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Coarse geometric approach to topological phases: Invariants from real-space representations
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We show that topological phases include disordered materials if the underlying invariant is interpreted as
originating from coarse geometry. This coarse geometric framework, grounded in physical principles, offers a
natural setting for the bulk-boundary correspondence, reproduces physical knowledge, and leads to an efficient
and tractable numerical approach for calculating invariants. As a showcase, we give a detailed discussion
of the framework for three-dimensional systems with time-reversal symmetry. We numerically reproduce the
known disorder-free phase diagram of a tunable, effective tight-binding model and analyze the evolution of the
topological phase under disorder.
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I. INTRODUCTION

Exploring topological effects in the quantum mechanical
description of matter is a new frontier in solid-state physics
[1,2]. Research in this area is at the interface of fundamental
mathematical concepts [3–7], theoretical modeling [8–10],
and experiments [11–15], and aims to harness the unique
properties of topologically originated phenomena for tech-
nological applications [16,17]. Whereas previously mainly
spectral properties have been the focus of solid-state physics
in determining the emergent large-scale electronic behavior
[18], these topological phases of matter are a novel ap-
proach to the classification of materials. A geometric entity
can be constructed from the occupied bulk-energy bands of
a translationally invariant Hamiltonian and characterized by
topological properties. Due to a phenomenon referred to as
bulk-boundary correspondence, a nontrivial topology leads to
the emergence of a unique gap-closing boundary mode. These
boundary modes are remarkably robust and topologically pro-
tected from disruption by disorder [19–21].

Characterizing topological phases by defining and cal-
culating topological invariants via electronic band-structure
theory falls short when dealing with disorder that breaks
translational symmetry. However, topological phase transi-
tions in nonstoichometric materials such as (Bi1−xInx )2Se3

and (Bi1−xSbx )2Se3 [22–24] and more recently in amor-
phous materials [25,26], have been experimentally observed,
demonstrating the need to find a rigorous understanding of
topological phases of materials without translational invari-
ance. Several approaches have been proposed to characterize
topological phases of strongly disordered materials, each with
its limitations. These include using the spin Bott index [27],
local markers [28], the supercell method [23], the scatter-
ing matrix [29], and the bulk-boundary correspondence [30].
Let us consider the most commonly used ones. The su-
percell method calculates the standard topological invariant
considering an enlarged unit cell containing some disorder
distribution. This approach offers the advantage that it in-

terfaces nicely with first-principle calculations [23], but the
artificial periodicity does not represent a truly disordered
material. The spin Bott index is a two-dimensional invariant
[27]. Its generalization to three-dimensional materials was
constructed in Ref. [30] in analogy to Ref. [19] and was
empirically shown to give the same results as the supercell
method. However, as discussed later these two-dimensional
invariants do not exist in the presence of general disorder [31],
thus we assume that this approach fails for certain disorder
configurations. Local topological markers have been recently
generalized to odd spacial dimensions [32,33]. However, this
approach relies on an ad hoc construction and, when applied to
strongly disordered systems, the local markers display strong
spacial fluctuations far from integer values, among other limi-
tations [34]. Finally, using the bulk-boundary correspondence
relies on a diagonalization of the Hamiltonian restricted to
a bounded region and inspecting possible boundary modes.
While this approach is straightforward, the diagonalization
can be very costly, it involves choosing an arbitrary bound-
ary and it is difficult to distinguish trivial from topological
boundary modes.

There is a powerful alternative approach that is free from
all the above discussed limitations: For nearly four decades,
the mathematical framework of C∗-algebras and K-theory has
been proposed to model disorder in condensed-matter physics
[35]. This approach offers a distinct advantage over the stan-
dard methods that utilize the vector bundle representation of
occupied states in the Brillouin zone. The key benefit of the
C∗-algebraic framework lies in its ability to directly define
and compute topological invariants from operators within a
suitable C∗-algebra of observables. Although this approach
relies heavily on functional analytic methods, the geometric
picture is retained. Coordinate functions on the Brillouin zone,
essential for conventional methods, become noncommutative
under multiplication in this framework. This transformation
results in a noncommutative space, a mathematically rigorous
and well-suited extension of the Brillouin zone for systems
lacking translational invariance due to disorder.
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In this approach, the topological invariants take values in
the K-theory group K0(A) of the observable C∗-algebra A,
which consists of the set of projections p = p2 in matrix alge-
bras over A, up to homotopy and stabilization [36]. We follow
a new development within the above-mentioned noncommu-
tative approach to solid-state physics, which uses observable
algebras coming from coarse geometry, designed to study the
large-scale structure of spaces [31,37,38]. This framework has
a clear physical motivation and provides a natural setting for
the bulk-boundary correspondence [7].

Mathematically, the K-theory groups for observable al-
gebras coming from coarse geometry are well understood,
but are still abstract objects. One of our contributions is to
demonstrate how to extract numerical information from the
abstract K-theory classes to determine if a given system is
in the nontrivial topological phase. Explicitly, in this Article,
we implement a concrete algorithm to identify the nontrivial
topological nature of a system lacking translational invariance
following the protocol outlined in Ref. [39].

The results presented here are general and can be accom-
modated for every Cartan-Altland-Zirnbauer class [40–42],
but are particularly suited for three-dimensional (3D) topo-
logical insulators (TIs) with time-reversal symmetry, for
which an alternative rigorous real-space approach is lacking.
Furthermore, 3D systems exhibit a plethora of disorder in
experimental practice, thus further motivating the application
of our method to 3D systems [25,43]. To demonstrate the
method’s functionality and its numerical efficiency, we apply
it to a well-established low-energy tight-binding model of a
3DTI [44]. We discuss the topological phase diagram of the
pristine material and analyze the evolution of the topological
phase as a function of disorder strength.

II. THEORETICAL FRAMEWORK

A. Observable algebra

We use an effective tight-binding-like approach, using the
complex Hilbert space H = �2(X ) ⊗ K , where X is the dis-
crete metric space of the lattice sites and K is the Hilbert
space of internal degrees of freedom. For example, we may
take X ∼= Zd ⊂ Rd in the case of a bulk system and X ∼=
Zd−1 × N ⊂ Rd for a half-space system.

Any bounded operator T on H can be written as a set
of hopping operators Txy = 〈x|T |y〉 indexed by lattice sites
x, y ∈ Rd . The Txy are operators on the Hilbert space K . An
operator T has finite propagation R > 0 if Txy = 0 whenever
‖x − y‖ > R. Furthermore, T is called locally compact if all
hopping operators Txy are compact operators. The closure with
respect to the operator norm of the set of locally compact,
finite propagation operators, denoted by C∗

Roe(X ), is called the
Roe algebra of X . We remark here that for mathematical rea-
sons, the coefficient Hilbert space K should be taken infinite
dimensional. Physically, this corresponds to the presence of
infinitely many conduction bands that are typically present but
irrelevant for the description of the system.

The Roe algebra depends only on the coarse structure of the
space X , which roughly means that spaces sharing the same
large-scale geometry yield isomorphic algebras [31,45,46].

Most Hamilton operators H considered in physics are
elements of C∗

Roe(X ). We say that such a Hamiltonian is

insulating if the Fermi energy EF is not contained in its spec-
trum,

EF /∈ spec(H ). (1)

Associated to the presence of the spectral gap at EF , the
Fermi projection pF , i.e., the spectral projection onto the
spectrum below EF , is an element of the Roe algebra [38].
Analogous to the translational symmetric case, we expect pF

to represent the topological phase. Formally, the topological
invariant which determines the phase of H is the class [pF ] ∈
K0(C∗

Roe(X )).
For a generic quantum mechanical systems without inter-

nal symmetries, the observable algebra is complex, but in our
case, we are interested in time-reversal symmetric phases. In
other words, we assume the presence of a fermionic time-
reversal operator T, which is an antiunitary operator acting
on H that commutes with complex conjugation, T = T, and
squares to T2 = −1. The algebra of time-reversal symmetric
observables is the subalgebra of operators commuting with T,

C∗
Roe(X )T = {a ∈ C∗

Roe(X ) | TaT−1 = a}. (2)

B. The topological invariant

The algebra C∗
Roe(X )T is a real C∗-algebra, and the ap-

propriate group of values for topological invariants is the
real K-theory group KO0(C∗

Roe(X )T). To define the group
K0(C∗

Roe(X )), one considers orthogonal projection operators p
(projections for short) onto closed subspaces V of H with the
property that p ∈ C∗

Roe(X ). V is called the range of p. If p and
q are two projections in C∗

Roe(X ), a homotopy between them is
a norm-continuous path (pt )t∈[0,1] of elements in C∗

Roe(X ) such
that p0 = p and p1 = q, and such that each pt is a projection.
For any projection p, we denote by [p] the corresponding
homotopy class. If p and q are two projections in C∗

Roe(X ) onto
orthogonal subspaces V ⊥ W of H, then p + q is the projec-
tion onto the direct sum of V + W ⊆ H, hence a projection
again. Any pair of projections p, q inside the Roe algebra
may be homotoped into a new pair p′, q′ whose ranges are
orthogonal. On the set of homotopy classes of projections,
there is therefore a well-defined addition operation, given by

[p] + [q] = [p′ + q′], (3)

where p′ and q′ are perturbations of p and q with orthogonal
ranges.

The above addition operation gives the set of homotopy
classes of projections in C∗

Roe(X ) the structure of a commu-
tative semigroup, with the zero projection as neutral element.
The K-theory group of C∗

Roe(X ) is then given by adding formal
inverses to this semigroup, similar to how one obtains the
integers from the natural numbers. Explicitly, one has

K0(C∗
Roe(X )) = {[p] − [q] | p, q ∈ C∗

Roe(X ) projections},
where the relation is

[p] − [q] = [ p̃] − [q̃]

⇐⇒ there exists a projection r ∈ C∗
Roe(X )

such that [p] + [q̃] + [r] = [ p̃] + [q] + [r]. (4)

Here the addition operation (3) is used [47].
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Apart from n = 0, there exist groups Kn(C∗
Roe(X ) for any

n ∈ N. Bott periodicity for complex K-theory states that

Kn(C∗
Roe(X )) ∼= Kn+2(C∗

Roe(X )),

so the only other group one has to know is the group
K1(C∗

Roe(X )), which is somewhat simpler to define than
K0(C∗

Roe(X )). Denote by C∗
Roe(X )+ ⊂ B(H) the unitization of

C∗
Roe(X ), which is the algebra of operators of the form T +

λid, where T ∈ C∗
Roe(X ), λ ∈ C and I is the identity operator

of H (notice that id /∈ C∗
Roe(X ) due to the local compactness

requirement) [48]. We then have

K1(C∗
Roe(X )) = {[u] | u unitary in C∗

Roe(X )+},
the set of homotopy classes of unitary operators in C∗

Roe(X )+.
Here u and v are homotopic if there exists a norm-continuous
path (ut )t∈[0,1] of unitaries ut in C∗

Roe(X ) such that u0 = u,
u1 = v. The set K1(C∗

Roe(X )) obtains a group structure from
composition of operators, [u] · [v] = [uv], which turns out to
be commutative.

It is standard that K-theory of the complex Roe algebra for
X = Zd is given by

Kn(C∗
Roe(X )) =

{
Z for n − d = 0 mod 2

0 for n − d = 1 mod 2.
(5)

For the present article, we need K-theory for real C∗-
algebras. The corresponding groups are denoted by KOn, and
Bott periodicity in this case states that

KOn(C∗
Roe(X )) ∼= KOn+8(C∗

Roe(X )).

To explicitly describe these groups, we assume that the Hilbert
space H is equipped with an antiunitary operator C such that
C2 = id and which has propagation zero (i.e., is the identity on
the �2(X ) factor). We then define the groups KO0(C∗

Roe(X ))
and KO1(C∗

Roe(X )) as above, but using homotopy classes of
projections and unitaries which are real, i.e., commute with C.
(Of course, all homotopies have to go through real elements.)

Similarly, the groups KO4(C∗
Roe(X )) and KO3(C∗

Roe(X )) are
defined using projections and unitaries that are time-reversal
symmetric, i.e., commute with some fixed antiunitary operator
T such that T2 = −id. In the main article, the identification

KO0(C∗
Roe(X )T) = KO4(C∗

Roe(X ))

is used.
The remaining KO-theory groups can be defined similarly

as groups of unitaries or projections with certain extra sym-
metries, but we do not explicitly consider observable algebras
with other than time-reversal symmetry in this work.

For X = Zd , the KO groups are given as [31]

KOn(C∗
Roe(Zd )) ∼=

⎧⎨⎩Z n − d = 0 or 4 mod 8
Z/2 n − d = 1 or 2 mod 8
0 otherwise.

In the case of a 3D lattice system, this group in question
may be calculated as

KO0(C∗
Roe(X )T) ∼= Z/2. (6)

In other words, up to equivalence, there is only one nontrivial
phase. A feature of the theory is coarse invariance, which

has the consequence that this result holds much more gen-
erally, for example whenever X is a Delone set in R3. In a
mathematically precise way, the nontrivial phase obtained in
this framework corresponds precisely to the strong topological
phase defined by Bloch theory, the weak invariants are lost in
this framework [31,36].

C. Bulk-boundary correspondence

The most important consequence of a nontrivial topolog-
ical invariant is the emergence of a gap-closing boundary
mode: Let X be any Delone set in R3 and let Y ⊆ X be some
subset. Let H̃ be the restriction of the gapped Hamiltonian
H to Y with arbitrary local boundary conditions. Using K-
theoretic methods, one may then show that when passing from
H to H̃ , the spectral gap at EF is completely filled [38,49,50].

In the setting of coarse geometry, given a subset Y ⊆
X , one considers the localized Roe algebra C∗

Roe(Y ⊆ X ),
which is the norm closure of those operators T ∈ C∗

Roe(X )
that are supported near Y , meaning there exists r > 0 such
that Txy = 0 whenever one of x or y has distance more than
r from Y . Clearly, replacing Y by any fattening Yr = {x ∈ X |
dist(x,Y ) � r} does not change C∗

Roe(Y ⊆ X ). Similarly, we
may consider the Roe algebra C∗

Roe(∂Y ), which is the norm
closure in C∗

Roe(X ) of those operators that are supported on
Yr ∩ (X \ Y )r for some r > 0.

The prototypical example we have in mind is

X = Z3, Y = Z2 × N, ∂Y = Z2 × {0}, (7)

but coarse invariance of the theory allows to change X and Y
quite significantly without changing the result. We only need
the “wideness” assumption on Y , stating that Y contains points
of arbitrary distance from X \ Y , and the same with Y and
X \ Y exchanged.

A key feature of coarse geometry making K-theory groups
computable is the Mayer-Vietoris principle, which relates the
K-theory groups of the Roe algebra associated to X to those
associated to Y , X \ Y , and ∂Y , see Ref. [31]. The important
consequence for us is that there is a sequence of maps

KO4 C∗
Roe(Y ⊕ KO4 C∗

Roe(X \ Y

KO4 C∗
Roe X KO3 C∗

Roe(∂Y ,δ

(8)

which is exact, meaning that the kernel of the second map δ

is equal to the image of the first. If Y satisfies our wideness
assumption, then the first map is actually zero, implying that
δ is injective.

For a class [p] in KO4(C∗
Roe(X )), the map δ is given by the

formula

δ([p]) = [exp(2π i · pY )],

where pY is the restriction of p to Y . The point here is that
pY is generally not a projection, but the failure p2

Y − pY to be
a projection is supported near ∂Y . Note that if pY happens
to be a projection, then we have exp(2π i · pY ) = 1, which
represents the neutral element of the group KO3(C∗

Roe(∂Y )).
Suppose now that H is a gapped time-reversal symmetric

Hamiltonian H on X , whose Fermi projection [pF ] defines
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a class in KO0(C∗
Roe(X )T) = KO4(C∗

Roe(X )). Let H̃ be the
Hamiltonian restricted to Y , endowed with arbitrary local
boundary conditions (meaning that the difference H̃ − H |Y is
supported near ∂Y ). Then we have the following gap-filling
result:

If Y satisfies the wideness assumption and the KO-theory
class [pF ] is nontrivial, then H̃ is no longer gapped at the
Fermi energy of H.

Assume H̃ is gapped at the Fermi energy of H , then we
may form the corresponding Fermi projection p̃F . The differ-
ence p̃F − pF,Y is then contained in C∗(∂Y ) (as H and H̃ agree
away from the boundary), which implies that exp(2π i · pF,Y )
can be connected to exp(2π i · p̃F ) = 1 by a path of unitaries
localized at the boundary [51]. But this renders δ([pF ]) trivial,
which is a contradiction to the assumption [pF ] �= 0, as we
obtained from the wideness of Y that δ is injective.

The absence of the spectral gap for the restricted Hamil-
tonian H̃ gives rise to boundary-localized states around the
Fermi energy. In fact, one may also show that while these
states are boundary localized, they are delocalized along the
boundary, i.e., they are not localized to any proper subregion
of ∂Y .

Another phenomenon associated to a nontrivial invariant
in 3D systems is the quantized topological magnetoelectric ef-
fect [52]. An electric field induces a magnetic field in the same
direction, with the coefficient of proportionality quantized in
units of e2/2h̄, analogous to the quantum Hall effect [53].
The relevant invariant is the second Chern class of a homo-
topy between time-reversal symmetric Hamiltonians and has
been described in a noncommutative framework, for restricted
disorder configurations described by crossed product algebras
[54,55].

III. IMPLEMENTATION

As discussed in the introduction, in systems with trans-
lational symmetry, the Fu-Kane formula [19,56] offers a
mathematically well-defined method to identify nontrivial
topology. However, this approach becomes inapplicable when
the Hamiltonian H and its corresponding Fermi projection
pF lack translational invariance. Hence, an alternative method
is necessary to determine whether the KO class [pF ] is
nontrivial.

For disordered systems, a way to detect the topological
invariant, i.e., an explicit description of the identification of
Eq. (6), is given by index theory. The starting point is the
self-adjoint operator

D = V +
∑
x∈X

γ1 x̂1 + γ2 x̂2 + γ3 x̂3, (9)

acting on the Hilbert space Ĥ = H ⊗ C2. Here x̂i are the
position operators, V = 1

4 γ1 δ(x̂ − 0) is a small perturbation
localized at the origin, such that D is invertible, and the {γi}
are Pauli matrices acting on additional degrees of freedom,
distinct from the orbital and spin degrees of freedom, for
which we use {σi}. Let F = χ (D > 0) be the spectral pro-
jection onto the positive spectral subspace of D. Then for any
projection p ∈ C∗

Roe(X ), we set

Tp = F (1 − 2p)F + 1 − F, (10)

an operator on �2(X ) ⊗ K ⊗ C2. One may show that Tp has
the property that its Z/2-index

Ind2(Tp) = (−1)dim ker(Tp) (11)

is invariant under small perturbations of p, hence is well de-
fined on K-theory classes and gives an explicit description of
the identification Eq. (6) [57, §3]. In Eq. (11), the two-element
group Z/2 is represented multiplicatively as {±1}.

Following Ref. [39], the Z/2-index can be numerically
computed as follows. For some cutoff radius ρ > 0, consider
the finite volume Hilbert space

Ĥρ = χ (|D| � ρ) = �2(Xρ ) ⊗ K ⊗ C2, (12)

where Xρ = {x ∈ X | |x1| + |x2| + |x3| � ρ}, and denote by
Hρ and Dρ the truncations of H and D to Hρ . Then by Ref.
[39, §5.7], expanding upon a result of Ref. [58], we have

Ind2(Tp) = sgn(det(iD0,ρ − κ (Hρ − EF ))

sgn(det(iD0,ρ ))
, (13)

for a suitable tuning parameter κ , which is required to satisfy
the following sufficient, but not necessarily optimal, bounds

κ < 1/12 ‖H‖−1‖[H, D]‖−1‖(H − EF )−1‖3,

ρ > 2/κ ‖(H − EF )−1‖. (14)

Below, we discuss how to choose κ and ρ for specific sys-
tems while minimizing numerical demand. The topological
invariant, as given by Eq. (13), can be evaluated numerically
efficiently using the sparse LU decomposition [59,60], after
which the sign of the determinant can be calculated via the
complex phases of the diagonal entries of the resulting trian-
gular matrices [61]. The sparse LU decomposition is faster, has
reduced memory requirements and also shows better scaling
behavior for ρ −→ ∞ than the LU decomposition for full
matrices [36].

IV. LOW-ENERGY MODEL AND NUMERICAL RESULTS

As a showcase, we use our method to analyze the proto-
typical model Hamiltonians for 3DTIs on X = Z3 introduced
in Ref. [62]. An application of the method to the Kane-Mele
model [63–66], which is analogous for the most part, is given
in the Supplemental Material [36]. We denote by Ŝi, j,k the shift
operator on Z3 with shift ia1 + ja2 + ka3, an integer multiple
of the lattice vectors a1, a2, and a3. Expressed in terms of the
shift operators the Hamiltonian acting on H = �2(Z3,C4) is
given as

Ht = idZ3 ⊗ (ε σ0 ⊗ σ3 + 6γ ) − iλ
∑
s=±1

s Ŝ0s0 ⊗ σ2 ⊗ σ1

+ iλ
∑
s=±1

s (Ŝs00 ⊗ σ1 ⊗ σ1 + Ŝ00s ⊗ σ3 ⊗ σ1)

−
∑
s=±1

(Ŝs00 + Ŝ0s0 + Ŝ00s) ⊗ (t σ0 ⊗ σ3 + γ ), (15)

where the basis of the internal Hilbert space C4 is
{|PSe,↑〉, |PBi,↑〉, |PSe,↓〉, |PBi,↓〉}. The parameters are
ε = 134 meV, λ = 30 meV, γ = 16 meV, and t ∈ [14 meV,

40 meV], as given in Ref. [44]. It has been shown that for
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FIG. 1. Bulk (left) and half-space (right) band structures for dif-
ferent values of t . The color scales stand for the intensity of the
orbital character (left) and the projection into the material bound-
ary (right). (a) Trivial phase with noninverted band gap. (b) Upon
restricting the material to the half-space the band gap remains open.
At the phase transition the bulk (c) and the half-space (d) gaps close.
(e) In the nontrivial phase the band gap is inverted. (f) The boundary
mode emerges upon restricting the system to the half space.

t < 22.6 meV the system is in the trivial phase while for
t > 22.6 meV it becomes nontrivial [44].

Figure 1 shows the bulk and half-space band structures for
the system along a trivial to topologically nontrivial phase
transition. The bulk spectral properties indicate the nontrivial
electronic properties, evident from the band inversion ob-
served in Fig. 1(e) compared to (a), and the closure of the
bulk band gap occurring at the critical hopping parameter
tcrit = 22.6 meV. This nontrivial electronic structure leads to
the emergence of the gap-closing boundary mode, displayed
in Fig. 1(f), whereas in (b) the half-space system for t =
17.6 meV remains insulating.

Constructing the shift operators with Dirichlet boundary
conditions on Z3

ρ is achieved by ordering xi ∈ Z3
ρ . Then

a matrix representation of Ŝa,b,c,ρ is given by (Ŝa,b,c,ρ )i j =
δ(xi − x j, aa1 + ba2 + ca3). In Matlab this approach can be
optimized by employing array operations and using logical ar-
ray indexing, facilitating an efficient and adaptable numerical
execution [59].

Let us discuss the bounds, Eq. (14), in the example of
t = 27.6 meV. We calculate ‖H − EF ‖ = 491 meV and g =
14.8 meV [59]. As the onsite terms of H commute with D
we get ‖[H, D]‖ � 6(λ + t + γ ) = 442 meV by making use
of the triangle inequality. This results in κ < 1.2 µ eV and
thus the cutoff radius in units of the lattice parameter is ρ >

2373645, which is larger than any computationally feasible
ρ by about three orders of magnitude. But, as neither the
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FIG. 2. (a) Contour plot showing the spectral gap g of the local-
izer L1,ρ as a function of ρ and t . For all values of t , except at the
phase transition, the spectral gap g converges to a nonzero value for
increasing ρ. (b) Topological invariant as a function of t for ρ = 30.
The phase transition occurs at tcrit = 22.6 meV.

bounds [Eq. (14)] nor this estimate are optimal, we revert to
a different method for demonstrating convergence [39]. The
topological invariant is well defined if the self-adjoint spectral
localizer Lκ,ρ = κDρ ⊗ σ1 − Hρ ⊗ σ3 has a finite spectral gap
ĝ that approaches a fixed value for ρ → ∞. Numerically we
calculate ĝ with a Krylov-Schur algorithm [59,67]. The result
of this test is shown in Fig. 2(a). In the trivial phase, the gap
of the localizer L1,ρ is greater than zero for all values of ρ. In
the nontrivial case the gap of the localizer L1,ρ closes around
ρ = 6 and then opens again for increasing ρ. Convergence is
slowest around the phase transition. The phase diagram calcu-
lated with ρ = 30 is shown in Fig. 2(b). The resolution of the
calculation around the phase transition is 10 points/meV. We
find tcrit = 22.6 meV, which precisely reproduces the result of
Ref. [44].

An extension of this result to Hamiltonians lacking transla-
tional symmetry is shown in Fig. 3. To break the translational
symmetry an onsite potential of 
 = ±10 meV,±20 meV
was added to a randomly chosen subset of lattice sites I±, with

21 21.5 22 22.5 23
t (meV)

0.0

0.2

0.4

(a) Δ = 10 meV

(b) Δ = 20 meV

0.0

0.2

0.4

n/
N

n/
N

FIG. 3. Evolution of the topological phase diagram of a system
described by Hdis

t as function of the disorder concentration n/N and
t for the disorder amplitudes (a) 
 = 10 meV and (b) 
 = 20 meV.
Red dots indicate the non-trivial phase and light blue dots the trivial
one.
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|I+| = |I−| = n. The disordered Hamiltonian Hdis
t reads

Hdis
t = Ht + 


∑
i∈I+

δ(x̂ − xi ) − 

∑
i∈I−

δ(x̂ − xi ). (16)

The critical hopping parameter tcrit decreases for an increasing
perturbation amplitude 
 and an increasing disorder concen-
tration n/N , where N is the number of lattice points in Xρ . In
Fig. 3(a) the result is shown for 
 = 10 meV, where the effect
is less pronounced than for 
 = 20 meV shown in Fig. 3(b).
Calculations of topological surface states for both pristine and
strongly disordered systems are presented in the Supplemental
Material [36].

Previously, a similar increase of the nontrivial phase upon
introduction of disorder for the 2D Kane-Mele-model has
been predicted, where nontriviality was demonstrated through
quantized conductance [68]. As quantized conductance does
not occur in 3DTIs and other methods used in 2DTIs [34] are
not applicable in 3D, the new method presented here is nec-
essary, which facilitates direct computation of the topological
invariant for the disordered system.

V. CONCLUSION AND OUTLOOK

The numerical evidence presented here and the mathe-
matical rigorous interpretation of many effects previously
understood in a physical context provide strong arguments for
extending the notion of topological phases to materials with
disorder using coarse geometry.

As an immediate application, tunable solid solutions, such
as (Bi1−xInx )2Se3 and (Bi1−xSbx )2Se3 [22–24], and amor-
phous TIs [25,26], are ideal platforms to experimentally verify

the numerical predictions and further establish that coarse
geometry is well suited for describing topological phases.
Our findings have implications beyond condensed matter and
materials science, extending to fields such as photonics [69],
acoustics [70], as well as to other metamaterials [71], which
are increasingly exploring disordered topological phases.

Based on the straightforward numerical implementation
of our approach in tight-binding models, we anticipate that
extending to first-principle electronic structure methods is
highly feasible, which will open new research paths for a
realistic description of topological systems. In addition to the
conventional TIs represented by the Cartan-Altland-Zirnbauer
classes, new concepts like higher-order TIs have come into
focus, and we aim to adapt coarse geometric methods to these
alternative topological phases.
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