorphism.

Furthermore, the above observation implies that we may compute the subterminal truncation
functor (—)5P: PSh, (C) — Sub(PShy(C)) on the level of right fibrations by taking essential images: If
F: C°° — Q is a presheaf, then FS"P classifies the essential image of the right fibration C/r — C. In fact,

this is a consequence of the straightforward observation that the essential image is still a right fibration.

By definition, if C is a B-category, then Sub(C) is a B-poset. Our next goal is to show that if C is
presentable, then Sub(C) can be characterised as the largest accessible Bousfield localisation of C with

that property.

LEMMA 5.3.2.5. Let (I 4r): D < C be an adjunction of B-categories. Then there is a commutative

square
Sub(D) —"— Sub(C)

| |

D———¢C
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which is a pullback when r is fully faithful.

PRroOF. Unwinding the definitions, it will be enough to show that we have a commutative square

Fung (D°P, Subg) ——— Fung (CP, Subg)

l l

PSh4 (D) — PSh4(C)

that is a pullback when r is fully faithful. The existence of this square follows from observing that r can
be identified with [*. If r is moreover fully faithful, then [ is a localisation and therefore in particular

essentially surjective. Thus, the second claim follows. U

PROPOSITION 5.3.2.6. Let D be a presentable B-category and P be a presentable B-poset. Then

composition with the inclusion Subg (D) < D induces an equivalence
Funf (P, Sub(D)) — Fung (P, D).

PROOF. By Remark 5.3.2.2, it will be enough to show that every right adjoint functor P — D factors
through Sub(D). This follows immediately from Lemma 5.3.2.5. O

In light of Remark 5.3.2.2, Proposition 5.3.2.6 implies:

COROLLARY 5.3.2.7. The full subcategory of Pr% that is spanned by the presentable B, s-posets for
all A € B is reflective, with the left adjoint given by sending a presentable B-category D to Sub(D). O

REMARK 5.3.2.8. Lemma 5.3.2.5 furthermore implies that if D is a presentable B-category and
d: 1 — D is an arbitrary object, then d is subterminal if and only if the diagonal d — d x d is an
equivalence. In fact, by choosing a presentation of D as an accessible Bousfield localisation of a presheaf
B-category and making use of Lemma 5.3.2.5, we may assume that D ~ PSh(C) and hence that d can
be identified with a right fibration over C. Then the claim follows immediately from Example 5.3.2.4. In
particular, this observation implies that Sub(D) can be identified with the sheaf Sub(D(—)) on B.

Finally, we arrive at the following characterisation of presentable B-posets:

PROPOSITION 5.3.2.9. For an (a priori large) B-category D, the following are equivalent:

(1) D is a presentable B-poset;

(2) D ~ Sub(E) for some presentable B-category E;

(8) D is small and cocomplete;

(4) D is small, and the Yoneda embedding h: D — PShy (D) admits a left adjoint;

(5) D is a small B-poset, and the Yoneda embedding h: D — Fung (D°P,Subs) admits a left adjoint.

PROOF. (1) and (2) are equivalent by Proposition 5.3.2.3. If D is a presentable B-poset, then
Lemma 5.3.2.5 combined with Example 5.3.2.4 shows that there is a small B-category C such that D arises
as a Bousfield localisation of Fung(C°P, Subg) for some small B-category C. Hence, as the latter is small,
so is D. Therefore (1) implies (3). Conversely, every small and cocomplete B-category is presentable (this
follows from our characterisation of presentable B-categories as the accessible and cocomplete ones, see
Corollary 4.4.6.7), and since every small and cocomplete co-category is a poset, we conclude by employing
Remark 5.3.1.7 that (3) implies (1). Furthermore, (3) and (4) are equivalent by the universal property of
presheaf B-categories (see Theorem 3.4.1.1). Finally, (4) implies (5) by Lemma 5.3.2.5 (and since we
already know that (3) forces D to be a B-poset), and (5) implies (3) since Subg is cocomplete. O

We end this section with the observation that all colimits in a presentable B-poset are B-groupoidal
and can be computed by an explicit formula:
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PROPOSITION 5.3.2.10. Let D be a presentable B-poset and let d: 1 — D be a diagram. Then the
inclusion |~ — | induces an equivalence colimd|~ ~ colimd. Moreover, this colimit can be explicitly
computed as

colimd~ \/ (mq)i(d(i)),

i: G—l
Geg

where § — B is a small dense full subcategory.

ProoF. Consider the full subcategory & C Cat(B),p spanned by the diagrams d: | — D for which
the inclusion 1= — | induces an equivalence colim d|j~ ~ colim d. To prove the first statement, we need to
show that & = Cat(B),p.

To that end, first observe that if hp: D < PShg (D) denotes the Yoneda embedding, then colim hpd
classifies the right fibration p: P — D that arises from factoring d into a final functor and a right fibration.
In other words, p is the image of d under the localisation functor L: Cat(B),p — RFib(D), and we may
compute the colimit of d by applying the left adjoint {: RFib(D) — D (which exists by Proposition 5.3.2.9)
to p. Since both [ and L are cocontinuous, it follows that for every co-category KX and every diagram
¢: K — Cat(B)/p with colimit d: | — D, we have a canonical equivalence colim /L ~ colim d.

Now let ¢~ : X — Cat(B),p be the composition of ¢ with the core B-groupoid functor (—)=. We
then obtain a natural comparison map colim ¢= — |~ which has the property that the composition of
this map with the inclusion I~ — | can be identified with the colimit of the canonical morphism ¢~ — ¢.

As a consequence, we obtain maps
colim /Ly~ — colimd|i~ — colimd

in which the composition can be identified with colim [Lp™~ — colimlLy. Hence, if ¢ takes values in &,
the latter map is an equivalence, which implies that the map colim d|j~ — colim d is one as well since D
is a poset. Thus, we conclude that € is closed under colimits in Cat(B),p.

Consequently, since every B-category can be written as a colimit of B-categories of the form G ® A™
for G € B and n € N (cf. [62, Lemma 4.5.2]), it suffices to see that every diagram of the form
d: G® A™ — D is in €. To that end, note that the colimit of a diagram d: G ® A™ — D is given by
applying (7g)i: D(G) — D(1) to the colimit of the transposed map d’': A™ — D(G), which is simply
d'(n). Likewise, the colimit of the induced diagram | |, G = (G ® A™)~ — D is given by applying (7g)
to the supremum of the objects d’'(7) for i € A™. Since d'(i) < d'(n) for all i € A™, we deduce that d € €,
as desired.

As for the second statement of the proposition, note that we have an equivalence

I* ~ colim G

i G—l
Geg

since G is dense in B. Thus the description of colim d|j~ follows from the observation at the beginning of
the proof. O

5.3.3. B-locales. In this section we define what it means for a B-poset to be a B-locale and provide

a first characterisation of this notion.

DEFINITION 5.3.3.1. A B-category L is said to be a B-locale if
(1) Lis a B-poset,
(2) L is presentable, and
(3) colimits are universal in L (in the sense of § 5.1.3).
A functor f: K — L between B-locales is called an algebraic morphism of B-locales if it is cocontinuous
and preserves finite limits. We denote by Loclgg — Posg the subcategory that is spanned by the algebraic
morphisms of B, 4-locales for all A € B.
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REMARK 5.3.3.2. In the situation of Definition 5.3.3.1, note that colimits are universal in L if and
only if for every A € B and every U: A — L the functor U x —: m4L — 7L is cocontinuous. In fact,
since for every V: A — L with a map U — V the diagram

* % _ *
(mal)yv — (mal)v

l(””’ l(ﬂv)z

ol —2— oL
commutes, the composition (my )1(U Xy —) is cocontinuous. As (7y ) is conservative, this implies that

U xy — is already cocontinuous.

REMARK 5.3.3.3. Since the property of a B-category L to be a presentable B-poset is local in B
(combine Remark 4.4.2.9 with Remark 5.3.1.6) and since the property of a functor to be cocontinuous is
local in B as well Remark 3.2.2.3, one concludes that for every cover | | 4; — 1 in B, the B-category L is

a B-locale if and only if the B/ 4,-category 7 L is a B4, -locale.

REMARK 5.3.3.4. The subobject of (Cat%)l that is spanned by the algebraic morphisms between B, 4-
locales (for each A € B) is stable under composition and equivalences in the sense of Proposition 2.2.2.9.
Since moreover cocontinuity and the property that a functor preserves finite limits are local conditions
and on account of Remark 5.3.3.3, we conclude that a map A — (Catg): is contained in (Lock); if and
only if it defines an algebraic morphism between B, 4-locales. In particular, if L and M are B, 4-locales,
the image of the monomorphism

ma‘pLoc% (L7 M) — mapCatg(Iﬂ M)
is spanned by the algebraic morphisms, and there is a canonical equivalence 7% Loc% o~ Loc%m.

REMARK 5.3.3.5. In light of Remark 5.3.1.8, it is easy to see that Loc(B) < Pos(B) can be identified
with the category of internal locales in Disc(B) in the sense of [46, § C1.6]. In other words, our notion of
an internal locale coincides with the classical one.

LEMMA 5.3.3.6. Let D be a presentable B-category with universal colimits, and let [: D — L be a

Bousfield localisation that preserves binary products. Suppose furthermore that L is a B-poset. L is a
B-locale.

PROOF. We need to show that colimits are universal in L, i.e. that for every A € B and every object
U: A — L the functor U x —: 7L — 7L is cocontinuous, or equivalently has a right adjoint. Now
[ preserving binary products implies that U x — carries every map in D (in arbitrary context) that is
inverted by [ to one that is inverted by [ as well. Hence the functor Homp (¢(U), i(—)) (where Homp(—, —)
is the internal hom in D) takes values in L, which yields the claim. 1

PROPOSITION 5.3.3.7. For a B-category L, the following are equivalent:

(1) L is a B-locale.

(2) (a) L takes values in the 1-category Loc" of locales;
(b) L is Qg -cocomplete;
(c) for every map s: B — A in B, the functor s;: L(B) — L(A) is a cartesian fibration.

(3) L is small, and the Yoneda embedding L — PShy (L) admits a left adjoint which preserves finite
products;

(4) L is a small B-poset, and the Yoneda embedding L < Fung (L°P, Subg) admits a left exact left

adjoint.

PROOF. First, we show that (1) and (2) are equivalent. To that end, if L is a B-locale, then for each
A € B the oo-category L(A) is a presentable poset in which colimits are universal. Therefore, L(A) is a
locale. Moreover, L being cocomplete implies that for every map s: B — A in B the transition functor
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s*: L(A) — L(B) is cocontinuous. Likewise, L having finite limits implies that s* preserves finite limits.
Therefore (2a) follows. Moreover, condition (2b) is part of the definition of a B-locale, and condition (2¢)
is a reformulation of the condition that Q-colimits are universal in L (see Example 5.1.3.6). Conversely,
if the three conditions in (2) are satisfied, then L is both Q- and LConst-cocomplete and section-wise
presentable. Hence Theorem 4.4.2.4 implies that L is presentable. By Remark 5.3.1.7, the assumption
that L is section-wise given by a poset implies that L is a B-poset. Finally, the fact that L takes values
in Loc implies that LConst-colimits are universal in L, so that it suffices to verify that Q-colimits are
universal in L as well. Again, this is a consequence of Example 5.1.3.6.

Next, if L is a B-locale, then Proposition 5.3.2.9 implies that the Yoneda embedding L < PShg (L)
has a left adjoint I. Moreover, as colimits are universal in L and as PShg (L) is generated by L under
colimits, the comparison map I[(— x —) — I(—) x I(—) is an equivalence already when its restriction
to L is one, which is trivially true. Hence (1) implies (3). If we assume (3), then Proposition 5.3.2.9
implies that L is a small B-poset and that the Yoneda embedding L < Fung (L°P, Subg) has a left adjoint.
Explicitly, this left adjoint arises as the restriction of the left adjoint PShy (L) — L and therefore preserves
finite products. But since pullbacks in B-posets coincide with binary products, this is already enough
to conclude that this functor is left exact. Hence (4) follows. Finally, if (4) holds, then L is presentable
by Proposition 5.3.2.9. Moreover, using Lemma 5.3.3.6 it will be enough to show that the subterminal
truncation functor (—)5"P: PShy (L) — Fung (L°P, Subg) preserves binary products, which is an immediate

consequence of Example 5.3.2.4. O

Using Proposition 5.3.3.7, it is now easy to show that the B-poset of subterminal objects in a B-topos

is a B-locale. More precisely, one has:

PROPOSITION 5.3.3.8. The functor Sub: Pr% — Pr% from Corollary 5.3.2.7 restricts to a functor
Sub: Top — Loct;.

PRrROOF. By combining Remark 5.3.2.2 and Remark 5.3.3.4, it is enough to show that for every
algebraic morphism f*: X — Y of B-topoi the induced map Sub(f*): Sub(X) — Sub(Y) is an algebraic
morphism of B-locales. First, let us show that Sub(X) (and therefore by symmetry also Sub(Y)) is a
B-locale. To that end, choose a presentation of X as a left exact and accessible Bousfield localisation
L: PSh;(C) — X. Then Remark 5.3.2.8 implies that L restricts to a left exact and accessible Bousfield
localisation Fung (C°P, Subg) — Sub(X), hence the claim follows from Proposition 5.3.3.7. Second, since
we already know that Sub(f*) is cocontinuous, it is enough to show that it is left exact as well. But
on account of Remark 5.3.2.8, this functor arises as the restriction of f* to subterminal objects, which

immediately yields the claim. O

5.3.4. Sheaves on a B-locale. In this section we introduce and study the B-category of sheaves

on a B-locale.

DEFINITION 5.3.4.1. Let L be a B-locale and let U: A — L be an object. A covering of U is a diagram
d: G — 74 L with colimit U, where G is a B,4-groupoid.

REMARK 5.3.4.2. Explicitly, a covering of U is given by a map s: B — A in B together with an
object V': B — L such that s(V) ~ U.

EXAMPLE 5.3.4.3. Let L be a B-locale and U: A — L be an object. Then every covering (j;: U; —
U)ier in L(A) (in the conventional sense) can be regarded as a covering in the sense of Definition 5.3.4.1
by setting G = I and d = (j;)ie1-

Recall from Proposition 5.3.3.7 that if L is a B-locale, the Yoneda embedding A : L < Fung (L°P, Subg)
admits a (left exact) left adjoint . We denote by n: idgyn, (Lor subsy) — Ll the adjunction unit.
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DEFINITION 5.3.4.4. Let L be a B-locale and let d: G — 7L be a covering of an object U: A — L.
Then the induced map 7 colim hy d: Sq = colimhyd — h(U) in Fung(L°P,Subg) is referred to as the

covering sieve associated with d.

REMARK 5.3.4.5. Let L be a B-locale and d: G — 7L be a covering of an object U: A — L. Then,
for every map s: B — A in B, we obtain an equivalence s*Sg ~ S+ that commutes with the canonical
equivalence s*h (U) =~ h(s*U).

DEFINITION 5.3.4.6. If L is a B-locale, we denote by Cov — Fung(L°P,Subg) < PShg(L) the

subcategory that is spanned by the covering sieves in arbitrary context.

REMARK 5.3.4.7. For every A € B, one may identify 7% Cov — Fung (WZLOP,SUbg/A) with the

subcategory of covering sieves in 7} L.

REMARK 5.3.4.8. The B-category Cov is small. In fact, first note that by Remark 5.3.4.5, the
subcategory Cov < PShy (L) is already spanned by all covering sieves of objects in context G € G, where
G is a small full subcategory of B that generates B under colimits. Furthermore, since L is small, the
collection of all coverings of objects in fixed context G is parametrised by a small set. Hence, the full
subcategory of PShy (L)Al that is spanned by the covering sieves must be small. In light of the very
construction of a subcategory from a collection of morphisms (see § 2.2.2), the claim thus follows from
the fact that the 1-image of a small B-category in a locally small B-category must also be small (see for
example [62, Lemma 4.7.5]).

DEFINITION 5.3.4.9. Let L be a B-locale. We define the B-category Shy (L) of sheaves on L to be the
Bousfield localisation Loccoy (PShg(C)). We will furthermore denote the underlying oo-category of global
sections of Shy (L) by Shg(L).

REMARK 5.3.4.10. By Remark 5.3.4.7, for every A € B there is a canonical equivalence 7% Shg (L) ~
Shy, , (m4L) of full subcategories of PShy  (m4L).

REMARK 5.3.4.11. If L be a B-locale, then Proposition 5.3.3.7 implies that the Yoneda embedding
L < PShg (L) admits a left adjoint {: PShg (L) — L. By construction, this functor carries Cov into L=. In
other words, [ factors through the sheafification functor PShg (L) — Shg(L). By passing to right adjoints,
this implies that the Yoneda embedding factors through the inclusion Shg (L) < PShg (L), which means

that every representable presheaf on L is already a sheaf.
The main goal of this section is to prove that Shg (L) is a B-topos. More precisely, we will show:

PROPOSITION 5.3.4.12. For any B-locale L, the localisation functor PShy (L) — Shy (L) preserves
finite limits. In particular, Shg (L) is a B-topos.

The proof of Proposition 5.3.4.12 is based on the following three lemmas:

LEMMA 5.3.4.13. For every B-locale L, the co-category Shg (L) is the Bousfield localisation of PShag (L)
at the set

W ={(mra)(S) = (ma)h(U) | Ac B, U: A— L, S h(U) covering sieve}
of morphisms in PShg(L).

PROOF. A presheaf F': L°? — Q is a sheaf if and only if for every A € B and every covering
sieve S < h(U) in context A the morphism ¢: mappsy, ()(A(U), 74 F) — mappsy (1)(S, 74 F) is an
equivalence in B/4. Recall from [62, Corollary 4.6.8] that if s: B — A is a map in B, then on local

sections over A the map ¢ recovers the morphism

mapL%B(L)(B)(S*h(U)v k) = maPL%,B(L)(B)(S*Sa mpF)
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of mapping oco-groupoids, which by adjunction can in turn be identified with the map
mapPShrB(L)(("TB)!S*h(U)a F)— MaPpshy (L) (mp)is™S, F).

Hence F is a sheaf precisely if the latter map is an equivalence for every covering sieve S — h(U) in
context A and every map s: B — A in B. Together with Remark 5.3.4.5, this yields the claim. O

LEMMA 5.3.4.14. Let L be a locale and let S — h(U) be a covering sieve on an object U: A — L.
Then for every map V — U in L(A) the map (V') Xpwy S = h(V') is a covering sicve.

PROOF. We may assume without loss of generality that A ~ 1. Now if d: G — L is a covering of U
giving rise to the covering sieve S, then universality of colimits in Fung(L°P?,Subg) and the fact that h
preserves limits implies that h(V) xS is the colimit of the diagram

G4 LY L Fung (LoP, Subs).

Since universality of colimits in L implies that the diagram d(—) x V: G — L is a covering of V', the claim
follows. O

LEMMA 5.3.4.15. Let L be a B-locale and let So — h(U) and S1 — h(U) be covering sieves on an
object U: A — L. Then Sy xpy S1 = h(U) is a covering sieve as well.

PROOF. We may assume without loss of generality that A ~ 1. Let dy: Gy — L be a covering giving
rise to the covering sieve Sy, and let d;: G; — L be a covering giving rise to S;. Define G = Gy x G; and
let d: G — L be the diagram given by the composition

Gy x Gy JoXdry | | =X,

Then we have colimd ~ U since colimits are universal in L and since U x U ~ U in L. Therefore, it
is enough to show that the induced map colim hid < h(U) in Fung(L°P,Subs) can be identified with
So Xpwy S1 = h(U) This follows from the fact that hid is given by the composition

hydo X hdy
—_—

Gy x Gy Fung (L°P, Subg) x Fung (L°P, Subgs) —— Fung (L°P, Subg)

and the very same argument as above, using that colimits are universal in Fung(L°P,Subg) as well. O

PROOF OF PROPOSITION 5.3.4.12. Since the localisation is already accessible (being a Bousfield
localisation at a small subcategory, see Theorem 4.4.2.4), the second claim follows from the first by
Theorem 5.2.3.1. To prove the first, let 7"(A) be the class of monomorphisms f: G < H in the co-topos
PShy(L)(A) (for arbitrary A € B) satistying the condition that for every map s: B — A in B, every
U: B — L and every map h(U) — s*H the pullback s*G X« h(U) < h(U) is a covering sieve in context
B. Then T’(A) has the following properties:

(1) the maps in T'(A) are closed under pullbacks in PShg (L)(A);

(2) the maps in T7"(A) are closed under finite limits in Fun(A!, PShy; (L)(A));

(3) every map in 7"(A) is inverted by the localisation functor PShy(L)(A) — Shg(L)(A);
(4)

In fact, the first property is evident, and the second property follows from combining the first one with

every covering sieve in context A € B is contained in T'(A).

Lemma 5.3.4.15. Property (3) follows from the observation that by descent in the B, -topos PShy (7% L),
every map in T"(A) is a (B/4-internal) colimit of covering sieves, which implies (using Remark 5.3.4.10)
that it is inverted by the localisation functor PShg (L)(A) — Shy (L)(A). The last property is an immediate
consequence of Lemma 5.3.4.14.

Let us set 77 = |J 4 (ma)1T"(A) and let T' be the smallest local class of morphisms in PShg (L) that
contains T’. Then T is bounded since it only contains monomorphisms. Moreover, T is closed under
finite limits in Fun(A®, PShz(L)). To see this, the fact that every map in T is locally (in the co-topos
PShg (L)) contained in 7" implies that it suffices to show that for every cospan fo — f + f1 with fy
and f1 in 7", their pullback is in 77 as well. Note that if s: B — A is a map in B and if g is a map in
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PShy (L)(B) such that si(g) € T'(A), we have g € T"(B). Therefore, we may assume that both fo and fi
are in 7”(A) for some A € B. In this case, the claim immediately follows from properties (1) and (2) of
T’(A). The same argument moreover shows that every map in T is inverted by the localisation functor
PShz (L) — Shg(L) as it can be written as a A°P-indexed colimits of maps in T".

By employing Lemma 5.3.4.13 and property (4) above, we now conclude that there is an equivalence
Shi (L) ~ Locr(PShg (L)) of Bousfield localisations of PShi(L). Using Proposition 5.2.10.11, we thus
obtain hat PShg (L) — Sh[B](L) is left exact. In light of Remark 5.3.4.10, this is already sufficient to
conclude that the entire functor of B-categories PSh (L) — Shg (L) is left exact. O

5.3.5. The localic reflection of B-topoi. In the previous section, we introduces the B-topos of
sheaves on a B-locale. In this section, we show that this construction is the universal way to attach a

B-topos to a B-locale. More precisely, we show:

PROPOSITION 5.3.5.1. Let L be a B-locale. Then the Yoneda embedding h: L < Shy (L) induces an
equivalence L ~ Sub(Shg (L)), and for every B-topos X precomposition with h induces an equivalence

Funf®(Sha (L), X) ~ Funf® (L, Sub(X)),

where the left-hand side denotes the B-category of algebraic morphisms between the B-topoi Shy(L) and
X and the right-hand side denotes the B-category of algebraic morphisms between the B-locales L and
Sub(X).

PrROOF. We begin by showing the first claim. To that end, note that by Lemma 5.3.2.5 a sheaf
F: L°P — Q is subterminal if and only if it takes values in Subg. Together with the usual base change
arguments, this implies that the first claim follows once we verify that every such sheaf F': L°? — Subg
is representable. Note that by Example 5.3.2.4, the associated right fibration p: L, — L is fully faithful.
Let U: 1 — L be the colimit of p. We then obtain a canonical map F' — h(U) in Subg(Shy(L)). To
show the claim, it is therefore enough to produce a map in the opposite direction, which by Yoneda’s
lemma is equivalent to show that F(U) ~ 1lg. To see this, note that by Proposition 5.3.2.10 the
object U is the colimit of the restriction of p to G = (L;)~. In other words, we have a covering of
U given by p|lg. Let S < h(U) be the associated covering sieve. Then, since F' is a sheaf, we obtain
an equivalence F(U) ~ mapLShE(L)(S, F). To complete the proof of the first claim, we therefore need
to show that the right-hand side can be identified with 1g. But as F' is subterminal, we may in turn
identify map@B(L)(S, F) with MADE, | (Lo Subgy ) (S F) ~lim Fp|g. Thus, the claim follows once we show
that F'p|g: G — Subg is final in Funz (G, Subs ). Note that the associated object P < G in Sub(B/g) is
explicitly obtained as the fibre of p: L;p — Q over p|g. Thus, the inclusion G < L, induces a section
G — P, which immediately yields the claim.

We now show the second claim. Let [: PShg (L) — Shg (L) be the localisation functor. We now have
maps

Funfy® (Shys (L), X) <+ Funfy®(PShy, (L), X) = Funlg*(L, Sub(X)) < Funfy¥(L, Sub(X))

in which the fact that {* is fully faithful follows from the universal property of localisations and where the
equivalence in the middle follows from Diaconescu’s theorem 5.2.2.10 and the straightforward observation
that by Remark 5.3.2.8 every left exact functor 7L — 7% X necessarily factors through 7% Sub(X).
Thus, by using Remarks 5.3.4.10 and 5.3.2.2 together with Remark 3.2.2.3, the claim follows once we
show that a left exact functor f: L — Sub(X) is cocontinuous if and only if the left Kan extension
hi(if): PShgs(L) — X (where ¢: Sub(X) — X is the inclusion) carries Cov into X=. To see this, note
that as hi(if) is an algebraic morphism, it restricts to a functor Fung (L°P, Subg) — Sub(X) which is
cocontinuous as well. Consequently, for every object U: A — L and every covering d: G — 7L of U,
the image of the associated covering sieve Sy — h(U) along hi(if) can be identified with the canonical
morphism colim fd — f(U). In other words, hi(if) carries Cov into X= precisely if f is Q-cocontinuous.
But by using Proposition 5.3.2.10, this already implies that f is cocontinuous. Hence the claim follows. [
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COROLLARY 5.3.5.2. The B-category Loc% s a coreflective subcategory of Top%, where the inclusion
s given by carrying a B-locale to its associated sheaf B-topos and the coreflection sends a B-topos to its

underlying B-locale of subterminal objects.
ProOOF. Combine Proposition 5.3.3.8 with Proposition 5.3.5.1. (|

DEFINITION 5.3.5.3. A B-topos X is localic if it is contained in the essential image of Shg(—): Lock <
Topt;.

5.3.6. Localic B-topoi as relative locales. If B is a localic co-topos, then B-locales precisely
correspond to locales under Sub(B). More precisely, note that as a consequence of Corollary 5.3.5.2, the
B-locale Subg is the initial B-locale. Since moreover the global sections functor I'g restricts to a functor
Loc™(B) — Loc, we thus obtain an induced functor Loc™(B) — Locé“ub(g)/.

PROPOSITION 5.3.6.1. If B is a localic co-topos, then the functor T': Loc“(B) — Locg“ub((B)/ is an

equivalence of co-categories.

PROOF. Since by Remark 5.3.3.5 the co-category LocL(B) can be identified with the 1-category of
internal locales in Disc(B), the statement reduces to the analogous result in 1-topos theory, see [46,
Theorem C1.6.3]. O

COROLLARY 5.3.6.2. For every B-locale L, the co-topos Shg (L) can be canonically identified with
Sh(T'L).

PROOF. As a result of Remark 5.3.2.8, we have a commutative diagram

Top"(B) —— (Topk.)s,

lSub lSub

LOCL(B> L} LOC%Jub(:B)/

(where we note that as Loc" is a 1-category coherence issues do not arise). Therefore, the claim follows
from Proposition 5.3.6.1 and the fact that by Theorem 5.2.5.1 the upper horizontal map is an equivalence
as well. 0

REMARK 5.3.6.3. The inverse to the equivalence from Proposition 5.3.6.1 can be made explicit
as follows: Given an algebraic morphism of locales f*: Sub(B) — L, let f*: B — Sh(L) be the
associated algebraic morphism of co-topoi. Then f, Subgy(r) is a B-locale (as can be easily verified using
Proposition 5.3.3.7) whose underlying locale recovers L and is therefore the B-locale associated to L.
Explicitly, this B-locale can be described as the sheaf L,y on Sub(B), i.e. the Catoo-valued functor
that is classified by the cartesian fibration Sub(B) x Fun(A!,L) — Sub(B).

5.3.7. Compactness conditions for B-locales. In this section, we study how certain compactness
properties of B-locales are inherited by their associated localic B-topoi. To that end, recall that if D
is a presentable B-category, we say that D is compactly generated if the inclusion D < D of the full
subcategory of compact objects induces via left Kan extension an equivalence Indg (DPt) ~ D. We
will furthermore say that D is compactly assembled if D is a retract (in Pr%) of a compactly generated

B-category. We may now define:

DEFINITION 5.3.7.1. A B-locale L is said to be locally coherent if it is compactly generated and if L°Pt
is closed under binary products in L. We say that L is coherent if it is locally coherent and 1 is compact.
Furthermore, L is said to be (locally) stably compact if it is a retract in Lock of a (locally) coherent

B-locale.

REMARK 5.3.7.2. Since the existence and preservation of limits is local in B by Remark 3.2.2.3 and
one has mjIndg (L) ~ Indg  (73L*) by Remark 4.1.5.2 and Remark 4.3.1.2 for every A € B, we
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deduce that for every cover (m4,): : ||; A; — 1 in B, a B-locale L is (locally) coherent if and only if 77 L
is a (locally) coherent B, 4,-locale for every i.

Then main goal of this section is to relate sheaves on a locally coherent locale with finitary sheaves
on its compact objects:

DEFINITION 5.3.7.3. Let P be a B-poset with finite colimits and binary products. A presheaf
F: P°? — Q is said to be a finitary sheaf if
(1) F(op) ~ 1o;
(2) for every two objects U, V: A = P in arbitrary context A € B, the commutative square

FUVV) — F(V)

| l

F(U) —— FUAYV)
is a pullback.

We let Shi"(P) be the full subcategory of PShy, (P) that is spanned by those presheaves % PP — Qg A
(in arbitrary context A € B) which are finitary sheaves on 77 P.

REMARK 5.3.7.4. As preservation of (co)limits is a local property Remark 3.1.1.8, we deduce that
for every cover | |; A; - 1 in B a presheaf F': P°® — Q is a finitary sheaf if and only if the presheaf
74, (F) is a finitary sheaf on 7} P. In particular, an object A — PShy (P) is contained in Shf™(P) if and
only if it transposes to a finitary sheaf on 7% P, and we obtain a canonical equivalence of B-categories
w4 Shi(P) = Shi? (w7, P) for every A € B.

Recall from § 4.4.6 that if C is a Filt-cocomplete B-category, we denote by Sj.g't(C) the full subcategory

of PShy;(C) that is spanned by the Filt-sheaves, i.e. by those functors 73 C°? — Qg , (in arbitrary context
A € B) whose opposite is Filt-cocontinuous. We now obtain the following characterisation of sheaves on a
B-locale:

PROPOSITION 5.3.7.5. Let L be a B-locale. Then Sha (L) ~ Shi*(L) N ShS (L) as full subcategories in
PShg(L).

PROOF. By combining Remarks 5.3.7.4 and 5.3.4.10 with Remark 3.2.2.3, we need to show that for
every A € B, a presheaf F': 7, L°P — Qg , is a sheaf if and only if
(1) FoP: 5L — Q%‘;A is 7% Filt-cocontinuous;
(2) F(Fry1) ~ 1o,

3) for every two objects U,V : B =% L in arbitrary context B € B, 4, the commutative square
/

FUVV) — F(V)

| l

F(U) —— FUAYV)
is a pullback.

By replacing B with B, 4, we may assume that A ~ 1. Now suppose first that F' is a sheaf. To show
that (1) is satisfied, we need to verify that for every diagram d: | — 7L where | is a filtered B, 4-category
and A € B is arbitrarily chosen, the natural map (7% F)(colimd) — lim(7% F')d is an equivalence. By
replacing B with B, 4, we may again assume without loss of generality that A ~ 1. As | is filtered, the
functor colim,: Fung (I, PShg (L)) — PShg (L) preserves finite limits and therefore (by Remark 5.3.2.8)
subterminal objects. Therefore, we deduce that colim h_d is subterminal. Now by Proposition 5.3.2.10,
we may replace | by |~ and can thus assume that | is a B-groupoid. Therefore, the sheaf condition implies

that we obtain an equivalence

F(colimd) ~ mappsy (1) (colim hy d, F') ~ lim Fd.
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This shows that F' is a Filt-sheaf. Condition (2) follows from the observation that as @ is the colimit of
the unique diagram @ — L, we obtain an equivalence F(@) ~ map@B(L)(QL%g(L), F) ~ 1q. Lastly,
to show that condition (3) is met, we may again replace B with B,/p and can therefore assume that
B ~ 1. Now as U V V is the coproduct of U and V in L, the claim follows from the fact that the pushout
h(U) Up wavy h(V) in PShg (L) computes the coproduct of iy (U) and h (V) in Fung (L°P, Subsg).

Conversely, suppose that F' satisfies the three conditions. To show that F' is a sheaf, we need to
verify that for every covering d: G — 7% L of an object U: A — L the functor map@B(L)(_, F) carries
the induces covering sieve Sg < h(U) to an equivalence. By replacing B with B4, we may again assume
that A ~ 1. First, let us show the claim in the case where G is finite, i.e. a locally constant sheaf of finite
oo-groupoids. Upon passing to a suitable cover, we can even assume that G is (the constant B-category
associated with) a finite co-groupoid. Since L is a B-poset, we can even assume that G is a finite set. By
induction, it suffices to cover the cases G = @ and G = 1 U 1. By the above argumentation, these two
cases follow immediately from conditions (2) and (3).

For the general case, let Fing be the internal class of finite B-categories. Since Fing has the
decomposition property (see § 4.1.4 and § 4.2.3), we may find a filtered B-category | and a diagram k: | —
Fing < Catg such that G ~ colim k. Note that since G is a B-groupoid and since the groupoidification
of a finite B-category is a finite B-groupoid, postcomposing k with the groupoidification functor yields a
diagram k’: | — QN Fing < Catg that also has colimit G. Therefore, we deduce from Proposition 3.4.4.3
and by making use of the subterminal truncation functor (—)5*®: PSh. (L) — Fung (L°P, Subsg) that there
is a diagram d’: | — Fung (L°P, Subg) such that (a) we have colim d’ ~ colim h d and such that (b) for
every object i: A — | in arbitrary context A € B there is a finite B, 4-groupoid H; together with a diagram
d;: H; — 7% L such that d’(¢) ~ colim hi d;. From (a) we deduce that if I: Fung (L°P,Subg) — L is the

left adjoint of the Yoneda embedding, the unit of the adjunction [ 4 h; determines morphisms
colim i d = colimd’ % colim hyld' 2 hy(colim Id") ~ hy (colim d)

in Fung(L°P,Subg). As | is filtered, the same argumentation as above implies that the colimit in the
middle is already the colimit in PShy(L). Thus condition (1) implies that mappsy () (—, ) carries 3 to
an equivalence. To finish the proof, it is therefore enough to show that this functor also sends « to an
equivalence. For this, we only need to show that for every object i: A — | in arbitrary context A € B the
map d'(i) — h ld'(i) is sent to an equivalence. By (b), we find that d'(7) is of the form colim hd; for
some diagram d;: H; — 7, L where H; is a finite B, 4-groupoid. Since this case has already been shown

above, the result follows. (I

LEMMA 5.3.7.6. Let L be a locally coherent B-locale and let F': L°P — Q be a Filt-sheaf on L. Then F
is a sheaf on L if and only if F|Lcoe is a finitary sheaf on LP.

ProOF. By Proposition 5.3.7.5, we need to show that F'is a finitary sheaf on L if and only if F'| cpt
is a finitary sheaf on LP*. As L is locally coherent and therefore LP' is closed under binary products
in L, it is clear that the condition is necessary. Moreover, as L°P* contains the initial object, it is clear
that F satisfies condition (1) of the definition of a finitary sheaf if and only if F| co+ does. Therefore, we
only need to show that if F'| st is a finitary sheaf, then for every pair of objects U,V: A = L, the map
FUVV)—= F(U) xpwav) F(V) is an equivalence. Using Remark 5.3.7.4 and Remark 4.1.5.2, we may
replace B with B,4 and can therefore assume that A >~ 1. Note that it follows from the bifunctoriality
of — A — that for a fixed U, both the map U AV — V and the map U AV — U are natural in V, i.e.
define morphisms in Fung(L,L). Therefore, we obtain a cospan diag(U) «+ U A — — id_ in Fung(L,L)
(where diag: L — Fung(L,L) is the diagonal map). By taking the colimit of this diagram, we end up with
a commutative square

UN— —— id,

! |

diag(U) —— UV —
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in Fung(L,L). Since colimits are universal in L, the functor U A — is cocontinuous. Furthermore, the
functor diag(U) is Filt-cocontinuous: in fact, as it can be identified with U A diag(1,)(—), it suffices to see
that diag(1,) ~ Leyn, (LL) is Filt-cocontinuous. As in the proof of Lemma 4.1.5.3, this is a consequence
of the fact that filtered colimits in L are left exact, which is easily shown using Lemma 5.3.8.7 below
and the fact that L is a left exact localisation of Fung(L°P,Subg), see Proposition 5.3.3.7. Thus, as
Filt-cocontinuous functors are clearly closed under pushouts in Fung (L, L), the above commutative diagram
is a square of Filt-cocontinuous functors. By again using that filtered colimits in L are left exact, this
observation now implies that by postcomposition with (the opposite of) F'; we end up with a morphism
FUV —) = F(U) xpwna-) F(—) of Filt-cocontinuous functors L — Q°P. Since L ~ Indy (L°P"), the
universal property of Indp(LP*) thus implies that this morphism is an equivalence already when its
restriction to L°P* is one. Together with our assumption on F, it follows that if U is compact, then
the map F(UV V) = F(U) xpwav) F(V) is an equivalence for all V: 1 — L. By symmetry and
the fact that the context of U and V has been arbitrarily chosen, this now implies that the morphism
F(=VV) = F(=) xpav) F(V) is an equivalence when restricted to L°?* and must therefore be an
equivalence on all of L. Hence the claim follows. O

For later use we also record the following Lemma:

LEMMA 5.3.7.7. Let P be a poset with finite colimits and binary products. Then &%H(P) is closed
under Filt-colimits in PShg(P).

PROOF. We need to show that for every A € B and every diagram d: | — 7%Shi*(P) where | is a
filtered B, 4-category, the colimit of d is contained in &%H(P)‘ Using Remark 5.3.7.4, we may replace B

with B, 4 and can therefore assume that A ~ 1. We may compute the colimit of d as the composition
PP L, Funy (1, Q) <2

where d’ is the transpose of d: | — PSh(P). As | is filtered, the functor on the right preserves finite limits.
Moreover, the assumption that d takes values in Shi(P) and the fact that limits in functor B-categories
can be computed objectwise imply that d’ is a Fung(l,Q)-valued finitary sheaf on P. Hence the claim
follows. O

The main result of this section is the following description of sheaves on a locally coherent locale:

PROPOSITION 5.3.7.8. Let L be a locally coherent locale. Then there is a canonical equivalence of
B-topoi
Shy (L) =~ Sh" (L),

PROOF. By Proposition 5.3.7.5, we have an identification Shy (L) ~ Shii*(L) N Sh"(L) of full
subcategories of PShy (L). In particular, we obtain an inclusion Shg (L) < Shi'(L) ~ PShy, (LPY) (where
we use that L ~ Ind (LP*) and the universal property of Indg(L°P*)). Using Remark 5.3.4.10 together
with Lemma 5.3.7.6, we now find that an object A — PShy (L°P') is contained in Shg (L) if and only if it

transposes to a finitary sheaf on 7% L°P" proving the claim. O

COROLLARY 5.3.7.9. Let L be a B-locale.
(1) If L is locally coherent then Shy(L) is compactly generated.
(2) If L is locally stably compact then Shg (L) is compactly assembled.

ProoFr. Note that (2) is an immediate consequence of the definitions and (1). To see (1) note that

we have an inclusion
Shy (L) ~ Shi™ (LPY) < PShy (L")

which by Lemma 5.3.7.7 preserves filtered colimits. Thus the claim follows from Corollary 4.3.3.3. O
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5.3.8. The internal locale of a locally proper and separated map. The goal of this section is
to show that for a proper and separated map of topological spaces f: Y — X, the Sh(X)-locale given
by U + O(f~1(U)) is a stably compact locale. This is a direct consequence of [47] but we decided to
also provide a separate proof of Johnstone’s result in the language of Sh(X)-locales that we developed
above. With future applications in mind, we will prove a slightly more general statement about locally
proper and separated maps of topological spaces (which Johnstone also mentions in [46, § C4.1] but never
explicitly spells out).

We begin by recalling the definition of a locally proper map from [81]:

DEFINITION 5.3.8.1. A continuous map f: Y — X of topological spaces is said to be locally proper
if for every y € Y and every open neighbourhood V of y there is a neighbourhood K C V of y and an
open neighbourhood U of f(y) such that f(K) C U and such that the induced map K — U is proper (i.e.
universally closed).

REMARK 5.3.8.2. The property of a map f: Y — X to be locally proper and separated is local in
the target: if X = (J, U; is an open covering, then f is locally proper and separated if and only if each of
the restrictions f~1(U;) — U; has that property [81, Lemma 2.7].

REMARK 5.3.8.3. Every proper and separated morphism is also locally proper [81, Proposition 2.12].
This is the relative version of the fact that compact Hausdorff spaces are locally compact as well.

REMARK 5.3.8.4. In the situation of Definition 5.3.8.1, if f is separated and locally proper, then for
every y € Y and every open neighbourhood V' of y there is an open neighbourhood V' C V and an open
neighbourhood U of f(y) such that f(V’) C U and such that the closure of V' in f~!(U) is proper over
U. In fact, f being separated implies that its restriction f~*(U) — U is separated as well. Therefore, [81,
Lemma 9.12] implies that if K C V is as in Definition 5.3.8.1, then K is closed in f~!(U). Hence the
closure of the interior of K (again in f~1(U)) is a closed subset of K and therefore also proper over U.

To proceed, recall that if f: Y — X is a map of topological spaces, we obtain an algebraic morphism
of locales f*: O(X) — O(Y), where O(X) and O(Y) denote the locales of open subsets of X and Y,
respectively. By Proposition 5.3.6.1, f* gives rise to a Sh(X)-locale Ox(Y) that is explicitly given by
the sheaf on X that carries an open U € O(X) to the locale O(f~1(U)) (see Remark 5.3.6.3). Recall,
furthermore, that we refer to a B-locale L as (locally) stably compact if it arises as a retract in Loc of a
(locally) coherent B-locale (see Definition 5.3.7.1). Now the main goal of this section is to show:

PROPOSITION 5.3.8.5. If f: Y — X is a locally proper and separated morphism of topological spaces,
then Ox(Y) is a locally stably compact Sh(X)-locale. If f is even proper, then Ox(Y') is stably compact.

The proof of Proposition 5.3.8.5 requires a few preparations first. To begin with, we need to construct
a candidate for a (locally) coherent Sh(X)-locale of which Ox(Y) is a retract. We will use the following

general observation:

PROPOSITION 5.3.8.6. Let L be a B-locale and let j: P — L be a full subposet that is closed under
binary products and finite colimits. Then
(1) the left Kan extension hy(j): Indg(P) — L is cocontinuous;
(2) Indy (P) is a locally coherent B-locale which is coherent if P contains the final object of L;
(8) a right fibration over P (in arbitrary context A € B) is contained in the essential image of the
inclusion Indg (P) < RFibp if and only if it the inclusion of a sieve in T4P (i.e. a fully faithful

right fibration) that is closed under finite colimits.
The proof of Proposition 5.3.8.6 requires the following two lemmas:

LEMMA 5.3.8.7. The inclusion Subgs — Q preserves filtered colimits
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PRrOOF. Using Remark 5.3.2.2 and Example 5.3.2.4, it suffices to show that for every filtered B-
category |, the functor colim;: Fung (I, Q) — Q restricts to subterminal objects. By Remark 5.3.2.8, this
is an immediate consequence of colim; being left exact. O

LEMMA 5.3.8.8. Let C be a B-poset with finite colimits and let p: P < C be a sieve (i.e. a fully
faithful right fibration). Then P is filtered if and only if it is closed under finite colimits in C.

ProoF. It will be sufficient to show that whenever d: K — P is a finite diagram, then Py, admits
an initial object which is carried to the initial object in C,q, along the induced functor p.: Py, — C,q,-
Note that p: P — C being a sieve implies that p,. is one as well. Now since C has finite colimits, GC,q/
admits an initial object colim(pd). Since p, is a right fibration, the inclusion Py, |colim(pd) <+ Pa; of p«
over colim(pd) is initial [62, Proposition 4.4.7]. Since P is assumed to be filtered, we furthermore have
(Py /)gpd ~ 1. Therefore, we must have Py/|colim(pd) = 1 as this is already a subterminal B-groupoid (since
p is fully faithful, see Example 5.3.2.4). Hence Py, admits an initial object which is preserved by p.. O

PROOF OF PROPOSITION 5.3.8.6. The fact that P has finite colimits implies that the B-category
Ind; (P) is presentable and that the left Kan extension hi(j): Indg(P) — L is cocontinuous by Corol-
lary 4.4.6.6, which shows (1).

To show (2), since Indg(P) is by definition compactly generated and since we may always identify
Indy (P)°P* ~ P (as P is a B-poset), we only need to verify that Inds(P) is indeed a B-locale. To
that end, note that Indj(P) being presentable implies that the inclusion Indg(P) < PSh(P) admits
a left adjoint I: PShg (P) — Indg (P) by Corollary 3.4.1.14. Moreover, Lemma 5.3.8.7 implies that the
inclusion Fung (P°P, Subg) < PShy (P) preserves filtered colimits. Therefore, Indg (P) must be contained
in Fung (P°P,Subg) and is therefore in particular a B-poset. Hence, we only need to check that [ preserves
binary products (see Lemma 5.3.3.6). This is equivalent to Indg (P) being an exponential ideal in PShg (P),
i.e. that for every object F': A — Ind4(P) and every object G: A — PSh4(P) (in arbitrary context
A € B), the internal hom Hoimpis%(p)(G’, F') is contained in Indy (P). By using Proposition 3.4.1.11, we
can assume that A ~ 1. Upon writing G as a colimit of representables and using that the inclusion
Ind; (P) < PShy(P) is continuous, we may assume without loss of generality that G is itself representable
by an object U: 1 — P. Thus, Yoneda’s lemma and the fact that the Yoneda embedding is continuous imply
that m@B(P)(G, F') can be identified with the presheaf F'(U x —). Note that by Proposition 4.4.6.5
a presheaf is contained in Indg(P) if and only if it carries finite colimits in P to limits. Thus, as F' by
assumption has this property and since colimits are universal in L, the claim follows.

Lastly, in light of Example 5.3.2.4, statement (3) is an immediate consequence of Lemma 5.3.8.8. [

In light of Proposition 5.3.8.6, our task is now to find a full subposet of Ox (Y') that is closed under
binary products and finite colimits. To that end, note that the datum of an object in Ox(Y") in context

U C X is precisely given by an open subset V C f~(U). With that in mind, we may now define:

DEFINITION 5.3.8.9. Let f: Y — X be a locally proper and separated map of topological spaces. We
say that an object V C f~1(U) has proper closure if its closure V in f~1(U) is proper over U. We define
the subposet O (Y) < Ox(Y) as the full subposet of Ox (Y') that is spanned by these objects.

REMARK 5.3.8.10. In the situation of Definition 5.3.8.9, note that f being separated implies that if
V is proper over U, then V is also closed in Y (see [81, Lemma 9.12]). Therefore, V is also the closure of
V in Y in this case.

A priori, the subposet O%(Y') is only spanned by the objects with proper closure, so there could
potentially be more objects. Our next result shows that this cannot happen:

LEMMA 5.3.8.11. An object V C f~1(U) in Ox(Y) is contained in O% (Y) if and only if it has proper

closure.
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PROOF. By definition, the condition is sufficient, so it suffices to prove that it is also necessary. This
amounts to showing that the property of having proper closure is local on the target: if U = |J, U; is
a covering and if V N f~1(U;) € f~Y(U;) is proper over U;, then V C f~%(U) is proper over U. Since
properness is local on the target [81, § 9.5], this follows from the identity V N f=1(U;) = VN f~Y(U;). O

REMARK 5.3.8.12. Note that if U C X is an arbitrary open subset, we may identify Sh(X),; ~ Sh(U).
In light of this identification, the Sh(U)-locale ;0 x (Y) can be identified with Oy (f~*(U)). Moreover,
Lemma 5.3.8.11 implies that we obtain a canonical equivalence 7j;O0%’(Y) ~ OF(f~*(U)) of full subposets
in O(f~1(U)/U) (see also Remark 5.3.8.2).

Having an explicit description of the full subposet OX (Y) < Ox(Y'), we now proceed by showing
that it satisfies the conditions of Proposition 5.3.8.6:

LEMMA 5.3.8.13. OX(Y) is closed under binary products and finite colimits in Ox (Y).

PROOF. Since the map @ — X is always proper, Lemma 5.3.8.11 implies that it is enough to show
that for every two objects V C f~1(U) and V' C f~1(U) whose closure (in f~1(U)) is proper over U,
both VUV’ — U and V NV’ — U are proper. The first map is proper by [81, § 9.7] and the fact that
union and closure commute. The second map is proper as it can be decomposed into the composition

VNV’ < V — U where the first map is a closed embedding (hence proper) and the second map is

proper by assumption. O

PROPOSITION 5.3.8.14. The Sh(X)-category Indgy, v (O (Y)) is a locally coherent Sh(X)-locale, and
the left Kan extension Indgy, (0% (Y)) = Ox(Y') of the inclusion is a Bousfield localisation.

PROOF. In light of Lemma 5.3.8.13, the first claim follows from Proposition 5.3.8.6, so that it suffices
to show the second one. We need to prove that the counit of the adjunction Ox (Y) = Indgy, x) (0% (Y))
is an equivalence. Using Remark 5.3.8.12, it will be enough to check this on a global object V C Y.
By Remark 3.3.3.6, this amounts to showing that V is the colimit of the diagram OE’(C(Y)/V — Ox(Y).
Using Proposition 5.3.2.10, we only need to verify that V ~ UV'cf—l(U)mV V', where U runs though all
open subsets of X and V’ runs through all objects in O% (Y)(U) which are contained in V. This is an

immediate consequence of the fact that Y is locally proper and separated over X (see Remark 5.3.8.4). O

The following Lemma is a suitable relative analogue of the fact that in a locally compact Hausdorff

space, every open covering of a compact subset has a finite refinement:

LEMMA 5.3.8.15. Let V C f~'(U) be an object in OX (Y)(U), let (V] C f~1(Uj))jes be a family of
objects in Ox(Y) and suppose that V C U]G] V’ Then there is a covering U = |J, U; in X such that for
each i there is a finite subset J; C J such that U; C U; for all j € J; and such that VN f=Y(U;) C Ujes Vi

PROOF. In light of Remark 5.3.8.12, we may replace Y/X by f~1(U)/U and each object Vic f~HU;)
by its intersection VN f~1(U) C f~'(U;NU) and can thus assume without loss of generality that U = X.
Now since V' is proper over X, its fibre V|, over every x € X is compact (as being proper is stable under
base change). Therefore, for each x € X we have a finite subset J, C J such that V|, C |J; ieg, Vi We
can assume that x € U; for all j € J,, since otherwise V] | would be empty. Now let Z be the complement
of Ujes, Vi in Y. Then V N Z is closed in Y, hence f(V N Z) is closed in X (as proper maps are always
closed). By construction, a point 2’ € X is contained in f(V N Z) precisely if V|, is not contained in
U, j cs, Vj. Therefore, if U is the complement of f(VNZ)in X, then U contains prec1sely those points
e X for which V], C Ujes, Vi- In other words, we have VnfYU)c Ujes, Vi Since z € U, we

may shrink U if necessary so that it is contained in [ e, U,. Now the claim follows. (I

PROOF OF PROPOSITION 5.3.8.5. By Proposition 5.3.8.14, the left Kan extension {: Ind4 (0% (Y)) —
Ox(Y) is a Bousfield localisation. Therefore, we only need to show that [ admits a left adjoint A which

preserves finite limits.



5.3. LOCALIC B-TOPOI 217

We begin by showing that I(X) has a left adjoint Ax. On account of Proposition 5.3.8.6, this amounts
to showing that for every V' C Y, there is sieve Ax(V): P < O5(Y") which is closed under finite colimits
such that for every other sieve ¢: Q < OX7(Y)) with the same property and for which V' C colim ¢, we
have P < Q. We define P to be the full subposet of O% (Y’) which is spanned by those V' C f~1(U)
whose closure is contained in V. This property is clearly local in X, so that every object of P in context
U C X will be of this form. Moreover, if V" C V/ and V' is in P(U), so is V". Therefore, P < O5(Y) is
a sieve. Furthermore, P is closed under finite colimits. Now let V/ C f~}(U) be an arbitrary object in
P in context U C X and let ¢: Q — O%(Y") be a sieve which is closed under finite colimits such that
V C colim g. We need to show that V' is contained in Q. By assumption, the closure V’ is contained in

colim ¢q. Using Proposition 5.3.2.10, we may identify

colim q ~ U v

V"eQ(U)
UcxX
Therefore, Lemma 5.3.8.15 implies that there is a covering U = | J,; U; such that for each i there are
., V{" € Q(U;) with the property that V' N f~(U;) C Uj=1 V/l. As Q is closed under

finite colimits, the right-hand side is contained in Q(U;). Consequently, V"’ is locally contained in Q and

finitely many V7, ..
must therefore also be globally contained in Q.

Now by carrying out the above argument with f|s-1 ¢y in place of f, Remark 5.3.8.12 implies that
I(U) admits a left adjoint Ay for every U C X. Furthermore, for every pair of opens U C U’ C X and
every V' C f~1(U’), it follows readily from the constructions that the restriction of A\y(V’) to U can
be identified with A\y/(V/ N f~1(U)). Therefore, we deduce from Corollary 2.4.2.11 that [ admits a left
adjoint, as desired. It is then clear from its explicit construction that this left adjoint preserves finite
limits.

Lastly, if f is proper, then O%(Y') contains the final object of Ox(Y), which immediately implies
that Ox (Y) is stably compact. O






CHAPTER 6

Application: Smooth and proper morphisms of co-topoi

In this chapter we will use the results of the previous chapters to study geometric properties of
morphisms of co-topoi. We begin by studying smooth geometric morphism in § 6.1. Recall that a
geometric morphism is called smooth if it satisfies smooth base change (see Definition 6.1.3.1 for a precise
statement). The main goal of § 6.1.1 will be to show that a geometric morphism is smooth if and only
if it is locally contractible. Here a geometric morphism p,: X — B is called locally contractible if the
associated constant sheaf functor const: Q3 — p.Qx of B-topoi admits a further left adjoint.

We continue by studying the notion of a proper geometric morphism, which is dual to the notion of
smoothness, in § 6.2. Our main result will then be that a geometric morphism is proper if and only if it is
compact. Here we call a geometric morphism p,: X — B compact if the associated global section functor
p«Qx — Qp commutes with filtered colimits. Combining this criterion with the results of § 5.3 it will
follow that a proper and separated morphism of arbitrary topological spaces induces a proper geometric

morphism of co-topoi, generalizing [57, p. 7.3.1.16].

6.1. Smooth and locally contractible geometric morphisms

An oco-topos X is said to be locally contractible if the constant sheaf functor consty: § — X admits
a left adjoint mx: X — & which is to be thought of as the functor that carries an object U € X to its
homotopy type (or shape) wx(U). In 1-topos theory, the corresponding notion is that of a locally connected
1-topos €, in which the additional left adjoint carries an object U € € to its set of connected components
mo(E). In this section, we study the analogous concept for B-topoi.

We begin in § 6.1.1 by recalling the notion of a locally contractible B-topos and providing a few
characterisations of this concept. In § 6.1.2, we show that every locally contractible B-topos is generated
by its contractible objects in a quite strong sense. Finally, in § 6.1.3 we provide a characterisation of

locally contractible B-topoi in terms of smoothness of the associated geometric morphisms.

6.1.1. Local contractibility. The goal of this section is to define the condition of a B-topos to be
locally contractible and to derive a few explicit characterisations of this concept. Locally contractible
geometric morphisms have been introduced and studied, mostly in the context of sheaves of topological
spaces, in [2, §3.2] and [86, §3.2]. We give the following equivalent definition, which is a straightforward
generalisation of the notion of a locally contractible co-topos to the world of B-topoi:

DEFINITION 6.1.1.1. A B-topos X is locally contractible if the unique algebraic morphism consty: Q —
X admits a left adjoint mx: X — Q. We call a geometric morphism f,: X — B locally contractible if
f+(Qx) is a locally contractible B-topos, in which case we denote by fi the additional left adjoint of f*
(i.e. the functor I'(ms, (q,)))-

REMARK 6.1.1.2. As the property of a functor being a right adjoint is local in B (see Remark 2.4.3.6)
and by making use of Remark 5.2.1.3, we find that for any cover | |; A; — 1 in B, the B-topos X is locally
contractible if and only if for every i the B4 ,-topos 7 X is locally contractible.

REMARK 6.1.1.3. Explicitly, a geometric morphism f,: X — B is locally contractible precisely if
f*: B — X admits a left adjoint fi: X — B such that for every map s: B — A in B the induced map

fl(f*B Xf*A —) — B X A fg(*)

219
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is an equivalence. In fact, this follows from the section-wise characterisation of internal adjunctions
(Proposition 2.4.2.9) together with the observation that if f* admits a left adjoint fi, one obtains an
induced left adjoint (fi)a of Jra: Bra — Xyps g for every A € B which is simply given by the composition

(f’) €1
Xypea —— Brppea = Bra

(in which €: fif* — idg is the adjunction counit).

EXAMPLE 6.1.1.4. Every étale B-topos is locally contractible. More precisely, one can characterise
the class of étale B-topoi as those locally contractible B-topoi X for which the additional left adjoint mx

is a conservative functor. This is an immediate consequence of [55, Proposition 6.3.5.11].

Recall from Theorem 5.2.5.1 and Remark 5.2.5.3 that every B-topos X corresponds uniquely to a
geometric morphism f,: X — B such that X can be recovered by f.Qy. The goal of this section is to
characterise the property that X is locally contractible in terms of the geometric morphism f,. To that

end, recall that a product-preserving functor g: € — D between cartesian closed co-categories is said to be

cartesian closed if the natural map g(Hom(—, —)) — Hom(g(—), g(—)) (in which Hom(—, —) denotes the
internal hom in € and D, respectively) is an equivalence. If € and D are even locally cartesian closed and
g preserves finite limits, one says that g is locally cartesian closed if the induced functor g;.: €. = D/4(q)

is cartesian closed for every ¢ € €. We now obtain:

PROPOSITION 6.1.1.5. Let X be a B-topos and let f.: X — B be the associated co-topos over B. Then

the following are equivalent:

(1) X is locally contractible;

(2) the unique algebraic morphism consty : Qg — X is Q-continuous;

(3) the functor constx: f*(Qs) — Qx (which is obtained by transposing the algebraic morphism
constx : Qu — X across the adjunction f* = f.) is fully faithful.

(4) the functor f*: B — X is locally cartesian closed.

Before we can prove Proposition 6.1.1.5, we need the following lemma:

LEMMA 6.1.1.6. Let X be a B-topos and let f.: X — B be the associated co-topos over B. Let
A € B be an arbitrary object and let P — A and QQ — A be two B, 4-groupoids. Then the morphism
of X/ = a-groupoids map . q,,\ (P, Q) — mapg, (constx(P),constx(Q)) that is induced by the action of
constx recovers the canonical map f*(Homg  (P,Q)) — Homx/f*A(f*P, Q).

ProoF. Using Remark 5.2.1.3, we may assume without loss of generality that A ~ 1. Further-
more, by transposing across the adjunction f* = f,, it suffices to show that the map Homg (P, Q) —
fxHomo (f*P, f*@Q) can be identified with the morphism of B-groupoids

mapgq, (G, H) — mapy (constx(G), constx(H)).

Now the latter can be identified with 7.: mapg, (G,H) — mapgq,, (G,'x constx H) (where I'x: X — Q
denotes the unique geometric morphism and where 7 is the adjunction unit). In light of the equivalence
fxHom(f*P, f*Q) ~ Hom(P, f.f*P), we can also identify the former map with 7,: Homg(P,Q) —
Hom, (P, £ f*Q). Therefore, the claim follows from Proposition 2.1.10.3. O

PROOF OF PROPOSITION 6.1.1.5. Since consty is cocontinuous and preserves finite limits, one de-
duces from Proposition 3.4.4.1 and the adjoint functor theorem (Proposition 4.4.3.1) that (1) and (2) are
equivalent. In light of Lemma 6.1.1.6, it is moreover clear that (3) and (4) are equivalent. To complete
the proof, we will show that (2) and (4) are equivalent. To that end, given any map p: P — A in B,
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consider the commutative diagram

f;AT f/*PT f;ﬂ
.

B/a Brp —— Ba.

Given g: Q — A, the natural map f*@B/A(P, Q) — mx/f*A(f*P, f*Q) is precisely obtained by
evaluating the (horizontal) mate of the composite square at g. Since the horizontal mate of the left square
being an equivalence (for every such map p) precisely means that consty is Q-continuous, we only need to
show that the mate of the left square is an equivalence if and only if the mate of the composite square
is one. One direction is trivial. As for the other direction, if we know that the map ¢: f/*Ap* — Dx f/*P
is an equivalence for every object in the image of p*: B,4 — B,p, then the entire map has to be an
equivalence since every object in B,p can be written as a pullback of such objects and since both domain
and codomain of ¢ preserves finite limits. O

6.1.2. Contractible objects. A topological space X is by definition locally contractible if it admits
a basis of contractible open subsets. A priori, the definition of a locally contractible B-topos does not
appear to be related to this condition at all. In this section, we reconcile the two notions by showing
that local contractibility of a B-topos can be characterised by the property of it being generated under
colimits by its contractible objects. We begin with the following definition:

DEFINITION 6.1.2.1. Let X be a B-topos. An object U: A — X is said to be contractible if the functor
mapy (U, constx(—)): Qs,, — Qsp,, is an equivalence. We define the full subcategory Contr(X) < X as
the fibre of the functor

consty hyo, : X < Fung (X, Q)P — Fung (2, Q)P

over the identity id: Q — Q.

REMARK 6.1.2.2. Note that as €2 is the initial B-topos, we find that the inclusion of the identity
idg: 1 — Fung (€, Q) determines a fully faithful functor that identifies the domain with the full subcategory
@;}g(ﬂ, Q). Therefore, the functor Contr(X) < X is indeed fully faithful. Moreover, as the universal
property of Q23,, implies that a functor Q5,, — Qg , is an equivalence if and only if it is equivalent to
the identity, we find that an object U: A — X is contained in Contr(X) if and only if it is contractible.

REMARK 6.1.2.3. If A € B is an arbitrary object, we may combine Remark 5.2.1.3 with [62,
Lemma 4.7.14] and [62, Lemma 4.2.3] to deduce that there is a canonical equivalence 7% Contr(X) =~

Contr(7%X) of full subcategories in 7% X.

REMARK 6.1.2.4. In the situation of Definition 6.1.2.1, suppose that X is locally contractible. Then
we obtain an equivalence consty hyo, >~ hdo,mx. Since hgs, is fully faithful and since the identity on
Q is corepresented by 1q (see [62, Proposition 4.6.3]), we thus find that Contr(X) arises as the fibre of
mx: X = Q over 1g: 1 < Q. In particular, this means that an object U: A — X is contractible precisely

if mx(U): A — Q transposes to the final object in Q3 , .

For the remainder of this section, let us fix a B-topos X. Recall from Lemma 5.2.3.3 that we may
always find a sound doctrine U such that X is U-accessible and XY-°Pt is closed under finite limits in X.
We will denote by Contr! P*(X) < X the intersection of Contr(X) with XU -°P*, The main goal of this

section is to prove the following proposition:

PROPOSITION 6.1.2.5. Let X be a B-topos and let U be a sound doctrine such that X is U-accessible
and XY=°Pt is closed under finite limits in X. Then the following are equivalent:
(1) X is locally contractible;
(2) the left Kan extension hy(j): PShg(Contr PH (X)) — X of j: ContrV"PY(X) — X along the
Yoneda embedding defines a left exact and accessible Bousfield localisation;
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(8) X is generated by Contr(X) under colimits.
The proof of Proposition 6.1.2.5 is based on the following two lemmas:

LEMMA 6.1.2.6. Let j: C— X be a (small) full subcategory such that the identity on X is the left
Kan extension of j along itself. Then j is flat.

PrROOF. We need to show that hi(j): PShy(C) — X preserves finite limits. By virtue of Proposi-
tion 3.3.1.1, the final object 1psp (c): 1 — PShy(C) is given by the colimit of the Yoneda embedding
h: C = PShz(C), hence hu(j)(1psh, (c)) is the colimit of j. But as the left Kan extension of j along
itself is by assumption the identity on X, the formula from Remark 3.3.3.6 implies that every object
U:1— Xis the colimit of the composition C;y < X,y — X. In particular, the final object in X must be
the colimit of j itself. Hence hi(j) preserves the final object. To complete the proof, it therefore suffices
to show that hi(j) also preserves pullbacks. By Lemma 5.2.2.8 and in light of Remark 3.3.3.2 and [62,
Lemma 4.7.14], it will be enough to show that if o is an arbitrary cospan in C in context 1 € B, the
functor hy(j) preserves the pullback P of h(o). In other words, we need to prove that the induced functor
hn(j)«: PShg (C) (o) — X/j(o) DPreserves the final object. Let @: 1 — X be the pullback of j(o). We then

have a commutative diagram

Cp — PShy(C)p — Xjq

l li hi(3)+ l_
Cly — PShyy(C)n(o) — X/j(o)

in which the upper right horizontal functor can be identified with the composition of hy(j)/p: PShs(C),p —
X/ (jy(p) With the forgetful functor X/, ;y(py — X/q along the natural map hi(j)(P) — Q. As both
of these functors are cocontinuous (see Corollary 3.1.7.6 and Proposition 3.1.7.3), the upper right
horizontal functor must be cocontinuous as well. By combining this observation with the identification
PShy(C)/p =~ PShy (C/p) from Lemma 3.3.1.5 and the universal property of presheaf B-categories, we
conclude that this functor is equivalent to the Yoneda extension of the inclusion C/p < X,q. Therefore,
by using the first part of the proof, it will be enough to show that the identity on X/;(,) is the left Kan
extension of the inclusion C,, < X/, along itself. By using the criterion from Remark 3.3.3.6 together
with the fact that any slice B-category over X, ;) can be identified with a slice B-category over X, this

in turn follows from the assumption that the identity on X is the left Kan extension of j along itself. [

LEMMA 6.1.2.7. If X is locally contractible, the identity on X is the left Kan extension of the inclusion
ContrV =P (X) < X along itself.

PROOF. Note that we have inclusions ContrY=P¥(X) < XY-Pt < X in which the left Kan extension of
the second inclusion along itself is the identity on X. Consequently, it will be enough to show that the left
Kan extension of the inclusion Contr’"P*(X) < X along the inclusion Contr” P*(X) < XY-¢Pt recovers
the inclusion XY-P* < X. By using Remark 3.3.3.6 together with Remark 6.1.2.3, this follows once we
verify that for any U-compact object U: 1 — X, the colimit of the induced inclusion ContrU'Cpt(X)/U —
X,y is the final object. Now observe that the functor (mx)/v: X/ — Qymy () restricts to a functor
(mx)u ContrU'Cpt(X)/U — mx(U). We claim that the right adjoint (constx ), ) : Q/my (@) — X/u (Which
is constructed by composing the functor (constx) =, (): Qax@) = X/ constx mx(v) With the pullback
morphism 7*: X consty () — X/ along the adjunction unit 7: U — constx mx(U), see § 3.1.7) restricts
to a map 7x(U) — ContrU'Cpt(X)/U. In fact, by making use of Remark 6.1.2.3, it will be enough to verify
that if z: 1 — mx(U) is an arbitrary object in context 1 € B, its image along (constx ), () is U-compact

and contractible. By construction, this object fits into a pullback square

(COnStx)TrX(U) (:L') —_— 1)(

J{ J{constx (x)

U ——— consty mx(U).
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Note that both mx and consty are left adjoint to Filty-cocontinuous functors and therefore preserve
U-compact objects. In combination with our assumption that the full subcategory of U-compact objects
in X is closed under finite limits, we thus find that (constx ), () is U-compact too. Furthermore, note
that we may regard 7 as an object in X« (x,()) = X(mx(U)), i.e. as an object in X in context mx(U). As
such, 7 is contractible: in fact, by Remark 6.1.1.3 the object mx(n) € Qa(wx(U)) is explicitly computed
as the composition

ax(U) 2 o constx mx(U) <5 mx (U)

(where in the first map 7 is regarded as a morphism in X in context 1 € B and where € is the counit of the
adjunction 7x - constx), hence the claim follows from the triangle identities. Now viewing 1 as an object
in X in context mx(U), the above pullback square exhibits the global object (constx ), (z) € X(1) = X
as the image of n € X(wx(U)) along the transition map z*: X(mx(U)) — X(1). Therefore, n being a
contractible object implies that (constx),)(«) must be contractible as well. Thus we conclude that
(constx ) - () (x) is contained in Contr!Y-cpt (X),u, as claimed.

So far, our arguments have shown that we have a commutative square

Contr!Y-cpt Xy — X

T comono]

7Tx(U) — Q/TrX(U)-

Since the vertical maps in this diagram are right adjoints, they are in particular final. Since furthermore
(constx )y (uy is cocontinuous, the colimit of the upper horizontal map is the image of the colimit of the
lower horizontal map along (constx)ﬁX(U). To complete the proof, it is therefore enough to prove that the
colimit of the lower horizontal map is the final object in €/ (7). But this is simply the statement that
7x (U) is the colimit of the constant diagram mx(U) — 1 < Q with value 1q, which is clear. O

PROOF OF PROPOSITION 6.1.2.5. Suppose first that X is locally contractible. By combining Lem-
mas 6.1.2.7 and 6.1.2.6, the map hy(j): PShg (ContrV =P (X)) — X is left exact, so it suffices to show
that this functor is a Bousfield localisation. Since it is cocontinuous, it has a right adjoint r (which is
automatically accessible). The counit of this adjunction carries an object U: A — X to the canonical
map from the colimit of 7% ContrY ‘Cpt(X)/U — 43X to U. By again using Lemma 6.1.2.7, this map is an
equivalence, hence the claim follows. If (2) is satisfied, the map hy(j): PShg (ContrVP*(X)) — X being a
(left exact and accessible) Bousfield localisation in particular implies that X is generated under colimits
by Contr"P*Y)(X) in the sense that the smallest full subcategory of X that contains Contr™P*Y)(X) and
that is closed under Catz-colimits in X must already be X itself. In particular, (3) follows. Lastly, if (3)
is satisfied, consider the commutative diagram

Contr(X) P X

l J{ Jconst; h$ep
hob

1 1o Q Qop @(B (Q, Q)Op

in which both squares are pullbacks. Since kb, and hy?, are cocontinuous functors by Proposition 3.2.2.9,
the inclusion P < X is cocontinuous (see Lemma 4.1.4.5) and must therefore be an equivalence. Hence
consty hyo, takes values in Q < Fung(Q, Q)°P, which precisely means that constx has a left adjoint mx.

Hence X is locally contractible. (I

6.1.3. Classification of smooth geometric morphisms. In 1-topos theory, it is well-known
(see [46, Corollary C.3.3.16]) that locally connected geometric morphisms are precisely the smooth maps,
i.e. those that satisfy smooth base change. Our main goal in this section is to prove the oco-toposic
analogue of this result. We begin with the following definition:
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DEFINITION 6.1.3.1. Let f.: X — B be a geometric morphism of co-topoi. We say that f. is smooth

if for every diagram

LT N

b bl

A’LA—‘WB

in Top™ in which both squares are pullbacks, the mate transformation g*h’, — k’.(¢)* is an equivalence.
We may now formulate the main result of this section as follows:

THEOREM 6.1.3.2. Let X be a B-topos and let f.: X — B be the associated geometric morphism.
Then X is locally contractible if and only if f. is smooth.

The proof of Theorem 6.1.3.2 relies on a few reduction steps. Our first goal is to establish that
the property of a geometric morphism to be locally contractible is stable under taking powers by B-
categories: Recall from Proposition 5.2.4.3 that the large B-category Top.IjD) admits a powering bifunctor
(—)): CatlP xTopr, — Topy. We now find:

LEMMA 6.1.3.3. Let C be a B-category and let X be a locally contractible B-topos. Then the geometric
morphism (I'x).: X¢ = Q¢ exhibits Fung (C, X) as a locally contractible Fung (C, Q)-topos.

PROOF. Since the algebraic morphism associated with (I'x). is given by (constx)., the functor (mx ).
defines a further left adjoint of (consty).. Therefore, Remark 6.1.1.3 implies that we only need to show
that for every map F — G in Funy(C, Q) and every map H — (constx)«(G) in Fung(C, X), the canonical

morphism
(ﬂ'x)*((COnStx)*F X (consty )+ G H) — F xyg (Wx)*H

is an equivalence. It will be enough to show that this map becomes an equivalence after being evaluated
at an arbitrary object ¢: A — C in context A € B. In light of Remark 6.1.1.2 and [62, Lemma 4.2.3], we
can replace B with B, 4, so that we can reduce to the case A ~ 1. But as pullbacks in functor B-categories
are computed object-wise by Proposition 3.1.3.2 and as evaluating the unit and counit of the adjunction
(%)« 1 (constx )« at ¢ recovers the unit and counit of the adjunction mx - constx, the claim follows from
the assumption that X is locally contractible and Remark 6.1.1.3. O

Before we can prove Theorem 6.1.3.2, we also need the following result:

LEMMA 6.1.3.4. Let X be a locally contractible B-topos and let U be a sound doctrine such that
X is U-accessible and XY=°Pt is closed under finite limits in X. Then the diagonal map diag: Q —
PSha, (Contr¥ “PY(X)) takes values in X < PShy (Contr¥ P*(X)).

PROOF. We need to show that if : id — 7L is the unit of the adjunction
L —i: X 5 PShg (ContrV P*(X)),

then the induced morphism 7 diag: diag — iL diag is an equivalence. As we may check this object-wise
and by using Remarks 6.1.1.2, 4.1.5.2, 4.3.1.2 and 6.1.2.3 together with [62, Lemma 4.2.3], we only need to
show that for any object U: 1 — ContrYP*(X) the map U*ndiag: U* diag — U*iL diag is an equivalence

in Q. Note that we have a chain of equivalences
U™iL diag ~ mapy (U, constx ) ~ mapq (7x(U), —).

As mx(U) ~ 1q, we thus find that U*iL diag ~ id. Since also U* diag is equivalent to the identity and
since the universal property of Q implies that map@B(QVQ)(id, id) ~ 1g, the claim follows. O
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PROOF OF THEOREM 6.1.3.2. Suppose first that f, is smooth. Then f, in particular satisfies
condition (2) of Proposition 6.1.1.5 and is therefore locally contractible. To prove the converse direction,
suppose that we have two pullback squares

k’
g My ke
lg; J/g* J/fx
;R ha
Al —— A —— B
of co-topoi in which f, is locally contractible. By viewing A as a B-topos and using Theorem 5.2.3.1, we
may factor h, into a composition A < Fung(C°P,Qg) — B. Since the commutative square

mB(COP7X) h4m> X

J(Fx)* lrx

PShy (C) —™— Q

is a pullback in Topy (see Example 5.2.7.5) and on account of Lemma 6.1.3.3, this allows us to reduce to
the case where h, is already an embedding. But then k. must be an embedding as well, so that the mate
of the left square is an equivalence if and only if the mates of the right one and the composite one are
equivalences. Hence, to complete the proof, it will be enough to show that if we are given any pullback

square

y K X

oo |
P
A— B
in which f, is locally contractible, the mate transformation f*h, — k.g* is an equivalence. By the same

argument as above (and the fact that consty is continuous), we can moreover still assume that h, and k.,

are embeddings. To proceed, we make use of Proposition 6.1.2.5 to obtain a commutative diagram

ko

Y X

l [

Funsg (Contr” P (X)°P_ h,(Q4)) — Fung(Contr’ P*(X)°P Qg)

J{lim J{lim

A e B

in which both squares are pullbacks. Since the mate of the lower square is evidently an equivalence
and since Lemma 6.1.3.4 implies that the diagonal map diag: B — Fung (Contr¥ “P*(X)°P, Qg) factors
through X, it will be enough to show that the diagonal map diag: A — Funsg(ContrV °P*(X)°P h,Q4)
factors through Y as well. Let us therefore pick an arbitrary object A € A. By [57, Lemmas 6.3.3.4], the
upper square in the above diagram is a pullback square of co-categories, hence it suffices to show that the
image of diag(A) in Fung (Contr¥ P*(X)°P, Q3) is contained in X. But as the mate of the lower square is
an equivalence, this latter object is equivalent to diag h.(A), hence another application of Lemma 6.1.3.4
yields the claim. [l

6.2. Proper geometric morphisms

In this section, we study the relationship between proper and compact geometric morphisms of
oo-topoi. Most of the chapter is devoted to the proof of Theorem 6.2.1.12, which states that a geometric
morphism X — B is proper precisely if it is compact. We begin by defining these two notions in § 6.2.1.
In § 6.2.2 and § 6.2.3, we discuss two auxiliary steps that are required for the proof of Theorem 6.2.1.12:
the co-toposic cone construction and the compatibility of pullbacks with localisations of co-topoi. Lastly,
we put everything together in § 6.2.4 to finish the proof.
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In § 6.2.5 we discuss how we can apply Theorem 6.2.1.12 to show that the geometric morphism
associated with a proper and separated map of topological spaces is proper. Finally, in § 6.2.6 we discuss a

variant of Theorem 6.2.1.12 in which we allow coefficients in an arbitrary compactly generated oco-category.

6.2.1. Compactness and properness. In this section we will introduce the two main properties,
properness and compactness, of a geometric morphism that we want to study in this section. Let us begin

with the notion of properness, which is due to Lurie:

DEFINITION 6.2.1.1 ([57, Definition 7.3.1.4]). Let p.: X — B be a geometric morphism of co-topoi.

We say that f, is proper if for every commutative diagram

1é,giyg*DC

el el

in TopoRO in which both squares are cartesian, the left square is left adjointable, in the sense that the mate

*

transformation (f')*q. — ¢.(¢’)* is an equivalence.

EXAMPLE 6.2.1.2. It follows from [57, Proposition 7.3.12 and Corollary 7.3.2.13] that any closed

immersion of co-topoi, in the sense of [57, Definition 7.3.2.6], is proper.

EXAMPLE 6.2.1.3. Let p: Y — X be a proper and separated morphism of topological spaces. In
§ 6.2.5 we will prove that the geometric morphism p,: Sh(Y) — Sh(X) is proper, generalising a result of
Lurie [57, Theorem 7.3.1.16].

RECOLLECTION 6.2.1.4. Recall from Definition 4.2.3.1 that a B-category | is called filtered if and
only if the functor colim;: Fung(l,Qs) — Qg is left exact. Let us denote by Filt the internal class of
filtered B-categories. We will say that a functor f: C — D of B-categories preserves filtered colimits, if it

is Filt-cocontinuous.

Recall that one may call an co-topos compact if the global sections functor preserves filtered colimits.
Relativizing this condition we obtain the following definition

DEFINITION 6.2.1.5. A B-topos X is said to be compact if the global sections functor I'x: X — Qg
preserves filtered colimits. We say that a geometric morphism p,: X — B is compact if the associated

B-topos p.Ly is compact.

EXAMPLE 6.2.1.6. If A € B is an arbitrary object, the étale geometric morphism (74).: B,4 — B is
compact if and only if A is internally compact in B, i.e. if the functor mapg (A4, —): Q — Q preserves filtered
colimits. To see this, first note that (74). corresponds to the étale B-topos Fung (A, Qz) (see § 5.2.9)
and the unique geometric morphism into Qg is given by the limit functor lim4: Fung(A,Q3) — Qs
(as its left adjoint diag, is again a right adjoint and therefore preserves all limits Proposition 3.1.2.11).
Moreover, since A ~ colim 4 diag 4 1o, where 1g: 15 — Q is the section encoding the final object 15 € B
(see Proposition 3.1.4.1), the adjunctions colim4 4 diag, - lim4 imply that we obtain an identification
mapq (A4, —) ~ mapq(lg,limy diag,) ~ limy diag, (since mapg(lg, —) is equivalent to the identity,
see [62, Proposition 4.6.3]). Hence lim4 preserving filtered colimits implies that A is internally compact.
To see the converse, note that by Corollary 4.2.3.8 A being internally compact is equivalent to A being
locally constant with compact values. If this is the case, then the fact that Filt-cocontinuity can be checked
locally in B (see Remark 3.2.2.3) allows us to reduce to the case where A is constant with compact value.
In other words, A is a retract of a finite B-groupoid, so that we may further reduce to the case where A

is already finite. In this case, lim4 preserves filtered colimits by the very definition of filteredness.

WARNING 6.2.1.7. In the context of Definition 6.2.1.5, it is essential that we require I'x: X — Qg

to be Filt-cocontinuous instead of just asking for the underlying functor p, to preserve ordinary filtered
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colimits. In fact, if A € B is an arbitrary object, we saw in Example 6.2.1.6 that (74).: B/q — B is
compact if and only if A is internally compact. On the other hand, (7 4). preserves ordinary filtered
colimits if and only if the functor Homy (A, —): B — B does (where Homg denotes the internal hom of
B). By Proposition 3.1.4.11, A being internally compact implies that Hom (A, —) preserves ordinary
filtered colimits, but the converse is not true in general. For example, if X is a coherent topological
space, then any quasi-compact open U C X defines an object in the co-topos Sh(X) satisfying the latter
condition (since quasi-compact opens in X define compact objects in Sh(X) and generate this co-topos
under colimits). On the other hand, U is in general quite far from being locally constant and can therefore

not always be internally compact.

REMARK 6.2.1.8. Let X be a 1-localic oo-topos. If X is compact, the associated 1-topos Disc(X) of
O-truncated objects in X is tidy in the sense of [69]. However, the converse it not true in general. For
example, any coherent 1-topos is tidy, but 1-localic coherent co-topoi are not compact in general. An
explicit counterexample is Spec(R)e; ~ Fun(B(Z/27),8), which cannot be tidy since B(Z/2Z) ~ RP* is
not compact in 8.

EXAMPLE 6.2.1.9. Any oco-topos of the form Sh™(€) where € is an co-category with an initial and a
terminal object and 7 a topology generated by a cd-structure is compact. This follows since under these
assumption Sh”(€) — PSh(€) commutes with filtered colimits and PSh(@) is always compact if € has a
terminal object. Example of such topologies from algebraic geometry include the Zariski-, Nisnevich- and
cdh-topology.

LEMMA 6.2.1.10. Compact B-topoi are stable under retracts in TopR(B).
PROOF. Let X be a compact B-topos and
Y 25X ISy
a retract diagram of B-topoi. We thus get a retract diagram of functors
Iy ~ mapy (1, —) LN mapy (r*1,7"(=)) LN mapy (s*r*1, s*r*(—=)) ~Ty.

Furthermore mapy (r*1,r*(—)) ~ I'x o r* and thus I'y preserves filtered colimits as a retract of a filtered

colimit preserving functor. (|

EXAMPLE 6.2.1.11. Let L be a stably compact B-locale. Then Sh (L) is a compact B-topos. Indeed,
by it follows that Sh (L) is a retract of Shy (L) for some coherent locale L'. Using Lemma 6.2.1.10, it
follows that we may assume that L is coherent. In this case recall from Proposition 5.3.7.8 that there is
an equivalence Sh. (L) ~ Shi™(L°P*) and by Lemma 5.3.7.7 the embedding

Shi (L") = PShy (LP")

preserves colimits. So it suffices to see that I'pgh,, (Lept) preserves filtered colimits. Now note that because
L°P* has a final object 1, it follows that Ipsh,, (Lept) = evy by Proposition 3.1.8.1. In particular it preserves
filtered colimits.

We are now ready to state the main result of this paper:
THEOREM 6.2.1.12. A geometric morphism p,: X — B is proper if and only if it is compact.

The full proof of Theorem 6.2.1.12 is rather involved and will be given in § 6.2.4. One implication,

however, is straightforward:
LEMMA 6.2.1.13. Let p.: X — B be a proper geometric morphism. Then p, is compact.

PROOF. Let us denote by X = p,Qy the B-topos that corresponds to p,. Note that if A € B is
an arbitrary object, the induced morphism X/,-4 — B,4 is proper as well. As this is the geometric

morphism which corresponds to the B, 4-topos 7% X, we may (after replacing B with B,,) reduce to the
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case where we have to show that if | is a filtered B-category, then I'x preserves I-filtered colimits. By
definition of filteredness, the colimit functor colim;: Fung(l,Q5) — Qg is left exact, which implies that
diag: Q3 — Fung(l, Q) defines a geometric morphism of B-topoi. We may therefore consider the two
pullback squares

Qp 228, Fung (I, Q5) 2 Qg
in Top™(B) (see Example 5.2.7.5). As for every A € B the geometric morphism I'x(A): X/pra — Bja
is proper, it follows that the mate of the left square is an equivalence. This precisely means that I'x

commutes with |-indexed colimits, as desired. O

6.2.2. The toposic cone. Every topological space X admits a closed immersion into a contractible
and locally contractible space Y, for example by setting Y = C(X), where C(X) is the cone of X. In
this section, we discuss a B-toposic analogue of this observation. To that end, if X is a B-topos, recall

that the comma B-category X |x Q is defined via the pullback square

X Ix @ —“— Fung (A, X)

| Ja

Q— X

constx

in Cat(B), where constx denotes the unique algebraic morphism Q3 — X, i.e. the left adjoint of I'x. By
Proposition 5.2.6.1, this is a pullback diagram in Top™(B), so that X |x Q is a B-topos and j* and e* are

algebraic morphisms.

DEFINITION 6.2.2.1. For any B-topos X, we refer to the B-topos X |x Q as its B-toposic right cone
and denote it by X".

If X is a B-topos, let i*: X* — X be the algebraic morphism that is obtained by composing the
functor d; : Fung (A, X) — X with the upper horizontal map in the defining pullback square of X>.

REMARK 6.2.2.2. Suppose that X is a B-topos and let f.: X — B be the associated geometric
morphism of co-topoi. Then the oo-topos Cone(f) = I's (X>) recovers the comma oo-category X |x B and
is therefore the recollement of B and X along f* in the sense of [56, § A.8]. In particular, j,: B — Cone(f)
is an open and i, : X — Cone(f) a closed immersion of co-topoi. Note that this in particular implies that
ix: X = X” and j,: Q — X* are (section-wise) fully faithful.

REMARK 6.2.2.3. In the situation of Remark 6.2.2.2, the co-topos Cone(f) sits inside a pushout

square

x— B

] |

X ® Al —— Cone(f)

in Topl;, where X ® A! denotes the tensoring in Topl(:‘o over Caty,. Therefore Cone(f) is to be thought
of as the mapping cone of f,.

Recall from § 6.1.1 that a B-topos X is said to be locally contractible if constx: Qg — X has a left
adjoint wx. The following proposition expresses the fact that the B-toposic right cone X> is contractible

and locally contractible (in the B-toposic sense):

PROPOSITION 6.2.2.4. For every B-topos X, the B-topos X* is locally contractible, and the additional
left adjoint mx of constxs is equivalent to j*. In particular, mx preserves finite limits.
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PROOF. Since sg: X — Fung (Al X) is right adjoint to dy (for example by using Proposition 2.4.1.15)
and by the dual of Lemma 3.3.3.9, the functor j, is the pullback of sy along €*. Since sy is cocontinuous
and as Pr“(B) < Cat(B) preserves limits, this implies that j, must be cocontinuous as well and therefore
equivalent to constx> (by the universal property of ). As this shows that j* is left adjoint to constxe,

the claim follows. O

REMARK 6.2.2.5. It follows from Proposition 6.2.2.4 that if f.: X — B is any geometric morphism,
we may factor it as h, o, where i, is a closed immersion and h, is locally contractible and the additional
left adjoint hy is left exact. For 1-topoi, the factorization constructed above appears in the proof of [46,
Theorem C.3.3.14].

6.2.3. Compatibility of pullbacks with localisations. The goal of this section is to establish the
main technical step towards the proof of Theorem 6.2.1.12, the fact that compact geometric morphisms

commute with localisations of subtopoi:

PROPOSITION 6.2.3.1. Consider a pullback square in Top?O

P
ZT>B

where j, is fully faithful and p. is compact. Then the mate natural transformation plj™* — j*p. is an
*

equivalence.

Intuitively, Proposition 6.2.3.1 should hold because the localisation functor (j')*: X — Z’ is given by
an (internally) filtered colimit. Indeed, by Proposition 5.2.10.14 we may pick a bounded local class S’ of
morphism in X (in the sense of [62, Definition 3.9.10]) that is closed under finite limits in Fun(A®, X)
such that there is a natural equivalence

JL(")(X) ~ X3 = colim TV X

T<K

where we denote by ¢/: Qg < Qx the associated full subcategory. Here the functors (—)s" and T are
the functors constructed in § 5.2.10 and « is a suitably large cardinal. Furthermore recall that TTL/X
is defined recursively by the condition that we have TTL/_HX = colian;g mapq_ (¢ (-),T¢ X) and that
TTL/X = colim,/ T;iX when 7 is a limit ordinal. Since Qg is cofiltered because S is closed under finite

*

limits, it follows that the endofunctor j,(j’)* is given by an (iterated) filtered colimit. So intuitively, p.
being compact should imply that this functor carries j,(j')* to j.j*, which precisely means that the mate
transformation pl (j')* — j*p. is an equivalence. However, we have to be a bit careful at this point: the
above formula for j,(j')* exhibits j,(j/)*(X) as a filtered colimit internal to X, whereas p, being compact
only implies that this functor commutes with filtered colimits internal to B. Hence, the main challenge is

to rewrite the above formula in terms of a filtered colimit internal to B.

OBSERVATION 6.2.3.2. Let f,: X — B be a geometric morphism, | a B-category and C an X-
category. Since the adjunction f* - f.: Cat(B) = Cat(X) yields an equivalence Fung(—, f.(—)) ~
f«Euny(f*(—), —), we obtain a commutative diagram

£.C —55 Fung (1, £.C)
f*(diagf*l) J{g
f+Buny (£71,C)

of B-categories. Hence the B-category f.C admits l-indexed colimits if and only if the X-category C
admits f*l-indexed colimits, and we may identify the colimit functor colim;: Fung(l, f.C) — f.C with

the composition

) fx(colimyx)

Fung (I, £.C) = f.Funy(f71,C f.C.
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By passing to global sections, this implies that for every diagram d: | — f,C with transpose d: f*| — C,
we have a canonical equivalence colim® d =» colim}ﬁ, d in the oo-category T'x(C) = ' (f.C) (where the
superscripts emphasise internal to which co-topos the colimits are taken). We will repeatedly use this

observation throughout this chapter.

Suppose that S is a bounded local class of morphisms in B that is closed under finite limits in
Fun(A!, B) and let ¢: Qg < Q be the associated full subcategory. The assumption on S makes sure
that ¢ is closed under finite limits, so that in particular Qg is cofiltered. Let f,: X — B be a geometric
morphism and let us denote by /: f*Qg — Qy the functor of X-categories that arises from transposing
consty, o, t: Qs — f.Qx across the adjunction f* - f.. By Example 5.2.10.9, f*Qg is a cofiltered

X-category and the colimit of +/ is the final object. Therefore, we are in the situation of Definition 5.2.10.5

sh __
Vo

and thus obtain an endofunctor (—)5F': Qx — Qx via (—) colim, ., TTL', where k is a suitable regular
cardinal and where T:/: k — Funx(Qx,Qx) is defined via transfinite induction by setting Tél = id,
by defining the map 7% — T ; to be the morphism ¢: TY — (Ty)} = colim - gor mapg, (¢'(—), —)
from Remark 5.2.10.4 and finally by setting TTL/ = colim <, TTLi whenever 7 is a limit ordinal. We will
slightly abuse notation and also denote by (f)f}‘ the underlying endofunctor on X that is obtained from
(=) Qx — Qo upon passing to global sections. It will always be clear from the context which variant

we refer to.

ProproSITION 6.2.3.3. Consider a pullback square Q in TopffO

Z’Lﬂx

o

ZT>B

where j. (and therefore also j.) is fully faithful. Let S be a bounded local class in B that is closed
under finite limits in Fun(Al, B) such that j* is Bousfield localization at S (such a class always exists by
Proposition 5.2.10.14). Let 1: Qg — Qx be the associated full subcategory. Then we obtain an equivalence
JL(G)* = (=)5h, where V1 f*Qg — Qx is the transpose of consty q. t.

REMARK 6.2.3.4. The above proposition can be thought of as an co-toposic version of [46, Theorem
C.3.3.14].

We first prove this proposition in a special case:

LEMMA 6.2.3.5. Consider a pullback square Q in Top?o

9
Jx
—

A

o~
™ —

@?R

J

where j is fully faithful and h, is locally contractible such that the additional left adjoint hy of h* preserves
finite limits. Let S and ¢ be as in Proposition 6.2.3.3. Then there is an equivalence j.(j')* =~ (=)F, where

V' h*Qg — Qx is the transpose of consty, g, ¢

PROOF. By Proposition 6.1.1.5, the functor +/ is fully faithful, and since h. is locally contractible the
X-category h*Qg is given by the sheaf Qg(hi(—)). It follows that a map s: X — Y in X defines an object
of h*Qg(Y) if and only if hi(s) € S and the square

X — "X

L

Y — h*h!Y
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is a pullback. Let W be the class of maps in X that satisfies these two conditions. Then, since hy is
cocontinuous and preserves finite limits, it easily follows that W is local. Hence we find h*Qg = Qy as
full subcategories of Qyx. Moreover, by the explicit description of W, it is clear that W is closed under
finite limits in Fun(A®, X). Thus, by appealing to Proposition 5.2.10.14, we only need to verify that 2’ is
the Bousfield localisation of X at W. We know from Remark 5.2.10.15 that Z' < X is obtained as the
Bousfield localisation of X at the smallest local class h*S that contains the image h*S of S along h*.

Since we clearly have h*S C W, this immediately implies W = h*S, hence the claim follows. O

LEMMA 6.2.3.6. Let p.: X — B be a compact geometric morphism and let v: | — Qg be a functor where
| is cofiltered and where colim ¢ is the final object. Let J': p*| — Qx be the transpose of const,, q. t: | —
p«Qyx. Then there is an equivalence p, (=)t ~ (—)hp,.

PROOF. Since (=) and (—)® are obtained as filtered colimits of iterations of (=)} and (—)/,

respectively, and as p, commutes with filtered colimits, it suffices to produce an equivalence p*(—)j, ~

(=) ps. Now for every X € X, we have a natural chain of equivalences

(p+X); = colimic, mapg,, (1(~), Tp. 0, X)

L
~ colim,%p map, o, (consty, q, t(—), X)
~ colim,rgp Tp.ax (HoimiﬂDC (constp, . t(—), X))
~T) a. (colim,%p Hoiming (consty, . t(—), X))
~ T q, (colim). ., map, o (¢'(—), X))

~ +
~p X

where the third step follows from Remark 5.2.10.13, the fourth step is a consequence of the fact that
I'p.0, preserves filtered colimits and the fifth step follows from Observation 6.2.3.2. Hence the result
follows. O

PROOF OF PROPOSITION 6.2.3.3. Using Proposition 6.2.2.4, we may factor the pullback square Q
into two squares

2,
17
Z”ﬁ‘d
lJJ* h*l
p AL

where h, is as in Lemma 6.2.3.5 and i, is a closed immersion (and therefore proper, see Example 6.2.1.2).

By Lemma 6.2.3.5, we have an equivalence j”(j")* ~ (=), where /": h*Qg — Qy is the transpose

L
of consty,q, ¢. Furthermore, since i, is a closed immersion and therefore proper, the upper square

is horizontally left adjointable. Therefore, we have an equivalence j.j™* ~ ¢*jj"*i, and therefore

-/ Ik

Jag ~ z*(—)j}}z* Now as i, being proper implies that i, is compact (by Lemma 6.2.1.13), we may apply
Lemma 6.2.3.6 to deduce (—)%%i, ~ i.(—)P, which yields the claim. O

We are finally ready to prove Proposition 6.2.3.1:

PROOF OF PROPOSITION 6.2.3.1. It suffices to show that there is a natural equivalence p,j.j™* ~
3«7 p«. We pick a local class S in B, as in Proposition 6.2.3.3, and we let ¢: Qg — Qg be the associated
full subcategory. Furthermore, we let ¢': p*Qg — Qy be the transpose of const,, o, ¢: Qg — px. We
then have equivalences j.j* ~ (—)*® (by Proposition 5.2.10.11) and j’j"* ~ (=)} (by Proposition 6.2.3.3).
Hence the claim follows from Lemma 6.2.3.6. O
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6.2.4. The proof of Theorem 6.2.1.12. We now turn to the proof of the main theorem. We

begin with the following small but useful observation:

LEMMA 6.2.4.1. Let

*

o
Q
o

|

—
Q

<

be a commutative square in TopR(B). Then the mate transformation ¢: f*p. — g«q* is an equivalence if

and only if it induces an equivalence on global sections.

PROOF. Since the condition is clearly necessary, it suffices to show that it is sufficient too. To that
end, we need to show that for any object A € B, the horizontal mate p(A) of the back square in the

commutative diagram

9x(A)

Q(A) P(A)
(wﬂ”/ ‘ ) ‘4;0*
Q1) —————— P(1) p+(A)
q*(% pe(1)
0. (1) Y(4) — | —— X(4)

(ma)«
/ ‘4/4)*
Y(1) f*—(1)> X(1)
is an equivalence, given that the mate ¢(1) of the front square is one. But since the horizontal mate of
both the left and the right square is an equivalence, it follows that ¢(A) is an equivalence when evaluated
at any object in the image of 7. Since P(A) is étale over P(1), every object in P(A) is a pullback of
objects that are contained in the image of 7%. Therefore, the claim follows from the fact that ¢(A) is a

morphism of left exact functors. O

In order to prove Theorem 6.2.1.12, we in particular need to show that compact morphisms are stable
under pullback. In fact it will suffice to prove this in a special case (see Corollary 6.2.4.4), which we will

turn to now.

LEMMA 6.2.4.2. Let f.: X — B be a geometric morphism of co-topoi. Suppose we are given a

commutative square

g

—

S

.<7
=

w
g{
z

=

Dx

whose horizontal mate is an equivalence and such that g, is compact. Then, for every filtered B-category

I, the functor p*: B — Z carries the horizontal mate of the commutative square

¢ 2, Fung (1, £.Qx)

Jf* l(rf*nx ).

B &) Fung(l, Qfg)

to an equivalence.
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PRrROOF. Note that we have a commutative diagram of co-topoi

Fung (1, f.Qx) # Fung (1, p«g.Qw)

~
diag diag
x - w (9.)-
(f*)*l
g
fe Fung(l,Q3) ) Fung (1, p«Q2)
a J Pl
diag diag
e
B 7

Px
where the horizontal mates of the front and the back square are invertible (the latter using Lemma 6.2.4.1).

Furthermore, the adjunction p* - p, allows us to identify the right square with

W 228, Fung (p*l, g.Qw)

lg* l(g*)*

7 %, Fung (p*l, Q2)

whose horizontal mate is invertible since g, was assumed to be compact and p*l is filtered. Therefore, the
functoriality of mates implies that the functor p*: B — Z carries the horizontal mate of the left square to

the mate of the right square, so an equivalence. (I

As a consequence of Lemma 6.2.4.2, we obtain that compactness can be checked locally on the base

in the following strong sense:

PROPOSITION 6.2.4.3. Let f.: X — B be a geometric morphism of co-topoi. Assume that there exists

a family of commutative squares

el
pi

Z14*>B

whose mate is an equivalence such that the (p')* are jointly conservative and each gt is compact. Then f.

is compact.

PROOF. First, let us verify that for any filtered B-category | the mate of the commutative square

£ 25, Fung (1, £.Qx)

lf* l(l“f*nx )
di

Qp —2 Fung(l,Q3)

is an equivalence. By Lemma 6.2.4.1 it suffices to see this on global sections. Our assumptions guarantee
that we can check that the mate is an equivalence after applying (p*)*: B — Z; for every i. But then the
claim follows from Lemma 6.2.4.2. Now if A € B and | is a filtered B, 4-category, we observe that the
family of squares obtained by pulling back along (74).: B,4 — B again satisfy the assumptions of the
proposition. Thus we can replace B by B, in the first part of the proof and the result follows. O

COROLLARY 6.2.4.4. Let p,.: X — B be a compact geometric morphism and let C be a B-category.
Then the geometric morphism (I'y, a0, )« Fung(C, p.Qx) — Fung (C, Q) is again compact.

PROOF. The core inclusion ¢: C= < C gives rise to a geometric morphism

Lot Bjcx =~ Fung (CF, Qp) — Fung (C,Q3p)
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whose left adjoint is given by restriction along ¢ and is therefore conservative (which is easily seen using

Theorem 2.1.11.5 together with [62, Proposition 4.1.18]). Since in the commutative diagram

lim

x/p*(C'l) E— Fung(C,p*Qx) — X

| |

‘B/Cﬁ E— Fung(C,Qg) 114m> B

both squares are pullbacks (the one on the right by Example 5.2.7.5), it follows that the left vertical
morphism is compact as an étale base change of a compact morphism. As a consequence, the left square

satisfies the assumptions of Proposition 6.2.4.3, which immediately yields the claim. (]

PROOF OF THEOREM 6.2.1.12. Suppose that p,: X — B is a compact geometric morphism. First,

we show that for any pullback square

2 2
o P
2 5B

in TopORO the mate natural transformation q.g* — f*p, is invertible. To see this, we factor the above

square as

2~ Fung (COP, p.Qy) 2<% x

J{q* | J{(p*)* p*J(

2 —2" s Fung(CP,Qqp) 22, B,

(using again Example 5.2.7.5). It is clear that the mate of the right square is an equivalence, hence it
suffices to show the claim for the left square. In other words, by Corollary 6.2.4.4 we may reduce to the
case where f, is already fully faithful, which follows from Proposition 6.2.3.1.

To complete the proof, we now have to show that given a second pullback

VLI, S L

lé* q*l l *

Y 2, fx B

in TopORO the mate of the left square is an equivalence. For this we again use the factorisation from above

and consider the diagram

W g I Fung (C°P, p, Qx)

LIL q*l | l(p*)*

W —" 2 — 5 Fung(C°P,Qs)

By Corollary 6.2.4.4 the geometric morphism (py). is compact. Together with what we have already
shown so far, this implies that both the outer square and the right square is left adjointable. As j/ is
fully faithful it now immediately follows that the left square is also left adjointable, as desired. O

6.2.5. Proper maps in topology. Recall that a map p: Y — X of topological spaces is called
proper if it is universally closed, and p is called separated if the diagonal ¥ — Y xx Y is a closed
embedding. These are the relative versions of compactness and of being Hausdorff, respectively. Our

main goal in this section is to prove the following result about proper separated maps:

THEOREM 6.2.5.1. Let p: Y — X be a proper and separated map of topological spaces. Then the
induced geometric morphism py: Sh(Y) — Sh(X) is proper.

REMARK 6.2.5.2. A continuous map p: Y — X is separated as soon as Y is Hausdorff. Since any
completely regular topological space is Hausdorff, it follows that Theorem 6.2.5.1 includes [57, Theorem
7.3.1.6].
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EXAMPLE 6.2.5.3. It follows from [46, Example C.3.4.1] that the separatedness assumption in
Theorem 6.2.5.1 cannot be dropped. We briefly recall the example for the convenience of the reader.
Consider the topological space Y that is given by taking two copies of the interval [0, 1] and identifying
both copies of x for 0 < < 1. Then Y is compact, but Sh(Y") is not. Indeed, consider the sequence
that takes n € N to the sheaf represented by the map Y,, — Y in which Y,, is given by two copies of
[0, 1] where we identify both copies of x for 27" < x < 1 —27". We note that all the maps Y;, = Y, 1
and Y,, — Y are local homeomorphisms, which implies that the colimit of the sheaves represented by
(Y, = Y),en is the sheaf represented by colim,, Y;, =Y. In particular, we have I'y (colim,, Y,,) = 1, but

since colim,, I'y (Y;,) = &, the global sections functor I'y does not commute with filtered colimits.

Before we prove Theorem 6.2.5.1, let us record that it implies the proper base change theorem in
topology, at least for sober spaces:

COROLLARY 6.2.5.4. For every pullback square

Q%P

o
y L, x

of sober topological spaces in which p is proper and separated, the induced commutative square

Sh(Q) —~— Sh(P)

qx P
Sh(Y) —— Sh(X)
s horizontally left adjointable.

PRrOOF. Using Theorem 6.2.5.1, it suffices to show that the second square is a pullback in Topg07 or
equivalently that the underlying square of locales is a pullback. The latter fact follows from combining [47,
Corollary 3.6] with [47, Lemmas 2.1]. O

Using the results from § 5.3.8 on localic B-topoi arising from maps of topological spaces, the proof of
Theorem 6.2.5.1 is now remarkably short:

PROOF OF THEOREM 6.2.5.1. The map p being proper and separated implies that it is also locally
proper in the sense of Definition 5.3.8.1 (see Remark 5.3.8.3). Therefore, Proposition 5.3.8.5 shows that
Ox(Y) is a stably compact Sh(X)-locale in the sense of Definition 5.3.7.1. Thus the claim follows from
Example 6.2.1.11 and Theorem 6.2.1.12. O

REMARK 6.2.5.5. If one assumes that the topological space Y is completely reqular (see [57, Definition
7.3.1.12]), one can alternatively apply a number of geometric reduction steps, as in the proof of [57,
Theorem 7.3.16], to reduce to the case where X = % and then use that any compact Hausdorff space is
a retract of a coherent topological space. This proof strategy for Theorem 6.2.5.1 was explained to us
by Ko Aoki. In comparison, Lurie shows that Sh(Y") is compact in [57, Corollary 7.3.4.12] by using the
theory of K-sheaves.

REMARK 6.2.5.6. If p: Y — X is only assumed to be locally proper (see Definition 5.3.8.1 for a
precise definition), the same argumentation as in the proof of Theorem 6.2.5.1 shows that the Sh(X)-
topos &Sh(x)(OX(Y)) is compactly assembled. Therefore, by suitably internalising the arguments
in [58, § 21.1.6] (or alternatively those in [3]), one can deduce that p. is exponentiable (i.e. that
— Xgh(x) Sh(Y): TopORO — TopORO has a right adjoint) and that, as a consequence, the stable co-category
Shg,(Y) of sheaves of spectra on Y is a dualisable Shg,, (X)-module.



236 6. APPLICATION: SMOOTH AND PROPER MORPHISMS OF oco-TOPOI

6.2.6. Proper base change with coefficients. The goal of this section is to discuss a generalisation
of Theorem 6.2.1.12 where we allow coefficients in an arbitrary compactly generated oo-category €. The
proof is is essentially the same as the one of Theorem 6.2.1.12, however this level of generality allows us

to apply the result to a wider range of examples.

DEFINITION 6.2.6.1. Let € be a presentable co-category. Let f.: X — B be a geometric morphism of
oo-topoi. We say that f, is E-proper if for every diagram

W W

A

2 —— 2 —5— B

in TopffO in which both squares are pullbacks, the square

Wee 2% wee

lpi@e lf@e

Vee 2% a0

is horizontally left adjointable. Here — ® —: Pri x Pr® — Pr2 denotes Lurie’s tensor product of

presentable co-categories.

There is an natural way to enhance Lurie’s tensor products to B-categories, that we will need to

formulate our version of compactness with coefficients:

CONSTRUCTION 6.2.6.2. In Construction 2.3.1.1 we constructed a functor — ® Qg : Pr — Pr™(B)
that sends a presentable co-category € to the B-category

E®Qp: B — Catoo; AHS@B/A.

For a presentable B-category C, we can therefore consider the B-category C® & == C®% (€ ® Qg). Here
— ®® — denotes the tensor product of presentable B-categories introduced in § 4.6.2. In particular — ® &
defines a functor Pr(B) — Prl“(B).

REMARK 6.2.6.3. If | is a B-category, C a presentable B-category and € is a presentable co-category, it
follows from the explicit description of the tensor product of presentable B-categories Proposition 4.6.2.11
that we have a canonical equivalence Fung(l,C) ® € ~ Fung(l,C ® &€). In combination with Proposi-
tion 4.6.3.13, we in particular get an equivalence C(A) ® € ~ (C® &)(A) for every A € B.

DEFINITION 6.2.6.4. Let p,: X — B be a geometric morphism and € a presentable co-category. Then
px is called E-proper if I'y 0, ® €: p.Qx ® € = Qg ® & commutes with filtered colimits.

We now come to the main result of this section, the E-linear version of Theorem 6.2.1.12:

THEOREM 6.2.6.5. Let p,: X — B be a geometric morphism and € a compactly generated oo-category.
Then p. is E-proper if and only if it is E-compact.

REMARK 6.2.6.6. More generally one could define that p,: X — B is E-compact for a presentable
B-category E, whenever p,Qyx ®® E — E commutes with filtered colimits. Similarly one can also define
a notion of E-properness. Then the analogue of Theorem 6.2.6.5 still holds whenever E is compactly
generated (in a suitable B-categorical sense). We decided to only prove the result in the case where
E=Qg ® &, since the proof is slightly less technical and since this case already contains most examples

of interest.

REMARK 6.2.6.7. Let & be a compactly generated oo-category and X a B-topos. Then for any A € B
we may identify the tensor product X(A)® & with the co-category Fun'®*((£P)P X (A)) (where Pt < &
is the full subcategory of compact objects). Furthermore, since for any map s: B — A the transition
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functors s*: X(A) — X(B) is a left exact left adjoint, it follows that we may identify the transition map
sFRE (X®E)A) = (X® &)(B) with the functor

Funlex((gcpt)op7X(A)) - Funlex((gcpt)op’X(B))

given by postcomposition with s*. Now let f.: X — Y be a geometric morphism of B-topoi. Since f, and
f* are both left exact if follows as in [32, Observation 2.9] that the induced morphism f, ® € is given by

pointwise postcomposition with f, and its left adjoint is given by postcomposition with f*.
We begin by establish the E-linear analogue of Corollary 6.2.4.4. This requires a few preparations:

PROPOSITION 6.2.6.8. Let f.: X — B be a geometric morphism of co-topoi and let € be a compactly

generated co-category. Assume that there exists a family of commutative squares

Wi%x

l(gi )x lf *
.

ZZ;)'B

such that for every A € B the functor (— x5 B/4) @ € carries these squares to left adjointable squares,

the pf ® & are jointly conservative and each (gt) is E-compact. Then f. is E-compact.

PRrROOF. The proof is essentially the same as the one of Proposition 6.2.4.3. We first check that for
every filtered B-category | the mate of the commutative square

FQr ® & 22 Fung(l, £.Qx ® &)

J{f*®8 J{(Ff*nx@)s)*

Q5 @ € —2 5 Funy (1,05 ® €)

is an equivalence. Let us first show that the mate colim(I's, o, ® &)« — (fi« ® €) colim, is an equivalence
after passing to global sections. For this, it suffices to see that the mate is an equivalence after composing
with the maps pf ® £: B® € — Z; ® € for all . But now the claims follows from an €-linear version of
Lemma 6.2.4.2, which is proved in exactly the same way. To see that the mate is an equivalence after
evaluating at A € B we may replace B by B,4 and the above square by its base change along 77 to reduce
to the case treated above. Finally, we have to see that for every A € B the functor of B, 4-categories
TaA(felx @ €): 4 (feQx ® €) = 74 (23 ® €) commutes with colimits indexed by filtered B, 4-categories.
But this follows again from the above after replacing B by B, 4. O

REMARK 6.2.6.9. Note that in Proposition 6.2.6.8, we require that the assumptions also hold
locally on B, while for the version without coefficients (Proposition 6.2.4.3) this was automatic due to
Lemma 6.2.4.1. To illustrate why Lemma 6.2.4.1 may fail when using coefficients, consider the example
where & = Sub(8) ~ A! is the co-category of (—1)-truncated spaces. Then, a square

W, —— Y

l(gi)* _ lf .
i

being horizontally left adjointable after tensoring with Sub(8) simply means that the mate transformation
is an equivalence on (—1)-truncated objects in Y. However, after passing to a slice X /x, the mate
transformations now involves (—1)-truncated objects in X,x, i.e. subobjects of X. These need not be

(—1)-truncated in general, therefore there is no reason for the mate transformation to be an equivalence.

REMARK 6.2.6.10. The proof of Proposition 6.2.6.8 shows that more generally we do not need the
existence of such squares for every A € B, but it suffices to find these for a set of objects A; € B that

generates B under colimits.



238 6. APPLICATION: SMOOTH AND PROPER MORPHISMS OF oco-TOPOI

LEMMA 6.2.6.11. For every B-category C and every geometric morphism f.: X — B, the straightening
equivalences Fun(C,Qg) ~ LFibg(C) and Fung(C, f.C) ~ Funy(f*C,Qx) ~ LFibx(f*C) fit into a
commutative square

Fung (C,Qs) —= LFibg(C)

lconstf*gx lf*

Fung (C, f.Qx) —— LFibx(f*C)

where [* is the restriction of f*: Cat(B),c — Cat(X),s-c to left fibrations. Moreover, this commutative

square is natural in C.
PrROOF. This is shown in exactly the same fashion as [61, Lemma 4.6.4]. O

COROLLARY 6.2.6.12. Let f.: X — B be an E-compact geometric morphism and C a B-category.
Then the geometric morphism (T'f,q, )«: Fung(C, fiQx) — Fung (C,Qg) is E-compact.

PRrROOF. Let F' € Fung(C,Qz) be an arbitrary functor and let us set G = (consty, o, )«(F). Fur-
thermore, let Cp; — C be the left fibration associated to F' via the straightening equivalence. We then
deduce from Lemma 6.2.6.11 and the fact that left fibrations satisfy the left cancellation property (being
determined by a factorisation system) that we have a commutative diagram

FunB(C,QB)/F % LFibB(C)/(CF/) % LFibe (CF/) é FunB(CF/,QB)

J{(constf*gx)* J{f* J{f* J{(constf*gx)*

Fuan (C,f*Qx)/G é LFibx(f*C)/f*(CF/) é LFibx(f*(CF/)) é Fung(CF/7f*Qx)

which is natural in C. Thus, by passing to right adjoints, the base change of (I'f, o, )« along the geometric
morphism (7r),: Fung(C,Qs),p — Fung(C,Qs) can be identified with with the geometric morphism
(Tf.0y): Fung(Cp/, f2Qx) — Fung(Cp/, Q5). Also, the base change of the right adjoint of the restriction
functor Fung (C,Qp) — Fung (C=,Qp) ~ B/c~ along (74). can be identified with the right adjoint of
the restriction Funs(Cry, Q5) — B/(c,,)~ (using that the pullback of Cp; — C along C= — Cis (Cr/)~,
see [62, Corollary 4.1.16]). Consequently, we conclude that the pullback square

:X:/f*cz —_— Fung(C, f*Qx)

! |

B/c: —_— Fung(C, Qg)
satisfies the assumptions of Proposition 6.2.6.8. Thus the claim follows. (]

PROOF OF THEOREM 6.2.6.5: By Remark 6.2.6.3, the same proof as in Lemma 6.2.1.13 shows that
an E-proper morphism is E-compact. Hence it remains to prove the converse. By Corollary 6.2.6.12,
the same reduction steps as in the proof of Theorem 6.2.1.12 imply that it suffices to see that for every

pullback square of B-topoi

2 P x

7, B
in which j, is fully faithful, the square is left adjointable after tensoring with €. By Remark 6.2.6.7, it
suffices to see that the square

Funlex((SCpt)Op, x) (353" ) = Funlex«gcpt)op7 x)

(pml l(pm

Pun((€2)°°,B) 55y, FPon (&%), B)
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commutes. We pick a local class S of maps in B as in Proposition 6.2.3.3, so that we obtain equivalences
Gl =~ (=) and j.j* ~ (=)®. Now since the inclusions Fun'®((£P%)°P X) < Fun((£°P)°P, X)
and Fun'®((£°P*)°P B) < Fun((E*)°P, B) preserve filtered colimits and since colimits in functor co-
categories are computed object-wise, it follows that (j.j*). and (j.j*)« are given by the x-fold iteration
of postcomposition with the functors (=)} and ()", respectively. Therefore, it suffices to provide an
equivalence (p.(—=)F)x == (=) pa)s.

To obtain such an equivalence, note that Remark 6.2.6.3 implies that we may identify the map
colingp ®E with colimﬂgp : Fung (QF,Q® &) — Q® &. Therefore, we deduce that postcomposition with

(=) is equivalently given by the composition

Fun'®((£°PY)°P, B) — Fun'*((£°')°?, PSh(Qy)) ~ Fung (AP, Q ® &) <% Fun!*((£Pt)°P, B)

in which the first functor is given by postcomposition with (the global sections of) mapq(c(—), —).
+

o

Fun'™ ((£°PY)°P X)) — Fun'™((£°P*)°P, Fung (QL,pQx)) ~Fung (QF, p.Qx ® &)

Similarly, postcomposition with (=), can be identified with the composition

colim Funlex((ECpt)Op, x)

where the first functor is given by postcomposing with (the global sections of) Hom,, o (const,_ o, t(—),—)
(since this is precisely the map we obtain when composing I'x (mapgq, (¢'(—), —)): X — PShx(p*Qs) with
the equivalence PShx (p*Qs) ~ Funs (Qg°, p«Qx)). Thus, since T, 0, ® € commutes with colimgor, it is

enough to provide a commutative diagram

A

B

Homp*nx (constp, o t(—),—)

Funsg (QF, p.Qx)

l(Fp*nx)*
PSh'B (QS)7

mapg,, (1(~),~)

which is evident from Remark 5.2.10.13. O

EXAMPLE 6.2.6.13. For a scheme X let us denote by Xé’ty P the oo-topos of étale hypersheaves of spaces
on X. If f: X — S is a proper morphism of schemes, then the geometric morphism f,: X éltyp — Si‘ty P is
D(R)-proper for any torsion ring R. In fact, since Xélg/p has enough points by [58, Theorem A.4.0.5], the
family of all points s,: 8§ — X, é‘typ yields a family of jointly conservative functors $* @ D(R). Furthermore,
proper base change for unbounded derived categories of étale sheaves (see [18, Theorem 1.2.1]) implies
that the squares

hyp hyp
X 5,6t ? Xét

|

h;
§ —— 5P
are left adjointable after applying — ® D(R). Finally, [18, Corollary 1.1.15] implies that X;%f is
D(R)-compact so that we may apply Proposition 6.2.6.8 and Theorem 6.2.6.5 to conclude that f, is
D(R)-proper.

DEFINITION 6.2.6.14. We call a geometric morphism f,: Y — X n-proper if it is S<,-proper, where

S8<y denotes the co-category of n-truncated spaces. We call f, almost proper if it is n-proper for all n.

EXAMPLE 6.2.6.15. Recall that by [56, Example 4.8.1.22] one may identify X ® 8<,, ~ X<,,. Thus
it follows from [58, Proposition A.2.3.1] and Theorem 6.2.6.5 that for an n-coherent co-topos X the
geometric morphism I'y: X — 8 is n-proper. In particular it is almost proper if X is coherent. However it

is not proper in general (see Remark 6.2.1.8).

EXAMPLE 6.2.6.16. A geometric morphism f,: X — B is Set-proper if and only if the underlying
morphism of 1-topoi is tidy in the sense of [69, §3].






CHAPTER 7

Applications in étale homotopy theory

The goal of this chapter is to present some applications of our results in algebraic geometry and more
specifically in étale homotopy theory. For this we will mostly work internally to the co-topos of condensed
or pyknotic spaces. In § 7.1, we begin this chapter by recalling the definition of pyknotic spaces and
pyknotic objects from [20],[10]. We also review a number of useful results about how to embed pro-finite
spaces or categories into pyknotic spaces/categories from [9]. Furthermore we give a brief recollection on
spectral oo-topoi, that were also developed in [9)].

In § 7.2 we prove that the co-topos of pro-étale hypersheaves on a qcgs scheme X, as introduced by
Bhatt-Scholze in [14], is equivalent to a presheaf topos when considered as Pyk(8)-category. The main
ingredients for our proof are the Ezodromy equivalence for constructible étale sheaves from [9] and some
of the machinery developed in the previous chapters of this thesis.

Finally in § 7.3 we use the results of § 7.2 to introduce the pro-étale homotopy type of scheme, which
is a pyknotic refinement of the usual étale homotopy type. We prove an internal version of Quillen’s
Theorem B which we then employ to understand fibres of maps between pro-étale homotopy types of
schemes.

7.1. Preliminaries on pyknotic objects and spectral co-topoi

7.1.1. Background on pyknotic objects. In this section we recall a few basics and notations
about condensed or pyknotic mathematics, introduced by Clausen-Scholze in [20] and Barwick-Haine in
[10]. The only real difference between the two approaches is the way in which set-theoretic issues are
dealt with. Since we will directly build on the results in [9] which are all formulated in the framework of
[10], we will do the same in this chapter.

NoTATION 7.1.1.1. We fix a tiny and a small universe, respectively determined by two strongly

inaccessible cardinals
bo < 01.

For a strongly inaccessible cardinal d, we write 8s) for the co-category of d-small spaces. By default all
higher categorical notions are taken to be with respect to the cardinal §;. For example a §-oo-topos is a
left exact accessible localization of Fun(€, 8s) for a §-small co-category €. We will simply say oco-topos

instead of d1-co-topos.

DEFINITION 7.1.1.2. Let Pro% (Setﬁn) denote the category of dp-small pro-finite sets. We equip this
category with the Grothendieck-topology eff generated by finite families of jointly surjective maps. We
define the oo-topos of pyknotic spaces to be the co-category Shzfyfp(Pro‘;O(Setﬁ“), 8s,) of hypersheaves on
Pro® (Set™).

OBSERVATION 7.1.1.3 ([10, § 2.2]). Let us denote by Proj the full subcategory of those (dp-small)
pro-finite sets K that have the property that any surjection T — K from another pro-finite set has a
section. We call the pro-finite sets in Proj projective. We equip the category Proj with the topology T,
generated by coverings of the form {U — UL V,V — U V}. Since the Stone-Cech compactification
of a discrete set is projective, it follows that any pro-finite set admits a surjection from an extremally

disconnected (dg-small) pro-finite set. Thus the co-categorical comparison lemma for hypersheaves (see

241



242 7. APPLICATIONS IN ETALE HOMOTOPY THEORY

e.g. [73, Proposition 2.22]) implies that we have an equivalence
Pyk(8) ~ Sh™P(Proj, 8) ~ Fun* (Proj°®, 8).

Here Fun™(—, —) denotes the oo-category of product preserving functors. In particular Pyk(8) is

projectively generated.

DEFINITION 7.1.1.4. Let € be any oo-category with finite products. Then we define the category of
pyknotic objects in C

Pyk(€) = Fun™ (Proj°?, €).

REMARK 7.1.1.5. Note that we evidently have a canonical equivalence Pyk(Cato,) ~ Cat(Pyk(8))
between pyknotic co-categories and Pyk(8)-categories.

NOTATION 7.1.1.6. As for any oco-topos, we get a canonical adjunction 8 = Pyk(8). We denote the
left adjoint by (—)%*¢ and the right adjoint by Un. More generally for any presentable co-category C,
applying — ® € yields an adjunction

(—)4s¢: @ = Pyk(€) :Un.
DEFINITION 7.1.1.7. The left exact functor (—)4¢: § — Pyk(8) extends to a right adjoint functor
Pro(8) — Pyk(8)
whose left adjoint we denote by H. For X € Pyk(8), we call H(X) € Pro(8) the homotopy type of X.

NOTATION 7.1.1.8. We write 8., C 8 for the full subcategory spanned by those spaces which are
n-truncated for some n. We write 8, for the full subcategory of 8., spanned by those spaces whose
homotopy sets are all finite. If ¥ is a set of primes, we write Syx; for the full subcategory of 8, spanned by
the spaces all of whose homotopy groups are finite ¥-groups (i.e. whose order is a product of powers of

primes in X).
7.1.1.9. The inclusion ¢: 8., — 8 induces an adjunction
Teoo @ Pro(8) & Pro(8«) : Pro(e).

We call the right adjoint -, the pro-truncation functor. Similarly for a set of primes ¥, the inclusion
8y — 8 yields an adjunction

(—)%: Pro(8) = Pro(Sx).
We call (—)§ the pro-X-completion functor. In the case where ¥ is the set of all primes, we write

Pro(8;) = 82 and (—)§ = (—)2 and say pro-finite completion functor.

DEeFINITION 7.1.1.10. Composing the adjunction in Definition 7.1.1.7, with the above adjunctions we
obtain adjunctions

Hoo: Pyk(8) 2 Pro(8<+) and HE: Pyk(8) 2 Pro(Sy).

For X € Pyk(8) we call H.o(X) the pro-truncated homotopy of X and HJ(X) the pro-X-completed
homotopy type of X. If ¥ is the set of all primes we write HY = H2 and call H}(X) the pro-finite
homotopy type of X.

We will also the use the following result later:

THEOREM 7.1.1.11 ([9, §13.4]). Extending the functor (—)45¢: 8, — Pyk(8) to pro-objects gives a
fully faithful functor

Pro(8;) — Pyk(8).
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RECOLLECTION 7.1.1.12. Recall from [9, Definition 2.3.7] that an co-category € is called layered, if
every endomorphism in € is an equivalence. An oo-category C is called 7-finite if it has finitely many
objects up to equivalence and all its mapping spaces are m-finite. We write Lay, for the full subcategory
spanned by the 7-finite and layered oco-categories.

Also recall that a w-finite stratified space is a m-finite co-category II together with a conservative
functor IT — P to a finite poset P. In particular II is layered. We write Str, for the full subcategory of
Cantfo1 spanned by the 7-finite stratified spaces. Note that evaluating at 0 induces an evident functor
Str, — Lay..

If C is a w-finite layered oco-category, it follows that C= € 8. Since eA' s again 7w-finite and layered,
it follows that the nerve functor N: Cato, — CSS(8) restricts to a fully faithful functor

N: Lay, — CSS(8;).
We thus have the following Corollary of Theorem 7.1.1.11:

COROLLARY 7.1.1.13 (]9, §13.5]). Extending the functor (—)¥¢: Lay,. — Pyk(Cat) to pro-objects,
yields a fully faithful functor
Pro(Lay, ) — Pyk(Cateo).

PrOOF. The functor factors as
Pro(Lay, ) — 2N, pro(CSS(S,)) — CSS(SL) — CSS(Pyk(S)) = Pyk(Catoo),
where the second functor is the extension of the inclusion CSS(8;) — CSS(82) to pro-objects. By
Theorem 7.1.1.11, the third functor is fully faithful and thus the claim follows because the second functor
also is by [9, p. 13.1.3]. O

We also recall the following useful observation for later:
LEMMA 7.1.1.14. The functor lim: Pro(Lay, ) — Cate is conservative.

PrOOF. We have a commutative diagram

Pro(Lay,) —2 Catog

| |-

A
CSS(82) T CSS(8)
and thus the claim follows from the fact that lim: 8 — 8 is conservative by [58, Theorem E.3.1.6] O

7.1.2. Background on spectral co-topoi. In this section we briefly recall the notion of a spectral
oo-topos from [9].

RECOLLECTION 7.1.2.1. Recall from [58, Definition A.6.1.1] that an oco-category X is called an
oo-pretopos if
(1) The oo-category Xo has finite limits.
(2) Finite coproducts exist in Xy and are universal and disjoint.

(3) Groupoid objects in X are effective and their geometric realizations are universal.

An oco-pretopos Xy is called bounded if Xg is small and every object in Xg is n-truncated for some integer
n. If X is a coherent co-topos in the sense of [58, Definition A.2.0.12], the full subcategory of XL
spanned by the truncated and coherent objects is a bounded co-pretopos [58, Example 7.4.4]. In fact any
bounded co-pretopos arises this way by [58, Theorem 7.5.3]. Conversely, any bounded coherent co-topos
X is of the form Sheg(Xp), where Xy is some bounded oo-pretopos and eff is the topology generated by
finite families U; — U such that II;U; — U is an effective epimorphism. Furthermore in this case we have

Sheg (X0) %0 ~ 2.

<oo —
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Also recall that a geometric morphism f,: X — Y of coherent oco-topoi is called coherent if f* sends
Yol into X", We denote the oo-category of tiny bounded coherent co-topoi and coherent geometric
morphisms between them by Topl;’wh. For more background on oco-pretopoi and coherent co-topoi, the
reader may consult [58, Appendix A] or [9, §3].

ExAMPLE 7.1.2.2. If X is a qcqgs scheme, the co-topos X of étale sheaves on X is bounded coherent.

ExXAMPLE 7.1.2.3. If X is a coherent co-topos, the terminal geometric morphism I': X — 8§ is coherent.
To see this recall from [58, Example A.2.17] that an object A € § is coherent if and only if all its homotopy
sets are finite. By [58, Lemma E.1.6.5] it follows that A is equivalent to the geometric realization of
a Kan-complex A, where all A, are finite sets. If follows that const A ~ |const A,|. Since the full
subcategory X" C X is closed under coproducts and geometric realizations of groupoid objects (see the
proof of [56, Proposition A.6.1.6]) the claim follows.

DEFINITION 7.1.2.4. ([9, Definition 9.2.1]) Let S be a spectral topological space. An S-stratified
oo-topos is a bounded coherent oo-topos X, together with coherent geometric morphism X — Sh(S).
We will say that a S-stratified co-topos X is spectral, if the induced functor Pt(X) — Pt(Sh(S)) on
oo-categories of points is conservative. We define the oo-category of spectral co-topoi Spec TopORo to be

R,Coh)A1
)

the full subcategory of (Top spanned by the spectral co-topoi.

ExaAMPLE 7.1.2.5. If X is a qcgs scheme, the co-topos X¢ together with it’s canonical geometric
morphism X¢ — Sh(Xza.,) is spectral [9, Example 9.2.4]. In this case the co-category ngf;oo of truncated
coherent objects is equivalent to the co-category X§™™ of constructible étale sheaves on X, which is

therefore an co-pretopos. In fact we more generally have an equivalence

xcoh ~ xS’-Constr
<oo

for any spectral S-stratified co-topos X — Sh(.S) [9, Corollary 9.5.5].

Sending a w-finite stratified space IT — P to the spectral co-topos Fun(Il, 8) — Fun(P, 8) defines a
functor

A Strp — (TopR’COh)Al.

oo

R,coh)A1
o .

Extending this functor to pro-objects, we obtain a functor \*: Pro(Str,) — (Top

THEOREM 7.1.2.6 ([9, Theorem 9.3.1]). The functor \*: Pro(Str,) — (Tope™)A" s fully faithful

o0

and the essential image is given by the full subcategory Spec Topgo of the spectral co-topos.

DEFINITION 7.1.2.7 ([9, § 10.1]). Let X be a spectral S-stratified co-topos. We denote the inverse
under the equivalence of Theorem 7.1.2.6 by ﬁfm71)(DC) = A" 1(X). We call fI(SDO,l)(DC) the pro-finite
stratified shape of X. If X is a qcqgs scheme, we simply write Gal(X) = ﬁiﬁfi)(Xét) and call Gal(X) the
Galois-category of X.

Via the composite Pro(Str;) — Pro(Lay ) < Pyk(Cat ), we may consider f[‘(goo 1)(X) as a condensed
Pyk(8)-category. Theorem 7.1.2.6 allows us to give an explicit description of this Pyk(8)-category.

PROPOSITION 7.1.2.8. The Pyk(8)-category underlying ﬂfoo’l)(DC) is given by the sheaf
ﬂfoo’l)(f)C): Pro(Set™) — Catyo, K +— Fun®"(Sh(K),X).

Here Fun®(Sh(K), X) denotes the full subcategory of Fun, (Sh(K),X) spanned by the coherent geometric
morphisms, i.e. those geometric morphism f.: Sh(K) — X whose left adjoint f* preserves coherent
objects
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PRrROOF. For a pro-finite set K, we may regard Sh(K) as a K-stratified spectral oco-topos via the
identity. By Theorem 7.1.2.6, we obtain a chain of natural equivalences

MAaPPro(Cato) (K’ 1_/\Ifoo,l) (:X:)) =~ mMapgyy,. (K’ 12[’(soo,l) (X)) = Mapgpec Top® (Sh(K)7 x)
~ mapp, r.con (Sh(K), X).

Furthermore replacing K with K x A™ and using the naturality of the above equivalence in the first

variable we obtain a natural equivalence
FunPro(Catoo) (Ka 1CI(Soo,l) (:x)) =~ Fun?kOh(Sh(K)v :X:)

of oo-categories. Since the composite Pro(Str,) — Pro(Lay,) — Pyk(Cat,) by construction sends

ﬁfooyl)(f)C) to the sheaf

Pro(Set™) — Catoo, K — Funp,o(cat..) (K, f[(soo)l)(DC))
the claim follows. O

REMARK 7.1.2.9. As a consequence of [9, Proposition 9.5.7] it follows that for a spectral co-topos X,
any point z,: S — X is automatically coherent. In particular the underlying oco-category of ﬂ?w,l)(x) is
simply the category Pt(X) of points of X by Proposition 7.1.2.8. If X is a qcgs scheme the category of
points Pt(Xg;) admits the following explicit description [15, Exposé VIII, Théoréme 7.9]. The objects are
given by geometric points of X, so morphisms of schemes x — X, where x = Spec(fc) for some separably
closed field z. A morphism between two geometric points z and ¥ is given by an étale specialization
iy — &, so by a morphism of X-schemes

X = X@)-
Here we denote by X(z) = Spec(0% ;) the strict henselisation of Y at g (see [Stacks, Tag 0BSK]).

7.2. The pro-étale topos as pyknotic presheaves
The main goal of this section is to prove the following theorem:

THEOREM 7.2.0.1. Let X be a qcqs scheme. Then the exodromy equivalence induces an equivalence
of co-topoi
XMP =5 Funpys)(Gal(X), Pyk(8)).

proét

In fact we will prove a more general result for the pyknotification X% = Sh™P(Pro(X%L)) of a
spectral oco-topos X. We introduce the pyknotification of a coherent co-topos in § 7.2.1. The two crucial
examples to keep in mind are that §?¥* = Pyk(§) and Xé’tyk = XWP  see Examples 7.2.1.8 and 7.2.1.9.

proét?

Let us now briefly describe our strategy to prove Theorem 7.2.0.1. By the Exodromy Theorem [9,
Theorem 13.2.10] we have that (Xe; )% ~ Funpyys) (Gal(X), 8dis¢) - And via the fully faithful embedding

<oco —

8z — Pyk(8) we thus obtain an embedding
(Xer) S8 — Funpyis) (Gal(X), Pyk(S)).

As a next step we identify the essential image of this functor in terms of the corresponding left fibrations
of Pyk(8)-categories and conclude that the above functor remains fully faithful after extending it to
pro-objects. This is the content of § 7.2.2.

By a general oo-toposic principle it suffices to show that any object in Funpyys)(Gal(X), Pyk(8))

coh

<% ). Since the oo-category

admits an effective epimorphism form a coproduct of objects in Pro((Xgt)
Funpyy(s)(Gal(X), Pyk(8)) is a presheaf category and Pyk(§) is generated under colimits by pro-finite
sets it follows that any object admits admits an effective epimorphism from a coproduct of objects that

are colimits of diagrams of the form K — Gal(X), where K is some pro-finite set. Thus it remains to see

coh
<oo

that these objects are contained in Pro((Xe;)%~ ), which we prove in § 7.2.3.
The contents of this section originally appeared in [91]. However, using results from internal higher

category theory some parts of the proof are now simplified. Furthermore we use the tensor product of
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presentable Pyk(8)-categories, developed in § 4.6 to extend the equivalence of Theorem 7.2.0.1 to more

general coefficients.

7.2.1. Pro-objects and Pyknotification. If Xy is an co-pretopos, the co-category Pro(Xp) is in
general not an co-pretopos. The goal of this section is to show that even though this is case, the notion
of effective epimorphism still yields a reasonable Grothendieck-topology on Pro(Xy). The majority of the
material presented here has been worked out in the 1-categorical case by Lurie in [59, §6.1] and most of
the arguments in this section are just very straight-forward adaptions of the ones presented there.

LEMMA 7.2.1.1. Let Xy be a tiny bounded co-pretopos. Let fo: I — Fun(A',Pro(Xy)) be a tiny
cofiltered diagram of effective epimorphisms. Then lim; f;, considered as a morphism in Pro(Xy), is an

effective epimorphism.

PRrROOF. This is a straight-forward adaption of the argument given in [58, Prop. E.5.5.3]: Let us
denote the source and target of f, by X, and Y,, respectively. Let us write U, for the Cech-nerve of
f =lim; f;. We would like to show that, for every C' € Pro(Xy), the induced morphism

MapPpyo(xg) (11?1 Xi, C) — WPEH& MapPpyro(xy) (Unv C)

is an equivalence. We observe that we may immediately assume that C € Xy C Pro(Xy). We now write
U, for the Cech-nerve of fi. Since we assumed that C' is cocompact, the above map may be identified

with the composite

coliim MapPp,o(x,) (Xi, C) — coliim ilerg MapPp,o(xy) (Uin, C)

« . .
= ilenz\ coliun Mapp,o(xy) (Uin, C)-

Since every f; was assumed to be an effective epimorphism, the first map is an equivalence. Thus it suffices
to see that « is an equivalence. Now, since Xy is bounded, there is an n € N such that C' is n-truncated.
We may thus replace the U;,, with their n-truncations 7<, (U; ). It follows from [42, Proposition A.1]

that in the commutative diagram

colim; limpe A mapp,q(x,) (Uin, C) —— lim,ea colim; mapp,o(x) (Ui n, C)

l l

colim; lim, ¢ o <» Mapp,o(x,) (Uin, C) — lim,c a<n colim; mapp,ox,) (Ui, C)

the horizontal arrows are equivalences and the bottom vertical arrow is an equivalence as well since taking

limits over AS™ commutes with filtered colimits. This completes the proof. ([
Let us quickly recall the following from [58, Proposition A.6.2.1]:

PROPOSITION 7.2.1.2. Let Xy be an oo-pretopos. Then Xo admits a factorization system (Sp,Sgr) (in
the sense of [57, §5.2.8]), where Sy, is the collection of effective epimorphisms and Sg the collection of

(=1)-truncated morphisms.

PROPOSITION 7.2.1.3. Let Xy be a tiny bounded co-pretopos. Then the following hold:

(1) The collection of effective epimorphisms and (—1)-truncated morphisms form a factorization
system on Pro(Xy).

(2) A morphism in Pro(Xo) is an effective epimorphism if and only if it can be written as a tiny
inverse limit of effective epimorphisms in X.

(8) Effective epimorphisms are stable under pullback in Pro(Xo).

PROOF. It is clear that effective epimorphisms and (—1)-truncated morphisms are stable under
retracts. Furthermore we observe that effective epimorphisms are left orthogonal to (—1)-truncated
morphisms in any oco-category with finite limits and geometric realizations. So let f: X — Z be a
morphism in Pro(Xy). By (the dual of) [58, Proposition E.4.2.2] we can write f =~ lim; h; o lim; g;, where
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h; is a (—1)-truncated morphism in Xy and g; is an effective epimorphism in Xo. By Lemma 7.2.1.1 it
follows that lim; g; is an effective epimorphism. Furthermore the diagonal lim; Y; — lim; Y; Xiim, z, lim; ¥;
may be identified with the limit of the diagonals Y; — Y; x z, Y; and is thus an equivalence. This proves
i).

One direction of ii) is simply Lemma 7.2.1.1 combined with the observation that the inclusion
Xo < Pro(Xy) preserves effective epimorphisms. For the other direction assume that f: X — Z is an
effective epimorphism. We now pick a factorization f ~ (lim; h;) o (lim; g;) as above. By i) it follows from
[57, Proposition 5.2.8.6] that lim; h; is both an effective epimorphism and (—1)-truncated. Thus it is left
orthogonal to itself, so it is an equivalence, which completes the proof of ii).

For iii) we may use [57, Proposition 5.3.5.15] again to assume that we are given a cofiltered diagram
I — Fun(A%, Xo) depicted as

Xe
|
T = Z,
such that the induced map lim; X; — lim; Z; is an effective epimorphism. We have to show that the

induced map

lizm T Xtim; z; lign X, — lilm T;
is an effective epimorphism. Again we get a functorial factorization
X, Ly, 4 7
where g; is an effective epimorphism and h; is (—1)-truncated for all i. We now consider the diagram
lim;(T; Xz, X;) —— lim; X;

lg' Jg:ﬁmi gi

J{h’ J{h:lln’l7 h;

Since f = ho g is an effective epimorphism, it follows like in the proof of ii) that h is an equivalence.
Thus h' is an equivalence. Since Xy is an co-pretopos, it follows that ¢’ is an inverse limit of effective

epimorphisms and so the claim follows from Lemma 7.2.1.1. O
LEMMA 7.2.1.4. Let Xy be a tiny co-pretopos. Then finite coproducts are universal in Pro(Xy).

PROOF. Again we may use [57, Proposition 5.3.5.15] to reduce to the case where we are given a
cofiltered family of diagrams
X; 0 X]

J{f’i i
s

Y, —— Z;
and have to show that the induced map
(11?1 Y; Xiim, 7, lim Xi) il (11?1 Y; Xtim, 7, lim X,{) — Hm i X, 7 lim (Xi I1 X;>
is an equivalence. But this map can be identified with the limit of the induced morphisms
(Vi Xz, Xi) IL(Y; xz, X]) — Vi xz, (X; 1L X))
which are equivalences, as X is an oco-pretopos. (I

Finally we observe that, as a consequence of [56, Proposition 5.2.8.6] and Proposition 7.2.1.3, the
collection of effective epimorphisms in Pro(Xy) is closed under composition and it is clearly closed under
finite coproducts. We may thus apply [58, Proposition A.3.2.1] to get the following;:
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COROLLARY 7.2.1.5. Let Xy be a bounded oo-pretopos. Define a collection of morphisms {C; — D}ier
in Pro(Xo) to be covering if and only if there is a finite subset J C I such that the induced map
H Cj — D
jeJ

is an effective epimorphism in Pro(Xo). This defines a topology on Pro(Xyp).

DEFINITION 7.2.1.6. Let Xy be a tiny bounded oco-pretopos. We call the topology on Pro(Xy) from
Corollary 7.2.1.5 the effective epimorphism topology. For a bounded coherent §p-co-topos X, we define
the pyknotification of X to be the oo-topos

XY = Shi¥P (Pro(X<h)).

REMARK 7.2.1.7. The pyknotification of a bounded coherent co-topos appeared first in [10, Construc-
tion 3.3.2] under the name solidification. Since the word solidification is also used in [20] in an unrelated

way, a different name is used here.

ExXAMPLE 7.2.1.8. In the case where X = §, the co-category of bounded coherent objects in 8 is the
oo-category of m-finite spaces 8. It is shown in [9, Proposition 13.4.9] that any profinite space admits an
effective epimorphism from a profinite set. In other words the full subcategory Pro(Setﬁn) C 82 is a basis

for the effective epimorphism topology. It follows that we have an equivalence of co-topoi
SPYK ~ Pyk(8).

EXAMPLE 7.2.1.9. More generally for a qcqs scheme X, any object in Pro(X$°"5") admits an effective
epimorphism from an object in Pro(X ") by [10, Proposition 3.3.8]. Tt follows that X2 is the
hypercomplete co-topos associated to the 1-topos Sheg (Pro(X<P™™), Set) introduced in [59, §7.1]. Thus
[59, Example 7.1.7] shows that X g’tyk is equivalent to the hy};ercomplete oo-topos ng(fét of pro-étale
sheaves on X defined by Bhatt-Scholze in [14].

REMARK 7.2.1.10. In principle we can also consider a version of the pyknotification where we consider
the oco-topos Sheg(Pro(Xp)) of all sheaves with respect to the effective epimorphism topology instead of
just hypersheaves. However there are reasons to prefer the hypercomplete version in Definition 7.2.1.6.
For example in many cases of interest the co-topos XP¥* will be postnikov complete and even have a set
of compact projective generators (see Corollary 7.2.3.13), which makes it convenient to work with. This

will not hold for the non-hypercomplete version in general [10, Warning 2.2.2].

7.2.1.11. The construction of (—)PY* defines a functor

R,coh
0o

Top — TopgO .

In particular it follows from Example 7.1.2.3 that the terminal geometric morphism I',: X — § induces
adjunction

I Pyk(8) — Pvs: TRvk
where I'}, is left exact. Via the equivalence of Theorem 5.2.5.1 we therefore get an induced Pyk(8)-topos

that we denote by XP¥%.

7.2.2. Embedding pro-constructible sheaves. The goal of this section is to show that for a

spectral co-topos X, we have a fully faithful embedding
Pro(X2L) < Fun pyis) (TIE, 1) (X), Pyk(8)).
We will begin by showing that there is a fully faithful embedding if one removes the Pro(—) above.

LEMMA 7.2.2.1. Let q: F — 1II be a left fibration with w-finite fibres and let II — P be a w-finite
stratified space. Then F — P is a m-finite stratified space.
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PROOF. The only thing that is not obvious is that the mapping space mapg(z,y) is w-finite for all
x,y € F. Since ¢ is a left fibration every morphism in F is g-cocartesian. Thus for every f: x — y in

map4(x,y), the square

¢

f
o 2y —— mapy(a,y)

l qa(f) l

* ————— mapy (f(2), f(y))

mapg

is a pullback in 8 by [57, Proposition 2.4.4.2]. By assumption, the bottom right and the top left corner
are m-finite and thus the claim follows. O

LEMMA 7.2.2.2. Consider the continuous functor j: 835¢ — Pyk(8) corresponding under adjunction
to the embedding (—)4¢: 8, — Pyk(8). Then j is a fully faithful functor of Pyk(8)-categories.

PROOF. We need to check that j(K): 835¢(K) — Pyk(8),x is fully faithful for every K € Proj.

T

Write K = lim;c; K; as an inverse limit of finite sets. Recall from [9, Construction 13.3.10] that
8dise(K) ~ colim 8.
7

For ¢ € I, the functor j(K)(z) sends a w-finite space x over K; to the pyknotic space over K given by the
pullback
J(EK)(z) ——

x
K— K;.
In particular j(K) factors through the full subcategory S2 s Pyk(8),x spanned by the profinite spaces
over K. Now let z,y € 845¢(K). Since I is filtered we may assume that there is some i € I such that
z,y € 8&i. Replacing I by I /i» we may furthermore assume that 4 is the final object. For a map j — i in
I, let us denote the pullback = x x, K; by =; and analogously for y. We have to see that the map
colimmap,r; (25, y;) — maps (1 () (@), 1 (K)(y))
induced by jx is an equivalence. Composing with the projection j(K)(y) — y induces an equivalence
mapgn (1 (K) (), j(K)(y)) = maps, (J(K)(z),y).
Analogously composing with the projections y; — y induces an equivalence
co%im map «; (25,y;) — co%im mapg x; (x5,v)

We obtain a commutative square

colim; map x; (zj,y;) — maps, (J(K)(af) J(K)(y))

colim; mapg, (2,y) ——— mapg,  (i(K)(x).v).

Ky

But it is clear that the lower horizontal map is an equivalence, since j(K)(z) ~ lim; z; in 82 /K, and y is

cocompact in 87 . O

REMARK 7.2.2.3. One can give an alternative prove of Lemma 7.2.2.2 as follows. Let K be an
extremally disconnected set. By [9, Proposition 4.4.18] the co-category 84¢(K) is equivalent to the full
subcategory Lece(K) of the co-topos Sh(K) of sheaves on K spanned by the locally constant constructible
sheaves in the sense of [58, Definition 2.5.1]. Then [33, Corollary 4.4] provides a fully faithful embedding

Sh(K) < Pyk(S) k-

Therefore we also have a fully faithful embedding 83¢(K) < Pyk(8),x and one can check that this
embedding agrees with the functor j(K).
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COROLLARY 7.2.2.4. Let C be a pyknotic co-category. Then composition with j: §3%¢ — Pyk(§)
induces a fully faithful functor

Jxt Funpyis) (€, 855°) — Funpyis) (€, Pyk(S)).

REMARK 7.2.2.5. Let C be an ordinary co-category and p: P — C a left fibration classifying a functor
f: € = 8. Thus we also get an induced left fibration pdisc: pdisc — @disc of Pyk(§)-categories. Recall
that the functoriality of the Grothendieck-construction (Lemma 5.2.8.5) shows that the diagram

LFib(€) —=— Fun(C, 8)

] o]

LFib(Cds¢) —=— Fun(C, Pyk(8))

commutes. After passing to left adjoints vertically, it follows that the left fibration pdis¢ classifies the

composite

(_)disc

e s s pyk(s).

NOTATION 7.2.2.6. Let S be a spectral topological space and X a spectral S-stratified co-topos [9,

Definition 9.2.1]. Consider the profinite stratified shape f[foo’l)(DC) € Pro(Str,) of X [9, Definition 10.1.4].

Say that ﬂ(soofl)(f)C) ~ lim;(C; — S;) where C; — S; is a 7w-finite stratified space.

Recall that, by [9, Lemma 13.6.1], the canonical functor
. oS di
C?él]ln Fun (Gi, SW) — Funpyys) (H(oo’l)(fJC), 89 SC)

is an equivalence. Thus, using Remark 7.2.2.5 we get the following explicit description of the essential

image of the functor j,:
LEMMA 7.2.2.7. With notations as in 7.2.2.6, consider the fully faithful functor

Jut FunPyk(S)(ﬁfw,l)(x)aSiisc) - FunPyk(S)(ﬁ?oo,l)(x)7 Pyk(s)).
Then a continuous functor F': ﬁ(soo’l)(DC) — Pyk(8) is in the essential image of j. if and only if there
is a left fibration of usual oco-categories F; — C; with w-finite fibers such that the left fibration of

Pyk(8)-categories

gj = ]lell’II/ll gj,?isc Xegisc G?iso ~ :}'?isc Xe;_:lisc ﬂfoo,l) (:X:) — ﬂfool)(x)

classifies F'. In particular F — S is a profinite stratified space by Lemma 7.2.2.1.
We can now prove the desired fully faithfulness:

PROPOSITION 7.2.2.8. The embedding Funpyk(s)(ﬁigoo71)(x),Siisc) — Funpyk(g)(f[(socvl)(DC),Pyk(S))
extends to a fully faithful tiny limit preserving embedding

2 Pro (Funpys) ([T 1)(X0), 85°) ) = Funpyigs) (I 1) (20, PYK(S))-

PrROOF. We have to see that, for a cofiltered diagram Y,: J — Funpyk(g)(f[‘(goo,l)(f)@, 8disc) and and
object X € Funpyk(g)(ﬂ‘(goo 1 (%), 8dise) " the canonical map

(7.2.2.9) cog_lm mapFunpyk(S) (Hfm’l)(x)’siirisc

)(Y},X)Hma h;an,X)

pFunPyk(S) (ﬁfxyl)(x)’Pyk(S)) (

is an equivalence. Using Lemmas 7.2.2.1 and 7.2.2.7, we see that the embedding

Funpyi(s) (I 1) (%), 85°) < Pyk(Cateo) s (o)
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factors through the full subcategory Pro(Lay,r)/ﬁ(s 0 C Pyk(Cato) s (x) (see [9, Proposition
00,1 (00,1)
13.5.2]). Again by Lemma 7.2.2.7, there is a map of stratified spaces

e (X)) — €

|

S— P

and a discrete left fibration X; — C; with 7-finite fibres such that the map (7.2.2.9) is given by the

canonical map
colim; MAPEynp ) (TS, | (X),55) (Y;,X) ~

colim; mapp,o(ray, ) e, (Vi» Xi) — MabPpro(ray, ) e, (lim; ¥j, Xi)

& WAy 6 (115, (20, Pyk(s) (1 Y5, X),

which is an equivalence as X; and C; are in Lay, C Pro(Lay ). O

7.2.3. The Proof of Theorem 7.2.3.1. We will now start with the proof the main result of this

section.

THEOREM 7.2.3.1. Let S be a spectral topological space and X an S-stratified spectral co-topos. Then

the exodromy equivalence induces an equivalence of Pyk(8)-topoi
XV =, Funpyys) (ﬁtgoo,m (X), Pyk(S)).

In order to prove Theorem 7.2.3.1 we will apply the following general topos-theoretic result [58,
Proposition A.3.4.2]:

THEOREM 7.2.3.2. Let T be a hypercomplete oo-topos. Let C C T be a full subcategory satisfying the

following:

(1) The oo-category C is essentially small.

(2) All objects in € are coherent.

(8) The subcategory C C T is closed under finite coproducts and under fibre products.

(4) Every object in T admits a cover by objects in C.
Then the composite

T 5 Fun(7°P, 8) 2= pgh(e)
induces an equivalence of co-topoi
T — Sh¥P(e).

can

Here can denotes the topology given by declaring a family {U; — X}, in C to be covering if there is a
finite subset J C I such that the induced morphism

H Uj — X
jed
is an effective epimorphism in 7.
In order to apply Theorem 7.2.3.2 we need the following:
LEMMA 7.2.3.3. The oco-topos Funpyys) (ﬂ(soo 1)(f)C), Pyk(S)) is postnikov-complete, so in particular
hypercomplete.
PROOF. The canonical functor ﬁfoo’l)(DC): — ﬁfm,l)(x) induces an algebraic morphism of Pyk(§)-
topoi
Funpys) (ﬁ(soc,1)(x)7 Pyk(8)) — Funps) (ﬁ?oo,l)(x):7 Pyk(S))
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that is continuous by Proposition 3.1.3.1 and conservative (this is e.g. an easy consequence of Theo-

rem 2.1.11.5). It follows that the induced morphism of underlying co-topoi
Funpyis) (15, 1)(X), Pyk(8)) = Funpyis) (I, 1) (1), Pyk(8)) ~ Pyk(s)/ﬂ(soo (0=

is conservative and in particular commutes with arbitrary small limits and colimits. Thus it also

commutes with the truncation functors 7<,, by [57, Proposition 5.5.6.28]. Since Pyk(S)/ﬂfm‘l)(x)ﬁ is
postnikov-complete (see [10, Lemma 2.4.10]), this implies that also Funpys) (f[(swl)(DC),Pyk(S)) is
postnikov-complete. O
7.2.3.4. We will now show that the full subcategory
tPro (Funpyk(g) (12[(50071)(36),8frisc)) C Funpyy(s) (ﬁfw71)(X),Pyk(S))
satisfies the conditions above. Note that i) and iii) are obvious.

We will now show that iv) of Theorem 7.2.3.2 is satisfied.

LEMMA 7.2.3.5. Let C be any Pyk(8)-category. Then any object in F' € Funpy(s)(C, Pyk(8)) admits

an effective epimorphism from a small coproducts of objects that arise as colimit of diagrams
d: K — C %5 Funpyy s (C, Pyk(s))
where K is a pro-finite set.

PROOF. By the co-Yoneda Lemma (Proposition 3.3.1.1), F' is the colimit of some diagram d’: | —
cor 2y Funp,s)(C, Pyk(8)). Since Pyk(8) is generated under colimits by pro-finite sets, we can find
some effective epimorphism

a: 1I; K; - F
where every K; is a profinite set. Therefore by Corollary 3.1.4.4 we get an effective epimorphism

colimd oa — F.

Finally, (the proof of) Proposition 3.1.9.3 shows that colimd’ o a is equivalent to II; colim;(d’ o a|k,) and

we are done. O

To simplify notation we from now on write C = f[foo 1(X) € Cat(Pyk(8)) and furthermore we fix a
cofiltered diagram of m-finite stratified spaces C; such that C =~ lim; Cisc.

PROPOSITION 7.2.3.6. Let K be a pro-finite set. Then for any diagram of the form
d: K X5 ¢ X Funp,, ) (C, Pyk(8))
the colimit colim d is contained in ¢ Pro (Funpyk(g) (C,Siisc)).

ProoOF. Consider the pullback functor

k™ @pyk(s)(C,@Pyk(S)(cvPyk(s))) - mPyk(S)(Ka mPyk(S)(Cvpyk(S)))

and its left adjoint k. Then colimd is given by applying the colimc to the functor kk*h. Via the
straightening equivalence Theorem 2.1.11.5, we may thus describe colim d explicitly by forming the
pullback

P— Tw(Q)

| !

KXCWCOPXC

and then composing with the projection K x C — C. First we observe that, since the twisted arrow

construction is compatible with limits, it follows that the canonical map

Tw(C) — lim Tw(C{™) X gaiscyop y gaise CP x C
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is an equivalence. Since Pro(Funpy(s)(C, 8disc)) is closed under cofiltered limits, it suffices to see that P;,
given by the pullback square
P; —————— Tw(Cdise)
K xC (@?iSC)Op % e?isc
lies in Pro(Funpyys)(C, 83¢)) when composed with the projection K x C — C. Furthermore note that
because (—)4¢: Cato, — Cat(Pyk(8)) is compatible with (—)°? and Tw(—) it follows that the right
vertical map is (—)45¢ of an ordinary left fibration. Let us say that K = {K,};jcs as a profinite set. Then

the map K — C°? — G?isc factors through some K — K. In particular we have a canonical equivalence
P — _lim (Kj x C X (@diseyop x @dise TW(e?iSC))
J€dyjq ¢ *
is an equivalence. Thus it suffices to see that the composite
Kj x C X(edisc)opxedisc TW(G?iSC) — Kj x C— C

is contained Pro(Funpys)(C, 835°)) for all j. But by construction all squares in the diagram

K] X C X(@(_:lisc)opxeglisc TW(eld]bC) — KJ X e?isc X(e@isc)opxeﬂisc TW(G?‘SC)

J !

Kj x C Kj X G?isc
C e;:iisc

are pullback squares. Thus the claim follows from Lemma 7.2.2.7, as the map
Kj % G5 5 paiseyon y gaise TW(C;) 1™ — K x €% —s @i
is given by applying (—)%*¢ to a discrete left fibration with 7-finite fibres. O
We will now show that ii) of Theorem 7.2.3.2 is satisfied:
PrOPOSITION 7.2.3.7. The fully faithful embedding
v Pro (FunPyk(S) (ﬂfm,l)(x)75?risc)) — Funpyys) (ﬂfooJ)(x)»Pyk(S))
factors through the full subcategory spanned by the coherent objects.

Proor. We will show that all objects in Pro(Funpyk(S)(fI‘(goo 1)(3C),8?Tisc)) are m-coherent using
induction on n. Let us start with n = 0. Recall that the functor
U: Funpys) (T, 1)(X), Pyk(S)) — Pyk(8) /hs_ @)
is conservative and preserves all limits and colimits see the proof of Lemma 7.2.3.3. Thus it suffices to
see that, for an object F € Pro(Funpyk(s)(f[(Soo 1)(DC), 8dise))  the pyknotic space U(F) over ﬁ(Soo 1)(DC): is
quasi-compact. We now observe that the functor U takes objects in Funpyk(g)(ﬁ(soo 1) (X), 8is¢) to objects

in Funpyk(g)(ﬁfw’l)(x):, §disey C S;\/ﬁfm,l)(x):' Since the inclusion

S‘/’T\/ﬁfwyl)(x): — Pyk(S)/ﬁs (0)~

(s0.1)

preserves limits, it follows that U takes objects in Pro(Funpyk(S)(ﬁ(Socyl)(DC), 8disc)) to objects in the full
()= Now [9, Corollary 13.4.10] and [58, Remark 2.0.5, Proposition 2.2.2 and
1)

subcategory Sﬁ/ﬂs
(0,
Proposition 3.1.3] imply that all object in 82 JHS(x)= are coherent and thus in particular quasi-compact.
(00,1)

This completes the case n = 0. The induction step is now clear from [58, Corollary A.2.1.4]. (]

To complete the proof of Theorem 7.2.3.1, we will need a few more technical details:
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LEMMA 7.2.3.8. Let Xqo: I — bPretop‘sog be a tiny filtered diagram in the co-category of tiny bounded
oo-pretopoi. Let X = colim; X; denote the colimit in bPI'etongo and let f: C — D be an effective
epimorphism in X. Then there is an i9 € I and an effective epimorphism f;,: Cy, — D;, mapping to f
under the canonical functor

ki, Xiy — X.

PRrROOF. By [58, Proposition A.8.3.1], the inclusion bPretop‘iﬂ> — Catgg preserves filtered colimits.
Thus we may find a morphism f;,: C;, — Dj, such that k; (fj,) is equivalent to f. Since kj, is a

morphism of co-pretopoi, we get an equivalence

kio(C(fia)e) = C(f)s

of simplicial objects in X. Furthermore, since k;, is a morphism of co-pretopoi, it preserves finite limits
and effective epimorphisms and thus geometric realizations of groupoid objects. It follows that the

canonical map
C: |C(f_70).| — Djo

becomes an equivalence after applying k;,. Thus there is a map 7: jo — i such that X, (c) is an
equivalence and since X, is a morphism of co-pretopoi, it follows that X (f;,) is an effective epimorphism,
as desired. [l

COROLLARY 7.2.3.9. Let K = {K,}; be a profinite space. Then the fully faithful functor
Funpys) (K, 85°°) — Pyk(8),x
preserves effective epimorphisms.

ProOOF. By [9, Lemma 13.6.1] and Lemma 7.2.3.8, it suffices to see that, for all i, every effective
epimorphism f in Fun(k;, 8,) maps to an effective epimorphism in Pyk(§),x. Denote by p;: K — K;

the projection. Since we have a commutative diagram
Fun(K;, 835¢) —F— Pyk(8) /x,

I ¥

Funpys) (K, 83%¢) —— Pyk(8)k

=Ty

it suffices to see that the top horizontal functor ¢ preserves effective epimorphism. Picking a section of
the canonical morphism K; — m(K;) and precomposing with it, we may assume that K; is a finite set.

In this case ¢ is identified with the product of finitely many copies of the inclusion
8 — Pyk(8),
which clearly preserves effective epimorphisms. This completes the proof. 1
We finally arrive at the following:

PROPOSITION 7.2.3.10. A morphism f: X =Y in Pro(Funpyk(g)(ﬁfoo’l)(DC),Sﬂ)disc) is an effective
epimorphism if and only if L(f) is an effective epimorphism in Funpys) (ﬂ(sooyl)(DCLPyk(S)).

PROOF. Let us first assume that ¢(f) is an effective epimorphism. We then may factor f ~ go h,
where h is an effective epimorphism and g is (—1)-truncated. Since the inclusion ¢ preserves finite limits,
it follows that ¢(g) is (—1)-truncated as well. But by [57, Corollary 6.2.3.12], the map ¢(g) is an effective
epimorphism because ¢(f) is. This implies that ¢(g), and thus g, is an equivalence, as desired.

Now we show that ¢ preserves effective epimorphisms. Again we consider the inclusion K =

s

(w71)(X): — fI(SOOJ)(DC). Pre-composing with this inclusion induces a morphism of co-pretopoi

Funpyk(s) (ﬁ‘(SOOJ)(:X:), Siisc) — Funpyk(g)(K, Siisc).
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So it follows from Proposition 7.2.1.3 that the induced functor
Pro (Funpyk(g) (f[(soql)(DC), Sfrisc)) — Pro (Funpyk(g) (K, Sfrisc))
preserves effective epimorphisms. We may thus reduce to showing that the induced functor
j: Pro (Funpys) (K, 835¢)) — Pyk(8) /¢
preserves effective epimorphisms. By Corollary 7.2.3.9, the inclusion
k: Funpys) (K, 855°) — Pyk(8) k.

preserves effective epimorphisms. Furthermore k factors through the full subcategory 82 /K and hence
so does j. By Lemma 7.2.1.1 and since effective epimorphisms in slice categories are detected by the
projections, it suffices to see that the inclusion 82 — Pyk(8) preserves effective epimorphisms, which is
clear by [9, Corollary 13.4.10]. O

We have finally collected all the necessary ingredients that are needed to prove our main theorem:
PROOF OF 7.2.3.1: Let us begin by showing that there is an equivalence of underlying co-topoi
XPYE =5 Funpys) (15, 1) (X), Pyk(8)).

that is natural in the spectral co-tops X. The Exodromy Theorem [9, Theorem 13.2.11] provides a natural

equivalence of tiny oco-pretopoi
Funpyi(s) (f[(soql)(DC),SiiSC) ~ I)CC<°<£IO
We have seen above that the full subcategory
Pro (Funpyk(g) (ﬁfw71)(X),S§risc)) <« Fun®® (ﬁfw71)(X),Pyk(S))
satisfies the assumptions of Theorem 7.2.3.2 and thus we get a natural equivalence

Shhyp (Pro(Funpyk(S) (115 1) (%), s;‘TiSC))) ~ Fun®® (117, ) (X), Pyk(s)).

can

Thus it remains to see that the topologies can and eff on Pro(Funpyk(S)(ﬁ(Soo 1)(36), Sx)) agree, but this
is just a reformulation of Proposition 7.2.3.10. To prove the general claim about Pyk(8)-topoi note that

by naturality of the above equivalence the triangle

Dprk = FunPyk(S) (ﬁ?oo,l) (:X:), Pyk(S))
;Ey\ %7
Pyk(8)
commtes. This proves the claim by Theorem 5.2.5.1. (]

In the case where XX = X for some qcgs scheme X, we obtain using Example 7.2.1.9:

COROLLARY 7.2.3.11. Let X be a qcqs scheme. Then the exodromy equivalence induces an equivalence
of co-topoi
XPP =5 Funpys)(Gal(X), Pyk(8)).

proét

Let us obtain some easy consequence:

COROLLARY 7.2.3.12. Let f : X — Y be any morphism of schemes. Then the induced pull-back

functor
* , yhyp hyp
f . Yproét Xproét

has both a left and a right adjoint.
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PROOF. By the adjoint functor theorem [57, Corollary 5.5.2.9] it suffices to see that f* preserves all
limits and colimits. We may cover X by affine opens j;: U; — X such that for every i we have an affine

open t;: V; = Y and a commutative diagram

%Y

X
g
Ui = Vi

Since the j; are jointly conservative and restrictions to open subschemes commute with all limits and
colimits, it suffices to see that each j; o f* preserves limits. Because j; o f* >~ f* ot7, it suffices to see
that f preserves all limits and colimits and we may therefore assume that X and Y are affine, so in

particular quasi-compact. In this case f* corresponds to the functor
Gal(f)": Funpy(s) (Gal(Y), Pyk(S)) — Funpys) (Gal(X), Pyk(S))
given by precomposing with Gal(f): Gal(X) — Gal(Y) via Corollary 7.2.3.11 and the claim follows. O

COROLLARY 7.2.3.13. Let X be a spectral co-topos. Then XPYX is projectively generated (in the sense
of [57, Definition 5.5.8.23]).

PrOOF. By Theorem 7.2.3.1, we have to see that Funpyk(g)(f[foo 1)(X), Pyk(8)) is projectively
generated. As in the proof of Lemma 7.2.3.3 the inclusion f[foo‘l)(DC): — ﬁ(SOO 1)(DC) induces a conservative

limit and colimit preserving functor

FunPyk(S)(ﬁEs'oo,l)(x)a Pyk(s)) — Pyk(S)/ﬁ(soo 1 (0)="

Since the domain is projectively generated, because Pyk(8) is (see Observation 7.1.1.3), the claim follows
from [56, Corollary 4.7.3.18]. O

Using the methods developed in Section 4.6 we can now easily extend Theorem 7.2.3.1 to arbitrary
coefficients.

COROLLARY 7.2.3.14. Let C be any presentable Pyk(8)-category and X a spectral oo-topos. Then

there is a natural equivalence
xpyk ®Pyk(8) Cx~ @Pyk(S)(ﬂfw,l)(x)? C)
Proor. By Theorem 7.2.3.1 and Proposition 4.6.2.11
XPYE @PYE) C ~ mPyk(S)(ﬁfoo,l) (X), Pyk(S)) ® C = @%(;T(S)(L%Pykw) (ﬁ(soo,n (X)P)°P, Pyk(8)).
Thus the claim follows from the universal property of PShp, s)(—), Theorem 3.4.1.1. O

Let us also record the following more explicit variant. For this recall that if R is a condensed ring, we
constructed in Section 4.5.2 a presentable Pyk(8)-category I\/Iodgyk(s), that can be explicitly described as
the sheaf

K +— Mod,: r(Pyk(8),x ® Sp).

COROLLARY 7.2.3.15. Let R be a pyknotic ring and X a qcgs scheme. We denote by Dpost (X, R)
the derived category of the abelian category of F;yk(R)—modules in pro-étale sheaves on X. Then there is
a natural equivalence

Dot (X, R) ~ Funpyis)(Gal(X), Modg, s )-
PRrROOF. This is an immediate consequence of the previous Corollary if we show that
Dproet (X, R) ~ T(X 20 @5 Modfy,s))-
But by Propositions 4.6.3.13 and 4.6.3.12 we find that
L(X P, @O Modf ys)) ~ X2, @pyics) Mod g (Pyk(Sp))

proé
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and furthermore Lemma 4.6.3.11 implies that

X ®pyk(s) Modg(Pyk(Sp)) ~ MOdF;yk(R)(Shhyp(Xpmét7 Sp)).

proét

Thus the claim follows from [58, Theorem 2.1.2.2]. O

REMARK 7.2.3.16. We will now roughly sketch how to circumvent the enlargement of universes which
appears in our results, following [10, §1.4]. Let X be a spectral co-topos and let 8 be an uncountable
regular cardinal such that f[foo 1)(f)C) is a B-small inverse limit of w-finite layered oo-categories. Let

Pro(f)C‘fh ) denote the small subcategory spanned by the S-cocompact objects. We define

2PV = She? (Pro(X2X ) )

and observe that f[fwl)

object in 8PY%A . Furthermore let us write Pyk(8)”? = 8PY%# We can then reproduce the results of §3 and

§4 in this framework to obtain an equivalence

(X) naturally defines a sheaf of co-categories on Pro(8,)g, i.e. an co-category

oxPykB ~ Funpyk(s)ﬁ(ﬂzgm,1)(x)’ Pyk(S)’@)

of co-topoi. Considering the left Kan-extensions along Pro(X<h )y, < Pro(X<L),, for any 8 < Ao < A1,

oo oo

we obtain an equivalence

acc : hyp, co ~ . LS
pykace . C§)1>1£n Pk = GRiYPace (pro(eh )) = C?Efgn Funp, s (17, 1) (X), Pyk(8)™).
Furthermore the filtered colimit

colim Pyk(8)* = ShIPaec(8h)

is given by the co-category of accessible sheaves on 82, which we can further identify with the oo-category
of condensed spaces Cond(8) of Clausen and Scholze. We may consider Cond(8) as a hypersheaf with
respect to the effective epimorphism topology on 8/ as follows. Denote by Cond(8)* the sheaf given by
left Kan-extension of
Pyk(8)*: Pro(8;)x — Catos; K — Pyk(8))x
along (82)x — 8% and define
Cond(8) ~ co&im Cond(8)*.

We may also consider ﬁf@ovl)(DC) as a sheaf of co-categories on 87 via left Kan-extension. The resulting
sheaf is therefore an accessible sheaf and thus x-compact for some regular cardinal . It follows that the
oo-category of natural transformations

Fun® (0TS, ) (), Cond(8)) = | Fun(fIE, ., (X)(K). Cond(3)()

is equivalent to the filtered colimit
C;\)I;IHH Funl):\’yk(s) (Higoo,l) (x)) Pyk(S)A) :
Thus the above equivalence shows that we have an equivalence

xpyk,acc ~ Funcond (ﬁfm,l) (x), COI’ld(S))

7.3. The pro-étale homotopy type of a scheme

We now apply the results of the last section to introduce and study the pro-étale homotopy type
[IPr¢ (X)) of a scheme X. We give the main definition and prove some first elementary results in § 7.3.1.
Also, we show that TTEI°®*(X) agrees with the condensed shape of X, introduced in [41, Appendix Al.

In § 7.3.2 we prove an internal version of Quillen’s Theorem B (see Theorem 7.3.2.11) up to localization
at a class of morphisms. While the result may be of independent interest, we mainly want to apply it in
the case where we work internally to Pyk(8) and localize at the class of morphisms that get inverted by
pro-finite completion.
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Finally we apply Theorem 7.3.2.11 to the functor of Pyk(8)-categories Gal(f): Gal(X) — Gal(Y)
induced by a smooth and proper morphism of schemes f: X — Y. Using the invariance under specialization
for étale homotopy types [35, Proposition 2.49], we deduce that the fibre of the map TIBX°¢t( £): TIRI® (X)) —
TIB°¢t (V') agrees with the pro-étale homotopy type of the geometric fiber, up to pro-finite completion.

7.3.1. Fundamentals of the pro-étale homotopy type. Let X be a qcgs scheme. It follows
from Theorem 7.2.0.1 that the Pyk(8)-topos X hyp g locally contractible. In particular the canonical

proét

morphism I'; 0 Pyk(S) — X YD o dmits a left adjoint that we will denote by oy

proét

DEFINITION 7.3.1.1. Let X be a qcgs scheme. We define the pro-étale homotopy type of X to be
T2 (X) 2= my(1).

PROPOSITION 7.3.1.2. There is canonical equivalence
IPr¢t (X)) ~ Gal(X)&P4 € Pyk(S).
PrOOF. This an immediate consequence of Theorem 7.2.0.1 and Proposition 3.1.4.1. (]

RECOLLECTION 7.3.1.3. Let X be a scheme. We define the étale homotopy type I1¢! (X) € Pro(8) of
X to be the shape (in the sense of [57, Definition 7.1.6.1]) of the étale co-topos Xe¢t. We call I (X)) =
T<oo I (X)) the pro-truncated étale homotopy type of X and similarly we call ﬁgg(X) = II% (X)) the
pro-finite étale homotopy type of X.

REMARK 7.3.1.4. Since the shape of X¢ and thyp agree up to pro-truncation, it follows from [44,
Corollary 5.6] that II¢ (X) and Friedlander’s étale topological type [24] agree up to pro-truncation.

Our next goal will be the promised result that the pro-étale homotopy type is a refinement of the

usual pro-truncated étale homotopy type.

7.3.1.5. Let X be a qcqgs scheme. Then the inclusion j: X" — Pro(X§o"™) is a morphism of sites

and therefore induces an algebraic morphism of co-topoi

® hyp (qrconstry ~, yhyp hyp hyp /q~constr
v Sheff (:X:ét ) - Xét - Xproét - Sheff (xét )

PROPOSITION 7.3.1.6. Let n € N. The functor v* restricts to a fully faithful functor X <n —

Xprost,<n 0N n-truncated objects.

PROOF. The functor v* is given by left Kan-extension ji along the inclusion X" — Pro(X§omst)
and then sheafifying the resulting presheaf. Since left Kan-extension along a fully faithful functor is
fully faithful, it suffices to show that 7 (F) is already a sheaf whenever F is an n-truncated sheaf. So
let f: lim; U; — lim; V; be an effective epimorphism in Pro(X$""") and using Proposition 7.2.1.3, we
may assume that f = lim; f; where f; is an effective epimorphism in X", Let us write U, for the

Cech-nerve of f and U, , for the Cech-nerve of fi- We want to show that the canonical map
7(F)(Aim Vi) — lim j1(F)(Un)
7 ne

is an equivalence. But because ji(F) is by definition left Kan-extended, this map may be identified with
the composite
colim F(V;) — colim lim F(U; ,,) — lim colim F(U; ,,).

% i neEA neA i
Now the first map is an equivalence because F is a sheaf on X" by assumption and the second map is

an equivalence by [42, Proposition A.1], since all spaces involved are n-truncated. ([

ProprosITION 7.3.1.7. Let X be a gcgs scheme. Then there is a canonical equivalence
Hoo (IEP(X)) = TS (X).

In particular we also have an equivalence H{ (IR (X)) ~ TI¢Y (X){ for any set of primes 3.
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PROOF. Recall that under the identification Pro(8.s) ~ Fun'®*°(8__.,8)°P, the pro-truncated
shape 1T _(X) is given by the composite

5t .
Scoo 0 X TP =55 8.

Note that the functor v* evidently fits into a commutative square

*

hyp v hyp
X ét proét

*
const]\ Tprk

8 — Pyk(s).

(—)dise
Since v* is fully faithful on truncated objects we have equivalences

T, oconst ¥ T', ov, ov* oconst ~ Un OI‘Eyk o I‘;yk o (—)diSC
in Pro(8<s). Since the functor Un ol'2* o '}y s representable by B¢t (X), the claim follows. O

RECOLLECTION 7.3.1.8. Recall that an affine scheme W is w-contractible if every weakly étale cover
(in the sense of [14, Definition 1.2]) Y — W has a section.

In general the pro-étale homotopy type can be very hard (in fact nearly impossible) to compute.

However we have the following useful observation:

LEMMA 7.3.1.9. Let W be a w-contractible affine scheme. Then there is a canonical equivalence
IR (W) — moW € Pyk(8). Here mgW is the set of connected components of W, equipped with the
topology induced by W .

PROOF. Let us write WP™¢ for the full subcategory of Sch sw spanned by pro-étale affine W-schemes.
Note that because W is affine, moW is pro-finite. Recall from [14, Lemma 2.2.8] that there is an adjunction

R meét = Pro(Setﬁn)/ﬂo(W): w XTK‘Q(W) —

where the right adjoint is fully faithful. In fact W X w) — is a morphism of sites and therefore induces

a geometric morphism

e WP Pyk(8) k.

proét
Also W X wy) — commutes with the obvious functors from Pro(Setﬁn) and therefore 1, refines to a
geometric morphism over Pyk(8). Note that the Lemma now immediately follows if the left adjoint
* is fully faithful. For this we observe that by [14, Example 2.2.2 and Lemma 2.4.8], the above
adjunction restricts to the full subcategories WP C WP of w-contractible pro-étale X-schemes and
Proj /o owy € Pro(Setﬁn) Jmo(w)- Since both subcategories are bases for the respective topologies it follows

that we may identify ¢* with the functor

8) — Fun* ((WP™)°P §) ~ |W/™VP

proét

Pyk(8) /my(w) = Fun™ (Proj(/)io(w),

given by left Kan-extension along Proj . ) — Wrrel Thus +* is fully faithful as left Kan-extension
along a fully faithful functor. O

REMARK 7.3.1.10. Note that if f: V — W is a map of w-contractible schemes we get an induced
commutative square

Vb, —s PYK(S) (v

proét
lf* Jﬂo(f)*
) P
Wit == PYK(8) /mom)

and thus the isomorphism in Lemma 7.3.1.9 is natural in W.



260 7. APPLICATIONS IN ETALE HOMOTOPY THEORY

Recall that for a scheme X, Hemo-Richarz-Scholbach defined the condensed shape of X in [41]. Tt
may be computed by taking a hypercover by w-contractibles W, — X and then taking the geometric
realization I1°°®*¢(X) = colimaer mo(We) in Pyk(8). As a consequence of Lemma 7.3.1.9 we therefore
obtain:

PROPOSITION 7.3.1.11. Let X be a qcgs scheme. Then there is an equivalence T1°°"4 (X)) ~ TIRF¢t (X)),

PRrOOF. Let Wy — X be a hypercover by w-contractible objects. Considering these schemes as objects

in Xsf(fgt via the Yoneda-embedding we get that colimaer Wy ~ X by the definition of hyperdescent.
hyp

Since my: X

proct — PYk(8) preserves colimits, we get that

TIPrO8t (X)) ~ ”ﬂ(cghm W,) =~ cglim 3 (Ws).

Therefore the claim follows from Lemma 7.3.1.9 and the obvious equivalence (W, ) ~ IIRX¢(W,). O
Thus [41, Proposition A.1] also shows:

PROPOSITION 7.3.1.12. Let R be condensed ring. Then there is an equivalence of co-categories
D proet (X, R)™ = Funpyys) (I (X), Perf 7).

REMARK 7.3.1.13. The above proposition gives a reason to prefer the pro-étale homotopy type
TIRr¢(X) over the classical étale homotopy type. Even for R = Q it is in general not true that arbitrary
dualisable Q;-sheaves on a scheme X can be recovered as representations of the classical étale homotopy
type. See [14, Example 7.4.9] for a concrete example. The pro-étale homotopy type fixes this issue, at the

cost of being significantly harder to compute.

7.3.2. Internal Theorem B up to completions. The goal of this section is to prove a general
version of Quillen’s Theorem B internal to any oco-topos B. The main application that we have in mind is

in the case B = Pyk(8), however the general statement may also be of independent interest.

DEFINITION 7.3.2.1. A map p: P — K in Ba is a Kan-fibration if it is both a left and a right
fibration.

LEMMA 7.3.2.2. Let f: P — C be a left fibration of B-categories and f: C — Qs the associated
functor. Then for any morphism o in C(A), given by a: A' x A — C, the map f(a) in B4 is given by
composing

({0} x A) xc P — ((A! x A) xc P)8Pd
with the inverse of the equivalence ({1} x A) xc P — ((A! x A) x¢ P)&Pd,
PrROOF. By pulling back along o we may assume that « is the identity. Also we have an equivalence
LFibg(A' x A) ~ Fung(A' x A, B) ~ Fun(A', B,4)
Now observe that f(«) can be computed as
evi (diagevo f= f)

Here 71 denotes the unit of the adjunction evg 4 id (—). Translating to the fibrational perspective via

Theorem 2.1.11.5 we obtain a rectangle
{1} X P{o} — P{O} X{0}xA (Al X A) ~ Al x P{o}
|7 I
Pry — i

{1} x A Al x A
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and we are done once we see that the composite Py — Proy X(03x4 (Al x A) — P is equivalent to the
inclusion Pygy — P after applying (—)ePd. But this is clear, since the two inclusions {e} x Pioy = Al x Pioy
become equivalent after applying (—)&P¢ and the composite

{0} X P{O} — Al X P{O} — P
yields the inclusion Py, — P by construction. (I
REMARK 7.3.2.3. In the situation of Lemma 7.3.2.2, we may more generally consider a map a: A™ x

A — C corresponding to a composable sequence of n arrows in C(A). Let us denote by j: A! — A" the

map that sends 0 to 0 and 1 to n. We then get a commutative square

~

({0} x A) xc P —— ((A' x A) xc P)2Pd «=— ({1} x A) xc P
J | Ju
({0} x A) xc P —— ((A™ x A) xc P)gPd «=— ({n} x A) xc P

where the map in the middle is induced by j. Since left fibrations are smooth [62, Proposition 4.4.7], the
right horizontal maps are equivalences and thus also the vertical map in the middle is an equivalence. It
follows that the composite of the lower left map with the inverse of the lower right map is equivalent to f

applied to the composite of the n arrows determined by a.

LEMMA 7.3.2.4. Let p: P — C be a Kan-fibration. Then the classified functor p: C — Qg factors
through the inclusion of the mazimal subgroupoid QF — Qz.

PRrROOF. By Lemma 7.3.2.2, it follows that we only need to see that the map
({0} x A) xc P = ((A' x A) xc P)epd

is an equivalence. But this follows because ({0} x A) — (A! x A) is initial and a pullback of a initial
map along a right fibration is initial by [62, Proposition 4.4.7]. O

LEMMA 7.3.2.5. Consider a cartesian square of B-categories

Q——P
|k
D——C

and assume that p is a Kan-fibration. Then the induced square
Qepd — pepd
L
Depd ____, (Cspd

in B is also cartesian.

ProoF. The Kan-fibration p classifies a functor p: C — Qp that by Lemma 7.3.2.4 factors through
the canonical map C — C&4, Tt follows that there is some map of B-groupoids T — C&89 and a rectangle

Q— P —T
|
D—— C—— cerd

in which all squares are cartesian. Since geometric realizations are universal in B, the localization functor
(—)gPd: Cat(B) — B is locally cartesian (in the sense of [28, § 1.2]) and the claim follows. O

The main technical input for our version of Theorem B is the following Proposition, which may be

seen as a variation of [68, Theorem 5.1]
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PROPOSITION 7.3.2.6. Let C be a B-category and L: B — C be a colimit preserving functor to some
oco-category C. Furthermore fix a collection of objects G in B that generate B under colimits. Let f: P — C
be a left fibration and f: C — Qg be the corresponding functor. Suppose that for any A € G, the composite

cay g, 3he

sends all morphisms to equivalences. Then for any K € B and any map d: K — C the induced map

f(d) =K Xc P—- K X cgpd ngd
is an equivalence after applying L.

PROOF. Since colimits in B are universal, we may assume that K € §. We factor K — C as
K % T 2 C where i is contained in the smallest saturated class in (Ba)/c containing all maps of the
form
{e} xA— 3 A" x A

~

where ¢ € {0,n}, A € G and p is right orthogonal to these maps. It follows from [62, Lemma 4.1.2] that p

is a Kan-fibration. Therefore we have a canonical equivalence
K Xcapa PEPY o~ TP 5 o PEPD ~ (T x P)&Pd

by Lemma 7.3.2.5. Thus it suffices to see that the induced map K x¢c P — T X¢ P induces an equivalence
after applying Lo (—)8P9. We note that by universality of colimits in B, the class S of all maps s: A — B
in (Ba),c that have the property that
chloill)n(A xcP)— chl(gn(B xc P)

is an equivalence is a saturated class. To see that i is contained in S it therefore suffices to check this
for the maps {e¢} x A — A™ x A, where A € G and € € {0,n}. Note that since the pulled back functor
(A™ x A) xc P — A™ x A is again a left fibration the induced map ({n} x A) xc P = (A™ x A) xc P is
final as a pullback of a final map along a left fibration by [62, Proposition 4.4.7]. In particular

(({n} x A) xc P)8Pd — ((A™ x A) x¢ P)&Pd
is an equivalence, so {n} x A — A" x A is in S. Furthermore under this equivalence the induced map
({0} x A) xc P — ((A™ x A) x¢ P)&pd

is equivalent to the map ({0} x A) xc P — ({n} x A) x¢ P induced by 0 — n (see Lemma 7.3.2.2 and
Remark 7.3.2.3). But this map is an L-equivalence by assumption. Therefore i is contained in S and the

proof is complete. U
Next we need to produce a suitable left fibration, to which we can apply the above proposition.

7.3.2.7. Let f: C — D be a functor of B-categories. We consider the comma category C |p D defined
via the pullback

ClpD —— DA

! !

CXDWDXD

Furthermore the commutative diagram

C diagof DAl

Ja.p) |

CwaDxD
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. . . pr
induces a functor j: C — C |p D that composed with C |p D — C x D —2 D recovers f.

PRropoOSITION 7.3.2.8. The composite C [p D — C x D 22, D 4s a cocartesian fibration. Furthermore

for any morphism s: d — d' € D(A) in context A the induced functor on fibres is the canonical functor
C/d =C XD D/m — C XD D/y = C/d/
in Cat(B /) induced by s1: D;q — D g

ProoF. The fact that C Jp D — C x D — D is a cocartesian fibration follows immediately from [57,
Corollary 2.4.7.12]. The second claim follows because the pullback square

ClpD — DA

! l

CXDWDXD

is in fact a pullback in Cocartp. Under the equivalence of Theorem 2.3.2.7, it therefore corresponds to a

cartesian square of functors D — Catg

ClopD—— D,

J !

diag C — diag D
which proves the claim. O
LEMMA 7.3.2.9. The functor j: C — Clp D is a left adjoint, so in particular initial.

ProoOF. The functor j sits inside the commutative diagram

C———D

in which all squares are cartesian. Since diag is the fully faithful left adjoint of evg, the proof of
Lemma 3.3.3.9 shows that j is also a fully faithful left adjoint. O

7.3.2.10. Let C be a B-category. Composing with the inclusion 24 — Catp fits into a commutative

square
Fung (D, Qp) —— Fung (D, Cats)
LFib(D) ——— Cocart(D)

Let us denote the left adjoint of the lower horizontal functor by F. Recall that by general facts about
factorization systems, F' is given by factoring a cocartesian fibration into an initial functor followed by a
left fibration. If follows by passing to left adjoints, that for a cocartesian fibration p: P — D classifying a
functor p: D — Catg, the left fibration F'(p) classifies the composite

_\&pd
D — Catg 275 Q.

We can now finally formulate the following version of Quillen’s Theorem B:
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THEOREM 7.3.2.11. Let f: C — D be a functor of B-categories and let L: B — C be a colimit
preserving functor to some oo-category C. Furthermore fix a collection of objects G in B that generate B

under colimits. Suppose that for any A € G, and any map s: d — d’' in D(A) the induced functor
(Cra)®P! — (Crar)®P?

is an equivalence after applying L. Then for any K € B and any object d: K — D in context K, the

canonical map
(C/a)BP — K Xpepa CEP4
induced by the cartesian square
C/d —— C
f

(ma) D

D/d
and the equivalence K ~ (D/d)gpd, is an equivalence after inverting L.
PRrROOF. By Proposition 7.3.2.8 and Lemma 7.3.2.9 we have a factorization
cLclpD®D

into an initial functor followed by a cocartesian fibration. Therefore also the induced left fibration
F(p): P — D fits into a factorization

cZp £ p

where 5’ is initial. Now our assumptions and Proposition 7.3.2.8 guarantee that we may apply Proposi-
tion 7.3.2.6 to the left fibration F'(p). Thus the canonical map

(C/d)gpd — K Xpepa PEPY
is an equivalence after applying L. Finally, we consider the commutative diagram

Cg — C

.

C/dLD/deP%P !

L

K —— Dy D

Since j’ is initial and D4 xp P — P is a right fibration, i is initial as well. Also, since D /4 xp P — D 4 is
a left fibration, ¢’ is final as the pullback of idg. It follows that idg4,4’,7 and ;' all induce equivalences
after applying (—)%. Thus we may identify the map (C/4)#*? — K Xpepa P& from above with the

canonical map
(C/d)gpd — K Xpepa Cgpd7

which completes the proof. [l

7.3.3. Comparing geometric and homotopy theoretic fibres. One of the most fundamental,
but also quite difficult questions in étale homotopy theory is concerned with computing fibres of a map
of étale homotopy types I (X) — IT1% (V) induced by a map of schemes f: X — Y. The goal of this
section is to compare the homotopy theoretic fibre of the induced map TIRI¢t( f): TIRIo®t(X) — TIRIO®t(Y)
with the scheme theoretic fibre if f is smooth an proper.

Whenever € € Pro(Lay,,) we will simply write £8P4 € Pyk(8) for the groupoidification of the Pyk(8)-
category, associated with € via the embedding Pro(Lay,) — Cat(Pyk(8)). We then have the following
special case of our Theorem B:
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THEOREM 7.3.3.1. Let ¥ be a set of prime numbers Suppose that f: € — D is a functor in Pro(Lay )
such that for any map d — d' in D the induced morphism

HQ((e/d)gpd) - HQ((e/d/)gpd)

in Pro(8x) is an equivalence. Then for any d € D the induced map H{((C,q)8PY) — H{ (fiby(fePY)) is

an equivalence.
For its proof we need the following small additional input:
LEMMA 7.3.3.2. Consider a cartesian square
Yy — X
L — K

in Pyk(8) where K, L € Pro(8x) and X is the colimit of a simplicial diagram A°® — Pro(8,) — Pyk(8).

Then HY preserves this pullback square.

PROOF. Since geometric realizations are universal in both Pyk(8) and Pro(8x) (see [34, Corollary
1.13 & Example 1.9]), we can assume that X is in the image of Pro(8,;) — Pyk(8). Now observe that
because Pro(8;) «— Pyk(8) is fully faithful, the composite

Pro(8,) < Pyk(8) 25 Pro(8s)

is equivalent to the left adjoint of the inclusion Pro(8x) — Pro(8;). Since this left adjoint is locally
cartesian closed, as a consequence of [36, Proposition 3.18], the claim follows. ([

EXAMPLE 7.3.3.3. Note that since the inclusion Pro(Lay,) — Catpyy(s) factors through the full
subcategory CSS(Pro(8;)) C Catpyi(s) (see the proof of Corollary 7.1.1.13) it follows that for C €
Pro(Lay,) its groupoidification €8P4 € Pyk(8) satisfies the assumption of Lemma 7.3.3.2.

PROOF OF THEOREM 7.3.3.1. We consider ¢ — D as a functor of Pyk(8)-categories. We want to
apply Theorem 7.3.2.6 in the case where B = Pyk(8), L is the functor Hy

(—)%: Pyk(8) — Pro(8x),

and G = Proj is the collection of projective pro-finite spaces. Thus we need to see that for any K € Proj
and map d — d’ € D(K) the induced map

(€/)2Pd — (€q/ )8

in Pyk(8),x induces an equivalence after applying Hg. Since equivalences of pro-finite spaces can be
checked fibrewise, it follows from Lemma 7.3.3.2 (which we may apply thanks to Example 7.3.3.3) that it
suffices to see that for any point z: * — K the map

(e/d)ipd - (e/d')ggcpd
on fibres is an equivalence after applying H{. But this map is by construction the map
(e/dox)gpd - (e/d/ox)gpd
induced by the morphism dox — d’oz in D. Thus it is an equivalence after applying H{ by assumption. [

LEMMA 7.3.3.4. Let f: € — D be a functor in Pro(Lay ) considered as a functor of Pyk(8)-categories.
If the underlying functor of co-categories is a left fibration, then f is a left fibration of Pyk(8)-categories.
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PRrROOF. The functor f is a left fibration if and only if for every profinite set K and every map
x: K — C the induced functor f,: €, — Dy, is an equivalence of Pyk(8)-categories.
Recall that C,, is defined via the pullback

e, — €

Kﬁe,

and Dy (,), is defined likewise. Observe that the functor f,, is induced by a map in Pro(Lay,) and thus
it suffices to see that the functor on underlying oco-categories is an equivalence by Lemma 7.1.1.14. This
map in turn can be identified with the functor induced by f,, upon passing to global sections. Hence,
since the functor f,, is a map of Pyk(8)-categories over K, it suffices to show that for every global
section k: * — K the map of fibres (C,/)[x = (Dy(x)/)|r induces an equivalence on global sections. The
latter functor can in turn be identified with the map C,ox; — Df(sok), and is therefore an equivalence by
assumption. O

LEMMA 7.3.3.5. Let C € Pro(Lay,.), considered as a Pyk(8)-category. Then an object x: 1 — € is

initial if and only if it is an initial object of the underlying co-category of C.

PROOF. Recall that x is initial if and only if the map of Pyk(8)-categories €,, — C is an equivalence.
Thus the claim follows from Proposition 7.1.1.14. O

NoTATION 7.3.3.6. If Y is a scheme and § — Y a geometric point, we denote by Y(;) = Spec(O%}"g)
the strict henselisation of Y at y (see [Stacks, Tag 0BSK]). If f: X — Y is a morphism of schemes, we
write X5 = X Xy Y(y) for the Milnor fibre of f at y.

PROPOSITION 7.3.3.7. Let X be a qcqs scheme and let T — X be a geometric point of X. Then
the functor Gal(X(z)) — Gal(X), induced by the map of schemes X () — X, induces an equivalence of
Pyk(8)-categories

over Gal(X).

PRrOOF. The claim follows immediately if we can show that Gal(X(,)) — Gal(X) is a left fibration
and that the closed point z: T — X(,) in an initial object. Thus the claim follows from the corresponding

statements about the underlying categories by the last two lemmas. These are proven in [15, Expsoé
VIII, Corollary 7.6]. O

7.3.3.8. Let =,y be geometric points of X and n: £ — y an étale specialization, so a map of X-schemes
n: X(z) — X(y). Note that in this case X(z) is also the strict henselisation of X 5) at the image of T along

7. Applying Proposition 7.3.3.7 twice, we get a commutative diagram

|

of Pyk(8)-categories where the lower horizontal map is given by composition with the map y — = € Gal(X)
given by 7 (see also Remark 7.1.2.9).

In order to apply our abstract Theorem B, we need the following additional input:


https://stacks.math.columbia.edu/tag/0BSK
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PROPOSITION 7.3.3.9 ([36, Corollary 2.4]). Let f: X — Y be a morphism of qcqs schemes and y —Y

a geometric point. Then the canonical commutative square

Gal(X () — Gal(X)

| |

Gal(Y(;)) —— Gal(Y)

of Pyk(8)-categories is cartesian.
THEOREM 7.3.3.10. Let f: X — Y be a smooth proper morphism of qcqgs schemes and y — Y a
geometric point of Y. Let ¥ be a set of primes invertible on Y. Then the induced morphism
TR (X ) — £iby (TR ()
is an equivalence after applying HY.

PrROOF. We want apply Theorem 7.3.3.1 to the functor of pro-finite categories
Gal(f)°P: Gal(X)°P? — Gal(Y)°P.

Let s: y — ¢ be a map in Gal(Y") corresponding to a specialization n: Y{3y — Y(3). By combining 7.3.3.8
and Proposition 7.3.3.9, it follows that the induced functor

is identified with the functor
Gal(X(y)) — Gal(X(y))

induced by the morphism of Milnor fibres X5y — X(3). Hence Proposition 7.3.1.7 shows that after
applying H{, the morphism Gal(X,))&P? — Gal(X(,))8P¢ is identified with the map on S-complete étale
homotopy types

IS (X ()8 — TS (X ()%
Therefore it is an equivalence by the invariance of the étale homotopy type under specialization [35,
Proposition 2.49]. Thus Theorem 7.3.3.1 implies that the canonical map

TE° (X () — fibg (IR (f))

is an equivalence after applying HS. Since the canonical map IIB/¢ (X ;) — TIRro¢t (X(g)) induced by
the inclusion of the fibre Xy — X(y) is an equivalence after applying Hy by Proposition 7.3.1.7 and 35,
Corollary 2.39], the theorem follows. O

REMARK 7.3.3.11. Theorem 7.3.3.10 is a variant of Friedlander’s fibre sequence [25, Theorem 3.7]
for the pro-finite étale homotopy type. However, note that Friedlander in particular assumes that Y is
normal and that all geometric fibres of f are connected. These assumptions are not necessary for our
result.

Also observe that Theorem 7.3.3.10 does not directly imply Friedlander’s result, since HY typically

does not preserve fibre sequences.






Appendix: Locally constant sheaves

This appendix is devoted to the study of locally constant sheaves in oo-topoi. For the entire section,
let us fix a compactly generated co-category €. Recall that we write She (B) = Fun'™ (B, &) = B ® &,
where — ® — denotes the tensor product in Prg‘o. By applying — ® € to the constant sheaf functor
constg : § — B we obtain an adjunction

(constg 4 T'3): & S She(B).

Similarly, by applying — ® € to the adjunction (7% 4 (7a)«): B = B, 4 for some A € B, we obtain an

induced adjunction
(m4 1 (ma)«): She(B) = She(Ba).

Furthermore, if there is an accessible left exact localisation L 4 i: PSh(€C) — B we get an induced
localisation Lg 4 ig: PShe(€) — She(B).
DEFINITION A.1. Let us fix the following terminology:

(1) We call consts (K) the constant sheaf associated to K € €. The objects in the essential image
of constg are called constant &-valued sheaves.

(2) We call an E-valued sheaf F' constant with compact values if it is of the form constg (K) for
some compact object K € €.

(3) An E-valued sheaf F is called locally constant if there is a cover (m4,): | |; Ai = 1 in B such
that for every i the €-valued sheaf 7 F € She(B)4,) is constant.

(4) We call an €-valued sheaf F' locally constant with compact values if we can find a cover
(si)i: Ll; Ai = 1 in B such that s} F' is constant with compact values.

(5) We denote by LConst®(B) the full subcategory of She(B) spanned by the locally constant

&

sheaves, and by LConst

(B) the full subcategory spanned by the locally constant sheaves with

compact values.
The key result that we will show in this section is the following:

PROPOSITION A.2. Suppose that L: PSh(C) — B is a left exact and accessible localisation, and let F
be an &-valued presheaf on C. Then for any ¢ € C, any K € & and any map K — LeF(c) there is a
collection of morphisms (s;: ¢; — ¢)ier in € such that (Ls;): | |; L(c;) = L(c) is a cover in B and for
any i € I the composite K — Le F(c) =, LeF(c;) factors as a composite K % F(c;) erled), LeF(c;)
for some m;: K — F(c¢;).

As an immediate consequence we obtain the following:

COROLLARY A.3. Let f: consts(K) — consts (M) be a morphism in She(B) where K is compact.
Then there is a cover (mwa,): ||; Ai — 1 in B and maps fi: K — M in € for each i such that 7 f is

equivalent to consts ,, (fi)-

PrROOF. We may pick a left exact accessible localisation L: PSh(C) — B where C has a final object
1. The morphism f corresponds to a map f: K — T constg (M) = consts (M)(1). By Proposition A.2

269



270 APPENDIX: LOCALLY CONSTANT SHEAVES

we may now find a covering (7r,): | |; L(c;) — 1 and commutative squares

M = M(¢;) — constg(M)(c;)

«
sz WLeiT

K —L 5 consts(M)(1)

where M denotes the constant M-valued presheaf. Let f; = constg(m;). Then the above square translates

to the statement that 77 . (f) is equivalent to consts . (fi), and the claim follows. O

&

COROLLARY A.4. The full subcategory LConst

retracts.

(B) — € ® B is closed under finite colimits and

PROOF. We start by showing the claim about finite colimits. Since LConst&

cpt(B) contains the

initial object it suffices to see that it is closed under pushouts. So let us consider a span F < G — H
in LConstfpt(B). We may pass to a cover in B to assume that F,G and H are constant. Thus by
proposition A.3 we may further pass to a cover so that we can assume that the span above is given by

applying consts to a span in E°P'. So the claim follows since £°P! is closed under finite colimits and
e
cpt

same way. O

constg preserves finite colimits. The proof that LConst . (B) is closed under retracts proceeds in the

In order to prove Proposition A.2, we first need to treat the special case where &€ =8 and K = 1:

LEMMA A.5. Let F € PSh(C) and let f: 1 — LF(c) be a map for some ¢ € C. Then there is a
collection of morphisms (s;: ¢; = c)ier in C such that (Ls;): ||, L(c;) — L(c) is a cover in B and maps

m;: 1 — F(c;) for each i such that st f is equivalent to the composite 1 5 F(c;) erle), LF(c;).

ProoF. We pick a cover (t;): | ];d; — F in PSh(C). Consider the pullback square

L4 — Lids

[

Cf)LF

in PSh(C). Covering each A; € PSh(C) with representables ¢], then yields the desired collection of maps
(s1): Uypch — e O

To reduce the general case to the above lemma we use the ideas of [32, §2]. Indeed, the fact that & is
by assumption compactly generated means that we may identify & ~ Fun'®™((£°Pt)°P, 8). Consequently, we
obtain an equivalence Shg (B) ~ Fun'®™((£%)°P_B). In light of these identifications, the adjunction Lg
ie: PShe(€) — She(B) translates into the adjunction Fun'®((£P*)°P, PSh(€)) & Fun'™((£PH)oP B)
that is obtained by postcomposition with L 4 7. An analogous observation shows that for ¢ € €
the evaluation functor ev®: She(B) — & is equivalent to the functor ev..: Fun'™((EP%)°P B) —
Fun'®*((£P4)°P_8) given by composing with eve: B — 8.

PROOF OF PROPOSITION A.2. Since K is compact, the above discussion and Yoneda’s lemma allow
us to identify K — LF(c) with amap f: 1 — LF(c)(K) ~ L(F(K))(c). Therefore we are in the situation
of Lemma A.5 and get a collection of morphisms (s;: ¢; = ¢)ier in € such that (Ls;): | ], L(c;) — L(c) is

a cover in B and maps n;: 1 — F(K)(c) such that for each ¢ we have a commutative square

F(K)(ei) —— L(F(K))(c:)

Tni S:T

11— L(F(K))(0).

Via Yoneda’s lemma the maps n; now yield the desired maps m;: K — F(c;). O
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